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Abstract

The electromagnetic form factors of the pion play a role in investigations of various
electromagnetic interactions. We calculate the off-shell pion form factors using chiral
perturbation theory, which is the effective theory for QCD at low energies. Chiral per-
turbation theory has previously been used to calculate the on-shell form factors. The
formalism is here described, and it is modified to accomodate possible off-shell contribu-
tions to Green functions in the pseudoscalar meson sector. We find that in addition to
the phenomenological constant ‘Lg’ associated with the pion charge radius, another phe-
nomenological constant enters the electromagnetic form factor f;F. This constant scales

a contribution that is linear in (p? — m2) for either of the pions at the vertex.
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Chapter 1

Introduction

Effective field theory is a useful tool for systematically analyzing the low energy limit of
some underlying, more complete theory [1]. Chiral perturbation theory is the effective
theory of the Standard Model at the lowest energies; it is used to study several types of
low energy QCD processes. Although it is an extension of ideas that have been around
since the 1960’s, chiral perturbation theory really has its origins in a 1979 paper by
S. Weinberg [2], in which he showed how the low energy sector of QCD, consisting of
almost-massless Goldstone bosons, can be treated perturbatively. The theory was then
systematized by J. Gasser and H. Leutwyler in 1984 and 1985 [3, 4], and has become
quite popular in recent years. (For reviews of chiral perturbation theory, see, for example,
MeifBner (1], Bijnens [5], Pich [6].) |

The most distinguished characteristic of chiral perturbation theory is that it is based
only on symmetry. It is not a model; rather it is a calculational tool which exploits
observed symmetries of QCD to make a range of phenomenological predictions. The
predictions of the theory are valid to the degree to which the symmetries hold in the
real world. Symmetries tie the Standard Model together in profound ways, and can give
surprising relationships connecting sectors of particle physics that are usually conceptu-
alized separately. A famous example is the Goldberger-Treiman relation [7], which is a
simple connection between constants of the weak and the strong interactions. The origin

of the relation is chiral symmetry.
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In this study, chiral perturbation theory will be used to calculate the pion electro-
magnetic form factors generalized to off-mass-shell (p? # m?) pions. This is an extension
of previous work which has addressed only the on-shell behaviour of these form factors.

A pion consists of a quark and an antiquark bound by the strong force. In general,
particles comprised of quarks are known as hadrons. Any composite particle has dynamic
structure, which is manifested in its interactions.

A form factor (also known as a ‘structure function’) is a function of Lorentz scalars
which characterizes the interaction of a composite particle with another particle over a
range of energies. It can be thought of as the ‘shape’ of a particle in momentum space,
in analogy with the concept of shape in position space. For example, in a nonrelativistic
framework, the electromagnetic form factor can be interpreted as the Fourier transform
of the charge distribution. The form factor is an object of common utility — as opposed
to a spatial distribution — because scattering theory is formulated in terms of energy-
momentum. (For an elementary discussion of form factors, see, for example, Halzen and
Martin [8].)

The pion is the lightest hadron. The form factors to be calculated will describe the
interaction of this charged bound state with a single photon. Because of the small masses
of the particles involved, this interaction is one of the simplest and cleanest in QCD. It
is ideally suited for an effective theory calculation. The calculation of the on-shell pion
electromagnetic form factors using chiral perturbation theory can, for example, be found
in references [3, 9, 10].

It is useful to discuss off-shell form factors, since the form factors characterize a
Green function — in the present case, that of the two-pion/one-photon vertex — and
this object has completely general applicability in the analysis of scattering processes
involving the particles in question. What we will find is a genuiﬁe off-shell characteristic

of one of the form factors when we consider the vertex in its full generality. A new term
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appears which is not present on-shell, and this term is parametrized by an undetermined
phenomenological constant. One can hope that this virtual effect will be measurable in
an experiment which incorporates a half off-shell pion/photon vertex.

Before the result is derived, several chapters must be devoted to introducing the theory
behind the calculation. In Chapter 2, a general background is given on chiral perturbation
theory, and we describe the change that must be made for the present application. In
Chapter 3, the effective Lagrangian is constructed starting from an elementary set of
assumptions. In Chapter 4 we renormalize the modified effective Lagrangian theory, and

finally, in Chapter 5 the electromagnetic form factors are calculated.



Chapter 2

The Chiral Perturbation Theory Formalism

2.1 Introduction

Chiral perturbation theory is based on an effective, or phenomenological, Lagrangian.
Parameters in an effective Lagrangian are fitted to describe the low energy regime of
a more complicated theory. An effective theory, in general, breaks down as the energy
rises. An energy scale enters the theory, and it is relative to this scale that energies will
be considered as ‘low’. The phenomenological parameters characterizing the effective
theory contain information about the underlying theory. They represent the degrees
of freedom ‘frozen in’ at low energy. In principle, the values of these parameters are
calculable from the underlying theory; however, in practice, they are usually determined
using experimental information.

The effective theory for the lowest energy hadrons is a reformulation of QCD, whose
degrees of freedom are the quarks and gluons. We will be studying in particular the
sector of the theory which describes the octet of pseudoscalar mesons. Although it is
written down in a different form compared to QCD, the effective theory for these particles
possesses the same symmetries, and this is the important connection. The symmetries
demanded by QCD are Lorentz, C, P and T symmetries, and, in the limit of vanishing
quark masses, chiral symmetry.

In this chapter the meaning of chiral symmetry will be explained, and the formalism

built upon that symmetry will be introduced.
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2.2 Chiral Symmetry in QCD

The QCD Lagrangian is

1 .
Lqocp = -§<GWG’“'> + q(*Dy — M) g (2.1)

where D, is the gauge covariant derivative, G, is the gluon field strength tensor, and
M 1is the quark mass matrix. The theory possesses a symmetry called chiral symmetry
in the limit that M = 0.

Chiral symmetry is invariance of the theory under separate SU(3) transformations of

1

1
g, = 5(1—75)% gr = 5(14‘75)‘]7 (2.2)

which are the the left- and right-handed helicity components of the quark wavefunction
(hence the term ‘chiral’). The left- and right-handed division means there are two en-
tirely non-interacting sectors of the theory, each invariant under its own transformations.
The symmetry group is therefore written SU(3)r x SU(3)r, or referred to as ‘chiral
SU(3) x SU(3)’.

The masses of the three lightest quarks, the up, down, and strange, are in fact very
small relative to typical energy scales of QCD [1], whereas the charm, or ¢, quark and
the other quarks are much heavier. Thus the usual chiral perturbation theory is a theory

for just these three flavours:
q = d |- (2.3)

To the extent that the three masses can be taken as zero, SU(3)g x SU(3)L is a good
symmetry. The fact that this is only an approximation in the real world is the motivation
for chiral perturbation theory. A perturbative expansion around the zero mass limit

comprises the theory.
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The breaking of the symmetry occurs on two different levels. The SU(3)r x SU(3)L
is spontaneously broken down to SU(3), which means there is a symmetry of the theory
not shared by the vacuum. This, by Goldstone’s theorem, leaves a spectrum of eight
massless bosons. Secondly, the SU(3) under which these Goldstone bosons transform is
actually only an approximate symmetry; it is broken explicitly by the nonzero values of
the quark masses.

We will not discuss Goldstone’s theorem other than to say that first, it dictates the
number of massless excitations based on the dimension of the broken symmetry subgroup,
and second, it dictates their quantum numbers based on the broken symmetry of the
vacuum. The number of Goldstone bosons in this case is eight, and they have spin and
parity JF = 07, making them pseudoscalars. These are the mesons to be considered in
the present form factor calculation. The pion is one example of this type of particle.

The explicit symmetry breaking is introduced into the theory by the mass term M.
The quark masses impart mass to the Goldstone bosons in turn, and consequently these

particles are known as ‘almost-Goldstone’ bosons.

2.3 Chiral Symmetry in the Goldstone Boson Theory

We must motivate the transition from the QCD quark theory to an effective theory based
instead on the Goldstone bosons.

The SU(3) symmetry obeyed approximately by these Goldstone bosons is an ex-
tension of isospin symmetry. Isospin, or ‘isotopic’ spin, was invented to describe the
approximate symmetry evident in the nucleon system, where the proton and the neutron
are almost degenerate in mass. In the quark model, this observed symmetry is described
by the approximate degeneracy in the u and d quark masses. Generalizing to SU(3),

one includes a third flavour of quark, the s, and the fundamental representation becomes
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3-dimensional. When necessary, we will refer to this symmetry as ‘generalized isospin’.

One can write a new representation for a symmetry group. As an example, consider
the SU(2) symmetry obeyed (almost) by the u and d quarks. These quarks form a
2-dimensional, or spinor, representation of this symmetry group, and analogously, the
two nucleons p and n form a 2-dimensional representation. However, we find the same
underlying symmetry manifested in a different set of particles — the pions 7%, 77,
and 7° — which are also comprised of v and d quarks. These three particles form a
3-dimensional, or vector, representation of the same SU(2) group.

In the case of SU(3), the effective theory will be based on the 8-dimensional repre-
sentation of the group, which will be just the collection of the pseudoscalar Goldstone

bosons. This representation is written as the octet

¢ = > N (2.4)

=1
where the A;’s are the eight Gell-Mann matrices and the #! parameters are a set of
fields with the quantum numbers J¥ = 0~. The matrix thus generated is traceless and

hermitean. It is equal to

T3 + %7]8 T — i7T2 1{4 - 21{5

¢ = T +imy  —73+ %778 Ke—1K7 |- (2.5)
Ki+iKs  Ke+iK: — —Zens

The 7 fundamental fields are represented in convenient notation; however, we have yet to
do a translation to the octet of physical particles. We will refer to the basis in which the
particles in ¢’ are written as the Pauli or numerical basis. The 7 indices are generalized
isospin vector indices.

The physical pions that are eigenstates of electric charge are defined as follows in
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terms of the fundamental fields:

7r+ . ™1 —i7r2
Y
- 1 + ey
7T =
V2
™ = 7. (2.6)

Notice that the charged pions are complex conjugates of each other. With similar defi-

nitions for the kaons and the eta, one changes the basis and writes the octet

70+ %Tl V2rt 2Kt
Ver~  —n®+ e V2KC |- (2.7)
V2K~ V2 K° —Zn

©-
I

The matrix ¢ will be the basis for the theory we will write down. Reference will also be
made, however, to the fundamental fields shown in equation (2.5).

In chiral perturbation theory the representation for the chiral Lagrangian [2, 11] is a
nonlinear function of the meson field ¢. The simplest choice among an infinite number

of possibilities is the exponential
Ud(z)) = %% (2.8)

where Fy is a constant having the appropriate dimensions, which turns out to be the
pion decay constant. The matrix-valued function U is the building block from which an
effective Lagrangian is constructed. U transforms linearly under chiral SU(3) x SU(3);

this transformation will be discussed in the next chapter.
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2.4 Issues in the Use of the Effective Lagrangian

2.4.1 The Formalism to O(p*)

There exists a unique series expansion of the S-matrix in powers of the energy-momentum
p- This is generically referred to as the ‘energy expansion’. The justification for a theory
based on the nonlinear representation is that the S-matrix expansion generated should
represent that of the complete theory, order by order. Therefore the lowest terms in the
expansion yield a phenomenological approximation to the complete theory [12].

The Lagrangian that describes the Goldstone boson system at leading order is

L, = %02 (D*UTD,U) + %02 00+ xUT) (2.9)
where D, is the chiral covariant derivative and x introduces the nonzero quark mass
matrix M. This is the unique lowest order Lagrangian that follows from the assumptions
of the linearly transforming U and the addition of a mass term y that transforms chirally
in the same way as U. The subscript 2 refers to the energy dimension of the Lagrangian.
Each covariant derivative supplies one power of p in the energy expansion, and the mass
matrix is assumed to be O(p?).

To extend the formalism to O(p?), a Lagrangian L4 is added which contains four
derivatives (or two derivatives and one mass insertion, or two mass insertions). This
extension is nontrivial because of the introduction of loops, and therefore divergences,
into S-matrix elements. The Gasser and Leutwyler formalism [3, 4] is the general theory
based on £, + L4. Their theory possesses a tractably small number of phenomenological

parameters — all of which have been estimated from experimental data [10].
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2.4.2 Perturbation Expansion

Some general comments should be made concerning the use of the effective Lagrangian
to do perturbation theory.

The Gasser and Leutwyler formalism gives one the material to calculate the energy
expansion up to order p*. In practice, one thinks about a calculation in terms of Feynman
diagrams. To calculate these diagrams from the different components of the Lagrangian,
one must keep in mind the ‘order’ of the particular part of the Lagrangian. This translates
into the number of derivatives in its derivative-only interaction term — this number
directly represents the energy dimension.

A result that neatly summarizes what we need to know is the following expression
for a general S-matrix element [2]. The only dimensional quantities that appear in the
theory are the energy scale p of the scattering, the fixed renormalization scale u, and the
phenomenological coupling constants, and one will find that all terms in the calculated

S-matrix element have this form:
D /P
S = p f(=) (2.10)
w
where

D = 2+2Nd(d—2)+2NL (2.11)
d

characterizes the energy dimension. The parameters d, Ny, and Ny, describe the Feynman
diagram from which a given term arises: Ny is the number of vertices coming from
interaction Lagrangian terms with d derivatives, and Ny, is the number of loops.

One can see from this formula that the £, Lagrangian, whose interaction term has
d = 2, will contribute with p? at tree-diagram level (N, = 0), and with p* at one-
loop level. The £4 Lagrangian has d = 4, and at tree-level will contribute at O(p?).

However, if Ny, is nonzero, then N; must be nonzero, so loop diagrams calculated from
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this Lagrangian will contribute to the S-matrix element at least at O(p®), and are to be

neglected.

2.4.3 The Off-Shell Modification

The highest order Lagrangian included in calculations (£4 in the present formalism) will
always be used at tree-level. This has an important implication. In the description of
physical processes, this part of the Lagrangian will describe only states that satisfy an
equation of motion, which is to say states that are ‘on their mass shell’. In such cases
it is appropriate to restrict the form of the Lagrangian. One uses the effective equation
of motion at next-to-highest order. The Gasser and Leutwyler £, + £4 formalism does
incorporate the £, equation of motion as a constraint on £4 [4].

Interaction diagrams having more than one vertex can be decomposed into tree-level
diagrams, each of which is described by a vertex function having one or more legs off-
shell. Such a vertex function is characterized by off-shell form factors. If one wishes to
discuss these unphysical vertex functions, one cannot restrict the interaction Lagrangian
by an equation of motion [13]. One must in general add back into the Lagrangian those
terms which vanished through the use of the equation of motion. It has been crucial
to recognize this fact, for the following reason. Because of thé nature of the effective
Lagrangian approach, one does derive a self-consistent result starting with the restricted
effective Lagrangian. In the case of the form factor, this self-consistency is manifested
in the solution of the Ward-Takahashi identity. We will discover that if one carries out
the off-shell form factor calculation with the standard £, + £4 Lagrangian, one will
obtain a result fully consistent with the Ward-Takahashi identity, even though in fact
the Lagrangian is not the most general for the purposes of that calculation.

Thus, for the present undertaking, the important first step is to examine the derivation

of the Gasser and Leutwyler effective Lagrangian. We must make sure to keep the full



Chapter 2. The Chiral Perturbation Theory Formalism 12

generality of the highest order component £4. As will be seen, two new structures appear
if the on-shell constraint is not applied. These structures involve the second derivative
of a field (to be precise, the chiral covariant second derivative).

The second derivative interaction is not new to the present treatment, but in fact
appears in the calculation of the Ly component within the on-shell form factor; thus, our
result seems fully justified by preceding work. Nonetheless, it is worth pointing out that
this issue has been under study recently. The use of interactions involving higher than
single derivatives is a departure from the usual Hamilton-Lagrange formalism underlying
quantum field theories. In fact, in general, theories with highef order derivatives have
unsatisfactory properties. These interactions can, however, be used successfully in the
context of effective field theories [14]. For a recent proof concerning the use of effective

Lagrangians at first order in perturbation theory, see Grosse-Knetter [14].



Chapter 3

The Effective Lagrangian

3.1 Introduction

In this chapter we will derive the effective Lagrangian. The goal is to construct the most
general possible Lagrangian obeying SU(3)r x SU(3)r symmetry that also incorporates
a symmetry-breaking mass term. This Lagrangian must also be invariant under the
symmetries C and P. We will see that the O(p*) part of this most general Lagrangian
includes two terms which vanish when the equation of motion of the O(p?) part is satisfied.

These form an addition to the usual £4 used for on-shell calculations.

3.2 Definitions

The theory is a spontaneously broken gauge theory based on the linearly transforming
U(z), and gauge fields denoted v,(z) and a,(z). In this section we present the basic

properties of these objects [4], introduce the chiral covariant derivative, and define the
explicit symmetry breaking scheme.

Chiral symmetry is invariance under the local transformation

A(z) — Qp(2) Alz) 0} ()

OrL € SU(3) (3.1)

for matrices A(z) that comprise the Lagrangian. Objects A(z) that transform this way

will be referred to as ‘chiral matrices’.

13
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The explicit representation used for U has been given in equation (2.8). The trans-

formation for this matrix is
Uz) — Qr()U(2)0) (). (3.2)
For U T, which also enters the nonlinear represention,
Ui - aueuieeke (33)
which is the hermitean conjugate of (3.2). U is unitary:
vt = 1 (3.4)

and has determinant 1.
Transformation (3.1) is to represent a local gauge symmetry. One constructs a covari-
ant derivative to be used in place of the ordinary derivative, with the defining property

that the covariant derivative of a chiral matrix must transform also as a chiral matrix.

The definition 1s
D, U = 0,U—1(v,+a,)U+:U(v, — a,), (3.5)

which brings the gauge field coupling into the Lagrangian. We will show at the end of
this section that D,U transforms according to equation (3.1).

For reference, we list here
p Ut = Ut +iUut(v, +a,) —i(v, — a)UT, (3.6)

which is simply the hermitean conjugate of (3.5) — subject to the important defini-
tion (3.7) below.

Multiple derivatives D,D,U, etc., are also allowed, and always have the transforma-

tion property (3.1).
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We use this notational convention for adjoint quantities:
put = (pu)f (3.7)

wherever single, or multiple, covariant derivatives are involved. Care must be taken when
explicitly writing out the expansion of a daggered multiple derivative.
A further convention is as follows. A derivative operator will be understood to apply

only to the field that directly follows it, so we will suppress the parentheses:

p,uut = (puyut (3.8)

0uppdd = (0u9) 999 (3.9)

Where necessary for clarity, parentheses will be used.

The gauge fields (note they are 3 x 3 matrices) are written as (v, + a,) and (v, — a,)
because the two SU(3) symmetries hold independently, and these are the linear combina-
tions of gauge fields which couple to the right- and left-handed components of the meson

wavefunction, respectively. We will use the abbreviations

r, = v,ta,

L

Uy — Ay

for these gauge fields or for what can equivalently be referred to as ‘external currents’.

The external currents must transform according to
re — Qr(r,+ i@u)QL
L= Qo +i8,)90] (3.10)

to compensate for the transformation (3.2) of U and guarantee the chiral transformation

of D,U.
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An important property satisfied by both v, and a, is that they are traceless mat-
rices [4].

‘Field strength’ tensors are defined by

F,U = i[D,, DU

R
= FLU-UF}, (3.11)
where
Fﬁ = Oyr, — Oy —t[ry, 1]
FL = 0., — 8,0, —ill,l) (3.12)

Taking the adjoint of (3.11) yields

(F.U0)f = vtrR — FLut
= —i([D,, D) (3.13)
which we list here for later use.
It is the components F’ ﬁ and F/ MLV which will be considered as separately transforming

structures, for full generality. These tensors however, as suggested by their categorization

under ‘R’ and ‘L’ superscripts, are not SU(3)r x SU(3),, buildingb blocks. They transform
according to

Fﬁ — Qg(z) Fﬁ Q};(w)

FL — Qu(z) FLQf(2) | (3.14)

as can be shown using transformations (3.10). Notice that the inclusion of the matrix U

either on the right or left side of 2L leaves an SU(3)r x SU(3) object. For example,
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one has the transformation

FRU — QmpFRologua)

Ing

= QnFRUQ)

using the fact that the transformation matrix g is unitary: QLQR = 1. A covariant
derivative of a tensor must incorporate U (or U]L, as appropriate) with the tensor, so
that the derivative acts on a chiral matrix.

