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Abstract

It is known that the Standard Model, being a spontaneously broken gauge theory, violates
the decoupling theorem. In practice, this means that amplitudes for low-energy processes
grow without limit as the mass of fermions or scalars is made large. As a result of the
recent determination of a lower bound of 90 GeV on the mass of the top quark and the
general expectation of a large mass for the Higgs boson, this effect could lead to large
higher order corrections to the observables of the theory. In this spirit, we calculate the
two-loop corrections to the By — By mixing amplitude in the two limits of a very large
top quark mass or a very large Higgs mass. Analytical expressions are obtained for the
leading terms. The results are found to be much smaller than what one would naively

expect.
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Chapter 1

Introduction

The Standard Model of particle physics, which is extremly successful in accounting for all
elementary interactions up to about 100 GeV, predicts the existence of two as yet unseen
particles. These particles, the top quark and the Higgs boson, have thus far eluded our
most energetic searches. Their discovery would represent a spectacular confirmation of
the model and would undoubtedly shed light on the mechanism responsible for mass-
generation in nature.

The top quark and the Higgs are, however, extremly difficult to produce and identify
directly. To produce a particle, we must create a collision with at least as much energy
as the mass of the particle. This is a challenge in the case of the Higgs and the top
since they are very heavy (the present limits are m; > 90GeV, My > 54 GeV'). Once
produced, these particles can be difficult to identify because high-energy collisions tend
to produce a lot of “debris ”, especially in the case of hadron colliders.

These circumstances make it worthwhile to look for indirect ways of detecting and
measuring the properties of the top and the Higgs. In this approach, low-energy ob-
servables are measured and their values are compared with a calculation which includes
quantum corrections. The corrections will in general depend on all of the parameters
of the Standard Model including the top quark mass and the Higgs mass. Since the
other parameters of the model are quite precisely known, this allows us, in principle, to
extract the value of these masses from the data. Of course, or this to be at all feasible,

the uncertainty on the value of the observables must be smaller than the size of the
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corrections.

A peculiar feature of the Standard Model makes this task easier: the “weak” in-
teractions of the top quark and the Higgs are not at all weak. These interactions are
mass-dependent and, for suitable values of m; and My, can in fact be stronger than the
“strong” interactions. The corrections due to the top quark and the Higgs are therefore
expected to be quite large and this is indeed what is found for the lowest order correction.
But this immediately raises a question: since the first-order correction is large, shouldn’t
we consider the contributions of higher-order corrections as well?

In this thesis, we address this question by calculating the leading parts of the second
order corrections to a specific observable, the B; — By mixing amplitude. This observable
is particularly sensitive to the existence of the top quark since it wou_ld be essentially
zero in its absence. The fact that it has been measured [1] and is quite large represents
possibly the strongest evidence for the existence of the top. Before explaining what the
By — By mixing amplitude is, I would like to back-track a bit and discuss the role of the

Higgs boson and the top quark in the Standard Model.

1.1 The role of the top quark and the Higgs boson

1.1.1 The Standard Model

The forces of nature are usually considered to be of 4 different kinds:

1. The strong force, which is responsible, among other things, for the existence and

stability of nucleons, mesons and nuclei.
2. The weak force, involved in the slow decay of nuclei.
3. The electromagnetic force which holds atoms and molecules together.

4. The familiar gravitational force, to which all matter is subjected.
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The Standard Model of particle physics deals with the first three of those forces in a
single framework, that of gauge-theories.

In this section, I will introduce the participants of the Standard Model, namely the
elementary particles, as well as some of the necessary terminology connected with them.
I will give only a short overview here; more details can be found in Chapter 2.

Elementary particles can be broadly divided into two categories according to the
quantized value of their angular momentum or spin: with angular momentum measured
in units of & = h/2r, h being Planck’s constant, the spin of fermions is a half-integer
(1/2, 3/2,...) while that of bosons is an integer or zero.

All fermions present in the Standard Model have spin 1/2. They come in two varieties:
the quarks, which participate in the strong interactions, and the leptons, which do not.
As a result of their strong interactions, quarks form bound states (or atoms). (The By
particle is one such bound state, consisting, as we shall see later, of a bottom and an
anti-down quark.) The forces that bind these atoms together are so strong that one
would need an infinite amount of energy to separate their constituent quarks. Quarks
are therefore permanently confined inside bound states and can never be found isolated.
Quarks and leptons interact with one another through the exchange of bosons. There are
two kinds of bosons: the gauge-bosons, of spin 1, and the lonely Higgs boson, the only
particle in the theory with spin zero.

There are, in all, 12 gauge-bosons: . the W* and the Z, which mediate the weak
interactions, the familiar photon (A), responsible for the electromagnetic interactions as
well as 8 gluons (G) which are at the origin of the strong interactions. The electro-weak
bosons (A, Z and W) interact with one another and also with the fermions.

There are 48 fermions generally grouped into three generations: the electron (e), the
electron-neutrino (ve) and the up (u) and down (d) quarks in the first, the muon (u),

its associated neutrino (v,) and the charm (c) and strange (s) quarks in the second and
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the tau (7), its neutrino (v,) and the bottom (b) and top (t) quarks in the third. Also,
for every one of these particles there is an anti-particle. The different varieties of quarks
(i.e. wu,d,...) are called flavors. There are three quarks of each flavor. Quarks of the
same flavor are identical in every respect but one, called color, which is the degree of
freedom of the strong interactions.

The fermions in each generation are conveniently grouped in doublets which reflect

() () ()
) ) ()

The two members of a doublet always have a different electric charge: the neutrinos,as

the symmetries of the theory:

their name indicate, are neutral, the electron, muon and tau have charge —1, the upper
components of the quark doublets (u,c,t) have charge 2/3 and the lower components
(d,s,b) have charge —1/3. Here, all the charges are given in units of the proton charge.

We can now turn to a discussion of the role of the Higgs in the model.

1.1.2 The Higgs boson

The Higgs boson plays a very special role in the Standard Model. In its absence, all
particles would be massless and their interactions would be highly symmetrical. The
Higgs is introduced in order to destroy this symmetry. The way in which this is done
will be described in Chapter 2. We will only mention here that this mass generation
mechanism is related to the interactions of the particles with the Higgs boson: if a
particle doesn’t interact with the Higgs, it has to be massless. Note that this accounts

for the fact that the neutrinos, the gluons and the photon remain massless.
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This mechanism of symmetry breaking has several important consequences. One of
these has to do with the strength of the Higgs-top interactions. Since the particle masses
are generated through interactions with the Higgs, the masses will be proportional to the
strength of these interactions. Turning the argument around, we see that the interaction
strength between the Higgs and a given particle is proportional to the mass of the particle.
More specifically, if we characterize the strength of the electromagnetic interactions by
a = 1/137, then the strength Ax of the interaction of the Higgs with particle X is
approximately

Mk

/\x %a-]w—av (1.].)

where My is the mass of the W* boson(~ 80 GeV) and My is the mass of X. In
particular, ordinary matter couples very weakly to the Higgs (a factor of at least 10*
smaller than electromagnetism). However, the W and Z bosons couple with electromag-
netic strength. More interestingly, the top-Higgs interactions could be about 10 times
stronger than electromagnetism (for m; &~ 3Mw ).These interactions could then be the
strongest interactions around and could perhaps be strong enough to invalidate the use
of perturbation theory. The situation is even more drastic in the case of the Higgs self
interactions. Formula (1.1) is not valid in this case. Instead, a quartic dependence on
the mass of the Higgs is found. The main consequence of all this is that the corrections
to observables due to Higgs-Higgs and Higgs-top interactions are probably going to be
very large and must therefore be taken into account.

Another interesting consequence of symmetry breaking via the Higgs is the existence
of flavor-changing neutral currents (FCNC). In the absence of the Higgs, all fermions are
massless. Any two fermions of the same charge are then physically undistinguishable.
Now, in general, the gauge bosons interact with a pair of fermions as in fig. 1.1 . Given

the undistinguishability of, say, u and ¢, an interaction where f1 is an up quark and f2
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hH

fa

Figure 1.1: Interaction of a gauge boson (V) and two fermions (f; and f)

a charm quark would appear physically meaningless. In fact, it is possible in this case to
redefine what is meant by the “up quark” and the “charm quark” so that gauge bosons
can only interact with fermions which are part of the same doublet. In particular, this
implies that the only interactions between quarks of a different flavors are mediated by
the charged W bosons, a situation referred to as the absence of flavor-changing neutral-
currents.

This is indeed what happens with leptons: here the neutrinos remain massless even in
the presence of the Higgs since they do not interact with it. This leads to lepton-number
conservation. However, all quarks acquire a different mass through their interactions with
the Higgs. As a result, FCNC occur in the Standard Model albeit in a rather indirect
way. The only fundamental interactions (of the type shown in fig. 1.1) between quarks in
different doublets are mediated by the charged W boson. This, by itself, is not a FCNC.
However, by using 2 such interactions as in fig. 1.2, we can generate flavor-changing
neutral-currents. The existence of FCNC is crucial for the mixing of By and B since
this process involves two changes of flavor, i.e. 6 > t — s.

In view of the central role it plays in the Standard Model, it may come as a surprise
that the Higgs is not, strictly speaking, necessary in the theory. There are many ways in
which we can induce symmetry breaking in the model. For instance, one can postulate

the existence of “techniquarks” interacting through a new force (“technicolor”). The
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Figure 1.2: Example of flavor-changing neutral-current

role of the Higgs is then played, loosely speaking, by a bound state of techniquark-
anti-techniquark. Another approach has the top quark itself as the cause of symmetry
breaking, again thanks to one of its bound states. At any rate, all of the alternatives
invented to date contain an object similar to a Higgs, namely a spinless, neutral particle.
The “standard” Higgs mechanism of inducing symmetry breaking can then be regarded
either as a fundamental, irreducible part of the theory or as a limiting case of a more

general dynamics.

1.1.3 The top quark

As can be seen from the doublet structure of the theory, the top quark occupies a rather
undistinguished position in the Standard Model. However, its existence is necessary, both
from a theoretical and an experimental point of view.

There is a quite convincing experimental proof of the existence of the top, although
it is somewhat indirect. It comes from a study of the bottom quark, the top quark’s
partner in the doublet. The interactions of the b quark (or any quark for that matter)
with the gauge-bosons are dictated by the symmetry properties of the quark. In practice,
this means that the structure of the b quark’s interactions is influenced by the number

of partners it has. In the Standard Model, it has only one partner: the top quark. It is
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possible to imagine theories in which the b quark has an arbitrary number of partners
‘ (including zero). By comparing the predictions of these theories with the measured
properties of the b such as its decay rate and its neutral current couplings it has been
determined that the most likely number of partners of the b quark is one, consistent with
the prediction of the Standard Model.

The top quark’s existence is also needed for the self-consistency of the theory. In
general, calculations in quantum field theories involve infinite quantities. There exists a
class of theories, the renormalizable theories, for which the infinities cancel, leaving finite
results for the physical observables. The Standard Model is one such theory. At the same
time, quantum field theories are susceptible of anomalies. These arise when a symmetry
present in the classical theory cannot be self-consistently realised in its quantum version.
Anomalies usually generate extra infinities which can cancel only if certain constraints
are satisfied. Such is the case in the Standard Model. The corresponding constraint is
that the sum of the charges of all the fermions in any generation should be zero. This

can be the case only if the top quark exists and if there are three colors of quarks.

1.2 The B;-B; mixing

We must now answer the question: what is By-By mixing? Of all the possible results
of collisions that one can imagine in particle physics, only some are actually realised.
Those that are realised are found to satisfy certain conservation laws. The best known
of these are undoubtedly the conservation of energy, the conservation of total linear and
angular momentum and the conservation of electric charge. On the other hand, whenever
a reaction is not expressly forbidden by the conservation laws, we can safely assume that,
it will happen, no matter how unlikely it may seem in the first place. Such is the case

with By-By mixing 1.3. Here, a particle becomes its own anti-particle in the course
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Figure 1.3: B;— B, mixing. The b and d quarks to the left of the figure are held together
by the strong interactions (not shown) and form a B; meson.

of its evolution or, more precisely, it oscillates between particle and anti-particle states.
None of the above mentioned conservation laws are violated since By is a neutral, spinless
particle and the particle and the anti-particle have the same mass.These oscillations have
been observed not only for By but also for kaons (a bound state of a strange and an anti-
down quarks). In the case of kaons, the oscillations have been observed over a length of
a few meters!

It is not enough that the phenomenon can occur for it to be observable though. There
must be some means of distinguishing between the particle and the anti-particle. If the
particle is identical in every respect to its anti-particle then the mixing makes the particle
turn into itself, hardly a spectacular event. In the case of By, flavor is what allows us
to tell By and By apart. Thanks to the Higgs, flavor is not conserved in the Standard
Model, which makes the transition possible. On the other hand, particles with different
flavors have very different decay properties, which makes it possible to identify them.

This will be discussed in depth in Chapter 4.

1.3 Outlook

We will now briefly discuss what is to come in the remainder of this thesis.
Chapter 2 contains a description of the Standard Model and introduces some field

theoretical machinery that will be needed in the discussion of renormalization. Also, a
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few power counting rules pertaining to the behavior of Feynman integrals when one of
the particles has a very large mass will be presented.

In Chapter 3, the relationship between the mixing amplitude and the observables
is discussed. A full calculation of the one-loop amplitude is also shown. We will also
present a brief survey of previous two-loop calculations in electroweak theory. This
Chapter contains most of the physics of this work.

Chapter 4 describes the on-shell renormalization scheme used in our calculations.
The discussion is kept quite general with the Appendices adapting the results for the
case under study.

Finally, Chapter 5 presents the 2-loop calculation of the leading contributions. For
completeness, the entire set of diagrams is shown. Most of the technical material is left

to the Appendices.



Chapter 2

Field Theory and the Standard Model

In this chapter, we will establish the necessary machinery for the calculation of ob-
servables in the Standard Model. We will first show how to reduce the calculation of
observables to that of the connected Green functions of the theory. We will then relate
these to a knowledge of the Lagrangian via the path-integral formalism. The Lagrangian
of the Standard Model will then be derived with special attention being paid to the sym-
metry breaking mechanism of the theory. This material is covered in several textbooks
and will be presented here only for ease of reference. We will therefore be brief and omit
most of the proofs. Finally, we will close this chapter with an exposition of an important
theorem pertaining to the behavior of Feynman graphs when one particle in the theory

has a very large mass.

2.1 Field-theoretical preliminaries

The field-theoretical object of interest to particle physicists is the scattering matrix (S-
matrix). The matrix element Sy; is related to the probability of a transition between
the initial state : and the final state f. More specifically, if we write S = 1 + :T, the

probability per unit volume per unit time Py; of a transition from 7 to f is

Py; = (2r)*6*(P; — P)|Ry|

11
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where Py and P; are the momentum of the final and initial state respectively and Ry; is
defined by
Ty = (27)*6*(Py — P:) Ryi.

In the remainder of this section, we will show how to calculate the S-matrix given a
knowledge of the Lagrangian of the theory. A more detailed treatment of this material
can be found in several textbooks, an excellent one being Itzykson and Zuber [2]. A

careful discussion can also be found in Aoki et al. [4].

2.1.1 The S-matrix and the Green functions

In this and the next section, we will often use a theory consisting of a single self-interacting
scalar field ¢ of mass m. This will lead to more compact expressions since there is no spin
structure to worry about. The appropriate changes when fermions and vector (spin-1)
particles are considered will be indicated.

In general, the initial and final states are characterized by the number (and type) of
particles present as well as some of their properties (linear momentum, energy, angular
momentum ...). By initial and final, we mean here long before (¢ = —o0) and long
after ({ = +o00) the interactions occur. For theories of a single scalar field, the states
are completely characterized by the number of particles present and their momenta. The
S-matrix element connecting a final state of n particles of momenta p; (i = 1,...,n) to

an initial state of m particles of momenta ¢; (j = 1,...,m) is given by:

n

(1> PalSlaLs - . Gm) = (iZ'l’z)"“"/d“yl---d“xmexp (ink-yk—iqu-xr) x

k=1 r=1
(Qy, + m?) ... (Op, + M) GCrim (Y1, -« Tm) (2.2)
The notations and conventions are spelled out in Appendix A. Note that formula 2.2
applies only for transitions where all the particles are affected, that is none of the particles

are “spectators” of the collision.
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The functions G,(z,...,z,) are the connected Green functions of the theory. We
will have more to say about them in the next section. The S-matrix element is then the
Fourier transform of a function obtained from the Green functions by repeated application
of the operator Z~1/2(0 + m?) (once for each external particle). Here, Z is a calculable
number between 0 and 1. A free (non-interacting) classical scalar field ¢ satisfies a wave

equation involving this same operator:
(D + m2)¢cl =0

This ensures that the momentum and the mass of ¢, satisfy the usual mass-shell re-
lation p? = m?. (The correspondence between the operators appearing in 2.2 and the
wave function operator for the classical field will form the basis of the generalization to
fermionic external states.)

The factors (O, + m?) in equation 2.2 become —p? + m? after a Fourier transform. If
the external states satisfy the mass-shell relation (as they should, for physical particles),
it appears that the S-matrix vanishes identically! Fortunately, this is not the case because
the Green functions have poles that precisely cancel the —p? + m? factors. This, as well
as the meaning of the factor Z, will be discussed in Chapter 4.

If fermions are present as external particles, we must replace the “wave-function”
operator 12~/ 2(0 4+ m?) by the corresponding operator for fermions. There are four

cases:

a fermion in the initial state : iZ{I/z(ia + m)u(k,€)
an anti-fermion in the initial state : iZ{l/z(ia — m)i(k,€)
a fermion in the final state : —iZ{l/z(ia — m)u(k,€)

an anti-fermion in the final state : —iZ{l/z(i¢ + m)v(k,€)

where k and ¢ are the momentum and the polarisation of the fermion. The spinors u and
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v satisfy the equations:

(k—m)u(k,e) = 0

(E+m)v(k,e)

il
o

2.1.2 Green functions and the generating functional

We are left with the task of calculating the connected Green functions. These can be

defined via a path integral:

Gu(21,. .., 2n) = % [14818(21) ... (2 )exp (i514)) (2.3)

where we assumed again a theory with only one type of scalar particles. The normaliza-

tion factor N is given by:
N = [(dg] exp (5[4)

The symbol [dp] stands for the measure of the path integral. Roughly speaking, [d¢]
is the product d¢(z,)dé(z2)...dd(zk). .. extended over all space-time points z;. Since
there is an uncountable infinity of such points, it is understandably quite tricky to define
[d@] precisely. We will not attempt this here but simply note that this measure has
properties that are similar to finite-dimensional integrals (e.g. translation invariance
[d¢] = [d(¢ + f)] for f independent of ¢, etc.). In what follows, we will only use those
properties and never calculate a path integral explicitly.

The functional S[@] that appears in 2.3 is the action of the theory. It is obtained by

integrating the Lagrangian density L(¢,0*¢):
Sigl = [ 'z L(9,6"9)

The Lagrangian density (or Lagrangian for short) is in general a function of the field ¢,

its derivatives and possibly of the space-time point z.
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In order to make progress in the calculation of Green functions, we must add a source

term to the action, i.e. we replace S[¢] by S[¢] = S[@] + Seource Where
Ssource = /d42}](2)¢(2})

Here, j(z) is called a source. This will not change anything as long as we take the source
to zero at the end of the calculation. But now, using the functional differentiation rule

]

5 =) (2.4)
we find:

. J 15, S,
— 11— ei source __ T e' source 2.5
5 #z) (25)

Using this, equation 2.3 reduces to

(2.6)

where
251 = [dexp (5181 + [ d*2 j(2)d(2)) (27)
is the generating functional These steps are familiar from statistical mechanics.
To calculate the generating functional, we must specify the Lagrangian. To keep the

writing simple, we will consider the Lagrangian
[(a"qs)(am m?¢?| - =

We now write £ as the sum of a free part £, which contains only terms quadratic in
¢ and Ly, the interaction Lagrangian, which is everything else in £. Note that £; may
contain some quadratic terms, a possibility that will be exploited in Chapter 4. For now,
however, we will take Lo = 1[(8,8)(8*¢) — m?¢?] and L; = —2¢*. We now substitute £
in 2.7 and use 2.5 to find

Z[5] ..exp< /d“zll,( e ))) Zol4] (2.8)
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where
2li) = [adlexs(s [ 4= {(08)00) - -+ io)}) (29)

The exponential of differential operators in 2.8 is defined by its power series

'“"‘p{‘%/ &'z (616(@)4} =1- /e (5;@))4 ¥

All that remains to do is to calculate Zy(j). To this end, we focus on the argument

of the exponential in 2.9. Using (8,4)(6*¢) = 9,.(¢#0*9) — ¢0¢ and partial integration,

we can write it as:

/d‘* {—— (D+m)¢(z)+1(z)¢(w)}

where we have assumed that the fields go to zero sufficiently fast at infinity for the surface

term to vanish. We now seek a function G(z,y) such that:
(0 + m?)G(z,y) = §*(z — y) (2.10)

After a Fourier transformation, one finds

dip erl=-v)
(27)* p? — m?

G(z,y) = — (2.11)

We are now in position to make the change of variable ¢(z) — ¢(z) + [ d*y G(z,y)s(¥)
in2.9. Note that the measure [d¢] is invariant under this translation since [ d*y G(z,y)j(y)

is independent of ¢. We get:

2olj) = exp (5 [ #'2d'y ()G (e,)i)) [1dslex {i [ d'= £o(4))}

The path integral is now independent of j(z) and is seen to cancel in the expression for

the Green functions 2.6. We can therefore drop it and obtain:

2olj) = exp (5 [ d'2 d'y i(2)G(21)i)) (212)
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with G(z,y) given by 2.11. It was in order to effect this separation that we kept only
the terms quadratic in ¢ in Lo.

All we have to do now is to use 2.6, 2.8 and 2.12, perform the indicated differentiations
and collect those terms that survive in the limit 7 = 0. This can be rather tedious. The
results of this exercise are usually summarized by means of Feynman rules. (The Feynman
rules for the Standard Model are given in Appendix B.)

Some important changes must be made to generalize this formalism to fermions. First
of all, there are two independent sources (7 and 7) that couple to the fermion. The source
term reads:

Looee = [ d'z {i(2)(2) + Be)n(2)}
where the fermion is denoted by . Fermions carry a Dirac inde;( and the notation
fi(z)y(z) really stands for 7jo(z)y*(z). The analog of 2.4 is:

67:,(::)1"’(3/) = '5,—%(;)%(1/) = §%6%(z — y)

An important point here is that any two fermionic quantities (wether they are sources,

differential operators or fermions proper) anti-commute with one another. For instance,

we have:
)
P (y)na(y) = —¥°(y)6*(z -
SV W (5) = ()6 e - 1)
As a result, the analog of 2.5 is
. 6 LS, 1S,
—1— el source ¢ T e' source
67(=) (=)
.6 s <0\ S,
1 e source — ,./} r)e source
() (=)

and the corresponding changes must be made in 2.6 and 2.8. Finally, the free part of the
fermionic Lagrangian is 9(z)(ip — m)y(z) which translates into

d4p eip'(r_y)

09 =~ Gy g
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The case of vector bosons will be considered when we construct the Lagrangian of the

Standard Model, a task to which we now turn.

2.2 The Standard Model

The Standard Model of electroweak interactions is, in the jargon of field-theory, a spon-
taneously broken SU; ® U; gauge theory. It shares a crucial property with other gauge
theories: it is renormalizable. This essentially means that we can do calculations in gauge
theories without ever encountering a logical inconsistency. This is not true of all field
theories. We will not attempt to justify the choice of SU, ® U; as the symmetry of the
model. It is sufficient to remark that its consequences are amply verified experimentally.

This section is based largely on the excellent text of Cheng and Li {3].

2.2.1 Gauge theories

Gauge theories can be thought of as an attempt to generalize the known symmetries of

the free field theories. Recall that the free part of a fermionic Lagrangian is:
Lr = P(z)(if — m)¥(z) (2.13)

for a fermion v of mass m. This Lagrangian is invariant under the transformation
Y(z) — e *%¢%(z) (which implies P(z) — ¥(z)e’). We can now try and generalize 2.13

so that it becomes invariant under a local version of the symmetry:

Y(z) — e y(z)

Under this transformation, the derivative in 2.13 generates an extra term.

