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Abstract

The vacuum structure of QCD is studied using an anomalous effective Lagrangian ap-
proach. This approach makes it possible to determine how physical observables depend
on the strong CP violation parameter, §. The #-dependence of QCD and the phenomenol-
ogy of the light pseudoscalar mesons in this theory are illustrated. The vacuum structure
of QCD is shown to be quite complex with the prediction of a number of different types
of nontrivial vacuum states. Two specific examples of nontrivial vacuum states are anal-
ysed in more detail. The decay rate of a metastable vacuum state for the § = 0 case
is nonperturbatively calculated in both the zero and high temperature limits. The for-
mation of a nontrivial §-vacuum state in heavy ion collisions is prédicted in a simplified
numerical model. These results have implications for the study of the evolution of the
early universe near the QCD phase transition and may be tested experimentally very

soon in heavy ion collision experiments.
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Chapter 1

Introduction

It is generally accepted that Quantum Chromodynamics (QCD) is the theory that de-
scribes the strong nuclear force. In this theory all hadrons are composite structures of
particles called quarks, and quarks interact with other quarks via exchange of gluons!.
Quarks have a flavour, an electric charge and a colour charge, while gluons only carry
colour charge.

The existence of quarks is supported by various experimental results. As well, all
the observed hadronic particles can be described as colour singlet combinations of three
quarks or quark-antiquark pairs. QCD can be used to calculate observables in the high
energy (weak coupling) limit, such as in deep inelastic lepton-hadron scattering, and the
theory agrees well with the experiments in this regime. Unfortunately, at low energies
QCD exhibits essentially non-perturbative behaviour such as confinement and dynamical
breaking of chiral symmetry. As well, QCD is asymptotically free, which means that the
perturbative weak coupling limit applies in the high energy regime while the realm of
ordinary nuclear matter is the nonperturbative strong coupling limit. Therefore, while
QCD is an excellent candidate for a theory of the strong nuclear force, it is difficult to
use it to obtain any quantitative low energy results for ordinary nuclear matter.

Anomalous effective Lagrangians are a useful tool for analysing QCD in the low energy
limit. The anomalous effective Lagrangian used in this thesis makes it possible to study

the vacuum structure of QCD, which could have important implications for study of the

1 As well as by the exchange of the electroweak force carriers
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evolution of the early universe. As well, it allows us to make predictions that can be
tested in heavy ion collisions. Probing the physics of the early universe directly in heavy
ion collisions is certainly an exciting concept. We will return to the discussion of effective

Lagrangians after a review of Quantum Chromodynamics.

1.1 Review of Quantum Chromodynamics and the #-parameter

QCD is an SU(N,) gauge theory? defined by the QCD Lagrangian:

N
1 f_. ) . Q -
— _ v iy aff _ isaf z s a v
L=—2G,Gw + 3 T (iv"Dgf — m's™F) b0 - GG, (1.1)

4K i=1

where G}, is the field strength tensor of QCD, U¢ are the quark fields, ijﬂ is the covariant
derivative and «; is the QCD strong coupling parameter. The dual field strength tensor
is defined as éfl”’ = €4,/ GH” where €,4,,, is the totally antisymmetric four index tensor.
The index 7 labels the quark flavour and the sum on % is over the number of quark
flavours, Ny. The Greek indices @ and [ label the quark colour and run over the number
of colours, N.. The Greek indices y and v are Lorentz indices and run over the spacetime
dimensions. The Roman index a on the field strength tensor is the colour index for the
gluon fields and runs over the range: a = 1... N2 — 1. The theory of QCD has N, = 3
and this value is used in this thesis even though we leave the symbol N, in the formulas
so that N, dependence is explicit. We will be concerned with low energy physics so we
will only include the light quarks. In Chapter 2 and Chapter 3 we will include the up,
down, and strange quark flavours (N; = 3) and in Chapter 4 our numerical results only
include the up and down flavours (N; = 2).

The field strength tensor in terms of the gluon (gauge) fields is:

GZV = a/lAg - 8VAZ - gsfabcAb A (12)

uies

2SU(N,) is the group of N. x N, unitary matrices with unit determinant
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where g7 = 47w, and fg. are the structure constants of the gauge group SU(NV,). The

quark covariant derivative is:
af \,t af . a )\gﬁ 1
Dy = (5 O, +zgsA“—2 ) B (1.3)

where \2? are the generators of SU(NV,).

QCD is a SU(N,) gauge theory which means that the Lagrangian is invariant under
coupled SU(N,) transformations of the quark and gluon fields similar to electromag-
netism. We will not comment further on this fact other than to comment that physical
observables must be invariant under these gauge transformations and are said to be gauge
invariant. _

The “extra” term in (1.1) involving the f-parameter is a total derivative and thus
is irrelevant to perturbation theory. However, nonperturbative effects due to instantons
indicate that this term should be included in general. We will say more about this
f-parameter after discussing the symmetries of the Lagrangian.

In the chiral limit, which is defined by m; = 0, this Lagrangian is invariant under the

transformations:

V!, — exp(iAA)) WY, (1.4)

Ul — exp(iANY°) W,

)

where A is an arbitrary real constant and )\i?j are the generators of the group of Ny x Ny
unitary matrices, U(/Ny). The transformations correspond to the multiplication of a vec-
tor of quarks in flavour space by a member of U(N¢). The invariance under these two
types of transformations means that the Lagrangian has an U(Ny)vector X U(Nf) Axial Sym-
metry. The U(Ny) matrices can be written as the product of the matrices corresponding

to subgroups of U(Ny):

U(N;) = SUN;) ® U(1), (1.5)
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where SU(Ny) has already been defined and U(1) is simply an overall phase which also
fixes the determinant of the U(/N;) matrix. The symmetry group of the massless QCD

Lagrangian is then3:
SU(Nf)Vector &® U(]-)Vector &® SU(Nf)Axial &® U(l)Axial- (16)

Symmetries of the Lagrangian can be shown to imply the existence of conserved currents.

For example, the vector current defined in terms of the quark fields is conserved:
0, J* = 8, (Iy"¥) = 0. (1.7)
The conserved currents lead to conserved charges:
d__d 3 10\ )
dtQ:dt(/de)_o. (1.8)

As well, current conservation leads to certain exact identities, called Ward Identities,
which are very important and useful.

Symmetries of a field theory at the classical level may not be true symmetries of
the quantised field theory. Quantising the fields and applying perturbation theory may
reveal that the symmetry is not respected by the quantum theory. In this case the
symmetry is said to have an anomaly. The associated currents and charges are no longer
conserved, but the Ward Identities that come from the original symmetry are not lost,
and are simply altered to include the effect of the anomaly. They are then referred to as
anomalous Ward Identities. The U(1)axia symmetry of massless QCD is anomalous and
this anomaly is taken into account in anomalous effective Lagrangians, which we discuss
in the next section.

As well, some of the symmetries of the Lagrangian may not be respected by the

vacuum state. This is called spontaneous symmetry breaking and is indicated by the

3There is also the SU (Nec)color gauge symmetry and a scaling symmetry that we ignore here.
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existence of a non-zero vacuum expectation value of some combination of fields, which
is called a condensate. Another result is the appearance of a massless particle, called a

Goldstone boson, for every broken symmetry. In the QCD vacuum, the condensate:

(TW) 0, (1.9)

spontaneously breaks the U(N¢)axia subgroup of the symmetry group (1.6). This cor-
responds to nine broken symmetries and should indicate the presence of nine Goldstone
bosons. These symmetries, however, are explicitly broken by the mass terms which we
will discuss next.

For non-zero quark masses, m; # 0, the QCD Lagrangian is no longer invariant
under the transformations (1.4) and we say that the symmetry is explicitly broken®.
Fortunately the Ward Identities can again be simply altered to include the effects of the
explicit breaking of the symmetry. Further, it can be shown that the Goldstone bosons
will acquire small masses proportional to the square root of the quark masses and are
then referred to as pseudo-Goldstones. The pions, kaons and the n-meson are identified
as the 8 pséudo-Goldstones of the spontaneously broken SU(N fj Axial Symmetries. The n/
meson, however, which should be the remaining pseudo-Goldstone of the broken U(1)axjal
symmetry, is heavier than it should be. This is the famous U(1) problem.

The last term in the QCD Lagrangian (1.1) involving the 8-parameter is related to
the vacuum structure of QCD and the axial anomaly. This term is important for this
thesis so we give a brief explanation of its origin (for a detailed discussion see [1]).

It can be shown that all possible configurations of the gauge field, A, can be all be
classified by an integer, n, called the winding number, which is determined by:

-3
_Ys 3,. _ijk (ga Ab Ac aybyc
n—~m/dxsj (A2 A AZ) Tr(A*APX), (1.10)

“For equal masses of the quarks there is a remnant SU(Ny) flavour symmetry that will remain
unbroken. This point will be relevant to the meson mixing angles in Chapter 2.
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where Tr denotes the matrix trace over the generating matrices, A* of SU(V,). In particu-
lar the vacuum configurations of the fields fall into classes labelled by the winding number
and these are referred to as winding vacua. However, there exist operators corresponding

to physical observables that transform between winding vacua:
Oln) = |n+ 1), (1.11)

which implies that the QCD vacuum should involve contributions from all winding vacua.

The f-vacuum states, which are coherent superpositions of winding vacua:
) =3 e ™In), | (L12)
n
are the vacuum states that allow no transitions between different vacuum states:
(0|06 ~ 6(0 — &), (1.13)

Using these #-vacuum states in QCD has a nontrivial effect on the Lagrangian which we
illustrate next.
The vacuum-vacuum transition amplitude in terms of the |6 = 0)-vacua is defined to
be:
(9=0109 =0) = [ DA,DIDY O exp [z‘/d“x c] , (1.14)

where L is the QCD Lagrangian (1.1) without the é term. This amplitude can be written
in terms of the winding vacua as: '
(0 =0]0)0 = 0) =D _(m|O|n). (1.15)

The presence of non-zero € leads to an extra phase:

60|010) = > ™= (m|O|n). (1.16)

m,n
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It can be shown that:

GW /d4x Go,G™ = m —n, (1.17)

which describes a gauge field configuration which changes winding number over time.

Combining equations (1.14), (1.15), (1.16) and (1.17) we obtain the result:

6ol = [ Da, D\IID‘IIOeXp[ [d' {£+ Zs_ (g G“”H (1.18)

16w

where we have used g> = 4ma;. The integrand in the exponent is exactly the QCD
Lagrangian we quoted in (1.1). This shows that the general QCD Lagrangian should
include the f-term.

The 6 term is connected with the axial anomély. The axial anomaly can be restated

as the fact that the axial current:
Ny _
=Y U rT (1.19)

is not conserved. It can be shown that the divergence of the axial current in the quantum

theory is given by:

Nyag
8, Jt = fa

G2, Gr. (1.20)

As was mentioned earlier, waégu is a total divergence, which means it can be written:
G, G = 0,K". (1.21)

K* is defined in terms of the gauge ﬁelds A%, and is not gauge invariant. This means

that we can define a new conserved current:

Nya
1% g

Tsu = J5u_8_7r y

(1.22)
with a corresponding conserved charge:

Qs = /daﬂﬁ Jso- _ (1.23)
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It can be shown that this charge generates changes of the 6 parameter:
€49|0) = |0 — 2N, A), (1.24)

for arbitrary real constant A. This does not contradict our earlier comments because Q5
is not gauge invariant and therefore does not correspond to a physical observable. If all
the quarks are massless then the conservation of the anomalous axial current means that
the 6-dependence of the physical theory can be removed by a U(1)aya rotation.

The @ term in (1.1) breaks some discrete symmetries of the rest of the Lagrangian.
Without this term, the Lagrangian is invariant under the chargesconjugation (C) trans-
formation, where particle and anti-particles are switched (¥ «> ¥), and the Parity (P)
transformation where all spatial vectors are reflected through the origin (¥ — —Z). The
term involving the §-parameter explicitly breaks P and CP invariance and we can say
that the 6 parameterises the amount of CP violation in the strong interaction. Stringent
limits have been placed on the value of the #-parameter in the universe today by mea-
surements of the neutron electric dipole moment[2] which predict a value of § < 107
[3].

The problems of the §-parameter are not eliminated, however, as the f-parameter
in the full theory will contain, for instance, in addition to any fundamental parameter,

contributions from the determinant of the quark mass matrix(see [1)):

0 = Bocp + arg(det M). (1.25)

The strong CP problem can then be stated in the following way: “Why do completely
unrelated contributions to the f-parameter cancel each other out to such a high degree of
accuracy?”. A solution to this problem can be found by promoting the #-parameter to the
status of a dynamical field called the axion. This field can be shown to dynamically relax

to zero, providing a solution to the strong CP problem[4]. The axion is an extremely
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weakly interacting particle and has so far evaded detection despite the best efforts of
many physicists.

It is important to note, however, that this research does not require the existence of
the axion. In fact, even if there is no dynamical axion to solve the strong CP problem,
we will argue in Chapter 4 that it is possible to create regions of space where dynamical
fields will behave as if the f-parameter were non-zero. This “induced” -parameter could
differ significantly from the #-parameter in the universe as a whole. This type of non-zero
f-parameter is much more likely to be observed in heavy ion collisions and is perhaps a
more important motivation for considering non-zero values of §. We will not distinguish

between the two types of 8 for most of the results of this thesis.

1.2 Motivation

As was mentioned previously, it is difficult to use the full theory of QCD to calculate
observables in the low energy regime. However, in this regime we are able to use effective
- Lagrangians which have proven to be a very powerful tool in Quantum Field Theory.
These effective Lagrangians are not meant to be a-complete theory, but are used to study
the behaviour of the low energy degrees of freedom of QCD in order to understand the
theory in this regime.

There are two main types of effective Lagrangians in use in Quantum Field Theory.
The first type is the Wilsonian effective action which describes the low energy dynamics
of the lightest particles in the theory. The heavier particles are in some sense “integrated
out” as can actually be done in some quantum field theories. However, in many cases
(such as QCD), it is not known how to do this and one simply writes down an effective

Lagrangian based on constraints such as symmetries. Effective Chiral Lagrangians are

of this type and are very useful in their domain of application.
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Another type of effective Lagrangian is defined as the Legendre transformation of the
generating functional for the connected Greens functions. This formulation implements
(at the Lagrangian level) anomalous Ward identities relating vacuum condensates of the
fields and is referred to as the anomalous effective Lagrangian. This type of approach is
very useful in studying vacuum properties of the theory and is the approach used in this
thesis.

The utility of the second type of approach was recognised long ago for supersymmetric
gauge theories for both the pure gauge case [5] and for full supersymmetric QCD[6]. More
recently it has been applied to non-supersymmetric Yang Mills theory[7] and generalised
~to QCDI8, 9]. The Witten-Veneziano-Di Vecchia effective chiral Lagrangian[10], which
was studied even earlier, represents a hybrid of the two types of effective Lagrangians. It
is based on symmetry properties, as are effective chiral Lagrangians, but it also represents
the first attempt to include the effects of the anomaly which leads to the second type of
approach.

It should be stressed that the form of the anomalous effective Lagrangian used in this
thesis is only one possible candidate for a low energy effective Lagrangian for QCD. It
is certainly a promising candidate, but we can not say with certainty that it is the only
one.

Study of this anomalous effective Lagrangian approach is interesting for four reasons.
First, this effective Lagrangian provides a generalisation of the large N, Di Vecchia-
Veneziano-Witten effective chiral Lagrangian (VVW ECL) for arbitrary N.. The VVW
ECL was determined purely from symmetry considerations and inclusion of the anomaly.
The Lagrangian that we use is a generalisation in the sense that starting from this
Lagrangian, integrating out the heavy degrees of freedom, and then passing to the large

N, limit, we reproduce the VVW ECL. Furthermore, this approach to the derivation of

the VVW ECL fixes all dimensional parameters in terms of the measurable quark and
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-gluon condensates. I cannot stress enough that we are not saying that the VVW ECL is

wrong. The effective Lagrangian we use is simply a possible generalisation of the VVW
effective chiral Lagrangian to finite values of NV,.

