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Abstract

The physics of ladder systems and the Kondo problem have an essentially one-dimensional
nature. There are powerful tools, such as bosonization and conformal field theory, ap-

- plicable to these systems. In the first part of this dissertation, the stripe phase in 4-leg

ladders is investigated by bosonization and weak-coupling renormalization group equa-
tions. A new type of charge-four correlation, bipairing, is proposed and gives a simple
explanation of the stripe phase. In the second part, we discuss boundary effects on the
entanglement entropy in quantum spin chains and calculate the entanglement entropy in
the Kondo-like quantum impurity model. The result on impurity entanglement-entropy
is generalized to the system with finite size or finite temperature by employing confor-
mal field theory methods. The theoretical calculations are also compared with numerical
results obtained by density matrix renormalization group methods.
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This is a schematic phase diagram of high temperature superconductors as
a function of temperature T and hole doping §. AF and SC are antiferro-
magnetic and superconducting statés, respectively. The solid lines are the
phase boundaries. The dashed lines is the boundary where a pseudogap is
opened, which is not sharply defined and is still under debate. . . . . . .
This is a schematic view of electronic liquid crystals. Solid lines represent
metallic stripes along which electrons can flow.. The dashed lines represent
density modulations. In the crystal phase, the phases of density modula-
tions between neighboring stripes are locked. It’s an insulating phase and
breaks translational symmetry in all directions.The smectic phase breaks
translation symmetries in only one direction, which is a static stripe phase.
When the transverse fluctuations along the stripes increase, the system is
driven into the nematic phase. There is only local stripe order in the ne-
matic phase and it can be thought as a melted or fluctuating stripe phase.
The liquid phase breaks no spatial symmetry and is isotropic. . . . . ..
The stripe phase forms four-hole clusters along the rungs, well-separated
from each other with the wave length 1/§. Instead of moving as hole pairs,
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Diagonalizing the hopping terms, Eq. (1.8) on the 4-leg ladder, we get -

four cosine bands (black lines) filled up to the chemical potential . In the
low energy limit, the excitations are only close to the Fermi points and the
energy dispersions can be approximated by linear functions (red lines). In

the end, the ladder system is described by four pairs of chiral fermions.
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A > 1. It’s clear that the deviation is irrelevant for A < 0 and relevant
for A > 1. The analysis of RG flow is more subtle for 0 < A < 1. In this
case, although the deviation from fixed ray is growing, the fixed ratios still
remain. Therefore, RG still flows onto the fixed ray but the phase is not
only determined by the fixed ray couplings. . . . . . ... ... ... ...
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This is the log[|g:({)|] v.s. log[(lg — )] plot for several typical couplings

of stripe fixed ray Eq. (4.13). The slopes give us the divergent exponent
for each coupling. The solid (red) lines are the numerical solutions for the
RG equations. The dashed lines are pure straight lines as reference with
the predicted A\"*: 1 (pink: ¢§, (a), f% (b)), 5/8 (blue: b7, (c), ¢§, (d)),
1/2 (green: c§; (e)), and 0 (yellow: f& (f)), respectively. In this case, the

numerical solutions agree very well with the prediction for all the couplings. 51

log[|g:(1)|] v.s. log[(la — )] plot for several typical couplings. The param-
eters are chosen as ¢t = t;; = 1, U = 0.01 and the hole doping is 0.135.
The slope gives us the divergent exponent for each coupling. The solid
(red) lines are the numerical solutions for the RG equations. The dashed
lines are pure straight lines as reference with the predicted slopes 1 (pink:
¢34 (a), ¢g4 (b)), 1/2 (blue: fg, (c)), 15/16 (green: c¢%, (d)), and 0 (yellow:
I (e), ¢35 (f)), respectively. As one can see, the numerical solution of c3;
(f) doesn’t agree with its predicted exponent. The number of couplings,
whose slopes don’t agree with the stability analysis, depends on the ini-
tial conditions. With the initial conditions used here, there are total 11
couplings, predicted with zero slope near the fixed ray, but have nonzero

_slopes-in the numerical solution. However, these new term don’t change

the pinned bosons and the final phase is the same as that when these terms
areirrelevant. . . . . . . . . L. L e e

In the limit that ¢, and V,, are much smaller than the minimum gap
of the bosons, A, each 2-leg ladder is well-described by the C1S0 phase,
which has pairing and 4k density oscillation. The direct electron hopping
12,1 becomes an irrelevant process yet pair hopping, t/, generated by the
higher order process will appear and 4kr—4kyr component, V", is the lowest
order relevant term in the interaction V5 ,. The phase is determined by
the competition between # and V'. If # dominates, the system has pairing
(boson superfluid) and 8kp (4mp,) density oscillation in fermion (boson)
language, where p, is the average boson density. If V' dominates, the
system has bipairing (boson pair superfluid) and 4kr (270) density.
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Chapter 1

Introduction

The physics of ladder systems and the Kondo problem have an essentially one-dimensional
(1D) nature. There are powerful tools, such as bosonization and conformal field theory
(CFT), applicable to these systems. In the first part of this dissertation, the stripe
phase in the 4-leg ladders is investigated by bosonization and weak-coupling renormal-
ization group equations. A new type of charge four correlation, bipairing, is proposed,
which gives a simple explanation of the stripe phase. In the second part, we discuss
the boundary effects on the entanglement entropy in quantum spin chains and calcu-
late the entanglement entropy in Kondo-like quantum impurity models. The result on
impurity entanglement entropy is generalized to the system with finite size or finite tem-
perature by employing conformal field theory methods. The theoretical calculations are
also compared.with numerical results obtained by density matrix renormalization group
by Professor Erik Sgrensen. ' ‘

Strongly correlated systems in low dimension have been active research fields for more
than two decades [5, 6, 7, 8]. The theoretical calculations become more tractable with
the help of bosonization and conformal field theory. In general, the numerical methods
can also reach larger system size compared to the problems in two dimensions (2D).
One powerful tool, density matrix renormalization group (DMRG), works specially well
for the low dimensional systems [9]. Besides being the intersection of theoretical and
numerical methods, the experimental realization of ladder systems is accessible in some
materials 10, 11, 12, 13].

The nonvanishing spin gap and d-wave pairing correlations in the slightly doped 2-leg
ladder ¢ — J model are reminiscent of the pseudo gap phase in high critical temperature
(high Tc) superconducting materials [14]. This result attracted a lot of attention to the
ladder systems and pointed toward a possible connection to the high Tc physics. Later
on, DMRG found “stripes”, the charge density oscillations at incommensurate filling in
the t — J ladders and small 2D clusters [14, 15, 16, 17, 18, 19, 20]. These clear numerical
results again remind people about the stripe phase found in cuprates [21, 22]. While
whether the stripes phases in the ¢t — J ladders and cuprates share the same physics
remains an open question, there is not even a satisfactory understanding of the stripe
phase in the ¢t — J ladders. The stripe phase in 2-leg t — J ladders can be well understood
as generalized Friedel oscillations in bosonization language [23]. In the first part of this
thesis, we will adopt a scheme similar to that used in [23] to study the stripe phase in
4-leg t — J ladders. By this means, we may be able to extract some physics relevant to
2D systems when the number of legs is increased. :

The second part of this thesis is about the entanglement entropy in quantum spin
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chains and the Kondo model {2, 3]. Entanglement entropy is basically the von Neumann
entropy for the reduced density matrix instead of the full density matrix. It was pro-
posed as one measurement of quantum entanglement between two subsystems [24]. The
entanglement entropy for 1D systems at quantum critical points has universal scaling
behaviors characterized by the central charge in conformal field theory (CFT) associated
with the phase transitions [25]. Moreover, the scaling form can be calculated explicitly
by CFT methods [26, 27]. There is a well-known CFT approach to the Kondo problem
and we will study the impurity contribution to the entanglement entropy.

Chapter 1 to 5 contain the work about the stripe phase in 4-leg ladders. In Chapter
1, we introduce the motivations, models of our systems and the theoretical background.
Chapter 2 presents the proof that pairing and stripes can’t coexist in 4-leg ladders based
_ on bosonization. Chapter 3 supports this result by investigating finite size spectrum
(FSS). Chapter 4 proposes a candidate for the stripe phase found in the analysis of weak
coupling renormalization group (RG) equations. Chapter 5 establishes the effective 2-
leg bosonic description to the original 4-leg fermionic problem and another stripe phase
is found in this approach. Chapter 6 contains the other project about the impurity
entanglement entropy. We will introduce the impurity model and CFT methods to
“calculate the impurity contribution to entanglement entropy.

1.1 Stripes and High Temperature Superconductors

Besides the DMRG data on ¢t — J ladders, the project about the ladder stripes is largely
motivated by the experimental results that (2D) stripes exist in the high critical tem-
perature superconductor materials. Therefore, we will first review the relevant results in
high temperature superconductors [28].

Conventional superconductors are good metal in the1r normal states (when the tem-
perature is higher than the critical temperature) and these metallic states are well de-
scribed by Fermi liquid theory. When the interactions between electrons are attractive
(even infinitesimally small), the Fermi surface is unstable and electrons will form Cooper
pairs. Later on, people realized that the attractive interactions between electrons are
mediated by phonons. This is the celebrated Bardeen-Cooper-Schrieffer (BCS) theory
[29]. This superconductivity instability is in general weak and the theory is valid when
Er > hwp > kgT,., where Ep, wp and T, are the Fermi energy, Debye frequency and
superconducting transition temperature, respectively. That’s why T, is usually less than
20K in conventional superconductors.

The discovery of superconductivity in layered copper-ox1de compounds (cuprates)
was a great surprise [30]. It’s not only because of their high transition temperatures but
also because the “parent” compounds of the materials are in fact insulators [31]. These
superconductors are obtained by electronically doping (mostly hole doping) “parent”
compounds that are antiferromagnetic Mott insulators. Mott insulators are insulators due
to electron interactions, which are different from simple band insulators. The fact that
undoped materials have antiferromagnetic order and insulating behavior indicates the
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electron-electron correlations are important. In other words, they are so-called strongly
correlated systems with strong repulsive interactions. Besides antiferromagnetism and
supérconductivity, there are various types of low temperature orders in the cuprates
due to the strong correlations. These proposed orders can either compete or coexist
with superconductivity. Since the nonsuperconducting states are not Fermi liquid, the
superconductivity mechanism is surely different from the canonical BCS theory. Then
the question for theorists is how to get superconductivity from doped antiferromagnetic
Mott insulators [32, 33].

The typical phase diagram is shown in the Fig. (1.1). When the holes are doped
into the system, the antiferromagnetic order is destroyed rather fast. Then the system
becomes superconducting above the critical hole density §. The transition temperature is
first increased with higher doping and reaches its maximum at the optimal doping. After
the optimal doping, the transition temperature goes down again. The superconductivity
region is called underdoped or overdoped for the doping lower or higher than the optimal
doping, respectively. In the underdoped regime, there are a variety of crossover phe-
nomena observed at temperatures above T, where the low energy single particle spectral
weight is suppressed [34]. This indicates that there is an energy gap opened in the sys-
tem. This energy gap has similar feature to the superconducting gap observed in the same
materials at temperatures below T,. This energy gap above T, is called a “pseudogap”
[35, 36, 37]. Superconductivity is the result of two distinct quantum phenomena: pairing
and long range phase coherence. In conventional superconductors, these two things occur
at the same time. The observation of a pseudogap strongly suggests that pairs are formed
first at higher temperature then move coherently at the lower temperature in the high
temperature superconducting materials. If preformed pairs really exist, then phase fluc-
tuation will be important. There are many experimental facts related to the pseudogap
from angle-resolved photoemission spectroscopy (ARPES) [35, 36, 37], tunnelling [38],
resistivity [39] and specific heat [40] measurements. However, this crossover phenomena
is not sharply defined and there is still debate on it boundary of onset. '

The symmetry of the pair wavefunction is another distinct feature of high tempera-
ture superconductors. In the conventional superconductors, the phonon-mediated pairs
have zero angular momentum quantum number. The pair wavefunction and gap function
are invariant under rotations and it’s called “s-wave” pairing [29]. Around the same time
as the discovery of high temperature superconductivity in the cuprates, the possibility
of superconductivity in the two dimensional Hubbard model near the antiferromagnetic
state at half filling was discussed [41]. That work concluded that the dominant super-
conducting instability should have dwz_yz symmetry instead of s symmetry. The d-wave
pairing was later confirmed from the temperature dependence of the penetration depth
[42] and by various phase sensitive measurements [43, 44].

In the conventional superconductors, if the superconductivity is suppressed by either
a magnetic field or higher temperatures, then the system remains a metallic Fermi liquid
[29]. The situation becomes much more complex for high temperature superconductors
due to the strong interactions between electrons. In this case, the suppressed supercon-
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" Figure 1.1: This is a schematic phase diagram of high temperature superconductors
as a function of temperature T and hole doping §. AF and SC are antiferromagnetic
and superconducting states, respectively. The solid lines are the phase boundaries. The
dashed lines is the boundary where a pseudogap is opened, which is not sharply defined
and is still under debate. '

ductivity can not be described as a Fermi liquid and many possible phases compete [45].
One would generally expect various sorts of electronic density waves, including charge
and spin ordered phases such as Wigner crystal and antiferromagnetic Néel state. Charge
and spin orders can coexist with the metallic or even superconducting transport if the
density wave order opens a gap on only part of the Fermi surface, leaving other parts
gapless [46]. This seems similar to what happens in the pseudogap region. -

One particular class of competing orders is known as “stripes” and is observed widely
in experiments. Stripe order refers to unidirectional density wave order, that is, the order
which spontaneously breaks translational symmetry in one direction but not in others.
It’s a charge stripe order, if the broken symmetry results in charge density modulations
or a spin stripe order, if the broken symmetry results in spin density modulations. In
particular, the occurrence of stripe phases in the high temperature superconductors or
more generally doped antiferromagnetic was predicted by theory before the experimental
observations [47, 48).

Neutron scattering is one of the most useful probes to detect stripe orders [21, 22, 49].
Neutrons are spin 1/2 but charge neutral particles and can scatter directly from the
electrons spins. Diffraction of a neutron beam by spin stripes yields extra Bragg peaks.
However, neutrons can only detect charge stripes indirectly by imaging the induced lattice
(i.e. nuclei) distortions. For two dimensional stripes, the stripe direction is referred to
as the direction in which translational symmetry is not broken. The stripe period is
the period of the density along the direction in which translational symmetry is broken.
Since stripe order is unidirectional, the new Bragg peaks are at positions ky = Q:!:ZW?/ A
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where € is the unit vector perpendicular to the stripe dlrectlon A is the stnpe period,
and Q is an appropriate point [21, 50]. For charge stripes, Q is any reciprocal lattice
vector of the underlying crystal, such as (2m/a, 27 /a) where a is the lattice spacing. For
spin stripes, Q is the antiferromagnetic wave vector (w/a,7/a). One striking feature of
stripes in high Tc materials is that the stripe period changes with the hole density. This
indicates that the perlods of stripes don’t match up with the underlylng lattice structure.
Thus, stripes are incommensurate density waves.

The first indication of incommensurate spin modulation was provided by inelastic
neutron scattering on superconducting Lay_sSrsCuQO4 (LSCO) [51]. Superconductivity
coexists with the incommensurate spin correlations but 7T, is strongly depressed. The
suppression of superconductivity is maximum for § &~ 1/8 , which is the 1/8 anomaly -
in high temperature superconductivity [52]. It certainly suggests that an order with
incommensurate spin structures competes with superconductivity. The first experiment
to see both charge and spin stripes was done by Tranquada and co-workers on a LSCO
material (Laj ¢—5Ndp.4SrsCuQ,4) in which Nd was added to freeze the fluctuating spins-
and charges into a static structure [21]. As we mentioned before, the charge configuration
can not be seen directly by neutrons but indirectly by the atoms that move in response
to the charges. The shifted wave vector of charge stripes is twice that of spin stripes,
i.e. kcha,ge = 2k,,pm or equivalent Agpin = 2Acharge- They concluded that spin correlations
have a 7 phase shift (e.g. spin up to down) across the 1D like charge domain of the
stripes. Moreover, they showed that the inverse stripe period 1/Apin & 6 for, various hole

doping & [21]. In general, charge stripes form at a higher temperature than spin stripes.
~ Note also that static charge and spin stripes coexist with superconductivity throughout
the superconducting dome. Recently, charge and spin peaks have also been detected in
La; g75Bag.125-s51sCuQ4 in neutron scattering studies [53]. '

One thing to notice is that the experiments actually revealed quartets (two pairs)
of Bragg peaks at @ + 27Z/X and g+ 27g/A. This peaks can be also interpreted as
due to the checkerboard order in the system, which was also discussed in the papers
by Tranquada and co-workers [21, 49]. Base on the material structure and the analogy
of the stripe phase found in a similar (nonsuperconducting) compound, they concluded
that the system more likely has the stripe order on each Cu-O planes but the stripe
orders on neighboring planes tend to be oriented at right angles to each other. Recently,
the checkerboard order has been observed in Bi;SryCaCusQOg.s by scanning tunneling
microscopy [54, 55]. Whether one should change the stripe interpretation in LSCO and
other compounds relies on further studies.

There are many interesting experimental results regarding stripes in the cuprates.
The spin stripe order has also been observed in 'LSCO for dopings between § = 0.02 and
0 = 0.05 where the system is not superconductding at any temperature. These stripes
are called diagonal because they lie along a direction rotated 45 degrees to the Cu-O
bond direction [56]. Above § = 0.05, the stripes become vertical (along the Cu-O bond
direction) and the material are superconductiviting at low temperature [57]. Spin stripes
also -exist in LasCuQyyy with 0 = 0.12. In this material, static stripes coexist with
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superconductivity even at optimal doping [58]. Neutron scattering evidence has been
found of static charge stripes in underdoped YBaCusQg¢.s (YBCO) with § = 0.35, and
T. = 39K. The charge peaks persist to at least 300K [59]. These experiments indicate
that the charge stripes form at higher temperature before the spin stripe formation at
lower temperature. Also, the charge stripe formation occurs at a higher temperature
than the formation of the pairing gap (pseudogap) in those observed results.

Apparently, stripes are important bridges between the antiferromagnetic and super-
conducting orders. Then two questions emerge immediately. The first one is why do
we see stripes in these materials? The other one is whether stripes play important roles
in the mechanism for high temperature superconductivity? To date, there is no definite
answers to these two questions. We will review some theories addressing these issues.

The undoped state of the cuprate superconductors is an insulating antiferromagnet.
This is now widely believed to be an essential feature of high temperature superconduc-
tivity. However, the doped antiferromagnet is a complicated theoretical problem. The
most important local interactions in a doped antiferromagnet are well represented by the
t — J model, resulting from the infinitely large repulsive on-site interaction, where ¢ is
the hopping amplitude of holes from one to its neighboring sites and J is the antifer-
romagnetic exchange coupling between spins. The physics of several simple situations
is well understood. When there is no hole, the ground state is antiferromagnetic. The
motion of a single hole in an antiferromagnet is highly frustrated. When a hole hops to it
neighboring site, the system gains kinetic energy —t. However, the spin which exchanges
with the hole will increase the total energy by (d — 1)J, where d is the dimension of the
system. The motion of a hole creates a string of “defect” in an antiferromagnet and costs
a large energy. It turns out the hole can move through a sixth or higher order process
called a Trugman path but the effective hopping matrix elements is much smaller than ¢
[60]. It seems that a pair of holes can move without frustration since the other hole cures
the string created by the first one. Actually, this was suggested to be a new mechanism of
pairing [61]. However, Trugman showed that this mode of propagation of the hole pair is
still frustrated by a quantum effect [60]. If there are many holes and J > ¢ , then phase
separation happens [62]. The holes will tend to stay together in order to maximize the
number of spin bonds. In fact, phase separation occurs for a wide range of parameters :
in the phase diagram.

There are proposals to explain stripes as the compromise between phase separation
and long range Coulomb interactions [28, 63]. However, these proposals are not consistent
with the DMRG result where there is only short range (screened) Coulomb interaction
[15]. If the holes carry charge, the full phase separation will cost a huge energy due to the
Coulomb repulsion. In general, Coulomb interactions don’t favor charge accumulations.
Therefore, there is a competition between the short range tendency to phase separation
and the long range repulsion of the Coulomb interaction. The compromise between
the charge aggregation on short length scales and the required homogeneity on long
length scales results in an emergent crossover length scale [64]. Many solutions with

inhomogeneous behaviour on intermediate length scales are possible, such as checkerboard
. )
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Figure 1.2: This is a schematic view of electronic liquid crystals. Solid lines represent

metallic stripes along which electrons can flow. The dashed lines represent density mod- .
ulations. In the crystal phase, the phases of density modulations between neighboring

stripes are locked. It’s an insulating phase and breaks translational symmetry in all

directions.The smectic phase breaks translation symmetries in only one direction, which

is a static stripe phase. When the transverse fluctuations along the stripes increase, the

system is driven into the nematic phase. There is only local stripe order in the nematic

phase and it can be thought as a melted or fluctuating stripe phase. The liquid phase

breaks no spatial symmetry and is isotropic.

patterns, stripes and others [63, 65].

The stripe solution is very stable in some models and is widely observed in the
cuprates. Also, the fact that charge stripes form before the spin stripes in the cuprates
suggests that stripes are driven by charges. When doping is not large in the cuprates, the
screening may be poor and long range Coulomb interaction becomes important. These
are consistent with the mechanism of Coulomb frustrated phase separation mentioned
above. However, stripes are also found in the DMRG works on 2D ¢—J model {15], where
the long range Coulomb interaction is absolutely absent. Quantum Monte Carlo methods
find the ground state of 2D ¢t — J model has superconductivity instead of stripes [66].
The main criticism of DMRG work is that the stripes may be the artifacts due to the
open boundary conditions or finite size effects. Quantum Monte Carlo methods are also
biased by the trial wave function chosen at the beginning. Whether long range Coulomb
interactions are important for the stripe formations in cuprates remains controversial.

Although the origin of stripes in the cuprates is still not clear, is it possible that
stripes play important roles in the mechanism for high temperature superconductivity?
Or more precisely, how can a stripe phase becomes a high temperature superconductor?
There is a theory proposal by Kivelson and collaborators based on the quantum analogy of
classical liquid crystals [50, 67]. Liquid crystals exhibit a state of matter whose properties
are between conventional liquid and solid. For example, a liquid crystal can flow like
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liquid but have the molecules arranged or oriented in the same direction like a crystal.
The phases of classical liquid crystals are characterized by the broken symmetries, like
the quantum analogy. According to the possible broken symmetry, an electronic liquid
crystal has the following phases: (1) a liguid, which breaks no spatial symmetries and is
a conductor or a superconductor when there is no disorder; (2) a nematic, or anisotropic
liquid, which breaks the rotation symmetry of the lattice but the translational symmetry
is unbroken; (3) a smectic, which breaks translational symmetry in only one direction.
Otherwise, it is an electron liquid in other directions; (4) an insulator, which breaks
translational symmetries in all directions and has the character of an electronic solid.
The schematic views of these phases are shown in Fig. (1.2). They identify smectic
phases as the static stripes and nematic as the melted or fluctuating stripes. Of course,
a nematic phase can be superconducting.

They model each one dimensional electron “river” in a smectic phase as a Luttinger
liquid and allow the transverse displacement as the density fluctuation in the Luttinger
liquid. A Luttinger liquid is the low energy effective theory for 1D electron systems with
forward scattering type of interactions and is exactly solvable. More detailed properties
will be given in the section (1.2.1). In each Luttinger liquid, there are quasi-long-ranged
pairing and charge density orders. Then the interactions between the one dimension
electron rivers are the Josphenson coupling (hopping of electron pairs) and the density-
density interactions. If the Josphenson coupling dominates, then the electron pairs move
coherently and the system is driven into superconductivity. If the density-density in-
teractions dominate, then the system exhibits static stripes. It’s clear that a stripes
based mechanism of high temperature superconductivity predicts competition between
static stripes and superconductivity. Their idea is simply to think of the cuprates as
quasi-one-dimensional superconductors [67].

Some ARPES experiments show the features of the cuprates are reminiscent of a
quasi-one-dimensional superconductor [37, 68, 69]. However, it’s difficult to compare
the parameters in this stripes based mechanism of high temperature superconductivity
with the experiments. The detailed predictions from the model depend on the Luttinger
parameter of each 1D electron river. Unfortunately, it’s unknown. Therefore, there is
no quantitative prediction for the phase diagram and the critical transition temperature
T, since they can be quite different for different Luttingter parameters. Another more
important issue is that whether stripes are universal phenomena in high temperature
superconductors is not clear. If stripes are not universal, then it’s very unlikely that the
stripes based mechanism of high temperature superconductivity is the final story.

