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Abstract

The vacuum energy for open strings in a constant gauge field background is calculated
for the disk and the annulus in a path integral formalism. This same formalism is then
used to reproduce and generalize previous results for D-brane non-commutative geomletry
at string disk level. The contribution to non-commutative geometry from string annulus

diagrams is calculated, and shown to be proportional to the divergence of the open string

tachyon.
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Chapter 1

Introduction to the Free String

1.1 Introduction

The purpose of this text is to calculate in a well motivated manner the vacuum energy
of a superstring in a background gauge field, and to show how one can recover non-
commutative geometry from the study of stringy degrees of freedom. This is a problem
that is of historical interest [1] [2] [3] [4], as the effective action for this background field,
which can be obtained by integrating out the string degrees of freedom, is the Born-
Infeld action, an non-linear generalization of Maxwell’s equation. This problem is also
of interest in current research as open string which end on D-branes are used in such
diverse areas as the AdS/CFT correspondence and non-commutative geometry.

A non-trivial question to ask is whether the questidn is well posed, since the photons
that make up a background F},, field are in principle described by stringy excitations
themselves, would it not be more useful to fully understand the interaction of two open
strings and leave it at that? Two considerations make the approach taken reasonable, the
first is that string phenomenology is not yet fully understood, so that the determination
of what excitations constitute a photon is a difficult task in and of itself. The second is
that in the limit of low energies the spectrum of the string is dominated by the massless
excitations anyways, and it could be appropriate to regard the background field as some

condensate of strings.

To the end of better understanding of the subject, this chapter is intended to review
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the development of the open string. While certainly not exhaustive, as the subject is
covered in detail in the literature [5] [6] this has two motivations. The first is to make
this text as self contained as possible, and the second is to highlight some of the differences

between a string that interacts with a background gauge field and the free case.

1.2 Boundary Conditions and Mode Expansion

When discussing any field theory, a useful starting place is the action, and string theory
can be characterized as a free field theory on a two dimensional manifold with some
arbitrary topology, with interactions being described by computations on higher genus
surfaces. In the case of open string theory interactions only take place at thé edge of
the strings, in the sense that interactions involve a string breaking off and propagating
freely, and this changes the topology of the surface.

The action for a free Neveu-Schwarz-Ramond open string is given [5] as

524

;Cly [ dodr (0,X40° X, + ¥ (i0,) ) (1.1)

where p is the index on the target space, a is an index on the world-sheet, which is

parameterized by o € [0, 7] and 7 and the target space metric is taken to be minkowskian,

which eliminates the terms such as \/—_g as they become trivial. In addition, the two
1 1 0

Clifford algebra {’7“,7”} = 2n®, where 7% is the world sheet metric. The X fields

0 = 0 —
dimensional v matrices are given by 47 = ( ), v = ( ) which satisfy the
0

represent bosonic degrees of freedom on the world-sheet, and commute, while the v fields
are world-sheet fermions and hence anticommuting, but they transform under target
space Lorentz transforms as vectors. In a sense they can be regarded as auxiliary degrees
of freedom, since they do not have the attractive physical interpretation of target space

position that the X fields do, however, they contribute the necessary number of degrees

of freedom to have a critical theory in 10 dimensional target space.
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A classical method for calculations in string theory is to expand the fields in terms of
orthogonal modes, and then to use the canonical commutation relations of the theory to
deduce the commutators of the mode coefficients which are then interpreted as raising
and lowering operators. In addition, the constraints on the theory which are given by
conditions on thé energy momentum tensor are conveniently expressed in terms of these
operators, and can be calculated. The first step in finding the orthogonal modes is to
find boundary conditions that the fields must satisfy, and this is best accomplished by
using variational arguments. Using the above and letting the X field vary by 6X it is

clear that

65 = 1 [ dodr20,6X40°X,,

4o

S / dodr [0° (26X10,X,) — 26 X109, X,]. (1.2)

4o

This gives the equation of motion for the boson,
00, X, = 0. (1.3)

Imposing that the X fields either vanish at 7 = £oo or are periodic in compact T,

depending on the topology of the string, this leaves the boundary condition
/ dré X190, X,|7=F = 0. (1.4)

There are numerous boundary conditions that satisty this, however, the literature singles
out two cases, Neumann boundary conditions, where the normal derivative vanishes at
the ends of the string, and Dirichlet boundary conditions, where the position of the string
end is held fixed. Dirichlet boundary conditions, which give rise to D-branes, explicitly

break Lorentz invariance, while Neumann boundary conditions are chosen because they

preserve the maximum possible symmetry for open strings. The boundary conditions and
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demands for orthogonality only apply to the o dependence of X and the 7 dependence

is undetermined. As given in [5] the mode expansion satisfies

1 .
Xt =gt+p't+i) —ake ™ cos(no). (1.5)
n#0 n
so the modes are
1
dm = —e " cos (mo) . (1.6)
m

These modes satisfy the orthogonality relation [2]
do - .. - 1
/_0 [¢m7'ar¢n - ¢nzaT¢m] = —bmn (17)
T m

and redefining the « oscillators to be the conventional raising and lowering operators
eliminates the factor of .

In a similar manner it is necessary to determine mode expansions for the world sheet
. M

fermions. Writing the fermion as a spinor in two dimensions, ¥* = ( ), and varying

(o

the above action results in the change in the action

_1 . .
o5 = dra! /dadT [V (0 + O5) 6t + 3 (07 — O) 64yt
+ OV (9r -+ 00) Ve + U (0 = 00) ). (1)

Imposing that the fermion fields are majorana gives, using the fact that the s anticom-

mute,
-1 . *
= o /dUdT (2007 (8; + 85) e + 2603 (8, ~ Oy) s
+ (00 +0) (B70%,-) + (0 = 00) (W5 ). (1.9)

This gives the standard equations of motion,

(87+80)w— =0

(0r =05 )Yy = 0 (1.10)
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for the fermion fields, which can be summarized as iy*d,% = 0 using the matrices listed
above. The boundary terms are of interest, and assuming, as in the case of the bosons,

either a periodicity in 7 or that the fields vanish at 7 = +oco the conditions are

[ dr v, — s 1i% =o. (1.11)

Naively, an ansatz ¢, = M+, at 0 = 0,7 will solve this for any M that satisfies
MM =1, and M may be different at ¢ = 0 and ¢ = 7. This causes the surface terms to
vanish at both ends of the string independently. However, there is another consideration
which restricts the choice of boundary conditions. The theory ought to be invariant
under Lorentz transforms on the indices pu, since the X* are regarded as target space
coordinates. The only boundary conditions that preserve this symmetry are M) = +4,,.
Due to the fact that there is ambiguity in the choice of boundary conditions for the
fermions, there are two inequivalent choices of boundary conditions. Since the overall
sign of ¢/_ is a normalization convention one can unambiguously set ¢, = 9,4 at 0 = 0.
The most general mode expansion of 1, that satisfies the condition that (9, — 9,) ¥y =0
is ¥y =3, dpe™t9) and similarly ¢_ can only depend on 7 — . In the case where
Yu- = Y4 at o = m, the Ramond sector of the theory, the expansion for 1 is

e—‘im(T—a)
YRy = ) s ( ) (1.12)

e—im(T+J)

where m is an integer, whereas for the case ¢, = —1,, at 0 = 7 the expression in the

Neveu-Schwarz sector becomes

e——im(‘r—a)
wNS/L = Z bmu ( ) (113)

e—im(‘r—{—a)

where m is half-integral. The Ramond sector gives rise to target space fermions because of

the non-commuting zero modes, while the Neveu-Schwarz sector gives rise to target-space

bosons.
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The fermion modes are also orthogonal in the following sense,

—in(r—0)
T do da : €
VA | — im(r—o) _im(t+0)
/0 T ¢m¢ﬂ /O T (e 3 € ) (e_in(T_Hy) )

- [ 49 gitm=n)" cos(m — n)o = Gy (1.14)
0o 7

1.3 Commutation Relations

The commutation relations for the modes must be determined, and the easiest way is to
express canonically conjugate variables in terms of raising and lowering operators, impose
commutation relations, and fourier analyze the results.

For the bosonic variables X* and 9, X* the commutation relation is
[0-X*(0), X"(0")] = —id(0 — " )", (1.15)

and substitution of the expansion 1.5 gives

1 .
—i6(c —o")n" = 1p*+ > ake™ cos(no),z¥ +p'T +1 Y —ake "™ cos(mr)
n#0 m#0
= [p" "]+ Z Ormtn COS nor) cos(ma’) [, ] (1.16)
n#0 m;éO

using the fact that the commutator must be .independent of 7. Fourier analysis of the

above immediately gives the standard commutation relationships for the modes,

[z*,p"] = "

[of ar] = ndmn'™. (1.17)

For the fermions the momentum canonically conjugate to 14 is ¥4, and so the anti-

commutation relationship reads

{¢5(U)> I’D;;(UI)} = ’/T(S(U - o-l)nlw(sab ) (118)
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where a,b = £. Applying the expansion for the fermions given above gives for the case

ofa=b=—
— {Z dume—im(r—a)7 Z drule—in('r—a')} , (1_19)

which again is forced to give the standard relationship since there must be no 7 depen-

dence in the anticommutator, giving
{dr., dn} = 0" 6min (1.20)

with an identical result for @ = b = +, while the cross terms vanish, giving the proper

orthogonality.

1.4 Virasoro Generators and Algebra

From the free string action, it is possible to determine the two dimensional energy-
momentum tensor by varying the action with respect to that metric. As given above the

action is

/ drdo/=ggud* X 3'X,, ——\/ GgP T B, — \/——gg“bzﬁ”’ybaawﬂ (1.21)

T iro
where g = det(gq). Taking the variation of this action with respect to g, is simple with
the identity that det(gq) = exp(Trlngg). Then for a change in the metric of dg,, the

change in the action is

5§ = / drdo/~g0gad* X O X, ——\/_ 952y oby,

4ol
- 5\/ —g8g Py 8%, — 559@5- (1.22)

Then, because the energy-momentum tensor is given by varying with respect to the two

dimensional metric,

98

. . 1 -
= PXP X, + TP, + [ P~ 50 (AXPFN, + PO,
(1.23)

6gab
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as in [5]. Since the left and right moving degrees of freedom on the string are mixed, the

iﬁdependent fourier components of this are defined as
1 = . _
L, == / do (€™ Ty +e ™ T _). (1.24)
m Jo

This expression can be explicitly evaluated for the modes as developed above, and it is

found that

1 1
L = 9 Z Q_p * Qpgn + (n * -Q—m) dop * dnn- - (1.25)

This is unambiguous because of the diagonal commutation relationships except for the
case of m = 0 in which case the operators are defined to be normal ordered, and there is
some constant addition to Ly which reflects this. In the sum above the sum is implicitly
over half-odd integers for the case of anti-periodic fermions.

Now, the condition which arises as an equation of motion, that 6%5—5 = 0 arises as
a constraint, which implies that all components of T, vanish. This condition is very
restrictive, and is relaxed so only the positive fourier components of this will annihilate
any physical states, so that

Lylp>=0, n>0 (1.26)

and

Lo —a|¢p >=0 . (1.27)

for some value of a. It is also possible to calculate the commutators of the Ls, and

explicitly one finds that

1 1
LoLl = |53 e e+ (n n §a> ey - o,

1 1
—2‘ Z Oy * Qpyn + (m + ib) d_m . db—}—m}
1
= Z Z [a—n gy, Oy ab+m]

mn
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1
+ (n + %a) (m + §b) [d—n : da+n7 d—m ) db+m]

= (a — b) La+b + A(a)(sa—i-b- (1'28)

The term A(a) is the central extension of the algebra, present because of the normal
ordering ambiguity in Lg. To determine the normal ordering constant, one takes the
expectation value of commutators [5], between two states in the perturbative vacuum
which have zero momentum. It can be shown that because of the Jacobi identity for
commutators the central extension can be determined by only evaluating the expectation
values of [Ly, L_;] and [Lo, L_s].

For the Ramond sector the calculation is

1
(O[{Ly, L1]10) = {0 7 [do - di, d-y - do] [0)
1
- <0|1dgd1ﬂd_1ud5|0>

. 1 1
= (Olzdﬁ‘domu |0>:§77/w77# :‘8'D- (1.29)

This makes use of the facts that ap|0) = 0 on a zero momentum state and the normal

ordering of the terms in the fermionic part of L. The expectation for L, gives

0 [Ls, L] [0) = i (0] o - @1, 0y - 1] + [2do - dy, 2d_3 - do] |0)

1
- g (0] 20 nyy + 4dgdpyd_2,dy |0)

1 v 1 v
=2 <277W77" + 4577“,,77“ ) =D (1.30)

which confirms that for the Ramond sector the central extension is

A(m) = =m®D (1.31)

where D is the dimension of the target space.