Second, this approach makes it possible to address the problem of the #-dependence
of QCD. The #-parameter is the strong CP violation parameter which was discussed in
the previous section. The form of the effective Lagrangian that we use solves a number
of puzzles relating to the §-dependence of physical observables in general and the energy
dependence of a nontrivial f-vacuum. The #-dependence of QCD is directly related to
the axion potential since the axion arises by promoting the #-parameter to the status of
a dynamical field.

Third, this effective Lagrangian allows one to address the phenomenology of the light
pseudoscalar mesons and the ' meson without any further phenomenological input. We
obtain important results concerning the 7’ mass and we are able to calculate the masses

of the light neutral pseudoscalar mesons (7°

and 7). We obtain values for the n — 5’
mixing angle for unbroken SU(2) flavour symmetry and 7% —n— 7' mixing angles for fully
broken flavour symmetry. As well, we generalise the above results to include the effect of
a non-zero §-parameter. Finally, we show that the mesons cease to be pure pseudoscalars
in the presence of a non-zero #-parameter. The #-dependence in the phenomenology
of the pseudoscalar mesons is particularly important for the detection of some of the
nontrivial vacuum states that we will discuss next.

The final, and perhaps the most important reason, for studying this effective La-
grangian, is that it predicts the possibility of a large variety of metastable vacua in certain
regions of parameter space. Nontrivial vacua have been shown to exist in Yang Mills theo-
ries in the large N, limit using the AdS/CFT correspondence[11]. The same phenomenon

was observed in the analysis of soft breaking of supersymmetric models[12]. The existence

of nontrivial vacua appears to be a general phenomenon for gauge theories in the strong
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coupling limit. The metastable vacua could have played an important role in the evolu-
tion of the early universe at around the time of the QCD phase transition. The possible
effects include dark matter (axions [13] and MACHOs [14]), baryogenesis[15, 16], the for-
mation of large scale magnetic fields[17] and many others[lé]. Therefore, understanding
the physics of these nontrivial vacuum states could be important in understanding the
early evolution of the universe. What is even more exciting is that most of the results of
this thesis are potentially testable in heavy ion collisions at the Relativistic Heavy Ion
Collider (RHIC) at Brookhaven National Laboratories. One of the results presented in
this thesis suggests that a nontrivial #-vacuum state is potentially observable at RHIC.
The 6-dependence of the phenomenology of the -pseudoscalar' mesons discussed above
provides a number of ways to look for this #-vacuum state. Probing the physics of the
early universe directly in heavy ion collisions is certainly an exciting possibility.

The reasons for believing that this effective Lagrangian might be physically meaning-
ful are also fourfold. First, by construction, it reproduces the chiral and conformal Ward
identities of QCD. Second, it reduces to the VVW ECL in the appropriate limits as was
mentioned above. Third, it reproduces the known dependence of physical observables
in 6 for small values of 4, but also leads to 27 periodicity of physical observables in 4.
Fourth, the related effective Lagrangian for gluodynamics [7] has the desirable property:

d?* E e (6)

o ~ (1/N,)**, (1.26)

=0

which was argued for by Veneziano in order for the U(1) problem to be resolved [19)].

1.3 Overview

The vacuum properties of QCD are studied starting from an anomalous effective La-

grangian.

First, the form of the anomalous effective Lagrangian is discussed.
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Second, the #-dependence of the vacuum of QCD is studied in this approach and
shown that it has the correct 6-dependence for small # and that it also produces 27
periodicity in 8 of physical observables.

Third, the phenomenology of the pseudoscalar mesons is studied. We obtain a mass
formula for the ’ meson which is a generalisation of the mass formula from [8] to non-zero
values of 8. We obtain values for the masses of the neutral pseudoscalars for arbitrary
values of 6. We also obtain a formula for the n — 7' mixing angles and a method of
calculating the mp — 7 — #’ mixing angles for non-zero #. Finally we can show that for
non-zero values of § the pseudoscalar mesons cease to be pure pseudoscalars, but acquire
scalar components.

Fourth, the decay rate is calculated for a false vacuum at 6 = 0 consisting of a chiral
fields at a nontrivial minimum of the effective potential. We nonperturbatively calculate
the decay rate per unit volume, I'/V, for both the zero and high temperature theories.
In addition, the method used in these calculations represents a new approach that could
be useful in other calculations of this type.

Finally, a numerical study is presented of the evolution of the light degrees of freedom
in regions of non-zero § in order to show that it is possible to form a nontrivial #-vacuum
state in relativistic heavy ion collisions.

The goal of this thesis is develop the understanding of the vacuum structure of QCD
in this particular effective Lagrangian approach and make predictions about observable
consequences that could be tested in heavy ion collisions.

In Chapter 2 the anomalous effective Lagrangian is discussed and the #-dependence of
the vacuum, the vacuum structure and the phenomenology of the pseudoscalar mesons
is studied in this theory. In Chapter 3 we calculate the decay rate of a chiral false

vacuum for the low temperature theory and the high temperature theory. In Chapter 4

we discuss a numerical calculation performed to demonstrate the possibility of producing
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a nontrivial #-vacuum state in a heavy ion collision. Chapter 5 discusses conclusions and

areas for future research.




Chapter 2

The Anomalous Effective Lagrangian and Implications

The purpose of this chapter is to introduce the anomalous effective Lagrangian for-QCD
and discuss some of its implications'. In the first section we discuss the form of the
anomalous effective Lagrangian. In the second section we discuss the #-dependence of
the vacuum energy. In the third section we discuss the structure of the QCD vacuum. In
the fourth section we discuss the phenomenology of the light neutral pseudoscalar mesons
and the 1’ meson, including the masses and mixing angles and the appearance of a scalar

component of the mesons for non-zero 6.

2.1 The Anomalous Effective Lagrangian

The construction of the effective Lagrangian used in these. studies was already accom-
plished before this research. The details of the effective Lagrangian necessary for the
understanding of this work are presented here. For completeness, a review of the deriva-
tion by Zhitnitsky and Halperin[7, 8] is included in Appendix A.

A useful tool for studying the properties of the QCD vacuum in the presence of the
f-parameter is the anomalous effective Lagrangian for QCD. The anomalous effective
Lagrangian is defined as the Legendre transform of the generating functional for zero
momentum correlation functions. In QCD the relevant operators are GWG"“’ (topological
density operator), G? = G,,G* (gluon scalar current) and ¥¥ (quark condensate). The

correlation functions of both gluon operators are fixed in terms of the gluon condensate:

Many of the results of this chapter were published in [9].

15
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(as/mG?) [20, 21]. Actually, only the potential part of this Lagrangian can be constructed
as this is the only part that can be fixed by low energy theorems rélating the zero
momentum correlation functions. The potential part determines the whole Lagrangian,
however, once the standard kinetic term is inserted, and so we will use the terms effective
potential and effective Lagrangian interchangeably.

The most important point is that the effective potential constructed in this way will
contain all the information provided in known low energy theorems of QCD.

In the effective Lagrangian approach the light? matter fields are described by the

unitary matrix, U;;, corresponding to the phases of the chiral condensate:
(T 0%) = —(TLVR)| Uy, (2.27)

with 3:

= exp ’L\/_ , Ut =1, (2.28)

ffn

where A? are the Gell-Mann matrices of SU(Ny), ©* is the octet of pseudoscalar fields
(pions, kaons and the eta meson) and 7’ is the SU(Ny) singlet pseudoscalar field (meson).
We use the values f, = 132 MeV[22] and f, = 86 MeV|[20] for the meson decay
constants®. The indices, ¢ and j, of U;; run over the quark flavour index, 4,7 = 1.... . Ng,
which correspond to the quark flavours up(u), down(d) and strange(s), respectively.
The effective potential in terms of these fields is given by:
p—1

1 2
Weys(U,U") = = lim = log {ZeXp [VEcos [—%(9 —ilogdet U) + % ZJ

=0

+%VTT(MU + MTUT)]} . (2.29)

*Note that the n' is not really very light, but it enters the theory in this way and the mass of the 7’
is one of the topics that we address in this thesis.

®Note that mixing of the flavour eigenstates is ignored at this level. See Section 2.4 for more details.

41t should be noted that what we refer to as fr/ V2 is sometimes denoted f, in the literature. As
well, what we refer to as f,s, is f,/v/3 in the notation of [20].
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where V' is the total four volume, M = diag(m;|{¥*¥%)|) and E = ba,/(327)(G?) 5,
b= 3N, — Ny is the first coefficient of the Gell-Mann - Low S-function of QCD (see
Appendix A) and Tr denotes the matrix trace. The sum over the integer [ arises in the
full derivation (see Appendix A) and is a sum over different branches® of the potential
(see below). It is necessary in order that the full effective potential, including the gluon
degrees of freedom, be single valued and bounded from below. The sum remains after the
heavy gluon degrees of freedom are integrated out. The prescription of summing over all
branches was first suggested in [23] and applied to the anomalous effective Lagrangian
of [5] to cure problems similar to this case. As well, this prescription is consistent with
the results of [11] where the problem of #-dependence is studied using the AdS/CFT
correspondence.

The parameters p and ¢ are relatively prime integers of the order: p = O(N,) and
q = O(N, % = O(1). Different approaches to fixing these parameters give different
results. For completeness, the details of these approaches are discussed in Appendix A.

Here we simply give the two sets of parameters that have been derived: ‘
e g=1 and p=N,
e q=8 and p=3bgcp = 11N, — 2Ny,

where boep is the first coefficient of the beta function of QCD. The first set of values
is perhaps more natural and is in agreement with supersymmetric theories, but there
are some difficulties with the arguments for transferring these results unchanged to non-

supersymmetric theories”. The second set of values has been derived from a number of

5We use the values (a;/m G?) = 0.012 GeV*, (T*¥%) = (F9¥?) = —(240 MeV)? and (I5¥°) =
—0.8 (240 MeV)?, except in Chapter 3 where we use (¥°¥°) = —(240 MeV)?.

61f a single value for I was used in this effective potential, instead of summing over I, then the effective
potential would simply be the argument of the exponential for a specific value of I. This is what is meant
by the branch of the effective potential and is labelled by the integer [.

"See Appendix A for brief details and references.
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different approaches and cannot be ruled out. The question of which set of parameters is
correct is very significant as different values of these parameters can lead to some different
qualitative results. Most of the results of this thesis do not depend on specific values of
these parameters. When results do depend on specific values, this fact will be pointed
out and discussed.

The effective potential (2.29) may not be represented by a single analytic function in
the V — oo limit. The thermodynamic limit selects, at each value of 8 — i log det U, one
particular branch (ie. a particular value of the integer ) and cusp singularities occur
where the branches coincide. The different branches of the effective potential before the
infinite volume limit is taken are shown in Figure 2.1. The infinite volume limit picks
the lowest energy branch out from all the other branches of the effective potential (see
Figure 2.2). The cusps are present because level crossing occurs and the branch which is
the lowest energy changes due to this crossing.

The present form of the effective potential (2.29) is most conducive to discussing the

topic of chiral rotations. Notice that one can perform the global transformation:
U — diag(e") U, (2.30)

to transform to a Lagrangian of the same form since the kinetic term of the form,
Tr(8,U8,U"), will be unaffected. This fact was used in [10] to introduce the #-parameter
into the effective potential. This fact was also used in [10] to show that if any of the
quark masses vanish, the f-parameter can have no effect on the physics. This result will
be briefly touched on later in this chapter. Finally, we will use a chiral rotation of this
type in Chapter 4 to introduce the concept of the induced #-parameter.

Now we return to the effective potential for the light matter fields which, when we

take U = diag(e'®) 8, becomes a piecewise smooth potential for the phases of the chiral

8This is not a restriction since the quark mass matrix can always be diagonalised.
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A

Figure 2.1: Branches of the effective potential before the infinite volume limit is taken
fOI‘GZO, Nle,q:5andp:3bQCD.

condensate, with cusp singularities:

WY, = ~Ecos ( Ze+ p2¢i+ %”l) — > Mcos¢; , 1=0,1,...,p—1, (2.31)
if
(2l—1 T<o- d i < 21+1— : (2.32)
The chiral phases of the quark condensate are denoted by ¢; where the index ‘i’ runs over
the quark flavour index (ie. u, d, s). They are also referred to as the light chiral fields
and are related to the pseudoscalar meson fields by recalling Eq. (2.28).

At this point it is useful to give some indication of what the parameters p and ¢ mean
in terms of the effective potential. The parameter ‘p’ is the number of branches of the
effective potential. It also corresponds to the number of distinct vacua before the infinite
volume limit is taken. The parameter ‘¢’ determines the number of distinct vacua with

different energies that exist before the infinite volume limit is taken. For ¢ even there

are (¢ + 2)/2 different energy vacua; for ¢ odd there are (¢ +1)/2 different energy vacua.
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Weff

¢

T -nt/2 0O  gme T

Figure 2.2: Piecewise smooth effective potential after the infinite volume limit is taken
for =0, Ny =1, ¢ =5 and p = 3bgcp-
For ¢ =1 all ‘p’ vacua are degenerate in energy. The parameter ‘g’ is also the number of
physically distinct vacua that exist at # = 0 in the infinite volume limit.

This form of the effective potential (2.31) for the light chiral fields is the starting

point of all the research of this thesis.

2.2 Theta Dependence

!
The effective potential (2.31) for the phases of the chiral condensate described in the
last section is a piecewise smooth potential with cusp singularities. The form of this
potential is important because it satisfies two seemingly contradictory requirements. The
first requirement is that for pure gluodynamics the vacuum energy should depend on 6
only in the specific combination /N, in order that the U(1) problem be resolved. With

p = O(N,) the effective potential appears to have the correct form and in fact has

exactly the desired form if we use the beta function of pure gluodynamics. The second
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requirement is that since € is an angular variable, all physical observables should be
periodic in § with period 27. This requirement seems at first glance to be impossible to
meet when the first requirement is met. This potential does satisfy both these properties,
however, and the piecewise smooth structure turns out to be crucial (see Figu-fe 2.2). The
different branches of the effective potential each locally depend only on the combination
6/N,, but the fact that in the infinite volume limit only the lowest energy state survives

restores the 27 periodicity of physical observables.

2.3 Vacuum Structure

From the effective potential above (2.31) one can derive the equations of minimisation
for each of the chiral fields in the | = 0 branch:

(4, 4 _pM;
Sin <]_)0 - 2—)2 Ql)l) = qE SIH(QSZ). (233)

They coincide with those of [10] to lowest order in 1/N, and can be used to find the

solutions for the vacuum values of the chiral fields as a function of §. For general values
of &; = pM;/qE an analytic solution is not possible. For three light quarks (N; = 3) in
the realistic case, €,,64 € 1,6, & 1, approximate solutions can be found as solutions of

the equations:

o= =0,
$U=0 + 47 = 0, (2.34)
eusin gl=0 = ¢,sin gl=%,

where O(ey, £4) terms have been neglected in (2.33). The solution to these equations is:

mgsin 0

in =0 — O
Sin g [m2 + m3 + 2m,mq cos 0]1/2 + 0w €a)
- » Sin 6
sin gy =" = ks Olew ca) (2.35)

+
[m2 4+ m3 + 2m,mg cos 6]1/2




Chapter 2. The Anomalous Effective Lagrangian and Implications 22

sin =" = Olew,ed) -

This solution for the [ = 0 branch agrees with the solution in [10]. Notice that for § = 0
the solutions are ¢; = 0. Finally notice that for m; = m <« Agep the lowest energy state

18:
N 6

which, when substituted back into the effective potential for [ = 0, produces a formula

bi (2.36)

for the vacuum energy as a function of §:

Eyee ® —E — M Ny cos <i> ) (2.37)
Ny

This formula is the vacuum energy of the true vacuum state in a universe with a given
value of 8 and it is independent of the values of ¢ and p. This relation actually has a very
deep significance. It shows that the energy difference between the § = 0 vacuum and the
6 # 0 vacuum is proportional to the parameter M;, in agreement with a general theorem
that physical 6-dependence appears only in combination with m, and goes away in the
chiral limit.® It is also important for the results in Chapter 4 that the f-vacuum energy
is not proportional to the parameter E, as suggested by the §-dependence of (2.31), but
is proportional to the smaller parameter M;. This means that the formation of nontrivial
f-vacuum may be possible in heavy ion collisions.

