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Abstract 

Abstract 

The discovery of the dualities between the large N gauge theories and the string 
theories on the particular curved backgrounds has made the later subject of 
much study over the last decade. Of particular interest is the string theory on 
AdSz, x S5 which was shown by Maladacena to be dual to the conformal Af = 4 
super Yang-Mills theory. This string theory, however, is difficult to quantize 
and it proved useful to work in the specific Penrose limit of the AdS$ x S5. 

String theory on this limit, called pp-wave background, proved to be explicitly 
quantizable and furthermore it turned out to be itself a dual of the particular 
limit of the corresponding Conformal Field Theory. It became therefore an 
important case for testing the principles of the AdS/CFT correspondence. The 
properties of the string theory on this background have been studied extensively 
by Metsaev and Metsaev and Tseytlin in the papers hep-th/0112044 and hep-
th/0202109 and this thesis is mostly a review of their results. The type IIB 
superstring action is constructed and quantized on the background and the 
supergravity spectrum of the theory is found. Finally some results concerning 
two-point functions and vertex operators, not given in Metsaev, are derived. 
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Chapter 1 

Introduction 

1.1 A d S / C F T Correspondence 
The common motivation for string theories is the need to incorporate the quan­
tum gravity into a consistent quantum theory. The way this is accomplished 
is by replacing the point-like particles with the Planck scale extended one-
dimensional objects called Strings as the fundamental objects of the theory. 
Strings are allowed to oscillate and thus there will exist a spectrum of energies 
(and masses) associated with different modes of the oscillations. At the low-
energy scale (and most observational scales will be low-energy compared with 
the Planck-scale of the strings) such oscillating strings will look like the point­
like particles they replaced. In this way, single string will be able to give rise to 
a full spectrum of particles depending on its state of oscillation. An important 
fact is that every String theory includes an oscillation state with zero mass and 
the spin two, the expected characteristics of a Graviton. Furthermore, the only 
consistent interaction of this state is gravity, indicating that gravity is indeed 
present in every string theory. This makes a string theory a serious candidate 
for the much desired Theory of Quantum Gravity [1]. 

This motivation, however, was not the original source of the string theory. 
It was developed to answer less fundamental problem, that of the certain peri­
odicity in the spectrum of the large number of Mesons and Hadrons that were 
discovered in the 1960's. True to the modern string theory, those particles were 
supposed to be represented as the different oscillation modes of a fundamental 
string. This model was initially successful, explaining, among other things, the 
simple relation between the spin and the mass of the lightest hadron of that 
spin. Ultimately, however, it was found incomplete and was abandoned with 
the advent of the QCD which provided much more thorough understanding of 
the Mesons and Hadrons. [2] 

QCD is an SU(3) based gauge theory. It is also a non-Abelian gauge theory, 
which makes it asymptotically free. As such, it has the coupling constant that 
is inversely proportional to energy. The resulting difficulties in working in the 
low-energy limit of the QCD have motivated the search for the simplified model 
of that theory. It was suggested by T'Hooft [3] that the SU(N) based gauge 
theories simplify as the TV is allowed to become very large. Specifically the 
N = oo case was supposed to be exactly solvable. It would then be potentially 
possible to do the expansion in 1/N —1/3. An interesting feature of the N — oo 
theories was observed that helped in this project and also explained the limited 
success the string theory had in describing the spectrum of the 5(7.(3) theory. 
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Namely, large ./V theory appeared to be a dual of a free string theory with the 
string coupling constant equal to 1/N. 

Duality phenomenon was known for many years in two dimensional field 
theories and has been discovered in many instances of string theories. It refers 
to the theories that have more then one different description such that when 
one description is weakly coupled the other is strongly coupled and vice versa. 
Mostly, both sides of the duality were string theories, but there was a hope that 
a dual theory of the QCD could be found. If it were found, analytical study of 
the low-energy regime, where the standard gauge-theory description is strongly 
coupled, would become possible. Supporting the idea that such dual theory 
might exist, and that it might be a string theory, is the fact that the QCD-like 
gauge theories have their own string-like objects. Those are the Wilson lines (or 
flux tubes) that appear between the quark and an anti-quark that separate from 
each other. Being extended one dimensional objects, Wilson lines have a some 
string-like properties and a number of attempts have been made to express the 
gauge theories in terms of a string theory of Wilson lines. 

The original case for the duality between the t'Hooft limit SU(N) and the 
string theories came from the comparison between the vacuum diagrams of the 
SU(N) theory in the t'Hooft limit and those of the perturbative theory with 
closed oriented strings with string coupling gstring — [2]. That analysis 
gives strong indication that there indeed is a connection between the gauge 
theories and the string theories but it does not specify which string theory is 
dual to the particular gauge theory. The matching was done with considerable 
success for two dimensional gauge theories [4], but for the four-dimensional cases 
no appropriate duals were found until the work of Maldacena [2] in the 1990's. 

Attempts to construct the dual of the 4 — D gauge theory were dogged by 
the fact that the planar diagram expansion in this case was prohibitively com­
plicated. Alternative approach was to attempt to directly construct the relevant 
string theory based on the loop equations of the Wilson loop observables of the 
gauge theory [5]. This approach ran into the standard problem of attempting 
to construct the string theory in four dimensions. 

The fundamental property of the string theory is conformal invariance. The 
derivation of the string action requires the metric of the world-sheet (which is a 
string theory equivalent of the world line of the particle) to be conformaly invari­
ant. If it is not, in quantizing the theory, the anomaly will appear. For the flat 
space only theories that posses the requisite conformal invariance are the theory 
of bosonic strings in 26 dimensions and supersymmetric theory of bosons and 
fermions in 10 dimensions. Neither of these theories, nor the hybrid "heterotic" 
string theory are the candidates for the string theory of Wilson loops in 4D for 
the simple reason that none of them carries a set of symmetries that would be 
associated with the supersymmetric SU(N) gauge theory in four dimensions. 
The conformal group for the theory of interest in four dimensions ends up being 
SO(4,2) including the 4-dimensional Poincare transformations, scale transfor­
mations and special conformal transformations. There is also a global SU(4) 
R-symmetry that rotates the six scalars and four fermions that form the spec­
trum of the theory. Only one geometry exists that contains SO(4,2) isometries: 
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Five dimensional Anti-deSitter space or AdS^. In order to have the proper 
flat space limit however, any theory of superstrings has to live on exactly ten 
dimensions and therefore we require an additional five dimensional geometry. 
A natural choice for the remaining dimensions, given the SU(4) = 50(6) is 
the five sphere. It can therefore be expected that the appropriate dual for the 
SU(N) gauge theory on four dimensions will be a string theory on AdS$ x S5 

ten dimensional space.[2] 
Much less heuristic argument, that firmly established this conjecture, was 

produced by Maldacena. [2] The exact nature of this argument is beyond the 
scope of this review. It relies on the properties of the string-theoretic objects 
called D-branes (Dirchlet Membranes: regions where an open string can end) 
and the black holes in string theory. The argument establishes the SU(N) gauge 
theory with M = 4 supersymmetry with the strong coupling as describing the 
near horizon region of the black-brane, black-hole like objects, whose geometry is 
AdS$ x S5. A number of calculations, such as graviton absorption cross-section, 
on both sides of the duality, further confirm the conjecture. 

1.2 AdS*, x S5 a n d the pp-wave l i m i t 

With the advent of the Maldacena conjecture the String Theories on the curved 
spacesln general and on AdS5 x S5 in particular became ever more important. A 
number of papers was written developing the string theory on this background. 
The difficulty here was the fact that while it was possible to formulate the 
the superstring action on the AdSs x 5 s background [6] quantizing it in the 
light-cone gauge proved complicated. 

The root cause of this difficulty is that the relevant AdS$ x S5 contains, 
in addition to the gravitational field represented by the curved metric, further 
Ramond-Ramond background fields which couple to the strings and have to 
be included in the action. The presence of the Flamond-Ramond fields makes 
the use of the standard Ramond-Neveu-Schwartz (RNS) formulation of string 
theory extremely inconvenient [7]. It is therefore preferable to use the Green-
Schwartz (GS) formalism with its manifest supersymmetry. Quantization of 
the GS string in the flat space is most effectively done in the light-cone gauge. 
The backgrounds in question here, however, have no globally defined light-like 
direction and therefore no light-cone gauge. Much effort is used in determining 
the appropriate gauge for the GS quantization and even the most successful 
choices still retain non-trivial interaction terms. [6] 

The question then rises whether it is possible to find some sort of a limit of 
the AdS$ x S 5 space that would still be appropriate background of string theory, 
preferably one that can be explicitly quantized. The answer [8],[9],[10] turns out 
to be yes and this will be the main subject of this review. The background in 
question is given by the plane-wave metric supported by a Ramond-Ramond 
5-form background. 

ds2 = 2dx+dx~ - fxjdx+dx+dx'dx1 I = 1 , 8 (1.1) 
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-F+1234 = -P+5678 = 2/ (1.2) 

This background has several desirable properties. It is a Penrose limit of the 
AdSs x S5 obtained by focusing on the single trajectory within it. Furthermore 
this limit has the natural light cone direction thus making the gauge choice 
simple. As a consequence, not only is there a string theory on this background 
but it can also be explicitly quantized with not much greater difficulty then the 
flat space one. Finally, as the AdS$ x S5 pp-wave background has the simple 
flat-space limit and the superstring action reduces to the standard GS action 
in that limit. In addition, it was shown [10] that this string theory has its 
own dual in the large N limit at fixed (jyM of maximally supersymmetric Super 
Yang-Mills U(N) which itself is a limit 1 of the dual theory of the strings on 
AdS$ x 5 5 . This made the pp-wave background one of the best places to test 
the principles of the A d S / C F T correspondence. 

This review will have the following structure: In Chapter 2. we consider the 
geometry and symmetries of the Anti-deSitter space and how they carry over 
into the pp-wave limit and derive the isometries of that background. Supersym-
metry superalgebra is also considered and the argument is given as to why both 
AdS$ x S5 and pp-wave background have maximal number of Killing spinors. 
The exact superalgebra is given at the end of the chapter. In Chapter 3. we 
will follow Metsaev [8] and derive the Superstring action on pp-wave using the 
formalism of Cartan forms defined on the coset superspace. In Chapter 4. we 
will derive the equations of motion from the Lagrangian and review the Met­
saev and Tseytlin [9] canonical quantization of this system. The symmetries of 
the superalgebra will be made manifest in the light-cone gauge through their 
generators, and those generators will be given in terms of the creation and anni­
hilation operators. Hamiltonian and stress-energy tensor will also be calculated. 
In Chapter 5. there will be a discussion of the spectrum of type IIB supergrav-
ity near the pp-wave background, in particular lowest energy eigenvalues will 
be found for the supergravity fields and the equations of motion of those fields 
will be derived. Finally in the Chapter 6. some of our own results concerning 
the two point functions and string vertex operators on this background will be 
presented. 

1so called "double scaling limit" 
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Chapter 2 

AdS§ x a n d p p - w a v e 

g e o m e t r y 

2.1 G e o m e t r y o f AdS5 x S 5 a n d t h e i r K i l l i n g 
v e c t o r s 

The AdSs and S5 are maximally symmetric spaces. This means that they are 
homogenous (symmetric under the translations) and isotropic (symmetric under 
rotations) and also that they have maximum number of killing vectors. As those 
killing vectors will be of interest to us in the pp-wave limit we derive them here 
from the basic equations for these spaces. 

Out requirement for the AdS5 was the SO(2,4) isometry which corresponds 
to the conformal symmetry of the flat four dimensional Minkowski space. Such 
a space would be a solution of the following equation of the hyperboloid: 

xl + xi-JZ^ = R2 (2.1) 
.in the flat six dimensional space. It has metric: 

4 

ds2 = -dX2 -dX%-r-J2 dX2 (2.2) 
This equation can be solved by setting: 

X0 = R cosh(p) cos(r) (2.3) 

X5 = i?cosh(p)sin(r) (2.4) 
4 

Xi = Rsmh(p)Cii ^Q2 = 1 (2.5) 
»=i 

Substituting these into the 2.2 we obtain the metric given by: 
4 

ds2 = R2(-cosh2(p)dr2 + dp2 + ̂ sinh(p)df22) (2.6) 
2=1 

Where r, p and fijS are called global coordinates of the AdS because for 0 < p 
and 0 < t < 2TT the solution covers the entire hyperboloid once. 
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In finding the Killing Vectors we use the method for maximally symmetric 
spaces from Weinberg [11]. 

where the sign is given by the sign of the appropriate X in the metric. To 
perform this calculation in terms of global coordinates we will need: 

• - l _ 1 Xo ,„ D. T ~ sin —====== = cos . . = (2.8) 

„ = , V £ ^ = = cosh-1 , ( 2 9 ) 

V x o - E t i +n xjxi - E t i n+xt 
fii = , X i (2.10) 

From these we get: 

_dr_ _ Xo 2 _ C O S T dr - s i n r dn_ _ 
dX 5 " i?2 c o s h P - ^cos^^) ' d X o ~ RcoSh2p ' dXt~U V-Ll) 

(2.12) 

(2-13) 

dp — cos r sinh p dp — sin r sinh p dp cosh pfi. 
dX0 R d~X5

 = dXi R 

dtii 1 - n? dili dfi. dtti 
~ dX5 ~ dXi iisinhp ' dXj = iisinhp dX 0 

dtti 
~ dX5 ~ 

Having this, we can now write: 

O A 5 O A 1 

COS(T) d sin(r) sinh(p) d ^ — sin(r) d cos(r) sinh(p) d d 
0 iicoshpdr R dp 5 .Rcoshpdr dp dr 

* ° ; £ + * d * r ( 2 - 1 5 ) 

cosh(p)fii d 1 — fif d 
x o l ^ -n + i i dp R sinh p dfl, 

E ^flj d -sin(-r) d cos(r) sinh(p) d . _ 

. i isinh(p) dO, J i[Rcosh(p)dr dpJ ~ 

cos{T)ili^~ +coth(p)cosr(l - f 2 ? ) - ^ - - y^coth^cosrfiifi,-^--
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tanh(p) sin(r)fii 4~-
dr 

*•••" = ( 2 - 1 6 ) 

.cosh(p)fl.,- d 1 — d Qkty d 
R dp Rs'mh(p)dQj Rsinh(p) dfifc 

j<- R dp + Rsmh(p) dQl~ ^ iisinh(p) dfil" 

ail, aS2j 

rcosh(/9)n, d • 1 - fi? d 
-Xsi „ ;—I 

R dp Rsinh pdQi 

Rsmh{p)dQj i[Rcosh(p)dr R dp* E fiifij d . . — cos(r) d sin(r) sinh(p) d 
flsinh(/j)dfi~J + i [ 

sin(r)Qi-^- + coth(p) sint(1 - — ^coth(p)sinTQ.JQ.J 
CLP til £ j HiiLj 

tanh(p) cos(T)ftj-7-
dr 

Those killing vectors represent all isometries of the AdS$ given in the global 
variables. 

