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Abstract

The radiative annihilation of K~p atoms to Ay and X%y is investigated using a non-
relativistic harmonic oscillator quark model. A nonrelativistic reduction of the first
order Feynman diagrams is performed to yield a gauge invariant interaction, which is
sandwiched between three quark wave functions. Pseudoscalar and pseudovector cou-
pling schemes are used for the sfrong vertex and the effects of SU(3)1440ur breaking is
explored. We obtain results which are in agreement with experiment for the X% but

are somewhat high for the A~y calculation.
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Chapter 1

Baryon Wave Functions in the Nonrelativistic Quark Model.

1.1 Introduction

When a kaon is captured in the Coulomb field of a proton a K~p atom is formed. Due

to strong interaction effects, the K~ p system will eventually annihilate. The atom may

decay through any one of the following reaction channels [1]:

Kp —

—

T-nt (0.47)
£070  (0.27)
T+x~ (0.19)
Ax®  (0.07)
Oy (0.00144)

Ay (0.00086)

The experimental branching ratio for each channel is given in parenthesis. These reac-

tions are interesting in that they provide information on meson-nucleon interactions.

In addition the kaon, since it contains a strange quark, has strangeness S = —1. This

enables us to examine effects of the strange quark in strong interactions. Since these

are some of the simplest reactions involving strange particles it would appear prudent

to explore them further. We will look at the K~p — Ay and K~p — X% branching

ratios in this thesis.
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The small branching ratios of the Ay and X%y reaction channels make them very
difficult to determine experimentally. However, the new experiment by Whitehouse et.
al [1] measures the Ay and X°y branching ratios to better than 1 in 10*

In chapter 2 we extract from a gauge invariant set of Feynman diagrams an in-
teraction which can be used to act on three-quark wave functions. The form of the
three-quark wave functions will be developed in chapter 1.

The impulse approximation is used. to reduce the interaction to a sum of single
quark transition operators. Both pseudoscalar and pseudovector coupling methods are
employed at the strong vertices.

In chapter 3 we will detail our methods for evaluating the amplitude and compare

our results with those of other calculations.

1.2 The Quark Model

There is overwhelming experimental evidence that baryons and mesons are made up
of quarks. Baryons are bound states of three quarks; the mesons are comprised of a
quark and an anti-quark.

Each quark comes in one of six different flavours, or type : wu,d,s,c,t,b. Only
the first three of which will be considered in this thesis. The proton is a baryon and
consists of the quark combination uud; the neutron has ddu composition. The 7t pion
has composition ud; the strange meson K~ consists of the combination is.

Quarks are spin % particles. Three quarks will combine, by the conventional rules
of addition of angular momentum, to a half-integral spin particle. Baryons, therefore,
are fermions and obey Fermi statistics. Similarly mesons are integral-spin particles and
obey Bose statistics.

A quark of a given flavour is in one of three possible colour states. The A** has
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quark composition uuu and therefore is symmetric in flavour. It is also symmetric in
spin and in the ground state, symmetric in space. The colour degree of freedom allows
one to construct a totally antisymmetric wave function by insisting that the colour
part of the wave function is antisymmetric with respect to exchange of quark positions.

Such a state will obey Fermi statistics.

1.3 Baryon Confinement

R
Quarks[2],[3] belong to the fundamental triplet representation | G | of the group

B
SU(3)colour- To form a baryon we combine three of these triplets. This gives a singlet

state, two octets and a decuplet (4],
333=10838410. (1.1)
The confinement postulate states:
All hadrons and all physical states are colour singlets.

So the decuplet and octet states in (1.1) are not observed according to the confinement
postulate. This rules out the possibility of observing states like diquarks or four-quark
states. Since only colour singlet states exist in nature it follows that the confinement
forces, between 3 quarks in a baryon, must depend on colour.

In the nonrelativistic quark model (NRQM) the quarks are confined in an oscillator
potential whose slope is independent of flavour. The assumption [5] that the confine-
ment potential is flavour independent (which is supported by studies of Q.C.D. on a
lattice) means that the eigenstates of the zeroth order hamiltonian have flavour sym-
metry breaking only via explicit appearance of the quark masses in the kinetic energy

part of Hy.
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1.4 Symmetry and the Total Baryon Wave function

For a baryon (being a fermion) consisting of identical quarks, the total wave function
must be antisymmetric with respect to the interchange of a pair of quarks. The wave
function of a hadron has space, spin, flavour, and colour degrees of freedom. In a meson
or baryon the colour degree of freedom separates out from the rest. In a baryon, the
colour singlet wave function is a (3 x 3) determinant, antisymmetric under the exchange
of a pair. This in turn means that the rest of the wave function, containing the space,

spin, and flavour coordinates, be symmetric.
lggg) 4 = |colour) 4 X [space,spin,favour)s

The colour wave function has the same form for all baryons [6] (R=“red”, G=“Green”,

and B=“Blue”)
|colour) 4 = iﬁ(RGB — RBG + BRG — BGR+ GBR — GRB), (1.2)

so we will suppress it henceforth.

In the S = —1 baryons! the strange quark mass differs from the non-strange quark
mass. The three quarks are no longer all indistinguishable particles and so it is no
longer necessary to construct baryon wavefunctions that are totally antisymmetric in
space, spin, flavour, and colour. In this situation we are free to single out the strange
quark as quark 3 and only the 1 « 2 symmetry of the states remains relevant. This is

known as the uds basis and will be discussed further in §1.8.1.

1.5 SU(3) Symmetry

The set of the eight traceless, hermitian, Gell-Mann 3 x 3 matrices generate the unimod-

ular, unitary group in three dimensions, denoted SU(3). For the group SU(3)iavour

!Here S denotes the value of the strangeness quantum number for the state.
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u

these operators act on the fundamental triplet, | 4 |. Here the u,d, and s quarks are

s
considered three different quantum states of the same particle. This is analogous to

isospin symmetry for the case of SU(2)iauour- However in SU(3)igvour the symmetry
is more approximate due to the significantly larger mass of the strange quark.

As a result of this symmetry breaking we treat the strange baryons in two ways:

e m,/m, = 1. Here all quarks in the baryon are indistinguishable and it is appro-

priate to use the fully symmetrized “SU(6) basis”.

e my/m, =~ 0.6. Here the strange quark is distinguishable by virtue of its larger
mass. This gives rise to the “uds basis” of Isgur and Karl where the symmetriza-

tion is carried out only between the two equal mass, light quarks.

The SU(6) and uds bases are two physically distinct descriptions.

1.6 Zeroth Order Eigenstates

By taking the instantaneous limit of the Bethe-Salpeter (B.S.) equation one obtains [2]
the three-particle Schrodinger equation with Breit-Fermi-type corrections. The Breit-
Fermi Hamiltonian can be written (neglecting spin-orbit interactions)
3
H =) m;+ Ho+U + Hpyy,. (1.3)
i=1
m; is the mass of the 7t quark. Hy contains the kinetic energy and a harmonic oscillator
potential, which models confinement and ‘asymptotic freedom’; U is some unknown
potential which is included to incorporate the action of the Coulomb potential at short

range and long range deviations from the harmonic oscillator potential; Hp,, is the
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Q.C.D. analog of the hyperfine interaction. The colour hyperfine interaction between

two quarks ¢ and j in the same baryon, to order a, is,

2 1 35 T S T
Hy,, = - S S & had L s RLL 14
hvp = 3 ZJ: m,m_.,{ (ri)+ = ‘J r?J S S; il}- (1.4)
Where r;; = |ri — 75| and 7; is the position vector of the i** quark in the baryon.
S = 15 is the spin vector operator for the s* h quark in the baryon. a, is the effective

quark-gluon coupling constant. This piece will be discussed further in §1.11.
We now wish to construct eigenstates of the hamiltonian in the case when SU(3) fiavour

is a good symmetry and when it is broken.

1.6.1 The case of Unbroken SU(3)iauour

In the NRQM the zeroth order basis states are generated by the hamiltonian,

P%‘ P% P3 2
Hy = Kz x .
0 2m1+2m2+2m +2 ‘<J]r SR (1.5)

pi, i, m; are the momentum, position and mass of the i** quark.
In the S = 0 sector, or in S = —1 when SU(3) 4404+ is unbroken, the quark masses

in the baryon are taken to be identical.
my = mg = m3 =m,
We assume the eigenstates are of the form,
U(ry, 1o, 13) = P(17,73,73)e " (1.6)

That is we are assuming the baryon is in an eigenstate of total energy. In order
to separate out the centre of mass motion it is convenient to transform to Jacobi

coordinates,

= T(r" ), A= \/_(rl +75—213), R= —(r1 + 73 +13). (1.7)
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p is antisymmetric with respect to interchange of the space coordinates of quarks 1
and 2 and is a representation of mixed permutation symmetry of type M,, while X is
symmetric with respect to interchange of the space coordinates of quarks 1 and 2 and

corresponds to symmetry M),. By symmetry we mean with respect to quark positions:
e S Fully symmetic. Exchanging any two quark positions gives the same state.

¢ A Fully antisymmetic. Exchanging any two quark positions gives the same state

times —1.

e M, The state transforms as p. That is antisymmetric with respect to exchange
of quarks 1 and 2 but has no definite symmetry with respect to exchange of other

quark pairs. We will denote this symmetry with a superscript p on the state.

e M, The state transforms as A. That is symmetric with respect to exchange of
quarks 1 and 2 but has no definite symmetry with respect to exchange of other

quark pairs. We will denote this with a superscript A on the state.

Define

3m,m
M = 3m,, = — .
My, TN 2mu+ms (1 8)

P, = mu}i’, 13,\ = m,\x, PgM = MR
oX

In the case of unbroken SU(3) iquour mMr = my. From equations (1.7) we get

r=R+Z+%
r_§=R.—-\%+% (1.9)
r3=R—\/§X
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substituting these relations into equation (1.5), we find Hy reduces to

P; P} 8. 2 o, Poum
Ho—%+2mu+§K(p +)\ )+W (1.10)

The last term of (1.10) corresponds to the centre of mass motion of the baryon and
does not play any role in the intrinsic spectrum of the baryon([7]. The centre of mass

motion is a plane wave[8]. The eigenstates of Hy have the form,
(R, p,X) = eFomRy (5, X)e Bt (1.11)

The elimination of the centre of mass coordinate R is crucial in the correct counting of
the states. This is one reason why the nonrelativistic harmonic oscillator approach is
so successful in baryon spectroscopy.

The hamiltonian has been reduced to that of two independent oscillators each with
spring constant 3K. The oscillator energy spacings

3K

My

w =

(1.12)

for the p and X oscillators are identical in the S=0 sector where m, = my. The zeroth

order energy of a state is then specified by the quantum number N

En =3m, + (N + 3)hw, (1.13)

where N = N, + Ny = (2n,+ 1,) + (2ny + 1)). (1.14)
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The principal quantum number of the p, A oscillator, n, ), takes on the values 0,1,---
The orbital angular momentum quantum number of the p, A oscillator, I,,, takes on
the values Q, 1,---

The wave function of an oscillator, for example an r (where r = p or ) oscillator,

is [9],

¢nrlrmlr (ar) = R"r’r(ar).y;rmlr(ar)’ (1’15)
where R, i (ar) = N(ar)"Li.'j%(ar)e‘%“m, (1.16)
a = (mw) (1.17)
2a3 n,! :
and N = - . (1.18)
\‘ﬁ(n,+l,+§)(n,+l,—§)...§- x1

Yi,m,, (£;) are the spherical harmonics. We have used the convention [10] that
},I:m,, (QT) = (_l)mlr Y'lr—m;,. (Qr)- (1.19)

1
The Lif’(m) are the associated Laguerre polynomials. Defined in terms of Binomial

coefficients these are
1 n n + l + 1 2m
L) = Y (-1 [
m=0 n—m m:
The states, 1¥n,1,m, , We require are listed in table 1.1.

The total spatial wave function consists of products of these A and p oscillator
states. The orbital angular momentum L of the baryon is obtained by coupling l-,; and

I [11],

L=10+1, (1.20)
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Pooo(ar) = \/%fff%“z'zybo(ﬂr)

$roo(af) = \/2,/22(3 ~ a?rt)ed " Yoo(0)
Yorm (@) = \/Z da are‘lz“’Z'zYlm(Q,)
Yorm(af) = /5[ Lo 1" 1y, (9,)

Table 1.1: Normalized linear harmonic oscillator states ¢y, 1,m, (@F) (r = p or r = A).

L, I, L

N=0 %boo(ﬁ)%boo(x) 0 0O
N=1 ¢01(;5')¢00(X) 1 0 1
¢oo(m¢01(x) 0 1 1
N=2 $1o(PPoo(X) 0 0 0
1/’00(5)‘910(/“ 0 0 0
[Yor(B)Par(N)]F=° 1 1 0
[Yo1(Aor(N)E=1 1 1 1

[Yor (D (N)]E=2 1 1 2
Yo(Mboo(Y) 2 0 2
Yoo(P)oa(X) 0 2 2

Table 1.2: Product wave functions ty,,;, (we have omitted the m). [ ]’ indicates

coupling l and [, to total orbital angular momentum L. N is obtained via equation
(1.14) and the a dependence in the argument of ¢ has been dropped.
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To combine the harmonic oscillator wave functions to spatial states of definite per-

mutation symmetry ®5,;, we take linear combinations of the products

"/’nplpmlp(ﬁ)"/’n,\l,\mu (X)

The well known prescriptions to multiply two mixed representations [12] are

= Mz + p1p2,
A = Mip2— p1ig,
M? = pida 4 Apo,

M = A1A2 — p1pe-

The oscillator states must also be coupled to give states of good orbital angular mo-
mentum L. The total spatial wave function can be written as the linear combination,
=23 O (Lomus b, mylL, M) tm, Ynstymi, (1.21)
R PR
The first harmonic oscillator wave function in a product always denotes the p oscillator
" state, and the second the X oscillator state. We will suppress the p or X dependence
from now on. (l,,my,; 1, my,|L, M) is a Clebsch-Gordan coefficient[13] obtained from
the table in ref.[14] and Z is a normalization coefficient. The Condon-Shortley phase
convention is used. Up to N = 2 the possible products are listed in table 1.2.

For the N = 0 case we can only have (see Table 1.1)

[ 1, 2
855 = £(0,0;0,0]0, 0)4b000%o00 = (_ﬁ)ae_; 2(p2432)

1

The e~2*°(#*+3%) i5 present in all the product wave functions. It is symmetric since

1 — - — - — -
PP+ A= ‘5((7'1 ~13)% + (11— 73) + (72 — 13)%)


file:///xp-i
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is invariant under transposition of quark positions. We write

o

~ ~ —1a2(p24)2
¢nplpm1p "/)nxlxmh = d’nplpmxp"pn,\lxm,)‘(ﬁ)ae 2 (r*+2%) (122)

and the symmetry of the product depends only on the symmetry of ¥, ol pmz,,'/;nxlxmx,\-
At N =1, L =1 we can only have

q’flML = ¢01ML Yooo

(I)i\lML = 1/’000¢01M,,

Since 1/;01ML1/3000 ~ pYim,(Q,) which transforms as § under permutations. Similarly
lz'ooolz)mM,_ ~ AYip, transforms as X under permutations. The states ®5,,, and o My
are degenerate in the S = 0 sector but cannot be combined to make a state of definite
permutation symmetry.

At N = 2 we have the states :

L=0
q’goo = Z <1, ml,,;la m1A|0, 0)¢01m,p¢01mu
mlpymlx
1
= e—_— _ + _ —
\/§(¢0111/)01 1 + Yo1-1%0o11 ¢010¢010)
<I’5\00 = Z Z 7,bn,,oo ¢n>‘00
Np, A
1
= \/5(1/’1001/1000 - 1/)000%1)100)
‘I’goo = Z Z ¢n,,00 1/’7”00
LLY-YLDN
1
= %(%1’1001/’000 + %000%100)
L=1

(I)gu - = E (1, my,; 1, mlA|171)¢01m,p "/)OIm[A

my, My
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%(Z/Joulﬁmo — Yoroton)-

At L =2 we can form |

9% = %(%221/’000 + %oo0to22)

‘1’322 = %(Tpozzlﬁooo—d’oool/)ozz)'

(1)322 = 1/’011"/’011-

The relative signs of the p-type and A-type wave functions for a given N and L are
important. Otherwise, the overall phases are arbitrary. Our definitions differ by a
minus sign for the states @3, P35 and P%y as compared to the phase convention of
[15] and [16]. Note that there is an error in equations (A15) of reference [16]. The state
[#o1601]2=? should have A symmetry and %2? should read [¢o,01]X=2.

The zeroth order eigenstates of Hy, in the S = 0 sector, are listed in table 1.3.

1.6.2 The S = —-1 Baryons when SU(3)i4u0ur is Broken

In this section we consider the case when m,/m, = 0.6. The analogue of equations

(1.7) with m, # m, are

1 — — — = u gt 2 8 3
o= 7( 7'2), )‘ - \/6("'1 +r2 — 27'3)7 R = = (TI +;;-) tm 7'3, (123)
where M = 2m, + m,. (1.24)

Rearranging we get?,
5y 7 X
=R+ 7+ 76

-

= B g+ (m)

r;,=R+§é(;;—3)

(1.25)

When SU(3)siavour is a good symmetry and m, = m, = mq = m, we get my = my and (1.25)
reduces to (1.9)
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&)goo = 1;000()5')1;000(;\‘) =1
®hnr, = Booo(Pborm, (V) = 2¢/LaAYiar, ()

10, = ornn (D)oo X) = 2y/ZapYine, ()

5 = %(%oo(ﬁ')d}wo(/\) + P100(#)Pooo( X))
= LoX(3 — 22
= Be P A?%)

Do = 71=(¢100(ﬁ)'/)000(/\) Poo0o( 7)P100( X))
— 7l___ 2(/\2 2)

o0 = ;17(1/1011(/7)1/)01 1(X) + Po1- 1(/7)'/3011(/—\.) - 1;010(5)1;010(5\'))
8" = p/\(Yu(Q Y121(2)) + Yi-1(Q,)Y11(20) — Yie(2,)Y10(S2))

———Tap /\

Ppy = i\/-(d)m:l:l(ﬁ)lpow()\) - 1/)010(/3')@[’0&1()\))
= :t47r\/_a PA(Y1£1(2,)Y10(21) — Y1o(R2,)Y141(20))

é51],() (¢011(p-)¢01 I(A) ¢01 l(md)Oll(A))
\/—a PAY11(2,)Y1-1(21) — Y1-1(2,)Y11 (1))

CI’szL = \/—(‘/’onL(ﬁ)t/’ooo(/\) + ¢ooo(/3)1/’02ML(/\))
= 2,/3*(p?Yam, () + A Yorr, (1))

Poom, = 7‘5(1/’02ML(P-')¢000(/\) — ooo(F)oant, )(N)
= 21/ a®(p*Yam, () — A?*Yanr, (02))

¥ty = 1/30111(5)1/;0&1(5:) = B2 pAY141(2,)Y141(2)

1 = \/—(1/’010(5)'(/)01:h1()\)+7/’01:t1(l—”)'/’010()‘))
= 2/202pA(Y10(2,) Y141 () + Y121(2,)Y10(1))

5320 (¢01 1(5)‘/’011(/\) + ¢011(f")1/)01 1(/\) + 21/’010(5)1/’010()\))
=% \Fawn 1(2,)Y1a(2) + Yia(2,)Y1-2 () + 2Y10(2,)Vao(21))

w

Table 1.3: Baryon space wave functions (if'VLML = <I>‘1’VLML/((7°‘—;)36‘%°’2("2+’\2)) when
SU(3) fiavour 1s unbroken.
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=py = m3r3=m,(R+ \[( ~3)).

Now the harmonic oscillator hamiltonian, equation (1.5), becomes

P? P} P2y
s -+ K( P+ A7)+ 2

1.2
2m, 2m ( 6)

where PgM = MR; and ﬁ,, = m.,;i' and I—"A = m,\x,
This hamiltonian generates the same p oscillator states (table 1.1 with r = p) as

for the .S = 0 case. However, due to the higher mass of the strange quark,
a - ay = (3Kmy)'/4, (1.27)

in the A oscillator states. The same product states are formed but now the degeneracy

between the A and p normal modes has been broken,

3K 3K
U2, w0y =/ (1.28)
my my

3 3
and Ey = 2m,+m,+ (N, + §)hw + (N, + E)hw,\ (1.29)

w

Here w) < w since m, < my.

Because of this frequency splitting, the three states ®5,,, ®500, ®340, Which in the
degenerate case (S = 0) have permutation symmetry S, M,, M) respectively, break into
A, Ap, and pp excitations. For example AX corresponds to a double excitation in the A
oscillator (the p oscillator remains in the ground state); that is Ny = 2. Although the
complete permutation symmetry of the wave function is lost, we still have permutation
symmetry between the u and d quarks. The zeroth order eigenstates of Hy in the

S = —1 sector for the case of broken SU(3) 1,04 are given in table 1.4.
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850 = Pooo(Poc(X) = 1
DM, = 1/3000(5)1/;01ML(X) = 2\/2_?”-0,\/\1’1ML ()
v, = Ponn, () ooo(X) = 2/ Fap¥in, ()

&’%6\0 = 00(5)’/’100(/\) \/Ea,\ 2% —’\2)
o456, =¢;100(/7)1/)000(/\) \/70‘2(272’ - 0%
850 = F5(Ponr(APor-1(X) + bor-1(P)Por(X) — Poro(F)dore(1))

= L}aaApA(KI(Qp)K_l(QA) + Y121(2,)Y11(2) — Y1o(2,)Y10(2))
41 =ﬂ:%(¢01i1(m@zow(x) Yoro( F)or (X))

== "\/_OICYAP/\(Ylil(Qp)Ym(Q,\) Ylo(Qp)leﬂ(QA))
$5% (d)on(ﬁ')lﬁm 1(X) ~ Po1-1(F) Porr(X))

\/_aa,\p)\(Yu(Qp)Yl 1(80) — Y1-1(R,)Y11(2))

‘i"z\é\ML = Pooo(P)ozn, (X) = =3 X?Yaur, (1)
‘i’ggM,, = ¢02ML(m¢ooo(A) 2p2Y2ML (,)

i, = Por£1(A)Por1(X) = aa,\ﬂ/\Ylﬂ(Q Y141(8202)

é;’éﬂ f(¢010(m1/’0111(A) + T/)mil(l-")'/’ow(/\))
= 4/2a0,pA(Y10(2,)Y121(22) + Y121(2,)Y10(£21))

&’géo = f(l/’01 1(/7)1/)011(/\) + 1/’011(;5')1%1 1()\) + 2¢010(ﬁ)¢010(x))
= ?\Faam(Yl 1(2,)Y11(S0) + Y11 (2,)Yi_1 () + 2Y10(2,)Y10(200))

Table 1.4: Baryon space wave functions é;}gfm = @gggh/((%&)i’/z —3(e? +"‘J\’\Q)) in
the § = —1 sector when SU(3);iayour is broken.
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1.7 Deviations from Harmonic Confinement

The formula for the energy in the S = 0 (1.13) sector states that all multiplets with
the same N are degenerate and have equal spacing hw between multiplets. This is not
observed experimentally; these deviations from the harmonic oscillator spectrum are
consistent [5] with the action of a short range attractive potential.