Lr — Lr +9(z) (96) ¥(z)
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However, if we generalize this derivative to D* = §* + ieB* and insist that the field B#

transform as B* — B¥(1/e)0*8(z), we find that the Lagrangian
Loep = P(iP—m)p (2.14)

is invariant. This is the Lagrangian of quantum electrodynamics (QED). The arbitrary
parameter “e” that enter these expressions is the electric charge of 1. It is not fixed
by the theory and could take different values for different particles. (The fact that the
elementary particles found so far have charge 0, +1/3,+2/3,+1 is unexplained.)

The transformations

P(z) — e y(z) (2.15)
B¥(z) — B*"(z)+ (1/€)8"6(z) (2.16)

form a U; gauge transformation. To give a physical meaning to the field B#, we must

find a free Lagrangian for it that is invariant under 2.16. The Lagrangian

1
Ly = —;FuF™ (2.17)

where
F,, =6,B,-0,B, (2.18)
does the job. Notice that this Lagrangian contains no self-interactions of the field B*,
i.e. Lp is purely quadratic in B*. This is a peculiar feature of the U; symmetry.
We can generalize this further by considering two degenerate fermions 1); and v, of

common mass m. The free Lagrangian is:
LE = §1(if — m)ps + $o(if — m)s

which can be regrouped as

£ = §(ip — m)y (2.19)
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’ - ¢1).
"

In this form, it is apparent that the Lagrangian is invariant under ¥ — Ut where U is a

with

2 X 2 unitary matrix. Actually, we can restrict ourselves to matrices U of determinant 1
(SU, matrices) since any unitary matrix can be written as the product of a SU; matrix
and a U; phase which we have already considered. The SU, matrices can be parametrized

as

U(8) = exp {—"2' 0}

where T = (71,72, 73) are the Pauli matrices (discussed in Appendix A). Again, we at-
tempt to generalize this by taking 6 = (6,,0,,0;) to be spacetime dependent. This can
be done at the expense of changing the derivative in 2.19

T - WH
2

o - D' =0"—-1g

The fields W#* = (W{', W;', W1') obey the rather complex transformation law

T -WH T - WH

— U(8) ( 5 ) Uu-'(9) - 3(6“U(9)) U-'(9) (2.20)

Finally, the Lagrangian for the fields W* that is invariant under these transformations
is:
1

Lw = _ZF;UE“” (2.21)

where
F,, =8,W; - 0W. + g™*WiW}

123

and €% is the totally antisymmetric Levi-Civita tensor (¢!2® = +1). This Lagrangian
does contain interaction terms between the gauge bosons. These interactions depend on
the coupling g. Therefore, every doublet interacting with the W will do so with the same

coupling g. As in QED, the strength of this coupling is arbitrary.
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The combined set of transformations

v — U0y (2.22)

W U(9) (T':V") U-l(e)—g(aﬂv(a))v—‘(o) (2.23)

constitute a SU, transformation. This transformation applies only to doublets. Fermions
can also tranform as singlets under SU,. Singlets do not interact at all with the W fields.
There also exist SU, triplets, etc... but these higher representations are not utilised in
the Standard Model nor are they necessary.

The Standard Model has a SU, ® U; gauge symmetry which is a combination of
the two symmetries discussed above. The gauge self-interactions can be used without

modifications in the model:

1 1.
— g FuF* = JFi P (2.24)

Lcauce = 1 bk

with
F,, =0,B, - 0.,B,

and
F,, =8,W, - 8,W, + g’ WiW}
Note that this Lagrangian does not contain any mass terms i.e. terms of the form
M}B"B, or M&,W‘“W;". These terms are forbidden by the gauge symmetry. Therefore,
the fields B* and W' are massless at this stage.
We will now apply the formalism of this section to the interactions of fermions and

gauge bosons in the Standard Model.
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2.2.2 Helicity basis, parity violation and the fermion interactions

The helicity o, of a fermion is defined as the component of its spin along the direction
of its momentum:

Op = —/1—

T

In the limiting case that o, = i /2, we say that the fermion is right-handed and, conversely,
it is left-handed if 0, = —h/2. The parity transformation r — —r changes the sign of the
momentum but leaves o invariant since it is an angular momentum (~ r x p). Therefore,
the left-handed and right-handed states are interchanged under a parity transformation.

The corresponding entities in field theory are the right-handed and left-handed fields
¥r and ¥, (see Appendix A of [21]) where Yyp = Ry, ¥ = Ly and L = (1 — 75)/2,
R = (1 + vs5)/2. (This correspondence holds only in the massless limit but we will see
later that the fermions have to be massless.) Experimentally, the weak interactions are
not invariant under parity. Therefore, the left-handed and right-handed fields must have
dissimilar interactions. In the Standard Model, this is accomplished by taking the left-
handed fields to transform as doublets under SU, and the right-handed fields as singlets.
Before we do this, we must establish some notation.

We define:

€a = (ela P’v T,)
Ve = (Ve Vy,v's)
u/a —_ (ul, C,’ tl)

d,a — (d’, 3,, bl)

The reason behind the primes will become clear when we discuss symmetry breaking.
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v, v,
laL = y QalL =
e, d,

The fundamental fields are then l;;, g,z as well as €4, u/sr, d'sr i.e. the left-handed

Define further:

fields are doublets and the right-handed ones singlet. Note in particular the absence of
right-handed neutrinos. Note also that it is impossible to form a mass term (a term
of the form m;ZmﬁR) which is invariant under SU,. Therefore, the fermions have to be
massless.

The Lagrangian will then be:
Lrermions = Y ¥iiD;
J

where the sum runs over [, g, ¢/, p’ and n’. The covariant derivative D# takes the general
form:

DY = 0" —igT; - W* — i%iY,-B“
where T; = 7/2 if 9; is a doublet and T; = 0 if 4, is a singlet. The hypercharge Y is
related to the electric charge @ by @ = T5+Y/2 where T3 = 1/2 for the upper component

of a doublet, —1/2 for the lower component and 0 for a singlet. Explicitly,
Y(q.)=1/3, Y(u'r)=4/3, Y(d'r)=-2/3
Y()=-1, Y(er)=-2
These values are not fixed in the model; they are chosen so as to reproduce the correct
value of the electric charge of the various particles. This is considered a major flaw of the
theory. Finally, g and ¢’ are two arbitrary couplings. Explicitly, the fermionic Lagrangian

reads:

'
Lrermions = lo(i@ + g‘r - W-— %B)laz, + (10 — g’ B ar

. . g g’ 1 29’ !
+q., (39 + 37" W+ 5B)qaz, + d,p (10 + Tﬁ)u aR
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/
+dy (i — %md'an- (2.25)

2.2.3 The Higgs boson and symmetry breaking

So far, all the particles in the theory are massless, including the gauge bosons. In analogy
with QED, we would then expect the presence of long range forces associated with these
massless bosons. Since only the familiar electromagnetic force is observed to be long
range, it is necessary to generate masses for three of the four bosons in order for the
theory to describe short range weak interactions. This can be done in an ingenious way
with the Higgs mechanism.

To this end, we introduce a complex scalar doublet & (the Higgs doublet) of hyper-
charge 1. Its interactions with the gauge bosons are then automatically fixed and we can

write the Higgs Lagrangian:
Luces = (D, @) (D"®) — V(®) (2.26)

where
/

D,® = (9, - i‘;lr W, — i—gz—B,,)Q.

The Higgs potential V(®) contains the self-interactions of the Higgs. Its general form is

dictated by gauge invariance and considerations of renormalizability:
V(®) = —p®%'® + A\(3'3)? (2.27)

Note the peculiar sign of the quadratic term. If p? is negative, this is an ordinary mass
term. However, a positive u? gives an imaginary mass, an unstable situation. In this
case, the potential looks as in fig. 2.4. The minimum of the potential is then realized for

a non-zero value of ®. It is convenient to write

& =y + ¢ (2.28)



Chapter 2. Field Theory and the Standard Model : 25

‘l'(ch

ol

Figure 2.3: The Higgs potential for u? > 0.

and choose ¢y so that ¢' = 0 at the minimum of V. The vacuum ezpectation value

0
) with v real. This is because the most

v

(VEV) ¢o can always be chosen as 7‘5 (

n

) can always be brought into the previous form by a suitable SU, @ U;
v2

general form (

transformation. In terms of the parameters of the Higgs potential,

v=1/p?/A (2.29)

We can now substitute 2.28 in 2.27 and parametrize ¢’ by

ol P
(H +1ix)/vV2

The result is quite complex. Focus first on the mass terms. Writing:

1
wr = E(WH:W:)
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Z, = cosfyW. —sinfwB, (2.30)

A, = sinbyW; + cosfw B,

with
g/
tanfy = = (2.31)
g
we find:
Canss = LXwrws 4 9% 7 gu gy (2.32)
MASS = 74w 8cos2fy v )

There is therefore a charged W boson of mass My = gv/2, a neutral Z boson of mass
Mz = gv/2cosfy and a neutral Higgs boson of mass My = v2Mv?. The last gauge
boson is the photon, which remains massless. There are also three other scalars , the ¢*
and the y, known as the would-be Goldstone bosons. These “particles” are unphysical:
they cannot appear in external states. Their role in the model is to provide the massive
W#* and Z bosons with a third polarization state (which they would not have as massless
particles).

It is now possible to express the parameters v, g and A in terms of the masses of the

W and Higgs bosons:

2My

v = ——
g
2 2
g°- My

A = =—— 2.33
8 M3 ( )
M?

2 H

=7

Note also the relation Mz = M /cos fw. In terms of these, the Higgs Lagrangian reads:
1 1 '
Lucas = (0u87)(8"6%) + S(B.H)("H) + 5(Bux)(0"x) + My WIW™ + M32"Z,/2
2
-+ (eZA,,A“ + —ecﬁ(c2 — A, Z" + Z‘qé;(cz - sz)ZZ“Z") A

W W (M H + TH + 7 + £4t47)
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9 g I 9.2
+cZ Z“(MZH+8cH +8cX)

+e [¢+W-~(MWA,, +2HA, —iIxA, — sMzZ, — —HZ, +i—x2,) + h.c.]

277 2 2c 2c
2 _ 2
+ [iMwW"”a,,¢+ + i'—g- { (23/1“ + g—?——cs—)Z") ¢+ (H - ix)W_“} + h.c.]
1
+ [MZZ“H,,X + i‘;l {W:qﬁ“ - i(H —1ix)Z, } (6*H +10"x) + h. c]
_v(3) (2.34)

Here, h.c. stands for “hermitian conjugate”, e = gsin 8 and the abbreviations ¢ = cosfy

and s = sin §w have been used. The potential V is given by:

1
V(3) = ;MEH"+

g Mj
4,
My

5 (X{T) (' + 20 + X' +4(4797)" + 4% ¢ H' + 447 67")

o (H + x*H + 2¢* ¢~ H)

Note the presence of an M7 dependence in the couplings.

The Lagrangian 2.34 contains some problematic terms of the form W*#3,¢~. These
terms are very difficult to interpret. Fortunately, they cancel against the corresponding
pieces of the gauge-fixing Lagrangian which will be presented in section 2.2.5.

The gauge Lagrangian 2.24 must also be written in terms of the physical fields 4, Z

and W*. This gives another lengthy expression.

Loruae = (W H)BW;) = (B WH)(O,W7) + 5 [(0°4°)(0.4,) ~ (8 4°)(3,A.)
45 1(0°2°)(8,2,) ~ (8*2°)8u2)] — e [<A"Ap><w+“W;) — (AW (A W)
& (2 2)WWE) — (W2 W) - L (W W W)
(W W) = {ege (A Z)W W) - (W2, W A,)]
tie [(W} A, - WFA) 0" W) — (WHW)(8,4,)] + h.c.}
t+ige {[(W} 2, - W} 2,)(0"W ™) — (WHW)(8,2,)] + h.c.} (2.35)
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We have seen that the Higgs has given a mass to the W and Z bosons and kept the
photon massless. In the next section, we will see how it can be used to generate masses

for the fermions.

2.2.4 The Yukawa interactions

The Higgs doublet has been introduced to generate the vector bosons masses.. However,
there is no reason why it should not interact with the fermions in the model. All that is
required is that the interaction terms obey the SU, ® U; gauge-symmetry and that they
be renormalizable. The last condition means that the couplings involved cannot have
a dimension of (mass)™® where z is a positive number. The gauge invariance is easily
satisfied by coupling the Higgs doublet to a fermion doublet and a fermion singlet and
demanding that the hypercharges sum to zero.

It is convenient to introduce the conjugate of & by

¢ = ‘L.Tzé*.

Explicitly:
(v+ H —1ix)/V2
_¢“
This field has the same transformation properties under SU; than & but it has the

3=

opposite hypercharge, Y(‘i’) = —1. The most general form of interactions between the

Higgs and the fermions is:
Ly = f,fz)l-al,q’e'bk + f,fl‘)ciauiu’m + f,ff)tiaﬂd’bn + h.c. (2.36)

This is called the Yukawa Lagrangian. The matrices f in Ly are 3 x 3 complex matrices
of dimensionless coefficients. This gives a total of 54 arbitrary parameters. However, not

all of these are meaningful. We will see that only 13 of them are free parameters.
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We now introduce the explicit form of the doublets I, ¢, ® and & in 2.36 and simul-

taneously rotate the fermion fields.

e'sr = Sé:)ecR ey Tb(c e VoL = T( Vvt
Sbc ucp uwpp = Tbc UL (2.37)

dor = SDder o = Ty dey
The S and T matrices are unitary. They are chosen to satisfy

\/__ (e)nf(e) (&) _ ml(f)b‘d (238)

with similar equations for u and d. It is always possible to find S and 7 that sat-
isfy 2.38 [3]. The parameters m are the masses of the fermions. We see then directly
that the masses are proportionnal to the interaction strength f between the Higgs and
the fermions.

With all these transformations, the Yukawa Lagrangian becomes:

Ly = —éam(")ea — ﬁam(“)ua - d—am(d)d,,

_ {Hea (")e,, + Huam( by, + Hd, m(d)d }

2Mw
B 2Mw ixéam,(f)%ea - iXI—’amz(zp)'TSPa + ixﬁ'amz(zn)n“}
- \/i!zlww {7am) Readp® — a(mL — mO R)dyVard* +hoc.}  (2.39)

where the relations My = gv/2, ¥r = Ry, etc. have been used. Also, the Kobayashi-
Maskawa (KM) matrix V,; has been defined by Vj, = S®*S™). Therefore, V is unitary
as it is a product of two unitary matrices.

There are then 9 mass parameters as well as the 3 x 3 unitary matnix V,, as free
parameters in Ly. A general 3 x 3 unitary matrix can be parametrized by 9 real num-

bers. However, V,, appears only in the charged interactions of quarks (interactions
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between quarks of different charge). We are always free to redefine the fields by a phase:
¥ — %), When we do this, the combination #,d, that enters the expression of the
charged interactions changes by a phase e'%s. There are 5 independent such phases
and they can be used to remove 5 parameters from V,,. Therefore, Ly contains 13 free
pérameters; 4 in V,p and 9 masses.

Note also that, as promised, the interactions of the Higgs and the fermions are propor-
tional to the masses of the fermions. Moreover, the would-be Goldstone bosons ¢ and x
also couple to the mass of the fermions. Since these can be thought of as the longitudinal
components of the W and Z bosons, we can expect that they too will behave as though
they couple to the fermions with a strength proportional to their masses.

We can perform the field redefinitions 2.37 and 2.30 in the fermionic Lagrangian 2.25

as well. The result is:

LrErMIONS = Uaidus + Eqife, + Gqidu, + daidd,

g _ g _ 2 2 2 =
+£VGZLVG + %eaz ((s —c’)L +s R) es — €€, 4e,
+égzﬂaz ((3c2 — sz)L - 432R) U, + %ﬁmﬂua

93 2 2 2 €5
- g (—(8¢* + %)L + 25°R) d — 5 daAd,

+% (7" Lea + @ VaoW* Lds + h.c.) (2.40)

2.2.5 Gauge-fixing

The parts of the Lagrangian involving the gauge fields (eq. 2.35 and 2.34) are plagued
with problems. One of them, the existence of cross-terms W} 3%¢~, has been mentionned
before. Another becomes apparent when we study the expression 2.3 for the Green
functions. Since the action S is invariant under a gauge transformation, all the field
configurations related by a gauge transformation will contribute the same value to the

Green functions. This produces infinities in the path integral. We will now show how
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to factor out these infinities, using a method originally due to Fadeev and Popov. This
will, at the same time, cure the cross-term problem.

We consider the expression of the generating functional
213 = [1d4) exp {iS1¢] + iSuouree} (2.41)

where ¢ now stands for all the fields in the theory. We insert the identity
/ (6] As[BI6 [£a(B?) - C*(2)] = 1 (2.42)

in 2.41. Here, BY stands for the “gauge transformed” gauge fields (W and B) as in 2.16
and 2.20 and f, and C; (¢ = 1,2,3,4) are arbitrary functions (C, is independent of
6). The delta function appearing in 2.42 is a functional delta function i.e. a product of
ordinary delta functions at every space-time point. Its purpose is to “fix” the gauge by
ensuring that only those field configurations satisfying the constraints f,(B?)—C,(z) = 0

contribute to the integral. Finally, A is a functional determinant

AfB] = det [gb] (2.43)

It is simply the Jacobian of the transformation when we pass from B® to f,. The

generating functional reads:

213 = [148) [1d4) AsBIS [£a(BY) - Cul(2)] exp {S18] + iSuourec} (2.44)

A remarkable fact, which we shall not prove, is that, inasmuch as we are interested only
in gauge-invariant Green functions, the integrand of 2.44 is independent of §. (A proof
is given in [5].) We can then replace B/ by B; and drop the [df] integral (it cancels in

the Green functions). The result is:

23] = [(d¢] A, (BI8 (fol B:) - Ca(e)) exp {iS[4] + iSioure} (2.45)
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We can now write the § function in 2.45 in exponential form by multiplying Z by a

/ [dC] exp{-—-z—ig / d'z Ca(:c)C'“(z)}

where ¢ is an arbitrary parameter known as the gauge parameter. Performing the C

constant

integration, we find:
21j] = [(d46) As[B] exp {iS[6] + iSuonsee +iScr} (2.46)
where Sgr = [ d*z LgF and the gauge-fizing Lagrangian LgF is
Lor=—o7 "(B )fa(Bi)

With the choice of function

fi = aW"+zge(¢” '¢o—¢*“¢) (i=1,2,3)
fo = 0B +ig's (¢'60 — 414) (2.47)

the gauge-fixing Lagrangian becomes:

Lor = =3¢ [HOWHOW,)+ (0" A0 A) + (0°2.)(0"2,)]
——iMW(qS'a"W;r - ¢+6"W;)

~Mzx0"Z, — €My ¢* ¢~ — EM7X" /2 (2.48)
Three points are noteworthy about Lgr

o The cross-terms in Lgr cancel precisely those in Lyigas (eq. 2.34). The functions

F; were chosen to accomplish this.

e The would-be Goldstone bosons ¢ and x acquire the mass /EMy and /EMz

respectively.
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e There are quadratic terms in the gauge-fields which complement those in Lgaucge

(eq. 2.35).

We can now construct the free part of the gauge boson Lagrangian. Consider the Z

boson for example. Collecting all quadratic terms in Z, we find:
1 4 pyv 1 1T¥a1% 2 _uv
SFREE=§/d :BZ" Dg —(1—2)66 +MZg Z,,

which gives the propagator
d4p eip'(z—y)

Gy I W9+ €D /6 - )

GZ(IB, y) =

There is one remaining factor in the generating functional 2.46, the Jacobian Af(B).
It too exponentiates thanks to the following remarkable property of integration over

anti-commuting variables

/ [dc][dc!] e°'4¢ = det A.
We will skip the details here; they can be found in Appendix B of [3]. Suffice to say that 4
complex anti-commuting fields w*, wz, w4 have to be introduced. (Note that(w*)t # w™
since the w are complex.)

These fields are called ghosts and, like the would-be Goldstone bosons, they cannot
be found in the initial and final states. The Lagrangian that one constructs with this
exponentiation is called the Fadeev-Popov Lagrangian Lrp. It depends on the gauge
parameter {. However, this parameter is totally arbitrary and, therefore, unphysical. No
observables can depend on . Two commonly used values of this parameter are: ¢ = 0,
known as the Landau gauge and the Feynman gauge £ = 1. We will use the latter in this
work. |

The total Lagrangian of the Standard Model is given by the sum of 2.34, 2.35, 2.39,
2.40,2.48 and Lrp. We can then follow the procedure of section 1 to extract the Feynman

rules of the theory. These are given in Appendix B.
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2.3 A word about the strong interactions

The strong interactions are introduced in the model in a way that continues the pattern
of section 2.2.1. Every flavor of quark is assumed to come in 3 colors. They are grouped
in triplets, say

Ya

v=1

Ye
where a,b,c are the color labels. The free Lagrangian (i@ — m)v is invariant under
a SU; transformation (3 x 3 unitary matrices of determinant 1). Once more, we make
this symmetry local by the introduction of 8 gauge-fields: the gluons. The gluons do
not couple to the Higgs and remain massless. This theory is called Quantum Chromo-
Dynamics (QCD). We will not go in the details here but simply mention some of the
model’s most important properties.

First, QCD is assumed to lead to confinement. This means that the external states
admissible by the theory must be invariant under SU;. No free particle can be found that
carries a net color. This implies in particular that the quarks themselves cannot occur
as free particles: they are permanently confined inside bound states. The bound states
must also have a special structure. For instance, the By meson has the quark content
d*b, where a is the color index and a sum is implied over a. Only this combination is
invariant under SUs.

Confinement is , so far, only a conjectured property of QCD; it hasn’t been proved.
Asymptotic freedom is an interesting property of QCD that has been proved. In an
asymptotically free theory, the coupling can be considered to decrease with energy. wa,
a coupling is a fixed number and cannot depend on energy so this statement is at best

ambiguous. To define it more precisely, we have to consider the gluon-quark-antiquark
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Figure 2.5: The gluon-quark-antiquark connected Green function.The blob represent all
possible insertions of quarks and gluon lines

connected Green function (fig. 2.5). In lowest order of perturbation theory, this is ig,7#A4
where g, is the strong coupling and A“ is a Gell-Mann matrix. If we calculate this function
to all orders in perturbation theory and keep only the largest terms in t.he limit that the
energy of the gluon becomes large, the perturbation series sums to tg( E)y#A* which is
of the same form as before but with an effective coupling that depends on energy. It is
this effective coupling that decreases with energy.In practice, asymptotic freedom means
that the strong interactions of quarks and gluons will not be so strong at high energy,

and that perturbation theory can be used reliably in this case.

2.4 An important theorem

In chapter 5, we will be concerned with the calculation of Feynman diagrams when the
mass of one of the particles involved becomes much larger than all the others. In those

circumstances, we expect to find:
DzM"(D)(l o))
+0(47)

where D is any diagram, M is the large mass and m any small mass. This should hold,

up to logarithmic corrections in M. In this section, we will show how to obtain an upper
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bound on A(D) for any given graph D with at least one loop. We will not prove the
result here. (See Collins [6] and references therein for a more detailed discussion)

We begin with some terminology. A line in the graph is said to be massive (massless)
if it stands for the large mass particle (a small mass particle). We will restrict our
considerations to graphs with massless external lines. The graph’s internal lines are
further divided into heavy lines and light lines. This classification is motivated by the
fact that, for the purpose of power counting, the internal lines can be considered to
carry either a large (= M) momentum or a small one (< M).Heavy (light) lines are the
lines carrying large (small) momentum. Since we consider processes at small external
momentum, conservation of momentum implies that heavy lines must form closed loops.
Finally, the lines are either fermionic or bosonic according to whether they represent a
fermion or a boson.

