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Abstract

We have calculated in the covariant gauge the total number of massless
closed strings emitted from a decaying Dp-brane using fermionization tech-
nology on the time component of the boundary state. This verifies the
computation carried out in the less well known temporal gauge despite dif-
ferences in renormalization schemes. )

In addition we have attempted to use the fermionic technique to calculate
the total number of closed strings emitted. Our result is difficult to interpret
due to the ambiguity involved with rotating it back to Minkowski space.
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Chapter 1

Introduction

-

Perturbed slightly from the maximum of its potential an open string tachyon
will undertake a rolling process towards the minimum of the potential, the
closed string vacuum [5]. It has been shown [2, 7] that as the brane decays
it radiates closed strings. ‘

The main goal of this thesis was to find the total number of strings
emitted by the Dp-brane. This calculation has been previously carried out
level by level in [2] in the temporal gauge. We have been motivated to
attempt this same calculation in the familiar covariant gauge because there
is some doubt that the use of the temporal gauge in [2] is properly justified.

We find that our result for the total number of massless strings emitted
agrees with [2]. This is despite the fact that the coupling constants ¢ and
g, defined below, are given by a different renormalization procedure in the
fermionic approach than in the bosonic approach. For the special case of
the half S-brane we find the result to be coupling independent, allowing us
to find explicit values for the number of particles emitted. _

Our attempts at calculating the total number of closed strings emitted by -
an unstable Dp-brane in the covariant gauge have been unsuccessful. This is
due to the fact that fermionization of the time component of the boundary
state requires an analytic continuation to periodic Euclidean time. Thus any
physical result requires the reinstatement of non-compact Euclidean time
followed by a Wick rotation back to Minkowski time. As we will explain in
- chapter 5 there appears no clear way of rotating back to Minkowski space,
preventing us from obtaining a meaningful result.

1.1 The Basics

The conformal field theory discussed in this paper has applications in many
fields of physics [1], but we will be discussing it in the context of bosonic
string theory. We will be dealing with three objects in bosonic string theory;
the closed string, the open string and the D-brane. Oscillations of the strings
are interpreted as bosons, for example the first excited state of the open and:
closed strings are interpreted as spin 1 and spin 2 objects, respectively.
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A string is embedded in space-time via the parameterizations X#(a, 1)
where 7 is analogous to proper time in the case of the point particle. The
string is an extended object which is why we require a second parameter o.
" The standard convention is to set the length of string to 27 for the closed
string and #« for the open string. The closed string obeys the condition
XH#(o + 2m,7) = X*(0,7). Thé endpoints of the open string are forced to
lie on an object known as a D-brane [4]. The D-brane is sometimes called a
Dp-brane in the literature to signify that it extends in p spatial dimensions.

As a string moves through space-time it traces out an object known
as the world-sheet. Physics is parameterization invariant so we are free
to use any parameterization of the world-sheet we wish. Two very useful
parameterizations of the world-sheet are: the cylinder

wW=0+1T D=0 —1iT (1.1)

and the disk ' ' : :
z==xe™ z=de ™ (1.2)

where + is used in the case of the closed string and — is used in the case v
of the open string. These parameterizations are used frequently throughout
this thesis. '

1.2 Tachyon Action

The tachyon action is described by the usual non-decaying world-sheet action
plus an exactly marginal boundary operator,

S:—l—/ dT/ do aXO-aXO,—/ A7 Shay + .- (1.3)
4 —00 0 —00

given by B

Shay = (ge”“) + 2o 48.X°)
It is also possible to include a boundary interaction at the ¢ = m boundary
with different couplings. When we do include an interaction at this boundary
we take the couplings to be the same as on the o = 0 boundary. We note
that we have performed a wick rotation in (1.3), so that X° is time in
Euclidean space, and the three dots indicate the usual action for the spatial
directions and ghosts. Also in (1.3) we have set o/ = 1 and we will keep
this convention throughout the rest of the thesis. We are assuming that the

(1.4)

o=0
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tachyon condensate is space independent, resulting in the usual equation of
motion

(82— 82) X*o,1) =0 (1.5)

as well as a boundary condition given by

(—BUXO + i ix® _ i—g—e_ixo)

S . =0 (1.6)

o=0

at the end of the string.

Equation (1.3) defines a conformal field theory for all complex values
of g and g, however, since the Minkowski space tachyon field is real g and
g must also be real. We are interested in two tachyon profiles, the half S-
brane for which § = 0 and as the full S-brane first discussed by Sen in [6]
for which ¢ = g. The former corresponds to a tachyon decaying to a stable
configuration and the latter to a tachyon coming up from the bottom of its
potential and then falling back into it.

The topological term associated with A in (1.3) does not affect the
equations of motion or the boundary condition. For a mon-compact bo-
son it can be interpreted as a Bloch wave-number. Further discussion on
this can be found in [1]. In this discussion the authors conclude that any
value of A € (0,1) allows us to treat X° as if it had the compactification
X% - X° 4+ 27. We will show that we need to treat X0 as if it were com-
pactified in order to use the fermionization technology developed in chapter
2. Since X is not actually compactified we will wish at some point in our
calculation to decompactify X by integrating out the A dependence over all
allowed values of A € (0,1). It is important to note that when we include an
interaction at the o = 7 end of the strip and wish to decompactify we must
integrate over A = A,_, — A,—o, is the difference between the parameters
at each boundary.

1.3 Boundary State Formalism

The boundary state technique is useful for calculating open string partition
functions

Z[B) = Tre PH, : (1.7)

where H is the Hamiltonian obtained from (1.3). We can rewrite this par-
tition function as a closed string correlation function by gluing together the
ends of the open string world-sheet. This gluing procedure is illustrated in
Fig 1.1. The incoming part of the world-sheet at 7 = 0 is connected to the
outgoing part of the world-sheet at 7 = & creating a cylinder and making

3




Chapter 1. Introduction

7 periodic. As a result the definitions of 7 and ¢ can be interchanged ex-
pressing the correlator as a time evolution operator sandwiched between the
boundary states, which encode information about the boundary conditions

202 1
Z[8) = (Bile ™ "|Ba). (18)
The action (1.3) is now that of a free boson living on a Euclidean cylinder
1 (¢S] 27 ) ‘ .
S = - dT/ do ((BTXO)2 + (8GX0)2) + .. (1.9) -
—00 0

The operator H is the Hamiltonian of this action. The Euclidean time
. 2 . .

parameter is o = 22— because we have used conformal invariance to rescale

the closed string world-sheet to match the convention 0 < ¢ < 2.

Out
4 (-0
pd In Out
T
G
In

Figure 1.1: Gluing process used to convert an open string world-sheet into
a closed string world-sheet

We can use the boundary state formalism to répresent the interaction
of closed strings with a decaying D-brane. The boundary state is a closed
string state which is annihilated by the boundary condition that would be
imposed on an open string embedding function. As described above this
means interchanging the coordinates o « 7 and re-scaling the closed string
world-sheet to match the usual convention 0 < o < 27. After this process
the boundary condition (1.6) becomes the boundary state condition:

1 . 7.
<—§;8TXO + i%ezxo - i%e_’X())

|B) xo = 0. (1.10)

7=0
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The spatial component | B) ¢ and the ghost component | B), of the boundary
state are given in [8]. The full boundary state of the tachyon is given by:

|B) = Ny |B) xo ®|B) 3 ®|B)y, (1.11)
where the normalization constant l
N, = w2 (2m)8~P (1.12)

and the states

d25 T)k_L 25 oo d
B¢ = /( 355 P ZZ Yad &, ) [k =0,k1) (1.13)

s=1n=1
|B),, = exp (- Z(E_nc_n + b_na_n)> (co + &o)e1ér |0) (1.14)
n=1

are the same as for the non-decaying Dp-brane. A few comments on no-
tation: if the direction of X, is along the Dp-brane, it has a Neumann
boundary condition with d; = 1 ahd momentum denoted by k. Similarly
a direction transverse to the Dp-brane has a Dirichlet boundary condition
with ds = 0 and momentum denoted by k;. The |k|| =0, kl> is the eigen-
state of these momenta. The state |0) given in (1.14) is the SL(2,C) invariant
ground state. In addition we remind the reader of the boson’s commutation
relations