It must now be stated that the exact form of the effective potential is not crucial
to the f-vacuum energy dependence. The crucial feature is that the #-parameter occurs
only in the very special form: (8 — Y ¢). This feature is also present in [10] and in both
cases we see that the large parameter in front of the term containing this combination
does not prevent the formation of a state with nontrivial §-value. Instead it means that
the state will have nontrivial values of the chiral phases which will depend on # and the

vacuum energy will depend on M; o m,.

®This was shown in [10]: physical §-dependence vanishes if any quark mass goes to zero.
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For further discussion of the vacuum structure we will distinguish between two situ-

ations: ¢ =1 and ¢ # 1.

'2.3.1 q=1

In the case where ¢ = 1 we find that the solution of the corresponding equation of min-
imisation for [ = 1 does not lead to a minimum of the effective potential but instead leads
to a saddle point. This is illustrated in Figure 2.3 for # = 0 and Ny = 2. The solutions
for all other values of | coincide with one of these solutions(modulo 27). Therefore there
exists a unique vacuum.

We have checked numerically, using physical values of the quark masses in the case
Ny = 3, that for all values of 6 there is only one vacuum, in agreement with [10]. In
particular, at # = 7 no extra metastable vacua appear.

When the masses satisfy Dashen’s constraint[24]:
MyMyg > Ms|mg — myl, (2.38)

the vacuum doubling phenomenon—the appearance of a metastable vacuum state—
occurs for values of 6 near 7. This metastable state is a “double” of the original vacua
because at the critical point, § = 7, the two vacua are exactly degenerate. These results
agree with the results of [10]. For three (N; = 3) light equal-mass quarks we find that
the metastable state exists for § values from 7/2 to 37/2. This is in agreement with the
results of [25]. The vacuum energy is shown as a function of 6 in this case in Figure 2.4.

None of the results of this section are new, but they show that the form of the effective

potential that we use reproduces previous results [10, 25] for the case ¢ = 1.
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2.3.2 q#l

Interesting vacuum structure arises when we allow ¢ # 1. Notice that the effective
potential (2.31) has the property that ¢ — ¢ + 27 simply corresponds to a relabelling of
the branches | — [ 4+ q. Therefore for § = 0 we have ¢ physically distinct vacuum states
corresponding to the minima of the branches [ = 0,...,¢ — 1.

For illustrative purposes, consider the specific case ¢ = 2, Ny = 2 and 6 = 0. The
effective potential for this case is illustrated in Figure 2.5. Notice that there are g = 2
minima of the effective potential: one stable vacuum solution and one metastable. This
behaviour carries over to all values of ¢, with ¢ — 1 metastable vacua and 1 stable vacuum.
This is a. new feature of the theory and leads to the phenomenoh of false vacuum decay
which is discussed in the next chapter.

One desirable feature of this potential is that the vacuum doubling phenomenon,
in which an extra metastable vacuum state appears and becomes degenerate with the
highest energy metastable vacuum state at the critical values:

0=02k+1)2, k=0,1,...,p—1, (2.39)
g

occurs for all values of the light quark masses. The extreme sensitivity of the theory to

the values of the light quark masses is avoided when ¢ # 1.

2.4 Phenomenology of the Pseudoscalar Mesons for Non-Zero

In this section we specialise to the case of Ny = 3 in order to calculate the #-dependence
of the 7%, 1 and 7’ masses and the n — ' and 7° —  — ' mixing angles. As well we show

that the pseudoscalar mesons, which are pure pseudoscalars for § = 0, acquire scalar

components for non-zero values of 6.
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Figure 2.5: Effective potential for q=2 and N; = 2. The point indicated as a) is the
global minimum. The two local minima indicated as b) are identified.
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The chiral condensate is parameterised in the following way:

a

U =Uj exp Z\/— (2.40)

il

where Uj is the solution to the minimisation equations, A\ are the Gell-Mann matrices
of SU(Ny), n* is the pseudoscalar octet, 7° is the singlet field that is identified with
the 7' in the absence of mixing. The 7 and 7 fields have vanishing expectation values.
Inserting this U into Eq. (2.29) and expanding this term to quadratic order in the fields
we find that the linear terms vanish and we obtain the mass matrix from the-terms of
the form:

1 .
- Mmon®. (2.41)
2 a,b=3,8,9

Note that the indices do not run over the quark flavour group but over the U(3) indices
associated with the Gell-Mann matrices'®. The 73, 78 and 7 fields are associated with

the Gell-Mann matrices:

1 0 0 10 0 100
1 2 :
3 010,3\/5010,9 51010 (2.42)
0 0 0 00 -2 00 1

which are matrices with respect to the quark flavour basis. These fields behave like:
(tu — dd) /2, (wu + dd — 23s)/+/6 and (@u + dd + 55)/+/3, respectively. These are the
flavour eigenstates usually associated with the neutral mesons 7°, n and 7', respectively,

in the absence of mixing. The components of the mass matrix are:

2
m§3 = f2 (M cos ¢, + M, cos ¢d)
mag = 3f2 — (M, cos ¢, + My cos ¢pq + 4M; cos ¢s),

19We include in this term the identity matrix, denoted by A°, which is not properly a Gell-Mann
matrix.
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2

z—uds
mig = Mgy = \/_f2 (M cos ¢y, — Mgy cos ¢g), (2.43)
9 9 2 1

M3g = Mgz =2 fo e (M cos ¢y, — My cos ¢a) ,

nJ

2

Mg = Mg = 3Nf . (M, cos ¢y, + My cos ¢g — 2M, cos @),

wJny

where the ¢; are the vacuum values of the particular vacuum about which we are expand-
ing. Notice that the mgy component depends on # explicitly and all of the components
depend on 0 1mphc1tly through the vacuum values of ¢;. Neglecting mixing effects, mgqg
coincides Wlth the physical mass of the n’. In fact for # = 0 and partlcular values,
p = 3bgep and g = 8, we reproduce exactly the relation derived in [8]:

8 4 -

u,d,s
This relation shows that the 7' is heavier than the other pseudoscalar mesons because
of the contribution from the gluon condensate. It also predicts that the strange quark
contributes 20-40% of the mass of the r’. This suggests that perturbative corrections
of O(m?) (see below) could be quite significant. Taking the formal limit N, — oo and

mg — 0 leads to the mass relation in [21] where m2 scales like N;/N,, in agreement

n
with [26]. If we instead take the limit N, — oo with fixed quark mass m, # 0, then
m} = O(m,), as for ordinary pseudo-Goldstone bosons. The mass relation (2.44) gives
the numerical result for mgg(~ m,)=900 MeV. This result is encouraging as it is of the
right order of magnitude, (see below) and is the first connection between the unrelated
quantities, m,y and (G*)!!

The fact that the mass matrix My, defined by (2.41) has off diagonal terms, as seen

n (2.43), means that the physical fields are not the 7@ fields, but linear combinations of

1The gluon condensate is measured in the charmonium system which is totally unrelated to the 7.
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them determined by the eigenvectors of the mass matrix. The eigenvalues of the mass
matrix give the masses of the physical mass eigenstates corresponding to the #°, n and
7’ mesons. For § =0, p = N,, ¢ = 1, and the standard values m, = 4 MeV, my = 7 MeV

and mg; = 150 MeV we obtain the values:
Mg =131 MeV,  m, =412 MeV,  m, = 1015 MeV. (2.45)

Comparing these values to the measured masses of 135 MeV, 547 MeV and 958 MeV
respectively, we see that the mass values are all of the right order of magnitude and in
approximately the right ratios to one another, which is very encouraging. These values
were obtained using specific values for gluon and strange quark condensates, the values
of which are fairly uncertain. They could be off by 20% or more and this would have
a significant effect on the masses. A change to either of the condensate values would
have a similar relative effect on each of the n and 7’ rnaéses, but little effect on the 7°
mass. In addition these values could be altered significantly by higher order perturbative
corrections.

An analytical form for the masses of the neutral mesons as a function of § would be
extremely messy, but is obtained very easily numerically, and the results are shown in
Figures 2.6, 2.7 and 2.8 (Note the different scales on the vertical axes.). We can see that
there is a mild §-dependence in the masses of the  and 7' and a strong 6-dependence
in the mass of the 7°. This can be easily understood from the components of the mass
matrix (2.43). The masses of the 7 and 7' are predominantly determined by the diagonal
terms m3g and m3,. The mZ; term is dominated by the M, term, because the strange
quark mass is so much larger than the up and down quark masses. This term is very
weakly dependent on 6 through the cos(¢;) term as can be seen by recalling the vacuum

solution (2.35). The variation of the m2, term with respect to 6 is similarly determined

by the M, term because the term involving the larger parameter, F, is constant since
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the vacuum solutions have (3;¢; — ) = 0. The 7° mass, however, is predominantly
determined by the mZ; term which is determined solely by the up and down quark terms
which are strongly dependent on the #-parameter as illustrated by the vacuum solutions
(2.35) for ¢, and ¢4. This 6-dependence of the masses is one of the possible signals of
the formation of a nontrivial #-vacuum discussed in Chapter 4.

In the limit of pure SU(2) flavour symmetry (m, = my = m, which also means

¢u = ¢q) we can consider the simplest case of 7 — 7’ mixing. For § = 0 the mixing matrix

is:
) —ﬁ(2m5<§s> + m(au)) 3;;/2, (ms(8s) — m{au)) 216)
mn—nl N 3 -l T J 2 Qo /T 2 ) .
s (ma(ss) - min)) —gte Smy(F0) + 52 (2)° LeapGh

which can easily be shown to coincide with an accuracy O(mg) with the matrix given by

Veneziano[26]:
| ) -2 —m) i
n—n ) .
2\/—( mi —m2) Fmi +gmy + %

where we replace the topological susceptibility, x, evaluated in pure gluodynamics, with
the value in QCD proportional to the gluon condensate. It should be stressed that the fact
that both sides of the relation (2.44) depend on quantities evaluated in QCD represents
a significant improvement in our understanding. A QCD analog of the Witten-Veneziano

formula[26] can be written down for the particular values p = 3bgep and ¢ = 8:

Qs

b
(226% = % £ (m2, +m2 — 2m2) + O(m?) (2.48)

This equation is a generalisation of the 7' mass relation (2.44) to include the effects of

n — 1’ mixing. The n — 1’ mixing angle as a function of 8 is:

-
= — — |, 2.49
“=g o <m2, —m%) (2.49)
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where mg, is given above in (2.43) and, m2, and mZ, are eigenvalues of the mass matrix
for a given value of 8. For § = 0 and ¢; given by the vacuum solutions in this case, we
obtain an 7—7' mixing angle of about —22°. This value is reasonable as phenomenological
estimates from experimental data range from —10° to —23°[27].

As well, we can study the full case of 7° — p — 1’ mixing angles when the SU(2) flavor
symmetry is broken. The mass eigenvector coordinate system, g — 77 — 7}’ is defined by
the eigenvectors of the mass matrix. The orientation of the mass eigen\.fector coordinate
system with respect to the SU(3) flavor eigenstate system, 73, 73 and 7y, can be specified
by Euler angles. For the specific case where § = 0 and m,, = 4 MeV, my = 7 MeV and
ms = 150 MeV we obtain the Euler angles[28]:

eEuler = 190; ¢Euler = —0-8307 77DE‘ule'r = 2.5°. (250)

These values show that at least for § = 0 the mixing of the 7° meson with the 1 and 7’
is fairly small and breaking of the SU(2) flavor symmetry does not have a large effect
on the 7 — ' mixing. In general, the Euler angles can be found numerically and they
are shown as a function of # in Figures 2.9, 2.10 and 2.11. We can see that there is a
significant dependence on 6 in the case of the full 7° — 1 — 7’ mixing. As in the case of the
masses, the mixing angles would likely be significantly affected by changes to the values
used for the gluon and strange quark condensates and by the inclusion of perturbative
corrections.

The final topic of this section is the behaviour of the pseudoscalar mesons under the
Parity Operation (P) for non-zero values of . For 6 = 0 they are eigenfunctions of Parity
with eigenvalue —1, which means they are pure pseudoscalars. For # # 0 they cease to
be eigenstates of Parity and become mixtures of scalar and pseudoscalar states'?.

Recalling the definition (2.27) of the chiral condensate matrix, U, and the diagonal

12This fact was previously noted in [29].
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Figure 2.9: The Euler 6 angle for the mass eigenvector coordinate system with respect
to the flavor eigenstate coordinate system as a function of 6.
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Figure 2.10: The Euler ¢ angle for the mass eigenvector coordinate system with respect
to the flavor eigenstate coordinate system as a function of 6.
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Figure 2.11: The Euler 9 angle for the mass eigenvector coordinate system with respect
to the flavor eigenstate coordinate system as a function of 6.
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form of the vacuum solution, the quark condensates in the §-vacuum: _
(U, 0ki)0 = (V1i¥r;)o=0 €, (2.51)
can be represented as a chiral rotation of the usual vacuum:
&' = UrdU} , & = (U1, ¥p; 90, (2.52)

with:
(Ur)y, = Sipe® (UZ)kj = 6kje%¢i . (2.53)

The quark fields transform under this rotation in the following way:
Whi = (Ur)y Yre \IITLj =}, (UT)kj : (2.54)

In the chirally rotated basis, the spin content of the pseudoscalars is the same as in the
standard basis. However, in terms of the unrotated basis the spin content will generally

have a very different form. Consider for example the 7° field in the #-vacuum:
1m0 ~ |@iysu’ — dliysd') = cos ¢y, |Tivsu) — sin ¢y, [Gu) — (v < d). (2.55)

The second term in this equation, Whichv vanishes for # = 0, is the additional scalar
component which the 7° field acquires for non-zero values of . The other pseudoscalar
particles undergo a similar transformation.

The scalar component of the pseudoscalar mesons for non-zero values of 8 could have
extremely important implications. It may be possible to create regions with non-zero
f-parameter in heavy ion collisions. If pseudoscalar particles originating in this region
manage to escape from the reaction volume, observation of their scalar admixture would
provide very convincing proof of the existence of a region of non-zero f-parameter.

In this chapter we have introduced the anomalous effective Lagrangian and discussed

some of the interesting implications of this anomalous effective Lagrangian. In the fol-

lowing chapters we expand on some of these implications.




Chapter 3

False Vacuum Decay

In this chapter we discuss the decay of the lowest metastable vacuum for 8 = 0, described
in Chapter 2, in both the zero and high temperature limits!. The existence of this
specific metastable vacuum is somewhat controversial, as it requires the counterintuitive
parameter value, ¢ # 1, as we will discuss further below. However, nontrivial vacua
have been shown to exist in Yang-Mills theories in the large NV, limit using the AdS/CFT
- correspondence and the same phenomenon was observed in the analysis of soft breaking of
supersymmetric models[12]. It appears that the existence of nontrivial vacua is a general
phenomenon for gauge theories in the strong coupling regime. Therefore this calculation
can be considered as one example of a general class of problems. Therefore, in addition
to the specific results we obtain for this particular calculation, another important goal of

this chapter is to develop techniques which could be useful in the study of this type of
| phenomenon.

