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Abstract ’ : ii

Abstract

Wilson loops which are close to straight, infinite lines are considered in the context of the
AdS/CFT correspondence. The work concentrates on CFT side calculations. The one line
self energy and the connected correlator of two lines are considered. Results are presented
as functionals of the “waviness” function which describes the departure of the Wilson loop
from a straight line. The calculations are performed to second order in waviness. The one -
wavy line expectation value is computed to second order in the ’t Hooft coupling, while
the two wavy line correlator is calculated to third (leading) order in the 't Hooft coupling.
Comparisons of the CFT results to AdS side calculations show behaviour consistent with
the AdS/CFT correspondence.
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Chapter 1

Introduction

1.1 Motivation

It is a long standing problem in physics to understand the strongly coupled kinematical
regime of non-abelian gauge theories, the most important example of which is QCD, the
theory of the strong nuclear force. At low energies, the coupling constant in these theéories
becomes too large for perturbation theory to be applicable. For example, in QCD, at low
energies we have confinement, that is quarks are bound together in such a way that they may
not be separated from one another. The quark-antiquark potential for example, is something
that cannot be calculated using perturbative methods. Lattice QCD, a non-perturbative nu-
merical technique, has had some success in solving strong coupling problems, however it is
desirable to obtain full analytical control of the dynamics. Thus, researchers have looked to
other models as means of obtaining analytical results. '

There is a history of attempting to describe the strong coupling degrees of freedom by strings.

The essential idea here is that when two quarks are bound together, the gluon field lines
form a fluzx tube or string which binds the particles together, see figure 1.1.

Figure 1.1: The field lines between two quarks in the low energy regime of QCD.

The flux tube dynamics would be given by the non-perturbative calculation of the Wilson
loop: '

W(C) =j&pexpz]§CdsA(x(s))-;e(s) Ay

but the non-perturbative calculation is not, in general, possible. Before the strong interac-
tion was understood as a gauge theory, there was an attempt to describe the quark bound
states as excitations of a quantum string. This was the beginning of modern string theory.
The Regge relation between spin and mass of the hadrons, for example, was well modelled
by the early string theories. The advent of QCD however, replaced string theory as the
explanation of the strong force. Then in the early 1970’s 't Hooft [2] showed that there
existed a limit of non-abelian gauge theory where the rank of the gauge group N is sent to
infinity, which could be interpreted as a kind of string theory. This did not solve the problem
of non-perturbative calculations, but did provide a connection between gauge theories and
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strings.

String theory was revived in the 1980’s as a candidate for a quantum description of gravity
and a grand unified theory. Much work has been done in this field and recently (1998)
a new connection between strings and gauge theory has been discovered. Maldacena (3]
conjectured a duality between supersymmetric Yang-Mills theory (SYM) in four dimensions
and superstring theory on the ten dimensional space AdSs x S°. This duality has been ex-
panded upon and verified by many researchers. The most exciting aspect of this conjecture
is that the limit of strong coupling in the gauge theory is equivalent to a weakly coupled
limit of the string theory which happens to be ten dimensional supergravity. This means
that the non-perturbative regime of SYM may be calculated using perturbative supergravity.

The Maldacena conjecture, also known as the AdS/CFT correspondence, represents a major
breakthrough in the work to understand strongly coupled gauge theory. As mentioned above,
the potential between two strongly interacting particles should be described by the Wilson
loop. The connection between the Wilson loop in SYM and the AdS/CFT correspondence
has been investigated recently by many researchers. The results for a straight line Wilson
loop have been previously obtained. However in order to probe the inner workings of the
AdS/CFT correspondence, it is an interesting problem to understand Wilson lines which are
close to straight. We call these the wavy lines, and we calculate results for thelr interactions
with one another as functions of their waviness.

1.2 Large N Field Theory

The AdS/CFT correspondence involves supersymmetric Yang-Mills theory, as was previously
mentioned. In fact the limit of interest for the correspondence is one in which the rank of
the gauge group N of SYM is taken to infinity. This is called the large N limit. This section
will briefly review the concept of the large N limit of non-abelian field theory. We will follow
(closely at times) the treatment given in [4].

Consider SU(N) gauge theory with fermionic matter in the fundamental representation. The
standard form of the action is:

S = / d*z [ —Tx F2, + Piy* (10,83 — gAGES) ;5 — mabidi b (1.2)

where,
Fu = 0,ASt" — 8, AGt® —ig [ASt®, ADt®] C(L3)
and t* where a = 1,...,(N? — 1) are the generators (matrices) of the fundamental represen-
tation of SU(N), thus z,j = 1,..., N. For a review of gauge theories, and the notation used

above, see [1]. We begin by makmg the followmg redefinition of the fields:

Al — gAY — gy (1.4)
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which allows us to write the action in the following form:

1 1 s .
S=2 / d'z { = 7 T FL, + iy (10,05 — ALt5) oy — mabadiyy (1.5)
where now F,, contains no factors of g. It was 't Hooft [2] who considered expressing the
gauge degrees of freedom as:

Ajts — (A,,);j : (1.6)
in this language the propagators have the following index structure:

((Au(a))gy (Al Y (B — :6550%) (17)
(Bl v) )~ & s

and therefore to leading order in the large N limit, the second term in the gauge field
propagator may be ignored. In fact, this second term disappears entirely if one considers
the gauge group U(N) instead of SU(N), and then everything that follows here is exactly
(instead of approximately) true. In non-abelian gauge theory, the gauge field A§(x) always
transforms in the adjoint representation of the gauge group. The interpretation of the picture
which emerges here is that an adjoint field ¢*(z) may be represented as a direct product
of fundamental and anti-fundamental fields, ¢;(z)¢;(z) = ¢;;(z). In group theory language
this is the statement: '

N ® N = adjoint @ singlet (1.9)

but for large N the singlet contribution is suppressed, as per (1.7). Thus the adjoint gauge
fields are in a sense quark/anti-quark composites, stressing the flur tube interpretation men- -
tioned in section 1.1. ’t Hooft developed a digram notation based on this fact, sometimes
called the fat graph notation,

—
1

(Aol )~ e

—_

in this notation the three and four point vertices, and the quark-gluon‘vertex are gi\}en by
the diagrams shown in figure 1.2. Gauge fields (adjoint) are represented by double lines, and
quarks (fundamental) are represented by single lines.

We now introduce the quantity A which is known as the 't Hooft coupling, A = g°N. Glancing
back at (1.5), it can be seen that the three and four point vertices come with a factor of
1/9* = N/ whereas the gauge field propagator is proportional to g2 = A/N. Also, in a given
diagram, when an arrowed line closes on itself (forms a loop) it supplies a factor of é; = N.
Consider now the set of all vacuum diagrams involving gauge fields alone, an example of
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Figure 1.2: Vertices in the 't Hooft model.

@

Figure 1.3: A vacuum diagram composed entirely of gauge fields.

which is shown in figure 1.3. A diagram with V' vertices, E propagators and F loops will
therefore be proportional to:

NV-E+F\E=V (1.10)

We have chosen the letters V' and E because if we collapse the double lines to single ones,
then the diagram has V' vertices, and E edges, as in figure 1.4. The letter F' is chosen because
each loop forms a face in the double-line diagram.

Figure 1.4: The vertices and edges of the diagram in figure 1.3.

The combination x = V — F + F' is recognized as the Euler character, which implies a
connection between the diagrams and surfaces of a given genus 9 since ¥ = 2 — 2g. Thus
we have that a given diagram is proportional to:
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N?720)\E-V | - (111)

and so diagrams corresponding to surfaces of higher genus are suppressed by successive pow-
ers of 1/N2. An example of a higher genus diagram is shown in figure 1.5. : ‘

Figure 1.5: A diagram associated with a surface of genus g—: 1.

Referring to figure 1.3, we see that V'=2, E = 3, and F' = 3, and therefore. the power of N
associated with this diagram is N273+3 = N2 or equivalently the genus g is 0. The genus 0
graphs are given a special name, they are called planar graphs. This is because they can be
drawn on a plane. In contrast figure 1.5 shows a graph with V =4, E =6, and F = 2, and
thus is proportional to N° or is genus 1 and obviously can not be drawn on a plane due to
the crossing central propagators: a handle would need to be added to the plane in order to
“draw this graph. ‘

The sum of all the vacuum diagrams would take the following form:

S NEHE () L aw
FN) =3 con (1.13)

where the function F,(A) is the sum of all diagrams of genus g, which is naturally a power
" series in the 't Hooft coupling. For example Fy(A) would be the sum of all planar diagrams.
The point of interest here is that in the large N limit, we have a perturbative genus expansion.
In string theory, the very same type of expansion arises in the calculation of amplitudes. It
is this connection to string theory which makes the ’t Hooft model so appealing: it connects
QCD-type quantum field theory to string theory. '

We have used the all-gauge vacuum diagrams to elucidate the salient features of large N
field theory, however there are natural generalizations to the addition of the fermions and
even Fadeev-Popov ghost particles. The genus expansion is retained in all of these cases.
‘The typical calculation in a large N field theory involves taking A to be finite and small, this
is achieved by scaling the Yang-Mills coupling g —0 as NNV is scaled to infinity. Then, since
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the planar diagrams dominate, regular perturbative (in A) calculations can be performed
ignoring all but the planar graphs. This is precisely the limit used in the calculations in this
thesis.

1.3 String Theory

String theory is a vast and highly technical field of physics research, and no attempt will
be made here to cover it completely. The purpose of this section is to introduce (without
proof or derivation) the aspects of string theory which are important for understanding the
AdS/CFT correspondence. There are two standard texts on string theory [5] and [6], while
~ a good warm-up review paper is [7].

1.3.1 Preliminary Concepts

A concept which is usually introduced in a first course in General Relativity is the action
associated with a particle in a given background space-time geometry. ‘This action is the
proper length of the particle’s worldline, which when extremized gives the trajectory or
equation of motion of the particle. The action is:

S=-m / dT\/ —dx;T(T)Gwdx;y) | | (119)

where the embedding functions z#(7) describe the worldline of the particle, m is the particle’s -
mass, and G, is the metric of the background space-time. The functions which extremize
this action are the geodesics of the space given by G,,. The starting point of string theory is
to generalize these concepts from a zero dimensional object (a particle) to a one dimensional
object - a string. '

x°®

- Figure 1.6: The string, sweeping out its worldsheet as it propagates.
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The natural form for the strihg action is the proper area of the worldsheet swept out by the
string as it propagates through space-time. The generalization of the embedding functions
are X#(r,0), where o can be thought of as the coordinate that runs along the string at any
given time, while 7 can be thought of as the “worldsheet time”, see figure 1.6. The action,
known as the Nambu action, is therefore:

1

2

S—_T / drdo [— det aaX“GWabX”] (1.15)

where a,b = 0,1 are worldsheet indices such that 0 refers to 7 and 1 to o. The quantity T
is the string tension, a measure of the energy per unit length of the string. The program of
string theory is to quantize the above action, and examine the associated Hilbert space of
physical states. We discuss this next. '

1.3.2 Quantization_ and Spectrum

In order to quantize string theory, an action other than, but equivalent to the Nambu action
is used. It is called the Polyakov action, in a flat space-time background it is:

S = —-:g— / d*ovV/—hh™8, X" 0, X, (1.16)

where h is the worldsheet metric, which requires gauge fixing prior to quantization. The
determinant of h? is denoted by h. Without going into any detail, the gauge choice is
he® = n% = (~39), and then the equation of motion derived from the Polyakov action is
simply the wave equation: :

(=82 +02) X» =0 | (1.17)

The boundary conditions which are consistent with the vanishing of surface terms in the ac-
tion allow for solutions describing closed strings, which are loops of string, and open strings
which are bits of string that have ends. The ends of open strings can have either Neumann
(free), or Dirichlet (fixed) boundary conditions.

Take for instance an open string with free ends, the solution of (1.17) with these boundary
conditions is: '

1 N
XH#(r,0) = z* + PPphr + 1l E —abe ™ cosno (1.18)
n
n#0 )

where we have introduced the characteristic string length [ = 1/+/#T. The program of
quantization involves treating the a#’s as ladder operators obeying quantum commutation
relations. A ground state with momentum p is defined via:

anl0;p) =0 V n>0 (1.19)

and then excited states are formed by acting on the ground state with the raising operators
at,,, for positive n. Without going into any detail, the states in string theory have different

'
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masses, i.e. different values of p#p,. The interpretation is therefore that each string theory
state corresponds to a particle of a given mass, the higher the excitation of the string, the
larger the mass of the particle. Figure 1.7 gives a heuristic picture of this for the first three
states of the open string. :

mass = m
mass=m+M
mass = m + 2M

Figure 1.7: The tower of mass states for the open string.

The m in figure 1.7, refers to the ground state mass, i.e. the mass of the state |0;p). Subse-
quent states are equally spaced (in mass) above m by a mass spacing M. This mass spacing
is proportional to the string tension 7. '

The treatment given here of the quantization of the string is vastly simplified, and many
technical points have been left out. The purpose however, is to introduce the basic concepts
at play. :

1.3.3 The Superstring

In this section we introduce the supersymmetric generalization of string theory, which is
called superstring theory. Supersymmetry is a symmetry which transforms fermionic and
bosonic degrees of freedom into one another, the most important consequence of which is
that every bosonic particle has a supersymmetric sister particle which is a fermion, and
vice-versa. For a review of supersymmetry, see [8], the standard text on the subject is [9].

The superstring action, which is a generalization of the Polyakov action is:

S = —g / d?o {0, X"0°X,, — " p*Oathy } (1.20)

where we have assumed a flat space-time background, and the worldsheet metric has been
fixed as previously mentioned. The 9*(r, o) represent a D-plet (assuming that p =0, ..., (D—
1)) of two component Majorana fermions transforming in the vector representation of the
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Lorentz group SO(D—1, 1), and p® are the two dimensional Dirac matrices obeyir_lg {0% 0°} =
—2n°. - When this action is quantized, the Hilbert space of mass states includes bosons as
well as an equal number of fermions.

One point which was left out of our discussion of quantization (section 1.3.2) was the critical
dimension. In order to avoid states in the Hilbert space of string theory which have negative
norm, i.e.,

(4]4) <0 | (1.21)

it is necessary to choose a specific value for D, the number of space-time dimensions. For the
superstring, it is found that only the choice D = 10 ensures that these unphysical negative
probability states disappear. We say that the critical dimension for superstring theory is ten.

The aspect of string theory which is most important to the understanding of the AdS/CFT
correspondence is the spectrum of massless particles and the effective theory describing their
dynamics and interactions. This is because the mass levels in string theory are separated
by an energy scale given by the characteristic string length ! which should physically be the
Planck length, and so the mass spacing M is about 10!® GeV. Thus for earthly energy scales
only the lowest mass states of string theory should come into play, these are the massless
states. Amongst the massless states in superstring theory, is a closed string state which has
spin equal to two. This is a graviton, superstring theory includes (amongst other things) a
quantized description of general relativity. In fact if we consider only closed strings, the low
energy effective theory of the massless states is 10 dimensional supergravity. Supergravity is
a supersymmetric and quantized generalization of general relativity which was first realized
by Freedman, van Nieuwenhuizen, and Ferrara in 1976, see [10].

The specific details of supergravity (or SUGRA) will not be important to us in this thesis.
Instead we will move on to describe string interactions, and special dynamical objects which
arise in string theory called D-branes.

1.3.4 String Interactions

We now discuss how strings interact with one another. The picture to keep in mind is shown
in figure 1.8, on the left is a one-loop Feynman diagram. The Feynman diagram shows two
point particles entering from the bottom, interacting and then emerging from the top. The
figure on the right shows the same process, however the point particles have been replaced
by closed strings. '

The action of string theory contains an important symmetry which we have not yet alluded
to. This is the conformal symmetry of the worldsheet. Consider the equation of motion
(1.17) for a string with a worldsheet  metric of Euclidean signature. This is obtained from:
the standard Minkowski signature metric via the rotation 7 — 7. The effect is to flip the -
sign on the 7 derivative, and so we are left with the 2-D Laplace equation, which is invari-
ant under conformal transformations. Conformal transformations include straightforward
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Figure 1.8: String interactions, as compared to those of point particlés.

rescaling of the coordinates. This means that we can shrink the legs_of the diagram in figure
1.8 down to zero size, as shown in figure 1.9."

Figure 1.9: A conformally transformed picture of the interaction in figure 1.8.

The ® symbols on the torus in figure 1.9 reflect the fact that the external legs cannot be
made to disappear entirely. An operator, specifying the manner in which the external par-
ticle attaches to the torus, must be inserted on to the worldsheet (the torus). This is called
a vertex operator. A general string theory amplitude can thus be calculated in the following
way. Take for example the four-point function, of which the process in the figures is the
one-loop contribution to. For the first contribution, the torus is replaced by the sphere.
We identify two of the four external states as the incoming or initial and outgoing or final
states |¢;) and |¢;). We attach the initial and final states to the worldsheet via their vertex
operators, and propagate the string between the vertex operators using a propagator P, see
figure 1.10. ' '

In calculating an amplitude we integrate over all‘p_ossible positionings of the vertex operators
on the surface, modded-out by the conformal transformations relating one positioning to
another:
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Figure 1.10: The leading contribution to the four-point function.

Aw/(¢i|VPVPVPV|¢f) . (1.22)

where we have represented the vertex operator by the symbol V. Just as in field theory
where the higher loop contributions are suppressed by powers of the coupling constant, in -
string theory we find the following factor of the string couphng constant g, assoc1ated with
the g-loop contribution to the M-point function:

(g2)7gM? N (1.23)

And so we see that in string theory there is a genus expansion, that is we sum up the con-
tributions of placing our vertex operators on surfaces of progressively higher genus g, and
each contribution is suppressed by g? as compared to the previous one.

Our treatment of string interactions has been entirely schematic. This is because the de-
tails will not come into play in the thesis. What is important is that the reader have a
diagrammatic picture of how strings interact with one another.