It is useful to express the 5-sphere in the global coordinates as well. It solves 
the equation: 

* 0

2 + * 2 = # (2.18) 
t=i 

in the flat six dimensional space. It's metric is: 

4 
ds2 = +dXl+Xl + Y,dXi (2-19) 

i=l 

The equation solves in the same way as the hyperboloid above: 

X0 = R cos(0) cos(^) (2.20) 

X5 = iicos(0)sin(</>) (2.21) 
4 

Xi = Rsin(9)n'i Y^n?  =  1 (2-22) 
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with the metric: 

4 
ds2 = R2(- cos 2 (0)dV 2 + dd2 + sinh(0)df i?) (2.23) 

•t=i 

Once again we get the global coordinates: 

$ = s i n " 1 f5

 2 - cos" 1 f0

 2 (2.24) 
y/X0 +X5 yX0 + Xb 

, = s i n - 1 ^ = ^ ^ _ = c o s - 1 - T = ^ S = (2.25) 

V ^ o + E t i x? + x2 jx2 + £ 4

= i x? + n 

«1 = - j = = (2-26) 

^ 2 cos^ = - s i n ^ dtp = 

dX5 RiCOS P #cos2(0) ' dX0 i icos 26>' dXi K ' ' 

dO — cos tp sin 6 dd — sin ?/> sin 6 d6 _ cos 
d~X~0

 = R dX~5

 = # ' dX~ ~~ i ^ -
(2.28) 

dXj #sin0 ' dX , flsinfl ' d X 0 d X 5

 { ' ' 

We produce the Killing Vectors in the same fashion as for the AdS*, 

^ 6 = x°ArX 5dx-ri (2-30> 
e i 7 - M = x ° i k - X i i k = ( 2 - 3 1 ) 

c o s ^ n l ^ + co t (0 )cosv( i - n ? ) ^ L _ ^ c o t ^ c o s ^ n i n j ^ r -

tan(6»)sin(^)n-^ 

£27.30 = ^ 5 ^ : - ^ ^ = ( 2 3 3 ) 

M n t y ) n ^ +cot(0)sinV>(l - fij2) A _ £ c o t ( 0 ) s i n V , c ^ j L _ 



Chapter 2. AdS§ x S5 and pp-wave geometry 9 

tan(0)cos(»fi- — 

Now we have all 30 Killing vectors of the AdS$ x S 5 These however, are 
not all the symmetries of the space. While SO(2,4) is indeed the same as the 
conformal group on the four dimensional flat space, supersymmetry on both 
sides of the duality still needs to be accounted for. The superconformal group 
on 4 dimensional space is SU(2,2 | 4) [6] and ultimately so is the supersymmet­
ric generalization of the above isometry called AdS supergroup. In trying to 
understand the nature of the AdS Supergroup we follow Aharony at al. [2] and 
Nahm [12] and start with the simple supergravity with a cosmological constant 
A. In the simple four dimensional case of AT — 1 theory the action is: 

S = J d4x(-fg(R - 2A) + i e ^ ^ r S / A - t M (2-34) 

where 

A ^ ^ M + ^ / f - V (2-35) 
and the D M is a standard covariant derivative. Here gravitno W transforms 
under supersymmetry as: 

6ip„ = D^x) (2.36) 
The global supersymmetry of the background is determined by the requirement 
that the gravitino remains unchanged under the e transformation. This leads 
to the Killing Spinor equation: 

D^=[Dfl+t-XJ^l]e = 0 (2.37) 

and the e spinors that solve it are the Killing Spinors, playing the same role in 
the Supergroup as the Killing Vectors. 

The integrability of the above requires: 

[D^Dv]e = \ { R i L V P a O p ° - \ko»vy (2.38) 

If AdS is a classical solution of the supergravity above then cosmological 
constant has to be A = where R is the size of the hyperboloid from the 2.1 
[2]. Also, because AdS is maximally symmetric: 

Riiupo =
 ~£J2 (9iip9v<r ~ 9p.o9vp) (2.39) 

and therefore integrability equation is obeyed for every spinor e. Given that 
the Killing Spinor equation is a first order equation this implies that there is as 
many solutions to the equation as there are independent spinor components and 
therefore AdS is maximally supersymmetric as well as maximally symmetric. It 
is this supersymmetry that introduces the Ramond-Ramond background fields 
which force use to use GS formalism when attempting to quantize this theory. 
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The Ramond-Ramond five-form flux that gives us the required symmetry in 
AdS5 x S5 case is given by: [14] 

F5 = 4.R4[cosh(p) smh3(p)dT A dp A dtt3 + cos(0) sm3(9)dip Add A dfl'3 (2.40) 

it can be easily checked that the Killing spinor equations using the covariant 
differential constructed from this 5-form behave much as the sample ones listed 
above. This property will carry through to the pp-wave limit and we will discuss 
it some more there. 

In the next section we are going to see how the AdS$ x S5 metric, as well 
as the 5-form R-R flux, transform into those of the pp-wave in the appropriate 
Penrose limit. We are also going to apply the same limit on the Killing vectors 
to see how the isometries of the space are preserved. With respect to the super-
symmetries our approach will be slightly different. We will present the group 
theoretic argument as to form of the superalgebra and will use the commutation 
relations therefrom together with the form of the kinernatical charges derived 
from Kill ing vectors to obtain supercharges. 

2.2 PP-wave as the Penrose limit of the 
AdS5 x S 5 

Penrose Limit [14] is a limit describing the neighborhood of a certain geodesic 
in the curved space. In this case we are interested in the light-like equatorial 
geodesic on the S5. subspace. To see how we go from the full AdS$ x S5 to this 
limit [10] consider once again the full AdS$ x S 5 metric as given above: 

ds2 = R2{-dr2 cosh2(p) + dp2 + sinh2(p)dfi^ + (2.41) 

dip2 cos2 ((9) + d92 + sin2 {9)dtl'£} 
the geodesic of interest is a trajectory of the particle moving along the ip direc­
tion while sitting at 0 in p and 0 coordinates. To observe its neighborhood we 
first introduce the coordinates xA = and then re-scale: 

x+ = u,*x+, x- = -R2x~, p = ^ - , 0 = | - . E->oo (2.42) p R R 

Here we can express the Q. and ft' as the components of the vectors r and y 
whose magnitudes are given by p and 9 as follows: 

ri = Rp9,i, yi = R6n'i (2.43) 

With those we can now write the metric as: 

df = Jim (« 2 [ - ( 8 mh»( I + l)(vdx+ + + ̂  + s i n h ! ( I ) ^ + (2.44) 
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taking the limit and using the: 

lim {R2smh2(r/R)) = lim (R2 sm2(r/R)) = r2 (2.45) 
R—>oo ft—»oo 

we get: 
ds2 = -4dx+dx~ - n2x2dx+2 + dx2 (2.46) 

where the vector a; is an 8 dimensional vector composed of the components r-j 
and yi. This has the form of the metric of the pp-wave. 

Now we can use the same limit to see what is happening with the killing 
vectors. First we need the derivatives: 

d dx+ d dx~ d p? d R2 d 
dr dr dx+ dr dx~ 2 dx+ 2p? dx 

d p2 a R2 a 
dip 2 dx+ 2p2d. 'x 

(2.48) 

d d 
dfli du 

(2.51) 

^ = 4 , 2 " 5 2 ) 

The simple Killing vectors such as e\ or £6..n have obvious limits: 

d _ p? d R2 d 
£ L ~ TT ~ ~2~dx~^ + 2p?dlF { 2 - b S ) 

£6.Ai = ni—-rij—=ri—-rj— (2.54) 
d d _ d 

' dClj 0 dfij 1 drj J dti 

Here we calculate one of the more difficult ones, others being obtained in the 
exactly the same manner: 

E17..20 = COs(V)fii-J£ + COt(0) COS 1p{l - Q.'2) ^ 

cot(0) cos^ ' i ^ ' j -^r ~ tan(0) sin(tf)fi^ 

= cos(ip — > —J--z— + - ( l - -±)y-~ 
y t-r1 y oyj y yl dyt 
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^ y2 <W R r dip1 

And taking the limit: 

£i7..20 = cos(par)-^T - - s m ^ ^ j X j ^ j 

We can now write entire set of Killing vectors for the pp-wave and therefore 
obtain the symmetries of the metric. Uncoupling the linear combinations and 
renumbering them they are: 

£ 1 = ^ ' £2 = ^F (2-55) 

£3.io = cos(vx+)-j^-[ - ^s'm(p,x+)xi-^-: 

£11..16 = - Xj-^r M € (1,2,3,4) 

d_ 
en..22 = Xi—-Xj— i,j G (5,6,7,8) 

. , , . d u , ,. d 
£23..30 = Sin( / /X^)^r + - COs{flX^)Xi-^p 

and therefore the symmetries will be: 

Sx+ = a+ (2.56) 

5x~ = b~ + c~ sin(/xx +)x, + d^ cos(/j.x+)xl (2-57) 
dx1 = ej + c i cos(/ia;+) + d i sin(/za;+) (2.58) 

with i,j in the last line being both either from the first or from the second set 
of 4. 

Already, a very important property of the pp-wave geometry becomes appar­
ent. In contrast with both flat and the ^IdSs x S5 cases, there is no symmetry 
mixing the x+ light cone direction with any other. This will have several im­
portant consequences. First one is that it is not possible to obtain the critical 
dimension using the usual operator formalism argument [1]. Second, and more 
important, consequence is that the usual way of defining the Vertex Opera­
tors for the Green-Schwarz string [15] will not work. This method consists of 
constructing the vertices in a frame where the formulas are particularly simple 
(momentum along the x+ axis) and then rotating to a generic case using the 
symmetry. Some of the problems this causes will be discussed in Chapter 6. 
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Also, it would appear from the form of the metric that in addition to the 
30 symmetries inherited from AdS$ x S5 the new ones appear that mix the 
[xi,X2,X3 and X4] coordinates with the [XS,XQ,X7 and Xg] ones. We did not list 
those symmetries in the above for, while they would indeed exist in the purely 
geometric sense they are precluded by the form of the R-R flux as seen bellow. 

G iiven has shown that the Penrose limit generalizes to the background fields 
beyond metric [16]. To see what happens with the 5-form R-R flux we simply 
take the limit using the same coordinate transformations: 

Fa = 4i?.4[cosh(p) sinh3(p)dr A dp A dfl3 + cos(0) sin3(6)dip A d6 A dQ'3 (2.59) 

= 4^ [ (s inh 3 ( l ) +Smh\^))(u.dx+ + ̂ ) A ̂  A ^ 

+ ( s i n 3 ( | ) - s i n 4 ( | ) ) ( p d , + - ^ ) A | A f 

= 4pda:+ A [dx1 A dx2 A dx3 A dx4 + dx5 A dx6 A dx7 A dx8] 

or, writing alternatively: 

*+1234 = = 4p (2.60) 

with the other components being equal to zero. 
As predicted by Giiven [16] the supersymmetries of the background are pre­

served in the limit. This means that there are exactly 32 supersymmetries in 
addition to 30 isometries. Once again, this.can easily be checked using the 
Killing spinor equation Ve = 0. Here we follow Metsaev [8] and adopt the 
normalization in which the Einstein equations take the form: 

YQiv _ {^_pw\—pt.pvp\...pt^ (2.61) 

and take the 5-form to be anti-self dual: 

= - ( A ) ^ . . . ^ . . . ^ ! . . . ^ ( 2 6 2 ) 

Raising the indices in 2.60 and expressing the anti-symmetry explicitly we have: 

p-ii...U = 2fieil"i*, F ' ^ = 2 p / ' (2.63) 

In the equation above and from here on we adopt the convention: 

i,j€ [1,2,3,4], 6 [5,6,7,8], 

I,Je [1,2,3,4,5,6,7,8], n,u,pe [+, - ,/] 

With this: 
V = d + iw""7"" - e"F' 4 l-' , s (2.64) 4 960 
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where ep are 10-beins of the plane wave space and u^" is a Lorentz connection. 
Inserting the above forms for the 5-forms field 2.63 it can be shown [17] that 
the integrability equation is satisfied for all e in the same way as in 2.38 with 
T>2 — 0, so, once again, we have 32 Killing spinors. 

We now proceed to give the full superalgebra of the pp-wave R-R back­
ground. It can be seen from the above argument that this algebra will be 
divided into the even, or Bosonic, part (coming from Isometries) and the odd, 
or Fermionic, part (coming from supersymetries). The bosonic part will in­
clude the ten translations P p , two SO(4) rotational sub-algebras J y and J * J 

and eight rotational generators in the (x~,x') plane J+I. The fermionic part 
will consist of the 16-component spinor Qa a — 1,..., 16 which is a half of a 
32-component negative chirality spinor. 

The commutators of the bosonic part can be obtained directly from the 
Killing vectors as given in 2.55. Obtaining the commutators between the bosonic 
and fermionic generators and the anti-commutators between the fermionic ones 
is more difficult as it would require actually calculating the exact form of Kill ing 
Spinors from 2.64. While this can be done, we choose to follow Metsaev [8] and 
just present it as a known algebra with the representation given above. As a 
confirmation of its form we will check that in the flat-space u. —» oo limit it 
reduces to the standard d=10, IIB Poincare superalgebra. 