It can be shown [17] that ahy potential U, in first order perturbation theory, will
split a harmonic spectrum into the same pattern. This pattern can be described by

only three constants. For example

Ey = hyperfine unperturbed level of the ground state.

= 3m,+3w+a=1135 MeV

The ground state refers to the N = 0 zeroth-order eigenstate. Fy is used as a fitting
parameter to the baryon spectrum. Where a represents the energy shift due to the
deviation from a harmonic potential.

By allowing the zeroth order energies of the seven (up to N = 2) supermultiplets®:
(notation L,: L is the total orbital angular momentum of the state; o the symmetry of
the spatial wave function) Sg, P, Ssr, Sm, Pa, Ds, Dy to be independent parameters,
Isgur and Karl [17] found excellent agreement with the energy spacings of the supermul-
tiplets predicted by first order perturbation theory. They then take the assumption,
due to this confirmation of the first order result, that the harmonic oscillator wave
functions remain an adequate approximation to the true zeroth order wave functions
even though U is substantial.

The U perturbation affects only E,. We will see however (§1.11) that Hj,, will mix

these states.

3A supermultiplet contains states of various n,, ny, l,, [, that combine to N, L and symmetry type

(M, A,S)
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JPE. B Qe I I, Y S
u 1/2+ 1/3 2/3 1/2 1/2 1/3 0
d 1/2t 1/3 -1/3 1/2 -1/2 1/3 0
s 1/2t 1/3 -1/3 0 0 —2/3 -1

Table 1.5: Quantum numbers for the u, d and s quarks.

1.8 Flavour Wave Functions when SU(3)isu0ur is Unbroken

Consider the case of a baryon which consists of three quarks. Each of which may
have one of the flavours u,d, or s. The 3% = 27 states decompose into the irreducible

representations [4] of SU(3) fiavour,
33Q®3=14®8ym,d8Mm, D105, (1.30)

where the symmetry of the representation is indicated by a subscript. This is the
same decomposition into multiplets as for the SU(3).iur case. Members of these
representations must be combined to give the correct charge, strangeness and isospin
of the resulting baryon.

From table 1.5 it can be seen that the proton must be some permutation of quarks

uud. Since the u and d quarks are members of an isospin doublet, they can be coupled

3

together to form states of isospin I = } and I = 3

|I, 1) = E (I, I1; Iz, La| vz, Laa) (a2, Lazs I3, La| I, )| Ih, In )| Iz, 1a) | I3, I;s)

Iy 12123102

(1.31)

For example using table 1.5 we get that

|IaIZ)1 = I%’%y = <%’%;%’%“71)(1’1;%’_%'%1 %)lu)lu)‘d)
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+ (%)— ’

)

B |t

v

0 =
o =t

1,011, 0; 3, 313> 2D |udlu),
therefore |3,1)! = ——l-é(udu + duu — 2uud) = ¢). (1.32)

’2

The X superscript indicates that this state has M) symmetry. It is a member of the M)
SU(3) fiavour Octet. This symmetry arises from choosing the symmetric intermediate

isospin state when combining the isospin wave functions. Alternatively,

N =
[T

’ )0 = (%7%;%3—%

71—§(ud ~ duu = g2, (1.33)

This state has M, symmetry and is a member of the M, SU(3) iavour Octet.

The zeroth order eigenstate for the physical proton contains a mixture of the flavour
states ¢4 and ¢;} combined to give a totally symmetric space-spin-flavour wave function.

The antisymmetric SU(3)fiavour singlet state can only be formed by a combination
three quarks each with different flavour [4].

It is chosen to be,
qS/“: = 71_6(3d“ — sud + usd — dsu + dus — uds). (1.34)

All the states in the M) or the M, octets can be generated by the application of the
SU(3) fiavour raising and lowering operators [2], Uy, I+, Vi, on to one member of the
SU(3) flavour multiplet. These operators act on states which are SU(2) fiavour Subgroups
of SU(3) iavour (see Fig. 1.1). I, annihilates a d quark and creates a u quark. U,

annihilates an s quark and creates a d quark. V, annihilates an s quark and creates a
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u quark. That is

Ljuy=0, ILld)=l), Lls)=0,
I|lu)=|d), I|d)=0, Is)=0,

Uilu) =0, Uild) =0, Uls)=|d),
U_tu) =0, U-ld)=1s), U_[s)=0,
Vilu)=|s), Vild)=0, Vi|s)=0,
V_lu)=0, V_|d)=0, V_|s)=|u).

When acting on a three particle wave function |¢;¢2¢3), such as a Baryon, I, U, Vy

act on each quark in turn,

J1919243) = J(|01))|9293) + 191) J(I92))lgs) + |9142) I (Igs))- (1.35)

Since the algebra of SU(2) is the algebra of angular momentum, the standard relation
for raising and lowering angular momentum operators applies to these operators, that

is,

JolJ, ) = JI(F +1) = L(L 2 D), J, £ 1) (1.36)

Here J and J, represent the total J and its z component for the state. The square
root factor in (1.36) is V2 when acting on states within an SU (2) flavour triplet; 1 when
acting on states within an SU(2)i4y0ur doublet; and of course zero when stepping out of
an SU(3)iauour multiplet. So U_ acting on the flavour wave function ¢;} gives the state

2+. The other members of the ¥ isospin triplet can then be generated by applying I_
[18].

U.¢, = U_(—%(udu + duu — 2uud))

1
= ——\/—g(usu + suu — 2uus)

P34 (1.37)


file:///q1q2Q3

Chapter 1. Baryon Wave Functions in the Nonrelativistic Quark Model.

1/3 -

-2/3 T

21

Figure 1.1: Illustration of the action of the SU(3) iauour raising and lowering operators
in the I, —Y diagram (Y = B+ S) (a) of the quark triplet and (b) of the baryon octet.
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I_¢3 = \/_(dsu + usd + sdu + sud — 2dus — 2uds)
= V2 ¢Eo
= g0 = \/—(3du + sud + dsu + usd — 2(dus + uds)), (1.38)
I_¢30 = \/__(sdd + sdd + dsd + dsd — 2(dds + dds))
= V2¢}-
= 3 = \/_(sdd + dsd — 2dds). (1.39)

A is an isospin singlet state at the centre of the M, baryon octet. The centre
member of the U-spin triplet which contains the neutron (U = 1,U, = 1) and the =°

(U =1,U, = —1) is a linear combination of the isospin eigenstates £° and A,

U=1U.=0) = al¢s)+ Blé4)
U =10, =1) = VAU =10, =0) = Vi(alék) + Al6})  (1.40)
U_r = U_(%(dud + udd — 2ddu))

= %(sud + dus + usd + uds — 2sdu — 2dsu) (1.41)

= LU-¢) = LV3(algds) + Bl8))) = 206 (1.42)

because A is an isospin singlet.

I, commutes with U_. This can be seen from the matrix representation[19] of the
u

raising and lowering operators which act on the SU(3)iav0ur triplet | d |,

S

010 000
000 (1.43)
000 010

I.=1000{,U-



¥

Chapter 1. Baryon Wave Functions in the Nonrelativistic Quark Model. 23

LU_ = U_T, 8} = U_¢} = b (1.44)
Comparing (1.42) and (1.44) = o = % (1.45)

Now since |a|? + |B]2 = 1 we get |B|? = %

= 8= i—‘g—ﬁ (1.46)

The sign of § is not uniquely determined but we fix it to be positive for our flavour

wave functions to agree with those of ref.[17]. From (1.40),

1 3
A_ 1o 9 A
m%—ﬁ%wJ;m (1.47)
This is the centre member of the U-spin triplet. From (1.38) and (1.41),
= ¢p = %(sud + usd — sdu — dsu). (1.48)

Similarly for the M, octet we can generate all the states ¢% in the mixed antisym-
metric octet. The baryon octet states are listed in table 1.6.

The decuplet (fully symmetric) states are simpler than the octet states since there
are no mixed states. All the states can be generated by applying the raising and
lowering SU(3)iavour Operators to one of the members of the decuplet[6], for example

uuu. These states are listed in table 1.7.

1.8.1 The uds Basis

As mentioned previously, it has been proposed [20],[21] that the uds is a more appro-
priate basis than the fully symmetrized SU(6) basis when SU(3)iau0ur is broken.
In the uds basis the strange quark is treated as distinguishable and singled out as

quark 3. We only symmetrize between the two equal mass (u and d quarks). In this
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¥+
20

$x

—%(udu + duﬂ — 2uud)
Z5(dud + udd — 2ddu)
—%(usu + suu — 2uus)

—ﬁ(sdu + sud 4 dsu + usd
—2(dus + uds))

—%(sdd + dsd — 2dds)
1(sud + usd — sdu — dsu)
J5(dss + sds — 2ssd)

Jz(uss + sus — 2ssu)

¢x
%(udu — duu)
Vlg(udd — dud)

%(usu — suu)

3(dsu + usd — sud — sdu)

75(dsd — sdd)

F5(sdu — sud + usd — dsu — 2(dus — uds))
~5(dss — sds)

Z5(uss — sus)

Table 1.6: Flavour wave functions in the baryon octet. The physical particle X is some
mixture of the flavour states ¢} and ¢% to be determined later.
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Y

ATt uuu

At %(duu + udu + uud)

A°  d(ddu+dud + udd)

A~ ddd

I=

ot Jp(uus + usu + suu)

»0 Vlg(dus + uds + dsu + usd + sdu + sud)
D7 J5(dds + dsd + sdd)

-1

2
=0 %(ssu + sus + uss)
=" Vl—g(ssd + sds + dss)
I=0
Q- 888

Table 1.7: Fully symmetrized flavour wave functions in the baryon decuplet.

basis the only two flavour states are,

on = —lﬁ(ud — du)s, (1.49)
and ¢y = \/ii(ud+ du)s. (1.50)

¢4 has the u and d quarks coupling to isospin I = 0. ¢, therefore corresponds to the

flavour wave function of a A particle. ¢5 has I =1 and so corresponds to a X°.

1.9 Spin Wave Functions

Three spin % particles (for example quarks) may give rise to a total spin* S = % or §=

%. As in the case of flavour, the spin wave function for a proton can be obtained by

4In this section S denotes the quantum number for the intrinsic spin magnitude.
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combining spins of particle 1 and 2 to S = 1 and then coupling to the spin of particie 3
to yield § = % This'gives a spin wave function with M) type symmetry. Alternatively
the spins of particles 1 and 2 can be combined to S = 0 and then coupled to the spin
of particle 3 to yield § = 7. This gives a spin wave function with M, type symmetry.

For the spin up state

Ay =B = GELILDELL-YLDIDINIY
£ EL L0 0L HE DD D
+ (3 =3 331500103, 315, DT DI DT

therefore % 1= \/_(TlT + 11T -2 110)- (1.51)

The M\ superscript indicates that this state has M) symmetry. This symmetry arises
from choosing the symmetric intermediate spin state when combining the spin wave

functions. Similarly,

Il
-
Nlb-d
Nln-l

-

+ (%, —%; 20310,0){0,0; 3, 313, DI DI DI T

1
ZI-inT. (1.52)

X

[V~
-

]

Ld]

This is analogous to the flavour wave function ¢5. Also,

X33 = (553 LINLL L3S DI DIDIT) =1 111) ete. (1.53)
States of different mg follow from the Condon-Shortley convention. Note that for the
case of coupling three spin 1 particles together (SU(2)upin), the restriction to two pos-
sible spin directions means that only mixed symmetric and fully symmetric irreducible

representations of SU(2)y, can be formed. There is no fully antisymmetric state.

That is

202®2=4s9 2M, D 2M,. (1.54)



Chapter 1. Baryon Wave Functions in the Nonrelativistic Quark Model. 27

1.10 Combining Flavour, Spin and Spatial Wave Functions.

Each quark not only has 3 flavour types but two possible spin directions. We com-
bine the SU(2)spin and the SU(3)iguour multiplet structure into SU(6)sp (SF =spin-
flavour) multiplets.

For baryons, Young diagram techniques[4] give,
6®6®6 =565 ® TO0M, ® T0M, ® 204. (1.55)

In the SU(6) basis we wish to construct states that are totally symmetric in space, spin
and flavour so that when combined with the colour part we get a fully antisymmetric
wave function. In the uds basis we construct states that are totally symmetric in space,

spin and flavour only with respect to quarks one and two.

1.10.1 Permutation Group Addition Coefficients

To combine wave functions of different permutation symmetry it is convenient to in-
troduce Permutation group addition coefficients [22]. These are completely analogous
to the Clebsch-Gordan coefficients of the rotation group. For example to combine
two wave functions of permutation symmetry P, and P, respectively, to permutation

symmetry P then,

P P, 1/)13,,.;1 ¢Pz,~z, (1.56)

¢P,n — Z

K1,K2 K1 Ko K

1 if P,=A,S, M,
2 if P,=M,.

where k; =

The non-zero coefficients with phase factors chosen such that they are all real are,
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M M M MM M M M M M M M 1
101 1 1 2 2 2 1 2 2 2 1 Ve

In addition the spin must also be coupled to the orbital angular momentum to yield
total angular momentum J for the particle.

Using the notation[15]
IX4425+1L¢7 ]P),

where X is the particle n,p, A etc; u the SU(3)fiav0ur multiplicity (that is whether the
flavour wave functions are in the octet, decuplet, or singlet irreducible representations
of SU(3) fiavour (see equation (1.30)); L, S, J is the orbital (S,P,D,F,... etc), spin, and
total, angular momentum respectively; P is the parity of the spatial wave function; o is
the symmetry of the spatial wave function or the symmetry of the SU(6)sr multiplet.

XPVLIT) = Y % (Pl "o )( © S)

K1,Kk2,83 M ,Mg K1 Ko Ki2 K12 K3 1
x (S, Ms; L, My|J, M;)x &5t 6327 N (1.57)
For our purposes we will need the J¥ = %+ states up to N = 2 (that is energy 2hw

above the ground state). N = 1 provide only L = 1 states and so have negative parity.

For L = 0 all the Clebsch-Gordan coefficients give 1.
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1.10.2 The SU(6) Ground State .

At the ground state (N = 0) where we have only ®3,, (X = N, A, 9,

. P P S S S S
|X82SS%+) = Z ( ) ( )(%7%’0a0‘%’%)

sim2 \ Ky Ky 1 1 1 1

S bBis Paka
X DgooX 11 ¢x

M M S S S S S » s
= PoooXx1 1 %
2 2 1 1 11 212

MMS\(s5sS5) ., .,
+ ‘I’oooX%,%d’x
1 1 1 111

1
= 7 P00(x},1 6% +x1,16%). (1.58)

V2
1.10.3 The SU(6) Excited States
Radial Excitations

At N = 2 we have,

P P, S S S S
|X82SS’%+) = Z ( ) ( )(%7%)07()'%1%)

K1,K82 K1 K2 1

X (I"zgooX?,fgl X
1
= E‘I’%u(x‘;,%qﬁ& + X;,%‘%\() (1.59)

The prime on the S indicates we are referring to the excited (N = 2) symmetric spatial

state, ®3,,, rather than the ground state symmetric spatial wave function, @3

Xl = % (P‘ " M)(M " S)

K1,K2,%3 \ K1 Ko Ki9 Kiz k3 1
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M3 P, )
X (2, 2,0 Olga 2 200"3)(111"145}22 "2

= {‘I’zoo(X; 1¢x Xl l¢x) + OO(XJ. ;¢x + Xl 19%)}-

(1.60)
For the SU(3) fiavour decuplet (of which out of X only X° is a member)
P S P, Po M S
|X1(2)SM%+) = E
ms3 \ Ky 1 Ko K12 K3 1
< (3,550,015 DT o
M S MY(MMS
= ¢XX1 1¢200
11 1 /\1 11
MsM\(MmMMs),,
+ $x X1 1 %200
21 2 )\ 2 21 22
1 .
= 7§¢JSK(X%,%¢§\00+X%,%‘I)§00)- (1.61)

For the SU(3)/iavour singlet irreducible representation,

Pl A P12 Pu M S
|X125M%+) = Z
K1,53 K1 1 Ky K12 K3 1

X (350,013, 1) 225" x ] 6%

M A M M M S
) ) ¢XX1 ch’200

M A M M M S A p )
¢XX; 1‘1’200
2 2'2

—

|
g

—
N
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1
72—45'}()(2,%‘1’5\00 - X%,%ngo)- (1.62)
Orbital Excitations

We combine L = 2, S = 2 states to give J¥ = %+. In this case the Clebsch-Gordan

coefficients are not all unity.

XiDui) = ¥ % (P* & M)(M - S)

K1,K2,83 My Mg K1 K2 Ki2 Kiz K3 1

X (3, Ms;2, Mi|5, §) 82507, X3t 43

1 1 S A A [4 P
= 7—2“{__169(%,%(@22-1 x + ®5-14%)
+ T g (@320¢3\{+¢’2’20¢’)’{)

3 S d A &2 H°

In % %( 21¢X+ 221¢X)

10
2
+ \/; g_g(q’zzz‘ﬁx + @ 22¢§()}- (1.63)

For the SU(3) fiavour decuplet,

1+ S S S S S S
|X13Ds§ y = Y
M,Ms\1 1 1 1 1 1

X (%’MS;27ML|;’;)¢§2MLx3,Ms¢§(

1
= ¢% —mxg,%¢§2—l+ 5X§§‘I)§20
3 2
ﬁxg,_%q)gn + \/;Xg'_%q’gn . (1.64)
There exists no fully antisymmetric L = 2 spatial wave function to go with the

SU(3)fiavour singlet flavour state and the symmetric spin state.
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We neglect the tensor part of the hyperfine interaction (§1.11), and so these or-
bital excitations will not contribute to the wave functions we use. We list them for

completeness.

1.10.4 The uds Basis States

As mentioned previously when we take into account the different mass of the strange
quark we require only symmetry with respect to the two light quarks which are in
position 1 and 2. This corresponds to the total wave function possessing M) symmetry.
For example, the ground state lambda has spatial wave function ®3,, and flavour wave
function ¢, (in the uds basis). It therefore must combine with a x” spin wave function
to give a total wave function with M) symmetry.

The strange states in the uds basis are given in Table 1.8.

1.11 Hyperfine Interactions

With the zeroth order eigenstates established we can now turn to calculating the effects
of the hyperfine interaction.
Analogous to Q.E.D., in Q.C.D. one expects a hyperfine interaction of two quarks

7 and j in the same baryon, which to order a;, is,

r] 1 35 3 S 3
Hip =25 -2 (P05 §605) + LB T 58 (169)
z(] m;m; ‘J i3
Where r;; = |7 —75], S = 13 is the spin vector operator for the i** quark in the baryon.

a, is the effective quark-gluon coupling constant, analogous to the electromagnetic cou-

pling constant @ = 1/137, and is determined by calculating the N — A mass difference.

a, depends on how large an oscillator basis is chosen[7], we take up to N = 2 states.
The spin-orbit part of the potential has been neglected. Since it has been found

experimentally that spin-orbit effects are reduced to a level of less than 10% of naive
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|A2S) = <I>300¢Ax’é i the A ground state

A25,0) = Bhhotary

|A2S,,) = A‘I>580¢Ax’;,%

[A2833) = ®50bax] 1

A1D,2) = Tn(2,m; 3, (5 = m)13: 1) @ho0®axs 1 m)
|228) = @505 X1 11 the £ ground state

|225,,) = ‘I’zoo¢zx’;,

1Z2S5,,) = 200¢2X)2i,%

|Z255) = goo¢zx’;:.,%

[54D,0) = o233, (3 = m)lk, 188055, 3
54Dss) = Tmf2,m5 3, (3 — M5 5)225002X3 (1)

Table 1.8: The uds basis states we will need, combined so that they have M) symmetry.

Notation |[X25*1L,,,,).
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expectations of one-gluon-exchange [17]. Isgur and Karl speculate that Thomas pre-
cession may cancel the spin-orbit effect.

The Fermi contact term (the first term in equation (1.65) is operative only when
the pair (¢ & j) have zero orbital angular momentum.

The second term is the tensor term. There is an effective ‘colour-magnetic’ field
due to the spin of the quark. It is directly analogous to the tensor term present in the
nucleon-nucleon potential. The tensor force couples S and D states of the same J*.
The tensor operator gives zero when acting upon singlet states. We do not include
effects of this tensor operator as its effect is negligible in the ground state baryons [23].
As a result there will be no D state admixtures in our wave functions.

In the § =0 or S = —1 sectors (1.65) can be written

Hyyp = Y (1= (1 =2)(6:+6,))H, (1.66)
1<
~ii 20 8Tz 2.5, . 135587 2 &
where thyp = gm?‘ {'3—5,' . Sjﬁa(r;j) + a 'I‘J?j I _ 5. S;1}  (1.67)
and z = my/m,. (1.68)

Hy,, will not connect L =1 and L = 0 states so matrix elements between the ground

state (N = 0) and N = 1 states will give zero.