[od,, 02 = (a8, = mﬂ”"5m,n (1.15)

and the ghost’s anticommutation relations
{em,b-n} = dmn (1.16)

The boundary state in the time direction is

0
B)xs =3 [ 5 (FOR)+ (k0,8 +..) 0,058)

. | .
=i/%kf/cdwoelk%o( %)+ h(z)al als +..) [0,0;£%),  (1.17)

where z° is the position zero mode of X® and ... indicates higher order
oscillations. The contour C is the real axis. Other authors, [2] for example,
define the above boundary state without an integration over z° and instead
add a prescription to later integrate over an arbitrary contour. This gives
rise to choices such as Hartle-Hawking contour discussed in [2].
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In [1] |B)xo is expressed in a basis of z°. We can also do this by inte-
grating over &° in the second line of (1.17) to get

Xo—*z/dz 2% + h(z%)a® &%, |2% + ...) | (1.18)

where the ... indicates higher order oscillator numbers and |z°) is the posi-
tion eigenstate. Using the method of fermionization, the function f(z°) was
found in [1] to be:

1 1
0
= - - — — 1 1.19
J6) = T T T (1.19)

1.3.1 Renormalization scheme comparison

Dependence on g and g of f(z°) and h(2°) differ from those found in most
other papers because of differences in renormalization prescriptions. The
usual expression for f(z°) is given in [2]

' 1 1

9 = . — 1 1.20
I = T smrg)e® T Trsmmg)e=  © (1:20)

for the case of the full-brane(g = g, 3 = g’) and

1

:L‘O = m—
f( ) 1 + (ng)eimo

(1.21)
for the half-brane (§ = 0, § = 0). In [2] ¢’ and §’ are the renormalized
versions of the couplings in (1.3). In [1] the relation between ¢’ and g’ was
found to be given by:

~

sin?m/¢'g = g7 , (1.22)

<Q\||Q
@l

with the special case that ¢ = g when § = 0. Comparing (1.19) and (1.21)
we find the fermionic approach agrees with the bosonic approach at least
for the full S-brane and half S-brane.

In this thesis we extend the work done in [1] by calculatlng h(z )

h(xo) = f(xo) - 2(1 — Wzgg). (1_23)
We can compare this to the values obtained in [2]:
mz®) = f(z°) — (1 + cos(2mg’)) C(1.24)

6
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for the full S-brane and
h(z°) = f(2°) —2 (1.25)

for the half S-brane. ! Again these results agree at least for the cases of the
full S-brane and half S-brane.

1.4 The boundary as a source of closed strings

In QFT the average number N of particles emitted from a classical source

j(z) is given by :
- dP-k 1 4o
¥ [ Goras

2
(1.26)

where j(K) is the fourier transform of j(z) and E? = k% + m2. Since we
are interested in calculating the total number of massless strings emitted we
should take our source to be the one point function for creation of massless
strings from the D-brane

i) = waleg|B). (127)

Here ¢; = @52 and |¢p) is the BRST invariant state at the massless level
which we have derived in the appendix. As a result the total number of
massless particles emitted should be given by

_ d®k 1 2
Npypz—o = WﬁK‘I’BkMB)l- | (1.28)

As was discussed in [2] the analogous form of equation (1.26) for the
total number of closed strings emitted from the D-brane can be obtained
from the optical theorem. On the Lorentzian cylinder it takes the form

— bgco_
N=rIm((B|—25% __|p) (1.29)
Lo+ Lg.— e

where bg' = bo;bo, cp = Cogg), Lo and Lo are the left and right moving Vi-
rasoro zero modes respectively. The infinitesimal € is used for regularization
purposes.

We can prove the validity of our expression for the total number of
massless particles emitted (1.28) by deriving it from (1.29). We begin by
inserting a complete set of closed string states

o) (We| =1 (1.30)

'We have used the fact that a®,a%, — —a® &%, under the Wick rotation X° — i X°.

7
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after the ¢; in equation (1.29). This conveniently splits (1.29) into a sum
over mass levels ' :

N NM2=—4+NM2=0+
I (Bl &5 10)(® pg2—_s(Lo + Lo) ' |B) )

+m ((BIbg o5 1)@ agaco(Lo + Lo) M1BY) + ... (131)

If we are interested in calculating the number of particles with M2 = n we
need to know the explicit sum over states given by |¥) (¥|pr2--

In the covariant gauge, the most general from | W) (¥ |2, can take while
ensuring a ghost number of 0 is

d®k
a0 = [ meneio 0,085, (0.0K. (132

The ghost contribution z, is given by

zg=—it(| DAL =TLDATI+HITDATI=TIDALD- (1.33)

The states | [1),] T1),] IT) and | }]) are the four degenerate ground states
of the ghost system. The state | ||) is defined to be annihilated by the
ghosts bg andf)o. The ghosts ¢g and ¢y can be used to construct the other
ground states | 1) = col 11) , | 11) = ol L1) and | 11) = Gocol L1).
The properties of Grassman variables and hermiticity demand that the non-
vanishing inner product is defined by (]| |éco| 11) = 4. Also worth noting
is that the SL(2,C) ground state given in equation (1.14) is related to | | |)
by the conformal transformation from the disk to the cylinder, so that as
s = e~ o = ol + ,L'UQ;

10y — b_yb_1] L1). (1.34)

After inserting (1.32) into the expression for Ny 2_q and after some ma-
nipulation we obtain

Wiy = Im( [ e @ales 211

. d26k 9 B
o / o = DI sleg |B)

25
- [ Gomapials 1B (1.35)
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where |¥ ) is the on-shell BRST invariant state for a string with M? =0
level, the form of which is derived in the appendix. This calculation has put
the particles on-shell so that E? = k2. We notice that the last line of (1.35)
now justifies our conjecture (1.27) because it agrees with (1.28).

~ At first glance the calculation of the total number of closed strings emit-
ted seems fairly straightforward. It was given in (1.29) as

_ bf]"ca . ‘ :
N=Im((B|—2% __|B)). (1.36)
Lo+ Lg —i¢

We remind the reader that

=ind 1.37
—— = iné(a) +y (1.37)
where ¥ is the principal value. Since y is real, this allows us to express (1.29)
as -
N = Im (m (B)6(Lo + Lo — ic) |B>) . (1.38)
We can now rewrite the total number of particles emitted as a product of
partition functions by expanding the delta function in (1.38), giving

N=1Im <m / ~ d\(B| (bgcg)qwﬁo—ié’iB)) (1.39)

—o0

where ¢ = e*. The spatial and ghost partition functions are well known
[4]. At first glance fermionization seems promising for calculating the time
partitionv function because it allows us to find an explicit expression for -
|B) xo and Lo+ Lo after rotating to Euclidean space. There is, however, one
drawback to this approach, finding a consistent way to rotate our final result
back to Minkowski space. We will discuss this difficulty after we thoroughly
develop the fermionic technology. We note that this problem is absent in

the temporal gauge because no analytic continuation is required.




Chapter 2

Fermionization of X?°

Here we will briefly summarize the process of fermionization and extend the
work done in [1] and [3]. The goal is to express the boundary state in terms
of fermion variables. For simplicity we label X° = X and ignore the spatial
and ghost parts of the action. It was shown in [3] that fermionizing X°
directly leads to the identification X — X + /2, which is inconsistent with
the self-dual compactification scheme discussed in the introduction. A way
to sidestep this is to first add an extra degree of freedom obeying a Dirichlet
boundary condition. Introducing this new boson Y, the Euclidean action
becomes: '

0 2w .
S= 4%/ dT/ do (3, X)2 + (3, X)2 + (8:Y)2 + (8,Y)%) + ... (2.1)
—o0 0
The boundary state condition now becomes the set of equations

<—-1— X + igeix - ige—“‘) |IBD) =0 (2.2)

2

7=0

Y|,_o|BD) =0 (2.3)

for Y which is thus uncoupled and hence exactly solvable. When calcu-
lating quantities such as physical amplitudes we can simply factor out the
contribution of the Y boson. We construct the fields

1 1
¢1:ﬁ(X+Y) , ¢2=ﬁ

which are used to define the mapping to the fermions

(X -Y) (2.4)

Yip(z) = Gr:eVEuE . gl () =eV®u®@ ) (25)
por(z) = Cop:eVPtu . ¢;L(;)=3€_ﬁi¢2L(z)iC;L (2.6)
Dip(z) = Gr:eVBOR@) . glo(s) = e VEARE) (] (2)
Yor(2) = Grie VIHRE) . | ylo(z) = VR (] (28)
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z and Z are the complex co-ordinates corresponding to the conformal trans-
formations z = ™% 3 = "% and the (., /R are co-cycles used to make
the fermions anti-commute with each other. The co-cycles are constructed
from the zero modes of the bosons

V2o = Pal, + Par — iMar Nz — imapInZ 4 . .. (2.9)

and are given in reference [3] as

LT
i = C1r = exp (—7»5 (mir, + MR+ 2mor + 27F2R.)>

(o = (or = exp (—Zg (mor, + 7r2R)) : (2.10)

We now see the advantage of introducing the fields ¢; and ¢5 and of making
the mappings (2.5)-(2.8): it compactifies X and Y at the self-dual radius
making them compatible with the compactification method discussed in the
introduction.