Note the following useful properties of the field strength tensors:
RL} _ pRL :
FRE = FR (3.15)
RL _ R,L
FRL — _FRL (3.16)

Finally, one introduces the symmetry-breaking component in the form of a general

complex matrix, written
X = 2By(s + ip) (3.17)

where s and p are scalar and pseudoscalar densities. One assumes that y transforms

chirally
(@) = Qr(@)x()0) () (3.18)

so as to leave the Lagrangian SU(3)g x SU(3)L invariant. This is just an ansatz used to
set up a general Lagrangian whose symmetry can be broken. The assumption is that to
apply the theory to the real world, one will break the symmetry in a very specific way,

by setting s = M and p = 0, where M is the quark mass matrix

m, 0 0
M = 0 my 0 |- (3.19)
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One is then expanding in the (very small) quark masses.

The power counting scheme is set up in such a way that x is proportional to the
squared meson masses, but, containing a single power of M, it depends linearly on the
quark masses. The phenomenological constant By makes the connection between the
two. An interesting discussion of this part of the theory can be found in Stern et al. [15].
These authors have made a generalization of chiral perturbation theory which leads to a
different power counting scheme and a different set of Lagrangians than the standard £,
and £4 with which we will be dealing.

The important point for present purposes is that x has O(p?) energy dimension. The
definition of a covariant derivative D,x can be made, and is the same as that for the
covariant derivative of U, since both U and yx transform as chiral matrices.

The energy dimensions of the other quantities are as follows: U is dimensionless; the
covariant derivative is O(p); the field strength tensors, deriving from the second covariant
derivative, are O(p?).

(A) will be used to denote the trace of a matrix A in SU(3) space.

3.2.1 Chiral Transformation Property of the Covariant Derivative

Let us verify the transformation property of the covariant derivative of a chiral matrix.

In the following proof we make use of
a.uty = —uteu (3.20)

which holds for a unitary matrix U. This identity follows directly from definition (3.4).
The covariant derivative must, under chiral transformations of the fields and the

external sources, have the invariant form indicated by equation (3.5). Hence, we apply



Chapter 3. The Effective Lagrangian 19

the transformations

U - QU0
r, — QR(ru+i8M)QL

L, — Qu(l, +i0,)0] (3.21)
to derive

DU — 8,(QUL) - iQur, U0} +i0U1,0] + 0r0,050200] — 0rv,0]
= Qr(BU — ir,U + iUl 0}
+ 0,08UQ] + Qro, 000}
— QrD Ul (3.22)
We have used Q0% = 250, = 1, and in the last step, the two left-over terms have
cancelled using identity (3.20) applied to Qx.
This is the chiral transformation (3.1) that we require. Furthermore, since the ob ject

D,U transforms in the same manner as U, the proof extends immediately to multiple

covariant derivatives.

3.3 Finding all Chiral + C + P Invariants

We now turn to assembling a Lagrangian from the components we have discussed. The

building blocks which transform according to equation (3.1) and are at most O(p*) are

U
DU

D,D,U
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D,D,D\U

D,D,D\D,U

X

DMX

D.D,x. (3.23)
Further building blocks can be formed from the tensors Fﬁ and F/f,j if, as mentioned,

they are combined with objects that do transform chirally. The tensors are O(p?), so this

list of possibilities is

FRU UFL

FED\U D\UFL

FRD\D,U D\D,UFY,

DA(FEU) DA(UFL)

Dy\(FED,U) DA(D,UFL)

D,D\(FEU) D,DA(UFL). (3.24)

The matrix x (remember, it is also O(p?) } will not appear together with the tensors
at O(p*), for the simple reason that Lorentz indices must be contracted. We have seen

that F[j =0.

3.3.1 Forming Chiral Invariant Structures

The objects that we have collected are 3 x 3 matrices that transform in a well-defined
manner under the chiral group. Chiral invariants are formed by combining the above
with their adjoints and taking the trace. This is because the transformation law for a

hermitean conjugate quantity is just the hermitean conjugate of equation (3.1). Any
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structure having the following form satisfies the chiral SU(3) x SU(3) symmetry:
atBctn.y = uatalorBolactalarpal .y

= (AtBctD..) (3.25)

since the cyclic property of the trace allows the matrix at the end to be brought around
to the front. Strictly speaking, an invariant Lagrangian term can be under one overall
trace as implied by (3.25), or it can be a product of these trace expressions.

We will assemble an initial list of all possible chiral invariant terms that can comprise
the O(p?) and O(p*) Lagrangians. The size of this list can then be greatly reduced by
considering parity invariance, C invariance, and special constraints.

There are several guidelines to keep in mind in constructing these invariants. First of

all, we have the two relations:
viv = 1 (3.26)
puty = —vip,u : (3.27)

the latter of which can be shown quite easily by writing out the covariant derivative
on each side. In general, of course, the covariant derivative does not satisfy relations
that would be satisfied by the ordinary derivative, because it does not obey the chain
rule for derivatives. As we have defined it, the covariant derivative can only act upon
matrices which transform chirally according to equation (3.1). Thus it must be used with
discretion.

The guidelines are as follows. Identity (3.26) means invariants will contain a ‘minimal’
number of U or U matrices. There are not an infinite number of allowed expressions
differing only in number of factors. This makes sense, thinking of our goal of the ‘most
general’ effective Lagrangian for the meson fields ¢, since U already exponentiates these

fields.
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Identity (3.27), as well, permits expressions to be simplified by reducing the number
of U matrices. DuUTU factors can be interchanged with UTDuU factors in order to
move U and Ul matrices next to each other. In fact, this identity has a special status
in rewriting expressions into a common, consistent form, or to show equivalence of the
expressions we will be dealing with.

As an example, here we derive a simple substitution. We insert U tu pairs as required,

apply equation (3.27), and take advantage of the trace to obtain

(pUtD, Uy = (pUUUTD,U)

— (DUD, U, (3.28)

a result that can be used to commute Lorentz indices in such a trace expression.

This kind of substitution will be implicitly used in the following, but note that only
single covariant derivatives will be involved. Multiple covariant derivative factors cannot
be substituted for or moved around in the same way; the key is the simple form of (3.27).

Nonetheless, relations analogous to (3.27) can be found for double and all other
multiple covariant derivatives, and for the F f)L building blocks we have listed. As an

example, we show just the double derivative relation:
p.p,utv = —vtp,p,U - D,UID,U-D,UTD,U. (3.29)

This can be proven by expanding the covariant derivatives using equations (3.5) and (3.6).
Consider what is implied by this relation. Any structure incorporating D#DUUTU is not
independent of the same structure containing instead U JfDul?,,U . Therefore, at this
stage, we can consider the structures we write down containing D, D, U as representative
of all the structures with either D, D, U or its adjoint. We are interested only in creating
a list of truly independent structures. The same consideration holds for the triple and

quadruple derivatives. We will only worry about adjoints of the derivatives later — the
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explicit set of expressions in both normal and adjoint quantities will necessarily emerge
when parity invariance of the Lagrangian is considered.

Because x is not unitary, no such x < XJ[ relationships exist. Wherever this matrix
can appear in the following list of expressions, both x and X]L must be represented, for
full generality.

Two other significant relations are

(p Uty = o (3.30)

(FBYY = 0. (3.31)

The second of these is easy to see. Refer to definition (3.12). The external sources v,
and a, are traceless, as we pointed out; thus, their derivatives are traceless. Furthermore,
the trace of any commutator is zero. This means all three terms of the tensor are
manifestly traceless.

For the identity (3.30), we again have two statements of tracelessness to prove. Refer
to the covariant derivative definition (3.5). Again we invoke the tracelessness of the
external sources. By the unitarity of U, we have immediately that the external source
terms of D,U U are traceless, since they are the product of a traceless matrix times the
identity.

To prove the derivative part, 0,U and U are expanded as power series. When the
series are multiplied together under the trace, cyclic permutation effectively allows the
0,¢ to be commuted freely in each term; for example, we could write the expansion with
all the derivative factors at the front:

@UTU) = (i — (2 % 0u69) + Budp + o).

The series can be rewritten and separated again as the two series UT and 0,U — but

the sign does not change. Applying this same-sign relationship, and following this by the
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application of the ordinary derivative identity (3.20), we conclude

o Uty = wau
= -(@Ut)

= 0.

This completes the proof.

Relation (3.30), in particular, eliminates a large number of candidates from our list.
It implies that a trace must be over at least an O(p?) expression — with the consequence
that there will be only O(p?) and O(p*) traces. (Note also that the only trace expression
of O(p°) is (U fu ) = constant, which is irrelevant in our constructions.)

The last consideration to be mentioned is contraction of Ldrentz indices. We form

Lorentz scalars, which means indices will always appear in contracted pairs.

3.3.2 Chiral Invariant List

The possible Lorentz and chiral invariants are compiled in this first list. We have made use
of equations (3.15), (3.16), (3.26), (3.27), (3.28), (3.30), and (3.31) in selecting structures.
The reason we have not necessarily included the hermitean conjugates of derivatives of
U’s is that they are not independent, by equations (3.27) and (3.29) and analogous
equations for the triple and quadruple derivatives.

Here are the invariants. The first four are O(p®). The rest are O(p?).

A-1 (D*UtD,U)
A-2 (DD, UTU)
A-3 )

A4 (UTx)
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A-5

A-6

A-10

A-11

A-12

A-13

A-14

A-15

A-16

A-17

A-18

A-19

A-20

A-21

A-22

A-23

A-24

A-25

(p+UtD,UND*UtD,U)

(p+ut DUy, UTD,U)
(p*UtD,UD*UtD,U)
(p*UtD*UD, Ut D,U)
(DUt D UY(xTU)
(DUtD, U UTx)
(p+Ut D, UXTU)

(DUt D, UUTy)

()

Uyt

(W) (Utx)

(tuxto)

(UTxUTx)

(x'x)

(FED*UD*UT) + perm of indices
(FL DUt D U) + perm of indices
(FRwU FEUTY 4 perm of indices
(FRw FE) + perm of indices
(FLevFLY 4 perm of indices
(p+p,UtUY(D*UTD,U)

(p+p*UtUY (D, Ut D,U)

25
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A-26

A-27

CA-28

A-29

A-30

A-31

A-32

A-33

A-34

A-35

A-36

A-37

A-38

A-39

A-40

A-41

A—42

A-43

A-44

A-45

A-46

(p*p, UTUD*UT D,U)
(D*D*UtUD,UTD,U) + perm of indices
(p+p,UtUY (DD, UY)
(D*D*UTUY(D,D,UtU) + perm of indices
(p*D,UTD*D,U)

(D*D*UtD,D,U) + perm of indices
(D*DUTU) (1 U)

(D+D,UTUNUTX)

(xTD#D,U)

(DD, UTy)

(FED*D*UUT) + perm of indices

(FL D*D*UTU) + perm of indices
(p*D,D,UT D*U)

(D*D*D,UTD,U)

(D»D*D, U D,U)

(D*D,D*D,UtU)

(D»D*D,D,UTU)

(D*D*D,D,UTU)

(D*x1D,U)

(DUt D,x)

<DMDMXTU>

26
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A-47 (Ut DD, x)

A48 (D*(FEU)T DU + perm of indices
A-49 (D*(UFEN D*UY + perm of indices
A-50 (D*(FED*U)U) + perm of indices
A-51 (D*(D*UFENTUY + perm of indices
A-52 (DD*(FEU)TU) + perm of indices
A-53 (D*D*(UFE)TU) + perm of indices

Given chirally symmetric components, the goal now is to formulate a Lagrangian
that is possessed of all possible structure but that has no redundancy. This then will be
the unique basis for the theory, supplying the minimal required set of (undetermined)

phenomenological parameters.

3.3.3 First Reductlons

This section is devoted to reducing the size of the above list by dealing with permutations

of Lorentz indices.

For the F),, terms that have been listed above, the permutation of indices can in
all cases be removed from consideration. Equation (3.16) indicates the dependence

Fﬁ’L = —Flﬁ*L. Consider term A-19, for example:
(FED*UDUY).

We consider whether the term

(FEpruprut)

— having the same form but permuted Lorentz indices— is independent. No identities

can be used to commute the D, U and the DMUJ[ back to the original form. (In particular,
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trace identity (3.28) does not apply.) However, switching yu < v in this new term and
then using (3.16) does reveal that there is only one independent expression. Remember
that constants do not matter at this stage — only the structural form. Thus the list of
terms with the field strength tensor always in the form F,, is the complete list, without
permutation of the indices.

We can use the commutator

[Dy, DJU (3.32)

that defines the field strength tensor as a constraint for expressions having multiple

derivatives. Equation (3.11) yields directly
D,D,U = D,D,U+iFEU —iUFL, (3.33)

This means all double derivatives of a matrix U can be written D,D,U — if we have
accounted for all Fu” expressions possible. Equation (3.33) eliminates from consideration
the permutations of indices in expressions A-27, A-29, and A-31. It can be seen that
these three terms are the only ones for which the dependence of D, D,U on D,D,U must
be used to show the uniqueness of the expression given. In other cases where switching
one of the pairs u « v changes the form of the expression — for ekample, A-6and A-8 —
the new structure can either be restored to the original form through (3.27) or is identical
to an already listed structure.

This leads next to the question of permutations of triple or quadruple derivative
indices. Identity (3.33) has one further application in reducing the number of triple
derivative forms. (Quadruple derivatives will be discussed later, and are to be eliminated
entirely.) Equation (3.33) is applied to one of the triple derivatives to swap the first
two indices. Remember that the covariant derivative is simply an operator acting on its

chiral matrix argument, so what we are doing here amounts to substituting D*U for U
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in equation (3.33). The result of this is
D,D,D'U = D,D,D'U+iFED"U—iD"UFL, (3.34)

This eliminates invariant A—40 and leaves only two triple derivative forms that are inde-
pendent of each other or of other structures.
It can be seen that swapping the second two indices of a triple derivative by applying

equation (3.33) will yield terms of the form
D¥(FRU). (3.35)

However, these terms and the two triple derivatives cannot both be eliminated. Later,
all terms having the form of derivatives of tensors F ﬁ’L will be eliminated in favour of
the triple derivatives and other forms.

Finally, a special consideration: The A-8 term
(o*utprup,utp,U)
is not independent of other structures. There is an SU(3) identity [16]

S (A1ArAsAl) = S (A1Ay)(AsAy) (3.36)

6 perm.’s 3 perm.’s

which holds for any 3 x 3 traceless matrices A;. Since we are working in SU(3), we may
use this. (In the SU(2) case, there are even more reductions that can be made [4].)
prUtU s traceless, as we have shown, so we substitute it and its adjoint UTDHU as

the matrices in the above identity — taking permutations of Lorentz indices. This yields
4(p*vip,up*Ut DUy + 2(p*UT D*UD,UT DU
= 2(p+ut DUy, Ut D,UY + (DUt DUV D UT DY, (3.37)

A-8, then, can be dropped in favour of A-5, A6 and A-7.
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3.3.4 Parity

We group the terms now to create parity invariants, because our final Lagrangian must

satisfy this symmetry.

The parity transformation P acts as follows on the chiral matrix U and on the external
currents and densities [17, 18]:
Ult,z) — UJ[(t, —z)
aU(t,z) — oUl(t —=)
vu(t, ) — vkt —a)
a,(t,) — —d"(t,—x)
s(t,e) — s(t,—x)

p(t,e) — —p(t,—x). (3.38)
Using these, one establishes that

X — XT
DU — Ut — it — Ut iU (0 + )
_ pept
FE — 9r(u¥ — a¥) — 8"(v" — a*) — i[(v* — a*), (v* — a*)]

= phw (3.39)

where the double covariant derivative transformation is the same as that for the single
covariant derivative, and likewise, the transformation of D, x is the same as that of D, U.
It is understood that the space coordinates on the right hand side are reversed in sign

compared to those on the left hand side.
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Taking transformations (3.38) and (3.39) into account, it is easy to construct struc-
tures which remain invariant under P and yield the transformation £(¢,2) — L(t, —).
Consider, for example, applying the parity operation to the term A-6. By the rela-

tion (3.28) that we derived, each trace expression individually obeys

(0, UTD,UY — (DUD*UT)

= (prUtpUy,

so the two expressions together, with their Lorentz indices contracted, form an invariant
under P. Term A-7 is an invariant by similar reasoning. We see that term A-1 and terms
A-5 through A-8 are already parity invariants as written.

Double derivative expressions having well-defined parity must not be elementary like

the above. We have
(D, D, UTUY = (D DU,

the two sides of which are not equal but are related by equation (3.29). The simplest

way to form a parity invariant is just to take the sum or difference of the two terms. The

expression

(D, D,UU + D,D,UUT (3.40)
has P = +1, while

(D, D,UtU - D,D,UUT) (3.41)
has P = —1. The square of either of these has the required even parity and can appear

as a term in the O(p*) Lagrangian.
Notice how the expression A-31, by contrast, is a parity invariant as written. Ounly

the cyclic property of the trace is invoked to show that

(p*p*UtD,DUY — (D*D*UtD,D,UY. (3.42)
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Let us group the remaining List A expressions into P = 1 parity invariants.

It is straightforward to form all of the possible even parity expressions. For example,
in the triple or quadruple derivative cases, the expression is the sum of two hermitean
conjugate terms as in (3.40).

As was the case for expression (3.41), a P = —1 expression can be of use to us, if
it is multiplied by another P = —1 expression. In practice, this means that only the
few O(p?) expressions having odd parity need be considered. No other combinations
would be possible, as we know, since there are no O(p) chiral invariants to work with.
The only chiral invariants having P = —1 that need be considered are expression (3.41),
which because of its Lorentz indices can only appear multiplied by itself, and these two

expressions:

(fU —xuT) (3.43)
(p*D,UtTU — DD, UUT) (3.44)

which can be taken in their various combinations. Four possibilities are thus generated.

Aside from the above, there is another way to form even parity structures using odd
parity components. This is done using the fully antisymmetric ¢#** tensor, which acts
like an object with intrinsic negative parity. Several structures can be created which
involve a relative minus sign but do not vanish, and are indexed by four different Lorentz
indices, unlike the structures shown in List A. Incorporating the tensor, these transform

with P = +1.

3.3.5 Parity Invariant List

Having applied the reductions of section 3.3.3, and then having used the transforma-
tion properties (3.38) and (3.39) to group the remaining compdnents appropriately, we

compile the following list. The structures are invariant under Lorentz transformations,
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SU(3)r x SU(3)y transformations, and parity. The first three are the O(p?) terms.

