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ABSTRACT

A "gradient.prbbe" consisting of two séarcﬁ coils:
has been developed to measure the current density in a
puISafdbbmnge.v This probe meaéufes both the magnitudeland'
the gradient of the magneitc field simultaneousiy.enabling
méfe accurate measurements fhan the cpnventional magnetic
probe which has only one coil. If has been used to measuré
the cu;rent dgnsities and the mggnetic fields in i;pinch
discharges in heli#mlay pressures between 500 P and 4 mmHg .
The'collapse curves obtained agreed Qith the predicfionq
of a modified snow—plOW@eguation which allowed fér the

loss of particles from the collapsing currenf shell.

The flow of current in the'plasmafis distorted by

the presence of a probe. Such an effect'spoils the spatiail

P

resolution so that the measpfed values of thé;FUrredt
density Jp are averdages qf the trueﬁqu;rept depgity q
over a,finite region. _To_in&estigafe,this, a.correction;
fdrmula which relates'; Ip td J, - has beéﬁ de&elOpe@,
Our error’ahalyses showedvthat any scatter'in ‘Jp due
toiexperimental errors wég‘magnified fwenfy times in de
For a fulsed piaéma? therefore, one should.try td;réduce

the perturbation of the probe instead of relying on the

correction procedure.
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Chapter .1_
INTRQDUCTION

In this thesis, we attempt to improve the method .
of measuriﬁg the: current density in a_pulsedlplasma by
using a‘magnetic,probe, and to investigqte {n deéail how
the pertq;ﬂétioﬁ.of a probe on the plasma affects the

"measured current density.

Thellqcal cgrrent den;ities and magngtic fie;ds
of a plasma can, in principle, be derived (a) from induced
véltages in search coils or ‘b) from the deflection of
injected Beams of charged ?artic;es, However, thg inte;—
4pretations of the second technique'ére usually too complic-
ated to be of practical importance (Huddlestone, 1965, p.69),
So far the only tool qu mgasuring éuéh quantities is still
fhe magnetic probe in the form of a.search coil., ‘Evgr sinqq
it was first reportgq by a group‘of Russian gqientists (Artf
vsim;vich et aio, 1956), the magqetic prqbe has been exten-
sively psed for meqsuriné the magnetic fieldo To determine
the current density, the g;adieﬁt.of the field has to be
computed numeyical;y after a4 mapping of the fielq in the
plasma has bgen thgined., ;FhisAobyious that such a method
is tedious and inaccurate. We therefore atpempted to develop
a gradient probe whibh directly measures both the magnetic
fielé and ;ts gradient, and gives muchlmqye accqrate megsure~

ments of current densities in a plasma.

-1 -
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The gradient probe we used consists of two search
coils connected in such a way that its output can give the
difference AB between the magnetic fields measured by

the two coils. When the separation Ar Dbetween the coils

dB

is accurately known, the gradient e of the magnetic field

‘can be taken as 25 .. The gradlent probe we use. in this-
Ar

the51s 1s 7 mm in diameter (see Fig 2 ). It has a frequency

.

response whlch is flat up to 1 MHz and a. spatlal resolutlon

better ‘than ) mm (see §2 L. 3)

;Aqywprobe disturbs'tue current fiow b}%its ﬁere pre-
seuCe ih‘tbe”p‘i‘asma° If wevkqow tbe uamure of tbis disturb_
hauce,.then in pr1n01ple;-we cau correct for'it,‘and'obtain
the undlsturbed current dlstrlbutlon° Apart from the WOrK
of Lcker et al. (1962), Malmberg (1964) and Daughueyu(]966),
lyery"lrttLe has been done to develop such a correction pro-
‘cedure for the'probe perturbat;on. We find it important to
iurestigate this poiut‘before‘we cau obtain conclusiye_results
from probe measuremeuts.‘ We tberefore study the perturbation
”caused by the probe, ;ts effects‘on“the measured Yalues'of
tbe magnetlc fields and the curreut densitreswof a. plasmay
aud‘the 1imitatiouslof.such ahmethod of probing° |

Based on the steady state theory, Ecker et al. (1962)
'have done ‘some computer calculations to see how a. probe per-

"turbs the current flow in linear discharges. They studled

how the measured probe slgnals caild be used to calculate ‘the


http://pri.-nci.ple

true current density. 1In their calculations, the discharge
is spli£ up into a set of cufrent layers. The‘perturbga
magnetic fiéld due tb'théudistqrted current flow in each
current layef is:firsf calcﬁlated. By addipg:the'fields of
1theldi£fé;ent'1ayers, the résﬁif;nf‘mégﬁeti; field is obtained.
' This Qill the; give fhe value. of the field that would be mea-
:suréd by a magnetic probe.  By cérrecting the meaSured probe
ré;ﬁlt,,the true‘curreﬁt density and magnetic field in ?he
"discharge can'be computed. 'Their fheo%y is based on time
iﬁdépendent.calcﬁlations ahd has not qonsidered moving currents
such as those oBserved in z—pinch'discharges. Névertheless,
~we shall show thét.their theory also applies; to time depehdent
céses and moving currents provided that the current is no§
moving too quickly.' The cdndition‘under which the theory
applies is‘lﬁ*KwS”whereau and S are tné.frequency and the
_lskin debth of the'cufrent regpeptively and Vv is the velocity

at which fhevcurrent'lajéf?collapses radially.

Malmberg (1964) has obtained an analytic solution for

the diffusion of magnetic-field through the hole of a. plane

‘cﬁ;reﬁtlshéet of infiﬁité.electrical conductivity o+ This
'méael is diséuséed in thewthe;is pecause it helps in the |
undérsfanding of fhe problém and it is relevant to high
_Lfrequeﬁcy éurfent-fioméin Highly"conductiﬂg material such
‘ésfthe fetﬁ;ﬁ ééﬁdudtqr Qf.the.diééharge vessel. However,
fdr plasmas,,it'is generaily.ndt'appiicable because th; con-
dhctiy;ty-is too iOWw.

Thg most extensive experimental study of the perturb-

ation of a.probe‘dn the plasma: in a z-pinch was carried out by
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éheéts-was not properLy}accbﬁnted‘for in.his treatment. As

Daughney (1966). By modifying Malmberg's formula and splitting
fhé plagma current‘info a npmﬁer Qf qqrrent shells, he has
deyeloped én integrai'equatién relafing the measured magnetic
fiel@s to the values éf thé fiéld oécurrihg in the absénce’of
the probe. -Ho%ever,_the curvafure of the cylindrical current

a reSQlt;Fhis‘intggral equatioﬁ haé'a singular kernel. In

the present thesis this. particular error has béén eliminated

from Damghney's: treatment of the problém. Besideé, he has not

made a quantitative analysis of the effects Qf experimental

errors .-

To investigate how experimental errors aftect the cor-

rected values of the current density, we employ the Monte Carlo

'~

,methda}inuwhich random errors are added to the measured wvalues

of the magnetic field (B) and its gradient:- aB_ . The results
. - - dr il :

gpf the investigation show that thejprobe greatly smooths out the

details of the true cgrrent dénsity.' Thus the'pfobe meaﬁufg-
ments have to be extremely accurate gﬁithin i%) in order té[w
obtain‘thé fine structure ot the tfue current since any small
errors in tﬁe probe measureéents will be magnifieq by a factor
of 20 in the correction procedure. The pérturbaiion on a thin
curfent sheet ié severe .and the apparent curfent density dis-

tribution (i.e. no correction made ) is broadened and greatly

reduced in amplitude. However, for smooth current density

distributions, the correction procedure is unnecessary.



The magnetic probes described in this thesis have been
employed to study the initial collapse of cylidrical'current
layers in z-pinch discharges. This work has been carried out

in helium over the pressure range from 500 g to L mmHg .

By equating the magnetic force to the rate of change_
of momentum of the collapsing cylindricai current sheet, the
radius of the sheet as a function‘of time can be predicted
(the‘sorcalled éollaps§ curve). The_thebretically predicted
collapse curves agree very well with the experimental obser-
vations, provided that the initial mass of the shell is taken
into account. Inefficient trapbing of gas by the shell isv

also accounted for in the theory.

We shall'discuss the theoretical aépects of the mag-
netiec p;obe measurement in.@papter 2 and fhe e;éerimenta&
results in Chapter 3. In the theoretical part, we’fi?st
introduce the correctipn formulaé using £he models by“?ckér
et ai. (1962) (§2.2.1), and Mélmberg (1964)‘(‘§'2'.2,2) res-
pectively. In eagh case, we derive an intggral equaxion
which relates the gradiént probe méasurémentshﬁo the true
current density of a z-pinch allowing for thevpepturbémioh
of the probe. The limitations of the model of Eéker et al.,
are then given ( § 2f2'3)‘ |

To convert the equation to a form suitable for
numeriqal compytamiéns, we transfo?m it intd a. matrix equa-
tion. ( §23§) which can be usedlto>calculate the true current

density from the probe signals using the 1BM 70hO‘digital



' computer. Subsequently, we study the stability of the equation
with the help of the Monte Carlo method (on, 1962, p. MZS)

by simulating experimental errors with random errors ( §2°h).

In the experimental part, we give details about the
conétruction ( éj'?)) calibration'(h§3,3.1), the frequeﬁ¢y 
response ﬁ.§3.3.2)‘and the reproducibility of ‘the gradiént
probe signals ( §3.3.).l'The measurements of the current dehsipy
and magnetic field iﬁ z-pinch discharges in helium are then
obtained (“§3.h.1).‘ The results are used to palcglaﬁe the
accelerating magnetic force on tﬁe collapsing current shell in

the modified snow-plow model ( §3.4.2).



Chapter 2

MEASUREMENTS OF THE CURRENT DENSITY OF A PLASMA

.IN'A@PPLSEDfDISCHARQE“

2.1 Introduction

We are interested in the dynamics of a.plasuma. Since
magnetic.forces play the.dominant role in the mofion ot such
systems, it is important to.be able to measure the magnetic
field accurately. The simplest dévice to accomplish such
measurements is a magnetic probe. The most convehient probe
is the search coil which is introduced into the plasma in an
insulating éhield.

A conventional magnetic probe consists of a: small coil
enclosed ina cylindricad insulating jacket.. When placed in a:
fime varyiﬁg plasma,.aﬁ emf is induced which is proportion&d
fq the rate of change of the total magnetic flux threading
'through the sensing coil. Tp obtain the magngtiq f;ux, thg
output signals from the p;obe are integrgted by an RC circuit
as showg in Fig. 1.

This kind of magnetic probe was first used extensively
by a group of Russian scientists (Artsimovibh et al., 1956_)°
Apart from the investigations of Malmberg (196H)land Ecker et
al. (1962), little has been done to improve the techniques
and interpretations or.éuch<probe megsurements, For this reéson,
we attgmpt‘to investigate in detail the various problems in
magnetic probing and develop fecﬁniques for more accurate meas

surements of current densities.

_’7,_
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(1) Inaccuracy in the Gradient of the Measured Magnetic Field

‘Qne great difficulty in measuring the current density
with a magnetic prqbe is the inaccuracy in obtaining the grqdient
of the magnetic field. .In a pﬁlsed plasma with good :eproducibi—
lity, the magnetic field of the plasma::is mapped by taking mear
surements for diffg;ent discharges with the probe at different
positioﬂs; Fof a linear:pinch, the discharge is assumed to be
axially symmetric. In cylindrical coordinates, the current
density Jz(r).in the axial direction at a radius 1r is related
to the azimuthal magnetic flux density Bﬁ(r) by the (Maxwell)

equation
(1) agte - [l L )]

Here e is the magnetic permeability of the plasma: and equation
(1) is .in mks units. Theréfore to determine the current density

Jy(r), we should measure both Bd(r) and —Qgéizl,

A conventional pfobe measures the magnetic flux density
B%(r)‘ of a discharge with reasonable accuracy. However, the
values ofggnglare usually obtained by differentiating Bﬂ(r)
numeriéaily° This giyes unreliable values ofg§g££lespeciaily

when experimental values of B¢(r) always have a scatter about

an unknown curve. This can be seen as follows.

A magnetic probe which measures 'Bﬁ(r) at intervals

Ar gives &he measured current density .



1 Bo+B, . Bo-B1
' = e -
(2)- qz‘r) - P¥( ry+Ty * rz—r])
T, +T ' . : . .
at r =__1 2 , where B1 and 52 are the respective fields at
2 : :

f1 and r, which are separated by a.distance Ar. If terms
involving second and higher derivatives of B¢ (see §2.4.3)
are negligible, equation (2) gives the true value Jz(r) when

B B2,r1 and r, are known exactly. .

We now denote the standard errors in the measurements
gf.JZ, 2% gnd r by Ghz, Gb¢ and dr respeqt;vely, Under
typical experimental conditions, we have d}hIAZr and r» A .

Standard calculations with the help of (2) gives

S .
() Taeat (@265 2] - o2 . eor BaBe B

.

corresponding to gradual changes in Bﬁ and

' o AT 0% 2 o, 2 S
Jz o2l B _r : Bo=-Bj B4
w  Feeatled @D [ e B

correspondingﬂto sharp changes‘in 3%0 Here the symboi "
means "of the same ordef of ﬁagnitude as ", H?roﬁ (3) and (4),
'we'immgdiaiely_see that the fractional error inithe computedp
vailue of Jz‘is_either (zgt ‘times thg 1arger ?f £h9 fractional
errors in the measurements or comparable to unity.

In order to avoid this difticulty, thg current density

may be measured by a. method reported by Wright and Jahn (1965)°
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They use a:zminiature Rogowski coil encloseq in a small toroidad
insulating tﬁbe (see Fig. 2(a) and (bl)ﬁg"Howevef, such 'a. probe
not iny has a poor spatial reéglution, bﬁt also its toroidal
gedmetry perturbs thé plasma currentbéeverely. 'Besides, it is
alwéys difficult to determine.what fraction of the true:curreny
pasSes through the loop. |

100 Tuen A DISTORTED

| CURRENT
CONDYCTING ,

<ok

QuUARTZ  TuBE

24 mm  od
romm i.d.