The fermion bilinear operators obtained from operator product expan-
sions of (2.5)-(2.8) are given by

Sl (2iL(2) = iV20,611(2) (2.11)
”v/JQL( 2)Por(2) i= —ivV20-¢ar(2) (2.12)

TR(E)V1R(Z) == —iV20:411(2) (2.13)
3%3(5)@0212( Z) := iV20-$3R(2). (2.14)

The fermion action on the cylinder is

/ df/zﬂ do (9}, (8r + 10 Vpar, + b} (8, — D )Wz) (2.15)
When quantized the fermions have mode expansiOHS'
YLa(2 Z Yanz ", YRa(Z Z YanZ "
Pl (2) = Z%mz—n : Z¢ Z" (216)

where n runs over Z represents wavefunctions which are periodic on cylin-
der and Z + 1/2 represents wavefunctions which are antiperiodic. These
correspond to Ramond(R) and Neveu-Schwarz (NS) sectors of the theory

11
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respectively. Quantization also gives the non-vanishing anticommutation
relations:

(bt} = b+ {Fom B) ot @17

Integrating equations (2.11)-(2.14) gives:

2
—_— ;ﬁ (i) - (2.18)
0 ™ .
2m
L = — o % 1¢£L(z)¢2L(z) : (2-19)
2 o
mr== [ 5o WlaEhRG) (2.20)
2 do
mn= [ 5 e (221)
so that in the NS sector we have
Tal = (_1)a_1 Z (d’l,—n"pa,n - '%lja,—n"ﬁl,n) (2.22)
mar = (=1)* Z (d;jz,—n“ja,n - I/Sa,—n‘f:l,n> (2.23)

=1
=3

and in the R sector we have

Tal = (—1)a—1 Z <¢’l,—n¢a,n - lba,—n"pl,n + "/”1,01/’%0 - %) (2.24)
n=1

= (1 3 (W o~ oo+ Fen —3) . 229

n=1

Equations (2.22)-(2.25) express the momentum of ¢; and ¢5 in terms fermion
number operators and imply that the momentum is discretized. Conse-
quently X and Y are compactified as discussed in the introduction.

As discussed in [3] the mapping to fermions described above is not one-
to-one which requires us to investigate the compactification process. The
goal of the next section will be to find the projection which makes the map
one-to-one.

12.
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2.1 Compactification at the self-dual radius

As discussed above, when X and Y are compactified at the self dual radius
they have momenta and winding numbers that take on discrete values

px, +pxp = V2mx , px, —pxa = V2wx (2.26)

Py, + pvp = V2my |, py, — py, = V2uwy (2.27)

where my, iy, wx,wy € Z. Writing write these conditions in terms in
terms of the momenta of ¢; and ¢, gives the following system of equations

TIL + Tap + MR+ Tor = 2mx (2.28)
ML = oL + TR — T2R = 2mX (2.29)
ML+ T2l — TR — W2R = 2mMx (2.30)
ML — T2L — TR + ToR = 2mXx. (2.31)

In order for these equations to be satisfied the momenta w11, w1 g, 7oL, TR
must either all be integers or all be half-odd integers. As a result using
(2.22)-(2.25) the fermions v, and ¥, must either both be Neveu-Schwarz(NS)
or Ramond(R). The final step to obtain all of the bosonic states is to project
out states that do not satisfy one of (2.28)-(2.31). For example we can take
the projection operator to be

1
P = Z[1 4 (=1)L 7L MRY™R) 2.32
31+ (D) ) (232
In the fermionic language this corresponds to all states in which the total
fermion number is even.
2.2 The boundary state in fermion variables

We will write the double boundary state as |BD) to signify that it contains
information about the boundary conditions of both the X and Y bosons.
To find the fermionized version of | BD) we must first rewrite the boundary -
condition(2.2} in terms of the fermion variables. We find that the first term
in (2.2) is given by

8:X(0,0) = - [+ #1(0,0)0%010,0) : = - 94(0,0)0%¥r(0,0) | (239

where ¢TL r and Y g are

¢£,R = (¢I;L,R ,(/);;L,R) ’ wL,R = < wl;L’R ) . (234)

Yo.L R

13
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~ We use the Dirichlet boundary condition on Y to find that
X 0,0) |BD) = (X (00)+Y(0,0)) |BD)
- eﬁiéw(o,a)eﬁi%}a(oﬂ)|BD>

= 72 V2%01L(00) .. V2i1R(00) . |BD)

= Z%9},(0,0)¢1L¢] g¥1R(0,0) | BD)

= 17241 (0,0) (14 o®) ¥R(0,0)|BD) (2.35)
where the infinite constant Z2 comes from normal ordering eV2%12(0:2) and

eV2i®12(0.9)  Absorbing Z2 into the coupling constant g is the only renor-

malization that is required. Note that the power of the cutoff makes g a

marginal coupling. Through an analogous argument the last term in (2.2)
is given by

e—iX(O,a)IBD> _ e—i(X(O,a)—Y(O,a))|BD>
= $2%}(0,0) (1 -0°) $r(0,0)|BD)  (2.36)
so that the boundary condition written in fermion variables is given by
Loy —: photvn
gyl (140%) yr —7gypl (1 —0%)R)|BD) =0.  (2.37)

It was shown in [1] that the state |BD) which satisfies (2.37) and the
level matching condition (L - L_n> |BD) =0 is given by

IBD)ys =274

3
2

p [¢T_rU—1iale;_, —iiriale/z_,] 0y  (2.38)

1l
(1N

r

in the NS-NS sector and

[BD)‘R = 2—}T ﬁ exp [dzf_nU_liang_n - zp_nialUw__n]

n=1
X eXp [ng_liald}o] |—+—+) (2.39)

in the R-R sector.? Since the Ramond sector contains eight zero modes,
the ground state is 16-fold degenerate. Here we define | — — — —) as

*Fquations (2.38) and (2.39) differ from their counterparts in [1] by a factor of 271/4
because our definition of the normalization constant (1.12) already contains the factor of
27174 from the Xo boson state. The factor of 271/4 that remains in these equations comes
from the Y boundary state.

14




Chapter 2. Fermionization of X°

the state which is annihilated by all positively moded operators as well
as ¥1,0,%1,0,%20 and ¥a9. The other 16 ground states are created by act-
ing with various W;,o and 1/1;0 on |~ ——-). The phase convention we

adopt gives creation operators ordered as ¢{’0,&{0,¢;0,@Z;,0 a plus sign.
For example the ground state given in (2.39) is given by |-+ —+) =
A S
Pl 020 | )-

The matrix U has the property UU™* = 1 for real values and is given by

e 2mA, /1 — 72gg —img

U= p2miA

(2.40)

—inmg 1 — n2gg

One may be surprised to discover that the parameter A defined in (1.4) reap-
pears in this matrix despite the fact that is absent from the boundary state
condition (1.10). The reason is that certain partition functions constructed
from the boundary state depend on it. A thorough discussion of this can be
found in {3].