1.11.1 Hyperfine Mixing in the SU(6) basis

In the SU(6) basis, Hpy, will lead to mixing within a given SU(6) multiplet and also
between different SU(6) multiplets with the same isospin and J¥[21].

In the SU(6) basis z = 1, so the hyperfine matrix elements between the states ¢,,
and ¢, take the form:

HEVO) = (45V0)(1,2,3)((H;Z, + Hid, + H ) 6500)(1,2,3)).

hyp
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(1,2, 3) denotes quark positions. In particular,

($5VO)(1,2,3)|HL2 |45UO)(1,2,3)) = ($5VO)(1,3,2)| A2 |45U0)(1,3,2))

hyp

= (—1)%(#5U6)(1,2,3)|H)S |4379)(1,2,3))

Where we have relabeled the quark positions and then used the complete permutational
antl-symmetry of the SU(6) baryon wave functions. That is the matrix elements H}3 hyp =

hyp Similarly we get H?3 hyp = = H}? hype Lherefore

(¢57O(1,2,3)| L i, l42”0(1,2,3)) = 3(27OL,2,3)A1,1457(1,2,9)).
i<y

(1.69)

SU(6) Basis Compositions.

Hy,, has non-diagonal matrix elements between different supermultiplets leading to

wave function distortions and second order mass shifts. Using
— 1 — —
p= 7—2'(7”1 —72)

and the relation

8(aZ) = l-?a(f) (1.70)

in (1.67) with i = 1, j = 2, we get,

fp = 55,80 (2”‘/_) (1.71)

3ad
da,0°

ith —_—
h 3v2mm2

(1.72)

We also need the relations:

R 3
(XmlS1- Salxme) = —Z5m,m', (1.73)
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— - 1
(X;\nlsl'sﬂxz’) = —bmm’

4
(@52016%(P)|®520) = Wo00(0)o00(0) = :7

3 3
(<I>§00|63(ﬁ')|<1>§00 = \/7—;?—/—;,
(‘I)gbol‘ss(ﬁ)l@goo) = 0,

V3 o®
(4)30053(5)@300) = '2_7“/7—‘_

The relevant hyperfine matrix elements are

(Xg'Ss|Hupl Xs'Ss) = —38,
(Xg'Ssi|Hpypl Xg'Ss) = *%55,
(X5 Sm|Hnypl Xg'Ss) = —\—{4—65,
(ALSum|HhnyplAgSs) = 0,

(21%SMthyp|212055> = 0,

36

(1.74)
(1.75)
(1.76)

(1.77)

(1.78)

(1.79)
(1.80)

(1.81)
(1.82)

(1.83)

where X = N, A, ¥°. Using the masses and compositions of the excited states from

ref.[17] given in table 1.9, along with the zeroth order ground state nucleon wave func-

tion, as a basis and taking § = 260 MeV [23] we get, for the nulceon hyperfine mixing

matrix,

1005 138.5 132.8 \ { N,
138.5 1405 0 || N(1405)
132.8 0 1705 ) \ N(1705)

N, represents the zeroth order ground state nucleon wave function, | NgSs).

We have used the results

1005 = 1135+ (N2Ss|Hayp| N2Ss)

(1.84)
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X XgSs | XgSsy | XS5y | X159y |
N(1405) | —0.99 | —0.17 —

N(1705) | +0.15 | —0.94 — —
A(1555) | +0.99 | +0.02| +0.10 —
A(1740) | +0.09| +0.30 | —0.95 —
A(1860) | —0.04 | +0.91| +0.29 —

v(1640) | —0.97 | —0.23 — | +0.08
$(1910) | —0.20 | +0.91 — 1 4017
$(1995) | —0.08 | +0.27 —| o023

Table 1.9: Excited baryon compositions, in the SU(6) basis (from ref. [17]), adjusted
to our phase convention.

138.5 = —0.99(XgSs|Hnyp| XsSs) — 0.17(XZ Snt|Hnyp| X&2Ss)
132.8 = +0.15(XZSs|Hpyp|XZSs) — 0.94(X Sy |H|XESs)

The matrix in (1.84) has
N(941) = +0.95NgSs + 0.25NgSs + 0.20Ng2 Sas (1.85)

as its lowest eigenvalue (in MeV) and corresponding eigenvector. Similarly for the A

and £° in the SU(6) basis we obtain

A(957) = +0.97A2Ss+ 0.18A2Ss + 0.16A2Sy — 0.01A XSy, (1.86)

$(957) = +0.97£}Ss+ 0.1752Ss + 0.1752S3 — 0.0052 S (1.87)
The low value for the mass is a result of neglecting the mass difference between the
two light quarks and the strange quark.
1.11.2 Hyperfine Mixing in the uds Basis

When SU(3) fiavour is broken we must use the uds basis and we can no longer use (1.69).

Since the strange quark is always in the third position in this basis, we have using (1.66)

Hib = ($u(1,2,3)|(H)2, + z(Hpo, + HE))92%(1,2,3))

yp hyp hyp
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= ($ui(1,2,3)|(Hhy, + 2(PhH L, P + PLH;,Pia))|65%(1,2,3)) (1.88)
{Id)}‘d’(l, 2,3))} are the excited uds wave functions up to N = 2, see table 1.8; P;; are
permutation operators, transposing quark positions ¢ and j. We have
(B(1,2,3)H 142(1,2,3)) = (3°(2,1,3)|H3,1657°(2,1,3))
= (=1)%(e(1,2,3)1Hi,1677(1,2,3))
After relabeling and transposing the quark positions 1 and 2 and noting that the uds

wave functions are antisymmetric with respect to exchange of quark positions 1 and 2

only. Therefore

HES = (¢uP(1,2 3)|(thp + 2z P13thpP13)|¢gds(1)2) 3)) (1.89)

uds Basis Compositions

The effects of a # a) are small in the S = —1 sector [24] and are neglected in the
matrix elements of Hy,,. We will need to know how a function F' (say) behaves under

the permutation operator P;3. It can be easily verified that

1 3 '
P13Fp = Ep—-\g——A, (190)

1 3 V3
[ A— I _ 2=
P3F?? = 4pp 4/\/\ 5 PA, (1.91)
1
PP = —3A- ?p, (1.92)
1 3
PisF™ = A+ =pp+ ﬁp)\. (1.93)
4 4 2
Along with the relations
(‘I’gci‘olaa(ﬁ)lq’ooo) = 0, (1.94)

(®56016°()|®300) = \/g% (1.95)
(®500/6°(P)|®500) = O, (1.96)
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we get for the uds hyperfine matrix elements

(A2S|H|A2S) = _-;-5, (1.97)
(A%S,,|H|A%S) = —‘—4@5, (1.98)
(A2S\\|HI|A®S) = 0, (1.99)
(A2S\|HIA2S) = -—x-—\i—?—)&, (1.100)
(S2S|H|D2S) = -1-—_6ﬁ6, (1.101)
(228,,|H|ZS) = 11-26(1—35)5, (1.102)
(225,\,\”:”225) = —zl/gé, (1.103)
(B35, HIE2S) = —x‘/T?_’a. (1.104)

Due to the higher mass of the strange quark the zeroth-order energy (1135 MeV') now

becomes?®

2
1135+ m, — my — (1 — a:)é’ni = 1295 MeV

u

Using the N = 2 wave functions for the A and X° in the uds basis (table 1.10) we can

construct the mixing matrix. When diagonalized this gives®,

A(1113) =~ 0.95A%S +0.07A%S,, +0.28A2%S,, + 0.08A%S,,, (1.105)

$°(1209) ~ +0.9822%S + 0.17£25,, + 0.0252S,, + 0.11£2S,,.  (1.106)

for the ground state eigenvectors in the uds basis.
We now take these compositions (1.85)-(1.106) and apply them to our problem of

calculating the K~p — Ay and the K~p — X%y branching ratios.

5A quark in a harmonic oscillator potential has ground state energy %3]- = -;—hw = %%, (A = 1) which
gives p3 = a.
- ®Reference uses a = 0.32, my = 0.33, m, = 0.55 (GeV') but they point out that if m, —m, is increased
to 0.28GeV with a corresponding increase in a to 0.41 there is little change in the compositions.
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X X125, [ X2, [ X5,
A(1555) | —0.75 | —0.66 | —0.09
A(1740) | +0.56 | —0.69 | +0.46
A(1860) | +0.34 | —0.28 | —0.85
$(1640) | —0.84 | —0.53 | —0.11
$(1910) | +0.23 | —0.51 | +0.56
$(1995) | +0.19 | —0.31 | +0.02

Table 1.10: Excited baryon compositions, in the uds basis (from ref. [17]), adjusted to
our phase convention.



Chapter 2

Theory

2.1 Method

We wish to calculate the branching ratios for the radiative capture reactions K~p — Yy
within the N.Q.M., where Y represents A or £° Within the context of this model we
picture one of the u quarks of the proton being transformed into an s quark and so
creating a A or X% We take the approximation (as in ref.[15]) that the kaon is a
point-like particle and ignore its internal quark structure. Also we take the standard
hypothesis that photo-emission occurs via the de-excitation of a single quark.

Since we are using the nonrelativistic wave functions given in chapter 1, it is appro-

priate to develop a nonrelativistic operator from the
K 4+u—s+7

interaction on a single quark. This operator will then be ‘sandwiched’ between the
nonrelativistic wave functions corresponding to the proton and the Y. We will procure
this operator from a nonrelativistic reduction of the interaction obtained from the

lowest order Feynman diagrams contributing to the process (see Fig. 2.2).

In Dirac notation the amplitude for the process is,

3
Syp = (Ty| VO, (2.107)
=1

where the sum is over the three quarks in the baryons and V) is the single quark

transition operator which acts on the space, spin, and flavour of the i* quark.

41
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2.2 Symmetry considerations

The Y and proton wave functions are given by three body wave functions, the form
of which was described in the previous chapter. In coordinate representation they are
dependent on the coordinates of each of the three quarks, suppressing the spin-flavour

dependence of the baryon wave functions we get,
SYp = /(‘I’Ylf’la 7?2’ F?ia t) (Tla Ta, r3’t|(V(l) + V(Z) + V(S))Irl, ~;” -‘3:, t )

X (T, 7, Ta, t'|U,) &7 &7 37 dt &°F) &7, d°ry dt’ (2.108)
where 7; is the position vector of the i quark in the Y'; 7 is the position vector of the i**
quark in the proton; and the interaction in coordinate representation, (71, 73, 73, t|(V 1)+
V@ 4 VONFY, 72, 7L, t'), is a sum of single quark transition operators

T2 T3 g
(71,72, 75, | (VO + VO L VO 7 /L) = V(7,8 1)8%(7 — 75)8° (7 — 73)
+ VO, 7, ¢,1)83 (R — /)63 — 7

+ VO, 7L, )83 (R — 7)) — 71).

SU(6) Basis.

When we use the SU(6), or fully antisymmetrized, description of the baryon wave
functions we can use symmetry considerations to simplify the interaction. Using the

condensed notation,
\I’(’f',') = .\I’(Flaﬁ.’,"-%’t)a
dr = d&° & d>rsdt,

and dr' = & &Pr, &Py dt,

il

we have

[ VO 5, 7, 8,8)6%(F — 7)6°(Fs — 75)
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+ VO(7, 7, t, )87 — 763 (7 — 7)
+ VO, 7y, 8, )83 (R — 763 (7 — 7))
x WUy(r})drdr'.
In particular
[ Oy (7, 7, 7, )V O, 7, 8, 8)8(7 — 77)8(75 — 73)Up(7, 75, 75, t') dr dr’
= [ Ty (s s P OV O, 7, 8)83(F = )67 — 7O (7, 7y 7o ¥) dr d,
where we have just relabeled quarks 1 and 2. Making a transposition of any two quark

positions in an antisymmetric wave function will result in a change of sign of the wave

function. Transposing 7} « 73 and 7] < 7, in the last expression we get
g 1 2 p g
(_1)2 /\i’y(ﬁ’ F2’ F3’t)V(1)(7:a7 Fé’t’t’)és(ﬁ - 7:'1,)63(7:;3 - 7—'.3’)\1?17(7-:1” F2” Fs'a tl) drdr’
= Uy (7, 72, 75, )V O, 78, 8)83 (7 — 763 (7 — F)U (7!, 7o, 7, t') dr dr'.
1 2 3)¥ptT, 72 T3

By applying the same procedure, of changing the labels and transposing, to quarks 1

and 3 and quarks 2 and 3 we obtain the result

Srp = [ Trr)VOR, 7, 8)8(F — 8% - 7) (2.109)
+ VO, 7,1, )67 — )67 — 73) (2.110)
VO, )8 — )8R — 7)) (2.111)

x Wy(rl)drdr'.

3 [Ty (r)VO(Fs, 74,8, )8R — 76T - () dr dr'. (2.112)

uds Basis.

When we use the uds basis wave functions the strange quark is always in the third

position in the strange baryon. Since the model involves the transformation of one of
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the u quarks in the nucleon, to an s quark it follows that only the term
[ B VO, 741,808 = )6 — 7)) i

can contribute to the amplitude.
Since only the interaction on the third quark is relevant, we drop the superscript

on all references to V henceforth.

2.3 The Impulse Approximation

By singling out quark 3 in this manner, quarks 1 and 2 are being treated as specta-
tor quarks. This amounts to using the impulse approximation of nuclear physics. It
states that the interaction occurs over a small enough time period that the momentum-
energy absorbed by the third quark has insufficient time to redistribute to quarks 1
and 2. On physical grounds this statement can be justified [25] by noting that the
energy uncertainty associated with the absorption of a kaon is of the order of the
kaon mass. Therefore the strong interaction takes place over a time interval of the
order of 1/myg ~ 2GeV~'. This interval is much shorter than the characteristic
periodicity time associated with the binding of the quark which is of the order of
1/(m, — 3m,) =~ 20GeV ! (taking m, = 0.33GeV). Therefore the interaction may
be thought of as an impulse during which the binding forces are unable to play an
important role. The target quark is thus regarded as free and the binding forces serve

only to determine what momentum components are present in its wave function.

2.4 Fourier and Jacobi Transformations

We now Fourier transform the interaction V(rs,rj}) in (2.112) to momentum space

Vo) = [(plrs)(rsIVIr)ralp') d'r dire (2.113)
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Where the closure relations
/ Ir3)(rs| d'ry = 1 and / |ra)(rsld*rs = 1 (2.114)

have been inserted. We get

dirh dir
823273

V(p7 P'.) = /eip.rav(,,.:’” Ta)e_ip"r W (2.115)
and the inverse relationship is

d4 pl d4 P

Vs tt) = [eBnV () S,

(2.116)

Now using (2.116) in equation (2.112) yields,

b N7 — I~ — I\ —ir N _irh.p'
= o [ B R R~ eV (e

x Uy (r))drdr' d*pd'p.

SYp

Where b = 3 when using SU(6) wave functions and b = 1 when using uds wave func-
tions. Separating out the time dependence in the bound state baryon wave functions

(equation (1.6)),

Iy(r) = Py (7)™

and Uy(rl) = ¢,(7)e ",

we obtain

b
(2m)t

—ttn0 % it {0V it
X e itp e pv(p’ pl)e:t (»°) e~ T3P

Svp = i [y (FIEEFERENE (R — 7 )6%(F, -

X thp(F))e UEIHEHEN gy gyt B3F; &7 B dp® &P d(p°)'. (2.117)

Since we have a single quark interaction we have E; = E| and E, = E}. Performing

the time integrals we get,

b

" Gy

[ 8(Bs = 8By — (07 )y (F)6°( — )
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X 53(7-“2 _ le)ei?;;-ia‘v(p’ p/)e—z'?a’.ﬁ'l‘/)p(ﬁ/) dsr"'; dsf_':-' d313'd3;5" dpo d(pO)l.
(2.118)

E, and E; have been dropped from the time dependence as py is the zeroth component
of the 4-vector, p, which must correspond to the energy of the interacting quark (E3)

only.

2.4.1 When SU(3)i4v0ur is Broken

We first develop a form for the amplitude when m, # m,; appropriate for use with uds
wave functions for the Y. We then generalize the amplitude to the case of unbroken
SU(3) fiavour symmetry by letting m, — m,,.

We switch to the Jacobi coordinates introduced in §1.7,

my(1 +12) + ™73

2m, + m,

’

— 1 D
7 = 715(7"1 —72), A= 7(—5(7"{ +73—2r3),R=

e d - ] _'[
—-r2'), Al =

1 ! -/ -/ -/ o1 1 -/ -/ -/
= —(r ry +ry —2r3), RM'==(ri " +7r +73").
p \/5(1 1 2 3) 3(1 2 3

L
V6
= (71,7, 75, 7h 1) — (B,NER, 5N R), -
Py (1, 73,73) — Uy(F, X, R)
and ¥,(r1, 73, 73) — (7, N, R,

and using the relations derived in §1.9,

ﬁ'=ﬁ+%+%,
ﬁ'=@-%+%,
so= -”»—\/g:\",

and r; = R+—E— —X—T—’\,
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o - p X my
= R-——=+4+—4(—),
"2 \/é+\/6(”lu)
- = X my
= R+ —4(—-3),
3 +\/6(mu )
Im,m
ith my = ————
VR T = ome +

we get,

bJ J' 0 / 0\/
Sve = Gopy | B = P)OE - ()

x Uy(p, X, B)§*(R - R +

1 - -
7(p -p)+ \/—(( )X = X))
= . 1 —¢ 1 R -3 )
x R-R - — N4 —= A M) BTGRPy,
X e—"m'-\/%_*’)-ﬁ'wp(ﬁ’, N, R
x EPEPXPREF PN ER Ppdep dp° d(p®)

SbJJ' 3 [; Y7
- G /\I/y(p,/\ R)83(2v2(R — R)+\/-(( X = X)

(R4 2 (2A_3)). -
X 6( +\/€(’"u 3))Pv(p’p =E3,p ,(pO) =E§)

x e R-ANT Y, (5 = 4 VAR - B) + f(( )X = X), X, R)
x dPFEXBREN PR &Ppddp’. (2.119)

Where we have integrated with respect to p°, (p°)’ and p” and the Dirac delta function
property (1.70)) has been invoked. J and J’ are the Jacobians

3 3
gy Oy 3my 1 L ma
8R 8p 8\ V2 V6my
3
J=| 82 9z 92 | = 1 _ma_ =1/3. 2.120
OR  3p 8 1 V2 V6ma \/— ( )
Ora 9r3 Ora 1 (my
8R dp A 1 0 %( 3)
al ] al 3 3
o Oy O . SO
8R' Bp' 9N V2 V6
r | 8rh, arl Or} . 1 1 3
= _—2 —2 —2 = — = -_— = . .
J=| & X 1 -% % V3 (2.121)
ar! _a_r_;’i ar, 1 0 _ /2
3R’ 3p' AN 3
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Evaluating the R integral we get

27 x 8b = o 3 B (T 3)) P, _ ,
Sy, = W/WY(P, A R)e( (. 3))pV(P,PO= Es, 5", (p°) = Ej)
B (AR ORVO VP O - - SR A S U
X e p(P'=p,N,R = R+ Jé((mu)'\ X))
x d&pdPNPREN dPpdp’ (2.122)
27b 5o T AR (R g ~
Svp = s [Ur(3 X B A g = By, () = B
Yp T (P, A, R)e™ " V6 (,p 35,0,(p) = Ej)

— miyy_ 3Ny ot T o= — 1 — -
X e (ﬁ%—-\,—%(ﬁ))« \/g_z\ )P lI"p(p =7, /\I,RI =R+ _\7_6((%)/\ _ /\/))
x dFEXPREN Ppdp. (2.123)

The Jacobian transformation allows us to separate out the centre of mass motion, since

By(5, N, B) = Nydy(p,N)e FrH (2.124)
and O,(5", X, B) = Np@,(p",X)e> ™ (2.125)
= N,3,(5, X)e' e R (G55 (2.126)

Where .ﬁy is the centre of mass momentum for the Y final state and 13p is the centre
of mass momentum for the proton. Ny is a normalization coefficient for the Y and N,
is a normalization coefficient for the proton.

The $x(5,)) contain normalized flavour and spin wave functions. The harmonic
oscillator functions are normalized, over all space, to unity. The normalization coefli-
cient Nx, therefore, contains a \/LV from the box normalization of the centre of mass

plane wave. It will also include normalization factors associated with the Dirac spinors

(§2.10.2).

276Ny N,
2v/2(27)?

% e-"(ﬁ%(%&ﬁ—\/%_i')‘ﬁ'@p(ﬁ, ;\‘I)eil’}o-(mﬁ((%)i—i'))

Sr» = [ 8. Dy AR E Gy 5,49 _ B 7, (Y = E)
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x BFEXLPREN Ppdp

27bN 2 ; -
= Y P( 7I') /63(})}' p+ P )@y(p, A)C '\1’7(-'A 3)
X V(p,p = By, 7', (5°) = Ey)e I -07'g (5 X
x PR 350X 55! 5 b
27bNy N,(2 ."'.; my_ - - = L, =
= ——Y—g—”—) /‘I> (B, X PE Y (5,° = Bs, ' = B, + 5— Py, (0°) = E3)
X 6‘73((‘;%’*‘3*’) Botp-P)g (5, )R GITD) 583 BY B2, (2.127)
The delta function
8Py — 5+ 5~ By) = 8(B, — 5") = (By — )
tells us that the momenta of quarks 1 and 2 remains constant throughout the process
and allows us to perform thé integration over p”.
2.4.2 When SU(3)iav0ur is Unbroken

If SU(6) basis wave functions are used for the Y then (2.127) becomes (with m, —

m, = my — m)

SSU(G) - ——-———27bNYN (27’(’)/¢Y(p, /\)e“\/_"l’

X V(p,p = E3,5' = B, + 5 — Py,(p°) = E})
X e%(’\_:”")'(p;*'ﬁ"’})q,p(ﬁ, 5“1)67‘5:13;:.(;\'—:\")

x dFdPXdEN &p. (2.128)

We will return to the last two expressions after deriving the explicit form of V' (p, p’).
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2.5 The Form of the Interactions.