To sum up, the stripes in the cuprates is still an active field in the research, not only
the mechanism of stripes but also their connection to superconductivity. The study of
related questions about the stripes phases in ¢-J ladders should shine some light on the
stripes in the cuprates.
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1.2 The Stripe Phase in 4-Leg Ladders

Numerical evidence for stripes has also been found in Hubbard and ¢-J ladders, which
contain only short range interactions [14, 15, 16, 17, 18, 19, 20]. Ladder stripes are
incommensurate density modulations. Particularly, for the number of legs less than or
equal to four, the wave length of charge stripes A is the inverse of hole density 4, that is,
A~ 1/6 [14, 16, 17, 18]. For the 2D t-J model (on a 8 x 19 lattice) [15], the periods of
charge and spin stripes are 1/2§ and 1/4, respectively, which are the same as the those
observed in the neutron scattering experiments [21, 49]. Although the wave length of the -
charge stripes in the ladder systems is twice that of stripes in the cuprates, nonetheless,
it’s the first step toward the two dimensional system. An understanding of the occurrence
of stripes in these ladder models, whether or not long-range Coulomb interactions are
required for their existence and their connection with superconductivity are important
open questions.

There are experimental realizations of the ladder systems [10, 11, 12, 13]. Recently, a
stripe phase has also been observed by a resonant X-ray scattering technique in the 2-leg
ladder [70]. Numerical evidence for ladder stripes comes from DMRG work (14, 16, 17, 18,
19, 20, 23]. Since this method, as originally formulated, is intrinsically one-dimensional
(1D), the results have been presented for “ladders” i.e. finite systems in which the number
of rungs is considerably greater than the number of legs. (For instance, results exhibiting
stripes have been presented for systems of size 6 x 21 [20].) In the limit where the
length of the ladders (number of rungs) is much larger than their width (number of legs)
they become 1D systems and a corresponding arsenal of field theory methods, such as
bosonization, can be applied. Combining DMRG results with field theory methods to
extrapolate to the limit of infinitely long ladders is an important step towards reaching
the two dimensional (2D) limit. Of course, an extrapolation in the number of legs must
finally be taken.

DMRG works much more efficiently with open boundary conditions (OBC) and most
work on ladders has used OBC in the leg direction. Such boundary conditions can
induce “generalized Friedel oscillations”, meaning oscillations in the electron density
which decay away from the boundary with a non-trivial power law and oscillate with
an incommensurate wave-vector, often related to the hole density [23]. While sometimes
regarded as an unphysical nuisance, we regard OBC as a useful diagnostic tool. According
to bosonization results, the density-density correlation function for an infinite length
ladder decays with twice the exponent, the same wave-vector and the square of the
amplitude, governing the Friedel oscillations. Thus the Friedel oscillations are giving
information about correlations in the infinite system. Furthermore, in the 2D limit of an
infinite number of legs, these Friedel oscillations could turn into a static incommensurate
CDW or else fluctuating stripes.

While a true long-range CDW is possible at commensurate filling even in 1D, bosoniza-
tion/field theory methods suggest that it is not possible at incommensurate filling in 1D,

giving way instead to boundary induced Friedel oscillations [23, 71, 72, 73]. (A long-
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range CDW at p/q filling, where p and ¢ are integers, becomes increasingly suppressed
as ¢ increases.) This assertion is related to Coleman’s or Mermin-Wager’s theorem about
the impossibility of spontaneous breaking of continuous symmetries (and the impossi-
bility of the existence of the corresponding Goldstone modes) in Lorentz invariant 1D
systems even at zero temperature (or correspondingly 2D classical systems at any finite
temperature). A true long-range incommensurate CDW leads to spontaneous breaking of
translational symmetry by any integer number of lattice spacings, no matter how large,
whereas a commensurate CDW only breaks a finite dimensional symmetry. Taking the
low energy continuum limit, translational symmetry at incommensurate filling is pro-
moted to a true continuous U(1) symmetry and Coleman’s theorem apparently applies.

“Stripes” or boundary-induced Friedel oscillations, have been observed in the t-J
model, related to the U — oo limit of the Hubbard model, on 2-leg ladders [23]. These
Friedel oscillations, at £ > 1, are of the form:

2
Acos(2mnz + )
D < ngle) >— P (1.1)
a=1
Here the average electron density is,
n= N./(2L), (1.2)

where N, is the total number of electrons. K, is the Luttinger parameter for the charge
boson (p) which is the sum (+) of the 2 charge bosons corresponding to the two bands
in a weak coupling analysis. A and a are constants. Note that we may replace the
oscillation wave-vector by: :
2mn — —2m, (1.3)

where § = 1 — n, is the hole density, measured from half-filling, since z is always integer.
“Snapshots” of typical configurations within the DMRG calculations show pairs of nearby
holes, one from each leg, well-separated from other pairs. An appealing picture is that

the holes are pairing into bosons, 1 hole from each leg. (Here we refer to bosons with
a conserved particle number, such as atoms, not the bosons arising from bosonization.)
This phase is of C1S0 type, indicating that only 1 gapless charge boson survives and zero
gapless spin bosons, out of the 2 charge and 2 spin bosons introduced in bosonizing the 2
leg ladder. (In general, CnSm means there are n gapless charge modes and m gapless spin
modes) This phase exhibits exponential decay for the single electron Green’s function but
power law decay for the electron pair Green’s function. One may approximately map the
2-leg fermionic ladder into a (single leg) bosonic chain. The standard superfluid phase of
this boson model exhibits Friedel oscillations at wave-vector 27§ where § = N,/ L, is the
number of bosons (i.e. hole pairs) per unit length and the number of bosons is: N, =
N, /2, were Ny, is the number of holes. These Friedel oscillations in the bosonic model just
correspond to a sort of quasi-solid behavior. We can think of the bosons as almost forming
a solid near the boundary with a uniform spacing between all nearest neighbor bosons.
This, of course, coexists with quasi-superfluid behavior since the phase correlations also
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decay with a power law. Thus it could be called quasi-supersolid behavior and is typical of
many 1D systems. In general the density profile will contain other Fourier modes besides
the 2rn mode kept in Eq. (1.1). This 2rn mode dominates in the sense that it has both
the smallest wave-vector and also the smallest power law decay exponent. Note that this
behavior is quite different than what we might expect in a C2S0 phase, for example, or
which occurs at zero interaction strength in the C2S2 phase. Then we expect density
oscillations at wave-vector 2kr. and also 2kp, where k pe/o are the Fermi wave-vectors
for the even and odd bands. (They are even or odd under the parity transformation
that interchanges the two legs.) In the C1S0 phase that is observed in 2-leg ladders, the
.oscillation wave-vector can be written as 2mn = 2(kpe + kro) = 4kp where kF is the
average Fermi wave-vector.

DMRG works on the doped 4-leg ¢-J model exhibited two phases both of which
‘appear to have a spin gap [17, 18, 74, 75]. At low doping, the dominant Friedel oscillation
wave-vector appears to be 47n, where n, the average electron density is now:

n = N,/(4L). (1.4)

Above a critical doping 4., corresponding to 6. =~ 1/8, for J = 0.35¢ and 0.5t , the
oscillation wave-vector changes to 2rn. DMRG “snapshots” of typical configurations
suggest well separated pair holes in the lower density phase but 4-hole clusters (1 hole on
each leg) in the higher density phase. This is consistent with the 27n Friedel oscillation
wave-vector since the average separation along the ladder of the equally spaced 4-hole
clusters would be 1/n. This higher density phase with 27n oscillation wave-vector has
been referred as a stripe phase.

In the standard weak coupling approach we assume that all the interactions are small
- compared to the hopping. Thus we first solve for the band structure of the non-interacting
model and then take the continuum limit of the interacting model, yielding right and left
moving fermions from each band. These continuum limit fermions are then bosonized.
Letting kp; be the Fermi wave-vector of the 4 bands (i = 1,2,3 or 4) the number of
electrons in each band (summing over both spins) is:

L(2kp,/7r) (1=1,2,3,4). (1.5)

Thus we see that the electron density n is:
4
n=N/AL = kpi/(2r), (1.6)
i=1 : ‘
ls) |

4

2mn = ka-" = 4EF (17)
i=1

Thus the stripe phase again corresponds to Friedel oscillations at a wave-vector of 4kp.
Using the equivalence of 27n with —27d, the physical picture of the stripe phase is well-
separated clusters of 4 holes (one on each leg). If such 4-hole clusters are equally spaced
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we obtain a Friedel oscillation wave-vector of 27n, since the average separation along the
legs of the clusters is 1/n. On the other hand, the lower density phase shows no evidence
for Friedel oscillations at wave-vector 27n and instead 4mn (8kr) oscillations appear to
dominate. (We note that, when interactions are included, we expect the Fermi wave-
vectors to be renormalized or lose their significance entirely. However, the sum of all
Fermi wave-vectors, 4kr = 27n, is known to still be a meaningful and “unrenormalized”
wave-vector even in the presence of interactions. This follows from the 1D version of
Luttinger’s theorem, proven in Ref. [76].)

This stripe phase appears to have a spin gap. Limited DMRG results have been
presented on the decay of the pair correlation function. Pairing correlations appear to
go through a maximum, as a function of doping, at a somewhat higher doping than &,
where their behavior appears consistent with power-law decay [17, 18].

However, based on bosonization and finite size spectrum (FSS) in Chapter 2 and 3, we
find that stripes, 2mn Friedel oscillations, can not coexist with the power-law decaying
pair-pair correlations in 4-leg ladders. Instead, stripes can accompany a new type of
charge-four correlations, bipairing. Precisely speaking, in a bipairing phase, the pair-pair

“correlations decay exponentially and bipair-bipair correlations decay with power-law. We
then explore 4-leg ladder models in two different limits, weak coupling limit in Chapter 4
and decoupled two 2-leg ladders limit in Chapter 5. We find the results are consistent with
bosonization and FSS. If this bipairing assumption is correct it finally yields a remarkably
simple picture of the stripe phase in 4-leg ladders. It is a phase in which electrons do
not form pairs, but rather bipairs. While the usual pairing does not occur in this phase,
it tends towards a more exotic form of supercondutivity based on condensed charge-four
objects (see Fig. (1.3)). There are proposals in the literature that some systems like a
frustrated Josephson junction chain [77, 78], strongly coupled fermions [79] and spin 3/2
fermionic chains [80] can have unusual pairs composed of Cooper pairs or four-particle
condensations. They are very similar but not exactly the same as bipairing here. Starting
with a four band system, the phase we propose is more like the generalized Luther-Emery
phase with four-holes.

1.2.1 Continuum Limit and Bosonization

Now we would like to review the bosonization treatment of the Hamiltonian on a ladder
with IV legs and L rungs with open boundary conditions in both rung and leg directions.
The Hamilonian is H = Hy + H;y,g, with

L-1 N L N-1
Hy=-Y> |3 > ted o(@)caalz+1)+ Y D tich (@)carra(@)| + e (18)
a=x Lz=1 a=1 z=1 a=1

and

Hig = U3 Y nap(e)nay (2) a9

z=1 a=1
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Figure 1.3: The stripe phase forms four-hole clusters along the rungs, well-separated
from each other with the wave length 1/§. Instead of moving as hole pairs, four holes can
be created or annihilated in a bipairing phase. We suggest that stripes will accompany
bipairing in 4-leg ladders.
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Here ng, = c'f oCa,a and h.c. stands for Hermitian conjugate. We first diagonalize the
rung hopping terms Eq. (1.8) in the Hamiltonian by transforming from leg fermions ca o
to the band basis, ¥ 4, for i =1, 2,...,N:

N
¢j,a = Z Sjaca,a, (110)
a=l1 '

where S is a unitary matrix:

2 T
=1/ i % a). 1.11
5; Ny1oyTTIi*Y (111)

Now Eq. (1.8) becomes diagonal in momentum space:

Hy = Z /_ i ¢k ) Ylalk)jalk) (1.12)

and the dispersion relation for the jth band is

jm

Gj(k) = —2tcosk — 2tL COS(kyj), and kyj = -]\7_—|—_1’

j=1,2,..,N. (1.13)
We have a system with N-bands filled up to some chemical potential 4. We may take
the ‘continuum limit, to study the low energy physics, by introducing right/left moving
fermions fields, 1¥r/1jo(x) (sometimes called chiral fermions) which contain wave-vectors
of the original band fermion fields near the Fermi points,

Yia(2) ~ Prija(z) e*rT + hrja(z) eTHF, (1.14)

where kp; is the Fermi wave vector for band j. Since the dispersion relations near the
Fermi points are approximately linear and vr,L;jo() vary slowly over a lattice constant,
the effective low energy Hamiltonian in terms of chiral fermions is then

Hy = Z/dw[ —ivjiﬁ}zja(x)amaja(x)# i”;¢ftja($)3x¢Lja(x)], (1.15)

where v; = 2tsin(ky;). At this point, the problem is formulated as an N-channel 1D
fermion system (see Fig. (1.4)). Note that we should also express the interaction Hy,
Eq. (1.9), in terms of right and left moving fermions fields. However, we will leave that
part to Chapter 4 when we discuss the RG equations. Now we should introduce the
bosonization scheme for the N-channel 1D fermion system.

It’s well known that 1D fermion models can be rewritten as bosonic ones. In the low
" energy limit, particle-hole excitations in 1D are coherent and thus the (bosonic) density
fluctuation fields create propagating particles. One can find more details in [81] and we
only summarize some important results here.
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Figure 1.4: Diagonalizing the hopping terms, Eq. (1.8) on the 4-leg ladder, we get four
cosine bands (black lines) filled up to the chemical potential x. In the low energy limit,
the excitations are only close to the Fermi points and the energy dispersions can be
approximated by linear functions (red lines). In the end, the ladder system is described
by four pairs of chiral fermions.

We can bosonize these right and left fermions by the dictionary

YR/ Lja ~ nje"‘/‘ﬁ"”*/““, (1.16)

where @gi, and ¢ are boson fields with the commutator
[@Ria: PLjB] = 10ij00p/4, (1.17)

and n; are Klein factors with {n;,7;} = 2d;; which make sure that the fermions in different
bands anticommute with each other. The derivatives of boson fields are related to right
and left moving densities defined as

1
Npja = —\/_Eaz‘PRjaa (1.18)

-1
n —

Lja ﬁa:c‘PLja- (1.19)

Now we have two chiral bosons and it’s more convenient to describe physics by the
conventional bosonic field ¢ and its dual field 0,

bia = PRja — PLjas Pia = PRja T+ PLja- (1.20)

Then the derivatives of 8;, and ¢;, are the density N;, and current Jja in band j:

1

N]'a = MNpgja +nLja=ﬁa'ﬂeja’ (1'21)
1

Jia = Mg, —Nyiu = =00ja- (1.22)

Rja Lja — ﬁ
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We can also separate the charge p and spin ¢ degrees of freedom by introducing the
following fields,

1
bip = E(@'T + i) (1.23)
1 . .
bic = %(dm - ¢j¢) : (1.24)
and similarly for  fields. Then Eq. (1.8) becomes
| Ho= Y% [ dsl(0u6)? + (0u00)") )

where v = p or ¢ and v; is the Fermi velocity of band 3. We define new fields from the
linear combinations of the bosons from different bands:

1 _
szai - ﬁ(qbiﬂ,a * Gjpe); (1.26)
and the same for 0,-’;-* and iji. Eq. (1.26) is convenient when we express the bosonized
interactions but not necessarily the final basis to describe the system. The final basis
should be in principle determined by the interactions. We know that there should be four
mutually orthogonal charge and spin bosons for 4-leg ladders. That is to say, starting
with bosons in the band basis, Eq. (1.23) and (1.24), guided by the interactions, we
should be able to find the proper new basis, some linear combinations of band bosons.
The new basis only differs by an orthogonal transformation from the band basis. In
general, the transformations of charge and spin fields don’t have to be the same.

Due to the different Fermi velocities in Eq. (1.25), after changing to a new basis,
mixing terms of the derivative of boson fields appear in the Hamiltonian. These mixing
derivative terms are quadratic in boson fields. Spinless fermions on 2-leg ladders were
studied in Ref. [82] and they found that the mixing terms only modify the exponents
of correlation functions within the conventional bosonization analysis. We are mainly
concerned about whether the correlation function of an operator is power-law or expo-
nentially decaying but not its exponent. In the later sections, we only discuss thé mixing
terms if it’s necessary.

Eq. (1.25) is a Gaussian type Hamiltonian for free boson fields and many correlation
functions can be computed easily [81]. The basic correlation functions, given by the
straightforward mode expansion in an infinite system, are

-1
(Prja(2)PRija(z)) = ym In(z — 2') + const, (1.27)
-1
(prja()eLia(@)) = - In(z — %') + const, (1.28)
where z = —i(z — v;t) and Z = i(z + v;t). The constant is cut-off dependent and we will

drop it. Following the definition in Eq. (1.20), we then easily get

<0ja($at)eja(0)> = <¢ja(x,t)¢ja(0)> = ;_7: Inzz = ;_1 ln(m2 - 'U]2t2) (1'29)

v
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The most important correlation functions are those for vertex operators, which are ex-
ponentials of boson fields, such as €% or e'%%e where a is a constant. :

The normal order for a operator is to move its creation part to the left and annihilation
part to the right. For a operator A, the expectation value of its normal ordered form
: A : with respect to the ground state will be zero, i.e. (0] A:[/0) = 0. For two
operators A and B, with c-number commutator [A4, B], by using Baker-Hausdorff formula
eAeB = eAtBelABl2 one can show that

cef i ef =i eATE  olAB) (1.30)

where :: means normal ordering the operator inside [83]. Then Eq. (1.29) and (1.30) will
enable us to calculate correlation functions like

(: ¢ia0ia(2) .. o—iabja(0) ) = < gialda(2)—85a(0)] 3 =% (65a(2)8a(0))

(x? — v3e?) e /4m (1.31)

where a is a constant. Similarly,

<: e'ia¢j,,(z) . e~ia¢,~,,,(0) :> — ({{2‘_ U?tz)—a2/4ﬂ-

This normal ordering is only a way to avoid the infinity due to the ultraviolet cutoff and
we won’t write it explicitly in the later discussion.
In particular, for the equal time correlation functions

<eia0,~a (:c)e—iaaja (0)> _ <e'ia¢ja (=) e—iaq&,-a (0)> — x—a2/2ﬂ" (1 32)

~ The power of bosonization is that some four fermion interactions like N;oNjq, JjaJja
and NjqJjq, according to Eq. (1.21) and (1.22), are just the cross terms of boson field
and the whole Hamiltonian including these interactions is still quadratic. In general, the
system becomes the N-channel Tomonaga-Luttinger model,

5 1
Hro =322 [ dalku0u3 + 72— (@:0)1), (1.33)
j,y Jv . -

where v;, and K, are the renormalized Fermi velocity and Luttinger parameter, respec-
tively. Their exactly values depends on the coefficients of those four fermion interactions
and unrenormalized Fermi velocities v; but we don’t care about them too much here.
The boson field 0;, (or ¢;,) with the Hamiltonian Eq. (1.33) is called a gapless field.

The way to calculate the correlation functions in Eq. (1.32) with the Tomonaga-
Luttinger Hamiltonian Eq. (1.33) is by rescaling the fields by

¢j v

iy — ; (1.34)

K
91‘,, - \/Kjugj,,, (135)
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then Eq. (1.33) is back to the non-interacting Hamiltonian Eq. (1.25) but with renor-
malized Fermi velocities vj,. The correlation functions are also rescaled by the Luttinger
parameters K, and become:

<e'ia¢jV(z)e-‘ia¢jv(0)> — <za¢,y(z)/ JVé_‘a¢JV(O)/\/ J"> —‘12/27"1{1'", (136)
<eia0j,,(z)e'—ia9j,,(0)> N <eia K20, (z) e—ia\/ﬁoju(o)> — (1.37)

The operators with the correlation function forms like Eq. (1.36) and (1.37) are said
to decay with a power law and have quasi-long-ranged order. The correlation functions
involving gapless boson fields will be power-law decaying and we usually say the operator
e*3%:+(@) (or €'9%»(2)) has the scaling dimension a?/47K;, (or a®Kj,/4r). '

If a cosine interaction term containing ¢;,(z) is present,

Hing = / dz cos[fgs (), (138)

the effect depends on its scaling dimension 82/4wKj,. This is the widely studied sine- '
Gordon model. More details can be found in Ref. [81]. If 82/4nK;, > 2, then it’s an
irrelevant operator. The correlation functions of vertex operators are still given by Eq.
(1.36) and (1.37). If 8?/4n K, < 2, then it’s a relevant operator. ¢;,(z) will tend to be
“pinned” to a constant so as to minimize the ground state energy in the semiclassical
sense. We can replace ¢;,(z) by its pinned value when calculate the correlation function
for the operator e@%~(%). Instead of decaying with a power-law, Eq. (1.36) becomes
a constant and the e%»(*) operator has true long-ranged order. On the other hand,
if ¢;,(x) is pinned, its conjugated field 6;,(z) will fluctuate violently. The correlation
function of the operator ¢**%»(®) will decay exponentially. Instead of cos[3¢;,(z)], if the
term cos[36;,(z)] is in Eq. (1.38), now the scaling dimension is 82K, /4. If it’s relevant,
then Eq. (1.37) becomes a constant and Eq. (1.36) decay exponentially. In general, there
is more than one interaction in the Hamiltonian. We will analyze the RG equations to
see which interactions are relevant in Chapter 4.

OBC along the rung direction are taken care of by the values of S;; in Eq. (1.11).
We should consider what’s the consequence of OBC in the leg direction. The system is
from site 1 to L. OBC on site 1 and L are equivalent to vanishing boundary conditions
at the extra “phantom” site 0 and L + 1. For z = 0, w,a( ) =0, and in terms of chiral
fermions becomes

¢Rja(0) = —'QbLja( ) ' : _ (1'39)
Upon bosonizing we obtain ’

0;a(0,t) = $rja(0,t) — ¢1;a(0,t) = const. (1.40)

Because ¢gjq is only a function of v;t — z and ¢;, a function of v;t + z, we can regard
®Rrja as the analytic continuation of ¢, to the negative axis

Prja(Z) = dLja(—2) + const. . (1.41)
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The innocent-looking result Eq. (1.41) will change the properties of correlation functions
dramatically. The one point function for a gapless mode <e""9ﬁ*("’)> = 0 for periodic
boundary condition in the leg direction. Now with OBC, by using Eq. (1.41), the one
point function reduces to a two point function of the operators with half scaling dimension
(only left moving fields): -

(9052}~ (eiotria(-2) g iab1ia(@)) = (o)~ Kio /4T (1.42)

The density operators usually involve 8, fields. So the boundary-induced generalized
Friedel oscillations, such as Eq. (1.1), can be regarded as a useful tool to diagnose the
Luttinger parameter. .

Note that Eq. (1.41) doesn’t significantly change the one point functions of non-zero
charge operators involving ¢;, fields, such as pair and bipair operators. The sign change
in Eq. (1.42) will leave the one point function zero. What we describe here is very general
and 6, is not only limited to a band boson field. For any gapless boson field, the results
here are still applicable.
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Chapter 2

Stripes and Bipairing

In this Chapter we wish to prove a general result that would apply to any of these phases
that are candidates for a stripe phase, regardless of what basis for the boson fields we
use. Stripes are incommensurate density oscillations with the lowest wave-vector 27n
(e.g. no wn density oscillations) [17, 18]. The wave-vector 27n is equivalent to 4kp via
the 1D Luttinger theorem [76]. Stripes thus can be described as the generalized Friedel
oscillations induced by the boundary [23]. A derivation of the 4k components of density
operators is given in Appendix A. At incommensurate filling, the 1D Luttinger theorem
states that at least one gapless charge mode always exists. Stripe phases appear to have
a spin gap in DMRG works and we expect that phases with more than 1 gapless charge
mode are generically unstable. So we restrict out attention to C1S0 phases.

We then argue that any phase exhibiting stripes (i.e. 27n oscillations) cannot exhibit
pairing (i.e. power law pair correlations and gapless pair excitations) but can exhibit
bipairing (charge four operators).

In a C1S0 phase, 7 out of 8 boson fields are pinned due to interactions. We will
consider all possible four fermion interactions written in terms of right and left moving
fields 9r/1,, including those that are ignored in the-conventional weak coupling analysis.
Similarly to what we discussed in the previous Chapter, after bosonizing, if the interaction
is relevant, the boson fields in the interaction will tend to be pinned to constants. Before
we proceed, we should explain explicitly what we mean by a boson field 8 (or ¢) being
pinned. Consider a vertex operator of a boson field, e'*, where a is a constant. If (e'?)
= const # 0, then we say 6 is “pinned” to some constant modulo 27/a. On the other
hand, we say 6 is “unpinned” if <e“’0> = 0. There could be three situations for 8 to be
unpinned. First, 8 is gapless. Second, a part of it is gapless and the rest is pinned. For

example, if 6, is gapless and 6,, is pinned, then ¢H(010+020)/ ‘/_> is still zero since we can

replace the pinned fields by their pinned values. Thirdly, its dual field ¢ or part of its
dual field is pinned and therefore @ will fluctuate violently.