Chapter 1. Introduction to the Free String 10

In the Neveu-Schwarz sector where the fermionic excitations are half-integrally moded

a similar calculation can be performed and one obtains

because the bosonic part gives zero, and the fermionic part has normal ordered creation

and annihilation operators, which will annihilate the vacuum. However,

1
(0| [La, L_o] |0) = 1 O] [or - ary 0y -] + [d1/2 . d3/2,d—3/2d—1/2] |0)

1 v ; 14
= (01 207 & y 1y + i 3071 /370 |0)

3
= D .
; (1.33)

which shows that the central extension for the NS sector is

A(m) = % (m3 — m) D. (1.34)

1.5 Ghosts and Vacuum Energy

For the free string in a Minkowski target space there is an additional consideration,
which is that some of the states created by naive application of the raising and lowering
operators for world-sheet bosons and fermions have negative norm. These negative norm
states are known as ghosts, and they do not correspond to physical excitations. There
are several approaches [5] [6] that will eliminate them, such as quantizing in light cone
coordinates or proving that they decouple in critical dimensions. It is shown in the
literature that string theory is critical, that is that the negative norm states decouple
from the physical spectrum, in the case of D = 10 and a = 1, where « is as defined above
in 1.27. The approach that generalizes best to the case of an interacting string is to

introduce additional non-physical degrees of freedom to the system which have statistics

that will cancel the undesired excitations. This is analogous to the field-theory formalism
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of adding ‘Fadeev-Popov ghosts’ in QED to cancel non-physical excitations. In addition,
the perturbative spectrum must be truncated by the GSO projection. The reason for this
is that there are naively too many degrees of freedom for the preservation of target-space
supersymmetry, which would require that the number of space-time bosons and fermions
should be equal. This condition is such that for fermions the trace becomes the operator
1+ (=1)/ where f is the fermion number operator.

It only remains to calculate the vacuum energy for the free string. Since the general

form of the partition function for any field theory is

Z / [Df]exp [/ d:z:f—~—————f] = const(det propagator) /2. (1.35)
. propagator .

This is in general infinite, with the constant proportional to the volume of the space that
the calculation is done in. On the critical dimensions the propagator for the string is

Lo — 1. [5] Using an identity for determinants we find that
1
7=V exp [——2—Tr In(Lo — 1)) . - (1.36)
This implies that

' 1
E, = §Trln(L0—1)

1 [ dt
= -5 5 Tre e~tmlbo=l) (1.37)

To evaluate Tre~*"(Lo~1) note both Ly = 1af + Y u>1@—ny and the convention that
ah = p*. This, together with the mass shell condition that o/ M? = Yon>1 Oy — 1,
gives the vacuum energy as

b .
/dt/d zdP P, e ) ol M2 ' (1.38)

phys

‘In critical theory with ¢/ = 1 this becomes

t ot
Ev — / d (27r2t Z e 2 Mghys (139)

phys
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The sum over physical states is nothing but the product of geometric series, since exci-
tations at a given level have a unique polarization tensor. The sum over physical states
then becomes Y-, e~ Minys = et o> (1 - e~™)~® This then gives the contribution

from the bosonic components to be

D
dt 1 it
Ev:/—— = n* (—) 1.4
e i (1.40)

agreeing with [4]. However, the contribution from the fermions is multiplicative, since the

fermion and boson oscillators commute, and it vanishes by virtue of the GSO projection,

as is appropriate for a theory which has space-time supersymmetry.




Chapter 2

Vacuum Energy by Path Integral Calculations

2.1 Introduction

The previous development was exclusively for free strings that do not interact with any
form of background. The generalization that is now being considered is that of a string
that interacts at its endpoints with a background antisymmetric field, and the goal is
to compute the vacuum energy of these strings. The original motivation for this type of
calculation was to produce a ‘stringy’ nonlinear generalization of Maxwell’s equations,
since the procedure can equally well be thought of as integrating out all string degrees of
freedom, and interpreting the resulting vacuum energy as an action for the background
fields.

This chapter presents a method which stands in contrast to the canonical quantization
method of the previous chapter, and that of the treatment for the background dependent
string vacuum energy presented in the appendix. The philosophy which is embraced is
to take the fields that live on the string world-sheet and calculate a free Greens function
for them for a given topology, which is in this case the annulus or the disk. Once the
propagator has been determined the interaction with the background field is treated as
a perturbation, and the vacuum energy of the string is calculated by simply summing all
the possible world-sheet vacuum diagrams for a particular field.

This method, unlike canonical quantization can be seen to generalize much more

readily. In the case of a non-constant field the interaction at the end of the string gives

13
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rise to higher order vertices on the world-sheet [2]. These, in turn will give higher loop
corrections to the theory that exists on the world-sheet. In general these vertices need
renormalization, and that provides a check on the effective action for the external fields.
In addition, the method obviously extends to interactions between the world-sheet fields
and the background in the bulk of the world-sheet. In the case of canonical quantization,
this would present a conceptual challenge, whereas in this method, it adds computational
rather than conceptual difficulties. Another strength of particular interest for current
research is that the coupling to antisymmetric fields which themselves are confined to
D-branes is immediately accounted for in this methodology. This is because there is no
reliance on a particular form of the background than for convenience in the presentation
of a compact final answer.

The point of this exercise is to compute the vacuum energy of a superstring in a
background gauge field, and the calculation is performed explicitly for both the fermion
and boson degrees of freedom.

The starting place for the calculation is the string action as given in [4] [7] for the

string coupled to a background F),, field, with the world-sheet topology of the annulus

— / dodr (V=99u0" X"0" X, — )"y Outh,)

4o

1 -
+se / drF,, (X”BTX" - %wwwﬂ) oo

1 =
- 50 / drF,, (X”E)TX” - -;—1,/1”771/)“> loa. (2.1)

The generalization to an arbitrary topology coupled to the background is accomplished

by the addition of a Wilson line along each boundary [8]. The addition of a bulk B,,

field is trivial, since it is a total derivative, and is treated explicitly in the next chapter.
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2.2 The Annulus

2.2.1 The Bosonic Propagator

The first task is to calculate the Greens function for the Bose degrees of freedom. While
this calculation can be performed in several different ways (see Appendix A), the most
transparent is to perform a conformal transformation of the Euclidean annulus of inner
radius a and outer radius 1 to a cylinder of length Ina. If the annulus is parameterized
by the complex coordinate z = re® then this transformation is accomplished by the
identification of the cylinder coordinates p, ¢ as p = Inr, ¢ = 6. |
The equation that must be solved to determine the Greens function is
0? o? -

(55 gz ) C0.0.7.8) = 2056 - 9= ), (2.2
where ¢ is a modified (5-function with the constant mode subtracted so that § = § — ﬁz,
and the J-function in ¢ understood to have a periodicity 27. Obviously G will have to

be periodic in ¢, and Neumann boundary conditions are imposed. The correct boundary

conditions are then

0
a_pG(¢7 o; QSI: p,)

p=0

0
a_pG(¢7 P; QSIJ p,)

p=ina
Similar conditions apply for p' also.

A properly normalized eigenfunction of the Laplacian is

0 (6.9) = =™ cos (7). (2.4)

2
. with eigenvalue A = m? + (ﬁ) , and so using the relation

w)\ (ThO, ¢)¢j\(pla ¢’)

G(pa ¢a plu ¢,) - Z 2\ (25)

A
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and taking into account the 27w¢’ multiplying the § function, we obtain the Greens func-

tion
o %) _ , 1
G(pa ¢> pla ¢’) - T Z 61(¢-¢ ym_—_ +
Ina O —c0 m2
(o 0] x
1
Z > ele=¢Im cos pcos nr 0 5. (2.6)
lnam__oon 1 l Ina m2+(ln_7r)
This can be re-written to obtain
o 2 nm nmw 1
G(p) ¢> pla ¢,) = Z z i(g=¢)m ™ cos p CoSs pl 5
Ina A0 T — 00 R =60 Ina Ina” 2 + (Q_Z)
nmw - nmw Ina)’ :
2 / : 2.7
+ T nzzlcosl apcoslnap <n7r> ( )

This expression turns out to be a useful form of the bosonic propagator, and in the
appendices, this is shown to be equivalent to other similarly derived expressions which
are found in the literature.

2.2.2 Bosonic Vacuum Energy

The bosonic part of the action given in equation 2.1 is

S=1= / dodry=Ggud X" X+ e / drF,, X", XH|o— 0——e2 / drF, X8, XH]yeq.
(2.8)

. This means that the interaction Lagrangian takes the form
Lot = %61FﬂyXuaTX”5(a) - %egF#,,X”BTX"é(a —Ina), (2.9)

which is identical to the statement that the X field can interact at either of the strings
ends with the background field. To determine the vacuum energy in field theory one
procedure is to take all the vacuum Feynman diagrams, sum them, and exponentiate

the result. Now the possible elements in these diagrams can be enumerated. Due to the
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fact that this is a vacuum diagram there can be no external X propagators, and since
the only interactions take place at p = 0,lna the possibilities are that the field either
experiences two subsequent interactions on the same edge of the cylinder, or on opposite
edges, for a total of four possibilities.

It is shown in Appendix B that the appropriate thing to do in this situation is to
generalize the propagator from a number to a matrix, sacrificing the p dependence, which

has the following structure:

A, ¢')  B(o,9) ) (210)

B'(¢,¢") Ao, ¢')
In this A(¢,¢') = G(0,¢,0,¢').and B(¢,¢') = G(lna, d,0,¢') with A" and B’ being the

G(p,¢,0,¢") = G(6,¢) = (

obvious generalizations, and in the appendix this is shown to be a special case of a more

general result. In this language, the vertex can be re-written as [1]

0 —€9

F v €1 0
Interaction = /d(bQT"X”%X”, Q= : (2.11)

The rational for this is in direct analogy with the re-expression of the propagator, and
the reason that this matrix is diagonal is that the interaction does not mix the ends of the
string. An interesting feature of this is that since the interactions of the strings bosonic
fields are only at the boundary this has converted a 1 + 1 dimensional scalar theory into
a 0 4+ 1 dimensional theory described by matrices.

The calculation of G(¢, ¢') must be done carefully. The starting point is the propa-

gator calculated above,

o 0 00 o i n 1
G(p,¢,p,9) = l > 3 elemem €S 7—p c0S 7 0 5
na m#0,m=—co n=—00 na na 2 4 (ﬁl}l\'&)
s nm nw Ina\>
+27ma’ ) cos cos ! , 919
i ,; 1nap Inap <n7r> ( )

and so it is immediately clear that

A(¢,¢) = G(0,4,0,¢)
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a’ s 0 . , 1
= > 3 el dm -
2
® (Ina
+2ma ) <—>
n=1 nmw
o i ei(d"‘d’,)m 1112 a

= Y Ina———coth(mlna) + ma/ ——
m

Ina MO e 00 3
1 2 A
= 7wad n3a +2a' > cos(m(:L ¢ ))coth(m Ina). (2.13)

m>0
Clearly the same result holds for A'(¢, ¢') = G(Ina, ¢,lna, ¢'), since the only change in
the calculation would be that the sum over n would now be multiplied by cos?(nr) which
is identically 1. Similarly, for B(¢, ¢') the sum is multiplied by cos(nm) = (—1)", and the

identity ¥, G5 = Zcsch(mm) immediately gives

n m24n2

B(¢,¢') = B'(¢, qﬁ’) = m'm; “ 490 S OO =) hmina). (2.14)

m>0 m

Thus the Greens function can be compactly expressed as

cos(m(é — ¢,))Gm G _ (coth(mlna) csch(mlna)> 215)

G(¢,¢) =2 3

m>0 m

csch(mlna) coth(mlna)
It is also possible to obtain similar expressions for arbitrary p and p’, however, that is
unnecessary in this analysis.