Froee JAckeT

Fig. 2(a:). Sketch of miniature Fig. 2(b). Cross-section of .
Rogowski Coil Probe. . - | . Rogowski coil probe.

in an alternative approach, Ohkawa et alof(1963) use
a probe confaining fqurteen coils separated‘at iﬁtervals éf
1 qm. The probe is p;aced across the discharge tube along a
minor diameter of a.stabilized ﬁoroidal pinchf ?he'éoils are
apfanged in seven pairs. Each pair has one cqil‘coupliné the
axiai stab%lizing fieidland the ther qaupling %he.transve£se
fiéid dué to‘tﬁe'pinqh.. Such'an'érrahgement gives consistent
:results whén takiné measureme#ts in a system of poor repro-

ducibility. HoWever, the magnetic field is determined only

\
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at seven positions across the discharge tube which has a minor
diameter of 14 cm. The spafial resolution of the system 1is

therefore not very satisfactory.

To improve the spatial résolufion of Ohkawal's system,
we have followed Lovberg's suggestion (Hﬁddlestone et a;a;
1965,p. 79) by dgyglopigg.a miniature probe which measures both
ﬁhé flux Qensiﬁy_and its radiai.gradient in one measurement,with
comparab%g_ accuracies. In fﬁture, to distinguish it from
the conventional magnetic probe, we‘éhail call it thé gradieﬁt
probe., It consists of two small identical search coils wound
in the same' direction and connected as shown in Fig. 3(a),(b)
(see Fig. 23,24 also); After passing through an extefnal
balancing circuit, the output signals are fed into the differ-
ential amplifier of an oscilloscopé° The.balancing circuit
ensures a zero signal for a.uniform fielq while the differ—

ential.ampiifier_helps to eliminate comimon mode signals.

INSULATING JACKET

— _,41 ]
| |
ILv i
| | &&=
, l

' 1 % ' !!U ) —b X

9 | R , To RECORPING "\

|% |2 i SYSTEM .

‘ |
| E‘_i' i
| o n
e - — == —
. PROBE BALANCING
CollLS SIRCUNT

Fig. 3(a). Sketch of gradient. Fig. 3(b). Connections in gra-
probe. . . dient probe and balancing c;rquite
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The.gradient probe has several advantages. If agduai
beam scope is used, one beam can measure tﬁe diffe;ence of the
signals from the two coils and another beam picks up signals
erm one of them. This enables simultaﬁeogs measuréments of
both Bﬁ and—%gé—. Using equation (1), the locgl current
density ng?) can be calculated from the informatiqn of one
discharge only. This avoids the tedious procedure of mapping
@%gf)’ and in addition, the vaﬂues_of %%é obtained have com-
parable accuracy‘as thgt of B%‘?). The spatial resolution
is better than that of the Rogowski coil probe ﬂy?ight and

Jahn, 1965)°

(ii) Interaction of Probe with @hQ;Di§chafge

’Another difficulty which limits the use of a. probe
is that it perturbs the plasma appreciably. A magnetic probe
not only~§ools the plasma:.in its neighbourhood (ﬁhereby.con_
taminating the‘plasma), it also distorts the current flow. and
the magnetic field by its geometry and by the reaction of the.
sgnsing qoil on the field. ?he contaminatibn and cooling of
the plagmaaggsentially increasé the effective radius of fhe
probe., Eor a plasma in a Linear(piﬁéh having altemperatﬁre
of fOleWMOr less, the increase in the effective radius is small
_ﬁEqulegtone, 1965,?, 103)° Also since the current flowing in
thg coil is négligible compared with the discharge'curfentw
the reaction of the coil cén be ignofed, The most importgﬁf
cofrection in measurements using magnetic. probes is thergfore

the distortion of the current flow.



a z-pinch
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—

If we can obtain the changes in B caused by the probe,
we can in principle allow for them, and deduce the value of 3
which would qcéur“inwthe absencéuof the probe. Ecker et al.
gj962)ihave made a. computer study of the'probé perturbation on

the steady current flow around a cylindricél probe, and Malmberg

(1964) has given an analytic expression for the perturbed mag-

hetic field near.the hole in a thin plane iﬂfinite;conductoro

;n Malmberg's calgulqtions, he: has assumed that'thé_magnetic
fieldt‘ﬁﬁ is téngential to the conducting surface, Tﬁis assump-
tion is wvalid for high frequency alternating currents. Hqﬁever,.
greater than the thickness of the»conduqting sheet, such an
assumption requipes'further refinemehts,vqu; example, a@ing
frgquency'ofA1 MHz,‘the skin deptﬁ of:bfasé is ‘about 51'mm
Whéreas the skih depth of a plasﬁaJin a faét iinear pinch can

be larger than 1 cm (see Table I). It is therefore not correct
to‘assume-that-ﬁ i§ tangential to‘the‘metal surface without.

further justifications.

Tab:le I
weiBrequency ) Magnetic Skin -
‘ C permeability  depth
. o (mhos/m) w (rad/sec) P”(H/m) - & (mm)
Brass 107 108 hrx 1077 .5
Plasma in ' 10“ to 105 196 1VWX1O_7‘ 14 to 5
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The ﬁreVious models app;y rigorously only to thelcurrent
flow around the hole of an infinite pléng conducting shegﬁ°
ﬁpwever, the results can also be used for current flows around
a circular hole in a éylindricél sheet (see Fig. U(a), (b)g (c)s
and (g)); provided that the fadius of the cylinder is much
larger than that of the hole (see. appendix %)1 In the case of
a_ZPPinch discharge, we will approxiﬁqte the plaéma current by
ausuperposition of coa;iél_cylindriéal current‘sheets of dif-

fferent radii.

In what follows, we shall briefly introduce the»E7K72_
modé;'(Ecker et él;,.i962) and Malmberg's mbdel (Malmbergﬁ96ﬁ)o
“;n,each case,. an intggral equation for calctulating the true
Qﬁperturbed cu;rénf from the probe measuremeﬁts is obtained
(“§2.2.1.%nd § 2.2.2). We then consider the limitations of
the EjK—Z‘model for time dependent currents in mbving plasmas
§§ 2°2;3)5 “Ig ordgr that the integral equamiqn can be ?QlVQQ
numeridally, it is transformed into a matrix equation suitable
for a digital cqmppter (§ 203). Monte:Qarlo_techniques are
fhen applied to investigatg how the experimental efrorg in
tbe_probgvmgasg?ements affect thg solution‘for the unperturbedf
currght den;ity ($2.4). This_ié done by adding random errors
to known current»dist?ibuﬁ%ons and studying their effegts on
-the-solutipﬁ.df thevintegral equation embloyed in the correc-

tion procedure.

Befo;e we introduce the various models, we define thé

following symbols and explain their physical meanings;



DISTORTED cumrent

' VACKE
REGIONS WHERE CURRENT *ET FLow
FLOWS ARE  DISTORTED
Tig. h(a). Cylindrical current Pig. 4(b) Approximating
. sheet- with a probe passing cylindrical surtface by
through it diametrically. " planes.
!
T L
N i
Froge
JACkET

_ ] . —- ‘ d ¢
~ CYLINDRICAL ‘ : . e Y
 CURRENT SHEETS _ , , ’ /

) THICkNESS OF CURRENT SHEET

¥ig. 4(c). Cross-séction of - Fig. W(d). Representation
current slieets perpendicular *'. of plasma current by
to’axis of"cylinder. ) cylindrical current sheets.
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B , the unperturbed magnétic flux‘denéity == the actual flux
~density in the absence of probes,
‘_—--\ T . ) o
B_, the perturbed magnetic flux density -- the observed flux
density produced by thé plasma whose current flow pattern’

has been distorted by probe,

A-ﬁ, the change in magnetic flux .density due to the presence ™
of the probe, i. e. B = }ELp - Bo,
JO, the true current density -- the current density in the

- absence o0of a probe,

EJ, the;mﬁ&snmeﬂ?éuﬁiehq,densify";f the computed y?}gwgpﬁ‘

p e “ =z
the current density taking Bp vas the true flux density,
Y ' .
AJ, the change in current density due to the presence of the

prpbe.

Inifhglfuturg, we shall denote the value of»a quantity £ at

a: coordinate r by f(r). Unless othe?wise stated, this does
not mean that -f(r)_is a function of r only. In the applica-
tion”of thevqorrection procedure qf7this thesis, we are mainiy
_intergsﬁgd in,thg axial current density and the azimuthal mag—
ngtic fqu density in a linear discharge with an axial symmetry.
?herefo?e, for cppygniegqg, we ghail use the symbois Qb, B.p
.-and qo’ ip to stand ?orhthgse components of thg corresponding

fields.
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2.2.1 The Model by Ecker, Krdll and zsller QETKv?;model)

Wg now sfuqy the pgrturbation.of a'cylipdrical probe
of rédiuq-'a. on the plasmaacurreﬁt flow in a 1iné§r disch;rgéf
iﬁside a cylindrical enclosure of radius R. We shall»derive~
a fprmula which reiates theipertprbed currégt density to the
true current densify. The approach we use,here differg from
that @ééd bylp¢K§?'ém@luiﬂ%2). However, the result is essen-

tiélly the same. We shall therefore‘call it the E-X-Z model.

For convenience, we first consider the time independent
case. The problem_will bé extended to time dependent cases‘in
§X2.2}3. We riow assume ﬁhe‘following.

(a) "In the absence of the probe, the system is axially sym-
metric and the discharge current is in the”axial direction,

i.e.

(1) “43; = Jo(r)z.,

—_ +, '
k Dbeing a unit wvector in the axial direction (see Fig.5).

(b)/ There,is no radial flow of current; i.e.

(2) (Jo)r= 0.
(c) The probe passes through the enclosure diametrically.

(This is the arrangement we use in our experiment; see

$ 3.1)
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From Maxwell's equations and their linearity,'we rea@ify

.obtain the change in - azimuthal field along the axis of the probe

as

’ AT [a3(2)x (2-3)]
2 ’Asf{(r)'? }’i'_"/d-s' | J..'(I_azf-s(P 4

Here T and § refer to the field point and the source point

respectively. The rest of the symbols have their usual meanings.

Fe))

/ PROBE \/’4ch T

- \ B, ﬂ—';;?— —
k \ */ - ;T'Y —_—

_?
—
l-———’ 4 > —— L
. b -4
. ] —> e
\/ \?ﬁ\ \ /

DisTorTED PLASMA CURRENT

Fig. 5. Perturbation of probe on plasma current
i ) ‘ "

Since there is no radial flow, we can spl?t up the
discharge current into cylindrical ;ayers and the cﬁf?éﬁﬁ‘in
each layer will be confined_within the layef itself. If the
radius of thé cylinder is much larger than both the thickness

of the layer and the radius‘of the holel(see Appendix I), the

1aYer may be regarded as infinitely thin and the region where
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the dispprt%qg of current is significant will be small compared
gith_thé wholéiyaygf. Using.the fact that the érc and the
téngent é@btended by aismali angle differ by @aqgantityvbf
second order in the amngle, the region of the curved layer Qver
which AT is significant can be replaced By the tangent plané
ét the centre of the hole.° AT can now be solved with the
help of Ohm's law, Maxwell's_equa¢ions and their linearity,
assuming the region of flow to be planar. For a cylinder of }

radius s and infinitesimal thickness ds, AT satisfies

the equations

I}
(@]

(4) , - div (A7)

0,

ourds( AJ)

for % ds { ﬁ; £ % ds and P )ﬂa%“(see Fig. 6)0 The

boundary conditions for A:f_.are
(6) AT R0y e

far away from the probe and the normal component

o'n

(7) (a7), = -(3,)

at. the boundary of the hole punctured by the probe. Equations:;

(6) and (7) do not specify the problem uniquely because we do
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not know the tangential component of A:f at the boundary.
We‘can fesolve this difficulty'by using the symmetry of the
problem and assumptipm (b) which cbrrespoﬁdsbfo zero flow
across the plane,(see, §2.2.3). Using the cylindricai coordin-

ates ( P @, £) defined in Fig. 6, standard calcuiations give

(8) AT

4

.(AJP’ AJG’ §)

‘Jo(s)‘fl( f’ 9, a)

32 2 .
JQ(S) (—(})a';) C?SQ,-}(%) sine, 0)9 f) ? a,
a being the radius, of the probe. Iﬁside the hole, we have:

(9) ' A 3.= 430(5), | p < a-
' 4 A § '

z

TANGENT PLANE AT
CENTRE OF HolE

L

A

PROBE JACKET

SURFACE OF evi INDER,

OF RADIJIS S

Fig. 6. Approximating a curved surface by a plane

=
oy
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‘From equation (8), it is clear that

- ay 2 - )
(10) a 3| ~ (f) |Jol . | p>a
Therefore A.j is significant for \P<<a', where: a'nv a< s’

and the region where A;f is significant is small compared

with the cylinder.

Subs%&?ﬁfﬁﬁgi(S)and (§)\into,(1) aﬁd integrating over

p and © (see Apﬁendixil), we obtain

‘:'(,,11) ABd(r) = '%)J.PJCIS Jo(s) C"(r,\s,a'),—fj R

where

G2 e - o) - o),

and C(u) dis defined by the functional relation

(13) . c(u) = - [ssn (u) = u (1 + 0 )'%] .

0 .
The symbol j?j//.ds denotes the principal value of the
: A | L ‘
‘integral. We have two terms containing C(r;S) and c(¥=2)

respectively in the integral.of (1]) because there are two
ho}gs in each cylinder.

In deriving equation (11), we have assumed.that a
circular hole distorts the current flow ih its neighbourhood:
in a cylindrical layer in the same way as it distorts. the flow

. N
in a. plane current sheet. This is a.good apprdkimaﬁion for



- 23 -

cylinders of radii large‘compargd with that of the hole, but.
it does not hold for cylinders of small radii. Howevei, if
~we are interested in Ade(r) far_away.from the axis such that
(%)<< 1, the predominant contribution to the integral of equa-
tién (11) comes from current shells of large radii..for which
the approximation holds. Besides, in a z—pinch discharge, the
current density near the‘axis is‘neéligible’befépe the éuffent
shell has collapsed to the axis. Equation (14) should there-
fore be valid fdr_a z-pinch discharge before the formation of

the first pinch.