The commutation relations between even generators are as follows: 

[ P - , P ' ] = - M

2 J + / (2.65) 

[P1, J+J\ = -SIJP+, [P~ ,J+J} = P1 (2.66) 

[P\ Jjk] = tfiP' - 8ikpi, [Pi',Ji'k'} = P'i'pi' - S1'1*'P'' (2.67) 

[J+i, Jjk] = 6ijJ+k - SikJ+j, [J+i>, Jj'k'] = 6i,j'j+k' - 6i,k'j+j' (2.68) 

[Jij, Jkl] = 6jkJil + 6jlJik + 6ik Pl + 6ilJjk (2.69) 

[Ji'j\jk'l'] = p'k'ji'l' + 5j'l'Ji'k' + S'^ji'1' + 6i'l'Jj'k' 

Between the odd and even generators they are: 

[Ji3,Qa] = \Qp{iij)l [Ji,j',Qa] = \QeW'j')i (2.70) 

[J + I,Qa] = \Qp{l+I)l (2-71) 

[P^Qa]=p?l~Q0{U1

+r)i (2-72) 

and the commutators that come from the complex conjugations of the above. 
The anti-commutator is of the form: 

{Qa,Qf}} = - 2 * 7 ^ M + M-2(f U)aPJ+i - (f'll')af3J+i' (2.73) 

+2(7 + 7 i J 'n) a / 3 J*' + 2 ( 7

+ f J Tl) a ^'] 
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Here and hereafter the 7 M are 16 x 16 gamma matrices. 7 M l " M A : are anti 
symmetrized products of k gamma matrices and the n are given as follows: 

n? = (7 1 7 2 7 3 7 4 )?) , n£ = (7 5 7 6 7 7 7 8 ) ^ (2.74) 

It should be noted here that the (anti) commutation relationships of the 
superalgebra are invariant under U( l) transformation of supercharges: Q —• 
e 1 (^Q,Q —* ex^Q which is the original U(l) symmetry of the type IIB super-
gravity realized on the pp-wave. 

It is trivial to see that the above reduces to the subalgebra of the IIB super­
algebra in the flat space limit. The transformation group G above, then, has 
the generators: F M , Qa, Qa, J 1?, J% i , J+ I it is easy to see that this group has a 
subgroup H, also called stability subgroup, with generators: J I J , J l J , J+ I We 
can then define the pp-wave R-R superspace as the coset superspace G/H 
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Chapter 3 

The superstring action 

3.1 Cartan 1-forms 

Looking back at the derivation of the superstring action in the GS formalism 
for the flat space [1] we see that the Lagrangian was fully determined by its 
symmetries, those being isometries, global supersymmetries and the local K -
supersymmetry that helps simplify the equations of motion. Having defined the 
global symmetries of the pp-wave R-R background we will now follow Metsaev 
[8] and try to use them to construct the action. 

The most convenient way to express these symmetries is through the Cartan 
1-forms. The Cartan forms are the objects that map the tangent vectors on the 
Lie group onto the elements of the appropriate Lie algebra in linear way. 

On our coset superspace we define these in the following fashion: 

LA = dXML^, XM = {x*, ea,ea) (3.1) 

they are then given in terms of members of the (super)symmetry group G by: 

G^dG = L^P* + La(Q)a + LaQa + ^L^J^ (3.2) 

The fact that the generators J ~ M and do not exist means that we need to 
impose the following condition on the above: 

L + " = 0, Lij' = 0 (3.3) 

in the above, the are the 10-beins, La and La = (La)^ are spinor 16-beins, 
and the L M " are the tensors called "Cartan H connections". 

The important feature of the Cartan forms that makes them convenient way 
to express the symmetries of the group is s Maurer-Cartan equation that gives 
their external derivative. The external derivative d takes the Cartan 1-forms 
into the 2-forms as follows: 

dLA = WfBcLBMc (3.4) 
1 BC 

where fA

c are the structure constants that determine the commutation relations 
on the Lie algebra. We can then write: 

dL» = -L^ A t " - 2iLaj^ A iP (3.5) 
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dLa = A IP + ! | _ L " ( n 7 + 7 ' 1 ) | A L' 3 (3.6) 

dla = --jL^WYp t\IP — ! ^ L ^ ( n 7 + f ) | A (3.7) 

d L _ i = L+ A + L --* A Z7 f c + 2 L a ( 7 i n ) a / 3 A Lp (3.8) 

dL« = Lik A Lfcj + £,o(7+7yn)Q;g A L0 (3.9) 

with the similar ones for L~% and Ll * 
From here on we can suppress the wedge product symbols keeping in mind 

the standard properties of the wedge product between the vectors and spinors: 

L" lu = -L"L>*, L»La = -LaL», LaL0 = L^La (3.10) 

from here also we temporarily suppress the factor of /u. We will eventually 
recover it by the following re-scaling: 

(3.11) 

3.2 Action on Flat Space 

We want to draw the analogy between the pp-wave R-R case and the flat space 
case. To do that lets recall the form of the flat space GS Lagrangian [1]: 

C-flat — C-lflat + £-2flat (3-12) 

A / J « t = -\v99abKK (3-13) 

where 
n£ = dax» - &pda6 - ie^dj (3.14) 

is not to be confused with our II matrix. 
C2fiat = -ieab{dbXi* - iO^dJ - ie^dj)d^db6 + h.c (3.15) 

It is obvious that the I P from equation 3.14 was constructed to possess all the 
reparametrization invariances and the global supersymmetries. As such it is 
nothing more then the vielbein Lflat analogous to our Cartan form L M . and 
given by: 

( £ * ) / i « t - daXM(Li)flat (3.16) 

To see that the II is indeed a Cartan form for the flat space we can then use 
the commutators and anti-commutators of flat space: 

[P", Pv\ = 0, {Qa, Qp} = - 2 i 7 ^ P " (3.17) 
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to write the Maurer-Cartan equation for the L^iat and L' 'flat 
a 

dL>}lat=OAdx^-iLJlat^pAL[ (3.18) 

0 Ad0 (3.19) 

from which we get the: 

V)lat = dx» - iO^dB - iO^daO (3.20) 

which is equivalent to the equation 3.14, and 

Lfiat - d6a  (3.21) 

Being subject to all the (super)symmetries of the background, the Cijiat term 
also has to be a closed form constructed from the flat L forms. From the 
equations 3.15, 3.20 and 3.21 it is not hard to see that it is in effect a 3-form 
given by: 

With the coefficient of the H.fiat being given by the condition of K invariance. 
What we attempt to do in the rest of this section is find the analogous action 

for the pp-wave case with the Cartan forms as defined above. 

3.3 A c t i o n on the pp-wave R - R space 

Metsaev [8] gives four conditions (some of which are not completely indepen­
dent) that the action that the superstring action must satisfy: 

a) Its bosonic part is the standard cr-model in the pp-wave background. 

b) It has global super-invariance with respect to supersymmetry given above. 

c) It is invariant under local K-symmetry. 

d) It reduces to the standard Green-Schwarz type IIB superstring action in the 
flat space (n —• 0) limit. 

Such an action would have its leading fermionic term contain required coupling 
to the R-R five form background field. 

As in the flat space this action will be given by the sum of the cr-model term 
C\ and the term responsible to ensure the ft-symmetry. £2 = d~1H. Again, in 
order to satisfy the invariance with respect to the symmetry superalgebra both 
of those will have to be constructed in terms of the Cartan 1-forms U1 and La. 
The strategy will be to find the action in terms of those forms and then find the 
forms themselves using the Maurer-Cartan equations 3.5 - 3.9. 

h.c. 

(3.22) 
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The first thing to note is that under the action of an arbitrary element of 
the group G these forms transform as the tangent vectors (and spinors) of the 
stability subgroup H. This means that any combination of the L M s and Las 
that is invariant under the stability group transformations will automatically 
be invariant under the full transformations of G. 

The conditions a) and b) fix the structure of the c-model part of the La­
grangian. It can be obtained by replacing the L*jlat in the £ i / ; a t of the flat 
space action by the Cartan 1-forms of the pp-wave R-R background L M . As in 
the flat space the £2 part is more difficult but we deduce that, like in the flat 
case it will be a closed 3-form built out of the L M s and L a s that is also invariant 
under the transformations generated by the elements of the stability subgroup. 

It turns out that the only relevant 3-form satisfying these requirements is 
one given by: 

U = Uq + H\ Hq = {Hqy (3.23) 

where 

While it is difficult to actually prove that this is the only such form we can 
demonstrate that it indeed satisfies the requirements. Furthermore the £2 com­
posed using this form provides the necessary /t-symmetry thus making the action 
satisfy the condition c). 

First we demonstrate that the form is indeed closed: 

dW = i[dL^La^pL'3 + L^dLa^apLp + L^L^dL13] 

which we can write using the Maurer-Cartan equations 3.5 - 3.9 as: 

dH« = -%LT'V•L^LP + 2V^L&La%^ 

-l-L^L^(Ya)"L^af3L^ + ^ L " ( n 7 + r ) " £ 7 7 a ^ 

- l i " L « 7 a ^ C T ( 7 p C T ) ^ 7 + \lfLa%pLl'(n7

+r)%L-r 
Splitting this into the parts proportional to L^v and the rest, and using the 
following relationship: 

We can write the part of H proportional to L^v as: 

dHl = i[-WvL"LaLf,'%f, + -L'^L'"'^ + rfpr - w a f ]7ptf'L13 

Commuting the L s according to 3.10 and changing the dummy variables to 
match, we get: 

dHq = iVu,VLalJi\-%!i + T£0] + ^L'IL'"'LAL^r'"TU 
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The remainder is given by: 

dU\ = W V L O ^ W ^ r ) * ^ 
We know from 3.10 that LflP which is present n all the remaining terms is 
symmetric under the exchange of indices. We now have to check the matri­
ces ( 7 w < T) a/3 and ( 7 M n 7 + 7") a j8 As said before, y i - ' » f c are anti symmetrized 
products of k gamma matrices so we can write: 

- ( 7 p M f T V W - fr'WfTVW - ( 7 M M 7 T V W 
where in the last line we have used the fact that the 7 matrices themselves are 
symmetric in the indices. It is obvious that the above is anti-symmetric in the 
a and /? and that therefore this matrix multiplying the Cartan forms will be 
equal to zero. For the (;yf>U'f+Ju)a0 we have three possible cases: (n = v = +), 
(fi = i,v = +) and (// = i,v = j). The first will clearly be zero due to 
anti-symmetry in n and v in Cartan form part, second we can express as the: 
(7 Jn) a ig because of dirac algebra and the third we can anti-symmetrize and 
write as: (n7 + 7*^) a j g using the anti-commutator: 7*11 = —Wf. That same 
anti-commutator allows us to write: 

7^n* = - n ^ 

thus explicitly showing the anti-symmetry in a and (3. Similarly, in the {Urf+^)af} 
there will be three anti-commutations (IT with 7% II with ji and Y with 7 J ) 
ensuring the sign change with the flip of indices. 

Therefore these symmetry properties combined with the Maurer-Cartan 
equations ensure that in the end dTL9 = 0 and the form is indeed closed. Because 
all Cartan 1-forms in the pp-wave R-R background reduce to the corresponding 
Cartan 1-forms in the flat space background in the appropriate limit the 3-form 
TC given in 3.23 will also reduce to the second part of the Lagrangian given in 
3.22 thus ensuring that the action given in terms of these forms satisfies the 
condition d). 

We can therefore write the Lagrangian in terms of the Cartan forms as 
follows: 

C = £1 + £ 2 (3-25) 

Cx = -\fggahLlL^ C2 = d~1H (3.26) 
The K-symmetry invariance is established in a way similar to that in the flat-

space case. First the variations are defined in terms of Cartan forms and then 
the careful algebraic process is followed to make sure of the symmetry including 
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the fitting of the variation of the metric. The sketch of the process can be found 
in Metsaev [8] and here we only list the actual variations. 

Si" = 0, 66 = 2L^Ka (3.27) 

HV99ab) = -2>i\f{LaKb + LbRa - ^gabLcKc) + h.c. (3.28) 

With the self-duality constraints of the K-parameter in the complex notation 
being given by: 

fab fab 
— Kb = - S ° , — K b = - K a (3.29) 

The importance of the K-symmetry for determining the exact form of the action 
is among other things in fixing the coefficient in front of the £2 to 1. We will 
also use the fixing of the /t-symmetry to simplify the differential equations from 
which the explicit 2 dimensional form of the action is obtained. 

3.4 Explicit form of the action 
It is now our goal to obtain the explicit form of the action on pp-wave R-R 
background in terms of the fields x and 0 that generalizes the equations 3.14 
and 3.15. In particular, we would like to express the £2 = d^1TC part with the 
integration given explicitly. 

First of all, we choose a particular parametrization of the group element G 
from the equation 3.2: 

G(x, 0) = g(x)g(0), g{6) = exp{9aQa + 0aQa) (3.30) 

This parametrization is by no means unique. What it does is specializes the 
choice of fermionic coordinates. This particular parametrization is called " Wess-
Zumino" or WZ parametrization. 

To represent the £2 = d _ 1 7 i term as a density over the two-dimensional 
space we rescale 6 —> 9t = tO 

£ 2 = £ 2 ( i = l ) , £ 2 = cT 1 [ f t«(0)+ [ dtdtHq(t)} (3.31) 
Jo 

From the Maurer-Cartan equations 3.5 to 3.9 we can then read out the differ­
ential equations for the "shifted" Cartan 1-forms LA = LA(x,t6) 

dtL? = d6 + l/AL^^O* - l-Lt(U1

+^e)a (3.32) 

dtLt = - 2 i 6 a j ^ - 2i f l a7£ < JL? (3-33) 

dtLT* = 29a(f n)Q / 3Zf - 26a(f n ) a / ,L? (3.34) 

dtL? = -26a ( 7

+7 i J 'n) a / 3 Zf + 20~ a( 7

+7 i j n) a / 3 i , f (3.35) 
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with the similar ones for the dtLt

 1 and dtL\j . These equations should be 
supplemented by the initial conditions: 

L ? = 0 = e<\ L ? : 0 = " M " " . L?=o=0 (3-36) 

Where e M is a set of orthogonal unit vectors on the pp-wave geometry (10-bein) 
and the w**" is a Lorentz connection between them. Putting these directly into 
the equation 3.23 and using the Maurer-Cartan equations again we get: 

dtH"(t) = -2id(L^a^Lf) (3.37) 

and can write: 
C2 = -2i f dtL?0a%pLP + h.c. (3.38) 

Jo 
and therefore, finally: 

C = -\vggabL^ - 2i j f * dte^L^e^L^ + 9°%M) (3.39) 

What remains to be done now is expressing the Lagrangian 3.39 in terms 
of some set of bosonic and fermionic vielbeins related to the fields x and 0 and 
then proceeding as in the flat space case to fix the light-cone gauge in which we 
can hope to obtain simple equations of motion. This light-cone gauge fixing is 
done in two parts [1], first fixing the fermionic light-cone gauge through the use 
of K-symmetry to set 7+0 = 0 and then using the conformal invariance to set 
s/ggab

 = rfb and the residual diffeomorphism symmetry to set x + = p + T . 