Now, armed with both a propagator and an interaction vertex it is possible to calculate
any Feynman diagram that would arise in the theory. Because the coupling to the external
field has only two X legs, there is a unique world-sheet diagram at each order in n, and

it can be explicitly calculated as

= L C ey 2a) / dgr...ds, Y 0, SO =)

|
n. mi..mp>0 my

g, 8 =) o 6. (2.16)

my

n
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1
n

The factor of - is due to the order of the diagram, (n — 1)! comes from the inequivalent

orderings of the vertices, 2" is a result of the fact that there are two propagators on each

vertex that can be connected either way, and Tr(F™) together with 5= come from the
| interaction Lagrangian, and the factors of 2" cancel. The reason that the derivatives
are shown operating on distinct propagators is that if two operate on the same one, the
expression can be convertéd into the above form by integration by parts and using the
antisymmetry of F,,, noting that the surface terms vanish because the world-sheet is
compact in the ¢ direction. The ¢ integrals enforce the equality of the m;, so the final

expression for the diagram is

= L Cona )P TH(F) Y Tr [Gnf" (2.17)

n m>0

The matrix G, can be diagonalized, and will generically have two eigenvalues, A,
and A,,_ which can be determined explicitly. This results in the simplification

nth — %(—27ra')"T'r(F") S (A, xn) (2.18)

m>0

Now that there is an expression for the n* diagram in the set of all vacuum Feynman

diagrams, it is possible to sum explicitly,

___2 "\n ]
> connected = ) ﬂTT(F") > (/\,',;hL + /\zl_)
n>1 n m>1
= — Z Tr(ln (0, +27d/Fuhmy) +1n (8, + 270/ Fy dm—)]
m>1
= —> Trln ((5#,, + 2ma/ A (€1 — ea) By + (27ra')2F3,,(—eleg)) :
m>1

(2.19)

where the last manipulation is obtained by evaluating the secular equation for G,,{2 and

having set A,, = ifgiz Thus, the exponential of the connected diagrams is

e2oemnected = T exp~TrIn (8, + 270/ An(er — €2)F + (210/)2F2, (—e162))

m>1
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-1
)

= H (det [5;w + 21/ A (€1 — €2)Fp, + (27((1’)2F3,,(—6162)]) (2.20)

m>1
which is the expression for the vacuum energy of the bosonic degrees of freedom of the
string, and agrees with [1] [4] [9]. Note that in the case of the neutral string (e; = e,)
this‘ is exactly the square of the Born Infeld action for the background field F),,. This is
because of the contribution of the different ends with opposite charges, each giving rise

to a copy of the Born Infeld action.

2.2.3 The Fermionic Propagator

We wish to analogously determine the fermion propagator, and use an identical technique
to determine the contribution to the partition function from fermions. Since the topology
under consideration is a cylinder with a Euclidean metric, and following the convention

[5] for the two dimensional v matrices we have

0 1 0 —¢
Yo = < ) v Yo T ( ) ) . (2.21)
1 0 20

Then the eigenvalue problem for the Dirac operator v*d,¢ = A¢ is expanded as

[ 7)) ()
N AV J

Taking as an ansatz for ¢
(d») =5 e (%) (2.23)
(U n (I

and noting that €™ is a complete set on ¢ € [0, 27] then for each mode the eigenvalue

0 _3___ n 'n
LD
_'(%"n 0 wn wn

problem becomes

which is equivalent to

0p?
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T n
Yn = ———VYrn- (2.25)

Now, with the definition k* = A2 — n? it is clear that the most general solution to the

first of those equations is

Y = Ae'* + Be 7, (2.26)
This implies in turn that
- —gk— _ ik — 4
U = —Z:\—nAe’k" + LN pe-ike, (2.27)

Now it is necessary to impose the boundary conditions, and since these are free fermions
either Ramond or Neveu-Schwarz boundary conditions will suffice. The condition that
W = ¥, at p = 0 immediately implies that B = —Aﬁ%ﬂg which can be simplified using
the definition of k£ to obtain B = —A%. This means that the condition 1/; = £ at

p = Ina is converted to

giklna _ n+ ike—iklna — 4 —tk — neiklna 4 emikina ) (2.28)
A A
which has the effect of quantizing k as
m
k=—. 2.29
Ina ( )

where m is either an integer or half integer depending on whether the + or — sign was

chosen in the boundary conditions. Choosing the appropriate normalization constant

A=,/ M}na the final expression for the eigenstate of the Dirac operator is

int 1 et — lldf\—ike_ikp )
mn — € e . . 2.30
v Vvidrlna _#eikp 4 emikp (

Noting that the sign of A is not chosen by the definition means that, in addition to the

value of k£ and n, the sign of A is also a choice. In analogy with the approach taken by
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[5] in quantizing the Fermionic modes of the open string, note that the above expression
for 1 implies that
7u[;mn:t(pv ¢) = wmn:t(_pa ¢’) (231)

This means that the ¥ and v fields on the domain 0 < p < Ina can be combined into
a single field which lives on the interval —Ina < p < Ina and which has either periodic

(Ramond) or anti-periodic (Neveu-Schwarz) boundary conditions

Y(¢,p+2Ina) = +Y(9, p), (2.32)

and the eigenvalue equation for the Dirac operator is trivially rewritten in the form

a 9 |
(—5; N %) $(6,0) = Xbl, —p), (2.33)

which explains the mixing of left- and right-movers in the expression for +, which stands
in contrast to the free string case.

The inner product of the eigenfunctions is defined as
Ina 2r i
Wrnsbinrzr) = [ dp [ dpthans s (2.34)

This is in direct analogy with the orthogonality condition of the previous chapter. This

can calculated explicitly as follows,
Ina 2T ; | Ina 2n . .

| de [ ddthstbnse = [ dp [ d6 [t + B
0 0 0 0

= 1 /dpd¢ [e_i("_"')¢ <e‘ik" _n t\ike““”) X

Irlna

! = 1.0
eik,p _ n + ik e__iklp
)\I

. .
pe—in—n)9 (_n - Zke—ilcp " eikp) (__” + ’k,eik'p 4 e—ik’p)}

A N
Ina K n —ikn' + k'
1+
0

1
— _57171’
AN

Ina

) cos(k — k')p




Chapter 2. Vacuum Energy by Path Integral Calculations 23

n—1ik n +ik' ,
—( T >cos(k+k)p]

, n —ikn' + ik’ n—ik n' + ik
= Opn Ok (1 + Y ) — Onns Ok ( Tt )

= 5mm’ 6nn'5:ti’7 (235)

upon imposition of the condition that & is exclusively positive. This condition can also

be deduced from the observation that ¥(_myn = (—1)25%¢,,, which means that those

degrees of freedom are not linearly independent, and is reminiscent of the condition for

the bosons. Now the Greens function can be calculated, and it is simply

G(,O, 1/1, ,0,, wl) = Z 2ma wmni (,07 w)wjnn:b (236)

m>0,n,+ A
which is a 2 x 2 matrix, with the factor of 27’ accounting for the normalization of the

Dirac operator in the action (2.1). Also, the sum is restricted to being over positive m by
the observation above that the terms for negative m are not linearly independent. The

elements of this matrix can be explicitly evaluated, and are

2ma/ i ,
GU = Z T¢T,mni ()07 (b)wr,mn:l: (:0 ’ ¢I)
m>0,n,t
-~ > L pinto=4) gikr _ DEE Z‘ke_““” emikd _ Zk«‘s’"“”' (2.37)
2lna 5%, A ) A

The sum over the sign of A has the effect of eliminating the odd power terms, and what

is left can be written as
o 1

- 2
Ina moon A

Similar calculations for the other components reveal that the structure of the Greens

(in(9—¢) [_Qn(eik(/)ﬂ)') + e~k 4 9k (ehl+e) e—ik(/)ﬂ"))] . (2.38)

function is
/

do! 1 iy —ncosk(p+ p
G(p,, 0,0 = 1 > 1z° (9—¢")
NG ,Son ~ncosk(p—p

—ncosk(p— p) )

)
) —ncosk(p+ p)
)
)

|

/

. (2.39)

(
(
(—k sink(p+p') +ksink(p
' (

o
p

—ksink(p—p') +ksink(p+ p'
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2.2.4 Fermionic Vacuum Energy

The fermionic part of the action (2.1) is

t

—1 SN 1 — TV AT 1 — TVAT
S = pr— /dO'dT (—zwl‘ry awu)+—2-el/dTFW7¢ v ¢“|a:o—§62/dTF,“,71/) VY |omina-
(2.40)
The interaction Lagrangian can be written as
1 —1 TV AT 1 —1 TV T
Lint = 561F;w—2_1/} i 1/) 6(p) - 562Fuu7w Y ¢ (5(11’1& - p)7 ' (241)

which means just as in the case of the bosons that the fermions only interact at the
ends of the string. Exactly as in the case of the bosons the fermion propagator can be
restricted to the edges and made into a larger matrix of the form
A(¢,¢") B(g, d)'))
B(9,¢) Ale,¢))

with the same definitions for A and B as in the bosonic case.

G(p, 6.0, 8) > G(¢,¢) = ( (2.42)

Now it is necessary to calculate the explicit form of A, A’, B, B’ for both Ramond and
Neveu-Schwarz boundary conditions. The case of periodic fermions is straightforward,

and explicitly

G0.6.0,6) = 12 & Lomear (717
AR: 0; ¢707¢’ = —e"™
Ina S5, X -n —n
_ Aol 1w [
Ina m>0,n n? + Ina —-n -—-n
coth(nlna) coth(nlna)
. (2.43)

coth(nlna) coth(nlna)

= 4dna’ Y em™e?) (

The calculation of A% is identical, because m is quantized as an integer, so cos(2rm) =

cos(0) = 1 while sin(m) is vanishing, and because there should be no physical difference

between the two ends of the string, the two values are expected to be equal. In particular,
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the vacuum energy is not changed by the exchange of e; and —e,. Similarly, Bg can be

calculated as

' : , —T;(—l)m —n(=1)™
Br =G(0,¢,Ina,¢') da lem(rb—dz) ( )

)
na A? —n(=1)™ —n(=1)m
a

A .. [csch(nlna
= 47ra’Ze’"(‘”—¢)

m>0,n

csch(nln

) (nIna)
(2.4
) csch(nlna) ) (244)

csch(nlna

and the calculation is identical for Bf.
For the Neveu-Schwarz sector the calculation of Ays and Byg requires more care,

due to the fact that m is half integer instead of integer. The calculation for Ayg can be

* done as

, 4o/ 1 N L L
ANS:G(O;w707w) = /\2 in(9- ¢)( )

Ina m>0,n -n —-—n

, .. {tanh(nlna) tanh(nlna)
= 4dAdra Z en(@=¢") . (2.45)
n tanh(nlna) tanh(nlna)

The calculation for A'yg is analogous, resulting in

—tanh(nlna fanh(nlna
tanh(nina)  tank( )) )

g = +dma! 3 €m0 (
n

tanh(nlna) —tanh(nlna)

The subtlety comes from the evaluation of

I N 4l a(6ed) —ncosk(+1Ina) —ncosk(—Ina)
ns = G(0,%,Ina,¢) = lnam>0n (-ncosk Ina) —ncosk(—!—lna))
—ksink(+1na) +ksink( a) |
i ( ~ksink(—Ina) +ksmk(+lna))
4 1 (o) (_17:11_7; sin(mm) —2I sin(mﬂ))
Ina 55, /\2 T gin(m) X sin(m)

sech(nlna)  sech(nlna) )’ (247

= 47Tal Z 6in(¢_¢l) (

—sech(nlna) —sech(nlna)
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and the subtle point is that when evaluating B)y¢ there is a difference compared with the
above calculation. The signs of the off-diagonal elements change, because they depend

on p — p', while p and p' are interchanged. The result is that

sech(nlna) —sech(nlna) )

Blg = 4ma' ) en(9-¢) ( (2.48)

sech(nlna) —sech(nlna)
From the interaction Lagrangian it is clear that we can re-write it as
, & (=iv?) 0 -
Lint =i [ dgFp N (2.49)
0 =2(=1v®) |
Given this interaction term, it is possible to write down the contribution from the unique

diagram at order n. This takes the form

1 |
nth = —(n—1!)Tr(F;V)a'"/d¢1...d¢n S emie—o)

|
n. my...Mnp

Lm0 o T (G, Q... G Q) (2.50)

where €) is the matrix component of the interaction term, and G, is the matrix portion
of the fermion propagator. The term # comes from the order of the diagram, and (n—1!)
counts the number of ways of ordering the vertices. The integration over the ¢s is trivial

and the result is

n = S Tr(FL) (olm)" > 7 (G (2.51)

Now, using the fact that the matrix can be diagonalized, and denoting the four eigenvalues

of G2 by At . .. A4 this can be re-expressed as

1 n
it = ST () (@) 3 (Vi + X + M+ X0). (252)

n m

To obtain the vacuum energy it is necessary to sum all the diagrams so

1 n
connected = —Tr(F™) (a/m)" \*
n nv jm

mnj

= > log Tr (6 + (&/'m) FuAjm) (2.53)

mj
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SO
a'r

62 connected __ Hdet <5/W _ <7> Fw/)‘jm> ) (254)
mj

and the sum in the determinant depends on the eigenvalues of G,, 2.
The task is then to determine the eigenvalues of GG,,{2 for both the case of Ramond,

and Neveu-Schwarz boundary conditions. In the periodic sector the matrix

Ap Br\ (eary® O
GmrQ =
By, Ay 0 —ey?
coth(mlna) coth(mlna) csch(mlna) csch(mlna)
coth(mlna) coth(mlna) csch(mlna) csch(mlna)
= . . oo X
csch(mlna) csch(mlna) coth(mlna) coth(mlna)
csch(mlna) esch(mlna) coth(mlna) coth(mlna)
0 e O 0
€1 0 0 0
(2.55)
0 O 0 -—e
0 0 —€9 0
had two non-zero eigenvalues A\ g, Aog that satisfy
Mr+ Xr = 2(e; — eg)coth(mlna)
/\1R/\QR == —46162. (256)

In the antiperiodic sector the result is different, but analogous. Evaluating

tanh(mlna) tanh(mlna)  sech(mlna)  sech(mlna)

tanh(mlna) —sech(mlna) —sech(mlna)
G’mNSQ = X

sech

(
tanh(mlIna

(
sech(mlna

)
) .

mlna) —sech(mlna) —tanh(mlna) tanh(m In a)
)

—sech(mlna) tanh(mlna) —tanh(mlna)
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0 e O 0
es 0 O 0

(2.57)
0 0 0 —e
0 0 —e O
Again, two non-zero eigenvalues are found, which satisfy
Ains +Xavs = 2(ey — eg)tanh(mlna)
Ainshens = —deie. (2.58)

With this information the contribution to the vacuum energy in both the Ramond

and Neveu Schwarz sectors can be written down explicitly. The result is

eRZ connected I1 det (5u,, + 2a/m(e; — ey)coth(mIna)F,, + (2a'7r)2(—eleg)F3,,)

ej%:sc”""emd = []det (5,“, +2d'n(e; — eg)tanh(mlna)F,, + (2a'7r)2(—ele2)F3V) )

(2.59)

in agreement with the results of [4].