B-1 (DUt D,U)

B-2 (p*D,UTU + DrD,UUT)

B-3 (xXTU + xUt)

B-4 (p*UtD,UY(D*UTD,U)

B-5 (p*UT D*UY(D,UTD,U)

B-6 (DUt D,UD*UTD,U)

B-7 (DUt DUV (xTU + xUT)

B-8 (D*UTD,U (xTU + UTy))

B-9 MU+ XU XU+ xUt)
B-10 xTu - xuhyidv - xuty
B-11 (xtUxtU + xutxut
B-12 (x)
B-13 i((FEDUD Ut + FL Duut DU
B-14 (FEwy FL U
B-15 (FrwFl 4 Flw FL )
B-16 (p*D,UtU + DD, UUYD*UTD,U)
B-17 (D*D*UTU + D“D”UUT)(DMUTDVU)
B-18 (p*p,UtU + UtDD,UY D*UT DU
B-19 (p*p*UtU + UtpeD Uy D,UT DU

B-20 (D+D,UU + DD, UUtY DD, UU + D*D,UUT
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B-21

B-22

B-23

B-24

B-25

B-26

B-27

B-28

B-29

B-30

B-31

B-32

B-33

B-34

B-35

B-36

B-37

B-38

B-39

B-40

B-41

(p#D,UTU - DD, UUTYD*D,UTU — D*D,UUT)
(p*p*utv + prprvutyp,p,UtU + DD, UUT
(p»p*utv - prprvuty(p,D,UTU - D,D,UUT)
(DD, UTD*D,U)

(D*D*UtD,D,U)

(DD, UTU + DD, UUT) (xTU + xUT)

(p*D,UtU — DD, UUTY(xTU — xUT)

(D*D, Ut x + D*D,UxT)

i((FED*D*UUT 4 FL D*D*UTU)
(p*D,D, Ut DU + D*D,D,UD"UT)
(p»p*D,UtD,U + D*D*D,UD,UT)
(p*D,p*D,UU + D*D,D"D,UUT)
(p*D*D,D,UTU + D*D*D,D,UUT)
(p*p*D,D,UTU + D*D*D, D, UTT)

(D*x1D,U + D#xD,UT)

(D*D,x1U + D*D,xUT)

{(D*(FRUY D*U + D*(UFL)D*UT)
i(D*(FEUYD*UT + DU FL) D*U)
i(D~(FRD*U)tU + D#(D*UFL U
i{(D*(FRD*UYUT + D#(D*UFE)TU)

{(D*D*(FEU)U + DDY(UFL)UT)

34
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B-42 i(D=D*(FRUYUT 4+ D*D¥*(UFE)TU)
B-43 ie*(FED,UD,UY — FL D\ UTD,U)
B-44 ¢ (FRFR _ FL L)

B-45 e ((D,D,UTU - UTD,D,U) D\ UTD,U)
B-46 i (FE D, D, UUT — FLD\D,UtU)
B-47 i (D, (FRUYI DU — D, (UFE)D,UT)
B-48 i (D, (FEU)D,UT — D, (UFE)TD,U)
B-49 iew (D, (FED,U) U - D, (D, UFL)UT)
B-50 i (D, (FED, U — D, (DUFE)U)
B-51 iew (D, D,(FEU)TU - D,D,(UFE)UT)
B-52 i (D, D,(FRU)UT — D, D, (UFE)TU)

Note that B-9 and B-10 include the three chiral invariants A-13, A-14 and A-15.
(While the cross term 2(X1U)(Ujfx) would appear to cancel, it must be remembered that
in the actual Lagrangian the two terms B-9 and B-10 will be separate, each appearing
with a different coefficient. The cross-term structure will be expressed as a function of
the two coeflicients.)

The ¢ is included in the F) ﬁ’L terms not for reasons of parity invariance but simply
because of the tensors’ relationship to the other objects, which involves an ¢ (see defini-

tion (3.11) ).
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3.3.6 Charge Conjugation

The symmetry C must yet be verified for the members of List B. C invariance is invariance

under the transformations [17, 19]

U — Ut
o,U — 9,UT
’Uu - ——UZ
a, — af:
S — ST
p — pl. (3.45)

The above transformation properties lead to

T
X 7 X

DU — 8,U" +i(v, —a,) UT —iUT (v, + a,)T
= D,UT

F/ﬁ = =0u(v, — aV)T + 9, (v, — au)T — t[(v, — au)Ta (v, — au)T]

LT
s (3.46)

Again, the transformation shown for the covariant derivative carries over to multiple
covariant derivatives and derivatives of .

All objects upon which C acts appear within a trace. Clearly, (A7) = (A), so one can
see why C invariance might hold. In most cases in the above list, the structures within

the trace are bilinears, for which

(ATBT) = ((BAY') = (BA) = (4B),
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and the invariance under transposing each matrix is manifest; however, in the other
cases, writing the result as one overall transpose will reverse the order of the component
matrices, and one must verify that the structure can be restored to its original form.
This relationship may not be transparent if there are ¢ and v indices that need to be
swapped, but one can apply one of the identities that have been given — for example,
equation (3.16) or equation (3.33). Consider term B-19, for example, under charge

conjugation:
(p*p*utv + utprprvyp,utp, vy — (WUp*p*Ut + pr*UUYY D, UD,UT

= ((p*pU'U + U D*D*U) D, UTD,U)

where the reversal of order of the terms has come from taking the transpose of the
whole expression, then cyclically permuting. It is not immediétely apparent that the
expressions on the two sides have the same form. Relation (3.33) must be applied to
swap the indices within the double derivatives, accompanied by the change g < v.
Extra terms are brought in by that relation, but it happens that these precisely cancel,
leaving the right hand side equal to the left hand side.

One easily verifies that all terms listed are invariant under C except for terms B—43
to B-52 containing the ¢*** tensor. All of these terms do not satisfy the symmetry, so
they must be dropped.

The chiral Lagrangian formalism we derive incorporates the C and P symmetries
separately, as required.

(With regard to these symmetries, a point should be noted. The formalism with which
we are dealing actually possesses two discrete symmetries: the ‘naive parity’ (¢,z) <
(t,—x) and U & UT, each individually. QCD itself possesses only the ‘true parity’ P
that we have defined, which is the composition of the two. Thus, to match QCD the

effective theory must break these symmetries in such a way that the two do not hold
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separately, but only in the form of P. This is accomplished through the inclusion of a
so-called anomalous term in the Lagrangian, the Wess-Zumino-Witten anomaly [18]. The
addition comprises a separate sector of the theory, which will not be relevant for present

purposes. )
List B still contains many redundant terms, which we uncover in the following three
sections.

3.3.7 Derivative Term Constraints

Two identities which are most instrumental in reducing the size of our list are
pATB+ATD,B = 0,(AtB)—i[1,, Al B (3.47)
and its hermitean conjugate
D,BtA+BID,A = a,BtA)—i1, Bt 4] (3.48)

which hold for general chiral matrices A and B, and are derived using the definitions of
the covariant derivatives (3.5) and (3.6).

If we choose the matrices
A = DU B =U
then we can take advantage of equation (3.27):
pulv = —utpu

to rewrite AT B as —BTA, and this will allow us to eliminate the total divergence and the
commutator parts of equations (3.47) and (3.48) by adding the two equations. The result

of adding the equations is this identity relating double derivatives to single derivatives:

p.pUlv+UtDp,D,U = —DUtD,U-DUD,U. (3.49)
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This is just equation (3.29). The identity is a relation between parity invariants, and can
be seen to immediately eliminate many of the double derivative terms in the B list in
favour of single derivative terms.

Subtracting equations (3.47) and (3.48) after having substituted the same matrices
A and B yields

p.p,utv —~vip,p,u = p,utp,U-DUIDU
+20,(D,UutU) — 2111, DU, (3.50)
This can be turned into a useful identity if we resort to taking its trace. First, by
equation (3.30) (trace of a single covariant derivative expression), the total divergence

part vanishes. The commutator also vanishes under the trace. The identity resulting

from these considerations is
(0, p,Utv ~vtp, DUy = (DUID,U- D,UTD,U)
- (p,UTD,U - D,UD, UM
= 0. (3.51)
Whereas equation (3.49) is parity even, this is parity odd. The two identities allow the
elimination of terms B-2, B-16 through B-23, B-26 and B-27.
Extending the use of the fundamental equations (3.47) and (3.48), we will be able
to eliminate all quadruple derivative terms by showing their dependence on triple and

double derivative terms. Taking the trace to eliminate the commutators, the sum or

difference of these two equations is
(D, A1B+D,ABY +(ATD,B+ AD,BY) = 8.(ATB+ BTA). (3.52)

The difference terms are parity odd, and it turns out that they will not lead to any new

constraint that we need.
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The relation (3.52) will be used in its even parity form to generate constraints among

the following list of parity invariants:

r, = putpu+pUD U
2, = p,p,U'U+ D,DUUT
72, = D,DUIDWU+D,D,UDUT
7%, = D,D,D\UU+ D,D,DUUT
K, = D,p,U'D\D,U+ D,D,UD\D,UT
K%, = D.D,DUID,U+ D,D,DUD,UT
K, = D,D,D\D,U'U+ D,D,D,\D,UUT. (3.53)

Taking all possible combinations of single, double and triple derivatives of U for

A and B and plugging them into (3.52), one finds

() +UL) = 0 | (3.54)
(Jan) +(Tir) = 0ul(ly) (3.55)
(o) + () = 0u(L}y) (3.56)

(K3, (K2, = 0.(J5,) (3.57)

(K + (K

uvip z/)\pu>

= B,(3,). (3.58)

We can use this system of equations to show that (K? , ), a general quadruple derivative

HUAp
expression, is not independent of other quantities that appear in the Lagrangian. To do
this, we use (3.54), (3.55) and (3.56) to express (J?) in terms of {J?) (i.e. a sum of three

terms with permuted indices, with no total divergence). The derivative of this expression

then relates (3.57) and (3.58), leaving the (K*) structure expressed only in terms of (K3)
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and (K?) structures:
<I{:l~\p> = _<](3u/\p + I{/?,Vp/\ + [{Sz\pu + [(Skpu) - < ’51//\;3 + I(ix\up + Kﬁpuz\>' (359)

Since we have accounted for all possible triple and double derivative expressions, we

will include no quadruple derivatives in the Lagrangian.

3.3.8 F),, Constraints

Next, the terms involving derivatives of the field strength tensor are addressed.
Consider first the difference of terms B-37 and B-38. Using the definitions of the field
strength tensors (3.11) and (3.13), and making use of the notation introduced above, we

can show that the difference consists of only triple derivative terms:
i(D*(FRUYT DU + D*(UFE)D*UTy — i(D*(FRUY DU + D*(UFL) DU
= o(p*(F, U\ DU - D*(F,U)DUT
- ((p*D,D,U — D*D,D,U)D*Ut + (D*D,D,UT — D*D, D, U DU
= (K™.)) = (K%, | (3-60)
The sum of terms B-37 and B-38 is a second, independent constraint. First, we have
iD*(FRUY D'UY = —i(D*(FRU)D*UT) (3.61)

(and the same for the expression with F MLV) These relations can be proven by explicitly ex-
panding out and comparing the covariant derivatives of the tensors using equations (3.5)

and (3.6) and definitions (3.12). Because of the identities, the sum of B-37 and B-38 is

i((D*(FEU) D*U + D*(UFL) DUy + i D*(FEU) D UT + D*(UFL) DYDY

= 0. (3.62)



Chapter 3. The Effective Lagrangian 42

The two constraints (3.60) and (3.62) eliminate B-37 and B-38 in favour of other included
terms.

Taking the sum and difference of terms B-39 and B-40 yields an analogous result, as
it does also for terms B—41 and B-42. The sum of the terms again vanishes in both these
cases. The difference relation in the first instance is as follows. One can just substitute
DU in the definition (3.11) of the field strength tensor and carry this quantity through
as in (3.60). The result is

i{D*(FRD*U)IU 4+ pH(D*UFL)UYY — i(p*(FE D UYUT + D*(D*UFE) D)
= (D*[D,,D,)0*U'U + D*[D,, D,|D*UUT)

= <K4“ﬂ",,) — (](4‘“:“,). (3.63)
Similarly, for the double derivative terms B—41 and B-42 one obtains

ip*p*(FED U + p*D*(UFL) Uty — i(D* D7 (FRUYUT + DD (UFE)TU)

(K* ) — (K* ). (3.64)

i v

Because of the above constraints, no derivatives of field strength tensors will appear
in the Lagrangian.
Finally, we show that the term B-29 can be related to other terms. Observe, by the

definitions of the field strength tensors, that the expression
([p*, DW1[D,, DU)

is equivalent to terms with only the tensors, and it is also related to terms mixing the

tensors with double derivatives. Expanding it to show this latter first, we obtain

((p*, 01D, D)UY = 2(p*D*UtD,D,U - D*D*UTD,D,U)

= 2op*p*Ut[D,, D,|U)
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— 2%(D*D'UV(~FEU + UFL))
= 2(FEp*p*UUt + FLD*D*UD)
+ 2(FEp*UD*UT 4+ FE D UDrUT)

= 2(FEp*puut + FLD* D UD), (3.65)

having used (3.49) and then property (3.16), the antisymmetry of FZ. Alternatively, we

have by direct substitution (equations (3.11) and (3.13) ):

((p*, DWiD,, DUy = ((UTFR» - Flwyty(FEU — UFL))

= (FPwpRy L (FLwvpLy _o(FRwyRE Uty (3.66)

This shows that B-29 is dependent on other invariants and can be eliminated.

3.3.9 Elimination of a Total Divergence

In this section we discuss the terms that are related to other included terms to within
a total divergence d,F*(z). Dropping the total divergence eliminates these terms as
independent structures.

In the Hamilton-Lagrange formalism, it is a well-known fact that the equation of
motion derived from a Lagrangian is unchanged by the inclusion of any term that is a
total divergence — because this term automatically vanishes under the partial integration
performed when minimizing the action. This rule carries over from classical mechanics
to quantum field theory.

For the purposes of the present calculation, however, we cannot depend on the in-
variance of the equation of motion, since we have specifically eliminated reference to the
equation of motion. More generally, we must be sure that a calculated S-matrix ele-

ment is unchanged when the underlying Lagrangian is changed by a term that is a total
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divergence. Here we outline a proof of this. Consider the general operator
0,F*(x)

appearing in the Lagrangian and contributing to the S-matrix. We invoke the property

of translational invariance of any operator, where a translation is represented by
Frz) = e FH0)e™ e, (3.67)

In the derivation of the Feynman rule for the vertex, one calculates the S-matrix element

for 0,F*(z), translating from the origin. One will find
(f1i [ d'z 9, (eF= @) =) 1i) = i [dte @0 (o — p), (S FH(O) i)
= i(2n)" 6 (pr — pi) (o — pi)u (FI FH(0) 1)

= 0. (3.68)

The action of the total momentum operators has left the intégral of an exponential,
which is equal to the delta function shown. Thus, the Feynman rule for a vertex arising
from 0, F*(z) incorporates the difference between the total initial and final state mo-
menta — and this difference vanishes, because of momentum conservation at any vertex.
Thus, even if the equation of motion is not satisfied by the external states involved, still
4-momentum conservation at a vertex holds, and the Feynman rules are unaffected by a
total divergence. Thus, we can invoke the familiar argument for the elimination of any
total divergence from the Lagrangian.

Let us return to equation (3.52) relating chiral/parity invariants to total divergences.
This equation was used to derive (3.57), which is of interest here. Equation (3.57) yields

these relations for the triple derivative terms B-30 and B-31:

(K2,) = —(E¥5)+ 0.{J,") (3.69)

vp

(K32,) = —(K™ )+ 8, (J*,). (3.70)
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Dropping the total divergence, we relate the two triple derivative terms to double deriva-

tives.

Equation (3.52) can be used just as well for the matrix x. Substituting A = D*y and
B =U, then A = x and B = D*U, we obtain, respectively,
(D*Dx'U + D*D,xUT) = —(D*x'D,U + D*xD,UT)
+0, (D*xTU + D*xUT)
(D*x' DU + D*xD,UT) = —(D*D,UTx + D*D,UxT)
+8, (x{ DU + yDrUT) (3.71)
which relate the D* D, x term to the D#y term, and this to the x term. Only the x term
— that is, B-28 — will be left in the Lagrangian.
Finally, we eliminate the B-25 term, again using equation (3.57). We start by select-

ing two (K?) structures and translating them to (K?®) structurés by dropping the total

derivative:

(p*p*UtD,D,U + D*D*UD,D,UT)

NSRRI

(p»p*UtD,D,U) =
1
s —§(D“D"DuUTD,,U + p*p*DUD,UYY  (3.72)

(p*D,UtD*D,UY = %(D”DVUJfD“D“U + D*D,UD*D,UT)
- —%(D”D“D,LU*DVU + D*D*DUDUYY  (3.73)

having swapped dummy indices to yield the desired forms that will be useful. Now if we
write the two as equalities

1 v 14 v
—5(D"D p,Uutp,U + p*p*D,UDUYY = (D*D*UTD,D,U)

. , y
—5(D p*p,UtD,U + D*D*D,UD,UYY = (p*D,UYD*D,U)
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and subtract them, the first two derivatives in the triple derivative expressions will form

a commutator, which is of course the field strength tensor. We obtain

% ((p*, 01D, U D, U + [D*,D*|D,UD,UY)

- (p*p,utp'D,UY — (D*D*UD,D,U)

= (D*D U D*DUY — (D*D*UT (D,D,U +iFEU —iUFL))
having applied identity (3.33), or finally,

(p*p*UtD,DUY = (D*D,UTD*D,U)
+i(FED*D*UUY + FL DD UTD)

+i(FRD*UD' U + FL D*UT DU, (3.74)

(The second term on the right hand side we have related to other terms by equa-
tions (3.65) and (3.66).) This shows that expressions B-24 and B-25 are not both
independent.

Having done all the other possible reductions first, we were left with five terms that
could only be related to other terms to within a total divergence. This completes the

reduction of our list to the set of truly independent terms.

3.4 The Lowest Order Lagrangian

As we have seen, there are only two independent terms left at O(p?). There are conse-
quently only two undetermined parameters in leading order chiral perturbation theory,
which are written as the low energy constants Fo and Bg. The lowest order Lagrangian
1s written

g

£2:‘4—

(p*utD,UY + FT"? o+ xut. (3.75)
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where x = 2By M defines By by relating it to the Goldstone boson masses, and Fj is the

pion decay constant. The two simply represent known observables.

3.5 The O(p*) Lagrangian

Fourteen independent invariants of O(p*) emerge from our original list. We have obtained
the Lagrangian originally presented by Gasser and Leutwyler:
L, = L (D*UTD,U?

+ Ly(prutpruyp,Utp,u)

+ Ly(p*Utp,uD Ut D,U)

+ Lo(D*UTDU)(xTU + xUT)

+ Ls (DU DU (xTU + UTy))

+ Le(xU +xUTY?

+ L(xTv—xuty

+ Lg (X]LUXJ[U + xUfoUJ‘)

— iLy(FED*UD*UT + FL DUt D )

+ Ly (FP*UFLUT)

+ Hy (FRWFE 4+ FUEL)

+ H (xTx) (3.76)
and the additional terms:

vt = PLD*DUTDD,UY

+ P(D*D,UTx + D*D,UxT). (3.77)
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We must now write the off-shell component of the Lagrangian in such a form that the
standard theory is without modification in the on-shell limiting case. We can find some
linear combination of structures from £4 and L) g which vanishes when the equation of
motion is satisfied.

The equation of motion derived from the lowest order Lagrangian £, is [4]
«puty - utpr fr + uty + 2o — vty =
DD, U0 — UTD* DU = 51U + UTx + S (v - Uty = 0. 373)

This is written in matrix form to represent the eight equations  of motion for the eight
pseudoscalar bosons. Notice it involves a trace, the origin of which is the constraint on

the U matrix, det U = 1.

To rewrite the P/ structure, we may use the above equation of motion in its two forms

p*p,utu + prutp,U — %(X]LU ~ Uty + %MU —utyy = 0
vipp,u + p*UtD,U + -;—(XTU — Uty - é(x’fU ~uty) = 0 (3.79)

which are derived by applying equation (3.29) to eliminate the respective double deriva-
tive terms. The P| structure is rewritten by substituting, in place of its original derivative
factors, these equations of motion. The new term, when we expand it out and write it

in terms of already defined structures, becomes
p([p*p,UU + D*UTD,U — %(XJYU ~ Uty + é(fo — Uty
(wip*p,u + p*UtDU + %(XTU ~UTy) - é(XTU - Ut
= P (D*D,UTD*D,U
+ (o*putu + vtp*p U D*UT DU
+ putp,up*utp,U

+ él—(D"DMUTU — utp“p,U) (xTU - UTy)



Chapter 3. The Effective Lagrangian X 49

- é(D“D#UTU — Utp*D, Uy (xTU ~ UTy)
- i(xTU ~ Ul (U - Uty

+s6do ~ vty odo - oty
1

36<XTU - Uhdo - vty

= P [(D*D,U'D*D,U)
— (DD, Uty + D*D,UYY
— (p*utp,Up*UT DU
—(*UTDU (xTU +UTx))

- i(XfoJ‘U+xUTXUT>

L
+§<xx>

+ ,11_2 odu = uty)?] (3.80)

where the particular term

1

(-0 —Utndu - vh)

consisting of only trace expressions inside the overall trace was multiplied by 3 when
the trace of the identity was taken. It and the term preceding it have contributed the

coeflicient

to the last term shown above. The term

_% ((D“D#UTU - UTD“DMU) (xTU— UTX))
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was rewritten using this identity:

_';" (DD U — UTD D, U) (MU - UTy)) = (D*DUTx + DD, UXT)

+ (D*UTD,U (TU + Uty)) (3.81)

while the term

—%(D“D#UTU —uTp*D, Uy (U — Uty

vanished, according to the double-derivative identity (3.51).