By the definition of ABid(r) (see §2.1), the perturbed
azimuthal magnetic field Bb(r) along the axis of the probe: is

given by (1k4) \

(14) B_(r)

p B_(r) + Bﬁ(r)

! [
0

0

The measured axial current density (j;)z is then given by

(3,)

= (curlB.)
p’z - 'p'z

or : . \,

(13) S Ipe) =
Substitution of (1&) into (15) gives

(16) Jp(r) = J/’Jo(s).ﬁ(r,s,a) ds,
, b © . |
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where

?2c! (r,s,a)

(17)' K(I‘,S,a) = % °
From equation (11) and (16), the values of AxB¢(r) and
Jp(r) due to a . cylindrical layer of radius s and. infinitesimal

thickness ds can be written as

(18) f(ryS,a..) ds = %}1 Jo(s) ds C‘(rr.ssa)g
, v(19) g(r,s,a) ds = JO(S) ds aCJgf;s,a), % ’

respectively. The plots of C'(r,s,a), f(r,s,a)ds and

. g(r,s,a)ds are given in Fig. 7(a),(b) and (c).

i.uJ;(s)ds
‘ E-k-Z MODEL h
/
}C(y,s/a) — ==~ MawmBergt Mol $(r,s a)ds .
(b)
o -—,_,/,// Sta  St2a . st3a
— — T T T T T T Cad
R R
I\ '
R
( xamg@ds
L
e |

—_—

B

1 T 7 T T T
S-3q. 324 S S Sta  sn24 Sta

Fig. 7. Plots of C'(r,s,a),;f(r,s,a)ds and g(r,s,a)ds versus r.



2.2.2 Malmberg's Model

A separate calculation of the perturbétion of -the mag-
netic flux density by aihole in a plane infinite conductor is
'given by Malmbgrg._ In his qalculation, he:assume§ that the
maénetic flux density near the conductor is tangential. This
is valid in the case of afCondudtor in a field of suqh a high
'frgquency that fhe skin depth is negligible compared with the:
thickness of the sheem. However, in the case Qf a plasma sheet‘
in a field of 1 MHz which is typical in a fast linear pinch,
such a condition is usually violated. 1In fact, for a typical

A

plasma in a z-pinchhavingaconductivity of the order of 10 -

,105 mhos/m (Tuck, 1958), the skin depth § at this frequency
is of the order .5 to 1.4 cm (see table I). Therefore, for a.
plasma sheet of thickness 1 to 2 mm, Malmberg's model is no

longer applicable.

-His calculation is essentially as follows. Consider
a thin infinite plane conducting sheet in the gﬂ—plane, A
uﬁiform current of current density Jo flowing in the positive

§ direction im the sheet producing a magnetic flux density

B (%) given by

(1) By (5)

=%}1Jod~;'§q, € <0,
5 . - _ 1 —
(2) &o(;) = -z pJ, d¢ 2y >0,
where d? is the thickness of the current"sheem and -2 a
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unit vector in the 1 direction.

If a circular hole of radius a. is now bored at the
origin, the tlow of the current near the hole will be much
distorted (see Fig. 8(a)). The perturbed field Bp outside

Vi
‘the sheet is given by the Maxwell's equations

il
o

div B
(3). iv B

(4) curl

ol
Lol

]

C

-
assuming that Bp is tangential at the boundary surface S

of the current layer, i.e.

(5) B_.

= 0
p H

n

S
N ,

where m is the outer normal of S (see Fig. 8 (a) and (b)).

The boundary condition at positions far away from the hole is

(6) | -13; =ii}1Jc g & , ggoo

P

JI ¥
Since Bp is irrotational as can be seen from (4), it can be

regarded as the gradient of a scalar function'y, or writing

explicitly

(7) _ | B}’ = grad V .

Substitution of this into (3) gives a Laplace equation for ‘Y 5
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(8) vy =o.

Now if we chopse‘thg oblate spherpidal coordinates (ag p,

'(30{se and Feshbach, 1953, p. 1292) taking the ¢ axis as the
axig of symmetry, the boﬁndarytsupface S coincides with the
coordinate surface ﬁ = 0 (see Fig. 8(b)) and the Laplace equa-
tion (8).is:separable.. Using the boundary conditions (5) and

(6), the solution of (8) is

o

(9); ff(w P,B) —-EFJ d¢a sing Rd +1) 1-p )]%{1+~{ ZT;;5?1&&{M’

1+%

for Os(sé 1, 0 gt <0, 0£0¢2M, and

(9a) y(,p,0) =-3pJ dea sing [(062+1 )(1—;32 )]%{1 +%—[‘Tﬁ—2’—+tan'1 ,(|olq)]}’

$(3$ 1, ~0<{ L £ 0 , 0§06 427 . Here the inverse tan-

gent is defined for a positive Q?antity ( in the br%ﬁch
(10) 0 tan-1‘f < tor.

— N
The 7 component ot the perturbed field Bp at the

¢ -axis is then giveh.

%
(11) ( (;)) =- )JJ d;[ 'lzr{'r:i—)_z - tan'1(‘?)}‘]' <

WV
(o)

N
C

7 ;%- -{ a
Ka'{/-:" | }1.] d;l:1+—{ 9_) + tan (ﬁ)}]’ | ;
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Substituting (1) and (2) into (11), we obtain

(12) AB-,l(q) =—%:~]1 Jo df C..(_é_) ’

where C(u)

is a.correction factor defined by the functional



relation

T -1,
(‘]3) L(u)=%ﬁ— - sgn (u)__tan 1(?@):’ .

€

To obtain a correction formula similar to (11) of

§ 2.2.1 (p° 22) for a linear discharge in a cylindrical enclo-
sure, we again split up the discharge current into cylindrical
current layersf The contribution to AABd/ due to a current.
cylinder‘of én average radius s and‘an infinitesimal thick-~-

ness, ds ‘is'then of theAform
(14) f(r,s,a) ds. = % pJ, ds C'(r,s,a) % ,

where we have put

(15) €' (r,s,a) = C(r; ) - C(E’;E) o

We: have added a factor % in (14) (compare (14) with (12))

to allow for the curvature of the layer (see Appendix I).

.) and C(=*2)

The two terms C(r;S a

arise from the fact that
there are two holes. Combining the effects of all such layers,

the resultant change in azimuthal field gives

(16) AB‘g‘(r). = % Pj)/ds Jo(_s)-CA.'(r,s,a)% » (compare (11)of é2°201)o
. A . ‘

With the same procedure as that used im §2,2.1, we again obtain

‘r\ (-]
(17) Bp(r) = P/o‘f.'Jo(S)dS + %}lf*o/ JO(S)C"(r,s,a.)f‘-d.s,



- 30 -

(18) J_(r) =J/[Jo(s) K(r,s,a) ds,
0

p.
where
= 2 aC:'(rsssa)
(19)  Klris,a) = 2 2CLma)
and
‘ ac' (r,s,
(20) g(r,s,a) ds = J_(s) ds _(;rs‘g) 5

i
3

The plots of C'(r,s,aJy f(r,s,a)ds:f}&“ g(r,s,a)ds are given

in Fig. 7(a), (b) apdv(c). §

The main difference between Malmberg's model and the\

. . ’ : ' \
E-K-Z model lies in the fact that the former requires Bp to \
be: tangential eﬁéiywhere atythe surface of the  current sheet

while the latter requires the curreht to be tangehtialmaywyﬂe‘

boundary of the hole;

In. our experiment, we do not. have all the information
about the boundary conditions of the fields. To correct for

the:perturb&tion of avholern the flow of electric current in

a.current layer, we therefore choose thewgg plest model appro-
’ ‘ ‘ LT ‘

priate to the experimentail conditions. To do so, we first

consider the following limitihg cases.
(a) Low frequency limit.
For a low freqﬁency magnetic‘field such that the skip
depth § is comparable with‘phe dimensions of the iayerg the
field will‘diffuée into the layer giving rise to a normal

compqnent‘at the surface and increasing thefeffective radius
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of the hole. The boundary condifion in Malmberg's model is

therefore not valid. In this case the E-K-Z model is applica-

ble.
(p) High frequency limit.

If the frequency of the field is so high that S is
negligible compared with the diﬁensions of.the layer, the
magnetic fieid ét the surface of the layer is tangential.
‘Malmberg's‘model is expected to be more_suitable_if the layer.

is not too thick.

A convenient test of the models is to measure: (jpz
for the rgturn conduqtor‘?f the z-pinch dispha;fge° In our |
@pparamus (see Fig. 22)) the rgturn conductor is 1 mm thick
~and is made of a grid of brass wires for convenience in

taking pictures of the discharge.. The holes in the grid are

1.5 mmx1.5 mm square. Therefore both the..

holes are small compared with size of the circular hdole (7 mm
in’diamete;) puncturéd Ey the probe._'Tbe équares surrounding
theﬁﬁrobe are filled up with solder"sé that the neighbourhoé@
of the probe becomes a.current sheet instead of amérid (seé
Eig, 9). 'Under such conditions, we may approximate‘the.return

conductor by a. current sheet.
. BRASS WIRE GRID

- DIAMETER - OF . WIRE =, Siim.
DIST BETWEEN AYes. | . -
 HEmem 202020 T g
SoLpgr S E Sy —— - DIAMETER OF Hoif = Tm m

"Fig. 9. Neighbourhood of hole in return conductor.
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”_We have measured Jb(r) for the return conductor of
the zrpinch discha;ge.(03~106 rad/seq) and fand that the most
significant part of the experimentél valugs of - Jp(r) lies
between the!xelues predicted by Mglmbérg's model and the E»K—Z
model respecéifelyA(see Fig. 10). Frbm Table I, we realize
that for the return conductor (brass), &~ .5 mm wﬁich is
comparable with the thickness (~1.,5 mm) of thé_conductor. 7The-"’ﬁ
egpgrimenfal conditions therefore lie sqméwhere_btheen.the |
léw and the high frgquency limits respectively° Under such
cpnditions, the restrictionbthat the.magnetic flux be tangen-
tial at the hole is unrealistic. We therefore choose the
E-K—Z model whi&h requires a more réalistic boundary copdition,

i.e. Jn = 0 at the hole: .

—  MALMBERGS MODEL
- — — E-k-Z MopEL
WH EXPERIMENTAL POINT

T
19 [N} 83 85 87 &9 9. 9.3
v (cm)

Fig. 10. Plot of - Jp(r) at return conductor of z-pinch
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2.2.3 Limitations of the E-K-Z model

In the derivation of the correction formulae (1k4) and

(16) of §>2.é.1‘(p.§23), we assumed that.the discharge was

made up of amseries of currgnt layers{ _For the time independent
sjstém, the E—Kfz_model is valid. queyer, it the current‘is
moviﬁg, the Ohm's law on which the calculations are based cori-
ta@ns extra terms which are not considered in the steady state
calculations. In addition} fdr time dependent currents, eleg?
tric fields depending on the rate of-change.of the magnetic.
.f?e%d also occur. These are not included in the steady theory

either.

The calculation presented below is intended to establish
the limiting speed and frequency ot the discharge current such

that the steady state E-K-Z' theory remains valid.

(1) Moving sheet

—

Consider a current layer carrying a:. current density J

and moving with a velbcity V. Ohm's law for such a system is
—t —— —
(1) J =0 (E+7vxB)

~where ‘qﬁéfﬁ”ié”th04 electrical ~ conductivity of the

i .

—

cohduéting medium, E ‘and B are the electric and magnetic.
fields respectively. Since the model proposed by Ecker et al.

(See §2.2.,1) uses the Ohm's law for a stationary current, i.e.

- -
(2) J=0E,

oyl
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we would like to investigate under what conditions equation

(2) can replace (1). To do so, we compare the magnitudes of

—

E and cx §;
From Maxwell's equations, we have
(3) curl B = F‘T .

If 1 is the characteristic length_over which the fields

change appreciaﬁly? eduafion (3) gives
(4) B~ pr ]I

- Assuming that ’VX'ﬁ 'is at the most of the same order of

magnitude as the other terms in (1), we have
— 1 —
(5) =]~ 2151

The various terms in equation (1) therefore bear the approx-

imate ratios

(6) 'EAl: |of§| :' q£3x7i| =1 : 1’; pov i
Therefore if

(7) povii,

the term o’?x?@ can be neglected°

Condition (7) is satisfied at the initial stage of a '
. , | ;

fast linear pinch discharge where voﬂv10é mhos/m, v~ 10°m/sec,
1=9%~10"2 to 1072, PJV1O‘b H/m, and POV 1~y (Sa))_1~

.01 to .1, 1 being taken as the skin depth &, (§ = — ifwx);
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since the gradignt\bf the field inside the current layer is
ngerned_by thé skin depth (see Table i, p 14). At the later
stage ot the dischgpgg where the cqllapsing cgrrent shell has
been acceleraféd and hés come closer to fhe dischargg'axié,
this qonditioh is gquite marginal_éihce“bqth-the velocity v

énd-the conductivity will have increased.

In principle, it is possible to include the effect of
the term v X B in quation (1). The change in current A J
in g‘plane cu??ént sheet due to a hole will fhen be different
from that obtained by Ecker et al. (see equation (8) in $2.2.1).
ﬁéwever, the caiqulations will be vgry_complicated. In fact
if #s obviqus that both ¥ iand .ﬁ depend on J and equation
g?) will give a.nonlinear equation in J.

We must realize that in equation (TO we have neglected

gravity, the kinetic pféssure of the ions and the time varia-

tions in the Generalized Ohm's Law written'in the form

- - -
:1_ = o Me " 3J R 1 { _ 2V
(1a) o = (E+Vx3) ngaZ 3¢ Mot vp;- n.mi(V g + t)}

‘(see Rose and Clark, 1961 and Spitzer, 196&) where Vﬁrvg is the-
gravitational field, Py the kinetic pressure dqe to the ions.
only and the rest of the symbols have their usual meanings.

Under our experimental conditions, we have né=n£v102£ m—j,

’1&Fé.1ev, ﬁ:w10 3m w10 kg, ¢~1O N kg—1. The: various terms in .

(1a) therefore: bear the approx1mate ratios-

o-'kTi ‘ o’mi\vﬁﬂ 0” ;i WV

a ’ml eqe 7]%1 TTae  Plae

1:1:107 1110721073107 3

:‘10'3

‘'showing that ‘our approximation is valid.



(ii) Time Varying Fields
We now consider time varying fields in a plane current

layer of infinitesimal thickness ds having a.circular hole

of radius a (see Fig. 11). If the unperturbed current
density. is

-

(8)

10 (5,t) = J2(¥,t) a

-

2, being a unit vector in the g direction, we will show

§

that, under restrictive conditions to be given below, the

hole changes the current density. by an amount

(9) : Aj(f,@,?,t) = Jé(‘;’t) i(f)’esa)’ P 2 a,
= -'—j-:')(f ’t')9 . P < a,

where_fF(P,e,a) is the correction factor already defined in

equation (9) of §2.2q1-(p. 21).

| § = .
[ Ta,g DISTORTED CURRENT FLow

-

- Hole oF ravius a
Fig. 11. Distorted current flow ‘in plane layer with hole.