There are many such phases characterized by which fields are pinned. In general, it
is not appropriate to simply label the pinned fields as ¢;, or 6;, in terms of the band
basis. The interaction terms in the Hamiltonian involve various linear combinations of
these fields and it is generally necessary to characterize phases by first gomg to a different
basis of boson fields:

0, = R,0,, 4, = R,p, 6. = R,0,, 5;_, = R,q?,,, (2.1).
where 5 = (01, 92p, 03p,04,) etc and R, and R, are orthogonal matrices. We will refer
to the ba31s (635, ¢i,) and (6},, ¢;,) as the “pinning basis”. One of the 4 charge bosons

10
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in the new basis (6}, ¢;,) remains gapless in a C150 phase. All of the other 7 bosons
are gapped. However, for each of these 7 bosons we must specify whether it is 6}, or

i, which is pinned. We refer to this choice of which bosons are pinned as a “pinning
pattern”. Each pinning pattern corresponds to a distinct phase. (Actually the number
of distinct phases is even larger than this since the points, ¢;;, at which a boson is pinned,
eg. (0l,) = c;y, can also characterize the phase.)

Our basic strategy is to check through all possible pinning patterns for a C1S0 phase
and see if any pinning pattern can make the correlation functions of pair and 4kr den-
sity operators decay with a power-law at the same time. As we discussed before, with
a pinning pattern, we can replace the pinned bosons by constants inside the correlation
function. The correlation function will decay exponentially if the vertex operator contains
the dual of a pinned boson. It will decay with a power-law if the vertex operator only
contains the gapless mode and pinned bosons. However, there are three main complica-
tions here. The first one is: what is the basis for the boson fields (including the gapless
mode)? Even though we know the basis, there are still too many pinning patterns (more
than 27). The last problem is that the wave-vectors of 4kr density operators can be
changed and actually correspond to that of stripes if some Fermi momentum renormal-
ization occurs. For example. the wave-vector kg + kg + 2krs = 4kp if the condition
krs = kpa is satisfied. In this Chapter, we try to solve these problems. _

Now we would like to introduce a specific combination of band bosons Eq. (1.23) and
(1.24), which is relevant to symmetry. Define the total charge (or spin) field as

1 .
elu : 5(911/ + 921/ + 931/ + 041/)’ : (22)

where v = p or ¢ and similarly for ®,, if we replace 6 by ¢.

We can somewhat restrict the possible pinning patterns by symmetry considerations.
Charge conservation symmetry, ¢ — e"79 for all fermion fields, 9, corresponds to the
translation:

d)jp — ¢jp+ 2/7!'"/. (23)
Thus, the allowed pinned ¢, must be the linear combinations of ¢‘,’.’j_, in other words, any
pinned ¢§p fields must be orthogonal to ®,,. Similarly, the subgroup of SU(2) symmetry,
Yo — €Y, where a = + or — for spin up or down, respectively, corresponds to:

¢ja — d’ja + 2/7‘[’6.' (24)

Therefore, any pinned ¢, can only be the linear combinations of ¢7; in order not to
violate the SU(2) symmetry. We also expect translation symmetry to be unbroken at
incommensurate filling, as discussed in Sec. I. We see from Eq. (1.14), that translation
by one site: £ — = + 1, corresponds to the symmetry: '

¢R/Lju — eiiij'd}R/LjVa (.7 = 1a-2)3’4) (25)

corresponding to:

ejp - ojp + V 2/7(']{71:']', (.7 = 1a 2a 3,4) ' (26) :
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Consider a vertex operator of a boson field, €'*®, where a is a constant. Since in general
~ the factors y/2/mkr; are not zero modulo 27/a, this may forbid pinning of any of the
6;, fields. However, it may happen, due perhaps to some renormalization phenomenon,
that 2 or more of the kp; are equal. In that case it might be possible for some of the
6;, bosons to be pinned. For example if kp; = kpj, then 0{’; could be pinned without
breaking translational symmetry. We will allow for that possibility since there is no
reason to exclude it in the strong coupling region. However, ©;, can never be pinned
since it transforms under translation by one site as:

@1,, — @19 + 4EF/m, ’ (27)

and 4kr/2m = n is always non-zero modulo 27/a at incommensurate filling. The fact
that' ©;, can never be pinned is not exactly equivalent to the statement that the gapless
boson in a general C1S0 phase at incommensurate filling has to be (©1,, ®1,). There
could be exceptions if some pinned 0’ fields are not orthogonal to ©,,. If that happens,
then ©;, can’t even be chosen as a ba81s field. As we know, all the pinned ¢, must
be orthogonal to ®;, due to the charge conservation. However, translational symmetry
doesn’t demand all the pinned 6;, must be orthogonal to ©;, and in general whether a 6;,
is pinned or not depends on the Ferm1 momentum. Thus to know whether a 6], can be
pinned without violating translational symmetry, we have to discuss the pos51ble Fermi
momentum renormalization.

However, even though some 6; , field is allowed to be pinned by symmetry, in practice,
whether it really gets pinned or not depends on the interactions in the Hamiltonian. In
the weak coupling treatment, the renormalizations of kr; are assumed not to happen and
kr; are in general all different. The interactions involving 6;, fields won’t be present in the
Hamiltonian due to the fast oscillating factors in front of them. Again, if some renormal-
ization of Fermi momentum occurs such that the oscillating factor becomes a constant,
then new interaction will appear in the Hamiltonian. For example, if 2(kp; + kr;) = 2,

the interaction involving it, such as e"’(k“+ka)zwLia¢Lja¢Lia¢Lja o e~ VARG 657
can be present in the Hamiltonian since the oscillating factor e *2(kritkri)® becomes a
constant at each lattice site z. In this case the shift of 9{? under translation is 2m/+/4m,

which becomes 2 for v/4n6f;" Thus if this interaction is relevant, then then the field 6"
will be pinned. ' :

Therefore, whether a 6}, field is pinned or not depends strongly on the specific renor-
malizations of Fermi momenta which could happen in the strong coupling region. Besides
these issues related to symmetry and interactions, a general 4kr density operator may
correspond to the 4kr one if some suitable Fermi momentum renormalization happens.
For example, the wave-vector 2(kp; + k) is the same as 4kp if kp1 = kp3 and kps = kpa.
So we have to carefully discuss all the possible Fermi momentum renormalizations and
their implications. _

Our strategy is to first discuss the case when pinned bosons are all orthogonal to
the total charge mode. Therefore, the gapless mode is the total charge field. Then we
consider cases where some pinned 6;, fields not orthogonal to the total charge mode ©1,.
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The efficient way to check through all the possibilities is by checking all the possible
renormalizations of Fermi momentum such that the interaction containing ‘9§p will ap-
pear in the Hamiltonian. If that interaction is relevant, the gapless charge mode is not
(©1p, ®1,) anymore since it can’t be used as a basis field. These cases will be discussed
in a separate section.

2.1 Total Chargé Mode Is Gapless

In the following discussion in this subsection, we will only consider the renormalization of
kr; such that the pinned 9’ bosons are orthogonal to ©1,. In other words, the conditions
such as 2(kp; + krj) = 27r won’t occur but other p0551b111tles such as kr; — kp; = 0 or
kp1 — kpe + krps — krpg = 0 are allowed. Then 9” and (61, — 02, + 63, — 04,,)/2 may get
pinned but they are still orthogonal to ©,,. In this case, the gapless charge mode will
be (O1,, ®1,) since all pinned 8;, or ¢;, fields are orthogonal to ©1, or ®,,, respectively.
We can reorder the transformed basis, ¢;,, so that ¢7, = ®1, and 61, = ©,.

" First of all, we have to know the conditions so that two (or more) operators can (or
can’t) be power law decaying at the same time. To find these conditions, consider two
arbitrary operators expressed in terms of the band basis and let’s rewrite them in the
following way:

04 ~ ¢ (FoalotBoadotioabotipads) (2.8)

OB ~ e (UpB 0p+UpB ¢p+ua'B 90’+'UGB ¢‘7) (2-9)

We can represent any vertex operator O4 by four coefficient vectors @,4, U,4, %sa and
#,4. For example, if Oy ~ eV2r(#7+61) then Tpa = (\/ﬁ 0,0,0), @4 = (v/27,0,0, 0)
and both #,4 and 7,4 are (0,0,0,0).

Eq. (2.8) and (2.9) are written in terms of the boson fields in the band basis, which is
not necessarily the basis in which boson fields are pinned. At this stage, we may not know
what the new basis should be but we know at least that the fields in the transformed
basis have to be orthogonal to each other. Then Eq. (2.8) and (2.9) can be rewritten as

04 ~ e Toa Tt a Bt a8, 4°%) (2.10)

Op ~ ei(a;,B-éZ,+6,’,B~$§,+ﬂ{,B-5:’,+6{,B-¢7{,),- (2.11)

where é.;, = Rpé'p, é:’, = R,0, and similarly for J)Z, = R,,q?,, and q_S‘f, = R,¢,. Here R,

and R, are two orthogonal 4 by 4 matrices that transform the boson fields from the
band basis to a new one. ‘The new corresponding coefficient vectors are @), = @ 4R,

@, 4 = @gARE... here R] and R} are the transpose of R, and R,.

Now assume that the bosons get pinned in this new basas We know only one of 6} and

¢% can be pinned and the presence of the dual of a pinned boson will result in exponential

decay. Consider a simple situation in which all bosons are pinned, i.e. a C0S0 phase and
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the pinned bosons are (¢} ,,65,,83,, ¢4,) in the charge channel and (6y,, ¢5,, #3,,04,) in
the spin channel, even though we don’t know explicitly the transformations to the new
basis. .

This set of pinned bosons enforces some constraints on the coefficient vectors UpA/B)
Upa/B, Usa/B and U,4/p 50 that O4 and Op don’t decay exponentially. The constraints
are simply that the coeflicients for the dual of each pinned boson must be zero. In this
case, for X = A or B:

"-":;X (0’ — 0)1
'D‘;I)X = (_7 0,0, _)1
ﬁlaX = (- 0,0, -)
’ ’Ucer = (0, T O)a
where “—” means no constraint. These constraints actually imply the following equations:
ﬁ;A 'I'D:;B = ﬁlaA : "_’:B =0, (2-12)
ﬁ;;A ) ﬂ:;B = 77:'7,4 ) ch =0, : (2-13)
Upp-Vpp = Tgp Tps =0, (2.14)
ﬁ:;B . 77:,3 = ﬂ:rB ) 'DLB =0. (2-15)

One can easily see that different sets of pinned bosons will imply the same equations for
inner products. So the actually pinning patterns of boson fields are irrelevant for the
constraints here and the crucial point is that all the fields are pinned.

Eq. (2.12)-(2.13) are for the coefficient vectors in the new primed basis. So we don’t
really know their components. However, we know inner products are invariant under any
orthogonal transformation. Thus, the coefficient vectors in the band basis should satisfy
the same Eq. (2.12)-(2.13) but without the primes. So for any two operators O4 and Op
written in the band basis, we know the necessary condition on their coefficient vectors
for O4 and Op not to be exponentially decaying. :

“However, things are slightly different for a C1S0 phase, which is the case we are really
interested in. Now the inner products @, , - 5 and ¥, 4 - @, in the charge channel are
not necessary zero since the overlap is allowed in the subspace of gapless boson fields.
For example none of O4 ~ €% and Op ~ €1 are exponentially decaying if (6;,, ¢1,) .
is gapless even though ¥}, - @5 = 1 in this example. In principle, we even don’t know
what’s the value for the nonzero inner products if the gapless field is arbitrary. However,
here we first discuss the case in which gapless mode is the total charge bosons (©1p, P1,)-
This means, choosing ¢}, = » = P1,, that the first row of the orthogonal matrix R, can be
chosen to be (1/2,1/2,1/2,1/2). Roughly speaking, for each charge boson ﬁeld in the
band basis, we have

1 .
O = Ou -+,
1
¢1p = _élp"'
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Therefore, we find that for all the pairing A and 4kp density operators n4z,, the coeffi-
cients of ©;, and &, are fixed:

. > )
A~ e’(“LA'op'*"_’:wA'% @ 5O+, 5 F, ) = e’\/_q)l"-l' (2.16)
’n4kp ~ ei(ﬁ:)n'o;)'*'ﬁ;m'¢Ip+{fan'ecl1+vaﬂ’¢:7) = e_‘“ 27r91p+-~. (217)

As we mentioned before, the only nonzero part of inner products must come from the
gapless boson (©1,, ®1,). Although we don’t know the full representation of pairing and
4kp density operators in the new basis, nonetheless, from Eq. (2.16) and (2.17), it’s
sufficient to conclude that the only nonzero inner product between (#')'s and (@')'s has
‘to be exactly ' o
Top -~ Uy = £, (2.18)

where the positive sign occurs when taking the Hermitian conjugate of one of the oper-
ators. In the following convention, we choose 4kr density operators so that —n is taken
in Eq. (2.18). Finally, we get the necessary conditions on the coefficient vectors in the
band basis so that a C1S0 phase can have both pairing and stripe correlations:

Tpa - ’l_ipn = -, (2.19)
'&'I,A . ﬁpn = 0, (2.20)
Ton *Uon = Uoa - Uon =0, (2.21)
Tpa - Uppo = fUga - Usa = 0, (2.22)
Upn*Upn = Uon*Upn = 0. (2.23)

Now we will write down the bosonized expressions for pair and 4kr density operators
in the band basis and then give our proof that stripes and pairing cannot coexist. First
consider pairing. By “pairing” we mean the existence of any operator of charge 2 whose
correlation functions exhibit power-law decay. Any pair operator that only contains
right or left fermions, such as ¥rat¥rp, can never exhibit power law decay since from
Eq. (1.20) we know ¢@raa = (Paa + 0aa)/2 and this will result in @,4 - Tpa and @ - Toa
# 0. (Eq. (2.22) is violated.) Furthermore, any pair operator with non-zero total z-
component of spin will contain a factor with the exponential of ®,, and hence exh1b1t
exponential decay.

So, there are only two types of charge 2 operators, containing only two fermion fields,
which are candidates for power-law decay. Ignoring Klein factors, these are:

YRaaWLea ~ eim(%pioaa) : (2.24)
Vreatise ~ €V TOLH0LTXeL) (g o£ b) (2.25)
Here a and b are band indices and a =t or |, @ = —a. The + or — sign occurs for o =t

or | respectively. Even though Eq. (2.25) carries non-zero momentum for kp, # kg,
there is no reason to exclude it.
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We now consider the 4kp density operators, corresponding to stripes. The following
two operators are the most general 4k density operators:

hiaVLiaW b ~ = VALOG +OLN VO +RDEOGTHENE@ T (2.6)
Db Vrjabhtim ~ Pl Gl e C AR A AR AL At )} (2.27)

Here 7, j, k and ! are arbitrary band indices and the + or — sign is for a =1 or |
respectively. Whether ¢, 7, £ and [ are all different or not actually doesn’t change the
conclusion. When all the band indices are different, the operators correspond to the
oscillation wave-vector of 4kr = kpy + kro + krs + kps which is 27n, the wave-vector of
stripes. However, if some special renormalizations of Fermi momentum, such as kp; = kr3
and kre = kr4 occur, then the wave vector 2(kp; + ko) also corresponds to 27n. That’s
the reason why we consider arbitrary rather than assuming they are all different band
indices in Eq. (2.26) and (2.27).

Now we are ready to proceed with our proof that pairing and stripes can’t coex-
ist. Before we start, please note that we adopt the usual convention for set theory in
mathematics. Two sets A and B are said to be equal, if they have the same elements.

. Let’s first consider whether the pair operator in Eq. (2.24) and 4kp density operators
in Eq. (2.26) or (2.27) could both have power law decay. In order to satisfy Eq. (2.19),
TpA - Upn = —m, the index a in Eq. (2.24) must be chosen the same as precisely one of
the indices from the set {7, ,k,!} in Eq. (2.26) or (2.27). For example if {i,7,k,l} =
{1,1,2, 3}, then a must be either 2 or 3. If such a choice of a exists (one counter example
is {i,7,k, 1} = {1,1,2,2}, Upa - tip;n # —m for any a), however, it implies Gpa - Uon # 0
due to the term 0y, in Eq. (2.24) and (¢7; + ¢7;) in Eq. (2.26) or (2.27). Thus, the
condition Eq. (2.21) is not satisfied and the pair operator Eq. (2.24) can’t coexist with
any 4kp density operator of arbitrary {1, j, %, !}, including stripes.

Things are less trivial for the other type of pair operators Eq. (2.25). The discussion
depends on the situations of the indices set {1, j,k,l}. Eq. (2.26) and (2.27) are reduced
to different operator forms depending on the different choices of the indices and the inner
products need to be discussed separately. For example, if ¢ = j, k = [ and ¢ # k, then Eq.
(2.26) and (2.27) contain neither charge nor spin ¢ fields. In the following, we classify all
the possible choices of {i, j, k,!} and prove there is no pairing operator that can satisfy
all the conditions Eq. (2.19)-(2.23) for any choice of {i, 4, k,1}.

We first consider the case where all the indices are different from each other, i.e.
i # j # k # 1. Comparing the coefficient vectors @, arising from 6%, in Eq. (2.25) and
Upn from (¢f; + ¢f; ) in Eq. (2.26) and (2.27), in order to have @y - ¥n = 0, the indices
set {a,b} have to be chosen the same set as {3, k} or {j,/}. Next when we compare 6"
in Eq. (2.25) with'(¢7;” + ¢y, ) in Eq. (2.26), we find @, - ¥ # 0 since {a,b} = {i,k} or
{4,1}. Also, when ¢, in Eq. (2.25) is compared with (67;" — 67,") in Eq. (2.27), we find
that T, - @on # 0 for the same reason. So, the pair operator Eq. (2.25) is not compatible
with 4kp density operators.

To make the above argument more clearly, we should look at one specific example.’
For density operators with the choice ¢ = 1,7 = 2,k = 3 and | = 4, we have the
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coefficient vector ¥, = —+/m/2(1,—1,1,—1) from the term (@7, + ¢}, ) in Eq. (2.26)
and (2.27). If we choose {a,b} = {1 3} or {2 4}, the coefficient vector due to 6% is
Upa = +4/7/2(1,0,—-1,0) or +4/7/2(0,1,0, —1), which satisfies the condition @, - Upn =

0. Now, with thls choice of 1nd1ces, the term ¢Zb“ in Eq. (2.25) corresponds to the
coefficient vector 4,o = 1/7/2(1,0,1,0) or \/7/2(0,1,0,1), up to a negative sign and
tlza Can not sat1sfy the condition @y * Upn = 0 with ¥, = £4/7/ 1,1,-1) from the
term (45, + ¢7; ) in Eq. (2.26). Similarly, Eq. (2.25) and (2. 27) can not satisfy another
condition 1')’,,A . ﬂ',m = 0.

Now if three or all four indices in the set {4, j, k, !} are the same, such as {1,1,1,2} or
{1,1,1,1}, then the coefficient vectors ¥, from ¢%; in Eq. (2.25) and @,n from (65" +6%;")
in Eq. (2.26) or (2.27) can never satisfy ¥, - @y, = — for any {a, b}.

When only two indices are the same, we have to consider six cases since Eq. (2.26)
and (2.27) reduce to different operator forms for different choices of the indices. Assume
that 4 = j and k # I # 4 in the set {i,7,k,l}, for example 7 = j = 1, and {k,I} =
{2,4}, and then {a,b} must be chosen to have no common elements with {k,1} (i.e.
{a,b} N {k,l} = 0) in order to satisfy the condition @, - Upn = 0, e.g. {a,b} = {1,3}
given the above choice of ¢, k and I. However, that will make ¥4 - @on 7# 0 and therefore
Eq. (2.25) is not compatible with Eq. (2.26) and (2.27) for ¢ = j and k # [ # 1.

Now assume ¢ = k and j # | # ¢. Since a # b, to make @,a - Tpn' = 0, we need -
{a,b} = {j,1}. Then we find that @,a - Usn # 0 from Eq. (2.25) and Eq. (2.26) and
Tya - Uen # 0 from Eq. (2.25) and Eq. (2.27).

- For i =1 and j # k # 1, to make @A - U, = 0 true, we need to choose the indices
so that {a,b} N {j,k} = @. For example, we can choose ¢ =! = 1, {a,b} = {1,3} and
{j,k} = {2,4}. However, this condition {a,b} N {j, k} = @ will result in T,A - Ton # 0
from Eq. (2.25) and Eq. (2.26) and @,a - Upn # 0 from Eq. (2.25) and Eq. (2.27).

There are three more cases that we should consider. They are j =k, j=1land k = [.
In these cases, Eq. (2.26) and (2.27) actually reduce to three similar situations we have
discussed above with some signs changed which don’t effect the result. Thus, Eq. (2.25)
is not compatible with Eq. (2.26) and (2.27) for the cases that only two indices are the
same in the set {1, j, k,l}.

The last situations we have to consider are where {4, j, k,1} are two pairs of indices.
We first discuss the case i = J, k =1 and i # k. To satisfy the condition v, * U, = —,
only one index in the set {a,b} should be chosen the same as one index in {i,k}, e.g.
if a = ¢ then b # k. Then we find Eq. (2.25) and Eq. (2.26) or Eq. (2.27) will have
ﬁaA : ﬁo-n 76 0. '

In the case i = k, j = | and ¢ # j, similarly, only one of {a, b} should be chosen the
same as one of {z,k} so as to have to have U,a - @pn = —7. Then @ya - Upn # 0 from Eq.
(2.25) and either Eq. (2.26) or Eq. (2.27). _

For i =1, j = k and 7 # j, Eq. (2.26) reduces to the same form as that in the case
for i = j, k =1 and i # k, which was already discussed. For Eq. (2.25) and Eq. (2.27),
in order to have ¥, - %, = —, only one of {a, b} should be chosen the same as one of
{1, k}. However, this will make @, - Uon # 0 and therefore they are not compatible.
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Now we want to ask further if any operator of non-zero charge can have a power-law
decaying correlation function in a stripe phase. Inspired by the real space picture of
stripes and the finite size spectrum analysis in the next section, we find that there is
always some charge-four blpalrlng operator which does so. The most general non-chiral
bipairing operators are:

YRsa VLW RusVLes ~ e VTIh +080)+007 +057 (67 4031077 £635)] (2.28)
Here s, t, u and v are arbitrary band indices. Although Eq. (2.28) are the possible
bipairing operators in the most general sense, only when s =¢ and « = v or s = v and
t = u does Eq. (2.28) carry zero momentum and have no real space modulation in the
correlation functions. On the other hand, we have no reason to exclude the possibility
that Eq. (2.28) does decay with a power law with an oscillating factor at this stage.

Following the previous discussion, now we will prove that any C1S0 phase with 4kp
density oscillations, also has bipairing correlation. The conditions for bipairing and
4kp density operators to coexist are almost the same as Eq. (2.19)-(2.23) but now with
TppiUpn = —2m, where we use a subscript “bs” for bipairing operators. Now for simplicity,
let’s focus on the following two types of bipairing operators carrying zero momentum:

i\/‘ﬁ(tb”*ﬂi’f (2.29)
ivan(¢ht 07 ) | (2.30)

YRsa ¢Lsa YraWLa ~ €
IpRsa ¢L35¢Rtﬁ ¢ g - €

. We find that Eq. (2.26), (2.27) and Eq. (2.29) can coexist if we choose {s,t} = {¢,j}
or {k,l}. If we have o = 8 in Eq. (2.30), i.e. 6% is present, then Eq. (2.26), (2.27) and
Eq. (2.30) can coexist with the choice that {s,t} = {i,j} or {k,I}. If we have & = § in
Eq. (2.30), then 0 is present.. Eq. (2.26) and (2.30) can coexist with the choice that
{s,t} = {i,k} or {4,1}. Eq. (2.27) and (2.30) can coexist if {s,t} = {3,!} or {j, k}.

2.2 Gapless Field Is Not the Total Charge Mode

Now we should address the issue about the possibility of some pinned 6], fields which
are not orthogonal to ©,,. In this case, ©;, can not be a basis field and thus the gapless
charge mode won’t be ©;, anymore. As we discussed at the beginning of this chapter,
whether a 0,’-,, field can be pinned or not depends on the renormalization of Fermi mo-
menta. Fermi momenta are important regarding both translational symmetry and the
interactions in the Hamiltonian. A certain 6;, field can be pinned if it’s allowed by sym-
metry and there is a relevant interaction 1nvolv1ng it in the Hamiltonian. The oscillating
factors of four fermion interactions only involve the Fermi momentum combinations like
(kpi £ krj  kpy £ ki) whereas any arbitrary combination can be considered from sym-
metry’s point of view. Therefore, it will be much easier to discuss the possible pinned 6! )
fields, not orthogonal to ©;,, through the possible new interactions containing 9§p in the
Hamiltonian.
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In fact, we are only concerned about the question whether pairing and stripes can
coexist when the gapless mode is not the total charge field. In the previous section, we
saw that the correlation functions of two operators can decay with a power-law at the
same time if and only if Eq. (2.19)-(2.23) are satisfied. When the gapless mode is not
the total charge field, apparently Eq. (2.19), @,a - @, = —, is not correct. We just
don’t know the value for this inner product if we don’t know what the gapless field is.
Strictly speaking, the inner products, Eq. (2.20)-(2.23), between the coeflicient vectors
have to be zero after excluding the contribution from the gapless field. Mathematically,
we mean 7,y - @, = 0, where 7,4 = T,4 — (Tp4 - §)§ and @, = ,a — (@4 - §)J Where the
gapless charge mode is g - d_;p (g is a unit vector). Take a two band system for example:
the operator Oy ~ V2 (@1+65+61-43) has the coefficient vectors 7,4 = v/27(1,1) and

@4 = V/2m(1,—1). It’s easy to see that this operator satisfies the condition 4,4 - #f,4 = 0.