The contributions to A(D) are then as follows:
e +4n where n is the number of independent loops formed by the heavy lines.

e —2 (—1) for a heavy bosonic (fermionic) line, irrespective of wether it is massive or

massless.
e —2 (—1) for a light, massive bosonic (fermionic) line.
e 0 for a light, massless bosonic or fermionic line.

This is essentially power counting. Note that these contributions depend on which
lines we choose to call heavy. There are, in general, several ways of doing this (subject
only to the condition that the heavy lines must close on themselves). If we call A°(D)
the value obtained for one particular choice of heavy lines then A(D) is the maximum of

A°(D) over all possible such choices. We proceed with a pair of examples.



Chapter 2. Field Theory and the Standard Model 37

t
z : Z
t

Figure 2.6: A 1-loop illustration of the power counting theorem: the top-quark contribu-
tion to the self-energy of the Z boson

The first example is the top-quark contribution to the self-energy of the Z boson
at 1-loop (fig. 2.6). We want to obtain the leading behavior as m; > Mz. The two
top-quark lines in the graph are heavy, massive fermionic lines. There is only one choice
of heavy lines and the power counting gives:+4 —1 — 1 = +2. We then expect the graph
to behave as m? for large m;. The behavior found is m?lnm, which is compatible with
the theorem.

A more complex example can be taken from the By — B, mixing at two loops. The
basic graph is shown in fig. 2.7 where the lines b, ¢, d, and e are W bosons, line a is a
Higgs boson and f and g are top-quarks. We want to extract the leading behavior in
My as My gets large. Therefore, the only massive line is a. There are 4 possible choices
of heavy lines (see fig 2.8). We give below the value of A°(D) for each choice, listing in

detail the contribution of every line.

Graph (a): lines a, b and d are heavy bosonic — —6
line f is heavy fermionic - -1

lines ¢, e, g are light, massless -0

Since there is one loop, A®) = —3.
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Figure 2.7: A 2-loop illustration of the power counting theorem: contribution to By~ By
mixing. The meaning of the labels is explained in the text.

(%)

(c) (d)

Figure 2.8: The 4 choices of heavy lines (indicated by thick lines) for the previous graph
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Graph (b) is the same as graph (a).

Graph (c): lines b, ¢, d, e are heavy, bosonic — —8
lines f, g are heavy fermionic — —2

line a is light, massive, bosonic — —2

With one loop, we get A9 = —8.

Graph (d): lines a, b, ¢, d, e are heavy bosonic — —10

lines f, g are heavy fermionic — -2

There are two loops, so A9 = —4

The maximum value is therefore —~3. The actual behavior is Mz*In*(My). This
illustrates an important point: the procedure described above yields only an upper bound;
the actual behavior may be “softer”. Generally, however, the exponent found with this
method is the correct leading exponent.

This theorem will be used in Chapter 5 to determine which graphs are leading graphs.



Chapter 3

B, — B; mixing and radiative corrections

In this chapter, we will examine the physics of By— By mixing. We will begin in section 1
by the study of mixing of two stable states in quantum mechanics. In section 2, we
will generalize this result to unstable states and move on to a discussion of By — By
oscillations. The expected signature of the phenomenon will also be touched upon. We
will then proceed with the one-loop calculation of the mixing parameters in section 3.
We will restrict ourselves to calculations in the Standard Model. We conclude in section

4 with a brief summary of the status of two-loop calculations in electroweak theory.

3.1 A quantum mechanical example

It is well known that two-state quantum mechanical systems can exhibit oscillations in
time between the two states. We will review this phenomenon here as it represents a
simplified form of B; — By mixing.

The most general Hamiltonian for a two-state system can be written, after a suitable

rescaling

1 €/2
H= (3.49)
/2 1+0

This Hamiltonian is expressed in the basis [1), |2) where

40
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The transitions between |1) and |2) are induced by ¢, the non-diagonal term of H. In
practice, € is a small perturbation and 1 and 1 + 8 are the unperturbed energies. The
parameter [ is therefore a measure of the energy difference between the unperturbed
states.

Suppose we know that the system is in the state [1) at ¢ = 0. We want to find the
probability that the system be found in state |2) at an arbitrary time ¢ > 0. This is given

by the square of the modulus of the transition amplitude 7T},
Ty = (20 Y1)

To calculate Ty;, we introduce the eigenstates |+) and |—) of H with the corresponding

eigenvalues E, and E_ and use completeness
Tip = e Frbal4) (+]1) + 742 -) (- 1)

The eigenvalues and eigenvectors can be found easily from 3.49. The result is remarkably

simple

T = —ie—i(1+B/2)t (___
N

) in (/B ¥ %)

The transition probability is

lel> .
Py = 2_+|—H2- sin’ (\/,32 + lelzt) (3.50)

The time-averaged value takes a very simple form

1 e
P = - —
el =55 TP

From these expressions, it is apparent that the oscillations can be sizeable only if the

energy difference B isn’t much larger than the perturbation. This explains why the

phenomenon isn’t very common. In the case of two perfectly degenerate states (8 = 0),
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the time averaged transition probability reduces to 1/2, independently of the size of e.

The eigenvectors also become independent of € in that limit
1
) = = (1) £ 2)

This particular case is important for the By — By mixing since By and B, have exactly

the same mass.

3.2 The B; — B; mixing

The By — By oscillations involve one feature that hasn’t been discussed so far: the B
mesons can decay. If the oscillations are to be observable, they must occur before the
mesons decay. A look at formula 3.50 for the transition probability shows that this will
be possible if the perturbation € is larger than the width (or inverse life-time) I'g of the
meson.

These notions can be made more precise by the introduction of an effective Hamilto-
nian [7] for the time evolution of the B — B system (we will drop the subscript d from

now on). In the rest frame of the B

1‘) B M —iT/2 M, —il,/2
B

B ' B
H =|M - 1—2— _ = _ (351)
B M7, —T7,/2 M -T2 B
This “Hamiltonian” is not hermitian since probability isn’t conserved in the B — B
system as a result of the decays of B and B. However, both M and I' are hermitian
but their eigenvectors need not be the same. Note also that the diagonal elements are
equal. This is a consequence of the C PT symmetry. This symmetry, which is obeyed

in all quantum field theories, interchanges final and initial states and replaces particles

with anti-particles and all constants by their complex conjugate.
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The eigenvectors of H can be written down in the form:

2(1 +[€f?)

Here, € (which should not be confused with the € of the previous section) is given implicitly

by

nEl—e_JMﬁ—ﬁhﬂ (353)

1+E— M12—1:F12/2
It is a measure of C P-violation in the system. We will see later that it can be neglected

in the By — By system.The corresponding eigenvalues are M 5 — :I['; /2 where:

M1,2 = MiRCQ

T2 = T'¥2mQ ‘ (3.54)

with

Q = /(My; — iT12/2)(M;, — iT},/2) (3.55)

Suppose we start at ¢ = 0 with a pure |B) state

[¥(t=0)) =|B) = \/____;(:JI;IE) (1B1) + |Bz)) (3.56)

The time evolution of |B, ;) is very simple since they are eigenstates of H. We get, at

time ¢:

p(t)) = T——V;(fl') [t =N/t g~ (M =T/ )] (367)

We can use eq. 3.52 to eliminate |B,) and | B;) and express |[(t)) as a superposition of | B)

and |B). The coefficients of this superposition are the transition amplitudes A(B — B)
and A(B — B)

-A(B—- B) =

!

2

A(B - B) — % (i —: 6) [e—lete—Flt/2 _ e—lete—r2t/2]
€

[e—iMlte—I‘lt/z " e—iMzte—I‘zt/Z}
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A useful quantity is the ratio r of time averaged probabilities:

/waLMB-»BW

=2 (3.58)
/ dt|A(B — B)|?
0
A direct calculation gives
1 — € 2 $2 + y2
"= T (3.59)

where z = AM/T and y = AT'/2T" with

AM = Ml—Mg

AT = It -1,
Note that
0 < z!<
o < v=(p5r) <

Then, neglecting C P-violation (¢ = 0), we have
0<r<1
Values of r close to 1 obtain in two cases:

1.  — oo. This can happen when AM is much greater than the width either because

the particle is stable (I' — 0) or the perturbation (M;, — iT';5/2) is large.

2. y — 1. This happens if one particle has a much greater lifetime than the other.
This is the case for K — K mixing. |
Similarly, we could obtain

1+e€
1—¢

2 :1:2+y2

Ty (3.60)

r =
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where

/°° dt|A(B — B)|?
- __ 40

T /0°° dt|A(B — B)J?

Note that » = 7 in the absence of C P-violation. Therefore, the asymmetry

is a measure of C P-violation.

To make connection with the real world, we must specify how this phenomenon is to
be observed. The standard way of doing this is to first produce a bb bound state, the
T(4s) resonnance. This bound state then decays almost immediately to a By — By pair
via the strong interactions. The B mesons then evolve in time according to the previously
described formalism. Because of the oscillations, there are three different types of final
states that can be observed: BB, BB and BB. The BB final state includes the possibility
of a “double flip” BB — BB. As will be seen later, these final states are identified by
their decay properties.

Typically, r is measured through the ratio

_ N(BB)+ N(BB)
~ N(BB)+ N(BB)

R

where N(BB) is the number of BB final states observed etc. The final states BB and
BB are undistinguishable and are kept separate only as a reminder of the possibility of
a double flip.

A naive evaluation of R in terms of r and 7 gives

T+7T

R=1+7’7"

This result is correct when the B and B evolve independently. It must be modified when

they form a coherent pair, as is the case at the T(4s) resonnance [8]. This bound state
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has J =1 and C = —1. The B; — By pair it decays into must have the same quantum
numbers. This means that the produced state is

|B(ks,£)) | Bk, ) — | Bk, 8)| Bk, )
where, neglecting C P-violation:

|B(t)) = R(t)|B)+C(t)|B)
|B(t)) = C(t)|B)+ R(t)|B)

The functions R(t) and C(t) are the amplitudes to “remain” or to “change”, namely

R = A(B- B)=A(B > B)
= A(B - B)=A(B - B)

If the two decays take place at ¢t = ¢, and £ = ¢, respectively, the superposition becomes
(R:C; — CiR;) (|BB) — |BB)) + (RiR, — C\C2) (|BB) — | BB))

where R,C; = R(t1)C(t;) etc. Therefore, we get:

/dt1 dt; |R.C, — CL R,
R —_—

- /dtl dt; |RiR; — C,C,*

A lengthy calculation gives R = r.

Finally, we will say a word about the identification of the final states. The B; meson
lifetime is very short (= 107!2 seconds) [20]. Furthermore, the By — By pair is produced
almost at rest. Therefore, the mesons will not travel at all and will decay at the collision
point. They must be identified by their decay products.

The B; meson is the lightest meson carrying the b flavor. Its decay must therefore

involve a change of flavor and, consequently, the emission of a W boson. In the spectator
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B4 b
(@3

a,

X+

Figure 3.9: B, meson decay in the spectator approximation. X% is usually the D+
meson.

approach, the W is assumed to be emitted by the b quark with the d quark a “spectator”
of the process (see fig. 3.9). This approach, which is reasonable since the b quark is much
heavier than the d quark, is known to work very well. A consequence of this is that By
will always decay through the emission of a W~ while B, decays to a W*. This is what
allows us to differentiate between the two mesons.

The Wt in these decays is necessarily virtual: there is not enough energy available to
produce a real W. It is identified by its decay. The W~ (W*) decays roughly one third of
the time into a charged lepton I=(I*) and a neutrino #(v), the neutrino escaping detection.
This mode is very specific to the W and allows for a clean identification. In short, the
final states sought experimentally consist of two charged leptons and some hadrons, the
leptons being both negatively charged for a BB state, both positively charged for a
BB state and carrying different charges for a BB state. The complete process can be
represented schematically as in fig. 3.10 when no mixing occurs and as in fig. 3.11 for
a case with mixing. In both cases, the charged leptons (either muon or electron) have
to be observed. A great deal of care must be taken to distinguish these leptons from
those coming from other sources (X and Y decays, photo-production, etc.). The reader

is referred to [1] for the details.
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Figure 3.10: Production and decay of a By — By pair (without mixing). X and Y are
charged mesons (usually D¥).

Figure 3.11: Production and decay of a By — By pair. The blob on the By line represents
the mixing transition By — By. X and Y are as above.



Chapter 3. By — By mixing and radiative corrections : 49
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Figure 3.12: Lowest order contributions to M;,. The final state is at the top of the
diagram and the initial state at the bottom.

3.3 M, and the box-diagrams

The formalism of the previous section relates the mixing ratio r to a knowledge of the
effective Hamiltonian of eq. 3.51. In this section, we will calculate the parameters M;; and
I';; of this Hamiltonian to lowest order in perturbation theory. (The other parameters,
M and T', are known experimentally). Chapters 4 and 5 are devoted to higher order

calculations of the same parameters.

3.3.1 The box-diagrams

M, and T';, cause transitions between the B; and the By states. In the Standard Model,
the lowest order diagrams thet contribute to M;; are shown in fig. 3.12. The quarks in
the loop can be ¢, c or u but we will see later that the contribution of the top quark
dominates. There is also the corresponding s-channel diagrams (fig. 3.13) but these can
be found from the previous graphs via a generalized Fierz transformation.

I';; is the absorptive part of these diagrams. The contributions come from the region of
loop momentum where one or more of the particles in the loop are on-shell, corresponding
to a real decay of the By (or B;). However, as we will discuss in greater depth in
Chapter 5, we will use the approximation that m; = 0 in the loop integrals. This means

immediately that I';; = 0 since a massless particle cannot decay. This result allows for a
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Figure 3.13: The s-channel diagrams

considerable simplification of the formulas for the mixing ratios » and # namely:

2:2

2 + z?

r=7r=

where z = 2|M;,|/T'. Also, the C P-violation parameter ¢ becomes purely imaginary in

this limit and can be neglected since it can be removed by a phase redefinition of the

| Ba).

There are two quantities which influence the relative size of the contributions of the

50

different internal quarks (u, c, t) to M;;: the mass of the quark and the KM matrix

elements.

The exchange of an up-type quark between the b and d quarks involves the combina-

tion of KM matrix elements V;V,, where ¢ = u, ¢ or t. Using Wolfenstein’s parametriza-

tion of the K M matrix (see eq. 4.89), we get:
wdVub = A/\:’pei"IS
ViV = —AX

Ve = AN(1-peT'9)

Since the size of these expressions is mainly governed by A, we see that all three of them

are of the same order of magnitude.

The dominant factor determining the relative size of the contribution of the various

quarks is their mass. The sum of the graphs of fig. 3.12 behaves as m2/Mj;, for a quark



Chapter 3. By — By mixing and radiative corrections 51

mass my > Mw and as a constant if m; < Mw. We can factor out the dependence on
the KM matrix elements to get
Box = Z a,'ajE(m;,mj) (361)
0
where a; = V;V,;, and the sum extends over u, ¢ and ¢. We can take m, = m. = 0

in 3.61. Using the unitarity of the KM matrix (3°; a; = 0), we find:
Box = af (E(m¢,m¢) — 2E(m,0) + E(0,0))

where E(0,m.) = E(m,,0) has been used. Only the first term contributes to the leading

m? behavior. Using the methods of Appendix F, we find:

S
Box = Som7 (M{},) f(=)m (3.62)

where

m = UgyuLuptgy” Luy

1
flz) = 4(—175)3(1 — 12z + 272 — 42° — 6zln z)

with z = M, /m?. The function f(z) increases monotonically from 1/4 at z = 0 to
1 as # — oo. It has therefore a very weak dependence on m;.

The diagrams of fig. 3.13 sum to the value 3.62 with the replacement
M — 7'y = BavuLusiay* Lus

As mentioned earlier, 7, and 7’; can be related.
Referring to figs 3.12 and 3.13, we attach a subscript 7 (f) to spinors in the initial
(final) state. We get:

m = UgiVuLlvpsiigry" Lug;

7y = UaiYuLuptigy” Luyg
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We see that 7’; is a product of two quantities involving only the initial or the final
state while 7; involves “mixed” terms. It is convenient to disentangle 5, by a Fierz

transformation.

If we write the color indices and the spin structure explicitly in 7,, we find:

~aa, eB_cp fr

M = Bacbes (¥ L)ap(YuL)or (vd Up Ug Uy )
A well known Fierz transformation gives

(Y L)ap(YuL)pr = =(7*L)ar(vuL)ps (3.63)

We can also transform the color term. Writing
5ae6cf = Asafgec + hAB’\;queBc

where the A's are the Gell-Mann matrices, we find A = 1/3 and hyp = 2645. The
identities

TrA? = 0

TrA*AP = lb‘AB
2

have been used to derive this result. Putting it all together:

1
m = 517’1 + 2174/\A7”Lubﬁ-d/\A'Yuva

where the — sign of 3.63 is cancelled by the permutation of the anticommuting spinors.

3.3.2 The strong interaction corrections

There are two types of strong interaction corrections to this result. First, there are the
short range corrections due to the exchange of gluons between the quarks in the box-
diagrams. These can be computed in perturbative QCD. These calculations have been

done only in the unrealistic limit m, < My,. We will not consider them further here.
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Secondly, it is necessary to correct for the fact that the results of the previous section
apply to free quarks while in reality they are confined inside the mesons. To this effect, we
must first construct an effective Hamiltonian H.g that is, a Hamiltonian (or equivalently
an interaction Lagrangian £; = — H.q) which reproduces 3.62 for the transition bd — bd
when evaluated in first order in perturbation theory. This is done by replacing the spinors
in 3.62 by the corresponding quark operators and multiplying the result by i/2 where
the 1/2 is a symmetry factor. We get:

4

Ha = 5o (37 ) 1600 (3) {5(@nte + 2@nam.tey)

To account for the strong interactions, we must take the matrix element of H.g

between a By and a Bj state instead of between free quarks:
M,; = (By|Hest| Ba) (3.64)

The matrix element M;2 must be evaluated in a non-perturbative model of the strong
interactions, for example a QCD lattice calculation. An approach which is often discussed
in the litterature is the vacuum saturation approximation. The matrix element of an axial

current between a B, and the vacuum is defined by

_ _ 1
(Oldv,7sb| Ba) = —2 fp (3.65)
2E,

where p, is the 4-momentum of the meson and E, the corresponding energy. The constant
fB could, in principle, be determined from a study of the leptonic decay modes of By. The
matrix element of the vector current can be neglected since By is (mainly) a pseudoscalar.

The calculation then proceeds with the insertion of a complete set of states in H.g
i.e.

(Bal(dyuLb)*|Ba) = D (Ba|dy* Lb|n)(n|dv,Lb| Ba)

n
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The approximation consists in neglecting all states but the vacuum in the sum. Under

those conditions, we get, using eq. 3.65
7 2| 1,
(Bal(d7,Lb)"| Ba) = 7 fpms

in the rest frame of the meson. Note that in this approximation, the octet term (dA®v* Lb)?
doesn’t contribute at all since both the vacuum and By are color singlets.

Putting it all together, we get:

g* m{ 2
M = —— | — T B
127 199x2 (M;V) f(2)fBams
where the factor Bpg is inserted to take possible deviations from the vacuum saturation
approximation into account. The value of f3Bp is subject to rather large uncertain-

ties and must be calculated in an other model (typically lattice QCD) or taken from

experiments involving B meson decays. This is done in the case of kaons.

3.4 Status of two-loop calculations

The physics of the gauge-bosons has received a lot of attention lately as a result of the
LEP I experiments [17]. It is therefore no surprise that the only other calculation at the

two-loop level in electroweak theory is that of the p-parameter which is defined by:

_ (Mz cos GW)
p_ MW exp

Unfortunately, many different definitions of the experimental quantities Mzexp, Mwexp
and (cos fw )exp have been used in the literature [9], yielding different p-parameters. Fur-
thermore, even when two authors agree on their definition of p, their result may differ
because of the use of different renormalization schemes. We will not attempt to give a
precise definition of p here. We will instead give some of its generic properties that have

been found to be independent of the specific definition.
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First, every reasonable definition of the experimental quantities is such that they
reduce to the corresponding renormalized parameters at tree level (e.g. Mze,p = Mz).
Since the relation Mz cos iy = My holds between the renormalized parameters (in any
renormalization scheme), we obtain p = 1 at tree level.

When we consider loop corrections, the calculated value of p can be expressed in the

form

p =1+ abp; + a*6p, + O(a®)

We are interested in the dependence of é§p, and §p; on My and m,. The 1-loop coefhi-
cient §p; depends quadratically on m, (for large m,) [10]. This is what is expected by
power counting. (It is in contrast, however, to the situation in unbroken gauge-theories
where the dependence of every low-energy quantity on m, has to vanish as m; — oo [12].
However, it depends only logarithmically on My [11]. The M}? terms cancel when sum-
ming over all graphs. This effect, which generalizes to all other low-energy observables in
the Standard Model, has been called screening by Veltman: the effects of the Higgs are
effectively “screened” from low-energy physics. These properties of §p;, are independent
of the renormalization scheme used to calculate it.

The two-loop corrections §p, have been calculated by Van der Bij and Hoogeven [13]
for large m, and by Van der Bij and Veltman [14] for large My. In the case of large
™, a quartic dependence was found, which is again what is expected by power counting.
In the large My case, the behaviour found was M%. Again, the behavior is softer than
what would be expected by power counting. The coefficients of the M7 and m} terms
depend strongly on the renormalization scheme. Note however that the authors of ref. [14]
neglected the t¢H coupling which cannot be neglected anymore. To our knowledge, this
thesis is the first calculation that studies the limit when both m, and My are large. This

will add to our understanding of the “decoupling theorem” [12] in field theory.
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As will be seen in Chapter 5, the leading behavior found for the By — By mixing
amplitude at two loops is m{ for large m, and aln? My + bln My for large My. This

explicit dependence has not been obtained before.



Chapter 4

Renormalization

4.1 Introduction

In Chapter 2, we have described how to obtain the S-matrix from the Lagrangian by a
combination of functional differentiation and integration. However, when we try to carry
out this program, we encounter some difficulties: some of the integrals that occur are
divergent. The task of renormalization in field theory is to make sense of these divergent
expressions.

The type of divergences encountered depends on the method of approximation used
in the calculations. In pertubation theory, divergences occur in Feynman graphs with
one or more closed loops. An example is a bosonic self energy (fig. 4.1). The result is

proportional to
1

d4
[ w6 e
which behaves as [ %2 for large p. This is therefore logarithmically divergent. In order

(4.66)

M,
M (k) M(k)
>
M,

Figure 4.14: Self-energy of a boson ¢ of momentum k and mass M. The bosons in the
loop have mass M; and M,.

57
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to ascribe a value to such integrals, we have to find a systematic procedure that replaces
them by finite integrals. This is called regularization. One possibility is to introduce a
cutoff in 4.66: after the angular integrations are performed, the radial integral is taken
to extend to A instead of infinity. The integral is then a well defined function of k, M,
M, and A that becomes infinite when A — oo. Another possibility follows from the
observation that the integral 4.66 would be well defined in, say, 3 dimensions. This is
generalized by the replacement of every 4-dimensional integral by a n-dimensional one.
The integrals then become functions of n that go to infinity as n — 4. This is the method
used in this work. It is called dimensional regularization [15] and will be discussed in
more details in the next section.

It appears, therefore, that we have to introduce extra parameters in the theory in
order to regularize the integrals. These parameters (A, n...) are called regulators. The
various integrals that appear in the calculation of observables become infinite when the
regulators take their physical value (A = oo, n = 4...). In the remainder of this section,
we will consider that there is only one regulator, ¢, of physical value 0. The expressions
“is finite” and “is independent of €” will be taken to mean “remains finite as € — 0” and
conversely for “infinite” and “depends on €”.

It could be hoped at this stage that the S-matrix elements (calculated via 2.2) could
be independent of € since they are, after all, complicated combinations of integrals and
the € dependence could cancel among these. This is not the case. However, for a certain
class of theories called renormalizable, it is possible to circumvent this problem.