L
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To prove:(9), we assume the following:

(a) All the fields involved are simple harmonic and are
proportional to er?, (i = /~1). This does not restrict

the problem to fields varying with e9“%" GrIyzsince

a more general time varying field can be regarded aé;éjr
" superposition of such harmonics.

(b) The hole does not affect the field at .f-,m , requiring
(10) A J()o_»o ,0,¢,t) = 0.
(c) The conductivity ¢ is constant across the layer.

(a)

is small such that Ohm's law takes the simple form

v
T: oF .

(?) There is no accumulation of charges inside the current

layer, i. e.
-
(11) div J = 0.
(f) W is so small that the displacement current is negligibleo
_(g) There is no current flow across the layer,
(112.") _ . J = 0.

This is a direct consequence of the assumption J_ = O
for a.current cylinder'in the E-K-Z model (see assumption

(b) ofl§2.2.1, p. 18).

With these assumptions, the unperturbed current density jé(g,t)
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for a plane current layer is given by

(13) Ti(5.t) = I z(f,w) eI B

where Z(¢,w) is a solutipn~of the equation

2 ,
d 7z . :
14 - —_— = ocw Z,
( ) e I «

. (see Landau and Lifshitz, 1960, p. 190). The explicit form

of Z(;,b).,is given by
(15) 2(6,) = Cosh[(Lg_l);] .

We may now set up a boundary value problem to solve
Aj-in terms of j;, From Maxwell's equations, Ohm's law and

their linearity in the fiélds, the above assumptions require

(16)

A
-
<
>
Y
"
@]

—
>
[

~—
il
>

N

™

“

(17) | v

(18) A Jpow.

For the boundary conditions, we krow

(19). (@3), = -(T),
at the hole and

‘ ' A

(20) J(f)-—oo,e,g,t)_ =0

at large distances from the hole. Equations (19) and (20) do
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not- completely specify the boundary conditions for a. unique
solution of Aj' since we do not know the tangentiél component
of Aj a¢ the surface of the layer. To Qvgrcome‘such a
difficulty, we use assumption (g), i. e. J; =0 , and the
symmetry of the problem. This will greatly simplify the

calculations.

In cylindrical coordinates (P,Q,9), equations (12),

(16) and (17) give

2 2 -2
0 +--:)l a - + Ll + L 0 + a A = 2
FOSE R R TR o " aeE M T Y
. "5 ;o | ’6AJ9 = 0 ,
(22) . ,aj) (J)A Jf’) + 55
(23) | | a3 =0

The: boundary conditions at f-*-w and at,the‘boundary of the

hole give, fespectively,

I
(o]

(24) A 3'(})-»00,9,4,1;)
(25) AJP( f)=a,o,;,t) = —(J'l) o

By symmetry about the g_ axis and about the central plane of

the layer, we also have

il

(26) B30 pi0igit) = A3,( pr-0,¢,t)

(27) A jL( f’rgs?’,t‘) A s_f( f:g’;;yt) °

P
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We now solve equation (21) by separation of variables

(MorSe and Feshbach, 1953). Putting

~

(28) A JP(P,G‘,%’C) =F(p.0) z'(g) I°° ,
equation (21) gives
1., % 3.2 1 1 2% Ny
B FlE gy e ) B o
(30) | iyf‘.g-i-l=m+%2' ,.
. ‘ Z'd¢

Here m is an undetermined constant and may

considering the low frequency limit of the
2

state, i: e. \° = pows=0 (see (18), p.

constant across the thickness of the layer

be obtained by

problem. At steady

38), AJ must be

and d22J '
: —ETE;éil—

Equation (30) therefore requires m to be zero.
Rewriting (29).and‘(301, wevhave
22 3 2 1 1 22 ‘
(31) (Df)£+ P OP + fz + f’z 202 ) P (P,Q) = 0 ,
| 2
(32) v d Z'(i! » - >\2 .
) . . z'd¢ 2

Standard calculations using (24),(25),(26),(27),(28)y(31) and

(32) give
(33), A:I\(j),e_,g,t) = JOZ_(_G,M):eJ“’t

Here: wé have put.

F(p,0.a), pra

0.
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(34) z(¢,w) =2'(g)

to stress on the ¢ dependence. Substituting (8) and (13)

into_(33), we finally obtain

(35) A igp,g,ﬁ,t)A _qs(;,t)fﬁ(P,O,a), P > a.

The solution of Aﬂ? for ‘f<.a is trivial and is given by

(36) A:f()o,e,g,t) =31 (6,t), p<

because the original current 3g(g,t)‘ in the hole is removed

when the hole is introduced.

It is important to realize that for a current layer
‘Qf finite thickhess, the unperturbed current density jg
-defined in (8) for a plane ditfers from the unperturbed
current density -io in a cylinder in their spétial 4444 %ariations
over the thicknéss even if their average magnitudes are the
same. In fact, for the cyliﬁdrical layer, 3;($,t) should be
a..linear combination of the Hankel functions of thé first and
the second kinds. However, at low frequencies such that the
thickness of the layer is small compared with the skin depth
§, the variations of 32 and j; over the thickness become

insignificant and their difference vanishes. Under such a

condition, equation (8), (13) and (33) give
(31) AT = A?(P,e,t) =g, edF ;«‘(f,g,a) .

Equation (31) can now be applied to time dependent
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cases in the E-K-Z model if we replace Jo(s) in equation (8) of
§2.2.] by Jo(s) eJmt corresponding to the unperturbed time
dependent current density in a thin current cylinder of

radius S



a3 i

2.3 Transformation of the Integral Equation into amMatrix

Equafion Sujitable for“Solutioﬁ with’aﬂDigital.Cqmputer

In principle, equation (16) of §2.2.1 (p. 23), i. e.

(1) qp(_r) ;Z ds J(;(s) K(r,s,as)‘ ‘
'Where |

' - ' _oC! .
(2) ’ K(,rysya.) = %"3 e (%’:’a) s

can be used to solve for qo(r)'analytically if Jp(r) is a:
known function. However, since Jp(r) -dis only given as a
set of measured values at differénf values of r, we need to
solve the problem numerically. One standard technique’isbto
cbnvert thelintegral‘té a su@mation and solve the integrail
éQu@tion aé a matrix equatiom (Fox, 1962, p. 159). The range
6f‘integra¢ion is taken from O to a.value R corresponding

to a range over which Jp(r) is appreciable.

We divide the interval [O,R] into . K equal intervals

each of a width DX. The value s ofy s at the Nth inter-

N

val,(&s@g) is then taken as the value of s at the centre of

the interval, i. e.

(3) sy = (N - .5) DX,

If r is the value of s at the midpoint of the Mth interval,

we can easily see: that

(#) r - s = (M ;‘g) DX,
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and

ﬁ5) r + s ‘M.f N - 1) DX.

If we put,

(6) u(M) = J_(r) o,

| r=(M-.5)bX

(7) vim) = 3 () | ,
r=(M-.5)DX

and

(8) A(M;N) = K(r,s,a) DX | -,

- r=§M—.5)DX

s=(N-.5)DX

‘equation (1) can be approximated by a set of equations of

the form

(9) :%: A(M,N) u(™) = v(M), M=1,2,3,...,K.
_ & y .

In matrix notations, (9) takes the form

(10) Aus=v.,

Here we have defined

A(r,1) Aa(1,2) ool A\1,K)
, A(2,1) A(2,2) covevonnn A(2,K)

(1) A=l T N
A(K,1) ig(g;z) Ceeea e A(g,K)

and u and Vv are column vectors whose Mth components are

u(M) and v(M) respectively.



In order to eliminate unnecessary round off errors in
fhe computation, we redﬁce‘the matrix A to a sparse matrix
by putt;ng small matrix elements equal t6 zero.
'A, the diagonal elements are of the same order of magnitude

and the nondiagonal matrix elements decrease rapidly as we go

away from the diagonal.

using, A(M,N) is reduced to a VAlue smaller than .1% of A&M,N)

as the difference of M 'and N 'is largervthaguloa We there-,

.forg put
(12) CA(MYN) =
(13) A(M,N) =

- L4y -

K(r,s,a) Dxl ’

In fact, with the matrix that we are

M~-N <10,
r=(M-.5)bX. o
s=(N-.5)DX

M-N >10.

The shape of the matrix is shown in the.following figure.

vy | M

INCREASING

—= - cRE4SING

N

)

9

0

////
=

Fig. 12, Diagraﬁ showing form of matrix A

Here the shaded area represents nonvanishing elements. The:

dummy indices M. and N give the changes in r and s

‘respectively.

A;B—dimensional figure of the magnitudes of the matrix

In the maprix

¥



.

elements is shown in Fig. 13. It consists: of a ridge along

the diagonal of the matrix. Afmg@ﬁi@@fﬁéﬁ@ﬁé?s?@ffgﬁ?ﬁﬁ?%i
'ridge parallel to the r axis is of the shape shown in "7 -

Fig. 14. ' ' #

£

Fig. 13. Figure showing magnitudes of matrix

elements of A.

s [2CCE) 20 ox
v or 2v 472

- Steq

Fig. 14. Diagram showing cross-section of- A parallel&
o . . . v

to r axis (a = 3:5 nm).
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The explicit form of A(M,N) depends on the form
of the correction factor C'(r,s,a) and - hence the model we

'choose for the correction procedure. The solution of (10)

is then given by
. | iy : )
(11"’) u = Aﬂ Vo ;

Therefore we need only invert the matrix A once and the:
solution for different v's obtained from experiments may

then be calculated.

In our calculations, the 50X 50 matrix A. obtained

using the E-K-2Z mbdel has a: condition number of 7,Q (Turing,

-1

19&8).o The'invérted matrix A has the largest matrix

elements near the diagonal. A similar cross-section for Af1

is shown in Fig. 15.

A

. /\ : — -
S3a S-":>/ S‘\/ s S 320 S+3a T

Fig. 15. Diagram showing cross-séétion of‘ATJ%ﬁafaliéif‘

to r axis_(a‘='3°5 mm).
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2.4 Error Analysis

The purpose of this analysis is to show under what
cbndition the correction procedure described above is likely
to be'usefule In order to do this, we first establish that

the computer solutions of equation

(1) ENCE /qs 3 (s) K(r,s,a)
: ()

are not aftected by round-off errors in the computer program

(seg:§2,h.1 below).

‘Since the computer program is satisfactory, the next
stgp is to determine the dependence of Jp on Jo for the
kind of current distribution expected in the z-pinch. This
énglysié (see Fig. 16(a), (b)) shows that if J, is a.smooth
function of :r, the difference between Jp(r) and Jo(r) is
very small (see Fig. .16(a)). However, if'uJo(r) has the -
limiting fform of‘a 6—function, the correctioné‘become very
,1arg¢g(see Fig. 16(b))° Fof_prgctical purposes, if Jo(r)
is a 5-function; we shall assume it to be the curfent density
_distribution due fo a current sheeﬁ of fhickness equal to the:

mesh interval of the numerical calculation.

The next stage in thé calcuiation (§2.4.2) is to
investigate ﬁow fluctuations in‘ Jp affect the calculated
values of Joo. Thefe are two spufces of fluctuationsin J_; one
is.due to actual variat;ons in Jo}_fhe other can be ascribed
té the processes embloyedin_measuring' Bp; In general, it is

ndt'possible_to distinguish between thgse two possible sources



of fluctuations in Jp'-
it is shown that measuring errors are more significant than

errors which might be expected from fluctuations of reasonable

magnitude in Jo

CURRENT DensyTy /0‘?40;; m.’)

Fig. 16(a).

CRRENT DENSITY GO0¥AMP MDD

N
[

—
’
o
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However, by considering ideal cases;

4

i .
J}(-/)
7, (M)

[~
-\

/ ‘\\\

/T v Y 1 L T
3 4. 5 6. 7. g,

/\ 2.

Y (em)
Computer result for a typlcal J (r) and
its corrected value J (r p.

| [
) |
15, , | %
| ——= 7,
10 ’
5 |
a
o~ | I ,
6 7. 8. 9
rCcm) }
Plot of J (r) and J (r) vérsus r assuming
(r) ‘to be a S—functlon.

Fig. 16(b).
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2.4.1 Round-off Errors due to Numerical Calculations

Since we solve the integral equation (see (1) of
?2.&, p. 48) by transforming it into a matrix equation
(1) o Au==v,

(seéw(JQ) of §2.3; p. 44) where A is a 50x_50 matrix,

we'havevtovmake.sure that round-off errdrs,are insignifigant;
To. do so, wé use a known current-densify distribution Jo(;):
and calculate qp(r) from (i)ﬂnumérically. With the calcu-
‘lated values of Jp(r),-thg soiution J;(r)' of equation (1)

is  obtained. The result of J;(r)_ is then compared with

t
5

Jo(r). If the calculation is accﬁrame, the diffexence
L P . . i‘_‘." .