We will now derive the form of the vertex functions and propagators for the interacting

quarks and the kaon.
2.5.1 Equations satisfied by an interacting field.

Spin } particles:

Spin 1 particles such as quarks obey the Dirac equation. The Dirac equation for a free

particle is

(Yup* —m)p =0, (2.129)

where m is the rest mass and p the 4-momentum of the Dirac particle. When the
particle is in the presence of a potential V, the Dirac equation using Bjorken and

Drell[26] notation becomes,
(1up* — m)p = V. (2.130)

Integral-spin particles:

Spin zero particles such as the kaon obey the Klein-Gordon (KG) equation. The KG

equation for a free particle,

(O +mik)yx =0, (2.131)

3

where my is the kaon rest mass and D = —p#p, = Bor Bk In the presence of a potential

V the KG equation becomes,

(O + mi )k = —Vipk (2.132)
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2.5.2 Form of the vertex functions

1

The electromagnetic interaction for a spin ; particle:

The minimal substitution!, p* — p* — eA*, introduces the coupling of a Dirac particle,
charge e, to the electromagnetic field A*. Using the Feynman slash notation [26],
A=v,A* =404 7. A, we get from (2.129) and (2.130)

(P—m)p = edy (2.133)
= Vin*=ecA4 . (2.134)

This is the form of the electromagnetic interaction of a Dirac particle such as the spin

3 quark.

The electromagnetic interaction for a spinless particle:

Again we use the substitution p* — p* — ex A*, this time into (2.131) (ek is the charge

on the kaon), giving,

. 6 m 2 2

[ (i5— — exA¥(2))” — mklyx(2) =0
Oz,
.0 .0
= [ O+ mk +ex(A(2)ig— + iz —4u(2)) — ek A" (@) Au(2)lYx(z) = 0.
z¢ Oz,

So te first order (neglecting terms O(e?) o (537)) and using (2.132)

VES(z) = ieK(A"(m:)(,)—‘z7 + %A“(x)). (2.135)

The form of the strong interaction:

For the strong (K~ p) vertex, consider the meson field in analogy with the electromag-

netic potential[26].

17This substitution is necessary to preserve local phase (gauge) invariance of the QED Lagrangian {6).
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The conventional choice for the electromagnetic transition current that generates

A* in equations (2.134) and (2.135) is,
JH = el ot (2.136)

Where 1* is the wave function of the particle before interacting with the electromagnetic

field. 7 is the wave function of the particle after interacting with the electromagnetic

field.

(2.136) relates to the electromagnetic 4-vector potential, A*, through Maxwell’s

equations. In the Lorentz gauge Maxwell’s equations are
A* = J*# (2.137)
= eyt (2.138)
For example in the case of photon exchange in electron scattering from a Dirac
proton, ¥/ and ¥’ would represent the final and initial proton wave functions, and e
the charge on the proton. (2.138) would then define the Mgller potential of the Dirac

proton.

The ‘Klein-Gordon’ analogy to (2.138) is (A* « vk),
(O +m¥)px = Py T (2.139)
(compare to equation (10.11) of ref.[26]). Also,
' = gkustys for pseudoscalar (PS) coupling, (2.140)
' = §kus 4i7s for pseudovector (PV) coupling, (2.141)
where ¢ = p-—p' and 5 = Yo Y273

?'(p) represents the up(strange) quark momentum, immediately before(after) the strong
interaction. gxus/(Gkus) represents the strong coupling Ku — s constant in the pseu-

doscalar /(pseudovector) coupling scheme for the process K~p — Y. It is the analogue
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of e in (2.138). gkus and Jk., are related by noting that the interactions taken over

free quark states must be equal in the PS and PV coupling schemes. That is

#(p)JKus dysu(p’)

= a(p)Jrus(B— B )vsu(p).

ﬁ(p)gKua’ﬁu(pl)

Since the u(p) and u(p’) are solutions of the free Dirac equation

(# - mu)u(@) =0 (2.142)

and for the conjugate relation,

a(p)(p — m,) =0, (2.143)

and noting the anticommutation relation

Yu¥s + V57 =0, (2.144)
we get that
~ JKus
us = T - 2.145
9K ms + My ( )

Now the equation for a proton absorbing a kaon (analogous to equation (2.133)),

can be written,

(2 —mp)¥p = (Y& )by (2.146)

In the strong (K ~p) interaction a u quark in the proton is transformed into an s quark.
This corresponds to a V, operator (see §1.8) acting on the third quark of the proton.

It can be thought of as the combination of creation and annihilation operators

1
a,a,,
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acting on the third quark of the proton. Where a! creates an s quark and a, annihilates
a u quark.

Therefore the form of the strong interaction can be written, from (2.146),

Ver = TV, 9. (2.147)

2.5.3 The Feynman Propagators.
The Feynman propagator for a spin % particle.

The Feynman propagator Sx(y—z) (or Green’s function) for a Dirac particle X, satisfies

the Green'’s function equation

(¢ ¥, — mx)Sx(y —z) = 6*(y — =), (2.148)

where V, is the 4-vector gradient

%, =205~ 7%,
This operator acts on functions of y only. Sx(y — ) represents the wavefunction ¥(y)
at space-time point y produced by a unit source ((z) = §*(y — z)) at space-time point
z; the evolution of ¥(z) is governed by the free Dirac equation (2.129).

By Fourier transforming to momentum space we get[26],

_ d4q e—iq.(y—z)
SX(y_m) - (27!')4 d-—mx
Now,
1 _ d+m
gd—m (d —m)(d+m)
gd+m

£ —m?
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and by the anticommutation relation
Y+ = 29", (2.149)
it is easily found that

£ =99=4¢" (2.150)

d4q e—iq.(y—:c)
(27)4 g2 — m%k +ie

= Sx(y—z) = (d +mx). (2.151)

The small positive imaginary part added to the denominator in equation (2.151) as-
sures that (2.151) meets the desired boundary condition of propagating only the positive
frequencies forward in time (particles) and the negative frequencies backward (antipar-

ticles).

The Feynman Propagator for a Klein-Gordon particle.

The Feynman propagator for a Klein-Gordon particle K is the solution of the equation,
(O, + my)Ax(y — 2) = —6'(y — ). (2.152)

Ak(y — =) represents the wavefunction ¥(y) at space-time point y produced by a unit
source ((z) = 6*(y — z)) at space-time point z; the evolution of ¥(z) is governed
by the free Klein-Gordon equation (2.131). By once again, Fourier transforming to
momentum space we find[26],

d4q e—iq.(y—z)

Axly —2) = (27)* ¢ — m%k + i€

(2.153)

2.5.4 The kaon wave function

The kaon and proton form a hydrogenic atom immediately prior to capture. Leon and

Bethe [27] suggest that the kaon capture by the proton is most likely from an S state.
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In fact, the fraction of K mesons reacting from P states is less than 1%. However, the

capture can occur from one of many different states with principal quantum number

n. The bound state wave function for the kaon can be written

¥x(2) = Nxpx(2)e ‘Ext,

(2.154)

where Nk is a normalization constant. The probability density for a Klein-Gordon

particle is given by

O
ot

which for ¢ given by equation (2.154) is

oy
v5r)

p=1i¥

p = 2Ex| Nk |9k (D).

Normalizing to a box of volume V we get

1
N =
K 2Ek
with / PP 7 = 1.
v
In terms of its Fourier transform

"i 1 l'-‘ u? oo —

Yk(z) = Nke EKtzz—W)s—/;/CPK ¢k (P ) d°Pk

N -1 2 - =
Y

Where ¢x(pk) is the bound state momentum space wave function.

2.5.5 The photon wave function

A*(w) has the form, with box normalization [26],

Arw) = SEZ e
TRy T T ’
with N, = !

2k0

3

(2.155)

(2.156)

(2.157)

(2.158)

(2.159)

(2.160)
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(2.160) is the photon “wave function” and describes the emission of a photon with

momentum E, energy k°, and polarization 4-vector €*.

2.6 Derivation of the explicit form of V

We now derive the explicit form of the interactions corresponding to the Feynman
diagrams in Fig. 2.2, first in coordinate, and then in momentum representation.
From the Feynman graphs (Fig. 2.2) it can be seen that the structure of the

interaction V;, associated with the ** graph is,

Vl("Q,TB) = Vem(rs)Ss(rs — r3)Vsr(rs), (2.161)
Va(rhrs) = Vsr(rs)Su(rs — r5)Vem(rh), (2.162)
Va(rg,r3) = Ver(rs)s(rs —r3), (2.163)
Vi(rs,rs) = Vsr(rs)6*(rs — rs)Vem(ry). (2.164)

Venm is the form of the interaction at the electromagnetic vertex.

Vsr is the form of the interaction at the strong vertex.

Ss(rs — rj) is the Feynman propagator for a Dirac particle — the strange quark.
S.(r3 — r}) is the Feynman propagator for a Dirac particle — an up quark.

Note that all the interactions act only on the quark in the third position, as was

shown in §2.2.

2.6.1 Coordinate Representation

Using equations (2.134), (2.151), and (2.147), and since the interactions act only on

the third quark of the Y and proton, we get?,

Vi(rs,ra) = Vianr®(rs)Ss(rs — ri)Vsr(rs)

2Suppressing the +ie term in the denominator.
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r d4q dSﬁK e—iq.(r;;-—ré) it .
= Nille, g5 @) @n )l gi = A+ m)TVae™ P R 4x(pi)

A4 +m,)TV, ¢k (Pk),

(2.165)

NKN'yes/d4 d3-' eik.ra—iq.(ra—r{,)—ipk.ré

2 _ 2
g —m;

where m,, e, is the mass and charge of the strange quark.

Va(rs,rs) = Vsr(rs)Su(rs — r5)Vie “(r5)

d4q daﬁK e—ipK.ra e—iq.(rg—r:',) et .
(27r)4 (2”)3/2 qz _ mﬁ (ﬂ' + mu)eu ¢6 3¢‘K(PK)

— NxN,TV,

NgN.e, . e—iPK-T3—ig.(r3—r})+ik.ry 3
- (27r)1‘;/2 /d4q d*px g% — m2 IVi(d + mu) 9k (Pk),

u

(2.166)
where m,, e, is the mass and charge of the up quark. Using equation (2.147),
Vs(r3,73) = Vsr(rs)6%(rs — r3) (2.167)

The kaon wave function, ¥k(rs), to be inserted into Vsr of equation (2.167) for
graph (3) is a solution of the Klein-Gordon equation in the presence of a potential

VEG equation (2.132).
(Ory + mi ) (ra) = —Via (ra)dr(ra). (2.168)
From equation (2.152) we have,
(Or, +mk) / Ak (rs — w)VEF (w)px(w) d*w = —VEF (ra)px(rs) (2.169)

comparing equations (2.168) and (2.169), we get that the kaon wave function at r3 after

scattering off the potential VXS at w is,

Yi(rs) = [ Bk(rs — w)V(whpx(w) d'o. (2.170)
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Where the form of the interaction between the kaon and the electromagnetic field at w

is known from equation (2.135).

V(w) = iex(4*(w) 50 + a%mw))

Using this along with (2.170) and (2.153) we get,

e~ (r3—w)
brlrs) = sy [ oo S oo A () ()
e—ia-(ra—w) 3 3
- & / d“qd“w e (4(w) a _ LavMA“(w))d)K(w).

(2.171)

-—

Where 32; indicates the derivative operator acts to the left and 32 indicates the

derivative operator acts to the right. The minus sign arises from integrating

[ dado S o2 ) p(w)
1 wq2—m§< K ow, mIIVKLY

by parts. The boundary term is omitted as the potential A* is taken to vanish as
t, |W| — too.

Substituting for ¥x(w) and A*(w) into (2.171) and evaluating the derivatives we

get,
Yr(rs) = %%E / d'qd’px d'w e—q_‘%%:—) TP (pg + et e bk (Pk)
= D [ g P o + 00 (20)'6' (0 = i+ ()
- Bt S,
after performing the integrals over w and ¢. Therefore,

d°p; PK
o )3/2

d®p; e~ i(Pk—k).r3 N
(QW);{/"’ (px — k)2 — m% IV, dk(Px)(2pk — k).€6%(rs — 13)

(2.173)

FV+e—ipK.r3 ¢K(ﬁK)eKeik.r3 (2PK — k)e

40 4
(px — k) — mk #lrs = r3)

Va(rs,r) = NgN, / o

= NKN,YCK
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Where mg, ex is the mass and charge of the kaon.

The contact term comes from the minimal substitution
Pu Pu— €A,
in the kaon-nucleon pseudovector Lagrangian [28]. That is,

r = z.gK‘u..x\x ¢K75 = igKus(I‘_ I‘I)’Ys
= igKus(IJ —e, A— 15, + ey 4)75,

The term

igKus(_es A + €y 4)75

in (2.174) corresponds to the radiative process, graph (4) of Fig.2.2. Since e, —

we get the result

60

(2.174)

€y = €K

- Epr ipe ! .
Va(ra,r3) = —NgN,ex /‘3’k'r3/(2—7f2;—;%’91<w’¥5v+6 PETs b (Pr )6 (r3 — 73)

2.6.2 Momentum Representation

(2.175)

In the next section we wish to examine the effect of a gauge transformation on our

interactions V® (i = 1,2,3). To do this it is convenient to Fourier transform the

interactions V; to momentum space. By inserting the closure relations (2.114) in V}

(2.165) we get,

, B esNKN'y A 3 et‘k.r:,—-iq.(rg—-ré)—ip;(.r:’,-ip'.r:',+ip.r3
Vi(p,p) = W/dqdr;,dr;,dp;{ pr gy
X A4+ m,)TV,éx(Pk)
esNKN 3(‘1 PK—P ) 7'3

= oryon / d*q drl 35k S A + M)V, bk (Frk)

3
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(27)* 6*(k — ¢ + p)

es Ng N, e—i(k+p—px—p').r3
(2,,;1/2 / dirl P T o U B+ Vi dic(Fi)

e(,é:/'rl)(:)‘]/\;v / P /(f:+7‘4);ms)FV+ §4(px + 9 — (k + p))bxc (F).

(2.176)

For V, we have, using (2.166),

VE’(P, p’) =

With (2.173),

Va(p, p')

tk.rhy—iq.(r3—r})—ipx.ra—ip’.rh+ip.ra
I'Vi(d + m.) 6k (Pk)
euNKN e—'(q+k—p )3
(2 )19/2 / d4 d4 PV+(d+ m“) ¢¢K(pK)

(2m)* 6*(qg — (p — px))

euNKN /d“ | Py ei(P~pr+E—p').r}

I‘V+(15 Px +my) ¢éx(Px)

(2m2 o —px) -
euNk Ny s LVi(P— Pk +mu) g ca
(27r)3/2 / d (p— px)? — 8*(px +p' — (k + p))dk(Pk)-
(2.177)
(‘ZKJV'K]\T,y / 41 4 3 e~ (PK—k+p').r3 oipTa
——1 [ d d
(2m)r/2 e drs d P (px — k)2 —mk
T'V,(2pk — k).€6*(rs — r3)éx(Px)
eKNKN ' _’(pK“k"’P -p). "3
(@n)i7z / d'ry dPx —— )2 - I‘V+(2PK ~ k).eék(Pk)

—E{zﬁfiv/ P (F V*?Z;Z k)€64(px+p — (k + p))ék (k).

(2.178)
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And for V; we get from (2.175),

—exgNgN. I L o,
V‘i(p,p') = —(6257—;-)1%{1/(135}( d4'l‘3 d«lr:l3 ¢ezk.rsngus,YsV+e—tp T3 HIpTI—ipK TS
X  x(Pk)6*(ra —13)
_____eKNKN - 1% JPY —ip’ ol +ip.rl —ipg.r), —~
= (27‘.)11/21/(131)1((147”& g T35 Ly Ve P TP TIPR TS g ()
eKNKN,,

BNCY N [ 5 fiixursVa dx(@)8(px + 5 = (k + ).
(2.179)

Notice the appearance of the energy-momentum conserving delta function for these
processes. From this it can be seen that p corresponds to the 4-momentum of the s
quark in the outgoing baryon (Y); and p’ corresponds to the 4-momentum of the u

quark in the incoming baryon (p).

2.7 Gauge Invariance.

2.7.1 Choice of Gauge
In the Lorentz gauge specified by

0,A" =0 (2.180)
we get the constraint, using (2.160),

k.e=0. (2.181)

This is a covariant condition which must be true in any frame. Within this gauge we

can exploit the residual gauge freedom [29],
A* — A¥ — O¥x, (2.182)
provided x satisfies

Dy=0, (2.183)
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which keeps us in the Lorentz gauge. For a real photon satisfying the free field equation
29],

DA* =0, (2.184)

with plane wave solutions of the form (2.160), the photon 4-momentum k must satisfy,

the massless condition,
ke =0 = k° = |&|. (2.185)
’i‘he transformation (2.182) corresponds, by equations (2.181) and (2.185), to
e — e + k", (2.186)
We choose 3 so that € vanishes. This fixes A*. It is known as the Coulomb gauge and
makes manifest the transverse nature of the electromagnetic field.
2.7.2 Proof of Gauge Invariance

To check invariance under a gauge transformation (within the Lorentz gauge (2.180)),
we note that the amplitude 8}, corresponding to the i** graph in Fig. 2.2, is linear in

the polarization vector €. That is

i _ M
SYp - e#:ri

= (e,, + ﬂku)Ti“

under a gauge transformation. Then if the set of Feynman diagrams in Fig. 2.2 is

gauge invariant we must have
N
Yk TH =0, (2.187)
i=1

where N is the number of graphs.
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We ignore binding between the quarks for the purpose of determining the behaviour

of the interactions under a gauge transformation®. Replacing e with k in (2.176)

kT = a(p)Ve (p, p)u(p)
_ & NgN, e NNy 3 K(E+ B+ m,) TV, dk(Pk) 4
= ey [ OB

(px + ' — (k +p))u(p’),

where u(p) and u(p') are Dirac 4-spinors which are solutions of the free Dirac equation

for the third quark. Using (2.150) and (2.185) we get,

a(p)Ve~ k(o p)u(p’) = e(szN ';j,i a(p) [ 5 (m, l;;—fzi)?f :g(ﬁm
x &' (px +p' = (k +p))u(?)-
Using the anticommutation relation for the Dirac gamma matrices (2.149) we find that
K ¥=2kp—p L (2.188)
Employing (2.188) and the Einstein mass-energy relation
p’ = mi, (2.189)

and (p')? = ml, (2.190)

we get,

APV (p, Pu(p)) = e(sgrl;sj/\;qﬁ(p)/daﬁf{ (2k.p—(1‘—rgls£p]é)I‘V+¢K(ﬁK)

x &*(pk +p — (k+ p))u(p).

Using (2.143) we get

D)V o, ) u(@) = SN g0y [ B IV, (v u(e') 84(pxc + B — (k + p).
(2m )T

(2.191)

3However, in general we will lose gauge invariance when we fold the interaction over three quark wave
functions.
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Replacing € with k in (2.177)

- €— / / _ e“N N - 3-' PV¢ (ﬁ )(ﬁ—ﬁ +mu)]é
ap)Vi ) = I [
x &'(px +p' = (k + p))u(p)-

Noting that p — px = p' — k and using (2.150), (2.185), (2.190), and (2.188) we get,

WV ) = gy [ @ PP R KF - m.)

(2n )2 2k
x &' (px + 9" — (k + p)u(p).
From the relation (2.142),
- e~k / , e Nk Ny 3= 4
Hp)Vi(p, p)ulp) = =5 S a0) [ PP TVsdre(Fic)u(®) 8o +9' = (k + p).
(2.192)
Replacing € with k in (2.178)
_ o , , ek Nk N, _ . I'Vy¢ 2px — k).k
SOV ) = SSa) [ ¢ TP
x 8%(px +p' — (k + p)u(p’ )-
As before we get,
. e—k / / eKNKN -~ 3 4
U)WV (P (o) =~ 5 5(0) [ B TV, b (Bicula!) 8o+ = (k + )
(2.193)

With PS Coupling

Here we use the substitution (2.140)

'e— gKusi75-
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From our condition for gauge invariance (2.187), and noting that e, = 2

—e, where —e is the charge on the electron, we have,

3
S kT = alp)(Vik (o, p') + Vit (p, p) + Vi=k(p, p'))u(p')

=1
(J;r )J;r/z i9Kusti(p)(es — €y — €K) / &P 15V bk (B Ju(p')

x 8'px+p' —(k+p) =

Thus our interaction is gauge invariant at the level of free quarks, in PS coupling, using

only the first three diagrams of Fig. 2.2.

With PV Coupling

Here we use the substitution (2.141)

L gKus 4175

For graphs (1) and (2) of Fig. 2.2 ¢ = px. However for graph (3), ¢ = px — k, since

the kaon radiates prior to capture. Now we have

3
Y RT = @@Vt e,p) + Vit e, p) + Vi e, p)u()

— (];7 )J*’\’r/zzgxusU(P)/ d*px (es Px — €u Px — ex(Brx— K))vsVi bk (P )u(p’)

x & (pk +p — (k+p))

(]; )J‘:[/z’gKusu(p) / &Pk ex FrsVy x(Pr)u(p’) 8'(px + p' = (k +p))

£ 0.

Therefore we need the contact graph (Fig. 2.2 (4)) in order to obtain a gauge invariant
interaction in the PV coupling scheme.

Vit (p,p) = (J; )N3/2 1J K ust(P) / &*pr ex ¥yvsVidx(Px)u(p') 8*(pk + ' — (k + p)).

(2.194)
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2.8 Kinematics

In this section we derive the magnitude of the photon momentum in the kaonic atom
rest frame.