If (0°7,4%) is the gapless charge mode, then § = (1,1)/v/2. Only 6 fields contain
the gapless mode. The gapless mode won’t appear in the ¢ fields since in this case it’s
orthogonal to the ¢ field, ¢¥ —$5. Then there is no contribution to the inner product from
the gapless mode and we have ¥, - i, = 0. This operator could have power-law decaying
correlations. However, if (67, ¢%) is the gapless field, we have to exclude the part of the
inner product due to the gapless field since the overlap between # and ¢ fields is allowed
for the gapless mode. Now § = (1,0), and we find the inner product @, - %,, = —27 # 0.
Then the correlation function of this operator will decay exponentially since 65 and ¢4
can’t be pinned at the same time. The conditions on the spin fields are still the same
since they have nothing to do with the gapless charge mode. We will have to check the
pair and 4kr density operators for all possible gapless charge modes case by case.

In order to check through all the possible pinning patterns efficiently, our strategy is
to start with one Fermi momentum renormalization condition so that the new interaction
involving a 0£p‘ field not orthogonal to ©;, is present in the Hamiltonian. Next, we will
assume that interaction is relevant and 0§p, as one of the basis fields, is indeed pinned.
We further assume that the phase has pairing, that is, either Eq. (2.24) or (2.25) has
power-law decaying correlations. So there will be two types of pairing to be discussed.
Each type of pairing, will require that some boson fields get pinned. If another 9,’-,, field
needs to be pinned in order to have pairing, it’s allowed but one more Fermi momentum
renormalization condition must occur. For a phase with pairing, we will have a pinning
pattern for some boson fields but the rest of it will still be undetermined. Then the
question is if it’s possible to have stripes by arbitrarily choosing the pinning pattern for
the rest of the bosons. To answer it, we have to check the correlation functions of all 4kp
density operators carefully since some of them may correspond to stripes if additional
Fermi momentum renormalization conditions are satisfied. After this is done, we repeat
this ‘procedure but start with a new 6;, field not orthogonal to ©.,, that is, another
Fermi momentum renormalization condition. When all the possible Fermi momentum
conditions associated with the interactions are diséussed, we will have completed the
proof.

Recall that an interaction can appear in the Hamiltonian if its oscillating factor
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becomes a constant, that is +(kr; £ kr; & krr £ ki) = 0 or 27, Here 4,5,k and [
are arbitrary band indices (see the oscillating factor in Eq. (B.2) in Appendix B). These
interactions contain charge fields like +(6;, & 6,, £ 6k, & 6,,) after bosonized. We have
to consider the possible combination not orthogonal to the total charge mode ©,,. If '
i,7,k and [ are all different, we only need to consider kp; + kr; + kpx — krr = 0 or
27 since kp; + kpj + krx + kmi = 27n and kp; + kpj — kre — kpp doesn’t result in the
field not orthogonal to the total charge mode. If two indices are the same, say ¢ = [,
we need to consider 2kp; + krj + krr = 27 and 2kp; + krj — krx = 0 or 27 where 4, j
and k are different. If three indices are the same, say ¢ = k = [, we need to consider
3kpi + kp; = 2m and 3kp; — kr; = 0 or 2m where ¢ # j. If two pairs of indices are
the same, then we need to consider 2kp; 4+ 2kp; = 2m where ¢ # j. When each of the
above renormalization conditions is satisfied, there will be a new interaction containing
a 8, field not orthogonal to the total charge mode. In each case, we also allow other
Fermi momentum renormalization conditions to occur so as to change the wave vector
of density operators or pin some other 8, field orthogonal to the total charge mode. We
have to discuss the cases for 2kp; + 2kp; = 2m and 2kp; + kpj + kpr = 27 in details. As
for other conditions, there will be a general argument.
In the following, we consider all possible four fermions mteractlons to determine the

phases (or pinning patterns). We will show that pairing and stripes still can’t coexist
even if the gapless mode is not the total charge field.

2.2.1 New Interactions Due to kp, + kp, =7

We first consider when kg, + krpq = 7 is satisfied where p # ¢. Then the oscillating
factor of the interaction like ¢Lm¢an¢Lpa¢an becomes one at each site. Therefore, 05;
may get pinned in this case. In order to reduce the confusion of indices, without loss of
generality, we will choose explicitly p = 1 and ¢ = 2. Now assume the new interaction
is relevant and 6, is really pinned. Since the total charge field ©;, is always unpinned,
this implies 9{,’]; is unpinned. However, this is not equivalent to say 95’1 is gapless yet. If
either 63, or 6y, is gapless, 8%, is also unpinned. Say, (63,, ¢3,) is gapless, then either 4,
or ¢s, has to be pinned in a C1S0 phase. However, Eq. (2.6) and (2.3) states that 64,
and ¢4, are not allowed to be pinned by symmetry if kps # 0. (See Sec. (2.3) for the
case where kpq = 0). Thus we conclude the gapless mode is (65 , #57 ) in this case. Now

the basis in the charge channel could be given by the orthogonal rotation matrix

0 0 173 13
o o 1/V2 —1/V2
Be=1 13 1v2 0 o : (231)
, 1/vV2 =1/v/2 0 0 -

Note that at thls stage, we only know for sure that (657, #2F) is gapless and the linear
combination #%; is pinned. However, the basis could be chosen differently for the following
reason. For example, assume that 6{’2_ is also pinned due to the interactions involving 65
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with the extra condition kp; = kg2, then the orthogonal linear combinations 6{’;’ and 67,
could be part of a new basis since the new fields are still orthogonal to the gapless mode.
When the interaction involving 6%, is also present, then there will be more choices of
basis. Regardless of the consistency of these conditions on the Fermi momentum, we don’t
worry too much about different bases here for the following reasons. As we mentioned
before, the inner product is invariant under orthogonal basis transformations. So if we
find a conflict between pairing and stripes in one specific basis, the conflict still remains in
any different basis which is related by an orthogonal transformation. Another important
part of our proof is to argue that the wave-vectors of the 4kr density operators won’t
correspond to that of stripes without causing inconsistency. That only depends on the-
band indices in Eq. (2.26), (2.27) and Fermi momentum renormalization conditions,
which are all independent of the basis. For simplicity, we will use the R, in Eq. (2.31)
and keep in mind that the different choices of basis are possible.

Pairing Case I [Eq. (2.24)]

Now let’s see what are the requirements we need in order to have pairing. Recall that
we start with the condition kp; + kps = 7. The field 6{; is pinned and (6%, ¢%7) is
the gapless field. To make the correlation function of the operator in Eq. (2.24) decay
with a power-law, ¢5; and 63, (or 04,,) have to be pmned upon choosing a = 3 (or 4)
in Eq. (2.24). So we conclude that (85, ¢5;) gapless, 857 ¢4, and 63, (or 64,) pinned
are the only possible pinning patterns for Eq. (2.24) to have pairing under the condition
kr1 + kr2 = w. We will consider another possibility that the correlation function of the
operator in Eq. (2.25) decay with a power-law later (in Pairing Case II). Now we should
discuss whether it’s possible to have stripes allowing arbitrary pinning patterns for the
rest of the boson fields in this case.

Stripes are the density oscillation with wave-vector 27n, corresponding to 4k density
operators. However, a 4kr density operator with wave-vector kry + kpe + 2kps could be
identified as 4kp = 2mn, if the renormalization of Fermi momentum kr3 = kps happens.
As we did before, we have to check all the possible 4kr density operators tha.t may
correspond to 27n. The only difference now is that the gapless mode is (845, 54 ). Eq.
(2.26) and (2.27) are the most general 4kr density operators. We have to consider four
situations about the indices in Eq. (2.26) and (2.27), where the density operators reduce
to different forms. These four situations are: (1) all the indices are different; (2) two
indices are the same but different from the other two; (3) two pairs of indices are the
same; (4) three indices are the same but different from the last one.

For case (1): When i, j,k and [ are all different in Eq. (2.26) and (2.27), Eq. (2.24)
can not coexist with both Eq. (2.24) since @,a - U,n # 0 due to the term 6,, in Eq.
(2.24) and (47 £ ¢7, ) in Eq. (2.26) or (2.27). As for Eq. (2.25), we need to choose
{a,b} = {4, j} or {k,l} in order to satisfy #@,a - Uon = O for the spin bosons. Then
the inner product @,a - 7n due to the term 6, in Eq. (2.25) and (¢}, + ¢, ) in Eq.
(2.26) or (2.27) is nonzero. The inner product ¥,a - @,, between the term ¢%; in Eq.




Chapter 2. Stripes and Bipairing 32

(2.25) and (04" + 64;") in Eq (2.26) or (2.27) is also nonzero. We know that the inner
product 1nclud1ng the gapless mode can be nonzero but the part excluding the gapless
mode upA 'u and 'upA u should be zero.  That is to say, @pa - T, = 0%, - ¢f; and
TpaUpn = ¢a 0;':’ should be both zero after the gapless mode is projected out. However,
this is impossible since @ya - Upn = U, - Uyn before the projection and 6%, is orthogonal to
qbﬁ;'. The above discussion is very general and doesn’t assume anything about the gapless
mode. The conclusion that these 4kr density operators and the pair operator Eq. (2.24)
or (2.25) can’t decay with a power-law at the same time holds for any gapless mode. In
- the later discussions, we don’t have to worry about these 4kr density operators.

For case (2): We first assume only two indices are the same in Eq. (2.26) and (2.27). °
Then Eq. (2.26) and (2.27) will reduce to the operators with three band indices. We just
have to work out all the operator forms when two out of four indices are the same in Eq.
(2.26) and (2.27). The resultant operators have the general forms:

e~ IV 2005+ 050 )50 )+ (VB0io 2OTT)H(65)] (2.32)
o~ VAV 05 )H(5 )1+ (07 )+(V2bio 45, )] : (2.33)
e~ VAV, 485 )+ (Vi =9 )+ (V2 0-a+0"+)+(f bic =50 (2.34)
e~ IVAI(V20i+050)+(V28io— 450 +(037 5N v (2.35)

where %, j and k- are all different. In fact, Eq. (2.32)-(2.35) don’t cover all the possible
operators forms. However, these other cases correspond to simply changing the signs in
front of last three parentheses in Eq. (2.32)-(2.35). We only care about whether the
inner products between coeflicient vectors are zero or not. Therefore, we can ignore the
signs. Let’s focus on the charge channel of Eq. (2.34) and (2.35) and we will argue that
their correlation functions decay exponentially when (85, #51) is the gapless mode. It’s
easy to see that {7,j,k} N {3,4} # @& because 7,j and k are all different. The charge
ﬁeldsx/_ 20;,+ 6% and v/2¢;, — ¢/ in Eq. (2.34) and (2.35) will contain the gapless mode

655 and ¢4, respectively, for any {4,7,k}. When we rewrite Eq. (2.34) and (2.35) in
terms of the pinning basis fields, after projecting out the ga,pleSs mode, the inner product
between the coeﬁiment vectors of § and ¢ fields, 7, A" Ty >4, Should be zero. If the inner
product @4 - @5 is not zero, the correlation funct1ons of Eq (2.34) and (2.35) will decay
exponentially. It s easy to check that for any choice of {i,4,k} in Eq. (2.34) and (2.35),
Tty - ;4 # 0. For example, for i = 1, j = 2 and k = 3, the charge bosons in Eq. (2.34)
and (2.35) can be Written in terms of the basis fields given by the orthogonal matrix Eq.
(2.31), as —/m (3655 + 675 f2)/2 and —/m(¢03 + 3% —¢87)/2. Excluding

the gapless mode (64, ¢4 ) when calculate the inner product, the 1nner product 7, - 75

is 5m/4. As we mentioned, this is independent of the basis as long as the gapless mode
is the same. Then the operators in Eq. (2.34) and (2.35) have exponentially decaying
correlations as long as (85, ¢57) is gapless. So we don’t have to consider these two 4kp
density operators for the later discussion in this subsection.
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So far we only require that 675 ,¢5; and s, (or 64,) are pinned in order to have pairing
and we have the choice of how to pm the other boson fields. Now look at the term ¢>§’
in Eq. (2.32) and (2.33). We can only choose {j, k} = {3,4} or {j,k} = {1,2} when an
additional boson ¢f; is pinned. If {4, k} = {1,2}, then ¢ has to be either 3 or 4 in Eq.
(2.32) or (2.33) and then the term /26;, in the density operators will conflict with the
assumption that ¢4, is pinned. If {4, k} = {3,4}, then the terms v/2¢;, — ¢35 or ¢3; in
in Eq. (2.32) and (2.33) respectively will not be compatible with the requirement that
63, (or 84,) is pinned.

For case (3): Next we discuss 4kr density operators where two pairs of indices are
the same in Eq (2 26) and (2.27). Recall that we are considering the pinning pattern
in which (645, #57) is gapless and 695 ,¢5; and 63, (or 84, ) are pinned. The 4k density
operators reduce to the forms:

e~ iVAT(O5 £07) (2.36

)
VAT 47) (2.37)
e~ iVAT(B ol 0T AeTT) (2.38)
o~ iVAT(OL £47) (2.39)

)

where 7 # j. If {i,5} = {3,4}, the correlation function of Eq. (2.37) and (2.38) decay
exponentially since the term ¢3, contains the dual of the pinned boson 63, (or ,,). In
this case, the correlation function of Eq. (2.36) can decay with a power-law and is actually
compatible with the pairing. Furthermore, in this case the correlation function of Eq.
(2.39) is a constant and the phase has a true long-ranged order. However, the wave-vector
associated with the operators in Eq. (2.36) and (2.39) is 2(kp3 + kra) = 47n — 27, which
does not correspond to stripes. '

If only one of {i,j} belongs to {3,4}, say {¢,7} = {1, 3}, all the operators from Eq.
(2.36) to (2.39) have exponentially decaying correlations since the term 63 conflicts with
the pinned boson ¢4, . If {¢,5} = {1, 2}, then their wave-vectors are 2(kp + kps) = 2,
which doesn’t correspond to that of stripes.

For case (4): When three indices are the same in Eq. (2.26) and (2.27), their corre-
lation functions will-decay exponentially since i,y « U5, = 0 is never satisfied for those
operators. This is in general true and independent of the pinning patterns. Thus in the
following discussion, we don’t have to consider this situation for 4kz density operators.

Pairing Case II [Eq. (2.25)]

We have proven that under the Fermi momentum condition kzy + kre = m, if the cor-
relation function of the pair operator, Eq. (2.24) decays with a power-law, then 27n
density oscillations, i.e. stripes, don’t occur. Recall that we start with the condition
kri + kpz = w. The field 6% is pinned and (855, ¢41) is the gapless field. Now we need
to consider the other possible situation that Eq. (2.25) has power decaying correlation.
This is possible if 6%, , 63, and ¢J; are pinned, choosing {a,b} = {3,4} in Eq. (2.25).
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For {a, b} # {3,4}, the correlation function of Eq. (2.25) decays exponentially when
(655, #54) is gapless. However, to pin the boson 6%, requires an additional condition
krs = kr4.

For this pairing phase, we have assumed that (85, ¢4:) is gapless and 6% 65, , 65,
and ¢3, are pinned. The momentum renormalization conditions are kp; + kpe = m and
krs = krs. Now we should investigate whether it can also be a stripe phase or not. There
are four situations for Eqs. (2.26) and (2.27). As we discussed in the previous subsection,
Pairing Case I, we don’t have to worry about situations (1) and (4) but we still need to
discuss (2) and (3)

For case (2): Following what we did before, we have to check all the 4ky density
operators. We first consider the 4kr density operators when two indices are the same,
" that is, from Eq. (2.32) to (2.35). As we argued above, the correlation functions of Eq.
(2.34) and (2.35) decay exponentially when the gapless mode is (855, #54). To make
the correlation functions of Eq. (2.32) to (2.33) decay with a power-law, regarding the
charge bosons, we have to choose {j,k} = {1,2} and assume that ¢7; is also pmned
However, in the spm channel, since the index 7 is either 3 or 4, the terms (\/_ 20, £ 075 )
and (\/_ ¢ic — ¢35 ) are not compatible with the pinned bosons, ¢3; and 6, respectlvely .

For case (3) Now again start with the assumption that (855, #51) is gapless and
67+ 62, ,635 and ¢g; are pinned. We consider the 4kr density operators when two pairs
of the indices are the same, i.e. Eq. (2.36)-(2.39). For {i,;5} = {3,4} or {7,5} = {1,2},
the wave-vector 2(kps + kps) or 2(kp1 + krs) doesn’t correspond to that of stripes. If
only one of {7, j} belongs to {3,4}, for example {¢,j} = {1 3}, the correlation functions
_ of all operators decay exponentlally since the terms ¢%; , 67 and ¢9; involve the dual of
pinned bosons 6%, , 3, and 6%;". For three indices are the same in Eq. (2.26) and (2.27),
their correlation functions decay exponentially as discussed before.

At this point, we have completed the proof that pairing and stripes still can’t coexist
when the gapless mode is (845, #57) and at least one Fermi momentum renormalization

2(kp1 + kpa) = 27 occurs. :

2.2.2 New Interactions Due to 2kp, + kpy + krr = 27

Now we consider different renormalization conditions on Fermi momenta, 2kpp, + krg +
ks, = 2w, which can also result in the pinned charge field not orthogonal to the total
charge mode. Without loss of generality, we choose 2kp; + kpe + krs = 27. In this case,
for example, the interaction like ¢}z1a¢;zzawL1a¢L3'& can be present in the Hamiltonian
because its oscillating factor becomes a constant. If this new interaction is relevant, the
charge field (261, + 62, + 63,)//6, not orthogonal to the total charge mode, will get
pinned. Assume it’s really pinned and therefore ©,, can’t be an element of the pinning
basis anymore. What’s the gapless mode in this case? We know that the field ©,, is
never pinned even though the total charge field is not an element of the pinning basis.
~ This implies that the combination like 64, — 01, is also unpinned. If it’s pinned, combin-
ing with the pinned field (26, + 63, + 63,)/v/6, will imply that ©y, is pinned. One may
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think that the field (64, — 61,)/ v/2 should be the gapless mode, yet it’s not orthogonal
to (261, + 62, + 63,)/V/6, and can’t be chosen as an element of the pinning basis. So
what gapless field can let ©1, and (64, — 61,)/ v/2 both be unpinned? It could be either
(615, $1,) or (B4,, ¢4,). However, any pinning basis field should be orthogonal to the pin-
‘ning basis field (26;, + 62, + 63,)/ V6. Thus we conclude ‘that (Bap, Pap) is the gapless
mode in this case. Besides (26;, + 62, + 63,)/v/6, the interaction ¥k, ko tr10%rsa also
contains another charge boson field ¢5; . Then we should assume that ¢5; is also pinned
by this relevant interaction. We find that orthogonal matrix representing the basis in the
charge channel should be

0 0 0 1
2/v6 1/v6 1/v/6 0 040)
0 12 —1VB 0| (2.40)
1/vV3 -1/v3,-1/V/3 0

With the condition that (64, ¢4,) is gapless and (261, + 0, + 03,)/ v/6 and ¢%; are
pinned, the only possible pairing operator that might have power-law correlations corre-
spond to a =4 in Eq. (2.24). In addition we must assume that 64, is also pinned. Now
we should check the 4kpr density operators.

" For case (2): We first consider the case when two indices in Eq. (2.26) and (2.27) are
the same, giving Eq. (2.32)-(2.35). The correlation functions of Eq. (2.34) and (2.35) will
decay exponentially because (261, + 62, + 63,)/+/6 is pinned. Due to the ¢4 term in Eq.
(2.32) and (2.33), we can only choose {j,k} = {2,3}. The index 7 could be either 1 or 4.
For i = 4, the correlation functions of Eq. (2.32) and (2.33) could decay with a power-law
if and only if (61, — 62, — 63,)/+/3 is also pinned, which requires an extra condition on the
Fermi momenta but it’s possible. The point here is that the corresponding wave-vector
is kg2 + krs + 2kps and it only corresponds to 27n if kpi = krs. However, we started
with the condition 2kp; + kpe + kps = 2w, which implies kpy — kpgy = 27 — 27n # 0.
Therefore, there are no stripes in that case. For ¢ = 1, Eq. (2.32) and (2.33) correspond
to the wave-vector 2kp; + kps + krz = 2w, which doesn’t correspond to that of stripes,
either.

For case (3): Let’s check the 4kr density operator reducing to Eq. (2.36)-(2.39) with
two pairs of indices the same. In order to have power-law decaying correlation functions,
these operators should contain the gapless mode (64,, ¢4,), that is, one of {3, j} should be
4. Then Eq. (2.37), (2.38) and (2.39) will have exponentially decaying correlations since
they contain the dual of the pinned boson, (261, + 2, + 83,)//6 or 84,. The correlation
function of Eq. (2.36) with {%,5} = {1,4} can decay with a power-law if (61, — 62, —
63,)//3 is pinned. So what’s the interaction we need to pin the field (61, — 62, —6s,)//37
We started with the interaction ¢L1a¢}12&¢L1a¢L3E and (261, + 62, + 63,)/ V6 and ¢4,
are pinned. Is it possible that (261, + 63, + 63,)/v/6 ,¢55 and (61, — 62, — 63,)/+/3 are
all pinned? It’s possible if there is another relevant interaction involving the the fields
(61, — 02, — 03,)/+/3 but not involving ¢5; . This means that the 6 field in that interaction
must be orthogonal to ¢5; but not orthogonal to (61, — 62, —03,)/v/3. The 6 field in that

R, =
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interaction also has to be orthogonal to the gapless mode (6s4,, ¢4,). Then the interaction
containing 05;' , such as w;zawL2E¢L35¢L3a, is what we need. This interaction can appear
in the Hamiltonian if the condition kgs + kps = 7 is satisfied. However, the necessary
condition that the 4kr density operator with {i,j} = {1,4} can correspond to stripes is
{kr1,kra} = {kre, kr3}. This will lead to the contradiction that kg +kpo+krs+krs = 27
# 2mn. For the choices {i,5} # {1,4} in Eq. (2.36), the correlation functions of Eq.
(2.36) will decay exponentially since ¢4, is pinned.

In this subsection, we have shown that pairing and stripes can’t coexist when the
gapless mode is (045, ¢4,) and at least one Fermi momentum condition 2kpy +kpa+krs =
27 is satisfied.

2.2.3 More Than One New Interaction

In the above discussion, although more than one Fermi momentum renormalization con-
dition is allowed to occur, we always implicitly assume that the new interaction associated
with the first Fermi momentum renormalization condition is the most relevant one. This
assumption is related to how we determine the basis field. We always choose the basis
fields guided by the interactions. For example, if the interaction ¢LIQ¢LIE¢L25¢L2Q is
relevant, then 89 will be pinned. Whether #9; is an element of the pinning basis is the
issue here. If 657 is not a basis field, 875 should be expressed in terms of the combination -
of the pinning basis fields. If the interaction ‘p;zm’ﬁ}am‘pibﬁ‘pma is the most relevant
interaction, there is no reason to write #9; in terms of other fields and we will choose
67} as an element of the pinning basis fields. However, what if the interactions such
as w}}law}na@bmawma and w;ua‘p}naww‘d‘/fma both appear in the Hamiltonian and are
equally relevant? We know that 6% and 6% should be pinned but how do we choose the
pinning basis? First of all, since ©,, is unpinned, then 64 and 64/ are also unpinned.
Then the gapless mode is (645, #4,) in this case. Now we can obtain the other three
pinning basis fields by applying an orthogonal transformation to the band boson fields
61,, 62, and 3,. Rewrite 65 and {5 in terms of the pinning basis fields and see which
pinning basis fields should be pinned. However, there are three basis fields but only two
constraints (8% and 6?7 are pinned). To get a C1S0 phase, we need another interaction.
Is it possible to pin a ¢ field in this case? If such charge ¢ field exists, it has to be
orthogonal to 8%, and 0{’; . Due to the charge conservation, any pinned charge ¢ field
also has to be orthogonal to ®,,. This is impossible for the ¢ field obtained from the
linear combination of ¢y,, ¢, and ¢3,. So the third pinned charge field is also a 6 field.