The starting point is the observation that the original parameters of the Lagrangian
(called bare parameters) have no a priori numerical values. We are therefore free to

redefine them in any way we please. It is convenient to define the bare parameters (say
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z}) as functions of a set of renormalized parameters z* and of e.
zp = f'(2%,¢) (4.67)

In a renormalizable theory such as the Standard Model, it is possible to choose the e
dependence so as to cancel the divergences in the S-matrix.

The above procedure is not sufficient to make the Green functions finite. To this
end, one must carry out wave-function renormalizations. This uses the fact that the
normalization of fields is physically irrelevant (much like the normalization of states in
quantum mechanics). The fields of the original Lagrangian (now called bare fields )
can then be rescaled as follows

Yo — 2% (4.68)
Here, v is the renormalized field and Z, called the wave-function renormalization con-
stant, depends on € in such a way that it cancels the infinities of the Green functions.

The substitution of 4.67 and 4.68 in the original Lagrangian (now rechristened bare

Lagrangian) Lo(vo, ) gives the renormalized Lagrangian L(v,z)
L(¥,2) = Lo( 2%, F(',€))
It is also convenient to define the counterterm Lagrangian L. by:
Le=L(¥,z) — Lo(¢,2)

Section 3 will be devoted to the construction of L.

4.2 Dimensional regularization

Our first task is to make sense of the various divergent integrals we encounter in the
calculations. We will do so through the use of dimensional regularization i.e. the integrals
will be considered to be n-dimensional rather than 4-dimensional. Divergent integrals

will then be replaced by functions of n that are singular as n — 4.
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4.2.1 Field and coupling dimension

When we change the dimension of integrals, we must also change the dimension of the
fields and the couplings in order to keep the action S dimensionless. Consider for instance

the action for a free fermion. In n-dimension, it reads

SFREE = /dnﬁ {ﬁ(z)(i{?— m)’/’(‘")}

In order for Srreg to be dimensionless, ¥(z) must have mass dimension (1'—;—1—) This
holds for any fermion. Similar considerations yield the mass dimension ("—;—2—) for bosons.
A typical interaction term between two fermions and a boson ¢ is of the form Syt =

g [ d*z¥(z)¢(z)p(z). In 4 dimensions, g is dimensionless. In n dimensions, we obtain:

dim[Sint] =0 = dim[g] —n + 2 (n - 1) " (n - 2)

2 2
= dim[g] + (n ; 4)

Therefore, the coupling has dimension (4 — n)/2. It is convenient to replace this dimen-

sionful coupling by a dimensionless one via:
g — gult=m/? (4.69)

where p has dimension of mass. With this substitution, the couplings in the theory are

all dimensionless.
The parameter p appearing in 4.69 is totally arbitrary: it cancels out of all physical

quantities. Throughout most of this work, we will take it equal to 1.

4.2.2 Integration in n-dimension

Integration in n-dimension poses no problem of definition if n is an integer. Here, however,

we want to be able to take the limit of our result as n — 4. Hence, our results must
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be defined for all complex values of n. We will not attempt to give a precise definition
here; the interested reader is referred to the excellent text of Collins [6] for a thorough
exposition. We will only give the properties of n-dimensional integration that are relevant

to our calculations.

1. Linearity: for any complex numbers a and b
[Tplaf@)+bg®) =a [ Tpf(p)+0 [ dp(p)
2. Scaling: for any number s
[ Tpitsp) = [ap f(5)
3. Translation invariance: for any vector k (independent of p)
[Tefo+k)= [ 1)

4. Differentiation:

0

8
%/d”pf(p,k,...) =/d"P5k—”f(P,k,-~)

5. Partial integration:

[ Tpose)/op =0
The first 4 properties are straightforward generalizations of ordinary integration. The

last is unusual in that the integral of a derivative is always zero, irrespective of the surface

term. Finally,

6. Multiple integrals are independent of the order of integration:

/d"p/d"qf(p,q) =/d"q/d"pf(p,q)
This is the same as for ordinary integrals. However, multiple integrals with different

dimensions n and n’ can be interchanged only if their integrand is independent of p - q.

Appendix C contains the explicit values of the integrals needed in this work.
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4.2.3 Metric and Dirac matrices

The metric g*¥ is defined so that
gliuguu =n

(an explicit definition of g*” is given in Collins [6]). The usual relations hold:
a“by = aub“ = g“"a.#b,, = g“ua”bv =a-b

Also,
n (4 1 n
/d pr'p*9(p*) = ;/d pr’g(p®)
The Dirac matrices satisfy the usual equation
{7} =2¢" (4.70)

This implies in particular

Yw = n
Y% = (2—-a)°

P = 4977 + (n— 4py*y°

Traces can be evaluated by using T'7(1) = 4 and the fact that the trace of an odd number
of 4 matrices is zero.
The definition of the matrix vs poses serious difficulties. In 4-dimensions, 75 is defined

by (see Appendix A)

. i afio
P5 = VYoY17273 = "Ze Ya VB8V Ye

The Levi-Civita tensor €***” and v; are intrinsically 4-dimensional objects. The problems
that occur when we try to generalize them to n dimensions become apparent when we

consider the quantity

T = Tr(Y*7"v*7"s) (4.71)
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In 4-dimensions, T = i€*#**. In general, if we insert the identity v#v, = n in 4.71 and
use the cyclicity of the trace, we get (n — 4)T = 0. If this is to hold for every value of n,
we must have T = 0.

In practice, the situation is not as bad as it may seem. Fermion lines either form
closed loops or are ultimately attached to external states (this follows from conservation

of angular momentum). For loops, it is sufficient to take

{7#775} =0

Try¥y*ys = 0

alongh with 4.70. This is known to work for up to two-loops [16]. In other words, in this
case the trace 4.71 is never needed. For the external lines, we can use the 4-dimensional
Dirac algebra of Appendix A; external lines therefore pose no problem. However, this
introduces an unappealing asymmetry between the loops and the external lines.

In this work, we will use the n-dimensional algebra (4.70 and 4.72) for both the
loops and the external lines. This introduces a slight complication. A glance at Ap-
pendix G shows that the two-loop diagrams can all be expressed as A7 + A3, where
m = Ugy* Luptigy, Lvy and 1 = gy*y"y? LupBay,v,YuLvs. In 4-dimensions, use of the
reduction formula A.95 of Appendix A allows us to show that 7, = 4%;. In n-dimensions,
this doesn’t necessarily hold. We can only assume that 7, = 47, + €A where € = (n — 4)
and A is an arbitrary number. This can create an ambiguity in the result since, in gen-
eral, A, has “pole terms” of the form 1/e. However, we know we could use 4-dimensionnal
Dirac algebra for the external lines if we so desired, so there cannot be any ambiguities
in the final result. This means that the pole terms in A, must cancel when we sum over
all diagrams. Since they must also cancel out of the full result, we get that when A, and

A, are summed over all diagrams, their 1/¢ terms independently cancel. This provides a
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— = OO -

Figure 4.15: Expansion of propagators

check on the calculation.

4.3 Counterterm Lagrangian and renormalization conditions in the on-shell

scheme

In this section, we will construct the counterterm Lagrangian and present the renormal-
ization conditions that define the on-shell renormalization scheme. We will not prove
that the choice of renormalization constants implied by this procedure leads to finite
Green functions and hence finite S-matrix. (A proof can be found in [4].) We will be
satisfied with a description of the equations and methods which prove useful in practical

calculations. -

4.3.1 Propagators and the on-shell conditions.

The full propagator Ag of the bare field ¢ is defined as the two point connected Green

function of ¢g

Bo(z —¥) = (¢o(=)4o(v)) = [[deo] do(2)o(v)e’/ [ [dgo] & (4.73)

(we use again a theory of a single scalar field as an example). Note that everything in 4.73
is expressed in terms of the bare field ¢o. Its expansion in terms of Feynman diagrams
is shown in fig. 4.15. The blob in fig. 4.15 is the proper self-energy of ¢q. It consists of

the sum of all one particle irreducible graphs. These are the graphs that do not become



Chapter 4. Renormalization 65

disconnected upon cutting a single line. If we denote the proper self-energy by iX(p?)

(where p is the momentum of ¢), then the series in fig 4.15 sums to (in Fourier space)

_ 1 1 : 2 1 o 1
Bo= p—mi (pz—mz)zzo(p ) (Pz—mz) o= p? — m? + Zo(p?)

Here, m is the renormalized mass:
mi = m? + ém?

In the on-shell renormalization scheme, the renormalization constant §m? is deter-
mined by requiring that the real part of the pole of Ay be at p? = m?. This is equivalent

to

Re {Zo(m?*)} =0 (4.74)
Assuming that 4.74 holds, we can expand A, in the form:

iZ

Bo= (P2 — m?) + O ((p* — m?)?)

(4.75)

The quantity Z that appears in 4.75 is precisely the same as the one in the expression
for the S-matrix 2.2. We will use this fact shortly.

In practice, it is convenient to replace the bare field ¢y by the renormalized field
é via ¢o — Z'/?¢p. The most natural quantity to study is therefore the renormalized
propagator A = (¢(z)¢(y)), not Ag. A look at 4.73 reveals thatA = S A,. Inserting 4.75

in this relation, we find that

N

A= 2 ) T O — )

We can now choose Z so that Z = Z. This can be implemented directly in terms of A

by choosing the value of Z so that

0

37 -1 =—i (4.76)

p2=m?
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is satisfied.
The conditions 4.74 and 4.76 take a much simpler form when expressed in terms of
the self-energy (p?) defined through:
_ 1
P =i + 5

A
The on-shell conditions are then:

E(m?) = 0 (4.77)

¥(m?) = 0 (4.78)

An advantage of this renormalization scheme becomes apparent when we look at
formula 2.2 for the S-matrix: with the conditions 4.77 and 4.78 in place, the factors
iZ‘l/z(El + m?) precisely cancel the propagators on the external legs of the Green func-
tions. In this case, the calculation of the S-matrix reduces to a calculation of the am-
putated Green functions. These are the Green functions with the external propagators
removed.

The formalism developed so far is adequate for a single scalar particle; as such, it can
be used for the mass and wave-function renormalization of the Higgs boson. We will now
consider the case of vector particles and fermions.

Vector particle propagators have a non-trivial Lorentz structure: for any vector boson

V#, we can write the propagator A*” as

A% = FVH@)V* (W) = Al + B

where F stands for Fourier transform. The coefficient of the metric can be parametriied

as
—1
“mi 3 ()

A’ = 5
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The renormalization conditions on ¥ are the the same as for a scalar particle (eqns 4.77
and 4.78). (The coeflicient B is then automatically made finite.) To satisfy them, we
can adjust the mass renormalization constant of the vector boson as well as the rescaling
factor Z that enters the expression V' — ZV~,

The case of fermions is more complicated. First of all, the left-handed and right-

handed fields (section 2.2.2) renormalize independently

Yo — 2}y (4.79)
Yro — ZH*Yr (4.80)

Due to the lack of invariance of the weak interactions under parity, the coefficients Z;
and Zp are in general different. We also have the mass renormalization my — m + ém.

The parameters Z;, Zr and ém are then adjusted to satisfy equations analogous to 4.77

and 4.78.

To find the explicit form of these equations, we parametrize the fermion propagator

in the form

Ar = Fd(z)d(y)) = m

Note that ¥ is a 4 X 4 matrix in Dirac space. We then introduce the on-shell spinor u(p)

which satisfies:

(p—m)u(p) = 0
ap)p—m) = 0

The renormalization conditions are then

Z(p)u(p) = 0
#p)B(p) = 0 (4.81)
L Senp) = 0

p—m
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WpE() =, = 0 (4.82)

We will see more explicitly later what this implies.

A further complication is caused by the existence of different particles with the same
spin and charge (e.g. the u-type quarks u, c, ¢t and the d-type d, s, b). In this case,
the propagator A;; = F(v;(z)¥;(y)) is a matrix (in flavor space) which, in general, is
not diagonal. We can then generalize 4.79 and 4.80 to read (in an unescapably cluttered

notation)

Yo — (20)'7"]

Yhe — (Z3)/*4}

The matrices Z; and Zgr have no particular symmetry. Especially, they are not necessarily
unitary. We also have at our disposal the mass renormalization constants §m' (from
m}) — m' + §m*). These parameters are determined from the following renormalization

conditions:

9 (pyi(p) = 0

@(p)Z9(p) = 0
16—_1;2“(?)“‘(?) =0
ﬁ‘(p)E""(p)-i:l——T; = 0 (no sum over i) (4.83)

where the propagator A;; is written as:

2

(# —m)8 + (p)

A,’j =

Equations 4.83 say that the corrections to the propagator vanish when taken on shell.
In practice, this means that graphs with loops on the external legs (see fig.4.16 for an

example) identically vanish. A more detailed form of 4.83 can be obtained by writing
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X
Figure 4.16: Corrections to external legs. The external legs are a, b, ¢, and d. This graph
is identically zero if particle X is on-shell, no matter what the particles in the graph are.
the Dirac structure explicitly.

T9(p) = BY + BYvs + £UP + £ pvs

We get:

By (m?) = 0 (4.84)
for i = j (no sum over i), and
£ (m}) + m;Bi(m}) = 0
£Y(m}) + mZI(mf) = 0
T (m}) — m;Tg(m}) = 0
Egj(m?)-}—mgza(m?) =0 (4.85)

for ¢ # j.
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Figure 4.17: The electron-photon 3-point function

Finally, it should be noted that the Z-boson and the photon also mix in this way. We

must introduce the wave-function renormalization constants as follows:
Z¢ — 22z 4+ 7 An
A ZEzm 4 7

Here, Zz4 = Z 1z is determined by £,47(0) = 0.

4.3.2 The other parameters

We have so far given the renormalization conditions for the masses of all physical particles.
We will take as independent parameters My, Mz, My and the masses of all the quarks
and leptons. This doesn’t exhaust the list of independent parameters of the Standard
Model. We also need to define a coupling and to consider the Kobayashi-Maskawa matrix.

There are several couplings in the theory. Only one of them can be taken as an inde-
pendent parameter. It is customary to take the charge of the electron as the independent

parameter. It is defined via the 3-point Green function (see fig. 4.17)
Fle(2)A(y)e(z)) = T
The renormalization condition imposed is

g,[ u,| =0 (4.86)

p=0
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where p is the photon momentum. This definition has the advantage that the usual
definition of the fine structure constant a in terms of Thomson scattering gives a = e*/4x
exactly.

To satisfy 4.86, we introduce the charge renormalization constant Y through ey — Ye

and adjust Y.
To complete the description of the parameters, we need to consider the Kobayashi-
Maskawa matrix V. This matrix is relevant to the interactions of quarks with the charged

W-boson (as well as with the corresponding would-be Goldstone bosons ¢*). A typical

interaction term is of the form
L; = ay" LAV, Wi* (4.87)
where everything is expressed in terms of the bare fields. If we substitute the expressions

for the renormalized fields in 4.87, we get (only the left-handed components of quarks
contribute to this interaction)
Cr= by Ld (200, (20,) Vi 2 W

The main point is that any divergences present in V;; can be absorbed by a redefinition
of Z(y)r and Z)1, these being then determined as before. There is, therefore, no need to
impose any renormalization conditions on V;;. Note, however, that we could impose some
renormalization conditions on V;; in order to bring it closer to the experimental quantities
(see [18], for instance). We will not do this here since no consensus has emerged as to
the definition of V;; in terms of experimental quantities. Hence, we will not introduce

any counterterms for V;;.

4.3.3 The tadpoles, gauge-fixing and the counterterm Lagrangian

We can make use of a further renormalization condition to get rid of a nuisance in the

model: the occurence of tadpole graphs (fig. 4.18). These are graphs with only one Higgs
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Figure 4.18: A tadpole graph

line sticking out. We can eliminate them by the introduction of a counterterm in the

Higgs potential.
Until further notice, all quantities appearing in the equations are bare quantities even

though they do not carry the subscript 0. We start from the Higgs potential 2.27
V(®) = —p®'e + A(319)?

Again, we insert ® = ¢ + ¢’ with

1 [0 ot
¢0=_ ,¢I=
ﬂ() (<H+z‘x>/ﬂ)

Unlike section 2.3, we will not choose v so that ¢’ = 0 at the minimum of V. Instead,
we define
T = v(p? — M?)

This, along with the usual relations

My = L

My = 2u°

gives the following modification of eqn 2.33

2My

g
M2
po= TH (4.88)
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With these modifications, the potential V(®) becomes

_ Mi 34T\ ., l(gT) 2 1(gT)+_
v(e) = —TH+(2 "4MW)H_4 My )X "2\, ) %70
T
R AT
w
iz_(z__gl)_fﬁx_“fpf 2+ - 2 4 4= Foa— gt g
8MZ, My w\T T Tt + H¢ ¢~ + x°¢7¢™ +¢7¢ 07 o

The tadpole counterterm T is then determined by requiring that the sum of all tad-

poles vanish.

We are now ready to express the Lagrangian in terms of the renormalized quantities.

We use the full Lagrangian of Chapter 2 with two exceptions:
o we use V(®) given above instead of the one of Chapter 2
o the gauge-fixing Lagrangian will be treated separately

We affix a subscript 0 to all fields and parameters to remind ourselves that they are bare

quantities. We then make the substitutions:

Zt - Z3z+ ZYAr
Ay Zkze 4 72 g
Wi - Z%ZW“‘

H, — ZzZ}*H

% — 2,/

xo = Zy’x
We do the same for the fermions

upy — (Z{i)L)l/2U’L'

upy — (Z(ii)a)l/zuﬁ
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12 ;
o) 4

d‘ko - (Zzg)k)l/zdf.z

dio — (Zij

and,

o = (Zi0) " el
R 1/2 .
ero = (Zir) ek

vio — (2i)"vi

(There is no mixing of leptons.) The masses of the bosons (Z, W+ and H) are renor-

malized quadratically according to
M§ — M? +6M°
while those of fermions are renormalized linearly
mg — m + §m
Also, the electron charge is renormalized by
e — Ye

From these relations, we can deduce the renormalization of the other parameters of the

model. For instance,

Mz,

EM2
Myo  Mwy[1+ 53 _ cosowJ 1+ 6M2, /M3,

(cosOw)o = - 2 /M2
My, H_%d%g 14+ 6M5/ M2

where cos Oy = %‘;‘,

_cos? By (§M3, /M7, — M2 /M?2)
sin? fy (1+ 8MZ/M2)

(sinfw)o = \/1 — (cos? Oy )o — sin GW\J 1
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where sin 0y = /1 — cos? By and

€ gY
* 7 s T T oot bw (63, — 63
sin? Oy (1 + 6M2/M2)

where g = e/s.

Finally, we must take care of the gauge-fixing Lagrangian. We can proceed in the
same way as in Chapter 2 to get equation 2.46. We can use 2.47 for the functions f but we
will use their renormalized versions i.e. the fields and the parameters that enter 2.47 are
understood to be the renormalized ones. This means that we do not get any counterterm
vertices from the gauge-fixing Lagrangian.

The counterterm Lagrangian is the Lagrangian obtained by the above procedure mi-
nus its value when the renormalization constants are zero. The parts of it that are

relevant to our calculation are shown in Appendix D.

4.4 Numerical values of the parameters

The parameters of the model have been defined in section 3. In this section, we will give
the numerical values of these parameters as determined by a variety of experiments.

First, the electric charge e is determined by the fine structure constant

2
a= = 1/137.036

with negligible uncertainty. This gives e = .303. Note that e is not very small. Yet, the
small coupling expansion works because the successsive terms in the perturbation series
are usually down by a factor a/2w.

The masses of the leptons are very small and can be neglected. So can most of the

quark masses except of course for the top quark (m; > 90GeV') and, to some extent, the
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bottom quark (my = 5.0GeV). The masses of the W and Z bosons are:

My
Mz

= 80.11%.15

= 91.175 £ .005

Also, the mass of the Higgs is unknown (My > 50GeV).

Finally, the Kobayashi-Maskawa matrix can be parametrized as

Ved

= —

( Ved Vis Va
‘,cs ‘/cb
\ Vu Vie Vi

([ 1-x)2

\ AN3(1 — pe™*?)

A AX3pet®
1-2%/2 AN + O(AY) (4.89)
—AX? 1

where A = 0.221 £+ .002 and A = 1.05 £ 0.17. As for p, we can take p = 0.55 + .14.

The CP-violating phase ¢ is subject to large uncertainties. We will take it as completely

arbitrary.

We can now find the values of the derived parameters sin §y and g:

sin 8y =

g =

2

My,
1—-—-=. .002
Mz 228 + .00

= .63

[ ]



Chapter 5

The two-loop calculations

The two-loop calculations of the By — By mixing amplitude will form the subject of this
chapter. We will begin with a description of the approximations made in the calculations.
We will follow this with an enumeration of the graphs that contribute to this process. We
will list all those graphs that survive in the limit of zero external momentum and zero
mass of the d-type quarks. This will give an idea of the complexity of the full calculation.
We will also indicate which of these graphs contribute under our approximations. Sections
4 and 5 are devoted to a description of the techniques used in the calculations. Many
details are left to the Appendices. Section 6 summarizes the results and we present our

conclusions in section 7.

5.1 The approximations

As will be shown in the following section, the complete calculation of By — By mixing at
two-loops involves more than 10,000 diagrams. This is clearly beyond our reach (at least

for the moment). We will therefore limit ourselves to two limiting cases of interest:

1. We assume that the mass of the top quark is much larger than all other masses
in the model. We then expand the diagrams in the asymptotic limit m; — oo
and keep only the dominant contribution. This turns out to be of the form m}.
Therefore, we neglect the terms of order m? or lower as m; — oo. (Inclusion of the

m? terms would be virtually equivalent to doing the full calculation.) This we will

call the large m; limit.

7
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2. The second limit is somewhat more complicated. We assume that the mass of the
Higgs boson is much larger than all other masses. Again, we expand the diagrams
in the asymptotic limit My — oo but now we keep all terms that go to infinity
as My — oo. In general, we get contributions of the form M}, M}, In? %f‘ and
In %"“1 when we sum over all diagrams, the quartic and quadratic terms cancel.
The coefficients of the logarithmic terms are functions of m; and My which behave
like m; when m; > My . The terms neglected so far also behave in this way. It
is therefore advisable to include the terms in the diagrams that are independent of
My, expand them for large m; and keep the m; terms. This is what we shall do.

We will call this expansion the large My limit.

We will also neglect the masses of all quarks but the top. This means that the Higgs and
the would-be Goldstone boson x couple only to the top quark and the bosons. Also the
coupling of the ¢* to quarks becomes purely right-handed. (In general, it is of the form
aL + bR where a and b are mass dependent coefficients.) This approximation is valid up
to corrections of order m?/ M}, ~ .4%.

Finally, we will also make some approximations relative to the Kobayashi-Maskawa
matrix. A look at 4.89 shows that the diagonal elements of the KM matrix are larger
than the off-diagonal ones. We will limit ourselves to calculations involving the least
possible number of off-diagonal elements in the two-loop diagrams, namely two. This

approximation is valid up to corrections of order A* ~ .3%.

5.2 The two-loop diagrams

In this section, we will systematically enumerate the 2-loop diagrams involved in the
calculation of bd — db. We will also indicate which of these graphs contribute in the two

limits considered in this work, namely the large m, limit and the large My limit. Since
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Figure 5.20: The s-channel diagrams at one-loop

the masses of the external quarks are small compared to My, we shall set them equal to
zero.

In the Standard Model, the lowest order diagrams that lead to By — B, transitions
are the 1-loop diagrams shown in fig. 5.19. The intermediate state quarks can be u,
¢, or t. Furthermore, there are the corresponding s-channel diagrams (fig. 5.20). The
intermediate state quark we are most interested in is the ¢-quark.

At the two-loop level, there are seven different types of diagrams to be evaluated. We
shall systematically discuss them below. It should be kept in mind that every diagram
shown stands in reality for 18 diagrams generated by the 9 combinations of quarks in the
loop and their s-channel counterparts.

Type I: These are generated from the 1-loop graphs by exchanging a Z, a Higgs or

a x between the quark lines. Since the coupling of the Higgs (or the x) to fermions is
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proportional to my, the graphs involving the Higgs or the x coupling to external quarks
can be neglected. This gives rise to the set of graphs depicted in fig 5.21.