The P, structure is designed to vanish within the standard formalism, where the
equation of motion constraint is applied. We will see that quantities calculated from the
structure will have the form (p? — m?).

Now we make the other term in £} g conform in the same way. The P, structure
can be rewritten using identity (3.81) so that the equation of motion (3.78) can be used

directly. We choose the left hand side of the identity, the term

- %P;' (p*p,utu — vtpD,U) (xTU - UTy)) (3.82)

as our starting point, instead of the original P, structure which appears on the right
hand side — the independent structure is arbitrary, so we can make this redefinition. We

substitute the equation of motion (3.78) in the term (3.82) and obtain

—%PZ([D“DﬂUTU —utp*p,U + Uty — xtU + é(XTU —uto16du - uty)

= ——;-Pz [(p*D Uty — UTD#D, U (U - Uty))

— (U = Ut (xfU - Uty))

+ 300U - Uty
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—= R[(D*DU'x + D*D,UxT)

+ (DUt DU (U +Uty))

%( XU + xutyot
- ()
- é( fr — uty)?] (3.83)

having applied identity (3.81) again, to write the structure as a double-derivative leading

term modified by other standard terms from the Lagrangian L.

Thus we arrive at this new contribution to the effective Lagrangian at O(p*):

Lig = P [(D*D,UD"D,U)
— (D*D, Uy + D*D,UxT)
— (p*UtD,UDU D,U)
— (Ut DU (xTU + UTy))

- i(XTUxTUerUTxUT)

+ %(XTX>

+ %(XTU ~UTx)?]
+ R [(D*DUTY + D D,UXT)
+ (p*UT DU (U + Uty)
+ 5 oo 4ot
~ (xfx)
- sodv - vty (3.84)
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This extends the Gasser and Leutwyler formalism to include the generalization of S-
matrix elements to off-shell ‘external’ states. P; and P, are new low energy constants

that can only be determined by relating off-shell Green functions to observables.



Chapter 4

Renormalization

4.1 Introduction

An effective theory based on a completely general Lagrangian requires an infinite number
of counterterms, and therefore is not renormalizable in the usual sense. The full £, +
L4+ Ls+ ... Lagrangian of chiral pertubation theory is comprised of interactions having
all possible powers of derivatives; the nonrenormalizability result follows from this fact,
because the coupling constants associated with all these interactions do not have zero
or positive mass dimension. The theory is, however, renormalizable order by order in
perturbation theory, because at each order there are a finite number of interaction terms,
meaning a finite number of phenomenological parameters. With each higher order, one
must include more and more of these free parameters.

If the Lagrangian is indeed the most general one possible, up to a given order, then a
particular renormalization program can be set out for that order, and relations between
all physical observables will be finite. The infinities arising in the calculation are all
absorbed into the definitions of the free parameters. In the present case, in particular,
ultraviolet loop divergences from L, serve to renormalize the ten L; constants from L.

In the present chapter, two main aspects of renormalization will be discussed; first,
the L; renormalization, and second, wavefunction renormalization, which is required in

order to relate the Green function calculated in the effective theory to the physical Green

function.

53
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Renormalization of the L; constants is necessary because loops are included in the
calculation. We will first examine how loop divergences enter, and demonstrate the
regularization scheme, then we will present the Gasser and Leutwyler renormalization
results.

Wavefunction renormalization will be determined in two basic steps. The first step
is the involved process of uncovering a ‘canonical Lagrangian’ that represents the under-
lying effective theory. This process will really only be outlined, but it should give an
introduction to the conceptual aspects of using the effective Lagrangian — i.e. using the
Lagrangian at a certain order in the fields, relating the Lagrangian terms to Feynman
diagrams, and absorbing loop divergences in the phenomenological constants. The sec-
ond step is to then modify the standard renormalization to accomodate the new higher
derivative interactions from L4.g. The basis for this procedure will necessarily differ from
that of the first step. However, introducing the more axiomatic ideas to carry this out
will allow us to tie the results of the chapter together by showing the renormalization of

a Green function — the propagator.

4.2 The Self-Energy Loop

The Feynman diagrams of Figure 4.1 are the renormalization diagrams for this scalar-
only theory. Diagram (a) is known as the self-energy loop, and diagram (b) represents a
‘counterterm’ interaction. This latter is also a self-interaction, since it involves only two
external particles, and it can be thought of as a tree diagram. In renormalization, as in
other calculations, the tree diagrams are associated with both £, and L4, while the loop
diagrams are associated with £, only. We will see later how this works.

The aim in this section is to write the expression for the self-energy loop in an analytic
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(a) (b)

Figure 4.1: Self-Energy Diagrams

form, to establish a system for handling ultraviolet divergences. To do loop-level calcu-
lations, one must define a prescription for consistently keeping \track of the ultraviolet-
divergent 4-momenta from integrals. This prescription is known as regulariéation. In the
established Gasser and Leutwyler formalism, dimensional regularization is used.

The self-energy loop diagram contributes to the full propagator. We begin by intro-
ducing the free, or ‘bare’ propagator. This is defined as a contraction of two free fields,

where a contraction is the vacuum expectation value of the time-ordered product of two

fields [17]:
i Da(z—y) = (O (x*(@)r(x))D). (1)

(Throughout this section we use 7 to represent any one of the members of the pseudoscalar
meson octet.)

In general, this is equal to

. dik  ietk(e-v)
? Am2 (.’1: — y) = / (271')4 k2 — m2 + ie (42)

which is the Fourier Transform of the familiar Feynman propagator in momentum space.
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When the contraction is between two fields evaluated at the same space-time point
z, it will contribute to the self-energy loop represented by diagram (a). The propagator
connects a single vertex to itself. However, the integral of equation (4.2) is divergent for

r = y. One defines the self-energy integral from integral (4.2) as [10]
g [ d%k i
(27)¢ k% — m?

I(m?) = 0,200 = p* (4.3)

where d is in general complex, and yu is a constant having the dimensions of energy. This
integral converges for a suitable choice of d. (We suppress the ie from the denominator
of the propagator henceforth, since it is not needed in this regularization scheme.)

Parametrizing the dimension of an integral is known as dimensional regularization.
This method relies on the principle of analytic continuation in the number of space-time
dimensions [20], which guarantees that one can return to dimension d = 4 after having
begun with the above generalized integral and calculated it as some function of d. One
performs manipulations such as symmetric integration and shift of integration variable
away from d = 4, when the integral I(d = 4) would not be well-defined. The limit d — 4
is taken only at the end of the calculation, and the field theory renormalization scheme
guarantees that any calculated result will be finite.

The constant 4 has been incorporated in the integral to maintain a consistent overall
dimension for /(m?). This follows the technique used by Donoghue et al. [10]. It should
be noted that the prescription used here for the introduction of y differs from that of
Gasser and Leutwyler, but that nevertheless, this constant has a well-defined meaning:
It is the cutoff determining the energy scale of the theory. We will presently see how this
interpretation arises.

To proceed with the evaluation of (4.3), we will use the standard formula for a

dimensionally regularized integral [21]:
d*k (k?)! o Tw+ ) (g—w—1t)
P = = ) (g) (o

(4.4)
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where Re (¢ —w — t) # 0.
Note that the integral is defined over Minkowski space — no Wick rotation is to be

performed when applying the formula. One defines the metric

= diag(l,-1,...—1)

Guv

generalized to 2w dimensions [20].
Using (4.4) with 2w = d, t =0, and ¢ = 1, the integral I(m?) is equal to
d
(4.5)

4—d Sdy
(m?)# 11 = 3).

The next step in the procedure is to'expand in a Taylor series about d = 4. (We have

actually taken the limit d — 4 where d appeared in the factor (——1)1‘%’ yielding the
overall sign. This is legitimate because it will not affect the expansion to be made.)

The factors of d in the expression are manipulated as follows. The recurrence relation
= z[(2) (4.6)

I'z+1) =

is used to change the argument of the gamma function to (2 — £). This will allow the
(4.7)

M) = 1 -7+ 00)

function to be rewritten in terms of the expansion
One also collects the other factors under the common

where v 1s Euler’s constant.
exponent (2 — %), to arrive at the following expression:
d

2 47‘.”2 2“2‘1 1
r@- <)
(25)  are-3)

m

I(m?) = (47)% \ m?

Now let
= 2——.
2
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By expanding around ¢ = 0 and throwing away terms of O(¢) or higher, one derives the

following approximation:

(47”‘2>€ Lopgg = (%)

I'(e)

m?2 e—1 e—1

= _ [1 + eln (4;’;2) + 0(62)] [1 + e+ 0(62)] E -7+ 0(6)]

2

1
= —— — In4r + ln% + 9 — 14 O(e). (4.9)

€

For the self-energy integral, then, we have

2 T 2
9 m 2 m
[(m ) = 167‘(‘2 -2_—4 — 1n47r + Y — 1 + 111?
m? | m?
= In— 4.1
602 -R-f— nlu2 (4.10)
with the definition
R = 2 In4r + 1 (4.11)
= 772 n4dnr + v . .

The constant R contains the divergence of the unrenormalized Green functions, which
occurs at the d = 4 pole. We will use R throughout our calculations.

Result (4.10) demonstrates that an energy scale enters the theory. This scale, y, is
often taken to be the eta mass [10] when it is necessary to ascribe numerical values to
scale-dependent quantities. The mass ratio term gives a non-power law behaviour to the
low energy expansion. The logarithm, whose argument is by assumption small, cannot
be expanded in a power series around zero.

Another result that will be of use is [10]

0"t A2 (2 — y)|e=y = 0. (4.12)
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This identity holds by symmetric integration:

wea [ A% QKM

i = " (4.13)

The argument applies because the integral is from £ = —oo to 400, and the integrand
is antisymmetric under k& — —k. The symmetric integration \argument is only valid,
however, for d chosen so that the integral converges. After integrating, one analytically
continues to other dimensions.

Equations (4.10) and (4.12) are the basis for the loop calculations we will be carrying
out in the following chapter since, by Wick’s Theorem, the S-matrix expansion is reduced
to contractions of pairs of fields [17].

Furthermore, we have presented the background required for dealing with the L;
constants that arise in the calculation. The original prescription laid out by Gasser and
Leutwyler [4] specifies how the divergences represented by the constant R are absorbed

into the set of bare £4 parameters. The following are their results:

L= L= gm
where
"= % Y6 = 11714
T2 =15 Y =0
13=0 Y=
V4= Yo =3
% =% Mo =4 (4.14)

and R has been defined in equation (4.11). The form of R and the procedure outlined
from equations (4.5) — (4.10) dictate the finite constants that are absorbed into the L;

parameters, since this choice is ambiguous.
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In addition to the L; constants, there are three other renormalized quantities in the
theory: the meson wavefunction 7, the bare mass m,% and the pion decay constant
Fy which come from the effective Lagrangian. We now turn to a discussion of the wave-

function renormalization, which will have direct application in calculating the form factor.

4.3 Renormalization Constants

In this section we will examine the Z, and J, wavefunction and mass renormalization

constants for the mesons in our theory. The constants are defined by

m2 = J,m (4.15)

again using the generic notation ‘7’ to represent a meson field, which could be the 7, K,
or . The field 7" is the physical meson, and m2, of course, is the physical mass. We
denote unrenormalized masses using a circle.

We should begin by remarking that the meson spectrum will be treated as three
families, each degenerate in mass. The spectrum is comprised of a triplet of pions, two
doublets of kaons, and the eta, if one assumes isospin symmetry, or unbroken SU(2). We

set

My, = Mg = m ‘ (4.16)

and invoke this approximation when expanding Lagrangian terms containing y. This
is a very good approximation, and in fact, it is fully justified in the context of the
present calculation, because the differentiation between masses in an isospin multiplet,
for example m2, < m2,, occurs at higher order in the energy expansion than we will be

working.
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The constants of equation (4.15) are intimately associated with the effective La-
grangian. In sections 4.3.1 — 4.3.5, we take the effective Lagrangian consisting of £, + £,
(i.e. not including L4.4) and formulate it in terms of a ‘canonical’ effective Lagrangian

from which Z, and J, are directly determined.

4.3.1 Canonical Form of the Lagrangian

The effective Lagrangian without external currents (D* — 9*) is to be cast into the

canonical form
1 T T 1 2 T
Lg = -0'n"-0,n" — o Ma > o (4.17)

which describes the physical fields, and whose mass parameter mfr is the renormalized,
or fully dressed, mass of the particle.

There is an effective Lagrangian of this form for each family of mesons — that is, one
for the pions, one for the kaons, and one for the eta. The dot product indicates that the

expression is written using isospin vectors — for the pion Lagrangian one has
M = W7+ "Wy + M373
and, using the notation introduced in equation (2.5), one has
K -K = KyKy+ KsKs + K¢ K¢ + K7 Ky

for the kaon Lagrangian. The Pauli basis form (numerical indices) is convenient for
deriving the renormalization constants Z, and J,; the same constants will then apply for

0. etc.

a calculation in the physical basis, where the particles are the 7%, 7=, =
How does one make the connection between the effective Lagrangian £, + L4 and
the canonical Lagrangian (4.17)7 The canonical Lagrangian is a bilinear operator ex-

pression whose matrix elements will give us 1-particle irreducible Green functions. This
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simply means that the Lagrangian will already account for self-energy loops and other
renormalization associated with external legs, so that the explicit diagrams need not be
included in calculations.

We should recall the comments in section 2.4.2 concerning the use of the effective
Lagrangian in perturbation theory. Diagrammatically, the renormalization we are under-
taking involves tree and one-loop graphs. We expand both the Lagrangians £, and L4
to O(4?) to find the former, and just £, to O(¢*) to find the latter. The notation O(¢")
refers to an order in the expansion of the exponential U(¢) defined in equation (2.8).
In this order notation it should be noted that ¢ may represent also derivatives of the
field, 9" ¢.

Determining the self-energy loops having the form of diagram (a) proceeds by making
all possible contractions in the O(¢*) terms of £2. To evaluate a self-energy loop one will

be taking a matrix element; the objective here is to find the single contractions in
(01T (Lam(x))10) (4.18)

(compare equation (4.1) ). The 7 represents one of the meson fields. Taking only one
contraction in this O($*) expression will leave a bilinear operator; this operator will form
a component of the canonical Lagrangian, which is to be evaluated between single-particle
external states.

Since all fields in a Lagrangian are evaluated at the same space-time point z, we will
obtain from a contraction in expression (4.18) the Feynman propagator Qe (z—x) =
¢ A2 (0), which has been evaluated in section 4.2.

From these loops, and from the O(¢?*) part of £, and the O(4?) part of L4, we will

assemble a Lagrangian having the canonical 7 - 7 form of equation (4.17).
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4.3.2 Expanding the Lowest Order Lagrangian

The renormalization diagrams of Figure 4.1 represent the strong interaction alone, with
no effects from external sources. The Lagrangian is therefore expanded and analyzed
here with D* = 0*. In this chapter, we will not go into the details of this expansion, or
of the evaluation of traces which leads to the extraction of the fields. The intent here is
just to obtain the required renormalization result. The steps taken are all analogous to
steps which will be outlined in detail in Chapter 5, when we calculate the form factors.

First, we expand the exponentials U(¢) and UJ[(¢) in order to write the Lagrangian
expressed in terms of these objects as a Lagrangian for the actual meson fields 7, K,
and 7. Expanding U(¢) and UT(¢) and keeping only terms up to O(¢*), the Lagrangian

L in the absence of external sources is

Ly, = L84 ci

L = iwuwm — 2By M44)
£ = 3 41]72 (0"640,0¢ — 0"40.4¢¢ + BoM o) (4.19)

where we have dropped an irrelevant constant term and repreéented the higher order
term as an interaction piece.

Now we reduce from the ¢ matrix form to the actual field operators. (See equa-
tion (2.5) for the definition of ¢.) This is done by multiplying the matrices together and
taking the trace. (See section 5.3.1 for an example showing this type of procedure.) The
O(4?) part of Lagrangian (4.19) becomes

1 1 1
£y = 58“#-8M7r+§8“K~8#K+58"7)-8,37
1 o2 1 o2 1 o2
- §m7r7r-7r—§mKK-K—§mnn-n (4.20)
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with
R 1 o2
Bom - 5 mﬂ_ (4.21)
Bo(+m,) = g (4.22)
R 3 o2 ’
Bo(rn +2ms) = 3 ™ (4.23)
and, derived from these,
02 3 o2
Bomg, = —my + 3 M - (4.24)

These important relationships between quark masses and meson masses are dictated by
the fact that m,2, 7?11(2, and 7%,,2 are the constants that must appear in front of the
7 - 7 terms of the canonical scalar Lagrangian, when this Lagrangian is compared to the
effective Lagrangian of the theory taken at lowest order. The relations are valid only to
leading order in the energy expansion. Also, they are already written as approximations
because we have assumed m, = my = m. We will refer to these relations later when
rewriting By terms.

Equation (4.20), from the O(¢?) part of equation (4.19), is the leading order piece
of the canonical Lagrangian. The higher order corrections to this are derived in the

following two sections.

4.3.3 Rewriting the O(¢*) Part

The O(¢*) part of equation (4.19) expands into an expression too long to show here. It
has terms consisting of four fields multiplied by Bgrn, a similar set of terms multiplied

by Bems, and another set of terms containing derivatives of two of the fields.
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Let us consider just the By terms to illustrate. These are:

. Bom
nt 2 _
£7(Bom) = 1R
[ 7707070 drtr=aO7° drtog—ntn™ + 3K°KOnOxn°

_|_
+ 4Kt*K-K°K° OKtK-K+tK-

+ +
3KYK-7°7° + 6K°KOr*n~  + 6KYK-ntn~ 4+ 2K°KOKOKO

+ + 2ppnOn® + dnnrtoT

+ +

— £ K"KOr° L KKy 22KEom + 2\/2K Koyt
+ mK°K® + g KTK- + g . (4.25)
We take all possible contractions to find the self-energy loops. The resultant operator ex-
pression will be denoted ‘Lj150p’, and will form a component of the canonical Lagrangian.
The above expansion has been done in the physical basis to make the process of
forming the contractions more transparent. Nonzero contractions are performed between
complex conjugate pairs of particles, as indicated by equation (4.1). Note that the K°
and KO are a complex conjugate pair, and the Kt and K~ are another pair. The 7° and

the n are, of course, different particles, and cannot be contracted together. In a term like
70mOn 070 (4.26)
consisting of identical particles, six distinct contractions are possible. In a term like
4rtr O (4.27)
there are only two contractions possible, while in a term like

2 —
2@1&1{07”— (4.28)

none will appear.
Due to our assumed isospin symmetry, two different contractions of particles within

the same family will form the same Feynman propagator. For the pion multiplet we have

O)T (xtx7)]0) = (0]T (7°7°)|0) = iA,2(0). (4.29)

M,
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(From here on, ‘n’ refers specifically to the pion.)

To continue with the example, consider the terms that will lead to the pion loop
of equation (4.29), and that will have two #°’s left over as the external fields. These
will be only the terms (4.26) and (4.27) shown above. From them, we find six 7° loop
contributions, as mentioned, and we find one 7% loop contribution with coefficient 4.

Taking the contractions, this particular result is then the term

By \ .
10 <12F§> ZA&i(O) 70 7°.

