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ABSTRACT

The two purposes of this'study were to determine at what turbulent 
scales in a high Reynold's number shear flow the trahsition to isotropy
‘occurs and at what scales Taylor's 'frozen field' hypothesis is_applicabie.
The flow studiéd was the wind at a height of z = 2‘m. above a flat laﬁd'
surféce. Four hot wire anemometers ﬁeievmounted,in a three dimensional
array to col1ect daté ph the_downwind turbuleﬁt velocity fluctuations.
Cross spectra were computed from the_obsgrvéd data between three pairs
of hot wires having the same spacing'iﬁ different directions; thése_were
varied between 1.8 m. and 2 cm. Knowing the obsér&ed spectrum of downwind
velocity fluctuations and ;ssuming the turbulenceiis isotropic; incompres-
HsibleﬁandﬂobeyswTayloris.hypothesis,ltheorgtical.cross”specpra:ﬁereAcom—
puted. The results of the comparisdn‘between the obéerﬁed andvtheoretical
Cross spectra for:different spacings revealed that in the flow studiéd
the behaviour: of the turbulence is conéistent‘with the assumptions of
both isétropylandiTaylor's hypbthesis for klz‘> 20; gut for wave numbers
less tﬁan this range either orAbothbof.the assumptions are not valid.
However, between klz = 4 and k,z = 20’the‘turbulence appears to be at
léasp axiéymmetfic'aboﬁt the downstream direction and for k,z >3 that
parf.of Taylor's hypothesis relating observed frequency at a stationary

sensor to the downstream wave number component appears to be justified.
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Chapter 1
INTRODUCTTON

To date the Navier Stokes equations héve not been solved for high
"Reynold's number shear flow. For high enough Reynold's numbers it has
‘been postulated that "there exists a subraﬁge of isotropic turbulénce
scales ih which no productibn and no dissipation Qf energ& take place
and in which energy is.traﬁsférred from scale to smaller scale by inertial
processes only. In this 'inertial Subraﬁge' Kolmogoroff (1941) predicted
.behaviour for structure functions which is equivalent to the one dimensional
power specfra of turbulent velocity fluctuations being proportional to

"k 5/3 where ki is the downstream wave number. A wave number range in

which the spectra have the '

—5/3' f6£m.has been observed.on numerous
ocgasidns; for example in atmoépheric boundar& layer flow by Pond g£_§l
(1963) and in oceanicbturbulence by Grant,FStewart and Moillief (1962);
The 'k1~5/3‘ spectra of downst;eam veiocity fluctuations observed by
Pond et al (1963) and many others extend to wavé numbers low enough that
the'turﬁulencé is clearly anisotropic.

In a shear flbw energy is transferred»into the turbulence
‘because of the interaction between the turbulent stresses and the mean
velocity shear. Since this process causes energy transfer directly
into .the velgcity component along the mean flow, the turbulence, at the
scales involved in the transfer, is necessarily anisotropic; that is it .
is not symmetrical in all spatial direcfions. This energy is passed to
,sﬁ;llef scales by.nonﬂlineér velocity interactiOﬂs>and at the samé time -

is redistributed by action of the pressure among the three velocity
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components. One might expect that as the energy passes down‘thé.3cales
memory of the anisotropic sources at large scales will fend to disappear
and that eventually the turbulence will appear to be essentially |
isotropic at sufficiently small scalesf ‘Pond gg_gl_(i963) estimated B
a lower wave number limit for isotropy in a turbulent shear flow at
distance z from a boundary as klz > 4,5, This result was based on thev
~determination of the scale of turbulence at which the rate of strain due

to phé turbuleﬁce itself.becoﬁes'as‘big as the rate of strain due to
the mean shear in a flow which conforms to the logarithmic law of the
wall and in which the local dissipation of turbulent energy equélsvthe,v
local préduction. |