The photon momentum is kinematically constrained to take on the value, |E| =
k® ~ 281MeV when Y = A, and k° =~ 219MeV when Y = X°. This can be seen from

conservation of energy-momentum in the K~ p atom rest frame,
P!+ pk =K'+ P, =0. (2.195)
The zeroth component gives,
my +m, = k° + /| Py |2 + m%, (2.196)
and the 3-vector components give,
Py +k=0= |Py| =k (2.197)
From (2.196) we get,

(mK + m,,)2 + (ko)z - 2k0(mp + mK) = IP;’P + m%,,

(mp + mK)2 - m%,

: kO — S5 kO
with |Py| = S, + K

(2.198)
Inserting the values [30],

m, = 938.27231MeV,
mg = 493.67TMeV,
my = 1115.63MeV,
mygo = 1192.55MeV,

we get, for the reaction K~p — A7y, |k| = k° = 281 M eV and for the reaction K~p — T,
k° = 219MeV.
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2.9 Observations

It is generally assumed [31],[32] that the kaon momentum is approximately zero prior
to the formation of the kaonic atom. This can be seen heuristically by modeling the
kaonic atom with the Bohr model[33). The binding energy of the kaon will then be

given by,

_ 3
By = K138, -863x10°
Pe M n

Vv, (2.199)
where pg is the proton-kaon reduced mass; p,. the proton-electron reduced mass; and
n is the principal quantum number of the kaonic orbit. The total energy of the atom

is the sum of the kinetic and potential energies,

Eg = K+U.
Taking a circular orbit
mv? €
r 4dmeer?
—e? 1
along with U = and K = =mv?
4megr 2
e? €?
ives En = _
gives =5 8megr  4mepr
= K= ﬂ
2pK
= |pk| = —-2ukEp
5.591 x 1012
= \[————eV.
n2

As mentioned in §2.5.4 almost all captures take place from a relative S state. In
addition, half the captures are said to take place for principal quantum number n > 10

and less than 4% survive to n = 4. We take then, as a reasonable estimate, n = 10.
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This gives, for the kaon momentum,
|pk| = 0.236 MeV.

It can be seen that |pk] is far smaller than the other momenta (|Py| = |k| & 281MeV)
and masses (m, = 330MeV, m, = 550MeV') in the problem; we therefore neglect |px|.

Since |px| = 0 we take the normalized momentum space wave function to be

sxtix) = || Z 6, (2.200)

Inserting this into (2.158) we get

Yk (£t) = Nige Bty (D). (2.201)
with Px(0) = % (2.202)

so that it retains the correct dimensions. That is the radial wave function of the kaon
is approximately constant and so must go as 1/v/V to satisfy equation (2.157).
From our choice of the Coulomb gauge we had (§2.7.1)

k.e =0 and ¢, = 0.

Inserting these conditions into Vi(p,p’) (2.178) and letting px — 0, we see that the
contribution to the amplitude from graph (3) of Fig. 2.2 is zero. However, it was
necessary to include this diagram to preserve gauge invariance (§2.7). For Vi(p,p'),
Va(p,p’) and Vy(p,p') we get

e.Nx N 7K+ ¢+m,)1‘V+ 54

Vilp,p) = Tkt p) = (px +p' — (k+p))¥x(0), (2.203)
Va(p,p') = euNkN, FVE;E" p: ;{2+m“) 4 & (px +p' — (k + p))¥x (0),

(2.204)

Va(p,P)) = —exNkN, ¢igrusvs 6*(px +p' — (k + p))Vi vk (0). (2.205)
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2.10 The Nonrelativistic Reduction.

In this section we approximate V by an expansion in p/m, consistent with our use of

nonrelativistic wave functions.

2.10.1 Validity of the Nonrelativistic Reduction.

The NQM assumes the quarks are approximately at rest in the hadron rest frame. That
is the hadron has negligible internal momentum. However most models tend to predict
that the momentum of a quark in a hadron, can be sizeable. For example a particle of
mass M, localized within a volume of radius R, has momentum p, by the uncertainty

relation,

(2.206)

|

(p?)7 ~

The identity[9], Ap = ((p—(p))?)7 with (p) = 0 in the hadron rest frame, has been used.
R is the radius of the ground state wave function. The analysis of various hadronic

processes indicates [34] that,

R? ~ 6-12GeV ™ = % ~ 300MeV. (2.207)

In our calculations we use the constituent quark mass* [24]

m, = 330MeV

ms, = 550MeV

So we get,

[N

AL

m.

(2.208)

q

4Note that 3m, > m, due to the binding energy of the baryon.
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This suggests that taking (p/m)? < 1 may be reasonable, although not (p/m) < 1.

In addition Capstick and Isgur [11] point out that the hadronic wave functions (of
chapter 1) derived from the harmonic confinement potential depend only on the quark
coordinates. In QCD however, the hadronic wave function must also depend on the
state of the glue.

Despite these shortcomings in the NQM, the agreement with experiment (predicting
masses, magnetic moments, and decay amplitudes) has been excellent. It is claimed
[11], that this can be attributed to choices of effective parameters such as quark con-
stituent masses and a, (which can absorb the effect of relativistic modifications of spin
dependent interactions).

Looking at the derivation of the effective Hamiltonian one can see that the typical

approximations like

are not that bad for (p/m) =1 (6% difference). Furthermore, some of the approxima-

tions will probably be compensated by a renormalization of parameters [35].
Koniuk[36] points out that relativistic models, once their parameters have been

chosen, give essentially the same results as nonrelativistic models. In addition, it is

argued [5], that neglected terms in the Hamiltonian equation (1.3)
H =) _m;+ Ho + Hpy,

such as relativistic corrections and other one-gluon exchange effects, seem to be rela-
tively unimportant at the level of 10-20%.

From its considerable success in the past it appears the model can give good quali-
tative agreement with the observed properties of low-lying baryons. With the caveat,

however, that the model should not be take too seriously quantitatively. It is still a
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source of some debate as to why the NQM works as well as it does. We believe that it
is a acceptable model of confinement; suitable for our purposes.
2.10.2 The Nonrelativistic Reduction Prescription.

In chapter 1 we treated spin nonrelativistically, that is we introduced it in a purely
‘ad hoc’ fashion. Had we used the Dirac equation for our wave functions, spin would
have arisen naturally. The Dirac equation for a quark of mass m,, in the presence of a

potential, V,; is,

%8 = (@ 5+ By + Vi, (2:200)

Vint represents the internal confinement with relativistic corrections experienced by the

quarks in the baryon. In the representation

() ==(20) (0 2)
Y= , G = , B= (2.210)
X g 0 0 -1

where & are the Pauli spin matrices and ¢ and x are two component spinors, (2.209)

O ()

g 0 % 0 -1 X %

= a.ﬁ(’f)+mq( ¢ )+V}M(¢). (2.211)
¢ —-X X

P = ( P - e~*Edt ( ¢ ) , (2.212)
X X

Q

becomes

Plo
N
>y O
~———

I
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where ¢ and x are constant with respect to time and E, is the total energy of the state

3. Inserting (2.212) into (2.211) and cancelling the common exponential factor we get,

()rni)el) o
X ¢ -X X

The second equation of (2.213) gives,

- &7 p
X—Eq+mq—‘/int

(2.214)

x are the “small” components of the Dirac 4-spinors. They are reduced by v/c compared
to the “large” components ¢. Because of relation (2.208) we conclude that the small
components of the quark Dirac spinors are of the same order as the large.

To treat this relativistic situation we follow Yaouanc et. al.’s [34] prescription of

replacing the Pauli spinors x; in the spin wave functions

e (1) i)

E,‘ i 1
we [ ( X ) (2.215)

by Dirac spinors

2m,~ &Py Xi
Ei+m; \?

The subscript i refers to the i** quark in the baryon. We have choosen normalization

so that
uu =1, (2.216)

as in Bjorken and Drell [26]. This yields an over all normalization factor, from normal-

izing the total baryon wave function,

|N|2/\Iﬁ\11dv =1
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SN = L [Mu (M My
T WV EVE\EY
1 /m, Im, |m

Ny = —, |2 =2
Y EVEE

Using (2.215) amounts to adopting the spinor structure of free quarks. Since we are

using the impulse approximation (§2.3) this seems reasonable.
The interaction involves only the third quark. Therefore the spectator quark spinors,

as a result of (2.216), give unity when folded together. We are left with

BV ) dpaty = [ BRI [,

4dm,m,
1
X {(1 E—-+—)V(p,P) ( a5 ) } ¢p(p') d4pd4p'.
Ej+m,
(2.217)

This is expanded and a nonrelativistic reduction carried out. We
¢ Expand the interaction and discard terms of order (p/m)? or higher,
e treat the denominator of the propagators and phase space factors relativistically.

Therefore the expression of the full matrix element is valid up to order (p/m)? (p is
any momentum and m any mass).
Applying this prescription to the { } in (2.217), we get for V = V; (equation (2.203)),
@ 2L gt prm |
.E3 +m, s)7s -

g
E§+mu

we get (with €@ = 0)

a —a.ﬁ)( 0 —a-a)(m,+k°+p° —~&.(k + p) )(0 1)( 1 )
Es+m," \ z.¢ 7.(k — k0 —p° e
3 g€ 0 0(k+]3) mg 4 Y4 10 Ei+my
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. ,
— . -p). 2.218
3+ my P ( )
Now we neglect terms O(p/m)? or higher, and get

—NgN. etk V- 0)o - €(my, — k° — p°
V'IPS(p,pI) — KiV46510K (k+f;)(2 )_ mz( p )64(171( +pl _ (k +p))

(2.219)
in PS coupling. With PV coupling we get

a _3.]’,’) 0 -—-o-¢ ms+ K +p° —5.(k+p)
Es+m’\ 7.2 o0 F(F+5) my—k —pO

(EK 0 )(01)( 1 )
X o!
| 0 -Ex/\10)\ &&

NK.N e,,igxusV ".L'K 0 &'é'mK mg — k‘o —po . <y
e et 54 (pc + 5~ (k + )

= Vi (p,p)

(2.220)

K
— _g us mKViPS(p, p/)
9Kus

since Ex = myg when pg = 0.
Similarly we get from equation (2.204),

. . —o. - _ 0
V2PS(p,p') — NKN'yeunguaV+¢K(0)a e("77'1( p + mu)

84 + 7 — (k +
o pr ) —m? (px +p" = (k +p))
(2.221)
for PS coupling and
NKN euigKusV+¢K(0)a . ng(mK - pO + mu)
VPV , / — i 54 + !/ k +
2 (p p) (p _ pK)2 _ mg (pK p ( p))
(2.222)

gKus
= mK‘/zps(p’ p’)
9Kus
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for PV coupling. Recall from equation (2.145) that

gKus _ 1

9Kus ms + my

For the contact graph the interaction (2.205) becomes

VIV (p,p') = Nk Nyexifixus Vo ¥k (0)3 - €8%(px + p' — (k +p)) (2.223)

in the nonrelativistic approximation®.

2.11 The Problem.

Now that we know the form of the interactions and their Fourier transforms we can

substitute them into (2.127). We write
V(p,p) = V(p,p") Nk Noox (0)8*(px +p' — (k + p))- (2.224)
V is the total interaction:
VFPS = VPS 4+ V.S for PS coupling,
VPV = VPV + VY 4+ VY for PV coupling.
We get,
Sy, = ZC(2r)* & (pk + P, — (k + Py))

=2 ikl (PA_3y~ L, o — . -
x [ @5 N PRIV = Bs, 5" = B+ 5 - P, (0°) = EY)

x eAEANEATPg (5 e BTN Prpl B Pp. (2.225)
That is

Syp = Z(2n)'6*(pk + P, — (k + Py))M (2.226)

5If we use the on-shell condition (2.142) before we take the nonrelativistic reduction, we find that
the sum VFY 4+ VPV + VFY reduces to ViPS 4+ V.F'S. Since we intend to use bound state quark wave
functions we discard this approach and the PV amplitude will differ from PS amplitude.
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where
M = C [L(7V LG5 &5 (2.227)
: E. + m, E’+mu

Z = NgN,N,Ny €2 4n35mj )¢K(0), (2.228)

K@) = [o}aDeFGr-n o, (2.229)

LG = [ Ny Ve -(2Pot3r=Pr)) g 31 (2.230)

27b
dc = —— 2.231
o (27323 (2231)

The normalization constants are given by

Ne — 1
K= Vomg'
1
N, = :
K V2k0Y
N o= L M [mu [my
» = WVENENE

1 m, |my [m,

M o= BVEVBRE
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o
cac

Figure 2.2: Feynman diagrams contributing to the process K™p — Y.
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Calculations

In this chapter we wish to evaluate the integral (2.227) in order to get an expression
for the invariant amplitude M. This calculation can be divided into evaluating the

flavour, space, and spin contributions.

3.1 Flavour Space

The only flavour dependent piece in V is V. (see §1.8). V, acts in the flavour space of
the third quark; transfornﬁng a u quark to an s quark. From table 1.6, table 1.7, and

equation (1.34) we get the flavour matrix elements listed in table 3.11.

3.2 Momentum Space

With the flavour matrix elements determined we have, for the momentum space part

of the amplitude,

Mys = ¢ [ [ [ @y d3X]17[ [, dBX'] $rdp  (3.232)

- 1 my =

where ¢y = %((#)Py - 3p) (3.233)
— 3 — —
G = - Fy) (3.234)

We have already taken care of the flavour dependent part of the potential V. Also

note that the spin dependent term & - € in the potential, acts only in the spin space of

79
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($aIVilge) = /2, (AAIVilen) =0
(oalVildl) =1, (#21Vile)) =0,
(PAlV4]8)) =0, (#alV4|4)) =0,
(¢21Vild)) =0, (PAIVi|g8) =
(8%IVilgs) =0, ($31Vilgs) = 0,
(oz|Vildg) = 0, (#21V4lg)) =0,
(63IVil8)) = =2, (¢slVald)) = —,
($31V4l8)) = ($3]V4|92) = 0.

Table 3.11: Flavour matrix elements

the third quark. Therefore we separate out the spin piece and denote it

(SP) = (x7l7 - ax").

x7=° denotes x? and x’=! corresponds to x*. This term will be evaluated in §3.3.
Since V is a function of 7 only, we can use the orthonormality of the 5 oscillator
wave functions to write the general momentum space matrix element (3.232) in terms

of the X oscillator wave functions. This will involve combinations of the terms

ay = / Yoo Ve S B3, (3.235)
0, = / booo(X )T BN, (3.236)
by = / broo( V)T @ X, (3.237)
b, = / broo( X)X PR, (3.238)
oy = / Yor(N)e X B3, (3.239)
¢ = / Yoro( X)X BN, (3.240)

Integrals involving the harmonic oscillator wave function %1, with m # 0 give zero
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when integrated over all space. Now defining

o = / ay Va, d°F, (3.241)
b = / ay Vb, &°F, (3.242)
e = / by Va, &°, (3.243)
d = / by Vb, &, (3.244)
g = / eyVe, d&°F, (3.245)

and Q = AV,  (3.246)

From table 1.3 and table 1.4, we obtain table 3.12.

See Appendix B for details on the evaluation of ay, a,, by, b,, ¢y, ¢,. The results

are
a = (a—;) I, | (3.247)
by = % (%)g (% _ gjl), (3.248)
c = _45 (%)% (% - gjl), (3.249)
d = 3;;02 (;”—A) (I~ 3(aTs + a3 ) + Ja?adLy), (3.250)
g = ;Tlf (i;—))g Is. (3.251)
Where
I; = Y Iy (kis an index which sums over the diagrams),
' ) _llr o 1w
and I, = / e i Ve * &7, (3.252)
In = /|q;,|2e'|i"{-ﬁlrz ”,,e'l_gf!‘: &7, (3.253)
L = /I(}y[ze.—%"x%l\3 ~ke_|_3§; &°p, | (3.254)


file:///aa/J
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(@800l Q1 2500) = 4, (@3001Q12300) = \/Lgb,
(@500 Q1 ®500) = %b, (@500l Q1P500) =0,
(®500Q1®500) = 7130’ (@500 Q| ®500) = 3(a + d),
(2200l QB300) = 3(a — d), (2300/Q|2%00) = O,
(2300lQ1B500) = —J56 (2200l Q1P500) = 3(a — ),
(2200/Q1®300) = 3(a +d), (@ 200l @|2%00) = 0,
(‘I’200|Q|‘I’ooo>=0 (‘I"zoo|Q|(I> o0) =0,
(@500l Q| 2200) = 0, {2500l Q| P%00) = 9/3,

(@ 500/@|®500) = 0, (23 00l Q| ®300) = ‘\}—ga,
(q’%olQ|‘I> )=% (2200 Q|®200) = 0,
(B)0lQ125, >=c (830]Q12500) = e,
(2200l Q122 )= {®2501Q12%00) =0,

(® 200|Q|¢’000) (@ 200|Q|<I) o) =0,

(@ 200|Q|<I’200) (@ 200|Q|‘I’200)= 9/3.

Table 3.12: Matrix elements of the harmonic oscillator wave functions in terms of
a,b,c,d,g. The Dirac bracket denotes integration over g, A, A’ and p.
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- - —I_qlei" _LEEI;_' -
L = [1GPa e The = &5,

13y !2 T2
|2a

In = [Igldvle 5 Ve " &5

83

(3.255)

(3.256)

Since neither V,dy or §, have any ¢ dependence the integral over ¢ simply yields

27. The piece which is common to all the momentum integrals

_layfP

2
e l;ﬁx—e—%

can be written

' - A2 By 2 —6( P27 By 419|512 -
e 203 _ e 12a§(("‘u) [Pyl (mu)l’- v +91p1%) _ Aye_a1p2+bl'ﬁ
where
-jﬁ(%ﬁ)zlﬁvl2 3 = 1 my =
A, =e A a) = — IE_(__)PY
v ’ 2 2
day 2a3 "m,
Similarly

2 -
- I_Ergal _ e_;jg(lﬁy|2+|5|2_zﬁ.ﬁy) _ Ape_allp2+bll.’-’o

where 4, = e~ rzlPrl? a) = %, b = 5%513}/.
Finally we get
h = a +a4dj,
H o= habi=(24305

3.2.1 Including the Potentials
With PS coupling we had, from the previous chapter,

VPSS — VPS L yPs

—es(ms — ko — E3) ew(mg + m, — E3)

= igKu3V+3 . g{

(k+pP—mi+ic (p—pk)®—mi+ie

2

(3.257)

(3.258)
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With PV coupling

"'/PV — I”/IPV+"}2PV+"}4PV

es(ma _ kO - E3) eu(mK + My — E3) €K

84

= Z'gKu3V+(}. . ng{

Diagram 1: radiating s quark
The denominator of V; can be written

(k+p)? —ml+ie = (K+Es) — |E+ 52 —m? +ie

—(a* = (k° + Bs)* + m] — ie),
where we have employed the substitution

i=p+k

(k+p)? —mi+ie  (p—px)* —m] +ie

+ }
mg

Now we get after integration of equations (3.252)—(3.256) with respect to the 8 and ¢

coordinates of vector @. (See Appendix B for details)

. . Gy(w) 3
lgccCQEE%/() mdUJ—l,“’,‘l

(ICO + E3)2 e mf

In

with A2

and g.c — ¢gkus in PS coupling

Gee — MiJkus in PV coupling.
G(u) has the form!

5
GJ(U) = QWApAye—’h“z Zni‘](u‘esl“ + (_u)ie—.ﬁu),

=1
where C; = e,(m, — k® — E'3)e(°‘—h)k2,
my  3a%, 1

a = (42—,
(mu a? "2a}

1For J = 5 the 0 and u integrals must be done numerically.

(3.259)

(3.260)
(3.261)
(3.262)

(3.263)
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The 7;; are constants (but depend on J) defined through equations (B.306-B.309) and
u* denotes u raised to the power of i.

The integrand has a poie at u = Ay. To deal with this we separate the integrand
into two parts: one containing the pole, and a part which is bounded over the whole

integration range. That is

* ———-—GJ(u) du = /oo Gau) = Gs(\) du + lim/

u? — A2 0Jo u?- M-

The first integral in (3.264) can be evaluated numerically (Appendix A), the integrand

~ —GJ—(’\—I); du. (3.264)

ll—r’% o u?Z—MA%—ie
is plotted in §3.2.2.

The second integral in (3.264) can be evaluated by contour integration techniques

(see Appendix B). The result is

©o 1 _ GJ(/\l)ﬂ'i
GJ(Al)/O TR = T (3.265)
Therefore
. o Gi(u) — G\ G\t
In = i9..C; [ /0 J(u)z—,\g( ”dwr%;l)— : (3.266)

Diagram 2: radiating u quark
The denominator of V; can be written
(p = px)* —my +ie = —(|p” + (mg — (Bs — mk)) — ée).
Now defining
A = m?—(E;—mg)® (3.267)
and Cs = —eu(mk + m, — Ej3). (3.268)

A2 > 0 so the integrand has no singularity and therefore can be integrated directly. We

get after performing the angular integrals

F;(p)

P gy J=1,---.4 .
TR T =1 (3.260)

. . o
I, = igeColim [
e—0 Jg
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The integration over 6 in I5; must be carried out numerically. Fj(p) has the form

5 .
Fi(p) = 214, Ay 3 nli(p'e” + (=p)e™™?), (3.270)
=1

(3.271)

and the 7!, are constants and s, = |33| > 0.

The integrand of the integral in equation (3.269) is plotted in §3.2.2.

Diagram 4: the contact term

Vs contains no propagator, so we get simply

1gcce 00
Iy = BefK / Fy(p) dp. (3.272)
mg Jo
We make the replacement, since Ej is the energy of the third quark in the ¥ baryon,

E3 — Myg.

3.2.2 Plots of the Integrands

We perform Gaussian numerical integration on the following integrands. As can be seen
from the plots, they are well behaved and converge rapidly to zero above momenta of
1GeV. The plots labelled (a) show the integrands of I, for £ = 1,2,4. (b),(c),(d)

denote the integrands of Ik, Isx and I4. The following symbols are used :
0O = wudsbasis,Y =A
x = SU(6) basis, Y = A
m = uds basis, Y =3°
+ = SU(6) basis, Y = X°

The I5; must be integrated numerically over § and momentum. Surface plots are

given for the A uds basis case only. One axis is labelled by cos §+1 and so goes between
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0 and 2. 6 is the angle between the vector  (# for the case of the radiating Y diagram)
and the z axis. Surface plots for the other cases have the same behaviour and so were

omitted.