J;(r) - Jogr) should be ﬁﬁ%}igible compared With‘ Jo(r)°ﬁ
 ‘Such agprdcedure is'the nuﬁerically using equation (1)0, If
Jo(r) is represented 5y‘the vector u, and v is calcﬁlated
frém équatipn (j), then Jz(r) is the vegtor. A Y au. We
therefore have tp qompare‘ A:1Au with u. :Cpmputep fésulfs_
for typical trapezoiQal cﬁfrent diéfribution$ wi§h fludtuations
are.obtainéd (éeg_Fig° 17). in all cases, we find thaf the
fractiogal,ér?ors (A71Au.;Au)/Pg‘$ fbijﬁshowing that round-i\
of f erprs;in;thé numerical calculations arelvne.gligibleo We
'have:tried differgpt mesh interVals‘froﬁv1 mm tq L mm, takiqg
‘the range of ihtegrqtibn over r from O to 10 cm cbrfequn4
ding to the radius over whiéh»the measured valueé,of J are

not zero. The condition numbers (Turing, 19h8) Qf.thé matrices

corresponding to the various mesh intervals are given in



Table II.
Table II1
Mesh Inférval Dimension of Matrix - Qonditiqn ﬁumbe;
M mm | o 25%x25 - 1.4
2 mm 50%50 7.4
1 mm 100%100 1012

t
Since the spatial"resplutionidf the probe is abdut
3 mm, we choose the 2 mm mesh intervail. Thé 50x50 matrix

‘thus obtained is reasonably well-conditioned.
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2.4.2 The Influence of Fluctuations

Frombaameasured set of wvalues of Jp’ it is not
possible to ascertain whe%héi.any'scazter gbbut a.mean Qalue
at a givgn'point corresponds to real fluctuations in ng‘qf
wpether the flﬁctuations are merely duevto ihéccuragieé in
measurements. If we can bq"suré tﬁere are no instabilftie§,
then fluctuations_in Jo (the true current density)are_unlike\ly°
Howevier, if this is not the case, we need some method of de-
termiﬁing the causesof fluciuations:in the measured wvalues Jp.
Some assessment of the relafive importance' of the two contri-

butions can be obtained by considering idealized cases.

i §ﬁppose for example that fluctuations in Jp can qnly
arise from fluctuations in Jo° A_currept spike ié greatly;
smoothed and reduced in magnitude by the ﬁefturbamion of a
probe; Wg thergfore expect that any fluctuations in Jo(r)

will be much smqothed out also (see Fig. 17).

(S\ J}(v)
g
2 207 Y
X
Q
N )5
l\o—'
54
\,\\ -
| c \//7'. Tg.
. T, s

ey

Fig. 17. Computer result of J_(r) showing smoothing w7 ~ - =
" effect of: probe On?fgne"strudturefbf“Jd(r),'”
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TaAinvestigaie the smoothing caused by thg probe, we
consider the'effeéts of random errors added to aut:apezoidal
~distribution for Jo(r) (typicai of i4p§9ch discharges).. Tpe‘
errors héve a.normal distribution with' a.standard deviation

o of 30% of J_(r)

N

, 1. e.
max .

(see Table III).

Ulé '3'qo(rﬁmax’

o

They are assigned to various'points r, using tab;es of <
pseudofrandbm numbers genéfated by the.compute; (Sh?eider;

1966);. These ;alculations $h9w‘that the standarq deviation

d% of the errgdrs p;oduced in Jp(p). is given by the,

. equation

o ~ o~ o
3 P

Here we use the Jo(r) ‘given in Fig,.16(a).
u :a . o

Table IIT  Fluctuations in J (r) due
0 3 RPN B . B T Mo M D

‘ o S
to Fluctuations in J (r)

u Jo(x)max o’ . : o, %:p |
(107 Amp m;z) (107 amp mfz) (10?Amp m—%)

20. : 1.0 | .35 2.9

20O, 2.8 ' 1.1 2.6

20. 4.8 1}3 3.7

20. 7.4 3.1 2.4

20. . 9_03_ 307 2°5
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The reduction in the standard deviation arises becapse
the ﬁrobe "cor;élates"‘random'errors occurring gt neighbouring
points. It might a# first sigﬁt appegr therefdre that to
detgrmine‘ Jo fq an a¢curacy  o', we only‘negd to evaluate
Jp tg an aeccuracy of 073.. Uﬁfortgﬁately'this is not the
case, because_thg errqrs in Jp.( arisi@g from réh@om errors
in Jo»mwe a particglar spétialhdistribution, i.e. the errors
mratfﬁeighbquring points are corfelatg?(tgee Fig,'17). Howéver,
Jpnwill also have measuring errpréwﬁich.wi;l be truly random
--= i. e, no spatiai correlations. These errors should be
removed frpm the values df Jp bgforeusing_ﬁhe,correcnion
ppocedure. In,principlé, this could_be_done'by measuring aab
uwhdle set of va(r) several times and using the mean. How-
évgr, this procedure ié geﬁegally_impracticable,and in any

case evidence for insfabilities might also be lost.

The practical.solution is theref@re to examine what
hgppéns if the megguripg.erroré are fed thrqugh_the correction
progrgm. We again eﬁploy a Monte Carlo method, sfgrting with
a Jp ‘corresponding to amtfgpezoidal distribution'for J
(Fig. 16(aj)). Normal errors with a. standard deviation G’é

are assigned ét raﬁdom to the val#es of’ J o and the resulting
deviations'in Jo(geé); the standard deviatiop o, are
computéd\ffom equa#iqn (1) of §2,4,

o0

(1) J (r) = J/ ds J (s) X(r,s,a) .
A typical computer result is shown in Fig. 18.
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Fig. 18. Errors in Jo(r) due to errors in Jp(r).

;. o’ of Jo(r)y Jx |9

!
or of J_(r)~ .005 x|J o maxL

P maxl

Repeating the calculation for different assignments of the

errors leads to the followihg fesults.

Table IV' Fluctuations in J‘(r) due to Fluctuations

in, J ‘r
Jo max o °§ %:
, (107Amp m'?) ’.(1O7Amp m-z) (107Amp m-2). P
| 20. 2.0 .1 20.
20. 5.0 .28 18,000
20, 9.7 L8 20,
20. 14, -7l . 19.

20. 15, .93 16.
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From Table IY, it is obvious that the standard deviatioen in
the measured results is increased by an order of magnitude in

- the correction process. In fact, we have
o'~ 20 0! .
- P

This result has very serious;implications as can be seen by

'th following argument. Let Jo be.the trqg current which
" would be qal@glatg# if “Jp pﬁuld be measured accurately,
and let '36 be.thg vaiue;of the ﬁfrue" current calculated
.when Jp has‘a»méésurihg erro? With‘é&standard deviation
q{ﬁﬁ.d ﬁe have from ébove féf a tr@pezoida; current distri-

bution
@ Pomwls ol

However, from the above calculations

'—J|Nzooﬂ.
0 P P

N A~
(3) | |J.
Iif a% - is less than 1% of Jp ( a rather unrealistic

assumptioh), then we have

"

() |8

o™ Jp l < ,2:1|Jp
Equations (2) and (3) indicate that

(5) N |J_o‘ - JP, < .2 \Jpl .

If we compare the inequalities (4) and (5), we see ‘that the

measured current Jp (with errors) is probably a better approx-
imation to the true current Jo than the values’ Jo computed
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from Jp by means of equation (1).

Equaﬁion (%) therefore indicates that unless one has
reason to believe that measuring errors are less than %%, the:
measured cufrent is normally the best aﬁproximation to the
current which would flow in the absence of the probe. quever,
for "spiky" current distributions, the correctibn technique er
calculating JO is still of wvalue since the correction is

several times larger than both Jp and the errors it introduces

(see Fig., 19 for a typical computer result).

1'5-“
a | | 3},(7) + 63", ()
ls I
< -_——— J;('Y)
gﬁho- | | 5
Q | + ,To('r)+ J;(v)
| | (\{SJJ}',/:J}I ~ 57)
l
/1
N
+ +oo, |
—’/ !g+ — - . \
2T+ o+ & g 9

Fig. 19. Errors in Jd(r)_due'to errors in Jp(r).assuming

JJO(r) to be a 5-fﬁnctiori°



2.4.3 Spatial Resolution

A final problem which must be considered is the spatial

. resolution of the probes. In our experiment section, we

define the values of Bp and —%%@f at r by the expreé~
o 1 dBp . _By+B2 ¢ R

is the-épacing between the sensing cdils in the gradient prbbea

If we deane the defined quéntities by asteriéks, then wevhéye-

(1) BL)

.._%[Bp(‘r_fb)fgp(r_-b)] o

S (2) ' d§§(r> = jm,;[B*p\(r+b;)-Bp(r—b)] )

i

where B;(r)_is the measured values of Ep(r) at the points.
Expanding these equations yields the fqllbwing results,

L2
b~

-

d®B,(r) .
drz e R

(3) B(r) =

() @BAr) _ aBp(x) , p% _oBa(x

dr - dr. o 3
neglecting higher order terms in the'Taylor' expansions. Hence
for the defined values to be equal to the values which would
actually ‘be measured at r, we must have

2

2
. -1,b d°B N . S PR o
55) | 'Bégfl '(5?. &{?Pl &1, fer BPSF)U "Bpfr?’

(6) ‘ dB ‘1; 93 4’ , . dﬁﬁlf)- dBy, (r)
Tarr . Gt | & for SoRe = SRR

d]_" X 0
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. . Bp
For comparison, we compute the values of Bp(r), Q7§££l,

2 .2 2 .3
b d B;‘r_ and ET‘dﬁB ?_ for the return conductor using
R1 dr™. -3t dr3 4 .

the E-K-Z model (see §2.2.1)¢ The computed results show that
for the gfadient probe used in this thesis, we have

< ,001.

(7) ' .

2 .2
-1,/b~" d Bplr
B(r) 7! (G SR

Therefore we may assume that B;Kr)‘= Bp(r).

¢

For the gradient, however, we obtain

-1 .2 .3 |
dBpgr! b d Bpgr)-
- l dB, ', dBh | dBp, |
. e :r' \L—-—p—-' !~ - "D - p y | % ° T E
showing that ) ( ar dr 2 < 10% ‘herefore

¥* ’ .
: ; dBn!r! : dBpgr! . . .
we plot both ar and__ P agalnst. r>'1n~Elg7 20,

These_result§ show that the gradient probe we use should:

reproduce true values of Bb(r)' and ~2§g§£%f.

Hence thebmador influnce: on the comﬁuted valﬁes of JO
is the radius.of the probe; and not the.coil,spa;cing° This
‘vre;ult together with thé observed form of the correction
factor indicates that the spatial resolutionAofﬁthe probé

is approximately 3 mm ( ~ a).
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Fig. 20. Graphs showing comparison between &;R and
' dBp (assuming a- cylindrical current shell

dr
of radius 8.5 cm).
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ongludions -from Brrorn. Analysis

From fheverror analysis‘presenfed in pre&ious.several
sections, we have shown that magnetic probg destrdyS*information.
abpuf the fine structure ofrﬁhe.current in a“plésma. Theﬂerr§r§>
‘iﬂ the'upperfgrbed'currgntvdensity Jo(r)i.are about twenty
times thg.eprqrs in thé measured values of'.Jp(r),_ Sincé in
To)

except where Jo(r) is a sharp current spike (see equation {(2),

most cases, the differerce |J_ - Jp(r) is about 5% ot

p- 56)§ the-cqrrection is not meaningtul ﬁniéSs Jp(r) is
measu#ed wiyh an aqcuraéy-éf better thgn  %%§ Such an accuarcy
is quite impossible in mqst cases. In addiiion, highly unstable
pulsed‘discharges bresent~further difficulties duezto a lackvof
reproducibility in the probe sigria:ls° However; if we are”
ceyﬁain that the current distribution has a sﬁarp fgpikeﬁ, wél
must correct the measured value of Jp(r) to obtain zJo(y).
For this special case, the correction is usualiy séveral'timeé
iargen‘than both 'Jp(r) and the posSible errors introduced by

the correction process.



Chapfeér. 3. ..

EXPERIMENTAL RESULTS

391 Introduction

In this chapter we describe the experimental techniqpe
used in measuring the qurreﬂ£ density of a .linear pinch dis-
charge in helium. We choose ﬁélium'ﬁecause'séveral workers in .
‘our laboratory have been studying z-binch d%@éharges in hélium‘
usiﬁg such teéhniqués as time resolved spectroscopy, Stark
broadening measurements, and laser intertferometry, and it is
profitable to compare our current density measurements with

their results. This will provide a be%ger picture for the

structure and the dynamics of the z-pinch.

The apparatus for the z-pinch disdhargelmed for this
experiment éonsists_of a Pyrex tube of 15 cm’i.d., a vacuum
systém and a .5 KJ coqdénser bank having a natural oscillaéion
periad of é?oﬁt 20 psec. IDetails of fhis equipmenf appear in
Table_V° For currgnt density'measurements,'we use a gragient
probe Whicﬁ has already been bhriefly descriﬁéd in §2.,1° The:
theory;-properties aﬁd_noise problems of the gradient probe
are outlined in §303° Becau§e the-sensitivity_of a.magnetic
probe is usually low, i.e. it caﬁ only detect strong fields
such as thése producéd by pulsed discharges, experimental
calibration requires strong pulsed fields -and is itself an
important technique. This will bhe explained in §3°301° §3,3.2

describes the calibration and the frequency response of the
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probe and §3¢303 explains why reproducibiliity of probe signals

is necessary.

In §3:h01, we give the experimental results otf the
current density measurements for z-pinch discharges in helium
g4 initial pressures of 500 H? 1 mm, 2 wmm, apd & mmHg respec-
'tively. 'To,explain the results, a modified-énow—plow equation-
which considers a 1oaded; tﬁick current sheet is'developed°
Using the‘mégnpti¢ préssure measuréd from the probe, the equa-
tion is solved-humerically with thq‘help of the IBM 70&0
combute£ﬂ. The'compufed radius of the collapsing current shell

in the discharge is then compared with experimental findings{



3.2 Aggaratus

The apparatus used in this experiment consists mainly
of a linear pinch discharge system and a. gradient probe circuit.
In this section, we only give details of the linear pinch device
and shall leave the detailed description of the probe circuit

in the next section ( §3.3).

The diecharge syetem consists qf a.h KJ cendenser bank
power supply, a triggering'éystem, a vaeuu@ system and a 15 cm
iado pyrex discharge tube° The con&enser bank and the trigger-
iné‘system are conventlonal in design (Medley, 1965a). ?he
baeic specﬁications are'listed in Table V, and the circuit
dlagram appears in l'lg° 21} The detailed design ot the
dlscharge tube is shown in Fig. 22, because it dliters slightly
from the usual diecharge tube. The main difference is that the
‘probe ﬁdVes in a gﬁide—tuﬁe mounted‘acress the diameter of the
diScharge Qesselu In ahnermal system, the probe is introdueed

into the vesselithfough an o-ring seal in the ‘wall.

Table V Apparatus

(A) Energy Source for Discharge

(1) Condehser Bank

Total capacity’ (5x(10 +. 01) FF N.R.G. Low Inductance

Storage Capa01tors in parallel) 573 PF
Total Inductance 127,01 pH
Charging Voltage _ , 10.0Y.2 kv
Max imum Discharge Current ' | 200 k Amﬁ

. Ringing Frequency 100 kHz
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(2) Triggering System (Medley, 1965a)
"Pulse generator (produces -9 kV spike voltage of a rise
tlme of hO -nsec and a duratlon of 6 Psec)
“Theophanls unlt (doubles splke voltage from pulse
generator)
Ultra violet trigger
Mgin triggering spark gap

(3) Voltage Measurement
Convoy Microameter

A.V.0. Multiplier (25 kV d.c.)