The decay rate of the false vacuum in large N, Yang Mills theory was estimated in
[31]. The calculation of the decay rate of the false vacuum presented here differs from
[31] because it is valid for finite N, and because the heavy glueball degrees of freedom?
have been integrated out in our approach, while their calculation deriveé entirely from
gluodynamics. For more comments on the elimination of heavy degrees of freedom see
below. The decay rate of a false vacuum was estimated in [25] in the case that 6 ~ 7 and

N, is finite. Our calculation differs from [25] in the inclusion of the singlet 1’ field and

1The results of this chapter are contained in [30)
2We use this term to refer to gluonic degrees of freedom which take into account colour confinement.

35
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choice of parameters ¢ = 8 and p = 11N, — 2N;. As well, both of these estimates only
use the semiclassical approximation, while we determine the effect of the first quantum
corrections. The form of the semiclassical decay rate in our case is identical to that of
[31, 25]. We make no numerical comparisons as the false vacua involved are all different.

These false vacua and domain walls could lead to many interesting consequences
in the study of the evolution of the early universe at around the time of the QCD
phase transition. One example of this is related to baryogenesis and dark matter, and
is described in [15]. The zero temperature decay rate of the false vacua calculated in
this chapter is relevant to this particular application. As well, these metastable states
hopefully can be experirnenfally studied at RHIC and the high temperature decay rate
calculated in this chapter would be relevant to this research. Bubbles of this false vacuum
would display CP odd signatures such as those described in [32] where the large N, limit
was assumed.

Even without consideration of these interesting applications, our method of calcula-
tion of the determinantal prefactor is useful as an alternat‘ive to previous methods. Pre-
vious calculations [33] [34] [35] [36] of bubble nucleation rates use a particular method

for calculating the determinant ratio of operators of the form:
M= -V +w* +aV(r), (3.56)

‘involving a theorem from [33]. We prefer to use a more direct approach. Our procedure
provides a method for obtaining both analytical approximations and exact numerical
calculations for this determinantal prefactor. Our numerical approximation involves only
numerical integration, unlike the method of [37] which also involves numerical solution
of differential equations and might not be reliable in some cases involving non-smooth

perturbation potentials. Our methods are more along the lines of [38] but are sufficiently

different to constitute independent results. As well, we use the same methods to calculate




Chapter 3. False Vacuum Decay : 37

the decay rate in the zero temperature theory which has not been done before.

We calculate the decay rate of the lowest metastable vacuum for § = 0 in the simplified
setting where m; = 4MeV and the chiral phases are equal. This amounts to studying only
radial motion in ¢-space. We analyse the problem in the spirit of [39] and only consider -
transitions between the lowest energy metastable state and the physical vacuum. The
results should be easily generalisable to other transitions.

This calculation is an approximation for a number of reasons. Most obviously because
we make several approximations in order to obtain an analytical answer, but we believe it
should give the dominant contribution within a factor of the order of unity. It should be
noted that this approximation is in some sense nonperturbative, since it should contain
contributions from perturbation diagrams of all orders.

The second reason this calculation is an approximation is that we have ignored some
complications so that we are able to carry out the calculation. The inclusion of fermions
(nucleons) could drastically change the results, but they also drastically increase the
difficulty of the calculation, so they are left out in this first approximation. As well.
there is the consideration that heavy intrinsic degrees of freedom, such as glueballs,
might play a role. It has been suggested[40] that the cusps in the effective potential
are due to the integration out of heavy degrees of freedom, that the presence of cusps
invalidates the construction of the domain wall from the effective Lagrangian and that a
complete calculation must include the heavy degrees of freedom. The decay rate in both
these cases can only be decreased by the inclusion of these heavy degrees of freedom.
In order to calculate the decay rate, however, we must ignore these effects and content
ourselves with calculating an upper bound for the decay rate.

The results of this chapter are the only results which depend on specific values for

the integer parameters p and ¢. The very existence of the metastable vacuum state

at § = 0 requires ¢ # 1. The parameters p and ¢ are left in the formulas and so are
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otherwise arbitrary, but we must keep this restriction in mind throughout the chapter.
When numerical results are given, the values p = 3bgcp = 11N, — 2Ny and ¢ = 8 are

used.

3.1 The Domain Wall Solution

An approximate solution for the field configuration of the domain wall between the
metastable and true vacua is needed to calculate the decay rate. For ease of calcula-
tion we re-scale and shift the chiral field ¢ — (2/fﬂ\/—]\7f)¢ — m/(gNy) in order to have
the standard normalisation of the kinetic term and a symmetrised form of the potential.

The effective potential for § = 0 becomes:

. E[1—cos(2ﬂm@¢—g)]—Mf(¢) if ¢ > 0
)= E[l——cos(%fﬂ@d)—l—%)}—Mﬂq&) ifop<0

2 T 2w
f(¢) = Ny !COS (ch\/ﬁfcﬁ - qu) ~ cos (mﬂ : (3.57)

The effective potential (3.57) has a global minimum at ¢, = (7 f.)/(2¢,/Ny) and a

local minimum at ¢_ = —(7f;)/(2¢,/Ny), with a cusp singularity between them (see
Figure 3.12). The minima are interpreted as two vacua separated by a high potential
barrier (~ G?) which is fairly wide, while the energy splitting, AE, between the states

is fairly small in comparison:

AE = m, Ny |(2T)| (1 — cos 5%) +0(m2). (3.58)

Therefore we can use the thin wall approximation [39] in our calculations. The domain

wall solution in this approximation corresponding to the effective potential (3.57) is:

pfr

[—z + 4 arctan {tan (1> expu(z — xo)]}] if x <z,
2¢,/N; L P 4p

¢d.w.(x) =
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Figure 3.12: Effective potential at § = 0 for equal chiral phases ¢ = ¢, = ¢g = ¢,.

where z; is the position of the centre of the domain wall and:

_ [@Wyy|  _2ayNVE (3.60)
PENTae T el |

is the inverse width of the wall. The solution (3.59) is shown as a function of z —
in Figure (3.13). Its first derivative is continuous at z = z,, but the second derivative

exhibits a discontinuity. The energy density of the wall is given by:

bas
o= . fo7r <32 2) (1 — CO8 2_p> + O(my f2). (3.61)

In what follows we use this domain wall solution in our calculation of the decay rate
per unit volume of the false vacuum for both zero and high temperature field theory. The

next section describes the semiclassical calculation.



Chapter 3. False Vacuum Decay 40

------------ 0.

Figure 3.13: The domain wall solution.

3.2 Semiclassical Theory

The decay of a false vacuum was discussed in [39] and the formula for the decay rate per

unit volume, I'/V'| was shown to be:
T/V = Ae B/*1 4 O(h)). (3.62)

The semiclassical approximation at zero temperature tells us that B is given by the

Euclidean action of ¢:

B=S, = /d¢d3iz’ [1(%

G0+ 5(Ver +U@) (3.63)

where U(¢) is the potential, Wy, for the chiral phases described in the previous section

neglecting the energy difference, AE, between the two vacua:
B1—cos (26 z)] 420
E [1 — oS (%]quﬁ—i— %)] if ¢ <0.

U(¢) = (3.64)
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In order for this to be finite we must have lim, ,o ¢(r) = ¢_ = —7f,/2¢,/N; where

r = /x? + y? + 22 + t2. The solution of this problem is the four dimensional equivalent
to the solution which Coleman calls “the bounce”[39]. It describes a bubble of the true
vacuum in the false vacuum at the origin which forms, grows to a maximum size and then
shrinks to nothing again (¢e. an O(4) invariant bubble). In the thin wall approximation

the bounce solution describing a false vacuum bubble with radius, R, is:

¢4 for r < R
oo(r) =14 ¢y (R—7) for r~R , : (3.65)
¢_ for r > R

and the value of B is calculated to obtain[39]:

277%0*
F/V X exXp (—S4[¢b]) = exXp <—§(ZE—)3> 5 (366)
where o is the domain wall energy and:
4
33.97. 7T2p4 f;‘%EQ (1 — COoS %) 27 7T4q2Nf fﬁ<g_62175r_G2>2
Saldy] = ~

‘3, (3.67)

IN2 M3 ~\® T 256 4 D
q° vy (1 — cos quf) P m} I(\I!\I/)

is the Euclidean action of the 4D bounce solution.

The thin wall approximation is valid because the radius of the 4D bubble, which is
found to be R = 30/AE by minimising the value Sy[¢;] , is much larger than the width
of the domain wall, 1/p.

For finite temperature QCD, the semiclassical approximation is slightly different. At
sufficiently high temperature the bubble solution becomes a stable O(3) invariant bubble
with radius[41]:

_25/(T)

R(T) = =+ (3.68)

where the temperature dependence of the domain wall energy, S;(7T), is not known. In
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~ this case the calculation of B gives[41]:

(3.69)

D/V o exp(—Salde)/T) = exp (— 16751 W) .

3(AEzT
It should be noted that this decay rate is for the ground state of the metastable well. The
decay rate for excited energy states above the metastable vacuum via thermally activated
transitions, while similar in form, is not the same[42].

In the next section we calculate the quantum corrections and determine the decay rate
for the zero temperature theory. The section following that presents the same calculations

for the high temperature theory.

3.3 Quantum Corrections at Zero Temperature

The quantum corrections at zero temperature correspond to the coefficient A in

Equation(3.62)[43]:
| det[—,0" + U"(¢)] |*
~ |det[-8,0n + U"(¢_)]

This is the determinantal prefactor mentioned at the beginning of this chapter. The

(3.70)

spectrum of the operator in the numerator consists of a discrete spectrum with zero
and negative eigenvalues and a continuous positive eigenvalue spectrum starting at w? =
U"(¢_). These two parts of the spectrum must be analysed separately and it can be

shown that this factor separates into three parts:

a=(otfe= () ) o

The first term comes from the zero eigenvalues. The second term comes from the nega-

-1/2

det'[—8,0* + U" ()]
(w™?) det[—0,0* + w?]

(3.71)

tive eigenvalue. The third term is the determinant of the continuous positive eigenvalue

spectrum where det’ signifies that the zero and negative eigenvalues are to be omitted.

With these eigenvalues omitted, the perturbed operator in the numerator has five less
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Figure 3.14: Expansion of the partition function.

eigenvalues in the spectrum because five of the eigenvalues of the unperturbed operator
in the denominator have become part of the discrete spectrum of the perturbed operator.
Assuming these eigenvalues have originated from the bottom of the unperturbed contin-
uous spectrum we divide the third term by a factor of w? for each omitted eigenvalue.
The contributions from the zero and negative eigenvalues are normalised with a factor of

w keeping each of the three terms dimensionless.

3.3.1 Positive Eigenvalues

The contribution of the positive eigenvalues requires evaluation of the determinant ratio:

det'[—8,0" + U" ()]
(w™2)% det[—0,0" + w?]|

(3.72)

However, since the (w™2)° in the denominator corresponds to a set of measure zero in
the continuous eigenvalue spectrum, we can omit it and the notation det’ which indicates
omission of a discrete set of eigenvalues.

This determinant ratio is infinite, and to obtain a finite answer we must divide by an

infinite factor. The determinant in the numerator can be expanded as:

det | — 8,0" + U" ()| = exp [Trlog {~0,0" + w? + Vyere(r) }] (3.73)

= det| — 9,0" + w?| x

V;Jert(r) _ 1 Vpe”t(’r) : + _1_ M ’ + ...
—9,0F +w? 2\ —0,0¢ + w? 3\ —0,0* + w? .

exp I'r
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It should be noted that the determinant is equal to the partition function of the self
interacting massive scalar particle and that the second factor in the last line is expanded
up to one loop contributions involving three interactions with the effective external po-
tential (see Figure 3.14). Tracing over a Cartesian basis, we can see that the one and two

interaction contributions are divergent but the three interaction contribution is finite:

pert 4 4 pert )
TT[ 8,0" +w2} /d d'k (3.74)
V‘;Jert 4 4 pert(k) me(—k)
Tr ( E 8H+w2> :| /d kd k2+w2) ((k+p)2+w2)7 (375)

Tr

_Vpﬂ(r)_ _ iy 4 Vpert(k) Viers(p) Vpert(—k — p) [
(o) } =tk e e A Tr s

where Vpert(k) is the Fourier transform of the Ve,4(r). We only get a finite answer if we
divide through by the infinite factors.

The actual calculation is most easily done using hyperspherical coordinates in four
dimensions, (r, 8, ¢, ), and expanding the eigenfunctions x(r, 8, ¢,%) in terms of the 4D
hyperspherical harmonics:

n u(r )
T 0,9, ¢ Z Z Z Cnlm r3/2 Yoim(8, 6, 7/’) (3-77)
n=0l=—n m=—|i|
which are discussed in Appendix B.
In this situation, the Laplacian, when operating on each term of (3.77) with quantum

number, n, becomes:

1 [d® 4n*+8n+3] ,
S e St S Mt B P75l 3/2
=7 | 7 o T 3/2D T (3.78)

8,0" —

There are 2n(n+2) + 1 such terms corresponding to different values of [ and m but with

the same eigenvalue. Therefore:

oo

det[—0,0" + U"] = [] (det[-D, + U"])*(n+D+1, (3.79)
n=0
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First consider the denominator of (3.72), det[—D, + w?]. In order to calculate this

determinant we need to solve the eigenvalue equation:
[Dn — w? + Au(r) = 0. (3.80)

The solutions to this differential equation that are well behaved at r = 0 and r = oo are:

TWAT

X T (war), (3.81)

u(r) = (w,\r)g’/?jn(w)\r) =

where wy = VA — w?. J, are the 4D analogs of the spherical Bessel functions and Jns1(z)
are Bessel functions of the first kind. These solutions become purely oscillatory as r — oo.
Notice that this solution is only well defined for A > w? and indeed there are no solutions
for values of A < w? which are well behaved at r = 0 and r = co. Therefore the continuous

spectrum of eigenvalues can be written as A = w? + w? and:
det[—D,, + w?] = [[(w* + w3). (3.82)

The numerator of (3.72) involves the “potential” U”(¢(r)). For the symmetrised ef-
fective potential (3.64), the “potential” for this problem is approximately constant except
for a small perturbation in a small region near the bubble wall (see Figure 3.15). The
constant potential has been analysed above. The solutions with or without the pertur-
bations are identical for r <« R and almost identical for r > R. The perturbed solution
differs from the unperturbed solution in this latter region at most by normalisation and
a phase shift, \r = wyr +J(w,). In this situation, for each value of n, we can obtain the
ratio of determinants for a discrete spectrum by [44]:

2o (G —
Hw +w)\ — exp (Zlnw +W,\> ~ exp (Z _i‘ji%‘)_’\___f_’\)) , (3.83)
)\ w +CU)\

w? +w

which becomes in the continuum:

exp{ / dw AZ“’*‘S w*)] (3.84)

w? 4+ w?
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Figure 3.15: The “potential” U"(¢y(r)).

This formula gives the determinant ratio for a particular value of n if we know the phase
shifts, d(wy). In order to calculate the phase shifts, however, we must make further
approximations.