1.3.5 D-Branes

Recall from our discussion in section 1.3.2 that open strings may have two sorts of boundary
conditions at their ends, free (Neumann) or fixed (Dirichlet). Now consider mixing these
boundary conditions by applying Neumann to one subset of the (ten) space-time dimensions,
and Dirichlet to the remaining dimensions. That is, set: ’

8, X*|
X*]

:O? /’L:O7]‘)""p
=Ct p=p+1,...,9

o=0,7

(1.24)

o=0,n

where we have placed the ends of the string at o = 0, 7, and the C* are constants. What we
have here is a p+ 1 dimensional hypersurface along which the strings ends are attached and
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free to propagate within, but are fixed with respect to motion perpendicular to the hypersur-
face, see figure 1.11. The hypersurface is called a D-brane, short for “Dirichlet Membrane,”
since Dirichlet boundary conditions are enforced on the hypersurface.

Figure 1.11: A D-brane with an attached open string, closed strings are not constrained by
D-branes. ’

Closed strings are not constrained by D-branes, since they have no ends. However a D-brane
may produce a closed string, via an open string on the D-brane bringing its ends together
and detaching from the membrane, thus D-branes interact with closed strings. Let us now
describe the spectrum of massless states associated with open bosonic strings attached to
the D-brane as pictured in figure 1.11. There are two types of these states:

e o",|0;p) where 4 = 0,1,...,p. These states correspond to a gauge field A, living in
the D-brane world volume. : :

e o™ |0;p) where m =p+1,...,9. These states correspond to (9 — p) scalar fields ¢,
whose vacuum expectation values describe the transverse position of the D-brane in
the space-time. The quantum fluctuations of the scalar fields describe fluctuations in
the shape of the D-brane. '

For the superstring, the bosonic degrees of freedom listed above have fermionic superpartners.
The second item above shows us that D-branes are dynamical objects in string theory. In
fact D-branes can interact with one another as well as with string states in the “bulk” of
space-time. One can even write down various low-energy effective actions describing the
dynamics of D-branes in various configurations. The configuration which is of prime interest
in the AdS/CFT correspondence is a set of N parallel and coincident D3-branes (i.e. p = 3),
in a flat space-time background in the low energy limit of superstring theory. The dynamics
of this system is dimensionally reduced ' = 1, ten dimensional supersymmetric Yang-Mills
theory or SYM, which is exactly N = 4, four dimensional SYM!. The gauge group of the

1The symbol N refers to the number of supersymmetries which the theory is invariant under. See (8].
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SYM is SU(N), and the relation between the string coupling constant g, and the Yang-Mills
coupling constant gy s is:

go s = 4mg, (1.25)

The action of N' = 4, four dimensional SYM with gauge group SU(N) is given in the
appendix (A.1). This theory is known as a conformal field theory or CFT which means
that it is invariant under conformal transformations of the space-time coordinates. Since
conformal transformations include the scaling of distances, CFT’s are scale invariant and so
there is no concept of size or distance. The fact that A = 4, four dimensional SYM is a
CFT will play a central role in the AdS/CFT correspondence.

1.4 The AdS/CFT Correspondence

The Maldacena conjecture [3], or AdS/CFT correspondence, asserts that there is an exact
duality between superstring theory on the background space-time AdSs x.S° (to be described
shortly), and N = 4, four (flat) dimensional SYM, (the CFT). In order to appreciate this
remarkable connection between gauge theory and string theory, it is necessary to understand
the properties of five dimensional Anti-de Sitter space AdSs.

1.4.1 Antl-de Sitter Space

Anti-de Sitter space is a solution of Einstein’s equatlons of general relativity with constant,
negative curvature. This means that there is a non-zero cosmological constant term in the
action. It is also a space of so-called maximal symmetry, which means it has as many sym-
metries as a flat space of equal dimension. The simplest way to understand the symmetries
of (p + 2)-dimensional anti-de Sitter space AdS,2, is to present the space as an embedding
in a (p + 3)-dimensional space. We can represent AdSy,; as the locus of points:

. p+1 '
V=y'y =9ty =) ¥ =R (1.26)

i=1

in the (p + 3)-dimensional space, described by the metric:

pt+l :
ds® = —dyf —dyZ,, + Y _dy? o (1.27)
i=1
The isometries of the above metric are described by the group SO(2, p+1). This means that
the length y? is invariant under this group of transformations. Since the embedding is just
y? = R?, it inherits the symmetry group of the target space, and so AdSpi, has SO(2,p+1)
as its 1sometry group.

In order to obtain the metric of AdSy.2, we find a solution to (1. 26) and plug it into (1.27).
One such solution is:
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1
% =52 [1 +u (R2 t2)]
y—Ruw zzl,...,p (1.28)
1 ' ’
P+l = 1 1] — 2(R? — 2 4 42 . \
y 5o | -~ (B -2+ )]
Yp+2 = Rut
where & = z* is a p-vector. Plugging this into (1.27), we obtain the metric of AdS,:
di® . ., -
ds? = R? ( Y (—dt? + di’z)> (1.29)
u? .
or, setting z = 1/u, | '
| 2 4 dg? — dt?
ds® = R? (dz ha - ) (1.30)

Anti-de Sitter space has a boundary which will be of great interest to us. CQrisider tak-
ing the limit z — 0 in (1.30), essentially a blown-up Minkowski space is what is obtained.
Although this is not quite true, the boundary of AdS,,, is conformally equivalent to (p+1)-
dimensional Minkowski space Mp,;. In fact, the action of the isometry group of AdSy»
(that is SO(2,p+1)) on the boundary, is simply the action of the conformal group on Mp+1
We say that the boundary of AdS is conformally flat.

It is often convenient to work with a metric of Euclidean signature, which may be obtained
by rotating the time coordinate ¢ — —it. In this thesis we work with Euclidean metrics in
all calculations. The Euclidean AdS» metric is simply:

dz*+dz3 +-- -+ dzx :
ds? = R? ( , 1 : ”“) (1.31)
v > . L
and its isometry grdup is SO(1,p + 2). Its boundary is conformally equivalent to (p + 1)-
dimensional Euclidean space E,,;, and the action of SO(1,p + 2) on the boundary is the

action of the conformal group on Epi1.

What we have established here is that the boundary of AdS space is a “flat space” of one less
dimension which has an enriched symmetry not found in standard Minkowski or Euclidean
spaces, this is conformal symmetry. Although they will not be 1mp0rtant in this thesis, the
conformal transformatlons on Euclidean space are:: '

: Dilations:‘ z* — Az
x/“ + a/‘xz . ‘ (1.32)
1420z + a2z

Special Conformal Transformations: z* —

where p is a Euclidean index.
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1.4..2 SUGRA Solitons and String Theory D-Branes

A soliton is a stable, classical solution to the equations of motion of a quantum field theory.
It can be thought of as a background field around which an action can be expanded, and
so the quantum excitations of the fields in question would be fluctuations about the soliton
configuration. In gravity, the fields are the geometry of space-time, and so solitons in gravity
theories are background space-times. We mentioned earlier that the low energy effective the-
ory of closed strings was supergravity, a supersymmetric generalization of general relativity.
We will now introduce a soliton in SUGRA which is central to the AdS/CFT correspondence.
Since it will not illuminate the work of this thesis to give a proper derivation of the SUGRA
soliton solution at hand, we will simply state the result. For an in-depth treatment, see [11],
which also includes many general calculations concerning AdS/CFT left out of this thesis.
‘The solution is:

ds® = f7V2 (=dt? + da? + da? + da?) + fV? (dr? + r2d02)

F=1+RY/r (1.33)

where dQ2 is the metric on the five-sphere S°, and R is a constant. This space has two
interesting limits, the first is to send » — oo, and thus f — 1. We have just ten dimensional
flat space, although five of the dimensions are expressed in polar coordinates. The other
limit of interest is to take r — 0, and thus f — R*/r*, which yields:

7.2

d32: '}?(“

R? '
dt* + dz? + dal + d2?) + T—Zdﬁ + R2dQO} (1.34)

Making the coordinate redefinition z# — R~2z# and comparing to (1.29) with u = r, we see
that we have the metric of AdSs x S°® where the radii of the five sphere and the AdS space
are equal.

The soliton (1.33) is known as a 3-brane. This is because it can be viewed as a flat, three
(spatial) dimensional space (or brane) sitting in a higher dimensional space which is isotropic
in the dimensions transverse to the brane. Here the brane coordinates are (¢, z;), while the
transverse coordinates are r and the five angles on Ss. The coordinate r is the “transverse
distance” away from the brane, i.e. the brane is located at » = 0. Notice that the metric
blows-up at r = 0, although this is an artifact of the coordinate system and no physical
quantity is infinite at this location, it happens to signal the existence of a “horizon”. A hori-
zon is the “surface” of a black-hole, the point of no return for massless particles propagating
in the space-time. Thus here, 7 = 0 is called the “horizon” of the space. Also note that
for space-time to be curved, there must be a source of stress-energy. Although we have not
shown it here, the 3-brane is charged with respect to certain gauge fields which are part of
the particle content of SUGRA. It is this charge which generates the required stress-energy,
and is thus the source for the curvature. In other words the charged brane is the source for
the soliton solution. '

When one considers SUGRA in the background (1.33); i.e. we quantize the theory by ex-
panding the fields about this solution, the following behaviour is found. For low energies, the
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fields out at 7 = oo (i.e. those that propagate in essentially flat space), do not interact with
the fields around 7 =0 (i.e. those that propagate in AdSs x S®). Thus in the low energy
limit, we have two decoupled SUGRA's, one in the near horizon which has AdSs x-S° as it’s -
background, and one far away from the 3-brane which sees just flat, ten dimensional space.

During our discussion of D-branes in string theory (section 1.3.5);, we mentioned that D-
branes may interact with closed strings in the bulk. Let us consider the system of N coincident
D3-branes we mentioned previously. We already asserted that the theory describing the
(massless, read low energy) open strings living on the ‘branes was N' = 4 SYM with gauge
group SU(N). However the full system (at all energies) should be described by an action
" encoding the dynamics of the closed strings in the bulk, and an action describing brane-bulk
" interactions in addition to the brane action. That is, the full action describing the dynamics
of the system should have the form: :

S = Sbulk + Sbrane + Sint, . (135)

Recall from our discussion concerning the quantization of strings (section 1.3.2) that at
low energies Spux is just SUGRA. Thus, it is not too surprising to find that string theory
D-branes are charged with respect to the SUGRA gauge fields mentioned in the soliton
discussion above. The string theory statement is that D-branes interact with closed strings
in the bulk (via Siy) in such a way that D-branes appear charged with respect to certain
closed string states which are these gauge fields of SUGRA. In fact, our configuration. of
D-branes is a source for the SUGRA soliton (1.33), as long as one is looking at the system
far away from the D-branes and the energy is low. Here far away means r >> [, where r
is the distance from the D-branes and [ is the characteristic string length scale introduced
previously. Thus a dual description of the physics of the SUGRA soliton (1:33) exists using
string theory with D-branes, in particular with the configuration of D-branes which gave us
SYM as the low energy brane theory. Using this dual description one can draw a relation
between the constant R in (1.33), and the constants describing the string theory D-branes:

R'=4rg,0®N (1.36)

where o/ = 1/(27T) = [2/2, where T is the string tension, and [ is the characteristic string
length scale. There is an interesting way to take the low energy limit of this system of co-
incident D-branes. We explained earlier that in order to excite higher mass states in string
theory an energy proportional to T was necessary. By sending ! (or o) to zero, we're in-
creasing that mass gap, which has the same effect as just lowering the energy of our string
states. What happens to our system is that Sip; — 0 as o/ — 0. What we’re left with is two
decoupled theories, SYM at r = 0, and SUGRA in flat, ten dimensional space in the bulk at
r # 0. The SUGRA space is flat because the D-brane charge is decoupled from the SUGRA
fields. :

Notice that the SUGRA soliton solution also had two decoupled theories for low energy,
and one of them was the same as one from the D-brane description, i.e. SUGRA in flat,

- ten dimensional space at large r. The Maldacena conjecture is that the other two theories
at 7 = 0 are similarly equal, i.e. SUGRA on AdSs x S® and N = 4, SU(N) SYM in four
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dimensions. In fact, the conjecture goes beyond this, to say that closed string theory and
not just SUGRA (its low energy limit) on AdSs x S° is equivalent to the SYM.

We're interested in the region r — 0, however on the string theory side we'’re also taking
o' — 0. Maldacena introduced the near-horizon limit, where U = /¢’ is kept fixed as r and
therefore o/ is sent to zero. Replacing r by U in (1.34) and in light of (1.36), we have that
the near-horizon geometry of the SUGRA soliton is: '

2
VangsN

which is still (of course) AdSs x S®, however we have “zoomed-in” on the region r = 0 and
blown it up so that all values of U correspond to r = 0. Introducing new coordinates:

' dU?
ds? = o (—dt® + da? + dzj + dz3) + 47rgsNF + 4/4ng, NdQZ (1.37)

, T ' v . ,
xl‘ SR —
yine - | (1.38)
yi:ﬁ where i=1,...,6 and 69 =6>=1 '
we have,
‘ 1 ‘ o ' '
ds? = a'\/47rgsN—y—5 (dz*dz,, + dy'dy’) | (1.39)

where the 6 are coordinates on the five-sphere. Comparing with (1.30), we see that the
point y* = 0 corresponds to the boundary of AdSs and a point on the five-sphere. This is the
four dimensional flat space with conformal symmetry mentioned earlier. In the AdS/CFT
correspondence, we are to imagine that a “hologram” of closed string theory on the space .
(1.37) is projected onto its boundary at y* = 0, as a four dimensional field theory which
adopts the symmetry of that space - i.e. conformal symmetry. Thus we are to imagine that
our CFT: N =4, SU(N) SYM, lives on the boundary of the near-horizon space AdSs x S5,
and encodes all the information of the string theory.

1.4.3 The Correspondence

The most common application of the AdS/CFT correspondence involves taking the large N
limit of the CFT. Recall from section 1.2, concerning large N, that the effective coupling
constant is the 't Hooft coupling A = ¢g2,,N, which is held fixed while N — co. Now recall
(1.25) and (1.36), we have:

A=gN=" =" ‘ (1.40)

If we consider a fixed value of R, we see that the 't Hooft coupling is related to o' via
a2 ~ 1/). Physical effects which are due to the stringy nature of string theory are controlled -
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by @' since the characteristic string length | = v2¢/. This means that stringy corrections -
on the AdS side of the correspondence are related to 't Hooft coupling corrections to the
CFT side results. Now note that kéeping R fixed another relation can be gleaned, namely
gsa' ~ 1/N. Recall from (1.23) that g,, the string coupling constant, controls quantum
corrections to the string theory. These corrections come from loop diagrams which are rep-
resented by string worldsheets with higher genera. Now recall (1.12), in large N field theory
the non-planar (i.e. higher genus) diagrams give corrections controlled by 1 /N2, Thus 't
Hooft’s connection between large N field theory and string theory is finally realized. The

+ AdS/CFT correspondence tells us that higher genus string theory corrections are related to

higher genus (non-planar) CFT corrections.

There are two limits of interest in the AdS/CFT correspondence. The first is A < 1. Here
we’re in the perturbative regime of the CFT. However, since N — oo, g, — 0 which means
" only the simplest string interaction diagrams should be kept, these are the tree-level dia-
grams (i.e. no loops). Since in quantum field theories the tree level diagrams reproduce the
classical results, this is also called the classical limit of the string theory. The radius of the
AdS space (and five-sphere) here is much less than the characteristic string length {. This
means that the space is highly curved and that the strings “see” the curvature very strongly.
So here we have a duality between classical closed string theory and a perturbative CFT.
It has been found that o' corrections to the string theory agree order by order with 1/v/A
corrections to the CFT. It is not clear however, whether order g, corrections to the string
theory (quantum effects) would agree with order 1/N? (non-planar) corrections to the CFT,
even though the correspondence tells us that there must exist some relation.

The second limit of interest is A > 1. Here we have the non-perturbative, strong coupling
regime of the CFT. We still take N — oo, and g,, — 0, however A and so g,N is fixed to
a large instead of a small value. The radius of AdSs x S° here is very large, much larger
than the string scale, and so this limit is like holding R fixed and taking o/ — 0, which we
know is the low energy limit where the string theory reduces to SUGRA. Since g, is still
taken to zero, the SUGRA is tree-level or classical, and on the background AdSs x S5 with
large radius. This is a very exciting development indeed, for now non-perturbative CFT
calculations which are impossible to do, can be done using classical supergravity. It is not
clear whether or not the non-planar (i.e. 1/N?) corrections to the CFT would match up with
SUGRA corrections of order g, (i.e. loop diagrams or quantum effects). It is also not clear
whether or not o' corrections to SUGRA (i.e. stringy effects) would match up with order
1/ VA corrections to the strong coupling CFT results, even though, again the correspondence
does predict some relation.

It is these two limits, and mostly the second, that have been investigated by researchers. The
pure form of the Maldacena conjecture asserts an exact equivalence between closed string
theory on AdSs x S® and N = 4, SU(N) SYM in four dimensions for all values of g, and N.
This form of the conjecture has not been established yet. The prescription for the AdS/CFT
correspondence in the strongly coupled CFT regime was suggested by Witten [12] and can
be represented as follows: '
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<exp / d*z go(z) 0(m)>CFT — exp '(—SSUGRA [4dSs x 8%, _ ¢0) (1.41)

On the left we have an expectation value in the CFT, on the right what is essentially the
partition function of SUGRA on AdSs x S°, evaluated at the classical solutions for all its
fields so that the action is minimized. The field ¢ represents a given field in the SUGRA,
whose functional form on the boundary B is ¢y. The operator O(z) is an operator of the
CFT.which is dual to the boundary field ¢o. In practice, one would solve the classical equa-
tions of motion for the SUGRA field ¢ and impose the boundary condition ¢|p = ¢ in order
to compute the right hand side. The left hand side would then be computed via Feynman
diagrams, assuming the operators O(z) were knewn. Different SUGRA fields couple to the
CFT via different operators O(r). ‘

We will not delve into the details here, but the various O(z) operators have been discovered,
and many tests of (1.41) have been executed and found to be true, see [12-16]. In fact there is
no evidence to date suggesting that the AdS/CFT correspondence is false. A rather different
“corollary” of the Maldacena conjecture which has also been widely and successfully tested
is a form of (1.41) where on the left hand side one has the Wilson loop. It is this form of
AdS/CFT which is most interesting to the work of this thesis, and we shall describe it next.