2.2.5 Superstring Vacuum Energy

For the bosons, the energy associated with an annulus of inner radius @ and charges e;

and —e, at the ends was determined to be

E=1]] (det [5#,, + 21 A (€1 — e2) Fy + (27ra’)2F3,,(—eleg)])'_l , (2.60)

m>1

with A,, defined as above. Since the external field can be block diagonalized, it is only
necessary to determine the effect of one of those blocks on the energy, and the rest will
be identical calculations. If the field strength is f in this pair of directions, with the

identifications

By =2nd'e f, By = —2mdesf (2.61)
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Hdt( 1 - 515 “Amﬁ1+ﬁ2)_l
= e
Ap B + B2 1— BB

= [T (- B162)” + (Am (B + 52))2)

|
| then for the two dimensions in question, the energy is
m>1

1+ 2a?™ + g*™

= H ll — 26182 + P15 + (ﬁf + 03 + 2ﬁ152)])

m>1 22m+ o
= (I iy L0 i )
1
1—,812 ,82 4ﬂ1ﬁ2+ﬂ ﬂ2 ™m m
11 (1A e >) B

Now, making the identification

L icos — B — 65 — 46182 + 512537 (2.63)

2m (1+ 811+ 63)

the energy can be re-written in terms of a Jacobi € function as

Z = (H(Hﬂ?)(Hﬂ%) (;12 I1 1_1 2m> ) <u|m—a>) . (2.64)

et a 2sinwy 1T

which can be re-cast with a Dedekind # function as

o (v122)\ ™
_ (H(1+ﬁ12)(1+’62)231r117rl/ 17(<l|m)))

) o e L [t ) 6 (1))
= (((1+ﬂ1)(1+ﬁ2)) 2\’ (B +02) ()

s

3 {Ina
= (ﬁ1+ﬂz)n—<—)- (2.65)

( [lna) |
The second step makes use of the fact that sin(gcos™'k) = ,/lg—k- and also ¢ function

regularization. This gives the effect of one independent block of F},, on the vacuum

energy of the bosons.
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The above must be integrated over the Teichmuller parameter, and the obvious gen-
eralization is that the vacuum energy in 10 dimensions is
da n* l{% o rp\ 2
Z = / - H 2(/8171 +/82n) ( ln?z H (1 — € 71'H) 3 (266)
a n=a 61 (Vn|7,,—) k>1
where as before, f1,... fs are the independent components of the background F),, field,

equation 2.61 is extended to read

Bin = 2nd'e1fn, Don = —21d ez fo, (2.67)

and the generalization of 2.63 is

(2.68)

The contribution from the ghosts is simply the vacuum energy in the limit of zero field
for a pair of the coordinates, but in the numerator, as is appropriate for the degrees of
freedom which reduce the number of bosons. The integration has an imaginary part for a
background electric field, which indicates, as discussed in [4] that there is pair production
of strings from the vacuum.

The contribution from the fermions is more subtle. They are multiplicative with
the bosonic contribution, but must be summed over .four spin structures [10] [11] which
is equivalent to performing the GSO projection on the string. These spin structures
correspond to periodicity or antiperiodicity in both the p and ¢ directioné on the annulus,
and have their origin in the fact that the annulus is also a tree level closed string diagram.

The contribution of the two terms that have periodic ¢ are

Ina
Zpp ! i (VI l )

(2.69)

; )a—l/ﬁ I (1 +a2m)_2, (2.70)

S = SR ()
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‘while the terms antiperiodic in ¢ are

_ 1 04 (y|l?_7ra) —1/12 )2
s Ja+aa+ ) n(2e) . ngo(l ) (2.71)
1 ()

a“1/12 1 a2m—‘1 _2' 979
T () ¢ e en)

As in [11] the sum over spin structures is given as

ZNsa =

Zpa+ Zns,p — Zrp — ZNS,A : (2.73)

and as noted in [4] the zero field limit has this exactly vanishing, as expected for a model

with unbroken supersymmetry. -

2.3 The Disk

2.3.1 Boson Vacuum Energy

The amplitude for the disk is a simpler calculation than that for the annulus, and can be
obtained as a limit of the annulus calculation. The calculation starts in the same place as
the others, with the action for a set of bosonic fields on the string that are only coupled

at the boundary to the external field. This action is [1]

/'2 /
Lrae / drF,, X" 0, X", (2.74)

1 e
Szi/dadT&l/\”ﬁ)xu-i— -

where the X fields have been rescaled by a factor of \/%r? compared with the previous

section, for ease of computation.

Reading off from this the term associated with each vertex is
—end'F, / dr X", X", (2.75)

and the analogy with the annulus is that because there is only one boundary €2 = 1

here. A convenient way to do calculations on the disk is to parameterize it as the unit
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disk in the complex plane, because the Greens function satisfying Neumann boundary

conditions is well known there and is [12]
G(z,7') = L In [|z — 7| ‘z — Z'_IH . (2.76)
2

Using the parameterization z = re'”, 2/ = r’¢" and denoting { = 7 — 7/, because there is
only one boundary in analogy with the calculations done for the annulus it is necessary
to calculate the propagator restricted to the disk’s edge. With » = ' = 1 the propagator

immediately becomes

Glr,7) = ——1In(2 — 2cos¢), (2.77)
2w
and using the identity
o0 bm
In (1+b2—26cos§) = _QZECOS"LQ’ (2.78)
n=1
then
1 > ‘
l Z s mC (2.79)
T 5

This expression also has an analogy in terms of the annulus, where the matrix A,, =1
in this case. This considerable simplification makes the closed form for the disk simpler
than that for the annulus.

Now it is necessary to calculate an arbitrary Feynman diagram, and exactly as in the
case of the annulus, the n** diagram is

nth = 1'( era’)" Tr(F™) (n — 1)12" /d'rl .dr, ——a—G(Tl,TQ)Q 9 —G (71, 71)2.

n! "o 0T,
(2.80)

The term 2" comes from the observation that each vertex has two equivalent bosonic

legs, and no matter how they are connected the diagram can be restored to the form

above by and integration by parts. Using the above expression for the propagator this
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can be re-expressed as

1 n 1 )
= —(=2ermd)" Tr(F") Y = /dﬁ o drpysinmy (1] — ) X
n "

my... Mnp

coesinmy (1, — 1) A, 2. A, Q)

= ;ll-(~2e7ra')" Tr(F™) Y (Ax)".

m>0

So the sum of the connected vacuum diagrams is

> connected = >N %(~—2e7ra')" Tr(F™) (AnQ)"

n>1m>1
= Z —Trln (5,“, -+ QeWaIF;wAmQ) .
m>1
So that
ez connected  _ H exp (—T’r In ((5,“, + Qeﬂa/Fw,AmQ))
m>1
o 1 det (0, + 2emc’F, ApfY)

But since the factors A,, and €2 are trivial, this becomes

= \/det (0 + 2ema’F,))

by ¢ function regularization, and this is exactly the Born-Infeld action.
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(2.81)

(2.82)

(2.83)

(2.84)

It is worth noting that the expression for free energy of the annulus exactly reproduces

this in the limit where a — 0 and ez = 0, which corresponds to the disk amplitude.

2.3.2 Fermion Vacuum Energy

It is more difficult to place fermions conventionally on the disk, because while the topology

had a Greens function that satisfied the two dimensional Laplacian, the mapping to

appropriate boundary conditions is non-trivial for the fermions. However, since the

question has already been solved for the annulus, and since for the bosons one can get
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the disk amplitude from the annulus amplitude by taking the limits ¢ — 0 and e; — 0,
it 1s reasonable to suppose that the same procedure will work for the fermions. In this

limit the energy for the fermions from the Ramond sector (2.59) is
Z connected ’
€5 =[] det (6, + 2/7erF ), (2.85)

and equally the sum in the Neveu-Schwarz sector is

el%:sco""“ted =[] det (0 + 20/me1 F) (2.86)

so the contribution from either sector is equal, which confirms the naive expectation that
there should only be one way to include fermions on such a simple topology. After ¢

function regularization the fermion contribution becomes

1
- \/det (0 + Qeﬂa’Fuy)'

(2.87)

This means that for superstrings in a background U(1) field the disk amplitude becomes

trivial, and the tachyonic divergences are cancelled.

2.4 The Bosonic Mobius Strip

The mobius strip is very similar to the annulus, and the propagator and vacuum energy
can be calculated similarly. The fields must obey the same Neumann boundary condi-
tions as on the annulus, with the only significant difference coming from the topological

boundary condition

G(p,¢,0,¢") =G(na—p, ¢+ 27,0, ¢). (2.88)

This has the effect of suppressing the odd modes in p and p’, which leaves the Greens

function in the form

. ' 2mk 2rk
m(6=#) cos —pcos ——p' 2.89
(%k)Qe CoS 1 —p cos P, (2.89)

’ 1
Glp, ¢, 0, 0) = — 3.

Ina m k20,0 m2 +

Ina
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which is exactly the same form as the propagator for the annulus, with the multiplicative
change in the constant multiplying k.

When restricted to the edge of the strip, of which there is only one, we find that

G(0,¢,0,¢") = G(lna,¢,0,¢') = G(0,¢,lna,¢’) = G(lna, d,Ina, d’)

= 4d' ) cosm(¢ qb,)‘cothmlna, (2.90)

m>0 m 2

and so, following the exact same steps as in the case of the disk we find that the partition

function, given by

1
7 = e conn — II exp (—Tr In(d,, + 2 - 27ra'eFH,,cothm2na)>

m>0

) -1
= ] (det [(5,“, +2. 27ra'eFu,,cothm2n a}) . (2.91)

m>0

Several things can be observed. In the limit a — 0 this reproduces the form of the
Born-Infeld action for the field F},,. The additional 2 multiplying the field strength can
be thought of as encoding the information that the mobius strip has an edge twice as
long as that of the disk, and the lack of a F? term indicates that there is one and only

one edge, in contrast to the annulus where the ”squaring” of the Born-Infeld action is

precisely because of the existence of two edges.
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Non-Commutative Geometry

3.1 Introduction

Non-commutative geometry is a subject that has received a great deal of attention in
the past few years [13] [14] [15] [16] [17] [18] [19]). It is interesting for two particular
reasons. The first is that field theory on non-commutative spaces are currently being
studied because of interesting properties such as UV/IR mixing, and thé second is that
if the X* fields on the string world-sheet are regarded as the coordinates of the string
embedded into a larger space it can be shown that they are themselves non-commutative.

- The general form of the non-commutativity among the coordinates is encoded in the

non-commutativity parameter #** which is defined by the relation
[X*, X" = 0", (3.1)

and it is taken to be a constant. The algebra of the functions on the non-commutative

space is governed by the Moyal product, defined as
frgla) = &% % [z +E)g(w+ ()le=co (32)

which is associative and non-commutative to order #. The way that non-commutative
geometry appears is by considering the end-points of open strings, for which it is possible
to derive an exact propagator in the presence of a antisymmetric background. Non-

commutativity appears in the guise of coordinate dependent coefficients in the OPE.