Chapter 3

Calculation of h(z)

We see from equation (1.18) that

f(xo’f"o) = (zoaﬁ:olB)Xo’}‘(o (31)
v . and
! W, 2°) = (2°,2° |a1d@1] B) xo %o (3.2)
) where we have defined y '
1 1
= —(z,+z , %= —=(zp —zR). 3.3
\/5( L+ TR) \/5( L —TR) (3.3)

The new variable £° has been introduced because we have treated X°
as if it were compactified. It is the variable whose conjugate momentum is
the winding number. As a result we expect that once we decompactify |B>
f and h should not depend on z°

The position eigenstate itself can be expressed in terms of the momentum
eigenstate via a fourier transform

.1 0,.. 1 ~0
N i—=(pxr+pxRr)a’+ PXL—PXR)E
(z°,2° = E e VB PXLAPXR)S I (XL PR (pxL,pxR| (3.4)

PXL.PXR

so that the quantities we need are C = {px,pxr|B) and D = (px 1, px r|a1&1|B).
At this point we will relate the inner product {px , pxr|B) which we can-
not calculate directly to the double boson boundary inner product {pxr,pxr, Py L, pyrR|BD)
which we can calculate using the method of fermionization. Since the Y bo-
son was introduced by hand we can set py; = pyr = 0. As discussed in
[1] the inner product of the zero momentum states of the Y boson with its

Dirichlet state gives a factor of 971 so that
1
(pxL,pxR:pyL = 0,pyR = 0|BD) = 24(pxL,pxR|B). (3.5)

Remembering that pyp = % (mp —mor) and pyg = ﬁ (mr — ToR),
allows us to unclutter our notation by defining np = mp = wop = 71379)“

16




Chapter 3. Calculation of h(z?)

and g = Mp = MR = ﬁpXR. Similarly, the Y boson contribution to

{pxL,Pxr,PyL = 0,pyRr = 0|la1&;|BD) is 2~% so0 that we can relate

- 1 -
(pxL xR, pyL = 0,pyr = 0loq & |BD) =24 (pxr,pxRr|01641|B)  (3.6)

where it is important to remember that the oscillators oy, &; are associated
with the X° boson.

3.1 NS sector

In section 2.1 we concluded that in the NS sector (wp, mgr) are both integers.
The work done in [3] shows that the momentum eigenstate |7y, 7g) cor-
responds to a fermion state that is filled up to a Fermi level.

KLY Pl % 7l'R—1
mp,>0,mp >0 (mp,mr|= (0] [] (441r) ($ordl,)  (37)
1 1
=3 T=3
1 1
wL— — —7rR—
7, >0,mr <0 (mp,mR| = (0] H (%}, 1r) H $gl)  (3.8)
1
=3 . r=3
1 1
L3 TR™3
m <0,mr >0 (rpmrl= 0 [[ @haa) [] @udl)  (3.9)
1 1
r=35 r=g
1 1
—TL-3 ~TR=3

7, <0,mp <0 (wp,mg| = (0]

on b

(¢1r¢2r)

—

(rgl)  (3.10)

3
i
o=
<
Il
Dol

We give these states explicitly in the dual form for the convenience of our
later calculations.

3.1.1 <7T'L7TR|BD>NS

The boundary state in the NS sector was given in section 2.2

1 = - -
IBD)ns =277 [ ] exp [v,/zT_,U_lialv,b_r — gt iolUy_.] ) (3.11)




Chapter 3. Calculation of h(z?)

and is repeated here for the convenience of the reader. Since the calculation
of f(z°) was previously performed in [1] we will show only the technique
used there by calculating (7, 7r|B, D)ns for 7, > 0,7p >0

1
TL—5

(m,7rIB, D)ns = ] —(0f (WU”%) (&1012“%) |BD)ns

3~

1
2

"

=TT o1 (o) (w10 "0")0 ! (~io U)y— ) IBD) s
1

r=3
=274 (Tr(e U oN)o 2 (—ic ) ™
= 274 (—iUy9)*™ §(rp, — 7R). (3.12)

In this equation the matrix o4 is given by

> g1 =

. (3.13)

where ¢?, i = 1,2,3 are the Pauli spin matrices. Using equation (3.5) we
find

il WV2PXL
(—Z%—?Lf\/@;(p}u — PXR)

(—iUyo)VPXL6(px [, — PXR)- (3.14)

1
24(pxL,pxR|B)

C

il

In [1] this same technique was used to find

[Uzz]‘@’x%(pXL +pxr) pxL>0,pxr <0

[Un]~Y?PxL6(pxL, + pxr) pxL <0,pxr >0 (3.15)
[—iUg | "V?PXL6(pxy, — pxR) PxL <0,pxR <0
0 lpxr| # Ipxrl

for the other momentum ranges. The only case left to consider is pxr =
pxgr = 0, one can easily check that this gives

(pxr =0 pxp=0|B) =1 (3.16)




Chapter 3. Calculation of h(z°)

3.1.2 Calculation of (n; mg|ay&@;|BD)ns

The next goal is to calculate D = (pxr pxrlcaé|B). We must first find
af{ and &f{ in fermion variables. Notice that we have introduced the label
X to emphasize that these are oscillators of the X boson.

Matching up like powers of z and z on both sides of the equations in
(2.11)-(2.14) gives the oscillator modes of ¢; and ¢, in terms of the fermion
modes

G = (1) D P danm (3.17)

) m=Z+% .
Qg = (=1)* Z "Zl,m'&a,n—ﬁ . (3.18)
m=Z+-§—

where, as a reminder, a=1 gives oscillators associated with ¢; and a=2
gives ‘oscillators associated with ¢o. Matching up like powers of z and z in
(2.4) we get
X

1 - 1 . -
o = %(am +og1) , &f = 7§(a1,1 + &2,1). (3.19)

Using this with (3.17) and (3.18) we can write
- 1 - . .
el = -5 > wletyin > phe*bim | (3:20)

n=Z+—é— m=Z+-;-

The rest of the calculation is somewhat involved and given in the appendix,
the results are

([—iUa]V2PXL8(pxr, — pxr) pxL > 0,pxR >0
—[Uaa]V2XL6(px 1t + pxRr) pxr>0,pxR <0
D= —[Un]"Y®xe8(px, + pxr) pxL <0,pxp>0 (3.21)
[—iUa1]"V2PX1§(px 1, — pxRr) px1 < 0,pxR <0
12U Uy pxL =pxr =0
\ 0 lpxL| # lpxrl

3.2 Ramond Sector

In the Ramond sector 77, and 7g both take half-odd integer values. The
calculations of C = (px1 pxr|B) and D = {pxr pxr|o1&:1|B) in this sector

19




Chapter 3. Calculation of h(z°)

'

are almost identical to that of the NS sector except that one must take the
degenerate ground states into consideration.

In [1] (pXL pxr|B) was calculated to be the same as in the NS sector

C:

[—iU12]V?PX26(px R — PxR)
[gQQ]ﬁPXL‘S(PXR + pxL)
[On]~V2PxL8(px L, + pxR)

[~iUn]~V2XL6(px L, + pxR)
0

pxL > 0,pxg >0
pxL > 0,pxr <0

pxL <0,pxp >0 .

pxr <0,pxr <0
lpxrl| # lpxrl

(3.22)

The calculation of {rp wg|a;d]BD)g is once again quite involved so we
reserve it for the appendix and state the results here

D=

[—iU1a] VXL 8(px L, — pxR)

' _[UZZ]ﬁPXLCS(pXL + pxR)
—[Un]"VPXr8(px L, + pxR)
(iU ) "V2PXL8(px 1, — pxR)

0

pxL > 0,pxr >0
pxL > 0,pxr <0
pxL <0,pxr >0
pxL < 0,pxr <0
lpxL| # IpxRl

3.3 Summary and Final Calculation

(3.23)

In this section we summarize our results and use them to complete the
calculation. In the preceding subsections we found that

\

[‘iUl?}ﬁpXL‘S(PXR — PXR)
[Una) VPXL8(px R + PxL)
[U11)~V2PX26(px 1 + pxR)

(iU "V2PX28(px L, + PxR)
1
0

pxL > 0,pxr >0
pxL >0,pxr <0
pxL <0,pxr >0

pxr <0,pxr <0
pxL=pxr=10
lpx | # |pxrl

(3.24)

where \/LipXL and Jﬁpxg are either both integers or both half-odd integers.

Now we can calculate the matrix element f(z° %) = (29, 4°|B) where

20




Chapter 3. Calculation of h(z?)