A number of experimental atfempts have been made to.determine
at what scales a turbulent shear flow does.become isotropic. ﬁsing hot
wire anemometers (in x-configuration at a single .point) Weiler (1966)
estimated the ratio of the vertical velocity spectrum to the doﬁnwihd
velocity spectrum and the turbulent shear stress ih the boundary layer
a few meters above the sea. In an isotropic iﬁértial subrangeithe ratio
of the vélocity spectra is predicted-to be 4/3, but the ratio obéerved

7

was-less than 1.1 (except on a few occasiqns)‘at scales onlyAsiightly
larger than the dissipation scales. Also, in an'ine;tial subrange the
turbulent shear stress must be zero. Although the oﬁserved.sheér
stresses were non zero for wave numbers above Pond's limit of isotropic
wave numbers the degree of anisotropy associated with this property
appeared to be fairly small. Van Atta and Chen (1970) detérmined a
lower wave number limit for isotropy in the atmospheric boundary layer
over the sea. Their lowerblimit, klz = 7, was based on the comparison

of observed second order structure functions with those predicted for

the inertial subrange:
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The primary objective of my study was to determine by another
means at what scales' the transitionito iSotropy might occur in a high
Reynold's numbér shear flow. Thé measurements were made in a wind at a
height of 2_m. over a flat land surface. This tyﬁe of flow is sometimés
close to the simplést form of shear flow in which a steady mean wind is
parallelrto the ground, does not change direction Qiﬁh height and which
possésses negligible local heat sources of energy. For the sections of
’datq_analyZed the durations of observations of the.ﬁind are much shorter
than the time scales associated with changing synoptic atmospheric
conditions. ) |

The»dégree of isotropy in the‘tﬁrbulence was studied 5y comparing -
Cross speétra between downwind cﬁmponents at 'separated pointsAwith thosé
expected theoretiéaliy. The turbulence data were obtained from a three
diménsional array of'fpur hot wire anemometers. If the turbuience is in
an incompreséible fluid, is assumed to be isotropic and if also Taylof's

'frozen field' hypothesis holds it is‘possible to compute theoretical cross

spectra from the observed power spectra of downwind velocity fluctuations.

‘ A stationary velocity sensor. senses some property related to the
velocity fluctuations at a given point in space as a function of‘time.
Observed cross spectra afé‘obtained as functions of freqﬁency‘but the
theoretical cross spectra are derived in terms of wéve numﬁers. However,
the observed cross spectra can be transformed into a wave number space

by assuming that the turbulence is Fransported in accordance with
Taylor's hypothesis, which is that the turbulence transports like a
'frozen field' and does not change its structure or its advecﬁionﬂvelocity
while advecting through distances comparable with the scales of.turbulence
studied. Under this'hypothesis;lobserved frequencies, f? afe'equivalent

to downstream wave numbers,kl,sﬂmre kl = _ﬁ£ . Since Taylor's hypothesis
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plays such an integral part in the cgmparisonlbetween the observed and
theoretical cross spectra the results of the comparison depend strongly';
on the yalidity of this hypothesis. To obtain information on the validity
of Taylor's hypothesis was a secondary objective of my study.

Attémpts ﬁave been made by various authors to determine theoreti-
cally the conditions under which Taylor's hypoéhesis can be applied in
a turbulent shear flow; Lin (1953) theorizéd that the effect of distor-
tiop of eddies by the mean shear wéuld be small provided the advection
of strain rate in the downstream direction is very much larger than the
turbulent advection of strain rate across thelshear. This criterion,
applied to the condition of the flow during my measurements and assuming
a logarithmic mean velocity profile requires that k,z >> 0.2. Lin
also describes conditions under which the rate df'distortion in the
turbulence due to pressure fluctuations can be considered to be‘negligible.
The criterion he obtains,for'applicability of_Taylor's.hypothesis in this
case is 5;§/U2 << 1. Typical values of 5;?7U2 eﬁcountered in the prééent
study were about 0.15. |

A third assumption involved in the derivation of theoretical
cross spectra is that the turbulence behaves as if it ﬁere incompressible,
jinze (1959) estimates the compressibility effect to be ﬁegligible if
.Gi/cz << 1 where u ié the magnitude of the vélocity fluctuations and é
is the speed of sound under the measuring conditions. for the present
study ﬁhe above ratio was of order 10—5 making incompressibility a géod
assumption. Becausé incompréssibility is such‘a good - approximation the
results of the coﬁparison of obéerved and theoretical cross spectra sﬁould
depend primarily on the validity of the two assumptions; iéotropf and

VTaylor's hypothesis.