1.5 Wilson Loops in AdS/CFT

In this section we’ll review the Wilson loop operator in gauge theory, and show the construc-
tion of such an operator in the AdS/CFT correspondence. We will see that the dual string
theory description of this Wilson loop is a surface of minimal area in AdSs whose boundary
is the loop. Finally we will review tests of this form of the AdS/CFT correspondence which
have been successfully carried out in the literature.

1.5.1 The Wilson Loop

In non-abelian gauge theory the Wilson loop operator is defined as:

W(C) = TrPexpi fc dsA(z(s)-4(s) - (142)

where z,(s) defines the the trajectory of the loop C, A,(z(s)) is the non-abelian gauge field,
and the exponential is path ordered, which means that in the Taylor expansion fields with
higher values of s are placed to the left. This is important because in non-abelian field the-
ory the fields are represented using matrices which do not commute. The trace is over the
fundamental® representation, which means that we are to interpret A,(z(s)) = A%(z(s))T*®
where T are the generators (matrices) of the fundamental representation of the gauge group
of the theory. For example if the gauge group is SU(N), then a = 1,...,(N? — 1), and each
T is an N x N matrix, forming a basis for the traceless, hermitian N x /N matrices. The

20ther representations can be considered, but they won’t concern us here.
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trace would then be over the N x N matrix indices.

An important application of the Wilson loop operator is to take the loop C to be a rectangle
elongated in the time direction, with width in the spatial dimension R, see figure 1.12.

~

Figure 1.12: The Wilson loop which is related to the quark-antiquark potential.

In the limit 7 > R, it is a general result of quantum field theory that:

(W(C)) = A(R)eTV®) | (143)

where V(R) is the potential energy between a quark and an antiquark (particles in the
fundamental and anti-fundamental representation respectively) who are separated by the
distance R. The factor A(R) is dependent only upon R. In fact the two vertical edges of
the rectangle can be viewed as the worldlines of these two particles: they are at constant
- positions separated by a distance R. Notice that this means that the quarks are idealized
sources, whose trajectories are unaffected by their mutual interaction. This is analogous to
assuming that the quarks are infinitely massive, and so immovable. ’

1.5.2 Construction of the Wilson Loop in AdS/CFT

It is a trivial matter to add massive particles in the (anti) fundamental representation (i.e.
quarks) to a standard gauge theory, c.f. (1.2). However, if we are to construct a Wilson loop
operator for the AdS/CFT correspondence which has the property (1.43), we must find a
way to add such particles to the brane theory, i.e. the CFT. As it stands there are no such
particles in N' = 4 supersymmetric Yang-Mills theory in four dimensions. Maldacena [17]
suggested considering a system of (N + 1) D-branes, where the extra D-brane is placed very
far away from the other coincident N. The strings on the extra D-brane can be ignored,
except for strings which stretch from the extra D-brane to the other N. In the low energy
limit, these stretched strings behave as massive particles in the (anti) fundamental repre-
sentation of the gauge group SU(N). As is explained very nicely in [18], this situation is in
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fact the Higgs mechanism breaking the gauge group of the (N + 1) D-brane theory which is
SU(N +1) down to SU(N), and producing a massive “W-boson” in the (anti) fundamental
representation. :

Recall from section 1.3.5 on D-branes that in addition to the (p + 1)-dimensional gauge field
A, living on the D-brane, there are also (9 — p) scalar fields ®; which describe the shape of
the D-brane in the transverse coordinates. These fields can be seen in the action of N’ =4
SYM, (A.1), here p, of course is three. Our stretched string W-boson is of course charged
and acts as a source for A, but it is also coupled to the six scalars ®;. One can understand
this in the following way: the stretched string pulls on and deforms the N D-branes and
thus affects the ®;. The form of the Wilson loop, derived in the appendix of [18], is:

N

where ; are the coordinates on the five-sphere introduced in (1.38), and we are using four
dimensional Euclidean (rather than Minkowski) space. The coupling constant here has been
absorbed into the fields, to restore it, a factor of g should appear in front of the integral.

W(C) =~ Trpexp ?{c dr (1A, (), + 8:(2)|316:) (1.44)

In order to suppress any corrections to (1.43) due to fluctuations of the W-boson itself, the
particle’s mass must be taken to infinity, as per the discussion in section 1.5.1. Recall (1.37),
this is the near horizon geometry of the SUGRA soliton. Because of the dual SUGRA and
string theory description of the system, we can interpret this as AdSs x S® space replacing '
the D-branes as the description of the system, when we are very close to the D-branes.
It happens that the extra separated D-brane appears in this geometry at a fixed value of
U = U, (and a point on the five-sphere), and that the mass of the W-boson (the stretched
string) is proportional to Uy. Thus Uy should be taken to infinity, which means that the
stretched strings end on the boundary of the AdS space, where the CFT lives. So the ends
of the stretched strings describe the worldlines of the W-bosons, and these are the Wilson
loops as per the discussion of figure 1.12 above.

1.5.3 Minimal Area Ansatz

We now describe the quantity on the AdS side corresponding to our Wilson loop. Looking
at the right hand side of (1.41), we replace Ssugra with the action of string theory on
AdSs5 x S5. This is justified since in the limit of interest the two theories are equivalent. The
string theory action, using the metric (1.39) for the background space-time, is just a curved
space geneéralization of (1.16):

S = + fermions (1.45)

2 2o/fpab 0aXu0Xu + ARING

4z S & ,
where the fermionic part of the string theory, that is the superpartners of the bosonic fields,
have been indicated by “+ fermions”. When this action is minimized in the large A limit, it
is found that the fermionic components drop away and the classical minimal action becomes:
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VA ([ a1 '
S = %m}n |:/d O'ﬁ \/(%l%t (8aX“6qu + 80Y8bY) (146)
which is the area of a surface of minimal area in AdSs, which sits at a point §; on the
five-sphere. Maldacena [17] conjectured that with the following boundary conditions on the

string embedding functions:

XH g = ah(7), YiIB = §'Y, Yig=0 (1.47)

that the left hand side of (1’.41) shou_ld be replaced by the expectation value of the Wilson
loop (1.44). The boundary conditions say that the surface of minimal area is open and has
as its boundary the Wilson loop C. Thus, we have:

(W(C)) ~ e 24O (1.48)

where A(C) is the area of the minimal surface. In fact this is not quite correct. A look
at (1.46) reveals that the area of the surface whose boundary is the curve C' at ¥ = 0 is
infinite. If we evaluate the area up to a small non-zero value of Y = Yy, we find the divergence
proportional to L/Y;, where L is the length of the curve C. Recall that the mass M of the
W-boson was proportional to the radial position of the separated D-brane Uy = 1/Y;, thus
the infinity in the area is a reflection of the infinite mass of the W-boson. It was understood
in [18] that the proper relation is:

(W(C)) = e~ ACHMEC) — o= 5A(C) (1.49)

which leaves both sides of the equation finite. A(C) is now a “regularized” area, i.e. the
infinite piece has been subtracted away. What we have now is a relation between a Wilson
loop operator in the CFT, and a surface of minimal area in the space AdSs. Since the sur-
face of minimal area came from the string action, we can interpret it as a macroscopic string
worldsheet whose boundary is the Wilson loop. Figure 1.13 shows the rectangular Wilson
loop on the boundary of AdSs with the associated string worldsheet. A slice at a given time
reveals that according to the interpretation given to figure 1.12, we have a string connecting
the two quarks. Alas we have a realization of the string description of the “flux tube” joining
two strongly coupled quarks.

In fact the macroscopic string worldsheet is that of the W-boson(s). As we said in section
1.5.2, the ends of the stretched strings describe their worldlines which is the curve of the Wil-
son loop. If we turned off any interaction between two W-bosons, their associated stretched
strings would be straight. With the interaction, the surface of minimal area is formed. This
is shown in figure 1.14, at a given time.

1.5.4 Swuccessful Tests Performed to Date

We will now review the various tests of (1.49) which have been performed in the literature.
The most basic Wilson loop is the straight line, parameterized by z, = (s,0,0,0,). This -
happens to be a rather special object in terms of its supersymmetry properties, it is called
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Figure 1.13: Rectangular Wilson loop at the boundary of AdSs, with a surface of minimal
area whose boundary is the loop.

Y=0

Y=infinity

Figure 1.14: The strétchedstrings corresponding to W-bosons. On the left with their inter-
action turned off, on the right with their interaction restored.

a BPS object. This means that supersymmetry guarantees that quantum corrections due to
bosons cancel those of fermions, and thus the exact answer can be calculated by considering
only the leading term in the perturbation series. What is found is [23]:

(W(C)) =1, C = straight line : (1.50)

independent of the coupling constant. It is easy to show that the regularized area is trivially
zero for the straight line, and so the same result is found on the AdS side of the correspon-
dence. In fact on the CFT side the explicit cancellation of the quantum corrections up to
one loop order were shown in [21, 22].

The next shape of contour considered by researchers is the circle. On the AdS side, the
surface of minimal area has been solved in [19] yielding the regularized area —27. Thus we.
have:

(W(C))pgs = €, C =circle | (1.51)

independent of radius. In 2000 Semenoff et al. [21] summed all the ladder diagrams (diagrams
with no internal vertices) for the circle in the CFT and found the result (good to all orders
in A): ‘ -
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(W (C) s, = —% L(/Y), C = circle (152)

where I; is the Bessel function. In the large A limit this result agrees precisely with the
AdS calculation. This implies cancellations between the various internal vertex diagrams.
These cancellations were shown explicitly at the one loop level in [21]. In [23] the 1/N? and
1/vVX corrections to the strong coupling result were considered and shown to agree with the
corresponding g; and o' corrections to the AdS side result.

For the rectangular loop (figure 1.12), the AdS side result was obtained in [17]:

(W(Cj)AdS = exp (%ﬁ;) , C’ = rectangle : (.1.53)

where L is R from figure 1.12. Also in [21, 22], it was shown that the sum of all ladder
dlagrams for the rectangle yielded the following result:
T

(W(C))agders = €XP (%\/XZ> , C = rectangle (1.54)

which is not in exact agreement with the AdS result. This implies that the internal vertex
diagrams do not cancel entirely, even though they do at the one loop level [21].

Researchers have also considered the correlator of two Wilson loops [19, 20]. However the
shapes of loops have been confined to circles and rectangles. Other topics considered include
finite temperature, monopoles, and g, and o’ correctlons Many references can be found in

[4].
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Chapter 2

Methods of Calculation

We now begin the main calculational portion of the thesis. We will calculate the expectation
value of a single, and then two Wilson loops which are close to straight lines. The calculations
will take place on the CFT side of the correspondence, in the regime where the ’t Hooft -
coupling A = g% ,, N <« 1. All calculations are performed in Euclidean space, obtained from
Minkowski space via the rotation ¢t — it. The wavy line is represented as follows:

z#(s) = (5,€(5)) s € [—o0, +00] (2.1)

where £(s) is called the “waviness function”, and is assumed to be small so that the curve is
a small deviation from the straight line z# = (s,0,0,0). What is meant by “small” here is
that |8,£(s)| < 1, since we assume that £(s) is “well behaved” (i.e. has compact support)
this translates into a bound on |£(s)| itself. Note that the Lorentz index u can be up or
down without effect, since the metric is Euclidean: diag(+,+,+,+). The calculations will
be performed to various orders in waviness, for example second order in waviness would be '
O(£?). We will use two methods of calculation to evaluate the expectation values of the

wavy lines, they are as follows:

e The General Method in which the Wilson loop operator is expahd’ed perturbatively and
evaluated, and then the information concerning the shape of the loop is entered at the
last step.

e The Operator Insertion Method in which operators representing the waviness are sand-
wiched between regular straight Wilson line operators.

We begin by describing the General Method.

2.1 General Method

In this method a straightforward expansion of the Wilson loop operator is used:

W(C)= % TrP{l + gf(;ds (iAu(x):i:,, + <I>,(;v)|x|9,)

+ g_T ds1dsz (iAu(Z/)i/u‘ + <I>,-(y)|y'|9i) (iA,,(z)é,, i <I>]-(2)|z'|9j) ’ }

(2.2)

In order to demonstrate this method, consider calculating the O(g°N) term arising from
the expectation value of W(C). Any term with a single field will disappear since the gauge
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group generators are traceless. Thus the expectation value of the above expression, to the
order of interest is: ‘

W(C)) = 1+<-}V TEP % § doudsa (1A, )3+ 201510 (z‘AV(z>z'y.+¢j<z->lz'|éj)> (2:3)

Note that the path ordering implies that we should consider the two orderings of the s;s2
integration domain, i.e. one where s; > sy and one where s; > s;. However, due to the
symmetry of the trace (of two fields), these contributions are equal, and add to give the
‘whole domain. The next step is to perform the Wick contractions, using the formalism in
appendix A. Note that A, = A%T?, and ®; = ¢{T where T are the generators of SU(N N)in
the fundamental representatlon The properties of the T® appear in appendix A. We have:

2 ' : | ab : cd -
g a .. c ; é e
=1+ £ f oo - (00 A8 ot60)) s+ (0o ) oo 0510
| | (2.4)
~where we have evaluated the trace. Noting that in the large N approximation §ab§ab =
N? — 1~ N2, we have: ' '

. : 2N NS _ . . . . ' - »

“10 E Loy 0, ) 3000 Ko el
167 y(s1) — 2(s2)] o '

where we have also used 6,8, = 1.

- The above expression is true for any shape of curve, but we afe interested in the wavy line.

For example, let’s look at the contribution to the O(g*N) term at leading order in waviness.
We’ll need:

3(5)] = /1 +E(9) - &(s) Y
0(6) = a(s)P = (5 = ) + [€(s) — &)
(5) () = 1+ () (5

and expanding we find,

i(s) - a(s) = a1 sl L |
@ =P 3 O] 29)
Thus at the end of the day, our result to O(g>N), O(£?) is,
o en g G -ée)]
W(C) =1+ foz  dsrdsn s . (210)

~ This is how the general method calculations are performed.
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2.2 Operator Insertion Method

2.2.1 Derivation of the Operators

This method requires that we find the operators which should be sandwiched between straight
line Wilson loops to encode the waviness. In this section we find those operators. For the
purpose of simplifying the notation, we absorb the coupling constant g into the scalar and
gauge fields. To restore the coupling one can use the simple rule that for each power of a
field, a power of the coupling should be added. '

‘The Wilson loop operator is the following:

W (C) = %—/;TrPexp/cdsE(s) | - | (2.11)

Where the exponent E(s) is as follows:

B = iA, (2(s)) du(s) + &; (2(5)) |a(s)16; (2.12)

First consider the variation of this exponent. To first order, we have:

5B = 62, ()0 Ay (a(s)) + iA, <x<s>)_6aau(s> + 62,12(5)10,2; (2(5))

= 102,0,(8)8p Ay (2(5)) — 107,(5)24(5)8u A, (2(5)) (2'13)
i (4, (0(5)) 62, (9)] + 82, 12(5)10,2; (2(5)) 6

We can use this to get the first order (single-insertion) operator:

§W (C) Z%TI‘ / dsPels” 4 B()
b 6o, (0.4, — 8. A) + 62,|510,8.0, + i [A 5 (2.14)
X 92,02, (0pAu — 0uA,) + 62,|2|8,®; ]+st[ u (2(s)) 6z,(s)]
x Pel2ods"Bls")

Now let’s consider the total derivative term separately:

]. o0 ! l. d s " H
&I / dsPels” 4'Bls) {ia;[A,, (z(s)) 6z,(s)] | Pel=e0 4" EE) (2.15)

Using integration by parts, we have:

1 o0 13 13 s " "
=T / ds [—”Pefs 4'B) {(—F(s)) i6z, A, + 16z, A, E(s)} Pelleods"Els >] (2.16)
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= =y [ ds [P B s, (—[A,, A, +i®;, A,)|5[} Peli=t"EE] (217
N K ps Fpltlp Jrip ‘

Therefore, we have:

§W (C) = %T& / dsPels” ' B 5y [id, Fy + |&]D,®;0;] PelZeo 4" B (2.18)

where D,Z = 8,Z — i[A,, Z], and F,, = 0,A, — 0,A, — i[A,, A,]. This is the first order
operator insertion, we'll call the operator Oy: -

01 = 5IL'p [i:i:qu# + liL‘|Dp(I)]9]] ' (219)

The second order variation has two parts. One is to simply insert @; in two places, as
follows: '

%’I‘r / ds / dt Pl B 0 (s)Peli 4B 0, ()Pl oo 4555() (2.20)

The other piece of the second order variation is a 2°¢ order operator inserted at a single
point. To find this operator we’ll take the strategy of varying §W (C), that is (2.18) again,
keeping only single point insertions. The variations of O itself will involve:

6 10z, Fpp) = 162,02,8,0, F,, + 161,02, F,, (2.21)

Now, we should be careful about the interpretation of the term w = éz,0%,F,, from (2.21).
If we consider this as arising from a second partial derivative of W(C'), we should have:
5 6 d |
——w=—-——F 2.22
5z, 0z, . ds ™ (222)
but this vanishes on the basis of the symmetry of the partial derivatives, and the antisym-
metry of F,,. We will also require:

§ (62,|%|D,®;) = 6z,61,|¢0,D,8; (2.23)

Note that the variation of |#| starts at 2"¢ order in dz. We also have to consider variations
of the exponentials which will yield single point insertions. These arise as a result of the
total derivative terms in 6 E, see (2.13). Thus, keeping only single point terms:

Pl B o q 4 / s’ [A ()02, ()] = 1 — iA-(s)dz.(s)  (2.24)

8§

Similarly:

Pel oo d"OB(") 1 1A, (8)6zr(s) (2.25)
Putting together all the pieces, we have:



file:///x/DpQjdj

Chapter 2. Methods of Calculation ’ 29

82W (C)single = %Tr / dsPel # By 5z, {id, D, F,y, + | D, D,8;0;} Pel oo 3" EC")