(z9, 2°| was given by (3.4). We find that
(a®,2°B) = 1+ > [(€PU)™ + (7 Upo)"
=

(™ (—iU2))" + (7 (=il12))"]
1 + 1
1- Ullei:i'o. 1-— UQQC_M’O

1 1
- — — 3 3.25
+1 + 1Uqqe¥®o + 1+ Uy e—®0 . ( )

The final step is to decompactify f(z°, £°) by integrating over all allowed
values of A, giving

f(=°)

1
/ dA(z°, 2°| By

0
1 1
= — + — — 1. 3.26
14+ mgeie® * 14 wge—ic® ( )

We see that the integration over A eliminates the coordinate z° and gives
the expected value of f(z%)

The calculation of h(z°) is almost the same. The matrix element D =
(pxL,pxRr|161|B) was calculated in the previous sections to be

([—iUy)V2PXL8(pxr, — pxr) pxL > 0,pxR >0
—[Una)]V?PxL8(px s +pxr) pxL > 0,pxr <0
D= d —[Un]Y#xes(px +pxr) pxL<0,pxp>0 (3.27)
[—iUn1|V2PX28(px 1, — pxRr) PxL < 0,pxR <0
: 1 —2U11Us pxr =pxr =10
0 lpxcl # lpxrl

We can now calculate h(z°, 2%) = (22, 2° la1@1| B) xo %o

hz’2%) = 1+ Z[—(emo Un)™ - (e Uy
n=1
H(E (=ilhg))" + (7 (=il12))"]
-1 -1
1- Un@i-’fio + 1- nge_fiio
1 1
+1 + {Uppeio + 1 + ilUpe~%o

+1—2U1Us. (3.28)

21
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Once again we can decompactify by integrating out A which gives

h(z®) = f(2%) = 2(1 — 7°gg). (329)




Chapter 4

Number of Massless Strings
Emitted

4.1 "1-point functions

Following the discussion in section 1.4, the 1-point function for the produc-
tion of a closed string field with M? = 0 from the boundary |B) is given

by

(Vlcy | B), , (4.1)
where |Up) is the on-shell BRST invariant state for the M2 = 0 level
U5) = epwa @,[0,0:K) @[ 1)) (42)

and we remind the reader that we are in Minkowski space.

The polarization tensor e, has 24 x 24 components coming from restric-
tions ey k* = ek’ =0, e # euky and ey, # kyey,. A full review of how
to obtain this state and its restrictions is given in the appendix.

The calculation of the 1-point function can be split into two inner prod-
ucts - ,

co—¢C oy
(Up|=5—IB) = Ny 0,0 Klofa|B)xo| B) ¢

co — Co

x(1112

where we can find | B) xo by analytically continuing (1.18) back to Minkowski
space

|B)te, | (4.3)

|B) yo = /dt (f(t)|t) —h(t)a?,&° |t) + ) (4.4)
where
1 1
16 = 1+ mget + 1+ mge—t ! . (45)
and
B(t) = £(t) ~ 2(1 - n2g7). )
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Chapter 4. Number of Massless Strings Emitted

)

The ghost part of (4.3) is evaluated to be

(22BN = 20Ul (e — Eo)eo + Eo)er@ib-iboal L)
= (Ll |éocol L1)
= 1 (4.7)
so that (4.3) simplifies to
(512 21B) = iN £, (0,0;Ho 5 1B) s B g
25
= 2./\/ (0,0; k| (600041041 +Zema1a1) |B)x,|B) ¢
i=1
= —iN, / dte'Pt(2m)PsP (K1) F (t) (4.8)
C .

where F(t) is given by
25 : '
F(t) = h(t)eoo + f(t) Zeu - Z € : (4.9)
j=p+1

and E = |k_| is the energy of the closed strings.
We now see that the 1 point function is in the form given in equatlon
(1.35)

(Wplcy |BY(E) = —iN;(2m)P8? (k') {Ih@oo‘*'[f (Zeu— > )]

=1 j=p+1
. : (4.10)
where the integrals I and I, are given by
I; = / dif(t)etPt ' (4.11)
I, = / dth(t)etF*
= I; —2(1 —n?gg)é(E). (4.12)

We can never move to the rest frame of a particle with M? = 0 therefore
the delta function on the right hand side of (4.12) always gives 0 allowing
“us to set Iy = [;. This is another way of saying that h(z®) = f(z°) up to
terms that are non-singular in z

0




Chapter 4. Number of Massless Strings Emitted

The in’cegral If can be calculated

If — _i(e—iElnTrg _ eiElnwg) (413)

sinh(mE)’

Using equation (1.26) with (4.10) as our j(k) we can write down an ex-
pression for the number per volume of massless closed string modes emitted
by the brane

- le\IIMB
5 Z/d [ 5l252|B) P

2m)P~1 2K
N 925 p 25 12
N &Pk |1y
Ve N / @B 28 6°°+Zi=16ii‘j:§p+:1@jj - (414)

In the above equation the sum is over a basis of polarization tensors. This
sum is well known [9] and we provide a brief review of how to evaluate
it in the appendix. We can gain information by splitting the sum into
three parts, a sum over the polarizations of the gravitonSg, dilaton S¢ and
antisymmetric tensor Sp

2

P 25 )
Z 600+Zeii— Z ejil =Sc+ S+ S (4.15)
A i=1 J=p+1 _ :
with ] : ]
Sa = gp(24 —p), Sp=0, Sp =24 — gp(24 - p). (4.16)
We can use this result to find out how many gravitons and dilatons are
emitted from a decaying Dp-brane®
— = —p(24 — p)I, 4.17
V 1
Ne _ N2 (24 — —p(24 —p) ) I, : (4.18)
Vi 6

as well as the total number of particles emitted
N No . Ne
v, vV, Y,

= 24N, (4.19)

854 = 0 gives no antisymmaetric tensors being emitted by the Dp-brane
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where

N
!

d%B—rk
/(Q)T_pl L

25— 2 |
p S T e—iBnGg) _ gBn(-ma)|*  (490)
(2m)~P 2Esinh’ 1 E -

In conclusion the total number of massless closed strings emitted is

N a2
_‘71’ = 24N / 25 T)
d25 pk) 7T'2 . i K
_ e—iBIn(rg) _ LEIn(=m3)|"14 o1
AN* / 2m)5-P 2F sinh? r B ‘ ' 2

We see that for the case of the full brane we ca.n proceed no further, our
solution will depend on our choice of g. For the case of the half S-brane
equation (4.11) is evaluated to be

™

I = _i(e_iE lnﬂy) sinh(wE)’

(4.22)

Upon inserting this into the first line of (4.21) we see that

N d?5-Pk w2 '
— = 24N / 4.23
Vp )25-P2Esinh® 7E o 42

is independent of g. In the next section we explicitly calculate the number
of closed strings emitted by a decaying half S-brane.

4.2 Number of Massless Strings Emitted by Half
Brane

Inserting (4.22) into the first line of (4.20) gives

o d2—rk 2
P / (2m)5—7 2 sinh? 7 E

2 o (25-p)/2 oo £23p
2 T((25 - p)/2)(2m)B /0 dmsinhQ(mv) (4.24)

which can be integrated numerically. We expect this integral to diverge
when p = 22,23,24,25 by inspection. Below we give a table showing the
number of gravitons and dilations emitted per volume for various values of
p.
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p I, Ng/V, No/V, N/Vp

0 |947x 10718 0 0.262 .262

1 ]3.14x10717 | 3.39 x 1073 0179 0213

2 [107x1071% | 516x10™* | 1.28x 107® | 1.84 x 107
3 137210718 | 7.07x107°% | 9.09x 1075 | 1.65 x 10~
4 11.32x10~15 | 8.06x107% | 6.48 x 107 | 1.45 x 1075
5 1485 x10715 | 890x 1077 | 4.61x10~7 | 1.35 x 107°
11| 223 x 10711 | 1.63x 10712 | 1.14 x 10714 | 1.64 x 10712
12 | 1.04 x 10710 | 1.94 x 10713 0 1.94 x 10713
13 | 5.04x 10710 | 2.37 x 1074 | 1.65 x 10716 | 2.38 x 10714
20 | 2.46 x 1074 | 4.33 x 10~20 | 3.47 x 10~20 | 7.79 x 10~2°
21 1/967 1.16 x 10720 | 1.49 x 10720 | 2.66 x 10~20

Table 4.1: Number of particles emitted with M? = 0 for half S-brane.