There are 112 graphs all together. The leading behavior in My and m, is given by
the first two and the last two graphs.

Type II graphs are generated by Z, H and x exchange between the charged bosons.
The exchange of the Higgs boson between the W* and ¢* will generate the 16 graphs
shown in fig. 5.22. All of these depend on My, hence they must all be evaluated. Since
the Z-boson and photon couplings to W+W =, ¢t¢~ and W*¢¥, there are 32 graphs
with the H replaced by the Z or the photon. However, these will not have any My
dependence and are also subleading in m,.

The exchange of the Goldstone boson x will generate fewer graphs of this type. This
is because the only couplings we are allowed are xYW*¢F. Hence, we have the graphs of
fig. 5.23 to consider. None of these will contribute to leading order.

Therefore there are 52 type Il graphs of which only the 16 involving the Higgs exchange
will have an My dependence and leading behavior in m,.

The diagrams of type III are generated by the exchange of a Z boson or a photon
between the internal bosons and an external quark. They are shown in fig. 5.24. None
of these 64 diagrams contribute to leading order.

The type IV graphs are obtained by pinching the bosonic lines of the one-loop dia-
grams as in fig. 5.25. Again, none of these diagrams need to be calculated to leading
order.

Further diagrams are generated from the basic 1-loop diagrams by the renormalization
procedure. These we classify as type V and VI.

Type V graphs are vertex correction insertions into fig. 5.19. Schematically they are
represented by the diagrams of fig. 5.26. The blobs represent the 1-loop vertex corrections
to td(b)W and td(b)¢ vertices and they are to be inserted in all possible ways. Hence,
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Figure 5.26: Type V graphs: vertex corrections

there are 4 insertions in the first and last graphs and two insertions each for the rest
giving a total of 16 such vertex graphs.

The fermion-fermion-W vertex corrections are given by the expansion shown in fig. 5.27
(the tdW vertex corrections are given by the same expansion with the b-quark replaced
by the d-quark). Of the 13 graphs, only the first two depend on My and none contribute
to the leading m; behaviour. We note that the tbW vertex corrections consist of 104
graphs, of which 16 are needed for the leading behaviour.

Similarly, the 13 graphs contributing to the td¢ (or tbd) vertex corrections are shown
in fig. 5.28. Again, only the first two need to be calculated.

Furthermore, the counterterms (fig. 5.29) that remove the divergences in these vertex
corrections have to be inserted. Discussion of the counterterms and their calculation can

be found in Chapter 4 and in the following section. Adding these gives a total of 208
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Figure 5.29: Vertex counterterms

vertex graphs, of which 48 enter our discussion.

The second kind of renormalization graphs are the propagator corrections. These are
the type VI graphs shown in fig. 5.30. There are 8 top quark self-energy insertions, 4
W-boson self-energy insertion, 4 ¢-boson self-energy insertions and 8 graphs with W-¢
transition insertions. These self-energy terms are given in figs 5.31 to 5.34.

The diagrams with the crosses denote the counterterms. For the fermion self-energy,
only the first three graphs are relevant. The first four and the first seven of the WW and
¢¢ respectively are of relevance and the first three of the W ¢ transitions will contribute to
our calculation. This gives a total of 116 graphs including 24 counterterm contributions.
The full calculation would involve 324 graphs from this type. We note that in the
renormalization scheme we have adopted, tadpole contributions to the self-energies are
cancelled by the tadpole counterterm and hence not shown.

Finally, we list the two-loop diagrams which are not obtained from the basic 1-loop
graphs (fig. 5.35). These are one-particle reducible graphs (sometimes called “dipen-
guins”) and we label them as type VII. We show here only the dbZ vertex corrections.
There are similar corrections involving the other neutral bosons but they are subleading.

This completes our enumeration of the two-loop diagrams for the flavor-changing
transition bd-bd in the limit of zero external quark masses and vanishing external mo-

menta.
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5.3 Calculation of the counterterms

We will present here the diagrams needed for the calculation of the renormalization
constants and the counterterms. The evaluation of the diagrams is straightforward and
use of Appendix D yields the explicit value of the counterterms. These are listed in
Appendix E.

We will keep all diagrams that depend on My as well as all those diagrams that behave
as m; or m? for large m;. The quadratic terms in m, must be kept in the diagrams since
they can generate a quartic behavior when inserted in the box diagrams.

We will first show that the corrections to Y and Zz4 can be neglected in our ap-
proximations. The constant Zz,4 is determined from the mixing self-energy X%, of the
photon and the Z shown in fig. 5.36. Since the Higgs doesn’t couple to the photon,
X% is independent of My. The dependence on m, comes from the top loop. Power
counting reveals that %, can, in principle, behave as m?. However, because of the U,

gauge-invariance of electromagnetism, £%, can only be of the form
71 = (K*g" — K'R*)za(K?,m7)

The function II is dimensionless and is well defined for ¥ = 0. This means that its
expansion for large m; is:
Iza =a+bri—2?+---
where the coefficients a and b are at most logarithmically dependent on m,. Therefore,
there is no m? behavior (or dependence on My) in L%, and we can take Zz4 = 0.
The case of the charge renormalization Y is a bit more complex. It is determined from
the ete™-photon vertex (fig. 5.37) in the limit that the photon momentum is zero (i.e.

the photon is on-shell). In addition to Y, we have the wave-function renormalizations

Z}le), ,(;) and Z,4 at our disposal to carry out the renormalization. We consider them
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Figure 5.36: The Z-photon mixing self-energy.

Figure 5.37: The e*e™-photon vertex.

in turn.

Z44 is determined from the photon self-energy; the argument used for Zz, applies
here as well and hence §Z44 = Zss — 1 = 0. Also, the wave-function renormalization
constants of the electron are determined from the electron self-energy X(). Since the
electron doesn’t couple to either the top quark or the Higgs, we can set 6Z£°()R) = 0.

The renormalization of I'* is therefore completely determined by Y. Again, the
Higgs doesn’t contribute to I'* since it doesn’t couple to the photon nor the electron in
the massless limit. The only potential dependence on m, comes from the diagrams of
fig. 5.38. However, these are exactly zero in the on-shell scheme. Therefore, we can take
8Y=Y-1=0.

The vertex counterterms that are needed for this calculation are the following: WW,
W¢, ¢¢, tt, tbW, tho, tdW, tdp and dbZ. Appendix D lists the general form of these
counterterms. From this Appendix, we deduce that we need the following renormalization

constants: T, §MZ,, 6M%, 82w, 6222, 82,, §m,6 2 g, §2% and §Z%4. The last of these
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is needed because the leading contribution to the renormalization of the td¢ vertex is
§Z%tbg).

The diagrams needed for the tadpole T are shown in fig. 5.39. The last two are
needed since the H¢+ ¢~ and Hx? couplings are proportionnal to M%. The renormaliza-
tion constants § M} and §Zy are determined from the W self-energy (fig. 5.40). The Z
self-energy (fig. 5.41) yields §M% and §Zzz. Note that we need to calculate the renor-
malization constants of the Z propagator even though the Z boson is not part of any of
the “leading” two-loop graphs. This is a peculiar feature of the on-shell renormalization
scheme.

We get only one renormalization constant, § Z4, from the ¢ self-energy of fig. 5.42 since

the mass renormalization is already taken care of by the tadpole. The renormalization
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constants §m, §Z} and §Z} are obtained from the top quark self-energy (fig. 5.43).
Finally, only one graph contributes to the bb and bd self-energies (fig. 5.44) and the
determination of §2% and 67 (the mass renormalizations and §Zg are both zero).

The complete results for the counterterms are shown in Appendix E.
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Figure 5.44: Self-.energy of the b-quark



Chapter 5. The two-loop calculations 96

Figure 5.45: The di-penguin diagrams

5.4 The di-penguins

We are now in position to tackle the two-loop calculation. We begin with the Z “di-
penguin” diagrams of fig. 5.45. These can be extracted readily from the work of Inami
and Lim [19]. These authors calculated the Zbd vertex at one-loop. Their assumptions
are less restrictive than ours and therefore their results could be used directly. We will
not do this here but instead present a calculation of the vertex in the on-shell scheme in
the large m, limit. Since the result is independent of the renormalization scheme used,
this will give a check on Inami and Lim’s calculation.

The dipenguin SP of fig. 5.45 is related to the Zbd vertex function I'4(0) (fig.5.46)
by

1

SP = 3 T5(0)z(0) (5.90)

In the large m, limit, only three graphs contribute to I'; (see fig. 5.47). Graph (c) is
trivial to evaluate given the counterterm of Appendix E. Graphs (a) and (b) are called
penguin diagrams, hence the name dipenguin for fig. 5.45. They can be expressed in

terms of the integral
d"p 1
1 —
#(m) = [ Gy

This is so because the external momenta are taken to be zero. The most general form of
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Figure 5.46: The flavor-changing three-point function Zbd
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Figure 5.47: Contributions to the Zbd vertex
a 1-loop integral under those circumstances is

_dp (P°)* )
=l D (5.91)

with

k
D = [I* - m?)® (5.92)

where a, k and §; are integers. We can use partial fractions to write

___Zp_

where the coefficients C; and the integers v; can be found from the explicit form of D

m

(eq.5.92). Substituting this in 5.91, we see that we can write J; as a sum of integrals of

the form

/ (d"P (p%)°

2m)" (p2 ~ m?)P’
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This in turn can be written as a sum of integrals of the form

k _ [ d% 1
#m) = [ G (5.93)

via the replacement p? — (p? — m?) + m? and an expansion of the numerator. Finally,
P p p p Yy

H*(m) can be recursively related to H'(M). Note that

1 0

=G nam |

HY(M

m).

Also, the scaling p — mp’ in 5.93 shows that H*(m) = (m?)(*/2-%K) A, where A; is

independent of m. Therefore,

2 0 n k
mt— H(m) = (5 - k) H*(m)
and finally
H*(m) = (n/2 —k+1)H*!(m)

(k—1) m?
All we need to calculate explicitly is H'(m). This can be done easily using the results of

Appendix C.

im? (2 m?
Hl(m) = = (Z -9 + 1-In E)

Using this and the counterterm formula of Appendix E for the 6dZ* vertex, we find

explicitly:

r 6 4
ig m
SP =~ 1006m (Mév) (5.94)

This result holds in both limits since, as we will see, the dipenguins are independent of
My.

There are other possible dipenguin diagrams, namely those where the Z is replaced
by any other neutral boson. However, these are all suppressed. If the particle exchanged
is a photon or a gluon, gauge-invariance ensures that the amplitude behaves at most as

m?. The reasoning that leads to this conclusion is similar to that of section 5.3. The
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Figure 5.48: A penguin diagram involving the Higgs

three point function bd4* = I} vanishes at zero external momentum by gauge-invariance
(see [19]). When we construct the dipenguin,we take I'*{(0)['{(0)P,,(0) where P,, is the
photon propagator P, = —ig,./k* Owing to the pole in the photon propagator at zero
momentum, this expression is finite but dimensional analysis shows that it can behave
at most as m} since it lacks the 1/M2 factor of eq. 5.90.

The case of the Higgs (or x) exchange is interesting. The three point function T's; has
a contribution of the form shown in fig. 5.48. Since the coupling ¢*¢~ H is proportionnal
to M}, we would expect this to be very large. However, in the limit my = my = 0
amd zero external momentum, the loop integral is actually zero. (The integrand is an
odd function of p.) This means that, had we kept the mass of the b quark non-zero, we
would have found a result proportionnal to mZ M} for the loop and the dipenguin would
behave as (miM})?/M} = mjM} where the 1/M} comes from the Higgs propagator.
This could be comparable to the leading m} term if

miMy |, mi
My, — Mj

or My > 30TeV for m; = 90GeV. We will ignore this possibility here. The same
conclusion applies to the x exchange.

This completes our study of the dipenguin diagrams. We will now turn to the box

diagrams.
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5.5 The box diagrams

The evaluation of the box diagrams is much more involved. We will give an overview
here and leave the details of the calculations to Appendix F. The results are shown in
Appendix G.

After first taking care of the Dirac and Lorentz structure we are left with a scalar

integral of the form [ f(p,q)/D where
ky Ky
D = 1" - m})* [1(¢* - m})* (- 9)* - M?)
i=1 1=1

and f(p,q) is a quartic polynomial in p and g. (In this and the following, the integration
dp dyg

(2m) (2"

sum of terms [ f(p,q)/ D’ where

measure is not written explicitly. Partial fractions reduce this integral to a

D' =(p* —mi)(q® —miY((p — q)° — m3)

The polynomial f(p,q) can be eliminated by using p? = (p* — m?) + m? and other such

relations. We are left with two types of terms
e Products of one-loop integrals H'(M;)H(M,)

e Terms of the form I'¥(m,;,m,, m3) where IV = [1/D’

The first entry in Appendix G gives the value of the diagrams in terms of I/ and H*.
Partial differentiation allows us to express all of the I*/ in term of I*! and I'!. I?!
can also be related to I by partial differentiation but we will not do so. (In Appendix
F, we derive an algebraic relationship between I''! and I*'.) All we have to do now
is to evaluate I>!(m,, my,m3). This can be done analytically in terms of dilogarithms.
We can then expand I?! for large m, (or large My) and collect the leading terms. The
second entry in Appendix G corresponds to the large My limit and the third to the large
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Only the first step (reduction of digrams to scalar integrals) is done “by hand”, the
rest is done by computer using Mathematica programs. To minimize the possibility of
error, two different codes were written independently (with co-worker Pankaj Agrawal)

[22] and the results compared.

5.6 The results

The results of Appendix G exhibit the behavior previously mentioned, namely the large
My results consist of terms of the form M}, M%, In* My, In My, and m} while the large
m, results show only the m; behavior. Several features of these results deserve further
examination.

In diagrams of type V and VI, there is a tendency for the leading behavior to cancel
when the basic graph and its counterterm are added. This is most visible in the self-
energy insertions (type VI) and can be seen to follow from our choice of renormalization
scheme.

The general expression of an unrenormalized self-energy for a particle of mass M can
be expanded in, say, the large m, limit:

k2
(k?) = m? (a + br_n? + ck*m} + - )
The leading behavior is m?. In the on-shell scheme, the renormalized self-energy is given
by:
Tr(k?) = T(k?) — T(M?)

Clearly, X i does not have an m? term. This would not be true with minimal subtraction
(for instance) as the renormalization scheme since in M S, only the divergent part of 4 is
removed by renormalization.

This argument applies only to the physical particles. The unphysical particles ¢* and

x are not renormalized on-shell but rather through the tadpole counterterm. However,
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Figure 5.49: ¢ self-energy correction

an explicit calculation shows that the leading behavior cancels in them as well. This
means that the leading behavior cancels in all one-loop self-energy graphs. We can’t
conclude from this that every two-loop diagram with a self-energy insertion will share this
property: the argument merely suggests that it is a possibility. The actual calculation
gives a cancellation of the leading term for all but one of the type VI graphs. The
exception, shown in fig. 5.49 is the quark contribution to the self-energy of the ¢* which
exhibits an m¢ behavior. The reason why this occurs is still unclear.

In the large My limit, the first two leading orders (M}, and M}) cancel in both
the type V and type VI graphs. This is another manifestation of the screening theorem
discussed in section 3.4. The behavior left-over is only logarithmic in My but is usually
quite complicated in m,. There is also a log? My term in graph D5 (fig. 5.50). The
dependence on m; of this term is remarkably simple, namely m; without any corrections.
Again, the reason for this is unknown.

The sum of all graphs of Appendix G and the dipenguin term (eq. 5.94) is given by:
¢ In the large m, limit:
_iglaim (my ) [, ¢
163847+ \ MY, s?
o In the large My limit:

* 6.2 4 2
gam ( m, ) (491 + 607|'2 _ 4326_2)
3

11796484 \ ME,
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Figure 5.50: Diagram D5. This diagram is the only one to have a log? My dependence.

;16 ~2 4
gom (M, 20 M2 /2
- In*(M% /m

32768+ (M&,) o (M)

19152r* \ M3,
+4525° — 1762° + 2% 1n 2(93 + 104z — 3732% + 17623)}

6.2 4
429 el ( T ) ln(M},/mf){s — 60z + 34022 - 4202° — 1412*

where ¢ = cos iy, s = sinfy and ¢ = M3, /m?. An important comment about this result

is in order. Recall from eq. 3.61 that the result for the box diagrams can be written as:
Box = o} (E(m¢,m,) — 2E(m,,0) + E(0,0))

The above results include only E(m,m,) and E(0,0). The case with different quark
masses requires a separate calculation. this is inconsequential for the pure m} terms
and for the In? %{%’- term since in these cases, the neglected term is subleading. However,
E(m,0) is needed for the In(M? /m?) term. This is reserved for future work. In order to

facilitate comparison with the 1-loop result, we can recast these formulas as corrections

to f(z) of eq. 3.62, that is

M, = (B4|H.z|BJ)

Ha = g (37 5{@L07 + 200187 | 502 + 8)

where

A= g _'r_ri K
51272 \ M3,
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with
2
K = (17—6—;) large m,
s

1 2 1 2
= o= <491 + 607? — 4325—2) + = In? —Aizfi large My

72 2 m§

where the In M} terms have not been included since their calculation is incomplete.
Numerically, the correction is negative and very small.
A = —-1x10™ (_n_’zi) large m,
M3,

_y [ m} 1., M}
~1x107* (A_J;;) (3 — 51112 7n—?—) large My

il



Chapter 6

Discussion and conclusion.

We have shown in the previous chapter that the 2-loop correction to the By— B, mixing is
much smaller than the 1-loop result for reasonable values of m, (m: < 250 GeV'). Hence,
predictions based on the 1-loop result are unaffected by our calculation. In practice,
this means that if the top quark is found with a mass larger than that allowed by the
present experimental value of By — By mixing (which yields the bound m, < 200 GeV),
the source of the discrepancy will not be higher order corrections in electroweak theory
in the Standard Model. In that case, one would have to reevaluate the hadronic matrix
elements and/or include higher order strong interaction corrections. More interestingly,
the existence of new particles such as those predicted by the supersymmetric models may
then be required.

It is interesting to compare this result to the similar calculation of the p-parameter
at two-loops by Van der Bij and Hoogeven [13]. In both cases, the ratio of the 2-loop to
the 1-loop result is small and negative. It may be a little premature to generalize from
these observations. Nevertheless, if we assume that the pattern holds for all low-energy
processes, the two following conclusions can be drawn.

The first conclusion, which has already been alluded to, is that the perurbation series
for low-energy processes converges a lot faster than what one would naively expect. In
practice, this means that the lowest order calculations will often be accurate enough to
describe a phenomenon completely.

The second conclusion has to do with the point at which perturbation theory fails.
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We have already mentioned several times that the 2-loop result is small if m, < 250 GeV'.
If we do not impose this restriction on m,, the 2-loop correction can be quite large. In
fact, for m; = 10 TeV, the 2-loop and 1-loop amplitudes are of the same order. This
is also what is found in ref. [13]. Given that the 1 and 2-loop results have opposite
signs, they tend to cancel for m; =~ 10 TeV. Therefore, for such a large value of m,,
decoupling appears to hold: the low-energy observables do not depend on m,. There is
a problem with this argument, however: if the two-loop corrections are large, the three-
loop corrections might very well be large too! A careful discussion of possible decoupling
would require calculations at three-loops or higher. Given the difficulty involved in the
two-loop calculation, it appears unlikely that the three-loop calculation can be done,
unless some new calculation technique or approximate theories are developped. This is
indeed a very active field of research (see, for instance, ref. [23] where an effective field
theory for very massive particles is constructed). Besides establishing the accuracy of
perturbation theory for m; < 250 GeV, our result can also be used to check the validity
and consistency of these recently developed effective field theories by comparing their
result at two-loop with ours.

It is also perfectly possible that the similarities between our calculation and that of
Hoogeven and Van der Bij are totally accidental. In this case, there could well exist some
low-energy observables for which the two-loop corrections are large, even for modest m,.
A possibility is that of rare kaon decays such as K* — x*tvi which are known to be
sensitive to the value of the mass of the top quark. Besides the box diagram, this kaon
decay also proceeds through the three-point function Z#ds (fig. 6.51). This function is
expected to have a dependence on m; and My of the same form as the one found here

but perhaps with larger coefficients. This is reserved for future work.
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Figure 6.51: The Z“ds three-point function
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Appendix A

Notations and conventions

A.1 Metric

The metric used is (p,v =0,1,2,3)

iy

G =9 =
0 0 -1 0

0 0 0 -1
Summation over repeated indices is understood unless explicitly stated.
a-b=ga,b =da"b, = g.a"t" = g"a,b,

The abbreviations

p=l 522 o s,
)

are often used.

Three-dimensional vectors are denoted by boldface letters.

A.2 Dirac matrices
The Dirac matrices v# satisfy

{7} =" + " = 29"
with 4° hermitian and 4* antihermitian (i = 1,2, 3).
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Appendix A. Notations and conventions

The matrix 75 is defined by

.

. t v o
7 =17 = = w11 = 7

with
7? =1, {75’741} =0

The totally antisymmetric Levi-Civita tensor is given by:

+1if {g,v,p,0} is an even permutation of {0,1,2,3}

nvpo __ ep oy . .
€ = 9§ -lifit is an odd permutation
0 otherwise

Identities:

pvpo — __

€ = —€upo

pvpo . plo’ _ 2( pp' Joo' po' _p'o

€ Euu =—<g9"49g -9 g )

Lypo o _ _gpoo

€ €y = 6g

VP €ppe = —24

Reduction formula

YaYBTA = GaBYA + 982Ya — Jar¥8 T 1€uasr Y s
Traces:

Trace of an odd product of 4* matrices vanishes
Tr(ysy*) =0

Tr(y'y") = 49"

Tr(y#y"ys) =0

Tr(v*y*y*y7) = 499> — 9"°9*" + 97 ¢*)
Tr(v* vy 77 ys) = —die™™

111
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Completeness.

Let T's =1, Ty = 7, 1 = 3}v*,7"] = ("7 = ¥7*), Ta = %75, Tp = 7.
An arbitrary 4 x 4 matrix can be expressed as a combination of the I' with the

enerally complex) coefficients found by taking traces.
g y g

A.3 The Pauli matrices

The Pauli matrices & = (0,03, 03) are:

01 0 —2 1 0
gy = 0y = g3 =

10 1 0 0 -1

They satisfy

[0‘,‘, O'J‘] = 2i€;jkdk
{oi,0;} = 26;;
TT((T,'UJ‘) = 25.‘1'

with € totally antisymmetric and €),3 = 1. Also:

Tiab?" g = 2(8pcbad — 58abbca)



Appendix B

Feynman Rules

The Feynman rules for the vertices in. the Standard Model of electroweak theory are
given below. The list does not include the vertices involving the ghosts. These can be
found elsewhere (see for instance [2]). The vertices can be derived using the methods of
Chapter 2. We also give the expression of the propagators for fermions and spin 0 and 1

bosons.

B.1 Vertices involving fermions

In each diagram, u can be replaced by c or t and d can be replaced by s or b, with the

corresponding change in the Feynman rule. Similarly, e can be replaced by pu~ or 77,

provided that v, is correspondingly changed to v, or v.. The symbol f refers to any of

the quarks or leptons.
A¥ Z#

. ig
= ieQ Yu = Z‘Yu(C{,L +chR)

19
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igmy

T 2My

1g

g
A

Ix

| _ 9md
A - 2A{W/‘7l5
d d

lo-

I
u//\\d

=~ V,y(myL - m,R
ity AT )v//\
e e'

lo-

Here, Qy, ci, and c{z are given in the following table:

f Qs t ck
u,c,t % % - %.92 —%s
d,s,b -3 —% + %32 1s?