Chapter 2

BACKGROUND

Spectral Description

In ordéf to describe the tufbulence a cartesian.éoordinate system
r = (x, v, z) is chosen such that the 'x' axis is in the horizontal
direction_directed up the mean wind, u, 'z' is the axis betpendicularly
upwards, and the 'y' axis isvhorizontal and transverse to the ﬁean wind.
It is desirable to decompése_the velocity field into the fluctuating
part,'g = (u, v, w), and the mean wind, H = (U, 0, 0). ‘The two quantities,
U and u, are defined such that the time avepages‘ﬁ‘: 9 and u = 0.

Consider the product of the velocity cdmponents u, and u,'
measured at the two.positions in space, E and T +.§? respectivély.
Provided ui and uj are stationary and homogénebus in the statistical
sense, we can define a Fourier répresentation 6f the product of the

' . th e
velocities averaged over all space and all time for the n~ realization

of the. flow as: (for example, see Lumley and Panofsky, 1964, p. 25).

. . r,t e i1,
uin)(f,t) u§n)(£+§,t)~. - { @i?)(g)elk §dg ‘ (@2.1)

(n)

where dk is an element of volume in k = k), k k3) space and ®ij

2,
. . . th . .
is the spectral density tensor for the n = realization.

We can introduce a cross spectral tensor, Cri?)(k, §), defined

precisely in Appendix A, which has the property that:

. r,t (= ' : K
uin)(g,t)u§n)(£+§,t) "a J Crig)(g,Q)dg .2

(o]

. ,]3 ] t
" Thus Cr§?>(5,§)is the contribution to the total covariance uin)(g,t)u§n)(£+§,t)



per unit wave number volume-at k.
The smoothed cross spectrum, Cr (k 6), is the ensemble’ average
of the Cr(?)(k 6) over an infinite number of realizations of the flow

(Lumley and Panofsky, ]964)

13 8 = CHURID | | RO

n=1,%®
The theoretical cross spectra, Crij(k,é), are defined to be

averaged in the manner of (2.3). (The terminology CrT denotes a theoretical

' o
cross spectrum and Cr an observed cross spectrum.)
In the experiment just the one dimensional observed cross spectra,
o - . o}
erj(kl,é), can be obtained. Furthermore, the Crij(kl,é) are only

estimates of the ideal, smoothed, one dimensional cross spectra because

the average, ui(E,t)uj(E+§,t)f;t, ideally over all space and all time,
can only be approximated as an average over finite time and because the
ensemble average can only be over a finite number of realizations of the
flow. The theoretical and the observed one dimensional cross spectra
are estimated in Appendices A and B respeétivel?.

When 6 = 0 and i = j the CT (k 6) are the 6ne dimensional power

spec?ra; @i(kl).

@i(kp = Crii(kl,o) (not summed over.i)v : o (2.4)

The physical interpretation of @u(kl), the.one‘dimensional power'spéctrum
of downstream velocity fluctuations, is that it is the contribution to
the total variance EE; per unit wave number, k,, from all wave numbers,
E, having the component,.kl.

In this study the cospectrum, Co(kl,é), and the quadspectrum,
Qu(kl,é) are defined as the real and imaginaryﬂpartg of Cr11(k1’§)

which is the one dimensional cross spectrum of downstream velocity



fluctuations.

Thus: . . -
Co(k,,8) = Re(Crll(k1,§)) S (2.5)
Qu(kl,é) = Im(Crll(kl,§)) ' - (2.6)

Thé cospectrum is a measure of the amount of ‘'in phase' coherent energy
v density as a function of kl.between‘the velocities at E-and £+§,
whereas the QuadspectruﬁAis a measure of the coherent energy density
whiéh is 90° out of phase at the séme two points.