Chapter 5

Total Number of Partlcles
Emitted

We begin by reminding the reader the total number of particles emitted can
be expressed as a product of partition functions

N =Im <m /: dAN(B| (b ¢ )qo+Lo—ic |B>> : (5.)

We call these partition functions is because they were obtained from open
string partition functions via the gluing procedure described in the intro-
duction. The spatial and ghost partltlon functions are straight forward to
complete giving

Iy = <N|qL3+E3|N>

= gV H

in the Neumann directions, with 278(0) interpreted as a volume factor and

Zpp = <D,ng+zz,D>

- 1 dk k2

in the Dirichlet directions, and

Zghost = be(BI(bgc5)q 0 E| By,

= '%H1-q (5.4)

—275(0) (5.2)

for the ghosts.

The only non-trivial part left to calculate is the partition function in the
time direction. After analytic continuation to Euclidean space it seems as
simple as computing

Zspisp) = (BD|d"+18|BD)ns + (BDIg*8|BD)p.  (5.5)
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and factoring out the contribution from the ¥ boson. We remind the reader
that

|BD)ws =274 [ exp [l U Yo by —BLic'Up] 0 (5.6)

12 - ~
|IBDYp =274 H exp [¢T_nU”1i017/)_n - 1/)T_ni01U¢_n]
X exp [ g,U_lialJ)O] | =4+ —+) (5.7)
and

L8+ Lws = Y (whibe vl 49049 0L) - £(59)

r=1/2

L+ L) = Sor (v + ol + 9L+ 9 +

r=1

8

. (5.9)

w| =

The boundary state ) BD| which satisfies the dual form of (1.10)} is given by

(BD|ws = 275(0] [] exp [Wl0 Yo g, = Plic' O, ~ (5.10)

r=3

(BDIp =24 (4 —+ | [ exp (01,07 Vio o — Bhio U]
n=1

X exp [—@Z{Sial(}/)o] (5.11)
The matrices U and U are of the same form as (2.40) but differ only by the
definition of the parameter A. We will label A, as the parameter living at the
7 = 0 boundary of the cylinder and A; as the parameter living at the 7 = 3,’3’—2
boundary. As discussed in the introduction we integrate over. A ="A; — As
to decompactify the boson. In [3] it was shown that (5.5) depends only on

the eigenvalues of the matrix (—ioc!U)(Uic!). These eigenvalues are given

by

¢ = cos(2r A)(1 — 7295) + 727 £ in/1 — (cos(2r A) (1 — 72g5) + 72g7)2
(5.12)
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where A = A; — A,.
Reference [1] also tells us that after evaluating (5.5) and factoring out
the Zpp contribution from the Y boson,

Z
Zpp = (BDjBD) <Z crgh ) a

neZ

(5.13)

We: have attempted many different ways to bring our result back to
Mikowski space and all have failed. There is only method which gives a
clear indication as to why it fails. This method begins by checking that we
get the expected result for the total number in the Neumann limit of the
boundary state (5.2). Substituting our partition functions into (5.1) we get

N y 2 dk a2\ B
_ _ —iA/12 D A
i B Il IFER VR

(5.14)

which can be split into two parts

25-p(; 25-p(_4
__mrm(/ d)\I B A)+/(-) dA%ﬁ) (5.15)

I(i\) = </ %’Ee“%> . (5.16).

We now observe that in the first integral A is analytic in the upper half plane
which allows us to rotate this contour to the positive imaginary axis. Simi-
larly, in the second integral A is analytic in the lower half plane which allows
us to rotate this contour to the negative imaginary axis. After rotating these
contours we see that these two integrals cancel one another giving

with

N=0 (5.17)

exactly as expected for a static D-brane. It was thought that perhaps a
similar rotation could be used for the unstable D-brane. One can see from
(5.13),however, that it is impossible to consistently perform an analogous

ne
Wick rotation. The reason is that the n? in ¢z is the discretized version
of the square of momentum in the time direction, so as we rotate back to
2
Minkowski space n? — —n?. This makes e"*7 non-analytic in the upper
half plane, so that the first integral is neither analytic in the upper half
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plane nor in the lower half plane. The same argument can be applied to
the second integral. This lack of analyticity prevents us from rotating these
contours at all. The exception of course is n = 0 which is just the same as

the Neumann case.




Chapter 6

Summary and Conclusion

We have calculated the total number of massless particles emitted by a
‘decaying Dp-brane in the covariant gauge using the method of fermionization

N d® Pk |I;(E)P
Vp_w\f / E=y (6.1)

For the full brane |I;(E)|? can be found by taking g = g in (4.13). For the
half brane |I;(E)|? was given by (4.22). We have written % in this form to
compare with the massless contribution to the total number obtained in [2]

E—N Z urfE)|2 (6.2)

The sum s includes both the sum over level n as well as over the momenta
transverse to the brane and they found that only left-right symmetric states
contribute to their sum. Also, we are taking their result |I;(E;)|? as inte-
- grated along the real contour for both the full brane and half brane, so as
to be able to make a comparison. In their expression E; = /kZ + M2 so
at the massless level £, = K. So we see that their result agrees with ours,
after picking up a factor of 24 from the 24 left-right symmetric states at this
level.

We have also attempted to verify (6.2) using the fermionic technique but
we have been unsuccessful due to the ambiguity in rotatlng our result back
to Minkowski space. :
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Appendix A

Calculation of
(mp TRl |BD)

Al <7TL 7TR|Oé1(~11|BD>NS

We begin by writing out some of the equations and results from section 3
for the convenience of the reader. The first of these is the boundary state
(2.38) written in fermion variables in the NS sector

8

IBD)ws =27 [ exp (WL Ui, — gL it U] ) (A)

I
[ [

T
and we will also reqﬁire the dual form of the momentum states

1 1
7"L2 7"R§

7L, R >0 (mp, mR| = (0] H Whabe) [ Bl (A.2)

1 ol
-2 -2
1 1
TL—Y —TR—Y
w1, —mr >0 (g, mpl = (0 J] W) ($1,95,)  (A3)
7‘:% rz-é-
1 1
: T3 TR™3
—np,mp >0 (mp,mg| = (0] W ber) T @ordl)  (A4)
7‘=% r:%
1 1
LTy iy

— 5

(¢17~¢27‘) (¢1’r¢27~) (AS)

L, TR <0 (mp, 7Rl = (0]




Appendix A. Calculation of {(ry, wg|a161|BD)

Placed between these two states we have the af& operator written in
terms of fermion variables (3.20)

. 1 -
afaf=—§ Z Lo _n Z D91 | - (A.6)
’ﬂ=Z+% m=Z+%
All #np>0,m>0

- After acting with (A.6) to the left on the bra momentum state only two
terms in each of the sums survive

(’NL 7rR|a1&1 |BD>NS

1
= ‘55(7% —TR)
x (mr Aot 3 i 3
L 7TL| w..(.,‘-L_l/Q)OF ’L/}WL+1/2 + ¢7"L+1/2a‘ w—(ﬂL—-%)
X (‘er;ﬁl/?g%—(n—lﬂ) + ‘ZT—(m—l/z)U%wwl/z) |BD)ns. (A.T)

Noticing that the right hand side of (A.7) can be broken down into the
product of two inner products :

21/4
75(7@ —nr){ry — 1,7, —1|BD)ns

x (01l >4 (B ) P W0 hrps + 9l y10%w )
X (9] 410%0—r + 9! ,0%,11)|BD)ns (A.8)

where we have set 7 = 77, — 1/2 in order to unclutter our equations.
The first inner product we have already calculated in (3.12)

(mp — 1,7, — 1|BD) ns = 5 (—il12) ™71, (A.9)

To evaluate the second inner product we first act the very last terin
in brackets on |BD)ys followed by acting (¥ o3¢,1 + 1,[11“031&_,) on
everything to the right of it so as to eliminate the » 4+ 1 modes

O1(fo 9 ) DL ) ) (B0 i + L1 0%%-)
x (=4l iy (U0 )0 P = GL0% (10" U o11))| BD) ws

= —(0l(¢fo "2, ) ("2 ) |
x (91, o3 GU e Yo, — P! 03 (ic U)o y_,)|BD) ns. (A.10)
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Appendix A. Calculation of {ry, mg|oyéy|BD)