(2.26)
Thus our 2™ order operator is:
Oy = bz ,0x, {it, D, F,, + |&|D.D,8;6;} | (2
We therefore have: ' '
§*W(C) - Tr/ds/dt Peli” B0, (5)Pels ds25(2) 0, (¢) P~ oo B535(s3)
N (2.28)

+%,_Fr/dspefsood.ﬂE(sl)Oz(:s)’PefjocdszE(52)

2.2.2 Calculational Method

Here we will give an example of hoW the operator insertion method works for real calculations.
Consider that z,(s) = (s,0,0,0), i.e. we have a straight line. Then we have:
£, =(1,0,0,0)
|z] =1 o o (2.29)
0zu(s) = (0, &m(s))

where £,,(s) is our three-vector describing the “waviness” of our Wilson line. Consider
calculating the first correction to the expectation value of a straight Wilson line, due to the
line being wavy. To do this we simply calculate the expectation value of (2.18), which now
reads:

W (C) = 2T / dsP exp { / " 4 [iAo((s')) + <§j(;(s'))'ej]}

d;s" [iAo(x(s)')) + ‘I’i(x(sﬂ))éi]}
(2.30)

X £m(5) [iFa (2(5)) + Dn®i(a(s))6] P exp { /

=0

This expression contains of course an infinite number of contributions corresponding to
. various powers of ¢g2N, but let’s look at the leading term which is O(¢g2N). Expanding
(2.30) we have:

SW (C) =% Tr / ds / " 45 En(s) [iAo(2(s')) + B;(2())65] [iFomo (2(5)) + Don®e(5(s))60]

+J—{/_-Tr / ds /_ s d5"6n(5) [iFmola(s) + DonBi(a(5))88] i Ao(a(s") + 2:(a ()6

(2.31)
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We can represent the O(g?N) contribution from these two terms by Feynman diagrams,
P20 S b W

where the X denotes the insertion of (J; and the wiggly line here denotes both gauge and
scalar fields. Let’s now evaluate the first of these diagrams, corresponding to the first term
in our expansion:

<% T / ds / ” d5'6m(s){ido(a(s") + cpj(x(s'))ej} {5V 40(a(s)) = 00 Am((5))

+ [Am(z(5)), Ao(z(s))] + Vi @r(2(s))0k — i [Am(z(s)), <I>k(x(8))9k]}>
| | | (2.32)

Keeping only single propagator terms, as the dlagram suggests, we ﬁnd the O(¢°N ) contri-
bution:

<%Tr/ds /300 ds'fm(s){—Ao(x(s'))Von(:v(s)) + éj(x(s'))vmék(a:(s))eké’j}> (2.33)

evaluating the trace,

5 6cd
2 [as [ a6 (Al Tmbtalo) 5+ (05(a N fla(e) it}
(2.34)
and so finally, and restoring the coupling constant:

g2—N S - s S 9 _ 1 1 _ .
? /d /s 45" &l )3$m(3){ z(s) — z(s") ]2 * |z(s) —:c(s')12} 0 (2.35)

This result is zero, as it should be considerihg the example provided of the General Method,
where we saw that the result (2.10) is second order in waviness. However the purpose here
is to demonstrate how the operator method calculations are performed.

2.3 An Efficient Calculation Scheme

We can develop a simple 10-D Calculus for evaluating the large number of graphs which
arise in both methods of calculation. We do this by making the following replacements:
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8, — ( 8,,0,0,0,0,0,0) (2.36)

&, — (&, —iE]6; ) | | (2.37)
AL = (A5, 95), | (2.38)

note that on the right hand side y runs from 0,...,3 while on the left hand side p runs from
0,...,9. The roman indices such as j run from 4,...,9. We define a 10-D gauge field propagator
as follows: :

(A%(z)Ab(y)) = O (2.39)

 dr(z — y)?

This allows us to consider only the diagrams involving all gauge fields (no scalars), and then
‘replace everything with their real values at the end, according to the above definitions. We
can even replace the three and four-point vertices involving gauge and scalar fields with
just the gauge field vertices. This works because our theory, ' = 4 SYM, comes from
a dimensionally reduced pure gauge field (and supergauge field) theory in ten spacetime
dimensions. This simplification will provide us with an enormous economy of calculation.
For example, the Wilson loop operator becomes:

W (C) = %[-Tr’Pexp{i /C dsA,,(a:(s)):t#(s)-}  (2.40)

and (z -y — |z||g|) in the 4-D notation is (£ - ¢) in the 10-D notation. Also our operators
(2.19) and (2.27) become:

O, =ibz,z,F,,, O;=idz,dz,2,D F,, (2.41)
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Chapter 3

Expectation Value of a Single Wavy
Line

" In this chapter the expectation value of a single wavy line will be computed to O(g*N?)
and O(£%). We begin by using the general method of calculation. Throughout, the efficient
10-D calculus will be used. The operator insertion method will be used as well, but only to
O(g?N) and O(£?).

3.1 General Method

Recall that the single wavy line is represented as follows:

z#(s) = (5,€(5)) (3.1)

We will need (2.8) and (2.9) as well. At leading order in g2 N, there is only one contribution
(2.5), which we calculated previously. At the next order O(g*N?), there are three terms.
The first is:

4N

. —ﬁ— ‘ = <Z g ﬁp%d81d82d83d84‘4 ( )A (y)Ap(Z)Aa(w)j:uyuzpwa> = Z:1

The path ordering implies 4! permutations of the ordering of the s;, however they are all
equivalent and so we can choose one and cancel the 4! in the denominator. The next step is
to perform the Wick contractions, recall that we are interested only in planar diagrams and
so the gauge field lines may not cross.

4

4gN ds1 dsy ds3.dsq T,9,%,0s <Aa( )AL (w ) <Aﬁ(y)A;(z)> §945% Ty (T“TchTd)
81>82>83>84 (3 2)
We use the identity for the gauge group matrices:
. N |
TT® = 51 : (3.3)

to evaluate the trace:
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5ad5bc Tr (TaTchTd)
= 6% Tr (T°T*T*T°)
— ﬁdadrI\r (TaTd_)
2 o (3.4)
N aa __ 2
=70 =7 (N? —1)
NB
The result is then,
4 2 . . . . . - -
J N2 / . d81 dS2 d83 d84 (CE ’LU)2 (y 2)2 ) . (35)
647 51>852>53>54 ' |:17 - wl Iy - Zl

and finally reverting to our 4-D notation, which implies the calculation of the following four
-diagrams in the 4-D language:

the result is:

g4 N2

. o dsy do, s, (B(o1) 3(51)) ~ (s llé(ea)
6472
™ S1>52>83>34

(s4)
|z(s1) — z(s4)[?
(s3)) — |(s2)||%(s3)|
|z(s2) — z(s3)|?
There’s no need to evaluate this amplitude for the wavy line, because it begins at O(&%) as
can be seen from (2.9).

(2(s2) - (3.6)

)

The next O(g2N*) contribution comes from the one-loop corrected, single gluon exchange

graph,
{<:)3 =3,

where the loop contains all corrections as outlined in appendix B. The corrected propagator
-is given in (B.2), using (A.4) we can express this in configuration space:

I2(w— 1) 1

(3.7)

25729(2 — w) (2w — 3) [z?]23

the resu_lting expression is then straightforward, given (2.5), it is:
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SRR S - fdslds;(s[l)-o'c(sz)—|a':(s1>1|fc<sz>| a8

2772 (2 — w) (2w — (z(s1) — x(s-z))z]2w—3

This expression is divergent in the physical dimension (w = 2), however this divergence will
cancel against our next (and last) contribution.

The last contribution at @(g?N*) comes from the following Feynman diagram:

m _ =- <;|§]v Tr P }[ dsydsadss A, (3:) v (W) A, (2) 24002,

¥ —g / o f“bca,,Ai(w)Af,(w)Ai(w)> _,

This amplitude will involve the structure: fo% Tr [T*T*T*| where the group matrices cor-
respond to the three fields at z,y, and z respectively. This expression is completely anti-
symmetric in a, b, ¢ since fo is. This implies that we should introduce the path ordering
symbol, €(s15253). We define it to be equal to 1 for s; > s, > s3 and antisymmetric under
any transposition of the s;. Therefore,

P]{dsldSstg = ?{dsldszds3e(slszs3) (3.9)

For each ordering, there are 3! equivalent ways of contracting the Wilson loop fields with
the cubic vertex. Therefore we can choose one and eliminate the 3! from the denominator.
In light of these arguments we have: '

Z g ’I‘r’P?gdsldszdsg €(s18283) /d2‘”wf“b°Tr [TdTeTf] LT

N (3.10)
x (Af()0,A3(w)) (A (y) Ap(w)) (Af(2) A5 (w))
Now noting that: -
fabcrI\r (TaTch) — fabCrI\r (% [Ta,Tb} TC + % {Ta’ Tb} Tc)
—_ 2 abc . abdrpde
_ 1 abc al;d dc ﬁ
= L peepebdgle o i
and that:
a 9 . a
(A%(z)9,A ( )) = _%5%5 Az —w) | (3.11)

where:
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Az) = F(ZW: D [$2]1w_1 (3.12)
and assembling everything we have:
AL } -a':\s z(s 9 ”
i %dslds%dss 5.(818283) (2(s1) ._‘ (s3)) ( (s2) ax(sl)> | 613
X /dz“’w A(z(s1) — w) Az(sy) — w) Az(ss) — w)

replacing the 10-D values with their proper values gives:

Y3 = 9452.fd81d$2d53 e(s15283) (2(s1) - &(s3) — [&(s1)l£(53)]) <$(82) ren)

« / Pw Az(s:) — w) Az(ss) — w) Ala(ss) — w)
We have now assembled the three contributions at O(g*N?), and we can proceed to evaluate
them for the wavy line. There are divergences in these terms which we will show will cancel

and leave a finite result.

First some notational convenience:

-

(1) = &(s:) (3.15)

‘Sij = (Si — 8]‘) (316)
£0) = 5o-bls) @)
| (3.18)

The meat of the calculation comes from X3, which as we will see, will cancel out the divergent
term X, and leave over a finite term which will have the same & dependence as (2.10). Now
let us expand X3 out to second order in waviness:

_ 42 Pw-1) [{(1) B 6(2)]2 : '
Y =—g N 27120 (2 — w)(2w — 3) %dSIdsz (512)2“)—3 (3.19)

The calculation of 23 begins by using Feynman parameters (4.41) in order to put it in the
following form:

_gNF@“‘Q%ﬁﬁﬁw%qa&%Mﬂamu%n—ﬂa%ﬂ%n

E3 = 4 26 2w :
. . - 1 (3.20)
X (s2) - m/[; dadBdy (aBy)" " 6(l—a—-p— 7)W |
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where

D = aBlz(s1) — 2(s2)[* + avle(s)) — 2(ss)[? +vBlz(ss) — z(s2)? (3.21)

The expansion of the |2(s1)||Z(s3)| — Z(s1) - ©(s3) factor starts at second order in waviness.
This means we should expand the other factors to zeroth order. This means we take:

0 0

} . R — 3.22
:L.(Sz) a:L‘(Sl) 881 ( )
D = afis], + aysiy + V853 ' (3:23)
Thus to second order in waviness X3 takes the following form:
4 AT2 :
g*N*T(2w — 3) 17; o012
By =~ S § dsydsydss €5y 250) 5 [5(1) ~¢(3)]
8 1
X 5 / dadBdy (afy) 2 6(1—a—LB—7) (3.24)
1Jo

1
X
(0153%2 + 0")’3%3 + 7ﬁ3%3)

We now integrate by parts. This generates a surface term which is zero, and two other terms.
We use the derivative of the path ordering symbol:

2w—3

'5‘“6(31 5983) = 20(s12) — 28(s13), (3.25)
$1

Thus (3.24) becomes:

_g'N?*T'(2w —3)

dez dss €(s1 52 53) [5(1) - 5(3)}2 |

N %
1 .
X / dadBdy (afy) 26(1—a—-B—7) . | (3.26)
0 : ’
- 1 o0 )
X 2 2 2 2w-3
(afsiy + aysis + vBs33) s1=—00

g*N?T'(2w — 3)
4 926 2w

§ dsudsadsy [{a (s12) =5 ()} [£00) — €3)]

10

+ €(s1 82 53)58_51 <€(1) - 5(3)>2} (3.27)

o |
< [ dadsdy @pr) o1 - a- 1)
0 .
1
X 2 2 2
(aBsiy + aysis + vBs33

)20.{—3
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The first term is a surface term and is zero since the integrand is well behaved. The second
term, which contains {6 (s12) — 0 (s13)}, is zero for s; = s3. For s; = s, however, we have:

g*N?T(2w — 3) fd@ dss [5(2) - 5(3)] 2_ 7)12‘;:3‘

4 267r2w
1 (823 ( B )w—2 (328)
x/ dadBdys(1—a—B—y)—1 o
0 A=
Now, it is shown in appendix D that:
1 @Byt w1 1
dadBdyé(l—a—F—v — = . 3.29
/0v ( )[(1 — fy) 7]2 8 (2w — 3) (2 — w)I‘(2w - 3) ( )
And thus this term of X is: .
4 A7212
g*N°I'*(w — 1) 7{ : ek 1
d - —_— )
Fatoa (o 3) | sz [5(2) 6(3)] 2 (22, (3.30)
which cancels ¥, that is (3.19), identically.
We now have the remaining term in (3.27) to deal with. This term is:
¢*N?*T'(2w — 3) 19 /. o\ 2
1 9672w fdsl d82 d33 6(81 S9 83) -2-—3; (6(1) — f(3)>
1
X / dodBdy (efy)* 26(1—a—-B—-7) (3.31)
0 .

1
X
(efst, + avsty + 7Bs3s

)2(41—3

Since this is finite in the actual space—tirhe dimension of 4, we can set w to 2 and attempt to
evaluate this integral. Because we don’t know the explicit s-dependence of £, we can only
integrate over s;. The path ordering symbol e implies the following:

%dsl d52 d33 6(81 S9 83) :/ dsl/ d83 dSz—/ dsl/ d83/ d82
e Trem e ro psa e
—./ d81/ d83/ d32 —/ ng/ dsl/ d32 (332)
[es] $3 ) s1 oo $3 oo
+/ d83/ dsl/ dsz-i-/ d33/ dsl/ dsy
-0 —00 —00 —o0 —00 s3

We will also need the following integral:
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1 2 2az + b '
d = tan —————— 4ac > b* 3.33
: / xa$2+bx+c Vdac — b? arctan Vdac — b? o ( )
In our case z is s, while: :
Vdac - b? = 2|si3}v/afBy (3.34)
 2as1 +b=2P7ys13 ‘ (3.35)
2as3 + b = —2,8a$13 (3.36)

In light of these equations we can write (3.31) as:

4 2 1
T /O dadBdy6(1—a—f—7)

[ [ e -0
. y Tig\/iﬂ [2 arctan (sign(slg)\/?> + 2arctan <sign(313)\/§> - w] }

+ /_: dss _s; dsl{ Baisl (5(1) - 5(3))2} | |
o |—3in hciﬁ’)’ [2 arctan (sign(gﬂ@) + 2‘ arctan (sign(sls)\/%&) + WJ }]
| (3.37)

Now note the following identities, which are proven in appendix D:

1

o (3.38)

1 _
dadfdyé(l —a— ([ — =
./()Aaﬁvl(laﬂv)fam -
1 ) 1 7 /8’)’ ——7‘.2
/0 dadﬂdvé(l—a—ﬁ—'y)\/marctan< ?) =3 (3.39)

In order to tame the monstrous (3.37) we introduce the following symbol:

0. = 4/1d d et anl By 2 |
+=F i adfdyd(l—a—p 7)marctan sign(sis) 5 + 27 (3.40)

Note that the arctan terms of two different arguments in (3.37) are equal due to the symmetry
between «, 8, and . Now also note that in (3.37) we can interchange the s; and s; variables
in the second integration in order to combine it with the first. This flips the signs on the
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arctan terms in the last line of (3. 37) because sign(si3) — sign(ss1). We then have that
(3.37) is equal to: ' : ’ -

2:‘:;/ dsl/ da@;{ 5 823 (é(l)—-é(&)ﬂ%%(5(1)-5(3))2} (3.41)

Now we will perform integration by parts on both of the terms in (341) Many surface terms
are generated in this process. However the non-trivial ones are all zero for smooth curves. °
These non-trivial surface terms are proportional to:

/_oo@»[éa)—é(a)}. o i)

o0 S13
$3=51
which is zero for a smooth curve. The result of the integration by parts is then, for smooth
curves:

L [f‘”:“”’”z<9+;ﬁ->

. 2
g'N? 1 —£(3) 2
8N4 jl{dsl d83 B ] 2i
28 2 -3

513

where on the left hand side we have used the fact that s; > s3 to set sign(si3) = +1 so that
(3.39) may be used to evaluate the integral in (3.40). The resulting expression is symmetric
in' s; and s3 and so the half domain integral can be replaced by 1/2 of the full domain
1ntegral In conclusmn and using (2.10), we have:

| W(C)) =1+ {92—N _gN 21} 7{ ds; dss fn -9 (3.44)

24w2 277?23 257,

which is our final result.