Going on to form all of the contractions in expression (4.25), we find the following canoni-

cal terms multiplying the three propagators:

Byt
24 F2

£2loop(BOm) [ZA’,%? (0) (2071' -+ QKK + 127]7])

+ i, (0) (127 -7 + 12K - K + 4n-7m)

mye

+ A2 (0) (47 -w + K- K + %’7"7) ] (4.30)

We have changed from the physical basis to the Pauli basis in order to write the ex-
pression in this form (see equation (2.6) ). Equation (4.30) indicates the emergence of
the corrections that will occur to the leading order canonical Lagrangian (4.20). The
propagator is just the expression I(m?) that has been given in equation (4.10), involving
a constant and the mass m?; Bom of course is proportional to m?, by equations (4.21)
— (4.23). Thus we see that the expression has energy dimension O(p*).

The above terms, because of their By coefficient, ultimately form a component of
the

02
m, -

1
2
term in the canonical Lagrangian shown below, by equation (4.21). Checking the coeffi-

cient of the 7%7° contribution against (4.31), however, reveals that this is not the whole
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story. There is an interplay between the By and the Bym, parts of the full expression,
as can be understood by comparing equations (4.21), (4.22), and (4.23) for the meson
masses. The simple structures shown below arise in a straightforward way from the
application of these equations.

For the full O(¢*) part of equation (4.19), the end result of forming the contractions

is this expression:

1 2 o2 1 o2
['2100p = -2-8#77‘8”71’ [*gl(mw) _gl(mf()]
1 1 02 1 02 1 o2
+ S OK 0K [—Zl(m,r) — 5 1) — 7 1R )]
1 02
+ 58“"7'8;477 [—[(mK)}
1 o 1 02 1 02 1 0 2
— g e [ =S I0RD) — S 10k — £ 10 ]
1 o2 1 _ o2 1 o2 1 02
— 3 KK [ TR = S i) + 1) |
1 o2 1. o2 1m2 o2 1 { m2 02
— —2- mnnn l:—a-l(mﬂ,) + 57%‘}\2 ](mK) + E (7%“3 *4) I(mn)] . (431)

The divergences contained in this will all be absorbed by the counterterms of the £,

piece of the Lagrangian.
As we pointed out, the terms of equation (4.31) are O(p*). We can actually write m?
as m? wherever it appears in a correction to the lowest order (that is, O(p?)) Lagrangian,

since the difference between m? and m? is itself O(p?) and will not be relevant. We do

this in the following section, where again the Lagrangian we are deriving is O(p*).

4.3.4 Contributions From £,

As opposed to self-energy loops, the L4 part supplies counterterms represented by dia-

gram (b) of Figure 4.1. We expand L4 to O(¢*), and collect the common expressions
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together as we have done in the preceding section. Again, 0* is substituted for D*.

The following are the structures of £4 expanded to O(¢?), excluding the H; and H,
terms, which do not contain meson fields. Notice that several of these terms vanish at
O(¢?). In the case of the first three terms, this is because 9*U has a leading order term
of O(¢); for expressions C-9 and C-10, the explanation is that Fﬁ = FL = 0 in the

absence of the external fields.
C-1

(p*UutD U = 0

(p*utpr Uy, UTDUY = 0

(o*utp,up*Utp,Uy = 0

(0*Ut DU U + xUT)

4By "
= _},ﬂOT(a ¢au¢><M>

- %(mu +mq + mg) [ - Oyw + 0K -0, K + 0"n-0.1n)
F :
4(2m?2 — 2mf + 3m?2)

= Fg [8“11’-(9“71' + B“K-GHK + a“"l'a;ﬂ?]
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C-5

(DU DU (U + UTy))

_ 4B 7
- ﬁ<Ma ¢8M¢>

4B,

F? |
0

4

= -F?[mfr(?“r-(?ﬂar + mg 0K - 0,K + m}8*n - d.n]

2
(my +mg) 0w - 0,7 + (i +m,)0"K - 9,K + g(m + 2m,) 0%n - 0,1

C-6

U+ xuty
1
= 4B (2M - FOZM¢><:5)2

= 1585y v

. 2 .
(22 + ms) (27 70 + (1Rt mo) K - K + (04 2ma)n -]

8(2m2 — 2m2 + 3m?
= —( l FzK ")[miﬂ-r+m]2‘»K-K+mf}n~n]
0

C-7

o = xuty

1682 ,
— M

64B2
—“?ﬁ(m—ms)zﬂ'n

16
35

(my + 4mZmj — 6miml + dmjt — 12mgm? + 9m?)n-n
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C-8

oFoxto + xutyuty

2
——SFE (MM + MMaog)

———[47?1271'-71' + (rh2+2ﬁ1ms—|—mf)K-K + g—(ﬁl2-|—2mz)'r]~n}

8
Fg

[mim- 7+ mg K- K + (2mimi — 3miml + 2mim?)n - n)

C-9

(FRDpUD Ut + FEL DUt DUYy = 0

C-10
(FReyREUTY = 0.
In writing this list, we had to choose how to convert the quark mass expressions into

combinations of meson masses by equations (4.21) — (4.24), since these relationships are

not uniquely determined. For example, one could write equivalently
2Bo(2 +m,) = m? + 2m}
or
2Bo(2rh +m,) = 2mi — 2mj + 3m?l.

The choice is made on the basis of how the expression reduces to SU(2). It is convenient
if one can just drop the m2 and mfl masses from the expression and recover the result
derived from a strictly SU(2) treatment. (See section 5.3.1 for a discussion on the point

of using SU(2) instead of SU(3) matrices.)
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Using the above list (each list item C-i carrying the coefficient L;), we collect all the

L4 structures into the canonical form

1 8(2m?2 — 2mZ + 3m? 8m?2
£4tree - = 8#7‘. . auﬂ' ( my my + mn) L4 + m, L5
2 72 72

+ %0”1(-8,}( [8(2m’2* — i,?’z‘ ) s 877?‘2—'%]
+ %6“17«9“71  8(2m *37?12‘ M) %Ls]
B L P
_ % oy K- K i16(2mi _;;”’% 3m) g 1%2’ Lg]
B _;_ mj - 16(2m2 —;;nlz(+3m727) - ;;z; Bg(mm—?% ms)? L
36};402 B 3(7%:7:72: 2m,) Lg} . (4.32)

Notice that for the corrections (i.e. the terms inside the square brackets which multiply
the r?ﬂ) we have not bothered with the distinction between m? and m?.
The contributions from L4.g are not in the form of corrections to the canonical

Lagrangian. These will be dealt with in section 4.4.

4.3.5 Collecting the Terms of the Canonical Lagrangian

The sum of equations (4.20), (4.31), and (4.32) forms this renormalized effective La-

grangian:
1 1 1 1 1 1
Lgg = -0w- 07 — + 0K -0, K — + - 0np- —
Py 2(91r 3 Z,,+2a 0, ZK+2817 8,J)Zn
1 02 Jﬂ— 1 02 JK 1 o2 J
_ w2 I K-K 2K Ly on 2
g Ma TG T K Zx 2 M7
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with
8(2m?2 — 2m} + 3m?) 8m?2
Z,r = ].— F02 1 L4 - F02 L5
m2 m2 mi m2
R +1 K __ K
T Samep +nu )+487T2F5‘(R+1np2)
8(2m?2 — 2mZ + 3m2) 8m}
ZK = 1- F02 - 4 — FO2 L5
m2 m?2 mz mz m? m?2
+64 2F2(R+lnlu_)+327T2F02(R+1n7)+6471'2WF(§2(R+11172”-)
8(2m2 - Qm}i» + 3m2) 8m? m2 m2
= 1 - T Ly — —2 K In—&
Zn P ‘T bt g (B oy)
J. 16(2m2 — 2m}Z + 3m?2) 16m?2
— =1 L T L
7 P2 6 T 72 8
2 m2 2 2 2 2
2 2 m’ m
~ goreps (Bt IHF) T e (BT - g (R )
Ji 16(2m2 — 2m2 + 3m?) 16m}
=1 L L
7 + 72 6 + 2 8
m2 m2 2 m2 m? m?
R+lmlzy_ Tk (p pMky M
= eane g ( +“,u )~ Spmapg (B 10250) + e ( =)
Iy _ - 16(2m? —2T§»+3m3) - 1282 BZ(rh — m,)? L
Zn F{ 3F; m?
B2(rn2 2 2 m2
642 5(m? + 2m?) \ m2 (R + ln—)
3F0 m% 32 ZFO /.L
2 2 m2 — 4m? m?2
SR (R+ln—)+( = ")(R+1n—2”). (4.33)

48n2 u? 9672 F} 7



Chapter 4. Renormalization \ 73

With the definitions of renormalized fields and masses

1 o)
T = Zr®w m2 = J. m
1 o 2
K' = Zy*K mg = Jx mg
N -1 ) 02
77 e Z’U 2 7] mn = J”l mn (434)

the Lagrangian L. of equation (4.33) takes the form of equation (4.17), and we have

met the goal set out at the beginning of this section. The relation

1

1l —=x

I

1 4+ z + O(z?)
~ 1+ (4.35)

has been used to invert the Z constants, because they will only be required to O(p?) in
the energy expansion. Equation (4.35) is an approximation that will also be useful later.

We have established, in particular, the wavefunction renormalization Z, for the stan-

dard theory.

4.3.6 Mass Renormalization

From the above, one determines the mass renormalizations. Consider J,. Multiplying
Jrx/Zr by Z, and keeping only the O(p?®) terms, one finds that the low energy constants
in the expression are renormalized according to equation (4.14), and the result for the

O(p*) mass correction involves only phenomenologically determined quantities:

2 02 1 ,, m2 o, M2
= 1 3m; In—— — |
T T [ + 9672 F2 ( Mx n'u2 my n;ﬂ
-——8 T T \ r T
+ g (2m2 —2mf +3m3) (2L — 1) + m2(20] L5>)} - (436)

Each L] constant is scale dependent, but this scale dependence cancels out of the full ex-
pression. This is easily checked by using the results of equation (4.14) and differentiating

the expression with respect to p. Equation (4.36) reproduces the accepted result [4].
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4.3.7 Relation of the Constants to the Propagator

Here we indicate how the propagator is renormalized using the same constants that
renormalize the bare Lagrangian.

The full propagator, known as the 2-point Green function, is derived by computing
self-energy diagrams to the order desired, and finding that they comprise a modification
to the free propagator having this form:

0

i A(p) = _ : 4.37
(p) ) (4.37)

The self-energy Y(p?) renormalizes the bare mass. However, the propagator must itself be
renormalized again through multiplication by the wavefunction renormalization constant.
The reason for this is that the physical propagator is defined to have a pole of residue 1

at the physical mass m?. This mass is defined by the general relation [22]
m? = m? 4+ T(m?). | (4.38)

In our particular case the self-energy contains no terms higher than order p?, so it

has the form
S(p*) = A+ Bp~ (4.39)

The coefficients A and B have the appropriate energy dimensions (being ratios of dimen-
sional quantities), and are associated with a certain order in the low-energy expansion.
A is of order 4 and B is of order 2.

In general, the wavefunction renormalization constant is given by [22]

1
Z = . (4.40)
- E;i?z(p2)lmz
For our particular calculation this means
1
7 = — ~ 1+8B (4.41)

1-B
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which is correct to order p? in the energy expansion. Any higher terms will not modify
the Green function at the order to which we are calculating it, as will be seen later.

These definitions yield the renormalized propagator from the free propagator as fol-

lows:
1 3
AN = — S
W7 e
= (1-B) '
P(1-—B)—m? — A
_ ?
p2 - (1_13)(7%2 + A)
?
with, to O(p*),
n2+ A 0
m? = ((il—iB_)) ~ m?(1+ B) + A. (4.43)

Writing relation (4.43) in terms of a mass renormalization constant, following equa-

tion (4.34), shows that

2
4

(4.44)

so that we have both Z and J defined as functions of the self-energy.

4.4 Modifications Due to L4

We will concentrate only on the pion part of the theory henceforth. The wavefunction
renormalization Z, has been established for the standard theory by examining the form

of the mr-field effective Lagrangian. This renormalization must be modified to account for
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the new additions to the Lagrangian. We approach the modification by calculating the
self-energies Xp, (p?) and Xp,(p?) attributable to L4015, and seeing how they affect Z,.
First, here are the two new second derivative structures found in L4.g4. These are
expanded to O(¢?), as were the terms in list C:
(p*D,UT DD, U)
1 14
= (00,4070, )
2

= 7= (0w - *m + O’°K - 0*°K + 8°n-0°n) (4.45)
0

(DD, Uy + D*D,UxT)

2B
= T3 (M(9"9,90 + 20°60,6 + $6"0,9))
0
= [ (P O B+ g (K K+ 9K - 0,K)
0
+ ’%72; (0*n-m + 0" n-dum)]. (4.46)

Note that these expressions do not have the form of a canonical Lagrangian. This is why

for L4058 we must calculate the counterterms explicitly.

4.4.1 The Counterterms

One computes the additional counterterms by taking the matrix elements of the L4.g
interactions between states. These amplitudes, represented by diagram (b) of Figure 4.1,

are self-energies. They are written, for the pion case [22],
—iS(P) = ()] [ 4% Laor I (p) (4.47)

where the O(¢?) component of L4.g contributes.
Refer to equation (3.84), which gives the form of the £4,4 terms. The following are

the two terms expanded to O(¢?), using the results C-5 and C-8 and equations (4.45)
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and (4.46) (the rest of the structures in these terms do not contribute at this order):

p{(p*D,UtD*DU — (D*D, Ut + D*D,UXT) — DUt D, UDUTD,U

1

- p*UTD,U (x1U + Uty 1 xloxtu + xuTxut) + %x*x)

]‘ 2
+ E(XTU — Uty

2
= ?%[8217-8277 + 0°K - 0*°K + 9*n-9'n
02 02 o 2
+2m, On-m+2my PK-K +2m, 9n-n

+ ot womt e KK+ w0 n-n) (4.48)

P [ { (D*D Uty + DD, UxT) + D*UTD,U U+ Uty

1

+ %(XTUXTU+XUT><UJ‘) - xtx) = zodu - uty?)

4P o] 02 o]
= ——E%—?[mi P*m-m4 my K -K + mf} Pn-n
04 04 04
+m, w4+ me K-K+ m, n-7]. : (4.49)

We need to consider only the pion parts of these expressions. Performing a simple calcula-
tion of the type demonstrated in section 5.6 of the next chapter, we obtain the amplitudes

of these interactions between pion states. That for the first term is, using (4.47),

Sp(pY) = ——5 (0" — m,)? ‘ (4.50)

and that for the second term is

8P o2 2 02

Yh(p7) = ~ — m,). (4.51)

The first thing to notice is that these counterterms do not modify the physical mass

expression that we found, equation (4.36). This follows from equation (4.44), because
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both ¥p, and Xp, vanish when evaluated at the physical mass m2, and taken to O(p?).
These self-energy counterterms are already O(p*), so the difference between m? and m2

will not form a contribution.

4.4.2 Pion Wavefunction Renormalization Constant

Self-energy contributions X(p?) modify the wavefunction renormalization according to
equations (4.40) and (4.41):

Z =~ 14+ —=3(p)|me- (4.52)
Therefore, to find the modified Z,, we simply add the first derivatives of expressions (4.50)

and (4.51), evaluated at m2:

d 2 d 2
Zx = Zp + d—pgzPl(P Mmz + Zlﬁzpz(p ez (4.53)
The P; term vanishes, but the second term is
d ) 8P,
’JFEPZ(P mz = ~ 2 M (4.54)

Finally, then, we quote the basic result derived in this chapter, the renormalization

constant
8(2m?2 — 2m2 + 3m?) 8m?2 8m?
Z, = 1— T ULSyy gy T [y — —= P
F02 4 FO2 5 F02 2
m?2 m?2 mg m2
R i _ K In—& . 4.5
* S (R In"3) + g (R + ) (4:55)

This constant will be required in the calculation of the pion form factor.

4.4.3 Renormalized Propagator

We showed the renormalized propagator in equation (4.42). For the pion, of physical

mass My, this is

iATL(p) = ———s | (4.56)
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This is derived for the standard theory without off-shell counterterms. It incorporates
Z, from equation (4.33), and the self-energy implicit in that equation which leads to
the physical mass m2 shown in equation (4.36). The simple form of (4.56), having a p?
term but no p* term, is a consequence of the form of the self-energy, equation (4.39), in
the standard approach. Note that the propagator does, however, contain corrections at
O(p*) in the energy expansion (i.e. m2 is O(p*)).

We now have finite modifications to both the self-energy and the wavefunction renor-
malization, and it is easy to apply these modifications to the propagator. Consider the

origin of the renormalized propagator, from equation (4.42):

o i
ZAm?r(p) - —Z_7r—p2— r?z?r—E([ﬂ) (457)

From the denominator we must simply subtract the additional self-energy counter-

terms (4.50) and (4.51)

4:P 02 8P o2 o2
S(p*) — Z() - 7%(1** m,)? — —F—; m, (p*— m,) (4.58)
0 0

and we must multiply the expression by the new wavefunction renormalization

8P

Z7T — Z7r — ?Oz‘mﬂ. (459)

that we have found from equation (4.53). Because Z, is equal to 1 plus a small constant,

we can obtain the same effect by forming a multiplicative renormalization

1 1
= 4.

and multiplying the original renormalized propagator from equation (4.56).

The modified renormalized propagator (4.56) is

i AL (p) = (1 -
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having kept only O(p*) terms. This result will be used at the end of the form factor

calculation, to verify the Ward identity.



Chapter 5

The Form Factor Calculation

5.1 Introduction

The chiral perturbation theory formalism laid out in the preceding two chapters will now

be used to examine the pion/photon interaction. Several definitions must first be made.

5.2 Definitions

The effective Lagrangian incorporates couplings to eight vector and eight axial currents
through the matrices v, and a,, in the covariant derivative. We can study a given current
interacting with the almost-Goldstone bosons by considering it as an external probe

introduced into the otherwise purely QCD effective Lagrangian.

The electromagnetic current transforms as a vector. It is defined as follows in terms

of the gauge coupling matrices:
a, = 0 (5.1)

v, = —eAQ (5.2)

where e > 0 is the electromagnetic coupling constant and A, is the photon field. The

current involves the diagonal charge matrix

O
I
o O wiw

!

Wl

(e

~—~~

(&3]

[N

S
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This matrix describes the relative strengths of the electromagnetic couplings of the up,
down and strange quarks. With these definitions, the covariant derivative originally

defined in equation (3.5) becomes
DU = 8,U+ieA,[Q,U] (5.4)
and we have for the field strength tensors of equations (3.12)
FR = F. = —e(8,A — 8,A,)Q. (5.5)
Finally, we set the scalar and pseudoscalar densities to

s = M

p =0 (5.6)

where M is the quark mass matrix. These define x by equation (3.17):
X = 2BoM. (5.7)
The pion electromagnetic form factors f and f come from the defining equation [23]

Té(pi,pr) = (pi+pr)* FH(PE, 0}, (pr — pi)*)

+ (o —p)" £ (0} 0}, (pr — pi)?) (5.8)

where I'* is the renormalized 3-point Green function for the electromagnetic interaction.
I'* depends only on the initial and final meson momenta because of 4-momentum conser-
vation at a vertex. The right hand side is the most general possible parametrization of
this function. Thus, it consists of two independent linear combinations of the available
Lorentz vectors, multiplied by functions of the three scalars shown.

We will refer to I'* (whether renormalized or not) as the ‘vertex function’ since it

plays this role in the language of the Feynman rules. One finds that the vertex function
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is related to the S-matrix by the following equation and definition:

—ieeu(pr —pi) T¥(pi,pr) = @ Asi(pi, pr) (5.9)
(2m)* 6*(pr — pi — q) 1 Agi(pispr) = Sti(pirprsq) (5.10)

where Ay; is known as the invariant amplitude. The delta function enforces 4-momentum
conservation at the vertex.