All integrands are multiplied by the constant

1
2TA A,
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3.3 Spin Space
We wish to calculate the spin piece

(x715 - &x?),

where xf is the spin wave function in the final state in which quarks 1 and 2 are
combined to spin J and all three quarks are combined to spin Sy, with z component
my; x{ is the spin wave function in the initial state in which quarks 1 and 2 are

combined to spin J’ and all three quarks are combined to spin S;, with z component

m;.
Now
IX;'II) = Z <%,m'1;2,m2|.7' Ml)(JI M,azimglsi,mi) ;’ )|2’ ) 3 ms)
mi M’
and (X}I = Z (J Mlg’mlig’mZ)(Sf’mf|J M’2’ )( 7m1|< ’m2|( m3|'
ma M

Where the m, under the summation sign denotes mj, my, ms, similarly m,, denotes

mj, my, my. We have, since the interaction acts only on the third quark,

(X‘}l&‘ax;ﬂ) = Z <'] M|27m1,27m2)<5f,mf|=] M12’ )
ma M,m! M’
1

X <§’ml|%’m,1)(2’m2|2’m,2)<%’m3|5!'a%’mg)

X (3,mi; 3, mo|J, M'WJ', M'; 5, m5|Si, m)

= Yo (M3, my; 3, me) (3, mi; 5, my |, M)
ma Mml M’

X 6m1,m’6mz m2(Sfamf|J Mag) )

x (J',M'; 1, m4|S;, mi) (5, ms|d - €3, m3)

= Z (J Ml27m1127 )(lamlagam2l‘], M,)

ma,Mmb,M'
X (Sf,mfl']’M; %,m3)<‘jla M,; %) mélsia mi)(%’m3la ) a%’ mg)
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From the unitarity properties of the Clebsch-Gordan coeflicients (equation (3.5.4) of
ref.[13])

> (I, Mgy, ma; ja2, ma) (31, ma; Ja, ma|J', M) = bpg 65,0, (3.273)

my,m2
we get
(xjlé-axy) = > bmmbsp(Ss,mg|d, M; L, ma)(J', M'; 3, m5|Si, my)
m3,M,m}{ M’
- X (%vm-'il&.'a%,m:,s)
= E (Sf’m,fl‘I7M;%’m3)<Jl1M;%)m,alshmi)(%,miil&"a%;m.l?.)(s.],.]‘o
ma,M,m}
Now
€= e_pop(—1)F (3.274)
R

in spherical tensor notation.

The Wigner-Eckart theorem (equation (5.4.1) of ref.[13]),

(3, m|T(k, @), m) = (—1)-m mjj—,;jr—ml-"“’ Ddms), — (3.27)

(T is a tensor of rank k, component g), in our case becomes,

- ,(%,m;;;%,—mgll,R) 1=

(L, malog|t,m}) = (~1)5~™ 7 (211013).

Equation (3.275) defines the reduced or double-bar matrix element. The reduced matrix

element is easily calculated from (3.275) with j =i, m =1,/ =31, m' =7, (and S

denotes |S)),

= (31913 = V6

since (in natural units) S =


file:///i-ml
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So,

(xfla“~€1xf') = E (SfamflJ,M;%ams)(J,M;%,mélsi,mi)

ma,M,m},R
mg3; %7 _m,3l17 R)
V3

Ly S BT VB (s
R (—1)Fem (1Y (SRR

m3,Mmj,

J 1 S J 1 S; 1 1
% \/é 6J,JI 2 ! 2 2 .
M ms; —my M my —-m; m3 —my —R

Where we have converted our Clebsch-Gordan coefficients into ‘3-j symbols’. The

1
X (_-1)%--"1!3 (2, \/6(—1)R6_R6_]’J1

C_R(-].)R

N =

definition of the ‘3-j symbols’ is given by (equation (3.7.3) ref.[13])

Jv Jz Js —1)ii—s2-ms . .
( ) = %(Jl:ml;]%m?l]& —mg). (3.276)
my Mg M3

Using the symmetry properties of these symbols [13] we obtain

J 15 ) 15 g
M ma _mf) m3 —my M ’
J o5 (s oy
M my —m; } m; —my —M

1 1 1 1 1 1
and 2 2 = (-1)? 2 2 .
m3 —m§ —R -m3 m§{ R

XJE-axdy = X V@S +1)@Si 4+ 1)(=1) e /66

m3,Mm},R

y S; 1 J 3 S J ;7 1 .
m; —m§ —M m3 —my M —m3 my R

(3.277)

Now we have,
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This can be expressed in terms of the ‘6-j symbol’ defined by,

J1 J2 Js (—1)r+izth+h . : :
= 3 E (71, M1 32, ma|ds, my + ma)
Lol V(i3 + 1)(25 + 1) mima

X (3, m1 + ma; 1y, M — my — mylly, M)

X (J2y ma; li, M — my — myl|lz, M — mq)(j1, m1; s, M — m4|ly, M).
(3.278)

Hence, as a consequence of the reality of our Clebsch-Gordan coeflicients, the 6-j symbol

is real. Comparing (3.277) with equation (6.2.8) of ref.[13]

Z (_1)h+12+13+u1+u2+u3 ( jl 12 l3 ll J2 l3 ll 12 j3
B2, 1 \ M1 p2 —ps —p1 e p3 P —pz Mg

[ .. L
_ Jv J2 Js Jv J2 J3 , (3.279)
\ ﬁ’bl Thg 'ﬁl3 11 12 l3

and noting that -

my = M+ ma,

m; = M+m:'3,
(_1)—2J+%—m.‘

= (=1)2HEmmmmiomy o ()T mmemmi =M (-1)7+

we get (since J is an integer),

(xJ1&-axy) = (—1)"+%‘"“~/561,mﬁ25f+1)(25,-+1){ 5 % 1}

1 1 J
S Sp 1
doer| !
R m; —mMmy R

2 2
For the square of the spin amplitude we have,

X

‘| ' o - Y 41-2m; S; S 1
(X7 13- axi ) (xjld-ax)) = (1)U 2"‘-6(25,«+1)(25,-+1){ 1 1f J'}

2 2
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S S; 1
x { ! }ZZe‘_R,-e_R
R R

1L 1
22‘]

S; S 1 S; S5 1
x bl
m; —my R m; —my R’

but (—1)!~?™ =1 since the intrinsic spin of the proton S; is half-integral’. Summing

over polarization states A and using the identity [26]
YaNeN) = —gu (3.280)
)

which in the transverse gauge becomes,

;5:(’\)51'(’\) = &; (3.281)

we get

‘" ,*" . S,' Sf 1
(17 - Ay ol - dxd) = 6(2sf+1)(2s.-+1){ "o }
3 2 J
2

A S; S¢ 1 S; S 1
x d D ! (3.282)
% % J]R\m —-my R

3.3.1 Evaluation of the 6-j symbols

Using relation (6.3.4) of ref.[13],

h Iz J3 i (1 I+ 73+ D2+ 3 — 1)
= (—1)1tnts - - g - 3.283
{ . } (=1) 2%+ Dois(2is + 1) )

1/4.

PR

[T Y

D= N =

o -

[
Il

2We consider only S state mixings in our compositions so, since the total angular momentum J = %
for the Y or proton, S; and Sy are both one-half.
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In addition relation (6.3.3) of ref.[13] gives us,

v g2 Js i tirris | U1+ J2 —J3 + 1)(J1 + Js — Ja)
— _1 Jl+]2+.13 - - - - 3.284
{ } (=1) J (272 + 1)(272 + 2)27a(253 + 1) (3.284)

1/36.

R

Wi =

D= N

T

(N —
I

3.3.2 Evaluation of the 3-j symbols

The 3j-symbol can be evaluated from the relation ((3.7.10) ref.[13])

( RRE (1 + 72) ) = (_1)j1—j2+m1+m2

my my —(my + my)

» (21)M(252) (41 + J2 + mq + mo)!
\ (251 + 252+ 1)1 + ma)!

(J1 + J2 — (m1 + my))!

g \ (71 — m1)! (2 + m2)!(j2 — m2)! (3.285)
= 2 : 1 — [(_1)m.~—m,]2(1 + m; —my)!(1 4+ R)! .
m; —mf R 6

3.3.3 Spin summation and squaring the amplitude

Assigning equal a priori probabilities to each of the initial spin states and summing

over the possible final spin states

- 1.
|IM? = 5511 o IMP (3.286)

myg,my

For example with J =0,J' =0, S; =1 and S =

%‘Lux’;la-axfn?':lz{ 1} ) (5 : 1)

my,m; 0 m,::t-;-,m.‘=:t‘12'R=i:1 m; —my R

= 2 (3.287)

B Pt

[ I Y
M= =



Chapter 3. Calculations _ 101

With J=1,//=15;=1and §; =1

2 ‘ 2

1 5 11
1 m,=:b%,m.'=:£%R=:hl m; —my R

2
= 3 (3.288)

mg,my

% Y 10A1F - ax) = 12{

[T Lo 1
[T LT 1

For the cross term:

myg,mg

1 — * - —
5 3 (5IF - axt)(xjle - &) = 12{

W= I

SIS
o —
| —
e e

RO RO

YRy
= [
N e’

3.4 Full Amplitude

The full invariant amplitude is now obtained in terms of the expressions (3.241)-(3.245),
with the assistance of the SMP algebraic manipulation package. The full wave functions
were coded, along with the matrix relevant elements, into the file “WAVEFN.DEF”.
These definitions were then used (within the SMP environment) to simplify the ampli-
tude as much as possible. A FORTRAN formula for the amplitude was generated. The

relevant input data and commands, along with the output, is detailed in Appendix C.

3.5 Determination of the Strong Coupling Constant

We need to insert a value for gg,, into the invariant amplitude. Unfortunately, the
strong coupling constant for interactions at the quark level is not known. However it is

possible to express the proton-kaon-Y vertex in terms of quark-kaon-quark vertex. We
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LN K~
N s \\\ Y
Bxus gpr

u (a) P (b)

Figure 3.3: Strong vertices for relating gxus to gxpy

follow the treatment in ref.[37], in which the process is assumed to be a single quark
transition. We first consider the strong vertex at which a u quark absorbs a kaon and

is transformed into an s quark as in Fig.3.3 (a). The amplitude for the process is
3 -—
Hywo = 3 [ 8r(@1, 2, 30)igrustsb (B)Vapl(@1, 82, 3) '8 d°F, 2
i=1

in coordinate representation. The sum is over the three quarks in the baryons. Py
and @, include spin-flavour dependence and are given by equation (1.58). We now do
a two component reduction and take the nonrelativistic limit (E,,m, are the energy
and mass of the quark in the final state, the s quark; E,,m, the energy and mass of
the initial state quark, the u quark). Neglecting terms of O(p/m)? and disregarding,
for the purposes of this calculation, the difference in mass between the strange and up

quark, we get,

Hgys = gKusE q’Y($11$2vx3)( )¢K( )
E, +m;, E +mu

x V. ® ($1,$2,$3)d z, &*T, &7,
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23) . Tpr (3
— — — - — - o T — - —
= 3gKu.a/ d3331 dazz d3$3 Q{;(.’El,xg,:l);;)( ) d)K( 3))V_£3)<bp(.’121,1,‘2,233)

My
(3.290)
The complete permutationa;l symmetry of the baryon wave functions allows us to write
the interaction in terms of the third quark. The v operator in (3.290) arises from
taking px = P, — Pu and so acts only on the kaon wave function.
Applying this procedure to the analogous baryon-meson-baryon vertex, Fig. 3.3

(b), we find in terms of the baryon centre of mass X

(7 - V(X))

— 3 —
o V,®,(X)d*X.

Hypy = gpr/<I’§f(f)

P

Where (Y'|V4|p) = 1.
Neglecting the difference between the centre of mass and the position of the third

quark and equating the amplitudes we find -

9KpY _ oq9Kus 3) .(3)
om, 32mu(YTIV+ o |P1).

Where P and Y are the 3-quark spin-flavour wave functions. The T indicates we are
taking the spin up state for the Y and proton. Therefore using table 3.11 and the spin

matrix element results

(x%1o271x%) 1,
(xX5le@g) = 0,
OAle@Ixg)y = o,
(xtle®xy) = -1/8,
we get
gruo(Y = A) = LEATw /g (3.201)
3 m,
and gKus(Y=20) = Mﬂg\/ﬁ- (3292)

3 m,
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Using the values

grpn = —13.2,
gz = 6.0,
obtained from ref.[31], we get
grus(Y =A) = —4.83, (3.293)
and gg,,(Y = X% = 11.40. (3.294)

Form factor corrections to these coupling constants will be small [38] due to the

fact that the decay momenta (|Py| and |k|) are equal.

3.6 Phase space

Recall that the amplitude for the process was given by
Syp = Z(27)*8*(px + P, — (k + Py))M

Squaring this amplitude, summing over final and averaging over initial spin states, and
dividing by VT gives us the transition probability per unit time per unit volume

ISI? _ (2m)*8*(px + B, — (k + Pr))IMPlypx(0)*mim, (Es + m.)(Es

+m,)
VT 4mgkOV3E, E,E3s E{EY EY pym— (3.295)

However?

we want the decay rate per decaying K~ p atom; therefore we divide by the
number of decaying particles per unit volume. Since there are % K~ p atoms per unit
volume we divide (3.295) by 3;.

The decay rate is given by the transition probability per unit time per decaying

particle, integrated over the number of final states in volume V,

oo / (27)*6%(pk + P, — (k + Py))| MP9k(0)|2mi(E;s + m,)(Ey + m,) Vd3k VB3P
B 16mxkOV2E, E,EsE} E,E} (2m)3 (27)3

3The bar in S and M indicates that the spin summation has been carried out.
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_ S(mx +my — (K + By))|M(Py = —B)Pl$x(0)Pmi(Es + ma)(Bs + mu) 7
- 64n2mgkOE,\ E,E E E, E} '

(3.296)

Taking E, = E, = E] = E}, = m,, E; = m, and using conservation of energy for the

third quark E} = E; + my — k°, we find

ro= [T [T dmectm, o (Bt EDIM(Fy = —B) Lok () (m, +mx — K+ my)
T Jo=0 Jo=0 Jr=0 32m2my k%(m, + my — k°)
x sin8d6dg |k|? d|k|.

Substituting

dW Ey+k W

= 0 — —
Wby +k = o5 ="F I,

we get

/oo §(mk +m, — W)|M(Py = —k)2|k(0)[2(m, + mxg — k° + m, )k’ Ey dW
W=my 8rmg(m, + mg — KO)W
|Yk(0) 2k Ey(ms + mg — k° +my,), -, = 12
M(Py = —k)}*. 3.297
8rmyg(mg + my)(m, + mg — k°) [M(Py ) ( )

Where Ey = /m? + (k°)2.

As mentioned previously the principal (§2.5.4) quantum number for the kaon wave

I =

function from which capture takes place is not precisely known. However, if we assume
the kaon wave function at the origin is the same for all decay modes, it cancels in the

branching ratio.

Unit Conversion

The decay rate for the process

K™ p — all modes
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is given by Burkhardt et al. [39] as
Lan = ZWPIT»Z’K(O)IZ
with?* W, = (0.560 £ 0.135)GeV fm3
Since we have used natural units throughout and taken masses and the confinement
parameter to be in GeV, our invariant amplitude is in units of 1/GeV; as it must

in order to yield the dimensions of a decay rate. In order to get I'/|¢k(0)|? to have

dimensions GeV fm® we multiply by

( ke
1000

)3® = (0.19732705359GeV fm)3.

The branching ratio, therefore, for the process K~p — Y~ is given by

KEy(m, +mg — K +m,) |M(Py = —k)|2(0.197GeV fm)?

BR= 8rmg(mg + m,)(m, + mg — kO) 2W,

. (3.298)

3.7 Results and Discussion

Table 3.13 lists the branching ratios to Ay and X% in the uds and SU(6) basis with
both PS and PV couplings. The confinement parameter and the quark constituent
masses are taken from previous analyses [15],[24]. We take the same values as used in
the previous NRQM calculation by Darewych et. al [32].

From table 3.13 it can be seen that only the X% uds (PS) prediction agrees with the
current experimental range[l] of (1.4 & 0.2)1073. The experimental value for the Ay
branching ratio is (0.86 % 0.07)1073.

The fact that the uds calculation is closer to experiment than SU(6) suggests that
taking into account the strange quark mass difference is important. Setting m, = m,
in the uds amplitudes does not yield the same result as the SU(6) amplitude. The two

bases are not equivalent physical descriptions.

41t is interesting to note that if the experimental width of the 1s level[40] I'1, = 620eV is taken, along
with a hydrogenic 1s orbital we get W, = 0.565GeV fm? in good agreement with the result of ref.[39].
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BRx 103 uds SU(6)

PS| PV| PS| PV
Y =A |7.08]12.54 | 49.99 | 52.09
Y=x° {136 3.71| 3.50| 3.17

Table 3.13: Branching ratios for K=p — Yy (Y = A,X°). Results obtained
from PS and PV couplings within the uds and SU(6) basis are also tabulated.
a =041, m, = 0.42, m, = 0.70 GeV (parameter set 1).

BRx103| uds | SU(6)

PS| PV| PS| PV
Y =A |6.39 8826892 ] 73.44
Y =x° |1.18|1.57]|11.59 | 14.07

Table 3.14: Calculated branching ratios for K™p — Yv (Y = AZ%).
a =041, m, =042, m, = 0.70GeV. Here only the largest component of the proton
and Y wave functions is included.

BRx10-3 uds SU(6)

PS| PV| PS| PV
Y =A |10.52 | 18.29 | 69.24 | 70.70
Y=3%° | 287| 630 4.77| 4.41

Table 3.15: Calculated branching ratios for K'p — Yy (Y = A,X0).
a =0.32, m, = 0.33, m, = 0.55 GeV (parameter set 2).

A/A, (%) || Z°/E5 (%)
PS| PV || PS PV
14 63 7 67 | Proton diagram off

401 126 | 56 115 | Y diagram off
— 9l — 2 | Contact diagram off

Table 3.16: Contributions from the various diagrams to the invariant amplitude in
the uds basis. A/A, (%) denotes the percentage of the original Ay branching ratio
and X°/%% (%) the percentage of the original £%y branching ratio, when one of the
diagrams is ‘switched off’. a = 0.41, m, = 0.42, m, = 0.70 GeV'.
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BRx1073 uds SU(6)

PS| PV PS PV
Y=A |[1.46]259]|10.33|10.76
Y=x% [136|3.71| 3.50( 3.17

Table 3.17: Branching ratios for K™p — Y~ (Y = A,Z%. o = 041, m, = 0.42,
m, = 0.70 GeV. Here gk.,(A) is set equal to gxs(Z°).

Contributions from the Diagrams

In PS coupling graphs (1) and (2) (Fig. 2.2) add constructively. However graph (2), the
proton radiation diagram, dominates. As can be seen from table 3.16, turning off the
contribution from this graph reduces the amplitude to 14% for the lambda and 7.5% for
the sigma of the original. The amplitude is nearly all imaginary; the real part coming
entirely from the radiating Y diagram (Y = X°,A). Turning off this real part changes
the amplitude to only 1-2% (PS) and less than 1% (PV) of the original amplitude. This
is contrary to the assumption made in ref.[32] where they neglect graphs (2),(3), and
(4).

In PV coupling there is destructive interference between graphs (1) and (2) of Fig.
2.2 and the contact term graph (4) dominates. Table 3.16 shows that removing the
contact term reduces the uds amplitude, to 9% for A and 2% for the £°, of the original
amplitude. The large contribution from the contact term is in agreement with that
found by Workman and Fearing [31] where they perform an analogous calculation to
ours within a pole model.

The branching ratios in the PS and PV coupling schemes were found to be roughly
the same within the SU(6) basis but the PS/PV ratio is about 0.56 in the uds basis
for both parameter sets. As mentioned in §2.10.2, the PS and PV results should be
identical for an interaction taken over free quark states. Presumably, PS/PV # 1isa

result of the off-shell nature of the quarks in a baryon.
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Turning to the ratio
- 0
_I;{______I; = i ;f , (3.200)

which is independent of the uncertainty in W, and so is perhaps more reliable than
either of the individual branching ratios. Here most of the theoretical models do poorly;
none predict the experimental result [1] of 1.71£0.30 for the ratio in (3.299). We obtain
values in the range 0.19 - 0.29 for PS and PV in both uds and SU(6). Changing
the constituent quark masses and the confinement parameter to m, = 0.55, m, =
0.33, and o = 0.32GeV we get 0.18 — 0.26 for the £°/A ratio. This is in contrast
to the other NRQM calculation, ref.[32], where they obtain 0.76 for the ratio (3.299).
However our result agrees roughly with ref.[31] where they get 0.16 — 0.18 for (3.299),
including only the Born diagrams. When the contribution from the A(1405) resonance
is added they find, with a variety of parameters, the £% branching ratio to be ‘several
times larger’ [31] than the Ay branching ratio. The cloudy bag model (CBM) [41]
appears to do best here. They obtain 1.1 - 1.2 for the ratio (3.299), but is still below
the experimentally observed result. It is interesting to note that when we use the same
quark coupling constant for the A and X£° which is what one would expect from a
quark model, we get (see table 3.17) 0.93 (PS) and 1.43 (PV) for (3.299) in the uds
basis, close to the experimental result.

It can be seen from tables 3.13 and 3.15 that, unfortunately, many of the results
appear to be sensitive to the confinement parameter and the quark masses.

Comparing table 3.14 and 3.13 it can be seen that adding the excited components
has only a small effect on the PS result but gives a large increase in the PV calculation.

Differences due to the kinematics (the photon momentum is larger in the A~y reaction
as compared to the £%y) and phase space factors contribute to the value of the A/Z°

ratio. However, our high value for the Ay branching ratio may be a result of omitting
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the A(1405) resonance. Since the interaction in our calculations involves two spectator
quarks and a freely propagating third quark it would describe broad resonances. How-
ever, there is insufficient binding between the three quarks in the intermediate state
to generate a sharp resonance such as the A(1405). Its contribution was found to be
significant in refs.[32] and [31] (where they found it to interfere destructively with the
other Born diagrams).