(4) Current Measurement

Rogowski Coil /Sensitivity-(1 86t°11).1o5

Amp Volt-1)
Integrator (rC pasqlve, 1nte gration time constant:

24 msec)

(B) Discharge System

(1) Discharge tube (pyrex)

Inner diameter » 15 cm
Outer diameter . 17 cm
Lengtﬁ' 61 cm
Electrodes ' Brass
Electrode separation 59 cm

(2) Vacuum System
Type 17 Balzers 0il Diffusion Pump
Hyvac 14 Cenco Backing Pump

Vacuum attainable , 1 pHg
Leak Rate . 7 PHg/hr
Macleod Gauges ' O-1 .mmHg

0-10 mmHg

Pyrani Gauge (Type‘GP—11O Pirani Vacuum Gauge)

-
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3.3 The Gradient Probe and the Delay Line

A gradient probe consists of two small search coils
connected in such a way that they not only measure the magnetic
bfield, but also the difference of the fields at the respective
positions of the coils. For use in current density'measurements

of a pulsed plasma, the probe should have
(a) small size for minimum perturbations on the plasma,

(b) small sensing coils for good spatiai resolution (this

requires small areas and small numbers of turns),

(c)_ 1arge'bandwidth response so that it gives true informatidn
from high freqnency fields (this requires small induc-

tances or small coils with very few turns)9

(d) good sensitivity for accurate measurements and large

signal to noise ratios.

Conditions (a), (b) and (c) are compatible with each other

since they all require coils with.émall cross sections and a
'low numbe? of turns. ﬁowgver, these all help to violate
condition (d) which requires exactly the opﬁositeg To meet.
all these requirements, therefore, a compromise has' to be'madea“

dBny(r

Iﬁ order to measure- ar

—, 1t is often necessary
to record accurately the difference bétweén two large signals
which are almost equal to each other. 7This requires that the

two probe circuits be as'cloéely=identical to each other as:;

" possible., In particular they must be balanced so that in a.
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unifiorm magnetic field, the measured value of —%%Pf is zero

(io e, the difference between typical output signélg from the‘
£wo‘coils‘is 100 times émaller than the~signal from each coil)?
-Accuraxe values of —%gpf‘also requirés the elimination
of common mode signals from the probe. This is accpmplished
by' the'differential amplifier in‘the recording oscilloscppe)'
which is cayefully adjustéd tp giye‘a common que rejection

of 10",

A"design which meets the above requirements is shown

in Fig. 23. It consists of two small coils L, and L, attachéd

2

to the tip of a sméll glass fubeo Bach.coil is made of 100
furns of AWG.NA. 42 engéelled'coppér wire wound on a P.V.C.
:insuiating tube:ofk108’mm o.d. ‘Tﬁe coils are held in place
s;dé by“sideﬂby means of chtch_tape° The leads from each
,coil‘are twistéd tightly.togeﬁhef s0 that_the’only_emf induced

isiproduced by‘fluxfchanges in the coils themselves. They are

then connected to a.resistor R, and a miniature potentiometer %

2
Ry

and L

which are enclosed in a metal casing (see Fig. 2L4). L,
2 aré connecté@ in sth a way.thatvthey produce signals
of the same signlwhen the probe is placed in a uniform fieldo
le6 screen out noise signals9 the probe oﬁtputs are fed to an
oscilloscope thrsugh a screened twin—feeder° By delaying the
signals, they can be displéyéd aftef'"hash" produced in the
,scope by .the discharge-has dis;ppeared from the oscillogram

(Medley, 1965b). The delay is produced by two delay units

(General Radio 314586, characteristic impedance 220 'ohms,



- 69 -

maximum delay .5 Pséc - seé Fig.24 ); Since we are interested

in values of the maghetic field Bp,_thé probe outputs must be

integrated with respect to time. This is accomplished by a
paséive RC integrator (see Fig. 23). ;%gﬁ— can be calculated
" ] . dBn _ Bo - B.1 : P

f;om the gquatlon G = A 9 wherg B] and B2 are the

~measured fiélds obtained from the two integrated probe signals;
arid Ar is the distance between the coilS-(see_Fig° 23). gﬁigL
is taken to be the value of —%?E midway between the two

coils. B2 - B1 is"measured directly by the differential ampli-
fier in the oscilloscope (Tektronix'Differential Amﬁlifiér

Type W; Tektronix ScopeySSﬁ)o 'The'output from one.cqilfof the 
probelis also amplified by anéthef amplifier (Téktronix Type G);
,and_displayedlon the other beam of the oscilloscope. Tﬁis
signal is proportional to B1° ?he value of Bp midway between

the two coils is- taken to be

- - 1 . _
B, = B, 4 2(52 B1)
where B] and (BZ—B1) are both recorded signals.
The integrétor has a time constant ot 100 psec and
R39 Rh’ R5 and R6 are terminating resistors (Figo 24) of 220
ohms .each. R is a 2.2 k ohm reéistor and R, is coﬁposed of

7 8

a 1.0 k ohm resistor in series with a 1.5 k ohm miniature
potentiometer. The circuit is made as symmetrical as possible

in order to obtain a good balance for the two probe coils.

o T

The signals at the séreen ot the scope are recorded with a

polaroid camera. The essentials of the gradient probe and the

By

accompanying measuring devices are shown in Table VI.

AR
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Table VI Gradient Probe und Measuring Devices

(1)vGradient Probe and Loading Circuits

Sensitivity in gradient umeasureuments (seo Table VII) o

Sensitivity in tlux density meashrements (see Table VII)

Transmission line (10 meters WG 88U twin-feedér)

Delay Unit (two General Radio 31h586 delay ﬂnits;
characteristic resistance: 220 ohms; delay
time: .5 }Js'ec) | ‘

Integrator (passive RC network; integramion time

constant: 100 psec)

(2) Oscilloscope and Accesories .
Oscilloscope (Tektronix Type 551 Dual Beam Scope)
-Plug-in Units:
Téktroﬁix Type W Ditfferential Amplifier
Rejegtion ratio: 10
Pass band: dc fo 20 MHz at 1 mV/cm
de to 8 MHz at 1 mV/cm
Tektronix Type G Differential Amplifier
‘ Rejection ratio: 1()'J
Pass band: dc to 18 Mz trom .5 V/cm
to 20 V/cm) . .

SENSING GLASS TURAE MiINIATURR LEADS FROM LEADS FRom

.- Cows Grm O.D. POTENTIOMETER coll NO .2 caill NO |
! N gﬁx‘ / ALUMINUM CRS NG
L : ANs {  TWIN FEED
L ] /couueno& :

P ' , \\ -%ZK’/O ,

l; : e - } A2k o

: E‘g‘. ey o - “ TIT ot A A T

I T . s e e e - Ny it

o ] , \ e ,

o TN T |

.8 m 20em —
N

RAADIUS OF €Ot -Q ram
LENRGTH °F cotl 2.5 wmm

_F.\‘

WATT RESISTORS

Fig. 23. Design of.gradient.probe (to be inserted into
a guide tube across the discharge tube; see
Fig. 32(a), and (b) also).
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Fig. 26, CIRCUIT oF GRADIENT PROBE AND MEASURING SYSTEMt
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3.3.1 Balancing of Probe and Calibration.Circuits

,v,TQ‘balance andﬁééliﬁiétefthé”gra&ignt pfobe;va
uniform magnetib tield is generated by dischqrging the
condenser bank through two parallel leads connected to a

. iresdstancde as  Shown -bedow.
B S SO0 .

PROBE GUipE -
J SPARK GAP
=2 SWITCH
NONLINEAR
RESISTOR
(MORGANOHM |  conpENSER
TYFE 80122) T BANK
: C=53uF
Rogowsk) colL a
V=10 kV
Fig. 25. Calibration circuit (b = width of current
‘leads = 20 cm; h = sepératiop between leads = 1 cm )°

With its complete loading circuit connected (see Fig. 24),
the probe is first balanced by adjusting the potentiometer

Rj so that the probe gives zero output when the condenser

bank is discharged (see Fig. 26). The uniform field B,

between the copper strips is PaI/b’ where b is the
width of the strips and I is the current. Since the signal

V1 tfrom each coil of the probe is proportional to the field
?1y we have Yj = kb?1 where kb, is a.constant, If ;@ is

measured, B1‘is known. Therefore the above equation serves



to calibrate the probes.

To complete the calibration, we have to know 1.
This is measured by a Rogowski coil. The signal frpm the
Rogowski coii is f'ed into the scobé through an.intégratqr
having a time constant of 204 msec which is much longer
than the signifiicant time constant of the discharge (20
Psep)o The output from this integrator ‘Vr) is proportioﬁal
to the current in the c':ircui;9 i. e, Vr = ki;, where ki is
é cqnétgnto Integratingﬁthis-eqaution with respect to time

gives

. . oo' o0
. -1
(1) | /oldtz.-Q:ki/V_rdt

o

where Q is the total chafée discharged i‘rom‘the‘capacitqfo

This is equal to’éVC s the product of thevcapac;ty and theA

charging potential. Since J/Zfdt can be measured and C and
. 0

Vc are known, equation (1) enables ki to be evaluated.

The probe sensitivity kb is then given by the final equaﬁion

(.2) ) k. — ,_E__Y_l"__

o0
. In our experimentyj/§rdt is measured on an enlarged oscil-
w e o ~ '

’logram of Vr (see Fig. 26) with the help of a planimeter.

We have made two gradient probes (Probe No.1 and

No.2). .Their sensitivities are given in Table VII.



Table VII Probe Sensitiviti

Prove robe No.2

e DR No.1. P
SBensitivity for flux. S
“density measurements

Xy .(wb‘xnbz
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3.-3.2 Frequency Response with,Loading Circuits

In principle, the frequency response of a.magnetic
proBe could be obtained by inserting the probe into a time-

varying, strong m‘agnetic‘field° However, it is difficult

to design such systems which give fields greater than 1Q3
gauss at frequencies higher than 1 MHz. Instead of using
a.strong magnetic field to pr§dﬁce an emf in  the coii9 we:
.therefore usé a.signal geﬂerator connected in series With
‘the coil (see Fig. 27(a)). 1In order to minimize stray
signals9 all cénnections are kept as short as possible and

a special cover (see Fig. 27 (b)) is made to replace the
bottom dovgr of the balaﬁciAg.unit of‘thé probe (seeEing3,u_
P- 7%}0 The grounded lead of one of the cqils is now dis%
_;onnected.from the casing and soldered én to the central

Y B

pin of the connector T (see Fig. 27(a) and (b)).

DELAY W=, |- To UPrER
L [ BEM oF
UNIT RATORy e

;
[

Fig. 27(a). Circuit for determining i frequency response

'of probe and loading circuit (see Fig. 24 also).
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Fig. 27(v). Spécial cover to replace bottom of

casing of balancing unit.

To 6btain a sine 'wave response, the signal from

.a sine wave gignal generator (Téktroﬁix Type 190B
Constanthmplifude Signal Generator) is input at T.. The
;ﬁtppﬁbffom the probe'through thelloéding qi?cuit is then
observed,. The‘ratio and-the'phase shift between the input
4and output sigﬁals are sho&n in Fig. 29. In the same ;
figgfé, we also.plot_the frequency response of the probe
and thé induced emf‘iﬁ one coil due to the otherf The

frequency rééponse of the integrator is given in Fig. 28.
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Fig. 29. Frequency response of probe (w1th complete loading
B circuit except: 1ntegrator,le /e | ratlo between’
signals from 001ls) , .



- 78 -

3.3.3 Reproducibility of'Probe Signals

There afevmany factors that would affect the probe
:signélse If thcif effects are significant, thc measured
signais might be different'from one dischérge to another
even thcugh experimentai conditions are not varied in

successive discharges.

Changes in experimental conditions arise from
errors in the initial chérging voltage.of thc condenser
bank and errofs in thc'filling pressure of gaé in the
discﬂarge_vessel° Thesc can be reduced by pcrforming the
 experiments‘with greater care and patience. However,
there is oﬁe intfinsic difficulty in pinch dischargcs which
is difficult‘to allow for, if it is present. This is the
Problem oé:instabilitieso The& arisc spontaneously from
small perturbgtions during the discharge (Rose and Ciark,;.
1961),land often cause variationqﬂinvthe probe signals
from successive diécharges° If is theréforéumost important
in mégnctic probe measurements to ensure that the observed

éignals are reproducible.

'In our experiment, we found that the signals from
the probe were reproducible until the first pinch occurred.
“Fig. 30 shows a typical -record " of -iseveFdil: ‘superr. -

posed signals from various discharges under the 'same

experimental conditions.
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3.4,1 Experimentail Results

In this section we explain how the gradient probe
is used for‘finding the current density of a linear pinch
dischargee We first describe the arrangements of thé
probe and e%plain how méasurements are taken.and fecorded°
Thenvwe give the measureq current densitiés of disch@rges
in hel%gm at SOQ-Pp 1 mm,; 2 mm and b4 mmig initiai préssures
réspectivelya Finally we preéent graphs Qf the dischafge

radius as functions of time.

The location of the probe in'wﬁﬁdiséharge_tubei}sv

- shown in Fig. 32(a) aﬁd (v). To map the current depsit&

of a linear pinch discharge, probe sigﬁéls for Bé and‘

%%9“ are obtained a; different‘probe positions for differe&t
.discharges undér>the same expgfimenfal‘coqdifionsa’ In Qrdér

to reduce contamimationg each diécharge‘is prodﬁced in‘fresh
—gias (except for measurements in helium at 4 mmHg initigi‘

pressure when the effect of contamination is appafently

negligibied--—the probe sigrnals at a given position are iden-

s A T Cee s T e - 3 s 2 :
tical in several “successive discharges without chang;ng,ggsﬁe_

The measured values of Bp and —%%?f,aré then
.émplbYed,to calculate the perturbed current density Jp(r)°
By applying the results of Chapter 2y+the“unperturbed current

densitngd(r) and magnefic field Bo(p) can be evaluated.
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Tq.test the accuracy Qf tlie probe measuremeqts, we
also compute the total current of the discharge and thé
total cprrent'through the returnlcondthor° Sinéé thesé
should be equal,vthe difference of the comﬁuted vé;ues
should give an idea of the accuracy of the probe measure-
mgnts.l An indepeﬂ&ent check is obtained by comparing these
with the current measured by a Rogowski coil (‘_sAee‘Fig° 33)¢,
This check shows tﬁat»bin most‘cases calculated wvalues
of'qp(;) are consistentlwith Qalues measured by tﬂe Rogow-
ski céil to wiﬁhin_jo%o The experimental resuifs obtained
'w;ﬁh the gradient pfobe are summariied in figures in'the

following pages, For each'pressure,‘we plot Jp(r) and

Bp(r) respectively (Fig. 34(a) to Fig. 37(d)).