36
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The purpose of this section is to derive the non-commutativity of space time coor-
dinates in the perturbative framework developed previously for the calculation of the
partition function for strings in an electro-magnetic field background.

The methodology is as follows, given the action for a string ending on a Dp-brane
with a constant gauge field confined to the brane and an antisymmetric By, field in the
bulk of target space, the two fields appear in a gauge invariant combination, which is
treated as a perturbation which gives rise to an interaction term in the two dimensional
field theory of the bosons on the string world sheet exactly as in the previous section. The
modification to the X field propagator due to an arbitrary number of such interactions
is calculated, and using a technique due to [14] the non-commutative nature of the Dp-
brane is revealed both at the disk and annulus levels. This is generalized for the case of
a string ending on two separate branes.

It is not surprising that there should be some modification to the standard commu-
tation relations given an antisymmetric background. The well known problem of the
motion of a charged particle in a constant magnetic field background gives rise to a non-
trivial commutation relation with the anticommutativity parameter depending on the
magnetic field strength. Indeed, it is noted in [14] the ¢/ — 0 limit of string theory,
which is equivalent to that of a large (F > 1) background field, has an action which is
exactly that describing the motion of electrons in a large background field. It is shown
[14] [20] that the dynamics of the X fields is that of electrons in the lowest Landau level,

and the commutation relations, derived later, reduce to

[X%Xﬂ::%“z(%)w (3.3)

in the large field limit. Correspondingly, the noncommutativity parameter,

g — < F >W (3.4)

1- F?
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goes in the limit of small fields (F <« 1) to § = F which illustrates the fact that

commutativity should be restored in the case with no background field.

3.2 Disk Calculations

It is well known that the action for a fundamental string ending on a Dp-brane in the

presence of a B-field, with a gauge field confined to the brane is [21] [22]

1

S =
Ao

/ 020 [97°G 00 X 05 X" + 10/ € B,,,0,X 95 X"] + / drA0. X", (3.5)

and since the term involving the B field is a total derivative, and in the approximation

of constant B and F fields the last two terms can be combined in the form

1
4o

S =

1
/ 09" G 0a X e X" + / dr F,, X0, X*, (3.6)
with
Fu =B, —F, (3.7)
as the gauge invariant field strength that appears in the Born-Infeld action. Using the
gauge transformations
A—->A+d\, B— B
A—> A+ )\ B— B+dA (3.8)
it is possible to leave only components of F which are on the brane.
It is equally well know that for the disk amplitude the world-sheet of the string can be

conformally transformed into a unit disk on the complex plane, and using the propagator

from the previous section

1
G(z,2) =~ -In|z~ | |2 - 21, (3.9)
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When this is restricted to the boundaries |z| = |2'| = 1 it becomes

G(e™ % f: M (3.10)

m=1
so using the standard Feynman rules for the now interacting field theory the correction

to the propagator from N interactions with the external field is

GN(pe ¢ pe?) = /d91 ... dONG(pe™?, eiel)aglG(eiol,em?) ... 09, G ple?)

7

= (=2mde)" (FN)" [ avy...doy o ¥ Zcosm(g-0)

mmi..my
2
, m m cosm(¢p — ¢') Neven
= (=2rd’e)” (fN)ﬂ Zp prA P _
2 sinm(¢ — ¢') Nodd

(3.11)

x sinmy (01 — 0y) sinmy(6y — 63) . ... sinmy Oy — ¢')

Then summing the contributions from all the values of N gives the propagator as

' idl 1 Hv 1 @ Im+ r\ym ,
Gini(pe pe¢) = (1—(27ra’e)2f2> %Z(pp) o/ ') cosm(¢p — ¢')N even

R i (p)™ + (p/ )"
1—(2nale)?F2) 2

sinm(¢ — ¢')N odd.

(3.12)

The only thing that remains is to calculate the equal time commutator of the X fields,

and to do that using the technique due to Witten’s paper,
[X*(r), X¥(7)] = 1%T(X“(T)X”(T —€) — X*(N)X"(r +¢)), (3.13)

where 7T represents time ordering. In the case p = p’ = 1 the sine series above is nothing

but a step function in the limit € — 0, while for either p or p' not on the boundary

this converges to something proportional to tan™! (%ﬂf—’(';i—,“)ﬁ), which vanishes in the limit
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e — 0. This shows that for the end-points of the open string at the disk amplitude
there is a non-trivial commutation relation, which is the signature of non-commutative
geometry on the brane, and this relation is, after rescaling the X's by v/27a’ to restore
the fields to a form comparable to those used in analyzing the annulus,

—2ra'eF -
1 — (2male)?F?

[XH(r), X*(7)) = 2me’ ( (314)

This reproduces the non-commutative geometry on the brane [14] [21], and it also demon-
strates that the non-commutative geometry is in fact a perturbative effect, and not due

to instantons, or other non-perturbative effects.

3.3 One Loop Correction to Non-Commutative Geometry

Since the foundation of the non-commutative geometry is given in tree level diagrams,
it is interesting to consider the corrections that come from one loop string diagrams. In
this section one loop diagrams are discussed with two main thrusts, the first being to
examine the effect of an open string stretched between two branes, and the second, to
give the one loop correction to the commutator found at the disk level for the X* fields.

As is developed elsewhere, the free propagator for the X fields on the annulus with

Teichmuller parameter In ¢, which has been conformally transformed to a cylinder is (2.7)

20/ nmp  nwp 1
G / ! — — / »
(p, 9,0, ¢) Ina mz;();cosm(qﬁ ¢') cos lnacOS Ina m2+<]n_7r)2
nw nro (Ina)?
+2ma’ Y cos P cos TP , (3.15)
=0 Ina Ina \ nm

and as discussed in the calculation of the partition function of the string, this propagator
can be re-cast as a matrix valued propagator of only one variable when the interaction
happens only at the edges. The Lagrangian for the string coupled to the two branes

is the same as that given before, with the F; being the gauge invariant field strength


file:///J2kol'

Chapter 3. Non-Commutative Geometry 41

on the i brane. In this language, the N** diagram for the propagator on the annulus

(X (o, 1) X (0, 7)) i

GN(pa T, plaT,) = _N'/dgl deN (G(paT 0, 01) G(p) T, lnaa 01))
elﬂkl 0 elflkN 1 0
X | Ogy M(6:1,05) x ... X% A
O —62f;k1 0 —ezfgkN

G(Oa 61\"7 p,a TI)
X Ogy , (3.16)
_G(ln a,0n, 0, 7")

where

M(9,6) =3 (3.17)

m>0

cosm(0 — §') ( cothmlna c¢schmln a)
m i

cschmlina cothmlna

The integration is trivial and gives

GN(p,T,p,77'I) —_ (2a/)N+1(_7T)N {Sinm(T—T) Nodd}

cosm(T —7') Neven

—1)" Wa 0
X Z cos ! 5, COS nrp (1) 5 o ‘
lna m2 + (111) Ina .2 + (yr_) 0 _GQf;kl

Ina Ina

( cothmlIna cschmlina ) ( cothmlIna c¢schmlna )
X ' .

cschmlna cothmlna cschmlna cothmlna

ey F 0 cos T2L —m

% ( 1 lkn 1 . )Z( ! 7n2+(1na) ) (318)
0 —eQ}"QJkN n’ \ cos Ta"—JLz

m lna

Note that this expression reproduces and generalizes the non-commutativity relation

found by Chu [22] for strings between two branes, namely that

ra'2rd’ e Fy "
Xﬂ XV = e / et 0
X7, X (1 — (27ra’el}")%) p=0r
. T 2ndles Fy M g
1 - (2rdexF)3 p=r=

= 0 otherwise. (3.19)
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The generalization is that there is no requirement that the fields on the two branes are
aligned in any way with each other, which is no surprise, but reassuring to discover. The
limit in which the above expression reproduces Chu’s result is in the limit @ — 0. The
way to understand this is to note that this limit corresponds to the disk limit, since a
is the Teichmuller parameter for the annulus. Chu’s results rely upon a time average to
calculate commutators, and this average is taken over non-compact time (on the string
world-sheet) which corresponds to an infinite string world-sheet extending between the
branes in question. This is nothing but a disk amplitude.

The last thing to note is that in the most general case, with two branes with indepen-
dent F fields oﬁ them the commutator of the X fields will generally depend on both the
Fs in a non-trivial way. This means that in a Randall-Sundrum type scenario in which
there are two branes, with us living on one, subtle deviations in the non-commutativity
parameter would enable the measurement of the F field on the other brane, which is an
exciting possibility.

Now, consider a string beginning and ending on the same D-brane. This brane has
a gauge field with field strength F' on it, and there is a B field in the background. The
commutation relation for the X fields will be determined exclusively by the values of
the string endpoint charges. The dependence on the background fields occurs in the
combination F = B — F which is gauge invariant. The action is re-written so that the
X and F fields have a derivative interaction at the edge of the string world-sheet. This
process in itself suggests that the string coupling to the F should be the same strength at
each end because the bulk interaction with the B field is a total derivative, and appears
with equal coefficients when rewritten as a surface term on the world-sheet. This is

in direct analogy with the procedure used previously to determine the string partition

function.
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3.3.1 The Charged String

For a charged string with equal coupling at each end, we have e; = —e; = e and the
above expression (3.18) can be modified. With equal charges and p = p' = 0 analysis

identical to that for the partition function that we’ve discussed before gives that

_ , i sinm(¢p — ¢') N odd
(X'0,0)X7(0,¢NHn = 2d(2ra’)V (eNfN) Zi{ }

m ™ cosm(¢p — ¢') N even
N+1 1 1
X% (1 —1a2m> (1 am,2a7) (1 —1)
(1 + 2a™ + a®™)N-1 0
* < 0 (1 —2am+a2’")N—1>
11 '
X (1 _1) (14 a®*™, 2a™), (3.20)

and so

o inm(¢—¢) Nodd |1, 1 ~+
X40,4)X7(0, )y = 20/(2ra)N (NFV)I T L o 5
(X000, ¢ = 20/(ama)) (NF)" S {cOsm(¢~¢') ¥ even 2 (=)

m
(14 20™ + @®™)¥* 4 (1 — 20" + a®")VH1) (3.21)

The same calculation for p = p’ = Ina gives an identical result. The results for p =

0,0 =Ina and p = Ina, p’ = 0 are equal to each other with

<Xi(0’ ¢)Xj(ln a, ¢I)>N = 2a'(27ra’)N (eN]:N>” Z l { Cs;::((j_ (Z)) N eo’UeTL}

m

1 1 Mt 2m\N+1 2my\N+1
5 (1mom) (20 + @™V = (1= 207 4 a2 ¥H)

(3.22)

Thus, the sum of these four contributions, which must be taken to evaluate the commu-

tator gives

(XX (@ = 20 @ra)™ (VFY)T T e

1 [ sinm(¢—¢') N odd 14 g™\ N+
{ bl

cosm(¢p — ¢') N even
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(3.23)

Since in the end, a commutator is going to be evaluated, it is obvious that the terms
which have even N will cancel, while the odd N terms add. Summing over all odd N

and integrating over the Teichmuller parameter one obtains

fK?

e (3.24)

6—)0+

[X'i,Xj] = lim %Z—%sinm(e) x 4o/

where f = 2nd’eF, and k = }fzr,: The sum of sine terms is the fourier series for a

sawtooth wave, and so the limit ¢ — 0 can be evaluated as

i j da N fk2 : ;

This integral has two poles, one as a — 0, and one near @ = 1. The second is a simple

pole, and the contributions of the integral on either side of it cancel, and the pole at

a = 0 can be regulated by introducing a small cutoff, and then up to constant terms
o 1 k%
[Xl, X]} = / —a27ra'——~——f
e Q
_ o
= —2nq 172 Ine, (3.26)

Thus the contribution at one loop level from a charged string to the non-commutative
geometry is a renormalization effect. The divergence is the same encountered in the free
energy for the free annulus, which is interpreted in [6] as originating from the open string

. tachyon.