@u(kl), Co(k1,§) and Qu(k;,é) together define the cohereﬁce,‘
Coh(kl,é), which is a measure of the normalized coherent energy density'

between the points, r and r+d.

[(Co(kl,6)]2+(Qu(k1,6))2] ’ 2.7)
Con(k ,8) = = z

o, (k)

The relative phase, a, of the coherent energy density between
the points, r and r + § is given by:

Qu(k.,d)
] 174

@ =t ey | | | @-8)

The Experimental Arrangement

The isotropy of the turbulence was studied by estimating the
Cross speétra between velocity components observed simultaneously-using
hbt wire anemometers at four points with éelgcted'space separations.
The ideal set of'separations would be to have one sensor situated at
an 'origin' of the céordinate system (x, y, 2) aﬁd the pthers_each at
equal distance along the three coordinate axes. The arrays used Qere

designed so the upwind arm was offset in the horizontal plane to avoid



wake interference to the sensor at the origin. In practice the
coordinate sYstem was always determined by the direction of the mean wind
as illustrated in Figure 1 which shows the physical arrangement of the

; o o} .
sensor systems. The angle, 0, was some angle between 10 and 20" during

each data run.

The concept.of fscale{.in turBulengeisuggesté the optimum
information on the isotropy at soﬁebseale can be obtained by examining
cross spectra at separations up to about the scale distance. The
height of the three sensors in the horizontal plane was 2 m., so using
the criterion (Poﬁd EE.EL, 1963), the lower limit of wave numbers
expéctéd to be isotropic is somewhat above k1 = 4.5(2m)-"1 % 2.2m_1.

. 27 . .
If turbulent scale size be taken as Ef-then isotropy is not expected

1
at scales greater than 2m. or so. The 1argest.separation, 1.8 m.,
used in éhe measurements was chosen as representative of the possible
upper limit of scales in the inertial subrange. .The closest separation
of the sensors was 2 cm. which was the smallest pfactically measurable
spacing under the conditions of the.experiment. This separation
describes the smallest scales which might be expected to be within the
inertial subrange near the dissipation end of the spectrum. The four
other separations; 50 cm.,, 20 cm., 10 cm., and 5 cm.; were spaced
‘approximately 1ogarithmicaily.between the largest separation and ﬁhe

smallest separation.



Chapter 3
INSTRUMENTATICN

The Array

In the;assembly designed to support the sensors, shown in
Figure 1, all the members were 1" square alumihum tubing which had a
vef& high fesistance to torsion and to bending. _Thebstructure was‘
stayed by guy wires fastened to several points. When setting up the
array for a run, all arms and legs were made vertical or horizontal by
adjusting the lengths of the guy wires. The characteristic vibration
frequencies of eéch member of the assembly were differént being
* dominantly near one or .two cycles per second. Any vibration excited
in an arm of the assembly tended to be damped out after about a cycle. .

The hot wire anemometers were supported by clamps whi;h could
slide along the ;quare tubing to attain any desired seﬁsér‘separatioﬁ.
The susceptibility of tﬁe aﬁemometer probe support to vibration wés 
tested on the Mechanical Engineering Department vibrating machine.
. The characteristic.vibration freqﬁéncy of each support depended strongly
on the precise position of the hot wire probe holder in the supporting
c}amp. Because vibrations were hard to excite and because‘the vibratién
frequencies would be different for each support it ﬁés not expected that
vibrations would present a significant problem. Possible effects were
looked for but were not détected in any of the data analyzed. The

three dimensional sonic anemometer and the cup anemometer also used in

the experiment were fastened to the horizontal cross—stream bar of the



hot wire |
anernometer : : position of
hot wire probes

THE ARRAY :

cup
. anemometer
3D sonic
anemorneter

approx.
am,

THE VECTOR
SEPARATIONS '8y

: 5

(! by
'(4‘7‘7(
!
5. @pprox. downwind
= separation -

" approx. crosswind

t ; B horizontal separation
: ' g, crosswind vertical
. v =" separation
. ) .
; '
) 1
: J P
t [}
L % ‘
THE COORDINATE :
SYSTEM :
mean wind-

" Figure 1: The Array, Vector Separations, and Coordinate System.