3.2 Operator Insertion Methpd

As an explicit check of the operator insertion method, we will reproduce the O(g2N) term
from (3.44) using this method. We showed earlier that the order ¢ contribution from this
method is zero, consistent with the general method calculation which starts at second order
in £ Thus we begin here with the O(£?) contribution. From (2.28), we know that this will
1nvolve the three diagrams:
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where the open circle denotes the insertion of the second order operator (2.27), and the X
denotes the insertion of (2.19) as before. We'll use the 10-D calculus for our calculations,
and we’ll begin with the first diagram, which we’ll call Aj, thus expandmg the first line of
(2.28) to order g2N

A= —i]%/:ds/.ds' 8(s — s') dz,(s) dzu(s") Z,(s) :i:T(s’)<TYA[F,,,,($(3))IA7’,,T'(33(_S'))]> ’(3.45)

where (s — s') is the Heaviside function. We should now specify what éz, is in the 10-
D language, it turns out to be simply (0,&;,0, ...,0), i.e. the extra 6 dimensions are just

~ zero. Now, the commutator terms in the field strength tensors will not contribute at order
g?N. This is because each field contains a single power of the coupling constant, and so the
commutator terms would only contribute at g N2. In light of this we have:

{80 2466 - (s aae)) @4
_ <6,,AZ(:C(S)) @Aﬁ(w(s'))> + <0pAZ($(3>) 0, 4 (x(s) >}

and therefore,

ool (0-585) (-3
{0ty ) (x(s).af(s)> G“’”'aﬁy))' |

= (3e(e)25) (50(3) 0 '(5””(3') ' 6;(93')>

- (5] <¢(S') | 6x?sf>) (‘5‘”(3? | ax{?@)

Now we move back to our 4-D definitions, then apply (2.29). This gives:

(3.47)

Aa(s) - 2(s")

~~
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2(s) - i(s') — 3(s) - &(s') — |2(s)||&(s)| =1 —1-1=0 (3.48)
' Sz(s) - dz(s') — £(s) - £(8) (3.49)
i(s) - 6z(s') = (1,0,0,0,—i6;) - (0,£,0,..;,0) = 0 (3.50)
o 6:16(8)-%(8)—)&3)-‘71(3). (351
i(s) am‘?s) R mf(é) (3.52)
- and ‘so we have'
8 4 1
/ds/ds Os — 5) £(s) - £(s ) Bzo(s) Ozo(s') 4n? (z(s) — 2(s))% (353)
1
- 167r2 ds ds’ 6( ) 5( )(s—s’)2

Some comments are in order. Due to the symmetry of the integrand; we have replaced the -
half-domain integral with one half of the full domain integral. Also, integration by parts has
been used twice, once on s and once on s'. Note that £(s) = 9,€(s).

Now we consider the‘.two remaining diagrams involving the insertions of the second order
operator. Not surprisingly these two diagrams are equal to one another in the sense that
they add to give the full domain integral. For this reason we'll just look at the first one,
which we’ll call As, its order g2 N contribution is:

< T / as [ astots - ) [ ((s))xa(s>] [fc,,(s’)ams')axf(s')DTprx(s'))]>

| (3.54)
As before, the various commutator terms in D, F),, do'not contribute at this order, therefore:

Ay = ——]%]-/ds/ds’ 6(s — s') :icu(s') To(8) 0z,(s") oz, (s")

5ab

2 {<Aa( (s)) 6T6,,A;5(x(3'))> - <Ag(x(s)) 878“4‘2(32(8,))” 4'(3.55)

The first term is proportional to z(s) - z(s') which, as we saw in the evaluation of A, is zero.
The second term is proportional to &(s) - dz(s'), which is similarly zero. Thus,
Ay =0 | : (3.56)

and therefore the last diagram is similarly zero. Thus the order g% N correction to the straight
line, as computed by the operator insertion method is: -
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2N '. .
fﬁﬁz j[ds ds' £(s) - €(s )(—8_1—5,)2 L (3.57)
Now note the following,

é(s) o )
fds ds' =7 G j{d ds'Oy Gos) 0 ‘ (3.58)

because of the total derivative in s'. This means that:

NP ' £s) — &)’
— 1967]:2 %ds ds' é’(s) . f(s') . _18,)2 _ 1967]:/; ds ds’ [ 2(8 — 81)2] .(3‘59)

which is in complete agreement with (3.44).

3.3 Strong Coupling Calculation

According to the AdS/CFT correspondence, the Wilson line expectatlon value is related to
to the regularized area of the minimal surface in AdSs whose boundary is the Wilson line.
Representing the metric of AdSs as:

o, 1 '
ds* = 7 (d? +dy?) o ' (3.60)

the boundary is at y = 0, which is conformally equivalent to 4-D Euclidean space, here the
" index p runs from 0, ..., 3. The specific relation is:

(W(C)) = Tt | (3.61)

where A = g2N, and the area is regularized as per the discussion in section 1.5.3. We will ‘
calculate this minimal area now for the wavy line, following the work in [26]. The area of a
.two dimensional surface is given by:

= / drdo/[d6t g 36
where, '

hap = 0o X" g, 05 X" ‘ (3.63)

~ is the induced metric on the 2-D surface embedded in the space given by' 9uv, whilea,b=0,1 -
corresponding to the surface coordinates 7 and o respectively. The embedding functions for
the surface are given by the functions X*#(7, o). For the case at hand,

| . . 1
aaXug;wabXV = (30.'1)”81,.'17“ + aayaby) ?'JE ’ ' (364)

where on the right hand side the index y runs from 0, ..., 3. Taking the determinant on the
a, b indices, we have, \.
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S= / d;(ja V@2 +y?) @+ - (@ s +yi)t (3.69)

where z' denotes 9,z and Z denotes 0,z. Since the area is independent of the coordinate
system chosen on the surface, we can choose the following description: '

| , y(r,o) =1 zo(T,0) =0 - (3.66)
This simplifies the expression for the area greatly, ‘
drdo X — ,
s :/ St a1+ A2) - (oA (3.67)
Where, f
. Ai(r,0) = zi(T,0) . (3.68)

We mentioned earlier that the boundary (7 = 0) of our surface is given by the Wilson loop.
Thus, we have,

zu(0,0) = (0,84(0,0)) = (0,£i(9)) (3.69)
where (o) is our familiar waviness function, which is taken to be small in the sense given
in the discussion at the start of chapter 2. Now, in order to regularize the area as per (1.49),
the result when A; = 0 should be subtracted from the above. This is because the waviness
contributes a very small amount to the already infinite curve length L, and because a straight
line has zero regularized area, which means the divergent term is simply the straight line
area itself. From now on S will denote this regularized area. Thus, expanding S to-second

1, 1
{EAz + —A’2} .(3.70)

order in A, we have:
g / chjd
T 2

Our purpose now is to minimize this area, thus we determine the equation of motion for
A(r,0), using the standard variational methods.

0= 0, (%) = 0 <%A) 0, (%A) S (3.71)

70, <7”2A> +A"=0 (3.72)

Therefore,

or,
" 2 . . ’
A"=ZA-A | (3.73)

Now we integrate (3.70) by parts. The first term is integrated by parts on 7

1 1, | [ 2. 1 .
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The second term is integrated by parts on o:

Now, we use the equationv of motion (3.73) on the second term in Sz, which then cancels
against the second term of S;. Also, the first term of S; vanishes since A is well behaved.
Thus, ‘

i

= _/daA.-A"}' - N (3;7'5)‘

T=—00

S-——il— doA - A

= (3.76)

In order to continue with our calculatlon, we’ll need‘t‘o solve the equation of motion for
A(r,0), with the boundary condition A(0,0) = £(o). We begin by putting the equation of
motion in momentum space (conjugate to o): o '

. 9. . ' :
A~;A—p2A=0 | | (3.77)

This is now a 2" order ODE in 7 alone. The boundary condition is now A(r =0,p) = &(p),
where functions with the argument p are the fourier transforms of their o counterparts. The
solution of the ODE, with the desired boundary condition is:

| A(r,p) = e P+ [pIn)é(p) B
Placing this expression back in coordinate space, we have:
‘ ' ds'€é(s") o
Alt,s) = , ‘ (3.
( ’S) / T ((S _ 31)2 + t2)2 ’ . (3 79)
“ where we have changed notation from (7,0) to (¢, s). Now note that:

8T | 3.80)

liny o757 = 5000 (30

and so Wé_ can see that A(0, s) = £(s). We will also need to calculate:

o [dsE(s) 62 - st ) -
se= [=2H SRR AR [ 5 .

s

and therefore,

i 30) _ / ds€lsh _ 6 | | (3.82)

‘ t—0 12 T (3 _ 31)4
. Placing everythihg into (3.76), we arrive at the final result: -
| 1 15 8(s)-€(s) - [€'(s) =€

S=— [dsds>———""-+ = ds'ds R )

| QW/‘SS (5 =52 -2W/‘ CETIE B8

where integration by parts has been used twice, once on s and once on &, and as before
- £'(s) = 8,£(s). The second equality follows from (3.58). :
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3.4 Discussion

Compariéon of (3.44) and (3.83) shows the same dependence on &. Following (3.61), we have:

2 a2 - /2N.
1n<1+[gN A, ]I>= ARy (3.84)

22 QTg23 ' 472

. where,

' : . 2 ,
VR LORC) . Lo
_fs 8 305 = 572 (3.85)
The conjecture therefore is that if the CFT result at O(£2) were known to all orders in
A = ¢g2N, then the logarithm could be resummed, and the large A limit could be taken to
give the string theory result. For the straight line, recall that the result is (W) = 1 and is
protected in the sense that the straight line is a BPS object. So here weé see how perturbing
the line unbalances whatever cancellations conspire to give (W) = 1. In particular we see
that the dependence on the waviness seems independent of the coupling strength. Results
in the AdS/CFT correspondence which are independent of A have been discovered before,
c.f. [24].
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Chapter 4

Connected Correlator of Two Wavy
Lines

4.1 Gehe'ral Metho‘d'

We wish to calculate the correlator between two Wilson loops which are stretched out in
such a way as to resemble two (almost) straight lines. We will only be interested in the
~ connected portion of the correlator, that is, only interactions between the Wilson lines will
be considered. In other words the Wilson line’s self-energies will be ignored. We will perform
our calculation out to order g° N3, and to O(€?). Let us define our two wavy lines as follows:

G 2= (s €6)
G a() = (s, 8+

The prime does not denote a derivative here, it signifies that the quantity is associated -
with the second Wilson line. From now on derivatives will be represented by dots. We w111
explicate the calculations with Feynman dlagrams such as the followmg

The arrowed line on the left is z,(s), that on the right is z},(s’). This diagram shows the
exchange of a single gauge field between the lines. Note the arrows are in the same direction:
we will be calculating the correlation of like-oriented Wilson lines. Because the gauge group
generators are traceless, any diagram with a single line emanating from one of the Wilson
lines will vanish. Thus our calculatlon starts with each Wilson line having two fields ema-
nating from it.

We are using the large N limit of SYM theory, and so we should include only planar dia-
grams. A planar diagram has no lines (gauge fields and scalars) which cross one another
in travelling from one Wilson line to the other. However, two lines which travel from the
Wilson lines to an internal vertex may cross.

The expansion of (A.7) is straight forward:
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'. W(0) = %’I‘rp{l + gfc‘ds@A#(a:)fE,, + <I>z(x)|z|91)

+ %? 7{ ds1dss (4,05 + 2W)1316:) (14, ()5 + 2;(2)] 46,) + }
| (4.3)

we can use it to enumerate all the diagrams which may contribute up to O(QGN 3). Note
that the very first term of any loop-loop correlator is just Tr(1)?/N? = 1. But we’re after
the next non-zero term. We already know that the “one-rung” ladder diagrams are zero. At
the next order, O(g*N?), we have:

= H

We will call these the “two rung ladders”. The solid lines represent the exchange of the
scalar fields ®. At the next order, that is O(g°N?) there are many more contributions:

We'll call these the “X-diagrams”. Note that they have an internal vertex (the four-point
vertex) represented by a dot. After this we also have the following diagrams: '

== === ey
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e b e e

We'll call these the “H-diagrams,” they contain two internal 3-point vertices. Each H-
diagram actually contains four diagrams. These are itself plus its “crosses”, for example:

b b b

The effect of the crosses is simply to'multiply the result of the main diagram by four. This
. is because the symmetry of the trace of two fields makes each cross diagram equal to one
another and their parent. Note that the following type of diagram:

this is true for any exchange of gauge for scalar fields. The reason is that the trace of two
fields, on say, the left line is symmetric, but the three-point vertex is completely antisymmet-
ric, as it depends on the structure constants of the gauge group. The next class of diagram
is: ‘ ' '

ST
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BN

+ (top > bottom) + (left + rlght

We'll call these the “IY Diagrams.” The interchanges (“<”) denote that there are also 16
additional IY diagrams which are reflections of the diagrams shown about vertical (for “left
< right”) and horizontal (for “top <> bottom”) axes. There are also the “3-rung ladders
these are the diagram below plus all 1nterchanges of scalars for gauge fields:

Finally, the last class of diag‘rams at O(g®N3) are the ‘1-loop corrected 2-rung ladders. These
are graphs like: ‘

plus all combinations where one of the two rungs is 1-loop corrected. The 1-loop corrected
propagators for the scalar and gauge fields are computed in appendix B.

We will use our efficient 10-D calculus for all the calculations, and so only the “all gauge
field diagrams” will be computed, as before.

4.1.1 The 2-Rung Ladder Diagrams

From (4.3) one can deduce that:

Yy Y g 1 ..
Co= N22'Tr’P fdsldszA#(y)A,,(z)yuz,,

TP [ ]{ ds! s, Ao () A, (2 )y;z;]>

Note that the path ordering implies that we should consider the two orderings of the s;s,
(and ssh) integration domain, i.e. one where s; > s, and one where s > s;. However, due

z z’
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to the symmetry of the trace (of two fields), these contributions are equal, and add to give
the whole domain. The next step is to perform the Wick contractions:

gt R , sed §

-z 74 dsndsadstds { (AL ) A5 (00 5 (Ao AL (64) it
' (4.4)
?{dsldszds dsh { Yuz, U2 5“b50d(5ac5bd Ouo Ovr } (4.5)

2567T4N2 S (y-—y)(z—-2)
. .
g -9)(z-2)
= — 4.6
2567‘(4N2( 1) %dsldsgdsldsz( — 2 = ) (4.6)
In the large N limit, we can ignore the —1 in N? — 1, which gives the final result: '
1 g*N? ,_(#(s1) - 2'(s1)) (£(s2) - '(s3))

- . 4.

Rt A e T )

The reason we multiply and divide by N 2 is because the loop-loop correlator is naturally
suppressed by a factor of N2, however the perturbative expansion is in powers of g?N, and
so we keep this notation to make things explicit. Now we are in a position to switch back to
our 4-D space and insert our wavy lines from (4.2). From our calculus, we have:

i(s) - &'(s') = @(s) - &'(s") — [&(s)[1&'(s")] (4.8)

Now insert the wavy lines:

3 = /14 () €(s) - (49)
jo(s) = /()P = (s = &) + [E(s) - €() — LI ()
i(s) () =1+ £(s) -£(s) (411)

Note that £ and L are spatial vectors. We expand the quantlty in our result to 2" order in
waviness:

B(s) - #'(s) — [E()&()]  1pe . a2 1
T z(s) — 2/(s)]? ~ =3 [5(8) —&(s )] G I (412)
By looking at (4.7) we see immediately that our result begins only at 4" order in waviness.

Because of (B.1, B.2) the 1-loop corrected 2-rung ladders are also zero at 2"¢ order in
waviness.

4.1.2 The 3-Rung Ladder Diagrams

After having seen that the 2-rung ladders vanish at 2" order in waviness, it is not surprising
to find that the 3-rung ladders do as well. Rather than writing out the full expression for
the 3-rung ladders, we can make a general statement about the n-rung ladders, which is that
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they are proportional to (£(s;) - 2'(s;))". Unless n = 1, in which case we get zero due to. the

. tracelessness of the gauge group matnces this expression is certainly zero to 2" order in

waviness.

4.1.3 The X Diagrams

The next class of diagrams are the X-diagrams. These graphs have a single internal vertex.
The vertex factor can be gleaned from the action (A.1). Again we use our calculus in order
to streamline the calculation. The X diagram is: '

y y g1
zﬂ - \ N2 o TP fdslds?Au(y)Av(z)ynzu

x%T‘r’P [ f{ ds’lds’zA,,(y’)AT(z’)yf,z’T]

2

XT d*w o0 fod AL (w )AZ(w)Aﬁ(w)AZ(w)>

Evaluating the traces, we have:

6

IV 7{ ds1...ds) / d2“w<AL(y)AZ(z)AZ(y’)Ai(Z’)Aﬁ(w)Ag(w)Ag(w)Ag(w)

(4.13)
% fabCfadey#sz;z;>

naively, we have 4! ways of contracting the fields here. However, if b = c or d = e we will
get zero due to the antisymmetry of the structure constants f%. This reduces the number
of contractions to 16. Let’s take a. closer look at (4.13). Because the Lorentz indices in
the vertex fields are contracted in pairs, it means we will have only three possible factors
emerging from the z,2',y,y’. These are (y-2)(y' - 2'), (- 9')(z- 2"), and (y- 2')(¢' - 2). The
first combination accompanies the factor fefe¢ while the last two accompany the factor
fabefact and thus pick-up a minus sign. There are four ways of Wick contracting which
yield combinations two and three, while since the first combination is symmetric under
(y «> 2,y ¢ 2') it receives double the number, eight. At the end of the day we have:

6 NT3 4
_fN | o THw—1)
WfdsldslldSzdSIz/dz ’U)W

x { 1 1 N (4.14)
(w—9)? (w—2)? (w—y)* (w—2)?
x{8(5-2)(F - #) ~ 4y - 9)(-#) - 4(y- )@ - 2)}
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where we have used fo¥¢fo¢ = N(N2 — 1) ~ N3. Referring back to (4.8), and noting the
expansion: '

a(s) () — F ) = - [€6) = €] @15)

we can see immediately that the X-diagrams begin only at 4%* order in waviness.