Ve,V Vr 0 % 0
e ,u-, 7 | —1 —% + 82 82

and s = sinfy, ¢ = cos . V is the Kobayashi-Maskawa mixing matrix.

gmy

1gm,

T V2My
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B.2 Vertices involving the gauge-bosons

In these diagrams, k;, k;, k3 refer to the momenta of the particles. All particles are con-
sidered to be entering the vertex for the purpose of determining the sign of the momentum

or charge. The following definitions are used:

Cﬁwp(klvk%k:i) = (kl - k2)pguv + (kZ - k3)ugup + (kJ —~ k1)uGup

Suv.pd = 29,900 = JuoGve = JuoGuo

-
E‘{
= S

<
il
~N
E{
~
L3
I

—1e25,. 00 . —19%¢*S,u oo
vy " Wy
Al Z, H': wr
1+ = —iegcSu o0 = 19* Sy po
3 Wy Wr 3%
A A . SO
= 2ie?g,, = 2 (1-2s%),,
v/ N\e¢- ¢*/  N\o™ . 2¢
4 \ / N
Z“ zv . Z“ Zu
_ 1g2g ig?
= 539w = S 9uv
g/ N\ 2 WA T
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A, Z, .
Hﬂ;g‘ = —Eg(l _232)guu
c

v/ N\¢~
/ N
A we eg
= -E-g‘“’
ot/  N\X
/ N
z, S
= ——gu
ot/ \x 2c
/ N
z W
= —Ezguu
o*/ \H
/ N
W+ W
= —2—9“”
X/ \X
/ N

= —ieCpup(ki, k2, k3)

ot/ \H

/ \

Ay W
6~/ N\ X
/ N\

H/ NA
/ N
Y W
¢t/ ¢~
/ N

1eg
__g“y

2
—_ 3.g‘.“’

Guv

2

19

7

—19¢Cp(ks ka ks)
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|H
| .
g
Mz > 29
o

I
M= ieMw g,

Hk,) (kz).— ’-29-(191 — k),

x(kx)/%¢ (k2)= %(ke — k1)

o~ (kx) ¢+(l:;)— ie(ky — k1),

w,o

117

= igMwg,.

—iesMzg,.

ig
= 5 (k2 = k1)

EW:
x(k) AN ot (k) =
7
EZ“
v 9
d’\(IQ) 2¢

g
'2'(k2 - ki)

(1= 25%)(ks — k1)
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Zy

H(k) k) = I (k. —
/1 {2) 2c(lc2 k)
7 N

B.3 Higgs vertices

The following diagrams come from the Higgs potential.

T2 My
s N // \\
| 7
| \ /
A =-leMh N e My
> \( 2 My X/ \Xx 4 ME
7 ~ /7 N\
AN Ve \ /
N g My TN _sigt M
H/ \H 4 My 7 N\ 4 My
Ve . 7 AN
\ / \
N e My N g,
st/ N\¢ 4 My 6t/ \o- 4 M2
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AN / :
2*\ /e ig2 1”}2{
ov/ \o” 2 M{,
V AN

B.4 Propagators

Vector-bosons

Tl g (€ = kR /(K — €M)

ANV = IE Y

where M is the mass of the boson and the gauge parameter { will be set equal to 1.

Scalars

- ——— —

where M2 = (M2, for ¢, M? = (M for x, and M? = M}, for the Higgs.

Fermions

o~




Appendix C
Integration in n-dimensions
We present here a few identities that are useful for the calculation of dimensionaly reg-

ularized Feynman integrals.

The Feynman identity

1 ey + -+ + an)
- = dey - dz, 61—z, — -+ — 2,
A% Aan T(a1) - T(an) / 2y dzn §(1 -2 Zn) X
ap~1 an~1

x Ty T,
(Alzl + -+ Anzn)al+"'+an

allows to combine the various propagators. Some explicit formulas for n-dimensional

integrals are:

Jo = /d"p/(—p2 +2p -k + M2
= ix"*(k* + MH)*°T(a - n/2)/T(a)
W= [@ep/(-p + 2kt M)

= ix"2(k* + M)k T (a - n/2)/T(a)
B o= [ e/ (=p + 2k + MO = iR+ M)
[[(a —n/2)k*k — T(a 1 - n/2)g" (k* + M?)/2] /T(a)
Here, the Gamma-function is defined by:

I(z) = /0°° dt =~ Te !

In particular, for small z:
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where 4g is Euler’s constant (7 = 0.534).

An interesting identity that does not, strictly speaking, follow from J; is

/d“pp" =0

for all a and n.



Appendix D

Renormalization conditions and counterterms.

In this Appendix, we tabulate the counterterms that are needed for our calculation and
the renormalization conditions associated with them. We give both a parametrization of
the Green functions and the structure of the counterterms. In the counterterm formulas,
it should be understood that the part that survives when all the counterterms are taken

to zero (the tree level value) should be subtracted.

D.1 Tadpole

IR -@ =tadpole ~-H~.------x =T

Renormalization condition : tadpole=0

Renormalization constant : T

D.2 Two-point functions(self-energies).

w  kER o kHE ,
o@D =\ 9% = 5 | Aw(k) + — Bw(KY)

w w
w w s m 2 2 2 . LY
MAAASEAAAAAY "‘1ng [6MW + (MW - k )] +1ZW,¢ k

Renormalization conditions : Aw(M%) = 0

Aw(MY)

il
o

Renormalization constants : Zw, §MY
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ULV
e =(o = ) aate (¥)
2 z .
wWAanAAKAAAAAY =l-guu (ZZZ(M% + 5M§) - kz(ZZZ + ZAZ)) + Zkuku(ZZZ + ZAZ)

Renormalization conditions : Az(M%) = 0
Az(M%) = 0

Renormalization constants : Zzz, 6M2
(For our purpose, Z4z can be set to zero.)

—— et 2
-, =F(K)

TY
B g
ik Z¢+12]u

; v G.H™'Z,

Renormalization condition : F'o(M3 ) =0
Renormalization constant : Z,
J'VWV'———: =1kuc+(k2)
w* ®

VAAAPE - = =~ =—tk" My Gw Zl/2 1/2
w* L4

There is no new renormalization constants needed for this function.

— =Y (k) + T (K )rs + S5 (k7K + TH, (k) Frs
[ 3
Uy u,
. 1 1 u u ] 1 3 u u ]
i |52 A + Em{)(20)) 2 = S 25 ) Al + 6mf) 26

1 u u y 1
+i7s ['E(Z” ) mi + 6m{)(Z2, )" + 5(

B2 HZE T + (28 ) (2]

+ikys [ 520280 + 5 (28 (20 ]

sl u u ]
2 ) 2 (mf + 6m{)(28))"]
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Renormalization conditions :

for

for

Zf(m?) + mZ5(mi) = 0

Z§(m?) =0

Ts,(m?) =0

2m, 4 (m?) + £¥(m?) + 2m2T (m?) = 0
i1=j and |

Y (m?) + m,;TY(m?) = 0

Ty — m;TY(m?) =0

Y (m}) + m.BY(m?) = 0

TV (m?) + m; B (m?) = 0

i# 7.

Renormalization constants : Z(,)r, Z(ur, m),

124

There is also the two-point function for the down-type quarks, which is the same as

for the up-type quarks with v — d.

D.3

The three-point functions

No new renormalization constants are needed for the three-point functions (it is argued

in Chapter 5 that the charge renormalization is zero in our approximations, which means

that we can take Y = 1 in the following formulas). We will use the notation [¢@,¢3] for

the three-point vertex ¢ — ¢, — ¢3 of Appendix B and the subscripts R and L will refer

to the right-handed and left-handed parts of the vertex respectively. We will only give

the counterterms here.

yt

d?

wi
=YGi(Z() (2, ) W i)



125

Appendix D. Renormalization conditions and counterterms.

B YGiG2ZY7 (20 ) [ Z,uaiq)L(Z(3 )
+YGT G2 277 (2705) P Zuaiale( 2 ()

Here, g = u or d and

/2 _ 1/2 1/2
Z = Z R+Z(q)LL

(g)v (9)R
12 _ /2t 1/2t
Zye = ZguBR+2ZRL

Also, the vertex [Z4§iq] is defined as $v*(A,L — 2sin® 61y Q,) where Q, is the charge
of the quark and
A, = 1/2
Ay = -1/2

Finally, we also show the counterterm to the interactions between the charged would-

be-Goldstone bosons and the quarks.

_ YGy G112, (2]5R) 2 C\l) |6 tedi) L (Z{iy . )/
+YGW G2,/ (Z))) 2G4+ wdi]r(Z(y )2

The following abbreviations have been used throughout:

S§M?2
G = 1 w
W + M&,
6M§
Gz = 1+ A[%
6m£q)

(9) — haddd 38
Ga, = 1+ mf)
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2 _ 2

H = \Jl+—————5M§ Mfw
MZ; — My,

Gy '

Gz/H
G: = Gz/Gw.



Appendix E

Renormalization constants and counterterms.

In this Appendix, we present the renormalization constants and the counterterms needed

for our calculations.

The renormalization constants, as determined with the formulas of Appendix D, are

as follows:
2 2 1 Mi(1 — z) + m?z?
e\1/2_ _g__(ﬂ_) 2_ _ _ [ ( H { )
5(ZL) 12872 \ My e TF ./o dz (1 - z){ln 4r
+ln<M§(1 —-z)+ m?z"’)
4z

+2m‘/ dz[ z(l-=z)(2-2z) z?(1 — z) + z(1l —z) ]}

Mi(1 -2z)+miz?  ME(1-z)+miz? M} —miz

2 2 1 2 —z)=—m2 -
6(23)1/2?12%«2 (1:;‘) {2 (%'75) "/ dz(l_z)[zln(MW(l z)4 el Z))
3% 0 T
2 _ 2,2 12 _ 2,2
+1n(M,,(l z) + miz >+ln Mi(1—z)+miz

+2mf/ldz[47;(1—2)(2—:c) 3 ;127?1_2) + z(1 - z) ]}

Mi(1 -z)+miz? M3(1-z)+miz? M} —miz

30 w) [t
m,_647r2{ —E / dz ln ME( 1—z)+m,z

—/:d:c(l—:c) o M = 2) = miz (1")) In <M3:(1—=)+m?z2)

) - 4r 4r
+ln(MZ(1 —z)+miz )]}

4
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647r2Mw

g 2 m?
M3 {
+3MH ln M— + 2A[HA{PV ln 14 + MHA’[Z i:}

2

§Z4=——3 L (MY — 2M2 M2 )/1 dz z(1 - 2) — 2M?2 [3 P
T edm MR N Y HEWI o ™% M z? + M3(1 - z) Wle

1 2 N2 2 — 1 2 _ 2
_/ s ln(sz + M} (1 z))] +6m3/ ds [2_7E+1_1n(7_n,_1}4ﬂ)]
0 0 € 4

4r T

1 z
2
—6m? | dpg ——=
6 './o 2:I—Mﬁ,:::/m?

i 1 2 M2 2? + M%(1 - z)
zZ _Q_ 2.2 2 2 B M3, 2
M? 1 2 .2 201 _
- M? [——7E+1—1n H] _4M;2V/ dz [z_,m_ln(sz‘ +]WH(1 2))]
4r 5 0 € e (147r )
m,Ir — z -2z
_12/ dz m, Mw:z:(lz— z)) [; —ve+1-— ln( 4&:; )]

2
+12m, [— -y +1 —lnﬂ]}
€ 4r

8Zw=

2 1 2 —~ M2 :c
g W
d pu— _—— —-— / —
39 2{6/; :z::c(l :z:)[e YE ln( ppn )] d::z:l :::

2 M2 z* + M4(1 - z) z(1l - z)
(=)
X [e TE TR 4 4IMW/(; dz M2+ Mi(1 - z)

: 2 m2 2
g 2 - Miz(l-z)
it o (02
2 m{
+24(CP +CR)mt[“’7E+1_ln4—,;]
92 m? — M2z(1 - z)
_ t2 t2 - — -— - : Z
24(101, +CR)/; z (m¢ Mzz;(l :c)) L 75}:{'21 . lnA(42(1 %w )]
2.2 1r2 2z T Vgl o2
B A e 3 R

1or2 Mizt + M4(1 - z) 2 M?,
_aAM2 e z H < .My
4MZ/; dzL TE ln( 4r )] MH[ 7e+1-ln 471']}
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32mw2c? - Miz(1-1z)

e -2'Mz/o . M} S

_/01 dzz(l — z)[% —9E — ln(M§z2 +£fl(l — z))}

2 -
5Zz——{3m,/ dz — z(1 - 2) + 12(C2 /d:czl—z

§(28)1/? g n 2 Miz +mi(l-z)
wy2 8(20) "7 9" [ [__ _ ( i : )]
5(21) Vis 6ar2 Jo "l T In 4r

These formulas take a simplified form when we consider them in the two limits men-
tionned in Chapter 5. In the following, we will give the form of the renormalization
constants first in the large My limit and second in the large m, limit (denoted by a A).

(If the two limits happen to coincide, we give only one result.)

(2 =i () o755 ﬁ'él“M_f'}

12871'2 Mw € 47 4r
2 2 m?
g m, 2 JWH
= — - —vp —4—21
. 12872 (Mw> € 7E "ar 4 tln 41r
2 2 2 7 3. m? 1. M?
52111/2_.:_._2_(&) 2<__ ) ——Sln—t - ZpH
(Zz) 12872 \ Mw )TN E T g
2 2 2
. T 64w? (Mw) {6 7E—1-In 4
ém, g¢°* [ m, )2 3 (2 ) 7 3, M}
= - -= -~ —=ln—2
m, 64r? (Mw 2 \e 7E) 4 2 . 4
2 2 2
_9° (m\*]3 (_ _ ) _3, ™
= 64 (Mw) ) ) t4-3lng

g 2 m?
T6ar2 My {(Z —Et 1) (24my — 3M}; — 2M}; My — M M7) — 24miln -

M} M} M
+3M}1n 4—: + 2Mi M} In 47‘: MiMZin 4:}

3gm{ [2 m?
h= 872 Moy {——7E+1—ln—7r}
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2 2 2 m?
LT My . M M g (2 gk
8Z¢-—"'647r2M‘2V 2 + AI‘VI ME{ + 2MiV ln + 6m‘ YE + 2 ln 47{
3g*m? (2 1 m?
—_—~ ot —_ - _l _t
b =Semz e ETr R,
2 2 2 2
2 __ 9 SMy, . My MH E_ 1 . m
SMw == 33m2 { 3 Mgy vy tOm{c-mtgmh
3g*m? (2 1 mf
=-— - - - -1
. 3272 | e e+ 2 e 4r
g’ M3
My
6Zw= 192 70
& =0
2 2 2 2
9 PapiaMu My a02(2_ ™
Mz 3272c2 | 3 z! 4 + 4 +3m, e ~In 4r
3g°m? (2 m?
4 = 32m2c2 ——‘75—11’14—7;
2 2
g My
6222={g3m1 P
& =0
5(Zba)1/2 gz ( m, >2 9 m2 3
boy1/2 _ - i —ln—2 4+ =
5(21) Vio 12872 \My/) e 27" 4r T2
The counterterms are given by:
) k* kv kHkY
M =1 (g“" - ) (Aw + (M}, - kz)Bw) +1 2 Cw
_;——)(———"' =‘I(A¢ + B¢k2)

WAANASE - == - =—ika"Aw¢

- =A¢¢b[¢—5t]
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t
—¢7 =A¢¢b[¢-d—t]

=Awu,[W_“Jt]
+
d w
b
2 2 2
A i D LA N
z  64n? (va)a'< 7E i W)[Z s
d
where,

Rr = 26(Z3)"*

Lt = 25(222)1/2
e (1 o)

2 2 m;
Aw = M2,
By =68Zw
Cw = Aw + M},Bw
g
A, = T
° T oMy
1/ Aw
Aw¢=-2-<m+3w+3¢)
_ Aw 1 2 2 2 1 bb\1/2 Jmt
Ad"b - 2M3V - 232M§(C 6"”2 - 5MW) + EBd’ + 6-(ZL,) + R" + 2RT
— 1 Lt bby1/2 1 20802 2
Awwp = 262w + 5 +8(Z))* - 232M§(c §M3 — §ME)



Appendix F
Calculation of two-léop box diagrams
We will present here the details of the calulation of two-loop box diagrams. First, an

application of the Feynman rules of Appendix B gives the following general form of the

diagram:

dp dYq
[ oy ny f® 9P

whete D = [I5,(p* — m})* [Tius(q = m2) ((p — 0)* — M?) and f(p,q) is a quartic
polynomial in p and ¢. To simplify this integral, we can use the identities (we omit the

dp d%q
measure =t (2“_),,)

(% 1 v
/p"p 9(p.q) = ;/ng(p,q)g“
1 "

/qup,q = ;/p-qu,q)g

/ PP’ 9(p,q) = m / p*p - 99(p,9){g"9* + ¢"*°g*® + ¢*°g"*}

1
a u_v = pu af ua v ul _va
/p P¢¢"9(p,q) - 1)(n+2){Ag + B(g**¢"” + ¢""9"*)}

where A = [{(n + 1)p*¢* - 2(p - 9)’}9(p,9); B = J{n(p-9)* — P’¢*}9(p,q) and g is an
arbitrary function of p and ¢. These identities are easy to derive when we realize that
the Lorentz structure of the integrals follows immediately from the symmetries of the
integrand and the fact that we can only use the metric in their construction (there is no
external momentum). The coefficients can then be found by contraction of the indices.
As a second step, we can reduce to a minimum the number of 4y matrices present by

the use of the identities of Appendix C. An arbitrary diagram can now be written as

132
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Aim + Agm; where 71 = 7° LugBqva Lvs and 72 = @7°7?7° LuaUavs757a Lvs and the 4;
are integrals of the form [ h(p,q)/D where h is a scalar function quartic in p and gq.
Using partial fractions, we can write this as a sum of terms of the form [ A(p, q) K" (my,mq,m3)

where

1
(p? — m})(¢* — m3)((p — q)* — m3)

The following identities prove useful:

K"j(ml,mz,ma) =

[ ay K (m,mama) =[5 + 4"~ mdp - gK (s, ma,ma)/2
/pzp - qK"(my,myymy) = /[(P2 +¢* —m3)p’ K" (my, ma,m3)/2]
—H'"Y(my)H (m;)/2 — mH' (my) H' (m;)
/P4Ki'j(m1,m2,m3) = mf/[PzKi'j(ml:mz,mS)] + H'"}(m;)H' (m3)
+(m3} + m3) B (m2) H' (m;) i=1
= /pz[K“l"'(ml,mg,m3) +miK" (my, my,my)] 1> 1
/P242Ki‘j(m1,mz,m3) = /K‘"l‘j'l(ml,mZamS)
/+(mf92 +mip? — mim3) K" (m, mz, my)
/P - gK"(my,mq,m;3) = /[(P2 + ¢t = m3) K" (my,ma,m3)/2] = H'(my)H?(my)/2

/PzKi'j(mhm%mS) = /[Ki—l‘j(ml9m2am3) + mei'J(ml’m2im3)]
as well as the identities obtained from those above vie the interchange
g g9, mermy, "'HJ

Here, H'(m) is the 1-loop integral

H"(m)=/(;:‘)’n 7 _1m2)‘. (F.96)

Its value will be given later.
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These identities can be derived easily by the substitutions p? — (p? — m?) + m?,
2p-q¢=—[((p— q)* — m3) — p* — ¢ + m}] and so on. Their repeated application allows
us to express the integrals as a sum of terms of the form

I(my,mg,m) = [ K (m, ma, ms)

We can reduce the values of i and j with the help of partial differentiation

- 1 8 . ..
I"(my,m;,m3) = (i—ﬁb;ill_l‘](mlamhms)
- 1
1 d ...
B

We could therefore write all of them in terms of I''!. However, it is preferable to express
them in terms of I?!, which is easier to calculate. Note that we cannot obtain I'! in
terms of I*'! by partial differentiation. We can, however, use a different technique. Notice

that I''! is a homogeneous function of degree 2(n — 3), that is
Il"(/\ml , Amg, /\mg) = /\2("'3)Il‘l(m1 ,Ma, m3)

By Euler’s theorem, we get

1 a a
1.1 _ 11
I (my,my,m3) = 3(n - 3)(m1 £ + mzam2 + m36m3)1 (my,m2,m3)
_ 1 » O . 0 2 0 |
T (n- 3)( ' Om? * 26m? + mf’amg)l (m:, m3, ma)
Now,
5] 1
—Il‘l 3 ) =
Gl (mmama) = [ e
1
—J (p2 = md) (2 — md)((p — q)? — m})
= 12‘1(m2;m17m3) = I2‘l(m27m37m1)
Similarly,

8/6m2I " (my,ma,m3) = I*'(my,m,,m;)

3/6m§1”(m1,m2, mj) = I2‘1(m3, my, msy)
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and we get:

J“l(ml,mg,m;,) = {m?lz'l(ml,mg,m;,) + m%[“(mg,mg, my)

(n—3)

+m3I*(ma, my, mz)}

The function I?!(m,;, m,,m3) can be calculated after a Feynman parametrization. The

result is:
-1 [2 1 m?\ 1 m?\?
2,1 — Z4iZl1- - -1 ~{l1=2yg -2In—
I (mlamZamC‘) 25674 {62 + € (1 275 2ln 471') + 4 ( TE n 47!')
5 w2 2.1 mg mg
4 G-I (F.97)
where
2,1 ! ! 1 -2z 2
J'(z:,y)s/ dZI/ dz, In[l + (42 — 1)z, (F.98)
0 0 Z2
with
2 _°% ¥
po= 1—21 + F41
Explicitly:

2z
l-—z—y—\/x
1, 2y 1.y l+z-y+VA\ (l-z+y—-VA
4 [(1+z-y—ﬁ)(l—z+y+\/§)]

* Liz(l—zzzj—f/\) +Li2(1—z:2:—‘/x)}

A = 1-2z-2y—2zy+z*+°

1 l1—z-— 1
Piey) = 14 pinalny+ EEZI 2 L

Our last task is to obtain the expansions of the I*/ when one or more of the masses
are made large. In practice, we will encounter only I'!, I*!, I%? and I3!. Furthermore,
I'! is algebraically related to I*!. Therefore, we only need to expand I%!, I®! and I%2,
As we have seen, I*! and I?? are related to I*! by partial differentiation. However, we

cannot obtain their expansions by differentiation of the expansion of I*! since, in general,
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these operations do not commute. We must first obtain a general expression for I and

I®! and then expand them. It is convenient to define J*? and J3! by

1 m2 m?
2,2 2,2 2 3
I (ma, ma, ma) 256m4m? (mf’ m?
1 2 m?2 m?2 m?
3,1 - 2 _9 -921 1 3,1 2 3
I (m1, mz, ma) 512w4m? {e TE e ti+J (mf’mf)

The expansions for J>!, J%? and J3! will be given below. In those expressions, z < 1,
y < 1 and a is not too large (az < 1). In practice, a is almays less than 1. The

expansion parameters ¢ and y are (%’;‘-‘Z)Z, (%2’-)2 or (x"}!‘;)z We assume all of these ratios

to be small. The coefficients of the J’s can be as high as m}? and M. Therefore, we

need to expand these functions to at least the fourth order in the small quantities. The
expansions we give are valid to the fifth order. This is done by computer algebra using
two independent codes. Furthermore, the first three of these functions have been checked

against the results of ref. [13].