The S-matrix, or scattering matrix, describes the transition from initial to final asymp-
totically free states through the interaction term in a Hamiltonian. The Dyson expansion

of the S-matrix is a fundamental result [17]:

S =1+ Z /d4 cdtz, T (Hi(1). .. Hi(zn))

= (e ) | (5.11)

where the integral is over all space.

This definition is in terms of the Hamiltonian. We are working with the Lagrangian,

and will use
S = T(eff#ea) (5.12)

where T'() is defined as the covariant time-ordered product [24]. In chiral perturbation
theory the Lagrangian involves time derivatives of the fields, so one cannot trivially
replace H by —L. The difference between the two is, however, compensated by an
appropriate definition of the time-ordering operator, leaving the same Feynman rule
formalism in place. This framework is used in scalar electrodynamics in general. Thus
the S-matrix can be computed conveniently from the Lagrangian using (5.12).

The S-matrix is a Hilbert space operator — an expression in quantum field operators.
An S-matrix element is a specific element in this infinite-dimensional matrix. The S-

matrix element (and by equations (5.9) and (5.10) the I'* function), is a momentum-space
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function computed by evaluating the field operator expression between particle states:
Spi = (fIS5]) (5.13)

where the generic f and i are the quantum numbers characterizing the states. In the
case of the pion, since it is a scalar, these are just the energy-momentum.

We will be computing amplitudes using physical particle states, but these amplitudes
will represent individual Feynman diagrams based on ‘bare’ Lagrangian field operators.
Mass and wavefunction renormalization relate the bare Lagrangian to the effective La-
grangian, so in the same way, they relate our perturbation theory result to the real

physical quantity. For the Green function I'*, the basic result that will be required is

r* = Z,.I* (5.14)

r

There is a further multiplicative renormalization — that of the coupling constant [22) —
however, it can be shown to be 1 in the case under consideration, and we disregard it.
Secondly, since we will be calculating a 1-particle irreducible Green function, the mass
renormalization we have already carried out becomes an implicit part of the result, if we

just substitute the physical mass in the Green function.

5.3 The Electromagnetic Current to O(p*)

The electromagnetic current, which we denote J*, will be simply the field operator ex-
pression whose matrix element yields I'*. It is the current J# which we are interested in

finding first. A general electromagnetic interaction is written
Lr = —eAJ" (5.15)

where A, is the photon. The interaction Lagrangian has the form of a gauge field times

a current. Our effective Lagrangian, although it contains many other interactions as well
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(a) (b) (c)

Figure 5.1: Electromagnetic Form Factor Diagrams

(in fact infinitely many), contains this interaction. One has only to isolate the terms
in the Lagrangian containing the single-photon coupling eA,, and one has found the

current, by

9
v
= —geag L (5.16)

Contributions to the electromagnetic current derive from the three types of Feynman
diagrams shown in Figure 5.1. To one-loop order, these are the only distinct graphs. In
the present calculation, the external legs represent charged pions. The loops, however,
represent any of the mesons in the theory.

It is important to understand the relationship between the diagrams and the formal-
ism with which we are working, so we repeat some of the comments made in Chapter 2. In
effective field theory, a given Feynman diagram consists of contributions from all orders
of the Lagrangian. The Lagrangian denoted £, contributes at O(p?), the leading order
in the energy expansion, so it is naturally associated with the tree graph, diagram (a).

However, any higher order Lagrangian £, plays the role of supplying a correction to that
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same graph at O(p™). Using the modified Gasser and Leutwyler formalism, we have two
orders, L, and L4+ L4, of the full effective Lagrangian. We calculate the tree diagram
from each of these Lagrangians. Then in calculating the loop diagrams (b) and (c), only
L, applies — the reason being that these diagrams calculated using £4+ L4054 would sup-

ply corrections at O(p®) or O(p®) in the energy expansion, according to equation (2.11).

5.3.1 Tree-Level Contribution From £,

The Feynman diagram (a) of Figure 5.1 represents the collection of all terms from the
Lagrangian having two meson fields ¢ and one photon field A,. It is straightforward to
extract these terms. In the notation O(¢") used in the following, or when ‘¢’ is used in
a generic sense, the field may in general represent ¢ or 0% ¢.

We expand the Lagrangian by expanding U(¢), and we retain only the terms of O(¢?)
which are also O(eA,). As will be seen in the following manipulations, the power of the
matrix ¢ in a trace expression is equivalent to the power of the fundamental field 7; (or
K; or 1) emerging from taking the trace. Thus we simply count powers of ¢. For the
purposes of expanding U and UT, we make use of the fact that ¢ is hermitean (¢J[ = ¢).

This means UT is obtained from U simply by reversing the sign of the ¢ in equation (2.8):
ut = e®°. | (5.17)

What does the Lagrangian £, contribute to the current J# at tree-level? The field 4,
that we are interested in will only come from the covariant derivative-containing term of

the Lagrangian:

F2
= (p*UtD, Y.

(Refer to equation (3.75).)
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We illustrate the two basic steps in extracting the current. First one expands the
Lagrangian in ¢ and selects the terms appropriate to the topology of the Feynman dia-
gram in question. Secondly, one multiplies out the ¢’s and other matrices, takes the trace
in flavour SU(3) space, and selects again — this time for the two mesons corresponding
to the external legs of the Feynman diagram.

Here is what happens when the above term is expanded to second order in ¢ to make

sure all possible O(¢?) terms are uncovered:

F2

2 =0 prytp,uy
_ F02 O+ 2 1 e A*
= T (59— gpmdd) —ic (—~¢Q+—Q¢—2F2¢¢Q+ZF2Q¢¢>]

[ B0 = 3 00) + e A+ Q6= 90 = 3 Qe+ 51 690) )

= - SEQ (10 + Q0
eA* 1 eA*
i <Foau¢>@¢ - S (0. 40 )
1eA,
= R Q9076 - 0*99) ). (5.19)

Remember that D"UTDMU has the meaning (D“UT)D,LU, and similarly, 0*¢¢ = (8“(]5) é.
At the second step we retained the O(¢?) terms, and simply dropped everything else. We
will not indicate the implicit presence of extra terms of different order in these types of
expansions. (This will not be a problem, since each expansion is carried out in a specific
context with a specific extraction in mind.)

First we noted that an eA, term from the first factor must multiply a term not

containing eA, from the second factor, and vice versa, and then we concerned ourselves



Chapter 5. The Form Factor Calculation 88

with the powers of ¢ occurring at leading order in the two factors. The first term of the
exponential expansion is the identity. Since 0,1 = 0, and furthermore, Q1 — 1Q) = 0,
there is already one power of ¢ at leading order throughout the expression; none but the
leading order terms contributed in this case.

We will describe in more detail the process of expanding in ¢ and selecting terms. To
derive equation (5.18), one must understand the roles of the fields ¢ or 7, the field A,,
the charge matrix (), and the action of the trace and of the derivative 0,.

First of all, it must be kept in mind that the exponential U forms an expansion in
matrices, which don’t commute, so one must maintain the ordering in this expansion.
To emphasize that ¢ is a matrix, we have written out the expansion terms explicitly,
without using the abbreviation ¢?, for example. The important point to keep in mind is
just that 0%*¢¢ # $0*¢ and Qé # 4Q).

The cyclic property of the trace is used to write the matrix exioressions in a convenient
form; for example, to move () always to the front. This does not constitute any actual
re-ordering, of course.

Taking the trace of a matrix expression involving ¢’s reduces it to an expression in
the field operators «;, K; and 1. These are not matrices, but simply operators in Hilbert
space. The meson field operators and their derivatives freely commute, so that after the
trace has been taken, one may write equivalently 0#7+ 7~ or 7~ 0#n™*, etc. These expres-
sions are simply sequences of creation and annihilation operators (see equation (5.68),
for example, which defines the 7%). On this point, it is important to bear in mind that
the Lagrangian is defined not to be normal ordered.

The ordinary derivative d, = 9/dz* acts on the fields ¢(z) and A,(z). (Derivatives
of the latter will be of concern when we are dealing with double covariant derivatives or
field strength tensors.) The charge matrix @) is just a constant, as is the mass matrix M.

The next step is to explicitly multiply out the matrices in equation (5.18) and take
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the trace. In the present derivation we can save a lot of unnecessary labour by taking
advantage of the fact that SU(2) is a subgroup of SU(3). If we neglect all of the fields

in the octet except for the pions, we are working with the matrix

0 V2t 0
¢ = | Vr- —x° o ‘ (5.19)
0 0 0

which contains the SU(2) triplet of pions as a sub-matrix. In the resulting expression,
we will obtain all possible pion terms, and it is only these terms that we want.
At this stage also we apply equation (5.16). We drop the ¢A, from the expression

and reverse the sign to recover the following electromagnetic current:

win

i 0 0 \2rt Vot S RVOY, L
S iree = —-étrace

0 — Vo=  —x° V20rT  —9Hg®

1
3
% 0 M0 \20nt ‘7r0 Vot
0 —% V207~ —9rr0 V2~ -0

(r°0"7° + 2770 7™) — = (277 0"rt + 70 )

W= W

(0 x°7° + 20¢7tn) 4+ - (2047wt + #ro7r0) ]

= - % [4nF04n™ — 2n=0"nt — 4x~0Frt + 2ntOFr ]

= —i[7To¢rT — 7ot ] ‘ (5.20)

Note that all neutral fields disappeared, as they must in a minimal coupling to the photon.
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Let us transform this current to the Pauli basis, writing it in terms of the fundamen-

tal SU(2) fields indexed by a number (which represents the isospin component). The

transformation
ot = ™ \*/:22_'72
T~ = 11_\-;_%_7_@ (5.21)
yields the following identity:
i(rtotn™ — 77 0"7t) = —motmy + miFm
= —(m x 0'w)s (5.22)
which in the present case gives
JYiree = (7 X 0"7r)3. (5.23)

The electromagnetic current of the pion always has the form of the third component of

a vector in isospin space.

5.3.2 Contribution From L,

The tree diagram (a) is comprised of all the first order interactions that we can find
in £4 and L4, in addition to the one found in the previous section. As we will see,
contributions from these Lagrangians will correct the leading order constant term of the
form factor (i.e. 1) with terms that are O(p?).

Expanding the £4 part, equation (3.76), we find that only the terms with the coeffi-

cients Ly, Ls, and Lg have an O(¢?) component also containing eA,,.
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The term with coefficient L4 yields the following O(eA, ¢*) components:
Ly (DU DUV U + Uy

Heds (806 — 0"60)) 2BoM).  (5.24)

In taking these traces, there is a subtle point to note. Even though in evaluating (5.20)
we were able to make the replacement of the SU(3) matrix by the SU(2) sub-matrix,
we must use the 3 x 3 matrices in general, because we have renormalized for SU(3).
(One can renormalize the theory for SU(2) and work with only pions from the outset,
as illustrated in [10].) Thus, for the present reduction of (5.24), it will be found that the
SU(2) substitution can be made in the first trace, because we are simply picking out the
pion fields; however, the SU(3) M matrix must be substituted iﬁ the second trace.

The factor from the first trace will be the same as that derived previously for the £,
current.

The mass matrix part is

(2BoM) = 2By (my, + mgy+ ms)
= 4Boﬁl + QBoms

= 2m? —2mj 4 3m (5.25)

using the isospin approximation (4.16), m, = my = m, and applying equations (4.21)
and (4.24).

The resulting electromagnetic current is

8 (2m2 — 2m2 + 3m?
JE = (2my F";K ™) (7 x 9"m)s (5.26)

after transforming to the Pauli basis. Again, note the structure of the current.
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Turning to the coeflicient- L5 term, the derivation differs from the above because the
mass matrix multiplies the meson fields before the trace is taken. The Lagrangian term

looks like this:
Ls (D*UT DU (xTU + UTy))

heA,
Fg

= LsSSTR(9BMQ (4076 — 6¢)).  (5.27)

A particular quark mass from the diagonal of M will go with each field operator term.
We do the matrix multiplication, take the trace, and write the electromagnetic cur-

rent. The neutral pion terms still cancel, and the remaining terms are

8t 2 1 2 1
— F_ﬂ? L5 [ 2Bo(§mu + gmd) 7r+3“7r_ — 2B0(§mu + gmd) 7r_5“7r+ ] (528)

Ji,
Invoking the isospin approximation allows us to use equation (4.21), which puts an m?

in front of each of the above terms. We again use the identity (5.22) to change the pion

fields to the Pauli basis, and the expression becomes simply

2
8m:

W L5 (71' X 8"71')3. (529)

b _
Jp, =

Finally, we find the current associated with the Lo term. We insert expression (5.5)

for F ﬁ and F /ﬁ,, which we have seen are equal:
— iLy(FED*UD Ut + FE D*Ut DY)
= —ile(e(d,A, — 0,4)Q (D*UD'UT + DU D*UYY. (5.30)

The field strength tensors contain only derivatives d,A4,, so it is not obvious that the
A, structure will be recovered from the Lg expansion. One must consider all possible

contributions from the effective Lagrangian, which in this case means we must uncover
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the A, structure by dropping a total divergence from the Lagrangian. In section 3.3.9 it

was explained that any total divergence can be neglected; in this context, we have
0.(A,J(8)) = 0,A,J(¢) + A,0,J(¢) (5.31)
so evidently we can make the replacement
AL (¢) — —A,L0.J(P) (5.32)

and the Ly field strength term actually gives an electromagnetic vertex contribution.
The current is derived as follows. First we expand the Lagrangian expression (5.30),

and as usual keep the terms of O(¢?). Because of the ed, A, terms, the entire expression

is of O(eA,). We apply relation (5.32), and in the last step we swap the dummy indices

i <> v in one of the terms:

—i Ly (FED*uD Ut 4 FE D*UT DY)

— Lo (Q [2,A0%60°9) — 0,4,(0%60°9)))
= Lo (@ [A,000%60°9) = A,2,0°60°9)])
— LT (Q0,(0460° - °40"9). (5.33)
From this, the current is
JE = Fi,Z Lo 8,(0"m x &x)s. (5.34)

Note that the effective interaction underlying this result involves the second derivative
of a field.

This is the third and last component of the current contributed by L.
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5.3.3 Contribution From L,4.g
We consider the P; part of equation (3.84):
P [ (p*D, U D*D,UY
—(p*D, Uty + D*D,UxT
— (p*utp,uDp*UtD,UY
— utp Uty + Uty

- %(x‘LUXfU+xU'LxUT>

+ % Py

+ = odu - oty

At O(eA,4*), there are nonzero contributions only from the first and fourth terms. The

first term expands as

P (p*D,UtD*DUY = P1%< 204 A, Q ($0"0,¢ — 89, $¢)

0

+4A4,Q (0"¢00,4 — 0"0,99"¢))  (5.35)

where, dropping a total divergence as we did previously, we are able to write this in terms
of the photon field without derivative:

2ieA,

Q0006 — 9059
0

+ 0*¢8* ¢ — D*$9*$) ). (5.36)

P (D*DUTD*D,U) - P

The fourth term, following equation (5.27), is

~ P (DU DU (XTU + UTy))
4ieA,
Fy

= —P (2BoMQ (90"p — 0"99)).  (5.37)
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We substitute the matrices and reduce equations (5.36) and (5.37) to the explicit ;

operator form to be used in the calculation. They yield the electromagnetic current

A P [ (8#0%m x w)s + (0°m x OP)y — 2mi(m x Om)s | (5.38)

o=

From the P, part of the off-shell Lagrangian:

P (D*D, Uy + D*D,UxT

+ (pUtp,u o+ Uty)

+ % O TUXTU + xUTxUT)

— (xTx)
- %(xTU ~ U2 ]

only the second term contributes to the current, and this is the same contribution that

we have already seen. Thus

8m?

oMy
2
Fg

Jh = Py (7 x 8" m)s. (5.39)

5.3.4 The Tadpole Diagram

The tadpole diagram is diagram (b) of Figure 5.1. In our calculation there are actually
four Feynman diagrams of this form — the loop can be a pion, either charged or neutral,
or a kaon, either charged or neutral.

We begin by considering the structure of the diagram and how it is derived from
our Lagrangian. It consists of a 4-meson/one photon interaction at a single space-time
point z. There exists an interaction term of this form in the effective Lagrangian. It is
the O(eA,¢") term. The origin of the loop, then, is in the Wick’s theorem contractions

that occur in the evaluation of the S-matrix element for two ‘external’ pions from this
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originating interaction. (Strictly speaking, at the end of the calculation we will be con-
sidering the ‘external’ pions to be off-shell. This will be discussed further in section 5.6.)
Diagram (b) is simply all single contractions of O(eA,¢*) terms in L,. It should be
recalled that we will not be including contractions from £, and Ly4.g at all.

Our starting point therefore is the first term in the Dyson-Wick expansion of equa-

tion (5.12):

S(b) = T<+i/d4$£(b)($)>

This term in the expansion contains only one space-time variable z, which is what we
require.

We proceed to extract the L) interaction and derive the current from it. For illus-
tration, all the steps — expanding and collecting the terms, taking the trace, and then
forming the possible contractions — will be shown.

The interaction derives from the covariant derivative-containing part of £,. As we
have seen in the expansion of £, leading to equation (5.18), the leading order in the
covariant derivative is at O(#). This implies that here we only need to keep terms up
to O(¢%) in each covariant derivative expansion, since we are‘interested in an O(4?)

expression overall. The following terms are collected (neglecting the terms without eA,):

F2(D"UTD U)
F02 iau ™ O 8“ O+ O+
-5 ¢—2F2 ¢¢—2F2¢ b+ ¢¢¢+6F3¢ ¢¢+6F3¢¢ ¢

+ieA(— Qb+ 00 — 1 Qb0+ 51 7 490+ G5 Q06— 15 669)
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<[ 470, = 5000 - 2Fo¢aﬂ¢ T 6F0¢au¢¢ 6F3¢¢au¢

+ieA (4 Q6 — 1 6Q - 377 90 + 37 000 - 575 9990 + 5 $99Q) 1)

_ f% ( _éw(ww + $0"¢ + $40"9)

Q (0" pdd + 0" dd + ¢40"8) ¢
Q (090" ¢ + ddd0* )

Q (0" d4¢ + $0"$¢9)

Wl— N—= N~ W =

Q (¢440"¢ — 0"dd¢¢) )

ieAﬂ 1 e _l H l i _1 B
= g (g Q00098 — 5 Q00"449 + 5 Q$90"66 — 2 Q 460 % ). (5.40)

Now the trace is taken. The use of SU(3) matrices takes. account of all possible
loops, whether pion, kaon or eta. Consider the following three examples of field operator

expressions that might emerge from taking the trace:

Hntr—atn™

Mrtr KtK-
MPKTK-KYK-~

A contraction within the first will yield a pion loop for the pion form factor. From

the second, one will obtain a kaon loop. The third, of course, will not apply in this
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calculation, since two external pions are required. The second and third types will be of
interest in calculating the kaon form factor.

For the present illustrative example, we substitute only the SU (2) matrices and pick
out the pion loop component. However, the full expansion must be made, from which
the other components may be picked out. It turns out that only charged and neutral
kaon fields are generated. There is no eta loop in the case of the pion current.

The following, then, is the electromagnetic current with four external pion fields:

I3 (am)
= 4LFOZ[ %(~46“7r+7r_7r07r0 — 8rtrwtrT 4 2t 04 070 + 4rtotrrtrT)
B é (+ 207t~ 7%° + 40¢ntr—ntn™ — dxt Ol nO20 — SrtotnrtnT)
+é(_4a”7r+7r‘7r07r° — 80 7t T 4+ 2¢t0*r n%n0 &+ Antotn ata)
B %(+23”7T+7r_7r07r0 + 40trt T rtnT — Axt ot r070 — SrtorrTatrT) |
= 3—;705[ 7t ot 0% — rtr %70 + 27t Ot Tt — 204t a Tt . (5.41)

It remains to perform all possible contractions. A contraction between two of the fields
is equal to the Feynman propagator i A,z (z — z) = i 0,2 (0). As we discovered in
evaluating these expressions, a propagator incorporating a single derivative vanishes (see
equation (4.12) ); therefore, we only form contractions among the non-derivative fields.