It would be interesting to see a future calculation including the A(1405), along with
the graphs we have estimated. However, further terms in the invariant amplitude would
be needed to obtain a gauge invariant result for bound propagating quarks.

Our value of the ratio in (3.299) can be partially attributed to symmetry consider-
ations: the X° has isospin one and therefore has (within the uds basis) a flavour wave
function with M) symmetry. This must be combined with a symmetric (ground state)
spatial wave function and a x* spin wave function to yield an overall symmetric space-
spin-flavour wave state. On the other hand, the A has isospin zero which gives rise to a
x? spin wave function. These symmetry constraints on the quark spin wave functions
lead to an an extra factor of 3 (from the 6-j symbols) in the K~p — Ay amplitude and
therefore the branching ratio will increase by a factor of 9. This causes the A to have
a larger branching ratio despite gxys(Y = A) < gkus(Y = 9).

Thus our results appear to be qualitatively reasonable but not quantitatively rigor-

ous, as was to be expected from the NRQM.
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FORTRAN PROGRAMS

The following program (KAONCAPTURE) calculates the branching ratios K~p — Yy
using the methods outlinéd in chapter 2. The Gaussian integration routines are called
from the routine SETWX. This routines returns the gaussian points and their weights.
The boundary points of the interw}ais and the number of points in an interval can be
changed. This was done many times with the same result so we are satisfied that the

estimated integrals are reliable.

PROGRAM Kaoncapture

IMPLICIT REAL*8 (A-H,K,M-U,W-2)

IMPLICIT COMPLEX*16 V

COMMON /WXCOM/ XX(100), WW(100), WXXVEC(100), LIM,
.XXT(100), WWT(100), LIM2,GI1(2,2,5),GI2(2,2,5),GI3(2,2,5),
.s(2),y(5,2),31,732,

.a0(3,2),b0(3,2),pole(5) ,ht,pl,p2,rtp2,ap,bp,ay,by,spik,qint
.,ali,b1i,b2i,c1i,c2i,d1i,d21,d3i,d4i,gli
.,VI(5),cliu,cl2u,cl3u,cldu,csiu,cs2u,cs3u,cs4u
.,cl11,¢c12,c13,cl4,csl,cs2,cs83,cs4,cpl,cp2,cp3
.,A(6),12(6),I3,L,I1,
.gt,gs,gl,mp,mtb,msb,mlb,mst,ns,mu,f,b,sixj

DIMENSION Mps(2,2),Mpv(2,2)

mp=0.93827231 ! proton rest mass

111
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mK=0.49367
mlb=1.11563
msb=1.19255
mu=0.42

ms=0.7

! kaon rest mass

! Lambda baryon rest mass
! Sigma baryon rest mass
! default u quark mass

! default s quark mass

pi=3.141592653589793238

e=dsqrt(4*pi/137.035989561) ! elementary charge

convfac=(0.1973270539)**3 ! converts from GeV"-2 to GeV fm"3
eu=2*e/3 ! charge on u quark

es=-e/3 ! charge on s quark

ed=es ! charge on d quark

eK=-e ! charge on kaon

alps=(0.41) **2
Wp=0.56

cpl=0.95
cp2=0.25

cp3=0.20

cliu=0.95
cl2u=0.07
cl3u=0.28

cl4u=0.08

cl1=0.97

cl2=0.18

! default confinement parameter

total rate Kp->Y gamma=2Wp|psiK|~2 (in GeV fm"~3)

proton admixture coefficients

Lambda uds admixture coefficients

Lambda SU(6) admixture coefficients
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QQ

Q Q Q-

Q Q Q Q

c13=0.16

cl4=-0.01

cslu=0.98 !
cs2u=0.18
cs3u=0.02
cs4u=0.11

cs1=0.97 !
cs2=0.17
cs3=0.17

cs4=-0.00

gl=-13.2d0 !

gs=6.0d0 '

Call INTEGRATE

*kk MAIN

When :

Ji=1 ~-> Yp= Lambda
J1=2 --> Yp= Sigma

J2=1 ~-> Basis= uds

Sigma uds admixture coefficients

Sigma SU(6) admixture coefficients

strong coupling constant for Kp->sigma

strong coupling constant for Kp->lambda

LOOP *x*

J2=2 --> Basis= SU(6)

Type *,’Enter 1 to activate pfoton diagram (0=off)’
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Read (5,*) uil

Type *,’Enter 1 to activate imag part of Y diagram (0=off)’
Read (5,%) u2

Type *,’Enter 1 to activate real part of Y diagram (0=off)’
Read (5,*) u3

Type *,’Enter 1 to activate contact diagram (0=off)’
Read. (5,%) u4

Type *,’Enter 1 for parameter defaults ’

Read (5,%) L

if (l.eq.1) go to 2

Type *,’Enter alpha (in GeV): ?

Read (5,%) alpha

alps=alpha**2

Type.*,’Enter mu (in GeV): ?

Read (5,*) mu

Type *,’Enter ms (in GeV):

Read (5,*) ms

Type *,’Enter 1 for full wave functiomns

Read (5,*) L

if (l.eq.1) go to 2

cpi=1

cp2=0

cp3=0

cliu=l

cl2u=0

cl3u=0
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cl4u=0
cli=1
cl2=0
c13=0
c14¥-0
cslu=1
cs2u=0
cs3u=0
cs4u=0
csi=1
cs2=0
cs3=0
cs4=-0.00
2 DO 30 J1=1,2
DO 15 J2=1,2
q1=J1
q2=J2
CALL TRANS(ql,q2)
mlt=3*mu*mst/(2*mu+mst)
E3=mst
alpst=alps*dsqrt(mlt/mu)
kt=((mp+mK) **2-mtb**2) / (2% (mp+mK) ) ! photon momentum
ht=0.75*(1/alpst+1/alps) ! h in text
Cc=(2T*b*f) / ((2*pi) #*3*2*dsqrt(2.040)) ! C in text
Api=dexp(-(0.75%kt**2)/alps) ! Ap in text
Ayi=dexp(-(mlt*kt/mu)**2/(12%alpst)) ! Ay in text
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ci=(mlt/mu+3*alpst/alps)/(2*alpst)
c2=dexp((c1-ht)*kt**2)*es* (mst-kt-E3)

c3=(E3-mu-mK) *eu

s(1)=cl*kt ! s2 in text
s(2)=Abs((2*ht-c1)*kt) ! s1 in text
pi=(mu**2-(E3-mK) **2) !lambda2 in text
p2=(kt+E3) **2-mst**2 !lambdal in text
rtp2=dsqrt(p2) ! pole of integrand 2 (1 in text)
qint=0

ali=(4*Pi/dsqrt(alps*alpst))**(1.5)
b1i=4/dsqrt(3.0d0)*(2*Pi/dsqrt(alps#alpst))**(1.5)*(-1.5)
b2i=4/dsqrt (3.040)*(2%Pi/dsqrt(alps*alpst))**(1.5)/alps
c1i=4/dsqrt (3.0d40) *(2*Pi/dsqrt (alps*alpst))**(1.5)*(-1.5)
c2i=4/dsqrt (3.040) *(2*Pi/dsqrt (alps*alpst))**(1.5)/alpst
d1i=12%(Pi/dsqrt(alps*alpst))**(1.5)
d2i=-8/alps*(Pi/dsqrt(alps*alpst))**(1.5)
d3i=~8/alpst*(Pi/dsqrt(alps*alpst))**(1.5)
d4i=16/(3*alps*alpst)*(Pi/dsqrt(alps*alpst))**(1.5)

gli=-16/dsqrt(alps*alpst)*(Pi/dsqrt(alps*alpst))**(1.5)

C
C I0 integral
ap=1
ay=1
bp=0
by=0

call setyi(1) ! evaluate Fi(p)
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call setyi(2) ! evaluate G1i(u)

call calc(l)

C Ip integral
ap=3*kt/Dsqrt(6.0d0)
bp=3/DSQRT (6.0d0)
ay=1
by=0
call setyi(1) ! evaluate F2(p)
ap=0
call setyi(2) ! evaluate G2(u)

call calc(2)

C Iy integral
ap=1
bp=0 |
ay=-mlt*kt/ (mu*DSQRT(6.0d40))
by=-3/DSQRT (6.0d0)
call setyi(1)
ay=(3-mlt/mu)*kt/DSQRT(6.0d40)
call setyi(2)
call calc(3)

if (u.eq.1) go to 15

C Ipy integral
ap=3*kt/DSQRT(6.0d0)
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bp=3/DSQRT(6.0d0)

ay=-mlt*kt/ (mu*xDSQRT(6.0d0))
by=-bp

call setyi(1)

ap=0
ay=(3-mlt/mu)*kt/DSQRT(6.0d40)
call setyi(2)

call calc(4)

C Iq integral
qint=1
ap=3*kt/DSQRT(6.0d0) ‘.
bp=3/DSQRT (6.0d0)
ay=-mlt*kt/ (mu*DSQRT(6.0d0))
by=-bp
call setyi(1)
ap=0
ay=(3-mlt/mu)*kt/DSQRT(6.0d0)
call setyi(2)

call calc(5)

17 DO 23 I1=1,5
cxpart=c3*¢Ii(J1,J2,Il)*u1+c2*GI2(J1,J2,Il)*u2
rpart=pole(I1)*pi/(2*rtp2)*c2*u3
VI(I1)=DCMPLX(rpart,cxpart)

23 CONTINUE
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24

300
310
320

330

mgamp=DIMAG (VAMPL (q1,q2) ) #%2+DREAL (VAMPL(q1,q2) ) %2
Mps(J1,J2)=mgamp*(2*pi*gt*CckAyi*Api) **2
DO 24 I1=1,5 '

cxpart=c3*GIi(J1,J2,Ii)*u1-c2*GI2(J1,J2,Ii)*u2+

.GI3(J1,J2,I1)*eK/mK*u4

rpart=pole(I1)*pi/(2*rtp2)*c2*u3
VI(I1)=DCMPLX(rpart,cxpart)

CONTINUE

mgamp=DIMAG (VAMPL (q1,q2) ) #*2+DREAL (VAMPL (q1,q2) ) #%2
Mpv(J1,J2)=mgamp*(gt/ (mst+mu) *mK*Cc*Ayi*Api*2*pi) **2
Ey=dsqrt (mtb**2+kt**2)

E3p=mst+mK-kt
phase=Ey*kt*(E3p+mu) / (8*pi* (mK+mp) *mK*E3p)

FORMAT(’ Y= Lambda, Basis=uds’,$)

FORMAT(? Y= Sigma; Basis=uds ’,$)

FORMAT(’ Y=Lambda, Basis=SU(6):’,$)

FORMAT(’ Y=Sigma, Basis=SU(6):’,$)
open(unit=6,carriagecontrol=’FORTRAN’,status=’0LD’)
if ((jl.eq.1) .and. (J2.eq.1)) type 300

if ((jl.eq.2) .and. (J2.eq.1)) type 310

if ((jl.eq.1) .and. (J2.eq.2)) type 320

if ((j1.eq.2) .and. (j2.eq.2)) type 330

TYPE *,’M"~2 (PS)=’,Mps(J1,J2)
Mps(J1,J2)=phase*convfac*Mps(J1,J2)/(2*Wp)

TYPE *,’Ratio (PS)=’,Mps(J1,J2)

TYPE *,’M~2 (PV)=’,Mpv(J1,J2)
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15
30

Mpv(J1,J2)=phase*convfac*Mpv(J1,J2)/(2*Wp)
TYPE *,’Ratio (PV)=’,Mpv(J1,J2)

CONTINUE

CONTINUE

STOP

END

SUBROUTINE setyi(I)
IMPLICIT REAL*8 (A-H,K,M-U,W-Z)
IMPLICIT COMPLEX*16 V

COMMON /WXCOM/ XX(100), WW(100), WXXVEC(100), LIM,

.XXT(100), WWT(100), LIM2,GI1(2,2,5),GI2(2,2,5),6I3(2,2,5),
.s(2),y(5,2),71,J2,

.a0(3,2),b0(3,2),pole(5),ht,pl,p2,rtp2,ap,bp,ay,by,spik,qint

a0(1,I)=ap**2

a0(2,I)=2%ap*bp

a0(3,I)=bp*x*2

b0(1,I)=ay**2

b0(2,I)=2*ay*by

b0(3,I)=by**2

if (qint.EQ.1) GO TO 34 ! if doing I5 do cos theta numerically.
y(1,I)=-a0(1,I)*b0(1,I)/s(I)+a0(1,I)*b0(2,I)/s(I)**2

.+a0(2,I)*b0(1,I)/s(I)**2-2%a0(2,I)*b0(2,I)/s(I)**3

y(2,I)=a0(1,I)*b0(2,I)/s(I)+a0(2,I)*b0(1,I)/s(I)

.=2%a0(2,I)*b0(2,I)/s(I)**2

y(3,I)=-a0(1,I)*b0(3,I)/s(I)-a0(2,I)*b0(2,I)/s(I)



Appendix A. FORTRAN PROGRAMS 121

34

.+a0(2,I)*b0(3,I)/s(I)**2-a0(3,I)*b0(1,I)/s(I)

.4a0(3,I)*b0(2,I)/s(I)**2

y(4,1)=a0(2,I)*b0(3,I)/s(I)+a0(3,I)*b0(2,I)/s(I)
y(5,1)=-20(3,I)*b0(3,I)/s(I)

'RETURN

END

SUBROUTINE calc(I)

IMPLICIT REAL*8 (A-H,K,M-U,W-Z)

IMPLICIT COMPLEX*16 V

COMMON /WXCOM/ XX(100), WW(100), WXXVEC(100), LIM,

.XXT(100), WWT(100), LIM2,GI1(2,2,5),GI2(2,2,5),G13(2,2,5),
.s(2),y(5,2),31,32,

.a0(3,2),b0(3,2),pole(5) ,ht,pl,p2,rtp2,ap,bp,ay,by,spik,qint

pole(I)=FF(rtp2,2)
spik=pole(I)

CALL DOINT(I)
RETURN

END

SUBROUTINE doint(I)
IMPLICIT REAL*8 (A-H,K,M-U,W-Z)
IMPLICIT COMPLEX*16 V

COMMON /WXCOM/ XX(100), WW(100), WXXVEC(100), LIM,

.XXT(100), WWT(100), LIM2,GI1(2,2,5),GI2(2,2,5),GI3(2,2,5),
.s(2),y(5,2),11,32,
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.a0(3,2),b0(3,2),pole(5),ht,pl,p2,rtp2,ap,bp,ay,by,spik,qint

GI1(J1,J2,I)=0 ! Integral for proton radiation diagram,
GI2(J1,J2,I)=0 ! for Y radiation diagram,
GI3(J1,J2,I)=0 ! and the contact graph.

DO 10 I1=1,LIM
GI1(J1,J2,I)=GI1(J1,J2,I)+WW(I1)*F1(XX(I1))
GI2(J1,J2,I)=GI2(J1,J2,I)+WW(I1)*F2(XX(I1))
GI3(J1,32,I)=GI3(J1,J2,I)+WW(I1)*FF(XX(I1),1)
10 CONTINUE
11 RETURN
END

FUNCTION F1(X)

IMPLICIT REAL*8 (A-H,K,M-U,W-Z)

IMPLICIT COMPLEX*16 V

COMMON /WXCOM/ XX(100), WW(100), WXXVEC(100), LIM,
.XXT(100), WWT(100), LIM2,GI1(2,2,5),GI2(2,2,5),GI3(2,2,5),
.8(2),y(5,2),J1,J32,
.a0(3,2),b0(3,2),pole(5),ht,p1,p2,rtp2,ap,bp,ay,by,spik,qint
F1=FF (X, 1)/ (X**2+p1)

RETURN

END

FUNCTION F2(X)
IMPLICIT REAL*8 (A-H,K,M-U,W-Z)
IMPLICIT COMPLEX*16 V
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36

35

COMMON /WXCOM/ XX(100), WW(100), WXXVEC(100), LIM,

.XXT(iOO), WWT(100), LIM2,GI1(2,2,5),GI2(2,2,5),GI3(2,2,5),
.8(2),y(5,2),31,J32,
.a0(3,2),b0(3,2),pole(5),ht,pl,p2,rtp2,ap,bp,ay,by,spik,qint

F2=(FF(X,2) -spik) / (X**2-p2)
RETURN
END

FUNCTION FF(X,I)
IMPLICIT REAL*8 (A-H,K,M-U,W-2)
IMPLICIT COMPLEX*16 V

COMMON /WXCOM/ XX(100), WW(100), WXXVEC(100), LIM,

.XXT(100), WWT(i00), LIM2,GI1(2,2,5),GI2(2,2,5),GI3(2,2,5),
.s(2),y(5,2),31,J2,

.20(3,2),b0(3,2),pole(5) ,ht,pl,p2,rtp2,ap,bp,ay,by,spik,qint

If (qint.EQ.0) GO TO 36
FF=sing(X,I)

GO TO 37

t1=0

t2=0

D0 35 I1=1,5
t1=t1+y(I1,I)*X**I1
t2=t2+y(I1,I)*(-X)**I1
CONTINUE

t1p=DEXP (-ht*X**2)
FF=0
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IF (t1p.EQ.0) GO TO 37

FF=t1p* (DEXP (-5 (I)*X)*t1+DEXP (s (I)*X) *t2)
37  RETURN

END

FUNCTION sing(X,I)

IMPLICIT REAL*8 (A-H,K,M-U,W-Z)

IMPLICIT COMPLEX*16 V

COMMON /WXCOM/ XX(100), WW(100), WXXVEC(100), LIM,

.XXT(100), WWT(100), LIM2,GI1(2,2,5),GI2(2,2,5),G13(2,2,5),

.8(2),y(5,2),J31,732,

.a0(3,2),b0(3,2),pole(5),ht,pl,p2,rtp2,ap,bp,ay,by,spik,qint

t1=0

DO 10 Ii=1,LIM2

t1=t1+WWT(Ii)*q(XXT(I1),x,I) ! Do numerical cos theta integration
10 CONTINUE

sing=t1

RETURN

END

FUNCTION q(u,X,I)

IMPLICIT REAL*8 (A-H,K,M-U,W-Z)

IMPLICIT COMPLEX*16 V

COMMON /WXCOM/ XX(100), WW(100), WXXVEC(100), LIM,
.XXT(100), WWT(100), LIM2,GI1(2,2,5),GI2(2,2,5),GI3(2,2,5),
.s(2),y(5,2),71,32,
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38

Q

Q

.a0(3,2),b0(3,2),pole(5),ht,p1,p2,rtp2,ap,bp,ay,by,spik,qint

t1=dexp (-ht*x*x) *X**2
IF (t1.EQ.0) GO TO 38
t2=u-1

tip=dexp(s(I)*X*t2)*dsqrt(a0(1,I)+a0(2,I)*t2%X+a0(3,I)*X**2)

.*xdsqrt (b0 (1,I)+b0(2,I)*t2*X+b0(3,I)*X**2)

q=ti*tlp
RETURN

END

FUNCTION VAMPL(Yp,bas)
IMPLICIT REAL#8 (A-H,K,M-U,W-Z)
IMPLICIT COMPLEX*16 V

COMMON /WXCOM/ XX(100), WW(100), WXXVEC(100), LIM,

.XXT(100), WWT(100), LIM2,GI1(2,2,5),6I12(2,2,5),G13(2,2,5),
.8(2),y(5,2),31,J2,
.a0(3,2),b0(3,2),pole(5),ht,pl,p2,rtp2,ap,bp,ay,by,spik,qint
.,ali,b1i,b2i,c1i,c2i,d1i,d2i,d3i,d4i,gli
.,VI(5),cl1u,cl2u,cl3u,cldu,csiu,cs2u,cs3u,cs4u

.,¢11,c12,c13,cl4,cs1,¢cs2,cs3,cs4,cpl,cp2,cp3

Main formulas for the amplitude as generated by SMP.

Includes spin summations, flavour and space matrix elements.