While it is possible to do things in this order in this case as well [8], the 
system of differential equations 3.32 to 3.35 simplifies considerably once we 
impose the fermionic light cone gauge. What we begin with, therefore, is solving 
these equations in the fermionic gauge 7 + # = 0. 

First of all we can write 3.33 for fj, — + 

dtL+ = -2iQata#U - ™altA (3-40) 

which is obviously proportional to the 7 + 0 and is therefore equal to zero. To­
gether with the initial condition from 3.36 this means that: 

L+ = e+ (3.41) 

We then multiply the equation 3.32 by the 7 + getting: 

dt(j+L) = 7 d0 + l/4L^j+^u0 - ^JVuVftf (3.42) 

= l/4Lr{l+,ru}0 - ^ { 7 + , n 7

+ 7 M } 0 

which is equal to zero because L + M = 0 by construction, and those are the 
multipliers of the only terms with the non zero anti-commutators. We therefore 
have dt(j+L") = 0 and therefore, with initial conditions: 

j+Lf = 0 (3.43) 
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We can use this in the equation 3.33 for fi = I inserting the decomposition of 
unity 1 = 5(7 + 7~ + 7~7 + ) between the Os and Las: 

dtL{ = -2^7^^(7+7- + 7 " 7 + ) Z f - 2i9a^p±(7+7- + 7 " 7 + ) £ ? (3.44) 

Because 7 + anti-commutes with 7

J this then disappears as 7 + annihilates, either 
0 using the light-cone gauge condition, or the L,f using the equation 3.43. Once 
again, dtL\ = 0 together with initial conditions gives us: 

L\ = e1 (3.45) 

So far we have only chosen parametrization of the fermionic coordiantes. To 
simplify our expressions even further we can choose the bosonic bodies of the 
Cartan H connections L l J and L1 J to be equal to zero. 

w i J ' = 0, J*' = 0 (3.46) 

Together with the light-cone gauge condition, in the manner similar to above 
this leads to: 

Llj = L]j' = 0 (3.47) 

We can then go back to the equation 3.32 and write: 

dtLt = d$- ^U{-y+,^} = d0- ie+Ue (3.48) 

or: 

Lt = t{d0 - ie+U0) (3.49) 

finally, using this in the equation 3.33 for (i = — we obtain: 

dtLi = -2it(e^-de + 6j~de) - Ate+e^-m (3.50) 

Solving for t and setting t = l w e get: 

L~ = e~ - i{9j~d9 + 07-d0) - 2e +07-IT0 (3.51) 

Only thing that remains is to find the appropriate expression for the bosonic 
10-beins e M consistent with the 3.46. The choice that parallels the flat space 
case most closely is: 

e + = dx+, e~ = dx~ - ^xjdx+, e1 = dx1 (3.52) 

Simply inserting the thus obtained Cartan forms into the expressions for C and 
restoring the \i dependance we get: 

Cj. = -l^y/ggab(2dax+dbx- - n2xjdax+dbx+ + dax'dbX1) (3.53) 

-ifg~gabdbx+{9j-da9 + O^y'dJ + 2idax+2fiidax+9*f-I19) 

j 
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C2 = ieabdax+e^-db9 + h.c (3.54) 

where the second term is straightforwardly obtained by the integration of the 
expression 3.38. 

This lagrangian can be rewriten in such a way as to separate the bosonic 
and fermionic components. 

C = CB+CF (3.55) 

where: 

CB = -l^f99ab(2dax+dbx- - fi2xjdax+dbx+ + dax'dbX1) (3.56) 

is a standard bosonic sigma model on the pp-wave geometry. And 

C-F = -iy/ggabdbx+(07-80.8 + 67-dJ) + 2idax+2pidax+9Tl\9) + (3.57) 

ieabdax+(9y-db9 + 6*f-db9) 

We can now proceed to fix the bosonic light-cone gauge 

fggab = r,ab, -nTT = rf" = 1 (3.58) 

Again we have a residual diffeomorphism freedom that we can use to set the T 
direction along one of the x coordinates. We choose x+ and write: 

x+(r,a)=p+T (3.59) 

Writing the Lagrangians in this gauge we get: 

CB = ~[dax'daxI + (/xp+) V ) 2 ] (3.60) 

CF = i(9*,-dT9 + 9TdT9 + 9Tda9 + e^'dj) - 2(\ip+)9~T™ (3-61) 

With the 
x± = -^=(x" ±xT) (3.62) 

and the complex Weyl spinor 9 split into two real Majorana-Weyl spinors given 
by: 

0=±=^+i0% e = ^ - i 9 2 ) (3.63) 

Lagrangian can also be written as: 

CB = ^(d+x1d-x1 — m2x2), m = (3.64) 

CF = itf^-d+e1 + 92j~d-92 - 2m91j-Il02) (3.65) 

Which is the way they are given in [9]. 
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Chapter 4 

Canonical quantization 

4.1 Equations of motion 

First we get the equations of motion from the Lagrangain through the standard 
Euler-Lagrange method: 

d£ _ d_ dC . . 
8q a dad{daq a) ~  ( ' ' 

which in our case translate to: 

d+d-x 1 +m 2x' = 0 (4.2) 

d+6 1 - mm2 = 0, d-0 2+mm l =0 (4.3) 

for the bosonic and fermionic fields respectively. In addition, given that we are 
dealing with the closed string, we also have periodicity condition: 

X'((T + 1,T) =X i(CT,T), 6 i(CT + 1,T) = 9 i(<T,T) (4.4) 

The solutions of these are: 

x r(a,T) = cos(mT)xo + — sin(mr)po + i^T, •—( lPn(°>T) an +  <Pl(^ T) an) 

(4.5) 

e\a,r) = coS(mr)el+sm(mT)m2 + Y^CTl(ti(a,T)6l+^ 

(4.6) 

0 2(<r,r) = cos(mT)02-Sm(mT)Wi + J2cn(vl(*,T)e2

n - z ^ - ^ ^ ( c r , r ) n ^ ) 

(4.7) 

where: 

<Pl(<r>T) - exp[- i (w n r - kna)}, ip2
n{a, T) = exp[- i (w n r + kna)) (4.8) 

and 
u}n = f k l + m2, n > 0; w n = \/k2 + m 2 , n < 0 (4.9) 

7  1 71  m , •, i r . 

kn = 27rn, c„ = = = , n = ± 1 , ±2,.. . 
v /m 2 + (u>n - A; n) 2 ^ ( w , , - kn) 

(4.10) 
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4.2 Stress-Energy tensor and the x 

Before we proceed with quantizing the action, let us derive the relationship 
between the x~ and the other x fields in the light cone gauge. This calculation 
will be of use in a number of different places, starting with the derivation of the 
canonical equations. 

In both, bosonic and the GS theory on the flat space, going to the light-
cone gauge not only simplifies the x+ coordinate considerably but also defines 
the more complicated x~ embedding function, fully as a quadratic combination 
of the remaining xl functions [1]. This relationship comes from the Virasoro 
constraint conditions, which demand the vanishing of the stress-energy tensor 

Given that the diagonal components of T wanish automatically as a consequence 
of the Weyl symmetry the remaining Virasoro constraints are: 

T++ = T__ = 0 (4.12) 

The vanishing of the Stress Energy Tensor is a requirement for the equivalence 
between Nambu and the Poincare formulations of the string theory and therefore 
of great importance. In flat space the Virasoro constraints give the equation: 

( x ± i ) 2 = 0 (4.13) 

and therefore: 
(x-±x-) = ^(xi±xi)2 (4.14) 

The Virasoro conditions hold in more or less the same form in the pp-wave 
R-R background as well. The difference is that the relatively simple formula 
4.13 is replaced by a more general one derived from 4.12. 

In order to use 4.12 we need to derive the stress-energy tensor. It is easiest 
to do that from the form of the Lagrangian with the explicit gab dependance 
3.53. Performing the functional derivative 4.11 we get the: 

T++ = 2d+x+d+x~ - u.2x2d+x+d+x+ + d+x^+x1 (4.15) 

-id+x+[ey-d+e + 6Td+e + 2ind+x+6Tm+e] = o 

which can also be written as: 

T++ = 2p+d+x~ - m2x2 + (d+x*)2 + 2i9ATd+9A - 4im9lY™2 (4-16) 

with A going over 1 and 2. Here one factor of p+ has been absorbed into each 
pair of 6s in order to remain consistent to Metsaev notation [9]. In the same 
fashion we get: 

T__ = 2p+d^x- - m2x\ + (9_x*) 2 + 2i6AYd-6A - 4im61T^2 (4.17) 
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We can therefore get the following constraints on the derivatives on x : 

m2x2 + {d+x1)2 + 2i{6ATd+eA - 2m91j-Il92)} (4.18) 

m2x2 + {d-x1)2 + 2i(eATd-6A - 2m61^-m2)] (4.19) 

or, in terms of the a and r derivatives: 

±- = -^r^x* + i(0Aj-6A)} (4-20) p+ 

± - = — x + xixi - m V i ' l + i ^ f ^ -2m91jU92)} (4.21) 
p+ 2 

These will be used later to give the exact value of the x~ in terms of the oscil­
lators but for now they will be used in calculating the phase space Lagrangian. 

4.3 Hamil tonian and the canonical equations 

Next step in quantizing the action is to derive the classical Poisson-Dirac brack­
ets for the oscillators in the above equations and promote them to the equal-time 
(anti)commutators of quantum coordinates. We follow Metsaev [8] and derive 
the classical brackets by going to the phase-space formulation. We will use this 
formulation to derive the Hamiltonian and the Noether charges of the superal-
gebra as well. 

Given that we will be making a Legendre transformation (transformation 
into the frame governed by the canonical momentum) with respect to the bosonic 
coordinates only, it simplifies our calculation to separate out the parts of the 
Lagrangian that do not depend on the r derivative of the bosonic fields. 

We go back to the equations 3.55 - 3.57 with the bosonic light-cone gauge 
still not fixed and rewrite Lagrangian in the following form: 

C = -habdax+dbx- - ^hPdax'dbX1 + ̂ habdax+dbx+B + dax+Aa + C (4.22) 

where: 
hab = ^ggabt hTThaa -(h™)2 = -1 

and 
Aa = -ihab(6j-db6 + e^-db6) + ieaa{6T() + 

B = fi2x2j + 4p£T^0 

C = -ix+(6^-0 + 9^-9) 

With dot and prime being the derivatives over T and a respectively 
now easily get the canonical momenta for the bosonic coordinates: 

dC 
~ dx» 

d+x~ 

d+x+ = 

2p+l 

• J - [ 
2p+[ 
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gives: 
V+ = -hTTx + - hTax+ (4.28) 

p' = -hTTx' - hTax ! (4.29) 

V~ = -hTTx~ - hTa±- +AT- BV+ (4.30) 

We can then write out the phase-space Lagrangian: 

£ = p+±- + V'x+ + ^ 7 ( 2 ^ + ^ " +  2 i +x- + (V +V + - x+x +)B) (4.31) 

UT<J 1 

+ 7— CP+x~ + P-X+) - — (V+ + hT ax +)AT + x+A° + C 

+r<i' + 7±;(vl + xl) + ^v>x> 

Now, we can impose the light cone gauge: 

a;+ = T , V+ = p+, hTT = -p+ (4.32) 

Inserting this into the equation above we get the light-cone gauge form of the 
phase-space Langrangian: 

£ = - ^ p ( P + ) 2 B - ^(P+*~) + AT (4.33) 

and 

C = 0 (4.34) 

We now reinsert the A and B functions back into the Lagrangian and get: 

£ = V'x' + ip+iOTO + 8^9) - TTTCPI + + P + 2(xj + 49Y™)) (4.35) 
2p 

+i(9T0 + 9j9) 
hTa - - !-

~ — (p +x-+V'x I+ip +{9TG + 9j9) 

Where the entire last line is equal to zero due to the constraint 4.20 leaving the: 

£ = V'x1 + ip+(07-0 + 9^9) -~(VJ + xj+ p + 2(xj + 40~7-ri0)) (4.36) 

+i(9j~ 9 + 9^9) 

Which gives us the equation for the Hamiltonian density: 

rl = --^-(V] + xj+ p + 2(xj + 4&J-T10)) + +i(9T0 + <ht>) (4.37) 
zp 
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which together with 4.21 confirms that as in the flat case we have: 

H = V~ (4.38) 

From the above Lagrangian we can also easily derive the the canonical momenta 
for the fermionic coordinates 9a and 9a: 

P a = H = ip+^e° (4-39) 

and 
Pa = ^ = ip+0%a (4.40) 

89 
We can now write down the classical Poisson-Dirac brackets: 

[V'(a),xJ(a')]=6IJS(a,a') (4.41) 

{Pf3(a),9°(o')} = \(n+^)%5{a,a') (4.42) 

{Pp(a),e"(a')} = \(j+T)$S(a,a') (4.43) 

where 5 (7 + 7 _ ) has been inserted to maintain the light-cone gauge condition on 
9s and 9s. Using the equations for the fermionic momenta 4.39 and 4.40 and 
the properties of the 7 matrices we can rewrite the last two as: 

{ * » , * > ' ) } = 2pT(7 +) a^( Cr,cr ') (4.44) 

or in the alternative notation: 

{9A'a,9B^} = ^T(7+)a0SAB6{a,a') (4.45) 

Using those, the Equations for the fields 4.5 - 4.10 and the expression for the 
canonical momentum that comes directly from 4.5: 

V'{G,T) = C O S ( T T I T > £ - msinf jm-)^ + Y^ (^ 1 (aT)a 1 / + ^ ( c r ^ a 2 / ) (4.46) 

we can obtain the commutation relations for the modes an and 9n. Equation 
4.41 can be written as: 

rP7(a),zV)] = cos2(mT)\pl

0,xJ

0} - sin 2(mr)[^,p 0

J] (4.47) 

+ sin(mr) cos(mr) ( ^ \p'0, pi] - m[xr

0,157]) 

+ » V - (e-*[<«»-K--)r-<k»*+*m<r')] [ a l / > a l J ] + e - i [ ( U „ + " m ) T - < f c „ a - f c „ a ' ) ] 

n,rn "m 
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oo 

= 6IJ5(cr, a') = 5 " ]T e

2i7r"(a-CT') 
Tl=0 

by simply matching the terms we obtain the following Poisson-Dirac brackets: 

\p'0xi} = 6IJ, {c%,aZJ\ = l-ujm5m+n6IJ6JJ (4.48) 

and in the same fashion, Equation 4.45 leads to the bracket: 

{ e . ^ } = ^ ( 7 + ) a / J ^ - + " (4.49) 

4.4 Noether charges and the superalgebra 

Another thing that we can do before proceeding with quantization is deriving 
the Noether charges that generate the symmetries of the action. Given that 
the symmetries are not manifest in the light-cone gauge, expressing the Noether 
charges explicitely is the best way to demonstrate them. In addition, those 
charges are important in formulating the superstring field theory in the light-
cone gauge [18]. 