10



11

assembly in such a way that their sensors were centered at the same 2 m.

level as the three lower hot wire anemometers.

The Hot Wire Anemometers

Four hot wire anemometers were used in this experiment to measure
the cross spectra of downwind velocity fluctuations. The 6perating
priﬁciple of hot wire anemometers depends on the CObliﬁg effect of the
wind on a very fine piece of heated wire whose resistaﬁce depends on
: temberatﬁre. Hot wire anemometers have the two characteristics necessary
to the present experiment, smail sensor size and fast response. The
particular sensors used had a size of about 1.5 mm. and the devices as
a whole were adjustea to respond to velocity fluCtuations,up to at least
10,000 Hz.

The hot wire anemometers, which were Disa battery operated
éonstant resistance types®, have a non lineér résponse givenAby 'King's

Law':
_‘E,‘z = A+ BV , (3.1)

where § is the output voltage, V is the iﬁstantanéous magﬁitudevof the
wind pérpéndicular to the sensing element and A and B are constants
depending on the particular aneﬁometer and on the temperature of the air.
For low turbulence levels éutput voltage fluctuations, e, are linearly
related to the first order to the downwind velocity fluctuations, uj;

the effect of the next order of response is examined in detail in the

section on measurement error on page 27. The calibration constant for

* Electronics: Disa type Do55; Probes:'Disabtype 55A22,
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the lineer response of the hot wire.anemometer was determined by
matching the hot wire voltage spectra at low frequeﬁcies to veloeity
spectra observed using the sonic anemometer. The sonic anemometer,
which responds to scales larger than about 1lm., is a much better device
for meaeuring absolute velocities because4the'oberating levels. of the
hot wires are liable to change considerably due to age or to the
- adherence of specks of dust to the sensing element.

‘Eecause the hot wire anemometer operatioe depeﬁds on the
cooling effect of the wind blowing'past the wire, temperatere,varia—
tion in the air itself will affect the»;esponse. The contemination of
the output signal by femperature fluctuations can be minimized byv
operating the hot wire at a sufficiently high tempefature above amﬁient
temperafure. - The magnitude of the temperature effect‘is estimafed in

the discussion on measurement error on page 30.

The Sonic Anemometer

The magnitudes and directions of the mean wind were measured
using a thfee dimensional sonic anemometer mounted in a fixed position
on the_hofizontal cross-stream arm of the array. The sonic anemometer
measures wind velocity by comparing the timesof flight of two sound
pulses travelling in_opposite directions over the same path. The
difference in the two times is proportional to the component of the
wind in the di;ection of.the path. The instrument used senses components
along such paths oriented so:the three instantaneous velocity components;
u, v, w3 can be computed. ~In addition, by measuring‘the absolute sound
velocity, the sonic anemometer will provide the instantapeous deneity fluc-~

tuation, p' or equivalently the virtual temperature fluctuation, TG (Lumley

& Panofsky, 1964). Besides determining the vector mean wind the sonic
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was also used to determine the Reynoid's étress; G;} the turbulent
density flux, 5757} and the downstream velocity fluctuation Spectra~
for use in calibrating the hot wire anemometers.

On the 'Kaijo Denki' sonic anemometer used, the sonic paths
were each 20 cm. 1ong so its response to velocity fluctuations falls

-off with scales decreasing from about 1 mn,

The_Cup Anemometer

A Kenkusho cup anemometer was used as a check on the mean wind
speed measured by the sonic anemometer. Because the cup responds to
wind magnitude, and because it tends to 'overspeed' in turbpleht flow
it is expected to register a higher wind speed fhan the sonic anemo-
meter. A comparative study by Tzumi and Barad (l970)lipdicated that
cup mean wind speeds were on the average 107 higher than mean wind

speeds in. the same flow measured by a sonic anemometer.