Consider both the perturbed and the unperturbed equations:

d>  4n?+8n+3 9
|:E73 — T‘ ~+ ()\ - W )] u(?") - 07 (385)
d>  4n’+8n+3
[87‘_2 - T + ()\ - CU2 + ‘/;)ert(r))] U(T) = O (386)

Multiply (3.85) by v(r) and (3.86) by u(r), subtract, and integrate over r from 0 to oo

to obtain:

[ @) = o ur) dr = @E() = oY) R = [ Vet
(3.87)

Using the fact that both solutions vanish at »r = 0 and using the asymptotic form of the
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Bessel functions we obtain an exact formula for the phase shift, §(w,):

sin §(w,) = Z)l: /Ooo Voert(r)u(r)v(r)dr. (3.88)

Since the perturbed differential equation is extremely difficult to solve, we use perturba-

tion theory to obtain:

1 foo T [
8(2) & 8w o = — [ Vyer(ru(r)?dr = % /O Voerd ()1 Jusn (wrr)?dr,  (3.89)

Wy J0

for small phase shifts. Using this result for the phase shift in Equation (3.84), we obtain

the ratio of determinants:

|det[~Dy + U"(¢)]
det[—D,, + w?]

~ exp [/ / dw,\dr V},ert(r)JnH(w,\r)Q} , (3.90)

for each value of n. The complete determinant ratio then becomes:

det[—0,0* + U" (¢)]
det[—0,0* + w?|

= exp Z (2n(n+2)+1) [/ / dw)\dr V;,ert(r)JnH(w,\r)Q},

"= (3.91)
for an arbitrary perturbation potential. The next step in our analysis is to take into
account the specific potential in our problem.

It should be noted that this approximation, (3.91), gives the same result as the exact
answer expanded to one loop (see Eq.3.73 and 3.74) where the trace is taken instead over
|rnlm), |knlm) bases.

This formula is suitable for numerical evaluation, but in order to obtain an analytical

answer we must approximate the perturbation in the potential U” by:

_pR— P i Ry UR
- _9R
Vpert(r) = —ﬁl—o*(zﬁg): if % >r>R , (3.92)

0 otherwise
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Figure 3.16: Comparison of the perturbation V,.;(r) and the approximate pertl}rbation.
The perturbation Vy(r) is the dotted line and the approximate perturbation Ve, (r) is
the solid line.
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Figure 3.17: The phase shift §o(w,) shown as a function of wy for various values of n.
Notice the changing vertical scale.

where 8 = (U"(¢(0)) — U"(¢(R)))(see Figure 3.16). With this approximate potential we
find the phase shift via (3.89):

8 1121

do(wy) = —200@ [mr2R2 (Jn+1(rw,\)2 — Jn(rw,\)Jn+2(Tw,\))

2—4—2n7.4(Tw)\)2+2n

* (n+4)!(n+1)!

3
{2(n +2)(n+4) 1 F, <n +oont 4243 —r%i)

5}
—7r%wi 1 Fy (n +omt 5,2n + 4; _—r%i)}

11/10R

3 5 7
n+§,n+§,n+2,n+§,2n+3; —r%i)] . (3.93)
R

E 2—2—2717.3R(,rw>\)2+2n <
10 (n+3)[(n+1)2 *°
Using this result we can verify that §(w,) < 1 which means that the approximations

of (3.89) are justified. The phase shift as a function of wy is shown for a few values of

. n in Figure (3.17). However, (3.93) is very difficult to work with so we make another

approximation. For w, large enough, we can use the asymptotic approximation for the
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Bessel function in (3.89),

Jni1(z) = % {Pn+1(3:) cos [z - (n + g) g] — Qni1(z)sin |z — (n + g) g] } ,
(3.94)
where:

Po(z) = 1- (1 ;!1();5); 9) L =D —45?)((533)—4 25)(p—49) . (3.95)
I T T o0
p o= 4(n+1)>% (3.97)

In this way we find:
bown) ~ o0 (CIBeosCRoN | o) (3.98)

307wy T wy,

This estimate for §o(wy) has an infrared cutoff in wy, below which it is not a good
estimate, and this will be true no matter how many terms in the approximation of the
Bessel function we keep. Therefore, as a first approximation we keep only the first
term and cut off the wy integral at the position of the first peak in §o(w,). Using this’
approximation for dy(w)) we obtain a first estimate of the ratio of determinants for each

value of the quantum number n given by:

det[-D, + U"(¢y)] _ 2Rf W
det[—Dn + U7(p_)] P | 307w "\ 2y | (3.99)
where:
@(n) ~ 33.16n + 72 = an + b, (3.100)

is the infrared cutoff given by the location of the first peak in dy(w,). Using the result
(3.99) we can calculate a first approximation for the complete determinant ratio. For

large values of n the terms of the sum in the exponent of (3.91) approach:

%’%nz ( w ) , (3.101)

an
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and therefore the sum is infinite. The first estimate for the complete determinant ratio
based on (3.91) is infinite. This was to be expected based on comments at the beginning
of this section and, since this approximation exactly coincides with (3.74), we subtract
this term from the exponent of (3.91) as our normalisation prescription for the complete
determinant ratio. Note that we have used the approximation of (3.98) to calculate the

infinite factor, but the equality with (3.74) holds before this approximation was made.
In order to find a finite result for the determinant ratio we adjust our earlier approx-

imation for the phase shift:

6(w») = arcsin(do(wx)) = do(wr) + -édo(w,\)s + %%(wxf +oe (3.102)

which would add correction terms to the exponent in (3.99). The second term in (3.102)

leads to a factor of the form:

exp [;T—i /Ooo dw,\%gl , (3.103)
for each value of n. This term is also divergent but does not exactly coincide with the
next term in the expansion (3.73). However, the divergent contribution in each must be
the same.

Therefore dividing through by the previously obtained infinite factor (ie. the right

hand side of (3.99)) leads to the renormalised value:

det[-D, + U"(¢3)] _ 72 (2RB\’ [ w w
detl-D, 1 07(-)] = P |24 \30nw ) \G0) " oy ) g 104
For large values of n the terms of the sum in (3.91) approach:

72 [ 2R
24 \ 307w

)3 (2n® +4n + 1) <—“’3—> . (3.105)

3a3n3

which also leads to a divergent sum and therefore an infinite value for the determinant

ratio. The divergence here must be contained in the divergence in the two interaction
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term of the expansion (3.73), as are other logarithmic divergences obtained from keeping
more terms in the approximation of the Bessel function (3.94). However, subtracting the
two interaction term will almost certainly leave a finite contribution at the next order in
n. We assume this is the case, but since we are doing an approximate calculation, we
will not calculate the finite contribution from the two interaction term or any correction
terms to our approximation, since they will have the same physical dependence as the
approximation we will give. We should further note that correction terms are probably
not calculable analytically and are not likely to be a problem for our results. They are
obtained from integrating oscillatory functions (see second term in (3.98)) over w, in
(3.103) and should not contribute very much. The renormalised approximation to the

complete determinant ratio (3.91) that we obtain from (3.104) is given by:

w2 [ 2R e w w
I 2) + 1) —— _ v
Py <307rw> L;O(Zn(n +2)+1) {G)(n) arctan <cD(n )} Z 2n }3 106)
72 [ 2Rp 3 rio0
— - t
w05 (fs) [Znin 2+ {@( - aean (5
100 W3
~Z{2nn+2 +133 3} ?EC(?’)}’ (3.107)
where ( is the Riemann Zeta function:
. 21
i)=Y —. (3.108)
n=1 n
Evaluating gives:
2R( 5 \
exp [ 5300ﬂ (307r ) ~ exp[—2 x 1077]. (3.109)

Because of the small value of the exponent we can see that the exponential is extremely

well approximated by:

[—53007{4’ ( 9IRS )3
exp

(3.110)

24 307w

530072 ( 2RB 5
24 07w )
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which is our result for the determinant ratio (3.72).

This is a nonperturbative calculation because Eq.(3.84) is a nonperturbative resum-
mation of the perturbation expansion (3.73) of the determinant. While we make an ap-
proximation through Eq.(3.102), this expansion is nonperturbative since the terms of the
expansions do not coincide. Our approximate c&ﬂculation should therefore have contri-
butions from all perturbative diagrams. This nonperturbative resumma.tion of diagrams
in the determinantal prefactor is very similar in spirit to that of [45].

This result constitutes the contribution of the positive eigenvalues to the quantum
corrections to the decay rate in the zero temperature theory. In the next section we

consider the zero and negative eigenvalues.

3.3.2 Zero and Negative Eigenvalues

The zero eigenvalues contribute /B/2m per collective coordinate[39]. The action of the
4D bubble is independent of the centre of the bubble which means there are 4 collective
coordinates leading to the first factor in Eq.(3.71).

The eigenfunctions of zero eigenvalue are:

Xl 50 = o) = Loy T Dy,
where r = /22 + % + 22 + ¢? and:
t= r cos(v) ~ Y100, (3.112)
z= r cos(6) sin()) ~ Y110, (3.113)
y = r cos(¢)sin(f)sin(yp) ~ Y111+ Y111, (3.114)
z = 7 sin(¢)sin(f)sin(y) ~ Y — Y111 (3.115)

Therefore these eigenfunctions all correspond to n = 1 and since there are no radial nodes

we can be sure that there are no negative eigenvalues with n # 0:
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In [46] Colerﬂan argued that there is only a single negative eigenvalue for an O(4)
invariant bounce. We assume this® and determine its value. We use the method of
Coleman in [39] with a slight modification. As was argued by Coleman, the only possible
eigenfunctions of 'negative eigenvalue are those that are bound to the bubble wall. For
such eigenfunctions we can approxiinate the centrifﬁgal potential in (3.78) by a constant

determined by its value at the bubble wall (r = R):

An? + 8n + 3
+_.—.____

Ao = A iR’

(3.116)

where A, is a number independent of n. We know that for n = 1 the lowest eigenvalue is

zZero:
15
=X+ -—=0. 3.117
Aot o+ iR 0 ( )
Therefore we can obtain the lowest eigenvalue for n = 0:

15 3 3
= (3.118)

3
/\—:)‘00:)\0+4R2:“‘4R2+4R2 “‘R-—Q‘

This value is different from the value obtained by Coleman, but only by a factor of 2.

We cannot explain this discrepancy but can only stand by our calculation.

3.3.3 Decay Rate for Zero Temperature

Therefore combining the zero temperature semiclassical result (3.66) with the quantum
corrections obtained in the last section, we estimate the decay rate per unit volume of

the false vacuum in the zero temperature theory to be:

54 2 w det'[~8 o* + U”(d)b)]
_ _ 421 “ 11
LV = exp(=5) (“’ (55) ) o |2 det[=0,0% + 7] (3.119)
27r200\ (27n20%w?\? Rw [ 530072 [ 2RB\°]
= exp|-— — {1— (3.120)
2(AE) ) \47(AE)? ] /3 24 \ 307w
= 1.55 x 1078 MeV* ~ 3 x 10~ *fm 37" (3.121)

3This is most likely a good assumption but not proven due to the cusp in our potential. For more
details see [43],[46) and [47].
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It should be noted that the quantum corrections are negligible so the decay rate is
basically determined by the semiclassical result. We believe that this observation would
be unchanged by the inclusion of corrections that we have ignored in this calculation.
While the quantum corrections did not turn out be significant in this case, the fact
that they are not is relevant to the baryogenesis mechanism mentioned at the start of
this chapter. As well, the techniques applied to the problem may prove useful in other
calculations of this type.

In the next section we perform the same calculation in the high temperature limit.

3.4 Quantum Corrections for High Temperature

The quantum corrections to the decay rate at high temperature are[41]:

amr (o funs (S080))

which again factors into three parts corresponding to zero, negative and positive eigen-

det'[—8,0° + U"(¢p)] |7*/*

(w—2)3 det[_aiai + U"(¢_)] (3.122)

values respectively.

3.4.1 Positive Eigenvalues

The calculation in three dimensions is extremely similar. The expansion of the determi-
nant ratio is exactly the same-as in 4D (3.73). Tracing over a Cartesian basis, we can

see that the one loop term is divergent while the two loop term is finite:

Tr {%] - / &z 3k ”e”(r) (3.123)

Tr

( Voert(r) )2} _ /d3kd3 pe'rt(k) Vpert(—k) O (3124)

—0,0* + w?

(62 + w?) (k + p)2 + w?)




Chapter 3. False Vacuum Decay 56

The calculation is done using spherical coordinates and the eigenfunctions are ex-
- panded in terms of the spherical harmonics:
n 14 ( )
x(r,0,¢) = Z > > Cm——=Yim(6, ¢). (3.125)
n=0l=—n m=—|l|

The Laplacian, when operating on each term of (3.125) with quantum number [, becomes:

: d? 1l +1) 1
328 — - [W - 2 ] r = ;Dﬂ'. (3126)
“Therefore:
det[—8;0" + U"] = [[(det[—D, + U"])**. (3.127)

=0

The solutions to this differential equation that are well behaved at r = 0 and r = oo are:

TWAT

2

u(r) = warji(war) = Jis172(war), (3.128)

where j; are the usual 3D spherical Bessel functions and wy, = v/ A — w?. We obtain:

1 foo T[>
5(&))\) ~ — %ert(’f')u(’r)2d’l" = 5/0 ‘/;)ert(’f')'rjl+1/2((.L))\T)2dr, (3129)

wy J0
thus giving? °

det[—8;0" + U" ()]
det[—8;0" 4+ w?]

expz (20 +1) [/ / dw)\dr me(r)JlH/Q(w,\r)Q
(3.130)

As in the zero temperature case we can find the exact expression for the phase shift with

the approximate potential but it is too difficult to work with. Instead we approximate

the Bessel functions as in (3.94) where (n + 1) — (I + 1/2). In this way we find:

2Rp

(5(&))\) ~ 60((4.),\):30’”&)/\

+ O(1/w?). (3.131)

“Note that we have again dropped the factor of (w=2)3 and the “det’” notation, as the omitted
eigenvalues correspond to a set of measure zero.

5The summand in this expression appears in [33], but is only used for the high energy modes. The
non-divergent term in what follows does not appear in [33].
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A first estimate of the ratio of determinants for each value of the quantum number, 1, is

given by:

det[-D, + U"(¢s)] _ 2R[ w |
det[~Dy +0"(6])] " [307rw arctan (m)] 7 (3.132)

where @(l) ~ 49.5] + 82 = ¢l + d is the infrared cutoff given by the location of the first

peak in dp(wy) as a function of wy. For large values of [ the terms of the sum in (3.130)

approach:

ot (1) (3158

and the sum is infinite and therefore the complete determinant ratio is also infinite.
Again, this was to be expected and, since this approximation exactly coincides with the
one loop term, our renormalisation prescription is to remove the one loop term from the
exponent of (3.130).

Again we adjust our earlier approximation for the phase shift:

6(wy) = arcsin(do(wa)) = do(wr) + %50(‘«0/\)3 %50(60,\) 4+ (3.134)

and the correction is implemented as in (3.103). Evaluating the contribution to the

determinant ratio leads to:

det[-Dy + U"(¢y)] 7 (2RB\’ [ w w
det—D 1 U (p)] ~ P 24 \30mw ) V20 T G ) g G
For large values of [ the terms of the sum in (3.130) approach:
% [ 2R ’ w?
— 2 . :
24 (307rw> (2i+1) (3c3l3) (3.136)

The sum is finite so we do not need to further normalise and the result for the complete

determinant ratio (3.130) is

i) [y - (5)

100

Z{ (20+1) 3 33[3} + z—w: (2) + 3%;-4(3)} : (3.137)
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Evaluating gives:

~ exp[3 x 1077]. (3.138)

72 ( 2Rp3 ;
exp [82ﬁ <307rw>

Because of the small value of the exponent, we can see that the exponential is extremely

8272 [ 2RB\°
P11 \ 301w

This result constitutes the contribution of the positive eigenvalues to the quantum cor-

well approximated by:

~

3
iy <2Rﬁ ) . (3.139)

24 \ 307w

rections to the decay rate in the high temperature theory. In the next section we consider
the zero and negative eigenvalues.
3.4.2 Zero and Negative Eigenvalues

In the O(3) invariant bubble there are 3 collective coordinates leading to the first term

in (3.122). The eigenfunctions of zero eigenvalue are:

d dr d * d
Xou(T, Y, 2) = M%(T‘) = %%(T) = E;(Iﬁb(r), (3.140)
where 7 = /22 4+ y? + 22 and:
z = 7 cos(6) ~ Yo, : (3.141)
y= 1 cos(¢p)sin(d) ~ Yy +Yi_g, (3.142)
r= r sin(@)sin(d) ~ Yy —Yi_. (3.143)

Therefore these eigenfunctions all correspond to [ = 1 and since there are no radial nodes
we can be sure that there are no negative eigenvalues with { # 0.