Next we anti-commute away the » modes in the final line of (A.10) to get

—(0l($lo 2 ) (Bl )
- x @t U)o P, — P10 (i0' U)oy, )| BD) s
_ '<0|¢1 12 [,3U 610" REIN
~plo'?" [0 (i U)o®] 1%, | BD) s
= —(Olplo (iU "o (i U,
+¢T 28 o e 12(iU o1 ), | BD) w s
= [Tr( 12,U-1610 12 (101 U)) + TT(UIQT(iolU)alz(iU‘lal))]

21/4
_ 212/4 [Tr( 12(;(]—101)012*(15%)]
= 212/4 (zU Lo 11 (10 U) g2
= (=it | (A.11)
Substituting (A.9) and (A.11) into (A.8) we complete the desired calculation
(rp, Trleré|BD)ns = QL/(—ZUIQ) ™ (o — 7R) (A.12)

A1.2 7.>0,7m5<0

Following the same lines of reasoning as in the previous subsection we can
arrive at the equivalent of equation (A.8) by taking o12! 1 512 50 that

(mr, WR|a1541|BD>Ns
21/4
= —2-5(7TL+7FR)<7FL—1,—(7TL—1)]BD>N5
x (0|(plo" %) (Plo 2 ) (WL 0 + 91410 ,)
x ($,0%0_, + 91 ,0%%, 1) BD)ns. (A.13)

The first inner product was given in (3.15) by
(mp —1,—(m, = 1)|BD)ns = 5z (Up)* ™7 (A.14)

and we can find the second inner product by taking 12! — o2 in the third
last line of (A.11) and also remembering to pick up an extra minus sign
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Appendix A. Calculation of (wy, mrlayé;|BD)

between the second and third line, giving

(102, ) (B 2) (o™i + Yl 10%%,)
x (%] 0% + 91,03, 11)|BD) s

_ 21% [Tr(o (U 0o (10 U))]
2
— 21/4(7,U 101)12(2(7 U)
2
= 21/4(U22) . (A15)

Substituting (A.14) and (A.15) into (A.13) we get the result
(rp, Rle1d1|BD)ns = ~5i (Un)*™ 8(rp + 7). (A.16)

Al1l3 7, <0,mgp>0

This time we take 012 — 012!, so that (A.8) becomes

(mf, mr|a1c1|BD)Ns
9l/4 '
= 75(7TL+7FR)<7TL+1 —(np 4+ 1)|BD)ns

Ol(wo 2 ) (Bro 2 B) (0L ¥ brsr + 0] 050

X(P! 0% + P 0* P y1)| BD) s
- (A.17)

Once again we can evaluate the first inner product using (3.15)
(mr+ 1, —(mp, + 1)|BD) ns = 5 (Upy) "2+ (A.18)
and taking 0!2 — o2 in the third last line of (A.11) we get

Il 2 ) (Bl 2 ) (W 0% + ¥l 0% r)
<¢ 10— + 9L 0%,11)|BD) ns

- 21/4 [TT( IZT(iU’lal)alzT(ialU))]
2

= 21/4(7,(] 10'1)21(10 U)
2

- (A.19)




Appendix A. Calculation of (rp, mr|a1 &y |BD)

for the second inner product. Substituting (A.19) and (A.18) in (A.17) we
find
(m mRlo1dn| BD)Ns = —5iz (Un) 7>™ 8(rp, + R). (A.20)

Ald4d 7TL<0,’/TR<O

For this case we need to take 01?2 — 012! and 012! s 412 50 that equation
(A.8) becomes

(np TRl @ |BD)ns
21/4 . .
= - —2*5(7% +7r){mL + 1,7+ 1|BD)ns
) (0l 2 ) (Bl ) (VL0 i + 9410
x(Pl 0% + B, 0% 1) BD) ws. (A.21)

Using (3.15) we can find the first inner product
(np+ 1,7 + 1BD)ns = 5z (—iUy) "2 (A.22)

and taking ¢!2 — 02" and ¢!2' — 52 in the third last line of (A.11), we
get :

Ol(1o"2,) (Plo 20 )Wl o Prar + vl 0%,
x (9] 0% + P 0%, 11)|BD)ys
-21—2/4 [Tr(am(iU—lal)a“(wlU))]
= —21—2/4(1'[]—101)22(1'01(])11

2

= 217(_iU21)2' (A.23)

for the second inner product. Substituting (A.21) and (A.22) into (A.23)
we {ind .

(mp, wRle1@1|BD)Ns = i (—iUn)*™ 6(my, — 7R) (A.24)
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Appendix A. ‘Calculation of (1, Tr|aén |BD)

Als 7w, =0,mpg=0

We see that by acting (3.20) to the left on the bra (m, = 0 7z = 0| only one
term in each sum survives

(rp, =0 mp =0|and1[BD)ns
1 - -
= —-5(0] ¢I 203%/2 TﬁI 203?7/11/2 |BD)ns
2 / /
1 ~ L1, i ~
= "5(0|¢1/203[Z<’1U103[2U 'o'1g_1/a|BD)ns

= L e ) (U]

92.91/4
1
= _W(U12U21 + U11Us2) ,
1 v
= (1= 2UnUn). | (A.25)

A2 (mp mr|an@|BD)g

Again we will rewrite the fermion boundary state (2.39) in the Ramond
sector

\BD)g = 274 ﬁ exp [q/ﬂ_nU—lwl;Z,n - J)T_nialw_n]

n=1 .

X exp [%U*lialaﬁo] |—4+—4)  (A26)

as well as the momentum states from [1] for this sector

1 1
m,wr >0 (momal= O ] (W) [T ($2dls) (A20)
) ] 7_1:_1'1 ) n=.1l
L3 TRTy
= >0 (r,mrl = (O [T (wham) T (4ndl) (A28)
_n:l_l nzll
L3 TRTR
—mr,mr >0 (rp,mR| = (0l3 11 (¢In¢2n) 11 (%nlﬁn)'(A-?g)
o o
L—3 TRTZ
mi,mr <0 (roymrl = (O [ (¢lven) [T ($1n9l,) (A30)

n=1 n=1
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Appendix A. Calculation of {rj, wg|aéy|BD)

where the degenerate ground states are given by

)1 = |+ ——+) o (A.31)
02 =i ++——) (A.32)
|0)3 = —i| — —+ +) - (A.33)
|0)a = | —++ —). (A.34)

In the Ramond sector the fermion modes are integers so that o &f is

tof = (Svinn) (Soein). @
n=2Z m=7Z

A.2.1 7TL>O,7TR>0

Acting (A.35) to the left on the momentum state gives the same result as
in the NS sector, only two terms in each sum survive,

(rp, mr|o1@1|BD) R
1
= —55(7TL hae 7TR)
<7rL WLI (¢1(WL_1/2)03¢WL+1/2 + ¢;L+1/203¢_(WL_% )
X (ijrwl/za%—(u—l/@ +’Zf_(7rb_1/2)037j)n+1/2> |BD)r (A.36)

and for m;, > 1/2 neither of these terms contains a zero mode. In this case
the calculation is the same as in the NS sector, except that we still have to
calculate the remaining zero mode parts )

(mr, mr|laa@1|BD) g

I — -1 17

= AU -~ [explgU o o] - + — +)
1, . . '

= W(—ZUM)Q Lo(mp — L) (A.37)




Appendix A. Calculation of {(r}, mg|caé;|BD)

where we have used the fact that if ¢ is a Grassman variable then c2 = 0. A
special case occurs when 77, = 1/2, equation (A.36) becomes

(1/2 1/2]a164|BD{R
1

= ==+ | (W% + wlo®bo) (Fo*bo + B0 ) IBD)R

= ——;—(+ — — + [P dloddo + ploPpodio P | BD) g

1 ~ -
= (et = BBt <+~ = vl 1BD)

2
= OO <=t~ exp(UU i o) - + = + )
—;1—(/]412 (A.38)
where in the second last line we have used the fact that
(U= io )1 (U Yio gy — (U Vio M) 1a(UTio )y = 1. (A.39)
Thus we conclude that -
(r, wRlarGa|BD)p = — (=iU) " eb(mp — 1) (A40)