Now comes the question: Is it possible that pairing and stripes can coexist under the
condition when (64,, ¢4,) is gapless and all three pinned charge boson are # fields? The
charge fields in the 4kF density operators Eq. (2.36)-(2.37) are 6 fields. The pair operator
Eq. (2.24) with the choice a = 4, has no other 8 dependent charge fields since the gapless
mode ¢4, is the only charge field in Eq. (2.24). Then the correlation functions of Eq.
(2.36)-(2.37) and Eq. (2.24) may decay with a power-law at the same time. Indeed,
this is what happens. However, in order to pin three  fields, three conditions on Fermi
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momenta regarding the band indices {1, 2, 3}, such as kg1 + kpa = 7, kp1 + krs = m and
kro = kps, or kg + kpa = 7, kry = kps and kps = kps etc, need to be satisfied. Recall
that 4kp = 2mn is always satisfied. We also needs one additional Fermi momentum
renormalization condition so that the wave-vectors of Eq. (2.36) and (2.37) correspond
to 4kp. There are five equations to solve four unknown Fermi momenta. We find there
is no solution for all the possible cases. Thus pairing and stripes can’t coexist in these
situations.

2.2.4 New Interactions Due to Other Conditions

There are four more types of Fermi momentum renormalization conditions that can lead
to the presence of new interactions that may pin the boson orthogonal to ©,,. They are:

3kpi + kr; = 2m, (2.41)

2kp; — kpj +kpy = Oor2m,- (2.42)
3kp.,' - ij .= Qor 271', (243)

kr; + ij +kpr —krp = Oor 2#, (2.44)

where the indices 1, 7, k and [ are all different. Although these conditions will make some
interactions non-oscillating, they can’t be relevant since they will inevitably contain some
charge boson and its dual at the same time, in other words, @m - U, # 0 for these
interactions. ‘

This can be seen easily. According to our convention to define the boson fields, we
know that the relation between chiral fermions and charge bosons are:

PRia — 2\/—(9'5;1 +¢1p ")1 | (245)

PLia = 2\/—( ip d’zp ) X (246)

When Eq. (2.41) is satisfied, the interaction like ¢I{ia¢Liaw}2i—&¢Lja (or i and j exchanged)
can appear in the Hamiltonian. However, this interaction contains (—36;, + 6;,) and
(—¢ip + &;,) which are not orthogonal to each other. Thus, it can not be relevant since
a field and its dual can’t be both pinned.

As for Eq. (2.42), (2.43) and (2.44), the corresponding interactions will have unequal
numbers of right and left chiral fermions. For right moving fermions 1g;,, is associated
with the Fermi momentum +kp; while —kp; is associated with the left moving fermions
YLia- Eq. (2.42), (2.43) and (2.44) are composed of three positive and one negative Fermi
momentum. Therefore, the corresponding four fermion interactions with zero charge must
contain three right and one left (or three left and one right) moving fermion fields. These
interactions will inevitably result in i, - ¥,, # 0 and as a consequence they can’t be
relevant.
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At this point, we have finally completed the proof that pairing and stripes can’t .
coexist even if the gapless mode is not the total charge field, assuming all four bands are
partially filled. ~

2.3 Completely Empty or Filled Bands

Another possible type of stripe phase has one or more of the bands completely empty
(or completely filled). We now show that a standard treatment of these phases does not
lead to any with coexisting pairing and stripes. Suppose that two bands are completely
empty. Without loss of generality, we may choose then to be bands 3 and 4 so that all
the electrons go into bands 1 and 2. It then follows from Eq. (1.7) that

kFl + kpz =2mn = 27!’(1 - 6) ’ (247)

So stripes, i.e. Friedel oscillations at wave-vector 27n, corresponds to 2k oscillations in
the effective 2-band model. There are two cases to consider:

Vhiaria ~ VIO (2.48)
VhiaWria ~ VTG~ H0GTFT), (2.49)

For the above situation, we have {7,5} = {1,2} in Eq. (2.48) and (2.49). Following
the similar method, we can prove the incompatibility of pairing and 2kp oscillations. If
instead bands 3 and 4 are completely filled, Eq. (1.7) now implies:

kFl -+ kpz + 27 = 27rn, (250)

but this is equivalent to the case of the two bands being empty since exp(2winz) =
exp[2mi(n — 1)z] for any lattice site, z. If only one band (4) is empty (or filled) then
stripes would correspond to oscillations at wave-vector kp; + kg2 + krz which can never
occur since any operator which occurs in the continuum representation of the density
operator must contain an even number of fermion fields. Similarly stripes could not
occur in a phase with 3 empty (or filled) bands since this would require oscillations at
kFl- . ‘

2.4 Conclusion

Therefore, for the C1S0 phases with stripes, there is no pairing but bipairing occurs. In
Sec. V we will discuss the case of small £, 3, V| 2 and the analogy with a 2-leg bosonic
ladder. The bipairing correlation in the four-band fermion system may correspond to the
boson pair superfluid (BPSF) phase in Ref. [84]. -

Now we would like to generalize this argument a little bit further. What about any
- other generalized charge two operators such as '

YraaWrsa B YRia ~ V(005 +65T )+ (408 — 07 )65, +65)£(8y —9% )] (2.51)
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Although the correlation amplitude should be smaller compared to the usual pairing
operators, still, is it possible that such generalized pairing operators after renormalized
by some density-like (charge neutral) operators can coexist with stripes? There will be a
lot more such charge two operators since Eq. (2.24), (2.25) and other unconventional pair
operators can be combined with any charge neutral operator, as long as in the end we
have a non-chiral, spin zero and charge two operator. So far we have checked up to charge
two operators composed of six fermions and concluded none of them can coexist with
stripes as expected. But what about charge two operators composed of more fermions?
This endless question may require another approach for its resolution. Instead, we will
study the finite size spectrum of a C1S0 phase, from which a connection between charge
operator and the lowest density oscillation is established.
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Chapter 3

Finite Size Spectrum

In this Chapter, we relate the charge excitations and the smallest allowed density os-
cillation wave-vector by investigating the finite size spectrum. The low energy effective
Hamiltonian in a C1S0 phase is simply that of a free boson.

H— pN, = ”—;" / dx [Kl,,(a,ccbl,,)2 + —Kl—(azel,,f] . (3.1)
. 1p

In the rest of this subsection we only discuss the boson ®,, (and its conjugate boson @1,,)
so0, for convenience, in this section we drop the superscript p and the subscript 1. Here
v0,© = K§,® = II, where II is the canonical momentum variable conjugate to ®. It is
natural to regard ® as a periodic variable. Consider first a pairing phase where a charge
two operator: . ' :
A(z) ~ e"\/%q’, (3.2)
has power law decay. Only keeping operators in the low energy Hilbert space which ex-
hibit power-law decay , we expect that all such operators will have even charge, involving
only the exponential of integer multiples of z\/_ ®. It is then natural to assume that we
should make the periodic identification:

o & +2v/27. | (3.3)

That is to say, we regard 1/7/2® as an angular variable. We now wish to argue that
consistent quantization of the free boson requires that © also be regarded as a periodic

variable with:
9H@+¢§ | (3.4)

As we shall see, this, in turn implies that the minimum Friedel oscillation wavevector
is 8kp. Alternatively, in a bipairing phase, the lowest dimension charge operators is
exp[iv/2m®{] and it is now natural to identify

® < ® 4 V2m. (3.5)

We then will argue that consistent quantization requires:

© + 0 + /2, . (3.6)

which we will show implies that the minimum Friedel oscillation wavevector is 4kr. This
approach confirms the conclusions arrive at by more pedestrian means in the previous
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sub-section. As a biproduct of this discussion, we will derive the finite size spectrum,
with both periodic and open BCs, in both pairing and bipairing (stripe) phases.

First consider a C1S0 pairing phase. We place the system in a box of size L with
periodic boundary conditions. The mode expansion for ®(t, z) takes the form:

Bt,) = Bo+2vEimd + Jazss
/ —i(2nk/L)(vt—z) —i(2rk/L)(vt+z)
E (aRke + apreé + hC) . (37)
— 47rkK |

Here m and p are arbitrary integers; ag; and ar; are bosonic annihilation operators for
right and left movers. The normalization of the mz /L term in the expansion is determined
by the periodic BCs and the identification Eq. (3.3). ie. ®(L) = ®(0) + 2v/27m is
equivalent to PBC using Eq. (3.3). The (very important) normalization of the vt/L
term requires more explanation. We may think of this term as being proportional to a
zero mode conjugate momentum operator Ho, which is canonically conjugate to <I>o

[‘130, HO] = 7'1 o (38)
8(t,z) = B + I}g? ¥ (3.9)

I1, is the zero momentum Fourier mode of the conjugate momentum field II(z):

i, = /0 ’ II(z). (3.10) |

The ITovt /(K L) term in the mode expansion for ® is necessary in order that the canonical
commutation relations are obeyed:

z- o0 ] _ i .
[8(2),08(0)] = o 3 €PN = Lio(z ), (3.11)

k=—o00

where dp(z — y) is the periodic Dirac é-function. The k = 0 term in this Fourier expan-
sion of the §-function comes from the commutator in Eq. (3.8). Comparing the mode
expansion in Eq. (3.7) to (3.9), we see that the eigenvalues of the canonical momentum -

operator, Il are:

for integer p. That these are the correctly normalized eigenvalues follows from the fact
that the wave-functionals contain factors of the form:

() = eTo% = VTP, (3.13)
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These wave-functions are single-valued under the identification of Eq. (3.3). The eigen-
values of Ily, i.e. the normalization of the vt/L term in the mode expansion of Eq. (3.7)
determines the charge quantum numbers of all low-lying states in the spectrum with pe-
riodic boundary conditions. This follows from observing that the total electron number

operator is: .
. 2K [2 [F
N, = —\/i/ dz0,®. (3.14)
v m™Jo

This in turn can be checked by confirming that:
[N, A] =24, | (3.15)

where A is the charge-2 operator in Eq. (3.2). The mode expansion of Eq. (3.7) then
implies that the charges of all states in the low energy spectrum are:

Ne = 217, (316)

even integers. This is an example of the general one-to-one correspondence between
operators and states in the finite size spectrum with PBC in a conformal field theory.
In a phase in which all operators have even charge, all states in the spectrum also have
even charge.

We can go further and deduce the Friedel oscillation wavevector from the normal-
ization of the vt/L term in Eq. (3.7). This can be done by using K9;® = v9,0,
;0 = vK8,®, to deduce the mode expansion for the field ©(¢, z):

o(t,z) = @0+\/; L+memf

o0
K
—i(2nk/L)(vt—z) i(2nk/L)(vi+x) h 3.1
+Zl Tnp \TaRKE +ae. + h.c.). (3.17)
From this mode expansion we see that O is periodically identified as in Eq. (3.4). Insert
Eq. (3.7) and (3.17) into the Hamiltonian (3.1), we obtain the finite size spectrum of a
pairing phase with PBC:

E—2up= ——L—~ I:QK -+ 8—1{' + ; k Nrr + ’an) (318)

where nr; and ng; are the occupation numbers for the left and right moving states of
momentum +27k/L.

Now consider the Friedel oscillations. Oscillations at wave-vector of the form 2nkp
(actually a sum of any 2n of the kp;’s) can only occur if some operator of the form
(¢LT/)L)" has power law decay. Upon bosonizing, all such operators are expressed as

‘ exp (i\/w / 2n®’1’) multiplied by an exponential involving only pinned boson fields. How-
ever, not all such operators can occur in the low energy spectrum since they must respect
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the periodic identification in Eq.. (3.4). The lowest dimension operator allowed by this
identification has n = 4 corresponding to 8k oscillations. Again we are effectively using
the relationship between the finite size spectrum and the operator content. The n = 4
operator corresponds to the p = 1 state in the mode expansion of Eq. (3.17).

Now consider a bipairing phase where there are no charge 2 operators in the low
energy spectrum, the lowest charge being 4, corresponding to the operator exp[z\/ﬁ@],
leading to the periodicity condition on ® in Eq. (3.5). The mode expansion for @ is
therefore altered to:

t
d(t,z) = ‘I>0+\/27rm +v2 p'u ‘
+Z /47rkK (aRke—i(21rk/L)(vt-—z) + aLke—'i(21rk/L)(vt+$) + hC) . (319)
k=1

The coefficient of vt /L gets multiplied by a factor of 2 since the wave-functional exp[:I11o®o)
must now be invariant under the shift of Eq. (3.5), requiring the conjugate momentum,
I1; to have eigenvalues v/2mp. Correspondingly the mode expansion for © becomes:

t
O(t,z) = Oo+ \/27rp% + \/27ervf

)
K . .
_ —i(2mwk/L)(vi—z) —i(2rk/L){vt+z) e 92
+k§=1‘/4wk( aRxe + arxe + h.c.), (3.20)

implying the periodic identification of Eq. (3.6). Now the lowest dimension Friedel
oscillation operator with power law decay is exp(iv/2m©7), which is a 4k operator. The
finite size spectrum of a bipairing phase with PBC is:

2mv | K p?
E— = — — 21
dup 7 [2 +2K+;k nLk-l-’an) (3.21)

These arguments show, based only on plausible assumptions about regarding the fields
o and Of as periodic variables, that C1S0 phases with pairing have 8kr oscillations
(and hence no stripes) but phases with bipairing have 4k oscillations, corresponding to
stripes.

With OBC, the boundary conditions:

©(0) = constant, ©(L) = constant, (3.22)

are applied. This sets the quantum number m = 0 and ag; = arx in the mode expansion
of Eq. (3.17) and (3.20). Setting @ = 2p for the pairing phase and @ = 4p for the biparing
phase, the finite size spectrum implied by these mode expansions and the Hamiltonian
of Eq. (3.1) is: '

v 2
E— pQ = T [IG_K + kanLk] ) (3-23)



file:///f2np

Chapter 3. Finite Size Spectrum 44

where the charge, @ (measured from a reference point like half-filling) is restricted to all
even integers in a pairing phase but is restricted to integer multiples of 4 in a bipairing
phase. For even @, in a bipairing phase, there is a gap Ag, to states with Q/2 odd, so
we may write, for any even ) in a bipairing phase:

1= D oL

The parameters v, K, p and Ag-all vary with density. Nonetheless, this zigzag pattern
of energies for even @ should allow unambiguous detection of a biparing phase for large
enough L.
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Chapter 4
RG For Doped 4-Leg Ladders

The combination of weak-coupling RG and bosonization is one standard tool to study
the phase diagram of N-leg systems [85, 86, 87, 88, 89, 90]. The results for doped 4-leg
ladder are mostly within the context of the Hubbard model [89, 90]. Here we will show
that the stripe phase can be found in the special solution of RG equations. This phase
doesn’t have pairing but bipairing, which is consistent with our bosonization argument.

The first step is to determine the relevant couplings according to the RG flow since
they will control which boson fields will get “pinned” and therefore will allow us to map
out the phase diagram in terms of bare interactions and doping. However, to analyze the
RG flow is a tricky task for there are 32 coupled nonlinear differential equations. It seems
that RG ultimately flows onto a special set of solutions, corresponding to some direction
in the multi-dimensional coupling constant space. These special solutions are called “fixed
rays” and different rays usually indicate different phases [89]. Some fixed-ray solutions
may correspond to phases with higher symmetry than the original Hamiltonian. T'wo-leg
ladders at half-filling provide one example of such symmetry enhancement in the low
energy limit [91]. Later on, some subleading corrections were found which make the RG
flow deviate from the fixed ray. However, these subleading terms don’t grow fast enough
to really spoil the fixed ray in the undoped case but give some anomalous corrections
to the gap functions, vanishing in the weak coupling limit [92, 93]. Things become
dramatically different in the doped systems. Now these subleading terms are relevant
perturbations for the fragile gapless modes. They will generate gaps although these may
be much smaller compared to those driven by the “fixed ray”. For example, the weak
coupling RG phase diagram for doped two-leg ladders is modified after taking these terms
into consideration [93]. Recently, a hidden potential structure of RG equations in ladder
systems was discovered. Everything can be understood better within the framework of
this “RG potential” which allows the RG flow to be viewed as the trajectory of a particle
finding a minimum in the coupling constant space [92, 94]. Then the fixed ray is just
like a “valley/ridge” in the “mountains” of the RG potential. The topography near the
-vicinity of such a “valley/ridge” will determine the stability of the fixed ray and give the
* exponents governing the subleading terms.

4.1 RG Potential and Its Implications

The method we discuss is very general but we mainly focus on N = 4. As the conventional
starting point, we first diagonalize the hopping terms in Eq. (1.8) and obtain 4 bands.
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"~ Next we linearize each band around different Fermi points in the low energy limit, and
introduce SU(2) scalar and vector current operators

JEIR _ L/R

1) 9 ¢L/R1a d)L/RJG ’ 1/)L/R, g 1/)L/RjB . (41)
(Note the unconventional factor of 1/2 in the scalar operators, introduced for later con-
venience.) We can rewrite the interactions in Eq. (1.9) in terms of the current operators
in Eq. (4.1): '

Hint — ~p JRJL___ ~0'JR _JL
f’;JfJf; f”JR J:{‘J, (4.2)

where f,-j and ¢;; denote the forward and Cooper scattering amplitudes, respectively,
between bands 7 and j. Many repeated indices appear in this section, such as 7 and j in
Eq. (4.2) and they are always implicitly summed over. In Eq. (4.2), we only keep the
Lorentz invariant interactions involving the product of a left current and a right current.
The LL and RR terms don’t contribute to the RG equations at second order and are
- expected to only shift the velocities of the various modes. Note that ¢; and fi describe
the same vertex and we set f; = 0. Also, symmetries imply & ¢;; = ¢; and f,] fJ1 (89].
That’s how we get 32 different couplings in doped 4-leg ladders. Then one can derive RG
equations by the operator product expansions of these SU(2) scalar and vector current
operators.

Provided that the RG equations are known [89], how to analyze the RG flow is still
non-trivial since all the interactions in Eq. (4.2) are marginal at first glance. If one
numbers all the couplings f;; and é; and rename them as §; (¢ from 1 to 32), within the
one-loop calculations, the coupled non-hnear RG equations can be written in the concise
form: i

== M 5, | (43)
where g; is some coupling and the coefficient matrices M/* = M}’ are symmetric in
indices j and k by construction. [l is the logarithm of the ratio of a characteristic length
scale to the lattice scale; I = In(L/a).] Recently, an unexpected potential structure of
Eq. (4.3) was proven [92, 94]. After a proper rescaling to new couplings g; = ¢;§;, where
o; are constants, Eq. (4.3) can be reduced to

dgi V(7 |
B gy =2 (4.4

where Mijk is totally symmetric in indices 4, j and k and V(g) is the so called RG poten-
tial [92]. The scaling constants «; and the explicit RG potential form can be found in
Appendix B. It now provides a geometric picture for the RG flows of Eq. (4.4), which
can be regarded as the trajectory of an overdamped particle searching for a potential
minimum in the multi-dimensional coupling space. Thus, the ultimate fate of the flow
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would either rest on the fixed points or flow along some directions as the “valleys/ridges”
of the potential profile but there is only a trivial fixed point (all §; = 0) within one-loop
order.

‘Precisely, these directions are special sets of analytic solutions of Eq. (4.4):

Gi o
lg—1
if the constants G; satisfy the algebraic constraint,
G,‘ = MijijGk. (46)

Eq. (4.5) is only valid for [ < l; = In&/a where £ is a characteristic length scale where
the coupling constants become large. These special analytic solutions are referred to as
“fixed rays” because they grow under RG with the fixed ratios. Sometimes, the specific
ratios of the fixed ray reflect extra symmetry in the Hamiltonian and the fixed ray is
called a “symmetric ray” [91].

In general, it’s very unlikely that the bare values of g;(0) are proportlonal to the
constants G;. Then we have to check whether these fixed rays are stable against deviations
[92]. As long as the deviations grow slower than Eq. (4.5), then the fixed ray is stable.
Within the RG potential picture, the stability of each fixed ray is determmed by the local
topography along the direction.

In the vicinity of a fixed ray, there may be some small deviations away from it

a) =% ¢ ag), | (47)

ld—l

where Ag;(l) < g;(l). The equations which describe the deviations Ag; are

d B;;
E(Agi) = —2 Ag;, (4.8)

- 'ld -1
where B;; = 2MJka Since M ’k is totally symmetric in ¢, j and k, the matrix B;; is
symmetric in ¢ and j. B;; can be diagonalized by an orthogonal matrix O,,,,, so that Eq.
(4.8) will decouple into independent equations,

d An '
a(agn) = I—1 0gn , | (49)

where dg, = Oyn; Ag;, are the couplings after the linear transformation and A, are the
eigenvalues of the matrix B;;. If the initial bare couplings §g,(0) < Gn/l4, then the
solutions of Eq. (4.9) are : :

. An 1 :
s =5 (4) " ~ o (4.10)
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(/-

A<0 0< A <1 A >1

Figure 4.1: The topography of RG flows near the fixed ray with A < 0,0 < A <1 and
A > 1. It’s clear that the deviation is irrelevant for A < 0 and relevant for A > 1. The
analysis of RG flow is more subtle for 0 < A < 1. In this case, although the deviation
from fixed ray is growing, the fixed ratios still remain. Therefore, RG still flows onto the
fixed ray but the phase is not only determined by the fixed ray couplings.

where G, ~ O((U/t)*~*») is generally non-universal depending on the initial couplings.
Therefore, the appropriate ansatz for the RG flows should be

G 0.G.
PR R TP )

G, e
et R

g(l) ~ (4.11)

12

4, (4.12)

where AP** in Eq. (4.12) is the largest one among the A,’s with nonzero coefficients
0i»G! = GY and the divergent behavior is dominated by A\***. Although Eq. (4.12)
is derived from the stability analysis near the fixed ray, it turns out to be the general
behavior of the RG flow but the values of some A" may vary from the eigenvalues
of B;; when away from the fixed ray. In fact, such power-law divergent solutions were
suggested before [88, 89] but the analysis only focused on the most relevant terms with
exponent one, i.e. G; # 0 terms . Note that Eq. (4.12) is still not the exact solutions
of RG equations but it captures the divergent part correctly and is enough to determine
the phase diagram.

For \"®* < 0, these deviations are irrelevant whereas if A{>** > 1, the deviations grow
faster than the fixed ray, so that the phase associated with the fixed ray is fragile. For
0 < AP < 1, the deviations actually grow although not strongly enough to spoil the
asymptotic fixed ray, as illustrated in Fig. (4.1). Nevertheless, it doesn’t mean they won’t
affect anything since they are also relevant couplings in the conventional classification
but just less relevant than the fixed ray ones.
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The effects of these subleading divergent terms on the RG flow of a particular coupling
g; are dramatically different depending on whether G; = 0 or not. We can separate the
effective Hamiltonian at the cutoff length scale into the most relevant fixed ray part and
the subleading deviations as a perturbation. For G; #.0, g; is relevant and it will lead to
a gap. The subleading perturbations will not destroy the original ground state but only
modify the gap function by giving rise to anomalous scaling [92]. On the other hand, if
G; = 0, the subleading perturbations become important if 0 < A*®** and will generate
a small but non-zero gap for some of the initial gapless modes. Note that only when
initial deviations away from the fixed ray are small, are A universal and can they be
obtained from the eigenvalues of B;; = 2M}, G}

In fact, we can numerically solve the RG equations using the standard solver in
Mathematica. However, from numerical solutions of the RG equations we find that
interaction couplings always diverge with the power law behavior like Eq. (4.12) even
though A["®* is not the same as an eigenvalue of B;;. We can extract Aj*** directly from the
numerical solution of the RG equations for those terms with G; = 0 and thus determine
the phase diagram from these relevant interactions. Surprisingly, as we will see in the
following sub-sections, the fixed ray and subleading terms with universal A]*** from B;;
already are sufficient to determine the pinned bosons uniquely within bosonization.

To recap, even in the weak-coupling RG analysis, there are different energy scales.
The fixed ray only represents the most relevant couplings. The subleading couplings
should be treated as perturbations to the effective Hamlitonian corresponding to the
fixed ray and they are relevant enough to drive the effective Hamiltonian into a phase
in which the fragile gapless modes become gapped but these gaps are small compared to
those driven by the fixed ray couplings. :

4.2 The Stripe Phase

Now we know the ultimate fate of weak coupling RG must be a fixed ray due to the
existence of RG potential [92, 94]. The fixed ray indicates a direction in which the
interactions will be renormalized in the strong coupling region. If one can survey all the
fixed ray solutions in Eq. (4.6) and the corresponding subleading terms determined by
the topography, then in principle all the phases in the weak coupling RG are obtained.
~ Following this idea, here we try to find the fixed ray whose corresponding phase gives
the stripe density oscillations. It turns out that following fixed ray will do so:

\/50‘1)1 = \/5024 = —cﬁ = fs —fla= i _

2 23 T 2v/3
, g . 1
V2, = V2 = —% - (413)

Tov3 . BT 93 16(la-1)

Eq. (4.13) will be the solution of Eq. (4.6) if v; = v4 and v, = v3. So if RG really flows
onto this fixed ray from some initial set of bare couplings, the interpretation is the fermi




Chapter 4. RG For Doped 4-Leg Ladders 50

velocities get renormalized in the corresponding phase [91]. The upper and lower line in
Eq. (4.13) correspond to the CDW fixed ray on effective 2-leg systems composed of band
pairs (1,4) and (2,3), respectively. In principle, the fixed ray as the permutation of band
indices in Eq. (4.13) also exists. The reason why we favor Eq. (4.13) is motivated by the
fixed ray Eq. (4.19), found in the Hubbard model as we will see in the later sections.