The following are all the non-vanishing contractions:

Ty = grgl =t g - e gt
+ 2 7totn~ iﬁ‘ — 201t rtp-

+ 27Ot atrT — 2 Otrtrowta ). (5.42)

L
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Remember that, as shown in equation (4.29), the exact isospin approximation means
there is actually only one propagator, with mass m2. Consequently, the current takes on

the same isospin vector form that we have already seen:

5 .
Iy (n) = ﬁ’% [7¥0¢n™ — 770%7" | 10,2 (0)

)

7w X 0%m)s [(m?) (5.43)
where we have substituted the properly regularized integral I(m?2) defined in equa-
tions (4.3) — (4.10).

Expanding equation (5.40) in SU(3) reveals a kaon loop contribution of the same
form as the above. We do not show the details; the only difference is that when one

forms contractions between the kaon fields, one obtains I(mZ). Furthermore, there is a

difference of an overall factor of 2. The contribution is

Ty ) = =g (X 0"m)s Imf). (5.44)

5.4 The 2-Vertex Loop Diagram

Diagram (c) of Figure 5.1 represents two separate interactions. The derivation of the
vertex function for this diagram is in principle the same as that for the tree and (b)
diagrams — one picks out the appropriate terms from the Lagrangian and evaluates
their matrix element according to equation (5.13).

The difference is that here the process being examined is second order in the Dyson-

Wick expansion. Specifically, consider this term in equation (5.12):

A

2
S(c) =T ( - 5 /d41: d4y ,Cg(a)(l') [:2 (4¢)(y) > . (5.45)
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Here the subscript (a) refers to Feynman diagram (a), the tree diagram, and the subscript
(4¢) denotes a 4-meson interaction. The 4-meson interaction is like that extracted in the
previous section for the tadpole diagram, except without the photon. We have actually
expanded to find £;(44) already in the context of renormalization (see equation (4.19) ).

This S-matrix term contains the two interaction vertices of diagram (c); we will find
the diagram itself if we select out the terms containing two contractions, which thus have
two external fields left over. The contractions must each be between the interaction at
z and the interaction at y. This yields the form of two propagators connecting the two
vertices to comprise the required loop. Alternative contractions lead to disconnected
diagrams. Note that there are actually two expressions constituting (5.45), each with the
order of the interactions reversed. This is the reason for the factor of 2 cancelling the 2!
from the Taylor series expansion.

Because the two Lagrangians are evaluated at separate space-time points, we cannot
put equation (5.45) in the form of a current J* as we have done in the other cases. We
must evaluate the S-matrix itself. In the rest of this section we will discuss how this is
accomplished.

We could expand equation (5.45) using the results we already have, equations (4.19)
and (5.18):

S(C) = 7 < — /d4x d4y Cg(a)(:l:) £2(4¢)(y))

_ T(— Jatadty A G (400 — 0490) ) (@)
1

“ uF?

( 0"940, ¢4 — 0"¢0,¢9d + BoMpdgd )(y)) . (5.46)

and then form two contractions in all possible ways between the z and y fields, leaving

only two external fields in the expression. Doing this, contractions of the following form
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would appear:

) d*k e (=)
. [ : (5.47)

21)* k2 —m} +ie’
Because of the presence of the exponential, this expression does not vanish as did the
single-derivative propagator of equation (4.12). The calculation becomes somewhat in-
volved owing to this.

However, there is no need to perform the computation from first principles. One finds
that this procedure leads to an expression involving two Feynman propagators and two
vertex factors — which is nothing but the expression one would write down using the
Feynman rules. All we really need to do is to derive the Feynman rules, a procedure which
is much simpler than the above. We compute the vertex factor for the photon/meson
interaction, and that for the 4-meson interaction. The former will turn out to be the

standard result for the photon/scalar interaction [25]
—ieF‘(‘a) = —ie(p +p}‘)

where T’ 2‘&) is the tree diagram vertex function, which we will actually be calculating
in section 5.6.3. The latter, I'44), we can find as well, after Wé have discussed how to
calculate vertex amplitudes.

For now, we write down the expression for diagram (c). The Feynman rules tell us to

construct this diagram as follows. Include
e Two momentum-space meson propagators for the internal lines
e A 4-momentum integral for the unfixed internal momentum
e An ¢, vector for the external photon line

e The photon/meson vertex factor —ieI‘E‘a)
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o The 4-meson vertex factor :I'44) .

The calculation is entirely in momentum space. We avoid the z and y integrations, and
the delta function giving ¢ = py — p; is implicit. Thus instead of the S-matrix element,

the above rules yield the invariant amplitude:

: d*k . : :
1A (4) = /(277)4 iDag) (ks pis py) 10z 03 (—seTy(k, pispy)) €ulq): (5.48)

By equation (5.9), the vertex function itself is simply this expression without the factor
—ec(q):

[ d* , .
F?c) ¢ Z/(Q_W)T; L ag)(k, pi, pr) @Am; ZAm; F?a)(k7p’iapf)' (5.49)

There will be one expression of this form comprising a charged pion loop, and another
comprising a charged kaon loop. The internal lines must be charged particles because
of the electromagnetic interaction occurring in the loop; both the pion and the kaon are

allowed. The discussion of the two loops will be continued in section 5.6.6.

5.5 Summary of the Contributions

Here we collect all the contributions to the electromagnetic vertex function. We have

found the following in the form of electromagnetic current operators:

Stree = (mx0"m)s (5.50)
o= 8 (2 — 2?’22 £3m0) 1, (m x 9)s | (5.51)
go= 8 ;(? Ls (0 x 8*7)s (5.52)
= Fig Lo 8,07 x 8w (5.53)
Jh o= P (0407w x ) + (9 x OP)s — 2ml(m x 9wl ] (5.54)
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8 2
Jh = I P, (mx 0w (5.55)
Fg
5
Toy @ = —gp 1(md) (m x 97 (5.56)
5
Ty w =~z 10mi) (m x 0" (5.57)

and for the (¢) diagram we have found the vertex function expressions

[ dk . .
Fftc) (r) = Z/‘——(27T)4 Liamy (ks pis pr) i Dz 182 Ffa)(r)(kapiapf) (5.58)
. [ dik . . )
I‘(c) (K) = 7‘/(27,‘_)4 F(2K)(27r)(kapi7pf) ZAmf( ZAmf,( F(a)(K)(kapiapf)- (559)

The next stage is to calculate the bare, or unrenormalized, amplitude I'* from each

of these contributions.

5.6 Calculation of the Electromagnetic Vertex Function

The aim in this section is to calculate the 3-point Green function I'*(p;, pr) introduced in
equation (5.8). First we introduce the machinery needed to carry this out, then we show
the detailed steps of an example calculation whose result can be used in several places.

Finally, the various components of I'* deriving from the list in section 5.5 are calculated.

5.6.1 Definitions

By the LSZ reduction procedure [17], a Green function is related to an S-matrix element
for asymptotically free states. We will start by discussing the relation we will use between
I'* and the current J* in place of that between I'* and the full S-matrix.

The relationship between the vertex function I'* and the invariant amplitude Ay; is

given by equation (5.9):

—ee, I = Ay
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This is analogous to the relationship (5.16) we have used between J* and the Lagrangian,
except for the fact that the polarization vector is involved in one case, and the photon
field itself in the other case. The photon field is written as the polarization vector and a

plane wave:
Au(z) = culq) e (5.60)
Therefore, instead of computing the full S-matrix element

S = (el [d% (~eelq)e™) J(a) I (po) (5.61)

— where we have indicated the explicit structure of the Lagrangian, after equation (5.15) ~

we obtain the I'* function directly, by computing the matrix element
(27 8y — i =) TH(pippn) = (T*(py)] [ d' < I4() [ (p).  (5.62)

This definition can be seen to follow from equations (5.9) — (5.12) relating I'*, the S-
matrix and the Lagrangian, equation (5.16) showing the derivation of the current J# from
the Lagrangian, and equation (5.13) defining the S-matrix element. For the states (f]
and |¢) of equation (5.13), we have used the properly normalized momentum eigenstates
that will be defined in equations (5.73) — (5.75) below. The issue of taking the matrix
element between these states requires some discussion.

We are interested in allowing the external legs of I'* to go off-shell, and for this

purpose we must consider how an off-shell Green function is defined.
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Consider the relationship

[ty atz e (324 m2) (OIT (n*(y) J*(2) 7~ (2))|0) (82 +m2) e
= N (r*(py)out] J*() [v*(p;);in) (5.63)
which arises from the LSZ reduction procedure [17]. Here,
D(a,y,2) = (OIT (w*(y) J4(2)7™(2))0) (5.64)

is the Green function in coordinate space, and N is a normalization constant. Even
though the right hand side of equation (5.63) is defined for on-shell momenta p? =
2

Py = m?

T

one can consider the analytic continuation of the expression on the left hand
side; nowhere in the evaluation procedure for this expression are the external momenta

explicitly required to satisfy the Einstein condition
El, = kK +m’ (5.65)

In evaluating the vacuum expectation values on the left hand side, contractions are
performed according to Wick’s theorem, and these contractions are cancelled through
the action of the Klein-Gordon operators, for general p; and ps. Off-shell Green functions
can be evaluated in this way. Thus, knowing that this axiomatic procedure exists and
validates our result, we will save trouble by calculating from the point of view of the right
hand side: A normal matrix element calculation between states. will be performed with
the understanding that at the end we can replace 4-momenta that satisfy the on-shell
condition (5.65) with ones that do not.

First we define the pion field operators in terms of creation/annihilation operators [17].

Real scalar fields forming the SU(3) octet ¢’ were introduced in equation (2.4). The
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triplet of pion fields has the representation

m(z) = /dk e™*7 4 ay(k)e~t7)
mo(z) = /dk etkr 4 ay(k)e= )

r3(z) = / dk (ad (k)e ™ 4 qy(k)e=) (5.66)

in terms of creation/annihilation operators and plane waves. These are just three general

independent solutions of the free Klein-Gordon equation. We use the notation

d3k
/ dk = e (5.67)
for the integration measure. Since the pion electromagnetic current J* has been written
in the numerical basis, the above operators will apply. The physical states between which
we take matrix elements, however, are the pions 7+, 7=, and 7° from the octet ¢. These
are to be defined from the above operators.

The charged pion is a complex scalar; it is defined in terms of two fundamental scalar
fields in such a way that it is an eigenstate of electric charge. The pion with positive

electric charge is written as

+ _ [t o ik —ikew

™ (z) = |[dk ay(k)e™ + ay(k)e (5.68)
where
(af (k) — ia] (k) (5.69)

creates a quantum of charge +1, and

1

a-y(k) = ﬁ(al(k)—iaz(k)) (5.70)

annihilates a quantum of charge —1. The operators a; and a are the creation /annihila-

tion operators for the fundamental fields 7; and 7. The pion with negative electric
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charge is the adjoint of the above:

w(e) = [dk [a;f_)(k)e“” + a(+)(k)e_ik'$] (5.71)
with
(al (k) + iad (k)

ak) = —s(ar(k) +iaa(h)). (5.72)

S-Sl

The 70 is just 3.
We will concentrate only on the 7t henceforth. The 7t state of 4-momentum k is

created when the creation operator acts on the vacuum:

T E) = aly (k) [0)

*1—— aj[ —iaJ[ 5.7.
\/5( 1(k) —iaz(k)) |0) (5.73)

and the ‘out-state’ conjugate to this ‘in-state’ is

(m* (k)] = (0]agy(k)

Y \/iﬁ (ar(k) + iaa(k)). (5.74)

The creation/annihilation operators connect the vacuum to 4-momentum states, whereas

we will use in the calculation the normalized 3-momentum eigenstate

mt (k) = (27)2\/2Ey, |7* () (5.75)

which is defined with E}, satisfying (5.65). The relationship between any matrix elements

computed using the two different states is given by
(mT ()l (p:)) = N (7 (py)lm™(p:))

N = (2r)*\/2Ep \/2Ep, (5.76)
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so we must include the normalization factor N when evaluating the matrix element (5.62).
We are thus equipped to find the matrix element between states |71(k)); everything

has been written in terms of a; and a; creation/annihilation operators.

5.6.2 Example Calculation

Consider this definition of a generalized ‘current’ with three derivatives:
JHA = (00" x O'm)s. (5.77)
We will use J#** as an example, and derive the amplitude
A = [ pfpip + pipfpt ) (5.78)

Here are the detailed steps of this evaluation. We write down the right hand side
of equation (5.62), rewrite the states according to equation (5.76), and show the states
and the current in explicit form in terms of creation/annihilation operators so that the

vacuum expectation values can be taken:

(r*(py)| [ d* % (0407w x 9x)s (2) [ ()
= N(rt(y)| [d's 120" 0"m x 9 m)s (@) 7 ()

= N(r*(p)l /d41' e T (G0 10 1y — 01007 ma) (z) |7 (i)
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= N0 s (arly) +iaalpy)) [ de e
\/5 f !

[6°%" / g (a;[(fh)eiq"x + ax(q)e™* ")

0 [ dia (a} ()e ™ + az(gs)e™)

-0 / dq, (aj(ql)ei’h'g” + al(ql)e—i‘h‘w)

0" [ dgy (o] (@2)e ™ + an(g2)e ") |
w%(“j (p:) — ial (p2)) 10)

= g(m (a1(ps) + taz(pyr)) /d4x e~iT

{ /d(jl (—a'd aj(‘h)eiqw — gy ar(q1)e )

[ da 663 al (@)e = — ig} an(an)e=)

B / dis (ig3 ol (1)e ™ — ig} ar(qr)e)

/dé? (~a5a3 ad (92)e ™ — gt ar(go)e™) |

(a] (pi) — iad (1)) [0)

109
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d’q p-its

= = (27) @@/‘F 271-3\/2E7q (QW)\/EE

Ol ar(py) [ (—glale™=) al(q) (—igte ) az(gn)

— (ighe ™) af (@) (~ahase™™%) aslaa) | (i) af(pi) [0)

+ .- (5.79)

where we write all the possible terms which have a non-vanishing vacuum expectation
value. In this case, there will be only one other term (that is, having the same form as
the above). It will contain the a, operator from the out-state and the ai[ operator from
the in-state.

Clearly, choosing an operator from a 7;(2) expression in the matrix element dictates
the choice of the other operator that will give a non-vanishing VEV. For example, if the
a;[ is matched up with the out-state, the operator that will correspondingly match up
with the in-state is the a; (no dagger). Two particles are created from the vacuum and
then annihilated. A useful way to think about this matching process is to consider that
the field operators from the Lagrangian act once to the left and once to the right on the

states.

The VEV’s are equal to [22]
Ola(p)al (@)a(@)al (p) 10) = &(p; — ) &(p: — a2). (5.80)

After taking the VEV’s and obtaining these delta functions, the next step is to integrate
over the momenta. This saturates the delta functions, the effect of which is to leave
p; and p; in place of g, and g, respectively, in the remaining expression. When these

replacements are made, the exponential part of the expression turns out to be the same
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in the two contributing terms we have, and indeed in any non-vanishing terms in general.
It has the form

e’i(Pf_Pi—Q)‘x,

and since the exponential is the same in each term, it can be brought out front.
Another effect of taking the ¢ integration momenta to p external momenta, clearly,

is the cancellation of the integration measure factors with the normalization factor out

front.

Performing the momentum integrations amounts to systematically replacing all ¢; »
variables (4-momentum notation) with the appropriate ps or p;, depending on which
state, initial or final, each collected operator pairs up with.

Having taken the VEV’s and done the momentum integrations, we are left with

(o) [dte 1 (040 x 0V (2) I ()

= 5 [ dte T [ () (—ip) (=) — (i) (~pt8t) (i)
+ i (=pip}) (ipp) — ¢ (=ip}) (=} pf) ]
= / diz PO [ phptpt 4 ptplp} ]
= @m)*&*(pr —pi—q) [PiPID; + pipfpl ] (5.81)

where finally the z integral is just the definition of the 4-dimensional delta function. This

is result (5.78).
The 4-momentum which we introduced, ¢, is just the photon momentum, since the

delta function defines it to be the difference between the external meson momenta:
q = pr—pi (5.82)

This definition of ¢ will subsequently be used.
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Having completed the evaluation of the function I'*(p;,ps), we can generalize to
assume that the momenta p; and ps of the ‘external’ pions do not necessarily satisfy
the on-shell condition.

We list here another result similar to the above:

()| [ d'z 07 (@409 x x w)s (2) 5 (p)

wov. A

= —(2m)*&*(pr — pi — @) [ PDIP} + PiDiDP} . (5.83)

Now the amplitudes of all the components of the current can be computed using the

techniques illustrated.

5.6.3 Tree-Level Contributions from £, and L4

First consider the tree-level contributions to J* given by equations (5.50), (5.51), and
(5.52). These are all of the same form, containing a single derivative, so we treat them
together.

Carrying out the steps shown in the previous section leads to this simple result for

the one-derivative current:
(7* (py)] /d"ﬂﬂ e (m x )z nt(py)) = (20)*6'(pr—pi— @)l + 0] (5.84)

The three tree-level components form the first contribution to the overall amplitude,
by equation (5.84) — and referring to equation (5.62) to write the result without the

delta function pre-factor:

8(2m2 — 2mZ + 3m?) 8m?2
Piee = (Pitp)[1+ F2K =L+ 75t Ls . (5.85)

This and the other components of I'* from the following sections will be collected together

in section 5.7.
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Secondly, we look at the Lg tree-level contribution — current (5.53). This consists of

two operator expressions of the type computed in the previous section, namely
O, (0" x 0"w); = (9*0"mw x J,m)3 — (0°m x 9'm)3 (5.86)

if we distribute the derivative 0, and then use the antisymmetry of the cross product in
rewriting the second term. To find the matrix elements, we simply substitute these into

equation (5.78). Here is the combined result for the Lg current:

()| [ dte 17, | (p)

AL
= (20 & (pr—pi—q) = | —(pi + o) piops + PlPE+ pfpE ] (5.87)
Fg

Note here that the extra p! and p} factors do not multiply the same quantity, so we
p; Py y

are confronted with an unusual structure not consistent with the (p; + pf)* form factor.

If one 1s considering on-shell external momenta
P? = pr = my (5-88)
then the expression does simplify, taking just the form

(pi + pr)" f1(d%). (5.89)

If one is considering general off-shell external momenta, then one must introduce the
second form factor f and the structure (pf—p;)*. The expression (5.87) can be rewritten
in two terms which conform to the two required structures. It is not difficult to show

that

(pi + pr)* picpy — PP} — P D}
1

- —';‘(pi‘f‘Pf)“ (pr —pi)* + 5 (pr —p)* (pf —pi)  (5.90)



Chapter 5. The Form Factor Calculation 114

so that our general off-shell amplitude is (again writing equation (5.87) in the form of I'*

without the delta function):

21
f, = S li+e)d + (r-p) (2 —pf) ] (5.91)
0

5.6.4 Contribution From L4.g

For the off-shell part, we have the P; contribution from current (5.54) and the P, contribu-
tion from current (5.55). To calculate the former, we make use of equations (5.78), (5.83),

and (5.84), respectively, for the three terms of the current. We obtain

4P,
M o= o [+ 0 f)
0
+ (pf'p} + P} p})
—2my (pf + pf) ]
4P
= 7 Gatp) [pf 4 pf - 2m ) (5.92)
The P, current evaluates to
8m2
I, = —= B (it+p), (5.93)

Fg

and evidently both components contribute to the f} form factor only.

5.6.5 Contribution From the Tadpole Diagrams

The calculation of the (b)-type amplitude is exactly the same as that already done for
the tree-level amplitude. We use equation (5.84). The result, however, contains the
divergent loop integral I(m?). This divergence will ultimately cancel with the same

divergence supplied by the (c) loop diagram.
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Evaluation of currents (5.56) and (5.57) yields the expression

5 \ .
Iy = (pi+p)* T3 [(mw)*@gf(mk)]
5m? m? 5mi mz
= (p — ™ (R + In—Z) — K_(R+Ih—2)]. (594
(0 20" [~ i (R + ) = 20 (R4 m5) L (5.99)

Notice that the tadpole diagrams do not contribute anything to the (p; — p;)* part of the
form factor. This is unlike the (c)-type diagrams, whose structure is more complicated.