21/4

A.2.2 ’/FL>O,7I'R<0

Following the same lines of reasoning as in the previous subsection we can
immediately write down the solution for 7y, > 1/2

(mr, mrlond|BD) g

1. o — 1. 17
= —WE(UM)ZL N+ + = = exp[pdU ot do]| — + — +)

1
~gi7al

Una)?™8(mr + 71,) (AA1)




Appendix A. Calculation of {r, mgla1é&:|BD)

so that the only thing left to calculate is

<1/'2 —1/2|a1@1|BD)r

= gl = (who®r + wlo®so) (#o®Po + dlo®i) 1BD)r

1

= (+ + — — [l 1] oo + o bodlo® 1| BD)

2
= (e B k- 96 D)
U- o
B —2-—2212/4(1-1_ <+_+_|¢XP(¢$U_1101¢0)| —4—+)
-U:
N 21/?12' . (A42)

A

A.2.3 7TL<O,7TR>O

Onmce again we can immediately write down the solution for oy, < 1/2

(rp mrla1dn|BD) R
[ —mp— 117
= iU P = — o |exp[pU e ol — + — +)

1
= _W(Uu)—?”La(wRJFWL). o - (A43)

Let’s now calculate the special case 7, = —1/2
(1/2 =1/2|ayd,|BD)g.
(= =+ + | (W1 + wlo®bo) (3o*Po + ¥o®d1) IBD)R

(= =+ + [¢bo*¥1loPo + ¥lo™podlo*dr[BD)R

= 5 (= =+ g+ (+ —+ ~ 9] 1921) IBD)

= o (o — — lexp(U i o)+ — )

- :2‘?/1% - C (Ad4)

RN IR
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Appendix A. Calculation of (ry, mg|oydy|BD)

A24 7, <0,mp<0

Once again we find

_<7TL 7TR|0115£1|BD>R

1 o — 1.1
= —5aUa) P =+~ [expgU i ol — + — +)
1
= W(Um)_zm‘(s(ﬂj{ — 7TL) (A.45)
for mp, < —1/2. Finally we consider the special case when 7, = —1/2

(=1/2 —1/2|a1éa|BD)R

- _%<_ ++ =1 (3l + o™ ) (#lo*Po+ Plo™r ) IBD)&

(R 1 P P PR R I |

- _% (<_ = o P+ <+ —+ - 117»1,17#1,1) |BD)r

- _%(1 +(+ =+ — |exp($f U io o) | — + — +))

_ ;221_(% | o (A.46)
(mi, TRlo1d|BD) & = i (—iUn) ™" 6(mp — mr) (A7)

21/4
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Appendix B

BRST invariance of the
M? = 0 state

We begin by writing down the most general closed string state with M2 = 0
in'D = 26 flat space-time dimensions

Vo) = eppod @” 1+,8#a_1b 1+,6Ma_1b 1+ ypedeor + udt e
+Bzb_16_1 + Bcc-lb—-l + Bb—lb_l -+ Cc_lc_llo, 0; k‘)| il) ) (Bl)
and as was shown.in [4] BRST invariance of the ground state demands

k? = M? = 0 and that the other degenerate ground states are not allowed.
BRST invariance demands that the charges

- m - (’ITL - n) o o
Qp = n;oo(an-n) + mng—oo 5 5 emenbomn (B.2)
and X
A = ~ Tm ~ (m — TL) ox = 7T o
Qp = n;m(an_n) + m;w 5 5 Eménbomn (B.3)

annihilate any physical state of the closed string spectrum. The operators

L™ L™ are the left and right moving matter Virasoro modes and g 2

indicates creation-annihilation normal ordering. Acting the holomorphic
BRST charge on [¥,) gives

o a'k2
A/ 7(6_1]6#&[1‘ -+ Clk/‘aﬁil) + 4 <o |\ch>

/ - .
= U%[k"ewéilc_l + (k“ﬁ#)c_lb_l + (lc“'y“)c_lé_l
+(Bu5‘lil)(kvail) + Bekuol &1 + Bb_(k we))]10,0; k)] L) (B.4)

QBI\IJC> =

which demands that kte,, = k#f3, = ktvy, = Bz = B,l = B = 0 for physical
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Appendix B. BRST invariance of the M? =0 state

states. Acting the antiholomorphic BRST charge on |¥,) gives

= o . L o'k?
Qqulc)_: E(C—lkpaét+clkpalil)+TCO |\I’c>

[ - = - ~
= ?(k"ewa’ilc_1 + (k“,@#)c_lb_l — (/C#’)’P)C_lc..l ]

A (Bua (kG ) + Bekud* ey + Bboy (k6™ )))10,0;k)] L) (B.5)

which demands that k¥e,, = k*y = B, = B, = 0 for physical states.
Eliminating unphysical states (B.1) reduces to

|\I’c> = eyuailail + ’Yﬂal_{la—l + ;?,u&ﬁlc—l + CC_1-5_1|0,.0; 'l’:>| ll): (B6)

with the restrictions ktey, = ke = kP, = k#y, = 0 and k2 = 0. Some
of these remaining states, however, are BRST exact and have zero norm.
By inspection eliminating the zero norm states sets v = 4 = C = 0. One
can also check that polarizations of the form e, = k,e, and ey, = ek,
have zero norm and can be eliminated.

In conclusion the 24x24 states that are BRST invariant and have positive
norm are given by

V) = epal 62,0,0; k)] L1) (B.7)

with the restrictions ey, k*. = e, k¥ = 0, ey # euk, and ey # kyey.
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Appendix C
| Polarization sums

We are interested in evaluating
M = 36X, (K)ed, (k). (C.1)
A ;

As discussed by Polchinski [4], the BRST invariant states (B.7) derived in
the previous appendix transform as a 2-tensor under SO(D —2). Since this
is a reducible representation any tensor g;; can be decomposed as

1 , 2 1 1
9i5 = 3 <9ij +95i — D—_“‘2‘5ijgkkv> +5 (95 = 95i) + 55 %ugee. (C.2)

Under this decomposition reference [9] gives a method for computing (C.1)
for the graviton. We can also use this method for the dilaton and antisym-
metric tensor so that

% (HWHW + HWH,,,7 - 52_—2HMVHW> Graviton
Hpvpe = : % (Iuplle — 1,610, ) Antisymmetric Tensor
ﬁHWHPJ Dilaton
| (C3)
where I1,,,, is the sum over polarizations of the gauge boson
M = Zezei. o - (C.4)
)\ .

Note that there is no actual gauge boson, this is just a mathematical trick.
Since (C.3) is rotationally invariant we choose a choice of coordinates
such that k* = (k°,0,0, ..., k%), k° = k? which gives linear polarizations
el =(0,1,0,..); €2 =(0,0,1,0,...); ..;ext = (0,0,...,1,0). This choice of
coordinates gives non-zero I, as

My=1;i=1,.,24 : (C.5)

with no sum on i.
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Appendix C. Polarization sums

Following equation (4.15) we see that we are interested in calculating
the special case I, With no sum on g or v. Substituting (C.5) into (C.3)
we see that the non-zero components of I1,,,,, are

& — 'D1—_2 Graviton
M5 = 0 Antisymmetric Tensor (C.6)
D_%—'i Dilaton .

with 4,7 = 1...24 and again no summation of the i’s and j’s. As advertised
these sums are independent of k*. .
We can now simplify (4.15) to give

P 25
S = Se+Sp+Se=> |ecot D ei— I e
A i=1 j=p+1

2
14 24
> 1D = D ey
A =1

J=p+1
P 24 p 24
= VMt Y Mu-2) My (©OD
ij=1 i,j=p+1 i=1 j=p+1

and using equation (C.6) we can'fully evaluate this sum for each of Sq,Sp
and S¢ independently

24

V4 i 1 24 1 1 p
= i~ s e 1
so = 3 (0mg)+ X (wmm)tmE 3
4,j=1 4,j=p+1 i=1 j=p+1
= §24-p) (C3)
Sg = 0 : ' (C.9)
1 P 24 P 24
Se = 57 .ZH..Z 1—22.2 1
3,5=1 2,j=p+1 i=1 j=p+1
= 24— %(24 —p). (C.10)
Adding these together gives
S =24. (C.11)
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