Data Recording

| The Vpltage fluctuations from the various velocity sensors
were recorded in'FM.mode on ﬁagnetic*tape using an Ampex FR1300
fourteen channel tape recorder. Altogether nine channels ofAinformation
were recorded simultaneousl&. Prior to recording, the signals from the
cup and the hof wire anemometers were passed through 'gain;offset'
amplifieré to ensure satisfactory signal to noise levels in the;re—

corded signals.



Chapter 4
OBSERVATIONS AND SOME RESULTS.

The Site
The site used for the measurementé was an abandonned air field
near Ladner, B.C. which is essentially flat, horizpntal and relatively
‘fréé of obstructions making it ideal for the study. The array itself
" rested on grass about 15 cm. high. This grassf area éxtended at least
200 m. in the wind approach direction before being crossed by an asphait
ruﬁway. Beyond the runway the grass continued further for about 1 km.
before it ended at a dike bordering the shores bf Boundary Bay.‘ |
Because the maximum‘height'of fhe uppermdst sensor was only 4 m, it
coﬁld be éafely assuﬁed.tﬁat.the run&ay and the dike had negligible

influence on the turbulence seen by any of the sensors.

The Wind Conditions

All the measurements were made on April 28, 1971 which was .a
cool overcast day. Six runs were made each at a different seéaration
and of approximately one half hour duration; the;statistics of the
anaiyzed éeétién of each run are listed in Table I.v The wind remained
remarkably uniform in magnitudévand direction over the whole period
of the observations so the data sections analyzed were‘rathér
arbitrafily taken from near the béginniné.of.each run. In‘Table I,

U is the average of the mean wigd.speeds given by the sonic and by‘the
- cup anemometer. The cup mean wind was consistently higher than the

sonic mean wind by between 37 to 10%. The angle of the mean wind,



TABLE I

The Wind Conditions for the Analyzed Section of each Run |

Run Time of Duration of "k, range T _ I;;ﬂf — 2/L
Identification Run Analyzed of analysis (m/sec) ] (m?/sec?) ¢ Y?SQCZ) v
(by separation) (P.S.T.) Section(sec) m)~! m/sec ! m :

' 6.02x1073 .
8 = 180 cm. 13:59 1015 > , 6.60 11.0° 1.15 0.326 -
1.91x10 ,
, S _ 4.09x107°% o _
§ = 50 cm. 15:16 254 - 6.55 20.1 0.930 0.299 -0.015
, 7.73x10 : '
- ‘ 8.19x107°
8§ = 20 cm. 12:17 127 - 6.54 13.4° 0.888 0.235 -0.027
1.55x10% - :
1.79x1072 o :
8§ = 10 cm. ©10:36 63.5 -+ 6.00 12.2 0.858 - -
3.37x102
. 2.98x1072 o
§= 5 cm 11:05 31,8 > 7.21 12.2 1.01 _ - -
‘ 5.69x102
: , 6.82x1072 o
§= 2 cm. 16:50 15.9 - 6.29 16.8 0.653 - -

1.29x10°

61
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0, as defined in Figure 1 is that obtained from the sonic anemometer.
The wave number.range used for the spectral énalysis of the data is
given by 'k; range’. The 'k; range' for each run is different bec;ﬁse
all the runs were digitized at different frequencies. Both,az;‘the
variance of downstream velocity fluctuations; and E&; the Reynold's
stress, are calculated from the sonic data. The aVerages for both
are over the duration of the data section analyzed. The density flux,
BT§} arises becguse of'VariationS‘in-denéity due both to humidity and
fo‘temperature. The ratio of the height, Zs to'thg Monin~Obukhov length,

L (Lumley and Panofsky, 1964) is a measure of the buoyancy effects in

V’
the structure of the turbulence. This ratio was computed for two runs

and is shown in Table I; the small_values indicate that effects of

buoyancy are negligible during the measurements.