3.3.2 The Neutral String

For the neutral string, a very similar process can be followed. In particular, taking the

initial form of the N interaction, and substituting e, = e, = e, which is a neutral string,
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one obtains

| | y i (¢ —¢') N odd
Xi(o, )X, ) = 2a/(@rale) (F) I LT
(X*(p, ) X7 (0, ¢')) o (2ma’e)" (FN) ;m{cosm(d)—qb') N even

1 0 1 a™
oo} ) (%)

((1—&2"‘)1\’_1 0 ) ( 1 am> ( fm(0, 0) )
0 (DY =a®mV ) =™ ~1) \ fu(lna, o)

8 (1 —1a2m>N_1 (1 —1a2m) ' (3.27)

Since the properties which determine whether a particular IV survives the difference in the

commutator depends only on f and sin, and from previous experience we know that only
the odd N survive, in the following we only consider odd N. For the case of p = p' =0

the expression simplifies to

(KO0 0,60 = 20/(rae) (F) F Lsinm(o - ) (s )

2
o 1—am

1 —a®>™ 0 1+ a?™
X (1 +a®™, 2am)
0 —(1-a)) \ 2m

= 2d/2na’e)N (.’FN)ij > —:Esin m(¢ — ¢') ( ! )2

_ g2m
o 1—-a

x <(1 +am) - 4a2m> . (3.28)

Following similar logic, we find that for p = p' = Ina,

(X'(Ina, ¢)X?(Ina,¢'))y = 2d/(2ndle)™ (fN)ij > % sinm(¢ — ¢') < 1 )

_ 2m
— l1—a

(- (1 @) +a0m), (3.29)

and for p =0, p) = Ina, the result is

(X0, )X (Ina, ¢'))y = 20/(2male)™ (fN)ijZ%sinm(qﬁ—gb')( = )2

m

1 —ag?m
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X ((1 + a2m) 2a™ — 2a™ (1 + a2m))
= 0. (3.30)

So since the four contributions must be summed to obtain the annulus correction we see
explicitly that the contribution at each order in perturbation theory from the neutral

string to the commutation relations vanishes.

3.3.3 Distinct Branes

As noted above for an open string stretched between two branes, in the limit a — 0 the
non-commutativity parameter.is § = % where F is the gauge invariant field strength .
appropriate to the brane. This will, of course, be modified when not in the disk amplitude
limit. Since the field strengths on the two branes are not a priori related to each other, it
is unreasonable to expect that they have similar decomposition or block diagonal forms.
Here, we examine the limit F, < J;, which gives leading order corrections to the non-
commutativity parameter.

With F, < F; we find that the contribution of the N interactions with either back-

ground field gives

m m

“ sinm(¢ —¢') N odd
G%’(¢7 ¢/) - 2 (QWQ’)NZ l { Cosm(¢ _ d)l) N even}

xcoth" 'mlna |coth*mIna (}'1N>ZJ

+csch®*mIna (fszv—l + FFFY2 '}_11\,_1]__2)1';] . (3.31)

Since the expression multiplying csch®m Ina is manifestly odd for odd N, and even for

even N it is clear that following the same procedure as above

Xt XY, = md 27N coth"'mina [coth®mIna (FV)"
N 1

+csch®mlina (.7-'2.7-'1N_1 + FFFN 2 .]_—11\/—1}—2)“”] . (3.32)
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Now, making the assumption that F; and F, have the same block diagonal form we

obtain.

da 27ra’.7:160th2mlna -
xe x1 = [ Zad
X, X7 a Kl — (27ra’.7:1)200th2m1na)

1+ (2rd/ Fy)2coth?mIna
1 — (2ma/F1)2%coth?mIna

7%
csch*mIn a.’F}) ] : (3.33)

Using the same techniques as before we can see that upon integration over the Teichmuller
parameter, there will be the same divergent structure for the full commutator as in the

case of the charged string.

3.4 Non-Commutative Geometry from the Mobius Strip

The mobius strip is the simplest non-orientable surface that can be incorporated in string
theory, and as such it is interesting to study its effects in the context of non commutative
geometry, since it will give the contribution of non-planar diagrams. As was derived

previously, the propagator for bosons on the annulus is

! 1 : ) 2k 2rk
G(p, 9,0, ¢) = - Z ™) o5 chos -Lp', (3.34)

1 2¢ 1 1
nam’k¢070m2+(lg:_:) na na

and following the procedure given for the annulus, it can be shown that the correction

to this due to N interactions with the background field can be written as

. i — ¢')N odd N-1
(X'X)y = 2o (-2nce)” (J:N)UZ (—1—)2{ sinm{¢ = )N o }<Zcothml2na)

mie M0 a cosm(p — ¢')N even
2k 2mk’
—— M k
xm——lnalf P lal (3.35)

e () e+ (22

Ina Ina

and similarly to the case for the disk, for p, p' # 0,Ina this will identically vanish for
¢—¢.
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Now, calculating the commutator of the fields on the endpoint, we find that after
summing the contributions of all possible interactions with the background field for a

particular value of a,

P , sin me k2 \”
[X,XJ] = lﬂ%; - 2a,<1—f2k2> ’ (3.36)

where k = 2coth% and f = 2wa’eF. This is clearly of the same form as the case
of the annulus, and so when integrating over the parameter a, we see a logarithmic
divergence near a = 0 and the pole for the critical value of @ near a = 1 does not
contribute any infinite pieces to the integral, because it is a simple pole. Thus, we see

that the contribution to non-commutativity from the mobius strip is the same as that of

the charged annulus.
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Conclusion

There are two major themes that are presented in this thesis. The first is the verification
of previous work on the vacuum energy of strings. The contributions from both the disk
and the annulus for the bosonic degrees of freedom were analyzed and found to be in
exact agreement with the resul-ts presented by Fradkin and Tseytlin-[l]. The fermions
on the world-sheet were similarly analyzed and their contribution to the vacuum energy
were also in agreement with thosé of Bachas and Porrati [4] for the disk and annulus,
however the method used to obtain these results are distinct from those used in the
original paper and thus add confidence iﬁ the final results. Finally, the bosonic vacuum
energy was found for the Mobius strip, and while it had the same form as that for the
disk, namely the Born-Infeld action for the background field, the coefficient multiplying
the field-strength encoded the fact that the boundary of the nonorientable surface is twice
the length of the boundary of the disk.

Using the mechanism and propagator developed for the calculation of vacuum ener-
gies several results pertaining to the non-commutativity of D-brane world-sheets were
obtained. It was possible to reproduce the classic disk contribution to non-commutative
geometry, and also more recent calculation for non-commutativity from strings stretched
between two separate branes. The new results obtained froﬁl this analysis were the deter-
mination that the uncharged string makes no contribution to the non-commutativity at
the annulus level, while for the charged stfing there is a logarithmic divergence which has

as its coefficient the standard non-commutativity parameter, and the origin relations for

49
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the Mobius strip are shown to have the same structure as those for the annulus. Perhaps
the most significant result is the determination of corrections to non-commutativity on
one brane due to a weak independent antisymmetric field on another brane.

There are several opportunities for further research presented by these results. One is
the calculation of tachyon and vector particle scattering amplitudes in the presence of an
antisymmetric background, using the techniques applied above. Another is the exciting
possibility of combining the results for non-commutativity within a Randall-Sundrum

framework, which could provide a cosmological explanation for non-commutativity in

our world.




Appendix A

Alternate Calculation of World-sheet Propagators

A.1 The Bosonic Propagator

Another method of calculating the bosons green function can be obtained from a path

integral formalism on the string world sheet. The action for the boson is written

Shoson / 1200, X 0 X

47Ta

u) (A.1)

in Euclidean space. Since the boson satisfies Neumann boundary conditions an ansatz is

nwp

Xt= Y fr ™ cos—. (A.2)
n>0,m Ina
Applying this it is clear that
n'm
S = 1 F2 Fr €™ cos L eim'® o “1L 4
i Ina Ina
nw n'm - nwp . n'm
e P €% sin P gim'$ gin TP
Inalna Ina Ina
—1lna nm \ 2
- T nd s (m +(ina) ) | (4-3)

Now the fact that X is a real valued field implies that F_,, = E}. so

llna Fu < <17:l_7;>?> (A.4)

Now consider the path integral
—11 2
/ [dF]e=S = / [dReF] [dImF) exp (T%’C‘L S mn|FL 2 (m + (m) )) . (A5)

o1
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with the assumption that the target space metric is Euclidean

2d
2o’

:.ngo};lo Ina (m2 + (n_W)2> ' (4.6)

Ina

The power of 2 in for the result of the Gaussian integral is due to the degrees of freedom
of the real and imaginary parts of F' and the d is from the number of free bosons, the

dimension of the target space. Now consider the integral

Juresxtnoxw ) = e (35 Smir (v (7))

dm
x Y Fhe? cos 7P Z F et cos P (A7)
s In Ina ’
The only non-vanishing contributions to the integral come from ¢ = —a, b =d and u = v,

so this becomes

~ ) nw nmp 2¢
=Ze””(¢“¢)cos P cos 2P

Ina Ina Ina,,2 + (M)Q’ (A-8)

mn

which is equivalent to the propagator calculated previously.

A.1.1 Equivalence to Published Expressions

The bosonic Greens function was determined above in two different ways, resulting in
identical exi)ressions. However, both of these methods are for the cylinder, and it is
instructive to verify that they correspond to the the Greens function on the annulus,
which can be obtained from complex analysis.

The free propagator on the annulus with Neumann boundary conditions is [1] [2]

! 2n
Gla=7) = - In|z - ||z - '1[+Zln[11—a —lll—a Z||1—a2"zZ'||1—%——H,

n>1
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and it is desired to compare this with the previous result for the Greens function, which,

appropriately scaled, is (2.7)

1 nmw nmw 1
G(p, 9.0 ¢) Z Z =M cos ——pcos —p -
27i'lnaWwﬂ)m__oon__oo lna Ina m2+(17:1_7¢r1)
g nm nt , {Ina 2
: A.10
+§coslnapcoslnap (mr) ( )

This expression has to be converted into a form that facilitates comparison. T hé first
thing to note is that the second term is formally divergent, and further is eliminated from
consideration by the fact that the X* fields have a derivative coupling to thé external
field. The above expression, without the m= 0 modes, is even in n, and can be rewritten

as a contour integral:

nt , 1 1 —1
p X 5 - cot .

mlna m?_'_(ﬂ) 2

G(p, 9,0, qS Z/dnel("’ I cos l—pcos

Ina

(A.11)
In the preceding the factor % came from using the evenness in n to expand the sum over
all integers, and the factor of ‘71 is to ensure that the coefficient of the residue at each
integer is 1, and the contour is an infinitesimal circle around each element in the sum.
The contour can then be continuously deformed to a pair of semi-circles in the upper
and lower half plane respectively, that do not overlap the real line. This integral can
then be evaluated at the poles n = ii’%, and the objection to the procedure that the

cosine terms diverge at n = 700 is taken care of by the fact that the cotangent in the

expression gives an additional sign change, so the curves at infinity cancel. This implies

cosh mp cosh mp’

G(p, ¢, p,¢") = > cosm(¢ — phi') cothmlna (A.12)

"0 mrlna

is an equivalent expression.

Now explicitly expand the above in terms of ¢ and p to obtain

elm(¢—¢/) + e-i7ﬂ(¢—¢’) emp + e_mp emp, + e_mp, am + a_m
=y (A.13)

m>0

mnlna 2 2 am — qg—™’
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and using the identification z = e#**® this becomes

= 2

m>0

1

mr8lna

" A mrSin {(ﬁ')m G G G )

HE)m

z

)™+ (%)m} (14 a®™)a®™". (A.14)

Now, doing the sum carefully this becomes

1 . Z\m zZ' 3 . — m
= > i [ G G o )
2 m Z/ m 1 m
HE G (]
v2 ¥ e Gt Gt ()
m>0m>0 M8 Ina z zZ Z'z
Z Z' | R S '
“ym “ \m _~\m mn Al5
S+ G ) (r15)
This expression simplifies to
1 Z' 1
= ——  m(p-221-3h-% 11——7
mm8lna 2! z 'z
L 1
+2> In (ll—aZ”zZ' 1—a2"—'-z7 1— ™’ 1—a®— )}
= z z 2z
1 1
= — 21n<[z—z'| Z—TD—2ID|Z|
mn8lna z'
I )
25 In {1 - a2zl - a2l — a1 —a—|)|. (A.16
+ ng)n(l a2z ™~ ™~ e ( )

Now, this can be seen to be equal to the expression from [1] apart from the In|z| term,

which is clearly harmonic in the region. Due to a general property of differential equations

any function f that satisfies Vf = 0 and does not affect the boundary conditions can
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be added to the Greens function and it is still a Greens function. This demonstrates the

equivalence of the two different representations of the Greens function.