The difficulties introduced by the light-cone gauge manifest themselves in 
the symmetries involving the x~~ embedding function and their fermionic equiv­
alents. We can therefore divide the generators into the two groups, one whose 
generators not change significantly by the introduction of the light-cone gauge, 
and are thus quadratic in the string fields, and the other whose generators re­
ceive higher order interaction dependent corrections. Those two groups are: 

P+, P1, J+I, JIJ, JI,J', Q+, Q+ (4.50) 

the simple ones, which Metsaev [8] calls kinematical generators and: 

P~, Q-, Q- (4.51) 

referred to as the dynamical generators. In the above the Q generator has been 
split into kinematical and dynamical part according to: 

Q+ = \TI+Q, Q- = \i+f-Q (4-52) 

We follow the standard way of obtaining the Noether charges stating with 
the conserved currents [19]. The method consists of obtaining the currents based 
on the localization of the parameters of the associated global transformation and 
then obtaining the charges as the integrals of those currents. 

Noether equation for the currents is: 

(4.53) 
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Where (p are the fields related by the symmetry. We will use this formula 
to find those currents that are related by the symmetries that do not involve 
compensating K-symmetries to preserve the light-cone gauge. We will find the 
remaining currents by using the form of the action with both light-cone gauge 
and the K-symmetries fixed. We start with the translations and rotations derived 
originally from the Killing vectors and given in the equations 2.56 - 2.58. Once 
again, those symmetries are: 

6x ± = a * (4.54) 

associated with the translations P^, 

5x~ = cj/j,sin(nx+)xi, Sx1 = cj cos(fix +) (4.55) 

associated with "translations" P1, 

dx" = dj cos(fxx +)xi, 5x r = dj— sin(fix +) (4.56) 
A4 

associated with the rotations J+I 

5x i = e i jx j, 59a = ^ ' ( 7

i J ' ) a % (4.57) 

with e y antisymmetric, associated with SO(4) rotations J%K And exactly same 
ones for the SO (4) rotations J13 . 

Using the equation 4.53 and the above we then get: 

•P+a = -fggabdbx+ (4.58) 

V Ia = -fgg a b[cos{tix +)dbx + + fisminx^x 1 dbx+ (4.59) 

V~a = -^/ggab[dbx' + #r<9i,6> + i9^~db9 - x]dbx+ - 4pMT^0dbx +] (4.60) 

+e a b[i9Tdbe + h.c\ 

J+Ia = -Jggab{- smfix+dhX1 - cos(nx+)x' dbx +] (4.61) 
A* 

ja* = -^gg^dbxi - xidbx l - WTl i 39dbx +] - eab[^-f j9 + h.c] (4.62) 

J*'!'0 = -yfggab[x i'dbx j' - xl'dhX*' - ieT7 i l j'ddbx +} (4.63) 

-^ b[^9j—y i , j'o + h.c] 

The invariances with respect to the super-transformations that do not require 
compensating n transformations are: 

59 = e~ix+ne, 59 = eix+ne, (4.64) 

Ja;" = -iee- i x+n9 - iee- i x+n6 (4.65) 
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which lead to conserved super-currents: 

Q+« = -2Yeix+n{fggabdbx+e + eabdbx+e) (4.66) 

Q+a = -2Te~ix+n(^gabdbx+6 + e a bdbx +6) (4.67) 

We can now use those to calculate the actual charges using the equation: 

G = J d°QT (4.68) 

Writing those and including the light-cone gauge conditions we get: 

P+ = p+ (4.69) 

P1 = J cos(mT)VI +msm(mT)x Ip + (4.70) 

J + I = j - s in(mr)P / - cos(mr)a; /p + (4.71) 

Q+ = J 2p+Te i m I 16 (4.72) 

Q+ = j 2p+y-e-imU0 (4.73) 

J« = j x^ - xIVI - # , _ 7 t f 0 (4.74) 

fi' = J x'pi' - xi'V* - i 9 T l i ' j ' 0 (4.75) 

Out of the three remaining,"dynamical" charges, V~ has already been de­
rived as a Hamiltonian in the equation 4.37 and is given by: 

p- = j--L(V] +xj+ p + 2(xj + 4/JOJ-IW)) + +i(07 _0 + M) (4-76) 

The remaining two supercharges Q~ and Q~ are somewhat more compli­
cated to derive from the symmetries because we would need to use the re-
symmetry as well. Instead we can derive them from the commutation relations 
of the superalgebra in the following way: 

First we re-express the commutators from the equations 2.70 - 2.73 in terms 
of Q+ and Q~ as given in 4.52: 

[Jii,Qt] = \o$(iii)p

a (4-77) 

\Jl'J\Qt] = \QWJ')i (4-78) 

[J + I,Qa] = \Q +p(y+It (4-79) 
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[J+I,Q*} = \Qt(7+')0
a (4.80) 

[P',Qa] = \Q+^1+I)i (4.81) 

[P- ,Q+]=tQ+ng (4.82) 

{Q+ Q+} = - 2 i 7 a / 3 P + (4.83) 

{QJ.Q^} = -iiTl+l'UP1 ~ {Tl+l%0J+i - {Tl+f)apJ+i' (4.84) 

{Qa,Qp} = -KltpP- + {l+^)apJij + ( 7 + 7 ^ ' n ) ^ Ji>j' (4.85) 
Because we know the form of all the other charges, we can now derive the 
Q~ — J QrT. We start with the general anzats: 

Q-T = v'A[e + x'A^e + x'B'e (4.86) 

and can, using the equations 4.71, 4.72, and the above commutators write: 

[sin(mT)P J - m cos(mr)xJ, V1 A[0 + x1'A{0 + xB'(J] = 2mfe imne (4.87) 

s,\n{mT)AI[PJ,x'\ - mcos{mr)A[[xJ, V1} = 2m^eimn 

we can then use the Poisson-Dirac brackets 4.41 - 4.45to write: 

s in(mi-)^ + m cos(mr)^{ = 2m^Ieimn (4.88) 

In the exact same fashion, equation 4.70 leads to: 

- msin(mr)A{ + cos (mr )^ = 2im^IJleimn (4.89) 

The two above equations are solved by: 

A[ = 27 7 , Ar

2 = 2wn7 / n (4.90) 

And we thus have: 

QTT = 2V'j'0 + 2imx1*i

1m + X'B'O (4.91) 

and a very similar expression for Q~a. 

We use the conservation law for the super-current Q~a: 

dTQ~T + d<7Q-° = 0 (4.92) 

to determine the B1 = —2^ J and thus we can write: 

Q- = J 2V1 j19 - 2xIjI9 + 2imxIjIW (4.93) 
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4.5 Quantization 

What remains is to actually perform the quantization. In this we follow Metsaev 
and Tseytlin [9]. The quantization is done in the standard way by promoting 
the coordinates and the momenta of the Fourier components in the equations: 
4.5 - 4.10 to operators and replacing the poison (anti)brackets given in 4.48-4.49 
by the appropriate equal-time (anti)commutators using the rules: 

-}classical * ^quantum-} [•) -[classical * -[quantum (4.95) 

With that, we can write: 

\pI

0,xJ

0] = -i5IJ (4.96) 

[aI

JJ,a{J] = ^ m 5 m + n 5 u 8 X J ' (4.97) 

{eI

m

a,6^} = \{1+)a08^8m+n (4.98) 

Hamiltonian is already given by in the equation 4.37: 

H = \ jda[\{V} + x)+m2x]) + 2im01T^e2-i{01TO1-02TO2)] (4-99) P J ^ 

which can be rewritten with the use of the fermionic equations of motion 4.3 as: 

H= \ fd<T[\{Vj +xj+ m2xj) + i{0lY^ + 02TO2)} (4.100) 

before we express this in terms of the quantum coordinates it makes sense to 
reintroduce those in terms of the creation and annihilation operators: 

1 (Po+imx1^, a!

0 = - i = ( P o -imx'a) (4.101) 
2m \/2m 

<*XJn = M t f , a*' = M < % (4.102) 

(4.103) 

Gin = - ^ V l el = -Lfg (4.104) 

In terms of those we can write the commutation relations: 

[«6>«o] = 5IJ, \all,aiJ\ = Smn5IJ8u (4.105) 

= \(l+)a0, {ffr.rtf*} = \(l+)al36mn6XJ (4.106) 

Where a = 1 , 1 6 and the light-cone gauge condition on fermions reads: 

TO1 = 0, l+r,l = 0 (4.107) 
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We can now write the light-cone energy operator while taking care of the normal-
ordering: 

E = E0 + E 1 + E 2 (4.108) 

where: 
E0 = piS0, £0 = alal + 20Vrn<?o + 4 (4.109) 

and: 
1 °° 

fi^-E W « ( « n 7 « n J + rilTfil) (4.H0) 
P n=l 

In the ET there is no normal-ordering constant because there is an equal number 
of the bosonic and fermionic operators and the constants due to the two cancel 
out as they do in the flat space case. In the EQ the factor that is obtained from 
the commutator of ds: Tr (7 + 7~ II) is equal to zero and therefore the fermionic 
zero modes do not contribute to the normal ordering constant. What is left is 
the bosonic term: ( | x 8 = 4 which is added. 

As in the flat-space we can now define the vacuum as the direct product of 
the zero-mode vacuum and the Fock vacuum for the string oscillations, or in 
other words: 

4\o) = o, C|o) = o, af|o) = o, Ca|o) = o (4.1H) 

With the generic states being then obtained by acting with the creation opera­
tors aQ,a^',9Q ,rf^a on the vacuum. 

\®) = $(a0,an,eo,r)n)\0) (4.112) 

As in the flat space case for the GS formalism the physical state condition is 
automatically satisfied. Only remaining condition is the level matching condi­
tion that is present for all closed string theories. In this case it can be written 
as: 

oo 

N^phys) = N2\%hys), NI = YJ Kial'al1 + vlTvL) (4.113) 
n=l 

It is possible to derive these constraints from the stress-energy tensor but here 
it suffices to see that in the flat-space limit m —> 0 it reduces to the standard 
level-matching condition 

E1\$phys) — E2\®phys) (4.114) 

with E given by 4.110. 
It is now possible to perform the integrals in the equations 4.70 - 4.75 and 

4.93 - 4.94 and obtain explicitly the generators of symmetries. The example of 
how this is done can be 4.70: 

P1 = dacos{m,T)'P I +msm(mT)x Ip (4.115) 
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+ ^ [ cos (mr ) (e - i ( w " T - f c " ' T ) a 1 / + e ' ^ + ^ a l 1 ) 

+ ™ s i n (mr ) ( e - i ( " " r - f c " C T )a 1 / + e - ^ + ^ a 2 / ) ] ] 

We can see immediately that all the terms in the sum will disappear as we are 
integrating over the entire length of string, which is to say the full period of a. 
What is left simplifies to: 

(4.116) 

in the exactly same fashion we have: 

J+I -ix'oP
+  

Q+ = 2VP+7~0~o 

(4.117) 

(4.118) 

(4.119) 

In the remaining ones we have terms with the products of the exponentials. 
In some of those the a dependent term will disappear and therefore there will 
be terms dependant on the non-zero modes. Performing those integrals we get: 

J = J0 + 2L, 2^'a" °™ ~ a « a " + 0 ^ 7 7 Vn) 
1=1,2 n=l 

where: 

1=1,2 

and finally we have: 

(4.120) 

(4.121) 

= [ 2 p o 7

/ ^ - 2 m ^ 7 / ™ 2 (4.122) 

+ 5 ] ( 2 V ^ c n a 1 / 7 / ^ + - J f L - a £ / 7 / I l J & + h.c.)) 
v wncn 

71=1 v 

Q - 2 = 
l (4.123) 

/LJnCr ai'rml + h.c.)} 

It is a trivial if somewhat tedious exercise to demonstrate that the com­
mutation relations of the super-algebra can be derived from the above and the 
commutations of the oscillators in the equations 4.105-4.106. 
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Chapter 5 

Supergravity Spectrum 
In the last part of their paper, Metsaev and Tseytlin [9] derive the type IIB 
supergravity spectrum of the pp-wave background. The supergravity fields of 
this spectrum are in one to one correspondence with the lowest energy string 
states of the above model. Namely those string states obtained by acting with 
the bosonic and fermionic zero-mode creation operators on the vacuum defined 
in 4.111. 

Represented as the products of Fermionic operators on the vacuum the 
lowest-lying states can be expressed as: 

|0) - complex scalar 
0O|0) - spin 1/2 field 
0o0o|O) - complex 2-form field 
0o0o0o |0) - spin 3/2 field 
0o0o0o0o|0) - graviton and self dual 4-form field 
... - complex conjugates of the above 

We can then act with the bosonic zero mode operators to create the entire 
type IIB supergravity spectrum. 