J¥(z,y)=1/2 - x¥/12+z + 2?/4 + /9 + 2 /16 + 23/25 + (1 — =?/3)zy/2
+(3 = 272/3)z%y + (11/2 — 7?)z3y + (74/9 — 47?/3)z%y
+(49/8 — 37%/2)z%y? + (35 — 8n?)z3y? — Inz(z + z2/2 + z3/3 + 2*/4 + 25/5)
—ylnz(z + 42? + 823 + 382%/3) — y®Inz(z + 212%/2 + 4023)
—y’lnz(z + 20z?) — y'zlnz — yInzlny(z/2 + 22% + 323 + 4z*)
—y?lnzlny(92%/2 + 2423)

+z oy

J*Y(a,1/z)=J%Y(1/z,a)
=1+7%/6+(In’z)/2—z{1+a—n%/3 —alnaz —alnalnz - 1n’z}
~2?{1/4 + 3a — 27%a/3 + a*(9/4 — 7*/3) — alna(1 + 5a/2)
~In2(1/2 + 4a + 54%/2) - a(2 + @) InazInz}
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~23{1/9 + (11/2 - 7*)a + (9 — 27%)a® + (47/18 — 77/3)a?
—alna(l + 8a + 10a?/3) — lnz(1/3 + 8a + 13a? + 10a3/3)
—alnazlnz(3 + 6a + a.2)}

~2*{1/16 + 74a/9 — 47%a/3 + 107a%/4 ~ 672a® + (20 ~ 8x%)a
+(401/144 — 7%/3)a® — alna(l + 33a/2 + 23a% + 4743/12)
—Inz(1/4 + 38a/3 + 42a% + 30a® + 47a%/12)

—alnazlnz(4 + 18a + 12a% + 213)}

—2%{1/25 + 797a/12 — 5n%a/3 + 569a%/9 — 4072a?/3 + 177a%/2 — 20770
+328a*/9 — 207%a*/3 + 5197a%/1800 — w2a®/3

—alna(l + 28a + 82a% + 142a/3 + 131a*/30)

—Inz(1/5+ 107a/6 + 308a%/3 + 144a® + 169a*/3 + 131a°/30)
—alnazlnz(5 + 40a + 60a? + 202° + a)}

JY(1,z)=J%(z,1)
1+ 2+ 52%/36 + 472%/1800 + 319z* /58800 + 1879z° /1587600
—zlnz(2+ /3 +z?/15 + 2%/70 + z%/315)

J*2(z,y)=-y{n?/3 — 2(2 — 47*/3) — 23(17/2 — 3n?) ~ 23(182/9 — 1672/3)
—24(2701/72 — 2577/3)} + y?{2 — 27%/3 + 2(14 - 6x2) + 22(65 — 24?)
+2%(1921/9 — 2007%/3)} + y°{9/2 — 7% + 2(50 — 1672) + 2%(597/2 — 1007?)}
+y*{65/9 — 4n?/3 + 2(1133/9 — 100n?/3)} + y°{725/72 - 572/3)

—In :c{l +z+2?+ 2%+ 2 +2° + y(1 + 8z + 242% 4+ 1522%/3 + 535z4/6)
+3%(1 4 21z + 12022 + 12402°/3) + y3(1 + 40z + 370z%) + y*(1 + 65z) + ys}
-—ylny{2 + 4z + 6z? 4+ 8z® + 10z* + y(6 + 30z + 84z* + 180z3)

+y*(11 + 104z + 47022) + y*(50/3 + 770z/3) + 137y*/6}

—ylnyln z{l + 4z + 9z% + 162° + 25z* + y(2 + 18z + 72z? + 200z3)

+y%(3 + 482 + 300z%) + y°(4 + 100z) + 5y°*}
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J*?*(a,1/z)=z{r?*/3 +lna +2Ilnz +Inazlnz}
~22{2 — 27%/3 + 2a - 27%a/3 ~Ina — Salna — 6(1 + a)lnz
—2(1+a)lnazln :c} - 23{9/2 — 7%+ (10 — 47%)a + (9/2 — 7?)a’
—2alna(5 + 8a) —Inz(11+ 32a + 11a%) — 3lnazlnz(1 + 4a + a?)}
~24{65/9 — 47%/3 + (37 — 127)a(1 + a) + (65/9 — 47?/3)a’
—Ina(l + 33a + 69a% + 472%/3) — Inz(50/3 + 102a(1 + a) + 50a3/3)
—4lnazinz(l +9a(1+a) + a3)}
—25{725/72 — 57%/3 + (886/9 — 807%/3)a + (367/2 ~ 607?)a?
+(886/9 — 8072/3)a® + (725/72 — 572/3)a* — Ina(l + 56a + 246a2
+568a3/3 + 131a%/6) — In2(137/6 + 736a/3 + 49242 + 736a3/3 + 137a*/6)
~5lnazlnz(l + 16a + 364 + 16a° + a*)}

J22(1,2)=1 — /9 — 162?/225 — 2492%/9800 — 782z* /99225 — 176452° /7683984
+zlnz(1/6 + z/15 + 32%/140 + 223/315 + 52%/2772)

J¥(z,1)=1/2 + Tz /36 + 372?600 + 533z°/29400 + 1627z%/317520 + 18107z%/12806640
—Inz(1/2+2/6 +2%/20 + 2%/70 + /252 + z°/924)

T3 (z,y)=zy{r?/3 - (4 — 2n%)z — (13 — 4n%)2? — (247/9 — 207*/3)z°}
—zzy2{14 — 672 + (115 — 407r2)z} +1n ::{:: + 22+ 23+ 2t + 2% + 3zy + 142y
+3523y + 202z%y/3 + 5zy? + 5122y + 224z3y? + Tzy® + 124z%y3 + sz“}
+zylnzlny{l + 6z + 12z? + 20z + 18zy + 120z%y}

tzey

J¥(a,1/z)=J%(1/z,a) =lnz + z{alnaz + Inz}
+2*{27%2/3 + 3alna + a’lnaz +Inz + 6alnz + 2alnazlnz}
+z3{—4a(1 +a)(1 - 7%/2) +alna(5 + 14a + a?) + Inz(1 + 19a + 1922 + a?)
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+6a(1 +a)lnaz lnz}

+2*{~13a + 4n%a — 28a% + 127%a? — 13a% + 47%a® + In a(7Ta + 51a°

+35a% + a') + Inz(1 + 42a + 102a® + 42a® + a*) + 12alnazlnz(l + 3a + a2)}
+25{—(247/9 — 207 /3)a — (115 — 407%)a?(1 + @) — 247a*/9 + 20r%a*/3
+alna(9 + 124a + 224a® + 202a%/3 + a*) + Inz(1 + 229a/3 + 348a%*(1 + a)
+229a*/3 + a%) + 20aln azInz(1 + 6a + 6a° + a°)}

J¥(1,2)=J%(z,1)
_1 = 72/18 — 372?/300 — 53323 /1470 — 1627z* /158760 — 18107z° /6403320
+zlnz(5/6 — 2z/5 + 22/35 + z3/126 + z*/462)

Finally, we must give the value of H'(m). It could be calculted directly from F.96

but, as shown in section ?, it can also be found from a recursion relation

n/2 —k+1H*(m)
k-1 m?

H*(m) =

All we need is the value of H'(m), which is

1 i (2 m? 1 1 m?\?
H(m)=167r2 i 75—1+1n4—ﬂ-_- + € -2'2+2+:1‘ ‘YE"‘1+1D:1;

The O(¢) term must be calculated because products of two H' functions often arise

in the decomposition of two-loop integrals.



Appendix G

The box diagrams at two-loops

In this Appendix, we list the values of the leading diagrams as determined by the methods
of Appendix F. For each diagram, there are two or three values given. The first one is
the exact value expressed in terms of I'/ and H*. The second one is the expansion of
the first in the large My limit. It is labelled #. Finally, if the expansion for large m,
gives a different result than for large My, it is given in a third entry labelled &. If not,

only two values are given. Each result should be multiplied by igéa?.

w+

TaVaWaVavaV
H

-------- (1)

NNANNNA
e

Dl=—_T% _, {(Hm(m )= HO(Mw))" + (m? - ME)? (H (my))” - 2(m? - M2
IGM&/ 1 t t w t t w

x (HO(me) — HO(Mw)) HO(my) + (M, — 4m?)(mf — M, ) I**(my, me, M)
+(MI?I - M&/) (Il'l(m,, me, My) — 2]1'1(771;, Mw, MH) + Il'l(}”w, My, MH))
=2(m? — My,) (M}, = 2m} — 2M}) (1% (me,me, M) = 1% (me, My, MH))}

& =0

140
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¢+
H
-------- (1)
=
:
D2=4M{‘VD1
& =0
__m :
* =iolsam Mg(ls 2r’)
W+
LINANANNNY
H
------- 4 (2)
=
m} 2 2 2 1 1 2
o5, 1 - )

+2(m? — Mg, ) (H¥(m,))’ (M} — 6m?)

+(m} — MY, ) (M} — 5mi — M},) (H'(me) — H'(Mw)) H*(m,)

+ (M}, — am?)? + (M} — 4M,)? = 12(m} — M},)?) IV (my,my, M)

~2 (M} - 4m?)? + (M}, — 4M},)? = 10(m} — ME)?) I (me, My, M)

+ (3(ME - 4m?Y? + (M} — AM%)? — 8(m? — M%)?) I' (Mw, Mw, M)

—(m§ — M) (3(M} — 4mi)* + (M} — 4M7)* — 16(m] — M) 2) I (e, me, M)
+(m} — M},) (3(M} — 4mi)? + (M} — 4M},) —12(m] — M},)?) I (me, Mw, M)
+2(m? — M3)(MY — 4 Iy m, M)
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§H° M)

M}, 2

D4=__éim{(yl(m,) - H\(My))" - 2(m? - M%) (H'(m) — H'(Myw)) H*(Mw)
2

+(mi — My,)? [(H2(MW)) + (ME = 2M3) P (Mw, Mw, MH)]

+(M} - 2m}) (Il"(m,,m,, My) =21 (my, My, My) + IV ( My, My, MH))

—2(m? - M{, ) (M}, — m} — M%) (I (Myy,my, Mir) — I*' (M, Miy, MH))}

& =0
o+
=
IH" | (1)
L]
pe
Mgmy
= D
R
4 2 2 2
n_ {15—47r2-121n2 My +241“(M”/"")((1_z)(1_2z)

~393216m% Mg, (1-z)?
+z(2 - z)In z)}

& =0

m
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A{Z 4
D6=——4:{—T:i1]1{11'1(m¢,m,, MH) - 2Il'l(m¢, Mw, MH) + Il'l(Mw, Mw, MH)
w

—2(mt2 - M&V) (Iz'l(AI‘V’mh A[H) - Iz‘l(M‘V, AI‘V, MH))
+(m? — M%) I*¥( My, My, MH)}

& =0

{
EH° (4)
f

e RN

br= ngq m{ (' (me) = H' (M) = (m? — ME)H* (M)’

(M} + 2m]) (Il'l(mhmh My) = 2" (my, Mw, My) + I (Mw, Mw,MH))
~2(mf — M) (M +mi + My) (I*'(Mw,me, M) = I (M, M, M)
+(m? - M )Z(M}, + 2m?) (M, My, MH)}

__m In(M}, /m?)
204874 ‘MW (1-2z)?

& =0

(1-z+zlnz)
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e | (4)

D3=m7'27h{(H1(mt) - H'(My) — (m! - 1‘4‘2‘/)1[12(1‘4%/))2
+(MF — m}) (I (me, me, Myr) = 21" (my, My, Myy) + IV (Muy, My, M)
—(m} — M,)@2M}; - mi — M) (I (M, me, My) — I (Miy, My, M)
+(mi — My (M} - M;ZV)IZ'Z(MW,MW,MH)}

& =0

e | (2)

2
m,

m"h
+5(m? — My ) (H*(Mw))" + m2(5M} — 2m2)I* (my, my, My)

— (2(5M% - 2m)m] + 5(m} — M},)?) 1" (my, My, M)

+ ((5M} - 2m?)m? + 5(m? — ME,)*) I'*(Mw, Mw, M)

—(m§ — M) ((5MF — 2m?)(mi + M) — (m] — M) (3m} — 5M},)) x
x I*! (M, my, My) + (m? — M) (m}(5MF;, — 2m?) + M%, (5M}, - 2M},)
+2(mf — ME)?) I*(Mw, My, Mur) + (mf — M, ' (5MF, — 2M},) x

D9=~ {8 (H(me) - B'(3w))" m? = 5(m — DY) (M) (H'(me) — H' (M)
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1*¥( My, My, MH)}
4 =0

I | (2)

m}
gamz, "
+(5ME — 2m}) (1" (my, me, My) — 21" (m, Miv, Myg) + IV (Myy, My, M)
~2(mf - ME)(5ME —m? — ME) (I*(Mywy, my, M) — I*' (M, Miy, My))
+(m? = M%) (5MY — 2M%) (M, My, M,,)}

D10= {5 ('m0 - B' (M) - (m? - MY H* (M)

& =0

H L (#)

Du=3§m{2 (H‘(m,) - H'(MW))2 — (m? - M%) (H‘(m.) - H‘(Mw)) X
x (H2(m,) + Hz(MW)) + (2Mf; — 5mi — 3M )V (me, me, My)
+(2M} = 3m? = 5M7 IV (Mw, My, My) — 4(M% - 2m? — 2M}) x
x " (my, My, My) — (M — 4m}) (1% (my, my, M) = I*'(Mw , My, M)
x(mf - va) + (m? - sz)(M/%i - 3m? - anv)ﬁ'l(mt,Mw,MH)
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—(m — M)(M} —m — 3ME,)I* (M, Miv, Mn) }

& =0

R @)

e e

D12=—-4;€2V m{z (H'(m) - H' (M)
—(m? = M%) (H'(me) - H (My)) (H*(me) + HY(Mw))
+(2M2, — Tm? = M2V (my, me, Myr) + (2M% = 5m? — 3MZ ) (M, My, M)
—4(M} = 3m} — M3V (my, My, My) — (m] — My ) (M} ~ 4m§)I*Y(my, m,, My)
+(m? — ME) (M} — 3m? — M},) (I} (my, My, Myy) = I (Mw,mi, Miy))

+(m? = Miy) (MG = 2m = 203,)1* (Myy, My, M) }

& =0
¢+
-———’7—'"'
H | (a)
FaVaVaValay
"=
_ M
D13_2M3v0122 o
s oM ln(MH/m¢)(2(1_z)+(1+z)1nz)

T1024mt MY, (1 -z)3
& =0



Appendix G. The box diagrams at two-loops 147

ot
TH 1 (4)
=
M}m{
——H7t p11
D=7 4 o
mom 2In(Mj/m7) 2
=— - 1
. 81927 M?, (1= z) (1-2"+2zlnz)
& =0
wt et
’\J'U,\____.
V'
/
r” H (4)
"\I'U\/\_._l\/"
W

4

D15=—8T4‘&/ m{z (' (me) - H'(Mw))”
—(m? - My) (H'(m.) - H'(Mw)) (H*(m,) + H*(Mw))

+(2M}Y = 3m? — 5ME)IV (my, my, My) + (2M}, — 5m? — 3ME)TV (M, Mw, My)
—4(M}; = 2mi — 2M3, )" (my, M, M)

—(m§ — My, )M — 4my) (Iz'l(mumn My) — I*'(Mw, JWW,MH))
+(m{ — Miy) (M — 5m) + My )I* (me, Mw, M)
~(M} = m? + M) (M, e, M)

_m In(ME/m})
=~ 15247 ML, (1 — 27 (2(1-2)+ (1 +2)imz)

& =0
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H | (@)

s . o i

4 2
16~ {2t () — ')

—(m} = M%) (H'(m,) — H'(Mw)) (m?H*(my) + (m? — 2M}, ) H* (M)

+ (2*Mt2V(Mf21 — 4m/) — m{(m{ - ]W‘zv)) IV (me,me, My)

+ (2M% (M} - 4m?) — 3mi(m? — M%) I' (M, Miy, My)

—4 (M}, (M} — 4m?) — m(m? — M%) I"(my, Myv, M)

—m? (M} = 4m{)I*" (my, me, M) — (M} — 5m? + M3 ) (me, Miy, My)) %
x(mi — M) + (mi — Miy) ((MH smi + 4M ) (mi — 2M,) + 4(mi — M}y) )
x I (Myw,me, My) — (mi — M) (ME(m? — 2M}) + 2MF, (m? + M},)) x

x I*( My, MW,M,,)}

__m__m In(M}/m{)
4096+ M“ (1-z)

& =0

(1-z*+2zlnz)

pt Wr
.._.,.,J\N

" H (4)

AN
W

D”:W:%{HM” m? — M3 (H'(mi) - H'(Mw))"
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—(m? = ML) (H'(me) - H'(Mw)) (H*(m.) + H(Mw)) (M} — m} = M%)

~(m? - ME) (H'(m)) - H'(Myw)) (2H'(My) = H'(m:) - H'(Mw))

~(m? — ME)? [(H' (M) — H'(m0)) H¥(m() + (H'(Mu) - H'(Mw)) H*(My))]
1203 (M — 3m? — MR (my,me, Mig) — 2(MEy — 2m? — 2My)x

x 1" (mq, My, M) + 2MJ (M — m} = 3M3, )T (M, My, Myr)

~ME(m? — My) (M} - 4m3)I* (me, me, M) = (MG =AM, )1 (M, Mw, M)
+ (M3(ME - 2M}, — 2m?) + (m} — MLY?) (m? - M3,)x

x [1%(me, M, M) — I"'"(Mw,m,,MH)]}

_ mim
+am?(m? — Mp,) (H'(m) - H'(Myw)) (2H (My) - 3H' (m,) + H'(Mw))

+ (3(1 —3n)Mim? = 7(1 —n)m} + 2n M} — (1 + n)MEME, — (1 - n)mefV) X

{(3(1 — n)m{ + 20 M} — (1 + 3n)M},) (H'(m,) - H‘(MW))2

x I (my,me, M) + (=4nM}y + (1 = n)(Tm} + 6miM}, + 3M3,)

~2(3 = Tn)MEm? + 2(1 + 3n)ME MY ) 1M (me, My, Myr) + (2nM} + (3 - 5n)x
x Mim? — (1+ 5n)MEMYE, — (1 - n)ME (5m? — 3ME)) I (My, My, M)
+(m? = M) (n(M} — ME)* + mi + (1= 3n)MEm? — (5~ 3n)mI M},) x

x I*Y(me, My, M) + (m? = M%) ((2 = 3n)m{ — nM}; — 2(1 — 2n) M}m!

1+ n)MEMY, + (3 — n)mI MY, — M, ) 1% (Mw,me, M)

+(m? = ME) (M} + 2(1 — n)(MEmi — m! M}, — My,) - (1+ 3n)M?{M3v)}

o = 12 In(ME/m})
8192m¢ ME (1 — z)3

& =0

(1-z’+2zlnz)
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H | (@

e

Dlszﬁm_{(g (H'(m)) — H'(Mw)) = (m? = M%) (H*(me) + H (Mw))) x

8nMy,

x (H'(me) = H (M) + (I"(my, me, Myr) + IV (Miy, Miy, Myr)) x
x(2MY — 9m? + M%) — 4(M}, - 2m? — 2 M2V (my, My, My)
—(m? — M) (M + m{ — 5M{, )1} (m,, My, My)

—(m? = MY)(M}; — 4m?) (I (my, me, My) = 1% My, Miy, My))
~(m = M )(M}, - 5m? + ME)I™ (M, mu, M) |

___m_ (mi) In(M§/mi)
T 20487 \ M) (1-=2)B

& =0

(20-2)+ (1 +2)nz)

(2)

M2
D19=2—:7)2{—(2mf + MEV) (Il‘l(mh My, MH) - Il'l(A[w, My, MH))

+(Tn¢2 - M&V) (mfIz"(m,,Mw,MH) + (mf + M&V)Iz‘l(Mw,Mw,MH))
+M3‘V(m¢2 - M?‘V)ZISJ(MW) MW’MH)}
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2\ In{M?%/m?
. =‘4Og;,,4 (1:;,) n((l _Hir)r:t) ((1 —z)(5+z)+2(1+2z)ln z)
& =0
H
7N
LA NAAA
w+
(2)
-—;—-_-q

4

D20=—n%i171{3 (Il‘l(mg,Mw,MH) - IV ( My, My, MH)) — (m} — M{,)x
x (2%} (me, My, Mur) + 21" (Myy, My, M) = (mf + M%) PN (Miy, My, MH))}

m_ In(M}/m?)
= 1-2z)(1 2z(2 1
Y 1024 3 (1 - 2) (@ =2)(1 +52) +22(2 + 2) n )
& =0
H
PN
L2
¢+
(2)
=
Mygmg m
D21=—t-*t D19
AM3, m2 A2 . . , -
_ T H 2 4 _ ﬁ _ _H _
‘ —3276871'4 (MEV) (1 _ 2)4{MH [2 (E 275 In ar In 4r ) ((1 1:)(5 +1:)

+2(1 + 2z)In :z:)) +(1-2)(23 +7z) + (24 12z + 2*)Inz — 2(1 + 2z)1n? z]

+m? [(1 —z)(2+5z — 2?) + 22(8 — 4z — z*)Inz + 4z(1 + 2z)In’=
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~2zln(M%/m?)((5 + z)(1 - ) + 2(1 + 2z) In z:)]}

T m; In( M}, /m?) , 3 \
+491527r“ (M‘sv) [2 1-2)7 ((1 —z)(1+3z+332° —2°) +122°(2 + z)In z)
& =0
H
'r"'\\
RN WD Jp
¢+
(2)
W
W
M},
D22_4va D20
m (M} 1 (2 m? M2
== 24 —_— —_ —_t oH _
‘ 819274 (A‘I‘GV (1 _ 1:)_1 IH . 275 In i In i ((1 J:)(l + 5;1:)

+2z(2 + :c)ln:c) +(1-z)(l+11z) = (1 — 6z — 7z*)lnz — z(2 + z)In? I]
+M}, [(1 - 2)(5 +2) +2(2+ 6z — 52°)Inz + 42(2 + z) In’

—21n(M?{/m?)((1 —z)(1+5z)+2z(2+z)ln z:)]}
M 1

2 2
+20487r4 ME (1 —z)* (3(1 ~-z)+(1+4z+ 2 )lnz)
& =0

H

wt @t
(4)

NNANNNS

W
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| D23=%‘2m{[—3 (H'(me) = H' (M) + (m} ~ Mly) (H(m) + 2H(Mw))

+(m? — MY, H(Mw)] (H'(My) - H'(Mw))

+3(ME + 2m?) (I (my, My, My) — I' (M, M, M)
—(m? = M}y) [(MF + 3m] — M, )1 (me, M, M)
+(2M} + 3m? + M) (Miy, Miy, Myr)]

—(m? — M)} (MZ + M%) " ( My, My, MH)}
_ 3m In(ME/m})
T 204874 m?(1 — z)*

((1 - ::)(_5 +z)+2(1+2z)In z)

& =0
H
7N
A Y SIS
wt gt
(4)
N\NNNNST
W-
Mim?
D24= 4;’[&,‘ Th{ [3 (Hl(mg) - HI(MW)) — (m? - M}) ([{2(mt) + 2H2(A/[w))

~(m} - M%) HY(Mw)| (H'(Mu) - H'(Mw))

~3(Mpy — M},) (I (me, M, Mir) = 1" My, Miv, M)

+(M}y = M) (I (mo, M, M) + 21 (M, My, My ) + I (M, M, Myr))
x(mf — M)

T 40967t m3(1 — z)* \ M%,
& =0

- 2ln(M,2,/m‘2)) ((1 -z)(5+z)+2(1+2z)ln z)
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H
/’-.\\
w"’ ¢;—
(4)
EE
D25=—-™_pa3
T aME,
o —— 3m_ In(ME/m})
81927 MZ (1 — z)°
& =0
H
/’Q\\
NS e d _ ]
wf ¢"’
(4)
s
D26=— " _poy
- TLM&/
‘ _ 771 1 AM’?{
16384r* MZ,(1 — z)* \ M2,
& =0
H
b — S
Wttt wo
(2)
NN
w

((1 —z)(54+2)+2(1+2z)ln z)

- 2ln(AI,2,/mf)) ((1 —-z)(5+z)+2(1+ 2z)ln:n)
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D27=- g Tt 1){ (B (mi) - H! MW)) H\(My)(3M?, + 2m? — 2M?,)
—( m; — M{y)H l(MW)(3MH - 2m{ — 4M{))
—(m{ — Myy)H' (M) ( (mt)(MH +m; ~ Miy) + H*(Mw)(2M}; + m{ - MW))
+(m{ — Miy)H'(Mw) (Hz(m,)(MH m; — M) + H(Mw)(2M}; — m? — 3MW))
+(m} — M}, HY (M) (H' (M )(M}; — 2M}y) - MEH (M)
—(3M}, —4MEim? + m} — SM2m? - 2mIME, + M}})x
x (I"!(my, Miw, My) = I' (M, Miy, M)
+(m} — M) (ME (M}, - 2mi - 2MY) + (m — M§)?) I (my, My, M)
+2ME(m? — MZ)( M} — m? - 3M2)I* (M, My, My)
+M(m? — M2 )A(ME - 4M3V)I3'1(MW,MW,MH)}