A.2 The Fermion Propagator

In close analogy with the case of the boson, a path integral calculation of the fermion
propagator can also be done. Again, the starting point for the calculation is the free

fermion action, which can be written as

S =

4;(11, / o (~ iy 0ut) (A.17)

In this case the mode expansion for the fermions is

einﬁ%. .
»(p,$) = Ymn ( _ml&) e (A.18)
mn (A Ina

This expansion clearly satisfies Neveu-Schwarz or Ramond boundary conditions depend-

ing on whether n is integer or half integer. Using the convention for the v matrices

’W:(q i), 7”2(9 —i>. (A.19)
1 0 : 0

0 O0p — 0,
In this case the Dirac operator —iy“d, becomes . Making the as-
8¢ + 8,,
sumption that the target space metric is Euclidean, and recalling that the Dirac conjugate

of a spinor is 1) = ¢y? the action can be rewritten as

—1 . ., eim¢ t 0 i
S = /d2a Z Z /‘/}Jnn?ﬁm'nfelm‘pe“”” @ . | )

drod T T e—im'®

0 8¢, — 8,, ein’ﬁ%
0¢ -+ c')p e‘i"'ﬁ%

—1 s i
- /dQUZ > A A

!
dro T
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_ in' f£
(emﬁ% , e—inﬁ%) 0 aqs ap € | T
By + 0, o-in' 2
- / Z Z ,(/)7nn¢m'n’e”’ms —im'¢ X

dmod ety

i ZE
4 € Ina
b - ap i n'r
(emlna , e""lna) —im’ +1
Ina et e

Ina

1 ’ n'm ; N Te ; "N
— d t ., 6mm 9 ot i(n—n )lna. —i(n—n )lna
4ol / pm%n, Yo Yt 4 ( mt In a) (e te )
_ Ina i o n'm (A.20)
o = Ina

for each of the d fermion fields. Now consider the free vacuum energy

[ 1wl = [ law) [dw'] exo (“na D GhnYmn ( m+ ﬂ)) : (A.21)

Ina

This exponential can be Taylor expanded very simply since the coefficients ,,, are

Grassman parameters, so
= [lavl[a]IT {1+ ( LT G 1”—”))
= II thna (—m + ﬂ) . (A.22)

!
eyl 0% Ina

Now, to calculate the Greens function for the fermions, it is necessary to similarly consider

the quantity
[ 1dgleS o, 9l (0, ). (A.23)

Now, using the expression for % from above it is possible to directly substitute into the

above expression and find

. b
= /[d"/}] [dwT] H ( Zlna"/)mnwmn (_ ﬁ%)) %wabe*lmﬁ ( —ibl&) X

mn € Ina

0> plae? (e“’fn ,e"”‘ﬁ). (A.24)
cd
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It is immediately obvious that the Berezin integral forces the conditions a = ¢, b = d,

and noting that the mode coefficients anticommute,

= / 9] [dy'] TT (1 LN . (—m - ﬁ%)) (—4) ij Dl ape® =) x

!

mn 84
I b
e—iblo—0)E  gmib(ptp) i

| eib(o+o ) iy i tlna o7
By ) 1,55 )
| o Ina

ab e~ me e WtIRT | nkab

From the above result it is immediately apparent that for the fermions the propagator

can be written as

1 o
G Iy § :7_ im(¢'—9)
(p)¢)p7¢)) m__nﬂ'alnae

ein(p+r') s (=0 )iz
mn ln

) e

6—in(p—p/)ﬁ e—’in(p-{-p’)ﬁ

which can be trivially re-expressed as

(A.27)

ks ™

e_i"(p_pl)]na e—in(p_*_p,)]na

nmw !

ein(p+p,) ﬁ ein(p_p,) ﬁ
M)Q Ina

which can be seen to be of the same form as the propagator calculated from the eigen-
functions of the Dirac operator, with the observation that because this calculation was

performed with a Minkowski world-sheet metric it is necessary to let n — in for the

purposed of comparison.




Appendix B

A Lemma

The purpose of this lemma is to offer a proof of the validity of the technique used above
to promote the bosonic and fermionic propagators to matrices.

Consider a field X(z;...xz,) which is defined on a manifold of dimension n with p
boundaries all of dimension n — 1, and interacts with some external potential F' only
on these boundaries. Further, assume that there exists some choice of coordinates such
that each of the p boundaries corresponds to a unique value of z,. A Greens function
can be determined for the field on the manifold, and in general it will have the form
G(zy,...&n, 2y, .. 2h).

The statement to be proved is:

‘The vacuum Feynman diagrams of a field which only interacts at the boundaries of

a manifold can be evaluated by integrating over all the coordinates transverse to the

boundary and replacing the propagator by the matrix constructed in the following way

Ay An .. Ay
G(z1,. .. Tn, 2y, ) & G(Tr . Ty, @) T y) = A_21 o A_Qp , (B.1)
Ay Ay ... Ay
where
Aw=G(21,. .., Tp 1, 2%, 1), ... 2, 2°), (B.2)

with 2% as the coordinate of the a'* boundary. The interaction vertex is given by a
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diagonal matrix whose entries are the coupling to the field at each boundary with

Q2 =diag(91,92,---9)F (B.3)

and taking the trace of the result.’

The proof is by induction, and the case of 0 interactions with the external potential
the statement is trivial. In the case of one interaction it must be shown that the two
methods of calculating the vacuum diagrams are the same. In the case of p boundaries,

there are p integrals of the form
/dxl...d:pnG(xl,...,xn,xl,...xn)gaFé(a_:n—:L’fL) N (B.4)
and the sum of them is
P :
/d:z:1 o dtny Y (G(E1, T, 38, T, Tt 2% F ) (B.5)
a=1

Now, for the matrix method one evaluates

[ A“ A12 Alp a1 0 0 i
AQl AQQ e Agp 0 gs ... 0
/d:L'l cdza Tr || . . | F (B.6)
N4y Ay o A,/ \o 0 ... g/ |

with Z = Z' which can be trivially seen to be identical to the expression above.

Now, assume that the expression above is valid for the interactions of order m, the
task is now to show that it is valid for order m+ 1. Consider a general Feynman diagram
for the field X interacting with the potential F'. There is a propagator for X between the
m' point (which is on boundary a,,) and the 1% point (which is on boundary a;). To

construct a diagram of order m + 1 that propagator will be replaced by two propagators

and a vertex. There are a total of p possibilities for which boundary the inserted vertex




Appendix B. A Lemma 60
is on, and the modification to the Feynman diagrams will be as follows Prior to the
insertion the additional vertex, the Feynman diagram would be evaluated as

/dil LdT™G(z', 22, 7%, 2%) g, ... G(Z™, 2%, T, 2%) g,,, (B.7)
where Z¢ is the i" set of coordinates z¢ ...z%_,. Summing the p possible insertions gives

) .
Z/df AZ™ R G(E 2, 2P, 28 g,y . G(ET, 2, T 2R g,, G, 2P, 7 28 ) g,
(B.8)

The analogous operation with the matrices would be to replace
GE™, 5) — / dE™ LG (™, T)OG(E™H, 7Y (B9

which is equivalent to the above expression.

This justifies the approach used in the calculations using the propagators.




Appendix C

Canonical Quantization of the Open String in a U(1) Background

C.1 Motivation

The interacting open string is different in several respects from the free string. The most
notable difference is that the -world—sheet fields, which were free apart from boundary
conditions, have those boundary conditions changed. In a sense the external gauge field
acts as a source on the boundary for the degree of freedom on the string. Another
difference is that spacetime supersymmetry is broken by the presence of background field
which chooses particular directions in space by its components. The consequence of this
breaking of supersymmetry is the absence of certain zero modes that are present in the
spectrum of the open string.

The method used throughout this chapter can be summarized as follows: First, using
variational arguments the world-sheet equations of motion are reproduced, and coincide
with those of the free string. Second, the surface terms are analyzed and appropriate
boundary conditions which involve the external F),, are determined. The boundary con-
ditions and the equations of motion determine the mode expansion, and care is taken
to produce fnodes that are orthogonal with respect to the inner product that is natural
given the action. Using canonical commutation relationships between the fields, commu-
tation relations for the coefficients of the modes are determined, and those coefficients are
promoted to operators in the usual way. The Virasoro generators and central extension

are calculated.

61
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This method is useful, since it follows very closely from the development of the free

| string which is well understood. It has limitations however. In particular, it relies on the
fact that the external field is constant. If it were not, there would be higher derivative

interactions at the edge of the string which would complicate the boundary conditions.

In addition, a non-constant external field could not necessarily be block diagonalized

consistently at both ends, that is to say different rotations would be necessary to obtain

an identical block diagonal form, which would mean that there would be a non-trivial

interaction between the different fields on the sfring world-sheet, which would complicate

quantization. This same objection makes this an inappropriate vehicle for the discussion

of open string coupled to an antisymmetric field living on a stack of D-branes.

C.2 Bosonic Degrees of Freedom

C.2.1 Boundary Conditions and Mode Expansion

To use the operator formalism, it is necessary to construct orthogonal modes for use in
the expansion of the fields, which account for the background F),, field. As in the case
of free strings, the first step is to determine appropriate boundary conditions from a

variational method. Re-writing the bosonic part of the superstring action gives

S = /dadﬁ/_gabaa XHP X+~ el/dTF vX"0, X", 0-——62/d7F X0, X"z,

(C.1)

dra

so varying the X* field gives

S =

/ dodry/—Ggu20° X 35X, + —61 / drF,, (XY0,6X" + 6X"0,X") |,—0

o

- 5@2 / drF o (XY 0,6X" + 6X0, X") |y—a. (C2)

Imposing that the string world-sheet metric is Euclidean, this becomes

S = / dodr [5X,, (~02 — 82) X* + 0, (5X,0,X") + B, (6X,0,X")]

27ra
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+ %el / drFv (0, (X6X") + 26 X" 0, X*) |so
- %eg / drF,w (9, (XY6XH) + 20 X7, X") | —. (C.3)

Integrating over the total derivatives gives, after imposing the periodicity of X on the

annulus,
= Y [ dodrex, (—87 — 8?) x+ dar (—Lsx,0,x% — Le,p, 25x70 X0
= o] eoer u(—f— a) t ] AT\ G Ot nle AT T gea P X ) Jo=a
~1 1 ,
+ [ar <% ~ 8X,0, X" + e Fu26X aTXu) loco- (C.4)

This gives the equations of motion
(o2 -a2)x*=0, (C.5)
which is the same as those for the free string, and the boundary conditions
0, X" = —2mdeaFF 0, X, |g=q
0, X" = =2nde;F}'0.X,|s—0. , (C.6)
The mode expansion for the bosons must satisfy both the boundary conditions and
the wave equation, and also be orthogonal. One of the principal differences between
the case of the free string and the charged string in a U(1) gauge field is that while
the boundary conditions for the free string are diagonal in the target space indices, the

boundary conditions for the charged string mix them. The boundary conditions can be

made diagonal however by use of the fact that F),, can be re-cast in a block diagonal

form by a rotation of target space coordinates, so

0 A
-hH 0
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Now, this can be diagonalized for any individual block by a change of basis

1 . 1 .
v (Xon—1 +1Xon), X p= 7 (Xon—1 —iXan), (C.8)

as noted in [2] this has the effect of changing the boundary conditions to

Xoin

aer—Hz = iana'rX—i-nla':O
aa‘X:l-n = iﬁnaTX+n|o:a7 ' (CQ)

where an': 2rdley f, and B, = 2nd’es f,,, and since X_,, = X-Tm the sign of the boundary
conditions changes for X_,,. V

Restricting attention for a moment to one of the n independent components, of the
field strength and, for instance the + component, the normalized mode that satisfies the

boundary conditions and the wave equation is

1

X, = m cos [(m — €) o + ] e =97 (C.10)

with

1
c==(7 =), y=tan"'a, ¥ =tan”' g, (C.11)
w

where o and 3 are the appropriate constants as defined above for the mode in question.
The particularly interesting thing about this mode expansion is that the right and left
moving terms that were in the free mode expansion are mixed by the boundary conditions.

The orthogonality condition for the modes can be expressed as

/'Tr flg [an'aTXm — X0, X, + ab(0) X X — B6(0 — TF)XnXm] = Omnsign(n — €).
O .

N
(C.12)
C.2.2 Commutation Relations and the Virasoro Algebra
In terms of the modes given above, the expansion for X is [2] [4]
Xy =y —ibfXo+i) [anXn — BN 0], (C.13)

n=1
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and similarly for X _

X_=x_+ibXo+iy [baXn—alX_,]. (C.14)

n=1

An interesting point to note is that unlike the case of the open string in this mode
expansion there is no term linear in 7 + ¢. This is simply due to the fact that there can
be no such term that satisfies the boundary conditions.

Using the orthogonality relation above, the oscillators can be obtained by taking the

inner product defined above with X,, in the following manner,
do - /.=
4 = / = X (i, + ad(o) — B3(0 — ™)) X, (C.15)

where X0,Y = X0,Y — Y0,X given that X and Y commute. Similar expressions hold
for a}, b,, and bf. This can be written in an easier way for the purpose of calculating

commutation relations. The momentum conjugate to X, satisfies
7Py = 3, X_ + %X_ [ad(o) - B6(o — )], (C.16)

and the conjugate of this for P_, since X, and X_ are complex conjugates of each other.