Here, we follow the Metsaev and Tseytlin and use the field theoretical ap­
proach based on the work of Schwarz [20] to explicitly derive this spectrum. 
We will take the results of the paper [20] as our starting point. To give struc­
ture to what will follow we present the decomposition of the 128+128 physical 
transverse supergravity degrees of freedom in the light-cone gauge using the 
SO(8) -* 50(4) x 50(4) decomposition: 

First we have the graviton field. The breakdown of the 50(8) into 50(4) x 
50(4) means that the graviton is not wholly symmetric. Rather its /ly and h^y 
parts will be symmetric (and traceless) but the hij> will have no such constraints. 
The graviton therefore decomposes like: 

hu(35) = (9) © /ii'j'(9) © (36) © h(l) (5.1) 

with number in brackets giving the total degrees of freedom of that field. 
Similarly we have the 4 - form field which is one of the two fields that 

together form the equivalent, for this theory, of the antisymmetric B tensor. 
Again, antisymmetry is relaxed for the components mixing the i s with j ' s so 
se have the decomposition: 

O/JKL (35) = aijHj,(l6) © ^^.(18) © a(l) (5.2) 
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where the number of the degrees of freedom of the second component is derived 
from the antisymmetry requirement: aiji'j' = — \eijkiei'j'k!Vakik'i 1  

Second heir of the B tensor is the complex 2-form field which with the 
similar properties with regard to antisymmetry gives: 

6/j(56) = 6y(12) © bvr(\2) © 6y.(32) (5.3) 

Finally last among the bosonic fields are Dilaton and the R-R scalar which 
together form what is referred to as the complex scalar field 

0(2) (5.4) 

The fermionic fields are positive and negative chirality complex spinors. 
Negative chirality spinor is A whose light cone projection A® = | 7 _ 7 + A is 

a spin 1/2 field 
A®(16) (5.5) 

Positive chirality spinor is a gravitino or the spin 3/2 field which splits 
into the 7-transverse and 7-parallel parts: 

V(H2) = ,J-(48) © </>®'X(48) © ^®H(16) (5.6) 

5.1 Energy of the massless fields 

One of the interesting features of the of this model is that, as in the case of the 
AdS supermultiplets and contrary to the flat space, the spectrum of the lowest 
eigenvalues of the light-cone energy operator is non-degenerate. The following 
method will give us the exact energy values for various fields of the massless 
spectrum. 

We begin by deriving the Christoffel symbols, Riemann and Ricci tensors 
for our metric 1.1. From 1.1 we can read out: 

9++ = M 2 ^ / . 9+- = 2, 9ij = -Sij, g— = 0 (5.7) 

g + + = 0, g +~ = \, = ff—=A? (5-8) 
The Christoffel symbols of the first kind are then given by: 

[mn,r] = ^{dngrm + dmgrn - drgmn) (5.9) 

Clearly, the only non zero ones in our case will be: 

= [*+,+] = - [++,» ] = M 2 z/ (5.10) 

The Christofell symbols of the second kind are defined as: 

r r
mn = g r s[mn,s] (5.11) 

file:///eijkiei'
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Which, for our case gives: 

r+, = r-+ = -r* + + = -fa (5.12) 

The Riemman tensor is given by: 

[sn,r] — dn[sm,r] + Yp

8m\rn,p} — Tv

sn\rm,p} (5.13) 

which in our case gives: 
R I + + I = — / i 2 (5.14) 

with only other non zero ones being determined by the antisymmetric property 
of R. Finally, the Ricci tensor Rsm — grmRrsmn is here given by: 

R++ = 8p? (5.15) 

We can then find the Laplacian of the geometry which will give us the massless 
scalar equation x . 

V 2 = 5 ^ V M V „ U (5.16) 

= - V j V / + / i 2 x /a ; /V_V_ + ^(V+V_ + V_V+) 

= -V/(a 7) + At 2 ux/V_(5_) + ̂ (v+cL + v_a+) 

= [-djdj + r™_dm] + fx2xlXl[d_d_ - r™_am] + [a+a. - r™_am] 
= 2d+a- +^x2d+2 + dj 

Where we have used the d+ = cL , d~ = d+,81 = <9j notation in the last line. 
We than write: the massless scalar equation: 

V V = [28+d~ + p2xj8+2 + 82}<p = 0 (5.17) 

We now perform the Fourier transform in the x~ and x1 corresponding to the 
light-cone description where the x+ is an evolution parameter: 

<p(x+,x-y) = / *£^e*>+*-+' I*')<p(x+,p+,p1) (5.18) 
J (2TT) 2 

The equation now becomes: 

(2p+P~ - / i V 2 ^ 2 / + pj)<f> = 0 (5.19) 

As before, we interpret the quadratic P~ operator as a Hamiltonian for the free 
harmonic oscillator in 8 dimensions with mass p+ and frequency p.: 

H = -P~ = ^L(p2-m2d2

pI) (5.20) 

1Here and henceforth I use the symbol V for the covariant derivative in breach with the 
Metsaev's notation. 
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If we introduce the standard creation and annihilation operators: 

a'=-^={p'-mdv,), a1 = ^=(P
T+mdp,), [a 1,a J] = 6 I J (5.21) 

V2m V2m 

we can write the Hamiltonian, taking care of normal ordering: 

H = ^ ( a V + a 1 a 1) = n(a la T + 4) (5.22) 

where 4 comes from: 4 = ^=^,D = 10. Solution of the 5.17 is then found as 
usual by acting by a1 on a vacuum satisfying the a7|0) = 0. 

Not all the equations we will deal with are of the same form as 5.17. We will 
therefore need the following generalization: 

( V 2 + 2incd+)<p(x) = 0 (5.23) 

where V 2 is same as defined above and the c is an arbitrary constant. The 
Hamiltonian then would be: 

p 2, — m2d2, , , 
H = -P- = —£- +/j,c = n(a Ja' + 4 + c) (5.24) 

2p +  

so the lowest energy value will be given by: 

E0 = VL£O = M(4 + c) (5.25) 

As we discuss the various fields of the supergravity we will be able to reduce 
their equations of motion to the form 5.23 and will therefore be able to obtain 
their lowest energy values. 

5.2 Bosonic Fields 

Complex scalar field 
The dilaton and the R-R scalar do not interact with the 5-form background, 

so they satisfy the 5.17 
V 2(j) = 0 (5.26) 

and therefore: 
So{4) = 4 (5.27) 

Complex 2-form field 
We begin with the result from [20] which gives the nonlinear equations de­

termining the complex two form field Bmn: 

V m/~i pmy~t* _ _ zp /~imzmim^ jr oo \ 
<- r77imira 2

 —

 1
 < - r 7 T t m 1 7 T i 2 j r m i . . . m s

u
 ^ o . i o ; 

where Gabc = 39[a73(,c] We are interested in the equation for the small fluctua­
tions Bmn = bmn in the pp-wave background, with Pm = 0, using the light-cone 
gauge: 

&-m = 0 (5.29) 
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Based on 5.29 we can write: 

G _ 7 J = d.bjj, G / _ _ = 0 (5.30) 

It is sufficient to analyze the equation 5.28 for the following values of the indices: 
( m i , m 2 ) : (—,/) and (I, J). From the definition of the covariant derivative we 
have: 

= gv,1[dvGllIj - T^Gaij - F ; y G M a j - Fj^G^/a] (5.31) 

= sTfrG^j) - (g++Ta

++ + 2g+iV%)GaU - g+'TJ+G^j - 5 + T 7 + G M / _ 

= g^iduG^j) - 2g+-T-+G^j 

= g^iduG^j) 
= d+G-jj + d-G+u + dKGKIJ + p 2x 2d_G^j 

and in the very similar fashion: 

V m G m _ , = a_G+_ 7 + dKGK-i (5.32) 

where the remaining terms are missing because of the 5.30. Simply combining 
the equations 5.32 and the 5.28 we get: 

d.b+I = dKbKI (5.33) 

Similarly, we can expand the equation 5.31 in terms of b. 

V G , j j = d+d-bu + d-d+bjj - d-d,b+J - d-djbI+ (5.34) 

+dKdKbu + dKdjbIK + dKdjbKj + p?x]d-d-bu = V 2 6 / j 

because middle four terms cancel out according to the 5.33 We now use the 
equation 5.28 and the fact that the only surviving R-R fields are the F+1234 = 

•F+5678 = 2M to derive: 
Fij'mzTmi-mz, ~ 0 (5.35) 

Fijm3m4rn5Gm*m*ms = 6mjldd +bkl (5.36) 

and therefore we can write the equations for the physical modes 6/j: 

V 2 6 y = 0, V 2 6y + 2ifj,eijkid+bki = 0, V 2fcyj' + 2ifj,ei>j>k'i'd+bk'i' = 0 
(5.37) 

Therefore, using the results of the previous section the lowest energy level for 
the bij' is Soihj' = 4. To figure it out for the remaining fields we need to 
decompose the antisymmetric field by into the irreducible tensors of the SO(4) 
algebra: 

K = b% + b%, b%=l-ei]klb®, b? =-\eijklb° (5.38) 

we then have: 

( V 2 + Aipd+)b% = 0, ( V 2 - 4iu.d+)b% = 0 (5.39) 
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and the exact equivalent for the bvy. We can therefore write the lowest energy 
values for all the complex 2-form fields: 

£o{bfJ)=£0(b%,) = 2, £0(bfj) = £0(bfj,) = 6, £b (M=4 (5.40) 

Graviton and 4-form field 
The calculation for the case of Graviton and the 4-form field is very similar 

to the one we just performed. The difference is that the fluctuation modes of 
the two are mixed and need to be considered together. Again, we begin with 
the full nonlinear equations: 

R — — F pm2...m5 (5 411 

Fmi...ms = - I ^ W . . ™ ^ . . . ^ " 1 ' ™ 5 (5.42) 

V r o F m m a . . . m 6 = 0 (5.43) 

Fmi...m5 - 55[m i i4m 2...m 5] (5.44) 

We can then expand in the neighborhood of the pp-wave R-R background, 
treating the graviton as the correction to the metric and the 4-form ayki as 
similarly related to the 5-form field F: 

\ 

9mn * 9mn ~f" ̂ mn (5.45) 

^ml...m4 * A m i m 4 -j- a,mi m4 (5.46) 

Pmn * P-mn Tmn (5-47) 

Fjni...m^ > Fmi__m5 + /mi-..ms (5.48) 
Where R is a Ricci tensor as calculated in 5.15 and pick the light-cone gauge 
for the hmn and a m i . . . m 4 : 

h-m = 0, 1-777.277137714 = 0 (5.49) 

We can then write the linearized form of the Einstein equation 5.41 

_ i-mi...m4 I p rm1...mi ("5 501 
'mil — 24 m m i , " m 4 ^ n 7717711 • • -7714 J n \O.O\JJ 

_AP pm3...771.6 L 7 l i n 5 ^ L 7717117773-..7715̂  7JTI2 

This follows directly from the 5.41 by taking the first order in fluctuations. In 
the similar fashion we can derive the fluctuation in the Ricci tensor straight 
from the Ricci tensor equation by considering the fluctuations in the metric: 

77171 2 = \{-V 2hmn + V m V f c / i f c n + V „ V f c / i f c m - VmVnh k
k (5.51) 

+2-RT7i77iim2n^mi"12 + Rmkhn + -Rnfc/lJ^) 

file:///o.o/jj


Chapter 5. Supergravity Spectrum 43 

We use the combination of the two last equations to establish the number of 
conditions for the modes of the graviton. First of all we can consider the (mn) = 
(—) components. For those the equation 5.50 clearly gives zero because any 
F tensor with a — index disappears. On the other hand, the light-cone gauge 
condition 5.49 and the known properties of the Riemman and Ricci tensors 5.14, 
5.15 ensures that almost all elements in the equation 5.51 go to zero. Specifically, 
all the ones with a — index either in the h or in either of Rs. The only survivor 
will be the 4th term that consists only of the trace of the transverse modes of 
the graviton. By combining these two results we get the zero-trace condition on 
the transverse modes: 

h u = 0 (5.52) 

The similar consideration can be applied to the components (mn) = (—7") again, 
the — will suffice to ensure r-i = 0 from the equation 5.50 as well as most of 
the terms in 5.51. With trace term set to zero by the above consideration, the 
only remaining one term will be the V m / i m / one leading to the constraint: 

VmhmI = 0 (5.53) 

In conjunction with the light-cone gauge conditions this leads to the constraint 
akin to the one for the 2-form field: 

d-.h+I = -djhji (5.54) 

We now need a similar expression for the field a. We derive it from the self-
duality condition on 5-form F, equations 5.43,5.2. Considering the components 
(hhhh—) of the 5-form we derive the: 

3 _ a + / l / 2 / 3 = -djaJIlhh (5.55) 

We can also rewrite the equation 5.42 in terms of the CLUKL as: 

ah...U = -^h...UJ1..Jto.j1...ji (5.56) 

Putting the above the results into the equations 5.50 and 5.51 and solving for 
the components (mn) = (++) we obtain the expression for the h++ component 
of the gravition in terms of the transverse modes: 

(8-)2h++ = d,djhu (5.57) 

We now consider the transverse directions, four by four. The first thing we 
notice is that by using the constraints on h from equations 5.52,5.54 and 5.57, 
together with the light-cone gauge condition, we can eliminate all the terms in 
the equation 5.51 except the first, being left with: 

r . . - _Iy2/,.. 
11] — £ N%3 

(5.58) 
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In the same way, the conditions on a, together with the self-duality condition 
give the following simplification for the equation 5.50: 

Uj = fiSijd^a, a = i e i l . . i 4 a i l . . . i 4 (5.59) 

So we get the equation combining the SO (4) part of the graviton with pseudo-
scalar part of the 4-form potential: 

V 2 / i y + 2(ud_a = 0 (5.60) 

Using the constraints on a and the equation 5.43, in a very similar way we get 
the parallel equation: 

V 2 a - 8/j.hu = 0 (5.61) 

to get those equations in the requisite form 5.23 we need to diagonalize them 
by introducing the traceless graviton and the complex scalar: 

hij = hij ~ \hjhkk (5.62) 

h = hu + ia (5.63) 

h = ha — ia (5.64) 

We can then write, again using the <9_ = d+ identity: 

V 2 / ^ = 0 (5.65) 

(V 2 - 8ipd+)h = 0 (5.66) 

( V 2 + 8ifid+)h = 0 (5.67) 