4.1.4 The IY Diagrams

Now we consider the other class of diagrams containing a single internal vertex, the IY
diagrams. Here, we have expanded the Wilson loop out to three terms on one side, and our
usual two on the other:

v w X g5 _1

v = (L nr [f snduaoa i)
z

Z,

XTT”) [7{ dsydshdsy A, (z") As(y') AL (2) 4, 2 ’T]

<o [ d%wfabcapA«w)A';(w)A;(w)>

After contracting 2 and 2’ there remain 3! ways of contracting the cubic vertex. Our previous
comments concerning the path ordering conspiring to give the full domain integral still apply
to the left hand side of this diagram. On the right hand side however, we do not have the
same symmetry since we have a trace of 3 fields. In fact we will end up with the structure:
f“bc [T*T*T¢] where the gauge group matrices correspond to the three fields at z', 4/, and
2' respectively. This implies that we should introduce the path ordering symbol, €(s}shs}), as
we did when evaluating the X3 -diagram for the single wavy line, see section 3.1. Recall that
it is equal to 1 for 8] > s, > s} and antisymmetric under any transposition of s;. We’ll work
out one contraction explicitly, then the others will be obvious. We contract 4,(y) — A§(w),
A, (z') — A%(w), and A,(y) = Ab(w):

N24 i %dsld@fdsldszd% slszsg) &g 2r Yuty |

5 ,,,f“”c Tr (T*T'T") (4.16)

X /dz“’w Alw — 2 )A(w — y)A(w — y)A(z = 2')

X 569251 8,,5,36,30,

We have used integration by parts to exchange the derivative by w for a derivative by z’,
this generates a minus sign. The A symbol is shorthand for the propagator, and is defined in
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(A.5); now we use the equation just below (3.10) to evaluate foTr [T°T*T¢]. Then (4.16)
yields: .

63
L9 ]{dsldSQ]{dsldsz,ds3 (s}s5s3)

T NZ16- 3!
9) (4 - Oy) o o (4.17)

X /dz“’@ Alw — ) A(w — ¥ )A(w — y)A(z — 2')

The other contractions proceed in the same manner, the final result being:

1 ¢°N3
I ?{dsldszfdsldszdsg (s18553)

~ N216- 3!
<G z){(”’ §) 9 (00 = 8) + (@ §) 9+ By — 0w)
+ (' g) &' (8 — ay’)} X /dz“’w Alw — 2)A(w — ¥ )A(w — y)A(z — 2')
| (4.18)

The “top > bottom” graphs mentioned in section 4.1 are covered by the path ordering,
while the “left +» right” still need to be considered. However, we see now that all the IY
diagrams are proportional to terms like (2~ 2')(z’ - ), which are zero at O(£?).

4.1.5 The H Diagrams-

E-very other class of diagrams has turned out to be zero at O(£?). The H diagram however,
will not be:

y 4
Y Y ‘1 [ »
= <£———Tr’P %dsldszAu(y)Av(z)yqu]

1 I .
X aTr’P ?{ds'ldsgAp'(y")A,\(z')y:,zf\}
2 |
<< / 2 / 25 f 9, A% (1) A (1) A (w)

x flef _aaAg(x)Ag(m)Ag(m)> x 4

. The factor of 4 at the end accounts for the the cross diagrarhs, as explained in section
4.1. There are 9 ways of choosing the internal propagator contraction, and then 4 ways of
choosing the contractions of the Wilson lines with the remaining vertex fields. This makes
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36 diagrams. However these 36 diagrams are closely related, and there’s a relatively simple
way of calculating everything. First we evaluate the traces in the above expression, and note
that the path ordering just gives us the full integration domains, as for the X diagrams.

6 1 : _ '
<-‘f\-’r—2§ }14 ds1ds,ds,ds) / a2y / Pz Gus 93,

x fabe fael AL(y)A’;(z)AZ(y’)Ai(Z’)aaA‘l(w)Aﬂ(w)Ai(w)f)aA?a(w)AE(w)Aé(x)> |
(4.19)

Now note that the final outcome of ;chis calculation will look like this:

1 g5N3
ﬁg—8“—%d81d32d311d812{ : I }

 (4.20)
X /dz“’w / d*z A(z — w)A(y — w)AY — w)A(z — 2)A(Z — 1)

where the N® has come from the f®°f9%¢ which occurs in each term. The I is what we’ll

have to calculate. We’ll invent some notation g}, = AL(y)Ya, and a diagram style:

Yu Yo

(?aw‘;] Wy \'wﬁ
8,4 I zt
Ay L

zl, 4N :
. Here we are representing Wick contractions by solid lines between the terms.” Using the
space-time and gauge index delta functions which arise from the contractions, it is easy to

read off the diagram’s contribution to I, it is:

Grenen(sg) 0 e

The “matrix” on the left is really just the labels of the two structure constants which are
being contracted together. ‘For example, the above “matrix” denotes §24§%5<f fab¢ fdef . We're
just interested in the sign here, since the N® portion is absorbed in our prefactors in (4.20).
The order of the top row will always be abc, if the order of the bottom row is an odd number
of exchanges away from def then we get a minus sign, otherwise plus. Note here that we
have used the following property of the derivatives of the propagators:

BuA(w ) = ~0,A(w— ), )

twice. Now that we have established a language of diagrams and notation, we can consider
all the contributions to I. We will use dashed lines in our diagrams to denote other contrac-
- tions which give contributions which are related to the solid-line contractions by exchanges
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of Wilson line coordinates. We begin with our first diagram:

yz
0w | . {UE X
. I — a b C ('-.I)(z.-z.,) _a—.i
e d e f)YY By 0z
Oat X\ wj‘ g J
—(ze ) -y )
+(z e, yey)
The exchanges in brackets refer to the dashed lines in the diagram.. They are the contri-
butions from the three other ways (other than the solid lines) of contracting the Wilson
lines to the internal vertices. For instance, when we use the dashed lines on the top of the
diagram instead of the solid ones, we exchange y for y'. Similarly, using the dashed lines on
the bottom, z and 2’ are exchanged. Lastly we can use the dashed lines on the bottom and
the top, which of course combines the two previous exchanges. Because the exchange of y

with 3’ or z with 2z’ exchanges the gauge group indices, a sign is picked-up relative to the
solid line contribution. -Let’s move on to the next diagram, -

Bw[ / . '
(@7 )enlz) v 5)
3%\"::] |

—(ze )= (y ey
Tt (o yey)
Slyez,y &2
here we’ve added another bit of diagram notation, the dotted line. The dotted line repre-
sents a different choice of internal vertex contraction (w — z) as compared to the solid line
internal vertex contraction. The meaning is to consider the whole diagram again, this time
with a new internal vertex contraction. Since the dotted line is “mirrored” with'respect to

the original internal vertex contraction, the effect is to simply exchange y and z, and y' and -
Z'. In pictures, this is:
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So we have the four contributions from the original solid and _dashe‘d lines, plus four more
related to the previous four by (y <+ 2z, ¥’ «> 2'). This will be the last addition to our dia-
gram notation. The next diagram is: - ‘ '

i, p
O,w? | Mgp/ wg '
\ _ a b C(z) ZI?— ! i
: , d e f .y» 0z ) oy
8afL'g \‘/iaio‘ CBZ;
/ ~
A zy : —(sz))—(yHy’)

t(zed, yey)

There are three more diagrams to consider. They have derivatives actmg on the internal
vertex propagator A(w — ). The first one is:

Y Yy
O, w? ,’%UE‘\\Xwﬁ
"o P _ _[(abc (& )zﬂﬂ é“_g 4
.//”f; - e d f)VYY ay ) \* " \8z " oz
d a}f” ! ‘ ’
Oas / \ ] s
i —zed)-ey)

+(z_<—>z’,'y<—>y’)‘
dyorz,y o)

The minus sign in front of the ¢ ‘matrix” comes from the fact that (4 22) was used once. We
have also expressed the 1nternal propagator derlvatlve in a nicer form by using integration
by parts:

A2 — )
y— w)Ay' — w)A( — )0, A(2' — z)
= (0, +.0,) A(z — w)A(y — W)A(Y — w)A(z — 2)A(Z' — z)

The second diagram with derivatives acting on the internal vertex propagator is the following:

8,A( — w)Aly — WA — w)A(: —"wm(z ~ )
AW —w)AY - )

I
|
B
8
|
g
>
<
|
g
P>
N
|
g
aQJ
T\?
|
é,

(4.23)

[
>
w

|
£
>

z"'az'+—8—z_'

[/ (rdena) ()
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’/‘i

—(ze2)—(y= )
+(ze2, yey)
4EB(y<—>z, y < 2

and finally, the very last diagram is:

b\/\\
d e £)VYW I EI\Y Gy T By 9z " 87
8«11% //{"‘z\(\/jaf;é : ' . .

—(z )= (yey)

t(ze2, yoy)

where (4.23) has been-used twice, once as before, and once on 8,. Now we are in a p‘Osition
to assemble all the contributions and give a final expression for I. We begin by writing out
the contributions for each diagram in their full form. For the first diagram we have,
G-9)(2-2)[0y- 0, — By -8, — B, - By + By - D] (4.24)

for the second diagram,

G0 -8+ (0 (- 8) + (-0 0 8) = (7 00680, oo
F@ )00+ (F0,) (- 00) + (2 0y) (3 8) — (- 0y) (6 0u)]

for the third diagram,
(% §) (- 0,) (¥ 8,) - (% : y',) (- 0.) (.7).' Oy) — (& -9)(2-02) (¥ - 9y) (4.26)

for the fourth diagram,

~(z-#) [+ (G0 8) — (70 (3 By) — (5 0) (7 8,) + (¢ 0) (3 By)
() (G0, + (' 0.) (- 8,) + (5-0.) (¢ - By) - <y-a,/><y'~ayl>]

» (4.27)

~ (-9 [+ (2:0,) (2 -0.) = (2 9,) (2-0.) = (- 9,) (2 - 0.) + (- 8) (2 - 0. |

)
.—<z"-ay><z'-az>+<z'-ay1><zwaz>+<z'-ay><z'~az'>»—"<z-ayl>(z'-aﬂ} |
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and for the fifth diagram,
) [ 8) G004 078 (2-0) + (- 00) (0.0 + (7 8,) (- 20)

+ ( j - 73’) (?/ ’ 8y’) (Z ’ 82) + (y ) 8.1/’) (‘é : az’) + (y ’ ay) (z' ) 6;") + (y ) ay’) (‘é ’ 6z')}
(4.28)
+ y -

Y
G2 (-8 (-0 + (7 0) (-0 + (7 0/) (0 + 37 8,) (00

and finally, the sixth diagram,
( J - zJ) [(yl 8y’) (z ’ 82) + (yl ) ay) (z' ’ 8Z) + (yl ’ ay’) (2 ) 021) + (y’ ’ ay) (2 ' 62')]

4 |
-7 <y~ay><z'-_az>+,(y-ayl><z'-az>+<y-ay><z'-<azl>+(y-ayf>(z'-azl>}

(4.29).
+(y ) -

52 [0 (- 0) + (- 0) (-0 + 3 0,) (-0 + 370 (¢ -2)

(02 [040) (0 (58 (- 0) 4 (- 0) (0 + (-0, (7-00)|

Now we can eliminate most of the terms by considering the following. Terms of the form
(' 2)(y-0y)(2' - 0.) become [&'(s]) - &(s2) — |2'(s1)]|Z(52)]]0s, O, - But this is a total derivative
in s; (and s}) and so vanishes. Also note that terms like (7'-9')(2 - #’) are zero at 2"¢ order in
waviness. Applying these two rules, and summing all contributions from the six diagrams,
we arrive at: - ‘

I=(g-2 = [9l1Z]) (—4)0s,05, + (¥ - 2 — §'||2]) (—4)0s; Os
(@ 2 = 19l12]) (4)06,0s, + (8- 2 — |F112']) (4)0, Oy,

Now recall (4.15) and note (3.58). Our final form for the connected loop-loop correlator thus
becomes: '

(4.30)

<W1 W2> 1

connected —

1 96N3 'y . s - Y
AT2 . d81d82d31d32 _5(32) ' € (31)83283’1 - 5(51) : é (32)63188'2

TN 2
1é(s1) - E(52)B0, B4y + E(51) -s'<s;>asaas;}

% / P / @2 Az - w)A(a(s:) — W)A(E(5)) — w)A(e(s2) — DA (s)) - 2)
[@.31)
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Finally we have a non-zero result. We see that the only contribution to the loop- loop
correlator at 2™ order in waviness and up to order. ¢g%N? is from the H diagrams.

4.2 Operator Insertion Method

We will reproduce the two loop connected correlator result (4.31), using the operator insertion
method. Sticking to the 10-D calculus our operators are,

O = 62,8, Fpu = 102y, (0p A — OuAp — i[Ap, Au]) (4.32)

Oy = i62,82,8,D:Fpy
= 102,088, (9:0p Ay — 0,0, A, — il Ay, Ay (4.33)
- i[Apv aTAu] - i[AT’ apAu] + i[AT’ 8#‘4#] - [AT’ [Ap: Aﬂ]])

We’ll represent, as before, the insertion of O; by an X in a Feynman diagram, and O, by an
- open circle. Thus the following emissions from a Wilson line are possible:

}\M 6mx8>’0’\' {nﬂ (53:6:6.1:63%7*“
53: 5:6:1:8% or oz x%

Figure 4.1: The possible emissions from a Wilson line, in the operator insertion method..

The factors shown to the left of the vertices are the objects carrying Lorentz indices which
~ become contracted with one another in the evaluation of a diagram. These will play an
important role in our calculation. There are some rules for narrowing down the diagrams
which will contribute:

e Since we are limiting the calculation to order g8 N3, we can have a combined maximum
of six gauge fields emanating from the two Wilson lines, since each gauge field con-
tributes a single power of the coupling constant. For diagrams with internal vertices,
there must be less than six. Recall that there are two fundamental vertices:




AChapter 4, Connected Correlator of Two Wavy Lines ' 60

e We are calculating only to order £2 in waviness. We will show in what follows that
there are no contributions linear in £, and therefore we must have either two insertions
of O, or one insertion of Oy, in each diagram.

e Note from figure (4.1) that each regular emission from a Wilson line contains a factor
of £, while an O; emission contains a factor of (6z & 9) and a factor of (dz &). Similarly
an (O, emission contains a factor of (6z éz z 8 9), a factor of (éz dz & 0), and a factor
of (§z 6z z). In a given diagram all these objects must contract with one another, and
with possible factors of 8 coming from 3-point vertices, to give a scalar (no indices)
result. And yet (3.48) - (3.52) tell us that £ -2 =0, and §z - £ = 0.

e Because the gauge group matrices are traceless, O; and O, are traceless, and so there
-is a minimum of two insertions per Wilson line of one of the six emissions.pictured in
figure 4.1. '

Now, there issimply no diagram consistent with the aforementioned rules but which contains

a single insertion of O; and which is not proportional to either & - & or éz - 2. This is not too

difficult to see: there will be at least four factors of &, then (for say the single line emission

from O;) the additional factors dz 9. In order to avoid & - & and dz - £, one must contract

dz with 9 and would need an additional factor of § for each factor of &, which is at least

four factors of 8. These could only be provided by four 3-point vertices, and this would
result in an order g8 N* contribution. Similarly, the double line emission from O; does not

yield a result consistent with the above rules either. So we are assured that there are no

contributions linear in §. '

Following the logic of the preceding paragraph, we can determine which diagrams will con-
tribute at order £2. Again, we will have at least four factors of . Now consider two factors
of (6z 8) arising from two insertions of O; or one insertion of O,. We would need two addi-
tional factors of 0 in order to avoid & - & and dz - . These can only come from two 3-point
vertices. Recall from section 4.1 that the following type of diagrams are zero:
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And so the only diagrams which may contribute are the H‘ diagrams shown in figure 4.2.

oo b =
s=gec
R

Figure 4.2: The diagrams which can possibly contribute to the two loop correlator.

The cross diagrams are not shown explicitly, however every H diagram implies four diagrams,

et =

As was mentioned during the general method calculation in section 4.1, these diagrams are
planar. In the operator insertion method the effect of the cross diagrams is the following:
let the positions of the gauge fields on the left Wilson line be s and ', on the right Wilson
line ¢ and ¢, then we have:

/ds/ds' 6(s — &) /dt/dt' 6(t —t') — %ds ds' dt dt' - (4.34)

that is, adding the, cross dlagrams allows one to replace the half 1ntegrat10n domalns with
their full domains.

In fact figure (4.2) is it, there are no other diagrams which contribute. For example, if we
consider the other possible emissions from O; and O,, these have less factors of & than the
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ones considered above. This means we would need more 3-point vertices to compensate, and
already without them, we would be over our total of six gauge fields emanating from the
two lines. Furthermore, the H diagrams involving the single O, insertion vanish due to the
following: The emission is:

52,0213 (0:0p 4 — 0,0, 4,
note that p and 7 will never be contracted together, since they are not both contracted to
gauge fields individually. This means that the H diagrams will end up containing either a

factor of ¢ - & or éz - %, and will vanish. So we are left with the six H diagrams involving two
O, insertions. We begin by evaluating the first diagram:

. y(t)

y(t')

= < Tr/ds/ds' i“ dzp(s) (s)d:g'(s’)Fpu(x(s))AU(x(sl))

x—ﬂ/w/wz@a 35005 (¢) s (D) A7 (0(0)
2 /dZw /d2w fabcaAa( )Ab( )A,CY(UJ)
x fdef aVAg(z)Ag(z)Ag;(z)> = Aj
where the cross diagrams are implicitly included according to (4.34). Evaluating the traces,

writing out F),, explicitly, and restoring the coupling constant for each field emanating from
a Wilson line, we have: »

A= 8N2 /ds ds' /dt dt’ /d2w /d2“’ fabc fdef

X 8,(8)a(5)0 (") 61 (5) (£)ia (8

x < (apAL(w(S)) - auAZ(x(S))) 47 (a(s") (435)

(0430000 - B0 42(6(0)) ) 3016
x aTA:;(w)A’;(w)Az(w)auAf;(z)Ai(Z)Ai(z)>

Now note that we must have p and « contr:'smcted together, or else §z will not be contracted
with dy and that will force either (6z - y) and/or (dy- ) and/or (& - ) to appear in the final
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expression, and we know these are zero. The only way for p and o to be contracted together
is to contract 0, AL(z(s)) and g A (y(t)) with 8, A5(w) and AS(w). There are two ways to
do this. This leaves three choices for the internal propagator (w — z), however the choice
(Ab(w)Ag(z)) results in o and A being contracted which gives the factor (¢ - y) which is
of course zero. Each remaining choice for the internal propagator leaves two ways in which
AT (z(s')) and A3(y(t')) can be contracted with the remaining two fields in the 3-point vertex
at z. Thus there are 2.2 -2 = 8 terms in the diagram. Note that the terms 8,4} (z(s))
and 9,A5(y(t)) from the two factors of F,, will never contribute since they cannot possibly
create a contraction between p and «, this will be true for all the diagrams we consider in
this section. '

We can use the diagram notation developed in section 4.1.5 to simplify our calculations. In
fact the factors surrounding “I” in (4.20) are the same here. For example the first set of
contributions for the H diagram at hand is:

(s) - Oz} (s) (1) - Oya(t)
Orwj /:\ZUE::\ ws, '
| / _ - (Z Z ;) (w(s) aw(s)) <y(t') 3x(s)) (y(t) 3y(t))
8,,22 /Z?,‘(\’j zj; X (a:(s') [355(3') + ay(t’)]) (5:1:(3) 5y(t))
7 (s") vA(t) —[a:(s') > y(t')] - [w(s) “ y(t)]

where variants of (4.22) and (4.23) have been used. In light of the relations (3.48) - (3.52),
and noting that the above contributions are proportional to £(s) - £'(¢), one can see that we
have total derivatives in s’ and ¢’ and so our first set of contributions are all zero. The second
set of contributions come from the second choice for the internal propagator:
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but this is zero too, since it is a total derivative in either s’ or #'. Thus all 8 terms are zero.
So Ay = 0. By symmetry, we can see that, '

as well.