We assume, as in the previous section, that there is only a single negative eigenvalue

and concentrate on obtaining an approximation. The only possible eigenfunctions of
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negative eigenvalue are those that are bound to the bubble wall. For such eigenfunctions

we can approximate the centrifugal potential in (3.126) by a constant:

I(1+1)
Rz

Aom = Ap + (3.144)

where A, is a number independent of I. We know that for [ = 1 the lowest eigenvalue is
Zero:
2

Therefore we can obtain the lowest eigenvalue for [ = 0:

2

/\_:)\00:)\0:—@.

(3.146)

3.4.3 Decay Rate for High Temperature

Therefore combining the high temperature semiclassical result (3.69) with the quantum
corrections obtained in the last section we estimate the decay rate per unit volume of the

false vacuum in the high temperature theory to be:
3\ 3/2 3
LV = @ P 1675,(T) exp _167r51 (T)
V2 3(AE)T 3(AE)2T

We cannot obtain a numerical estimate for the decay rate at this time since the temper-

-1/2

8272 [ 2RA\°
24 \ 307w

(3.147)

ature dependence of the semiclassical result is not currently known. This result could be

important to the study of false vacuum states of this type in heavy ion collisions.

3.5 Summary

In this chapter we nonperturbatively calculated the decay rate of a particular metastable
vacuum state for § = 0 predicted by the form of the effective potential for the light chiral

fields. We calculated the decay rate in both the zero and high temperature theories. The
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low temperature result is significant to the baryogenesis mechanism described in [15]. The
high temperature results could be important for testing the theory in heavy ion collisions.
Both results could have important implications for the study of the development of the
early universe near the time of the QCD phase transition. In addition the method used
in thesei calculations represents a new approach that could be useful in other calculations

of this type.



Chapter 4

Production of Nontrivial Theta Vacua

In this chapter we show in a simplified numerical model that nontrivial §-vacua can be
realized!. This nontrivial vacuum is very different from the metastable vacuum discussed
in the previous chapter, in which we had 8 = 0 throughout space and the metastable
vacuum was definitely metastable. The nontrivial f-vacuum that we discuss in this
chapter has 6 # 0 by definition and is the true vacuum state in a universe with § # 0
everywhere. The energy of this vacuum state is given by Equation (2.37). As we have
mentioned previously, we live in a universe where it is known that § < 107![3] so the
true vacuum state of our universe corresponds very closely to the # = 0 vacuum state.
However, it is possible that nontrivial #-vacua can be produced inside a high temperature
fireball created in heavy ion collisions. While this is a simplified model which differs
somewhat from the real physics associated with high energy ion collisions, there is no
reason to believe that the nontrivial 8-vacua cannot be realized at RHIC. Our results also
give a rough estimate of the time it takes for these nontrivial #-vacua to be formed. In
order to have a hope of observing them, they must form within the time that the central
region of the fireball is isolated from the true vacuum.

The real importance of observing effects of non-zero 6 vacua in relativistic heavy ion
collisions is that it provides us with an opportunity to study the physics of the early
universe at around the time of the QCD phase transition. In the very early universe

the conditions would have been similar to the inside of the heavy ion collisions and the

!The results of this chapter were published in [48]

61
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existence of a f-parameter could have had significant implications to the evolution of the
early universe.
Note that the formulas in this chapter are valid for arbitrary values of the parameters
p and ¢. The numerical results were obtained using the specific values p = N, and ¢ = 1
In the next section we will discuss the Disoriented Chiral Condensate (DCC) which
is closely related to the #-vacuum state and is fairly well understood. In the section after

that we will show how to extend the idea of the DCC to obtain the #-vacuum state.

4.1 DCC

The creation of a #-vacuum state is very similar to the creation of the Disoriented Chiral
Condensate (DCC) in heavy ion collisions, which has been a subject of interest for some
time (49, 50, 51] (among many others, see also a nice review [52] for a discussion of DCC
as an example of an out of equilibrium phase transition). Therefore, we discuss the DCC
first and then develop the idea of a #-vacuum state afterwards. DCC refers to regions
of space in which the chiral condensate points in a different direction from that of the
ground state. The DCC could exist inside a hot shell of debris produced in heavy ion
collisions and be protected from the true vacuum by this shell. For both the DCC and the
f-vacuum state, the difference in energy between the created state and the true vacuum
state is proportional to the small parameter m, and negligible at high temperature.
The chiral condensate, (Gg), is the vacuum expectation value of the composite operator
gq made up of quark(q) and antiquark(g) fields. Mesons are bound states of quarks and
anti-quarks, and so the chiral condensates are just vacuum expectation values of the
meson fields. The low energy dynamics of pions was modelled in [50] by a linear sigma

model involving the four-component field (o, 7). The potential of the four component

field is a steep 4D Mexican hat potential with a slight extra slope (~ m,) in the o
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direction. In the region exterior to the hot shell of debris created in a heavy ion collision,
the fields have the vacuum values (v,0). In the interior region, which has recently been
in contact with the extremely high energy decay products, the pion fields can initially
take non-zero values and the (o, 7) vector can point in an arbitrary direction in the four
dimensional configuration space. In particular the vacuum expectation value of the fields
differs from the vacuum value: (v,0). Non-zero vacuum expectation values are defined
as condensates and the four vector of field condensates differs from the vacuum direction
or vacuum orientation. This is what is meant by a Disoriented Chiral Condensate. The
condensates of course eventually relax to the vacuum values..

The absolute value of the chiral condensate right after the phase transition is expected
to be close to its final (zero temperature) magnitude because of the steepness of the
Mexican hat potential. However, the vacuum orientation of the formed condensate takes
a longer time to relax due to the small free energy difference ~ m, between the DCC
state and the vacuum state.

The high energy products of the collision expand outwards at relativistic speeds. In-
side this shell is a region of DCC isolated from the true vacuum and at effectively zero
temperature. If the cooling process of the interior is very rapid the system is initially out
of equilibrium, but its evolution can bebdetermined using the zero temperature equations
of motion. It has been shown[50] that in the quenched approximation, where the temper-
ature goes from ~ 200 MeV to zero instantaneously, the subsequent evolution exhibits
a temporary growth of long wavelength spatial modes of the pion field corresponding to
domains where the chiral condensate is approximately correlated, but oriented differently
from the vacuum value.

It is useful to discuss the DCC in an effective Lagrangian approach to emphasise
the similarity with a nontrivial H-Vaéuum state. Due to the fact that the absolute value

of the chiral condensate right after the phase transition is expected to be close to the
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zero temperature magnitude, we can parameterise Goldstone fields by the same unitary

matrix, U, introduced in Chapter 2:
U=e?tD, (1] 0%) = —[(T,g)| Uy (4.148)
The energy density of the DCC is determined by the mass term in an effective Lagrangian:
E, = —%TT(MU + MIUY) = —2m|(B0)] cos(4), (4.149)

where we put m, = my = m for simplicity. Eq.(4.149) implies that any ¢ # 0(mod 27) is
not a stable vacuum state because BTE(J?LP;/_-O # 0, and therefore the vacuum is misaligned.
On the other hand, the energy difference between the misaligned state and true vacuum
(¢ = O) is small and proportional to m,. Therefore, the probability to create a state
with an arbitrary ¢ at high temperature T' ~ T, is proportional to exp[—V (Es — Ey)/T],
where V is 3D volume, and depends on ¢ only very weakly, i.e. ¢ is a quasi-flat direction.
Right after the phase transition when (¥¥) becomes non-zero, the pion field begins to
roll down the potential slope toward ¢ = 0, and of course overshoots it. Thereafter, the ¢
field oscillates. One should expect coherent oscillations of the 7 meson field which would
correspond to a zero-momentum condensate of pions. This is exactly what was found

in[50]. Eventually these classical oscillations produce real m mesons which hopefully can

be observed.

4.2 Nontrivial #-vacua

Now we turn to the nontrivial f-vacuum state when the 6 term is also non-zero and
therefore the #-vacuum state can be formed.

In the evolution of the early universe this non-zero #-parameter could be a fundamen-
tal 0 associated with a dynamical axion. In the case of heavy ion collisions, however, it

is much more likely that we might observe what is called an “induced” #-parameter.
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The induced #-parameter could arise if a region is created in a heavy ion collision over
which the chiral phases are significantly correlated about a non-zero value. If this occurs

then we perform a chiral rotation of the type discussed in Chapter 2:
U— e ity = ¢, (4.150)

where —@, is the non-zero value about which the chiral phases are correlated and we
obtain a new theory with an effective value of # induced by the initial conditions. The
fields behave as if the §-parameter were non-zero. As we said above, we are far more
likely to observe an induced # vacuum in heavy ion collisions, so we have this type of 6
parameter in mind throughout this chapter.

" The production of nontrivial §-vacua occurs in much the same way as for the DCC
discussed above. The new element is that, in addition to chiral fields differing from their
true vacuum values, the #-parameter of QQCD, which is zero in the real world, becomes
effectively non-vanishing in a large region of space.

The starting point is again the effective potential for the chiral fields (2.31). The

energy density of the misaligned vacuum is given by the potential:

p (L 2
V(¢;,0) = —Ecos p > =0 |+ —l —ZM cos ¢;
-1
1=0,1,...,p—1, (4.151)
for
@117 T<o-Y < @+1)7 )% (4.152)

As discussed previously in Chapter 3, and stress again here, the crucial point is
that the #-parameter appears only in the combination, . ¢; — 9. The most important
difference between Eqgs. (4.149) and (4.151) is the presence of the parametrically large

term ~ E > m,|(U¥)| in the expression for energy (4.151). This term does not go

away in the chiral limit and provides a non-zero mass for the ' meson which is expressed
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in terms of the parameter, E. It was for exactly this reason that it was thought until
recently[53] that the nontrivial §-vacua would involve too large an energy cost to be
produced because of the large parameter associated with the f-parameter. '

The key point is that, for arbitrary phases ¢;, the energy of a misaligned state with
non-zero § differs by a huge amount (~ E) from the vacuum energy. However, when the
relevant combination (3=, ¢;—6) from Eq.(4.151) is close by an amount of the order O(m,)
to its vacuum value, a Boltzmann suppression due to the term proportional to F is absent,
and an arbitrary misaligned f-state can be formed. Indeed, in the limit M; < E, because
of the large parameter in the first term, the vacuum state that is favoured for non-zero
0 is the solution ¢; ~ /N ¢. Substituting this back into the potential we reproduce the

well-known result[10] for the vacuum energy as a function of 6:
V(0) ~ —E — Y M;cos(8/Ny). (4.153)

This shows that the energy cost of creating a nontrivial §-vacuum is proportional to the
much smaller parameter, M; o m,, as in the case of the DCC. This is a very important
result because it means that it may be possible to create a nontrivial #-vacuum state in
heavy ion collisions.

At this point we can apply the same philosophy as for the DCC. The chiral fields?,
@i, are allowed to take random values and after the phase transition roll toward the true
solution ¢; =~ §/N; and of course overshoot it. The situation is very similar to what was
described for the DCC with the only difference that, in general, we expect an arbitrary
f-disoriented state to be created in heavy ion collisions, not necessarily the |§ = 0) state.
The difference in energy between these states is proportional to m, from (4.153).

Now we study the evolution of the chiral fields with time. For this study we assume

2As was discussed in Chapter 2, for # # 0 the meson fields are not pure pseudoscalar fields, but
rather have a scalar component as well; the mixing angle between the singlet and octet combinations
also depends on 6. '
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the following situation. The rapid expansion of the high energy shell leaves behind
an effectively zero temperature region in the interior which is isolated from the true
vacuum. The high temperature non-equilibrium evolution is very suddenly stopped, or
“quenched”, leaving the interior region in a non-equilibrium initial state that then begins
to evolve according to (almost) zero temperature Lagrangian dynamics. Starting from
an initial non-equilibrium state we can study the behaviour of the chiral fields: using
the zero temperature equations of motion. The equations of motion are non-linear and
cannot be solved analytically but we can solve them numerically in order to determine
the behaviour of the fields. The production of a nontrivial #-vacuum is indicated by the
fact that the chiral fields relax to constant and equal non-zero values on a time scale over -
which spatial oscillations of the fields vanish. This indicates the presence of a condensate
parameterised by the f-parameter.

The formation of a non-perturbative condensate is also supported by observation of
the phenomenon of coarsening (see below) and by a test of volume-independence of our

results.

4.3 Numerical Evolution

The equations of motion for the phases of the chiral condensate with two quark flavours

consist of two coupled, second-order, nonlinear partial differential equations:

¢ — V2, + v + d%V(qu, 9) =0, i=12 (4.154)

where V2 is the three dimensional spatial Laplacian and the potential is given in (4.151).
Emission of pions and expansion of the domain contribute to the damping, -y, as might
other processes. We do not know exactly how they would contribute, but we simulate

these unknown effects by including a damping term with a natural value for the damping

constant, v ~ Agcp ~ 200 MeV.
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In this section we present the results of a numerical solution of the equations of
motion. The initial data for each of the chiral fields ¢; was chosen on a 3D grid of 163
points. The initial data consisted of random values of ¢; and ¢; = 0. The initial data was
evolved in time steps using a Two-Step Adams-Bashforth-Moulton Predictor-Corrector
method[54] for each grid point with the spatial Laplacian approximated at each grid
point using a finite difference method. We used periodic spatial boundary conditions.

The grid spacing was determined by the length of a side of the spatial grid which was
varied in order to vary the volume. The size of the time step between successive spatial
grids was much smaller than the spatial grid spacing and was fixed at about 10~°MeV ~I.

"~ We evolved the data for 8000 time steps and then applied a Fast Fourier Transform
[55] to the spatial data at evenly spaced time steps. We then binned the data in small
increments of the magnitude of the wave vector and averaged over the values in each bin
in order to obtain the angular averaged power spectrum.

This procedure was carried out for different volumes. In all cases the results were
qualitatively the same. We saw an initial growth of long wavelength modes as in [50] and
subsequeﬁt damped oscillation of all modes. The IEI = 0 modes oscillate and approach
the non-zero equilibrium values of the fields. They exhibit this behaviour in the same
time frame in which the Fourier coefficients of the modes with non-zero wave vectors
fall to a tiny fraction of the zero mode coefficient. This qualitative behaviour occurs for
different total volumes and grid sizes suggesting that this behaviour is not due to finite
size effects.

The Fourier zero mode corresponds to a spatially constant field value. Therefore the
fact that the zero-mode goes to non-zero constant value means that the field approaches
a classical spatially constant field configuration. This clearly cofresponds to a non-
vanishing vacuum expectation value of the field which is the definition of a condensate.

Therefore we can say that a condensate has been formed. This state is the ground state
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Figure 4.18: Time evolution of |¢;| shown for various |k|. Notice that the zero mode
settles down to ¢; =~ 6/Njy.
within the region where 6 # 0. We refer to this condensate as the nontrivial §-vacua.

We should note that the |E| = 0 mode is really only a quasi-zero mode as it is obtained
in a finite spatial volume with periodic boundary conditions. However, the quasi-zero
mode approaches the same value irrespective of the total spatial volume indicatiﬁg that
this really is a condensate. If it were not, we would expect the value of the coefficient to
decrease when the volume of the system increases.