So we get the lowest energy levels for the gravitons: 

£b(fty = 4, £o(h)=0, £o(h) = 8 (5.68) 

With the same results for the other four transverse directions. 
We can now apply the exactly the same analysis (equations 5.50, 5.51 and 

5.43) to obtain the equations for the components mixing the two SO(4)s: 

V 2 ay - - 4pd-hir = 0, a y = ^eiili2i3ajiii2i3 (5.69) 

V2hif + 4/xd_ay< = 0 (5.70) 

we diagonalize those in the same way, defining the complex tensor: 

hiy = hij, + idiji (5-71) 

h^, = hij, — idij, (5-72) 

file:///hjhkk
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with the attendant differential equations: 

( V 2 - 4ipd+)hir = 0 (5.73) 

{V2 + 4ipd+)hir =0 (5.74) 

So we get the lowest energy eigenvalues: 

£b(M = 2, £ > & , • ' ) = 6 ( 5- 7 5) 

And finally we have: 
V2

aiji,r = 0 (5.76) 

and consequently: 
S0(aiji>r)=4 (5.77) 

5.3 Fermionic Fields 

Spin 1/2 fields 
The calculations for the fermionic Spin 1/2 and Spin 3/2 fields are similar to 

the ones in Bosonic cases. The starting point non-linear supergravity equations 
of motion are still taken from the [20] and adopted to our case. The main 
difference is that instead of V m we now deal with the spinor covariant derivative: 

Dm = dm + \ u C T (5.78) 

Again, we use the vielbein basis corresponding to the metric: 

u 2 

e +=dx +, e~ = dx~ - ^-x]dx +, eT = dx1 (5.79) 

We can then write the Spinor covariant derivative explicitely: 

.,2 
£>_=<9_, £>j = 0j , D+ = d+ - y z J 7 + / (5.80) 

With this in mind we can write the complex 16-component version of the 
Schwarz's equation of motion for the Majorana-Weyl negative chirality spin 
1/2 fields [20]: 

ilmDm - ^lm i-m 5Fmi...m,)\ = 0 (5.81) 

Here the matrices jm are given by the: 

7 m = e™7M (5-82) 

where e™ are the inverses of the Vielbein matrix given above with: 

e" = e^dx™ (5.83) 
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From the form of the F field we know that the indicies m\...m^ in the 
above equation can only be (+, 1,2,3,4) or (+5,6,7,8) in some antisymmetric 
combination. At the same time -y+mi- •••"s is an antisymmetized product of the 
7 + and the four 7 matrices with number indices as above. We also know that 
the product of the numbered matrices is given by: 

n = (7 1 7 2 7 3 7 4 ) (5.84) 

with anti-commutation being taken care with the antisymmetry in the 7+"»i---"»s 
we can write: 

7 + m , . . . m S j P m i ^ = 4 8 0 / X 7 + n (5.85) 

Using that and the 5.82 equation above we can write the equation of motion as: 

h+{9~ + Yx2id+ ~ i ^ + 7 ~ a + + ^ d ^ x = 0 (5-86) 

We can then decompose the A as: 

A = A® + A E (5.87) 

Where: 
A® = (1 + 7

9 )A, A E = (1 - 7 9)A (5.88) 

or: 
A e = 7 - 7 + A , A E = 7 + 7 - A (5.89) 

The A® is the light-cone projection of the A. A E is a non-dynamical mode that 
we need to express in terms of A®. To do that we need the following properties 
of the 7 matrices: 

7 - 7 - = - 1)(79 + 1) = ^(1 - 1) = 0 (5.90) 

7 + 7 ~ = i ( 7 9 + 1)(79 + 1) = \{2 + 2 7

9 ) = 7 + (5-91) 

Using the above we can act with j~ on the equation 5.86 from the right. The 
first term disappears and the last we write in terms of A® getting: 

2d_A E = fd'j+X® (5.92) 

Now we can act with the 2j~d+ on the equation 5.86 from the right and, using 
the above result get: 

( V 2 - 2iuUd+)\m = 0 (5.93) 

It is now trivial to further decompose the A® into: 

A®=A®+A®, AFL = i ± ^ A , \L = ~ 2 ~ ~ ^ <5-94) 

getting the equations in the desired form: 

(V 2 - 2iM<9+)A® = 0, (V 2 + 2ipd+)X% = 0 (5.95) 
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Thus finding the lowest energy values for the spin 1 /2 fields: 

S0(\%) = 3, £o(\f) = 5 (5.96) 

. Spin 3/2 fields 
The approach for the Spin 3/2 fields is again very simmiar: we start with 

the equation for the gravitino of positive chirality: 

TDni>m - Dmil> - / r o o 9 6 0 7 n 7 n ' - B » F n i . . . „ 5 7 T O ^ n =0, V = Ti>n (5.97) 

Which, due to the equation 5.85 is equal to: 

jnDnipm - Dm1p - ^ 7 " n 7 m V n = 0 (5.98) 

On this we impose the light-cone gauge condition: 

V - = 0 (5.99) 

We can then test the equation 5.98 for the case m = —. The first term disapears 
and in the last term 7 _ commutes through leaving the entire equation as a 
multiple of the psi from which we can read: 

V = 7 + ^ + + 7

7i/>/ = 0 (5.100) 

we can multiply the above equation by 7

+ and use 5.91 to obtain: 

7 + y $j = 0 (5.101) 

We can use this to simplify the expression ̂ Yl^jiipj by commuting the *jJ 

all the way to the right. We can then write: 

7

J n 7 + 7 i ^ J = 2n7

+(<5y - 7 i 7 ] , - )^ (5.102) 

and the 
7 J n 7

+ 7 - ^ = - 2 I l 7 + t e T - 7 i7 j )$ (5-103) 

and use those in the 5.98 with m = i component to write: 

[7+(cT + ^xjd+) + Td+ + 7Jdj]1>i - t / d l 7 + ( * y - 7 ^ ) ^ - (5.104) 

and the equivalent for the m = i'. 
Now we can divide the ip into the ip® and ipe in the same way as in the Spin 

1/2 case. Using the very same trick as in that case we end up with: 

28-i>f =y+(iJdj)iPf (5.105) 

and 
VVf - 2i/zII(<5y - Wj)8^f (5.106) 
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we can now decompose the ipf into the 7-transverse and 7-parallel parts: 

^ = - (5-107) 

= 7iV>? (5-108) 
And for those we get: 

(V 2 - 2ip,nd+)iif-L = 0 (5.109) 

( V 2 - 6ipUd+)ipe^ = 0 (5.110) 

splitting into the left and right modes as before we get: 

( V 2 - 2ilid+)i>fB

± (5.111) 

( V 2 + 2ipd+)ipfL

x (5.112) 

( V 2 - 6ifid+)ip%H (5.113) 

( V 2 + 6i/id+)ipfl (5.114) 

and consequently: 

£0(^ = 3, €0(rp?,f) = 5, £ b ( ^ " ) = l . £ b ( ^ " ) = 7 (5.115) 

Similarly: 
V 2 ^® + 2t/*n(^. - nny)d-iljf, (5.116) 

leading to the 

e»y>%) = 5, = 3 (5.117) 
This ends the part of our paper in which we review the work of Metsaev [8] 

and Metsaev and Tseytlin [9]. In the last section we will present the results of 
our attempt to find the vertex operators for some of the lowest energy states 
listed above. 
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Chapter 6 

Explicit form of x~ and its 
two-point function 

6.1 Vertex operator of the graviton 

It was our intention to follow up on the work of Metsaev and Tseytlin [9] by 
finding the vertex operators for some of the lowest energy states listed above. 
While we are able to present the candidate for the vertex operator of the graviton 
(and, in the same manner, most of the other lowest energy states) we can not 
prove that those are indeed proper vertex operators due to the difficulties in 
calculating their conformal dimension. We present the reasoning and some of 
the calculations we did in the attempt to calculate the conformal dimension. 

As it can be seen from the above, the overall lowest energy state of the 
spectrum is one of the components of the graviton field label above as h given 
by the equations 5.66 and 5.68. In keeping with the [1] we request that the 
Vertex operator for h V(h) satisfies the equation 5.66: 

[2d_d + + p?x2d2_ +df- &ipdJ\V{h) = 0 (6.1) 

We can see immediately that the solution of this equation will have to be a 
Gaussian so we can write the following anzac form for V(h): 

V(h) = exp(AxiXi + k+x~ + k~x+ + tfxi) (6.2) 

We can then put this into the above equation: 

[2<9_<9+ + n2x2d2_ + d2- 8«/x<9_]V{h) = (6.3) 

[fe+Jfe- + p,2x2k+k+ + 16A + 4A2x2 + AAtfxi + k2 - 8i/xfc+]V{h) = 0 

Working in orders of Xi we see immediately that the kl = k~~ = 0 and that we 
can express the A by: 

A = l-pk+ (6.4) 

Putting this in 6.2 and writing k in terms of the momenta p we can write: 

V(h) = exp\p+(^px2 + x~)] = expf^ra i 2 +p+x~] (6.5) 

Method used by Green and Schwarz [15] in calculating the light-cone gauge 
Vertex operators is to take a most convenient momentum direction possible 
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to prove the properties of the operator and then use the rotation symmetries 
to obtain the general form. It is immediately obvious that this method will 
not work in our case. Not only are the rotations involving the x+ direction 
absent from the symmetries of the action but also, the only simplifying choice 
of momenta p+ = 0 makes the expression above entirely vacuous. We have 
therefore to work with the Gaussian forms such as the one given in 6.5 if we are 
to learn anything about the vertex operators. 

6.2 Two point function of the Vertex Operators 
Our main attempt to show that the 6.5 really gives the vertex operator for 
the lowest energy state of graviton was by trying to demonstrate that it is 
an operator of the anomalous dimension 2. As is well known [1] the anomalous 
dimension of the operator is determined by its two point function in the following 
way: 

(V(z)V(0)) = \z\~2d (6.6) 
Where d is the anomalous dimension of the operator V. 

The two point function for the Gaussian operator given in the 6.5, however, 
is difficult to calculate. What we chose to do is find the first terms of the Taylor 
expansion: 

(1 + \^mx](z) +p+x-(z)] + ...|... + [^mx2(z) +p+aT(z)] + 1) 

and see if we can extrapolate from those. Because both x2 and x~2 are quadratic 
in the creation/anihilation operators it is obvious that this expansion will have 
a form: 

1 + (\mx2(z) +p+x-{z)\l-mx2(Q) + p+x~{Q))+ 

±(C-mx2(z)+P

+x-(z))2\C-mx2(0)+p+x-(Q))2) + ... 

It can be seen that this can be rewritten as: 

(eimx?(z)+p+x-(z)^e%mx?(0)+p+x-(0)j _ /g 

1 + (\rnx2{z) +p+x'{z)\l-mx2(0)+p+x-(0)) + 

^mx2{z)+p+x-{z)\^mx2(0)+p+x-(0))2 + ... + ct 

Where c t . refers to the cross-terms that come from the two point functions 
of the squares and higher powers of (%mx2(0) +p+x~(0)) are not themselves 
included in the corresponding powers of the two point functions of the same. 
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We thus end with: 

( e i m x i ( z ) + V + * ~ ( z ) \ e i m X i ( ° ) + P + x ~ _ (6.10) 

e ( j » « ! W + P + i " ( z ) l j m x ? ( 0 ) + p + x - ( 0 ) > + c t 

Some combinatorics on the cross-terms best done with the use of diagrams 
actually shows that, the above can actually be written as: 

^ e i m x ? ( z ) + p + x - ( z ) | e | m x ? ( 0 ) + P + x - ( 0 ) ^ _ (6.11) 

[1 + c.t.]e('i'mx^l-z^+p+x~(-z^i'mx'l-0^+p+x 

The significant amount of information about the anomalous dimension of the 
V(h) then rests in the two point function: 

C-mx2(z) +p+x-(z)\l-mx2(z') +p+x-(z')) (6.12) 

and in what follows we proceed to calculate this two point function. The hope 
was that the cross-terms will prove insignificant in comparison and that we will 
be able to extract the two point, function of the operator from the exponential 
in the 6.11. 

6.3 x t w o p o i n t f u n c t i o n 

We have found two ways for calculating the two point function in 6.12. The 
more elegant one involves using the defining properties of x~~ in the equations 
4.18-4.19 directly and expressing the 6.12 in terms of the two point functions 
G(z — z') = (xi(z)\xi(z')}. We shall present the entire calculation using this 
method. More brute-force approach was to use the 4.18-4.19 and the known 
forms of Xi in terms of creation/anihilation operators to express the x~ in 
terms of as and Os as well, and then calculate the two point function using the 
commutation relations. At the end of this chapter we calculate the x~ in terms 
of the cretion/anihilation operators and confirm our result using the brute-force 
method. 

We begin by writing splitting the 6.12 into the components: 

C-mxUz) +p+x-(z)\l-mx2i(z') +p+x-(z')) = (6.13) 

Using the G(z — z') = (xi(z)\xi(z')) we write the first term as: 

<ryt 2 nyi 2 

- —(X1{z)\x2{z')) = - 8 x 2—G{z - z') (6.14) 



Chapter 6. Explicit form of x and its two-point function 52 

Where 8 comes from the number of components of x^ and 2 is a combinatorics 
factor Second and third term cancel each other: to see that we write their 
derivatives with respect to a using the equation 4.20 for the a derivative of the 

da(x2(z)\x-(z')) = -(x1{z)\da,x-{z')) (6.15) 

= -(xi{z)xi(z)\±i(z')xi{z')) = -G{z - z')G(z - z') 

Where the minus sign comes from acting on the function of z' with the derivative. 
Each of the Gs will also carry the minus sign because they pick up derivatives 
with respect to the primed variable but there are two Gs in the product so those 
signs cancel. At the same time: 

da(x-{z)\x2{z')) = (dax-{z)\x2{z')) (6.16) 

= (xi(z)xi(z)\xi(z')xi(z')) = G(z - z')G(z - z') 

so the derivatives of the two terms cancel out, leaving their sum without a 
dependance. Because the r derivative of x~ is also quadratic in the derivatives 
Xi exactly same sort of calculation sets the T derivative of the sum to zero and 
therefore we conclude that the second and third terms cancel out. 