&

%
<20 ®
& (g
<
& A
X N
S
S Jp-
% Jo x  CoMPUTED PLASMA CURRENT ®
Y
- ®©  COMPUTEP CURRENT N RETURN ConDUCTOR
€
=
§, +  Rogowski coi RESULT
P
~0 T 3 T T l’
0 A 2\ 4\ 6\ 3 - /0‘
Time (msec)
Fig. 33. Comparison between.values of discharge current

measured by gradient probe and by Rogpwski coil (He;h mmHg).
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3.4.2 Comparison of Dynamics with Theory
B .0 . . : ) o .

In this segtion, we stﬁdy the dyﬁamics of the
z—pinch with the information from the measureé profiiés of
the Current density and the magnetic field. Tolobtainﬁth@
physipal'picture of the poy;apsing current laygﬁ, Qe?develqp
ahmoéified snowéplow:equation taking iqto account thé finitg

conductivity of the plasma and the thickness of the shell.

If we assume that the z-pinch discharge.CQnéists-
of a thin colla@sing cyiiﬁder ot infinite_conducfivity and
infinitesimal thickness, énd that the sheet-sweepé all the.
particles dn its waf; then the snow-plow equation can be

written as

(1) o ‘gt' [fOW(If - rz;),—(‘%‘g—:‘ T F(t"')}

whéfé r(t) is. the radius of the collapsing cylinder, r_
its initial valqe9 fo thé initial density of fhé gas and
- F(t) fhe net mégnetic force acting on a unit iength of
‘the cylinder (sge Rose and Clark, 1961,p. 335). Equation
(1) is too simple to aécount for all the effects that
govern fhe dynamics'of the discharge. Nevertheless,
despite‘ité simpiicity9 it predicts the collapse pf the
current layer with sUrprising‘accuracy under favourable
conditions (Curzon et.alo; }962); Thé discrepancy of the

snow=plow equation given in (1) usually arises. from the
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fact that the cylindrical conducting layer in the discharge:

‘does not have an infinite conductivity and it is by no

means "}hin"o Conseqpently magnetic fluxes can diffuse
through it and the layef.méy expand during the collapse.
To take into acgqunt thesé efchts,‘a mggifiedﬂequatiéﬁ
of-(LLQié no%“used to obtain the rafe of collépse of the

current 1ayer“in the discharge.

For simplicity, we now make the following assump-

tions: -

(a) The: current layer has an initial thickness d, and

hence an initial mass m, > as confirmed by the measured

probe signé.ls°

(b) The inner surface of the layer moves with the same

velocity éslthat‘of the centre of mass across the layer.

This is introduced to allow for the expansion ot the

current layer due to Joule heating.

(c) The kinetic pressure outside the current iayer is
negligible! The theory therefore épplies Sn}y/befqre
the current lqyer has collapsed soAclose to éhe dis-
charge axis thaﬁ the kinetic pressﬁre bgcomes signi-

ficant.

(q) The amount of gas escaped from the current layer due

to inefficient trapping is always a constant fraction

J of the total mass in the layer.
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With these assumptions, the initial mass is given

by

(2) omy = po (B2 - 22

«

where R 1is the radius of the inner wall of the discharge
vessel, To the initial radius.of the inner surface of
the layer (r = R - d). Since this mass will be carried
by the current lgyer as the latter collapses, it should

be added to equation. (1) such that

0 F[ofme v por 55 - ) E] - - r),

where the constant is introduced to allow for the -
inefficient trapping of particles.

The accelerating force - F(t) 4is mainly due to
the magnetic force acting on the Curreht layer and is

given by

. , r'Bﬁ? r B%
(see Fig. 38). Here Bp and Bé are the magnetic flux
densities at the inner and outer‘surfaces respectively,
and r' is the radius of the outer surface. Substituting

(2): (%) into (3), the modified equation is written as

IQ

(5)

Q.

& Pporfu ety (2t 5]« - I (o omn?),

P
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or

(6) L [p@*-r?) E] = - 2 (erB2%-r8d).

. | \ f’fo P P
From‘our probe measurements, we have obtained the current
denéity'profiles and the magnetic flux density at different
S£ages ot the collgpsgo‘ We‘can therefore oE}ain ~the
expérimental Va;ues of r"9 Bg and r,‘Bbqorresponding tob
the radii and f;ux densities>at‘the inner andouter surfaces
.of fhe c&llapsiné shee t (see Fig. 38(a) and (b)). The
iﬁner énd'ogtér.éQge;of the shella;gvtaken as the radii at
wpich the current denéify Jb(r) glops to half of its

peak values.

“ |
F |
(a)
v, |
| -
7 T’
| | '
B, L
p l ’\
(v) BP('t) '
B, T — — — l
T

Fig. 38. To obtain experimental values offr',Bﬁ,r,Bpat a

given time t after start of collapse.
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We have solved numerically the modifieg'snow—plow
eduationfin the form of (é) for the collapse curve of the
currentwlayer and compareé the solutions with those measured
by the gfadient probe. By varying the parameter J , we
obfain éﬁ“idea_of the_efficiency of trapping of particles
by the magnetic}flpxo :The besf fit between experiment and

theory is obtained with the following values for JV :

3

Y
by,

“ 0,9, ‘for helium at 1, 2, 4 mmHg initial pressures,

0;759 for heiium at 500 PHg initial pressure.

T T e,

There_ape twb'pOQSible éxp}aqq}ions for the above calculated
results: 'inefficient trappihg of pargiéles by the current
shell»and experimental bias. A consistent bhias of 5% in
the current measurementslwould chanégwthe accelerating
'forcg by 10%. This marg;n ot error is reasonable for the
experimental set—gpjand could explain the discreépancy
'betWeen theory and experiment at 1; 2 and 4 mmHg in helium.
The fact that U? does not vary with preséure over this
range strongly suggests that the discrepancy is due to
errors in:measuféments rather than imperfect trapping.
However at 500 FHg? the Yalue for YV is 0.75, which
sﬁégests that at this pressure not all the gas is sWept

up by the collapsing current shells, i. e. trapping is
'inefficient'(gggbingy 1963).. The theoreti:cad -and._experinr.

.mentalicoddapse :¢urves. ape- shown in Fig. 39-42.
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Fig. 39. Collapse curves (He 500 rﬂg)
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Fig. 40. Collapse curves (He 1 mmHg).
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Fig. 41. Collapse curves (He 2 muHg).
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Fig. 42. Collapse curves (He 4 mmHg)
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Chapter 4

ﬂCONCLﬁéibNS AND PROPOSALS FOR FUTURE WORK

4.1 Conclusions

The main contributions of thiis thesis to the
measurements 0ot the current densities using a magnetic

i

probe are the following:-

y
!

(1) We have examined the limitations of‘thc'E-K-Z model
for the current flow round a hole in a‘cylindrical
current sheét; Our investigat%ons show that the.
modei is valid: | |

(a) for time dependent cases provided that the

ﬁ COndqctiyity oéis indépendent of time;

(b) for a moving current layer Qith a velocity' 3%
if '7<Kw5, where ui isAthe characteristic
freqpency of the current and S is.ité skin depth
for the layer, and

(c) the skin depth § is much larger than the thickness

of the sheet.

This model is used to obtain a cofrection forﬁulg

relating the true'current dehsityﬂof’a plasma to fhe

app@rént current density)(i}.e. Qithout COrfection
~for the perturbation of the probe ) measured by é

magnetic probe.

(2) In the formula which corrects for the perturbation of

a magnetic probe on the true current distribution, . .

L e pOBE-



(3)

(%)

,ufgg-;.h3

we have removed the discontinuity in (appearing

dbp
dr-
in Daughney's thesis) by taking into account the

curvaturezpf the cufrgnt‘shgetﬁ This is an‘important-}

improvement because it eliminates the sirigularity from

the integral equamioﬁ tfrom which the current is

. computed.

We. have obtained quantitative results of the.borrgcfions

necessary for the measured current density J  to give:

- the true current density Jo° In general for smooth

current distributions ‘qéuj\Jp'qg//Jp\és%f ,ﬁpwevér;
it I is due to awthinvcurrent.sheet, amprdbé will
smear out Iy and.measufe_éumuchfthicker qurrénf,f
Iﬁ such éases; lJo_Jpl can be several.f;mes Lérgmf»
tﬁap |Jp' | |

We have assessed the accuracy. of the correction prébe—
dure fpr‘praptical applications. Employing the M;ﬁfe
Carlo mgthéd, we have simulated experimqhtalﬁerrors
witn,randbm nqmbers and'haye foﬁnd that for $mpoth‘
current'dis;ributions the erfors-in the oofrected
cUrrent_Qensity Jo were'usually twenty times the-

experimental errors in the measured current density

T expérimental - exrorssdn. . J_ are
P TERD TR BRI T
larger than 4%, the errors in thelgalculated values

of J_will be larger. than 5% of Jb;( Thus for a.smooth

current density distribution Jo, such a:.correction
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procedufe is unnecessary.. However, if Jo.is known

to be a current."spike" (i. e. I, iS-due_to~a—thin
current sheet), aﬁprobeymgaégreé a much more -broadened
cﬁrrent,several times reduced in magnifudeo Iﬁ such
cases, correction is important. Due to the'difficuity
in reproducibility, the correction of 'the measured J
.iﬁ:a pulseq plasma capnot be achigved sinCe‘the spattef\

in experimental parameters is usually larger than 2%.

(5):Wévhgve developed a .gradient probe using qu search
coils. It has all thé advantéges ofvavmagnetié probe.
<1iauthg form otf one singlé coil.and‘it méasﬁrésfboth
the magﬁetic field and the gradient of the field
direbtly, This enables much moré éccurate measurements’

of..plasma current .densities to be made.

(6) Measurements of the current densities Jp’ the magnetic

flux densities Bp in z-pinch discharges in hélium‘
at pressures betwgen‘SOO F and h,mmHgAhave‘been
obtaineq°

(7) A modified snow-plow equation lhas been used to study
the dYnémiQs of the z—piﬁch disgharges in helium at
iqitial pressures ranging from 506 P‘tq’h mmilg . ?his
equgtion has allowed for the thickness. of the collap-
sing currgnt shell and the escape of gas from it.
The,accelgrating forces on the shell due:tb magnetic

pressures have been taken from the probe measurements.



The comparison between experiment and theory sugge%ts
that at pressures between Q'm@Hg and 1mmHg in helium,
‘trapping is.better>§hén 90% and thét the observed
d;screpancy is dﬁé‘to a sy;tematic bias in the cali-
bratipns of the measufing equipment. In helium at
500 Pﬁg, there ié ?yiaencé that‘some{qf the,dischafge

-gas escapes through the collapsing current shell.



4.2 Proposals for. Future Work

The probe was originally designed to give enough
signalsvfor a Tektronix Type‘G differential amplifier which
has a ﬁuch smaller ampiification than the Tektroﬁix Type W
differential ampiifier‘now being used. It is therefore
possible to reduce the size of the probe to aboutlB“mm in
diameter. and about 10 turns in‘each or the sensing coils
(the gradient probe used in this thesis is 7 mm in diameter
and has 100 tﬁrns iﬁ-each of the coils). This will probably
‘reqﬁce the probe signals to about a feﬁ millivolts, but the
ffequency.response will probably be tlat up IQ 5 MHz.
Using such a smaller probe, the perturbation on.the plasma
current will be reduced and better_frequency response and

' spatial resolution should be achieved.

In the study of the perturbation of a magnetic probe
on the curren@ flow of a piasma,uwe héve not considered
~other possible "dynamical effects" on the current layer.
qurt‘from the distortion of cﬁrrent flow round the probe as
discussed iﬁ the present thesis? the probe might split up the
current layef or induce instabi;ities. Boundary layer -~ -
effectéy&ill also be éﬁﬁreciable, Further éxperimental and

theoretical work should be done to investigate such effects.

For the z-pinch discharges, our results show that the

frépping of particles by the collapsing shell depends on the:
tilling pressures. Experiments may be done to investigate

the amount and the nature of gas left behind by the collap-

sing current shell.
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Aﬁﬁéﬁﬁiifi"
* €ATLCULATION OF B, FOR THE E-K-Z MODEL
In this appendix, we derive equation (11) of §2.2.1
(p- 22). We will first show that to first order in E,AAJ
is the nge for both‘thé ﬁlane current and the current:
cylinder of radius s and infinitesimal thickness 'ds.

Then we will prove that the corresponding values of AR

!
'

‘differ by a quantity of the order %.
From equation (9) of §2.2.1 (p. 21), the change
in cu;rentidensity'ijin a'plané current layer due to a

circular hole of radius a 1is given by

= a2 ‘ a2 ., -
(1) . Aq = (Jo(f) coso, +JO(F)‘31nQ, 0), ]?}'é’
= "JO{ : ! )0<a.

This immediately shows that

@ || @5 ] pre.

A j\vis therefore significant over a finite region with

<'a', a'l being comparable to a. In fact we have

,é 1 fdr .Jo>a'~3a.

Consider a current cylinder of radius 's and
infinitesimal‘phipkneés ds anq the tangent plane atvthe
centre of the ﬁaie; :ﬁsing the fact that the arc and the
:»tangentjsubteﬁded by a small angle‘differ by a.quantity
pf sé¢ond order in the angie, the region ot the current

cylinder over which AT is significant can be replaced by

- 114 -
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i

the tangent plane if we retain gquantities up to the first
order in sa It is therefore obvious that the solution of
Ajfgiveh in.(1) for a plane can be used as the solution

\ S 4 |
in the current cylinder ( (S—)zm .1 for s > 3a'~ 9a).