_s(nnl 1){ (H'(m() - H'(Myw)) H'(My) (2(2 = n)m} + 3n M}, +2(1 — 2n) M}, )

+ (H'(m)) — H'(Myw)) H'(Mw) (3nM} - 2(2 - n)m? - 2(1 + n)M})

+H(me) [((2 - n)mi + n(ME — ME)) H'(My) + ((2 - n)m? — n(M} - M))] x
x(mj = Miy) + (mf ~ Mi ) H*(Mw) [((2 = n)mi + 20 M}, +(2 = 3n) M}y ) H' (M)
+((2 = n)ym? — 20 M}, + (2 + m) M)

+(m? — M) H(Mw) [(nMF +2(1 = n)M},) H'(My) — (nM} — 2M% ) H' (Mw))|
+ (3n M}y + mf — aMEm? — 2mIMY, — 2(1 + 3n)MEMY, — (2 — 3n)Myy) x

x (I")(my, M, My) = I"' (M, My, M)

—(mi — M},) (n(M}; — M§,)? + mi(m} - 2M}, — 2M3,)) 1% (m, M, M)
~2(m? ~ M3) (n(M} - M} b)P - My — My MY, - M}m?) I* (Mw, Mw, My)
(m? = M ! (085, = 35 = M5 (A, + 2083) 1", M, Mir)

___™m 2 m o Mi
‘> = 163847r4< )1-: [(s e -l -l )((1_”)(““’)

+2(1+2z)1nz) +2(1 -z)(7T+2z)+ (3 + 14z+1:2)ln::+(1+21:)ln22:]

In(M}/mi) 1
2457674 m?(1 — z)*

{171[—-(1 —z)(1 - 5z — 2z%) + 6z’ ln 2z
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+27,[(1 = z)(2 + 5z — %) + 6z1In 1:]}

& =0
H
hnd A
Wttt wo
(2)
Rrea
2= {2[-3 (H'(m) - H'(Mw)) + (m? — M},) (H*(m,) + 2H*(My)
81’11”;27 t w ¢ 2% t 3%

+(m} — Miy)H*(My))| (H'(My) - H'(Mw))

~(6M% + 2m? — 5M},) (1M (me, My, M) — I" (M, My, M)
+(mf — Mpy) ((2M = m} + 2M3, )1 (my, Mw, My)

+(4AME — m} + 3M% )N (M, My, My))

+(mi — M§, ) (2ME + M3, ) > (M, My, My)

_ (M) 1 (2 g T ME
* g (M;*V)(l—z)‘*2 c~he-lpt =l gh) (- =)+ 52)

+2z(2 + z)In .‘L') +3(1-z)(1 +9z) — 2(1 — 8z — 8z%)Inz — 2z(2 + z)In? :c]
m__ In(M}/mi)

- - R A2
+163847r4M$V(1—z)4((1 z)(1 - 19z) + 2(1 — 6z — 42%))
& =0
H
o
Wt

(2)
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D29=81:;Z;V {— (H'(My) - 2H'(Mw)) (2m} + M%) (H'(m() — H'(Mw))

+ (H'(My) + H'(Mw)) mi(m} — Mj, ) H* (m,)

+ (H'(My) - 2H'(Mw)) (m} — M)

x [(m? + M) H? (Mw) + My (m} — Mi, ) H>(My)]

+(4MEm? + 2m! + 2MEMY, + 2miME, — M) (I (me, My, M)
—I"(Mw, Mw, MH)) — (m{ — Miy)m{(2M}; + 2mi — M, )I*'(me, My, M)
—(m? = M3)(2MEm? + 2MA MY, + 3mP M2, — M) I* (M, Mw, My)
—M,(m? — M) (2M}; + M3, PP (M, Mw, MH)}

M M} 1 2 2‘2_ _ Mé
‘ - 3276874 (M&/> (1__.:1:)4 [2<€ 275—111 ar In ir ((1-2)(5+I)
+2(1 + 23)111 2) ~+ (1 - I)(23 + 72) + 2(2 + 123 + 22)lnz _ 2(1 + 23)11’12 z]
il m? \ In(M}/m?) .
T 16384r (M;t,,> (1-2) ((1 - 2)(4 + 152 — 2°) + 22(2z + 7)Inz)
& =0
H
e
A A A
(2)
NAANNS
W

4

D30=§%n1{[3 (H'(me) = H'(Mw)) + (m} — M%) (H*(m.) — 2H*(Mw)
—(mi ~ My, H(Mw))| (H'(Mn) - H'(Mw))
~(6M}y + 4mi — M) (I (my, My, M) = IV (Mw, M, My))
+ ((2MF, + 2m? — M%) (me, My, My) + 202M} + m2)I* (M, Mw, M) x
X(m} ~ M) + (m? — My (2Mb + M3 ) (M, My, M)}
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__ ™M M} 1 2 _omi M} B
‘ —40961('4 (A/fﬁv) (1 —.’l:)“ [(E 275 In i In yp ((1 I)(l +52)

+2z(2z + l)lnz) + (1 —z)(1+ 11z) ~ (1 — 6z — 7z*)Inz — z(z + 2)1n? z]

) ln(M;Z{/mcz)
409674 M3 (1 — z)4

((1—2)(11 + 72) + 2(2 + 6z + z*) Inz)

& =0
w+
LANNNNY
H{ (2)
RNANNANS
W
D31=_TT_7_'E77L{2 {(sz + M%) (Hl(m,) - HI(AIW)) — (m? - M%) H*(m )] X
16nME, ¢ W t " ‘

x(H'(Mu) = H'(m))) = ((3m] + M) H*(m,) + (m] + M{,)H* (M) x
x(mi = Miy)J(H'(My) = B'(m1)) = (1" (me,me, Myg) = I' (Mig, mi, Mir)) %
x(4MEm? — 9m} + 2MEME, — 14m2ME, — M)

+(m,2 - MLZV)(3Mi2-1m¢2 - Sm;‘ + Misztzv = Smtszzv)Iz'l(mhmt, Mpy)

+(m§ — My)(MEm} — m{ + ME My — 6mI M, — Mjy)I*' (M, Mw, My)

+2m2(m? — M2,)2(4m? — ME)I> (m,,m,, MH)}
o = 72 In(M}/mi)

16384n¢ M3, (1 — z)*
& =0

((1 —z)(2 + 15z + 2%) + 2z(5 + 4z) In z)



Appendix G. The box diagrams at two-loops 159

» =

>

D32=gtem{ =[8 (' (ma) = H'(Mw)) + (m = M) (287 (mo) + H'(Mw)

+(m? — M) H(my))| (H'(My) - H'(My))

+(3M} — 8m? — 4ME) (1" (my, my, M) = I' (my, Miy, M)

— (2(M}, - 3m? — M3)I* (e, my, Myg) + (M — 2m? — 2M3, ) 1%} (M, mi, Mi))
x(m? — M) + (m? — M, V(M = 4m?)[* (e, me, Ma) )

2 2 /.2
o = 204874 (1”‘41/) (1-z) ((1 z)(7+ 11z) +2(1 + 6z + 2z )ln:c)
& =0
¢+
/7
HL_ (2)
_-_;o_;__
D33="4 T p3;
M?V”z 4 4 2 1(M2/ 2)
=D i - - - m, _ B\My/m
T Ty (M{’V) [e e +16 -4l = =T ow

((1 —z)(2 + 152 4 z?) + 2z(5 + 4z)In z)

—e_m_(m)[L 21 _x* | mi
b = Toeer (Ma,) [e Lol sk
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(2)

D=2 ’(MH){ (2m? + ME) (H'(m() — H'(Mw))
+(m{ — Mw)( CH? () + (mg +MW)H2(MW)+MW(T"¢ —MW)Hs(MW))}

o =" ( )1_3)4[2(2 2—,5-n—i—1nM”)((1-z)(5+z)

327684 € 4r
+2(1+2z)1n2:) +(1—z)(23+7z) +2(2+ 12z + z*)Inz — 2(1 +22)ln2:c}

& =0
H
9
JV\X:V\.‘
W
(2)
o]
D35—8MW H‘(m,){3 (B (me) - H'(My))
~(m? = MYy) (H*(ma) + 2H (M) + (m — M3 H (M) |
1 Mg 1 2 m? M
) =_4019767r4 (M{L) 1=2) [(; - 27 —1n4—7; —In 4—:) ((1 —z)(1 + 5z)

+2z(2 + :c)lna:) +(1-2z)(1+11z) = (1 ~6z -7z’ )Inz — z(2 + z)In® z]

& =0
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H
\/
S Spspnpn
¢+
(2)
NANNANN
W
M}
D36—2M;2V D35
___Mm M 1 2 mi M}
. - 81927\'4 (AI& (1 _ 1:)4 p 27E ln - ln ir ((1 — 2)(1 + 52)
+2z(2 + z)ln J:) +(1-2z)(1+11z) — (1 — 6z — 7z¥)Inz — z(z + 2)1n? :c]
& =0
H
\/
e e M ]
@+
(2)
=
ME m
D31=—H D36
2M}, 2 . . . . o
Uil H my i
= 2t ——=-2y9r—In— —1ln——= —
) 6553674 (MEV) 1— 2:)4[ (e YE n . In o ) ((1 2:)(5 + z)

+2(1+ 2z)ln z) +(1-2z)(23+ 7z) + 2(2 + 12z + 2*)Inz — 2(1 + 2z)1n? :c]

& =0
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>~

R R

| \
+ s/

(2)

INANNANNY
W

D38=D36 with H'(My) — H'(Mz)

__ M M} ME 1 2 m? M2
* = 81927\-4( M5, ) Toap|\e eI Ty (1 - =2)(1 + 52)

+2z(2 + z)lnz) +(1-z)(1+11z) - (1 =6z — 7z*)lnz — z(2 + z) In’ z]

& =0

(2)

D39=D37 with H'(My) — H'(M3z)

__m M} M2 1 2 m? M3
‘ —655367"4 ( AI;GV (1—.‘5)4 2 . —2’75_1112’;—1112; ((1—2})(5+1:)

+2(1+ 2z)1n z) +(1—z)(23+7z) +2(2+ 12z + 2*)Inz - 2(1 + 2z)1n? z]

& =0
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(2)

D40=4 x D36 with H'(My) — H'(

)

&

D41=4 x D37 with H'(My) —

h

&

™

M},

T 204871

=0

m

[

M}

M,

1

= 1638471

(

My

)

(1-z)

e

(2)

A[LV

m? M2,
275—1n——1 W
4

HY (Mw)

(2

2 m2 M2,
L 9 —lp—t _p =¥
7E ~ln 4T ln 4r

- ) ((1 = =2)(1 + 52)

+2z(2+2)1n:z:) (1-z)(1+11z) - (1-63:—7::)1nz—z(2+2:)1n23]

) (1-2)(5+2)

+2(1+ 2::)111::) +(1-z)(23 4+ 7z) +2(2 + 12z + 2?) — 2(1 + 2z) In? :z:]

=0
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¢+
X
-------- (1)
R
8
Daz=g it m{ (H!(mi) — H' (M) — (mf ~ M5, B3 (m))’

—Il'l(mg,mg,ﬂfz) + 2I1'1(m¢, ]uw,Mz) - Il'l(f”w, Afw,]”z)
+ (212'1(1714, Afw,sz) - 2]2‘1(m,,m¢,1\12) -+ (Tl’l.t2 - ﬂ[?,r)fz‘z(mt,m,, 1”2)) X
x(m{ - JVI;"V)}

o = T m;
16384x \ M§,

p
Xy (2)

pe o e p d

D43=1—6’:‘—A’;‘§V—{—2 (H'(m.) — H'(Mz)) (2m? + ME,) (H'(m,) — H'(My))

+ (H'(me) = H'\(M3)) m¥(m} — M{,) H(m,)

+(m? — M},) (H'(me) — H (Mz)) ((3m? + M{)H(me) + (mi + M) H*(Myy))

+ (("H2 - M) - 2Mz(2mi + Mtzv)) (Il'l(mtamh Mz) - I"'(me, Mw, Mz))

—(m? — M) ((m? = M%,)? = M3(m? + M) I*' (M, m, Mz)

+M3(m? — ME) ((3m? + ME )1 (me, my, Mz) = 2ml(m? — ME)I* (my, m, Mz))}
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__ ™ m, 4 m{
T Ty (MEV) L e +5—dlng
?‘f
"""" )
7
P (2)
T

m67h ]

D44=m{(m? + 2]”‘29')1{1(]‘[”') (Hl(mg) - Hl(ﬂfw))
—(mi — MY )H'(Mw) ((mf + M) H?(my) + M, H(My) — m}(m{ - M?v)H:’(mt))
+ M (m? = M%) (I (my, 0, Miv) = 1" (me, 0, Myy ) = (mf — ME )% (4,0, Myy))

+m2(m? = M%,)° 1% (m,, 0, Mw)}

T m} 4 m}
= Z 4 ~4ln %
b =3276m (M?V) [e e +3 -4l

t 1
e
Das=_T% 7]1{(2m2+M2 VH'(m,) (H'(me) — H(Mw))
4TLM$V t w t t w

~(m? = ME)H (o) (m? B (o) + (m? + M) B (M) + M3y (m? = M) H* ()
+mi(m? = M},) (1"} (mi,my, 0) = I (my, My, 0))
=(m? = M) (mEI (M, me,0) = My (m? = M) (i, mi,0)) |

. 3m m; 1 2 m?
& = 200674 (Mg, 4(6—75)(2—lnz)—1n z—4ln::lnz-7—r-+21nz



Appendix G. The box diagrams at two-loops 166

2
m;
81n ir + 10]

t @

NANANAN
w-
_Smf 1 1 2 _ a2 \2ggt 3
D46—-4M4 m{—3 (H (m¢)— H (MW)) + (m{ — My, )*H (m,)H>(Mw)
W

+(m§ — MEy) [H'(my) (B (me) + 2H (M) + I"(my, My, 0) = I (me, my, 0)]
+(m? — M%)? (Iz’l(Mw,m,,O) + (m? - Mf,,)Ia"(Mw,m,,O))}

3 (mi)[2 mt MY
= ] [- =2 l1-In—+ —In—=
o 1024x+ <Mf’v) [e TE* " T

/
I -~
ol | N |@

mg
32M5,
X (m?Il'l(mt,th) - (mf + M&,)Il’l(mg, Mw,O) + M&,Il'l(Mw,Mw,O))
+(m? - "M?V)3 (Iz‘l(mhMW’O) + Iz'l(MW7mh0) + (mf + M?V)Iz‘z(mh MWvo))}

7 m¢
¢ < (1) 0

Dat= {(H‘(me) ~ H\(Miy))" + (m? — MY, H}(m) B (Mw) — 2(m? ~ M},)x

2457674
The following diagrams are generated by the insertion of the counterterm vertices of

Appendix E in the 1-loop diagrams. The notation for the counterterms is the same as in
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Appendix E.

(2)

1
Cl=2—n-{ [(A;V(me + M%) - By(m{ — M{‘V)) (72 — nm) + nCyw(2m? + Mtzv)m] "

(H'(me) = H'(Mw)) — [m} (Aw — Bw(m} ~ M%) (72 = nm) + nCwmin| x
x(m} — My )H*(m.) - [((mtz + ME)Aw — Miy(mf - va)Bw) (72 — nm)
+nCw(m? + My )m] (mf — ME)H?(Myw) — My [Aw(m2 — nm) + nCiwmi] x
x(m? - .M‘ZV)ZH:‘(]W;V)}

2
‘ 23271532%4 (ﬁ?) ((1-2)(5+2)+2(1 + 22)Inz)

_ln(Mf,/mf) 1
24576m¢  mi(1 - z)*

— ((1 = 2)(1 + 252 + 42%) + 62(2 + 32) Inz) ny

[2 ((1 —z)(2 4 5z ~z%) + 6:z:ln:r:) m

& =0
w+
VWP VoV
(2)
S—
C2= g { (' (ma) = H'(04)) [(1 = m) (34w = 2(m? = M} )Buv) = 30u]

~(m? = M%) H*(me) [(1 - n) (Aw — (m} — M},)Bw) — Cw]
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—(m} — M) H*(Mw) [(1 = n) (24w — (m] - M;)Bw) - 2Cw]
~(m? = M3 B (M) (1 - n)dw = Cw]}

.M M} _ o
= 819274 Mi‘v) ((1 z)(1+5z) 4+ 2z(2+ z)In :v)
m  In(ME/m?) .
16384r4 M3, (1 — z)* ((1 z)(17 + 61z) + 2(1 + 26z + 12z°)1n z)
& =0

(2)

U |

03=’2’;}3”V‘ {(H’(m,) — H'(Mw)) (34, + (2m? + M%) B,)
—(m} — M},)[H*(m)(As + m}B,) + H (Mw) (244 + (m] + M?v)&b)]
~(m? = M} H(Mw)(As + M}, Bo) |

a0 (M:’>( ! [(2 275—1n"‘3 1nM”> (1 - 2)(1 + 52)

8192x¢ \ M3, ) (1 — 2)* 4r
+2z(2+z)lnz) (1—::: (14 11z) - (1—6:—7zz)lnz—z(2+z)ln2z]
T m;
+81927r“‘ Mw) { ( v —In 4ﬂ_) ((1—z)(1+51:)
+2z(2+ z)In :z:) (1 —z)(7+23z) - 2(1 — 4z — 12z%)Inz — 62(2 + z)In® z]
MiMZ m} Mz
+81927r“ MG, )(1_2 [( 275—1nz;—1n 47l_)((1—:1:)(1+5z)
+2z(2+ z)lnz) + (1 - z)(1 + 11z) ~ (1—62—7::2)ln:c—:c(2+:c)ln2::]

Im 2 m? M,
" 10247 MG)(E 275—1“ el el

L In(M}/m?
40367r4 MEZV(1H- 3)1 (1 -2)(5+2)+2(2c +1)lnz)
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3 hy 2 m? M}
& =—10213117r4 (;/[né ) <— - 29 —ln— In —K + 1)
¢+
b———*———-
(2)
BEEE

imln
TR {- (2(2m? + ME) 44 + (m? + 2M3)Bs) (H'(m0) - H'(Mw))
+(m? — ME)H (M) (m? + M3,) Ay + 2m! M}, B,)
+mi(mi — M )H*(m)(As + mi By) + M{,(m? — M) H(Mw )(As + MwBa)}
3771 A’{H 1 2 2 MH
(5 g (o2 ) (0ot

C4=

A == gssseni \ 215, ) (1=
+2(1+2z)Inz) + (1 - 2)(23+ 7z) + 2(2 + 122 + 2°) Inz — 2(1 + 22)1n 2:]
m M}m? 1 1 m_‘Z ~
16384r+ ( ME, ) ==y |° ve —In z((1 - 2z)(5 + ) +2(1 + 2z)Inz)

+(1 - z)(1 + 14z + 32%) + 2z*(8 + z)Inz ~ 3z(1 + 2z)In’z
m M} M2 1 2 _omi M 3
( ] 2{-=-2vg—1In yo In—= ™ ((1 z)(5+z)

T65536m% \ Mg, ) (1—-2)7| \e
+2(1+ 2z)In :v) + (1 —-2)(23+ Tz) +2(2 + 12z + z%)Inz — 2(1 + 2z)1 J

37’1 m? 2 1 mtz
819270 (M&, 19+4lnz —2ln"z+8(2+1Inz) (- — 95 —ln

z 2 /.2
M m; \ In(M7/m}) \

- — 2)(2 3 |

1638474 (M;aV (1-2) ((1 - 2)(2+ 52— 2%) +61nz)
__3m m¢ 2 m? M} .

& = 819274 (MEV) (6—27E—ln47‘_—1n yp (8+4lnz)+19+12lnz +2In°z
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(4)

CS:imwad,m{-(?m? + 1”;2‘/) (H'1 (mt) - Hl(Mw))

+(m? = M) (mEHH ) + (m + ME)E(Miw) + M, (m? = M3 H(Mw) |

1

. M?,
T 40967 m?(1 — z)* \ M}

T
& =0
2
m
Cé=— ——
| 6 MEVCS

w+

1

¢+

- ey

e e e . e o e e

M

o
& =0

~16384r* M (1 — z)* (

M,

+ 41n(M,2,/m,2)) ((1-2)(5+2)+2(1+2z)Inz)

(4)

+ 4ln(Mz,/mf)> ((1 -z)(5+z)+2(1+2z)ln :z:)
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X (2)

or="L{ (24, + R) [m2(2MYy +m) (H'(m) = H'(Miv)
—(m? = M},) (mi(m? + M3 ) H (m.) + MiymIH* (M) — m}(m} — ME,)H*(My)))]
—Ly(m} — M) (2M},m? H*(m,) + My, H (M) = mj(m} — M}, )H*(Mw))
LMy, (B (me) - H‘(MW))}

___ M IWn(Mj/m]) \
A == e ML (1 2 ((1 - 2)(2 + 152 + 2*) + 22(5 + 4z)In <)
& =0
w+
NANANNN
¥ (4)
Sarcas

.4
im,

c8=-" {A, [2(2m? + M3,) (H'(me) — H' (M) — (m? = ME)x

x ((3mf + Ml )H (m.) + (mf + M, ) H? (Miy) — 2ml(mi — M}, ) H(m,))]
+(Le + Re) [(m}f +2M}) (H'(m) — H' (Mw))
~(m? = M) (m? + M) H(ma) + M, H (M) — m¥(m? — Mg, ) H(m))] }

a T (mi)In(Mp/m})
T 204874 \ My, ) (1-z)t

& =0

((1 —z)(7T+1lz) +2(1 4+ 6z + 2zz)lnz)
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e o e s s g

X (2)

imin
cg:ﬁ@“‘;{mf(m. + Le) [(m? + 20%,) (H' (m,) - H'(Mw))

—(m? = MYy) ((m} + ME)H(m,) + M}, H (M) ~ m}(m} — M%) H(m.))]

+R [ME,(2m] + MY (H'(me) - H'(Mw))
~(m — M3, (2m? MY, H(ma) + My HY (M) + mi(m? — 33 B (m0))] }
4 2
b =~ Tree ]:T;év [4 (é_ 7’2" ~ln %) - 3}
T ;év m((?f_Hir)’z' ) (1= 2)(2 + 152 + 2%) + 22(5 + 42) Inz)
* = Tee (Zé) [‘4 (é —7e -l T—,f) +27+ 81n(M§1/m?)}

(4)

i(mi — Mj
( t — W)772 ,4‘4/“{(171"2 + M&/) (H‘l(m‘) - HI(MW))
—(m{ — M) (miH*(m.) + M&VH2(MW))}

____m In(Mj/m?)(3 + 22z) )

‘= 49152n4 M3 (1 -z)3 (1-z°+42zlnz)

& =0

C10=
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(4)

4

Cll=-i;4név(m? - va)Awu,{2 (H'(m0) — H(My))
—(m{ - M},) (H*(me) + HY(Myw))
Ui m? \ In(M}/m?)(3 + 22z
. =1228187r4 (Ali:v> H(l_ti)s )(2(1"‘3)+(1 +:c)1n::)
& =0
+
de--¥
(4)
NANANAAN
w+
C1a=2e 0y
AWtb 2 (15 34 )1 (]”2/ 2)
T m —-342)1n m
4 ~ 122884 (Mf;v) (1_3)3H t (2(1—3)+(1+z)1nz)

& =0
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(4)

e e o e e

4

0133 (m? ~ M3 Aus{ (3 + M3) (' (m) — H' (M)

nM},
—(mf — M},) (m?H*(m.) + MY HY(Myy))
___Mm mi\ (o apzj2_ o(15—34c)In(M}/md)
6 = 9830474 (,Mf’v) [3 36c°/s” —2 (1-z)3 (1-z°+2zlnz)

—__ ™M m, 2.2 2.2
L = 1638471 (ﬂff’v) [—17+6c /s —4ln(MH/mt)]