Fourth term involving the two point function of x~ is the most difficult one 
to calculate. This time we will use the derivatives of the x~ to calculate the 
second derivatives of the function and will then find the way to integrate the 
result. In this case it is more convenient to use the plus/minus derivatives of 
x~ given in 4.18 and 4.19. Writing those two equations again: 

d+x~ = - ~ [ - m 2 x 2 + (d+x1)2 + 2i(9ATd+eA - 2m9 lT™2)] (6-17) 
2p 

d-x~ = -^-r{-m2x2 + (d-X1)2 + 2i{eATd-9A - 2me lT™2)\ (6.18) 

we can rewrite them using the equations of motion for fermions: 

d+x~ = - ~ { - m 2 x 2 + (d+x*)2 + 2i(-91Td+e l + 62j-d+92)} (6.19) 
2p 

d-x+ = - ^ x l - m 2 ^ 2 + {d^f + 2i(91Td-91 - 92Td-92)} (6.20) 
2p 

it is obvious that we can separate our calculations for the bosonic and 
fermionic part of the x~~. Doing that we can write: 

d2_ (x-(z)\x-(z'))bos = -(d-x-(z)\d-.x-(z'))bo. = (6.21) 

1 {(d-Xi(z))2 - K( Z)) 2 |(a.-x 3-(z')) 2 - (mxjiz'))) 4p+2 

1 
= - 8 x 2^[(d2_G(z - z')) - 2m2(d-G)2 + m4G2} 
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To perform the similar calculation for the fermionic part of the function we 
need a brief detour to find the two point functions of 0s. Going back to the 
Lagrangian: 

CF = 1(0^-d+01 + 02Td-02 - 2m01YRO2) (6.22) 

we can write this as: 

We can then write the Matrix L as: 

' • ' ( ^ n 1 ) ( 6 2 4 ) 

We now look for projective inverse L* which satisfies: 

L = L*LL* (6.25) 

finding it to be: 

L # = - ^ _ m r # n Y*d+ )d+d--m> ( 6 - 2 6 ) 

= -*{ _m7-#n T * d + ) G ^ Z - Z ) 

where 7~# satisfies: 

and is therefore given by: 

We therefore have: 

— ( ^ £ n 7C)°<'-*> < 6 2 9 ) 

From which we can read out the two point functions: 

(0 l
a{z)\60{z')) = -i-y+0d.G(z - z') (6.30) 

<«i (z)\0 2(z')) = - J ( 7

+ n ) a j 3 m G ( 2 - z') (6.31) 

(0l(z)\0p(z')) = +i(1
+Tl)al3mG(z - z') (6.32) 

(02
a(z)\02(z')) = -ij+0d+G(z - z') (6.33) 

With those we can now write the fermionic part of the two point function 
for the x" 

d 2_{x-(z)\x-(z'))fer = -{d-x-(z)\d-.x-{z'))fer = (6.34) 

7 = 7 7 #7 (6.27) 

Y* = 7 + (6.28) 
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where the fields in the bra part of the bra-ket are always assumed to be functions 
of z and the ones in ket functions of z' 

We then write: 
fe^X^-^) = (6-35) 

= W^ild-ohlid-epie)) - \{el\e\)\{d.ep\d.e\)] 

where factors of 2 come from the properties of the Majorana spinors and the 
minus signs from the standard expectation value properties of the fermions [19]. 
Taking care of the sign change due to derivative on the z' variable we re-write 
this as: 

(faZpd-fyefod-es) = (6-36) 

= \%,%5b^Ud-G^ - z'))2 - ^psd3-G(z - z')G(z - z)\ 

= \TT{T)[{&-G{Z - z'))2 - 3lG{z - z')G(z - z)] 

= |[(S?.G(z - z'))2 - d3_G(z - z')G{z - z)] 

Where the Tr(fy~) = 8 in the last line comes from the fact that the 7~ is a rank 
8 16-dimensional matrix whose eigen-values can be 1 or 0. 

In the same fashion we get: 

(ol

a%pd-Op\e2j-5d.e2) = ^a%pd.ep\9^-sd-e\) = (6.37) 

= ^m2[(d-G(z - z'))2 - dlG(z - z')G(z - z')\ 

and also: 

KTapd-e2\e2^-5d-e2) = \{d+d.G{z - z') - d+G(z - z')d+d2_G{z - z') = 
(6.38) 

= \{{m2G{z - z'))2 + m2d+G(z - z')d-G{z - z')) 

Adding all the terms and putting them back into 6.34 we get: 

d2_(x-(z)\x-{z'))fer = -^{(d2_G{z - z'))2 - d3_G{z - z')G{z - z) (6.39) 

-2m2{d-G{z - z'))2 + 2m2d2_G{z - z')G(z - z') 

+(m2G(z - z'))2 + m2d+G(z - z")d-G(z - z')] 
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or: 

Adding the bosonic and fermionic parts we can write: 

p+2{x-{z)\x-(z')) = --^-[{dlGf + alGd-G (6.40) 

-2m 2(a_G) 2 - 2m2d2_GG + mAG2 - m 2d+Gd_G] 

= —^-[d-id-GdlG) - 2m 23_(3_GG) - m2d-(d+GG)} 

= -Tp{d-(d-G)2 - 2m2d2_G2 - m2d_d+G2} 

p+2{x-(z)\x-(z')) = -\{d-G)2 - 2m2G2 - | t m 2 G 2 ] (6.41) 

Following the exactly same method but starting from the d\(x~\x~) we 
obtain: 

p+2{x-{z)\x-{z')) = -[(d+G)2 - 2m2G2 - ^m2G2} (6.42) 

Finally we consider d+d-(x~\x~) and apply one of the derivatives on bra 
and one on the ket side. After the analysis much akin to the one above we get: 

p+2{x-(z)\x-(z')) = [2m2G2 + ^-m2G2 + | ± m 2 G 2 ] (6.43) 
U+ O— 

With three equations with three unknowns as it were, integration becomes 
trivial and we can write the final answer for the x~ two point function: 

p+2{x-{z)\x-{z')) = [2m 2 G 2 - (d+G)2 - (<9_G)2] (6.44) 

and therefore: 

C-mx2(z) +p+x-(z)\l-mx2(z') +p+x-(z')) (6.45) 

= - [ 2 m 2 G 2 + (d+G)2 + (<9_G)2] 

A l l that remains now is to obtain the value for G(z — z') from the expression 
for Xi in terms of creation/anihilation operators 4.5 we can write: 

G(z - z1) = {xi(z)\xi(z')) = (6.46) 

(—i cos(mr)[ao—ao] +sin(mr)[ao+ao]|i cos(mr')[ao — ao] +sin(mr')[ao +ao]) 

nm U n U m 

= 2^[co8(m|T|) + isin(m|r|)] + £ j-̂ nCM) + <p2

n(\z\)} 



Chapter 6. Explicit form of x and its two-point function 56 

Taking derivatives we get: 

G{z ~ z') = 5[-sin(m|T|) +tcos(m|r|)] + i £ — fai(M) + (6.47) 

G(z - z>) = ~[<PM) ~ *£(M)] (6-48) 

Putting those into the equation 6.45 and simplifying we get: 

(^mx\(z) +p+x-{z)\l-mx2{z') +p+x-(z')} (6.49) 

= [ c o s ( m | r | ) + i s i n ( m | T | ) ] £ ^ A ^ ( M ) + vl(\z\)} + 
n  W" 

D ^ + " ̂  (*>n(M)^(M) + ^(1*1)^(1*1)) + 

w n w m — knkm -
— {<p1

n(\z\)tfn(\z\) + Vl(\z\)vm(\z\))} 

It is clear that the exponential of this does not satisfy the anomalous dimen­
sion requirement for the vertex operator, and therefore, if the V(h) as given by 
6.5 is indeed to be the vertex operator, then so far neglected cross-terms must 
be taken into account. Even so, the above result will be necessary starting point 
for such more detailed calculation. It can also be useful in studying the string 
interactions on the pp-wave once forms of the vertex operators are known. 

6.4 Explicit form of x 

The above calculation can be performed in another manner as well. The exact 
form of the x~ in terms of creation/anihilation can be obtained by integration 
from the equations 4.20 and 4.21 and then the commutation relations can be 
used to calculate the two point function. This is a rather lengthy calculation 
and, being as it is the case that it just confirms the result of the previous sec­
tion, we would need not perform it here. Reason we do, however, has to do with 
the other way in which it may be possible to confirm that the V(h) is indeed a 
vertex operator for the graviton. In the original Green-Schwarz paper [15] the 
way the form of the vertex operator was determined was by imposing not the 
anomalous dimension condition 6.6 but rather the supersymmetry conditions 
through the (anti)commutation properties of the operators with the generators 
of the supersymmetries Q. Given that the expressions for Qs in terms of cre­
ation/anihilation operators are already derived in 4.118-4.119 and 4.122-4.123 
the way to test those relations is to have the x~ also expressed in this way. 

This time it is more convenient to start with the expressions 4.20 and 4.21 
for the derivatives of the x~. Writing their bosonic parts we have: 
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bos = - i + ^ ~ ™ 2 * v ) ] ( 6 - 5 1 ) p+L2 

we then need the expression for x% given by 4.5 

xi = cos(mT)4 + —sm{mT)p0+iy]—(ipi{a,T)aii+ip2
n(a,T)a2

n
i) (6.52) 

and the appropriate derivatives: 

ii = 'E-T^i -^2a») ^ 

i * = cos(mr)p0 - msin(mr)4 + Y.i'fiWn + ¥>n 2 a 2 i ) (6.54) 

We can then write: 

K>3 = [cos(mr)p0 - m sin(mr)a;0] V (<p\c% - <Pn2o%) (6.55) 

+E E - H ^ ™ a " f t " - ^ « 
n^O m^Om^—n 

In the above, we have separated out those terms where the products of the 
exponential functions ip no longer depend on the a or r derivatives. In the 
fnf-n a n d the (Pnip^Ln case the products simply disappear leaving the expo­
nential of zero multiplying the appropriate factors. The exponentials of a and 
T resulting from the f^f2 products with n — m and n = — m cancel between 
themselves due to the minus sign between the <pn<p2

n and fnifim terms and the 
fact that we are summing over both positive and negative values of n. 

We can then integrate: 

/ d<7ibosonic = [cos(mT)p 0 - msin(mr)a;0] V — (vWn - <P&*n) (6-56) 

Tin W « 

, • V 1 knU}m + kmUn r i i ij n 2 2 2i 2il 
+* 2̂  2̂  9, , , , ^ U \ [ W r a t t > m + ¥>n Vm«n "ml 
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+*E E kn^m kmU)n r i 2 It 2t i 2 1 2* I i i 
£uinu)mynn — Km) 

The same, but lengthier, kind of calculation can be done with respect to the 
x\os. We know already from the integrability of the 4.20 and 4.21 equations that 
the terms depending on both a and r will have to be same coming from both. 
Nevertheless it is a confirmation of our calculations to see that they indeed do 
come out that way in terms of the creation/anihilation operators. 

Picking up a few r dependant terms from the r integration we can write: 

xbos = \\m2xl +Po\T + [cos(mr)p0 - msin(mr)x0] E -^-(v>Wn ~ <^2a 2 j) 

(6-57) 

„?ow" U n w " 

i • V"* knU}m — kmU}n r i 2 It 2 i i 2 1 2t I i i 

+*E E 9 , , tt—r^^"^a«Q™ + ¥'«¥'™Q™Q™] 
n / 0 m # 0 , m * - n , m # » 2uJ^m{kn - km) 

The calculation for the fermionic part follows the same steps, producing the 
following result: 

*Jer = E Cnkn[cos(mr) + i ^ ± ^ sin(mr)]\v\(fr^) + vUOfc-Ol)} 

(6.58) 

+c n Msin(mT) - i^±Jht Cos{mr)]{^n{elT6n) - <fMT<Pn)) 
m 

+ikna[eNT0\N - onTO\n] + K - 2c2 K - kn))r[enTeln + en^-eln 

k"m ~ ^ 2 ~" ( ^ n ~~ fen)(^m ~~ fem) 

, n , n , fern "t~ fen 2,7)1? 

+*E E fem "r~ fen ( ^ m — ^ n ) ~ (fem ~ fen) 

, n , A , , fem fen 2 772 

fo^Mr*2,) - ̂ ( ^ r O l 
and 

^ = xbos + xJer (6-59) 

By expressing the xxx% in terms of the creation/anihilation operators and 
combining this result with the above it is actually possible to directly confirm the 
result from the equation 6.49 using the commutation relations of the operators. 
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The hope is that, following the Green and Schwarz [15], it may be possible 
to use the generators of supersymmetries 4.118-4.119 and 4.122-4.123 acting on 
the V(h) to find the candidate for the vertex operator for the super-partner of 
the h particle and then acting with them again return to the V(h), proving that 
it satisfies the supersymmetry requirement for the vertex operator. We have 
not yet been able to perform that calculation. 
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Chapter 7 

Conclusion 

The bulk of this thesis, Chapters 3-5, was a review of the work of Metsaev [8] 
and Metsaev and Tseytlin [9] on the string theory on the pp-waves. Results 
of this work are quite impressive. The light-cone gauge action for the type 
IIB superstring on this background was found and explicitly quantized. The 
generators of the superalgebra were also explicitly presented. The supergravity 
spectrum of the theory was derived. 

The close relationship between this theory and the theory on the AdS^ x S5 

makes these results useful in investigations of the AdS/CFT correspondence, 
even more so after the discovery by Maldacena et al. [10] of the limit on the 
Conformal Field Theory side corresponding to the Guven-Penrose limit that 
produces the pp-wave out of AdS$ x S5. 

The original part of the thesis, Chapter 6, consists mostly of the investiga­
tion of the operator x~, of this theory, which, in the light-cone gauge becomes 
quadratic in the creation/anihilation operators in the similar way it does in the 
flat space case. Our original intention of finding the vertex operators for the 
lowest energy states of the spectrum has not been fully realized. Although we 
have a plausible candidate for the vertex operator of the scalar component of 
the graviton we have yet to give definitive proof that it satisfies the require­
ments for the vertex operator. We have, however, found the exact forms of x~ 
operator and its two point function, which are necessary for the discussion of 
Vertex operators and can be useful in other calculations as well. 
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