Now we know that the fixed ray solution isn’t the whole story for the RG flow. The
phase should be determined by all the relevant interactions, including the subleading
divergent ones. As long as G; is given by the Eq. (4.13) and with the known RG ma-
trix Mijk, then the largest divergent exponent A"** can be deduced analytically from the
eigenvalues and eigenvectors of the matrix B;; = ZM;ka in the vicinity of the fixed ray.
There are two 5/8, four 1/2, four 1/8, four —1/2, two —3/8, and 0s for the eigenvalues
An of B;j. The couplings are divergent for A, > 0 even though they are small compared
to the fixed ray in the critical region. We should take more care about the terms with
eigenvalues 5/8,1/2 and 1/8. To see what’s their influence, we have to know the direction
corresponding to0 g,, Eq. (4.10), in the multi-dimensional space expanded in the coupling
basis Ag;. The eigenvectors of B;; give this information. The subleading terms dg, cor-
responding to two A, = 5/8 eigenvectors are in the directions having non-zero projection
on cfy, cfy, Chys Chay €%, ¢S5, ¢34, and c§,. The eigenvectors of those corresponding to four
/\n = 1/2 have components on cll’la c§2a c§37 024) C‘1’4’ 6‘2,3, ctlrl’ ng, cgaa CZ41 ctlr47 Cgsa fio4a fzps, ff4
and f§. The terms with A\, = 1/8 have components on cf,, cf3, chs, C34, 5o, 3, C34, and
¢34- Provided with this information, we know the largest divergent exponent for each
coupling, that is, AP2* for the non-fixed ray couplings. Table (4.1) summarizes A, and
the projections of corresponding dg, in terms of coupling basis g;.

nonzero component
5/8 Cha, i3y Caa» Cag» oy €34
5/8 652,(2{3,054,0?4,0‘1’3,0‘2"4
1/2 cflacz4)c,1’4ict1r17cg4v f1p4afﬂ1
1/2 652’0{3370,2)3’652’6%3’f;3’f&i

1/2 c14) €51, Ca» T4
1/2 0,2)3: cg2, Cg3, Cgs
1/8 C/1)21 C§4
1/8 CI1)31 6'24
1/8 CTa, €34
1/8 13, Co4

Table 4.1: This table summarizes the topograpl\ly in the vicinity of the fixed ray Eq.(4.13).
It shows the eigenvalues )\, > 0 of the matrix B;; and their corresponding eigen-direction
in terms of the RG couplings.

Now we would like to check numerically whether the RG will really flow onto this
fixed ray Eq. (4.13). It’s very illuminating to plot log[|g;(!)|] v.s. log[(lg — )] from the
numerical solution of the RG equations, where the absolute value makes sure there won’t
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be problems for those with G; < 0. In the scaling region, if Eq. (4.12) is correct, then
we should see a straight line for each coupling g;(l), whose slope indicates the exponent
controlling the divergence. The slopes will be negative one for the fixed ray, —Arax for
the subleading terms and zero for irrelevant terms.

If we choose the initial bare couplings with the ratios in Eq. (4.13) and with Fermi
velocities v; = v4 and v, = v3, we do find all the couplings grow with the fixed ratios
under RG flow toward the fixed ray Eq. (4.13). In order to see the subleading terms, we
add some small deviations to the initial bare couplings and Fermi velocity. The log-log
plot of each coupling agrees very well with the predicted slopes in Table (4.1). A few
selected examples are shown in Fig.(4.2).

log(ct,) (a) log(£55) (b) log(c,

—1 —1
log(14-1)

(c)

)
il
_1oﬂ B =7 =6 _loﬂ 5 -7 _6109(1d—l) _%6109(h‘1)
=4 -1 =1

log(cs,) (d)

s log(14-1)

Figure 4.2: This is the log[|gi(!)|] v.s. log[(lq — !)] plot for several typical couplings of
stripe fixed ray Eq. (4.13). The slopes give us the divergent exponent for each coupling.
The solid (red) lines are the numerical solutions for the RG equations. The dashed lines
are pure straight lines as reference with the predicted AP**: 1 (pink: 7, (a), f55 (b)), 5/8
(blue: b2, (c), ¢, (d)), 1/2 (green: cf; (e)), and 0 (yellow: ff, (f)), respectively. In this
case, the numerical solutions agree very well with the prediction for all the couplings.

Although the subleading terms are also divergent for 0 < Af"®* < 1, they are still
small compared to the fixed ray couplings. Therefore, we treat the subleading couplings
as the perturbations to the effective Hamiltonian corresponding to Eq. (4.13) in the
bosonization method.

We bosonize the relevant couplings to determine the phase diagram. The fully
bosonized form of Eq. (4.2) is

1 ~0o
Hes = 1 Z ¢, cos(V8mbis)
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1
+3 Z[(EfJ + &) cos VAL, cos VAmEy + 2E5; cos \/{17r¢fj_ cos V4mfyt

+(&; — &) cos \/Zz;qbf; cos V4 =2 2‘; cos VA 5 COS \/Eﬁfj*' , (4.14)
where these bosons fields are defined in Eq. (1.26). Since &, and :’; only contribute to
the gradient terms, they are not important here. The reason we express the Hamiltonian
by the tilded interactions & f and Eq.(1.26) is only for convenience of notation. We
emphasize that the basis of boson fields should be determined by the hierarchy of relevant
interactions. In other words, the relevant interactions should not only tell us what boson
fields are pinned but also the basis in terms of which they are pinned.

At some intermediate length scale, the most relevant interactions, those in Eq. (4.13),
are large but the others, including the subleading terms, are still small compared to them.
In order to minimize Eq. (4.14), the most relevant couplings in Eq. (4.13) will pin the
values of @5, dhs , 071,03, %, and ¢3; . These pinned bosons for 8 or ¢, immediately
suggest a basis. In the spin channel, since there are already four mutually orthogonal
combinations of band bosons getting pinned, it’s natural to choose R, corresponding to
the pinned combinations. So the basis for spin fields is fixed. As for the charge channel,
there are two combinations of band bosons which get pinned and we also know symmetry
requires the gapless mode to be total charge field (®,,,©1,) since there is no interaction
involving boson fields not orthogonal to it here. These three fields and the orthonormal
condition will uniquely fix the only unknown basis field,

By = 5(B1p — b1 — by + Bap), (4.15)

similarly for ©,, if replace ¢ by 6. In this case, the relevant interactions suggest the basis
we should adopt is: '
/2 1/2  1/2 1/2 1/vV2 0 0 1/v2
B = 1/v/2 0 0 —~1/v/2 P 1/v2 0 0 —1//2
710 1/v2 -1/vV2 0 o 1/vV2 1/v2 0
/2  -1/2 -1/2 1/2 0 1/v2 -1/v2 0
Now we will rewrite the interactions Eq. (4.14) in terms of the new basis given by R, and
R,. So far we get six pinned bosons only by considering the fixed ray interactions. At
lower energy scale, the subleading terms also become large, yet still small compared with
the fixed ray. Replacing the pinned bosons by their pinned values, we get a C250 effective
Hamiltonian and the subleading terms will be treated as the perturbations. ®,, is absent
in Eq. (4.14) and it will remain gapless as we expected. The question is about whether
®,, will get pinned due to the perturbation involving it, such as ¢f,, cfs, cb4, c54, ¢J, €75, 4
and c3,. At first glance, one may conclude the gapless bosons ®;, won’t get pinned since
all the subleading perturbations also contain the dual of pinned spin boson ¢, and
23 - In other words, these subleading interactions should be irrelevant and @, can’t
be pinned. It’s true for this analysis. But the common wisdom tells us that the gapless
mode is usually fragile unless protected by some symmetry or incommensurability. In
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fact, there are always some other higher order interactions which can be generated in-
the continuum limit as long as they are allowed by symmetry. We usually don’t pay

attention to these higher order terms for they should be much smaller and less relevant

than the interactions in Eq. (4.2). However, the scaling dimension of these higher order

interactions can be changed due to the existence of some other interactions [95, 96]. For

example, consider a 4** order term in perturbation theory:

6H o (c8,)” 8, cgy[cos VAT gPy cosv/2m (6, + 82)]° cos V878, cos /87y, (4.16)

Using the operator product expansion, we can replace all factors involving 6, and 6,
by a constant. The remaining operator contains a term:

§H o cos v/8m(¢1, - b2,) = €08 VAT(V2®3, + ¢y — By ) — cos V8T d,,, (4.17)

where we have used R, to obtain the second expression and replaced ¢7; and ¢5; by their
expectation values in the third. This operator doesn’t depend on spin fields anymore and
we have an effective sine-Gordon Hamilatonian for (®4,, ©2,). The cosine interaction has
a scaling dimension of 2/K,,. If the renormalized value of the Luttinger parameter for
the ®,, boson, K3, > 1, then Eq. (4.17) is relevant. In general, it’s highly nontrivial to
determine the renormalized value K, after integrating out the gapped modes. However,
we can calculate the renormalization of K3, due to the gradient terms of interactions:

: (4.18)

where

(v1 + va + v3 + v4) /4,
&) + &5 + oy + &y,
f1pz+f1p3_ff4 f23+f24+f34

According to the ratios in Eq. (4.13), we find that Ky, > 1. Therefore, ®,, should also
be pinned with this sine-Gordon type interactions. We conclude the final phase should
be C150 and the pinned bosons are ®,,, #7; , 53 , 074, 055, #72 and ¢35 . For this pinning
pattern, the correlation functions of the 4k density operators Eq. (2.26) and (2.27) with
{i,5} = {1,4} and {k,;!} = {2,3}, decay with a power-law. Also, with {s,t} = {1,4}
or {2, 3}, the correlation functions of the bipairing operators Eq. (2.29) and the term
with %" in Eq. (2.30) decay with a power-law. All the pairing operators Eq. (2.24) and
(2.25) decay exponentially. This phase has.stripes and bipairing correlations. The result
is also consistent with FSS.

The only question left is how to find the proper initial couplings so that the RG will
flow to the fixed ray. The initial bare couplings are determined by the interactions in
the model. As long as one includes enough short ranged’interactions in the Hamiltonian,

“l ol <l
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the initial bare couplings can be tuned near the ratios in Eq. (4.13). The point is that
the fixed ray should indicate some phase in the strong coupling regions. Thus, to find
the proper initial bare couplings that RG will flow to this fixed ray may not be the most
important issue for our purpose.

The fact that we need v; ~ v4 and v, > v3 in order to see the stripe phase in RG
resembles the situation in the decoupled 2-leg ladders limit we study in section V. It
seems to suggest that the stripe phase should be related to the renormalization of Fermi
velocities from both limits we study.

4.3 The Repulsive Hubbard Model

In the previous section, we found the fixed ray corresponding to the stripe phase without
knowing the exact underlying model. Now we would like to switch gears and study the
fixed rays corresponding to parameters of the Hubbard model in Eq. (1.8) and (1.9).

In the four-band region, the RG flows to the following fixed ray [89],

_ 2611_ 2044__&__ 1 .
vad, = Vad, [ V32 23 fla= T16(g— 1) (419)

It seems that only the interactions between band 1 and 4 are relevant and ‘band 2 and 3
are totally decoupled from the system. Also, the fixed ratios in Eq. (4.19) are the same
as those of the C1S0 phase in a doped 2-leg ladder if band 1 and 4 are regarded as an
effective 2-leg system. So the final phase was referred to as C150 + C2S2 = C3S2. Notice
that the RG equations, in the g; basis of Eq. (4.4), are invariant under the permutations
of indices but the bare values, g;(0), favor the phase in which the couplings involving
bands 1 and 4 get large. This can be seen from the factors of 1/v; relating the g;’s to the
g’'s in Eq. (B.9)-(B.12).

However, now we know that the fixed ray solution isn’t the whole story for the RG
flow. Bands 2 and 3 are never really decoupled since there are subleading coupling
constants that involve these bands. Once again, we will plot log[|g;(!)|] v.s. log[(lg — 1))
from the numerical solution of the RG equations and we see nice straight lines in the
scaling region. The slopes will be compared with —A®*, which can be deduced from the
eigenvalues ), and eigenvectors of the matrix Bi; = 2M,G.

With the G; given by Eq. (4.19), there are two —1/2, six —1/16, two 1/2, two 15/16,
a 1 and other 0s for A,. Terms corresponding to —1/2 and —1/16 are irrelevant and not
harmful to anything. We should carefully look at the terms with 1/2, 15/16, and 1. The
effects on the phase diagram depend on whether they have components on the couplings
with G; = 0. This information is given by their corresponding eigenvectors. One may
think in general A, = 1 means the fixed ray is unstable. This is true if the deviations dg,
have non-zero components on the couplings besides the fixed ray ones. Fortunately, here
the eigenvector for A,, = 1 only has two components with negative c{; and positive c, in




Chapter 4. RG For Doped 4-Leg Ladders 55

terms of the original coupling basis. It will shift the values of fixed ratios regarding c{;
and c§, in Eq. (4.19) a little bit but it won’t change the fact that those seven couplings
are the most relevant ones. This only reflects that the fixed ray Eq. (4.5), is just a special
set of the solutions and not the most general one. Table (4.2) summarizes A, and their
projections in terms of coupling basis g;.

nonzero component
1/2 Char ¢as f1
1/2 | 15 Char Aas 515 Caa» Chas Fia
15/16 0‘1’3, C§4’ Cf3, cg4
15/16 052’654’cc1r2vcg4
1 cl1» Cas

Table 4.2: This table summarizes the tbpography in the vicinify of the fixed ray Eq.(4.19).
It shows the eigenvalues A, = 1 of the matrix B;; and their corresponding eigen-direction
in terms of the RG couplings.

This result can be checked by plotting log[|g;(!)|] v.s. log[(lg — !)] for the numerical
solutions of RG equations. As a test, we can artificially tune the ratios of initial conditions
based on Eq. (4.19), such that the RG flow will be really in the vicinity of the fixed ray.
In this case, the slope of each coupling agrees perfectly with the prediction given above.

Now using the initial conditions as shown in Appendix B, determined by physical
parameters on-site interaction U and the doping §, we can do the same analysis. Even
in the region where the RG flow is still controlled by the fixed ray Eq. (4.19), we now
find that not all the slopes agree with the prediction. Some couplings with predicted -
APa* = 0, actually have non-zero slopes in the log-log plot and those slopes may vary
according to the initial conditions. They are new subleading terms besides those given
by the stability check near the fixed ray. However, we don’t find notable changes of
the slopes for those couplings with A*®* = 5/16,1/2 or 1, as long as the RG flow is still
dominated by the same fixed ray. That is, the universal analytic prediction in the vicinity
of the fixed ray is still correct to some extent. '

A few selected typical examples are shown in Fig. (4.3). The failure to predict all
A" correctly for each couplings doesn’t mean we can’t determine the phase diagram.
The point is that we should treat all the divergent terms with the exponent 0 < Aj*®* <1
as the perturbations to the effective Hamiltonian corresponding to the fixed ray in the
bosonization scheme. _

In order to minimize Eq. (4.14), the most relevant couplings in Eq. (4.19) will pin
the values of ¢, , 6%}, and 07, . The fixed ray interactions and the symmetry imply we
should choose &%, ¢%,, 87, and #]; for the new basis of bosons. Unlike the previous
case of stripe fixed ray, here there are still two undetermined fields in charge and spin
channel each. So the choices of the basis is not unique anymore. Any two charge (or
spin) fields orthogonal to ®4 and ¢7, (or 8{;, and 67;) can be used. For example, the
simplest choice would be the same as R, and R, used in the previous section.
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Figure 4.3: log[|gi(1)|] v.s. log[(l4—1)] plot for several typical couplings. The parameters
are chosen ast =t; | = 1, U = 0.01 and the hole doping is 0.135. The slope gives us the
divergent exponent for each coupling. The solid (red) lines are the numerical solutions
for the RG equations. The dashed lines are pure straight lines as reference with the
predicted slopes 1 (pink: ¢, (a), ¢g, (b)), 1/2 (blue: f{, (c)), 15/16 (green: cf, (d)), and
0 (vellow: f7 (e), ¢35 (f)), respectively. As one can see, the numerical solution of ¢
(f) doesn’t agree with its predicted exponent. The number of couplings, whose slopes
don’t agree with the stability analysis, depends on the initial conditions. With the initial
conditions used here, there are total 11 couplings, predicted with zero slope near the
fixed ray, but have nonzero slopes in the numerical solution. However, these new term
don’t change the pinned bosons and the final phase is the same as that when these terms
are irrelevant.

We then follow the hierarchy of these subleading terms in repulsive Hubbard model.
Pick the largest one among them and rewrite it in terms of the new fields according to
R, and R,. After replace @, 0%, and 67, by constants, The largest subleading term
(cfy + ¢f,) in Eq. (4.14) becomes:

cos VAT @ty cos VAo,
= cosv/m(V2®s, + ¢y — ¢85) cos /(61" + 074 — 035" — 635)
- cos(V2r®h — /mdhs ) cos/m(055 + 055 ). (4.20)
Similarly, next largest term (cf3 + cJ3) becomes:

cos VAn @iy cos VAmhTy
—  cos(V2m®4 + /mhy ) cos/m (035 — 055 ). (4.21)
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With the perturbations like Eq. (4.20) and (4.21), four more boson fields ®%, ¢4; , 05,
and 65, will get pinned. Thus, as long as the RG flow is dominated by Eq. (4 19), the
final phase should be C1S0 and the pinned bosons are &%, ¢7, , ¢5s , 074, 674 , 054 and 655
This pinning pattern will make the pair operator Eq. (2.24) decay with a power law and
4k density operators Eq. (2 26) and (2.27) decay exponentially. So it’s a pairing phase
with no stripes. Since in this phase the pinned charge or spin bosons are all ¢ or 6 fields,
respectively, we can use other choices for R, and R, and the result will be the same.
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Chapter 5
Limit of 2 Decoupled 2-Leg Ladders

5.1 Mapping to the 2-Leg Bosonic Model

One interesting limit in which it is relatively easy to understand the stripe phase is
the limit of two 2-leg ladders weakly coupled by electron hopping and density-density
interactions. Essentially this limit was discussed in Ref. [89], sub-section (VII-B-1) in the -
context of a 2-dimensional array of 2-leg ladders. As we discuss below, the low energy
effective Hamiltonian in this limit is the same one describing the 2-leg bosonic ladder
which was discussed in Ref. [84] based on the “bosonization” for 1D bosons [97]. See
Fig. (5.1) for illustration.
This limit corresponds to t2 ; and V; | very small, in the following Hamiltonian:

L-1 N L N-1
== Zztc z)Caa(z +1) +Ezta.]_caa($ Yea+1,a(z)| + hc.  (5.1)
a=% Lz=1 a=1 =1 a=1

and

'mt =U Z Z’I’La«r $)na,¢($) + Z —’nza x)ng,a(a:). (52)
=1 a=1 a=+ z=1
We set ¢y, = t3,; = t for simplicity, but thisis not essential. Thus we may begin
by considering the behavior of 2 decoupled 2-leg Hubbard ladders. Over a wide range of-
parameters, the 2-leg Hubbbard ladder is expected to be in a C1S0 phase {23, 85, 86, 87]
Introducing band bosons, ¢, ¢, for the upper 2-leg ladder (on legs land 2 and v =
or o) and then changing vanables to

o7, = (8%, £ 45,)/V2, (5.3)

this phase is expected to have ¢ and 0Y _ pinned. The lowest Friedel oscillation wave-
vector is 4kp, corresponding to the 2-leg versmn of stripes, namely equally spaced pairs
of holes (1 on each leg) forming a “quasi charge density wave” near the boundary. The
v , boson is, of course, gapless. Let A be the minimum gap for the other three bosons.
In the limit U << ¢, we expect A o t exp[—const x ¢/U]. For U > t we expect A to be
O(t) or larger. Of course the lower 2 legs have a gapless boson ngL
We now turn on small 5, and V3, couplin Lg together the two 2-leg ladders. Both
interactions involve duals of pinned bosons, -7~ and ¢ia and hence are ultimately

irrelevant. On the other hand, a pair-hopping term with amplitude ' « tg’ L and an
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interaction between the 4kr density operators in the two 2-leg ladders, of strength V' o
Va,1 are generated perturbatively. [This linear dependence of V' on V, , follows since,
by analogy with the calculation in Appendix A), the 4kp term in the density operators
for each 2-leg ladder is O(U). Here we disagree slightly with Ref. [89] which found
this interaction to be o (V3,1)?] Neither of these interactions involves the dual of any
pinned bosons. For sufficiently weak ¢5 ; and V;,; we may analyze the low energy theory
by simply replacing all pinned bosons from the two 2-leg ladders by their expectation
values and writing an effective Hamiltonian for ¢L+’p and ¢~ - The effective Hamiltonian
describes the physics at energy scales < A and for it to be valid the energy scales
characterizing the pair hopping and 4kr — 4kp density interactions must also be < A.
It is now convenient to change boson variables to:

C6s = [gY, + $11/V2, (5.4

since the pair hopping and 4kp-4kp density interactions only involve ¢_ and its dual, §_.
The effective Hamiltonian at energy scales < A can be written:

Hy = [ do{3K,0us) + —(a 0,)’]
F K (0:0-)" + (2,0
+t' cos(vV2md_) + V' cos(v/8mH_)}. (5.5)

Here, to lowest order in ¢, and V5 ,, K, = K_ is simple the Luttinger parameter of

- the ¢U/ ¥ bosons on the upper and lower 2-leg ladders and likewise v, = v_ is the corre- ‘

spondlng velocity. The Luttinger parameter of the 2-leg ladder is expected to approach
1 at half-filling and to decrease as the density moves away from half-filling.

We observe that the connection between ¢, and the fields ®%, in Eq. (2.2) is not
so straightforward, even in the limit ¢, | — 0. Ignoring for the moment all interactions,
when i, | is strictly zero the bands come in two identical pairs, one member of each pair
from the upper 2 legs and one from the lower 2 legs. However, as soon as ¢ | # 0, these
bands are mixed. This band-mixing is not taken into account in the present approach
in which bosonization fields are introduced separately for the bands on the upper 2 and
lower 2 legs. The present approach should be the correct one in the limit considered of
very small ¢, ), but it is non-trivial to connect the results with those obtained from the
standard weak coupling approach. We note that a very analogous situation occurs even
in the much simpler and well-studied 2-leg spinless fermion model. If the inter-chain
hopping is sufficiently weak one normally bosonizes the fermions on each leg, whereas in
the weak coupling limit, bosons are introduced for each band. Because of the exponentials
entering the bosonization formulas the relationship between the “leg boson” and “band
bosons” is very non-linear. Nonetheless, it appears that the same phase diagram can be
obtained using either approach. This can be seen by comparing the various features of
the phases obtained using either method [85, 86).
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Figure 5.1: In the limit that ¢, ; and V5, are much smaller than the minimum gap of the
bosons, A, each 2-leg ladder is well-described by the C1S0 phase, which has pairing and
4kp density oscillation. The direct electron hopping ¢, becomes an irrelevant process
yet pair hopping, #, generated by the higher order process will appear and 4kp — 4kr
component, V', is the lowest order relevant term in the interaction V5 ;. The phase is
determined by the competition between ¢’ and V’. If t dominates, the system has pairing
(boson superfluid) and 8k (47p,) density oscillation in fermion (boson) language, where
po is the average boson density. If V' dominates, the system has bipairing (boson pair
superfluid) and 4kp (27pp) density.

It is not so straightforward to estimate the conditions on ¢; ; and V5, , for this effective
Hamiltonian to be valid. Fortunately, this is not important for our purposes. Normalizing
the operators in Eq. (5.5) so that:

WIS (z) —iVETD_ () ~ 1
<e e > P——
< VB0 (2) —iVBTO-(v) 5 — 1 (5.6)
P
we see that ¢’ has a scaling dimension of (energy)?~'/(2%-) and V" has a scaling dimension
of (energy)?~2K- (after setting v_ = 1). These energies scales must be much less than

the cut-off scale, A, i.e.

¢ <« AZV(K-)
V'« AZIK- (5.7)

Here we assume 1/4 < K_ < 1, which is certainly true near half-filling. As mentioned
above, t' tg’ L and V' « V5, ;. A more complete estimate of these parameters is more
difficult to make and could be quite different depending on whether the 2-leg ladders are
in the weak or strong coupling domain.

The phase diagram of the model in Eq. (5.5) has been discussed in Ref. [89] in
the context of a 2D array of 2-leg ladders. Precisely the same model also arises from
a treatment of a 2-leg ladder of spinless bosons in Ref. [84]. The boson annihilation
operators on the upper and lower legs are represented as:

QUL o e=iVA8E," 4 ; (5.8)
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and the boson density operators as:

1
_Wazei’,/,’“ + constant x {exp[i27n,z + 1V 4%02{,1’] +he}+....