Moving on to the next H diagram,

O b ()on(o)io ()aa()is )i ()
z(s") z y(t') ’ ’ ’ ) ﬂ /\
x < <a,,4;(x(s)) - auA;(x(s))> AZ(a:(S’))
< A3(0)(0u A5 u(0)) - 4201 )

xa,A:(w)Ag(w)Ag(w)a,,Ag(z)Ag(z)Ag(z)> = As

Now we’ll have a different rule to ensure the p - o contraction. We will have to have
9, AL(x(s)) contract with either 8- Aj(w) or Af(w), and AL (y(¢')) contract with either

- 9,A3(z) or A(’;(z). Then the remaining two fields from the two 3-point vertices contract
together. There are then 2-2'= 4 terms in this H diagram. The first term is:

@(s) - Oy (s) 94 (t)

s [ U/ we . o | |
/ _<a b 2) ((5) - 0ut)) (90) - 0u0) (902 - Byt )

c(s') - [@c(ls') + 3y(t')]) (‘“(5) ' 5y(tl)>

0.7 / [ 2 (s




Chapter 4. Connected Correlator of Two Wavy Lines 65

The second term is:

#(s) - 0mp(s) 340
wi] of
I = <g ; }cf) ((5) - Bagn)) (98) Bt (502" - By )
8,28 v 2 x (j;(s') .ay(t,)> (&c(s). 5y(tf)>
5 (s") g(t') - Ayt (t')

~The third term is:

TORON T
Ve
I A _ @ fe Z) ((5) - Buge)) (508) - [ute) + Buge] )
0. 1 a2 2 () - 0uen) ((5) - [Butn + 0] ) (62(s) - dy(#)
& (s") Y(t') - Oye(t))

The fourth and final term is:

z(s) - Oz (s) YA ()

Assembling our result using (3.48) - (3.52), and noting that any derivatives with respect to
z(s') or y(t) will be total derivatives, and cause the associated term to vanish, we find that:

= 4 6(6)-€/F) 8258 A~ w) Alals) ) Ay(H) ~w) Ala(s') ~2) Alyl¥) ~2) (436)
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where the factor of 4 is due to the fact that the four terms of the H diagram are equal to
one another. By symmetry, one can see that:

Ay = = .A3 with prime <> unprime

and therefore:

Ay = —4€(s)-€(t) 925 Alz—w) Aa(s) —w) Aly(t) —w) Aa(s) —2) Ay(t) - 2) (4.37)
since there is an inherent w < 2 symmetry.

Next we should consider the following H diagram:

~  02,(8)T,(8)Zs(8")0yal(s)Ys(t)ur(t’
T W R C AR

x < (8pA;<a:<s>> - ayA:<x<s>>) (aaA;xx(s')) - aBA;u(s')))
X A% (y(8) AL (y(t))

><aTAi;(w)A';(w)A;(w)ayAg(z)Az(z)Ag(z)> = As

To ensure the p - a contraction, the very same rule emerges as for A, that is, 9, A} (z(s))
must contract with either 8, A2(w) or A%(w), and 9z A5 (z(s')) with either 8,A%(z) or A({,(z).
~ Then the remaining two fields from the two 3-point vertices contract together. In light of
this it is not surprising that: ‘ ' “

As = ‘Aj with y(t') > z(s') and (—1)

where the (—1) comes because there is a switch in the structure constant coefficients relative
to As. By symmetry, it is evident that: -
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Ae = . As with y(t)‘><——>'a:(s) and y(t') < z(s')
Therefore, we have:
ha = 4 £(5)- (<) 8208 A=) Ala(s) ~ ) Ay(t) - w) Alals) ~2) Aly(t) ) (438)

Ao =4 €(t)-£(¢) 0208 Az —w) Ale(s) —w) Ay(t)—w) Ala(s") —2) Aly(t) - 2) (4.39)

Referring back to (4.20) and assembling the results of A; - Ag, we have our final result:

{

§ (W1 Ws)

_ connected
6 3 . . . . . '
%g ;v f dsds’dtdt’{—g(s) €'(t)0:0y — £(s") - €' ()05 0y

o o (4.40)
1é(s) - £()0,00 + (1) - f’(t')atat,}

X /dz“’w/d2“’z Alz — w) Az(s) —.bw) A(vy(t) —w) Az(s") — z) Ay(t) — 2)

where integration by parts has been used to transfer two derivatives in each term to the
waviness functions. This is the correction to the result for two straight, like oriented lines
which is just unity, thus this result agrees exactly with (4.31).

4.3 Interaction Between a Straight and a Wavy Line
at Large Separation

4.3.1 Perturbative Calculation

Ideally, one would like to be able to reduce the expression for the interaction of the two wavy
lines, (4.40), down to an integral over only the Wilson loop parameters which the waviness
‘functions depend on. This involves integrating out w and z and two of s, §', t, and ¢,
depending on the term. It turns out that this is an intractable integration. The first step is
to use the Feynman parameters formula:

HAZ"‘ = %/0 da:l-nda:kx?l_l---xzk“l[éi(;;—ig?” (4;41) :
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on the five propagators in order to integrate out w and z, this leaves an integral over the four
Wilson loop parameters and four Feynman parameters (the delta function eliminates one).
The integrations over the two Wilson loop parameters are possible, however the resulting
four dimensional Feynman parameter integration is entirely intractable. The calculations
leading to the intractable integral are included in appendix C. ' '

A result which is tractable, and interesting, is the limit where the two Wilson lines are widely
separated, and one of them is straight. What is meant by “widely separated” here is that the
separation L is much larger than the domain of compact support of the waviness function
£(s). Recall from the discussion at the start of chapter 2 that £(s) is also taken to be small
in the sense that |£(s)| < 1, thus there is an implicit sense in which L is much greater than
|€(s)| itself. In this limit we see that (4.40) becomes: ‘

1 96N3 ! - - 1
ERE 7{ dsds' d v &(s) - £(5') .00

X /d2“’w/d2“’z A(z —'w) Az(s) — w) Ay(t) — w) A(a;(s') —2) A(y(t') —2)

(Wi W) = -
(4.42)

Now let us perform the integrations over ¢t and t'. We’ll stick to the physical dimension, i.e.
w = 2. Also recall (A.5). The integration is: :

-

I= ! ! ! where = |
1= [ e 0= (D) 49

We use (4.41) on the two propagators to bring the integral into the form:

YR —— ”»

“where, ' ‘ .
D=a(l—-d)?+(1-a)zt) - z|? (4.45)
The integral over t is now easily performed using: '
/ diz 1 1 Dn-d/2) (1\"7 (4.46)
(27)d (z2 + D) (4n)%2  T(n) D _ ’

which yields,

1:\/—_r (3/2) /dt da\/_ o | (4.47)

The integration over ¢’ is similarly integrated using the same general relation (4.46). The
result is:

=7 / daa (1 - )72 = - (4.48)

a(L —@)? + (1 - a)(L — 2)?
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Then, taking the limit of large separation:

1

- Cag i TR o o
nggoj = = ), dao (1 —a) "= 7 | (4.49)

and so we find that our interaction will fall off as L=2. Taking the limit in this way is justified
given the remarks concerning the compact support of £(s) at the beginning of the section.
We should now venture to integrate out w and z in our original expression, '

2

| ) 5 6 3 .- . ‘
i) = T () T = Vg f deds &s)- () .00

oo f o () ) (=)

where now,

(4.50)

2(s) = (5,0,0,0) R | (4.51)-

In order to prove that our result will actually be finite, we stick to the general dimension 2w
for the integrations. Beginning with the integration over w, we use (4.41) on the first two
propagators, then use (4.46) to integrate out w. The Feynman parameter o just drops out
of this calculation, contributing a factor of .1. The result is:

<4W1W2>‘ = %E <471rw> 3 (wrz(i)i(%— ) ((247;)): %gé\r fds ds'é(é) - £(s) 0,04 |

= (=) (=)

- In order to integrate out z the very same steps are made using the same formulae for the
integration. The result is: :

- (4.52)

(W W) = 2”; : (4;)5 (% ))2:>2 T?(w — 1) T(w — 3)

1 ¢%N3
.7\72 2

(4.53)

§ dsds'é(s) - £() 0.0 (s - o)

where we have used the fact that z,(s) = (s,0,0,0). Now consider the following factor in
the express1on above, ' '

w3 %dsdsf (s') 8,0y (s — /)02 O (454)

applying integration by parts to migrate the s ‘and ' derivatives from the f ’s over to. the
factor (s — §')%7%%, we have:
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[=T(w-3) / ds ds' (s) - €(5')(6 — 2)(5 — 2)(4 — w)(3— 2w)(s — 5V (4.55)

but,
MNw-1)
(w—3)(w—-2)

This means that the 4 — 2w = 2(2 — w) term in the numerator of I cancels the pole w — 2 in
the denominator. We now have:

D(w—3) = (4.56)

(WAWy) = 2; < 471#0'-)5 <((247;))2:>2 I%(e — 1) (5 — 2)(3 — 2w) \
L [ €060

N2 2 (s__ s/)2w 2

(4.57)

- Integration by parts may be used again on s and s’, in order to express our result in terms
of £. Since everything is finite, we can also set w = 2. The final result is:

1 1 ¢8N3

W) =~ 3 12 g

dsds'€(s) - £(s') In(u(s — &')?) (4.58)

where p is an arbitrary constant with dimensions of 1/length, which does not affect the value
of the integral. One might have expected a form similar to the single line result (3.44), and
so the appearance of the logarithm here is very interesting. This interaction appears as an
effective self-interaction in the sense that & at one point is correlated with £ at another point
on the same line, as was the case (of course) for the self interaction itself (3.44). However
here, the effective self-interaction falls off less quickly (by two powers of (s —s')) than for the
real self-interaction. Note that by using an argument analogous to (3.58), £(s) - £(s') above
may be replaced by —1[£(s) — ( oI '

4.3.2 Strong Coupling Calculation

Now we would like to calculate the interaction between a straight and a wavy line at large
separation, i.e. the calculation carried out in section 4.3.1, on the AdS side of the correspon-
dence. As was explained in [19], the interaction between two largely separated loops comes
from the exchange of the lightest SUGRA particles between the two macroscopic worldsheets,
see figure 4.3. The term “largely separated” is explained at the beginning of section 4.3.1.

‘We must determine what these lightest parti'cles are, and then calculate how they couple
to the worldsheets, i.e. determine the vertex operators. The result will have the schematlc

:/ / VPV, (4.59)
1 J Q2 ) ‘

form:
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Figure 4.3: The interaction between two Wilson loops at strong coupling. The interaction
is due to the exchange of SUGRA particles between the worldsheets.

where ); refers to the worldsheet domains, V; refers to the vertex operator on that worldsheet,
and P denotes the propagator for the SUGRA field which travels between the worldsheets.

The particle spectrum‘of SUGRA on the background AdSs x S° was worked out in [25].
Since S°® is a' compact space, the fields are expanded in a series of spherical harmonics, times
Kaluza-Klein mode fields (¢*) on AdSs:

$(zM) =) ¢ (=) Y*(8) (4.60)

where M = 0,...,9, z* are the coordinates on AdSs, 6; are the five angles on S5, and Y*
are the 5-D spherical harmonic functions. Since we are considering largely separated loops,
only -the lightest fields will be important. As is explained in [19], in the strong coupling
(therefore large radius) regime these lightest modes arise from perturbations of the AdSs
metric. Following [25], the metric on AdSs is denoted g,,, and it is perturbed as follows:

g;u/ = g;w+ h;u/

. 1 N
h’l“/ = h’;u/ - gg;u,,ha .
rE = 7*(z) Y*(6) A (4.61)
by = Hy, (2) Y*(9)
Y : 9
9" hyu, = hl; = 1 7% (z) Y*(8)

where h2 is the trace of the metric on S°, sum over k is implicit, and z are the coordinates on
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AdSs. The 7*(z) are Kaluza-Klein modes of a scalar field. It is shown in [25] and mentioned
in [19], that this field mixes with another scalar field *(x) which arises from fluctuations of a
four-form gauge field which is present in the SUGRA. Thus there are two linear combinations
of the 7 and b fields which are mass eigenstates:

1

th(z) = ——— [ﬂ'k(:c) + 10k b*(z)] m?*=(k+4)(k+8) k>0
20(k1+ 2) : | | (4.62)
s*(z) = 00+ 2) [7*(z) —10(k + 4) b (z)] m*=k(k—4) k>2
Solving for 7* we have:
m*(z) = 10k s*(2) + 10(k + 4) t*(z) : (4.63)

but since s*(z) is the lighter field, we ignore t*(z) entirely. Equation (2.44) from [25] then
tells us that: ’ : )

4
koo

, Hw) = 3 +1

where the brackets indicate the traceless, symmetric combination, and D, denotes the co-
variant derivative. Now, referring back to (4.61), we have: :

DyD,ys*(z) - : (4.64)

. 1 16
g;w = g;w - gg,uuﬂ'k Yk + H(kw,) Yk + %‘ggw/ﬂ'k Yk , (465)
where we have broken H I’j,, into its traceless and trace pieces. Expressing this in terms of s*,
we have:

| _g;w =Guw — “"3—9;“/ SV Y* + ]{;——HD(”DV) Sk Yk + —',‘7?9“,, Sk Y* (466)
Let us now calculate D, D, s*(z). Note that, - '

. ,
DD, ¢ = [5 (D,D, + DvDu) - Trace] ¢

: . © (4.67)
= [8“8,, —T,0r — Trace} o)
where, '
T 1 TO :
: ‘ F;w = 59‘ (avgau + augcru - 809;41/) » , (468)
The metric of AdSs is:
| 10000
1 01000
Juv = 2 00100 (4.69)
010 0 0.1 0 o
000O01
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since we are using a Euclidean signature. We find,

1 ' 1
I‘;,,(?T = — ((5,“, — 250;,50,,) 60 —_— ((50,,5“‘ + 5ii/50u) 81 (470)
) . SEO _

where ¢ = 1,...,4. In light of this we have,

1 =
D(HDV) Sk = auaysk — x— ((51“1 — 2(5(]“50,,) Bosk

. 0 ) S - (4.71)
-+ .'L‘_ ((50,,(51'/‘ + 61',,(5()“) (9is'° - gg“,, (mg([‘)g + 33)3’“ -3 To a(]sk)
0 .

Now we should determine the vertex operators. In order to do this we begin'wi’ch the minimal
action (1.46) which can be written: ‘

S = \2/—5 / PovVdeth  hay = 0:X" g 0, X" (4.72)

We now consider the variation in h due to a variation in g,,:
vdeth
§v/det h = Tr(h~'6h) 26
We have calculated our dg,, in (4.66). Note that we will be interested only in the Kaluza-
Klein mode field s*(z) and not the spherical harmonic piece. This is because the two Wilson
loops can be thought of as being at the same point on the five-sphere. Thus we have:

Shap = 0u X" 8, Op X" (4.73)

90k 4
Shap = 0. X g | — — [23(85 + 02) =320 o] | s* BpX”
- 75 5(k+1) , (4
4 1 1 Y o
+ 6G.Xﬂk T 1 (Gua,,sk - m—o((s;w — 26()”50,,)80 + x—o(éo,,éw + (51',,(50”)6,') Sk abX _
The piece of dg,, which is proportional to Juv gives rise to the following variation:
Sgu = O = guw®, = 6Vdeth=OVdeth (4.75)
whereas for a general variation dg,, = O,, we have: '
1
0vVdeth = { O X*q,hXY) (B X O, 0, X"
2\/8—813—5 ( 1 jgll 1 ) ( 0 w0 )
— (G0 X" 901 X") (01 X* O 00 X”) (4.76)
— (01 X*gu00X") (06 X# 0,01 X") h
+ (aoX“gm,aQXV) (61X“O#,,61XV)}

Note that worldsheet derivatives act only on embedding functions, whereas derivatives in the
AdSs coordinates act only on the s¥(z) field. Recall the embedding function for the wavy
line: ‘ ' ‘
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X# = (t, s, zi(s, )) ., o (4.77)

where ¢ and s are the worldsheet coordinates o and ¢! respectively, and the waviness vector
A is a three-component object. Since the embedding of the worldsheet coordinates is a direct
mapping to X° and X!, we’ll call the AdSs coordinates z, and z; by t and s respectively.
We will require the following formulae:

o X* = (1,0,A) Xt =(0,1 A)

v 1 v 1 '
30X#9uuaoX> = 2—2—(1 + AZ) . O X g0 X¥ = 25(1 +A 2)

1. (4.78
: OOX“g,“,@lX" = 81Xugm,60XV = t—z'A . A, ( )
1
Vdeth ~ = <1+ “A? 4 A’2>

where in the last line we have expanded to second order in waviness, which is the order we’ll
keep all the calculations to. We begin by calculatmg the trace piece from (4. 74) We employ
the notation 8, = (8;,8,, V): :

. — 3'2 1/2.1 _%_ 4‘ 2792 2 2\ _ k |
5\/deth1—<1+2A +2A >t2{ 5 5kt D) [¢ (0 +9; + V7). 3td,| ¢ s* (4.79)

Now we calculate the term proportional to 8,8, s*, using (4.76). First we’ll need:

B X" 8,0, 5" 9o X" = }(at +A. v)2 st = (af +2A- Vo, + (A V)2> s
BuXH 0,0,5* X" = (9, + A V)2sk = (o2 + 287 90, + (A V)?) st s
0 X" 0,0,5" X" = (0,+A- V) (0,+ A" V) s

- (atas + AV, + A VO, + (& V)(A - V)) s

Usmg these relations, we ﬁnd that to second order in waviness, the contribution from the
9,0, s"* piece in (4. 74) is:

§Vdet hy = {62 Ty A2 (=67 +2) + Lan (87 —82)
k+1 2 o (4.81)
F2(A- V)8, 4+ 2(A - V), + (A - V)2 + (A - V)2 — 2(A' - A)atas} s*

‘Now we calculate the contribution from the I'}, piece from (4.74). We'll require the following:
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1 .