IF (Yp.EQ.2) GO TO 94

C Yp=Lambda

125
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IF (bas.EQ.2) GO TO 92
C uds LAMBDA
VAMPL = (1.D0/18.D0)*((VI(1)*(18%A1I*CL3U*CP2+18*B1Ix*
CL1U*CP2+18*CL2U*CP2*D1I1+18%2 ** 0.5D0*A1I
*CL1U*CP1+9%2 ** 0.5D0*A1i*CL3U*CP3+(-9)*2
** 0.5D0*B1I*CL1U*CP3+18%2 ** 0.5D0*C1I*CL2U

*CP1+(-9)*2 %% 0.5D0*CL2U*CP3*D1I)+VI(2)*(18%*

$
$
$
$
$ B2I*CL1U*CP2+18%CL2U*CP2%D2I+(-9) %2 *x*
$ 0.5DO*B2I*CL1U*CP3+(~-9)*2 ** 0,5D0*CL2U*CP3x
$ D2I)+VI(4)*(18*CL2U*CP2*D4I+(-9)*2 ** 0.5DO*
$ CL2U*CP3%D41)+VI(3)*(18+%CL2U*CP2*D31+18%2
$ ** Q,5DO*C2I*CL2U*CP1+(-9)*2 ** 0.5D0*CL2U*
$ CP3*D3I)+(-2)*CL4U*CP3*G1I*VI(5)) / 2 ** 0.5D0)
GO TO 99
C SU(6) LAMBDA
92 T1 = VI(2)*((-36)*B2I*CL1%CP2+18%CL2*CP3*D2I+18%
CL3%CP2%D2I+(~18)*CL4*CP2*D2I+18%*2 ** 0.5D0*
B2I*CL1%CP3+(-18)*2 ** 0.5D0%*CL2%CP2%D2I+(-9)
*2 %% 0.5D0*CL3*CP3*D2I)+VI(4)*(18*CL2*CP3*
D4I+18*CL3*CP2*D4I+(-18)*CL4*CP2+¥D4I+(-18)
*2 **x 0,5D0*CL2*CP2*D4I+(~9)*2 ** 0, 5DO*CL3*
CP3*D41I)
T2 ='VI(3)*((-36)*C2I*CL2*CP1+18*CL2*CP3*D3I+18*
$ CL3*CP2%D3I+(~-18)*CL4*CP2*D3I+18%2 ** 0.5D0*
$ C2I*CL3*CP1+(~-18)*2 ** 0.5D0*CL2*CP2*D3I+(-9)

$ %2 ** 0.5DO*CL3*CP3%D3I)+2 ** 0.5D0*(9*A1I%CL4
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$  *CP3#VI(1)+(-18)*C1I*CL4*CP1*VI(1)+(-18)*C2I*

$ CL4*CP1%VI(3)+9%CL4*CP3*D1I%VI(1)+9%CL4*CP3*

$ D2I*VI(2)+9*CL4*CP3*D3I*VI(3)+9%*CL4*CP3*D4I*

$ VI(4)+2*%CL4*CP3*G1I*VI(5))+2%2 *x 0.5DO*CL3%

$ CP3*G1I*VI(5)

VAMPL = ((-1.D0/36.D0))*((VI(1)*((-18)*A1I*CL2*CP3+(~18)*
A1I*CL3*%CP2+18*A1I*CL4*CP2+(-36)*B1I*CL1%*
CP2+(-36)*C1I*CL2%*CP1+18*CL2*CP3*D1I+18*

CL3%CP2*D1I+(~-18) *CL4*CP2*D1I+(-36) %2 **

$
$
$
$ 0.5D0*A1I*CL1*CP1+(-18)*2 ** 0.5D0*A1I*CL2*
$ CP2+(-9)*2 ** 0.5DO*A1I*CL3*CP3+18%2 ** 0.5D0*
$ B1I*CL1*CP3+18%2 ** 0.5D0*C1I*CL3*CP1+(-18)%*
$ 2 ** 0.5D0*CL2*CP2*D1I+(-9)*2 ** 0.5D0*CL3*CP3
$  *D1I)+T1+T2) / 6 ** 0.5D0)
GO TO 99
C Yp=sigma 0
94 IF (bas.EQ.2) GO TO 96
C SIGMA uds
VAMPL = (1.D0/6.D0)*((VI(1)*(2%A1I*%CP2*CS3U+2%B1I%*CP2
*CS1U+2%CP2*xCS2U*D1I+2%2 ** 0.5D0*A1I%*CP1
*CS1U+(-1)*2 ** 0.5DO*A1I*CP3*CS3U+2 ** 0.5D0

*B1I*CP3*CS1U+2*2 ** 0.5D0*C1I*CP1*CS52U+2

+2%CP2*CS2U*D2I+2 ** 0,.5D0*B2I*CP3*CS1U+2

$
$
$
$ *% 0.5D0*CP3*CS2U*D1I)+VI(2)*(2*¥B2I*CP2*CS1U
$
$ *% 0,5D0*CP3*CS2U*D2I)+VI(4)*(2*CP2%CS2U*D4I
$

+2 ** 0.5D0*CP3*CS2U*D4I)+VI (3)*(2*%CP2*CS2U*
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$ D3I+2%2 %% 0.5DO*C2I*CP1%CS2U+2 ** 0.5D0*CP3*
$ CS2U*D31)+(-2) *CP3*CS4U*G1I*VI(5)) / (2 ** 0.5D0
$ %3 *x 0.5D0))

type *,cpl,cp2,cp3

type *,csiu,cs2u,cs3u,cs4u

type *,VI(1)

Q O a

type *,Vampl

GO TO 99

C SIGMA SU(6)

96 T1 = VI(2)*((-4)*B2I*CP2*CS1+(-2)*CP2*CS3*D2I+2%
$ CP2%CS4*D2I+(-2) *CP3*CS2%D2I+(~2)*2 ** 0.5D0
$  *B2I*CP3*CS1+(-2)*2 ** 0,5D0*CP2%CS2*D2I+(-1
$ Y*2 *% 0.5D0*CP3*CS3*D2I+2 ** 0.5D0*CP3*CS4%*
$ D2I)

T2 = VI(4)*((~2)*CP2*CS3*%D4I+2*CP2*CS4*D4I+(~-2)

*CP3*CS2%D4I+(-2) %2 ** 0.5D0*CP2%CS2+D4I+(-1
Y*2 %% 0.5D0*CP3*%CS3%D4I+2 ** 0.5D0*CP3*CS4x*
D4I)+VI(5)*(2%*2 ** 0.5DO*CP3*CS3*G1I+2%2 **
0.5D0*CP3*CS4*G1I)+VI(3)*((-4)*C2I*CP1*CS2+(

$
$
$
$
$ =2) *CP2%CS3*D3I+2*%CP2%CS4*D3I+(~2) *CP3*
$ CS2+D3I+(-2)*2 **x 0.5D0*C2I*CP1*CS3+2%2 **

$ 0.5D0*C2I*CP1*CS4+(-2)*2 ** 0.5D0*CP2%CS2*D3I

$ +(-1)*2 ** 0.5D0*CP3*CS3#D3I+2 %% 0.5D0*CP3*

$ CS4+D3I)

VAMPL = ((-1.D0/36.D0))*((VI(1)*(2*A1I*CP2*CS3+(-2)*A1l

$  *CP2xCS4+2xA1I*CP3*CS2+(-4)*B1I*CP2*CS1+
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(-4)*C1I*CP1%CS2+(~2)*CP2%CS3*D1I+2*CP2*
CS4*D1I+(-2)*CP3*CS2%D1I+(-4)*2 x* 0,5D0*A1I
*CP1%CS1+(-2)*2 %% 0.5D0*A1I*CP2%CS2+(-1) *2

$

$

$

$ *% 0,5D0%A1I*%CP3%CS3+2 ** 0.5D0*A1I*CP3*CS4+(

$ ~2)*2 *% 0.5D0*B1I*CP3*CS1+(-2)*2 ** 0.5D0*C1I

$  *CP1%CS3+2%2 ** 0.5D0*C1I*CP1%CS4+(-2)*%2 **

$ 0.5D0O*CP2*CS2*D1I+(-1)*2 ** 0.5D0*CP3*CS3*D1I

$ +2 *x 0.5D0*CP3*CS4*D1I)+T1+T2) / 2 ** 0.5D0)
99 RETURN

END

SUBROUTINE TRANS(Yp,bas)
IMPLICIT REAL*8 (A-H,K,M-U,W-Z)
IMPLICIT COMPLEX*16 V
COMMON /WXCOM/ XX(100), WW(100), WXXVEC(100), LIM,
.XXT(100), WWT(100), LIM2,GI1(2,2,5),GI2(2,2,5),G13(2,2,5),
.8(2),y(5,2),71,32,
.a0(3,2),b0(3,2),pole(5),ht,pl,p2,rtp2,ap,bp,ay,by,spik,qint
.,ali,bli,b2i,cli,c2i,d1i,d2i,d3i,d4i,gli
.,VI(5),cliu,cl2u,cl3u,cl4u,cslu,cs2u,cs3u,cs4u
.,cl1,¢12,c13,cl4,cs1,cs2,cs83,cs4,cpl,cp2,cp3
.,A(6),12(6),13,L,I1,
.gt,gs,gl,mp,mfb,msb,mlb,mst,ms,mu,f,b,sixj
IF (Yp.EQ.2) GO TO 110

C Yp=Lambda

mtb=mlb
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C Yp=
110

120
C uds

C su(

130

gt=gl/3*mu/mp*dsqrt (6.0d40)

f= (1.D0/12.D0)*(2%3 ** 0.5D0*(2%CL1*CL1U+(-1)*
$ CL2U*CL3+2 **% 0,5D0*CL2%CL2U+2 ** 0O.5D0*CL2x*
$ CL3U)+2%*3 ** 0.5D0*CL3*CL3U+2%6 ** 0.5D0*CL3
$ *CL4U+2%6 %% 0,5D0*CL4*CL4U+12 **x 0.5D0*CL2U
$ *CL4+(-1)*12 *x 0.5D0*CL3U%*CL4)

f=1

GO TO 120

sigma 0

mtb=msb

gt=gs/3*mu/mp*9*dsqrt (2.040)

f= (1.D0/12.D0)*(2%3 ** 0.5D0*(2*CS1*CS1U+CS2U*
$ CS3+2 *x 0.5D0*CS2%CS2U+2 ** 0,.5D0*CS2*CS3U)+
$ (-2)*3 ** 0.5D0*CS3*CS3U+2%6 ** 0.5D0*CS3*
$ CS4U+2%6 ** 0,.5D0*CS4*CS4U+(~-1)*12 ** 0.5D0*
$ CS2U*CS4+12 ** 0.5D0*CS3U*CS4)

f=1

IF (bas.EQ.2) GO TO 130

basis

mst=ms

b=1

f=1

GO TO 140
6) basis

mst=mu

b=3

130
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140  RETURN
END

FUNCTION FAC(qQ)
IMPLICIT REAL*8 (A-H,K,M-U,W-Z)
IMPLICIT COMPLEX*16 V
IF (q.GE.0) GO TO 40
TYPE *,’Argument of Factorial less than zero!’
GO TO 55
40 FAC=1
IF (q.LT.2) GO TO 55
DO 45 J=2,q
FAC=FAC*J
45 CONTINUE
55 RETURN
END
C
C Subroutine to determine the points and weights for evaluating the integrals.
C
SUBROUTINE INTEGRATE
IMPLICIT REAL*8 (A-H,K,M-U,W-Z)
IMPLICIT COMPLEX*16 V
COMMON /WXCOM/ XX(100), WW(100), WXXVEC(100), LIM,
.XXT(100), WWT(100), LIM2,GI1(2,2,5),GI2(2,2,5),GI3(2,2,5),
.s(2),y(5,2),31,J2,

.a0(3,2),b0(3,2),pole(5),ht,pl,p2,rtp2,ap,bp,ay,by,spik,qint
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42

48

I11=4
A(1)=.5
12(1)=16
A(2)=1.0
12(2)=16
A(3)=1.5
I2(3)=16
A(4)=2.0
I12(4)=16

I3=0

.,ali,b1i,b2i,c1i,c2i,d1i,d2i,d3i,d4i,gli
.,VI(5),cllu,cl2u,cl3u,cl4u,csiu,cs2u,cs3u,csdu
.,c11,c12,c13,c14,cs1,cs2,cs3,cs4,cpi,cp2,cp3
.,A(6),12(6),13,L,I1

! Intervals for numerical cos theta integration

CALL SETWX(I1,I2,A,I3)

LIM2=LIM

DO 48,I1=1,LIM2
XXT(I1)=XX(I1)
WWT(I1)=WW(I1)

CONTINUE

11=6
A(1)=.25
I12(1)=16
A(2)=.5

I12(2)=16

! Intervals for numerical momentum integration
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43

A(3)=.75
I12(3)=16
A(4)=1.0
12(4)=16
A(5)=1.25
I2(5)=16
A(6)=1.5
I12(6)=12
I13=8

CALL SETWX(I1,I2,A,I3)
RETURN

END
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Details of Integrals

To evaluate the integrals used in chapter 3 we will need the following results [42]

(Z) 5, (B.30)

f

/ R L e 5y

a2
/0°°,\sin(,\q)e-%a”’d,\ = i‘{—;(%)%e-%, (B.301)
/(;oo)\"sin(/\q)e‘%"”\zd/\ = ‘/’_’(3“;;;93)27/26-;"3—:, (B.302)
/—11 ue M idy = zi (cos()\q) —1§S1n(/\q)) (B.303)
/Ooo/\zcos(/\q)e’%“z’\zd/\ = \/—25/28(:5 —qz)e'zaz. (B.304)

Using (B.300) we get

]

ay = /1‘[}00061A.qyd3A

'4%/ ~1a3N24i%gy g3
[s3 1 d A
\/47r
% h 2
oy

: 2
Similarly a, = (2ﬁ) e a2,

2 1 40t§ 3 2 2
| A z /\2)6_-0"\’\ +iX. qydB/\
3vV4r \l \/7?/(2 )

K

S (ﬁ)% (Ly -

>¢

by = /¢1006ix'€yd,3’-\‘

% (85 2
3
2 2
Similarly b, = % (.‘{T;) ((gol;.)? _ g)e—iff,
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Finally ¢y = / ¢0106ix'¢yd3;\.

3
- ,/g I ij‘—i / ay\e-%aih’chw,/ 4icoso,\2sin9d9 dé d)
™ ™
4 '

: 3 R
- 2(£)nt

(25 (a5
3
4 2 %
Similarly ¢, = f(?) qpe_?-zf.

Angular integrals

When performing the angular integrals we will need the general formula (u = cos 6)

=-1

1 . .
/ " (a1 + agpu + azp?)(by + bapu + bap®)p* du = Y ni(p'e ™ + (—p)'e”)

(B.305)
—ab b by 2azb
where n; = L a122 + a221 - a23 2, (B.306)
s s s s
b b1 2ab
g = 242t (B.307)
3 s s
—ab b b b b
N = 103 G302 + 0223 @30 + a322, (B.308)
s s s s s
b b b
na = g2 E3__3, s = _3s (B.309)
s s s

All the angular integrals can be evaluated from this result by appropriate choice of the

a; and b;.

Contour Integration

Since the integrand of the second integral in equation (3.264) is an even function of u,

GJ(/\1)~/0 m du = 5 ll_l;% /;oo u? — /\% e du. (B.310)
Neglecting terms of O(€)? and defining
zZ = /\1 + i,

2\
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we have
00 1 R 1
- = i
/-oouz—/\f——iedu Ao -R (u+z)(u — 2)
1 -1
= lim {]{ (ut2)” ("—+f—)——du} (B.311)
R—co u—2z Ch U—2z

The contour C is to be closed on the top half of the Argand plane. Contour Cpr
represents the semi-circle part of C. Since C is an anti-clockwise contour it is postive.

From the Cauchy residue theorem [43]

}{ (f(:c) dz = 27if(a), (B.312)
we get
-1
lim lim (u+2) du = lim——2ﬂ—.—- ==
Rooe~0Jc u—2z =020+ 35 A

We must now show that the integral over contour Cg yields zero. It follows from the

triangle inequality [44] that,
u+ zlfu — 2] 2 [Jul — |2}

On Cp, |u| = R and we get

1

TR
on ( F ) —2)

u| < ———
IR — |2||?

where mR is the length Cg. The desired limit is now evident; that is,

1
1i du = 0.
Rovoo Jop (ut 2)(u —2) 0
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SMP Procedures

The following commands define the wave functions and rules for evaluating the matrix
elements within the SMP environment. They are contained within the file “WAVEFN.DEF”.

The following translations may be useful:

psip= V¥, psil= \III\

psis= ¥l N82ss= NS5 etc
L2S= A %S etc cr= x”

cl= x* pPl= ¢,

PsS= ¢x pPrl= ¢}

pll= ¢} etc Ps000= &5,

Pr120f= &%, etc.
Where the f denotes final state; that is the spatial wave function for the Y.

For the matrix elements:

pl*prp denotes (¢a|Vy|o5)
cr~2 denotes (x”|5 - €lx")

Ps00£*Ps000 denotes (@500|Q| P50

psip:cpl1*N82ss+cp2*N82ssp+cp3*N82sm /* Proton wave function

psil:If[uds=1,cliu*L2S+c12u*L2S11+c13u*L2Srr+cl4u*L25rl,\

cli*L82ss+cl2%L82ssp+cl3*L82sm+cl4*L12sm] /* Lambda wave function
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psis:If[uds=1,cs1uxS2S+cs2u*S2S11+cs3u*S2Srr+cs4u*S2Srl,\

cs1*582s8+cs2%S8258p+cs3%582sm+cs4*S102sm] /* Sigma wave function

N82ss: (cr*prp+cl*plp)Ps000/Sqrt[2]
N82ssp: (cr*prp+cl*plp)Ps200/Sqrt[2]

N82sm: (P1200* (cr*prp~cl*plp)+Pr200*(cr*plp+cl*prp))/2

L82ss: (cr*prl+cl*pll)Ps00f/Sqrt[2]
L82ssp: (cr¥prl+cl*pll)Ps20£/Sqrt [2]
L82sm: (P120f* (cr*prl-cl*pll)+Pr20f*(cr*pll+cl*prl))/2

L12sm: (P120f*cr~cl*Pr20f)pal/Sqrt[2]

S82ss: (cr*prs+cl*pls)Ps00£/Sqrt[2]

S82ssp: (cr*prs+cl*pls)Ps20f/Sqrt[2]

S82sm: (P120f* (cr*prs-cl*pls)+Pr20f*(cr*pls+cl*prs))/2
S102sm: (P120f*cl+cr*Pr20f)pss/Sqrt[2]

L25:Ps00f*pl*cr
L2S11:P1120f*pl*cr
L2Srr:Prr20f*pl*cr

L25r1:Pr120f*pl#*cl

S2S:Ps00f*ps*cl
S52S11:P1120f*ps*cl
S2Srr:Prr20f*ps*cl

S2Srl:Prl120f*ps*cr
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’Flavour Matrix element results

pl*prp:1
pl#*plp:0

prl*prp:Sqrt[2/3]
pll*prp:0
pal*prp:-1/Sqrt[3]
prl*plp:0
pll*plp:0

pal*plp:0

ps*prp:0
ps*plp:-1/Sqrt[3]

prs*prp:0
prs*plp:0
pls*prp:0
pls*plp:-Sqrt[2]/3
pss*prp:0

pss*plp:-1/3

’Space Matrix elements
Ps00£f*Ps000:a
Ps00f*Ps200:b/Sqrt[2]

Ps00£*P1200:-b/Sqrt[2]
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Ps00f£*Pr200:

0

Pr120£*Ps000:0

Prl120£f*Ps200:0

Pr120£*P1200:0

Prl120f*Pr200:g/3

Prr20£f*Ps000:0

Prr20f*Ps200:a/Sqrt[2]

Prr20£*P1200:a/Sqrt[2]

Prr20£*Pr200:0

P1120£f*Ps000:c

P1120£*Ps200:d/Sqrt[2]

P1120£*P1200:-d/Sqrt[2]

P1120£*Pr200:0

Ps20£*Ps000:

Ps20£*Ps200

Ps20£*P1200:

Ps20£f*Pr200

P120£*Ps000

P120£*Ps200:

P120£*P1200:

P120£*Pr200
Pr20£*Ps000
Pr20f£*Ps200
Pr20£%P1200

Pr20£*Pr200

c/Sqrt[2]

:(a+d) /2

(a-d)/2

:0

:-c/Sqrt[2]

(a-d)/2
(a+d) /2

:0
:0
:0
:0

:g/3

140



Appendix C. SMP Procedures 141

’Spin Matrix elements

cr-2:sfr
cr*cl:0
cl*cr:0

cl~2:sfl

SMP 1.6.2

Mon Feb 4 16:14:28 1991

uds:1; /%
<"wavefn.def"; /*
psil psip; /*
Ex[4]; /*
Rat[%]; /*
Fac[%]; /*

cbl4,{a,b,c,d,g}] /*

uds basis

Load definitions

Calculate <Lambda|V|proton> amplitude

Expand last expression (using definitons)

Rationalize last expression over a common denominator
Factorize last expression

Combine coefficients in last expression

1/2

a (6¢cliu cpl sfr + 3cl3u cp3 sfr + 3 2 cl3u cp2 sfr)

1/2

+ b (-3cliu cp3 sfr + 3 2 cliu cp2 sfr)

1/2

+ d (-3cl2u cp3 sfr + 3 2 cl2u cp2 sfr)

1/2
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psis psip;
Ex[/);
Rat [%];
Fac[%];
Cbl%,{a,b,

+ 6c cl2u cpl sfr + 2 cl4u cp3d g sfl

/* Calculate <Sigma 0|V|proton> amplitude

c,d,g}]

1/2

-(a (6cpl csiu sfl - 3cp3 cs3u sfl + 3 2 cp2 cs3u sfl)

1/2

+ b (3cp3 csiu sfl + 3 2 cp2 cslu sfl)

1/2

~+ d (3cp3 cs2u sfl + 3 2 cp2 cs2u sfl)

1/2

+ 6¢c cpl cs2u sfl + 2 cp3 cs4u g sfr)
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uds:0; /* Now do same thing in SU(6) basis
<"wavefn.def";

psis psip; /* for the Sigma

Ex[%];

Rat [%];

Fac[%];

¢b(%,{a,b,c,d,g}]
-(a (12cpl cs1 sfl + 6¢p2 cs2 sfl + 3cp3 cs3 sfl - 3cp3 cs4d sfl

1/2 1/2

- 32 cp2 ¢s83 sfl + 3 2 cp2 cs4 sfl

1/2

- 32 cp3 cs2 sfl)

1/2

+ b (6cp3 csl sfl + 6 2 cp2 csl sfl)

1/2

+ c (6cpl cs3 sfl - 6¢cpl cs4 sfl + 6 2 cpl cs2 sfl)
+ d (6cp2 cs2 sfl + 3cp3 cs3 sfl - 3cp3 cs4 sfl

1/2 1/2
+32 cp2 cs3 sfl - 3 2 cp2 cs4 sfl



Appendix C. SMP Procedures 144

1/2

+3 2 cp3 cs2 sfl)

+ g (2cp3 cs83 sfr + 2cp3 cs4 sfr))

psil psip; /* and for the Lambda
Ex[%];

Rat [Fac[%]];
Cb[./n:{a:b:c:d’g}]

-(a (-24cll cpl sfr - 12cl2 cp2 sfr - 6cl3 cp3 sfr + 6cld cp3d sfr

1/2 1/2

-6 2 cl2 cp3 sfr - 6 2 cl3 cp2 sfr

1/2

+ 6 2 cl4 cp2 sfr).

1/2
+ b (12cl1 cp3 sfr - 12 2 cll cp2 sfr)

+ ¢ (12c13 cpl sfr - 12cl4 cpl sfr
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1/2

- 12 2 cl2 cpl sfr)

+ d (-12¢12 cp2 sfr - 6cl3 cp3 sfr + 6¢cl4 cp3 sfr

1/2 1/2

+6 2 cl2 cp3 sfr + 6 2 cl3 cp2 sfr

1/2

-6 2 cl4 cp2 sfr)

+ g (-4cl13 cp3 sfl - 4cl4 cp3 sfl))
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