To show that A.Bg andle¢ for the plane and the
cylindrical current layers respectively differ by a first

order quantity in %, we consider equation (3) of §2n2,1

(p- 19), i. e.

(3)  ABy(r) = & [as AT(3) x (2-8)]y

' In the same coordinates systems (see Fig. 43(a) and (b))
as those of Fig. 6 (po 21), the requiréa component;ABﬁf

-due to the current cylinder is given by

/

(3) aBylr) ='A3'?(§) 27 | -
: a a
pds J (s)] ae _(/d I, + /d 1)
h7r ..0 A /) 1 ) f 2

1}

where °
’ : 2
. . .!gs;nQ!,e
(6) I, =1, cosZGgg)Z ,
and
(7) € = —— .

2s
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In (4), we have taken a' as the. ‘upper limit of P Since}c
,the contribution to the 1ntegral for current elements
4

1y1ng beyond a is negllglble,:we can replace“the upper

limit by Jj—.ooe

It is aifficuit to evaluate the intﬁegralsl o.f_(lg”);
directly.beceuse eiu@z&pears in the compiicated exbres—.
sion in tue denbminétors of the in%egreuds; - However, we
can eyaluate the iutegrals'approximatel&lby expauding'

the integrals in power series of & such that

) | : V‘P‘ f 9251n Ol "(Eu 2 }
(@5a)~ I = - ‘ {; + G 1=3= s +;~0_(€ ) ’
R (;2*')0 )3/2 a [ (§ )0 | )

and

(6a):l 1= (J;Ci;z;/z {q(f) +easin 9[ 2'] + IQ‘(GZ)}

- Substituting (5a) and (6a) into (4) and integrating over

-3
. (§ +}>
f and 0, we obtain

(8) aBy(r) =-AB, (%) 4 .

rz .
='%PJ¢(;.S)dS»{(__sgn(?)- 7;5271—%)(1_-{:—);

2

‘T §§[(§2+Zé)2- (gBia )3/2 + 0(e %}

For values of|;|<‘2a, the expansion procedure glves e
accurate values for AB¢ whereas for|4L>2a, the approxim—
amlons are not accurate but the absolute value of kﬂBﬁ‘

which decreases rapidly with |§| and ABy‘» becomes
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insignificant. We are therefore interested in values of
) with|%|= jE=s| £
aBy(r) w1tn|%[-1 »s l"’é‘u
The corresponding quantity AB%(;) for a plane

current layer is obtained from (8) by letting S—+00 4 i.e.

. o 5 % 2
(9) A§1(§) = 'EPJQ(s)és{[égn(¢l-fzz§:;€;§}+ O(GA§=

Comparing (8)-§hd (9;3 we therefore have

il

(109, Aﬁ( )
LA (¢7+a

O e IR

t.

-%pJo(s)ds{[sgn§§)f-*§£—§7é](1j%)+9ﬁgzd}

or neglecting 0(62),

S

(11) ABﬁgr)4 T

, _S
AB$ r

has been defined in (13) of §2 2.1, We

where

have: neglected the second term inside the brackets { }of

(8). This means that equamlon (11) is only correct

prov1ded terms of O(g—) are negllglble. Lquatlon (11)

now glves us the value»of AB (r) due to a current‘cylinder

of radlus S: and 1nf1n1te51mal thlcknes: dS” having-an -
f*ailalweurrent den31ty J (s) ‘It‘also enables us to obaoin

ABﬁ(r),from the corresponding valﬁe{of'a:plene current .
Fof a radial distribution of current, equation

(dl):gives ' . '
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S.
- .
r

_ 00

(12)  AB(r) = #pPfas 3 (s) c(F2)
: o) '

‘We have shown inlequation'(11) thgx AB¢ and AB%H

for a.curyed and a plane Jayershrespectively differ,by a
multiplication'factg;-i?_‘If |r-s|«s, .the differepce is
small and we might be tempted to replace %- by unity;

.- However,we now show ﬁhat ﬁhis factor is essential in the
calcdfa£ion of the graAient of Bp(r),“;hd héﬁcef Jé(r),

for a curved layer. |

Consider the same current cylinder of radius s and

V#ous Ly . ~The

nifbégaiial sthicknessid #5

_pPerturbed: azimuthal field along the axis of the probe is

(13) Bp(r) =B (r) + AB,&(r)
=),1J (S)dS)[“"‘%C(\r;é)]% , T>s,
= %rJo(s)ds_C(r;s) % — r(_sf

bifferentiating va(r) with respect to r, we obtain

2B _(r o 1 Z_‘:_S_ s +§; '()C(r;s)J

(14) T oar = fJogs)d$‘—{t+§cgua‘)}r2‘r *—55;—— » TS,
2¢(E28)

- pio(slas [H0(552) 22+ & —2], v <,

. . s . S
which is continuous at r=s. However, if the factor <«
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inizﬁBd(r} is neglected, the gradient of Bp(r) becomes

- s
) . 'JB S’r'ln ) [ s 'aC'.( as):,
(15) . dr = FJO(S)dS - I‘2 + 29r ’ r>s,
Cac(2)
= 3pd,(s)ds —r— o r s,
‘which gives
g oBplr)!’ v - JPH.QC§O+)] R
(]6) 2r . = FJO(S )d.S [—-. s"f’ 1‘231' ’ : r-‘—S, ’
. ac(0”) -
= }JJO(S_)dS 291 s .I‘=S .
c(=2) -
Since - rém is continuous, it is easy to see that
: , . |
stbrr ) is discontinuous at r=s. Such a.discontinuity

%cénnot OCcu; in a region where there is no ¢urrént flow}
Further? ahdiscontinuit§~iﬁ_(%??—)' qreates.a singularity
iq_the“integfal gquation {see equation (16) of ?2.2019 :
p. 23) used for calCulafing the current density. It is

.therefore important to include the factor % .



Appendix iI
FORTRAN IV PROGRAMME FOR SOLVING.:.:-.--
THE INTEGRAL EQUATION
In this appendix, we give the complete Fortran

IV. computer programme for solving the integral equation
(/]
(1) J//QO(S)K(r,s,a)ds = Jp(r)
A ' .

.which was already transtformed into awset‘of equations
. K ‘ o
(2) . gz%_A(M,N) u(N) = viM),  M=1,2,...,K,

(see equation (1) and (9) of §2,3), We use the fol-
lowing notation in the computer programme :-

DX = width of mesh interval,

K number intervals used in the calculation,

‘RHO =. probe radius,
AMU = magnetic permeability,
GPSENS = sensitivity of probe for measuring the gradient

of’ the magnetic field,

PHBSENS = sensitivity of probe for measuring the magnetic
field,
x(M) = r = radial coordinate of the centre of the

Mth interval,

AT(M) = u(M) = J_(r),

I, (r),

3}

Pq(‘M) = v(M)

b - 121 -
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B(M) = B(r),
BP(M) = B _(r),

pe(s) = Lozl

C(M) = c(r;s) , for r-s = M.DX and a = RHO,
DC(M) = §Dx—J"—Pé—r—l , for r-s = M.DX and a = RHO.

In the programme, the matrix is first inverted, and then
multiplied by different sets of input data to give the

output values of AJ(M).



o

o . &

qa-u\ca\'o;\u‘);l

$3 ' ‘ E S , A MARGN
$J0B 79046  YeK.S. TAM : : : _

$PAGE 30
$TIME 5
$IBFTC TAMM

PROGRAMME NO. 5C. E-K-Z MODEL

NO PLOT OUTPUT. .
TO COMPUTE J(X} AND B(X) FROM MEASURED VALUES OF BP(X) AND DB(X).
PJ(I) IS SMCOTHED IN THE PROGRAMME.,

K=NO. OF MESH INTERVALS
B(1)=UNPERTURBED MAGNETIC FLUX DENSITY

BP(I)=PERTURRED B
DB(I)=GRADIENT OF BP(I)
C(I)=CORRECTION FACTOR

DCTT1=.5%DX* (GRADIENT OF €171
AJ(1)=UNPERTURBED J
PJ(I)=PERTURBED J

X(I'V=RADIAL COORDINATE OF CENTRE OF ITH INTERVAL
- A(MsN)=MATRIX ELEMENT: :

AMU=MAGNETIC PERMEABILITY - T
DX=WIDTH OF MESH INTERVAL R
SC=SCALING FACTOR FCOR MATRIX ELEMTNTS

RHO=PROBE RADIUS '

gzt =

aNeNalaNaNalaNaNalaNaNa IaNaNA oA N A NGRS Q)

" PBSENS=PROBE SENSITIVITY FOR MEASURING B
GBSENS=PROBE SENSITIVITY FOR MEASURING GRADIENT OF B

DIMENSION A(1OO,100)9PD(1OO)9DR(100),F(7OO)’DC(7OO)3AJ(1OO)
B DIMENSION B(100)sPJ(100)sX(100)
C . TO EVALUATE C(I) AND DC(I)

KD=100
READ (59201) AMU»DXsX
201 FORMAT (2E2048s13)

READ (55202) RHO
202 FORMAT (E20.8)
WRITE (65301) QHOaDXaAMU9K

301 FORMAT (1HI14+5H RHC=9E20:8:5X,2HDX=43520, 895XshHA1U—aFZO B95X92HK=41
13)
R=DX/RHO

KK=K+K
PIJ=+5%R
DO- 11 M=1,10

GV 05 I~ > 1 e

AMLIMITED


http://MA.fi

W I T D Y X WO

55214/ (1e+AMR¥AMR)

AM=M
AMR=AM%R

11

- SR=SQRT(SS)

CIM)=¢5% (=14 +AMR#*SR)
DC(M) =4 5%R*SS5*SR

. 997

DO 997 I=11sKK
CltIV=0.
DC(I)=0.

Kl=K~1
TO EVALUATE A(MsN)
DO 122 M=1,sK

MM=M+M

_AM=M

AM=1e¢/ (AM=e5)

60 12T N=15K
IF(NeEQ.M) GO TO 121
AN=N

AN=AN=-o5
MN=TABS (M=N)
NM=M+N

121
122

ATV N = AMFANF (DCTMNT=DC TRM)
CONTINUE - |
A(MsM) =PI J=DC(MM)

TO SCACE ATHM,N) SO THAT NO NUWBER CAN BE LARGE THAN 1.E38
SC=14/P1J » | - | o N
DO 15 M=1sK . L e

DO 15 N=15K T | T .
A(MsN)=SCHA(MsN) - | | | . -

"TO INVERT A

302

CATL TNVERT(A5K5KD3DETCOND]
WRITE (65302) DET»COND
FORMAT (6Xs4HDET=»E204855HCOND=»E2048)

IFT" (DET<LT«{1sE-20)) STOP
IF (DET«GTe{1eE38)) STOP
READ (5+203) PBSENSsGPSENS

203.

FORMAT (2F10.5)
DO 1111 M=1sK
DO 1111 N=1,K

1111

A(MINT=SCEA(MND
TO READ DATA
READ (55207) GASsP,sTIME
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”

™

'

wuuxos\'mkoa‘f

it
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207 FORMAT TA652F10.5)
IF (PeEQeOs) STOP
READ (5+204) (DB(I)sI=1sK)

READ (55204) (BPUI)»I=15K)
204 FORMAT (8F1045)
- KMl1=K-1

DX1=e5%DX
DO 998 I=1sK
998 BP{I1)=BP(1)+DX1%DB(1)

DDX=1./DX
AAU=14/AMU
DO 205 I=1,K

Cl=1
CIl=CI=-.5
X(1)=CIlI%DX

BP(I)=BP(I)*PBSENS
: DB(I)1=DB(I)%GPSENS
205 PJUL)Y=AAU*(BP (1) *DDX/CLI+DB(I}))

C TO CALCULATE AJL(I)

. CALL MATVEC(ASPJUSAJIKsKD)
C TO CALCULATE B(X)

AXU=,+ 5% AMU*DX
DO 17 M=1sK
SUM=O.

CM=M
MM1l=M~1
MP1=M+1

G?,’Ii -

DO 18 N=1sMM1
MN=M-N .
18 SUM=SUM+AJ (N)*C(MN)

DO 19 N=MP1,K
NM=N-M
19 SUM=SUM~-AJ (N)*C(NM)

17 B(M)=8P (M) -AXU*SUM
' WRITE (69500) GASsP,sTIME :
500 . FORMAT (1H1s1XsA693HAT sF10e59s 11HMICRONS ANDsF10e5s6HU SECS)

WRITE (6+s501) PBSENS»GPSENS .
501 FORMAT (1Xs21HMe PRCBE SENSITIVITY=3E20e68921HWEBERS/CUSMETER/VOLT
1+2X92)1HGs PROBE SENSITIVITY=3E20.8)

WRITE (6+502) (XUT)SBPTI) D8 (T sPI(TTsBUTTAJUTY s 115K
502 FORMAT (/4Xs6HX (Me)sSXs11HBP (W/S5QeM)s9Xs11HDB (W/CUsM) 38X, 12HJIP I

1AMP/SQeM1) 92X 18HCOMPUTED BIW/SQeM) 92X s 20HCOMPUTED J(AMP/SQeM)/




2(F10 594E20 89£2248))

TO CHECK EXPERIMENTAL RESULTS.
TO CALCULATE DISCHARGE CURRENT SUM1 AND CURRENT

IN THE RETURN

allaNa)

. SUM1=0,
SUM2=0.

CONDUCTOR SUMZ

DO 505 I=1sK
IF (AJ(I)eLTW40s) GO TO 507
SUM1=SUM1+AJ(I)*X(1I)

’ GO TO 505
507 SUM2 =SUM2+AJ(T)*X{1)
505 CONTINUE.

SUM1=5UM1#%#DI
SUM2=SUM2#D1

WRITE (6+508) SUM1sSUM?2

508  FORMAT

(//724H TOTAL POSITIVE CURRENT—;EZO 8s6H AMPS. /

124H TOTAL NEGATIVE CURRENT=3sE20.896H AMPS.)

WRITE (75601) GASsPsTIME

601 FORMAT

(A6+2X3F10e592X9F1045)"

WRITE (7+600) SUM1s5UM?2

600 FORMAT

(2E20.8)

WRITE (7+602) (DB(I)sBP(I)78(1)9PJ(1)9AJ(1)9I-19K)

(5E1648)

602  FORMAT
GO TO 1
END
$SENTRY
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