\/—
(5.9)

Here n; is the density of bosons on each leg. Of course, it is hardly surprising that this low
energy Hamiltonian describes a 2-leg bosonic ladder; in our low energy approximation,
the fermionic degrees of freedom on each 2-leg ladder have been discarded keeping only
the spinless pairs, corresponding to bosons. ¢’ represents (single) boson hopping between
the chains and V"’ represents inter-chain boson back-scattering. It follows from Eq. (5.7)
that both ¢ and V' are relevant for 1/4 < K_ < 1 (and in general at least one of them
is relevant for all K_). Thus one of ¢_ and 6_ boson is always gapped, yielding a C150
phase. There are two possible phases in which either ¢_ or #_ is pinned [84]. These two
phases have evident physical interpretations in the various underlying models from which
H,ss arises. In the 2-leg boson model, the phase in which ¢ is relevant and ¢_ is pinned
corresponds to a standard 1D superfluid phase in which the boson creation operator has
a power-law decaying correlation function but the term in the boson density operator
oscillating at wave-vector 27n; decays exponentially. On the other hand, the phase
in which #_ is pinned corresponds to a boson pairing phase. Now the boson creation
operator has an exponentially decaying correlation function. There is a corresponding
gap to create a single boson. The 2-boson creation operator ¥(z)¥(z) has a power law
decaying correlation function as does the term in the boson density operator oscillating
at wave-vector 2mn,. In the 2D array of 2-leg fermionic ladders, discussed in Ref. [89],
the phase. in which ¢_ is pinned is a conventional 2D superconducting phase and the
one phase in which 6_ is pinned is an incommensurate charge density wave phase. (The
power-law decay in the single or double 2-leg ladder system is expected to become true
long range order in the 2D system.) The physical interpretation of these phases in our
model of 2 weakly coupled 2-leg (fermionic) ladders is now also clear. The phase in
which ¢_ is pinned is a conventional pairing phase. Note that the density of bosons
(average number of bosons per site in the 2-leg bosonic ladder) should be identified with
the density of electrons (average number of electrons per site in the 4-leg ladder). This
follows since there are half as many sites per unit length in the bosonic 2-leg ladder as
in the fermionic 4-leg ladder. Equivalently, we may identify the boson density with the
fermion density measured from half-filling

CYE () WYL (2) o my +

np=0=1—n. (5.10)

Thus we see that there are no density oscillations at 276 or equivalently 4kx in the pairing
phase. The phase in which 6_ is pinned is a bipairing phase with stripes.

Which phase occurs depends on K_ and also the relative size of ¢’ and V. When
K_ is in the range 1/4 < K_ < 1, where both ¢’ and V' are relevant, we may estimate
the phase boundary by the condition that the corresponding energy scales, determined
from Eq. (5.7) are equal. Thus we expect the stripe phase to occur, for this range of K_




where:
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V!> (¢)22K-1/R-1/eK-), (5.11)

Decreasing K_ favors the stripe phase. Noting that we expect K_ to decrease from 1 as
we dope away from half-filling, it is natural to expect that, for large enough V’/t', the
pairing phase will occur close to half-filling and the stripe phase at larger doping, which
is consistent with the DMRG result {17].

At this point it is appropriate to point out that much of the same physics was discussed
in two other earlier papers. In Ref. [74] an effective 2-leg bosonic model was also discussed
as an approximation to the 4-leg fermionic ladder. In that case the derivation was more
heuristic than what appears here. A somewhat longer range interaction was chosen in
the 2-leg bosonic model (up to separations of 3 lattice sites along the chain direction) in
order to partially match the numerical results on the 4-leg fermionic ladder with those
on the 2-leg bosonic ladder. In particular, the Friedel oscillations were compared in the
2 models and shown to exhibit stripes in both models at higher doping. The advantage
of considering 2 nearly decoupled 2-leg fermionic ladders (t5, 1, V5, small) is that we can
make this mapping more rigorous. In Ref. [90] the limit of very small § is studied, for
fixed U. It was argued that, starting with half-filling, at small §, 2 of the bands remain
in a gapped state with an average filling of 1/2 while the other band pair is doped. At
higher doping, both band pairs are doped. It was assumed that each of these doped
band pairs yields fermion pairs. At somewhat higher doping they argue that these pairs
form 4-hole clusters. Friedel oscillations were not discussed. Although both of these
papers discuss 4-hole clusters, as does the earlier DMRG work of Ref. [17], none of
them discuss the implications of such 4-hole clusters that follow from 1D field theory
considerations: exponentially decaying pair correlations and a gap to add a single pair of
holes to the system. In particular, it seems likely that the effective 2-leg bosonic ladder
model studied in Ref. [74] was in the boson pairing phase, with a gap to add a single
boson and exponential decay of the boson creation operator correlation function, but this
point was not commented on. In this regard, Figures (16) and (17) of Ref. [74] are very
interesting. Fig. (16) appears to be a plot of E(N,) — E(N, — 1) versus (N, — 1/2)/2L
where N, is the number of bosons in the 2-leg bosonic ladder. In a boson pairing phase,
we expect:

B(Ny) = uNy + %(—1)1% +0(1/L), | (5.12)

where 24 is the chemical potential for boson pairs and A, is the single boson gap. Thus:

B(Ny) — E(Ny — 1) = p+ (=1)™A, + O(1/L). (5.13)

Both x4 and A will evolve smoothly with density but this zig-zag structure of E(N) —
E(N, — 1) is the signal of a boson gap, i.e. of boson pairing. Such a zig-zag is seen for
the last three points in Fig. (16), implying that Fs + Ejo < 2Ey (for L = 23) and a
corresponding boson gap at § & .2 of A, ~ .05¢. A zig-zag is not seen in Fig. (16) at
smaller Ny, despite the fact that the change in Friedel oscillations to stripes appears to
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occur at d. &~ .125. Possibly this is because the boson gap is too small relative to the finite
size gap to be observable for § closer to .. Fig. (17) shows the analogous quantity for
the 4-leg fermionic ladder, E(Ny,) — E(N;, —2) plotted versus (N, —1)/(4L) for even Nj.
In this case no clear zig-zag is seen, which would indicate a gap to add a single fermionic
pair, up to § = .2. Possibly the problem is again that the gap is too small relative to
the finite size gap. This may indicate that the heuristic mapping is not working in great
detail since the bosonic gap appears to be significantly larger than the fermionic pair gap.
Clearly more numerical work on both 2-leg bosonic and 4-leg fermionic models would be
interesting, either or larger L or for a different choice of interaction parameters, to clarify
whether or not a bosonic gap (and corresponding fermionic pair gap) exists in the stripe
phase, é§ > é..

5.2 Concluding Remarks on 4-Leg Stripes

We have taken a number of different approaches to the 4-leg generalized Hubbard ladder
based on bosonization and RG. We gave general arguments about possible phases based
on possible ways of pinning bosons and the finite size spectrum. We studied particular
phases from solving the weak coupling RG equations. We determined the phases which
occur in the limit of two weakly coupled 2-leg ladders, using the connection with a 2-leg
bosonic ladder. All of these approaches led to the same conclusion. It-is not possible
to find any C1S0 phases that have both stripes and pairing. On the other hand, it s
entirely possible to find phases in which stripes coexist with bipairing. Whether or not
4 leg ladders, for physically reasonable and numerically accessible ranges of parameters
have such a phase remains an open question. DMRG results have suggested a phase with
stripes, but have, so far, found no evidence for bipairing. We can see three resolutions of
this paradox.

e Our methods are based on certain approximations: either weak coupling, or weakly
coupled pairs of 2-leg ladders. It is entirely possible that other phases may exist
for these systems which are inaccessible to these methods. Possibly these phases
include ones with coexisting stripes and pairing. We remark, however, that these
field theory methods have been remarkably successful in the past at describing
many types of 1D strongly correlated systems, including, for example, 2-leg ladders
[23, 85, 86, 87]. It would be an important discovery that they break down for the
4-leg ladder. )

e Possibly these systems do not really have a stripe phase in the sense that we are
using. We have given a.precise meaning to “stripes” in the limit of a very long
4-leg ladder. We mean Friedel oscillations at a dominant wave-vector of dkp = 27n
where n can be taken to be the hole density. Existing DMRG results certainly
suggest this but it is possible that careful extrapolation to larger systems might
not confirm this result.
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e Possibly the stripe phase apparently observed with DMRG is a bipairing phase. We
- remind the reader that we define bipairing precisely to be a phase in which corre-
lation functions of all pair operators decay exponentially but correlation functions
of some charge 4 operators exhibit power law decay. Furthermore, such a phase
has a gap to add one or two particles, but no gap for four particles. The limited
published DMRG results have suggested that the decay of the pair correlation func-
tion may be power law and have not seen a gap to add two particles. Possibly the
correlation length for the exponential decay is too large, and the corresponding gap
to add two particles too small, to be observed so far. Further DMRG calculations
could clarify this point. One could either study larger systems or else change the
parameters of the model in an attempt to make the correlation length and inverse
gap smaller. In this regard, numerical work on 2-leg bosonic ladders would also be
useful to confirm that, as expected from field theory arguments, a boson pairing
“phase occurs in a wide range of parameters. As has been emphasized before, it may
be crucial to include long range Coulomb interactions to understand stripe phases
in real materials. - '

We encourage further DMRG and analytical work to decide which of these possibilities
is correct. Confirming any of them would be an important advance.
 Assuming, for the moment, that 4 leg ladders do exhibit stripes and bipairing, we
speculate on the implications for the 2-dimensional Hubbard model. One might think .
that if 2-hole clusters form on 2-leg ladders and 4-hole clusters form on 4-leg ladders then
perhaps, extrapolating to an infinite number of legs would simply give an incommensurate
charge density wave. Such a state is perhaps not conducive to superconductivity. Stripes
have also been observed in 6 leg ladders [19, 20]. In this case, it appears that the
number of holes per rung is 4, rather than 6, as might have been expected. This is
suggestive of more exotic behavior than a simple CDW, closer to ideas about fluctuating
1D conducting wires, that have been proposed for stripe phases in 2D. Developing a field
theory description of this stripe phase in 6-leg ladders is an important open problem.
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Chapter 6
Impurity Entanglement Entropy

6.1 Introduction to Entanglement Entropy and the
Impurity Model

Quantum mechanics has been highly successful in producing correct experimental predic-
tions. However, its very fundamental property, entanglement, is still not fully understood.
First of all, what do we mean by an entangled state? Consider two noninteracting sys-
tems A and B, with respective Hilbert spaces H4 and Hg. The composite system is -
H, ® Hp. If the system A is in the state | ¥)4 and B is in_the state | ¢)p, then the
composite system is in the state | ¥)4® | ¢)p. States of the composite system which can
be represented in this form are called separable states, or product states. If a state is not
separable, it is called an entangled state. The singlet state of two 1/2 spins is one simple
example. '

The so called entanglement entropy is one way to quantify the entanglement property
of a quantum state. If we have an entangled state | ¥ 45) of systems A and B, which is a
pure state, then the pure density matrix (or operator) is p = | ¥ 4p){¥ 45 |- We can get
the reduced density matrix p4(p) for subsystem A (B) by tracing out the degrees of free-
dom for the rest part B (A), pag)y =Trp(4)p. Then the entanglement entropy, sometimes

_called von Neumann entropy of the reduced density matrix for either subsystem, is:

S = —Trapalnps = —Trpppln pB. (6.1)

One interesting feature of Eq. (6.1) is that two subsystems A and B share the same
value of entanglement entropy. This is the original motivation to propose entanglement -
entropy as a measure of entanglement since two subsystem should share the same amount
of entanglement between each other. Here we take a two-spins system for example.
Consider a general wave function, '

| U12) = cos 6 1)) +sinf [{1). (6.2)
Now we trace over spin 1 to get the reduced density matrix of spin 2,

pr = Try | Ta)(Tia |= (1] Cia)( Tz [1) + (4] Tr2)(Tyz |L)
= cos® 8 [1) (1| +sin®6 [{)({] . | (6.3)

Then entanglement entropy between spin 1 and 2 is

S = =TrpsInp,
= —cos®>fIncos®f — sin?HlInsin? 4. (6.4)
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f
;

Figure 6.1: The total system size is R. The subsystem A is from site 0 to r and region
B, from site r + 1 to R, is traced out in the density matrix

It’s clear to see that S is maximal at In2 when § = —37 /4 or w/2, that is, when two spins
form a singlet or triplet. Loosely speaking, we can regard entanglement entropy as a kind
of measurement of how many degrees of freedoms are shared between two subsystems.
A singlet and a triplet state have different parity. Through this simple example, we
actually see that entanglement entropy may not be sensitive to the symmetry property
of a quantum state.

The first connection between entanglement properties and quantum phase transitions
was observed in Ref. [98]. Later on, Eq. (6.1) was applied to many body quantum
states in 1D systems [25]. These authors showed that entanglement entropy scales uni-
versally with logarithmic dependence on subsystem size at quantum critical points. This
logarithmic scaling behavior can be obtained by conformal field theory (CFT) methods
[26, 27]. For a 1D spin chain with open boundary conditions and total system size R, the
entanglement entropy between the subsystem A:[0,r] and the rest, region B: [r + 1, R]
(see Fig. (6.1)) has a universal scaling:

S(r) = =Tr.p(r)Inp(r) = gln[¥ sin(%)] +Ing+ %, (6.5)
in the limit R,r > 1. The constant c is the central charge of the associated CFT,
In g is the boundary entropy introduced in Ref. [99] and s; is a non universal constant
related to the ultra-violet cut-off. The nearest neighbor Heisenberg spin chain can be
described by a ¢ = 1 CFT plus a marginally irrelevant operator [100]. In order to avoid
the logarithmic corrections due to this marginally irrelevant operator, we can add the
next nearest neighbor coupling J,, tuned to the critical J,. =~ .2412 [101].

When we study the nearest neighbor and critical J; — J> Heisenberg spin chain with
open boundary conditions, we find that on top of Eq. (6.5), there are some even-odd
alternating corrections [2]. This even-odd alternation is related to the antiferromagnetic
nature of the ground state. Motivated by the valence bond picture of entanglement
entropy proposed in Ref. [102], we find that the alternating correction to the entangle-
ment entropy is proportional to the alternating part of the energy density (or equivalent
to dimerization induced by the boundary) [2]. Moreover, the proportional constant is
related to the spin velocity. A derivation for the dimerization is in Appendix C.
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How the impurity effects the entanglement is an interesting subject [103, 104, 105].
We study the critical J; — J, Heisenberg spin chain with an extra impurity spin on the
boundary, as shown in Fig. (6.2), where Ji < J; = 1. For J; = Jo, & .2412, the low
energy theory of the Hamiltonian Eq. (6.6) is analogous to the Kondo problem [101].

R-1 R—-2
H=Tj (5 8+ 08 5) + WY 5 St hY 5 5 (66)
r=2 r=2
J‘KJg_ J2 J2
1°%¥2 3 4 R-1 R

Figure 6.2: Schematic picture for the J; — J; spin chain model (6.6) with an impurity
located at the left boundary and coupled with Jy.

The impurity interaction J} is marginally relevant and becomes stronger and stronger
toward the lower energy scale [106]. The Kondo temperature Tk is the energy scale
when the effective coupling reaches order one. When energy is of order or lower than
Ty, the perturbation theory breaks down since the effective coupling is large. At zero
temperature, the effective coupling becomes infinity. The impurity will be screened and
form a singlet with its neighbour. Then the Kondo length scale

Us

fKZE

(6.7)
can be regarded as the typical size of this screening cloud, where v, is the spin wave
velocity. Many physical quantities of the impurity are shown to be universal scaling
functions of R/éx and T/Tx [107, 108, 109, 110, 111]. We would like to define the
“impurity entanglement entropy” as

Simp = S(with impurity) — S(no impurity). (6.8)

However, as we mentioned before, besides the uniform part Sy, there is an alternating
part S4 in the entanglement entropy,

S(r,R) = Sy(Jg, 7, R) + (—1)"Sa(Jx, 7, R), (6.9)

where Sy(J) = 0,7, R) is just Eq. (6.5). We do not define S(no impurity) as S with
Jl. = 0 since for Jj = 0 the impurity spin can have a non-trivial entanglement with the
rest of the chain due to the degeneracy when R is even. It then follows that the complete
impurity contribution to the entanglement entropy cannot be obtained by subtracting
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Figure 6.3: Total entanglement entropy, S(Jk,r, R) for a 102 site spin chain at J§, with
a Ji = 0.3 Kondo impurity along with S(Jig = 1,r — 1, R — 1) (no impurity). Uniform
parts (solid lines) and the resulting Sipp.

results for a system with Jp = 0. We thus define the uniform part of the impurity
entanglement entropy precisely as

Simp(J;{, Ty R) — Su( ;(,7', R) - Su(l, = ]., R — 1), (610)

where r > 1. The typical DMRG result is shown in Fig. (6.3).

In general, Eq. (6.10) is a function of all three variables Ji,r and R. However,
similarly to many other impurity quantities, we find that the impurity entanglement
entropy is indeed a universal scaling function,

S-imp — Simp(r/€K7 T/R)7 (611)

as shown in Fig. (6.4). When R is finite, the ground state has total spin 0 and 1/2 for
even and odd R, respectively. In the limit R — oo we expect that S(r/{x,r/R) will
become the same for 0 or 1/2 total spin, and will be qualitatively similar to the spin-0
case for finite R, approaching In2 at r/&x — 0, reflecting the fact that the impurity is
screened in region B. On the other hand, for total spin 1/2 (and R finite), Simp must
vanish as r/£x — 0 since £ — oo corresponds to Ji = 0. In this limit, for 1/2 total
spin, the Fermi sea of conduction electrons has spin zero and the impurity is unscreened,
hence contributing nothing to S. Screening only becomes probable when {x < R, or
equivalently Tk > v,/R, the finite size gap for s-wave excitations. Hence, for total spin
1/2 and fixed /R the maximum of S;m, as a function of r/£x occurs at r/€x ~ r/R.

In the next section, we will calculate this function in the limit » >> £x by CFT
methods based on Nozieres’ Fermi liquid theory [112, 113, 114, 115].
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Figure 6.4: Universal scaling plot of Simp for fixed /R, (a) for R < 102 even, (b) for
R < 101 odd. DMRG results for the J; — J chain at J§ for various couplings J.
The lines marked 7€k /(12r) are the FLT prediction, Eq. (6.40). c) the location of the
maximum, (7/€xk)max, Of Simp for odd R, plotted versus r/R.

6.2 Fermi Liquid Theory

We will start with the low energy effective theory of Eq. (6.6) with Jj = 0. One standard
way is to transform spins to spinless fermions via Jordan-Wigner transformation and then
apply the Abelian bosonization, as we introduced in Chapter 1, to spinless fermions. In
the end, we will get a free boson Hamiltonian, up to irrelevant operators [81]. However,
in this approach, the SU(2) symmetry is not preserved anymore. Another well known
method to obtain the low energy effective theory of a spin chain is by non-Abelian
bosonization. It turns out the spin chain can be described by the spin sector of 1D
spinful fermions at half filling [116]. Then the low energy theory of a spin chain with an
impurity on the boundary is equivalent to the spin sector in the Kondo problem [101].
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6.2.1 ‘Spin Chain with an Impurity and the Kondo Model

Here we first briefly review the theory of the Kondo model based on the treatment in
(113, 114]. The Kondo model is used to describe 3D free electrons interacting with a
magnetic spin 1/2 impurity at the origin. The 3D Hamiltonian is

—v?2 5 o '
H= [ @Gy Wat B8 (612

where & are Pauli matrices and «, 8 are the spin indices. If one expands the electron
operators in spherical harmonics, due to the d-function form of the Kondo interaction
Jx, only the s-wave harmonic interacts with the impurity [113, 114]. Similar to how
we deal with the ladder systems in Chapter 1, assuming a weak Kondo coupling, we
may linearize the dispersion relation near the Fermi momentum, kp, yielding the 1D low
energy effective Hamiltonian in terms of chiral fermions:

e d d
— A A
H - (,UF'/27T)‘/0 dx [Z¢La dxwLa 7’¢Ra dx¢Ra:|

'UF)\K

(850(0) + ¥ha(0) 2 (0rp(0) + ¥r5(0) -5, (613)

Note that 0 < £ < oo means the distance from the fermions to the origin and A = vJg
where v = kpm/(27?) is the density of states (per spin per band). As we also discussed
in Chapter 1, due to the OBC, the boundary condition for the fermion operators at the
origin is:

Yra(z = 0) = —Yra(z = 0), (6.14)
and we can regard the right moving fermions as the analytlc continuation of the left
‘ movmg ones to the negative axis:

Vra(—2) = —Vpo(z), (> 0). (6.15)

Then the Hamiltonian, written in terms of only left-movers but now living on the line
from —oo to 0o, becomes:

H= (’Up/z’ll')/_ dr [’i’lﬁ}lad;i’(/l[,a} + UF/\K’QbLa(O)—&;—ﬁ’l/)Lﬂ(O) . ,S-" (616)

We can bosonize the left-movers by Eq. (1.16) but the SU(2) symmetry is not preserved.
An alternative method is to describe the system by the charge and spm current operators,
similar to Eq. (4.1) with one band index:

Ji(2) = Ylo(@ra(z), Jo(z) =9l "2 "“ﬁ Yis(2). (6.17)
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Then Eq. (6.16) becomes [113, 114]:
' e 1 1. =
= (’UF/27T)/ dx [ZZJLJL(IE)Z+§JL'JL

In Eq. (6.18), the impurity spin S only couples to the spin current operator J; and the
charge part of the Hamiltonian is not effected by the impurity. We can regard the spin
and charge currents as some spin and charge boson fields, respectively.

Now consider the spin chain model Eq. (6.6) with OBC. Without the impurity, the
- low energy theory of the J; — Jo Heisenberg spin chain is equivalent to the spin part of
the 1D fermion model [101]:

Ho=(u/2m) [ degli T (6.19)

where v, is the spin-wave velocity. Although nontrivial to prove, Eq. (6.19) is actually a
¢ =1 CFT since the Hamiltonian is nothing but a free spin boson field {116].
We can represent the spin operator at site j as

S; ~ [Jp(§) + Jr(5)] + (—1) constant - 7i(5). | (6.20)

The alternating part of the spin operators, 7(j), can be written in terms of the spin boson
field in a non-linear way. At the end of the chain, due to the open boundary condition,
we find that 7(0) — constant x J;(0) and therefore:

Sy + JoSs = C.J3(0), | (6.21)

where C' is a non-universal constant, depending on the second neighbor coupling, J; in
the Hamiltonian. (C has dimensions of inverse length, and is proportional to the inverse
lattice spacing.)

Now including a weak couphng, Ji to the first spin, the low energy effective Hamil-
tonian becomes:

H = (v,/2m) / dngL T+ CILT(0)- 5 (6.22)

Comparing the low energy effective Hamiltonian for the spin chain model, (6.22) to
the low energy effective Hamiltonian for the Kondo model, (6.18), we see that they
are equivalent, apart from the extra charge degrees of freedom in the Kondo model,
which anyway are non-interacting and decouple from the spin degrees of freedom. Thus,
dropping the charge bosons and replacing:

v = vy, UpAg — CJg, - (6.23)

‘the two low energy effective Hamiltonian become the same. The constant can be extracted
by studying the end-to-end spin correlation function in the chain without the weakly
coupled spin, yielding: ‘

Ji 7 1.3807 k. (6.24)
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6.2.2 Fermi Liquid Theory for the Kondo Problem

Since the impurity interaction Jj, is marginally relevant, it becomes larger when we lower
the energy scale [106]. At high temperatures, one can do perturbation directly because
the effective coupling strength is still small. At low energies and long length scales,
the effective Kondo coupling becomes large, and the effective Hamiltonian flows to the
strong coupling fixed point. In the- electron version of the Kondo model we may think
"of this fixed point as one where the impurity spin is “screened”, i.e. it forms a singlet
with a conduction electron. The remaining electrons behave, at low energies and long
length scales, as if they were non-interacting, except that they obey a modified boundary
condition reflecting the fact that they cannot break up the singlet by occupying the same
~orbital as the screening electron. This modified boundary condition corresponds to a
m/2 phase shift. Correspondingly in the spin chain Kondo model, the impurity spin gets
“adsorbed into the chain” and no longer behaves like a paramagnetic spin at low energies
and long distances. The leading corrections to this low energy long distance picture are
described by lowest order perturbation theory in the leading irrelevant operator at the
strong coupling fixed point. This is an interaction between the remaining conduction
electrons, near the screened impurity. (It doesn’t involve the impurity itself since it is
screened and doesn’t appear in the low energy effective Hamiltonian.)