We compute these diagrams next.

5.6.6 Contribution From the 2-Vertex Loop Diagrams

Let us start with the pion loop diagram. From equation (5.58), the expression we have

for the Green function I'* for this diagram is

. d*k ) .
Fétc)(ﬂ—) - Z/WF(47r)(k7pi>pf)ZAmﬁ.(kapiapf)ZAmfr(k7pi7pf) Ffta)(w)(]%piapf)' (595)

We have found in section 5.6.3 that the tree diagram vertex function is

F?a)(r) = (pi-l—pf)u' (596)

Now we must derive the Feynman rule for the 4-pion vertex. We know that the internal
lines of diagram (c) must be charged particles to interact with the photon; hence we are

interested in the 7tz 7% 7~ vertex. We take the matrix element of the interaction £; (45):

(r* (k)n~ (k2)] [ d*a Laan (@) 7+ (21)7(P2)), (5.97)

which will be the S-matrix element for pion elastic scattering, to first order. In the

expansion of L;(4r) (from equation (4.19) ) we can neglect all but the charged pions.
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Doing this, we obtain

Laur) = gy | 0°000,00 — 0°60,00 + BuMlbbos

1 - _ _ -
- 6—E)2-[5“w+w durtr™ 4+ atotrrtoum

— 20¢7 O at T + miata Tt ) (5.98)
Now using the steps shown in section 5.6.2, it is not difficult to evaluate the amplitude
shown in equation (5.97). One uses the rule that each operator acts twice on the initial
and final state operators — once to the right with its positive-frequency component, and
once to the left with its negative-frequency component. The fact that there are two pions

in the initial and final states means there will be twice as many matches of operators as,

for example, we found in section 5.6.2. The result is the vertex amplitude

(n* (ka) (o)l i [ %2 Lagam 17 (1) (o))
= (@n)'8*(ks + ko —p1— pa) g5 (2m2 + P 4 0] 4 B 4 B — (i — ka)’] (5.99)
0

after some manipulations have been done to reduce the set of 4-vector dot products to
just squares plus the quantity p; -k,.

We have thus found the Feynman rule for the vertex:

1
Pun) = g 2mi + 91+ 00 + K + 8 = 30— k)’ (5.100)

Equations (5.96) and (5.100) are to be substituted into equation (5.95), along with
the momentum space expressions for the propagators — these latter are not, of course,

the evaluated contraction I(m?), but just the free propagators:

?

i Amz(p) = =

p? — m2 + de

We assign the momenta according to Figure 5.2. This choice, because of its symmetry,
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k—3q k+ 34

Y
A2

Pi pr

Figure 5.2: 2-Vertex Diagram Momentum Assignments

is most convenient for evaluating equation (5.95), which becomes:

“
T'o ()

RIS Ry RS RATS VRN S VI (R0
IR [(k+ 307 = m2 +ic] [(F=aP — m2 + ] |

We introduce dimensional regularization as defined in equation (4.3) to evaluate this.
When the dimension has been generalized to d, we can assume the integral converges,
and can use the symmetric integration argument. Most of the terms in the integrand are

odd in &, and will not survive symmetric integration. Thus we are left with the integral

_ 2iﬂ4‘d/ dik k* k- (pi + py) (5.101)

00 = TR @ [ 5 - m2l[(k - a7 —m2]
This can be evaluated by introducing a Feynman parameter to change the product of
factors in the denominator to only one factor; then one can reverse the order of integra-
tion, and apply the dimensional regularization formula first, then finally integrate over
the Feynman parameter. The result will form two expressions, one contributing to the

form factor f7, the other contributing to f.
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Before proceeding to do this evaluation, we show the analogous integral for the charged

kaon loop. Recall that we expanded L£;(4¢) to extract the atm~7 7~ interaction. Doing

the same thing to extract the K* K~ 77~ interaction, we find
Ly 2K)2r) = 6;70 [20K*K~0,mn™ + 2KYO*K nto,m™
—~ O*K*K 7t~ — KYO*K~ 0, 7%rn~
— *KY9,K ntn™ — KYK0*7nt0,n~
+ M2+ mP)KtTK nrr~ | (5.102)
The evaluation of the scattering amplitude

(wH (k) K~ (k)] i [ 4% Laomyon 17 (1) K™ (p,) (5.103)

proceeds in the same way as that leading to equation (5.100), and the end result has the

same form as that equation:

1
Peryen = 6F2[m + mk 4+ P} + 0+ k4 k-3 — k)] (5.104)

Clearly, substituting this vertex factor into equation (5.59) and again using the momen-
tum assignments shown in Figure 5.2, we end up with an integral that closely matches

our preceding result:

(5.105)

I gt / dk k" k- (pi + pr)
(c) (K) Fg J (2n)¢ [(k+3¢)? — mZ][(k—19)? — m&]

The differences are only the particle mass and a factor of 2. (Compare equations (5.100)
and (5.104) ).
Let us therefore evaluate equation (5.101), the pion loop integral. Introducing a

Feynman parameter in the standard way yields

20p* ddk k"k (pi + py)
pe o= 2 / (2 —1)! /dx = . (5.106)

(e) (m) F{§ — 2zk-¢ — m%]?
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We must perform a shift of integration origin to eliminate the dot product in the de-
nominator. In the present case, a variable shift would not be allowed in four dimensions,
because the integral is quadratically divergent [26]. However, in dimensional regular-
ization, one is allowed to shift the variable of integration regardless of the degree of
divergence of the integral in four space-time dimensions [20]. The shift and the formal
evaluation of the integral can be carried out freely after one has regularized the integral,
and only at the end does one move back to 4 dimensions.

We shift & as follows:

E — k—l—(az—%)q (5.107)

to arrive at the integral

_ 22"“4_(1/ = /ldx Kk (pitp) + (2—3)¢"q (pi+pr)
0

m
o m = F2 o )d k2 + z(1 — z)q% — m2]?
0 T

= Ty + T2y (m) (5.108)

where, again, we have dropped terms odd in k. The integral is comprised of two terms,
to which we refer using the subscripts (c-1) and (c-2).

The momentum integrals in equation (5.108) can be evaluated easily by applying the
dimensional regularization formula (4.4). We show the results separately for the two
terms.

For the first term, we take advantage of Lorentz covariance to write [21]

/ddk kb, f(k2) = /d%%k?f(y)k (5.109)
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This allows us to use formula (4.4). The integration yields

v _ 2w / / k? (pi + pr)"
(c=1) (7)  d[k? + 2(1 — z)q® — m2)?

4—d

o [ w3 T(2+ 1)I(1 - 2)
Ry Pt Jy dT(DT(2) [2(1 — )g? — m2]'—%

4-d

[ 1
= —7 ’i+ H / dm
F2(an)? (pi + pr) o ¥

(2 -3
~9) [m2 — (1 — )

We took the limit d — 4 where d appeared in the factor (—1)'~% yielding the overall
sign. The gamma functions have been reduced using formula (4.6) to the single gamma
function with argument (2 — £), as we require in order to follow precisely the same

2

procedure shown in equations (4.8) — (4.9) for the integral I(m?). We group the d’s to

write
(pi +pr)" ) drp? Tire-d)
[ — ki _ —
Mo = 1672 F¢ / dafmy = 2(1 = 2)q’] (m?T —z(1 —m)q2> (1 g)

so that we can carry out the expansion around d = 4. Just as in the case demonstrated

previously, the form is

R AN
P—{%(M?) 6—1F(6)'

Consequently we obtain

T4y = M/ dz [m? — z(1 — 2)¢’] [R + In (mﬁ_””“ “”)‘12)} (5.110)

1672 F2 12
with the same divergent constant R.

Finally we integrate over z. This integration yields

Tleey = (it pp)*

it em2 = R+ ™)+ (am? — Ly —Le ] s
9672 F2 ™ 2 e g '
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with

H(a) = /Oldx In(1 - az(l — z))

(0<a<4)

. -2 +4/1-14 [ ALE— + im0 a—4)} (otherwise).
Vi-i (5.112)

Loop (c) has introduced an imaginary component into the energy expansion, which is

necessary to make the S-matrix unitary, but is absent from tree-level calculations [10]
This part gives the f form factor

We now address the second term of (5.108)

contribution — notice that
¢ q-(pitr) = (o —p)* (pf — )
We may use formula (4.4), even though we have in this case

g —w =0 = Im(-) = 0

This is because although the formula gives a divergent result for d — 4, we have a

prescription for handling the divergence in this limit. It will be seen below that the final
analytic expression we derive is of the familiar form containing R

In d-dimensional space-time, we integrate to obtain
2w / / dk (2 —3)* (o — pi)* (9} — p})
)e k2+x(1 —z)q? — m2]?

Cle-2) =
2#4—d [‘(2 4
= _2 Q(pf_pi —Pf / dIE :E—— > 2) ——
F0(47T)2 W—fx(]_‘l;)q ] E
(pr — pi)* pl —pf dr drp 2-¢
/ (m2 —z(1 - x)q2> r'2--). (5.113)

8r2F?
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Again, we expand this around d = 4. The expansion proceeds along the same lines as in

equations (4.8) — (4.9), giving the same leading order divergence. We have for small ¢

2

(4;4’;2)6 T(e) = <0 (5#) I(e)

_ [1 +eln (4;4’;2) + 0(62)] E — 7+ 0(e)

1 M?
= Z+In47r—1n;2——7+0(6)

M2
= - [R +1+ 1n—2—J. (5.114)
©
Hence, performing the z integration,

(pf —p}) o 1, m? —a(l —2)g?
Tty = (r=p) g [do(@=3)* [R+ 1+ 2

8r2F2 p
(pf — P?) 1L, my . m ¢
= —p L7 - — — (4—= - 1)H(—) |. (5.11
(pr — pi) 0672 F2 R+g+ln 2 ( 7 ) (mi) (5.115)

This completes the evaluation, from equation (5.95), of the pion loop described by Feyn-
man diagram (c).

In addition, there is the kaon loop coming from result (5.59). The two contributions
from the kaon loop analogous to results (5.111) and (5.115) simply have m2 substituted
for m2, and differ by an overall factor of 2.

Combining the pion and kaon loop components, we obtain the final result for the

(c) diagram contribution:

Iy = (pitp)
1 2 2 mfr 2 2 ¢ 2,

2
m
+ (6mi — )R + In—3) + (4mic —¢) H(_5) =39
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(n} — p?)
+ (Pf—Pi)“f—qQ—
X ! 22(R+1+1m—’2f)+2(2—42)H(~q2—)—é2
1927252 | “1 e S e Y
FER 14 ) 4 (7 — ) B - 2
p? mg 3
= (pi+p)"
! 122(R+1m3)+62(3+1m’%) 3¢* R
19272Fg \ “'n ar s " w2 9
2 2 2 2 2
q m, m; My My
_ 2 (op(Zlz x K K
Fé( (q2’u2)+F(q2’u2)”

+ (o —p0)* (P} — p})

1 1 m2 m?2 mZ m?2
—— (=3R) — — | 2F(—ZX,—Z F(=K K
o (COR) i (2P (1)) |
(5.116)
where it is convenient to introduce the function
m? m? 1 1 m? q* m?
F(—,—) = - 1 —4—)H(— In— | . 1
T 1 ERRURE SL(CH R s FCRL)

In the next section we will see that the form factors are written in terms of only the

function F'() and the phenomenological constants.
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5.7 The Form Factors

5.7.1 Vertex Function Result
To obtain the physical Green function we must apply the wavefunction renormalization

r« = ZzZ.TI*.

T

We also substitute F for Fy. Since the difference between these is of O(p?), this change
will not affect the energy expansion at the order to which we are working. From equa-

tion (4.55), the renormalization constant is

8(2m2 — 2mg, + 3m?) 8m? 8m?
Zr = 1-— 72 L4_F3 Ls*\F2 Py
m?2 m?2 mZ 2
T ln—= K 1 K
+247T2F7§(R+ n,u2)+487r2F2(R+ noa)

All of the form factors from the I'* components we have calculated consist of O(p?) terms
except for that from I'f;.., which also contains the leading term 1. Thus, to the order that

our result is valid, only T'{... is actually modified by this renormalization. The corrected

amplitude (5.85) is

1-‘f'tree = (p1+pf)#

2 m2 m2. m2 82
[ 1 + m27r 5 (R + ln—;) + ? 5 (R _I_ ln_g(_) _ 27|' P2 ] (5118)
2472 F2 p 4822 W F?

In adding all the contributions we have collected, we observe that the R terms all
cancel, except for one that renormalizes the constant Lg. In fact, considering first the
(pi + ps)* part, all the terms that do not contain ¢* vanish. We collect the following
terms from equations (5.94), (5.116) and (5.118):

2
my

-5+ 3+ Q]m‘fr(R-l-hl?)

4872 F?
2

[~5+3 4+ 2]mi(R+IlE) = o

* 9672 F?2 @
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The only term left containing R is

1
_ R ¢?
Gam2Fz 1

which is contributed by the (c) loop diagram, equation (5.116). Similarly, in the (p; — p;)*

part there is the R term

1
6472 F?

R (p? —p})

contributed by the (c) loop. These terms serve to renormalize the Ly constant according

to the result from equation (4.14):

1
- —— R.
12872

Lg - Lg

The bare Lo is brought into both f} and f; parts of the vertex function by contribu-
tion (5.91).

Summing all the contributions, from equation (5.118) above and from equations

(5.91), (5.92), (5.93), (5.94) and (5.116), we find that the P, dependence cancels out

of our final expression. The total vertex function is

“ oo z Ma mi Mk
4P, |
bt - ) |
(P} —p7) . m2 m? mE mi
+ (r—p)* 72 2L5 — 2ﬁ(7;;,7;;)-— F( o #2) (5.119)
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giving
2 2 2 2 2
q T m., m; My My 4P1
=14 Vi [2L9 - ZF(q_z’”ﬂT) - F(—q%aﬂ—?)} ‘FT(P? + pf — 2m2)
_ (p? — p}) . 2 m2 mg mi
fr = Bz 2Ly — 2F(q—2’7) - F(_q_?-’ e ) |- (5.120)

The f; form factor contains the same functional form as f. This is a result that must

hold because of the Ward identity, as we will see in the following section.

5.7.2 Discussion

The constant L§ characterizes what is known as the pion charge radius; measurement of
the charge radius pins down the numerical value to be used in the form factors.

We discover that the constant P; is not renormalized by loop divergences. In the
language of the renormalization program shown in equation (4.14), the gamma constant

associated with P, vanishes:
v = 0. (5.121)

The same does not necessarily hold for the constant P,. One cannot exclude the pos-
sibility that the P, counterterm might be required in the renorﬁalization of a different
n-point Green function taken off shell. In fact, renormalization of new parameters has
been reported in the off-shell generalization of chiral perturbation theory in the nucleon
sector [13].

On shell, with p? = p? = mZ, equation (5.119) reproduces the.established result [4, 9]:

2 2 2 2 2
+ _ q T My My My My
=1+ 72 2Ly — 2F(—q2 ’——,u2) — F(——q2 ,—’uz ) (5.122)

Off shell, we have generated a new contribution to the form factor parametrized by

P;. The modified Green function still satisfies the Ward identity.
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We can make the observation also that f and f_ are scale-independent; differenti-
ating with respect to u yields zero. This is unaffected by the presence of P, since the
constant is unrenormalized.

The structure

(D*D,UTD* DU

that we parametrized by P| in equation (3.77) has appeared previously in simple models
of QCD [27, 28, 29]. From the models, numerical values have been estimated for all of the
low energy constants. The number associated with the above structure can be translated

into the P; we have defined [30], and for completeness, we quote the estimate:

N. s
Py T 3.2 x 10 (5.123)

where N, = 3 is the number of colours in QCD. This value is of the same order of

magnitude as the other low energy constants; for example [10], L§ (x = m,) = 7.1 x 1073,

5.8 Verification of the Ward-Takahashi Identity
The Ward-Takahashi identity connecting the 2- and 3-point Green functions is [17]
0. T8 (ipr) = A7 (p) — A7 pi) (5.124)

where ¢ = ps — p; is the photon momentum. This identity is a consequence of electro-
magnetic current conservation, d,J* = 0.
To check the identity we substitute result (5.119) and equation (4.61) giving the

propagator. First, since

qupi +pr)* = —(pi —p})

au(pr — )" = ¢ (5.125)
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we see that the normal on-shell component common to the two form factors

. my my mi mi
2Ly — 2F(?>F) - F(?,Tﬁ)

cancels from the left hand side of the equation. This leaves the left hand side

4P
9. Te(pispr) = (pF—p}) |1+ 7,71(17? + pf — 2m?) ] (5.126)

™

The right hand side, then, is

_ _ 4P
AYpr) — A7 () = pf —mi + F—;(Pf — m2)?

AP,
— pi+ mi— 72 (p? — m2)?

4P,

= (o} —p}) + -z (77 — 2pim2 — p} + 2pim?)

4P
= (F—p) |1+ 55 (Pl +pf —2m2) | (5.127)

Our result satisfies the identity. The solution of the identity requires that P, terms enter
both the propagator and the 3-point function.

One can see that in the absence of the P4 and P, terms considered in the present
treatment, we would have obtained result (5.122) for f}, the unchanged f; from (5.120),
and the propagator (4.56). Together, these satisfy the identity by leaving the left and

right hand sides equal to (p} — p?).
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Summary and Conclusions

We have addressed the question of how chiral perturbation theory can be used to calculate
a general Green function with one or more legs off shell. This has been done using the
theory for the pseudoscalar meson octet including electromagnetism, and the result has
been a successful characterization of off-shell behaviour within this theory.

The electromagnetic vertex function for the pion has been computed, assuming an
off-mass-shell interaction. The calculation has been based upon the full effective chiral
Lagrangian to O(p*) unrestricted by the O(p?) equation of motion. This Lagrangian
we have had to derive by invoking the usual symmetry arguments and examining all
possible structures, including those built upon a symmetry-breaking mass term. After
making sure to eliminate all non-independent structures, we have found that there are
two extra terms usually omitted from the £, + £4 Lagrangian. With the inclusion of
these terms, renormalization of the theory has had to be modified. We have evaluated
the new wavefunction renormalization constant for the pion, and derived the modified
pion propagator.

Our result is presented in equation (5.120), which lists the electromagnetic form
factors. There has indeed been a modification to the standard on-shell form factor f7.
The low energy constant that we have called P, enters the form factor, and describes the
off-shell behaviour through a term proportional to

p; + p} — 2m?.
The effect vanishes when the pions are on shell. The range of validity of this result is of

129
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course limited to reasonable values of (p* — m?2), because it is derived from an effective
theory.

The Ward-Takahashi identity has been checked and is found to be satisfied. The
solution of this identity is an important check, and gives us confidence in our result.

To study the issue further, one can use a reasonable estimate for the constant P; to
calculate the magnitude of deviation from the on-shell form factor as the interaction goes
off shell. Meaningful predictions can in fact be made of this P; effect, since a numerical
estimate for the parameter exists.

Many experiments have been done and are being done involving electromagnetic inter-
actions of pions; for example, pion photo- and electo-production, Compton scattering,
and analysis of meson exchange currents in nuclei. A possible candidate for showing
an off-shell effect is pion Compton scattering. The s- and u-channel diagrams for this
process include two half off-shell vertices. In other processes as ‘well, there might be an
observable contribution from this virtual effect, but the experimental question is whether
it can be isolated unambiguously.

On the theoretical side, one must examine other processes to which the constants
Py or P, might contribute, apart from the electromagnetic vertex. A phenomenological
constant is particularly useful if it can form a constraint in the comparison of independent
processes. It is an interesting question whether or not these new parameters will have any

net effect in any observable at O(p*), the present state of the art for chiral perturbation

theory.
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