The Sonic Anemometer Spectra

‘The sonic anemometer spéctra, k1-®;(k1), k1°®v(k1),and k1°®w(k1),
computed by the analysis scheme of Appendix B,.are plotted for three
of the runs on a log-log scale against kiz iﬁ Figure 2. At low wave
numbers the 'u' spectrum has the most energy and the 'w' spectrum has.
the least. The '—2/3»slope' line on each of ‘the graphs corresponds

:5/3' form in the spectra predicted for thevinertial subrange.

“to the 'k
The 'u' spectrum attains this slope at values of k,z around 2 but
the 'v' and 'w' spectra do not until k,z is approximately 5. At

still higher wave numbers the 'v' and ‘w' spectra roll-coff due to the
effects of using a 20 cm. sound path for the velocity measurements.
The difference in tﬁe shapes between runs of the 'u' and 'v' spectra'at
high wave numbers is probably due to aliased electronic noise. None of

the sonic spectra should be considered reliable much above klz = 10.
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Figure 2: The Observed Sonic Anemometer Spectra for the Three Runs:
§ = 180 cm., § = 50 cm., § = 20 cm.
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The Hot Wire Anembmeter”Spectra

The hot wire anemometer spectra for a given run are éli similar
in shape to one another and to the 'u' spectra measured by the sénic
anemometer in the wave number range where it givgs reliable results.
The hot wire anemometers were calibrated by mafching the integrals of
the low wave. number voltage measured by thé hot wires to.the 'u'
spectrum measured by the sonic anemometer (see Appendix B?. ‘Most of
the- difference between the details of.the specfra of the hot wires for
a given run appears to be due to random spatial variation of the
turbulence; as the separation of the sensors decreases the details of
the-spectra become more similar. For the largest separation the upper
hot wire at z = 3.8 m. seems to have slightly more energy at low
wave numbers than the other‘three hot wires at z = 2 m. As one would
expect, thé two*spéétra from tﬁe hot wires separated approximately.
downstream of one another showed the-most‘agreement_iﬁ detail at allb
separaﬁions. When plotted togeﬁher on a log-log graph versus k;z
the shapes of the spectra from the different runsvfitted one another
reasonaﬁly well as should be.expected if the wind is statistically
statioﬁary.‘ Figﬁre 3 is a plof of such a cémposite spectfum obtained
from the hot wire situated at the 'origin' of the array. As does the

sonic 'u'

spectrum the hot wire spectrum attains its inertial subrange
form for klz > 2. Tt retains this form until k,z ~ 1000 in the run

analyzed to highest wave number, where it begins to roll-off due to

dissipation effects.
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Figure 3: The Spectra Observed by the Hot Wire Anemometer at the Origin.



Chapter 5
THE THEORETICAL CROSS SPECTRA

The Determination of ET(k)

" The théoretical,basis for predictiqﬁé of cross spectra
'apﬁropriate to isotrbpié turbulence obéying Taylor's hypothesis is
ougiined in Appendix A. The computational pfocedure for determining
thése theoretical cross spéétra involved two steps. The first was the
derivation of ET(k), the three-dimensional spectrumbas defined in Appen-
dix A, appropriate to the observed oﬁe—dimensional powef‘spectfafof
dowﬁwind velocity fluctuations and the second was the computation, using
the»ET(k), of the various cross spectra for the differént separations.

Providing the turbﬁlence is.isotropig and obeys Taylor's
hypothesis then ET(k) is related to the one dimensional spectrum of
downwind Velocityvfluctuations by Equation (A.14):- |