This leading irrelevant operator is J;,(0) - J;(0) [112, 113], which is proportional to
Eq. (6.19). It is the entire energy density in the low energy effective Hamiltonian for the
spin chain. The energy density has dimensions of (energy)/(length) so the corresponding
coupling constant in the effective Hamiltonian must have dimensions of length. On
general scaling grounds we expect it to be proportional to £éx. The precise constant of
proportionality simple corresponds to giving a precise definition of what we mean by £k.
We adopt the convention:

Hint = —(WfK)%s’L(O). (625)

Here the subscripts s and L are a reminder that this is the spin only part of the energy
density for left movers when compare to the Kondo model. Note that if we start with
a system of length R (with left and right movers), then we can map into a system of
length 2R with left movers only. For the purpose of doing first order perturbation theory
in H;,: for quantities like the susceptibility, specific heat or ground state energy, which
are translationally invariant in 0%* order, we may replace [113] H;y; by:

Hine — —[méx/(2R)] [ Hasl) (6.26)

This is equivalent to a length dependent reduction of the velocity:

v, = vg[1 — 7—;—% : , (6.27)

This then implies that the susceptibility, which is R/(27v,) in the absence of the Kondo




Chapter 6. Impurity Entanglement Entropy 73

impurity becomes: : \

7T§K

X 2'03

~ R/(2mv,) + §K/(4'us) = R/(2mv,) +1/(4Tk). (6.28)

Thus the zero temperature impurity susceptibility is 1/(4T) It is this form of the im-
purity susceptibility, simply related to the high temperature, free spin behavior, 1/(47),
which motivates the definition of £k (and hence Tk = v,/&x) implied by (6.25). We note -
that this interaction H;, is present even in the absence of an impurity, for free fermions
- but then the coupling constant is of order a lattice constant. Similarly it is also present for
the spin chain with no impurity (i.e. Jj = 1) with a coupling constant of order a lattice
constant. The effect of a weak Kondo coupling is to make this coupling constant large.
We emphasize that this precise choice of definition of Tk has no physical consequences.
The power of Fermi liquid theory is to predict not only the form of low energy quantities
but also ratios of various low energy quantities such as impurity susceptibility, impurity
specific heat, resistivity, etc., corresponding to various generalized Wilson ratios.

6.2.3 Fermi Liquid Theory for S,

In the limit £x < 7, within the FLT as discussed before, we can calculate the universal
scaling Simp by treating H;,, in Eq. (6.25) in lowest order perturbation theory. We first
would like to review the CFT method to calculate the bulk entanglement entropy in Ref.
[27]. Consider a conformally invariant system, such as the spin chain model without an
impurity, Eq. (6.19), when the total system size is R and the subsystem A is from 0 to
r. We trace out the degrees of freedom outside the subsystem from r to R and obtain
the reduced density matrix p(r). The entanglement entropy .S is then —Tr,.p(r) In p(r).
It’s very difficult to calculate this quantity directly. We can detour around it by means
of the replica trick. If Trp(r)" is known, then

§ =~ lim L Trp(ry"), (6.29)

where we omit the subscript r for Tr without the confusion. In the path integral repre-

sentation of Euclidean space-time,

Zy(r)
VA

Trp(r)" = (6.30)

where Z,(r) is the partition function on an n-sheeted Riemann surface R,, with the
sheets joined at the cut extending from r to R [26, 27]. Z™ is the n'® power of the
usual the partition function without the cut. This factor makes sure that Trp(r) = 1,
as expected for the density operator. Now the original problem has been transformed
into the calculation of the partition function with a nontrivial geometry. It is well known
that the partition functions of conformal invariant systems have some universal scaling
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behaviors [117, 118]. Here we have the similar situation yet the partition function are
defined on an n-sheeted Riemann surface R,,. '

We use the approach where the Hamiltonian, such as Eq. (6.19), is written in terms
of left movers only, obeying PBC on an interval of length 2R. In the critical region, the
system is conformally invariant and CFT methods are applicable. Now the cut is from
the branch point v = —ir to the branch point 4 = ir on each sheet. Starting with zero
temperature and R infinity, the n-sheeted Riemann surface, R,, can be mapped to the
usual complex plane C [27] by the transformation

w—u

w— 2= )w, (6.31)

w9

where w and z are the variable on R,, and C, respectively. The energy momentum tensor
T is transformed by

T(w) = (%‘%)ZT(Z) + s}, (6.32)

where c is the central charge and {2, w} is the Schwartzian derivative (2"2'—3(2")?)/(2')?.
Since on the complex plane (T'(z)), = 0 due to the rotational symmetry, the expectation
value of the energy momentum tensor T on R,, is simply given by Schwartzian derivative:

An(u —v)?
w— u)?(w —v)?’

(T(w))r, = ( (6.33)

where A, = (c/24)(1 — (1/n)?).

Imaging that there are two primary operator ®,,(u) and ®..,,(v) sitting on the branch
points with the scaling dimension A,, = (¢/24)(1—(1/n)?). Then the three point function
on the complex plane C can be calculated by the Ward identity:

‘ (T(w)Pn(u)@-n(v))c
_ ( A, A, 1 0 1 0
(w

—u)? (w—-v)? w-udu w-—vdv

) (@ (u)B_n(v)),
A,

T (w—u)(w—v)2(u — v)PAn2’ (6.34)

where (®,,(u)®_,(v)), = (u — v)**». Then Calabrese and Cardy observed its important
connection to Eq. (6.33):

_ [T ) (T bn(e))y
T = fagle s~ = @u)Ba))e

(6.35)

Since Eq. (6.35) is ensured by the Ward identity, they concluded that any conformal
transformation on the the n-sheeted Riemann surface R, is equivalent to. that on the
two point functions on each sheet. In other words, Trp" = Z,/Z" behave identically to
the n-th power of (®,(ir)®_,(—ir)), under the conformal mappings or explicitly,

Trp" & G,(2r /a)/1D0-1m) (6.36)
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Applying the replica trick and & = 1, the entanglement entropy is S ~ (¢/6)In(2r),
which is consistent with Eq. (6.5) in the limit R > r. Then they extended the result
to finite system size R at zero temperature or infinite system size at finite temperature
T =1/ by applying the corresponding conformal mapping to (®,(ir)®_,(—ir)), [27].

Since ®.,, are primary fields, under a conformal mapping from z to w(z), the two
point function transforms according to

(@ (1) (2)) = (%) (g—w)“ (@a(2)® n(z)).  (6.37)

From the complex plane z to a finite strip w with size 2R, the transformation is w = —f In z.

So we obtain that the entanglement entropy for the total size R with OBC at zero

temperature is Eq. (6.5). From the complex plane z to a cylinder w with circumference

B, the transformation is tw = % Inz. Then the entanglement entropy for the infinite

total size with OBC at finite temperature 3 is

B% inh(Z0)] +Ing + L. (6.38)
Bus

SU( ) —ln[ 2

In the high temperature limit 7>>8v,, Eq. (6.38) recovers the well-known 1D thermal en-
tropy mer/38v, [117, 118]. In the opposite limit Sv,>>r, Eq. (6.38) becomes (¢/6) In(2r).

Now we should consider the system with an impurity in the Fermi liquid theory
region, that is, the system is described by the Hamiltonian Eq. (6.19) plus the local
irrelevant interaction Eq. (6.25). With the presence of this local operator, we should
calculate perturbatively the correction to the partition function Z, in order to get the
impurity entanglement entropy Simp. Luckily, the irrelevant interaction is just the energy
momentum tensor itself and its expectation value on the n-sheeted Riemann surface is
just Eq. (6.33). The correction to Z, of first order in £ is:

=02, = ~(exmn [ ariislr, ),
) / Ay (2ir)? (6.39)

(r — zr)2 T +1ir)?’

‘Hs1. = T/(27) where T(7, z) is the conventionally normalized energy-momentum tensor
for the ¢ = 1 and (T')%,, is given by Eq. (6.33). After doing the simple integral and taking
the replica limit, for B — oo, we get

K
Tk 4
| Simp Tor (6.40)
In Fig. (6.4), for R — oo, the FLT is applicable and Simp(r/€x) — m€x /127, no matter
R is even or odd as we expected.
~ In- principle, in order to extend the FLT calculation to finite R, we will need the
conformal mapping from a infinite n-sheeted Riemann surface to a finite one, which we
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don’t know. On the other hand, we can also try to exploit Eq. (6.35) following the similar
idea in Ref. [27] by applying the standard finite size conformal mapping to (®,®_,), and
Eq. (6.34), (T®,®_,)..The three point function (T(w)®,(w:)®_n(ws)) for the system
with a finite size R at zero temperature is: ,

(n/2R)*A»+2

3 3 Tt (6.41)
[2 sinh-ﬂw] [2 sinh M] [2 sinh Z(1—w2) ]
2R 2R 2R
where w = VT, W1 = ir and Wq = —1ir. The terms pI'OPOI’tiOIla,l t0>1/R2 is the dis-

connected part and will be cancelled by the denominator Z". Then, in the first order
perturbation, ' .

sinh[inr/R]

Ex / * T ,
- (=)= —-(=)nx dr{(— : - . 6.42
(Zﬂ ( 2 ) o [( 2R)Sinh[1r(v;']—2-"‘)] Sinh[ﬂ'(u;-;-"-)]] ( )
We use the integral
*® dz ¢
= —csct A
/0 coshar —cost a eset, (6.43)

from Ref. [119] and differentiate Eq. (6.43) with respect to ¢ on the both sides. Applying
this result and the product-to-sum hyperbolic identity to Eq. (6.42), we can complete
the integral and after the replica limit we get: ‘

_ ™k _r ar
Sz’mp = 12R[1 -+ 7T(1 R R )] (6.44)

Of course, Eq. (6.44) reduces to Eq. (6.40) for R >> r and both of them agree with the
scaling form of S;mp. Interestingly, Eq. (6.44) can be regarded as the first order Taylor
expansion in &g /r and &x/R of Sy = (1/6) In[Rsin#r/R] with r and R both shifted by
w€x /2. Consistently, Eq. (6.40) can be also obtained from expanding (1/6) In(r+7€x/2).
In fact, many other quantities such as impurity susceptibility, specific heat and ground
state energy correction can be also obtained in this fashion by shafting total system R
toR+m 6 K / 2. .

Within CFT methods, we can also calculate Sinp for infinite R but at finite temper-
ature Bv,. We apply the standard finite temperature conformal mapping to (T'®,®_,),
and (®,®_,),. The result for first order perturbation is just to replace 2R by 8 and sinh
by sin in Eq. (6.42) with the integral from —£3/2 to /2. Completing the straightforward
integral yields

) cot(

26k T onrT, ,
S,-mp=7rff: coth( i ). (6.45)

8 8 .

In the high temperature limit, 7T > wv,, Eq. (6.45) approaches the thermodynamic
impurity entropy, Simp — 726 T/(6v,) = m*T/(6Tx) [113]. In the low temperature limit
vy > 7T, it becomes Eq. (6.40), m&x/(12r). As we discussed above, this is consistent
with the observation in Ref. [27] that bulk entanglement entropy at finite temperature
approaches the thermal entropy and that of infinite size at zero temperature in both
limits.
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Figure 6.5: (a) DMRG results for RSinp/Ek versus r, with R = 400, for the spin chain
at J§ and various values of Jy in the Fermi liquid regime. The black curve is the FLT
prediction, Eq. (6.44).

6.3 The Comparison with DMRG

Now we compare the FLT calculation with the DMRG data. It’s important to note that
the FLT result only works in the strong effective coupling region, i.e. r, R > k. The
first step is thus to obtain £x. However, there is no unique way to determine the Kondo
length scale £x. We can use Eq. (6.11) to make the data of impurity entanglement entropy
collapse on a universal scaling curve by rescaling {x. When R is finite, the ground state
has total spin 0 and 1/2 for even and odd R, respectively. {x for even and odd R are
listed in table (6.1).

Jx 08 0.6 0.525 045 041 037 0.30 0.25 0.225 0.20
&k (Reven) | 1.89 558 9.30 17.40 25.65 40.5 111 299 ~565 ~1196
€k (Rodd) | 1.65 545 9.30 17.40 25.65 39.2 127 411 ~ 870 ~ 2200

Table 6.1: The numerically determined values for {x(Jg) using naive rescaling of
Simp(Ji,7, R) at fixed /R for J, = J5. For R odd system sizes of R = 19...101
have been used and for R even R = 18...102. The estimates become unreliable once

£k > R.

For R = 400, the comparison between the uniform part of the entanglement entropy,
Eq. (6.44) and DMRG data is shown in Fig. (6.5). They agree very well for Ji <1, i.e.
the region r, R > £x. In fact, one can also estimate {x by means of Eq. (6.44). The
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result is shown in table (6.2) and it’s consistent with those in table (6.1). More details
and other methods to obtain {x can be found in Ref. [3, 4]. -

Ji | 1.00 0.80 060 0525 045 041 0.37 0.30
£x | 0.65 197 593 9.84 17.83 25.65 38.29 83.79°

Table 6.2: £x(J%) as determined from Simp( 1,7, R) for R = 400 using the FLT pre-
diction, Eq. (6.44). The estimates become unreliable once {x becomes:comparable to

R.

. The presence of impurities will clearly affect the entanglement and we have here de-

fined the impurity contribution to the entanglement entropy, S;mp: Using the equivalence
of the electronic Kondo model and the J; — J; spin chain model in the regime Jy < J5 we
have shown numerical evidence that Simp follows a scaling form Sip(r/€x,7/R) demon-
strating the presence of the length scale £x associated with screening of the impurity.
We have provided rather strong arguments in favor of this scaling and analytical results
based on a Fermi liquid approach valid for r > £x. Finally, we have argued that at finite
temperatures the entanglement entropy for a sub-system A of size r, S(T'), will approach
the thermal entropy, S (T), for T > v,/r. In light of the generality of our model we
expect our results to be quite widely applicable. The study of quantum impurity entan-
glement as it occurs in more complex models with many body ground-states displaying
non-trivial order would clearly be of considerable interest.
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Appendix A

4k density operators

The higher order components of the density operator is known in 1D [97] but it’s not
clear what’s the generalization to ladder systems. Here we will derive the higher harmonic
moments of density operators through the process of integrating out the large momentum

modes in the perturbative fashion. The density operator on the oth leg can be written:

ne(z) = Z cl,aca,a = Z Sa,-Sajv,bf,azpj,a. (A1)

a"’]

Using Eq. (1.14), we decompose n,(z) into components that oscillate with various phase
factors kr; + krj. We refer generically to all the components that oscillate with phases
+(kri + krj) as “2kp” terms. Naively, these appear to be all the components of the
density operators. However, there are actually additional 4kr (and higher) components.
These arise from considering more carefully the RG transformation which leads to the
low energy effective Hamiltonian. This transformation corresponds to integrating out,
within the Feynman path integral, the “fast modes” of the fermion fields; i.e. all Fourier
modes except for narrow bands, of width A, near each Fermi point, kp;. We consider in
“detail how this produces 4kr terms in n4(z), in lowest order in the Hubbard interaction,
U. Consider calculating some Green’s function involving n,4(z), or < ns(z) > with open
boundary conditions. Expanding the exponential of the action, to first order in U, inside
the path integral effectively adds an extra term to nq(z):

na(z,7) = n4(z, T)[1+U/dT EZ””T 7', ), (2, 7). (A.2)

z'=1 b=1
We now expand the second term, of O(U) in band fermions using:

na(2,7) = D SaiSaieWla(P)¥iala + ), (A.3)

i,4,2,0,¢

SN (@ )ne ()

z'=1 b=1

= Z Cir insis¥h4(P1 — P2 + P3)Wint (PL)V), | (P2)Wig(p3).  (A4)

byi1,42,i3,i4,p1,P2,P3

Here:

Cil,iz,is,h = Sa'u Sazz Sa’ls Saiu _ (A5)
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and we have suppressed the imaginary time labels 7, 7 which are not too important.
Each fermion field, v;,(p), may either be a slow mode with |[p—kp;| < Aor |p+kri| <A
or it may be a fast mode with |p & kr;| > A. Doing the functional integral over the fast
modes eliminates some of the fermion fields from the correction, dn,(z), to the density
operator, ng(z), replacing them by their expectation value. To generate 4kp terms in
na(z) we take the case where four of the six fields in n,H;y,; are slow modes and two of
them are fast modes. For instance consider the case where:

p = —kp+p i=1
q = kri+kr2+krs+kpa+q
p1 = kra+p1, 91=4
p2 = —kp2+p2, i2=2
ps = krs+pPs, i3=3 - (A6)

where all the § and p; obey |p| < A and § is also small, of O(A). Then four of the fields are
slow modes but 9;4(p+¢) and ¢T1T(p1 —pa+p3) are fast modes. Note that we have chosen

1
the band index to correspond to the momentum range for all slow modes. This would

be necessary if we assume that the momentum range A around each Fermi momentum
is smaller than the difference of Fermi momenta between different bands. The product
of fast mode fields gets replaced by its expectation value during the RG transformation:

< Yjalp+ Q)I/’JIT(Pl — P2+ p3) > §5i,6a16(p + g — p1 + P2 — P3). (A7)
From Eq. (A.6) we see that the last §-function in Eq. (A.7) can be written:
6(p+q—p1+p2—ps) =8(5+ G — Fr+ P2 — Fs)- ' (A-8)

Thus the extra term in the density operator can be written schematically as:

ona(z) o Uexpli(kpy + kra +krs + kra)z] Z Sa154;Cja23 expli(—p + Py — P2 + D3)z]
. j)ﬁ:ﬁl:ﬁ%ﬁs
Xly(—kry + D)t (kra + P1)d, (—kre + Bo) s, (krs + Ps)
= Uexp[i(km + kps + kps + kF4)x]Sa1Sa2SaSSa4¢£1T(¢)¢R4T(x)@b},u(m)wml(‘r)'
(A.9)

Naturally, a large number of other such 4kr terms are generated by choosing other
momentum ranges for the slow and fast modes. It turns out all the terms allowed by
the symmetry will be generated in the low energy continuum limit, which is what we
expected.
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Appendix B

RG Initial Values and the RG
Potential Form

Here we explicitly give the bare coupling values in Eq. (4.2) in terms of the interactions in
Eq.(1.8) and (1.9) for general doped N-legladders. By using @ ag- 0 +6 = 200605y —Jagbqss
Eq. (4.2) can be written as

Hiny = Z Z Z[ ch + 61])¢Rza¢RJa¢Lzﬁ¢LJﬂ 5?]'¢Lia¢Rj/3¢£iﬂ¢Lja
af i =z
1z o 1 fo :
+Z(‘£' + ij)¢Ria¢Ria¢},jﬂ¢Ljﬂ - Efij¢}{ia¢Riﬂ¢},jﬁ¢Lja]’ (B.1)
where 7 and j are running from 1 to N. Note that we have a factor of 1/2 difference from

the definition of operator J;; in Ref. [89]. Expand Eq. (1.8) and (1.9) in terms of the
chiral fermions Eq. (1.14) and we have :

V
HU,V Z Z Z Z[_ ijkl e( 1P3ka+1P4kFl) + (B1Jkl ukl 1Jkl)]

aB ijkl =z B

—Pik Pokp, —Psk Pk
ez( 1kp;+Pakp;—Pskp +Fa Fl)z¢L1ia¢P2ja¢;’3kﬁ¢P4lﬁ
i(—P1kp,+Pakp, —Psk Pyk
_i_ZZZAﬁkerz(_ 1kp;+Pakp; —Pskpy +Ps F’)z¢;31iTwP2jT¢L3k¢wP4ui(B‘2)
ijkl =z B

where P; = + for R/L fermions and with the S;,, in Eq. (1.10)

N
At = Y, SinSimStmSim,

m * * -
ijkl — Smismj5m+1,ksm+1,l-

The 1/2 factor for V and V, in Eq. (1.9) will put them in an equal footing with U. Now
we just have to compare the coefficients in Eq. (4.2) and (B.2) for the same interaction
then we can obtain the bare initial values of the RG interactions. Recall that fi; = fjs,
&; = & and fi; = 0. Following the convention in Ref. [89], the RG equations are written
down for ¢;;, ¢;; and fu where 7 < j. It will be convenient to define the following quantity
for OBC:

ukt E : Bl
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In this basis, we write down the general form for the initial values in the RG equations:

& = 2[(2 — cos2kp,)V Auiii + Vo Siiii + UAiiii)
b 2(VA,'J','J' COS ZkF,. + V_LS'iii'i + UA,-,',-,-),

(B
i (B.
0. = 4{VAiij[2cos(kp, — kr,) — cos(kr, + kr,)] + Vi Sijij + UAyis}, (B
(B
(B.
(B-

&,
¢ = 4[V Aijijcos(kr, + kpj) + V1 Sijij + U Asjis),

(v

ff = 4{VAji;[2 — cos(kr, + kr,)] + V(2S5 — Sijis) + UAijij},

N e e

%

fo. = A[V Ay cos(kr, + kr;) + ViSiijs + Udijij).

Y

[vo o Rvs I v i oe i ve
0 g O Ot s W

)

where i < j here. Eq. (B.3)-(B.8) are not the basis such that the RG potential exists.
In practice, we always deal with the RG. equations in the potential basis. Therefore, we
rescale Eq. (B.3)-(B.8) into the RG potential basis (without tilde) by

& = 4V2(2mv)cl, : (B.9)
& = 4\@(27”),) (B.10)
ag; = 4y/vv;(2m)al;, - (B.11)

o 4
a; = \/3,/'0,'0](27r) T (B.12)

here a is c or f and again 7 < j. After this rescaling, the explicit form of RG potential
is:

V@ = Z‘;\‘f )’ - zsiﬁ%-,( 5

i<j

+§(cfg)2 __7502’1' \/— _1_7 +7z,1fz]:|
1

S ICAE TR +~/,,f,,]

i<j

| V2, V2, 2
+Z<:(cij) \/— n_ \/g ]] \/§7"'.7' ij]

+ D kel _—‘/5%' — V265 + 2% 5’] |

i<y
o g
- Z 1_7 chik Z c‘l]c]kc’lk
i<j<k 1<]<k
(3 (e g 0
- E - [ehicsien, + Cz’jc;"kcik + el (B.13)
i<j<k :
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where the parameters v;; is defined as
r

_ /O (B.14)

Yij = .
v; + v;

With all the above results, we have the bare initial values for the RG equations derived
from simply taking the derivative of the RG potential in Eq. (B.13).
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Appendix C

Dimerization Derivation

The eneigy density for XXZ antiferromagnetic spin chains:
(he) = (87 Srq1 + 87 8%1)/2 + ASESEyy) (C.1)

is uniform in periodic chains. On the other hand, an open end breaks translational
invariance and there will be a slowly decaying alternating term or “dimerization” in the
energy density _

(hr) = By(r) + (—1)"Ea(r), - (C2)

where E4(r) becomes nonzero near the boundary and decays slowly away from it. We can
calculate E4(r) by Abelian bosonization modified by OBC [120]. In the critical region
|A| £1, the low energy effective Hamiltonian is just a free massless relativistic boson.

The staggered part of h, ~ (=1)"+ (v, — ¥lyg) ~ (=1)"t'sin(VanK¢). Here
we basically follow the notations in Ref. [101] but define the Luttinger parameter as
K = w/(2(m — cos™t A)) so that K = 1 for an XY spin chain and K = 1/2 for the
Heisenberg model. In a system with finite R and OBC,

Ea(r,R) <sin(\/47rK¢)> 3 (C.3)

[2% sin(5)1< ‘

At the Heisenberg point, A = 1, Eq. (C.3) will have some logarithmical corrections
due to the presence of a marginally irrelevant operator —(gv/2m)Jy, - Jg in the low en-
ergy Hamiltonian. The staggered energy density E4 ~ sin(y/2m¢) has the anomalous

dimension

i

v(9) =1/2-3g/4. (C4)
With a boundary, the renormalization group equation for E4 is
[0/0(Inr) + B(9)0/8g + ¥(g))Ea(r) = 0. (C.5)

The presence of the boundary actually won’t change the scaling dimension of E4(r) since
we are looking at the case r > 1. This can be seen from considering the operator product
expansion of the interaction term in the Hamiltonian Eq. (C.3) with E4(r). At short
distances and away from the boundary, it’s unaffected by the boundary. The general
solution of Eq. (C.5) is ‘

Balr) = Flal exp{— [ dnsnlo(s, (C.6)




Appendix C. Dimerization Derivation

91

where F is an arbitrary function of g(r). With the second order beta function, 8 = —g?,
we easily get Fa(r) o< 1/[y/r(In|r|)¥4] [117]. One can push this a bit further following
the similar calculation in Ref. {121, 122]. Provided with the beta function up to third

order
. Blg) =g — (1/2)g",
the effective coupling solved from Eq. (C.7) is

g_(l;_) = = = {In(r/re) + 3 nln(r/ro)],

and expanding E4(r) in terms of g(r), we can improve the solution as

= V7[In(r/a;) + %ln‘ln(r/al)]{1 + [ln(r/al)]z}’

where the 1/[In(r/a;)] term can be always absorbed by redefining a;.

EA(’I‘)

(C.7)