The evolution of the Fourier modes of the ¢ fields is shown in Figure 4.18 for the
specific case of § = 27/16 and a spatial grid of 10 fm on a side. The initial values of the
¢ fields were randomly chosen within the range —77/16 to 77 /16. The zero mode clearly
settles down to a non-zero value. All higher momentum modes vanish extremely rapidly
and are negligible long before the zero mode settles down to its equilibrium value.

The instantaneous distribution of Fourier modes for the evolution above is shown in
Figure 4.19 at a few different times. This graph clearly shows the amplification of the

zero mode as time increases. This phenomenon of coarsening and the formation of a
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Figure 4.19: The Fourier distribution of the field is shown at three times within the first
1000 time steps of the evolution. The amplification of the zero mode demonstrates that
the system exhibits the coarsening phenomenon.

nonperturbative condensate is very similar to earlier discussions in [52].

In Figure 4.20, |@x| is shown as a function of time for three different volumes. We chose
0 = m/16 and the volumes (8fm)*, (16fm)*, and (32fm)®. For each volume, we plotted
the zero mode and the same non-zero mode. Notice that the zero mode is independent
of the volume of the system, while the magnitude of the non-zero mode decreases with
increasing volume. This is the signature that a real condensate has been formed.

For a total volume of (10 fm)3 and 6 = 27 /16 the time for relaxation from the initial
non-equilibrium state following the quench to the nontrivial #-vacuum is approximately
10 fm/ca 4 x 1072%s. This is of the same order of magnitude as the time which we might
expect the central region of the fireball in a heavy ion collision to be isolated from the
usual vacuum. In order to be able to observe a nontrivial #-vacuum in a relativistic heavy
ion collision, it must form before the protective shell breaks down.

As we have stated from the beginning, this is a simplified model. We have not
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Figure 4.20: The zero mode and a non-zero mode are shown as a function of time for
three different volumes. The heavily dashed line represents the smallest volume, the
medium dashed line the middle volume, and the solid line represents the largest volume.
This graph illustrates the volume independence of the zero mode.

attempted to correctly account for the collision geometry in heavy ion collisions since we
have used a cubic lattice for our simulations. This fact is probably not relevant since the
qualitative features of the behaviour are very robust under changes to the periodic lattice.
This implies the behaviour is independent of the boundaries and as such would occur in
any geometry. The volume we have used is just at the upper limit of what we would
expect in heavy ion collisions at RHIC. Finally, we only included a phenomenological
damping term. A complete calculation would have to include a better understanding of
the effects of the expansion of the domain and emission of pions. However, our simplified
calculation suggests the possibility of producing nontrivial #-vacua in heavy ion collisions

at RHIC.

The most natural question to ask at this point is: “If a nontrivial 8-vacuum state can

be formed in heavy ion collisions on a time scale over which they might be observable,
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how would we detect them?”. One of the first suggestions of how to detect them was
that, due to the fact that the §-vacua are odd under charge conjugation times parity
(CP), their decay must produce some CP odd correlations suggested in [32]. However,
one should expect that the signal will be considerably (if not completely) washed out by
the re-scattering of the pions and their interactions in the final states, which mimic true
CP-odd effects. In practice it is quite difficult to overcome the problem of separating
a true CP violation from its simulation due to the final state interactions[56]. A more
promising direction is to look at n(n') — 77 decays[32, 57] which are strongly forbidden
in our world, but nevertheless, will be of order one if § # 0 due to the presence of a
scalar component in the pseudoscalar mesons as discussed in Chapter 2. Calculations in
[57] indicate that this effect could be quite noticeable and provide a definitive signature
of a nontrivial #-vacuum state. One could also look for electromagnetic decays of the
pseudoscalar mesons which show the effects of shifted meson masses and lack of definite
parity. This signature[57] might be easier to detect, as photons have a much better
chance of penetrating the protective shell since they do not interact strongly. Finally,
one could look for signatures related to the decay of the f-vacuum state itself[57, 58].
These signatures range from production of axions to the enhancement of low energy
photons and dileptons. The photons and dileptons could be produced indirectly, from the
decay of the pseudoscalar mesons which are produced in predominantly low momentum
modes or, directly, from the decay of an electromagnetic condensate coupled to the
QCD condensate. In a recent paper[58] we obtained simple estimates for the 7°, n and 7’
production in the decay of a #-vacuum. These results show an amplification of production
in the 10 MeV momentum range with many more n' mesons produced than either 7° or
n mesons. This would result in the enhancement of low energy dileptons which could

possibly provide an explanation for the problem of the excess of low energy dileptons seen

at CERN[59]. Indeed, it was shown in [60] that a sufficiently large enhancement of the
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n'-production® could easily explain the excess of dileptons seen at CERN: In summary,
theré are a number of different ways that nontrivial f-vacuum states could be detected.

Therefore we have shown, through a numerical calculation of the zero temperature
equations of motion with a non-zero induced 6 parameter, that the chiral fields, ¢, after
a quench from high temperature go to a spatially constant non-zero value related to the
f-parameter. This occurs on a time scale of the order of 10723 seconds. The fact that all
other non-zero modes fall to negligible values long before, indicates that we have formed

a condensate or a nontrivial #-vacuum state. This prediction is testable in heavy ion

collisions at RHIC.

3Note that the ' enhancement mechanism in [60] was very different from that described here.




Chapter 5

Conclusions

5.1 Results

The overall result of this thesis is a better understanding of the complexity of the QCD
vacuum.

The #-dependence of the vacuum energy has been clarified by analysis in the anoma-
lous effective Lagrangian approach. The form of the effective potential in this approach
simultaneously satisfies the naively contradictory requirements that the vacuum energy
should depend only on the combination 8/N, and should also be periodic in 8 with period
2m. Furthermore, we have discussed the fact that the #-vacuum energy is determined by
a small parameter proportional to the quark mass m,, which is similar to the disoriented
chiral condensate. This is despite the fact that # appears in the effective Lagrangian
associated with a large parameter independent of m,. This feature actually does not
require the use of the anomalous effective Lagrangian we use, and is true for any effective
chiral Lagrangian which respects the anomalous Ward Identities. This vacuum energy
dependence is actually very significant to the possibility of production of nontrivial 6-
vacua in heavy ion collisions. We have presented results related to the phenomenology of
the pseudoscalar mesons in a nontrivial #-vacuum. We obtained a generalisation of the
7' mass formula expressed in terms of (G2) and (W) to non-zero . We obtained values

for the masses in this model for the light neutral pseudoscalars for arbitrary values of

6. We obtained 7 — ' and my — p — n' mixing angles for non-zero . Finally we showed
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that for non-zero values of 6 the pseudoscalar mesons cease to be pure pseudoscalars, but
acquire scalar components. This #-dependence of the phenomenology of the pseudoscalar
mesons is particularly important to the detection of nontrivial #-vacua.

Analysis of the vacuum structure of QCD in the anomalous effective Lagrangian
approach leads to the realization that the vacuum structure may be very complex. The
analysis shows the existence of metastable vacua (possibly a large number of them) for
non-zero values of # and the possible existence of metastable vacuum states even for = 0.
This is in agreement with the predictions of supersymmetric models. There is even the
possibility of stable solitonic configurations between all the different vacuum states. All
of these different vacuum configurations are potentially producible in relativistic heavy
ion collisions and the increased understanding of the vacuum structure of QCD from this
research will be crucial to their observation.

The decay rate for a single metastable vacuum for § = 0 to the true vacuum was
calculated in both the low and high temperature limits. The results we obtained are
given by Egs. (3.119) and (3.147). These results are important for testing the theory in
heavy ion collisions. In addition, the method used in these calculations represents a new
approach that could be useful in other calculations of this type.

The final results we have obtained concern the formation of nontrivial #-vacua in heavy
ion collisions. Our numerical results in a simplified model suggest that a nontrivial -
vacuum will likely be formed in heavy ion collisions. We also calculated a formation time
of about 1072* seconds, which is short enough that this nontrivial §-vacuum state could
be formed inside the shell of hot debris before the shell breaks down, while the interior
region is still isolated from the exterior vacuum. This means that it may be possible to
detect the nontrivial #-vacua in heavy ion collusions.

As has been emphasised so far in this conclusion, all of the results of this thesis could

be testable in and have important implications for the physics of heavy ion collisions.
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The even more exciting implication of this fact is that we may have the opportunity
to study the physics of the early universe at the time of the QCD phase transition in
experiments at RHIC in the near future. The presence of nontrivial vacuum structure
could have important implications for this epoch in the evolution of the early universe[13,

14, 15, 16, 17, 18],

5.2 Future Research

There are many possible areas of future research which expand upon the results of this
thesis.

There are many methods by which thé fnasses éﬁd the- mixing angles of the pseu-
doscalar mesons we obtained could be altered. For instance, perturbative corrections to
the mass matrix could have quite a significant effect on these values. The inclusion in
the effective Lagrangian of terms of higher order in the quark mass would also lead to
corrections. These corrections are expected to be quite small and are less ‘important than
perturbative corrections. It might be useful to determine how these corrections would
affect these values and if they could bring about better agreement with measured masses.

As was mentioned above, the method used in the calculation of the decay rate of the
false vacuum in Chapter 3 represents a new approach. The method could be applied to
other decay problems already analysed using different techniques to test their agreement.
As well, there is currently interest in other types of domain walls in low energy QCD for
which these techniques might be well suited.

The inclusion of heavy degrees of freedom in the calculation of the false vacuum
decay would be highly desirable for a complete understanding of the decay process.
The inclusion of nucleons or heavy intrinsic degrees of freedom (glueballs) could have a

significant effect on the decay rate of the false vacaum. Unfortunately, it is not clear
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at present how to include these effects and whether they would complicate the problem
beyond the hope of a solution.

The chiral false vacua at # = 0 studied in Chapter 3 was only the most simple of
the possible metastable vacua of this type. For ¢ = 8 there are three other metastable
vacua that one could study. As well, there is the added possibility of metastable solitonic
configurations that interpolate between different vacua. All of these different vacuum
states are potentially producible in heavy ion collisions and could have implications for
the study of the development of the early universe.

As was stated in Chapter 4, the numerical calculation presented there was done in
a simplified model system. While the results are certainly important, it would be more
satisfying to do the calculation in a more realistic model. The cubic lattice that we studied
is highly unrealistic as the reaction volume in a heavy ion collision is shaped more like an
elongated ellipsoid. The qualitative result of the formation of the condensate is almost
certainly unaffected by the shape of the lattice. It is unlikely that the formation time
of the condensate would be affect}ed by the shape of the lattice but definitely possible.
It would be useful to attempt to repeat this calculation taking into account the collision
geometry and compare the results with those shown in this thesis.

A potentially important improvement to this simple model would be developing a
more physically motivated understanding of the way in which the system is damped. We
have included the effects of expansion of the domain and emission of pions in a very simple
phenomenological damping term. Better understanding of how these processes would
affect the dynamics will almost certainly be important in determining the formation
time of, and thus the likelihood of observing, nontrivial f-vacua in heavy ion collisions.

Another important area where more research is required is in the area of determining

experimental signatures of the nontrivial vacuum structure. There have been a number of

ideas put forward about how we might detect nontrivial f-vacua[32, 57, 58]. These ideas
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must be studied in more detail and used to derive testable predictions for experimentalists
at RHIC to measure. As well, it has been suggested that some of these signatures[57, 58]
may already be present in existing data for lower energy heavy ion collisions performed
at CERN[39]. Demonstration of this claim would certainly provide further impetus for
research in this area. In particular, in a recent paper[58], we have obtained simple
estimates for the 7%, 7 and 7' production in the decay of a #-vacuum state which show
enhancement in the 10 MeV momentum range with many more 71"’s produced than 7%’s
or n’s. This would result in an enhancement of low energy dileptons would could explain
the excess of low energy dileptons seen at CERN[59]. In fact, it has already been shown

1

in [60] that a sufficiently large enhancement of the 7’ production® could easily easily

explain the excess of dileptons seen at CERN.

'Note that the ' enhancement mechanism in [60] was very different from that described here.
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Appendix A

Derivation of the Effective Potential for QCD

The purpose of this appendix is to review the details of the derivation of the Effective
Potential for the light fields in QCD. The first section reviews the derivation. The second
section discusses some methods of determining two unknown parameters, p and ¢, of the

Lagrangian.

A.1 Anomalous Effective Lagrangian for QCD

The derivation of the anomalous effective Lagrangian was originally presented in [8]. It
relies heavily on the derivation of the anomalous effective Lagrangian for Yang Mills
theory[7].

.The Anomalous Effective Lagrangian is defined as the Legendre transform of the
generating functional for zero momentum correlation functions. In Yang Mills theory
the relevant operators are the GW@W (topological density operator) and G* = GG,
(gluon scalar current). The correlation functions of these operators are fixed in terms
of the gluon condensate:{c;/m G?) [20, 21]. Actually only the potential part of this
Lagrangian can be constructed as this is the only part that can be fixed by the Low
Energy Theorems. This effective Lagrangian, while not useful for calculating the S-

matrix, is just what we need to study the vacuum properties.

Construction of the effective Lagrangian is considerably simplified by defining new
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complex fields, H and H, which are linear combinations of the relevant operators:

H:1<5( Blas) o ;1 asGG) 1(ﬂ(0‘3)02 '—L%GG) (A.155)

2\ 4o §YM47r 2\ 4o, Ey A

where (a;) = —bypya?/(27)+0(a?) is the Gell-Mann - Low S-function for gluodynamics'
and the first coefficient of the S-function is given by by = (11/3)N.. &yar is a gener-
ally unknown parameter which. parameterises the correlation function of the topological

density:

Blas)
4o

lim i [ dwei m:r{%riaé(x) %GG(O)} O)yas = €2, (EX) gy (A156)

The reason for using these composite fields has to do with the holomorphic structure

of zero momentum correlation functions:

lim ¢ / dwe'® (0| T{H (z) H(0)}0) = —4(H),
limy ¢ / dze ™ (0|T{H (z) H(0)}0) = —4(H), (A.157)

hmz/dxe“” O|T{H(z) H0)}|0) = 0,

where the dimensional transmutation formula:

b,

(- 8m

g2\ 1"
G?) = const lMR exp <_EEZ>] , (A.158)
0

which comes from renormalisation group arguments, has been used. Holomorphy is
analyticity of functions of complex variables. Holomorphy requires that a function of
a complex variable, z, have independent functional dependence on z and z*. We can
immediately see that the fields H and H decouple in the low energy theorems. This
approach is motivated by fact that holomorphy is an exact property of the effective super-

potential in the supersymmetric case. These details are mentioned here for completeness

n [9] the one-loop B-function was used but most of the discussion is formally correct keeping the
full S-function.
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and have some relevance to details discussed in the next section but are not essential for
the understanding.
| It can be seen that the n-point zero momentum correlation function of the operator H
equals (—4)ﬁ‘1(H ). Multi-point correlation functions of the operator H are analogously
expressed in terms of its vacuum expectation value (FI ). At the same time, it is easy to
check that the decoupling of the fields H and H holds for arbitrary n-point functions of
H and H.

The goal of the construction is an effective Lagrangian that reproduces at tree level
all the Low Energy Theorems for the composite fields H and H. Consider the generating
functional of connected Green functions with sources J and J 2:

exp [iW(1])] = ¥ [ DAexp l i [ daG? + m [ dzGG

n'€zZ

+iJ [duH +i] [ dxﬁ]r . (A159)

where A are the gauge fields in terms of which G is defined. Effective zero momentum

fields, h and h, are defined as:

daw - dW
which satisfy the equation:
/dzh:(/d:cH) , /dxl_z:(/dazfl). (A.161)

The effective action I'(h, k) is defined as the Legendre transformation of the generating

functional W (J, J):

T(hR) = —W(J,J) + / dzJh + / dzJh. (A.162)

2Note the summation over the integer, n', which automatically ensures the 27 periodicity in 8 and
quantisation of topological charge. It is completely equivalent to the way that the vacuum angle, 6,
originally appeared in YM theory[61].