Given the expressions for P, the expression for a,, can be re-expressed as

o= d?")zn [WP_ .y <(n _ e+ %aé(a) - %ﬁ&(ﬂ- - or)> x|, (C.17)

and so the calculation of commutators between the a operators becomes

[an,afn] = [/ do X, (P_ _ <(n —€)+ %aé(a) — %ﬁd(w - a)) X+> ,

/da'X’fn <P+ + % ((m —€) + ad(o’) - —;—ﬁé(w — a')) X_)}

= /dada'Xn(a)Xm(a') <_?Z ((TL —€) + %CY(S(U) - %55“ - 0))) [X+(0), P+(U’)]

+ (2 (m = 9 + 508(0) = 366(x ~ 0)) ) [P-(0), X ()]

= /daX"(U)Xm(J) ((n—€) + (m — €) + ad(c) — Bo(r — o))

= bn | (C.18)
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after using the commutation relations between X and P and the orthogonality of the

modes. Similar calculations for the other commutators give

[am,al] = Omn
[am,a,] = [aj,l,aL]:o

[bm, ] = G

b, ba] = [Bh,,0}] =0

m’ - n

pee) = g (C.19)

The conditions for z, and x_ appear unusual, but since there is no term linear in 7 it is
natural to expect that these will be conjugate to each other.

Since the X fields are expressed in terms of raising and lowering operators, the Vi-
rasoro operators can be calculated. Just as in the case of the free string, the bosonic

contribution to the energy momentum tensor is
1
Top = 0o X"0sX, — §ga587X“87X# (C.20)

because there is no dependence on the metric in the surface interaction terms. The
Virasoro generators will be determined in the same way as for the free string, by taking

the fourier modes of T4, so that

1 g7 ) .
Lp=— / do (€70, X¥(r,0)0,X,.(1,0) + e **0_X"(1,0)0_X,(r,0)),  (C.21)
7 Jo
where as for the free string zt = 7 + o and 2= = 7 — 0. Using the mode expansion for

X* and noting that X#X, = X, X_ for the pair of coordinates under consideration, the

expression becomes

Ly = %/W do (Z > anal, (eik”8+Xn8+)_(m'+ e‘ik”a;Xna_Xm)
0

n>0m>0
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— Z Z Qrbm (eik”8+Xn6+X_me_ik"a_Xna_X_m)

n>0m>0

=3 3 bhal, (%704 X_n04 Xme ™ 0_X_,0_X,n)

n>0m>0

+3° 5 btb, (e““’6+X_n6+X_me"““’B_X_n('?_X'_m)) ,  (C22)

n>0m>0

and from the definition of X, it can be verified that

8+Xn = 8+X ﬁ( ,L)e—i(n—e)Te—i((n_e)a+7)
6_Xn = 8_X _@_—-_6._ 'L e_—i(n—E)Tei((n—e)a-f-'y)' C23
|n — €]1/2

Upon re-insertion of these terms into the above, the integration over ¢ becomes trivial

and the result for the Virasoro generator in the direction of the field is as in [4]

Z\/ m— €) n+m—e)a7an+m+z\/m+e)(n+m+e)b brim

m>0 m>0

+ ni Vm+e)(n=m = )bpan_,, (C.24)

for n > 0 and

L_,=0L} (C.25)

as can be seen from direct evaluation of the above expression for Ly.

The L,,s obey the standard Virasoro algebra, as can be verified easily. The only
possible change comes from the central extension of the algebra, and this can be calcula~ted
in the same way as was done in thé case of a free open string. Because the Virasoro algebra
is the same up to the central extension, the central extension can be uniduely determined

by taking the expectation value both [L;, L_1], and [Ls, L_5]. In the first case, taking

|0 > to be a state with zero momentum,

< 0|[Ly, L_1] |0 >=< 0] [,/ (1 — e)boar, \/e( 1—61)0(4 0> (C.26)
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because of normal ordering
=< 0]e(1 — €)bgbharal|0 >= e(1 — ¢). (C.27)
Similarly for Lo,

< Ol [LQ, L_Q] |0 >

<0 [,/6(2 ~ Oboas + /(1 + (1 — )biay,
Ve —eblal + /(1 +e)(1 - e)bIaJ{] 0>

= €2-€e)+(1+¢)(1—¢), (C.28)

which confirms that the central extension of the algebra for bosons degrees of freedom is

A, = % (n3 — n) + ne(l —e). | (C.29)

C.3 Fermionic Degrees of Freedom

C.3.1 Boundary Conditions and Mode Expansion

To use an analogous technique to those in [5] it is necessary to find a mode expansion for
the fermions that is orthogonal and that account for the background U(1) gauge field.
The first task then is to determine the boundary conditions for the fermionic fields, which
can be found by the usual variational arguments, in analogy with what is done for the
bosons.

The starting point is the fermionic part of the action on a 'Euclidean world sheet,

-1
Aol

S

n . a v 1 TV T 1 YT
/dO’dT’IJJu (~zc’)a7 )71/) gul/“‘iel/dTFw/"/) Yy ¢”|a:o—é—162/d7F,¢u¢ Y wﬂla:lna-
(C.30)

If the ¢ field is written as ¥ = ( ), then, with the convention that for a Euclidean

Py

0 1 0 —i
7= ( ) 7"=<. ) (C.31)
1 0 1 0

world-sheet,
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the action can be re-expressed as

S = / dodr [~ip™ 0" — w0, — $0,4" + 0,0, | gu

4o

e [ B [0t + g t] oy
- _62 [ drFu [0+ 930 ona: (C.32)

dp_
oy

the bulk term that gives the equation of motion, and ignoring the total derivative in 7

Now, varying the action according to dy = ( ) the change in the action is, ignoring

which is eliminated by the periodicity around the cylinder,

58 = / dodrd, |- VIO + 4 5114] Gy

47ra

—{—Zel [ drFu w0 ot Wy oYk + syl

—%eQdTF,W [0 608 + Syt + ol + ok ] (C.33)

o=lna

Now, impose that these are pure Majorana spinors, which as in the case of the free string
imposes constraints on the raising and lowering operators for the fermions. This also has

the effect of simplifying the above to

05

i [ drgu [0S wPows) |~ g [0heu +uteuy]

+§el [ drFu, (wrovt +wious) - 562 / drF (V200% + 92ovt) (C.34)
Imposing that this must vanish gives the boundary conditions

L (80U — L) + s B, (6 0E +Lwt) = 0, 0 =0

4ol 2
—1 Mmoo v WS, v 1 v " v 7
T O (whow? —@hou) + SeaF (V008 +948Yt) = 0, o=Ina.(C.35)

These boundary conditions are solved first by rotating the F),, field into its canonical

block diagonal form, and then going to coordinates that are an exact analog of the change
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of bosonic coordinates introduced above, that is

Yo = 1 + 102, Yy = Y1 —itho, (C.36)

and it is understood that similar definitions occur in every pair of coordinates, which
correspond to the independent components of F'. Writing for simplicity fi = 2nd'e) F
where F' is the component of F,, for the pair of fields in question, the the boundary |
conditions can be re-cast as

].+Zf1 1+Zf2
—if 1 —ifs

with the appropriate modification for ¢, which is the complex conjugate of ¥,. It is

wa—' wa—{—'a 0, 1/111— - wa-f-la Inas (C37)

important to note that these boundary conditions are distinct from the ones found in the
literature [4]. The difference is due to the fact that the variation of the fields must obey

the same boundary conditions that the fields themselves obey. Now defining

1. [1+ify 1. [1+ifs
= —1 =1 .
n=s3l =i, 72 =5 ln 1= if, (C.38)
and
1
=—(r—m), (C.39)
T
the mode expansion for the fermions becomes
w_ — Z dne—i(n+ie)(T e tm
vy = Z d e Halr+£55) - (C.40)

where as in the case of free fermions the index n can be either integer or half integer to
correspond to the analog of Ramond or Neveu-Schwarz boundary conditions. The inner
product that these are orthogonal with respect to is a generalization of the one for the

the free case

/daw): (1+27d'e fy76(0) — 2ndea fy 6(0 — 7)) Y = Sy (C.41)
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C.3.2 Commutation Relations and the Virasoro Algebra

The action for the interacting string, given above (C.30) gives rise to the same cannonicaly
conjugate momentum for the fermion fields as it does in the case of a free string, the
reason being that the interaction at the string ends is not derivative with respect to the
coordinate 7. Since there is no change from the case of the free string and since the
modes of the expansion are orthogonal, the commutation relationships are identical to
those for the ffee string,

{d, 7} = 1" b, (C.42)
which is in agreement with the statement in [4] It vis important to note that the coordinate
system which diagonalized the boundary conditions has the same effect as the light cone
coordinates of making the spacetime metric off diagonal.

As in the case of the free string the Virasoro generators are given by
Ly = 1 / dol (¢“*3+1/1+ eI ma e HkIma Yy 9 ah_ ) (C.43)
Ina 2 \7F o - w)o

and examining only the contribution from some particular coordinate, a, this becomes,

since 1), = ?,

Ly = lna/dU— T,ZJ a-ﬁ/)b ko g + e kg Yo d}b)
_ ﬁ/ ZZda*db [ iko 2 (e—i(m+ie)(r+am)~71) dpe” i(n+ie)(7+0 ) ~m
ko (e—i(m-l-if)(T wa) )" e ma) ] (C.44)

It is important to note that since e and v are logarithms and the effect of conjugation
is the same as inverting the external field, the field dependent parts of the exponential

cancel, and what remains is

= /da—— Zd‘imdz (n + de) (1 + E) [ei(m-l—k—n)al—r—"i; | g-ilm+k-n) ma]

= (1+————>Zd &b,k (M A+ k +de) . ' (C.45)

Ina
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This can be converted into the standard form for the fermionic part of the Virasoro

algebra except for the field dependent part, and that is what distinguishes the case of a

non-zero external field.
To complete the analogy with the free string, it remains to show that the Virasoro
algebra is satisfied, and also to determine the central extensions. The commutator of two

Ls, with the expression given above is
[Li,L;] = ( lna) ZZ [ - mﬂ,d‘indﬁﬂ] (m + i+ i€)(n + j + ie)

= (1 + l—r:;z-) ZZ (m+1i+ ze)(n + 7 + te) [d‘ind‘i {df,m,dflﬂ}
il Y — a0l () d s {d a0, )]
— (1 + m)z ; (d‘ind’;,mﬂ(n +i+ ] +ie)(n + b +ie)(—1)
+d? b (n + i€)(n + j + ic))
= (i —J)Lis; (C.46)
after re-indexing.
As for the bosons, expectation values for \L commutators must be calculated to de-
termine the central extension. In the sector where the fermions are integrally moded
(O [La, La][0) = (O] [ (1 + ie) + didbie, d*dbie + dd®, (1 + ie)] |0)
= (0] (1 + de)iedyd}d® \df + (—1 + z‘e)ied‘;dgdgd”_ . 10)
= (1 + de)ie, (C.AT)

and

(0| [La, L] |0) = (0] (2 + de)d5ds + (1 + i€)did] + iedlds, (=2 + ie)d2d",

+(—1 + 'I:C)dlildb_l + Z.Edling .0>
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= (0] (2 + de)didbied® o df + (1 + i€)dd®(—~1 + ie)d® ,d” ,

+iedyd(—2 + i€)ddd’ , |0)

= (0| (2 + ie)iedydy + ie(~2 + ie)did [0) + (1 + de)(—1 + ie)

= (24 ie)ie + (1 +i€)(—1 + ie). | (C.48)

So for the Ramond sector the central extension is

| 2

| A(m) = B (m3 - m) + m(1 + ie)ie (C.49)

which exactly analogous to the contribution in the bosonic sector. By contrast, in the

case of Neveu-Schwarz boundary conditions one has

O [Lu L)1) = (0] [d (2 +ie), d® o, o~ = +ic)] [0)
2 " 2

o | N 1.
= (0] [ 1/2d1{/2(§ +Z€)d—1/2db—1/2(_§ + Zﬁ)] 0)

_ (% + ie)(—% ie), (C.50)

and
3 . a b 1 . a b '
(0] [L2, L-o]|0) = (O] (5 + 26)d1/2d?,/2 + (5 + ZE)d:’,/2d1/2>
3 - a b 1 . a b
(_5 +ie)d? ) jpd” 55 + (‘5 + i€)d2 5 /5d” 5| |0)
= (0](2 +ie)(-2 + if)d(f/2dg/2dlis/2db—1/2

= (2+ie)(—2 +ie). (C.51)

So for the Neveu-Schwarz sector the central extension is

3
A(m) = % +me, (C.52)

which is in agreement with the results of [4].
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