B X* T}, 0,00 X" = ;(~1 + A%,
1.

Bo X T),0,01 X" = ;A - A'8, - (4.82)
1. "

31X“ quat (91X" = ;(1 + Alz)at

Using these relations, we find that to second order in waviness, the contribution is:

: C4A21 .
§v/det hy = — 4 ~9, ¥ . (4.83)

Finally we have the contribution from the I}, piece from (4.74). We'll require the following:

. ' 2 .
80X“‘FL,,8i a()XV = 'EA -V v
OHXHTE, 0,0 X =0 ; - (4.84)

L 1 .
QX" T,0;0, X" = 2(83 + A" V)
Using these relations, we find that to second order in Wéviriess, the contribution is:

5v/det by = (A V- (A-A')as) o (4.85)

Now we can assemble our vertex operator V it is:

= §v/det by + §v/det hy + 6V det h3 + 6+/det hy (4.86)

where the field s* itself is dropped from each term. Novv, the propagator for s¥ is given in
[19], with normalization from [24]. It is expressed in terms of a hypergeometric function:

P :»% WE,Fy(k, k — 3/2, 2k — 3; —4W)
k .

w 2o} (4.87)
N (zo — xp)? —I—E“ ' |wy — 2l
where,
k-1 25k N2k (k — 1)
W= o T TRk 1)

| | e X (4.88)
2Fi(a,b,c;2) = ——————I‘(b)II:((c)— ) /0 dz? (1 -t (1 —tz) ‘

Here, we are interested in largely separated Wilson loops, this means that W will be small.
Also, the value of k for the lightest mode of s* is 2, since we are interested only in the lightest
mode, we can set k =2. The expansion of the propagator in this regime is:
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P= 'B_ W (1 - AW + 18W% +...) | (4.89)
k . .

We are interested only in the leading behaviour in the separation L, which as we will see is
1/L2. Also, we are interested only in the result at second order in waviness. In this limit
the propagator simplifies further:.

9 t2t"2

P= 8N2[(s— )2+ (t—t)2 + (T — &)2 + L2]2 (4.90)

Our interaction will be:

A= ds/ dt/ ds/ dt?AostPVst (4.91)
F=F'=0

47r2

where the arrows indicate the direction the derivatives in the vertex operators act.. Note
that the waviness A has been set to zero in the first vertex operator. We wish to keep only
the terms from the above integrations Wthh are proportlonal to 1/L2, and are O(A?). Note
that: .

\

121 4 -, 41 2
Vaco=—————=V2+-=0,+ (0} + & 4.92
a0 =T E Y T T ) | (4.92)
Now consider acting on the propagator with this vertex operator. Notice first that if we
restrict the action of the derivatives to the numerator of the propagator alone (i.e. t?), the

result is zero. The non-zero terms are:

9 4 (—128%7 24123 (7 — &')?
VA:OPZS—NE{——< S+ i >

4 [(—4t%t(t —t')
+ —_ —_— .
5 D2 (4.93)
N 2 (-4t N 241722 (t — t')? '
) D3 D
2 [—4t%? N 24 t"%%(s — §')?
) D3 D
where D = (s — s')2 + (t — )2 + (£ — &')? + L?. Now note the following integrals:
A~/oods/°odt v _rl + O(1/L7)
~o  Jo [(s—s)+(t—t)2+L2*  L?16
B—/oo ds /oodt . -1 oa/ (4.94)
—00 0 [(s—s)2+(t—t)2+ L2 L*8 '
o o 2¢2 T 1
C—_—/ ds/ dt 2 =——+0(1/L°
, —o0 0 (s —s)2+ (t —t)2+ L2* L248 (1/L7)
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" These are the forms which will give terms of order 1/L2. The extra O(1/L®?) and O(1/L")
terms arise because the integrations over ¢ are half-domain but the integrand is shifted by t'.
" The assumption here is.that ¢’ is finite, or equivalently, that A(s’,¢') has compact support.
We discard any terms in (4.93) which are not of one of the above three forms. When we
apply the second vertex operator, any derivatives which do not act on the numerator alone,
will give rise to terms subleading in 1/L. Thus we consider only those terms of V(s',t')
which contain powers of 8, alone. We also consider only those terms which contain A, this
is because the interaction between two straight lines is zero. These terms are:

o 1., 1.,\1( 12 4., ,
V(s't) = (-2—A2+§A2> v {_E - (07 — 3t aﬂ]}

1/ i 292 %142
+ 5 (A% + a3} Bt,Aaﬂ

Since the derivatives act only on the numerator, which is ¢ for all relevant terms in (4.93),
we can replace 8y with 2/t' and 82 with 2/¢'2. This yields: : '

(4.95)

V(s t) = 75452 (4.96)

We are now in a position to evaluate (4.91), it.is:

A9 48 16 48 48 o *® A
A _ _4__ B _____ A / I A2
_ 472 8N?2 [ <15 5 15) 5 5 ( +C)] /—oo as /0 wa

4.97)
_ 9A1 1 oo ! oo PA2¢ 1 gt (
- 207TN2L2/00d8 /0 dt' A*(s',t')
Recall from (3.78) that the waviness function is given by:
1 . ;
A(s,t) = —= [ dke ™ el (1 |k|t) £(k - 4.98
(0= [T Q) e

" Therefore,

A — dk —iks —|k|t k2t
\/ﬁ € £( )

/oo ds' A? = /dk k2 e 2kt e (k) - ¢(—k)
. o0 , 00 ,‘2 1 kz B
/_ ds/o dt' A /dk|k| £(k) - £(—F) (4.99)

o0

dk/dsds me VE(s) - &(s)

dk/dsds me =) £(s) - £(s)



Chapter 4. Connected Correlator of Two Wavy Lines 78

We need the following fourier transform:

/dk |_]1‘«'_| e'*® = — In(z® p2) ' (4.100)

which is the principal value of the integral, and p is an arbitrary constant with dimensions
1/length. Our final result is therefore:

A Lo
A= Bwea / dsds' €(s) - £(s) In(u? (s = &)%) | (4.101)

Note that by using an argument analogous to (3.58), £(s) - £(s") above may be replaced by
—31€(s) = €GN
4.3.3 Discussion

Comparing (4.58) and (4.101) we see immediately that the form of the dependence on the
waviness is identical. We saw the very same type of behaviour in section 3.4, where we com-
pared the results for the single wavy line on the two sides of the correspondence Following
the prescription for the AdS/CFT correspondence:

In(CFT Result) = —AdS Result (4.102)

we have:

21174 5 2572

3
ln(l——A—I—i-...) =—g A
(4.103)

where I = ﬁ/ds eis’é(s) - €(s") In(13(s — §')?)

The assumption is that the terms on the CFT side higher order in A (represented by the
“...” above) would all be directly proportional to I, and would re-sum the logarithm to
give the AdS result in the limit of large A. It would be interesting to verify this assumption.
Comparing the coefficients on the two sides of the correspondence, we have:

A )2 9° A .
(2%2) AP - = (4.104)

Thus in some way the interaction is screened in the large A limit, ending up as being linear
in A
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Appendix A

Action, Propagators, and Feynman
Rules |

Appendix A and B have been (mostly) taken directly from [21]. The Euclidean space action
of D=4, N/ = 4 SYM which we are considering is as follows:

S = [ dtor {5 (Fa) + (Gt + 1)’ + Poire (" + 17 A
afUET gty — 3 ot fote gt gl + 0,0° (Buct + FoIoALC) + E(8,A%)° )

~ (A1)
where the ¢} are.six scalar fields, A7 .is the 4-D gauge field, ¢ are ghost fields,

Fg, =0,A% — 9,A% + f“bCA" A
and f9€ are the structure constants of the SU(N) Lie algebra,

| [T°, T%] = ifobeTe

and so a,b,c = 1,...(N? —1). The T* are the (N2 — 1) generators of the fundamental
representation, and so each is an NV X N matrix. They are normalized as

rPrTaTb — %6ab

~ and obey the identity
Z facdfbcd Naab

c,d -

Now, 1 is a sixteen component spinor obeying the Majorana condition

| B(z) = Co(2) (A2)
where C is the charge conjugation matrix. T4 = (y#,T'%), for p = 1,...,4 and 5 = 5, ..., 10

are ten real 16 x 16 Dirac matrices (in the 10- d1men51onal Majorana representatlon w1th the
Weyl constraint) obeying

Tr (T4T?) = 16647

We have chosen th‘e covariant gauge fixing condition,

9 A% =0 ' (A.3)
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and we work in Feynman gauge, where the gauge parameter is chosen as £ = 1. The
appropriate action for ghost fields, ¢*(x) has been included.
In Feynman gauge, the vector field propagator is

A (p) =~ = 5972
the scalar propagator is

Di(p) =——= 925“”%,
the fermion propagator is : '
| S(p) = == -~ :g26ab%,
and the ghost propagator is '

Cab(p) =+ - _ g25abl2_

The vertices can be easily deduced from the non-quadratic terms in the action (A.1).

We use the position-space propagators in 2w-dimensions (the physical dlmensmn is given by
w = 2). These can be deduced from the Fourier transform: -

d2wp eiP e B F(w _ S) 1
/(27r)'2w [p2]s - 4sﬂwp(s) [_,La]w_s (A.4)

By setting s = 1 we find the Green function in 2w dimensions:

Tw-1) 1
4o [z?]w?

Therefore, for example, the position Space propagators for the scalar and gauge fields are:

Az) = which satisfies ~ 8?A(z) =6*() (A.5)

(A%(2) A2(y)) = 920 6, Al — )

. . (A.6)
(¢i(2) $}(v)) = 978 8i; Az — )
The Wilson loop is defined in the following manner:
1 . . .
W(C) = v Trp expg%CdT (1Au(z)E, + Bi(2)|26;) (A7)

where z,(7) is a parameterization of the loop, and 6; is a point on the five dimensional unit
sphere (6% = 1). Also, A, = AT and ®; = $¢T°.
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Appendix B

One Loop Self Energy of the Vector
and Scalar Fields

Consider the one loop self-energies of the vector and scalar field. The dimension of space-time
is D = 2w. The vector field obtains self-energy corrections from:

e N2 colours of vector fields and ghost fields:

_ 5abg4NF(2 — w)MNw)I'(w — 1)

(4m)*T'(2w)

Oy — Dubv /D
p2—2w

- 2(3w — 1)

e 10 — 2w real scalar fields in the adjoint representation:

sy TR @I = 1) o S = pp 8
'_V\OW— ) QN T @m)eT (20) (10 — 2w) o

e four flavours of four-component Majorana fermions in the adjoint representation:

7o

M-‘ :’V\.a = —(Sabg4N

N\

I'2 - w)Nw)(w-1)
(4m)«T(2w)

8w — Dubv/ D
p2—2w

-16(w — 1)

-—

Note that these are the negative of the conventionally defined self-energies. Thus, to one
loop order, the propagator for the unrenormalized gluon, in Feynman gauge is

(2 - w)(w)(w=1) 42— 1)5@% — pup /P

| 5
A =g —g'N

0 (4m )T (2w) (B1)

p6-—2w

Similarly, we can compute the one loop correction to the scalar propagator. It obtains
corrections from: o

e the scalar-vector intermediate state: ,
T2 - w)Nw)MNw -1 ij
P SR D N O R U

(4m)“T'(2w)
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e and the fermion loop:

s

_ _Sabg4NF(2 — W) W) (w = 1)

. Taerw) Sl

p6—2w

—

Thus, to one loop order, the (unrenormalized) scalar propagator is

8 §:;6%
D:z]b — g25apré7 _ g4N tJ

p6—2w

I'2 — w)Nw)Nw~ .1)

(47)*T(2w) 42w - 1)

(B.2)

Note that, aside from vector indices, the scalar and vector propagators are identical. Also,
note that the self-energy corrections have poles at w = 2 which arise from an ultraviolet
divergence. If we were to compute correlators of local renormalized fields, it would be
necessary to add a counterterm to the action in order to cancel these ultraviolet singularities.
Here, for purpose of computing the Wilson loop, we leave them unrenormalized.
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Appéndix C

Integration of the Connected
Correlator |

It is desirable to integrate out the internal vertex positions w and z from (4.31),.as well
as the two Wilson loop parameters which are not the arguments of the waviness functions.
We have succeeded in doing this, however have in the process introduced a four dimensional
Feynman parameter integral which we find intractable. We will outline the process we have
followed to execute these integrations and give our Feynman- parameter integral result for

completeness.

We began by using the Feynman parameter formula (4.41) on the five propagators of (4.31).

We kept the dimension at 2w until both w and z were integrated out, then w was set to two.
The general formula (4.46) was used to integrate out.w and z, by completing the square of
the denominator from the Feynman parameter form. These integrations were carried out by
hand. Next each of the four terms in (4.31) was integrated over the two loop parameters -
which are not the arguments of £ or {’. The two derivatives in each term were evaluated
after one integration. These calculations were done using the software Maple. The result is: -

(W1 Wo) |

6con:r;ected .. v | ] | ] | C |
- 3 s f dsdt [2€(s 5( )Fi(ont) = (€060 + € €0)) Falont) e
where: C
ﬂ(S,t) :/1 dadbdddgdmé(l —a— b—cé—g —m)
| 0 amb . |
\/gd ab+am+mb)( (g —|—m—|—b+d) (g+mb)(b+‘d)) (C.2)

F(s—1t)? - G;L?
[F(s —t)2 + G;L?]?

where:

‘F=ambla(g+m+b+d)+ (g+m)b+d)
G1 = (ab+ am +mb) [(m + d) {a(b + g) +bg} + md(g +b)] (C.3)
Gy = (ab + am + mb) [(m + b) {a(d + g) + dg_} +mb(g + d)] '
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whiere L is the separation between the lines. It is not surprising that even after considerable
effort this final integration was not able to be done. Even the asymptotic behaviour at large
L was not successfully extracted from this expression.
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Appendix D
Selected Integrals

" We will show the evaluations for various integrals referenced in the bbdy of the thesis. We
begin with the following: ’ :

' | 1 By
I :/ dadfdyé(l—a—B—7 arctan — (D.1)
= N T a
We introduce the following representation of unity:
1
1=/ dpd(p—a—v) sothat p=a+~vy : (D.2)
0
and then introduce scaled versions of o and 7:
o =pa 4 =py (D3

this yields:

M ao [ pdel dBpdy' 60— B — p)o(o— pel — )L 57
Il_/odp/Op.dadﬁpdyé(l B—p)dlp— pa pv)p_marctan( a’) (D.4)

Now a power of 1/p drops out of the delta function, and so p disappears from the integrand
entirely and we can integrate over it, which yields:

_ 1 1 B B 1 IB_’Y |
Il—/o dﬁ/0 flad*yc?(l o V)Warctan< a) (D.5)

The next step is to make the substitution u? = 3 in order to integrate over 3, this gives:

1 1 A 1 v
I :2/ du/ dadyd(l—a—1vy arctan (u\/j>
' 0 0 ( )\/04’)’. Q
1

:2/0 dad'yd(l—a—’y)\/i_’y[uarctan<u g)—% %1n(1+gu2)}

Evaluating the u limits, then proceeding to integrate over «, we arrive at:

Y

0

L =2 dfy—arctan< —)—l—/ dy—In(1 —~ D.7
' 0 (1 —7) 1-v o ( ) (B-)

The second integral is a well known form:
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1 2
1 m
de=In(l — z)de = —— D.8
/0 z— n( . z)dzx 5 | (D.8)
however we’ll need to work on the first. We use the following substitution:
g T |
v = sin“ 6 0:0—+§ (D.9)
which yields, for the first integration of (D.7), |
| /2 ;71'2
/ 946 =" (D.10)
0 2
And so we have that:
w2 a2 2
L=——-——=— D.1n1
T2 6 3 (D-11)

The second integral we consider is:

! 1
Izz/o dad,Bd'yé(l—a—ﬁ-w)\/W

We follow the same first steps as for I;, that is introducing p so that the integral over 8
may be evaluated, then o may be integrated by simply replacing it with 1 — v wherever it
appears, this yields: , : :

(D.12)

e T2(1/2 '
I, = 2/ dyy V21 — 4712 = QM =27 - (D.13)
0 I'(1)
The third and last integral we solve is the following:
1 : w—2
o
= [ dadsaysi-a-p-n Ly (D.14)
0 | [(1=7)7]
First we integrate over p so that [ is replaced by 1 — a — . This yields:
1 1—vy ' .
L= [ dv [ dalalt-a= - g (D.15)
0 0
- Next we use the following change of variables:
y=1-y a=yz : (D.16)

which yields:
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13:/ dy 1—
0

1 T*w-1)

/da::c (1-2x)“?

I(w-1)

T w P(2w—2)

2 —w (2w —3) (2w — 3)

(D.17)