Appendix A. Derivation of the Effective Potential for QCD 87

The definition of generating functional (A.159), the Low Energy Theorems (A.157),
and their exteﬁsions to arbitrary n-point functions can be combined to obtain the fol-

lowing set of equations for W (J, J):

n+1
% Wiy = z’"/dmda:l...dxn(T{H(xl)...H(xn)H(O)}> - (—4)"/dx(H>,
3%2;7 Wlejey = & / dzdz, . .. dea(T{H(z1) ... H(z,)H(0)}) = (—4)" / dz (),
k+1
% Wljejeo = O. (A.163)

The solution to these equations is:
_ 1 1 _ .
W) = -3 / do(H)e™ ~ 7 / do(H)e™, (A.164)
which substituted into (A.160) and solving for J, J gives:

J= —% log (%) , J= —% log (%) . (A.165)

These expressions can then be substituted back into equation (A.164) to obtain W as a
function of k, h. The definition of I' (A.162) now becomes a differential equation for the
effective potential, U(h, h) = —(1/V)T'(h, h):

ou -oU 1 -

U-—h— —h— =—=(h+h). A.166
on gr = gt (4.166)
One solution to this equation is:
-1 h 1. h _
= - — 4+ = —+D(h—h .
Uy (h, h) 4hlogc + 4hlogc + D( ), (A.167)

where C, C and D are arbitrary constants. This function is not bounded from below
and for complex argument is not single valued because of the branches of the logarithm.
When dealing with the Veneziano-Yankielowicz effective Lagrangian [5] this problem was
dealt with by summing over the branches of the logarithm [23]. In this case there exists

yet another solution:

4ox C

- 1 R\Y 1 R\ -
Us(h,h) = =—hlog (——) + Ehlog (5> + D(h — h), (A.168)
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where « is an arbitrary real number. We consider the specific case:

o1 h 1. h iz _

where Log stands for the principal branch of the logarithm, p and ¢ (p/q¢ = ) are
relatively prime integers and n and k are integers in the ranges n = 0,+1... and k =
0,1,...,¢ — 1. This is the form of the function that will allow both the /N dependence
and 27 periodicity discussed in Chapter 2. Therefore this is a natural place to discuss
the introduction of the §-parameter into the effective Lagrangian.

The form of the generating functional (A.159) contains an infinite sum over an integer
parameter, n', which enters in the combination § + 27n’. The only term in Eq. (A.169)
which can accommodate the §-parameter in this form is the last since n runs over all
integers and the f-parameter is introduced in the combination: 6 + 27n.

The final answer for the improved effective potential W (h, h) (here “improved” refers
to the necessity of summation over the integers n, k in Eq.(A.170), see Below) reads|[7]:

W h h
e~ tVW(E) Z Z exp {_X (h Log —— + hLog h >
C YM CYM

n=—00 k=0

omn h—h
+ v (k282 A R (A.170)
p 2w 2

where the constants Cy s, Cy s can be taken to be real and expressed in terms of the vac-
uum energy in YM theory at § = 0, Cypr = Cypy = —2eEM(0) = —2e(—by pra,/(327)G?),
and V is the 4-volume. The integer numbers p and ¢ are relatively prime and related to
the parameter € introduced in Eq.(A.156): ¢/p = 2£. Thus, we expect that the parameter
¢ defined in Equations(A.155), (A.156) is a rational number. This expectation is moti-
vated by the fact that it turns out to be the case in all existing proposals to fix the value
of £, to be discussed in the next section, and by experience with supersymmetric models.
(In all likelihood, irrational values of £ would produce a non-differentiable § dependence

for YM theory.) On general grounds, it follows that p = O(N,) and ¢ = O(N, %) = O(1).
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Now this result needs to be generalised to the case of full QCD with N, light flavours
and N, colours. In the effective Lagrangian approach the light® matter fields are described

by the unitary matrix, Uj;, corresponding to the phases of the chiral condensate:
(U, 0%) = —[(TL¥R)| Uy, (A.171)

with?:

— exp Z\/_ , UUT =1, (A.172)

ffn

where A\* are the Gell-Mann matrices of SU(Ny), n® is the octet of pseudoscalar fields
(pions, kaons and the eta meson), 7’ is the SU(Ny) singlet pseudoscalar field (meson)
and Ny is the number of quark flavours. We use the values f, = 132 MeV[22] and
fw = 86 MeV[20] for the meson decay constants®. The indices, ¢ and j, of U;; run over
the quark flavor index, 4,j = 1..... Ny, which correspond to the quark flavours up(u),
down(d) and strange(s), respectively. As is well known, the effective potential for the U

field is uniquely determined by the chiral anomaly and amounts to the substitution:
6 — 0 —1iTr (logU), (A.173)

where Tr refers to the trace of the matrix. In the sense of anomalous conformal Ward
Identities [20], QCD reduces to pure Yang-Mills theory with the substitutions (G*)ocp —
(G*)yum and b = bgep — by Analogously, an effective Lagrangian for QCD should
transform to that of pure Yang-Mills theory when the chiral fields, U, are “frozen”.

Therefore the effective potential for QCD is given by:

V h h
— VW (h,U)
e E E exp{ (hLog2 E+hLog 2eE>

n=-—00 k=0

iV <k+ g 0 —ilogdet U + 27n
P 2T

)hmh ;VTY(MU+hC)}, (A.174)

3Note that the 7' is not really very light, but it enters the theory in this way.

4Note that mixing of the flavor eigenstates is ignored at this level.

5Tt should be noted that what we refer to as fr/+/2 is sometimes denoted f, in the literature. As
well, what we refer to as f, is f,y/V/3 in the notation of [20].
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where M = diag(m;|(V' %), E = (ba,/(327)G?), V is the 4-volume and the inte-
gers p and g are relatively prime and related to the parameter ¢ from (A.155)(A.156)
by q/p = 2€. The physical inputs to this equation are the values of the vacuum con-
densates (as/m G*) = 0.012 GeV*, (U¥¥%) = (V4¥?) = —(240 MeV)? and (I°0°) =
—0.8 (240 MeV)?, and the quark masses (m,,, my and m,).

As mentioned above, the sum over k prevents an ambiguity due to the multi-valued
nature of the log function by summing over all branches of the effective potential[23][8].
The sum over n is the summation over all integer topological charges. The values of the
parameters p and g are not definitely known as different proposals for their determining
lead to different values which we will discuss in the next section. Wherever possible
we will leave the values of p and ¢ arbitrary but we should note that specific results in
Chapter 3 use the the values p = 11N, — 2Ny and ¢ = 8 and the whole basis of the false
vacuum decay in that chapter requires ¢ # 1. The numerical results in Chapter 4 use the
values p = N, and ¢ = 1 but the theory of that chapter is valid for arbitrary p and gq.

Integrating out the heavy “glueball” fields, h and h, by minimising the effective
potential with respect to these variables one obtains the effective potential for the light

chiral fields U and U ©:

T 5
Wers(UUT) = — Jim_ V‘log {Zexp [VEcos [—%(0 —tlog DetU) + %l}
=0

+%v Tr(MU + M+U+)] } (A.175)

which is Eq.(2.29) and the starting point of all the research presented in this thesis.
One should note that most of the results of Chapters 2 and 4 are not sensitive to the

specific functional form of the cos[—¢/p (8 — ilog Det U)| term in the effective potential.

6Note that the summation variable k in (A.174) has been renamed [ in this formula.
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However, the requirement of Veneziano [19] for the resolution of the U(1) problem:

aZk E’UllC

o / de, (GG(z1) ... GG (wa)) ~ (Ni)% , (A.176)

c

supports the cos(8/N,) behaviour of the potential.

The next section will discuss the values of the integer parameters p and gq.

A.2 Determining the values of p and ¢

In the previous section we saw the anomalous effective potential depends on the integer
parameters p= O(Nc) and q = (’)(NC 0) = (’)( ). There are different approaches to the
ﬁxmg of these parameters that lead to very dlﬂ"erent vacuum structure. I will discuss the
physical implications of these parameters and mention some of the different proposals for
fixing their values.

The parameter ‘p’ is the number of branches of the effective potential. It also cor-
responds to the number of distinct vacua before the infinite volume limit is taken. The
parameter ‘g’ determines the number of distinct vacua with different energies that exist
before the infinite volume limit is taken. For g even there are (¢ + 2)/2 different energy
vacua; for ¢ odd there are (¢ + 1)/2 different energy vacua. For ¢ = 1 all of the p vacua
are degenerate in energy. The parameter ‘¢’ is also the number of physically distinct
vacua that exist at # = 0 in the infinite volume limit.

It can be shown that the vacuum energy of the §-vacuum has the following form:

bas baS

E,(0) = (0] = 35~ G°l6) = (0] = 35~ G*0) cos(266) = —| B[ cos(2¢),  (A.177)

where the £ is a parameter from the following low energy theorem:

}Ig%i/dxei”(mT{ *GG(z )8 ()}|o> g2 (Bl%) cay (A.178)

4oy,
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Comparing equation (A.177) with (2.31) for ¢; = 0 and | = 0 we identify 2§ = ¢/p. Fur-
ther, Equation (A.177) can only have 27 periodicity if @ is a rational number. Therefore
restriction to ¢ and p relatively prime integers is physically motivated.

The first method of fixing the values of p and ¢ comes from a self duality hypothesis in
[20] where it was suggested that gluodynamics should be a holomorphic in the composite
operators: G2 + iGG. Comparing with (A.155) and using 8(c;) = —byya?/(27), the
Gell-Mann Low B-function for gluodynamics with by, = (11/3)N,, we find that this
corresponds to ¢/p = 2§ = 12/11N,.

The second approach is based on the analysis of softly broken supersymmetric theories
by counting the number of degenerate vacua. A detailed discussion in the case of pure
gluodynamics is given in [12]. The gluino condensate is given by: (A\) = exp(if/N, +
2nk/N.),k =0,..., N, — 1; this corresponds to IV, degenerate vacua. This sets the value
of ‘p” at N.. The vacua are all degenerate which sets the Value_of ‘g’ at 1. The problem
with this approach is that it is only valid when the gluon mass, m, < Agysy where
Agy s is the dynamical mass scale; pure gluodynamics corresponds to the opposite limit,
mg > Agym. We should also mention that a non-standard non-soft supersymmetric
breaking approach [62] leads to the value p = 11 Ng.

Another approach was motivated by a suggestion in [63] that in QCD with massless
quarks, nonperturbative matrix elements should be holomorphic in the Pauli Villars
fermion mass, Mg. Assuming this holomorphy, they relate the proton matrix element
of the topological density (p|GG|p) with the corresponding matrix element for the gluon
scalar current (p|G?|p). A similar approach was used in [21] for pure gluodynamics to
relate the zero momentum two-point functions of GG and G2. Pure gluodynamics was
considered as the low energy limit of a theory including a heavy quark and holomorphy in

the physical quark mass was argued to hold in the m, — oo limit. Holomorphy requires

the values p = 3byp = 11N, and g = 8.
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An inverse route was used in [64] to determine ‘p’ and ‘q’. This approach again relies
on the fact that holomorphy of pure gluodynamics can be clarified by coupling it to a
heavy fermion as in the previous method. The difference is that instead of starting from
the coupled theory, in this approach the sta.rting point is the holomorphic effective poten-
tial of pure gluodynamics and a heavy fermion is introduced at the effective Lagrangian
level by the “integrating in” procedure »familiar in the context of supersymmetric theories
[65, 66]. The consistency condition used in [64], that the holomorphic structure of the
pure gluodynamics should arise from the holomorphic structure of gluodynamics plus a
heavy fermion, leads to the values p = 3by, = 11N, and ¢ = 8. The agreement of this
method with the previous approach is encouraging.

We do not pretend that the above discussion fully describes the methods or even lists

all the possible ways of setting the values of the parameters ‘p’ and ‘q’. Our goal was

simply to illustrate the uncertainty about the values and give the two main possibilities.
The results can be summarised as follows. The self duality hypothesis, non-standard
SUSY breaking and the consistency conditions of theories with and without a heavy
fermion lead to the values p = 3byy = 11N, and ¢ = 8 or 12. For QCD the corresponding
values are then p = 3bgcp = 11N, — 2Ny and ¢ = 8 or 12. The soft SUSY breaking
approach leads to the values p = N, and ¢ = 1. As was stated at the beginning of
this section, different values of these parameters can lead to some different qualitative
results and are particularly important for the results of Chapter 3. Most of the results

of Chapters 2 and 4 do not depend on specific values of these parameters.
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Hyperspherical Harmonics in Four Dimensions

Hyperspherical coordinates in 4D dimensions are related to the Cartesian coordinates

~ by:
z = r sin(¢) sin(f) sin(¢), (B.179)
y =7 sin(e)sin(8) cos(g), | (B.180)
z =1 sin(y) cos(f), (B.181)
w =1 cos(¢). (B.182)
The Laplacian in 4D in hyperspherical coordinates is:
1. /4 1 . 1 _ 1,
Y Ur T 5 < 9 5 <. 9 ; .« A 9 5 . 9 , .« 9, .
7“38 (r ? ) + r2 sin? @Z)aw (sm 1/)81/}) + r2 sin? ) sin 080 (sin 00p) + r2sin® 1 sin®6 ¢
(B.183)

Assuming separable solutions and treating 6 and ¢ coordinates in exactly the same way

as in three dimensions we obtain the differential equation:

" () + 2 cot ()T’ () — I(I + 1) csc® (W)U (y) = AT (). (B.184)

With the substitution u = cos(%) this becomes:

(1 = w?)U"(u) - 3ul(u) - %U(u) —~ BU(u). (B.185)

If B=n(n+2)and {(l+1) =I'(lI'+1) this can be identified as the differential equation

satisfied by the associated type II Chebyshev functions. These can be obtained from the

94
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type II Chebyshev differential equation in exactly the same way as associated Legendre
functions are obtained from the Legendre differential equation.

As an aside notice that the type II Chebyshev equation is a special case of the Geigen-
bauer (Ultraspherical) equation:

d? d
— Y Ll — Z e — (@) =
(1-=xz )deC" (z) — 2a+ 1)deC’n (z) — n(n+ QQ)CH (z) =0, (B.186)

with o = 1. The Legendre polynomial equation corresponds to o« = 1/2. Hyperspherical
coordinates in all higher dimensions will lead to associated Geigenbauer equations with
integer or half integer a.

The hyperspherical harmonics in four dimensions are given by:

’ l
Yom(0, ¢, %) = A(n, I, m) Vim0, 9) U (cos() Ostsm ,  (B.187)
Yign(0,8) Up'Heos(y)) —n<i< -1

where Y},,(6, ¢) are the usual 3D spherical harmonics and U,,! are associated Chebyshev

type II functions defined by:
l 2\1/2 d’
Un'(2) = (1 =277 Un(z)

— (1 _ $2)l/2 (2_”1_2:(5:":”11/)2\)/?% I:(l - xZ)—l/de% {(1 _ 372)”“”}}(13'188)

for [ > 0 and by:

0e) = g () g [0 B

for I < —2. These hyperspherical harmonics form a complete orthogonal basis for the

functions of the angular variables in four dimensions:

= \ : ot gt 4 — ') o0 — ¢
S Y V0, 6,8 Yo 8, 6, ) = (;fnz,;f) v_7)

n=0l=—nm=-I

é(¢—¢'), (B.190)

/0°° /07T /07T /jﬂ Yo (7, 6,6, )Y (1,0, 6, %) = Sn 16 (B.191)