T
o - K4 [k f‘fti‘_‘_)__}
2 dk (k dk

‘Using the ®3(k1) measured by the hot wire anemometers a
theoretical_ET(k) was to be estimated using the above relation. The
measured spectra, @3(k1), are, however, a series of discrete estimates
which can not be used directly in the equation for ET(k). fo circumvent
this difficulty analytic functions were fitted to thé observed spectra.
These analytic fﬁnctions were the @E(k) used in the equation to
estimate ET(k). The analytic fﬁnctions, ET(k), which resuited were
then used for the subsequent compqtation of theoretical cross

v N

spectra.
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To obtain an analytic form for QE(kI) a least squares fitting
procedure was appiied to the geometric means of the spectral'estimates
from each of the pair of hot wires for-ﬁhich the cross spectrum was to
be compufed. Each spectral estimate was weighted by the bandwidth
over which the estimate was averaged. In a few cases where there
were indications of significant noise as, for example;‘near the high
frequency end of the spectrum for the 2 cm. separation whére the
effects of aliasing of a high frequency.pick-up»become noticeable, a
zero weight was assigned to the estimate. Initially, an attempt was
made to fit a function of polynomial form, or of a polynomial of

logarithmk:fdrm to the complete hot wire spectrum. produced by the

computer program SIMPLOT (see Appendix B). 1In order to get

reasonable fits over the whole spectrum it was necessary to go to
réther higher ordef functions than would be easy to handle. By
éﬁperimposing the spectra from the differenﬁ separations each of which
covers a different wave number raﬁge on é ldg—log plot one can obtain
a view of the complete spectrum (see Figure 3). Over a large po}tioﬁ
’of the wave number range the sﬁape of this composite:spectfum appears
linéér which éuggests a simple power law might be a good approximation
to the spectrum in these regions. The spectrum at each separation was

thus fitted according to (5.1)'over this wave number range.

o (ky) = Ak, (5.1)
Here, A and B, the constants determine for each pair of hot wires

at each éeparation,‘are listed in Table II. Figure 4 illustrates the
spectral estimates which were used for tﬁis fitting and the slope of

the respective fits at each separation for the pair of hot wires having

"the approximately downwind separation,



TABLE IIT

The Constants A and B for the Fitted Spectrum, AkB

1

0.591 -1.

0.620

Run Approximately Downstream Approximately Horiz?ntal Vertical
. . Separation Transverse Separation Separation

Identification

(by separation) A(M.K.S.) B A(M.K.S.) AM.K.S.) B

S = 180 cm. 0.935 -1.57 0.930 -1.56 0.840 ~1.60
§ = 50 cm. 1.06 ' - =1.63 1.03 -1.61 l.bO -1.63
§ = 20vcm. 1.16 -1.62 1.02 ' ~1.60 l.iZI -1.62
§ = 10 cm. 1.16 ~1.65 107 -1.63 1.13 ~1.64
§= 5cm 1.16 -1.68 1.09 -1.66 1.14 ~1.68
§ = 2cm 0.638 -1.56 55 . ~1.56

(A4
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Figure 4: The Cbserved Hot Wire Spectral Estimates Used for
Fitting. and the Slopes of the Respective TFits.
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The-Cémputational’Procedure

' . ‘ . T : \

From the fitted forms, expressions for E (k) were determined
analyticallyvas simple power law functions. On the assumption that
an isotropic turbulence corresponds to the observed spectra, the

theoretical cospectra, quadspectra, and coherences were evaluated using -

the Equations (A.11), (A.12) and (2.7):

T 21 £ (10 :
Co(k,,8) = coskIGEJ’J ——~I—-(ki+k§)cos(k262+k363)dk2dk3
< o »

o Tk
T O |
Qu(k,,8) = sink161JOJo 4;;&— (k24+k2) cos (I, 8 4k .8 ;) dk,dk,
T T ,)%
T 2 2
i, ,6) = ()2 + (oiy?]

T
o (k)

where 61, 62, and 83 are cartesian component separations in the coor-
dinate syStem defined by the observed direction of the mean wind.
Because ET(k) is assumed to be of.siméle power law fdfm, the above
integrations can be converted to intégrations b&er two other inte-
gration variables one of which can be performed analytically whereas the:
other -can easily be evaluated numerically. 'The numerical integration
was cafried out using a Simpson's rule subroutine on the university's
compﬁter using a high endugh_upper wave‘numﬁer limit to ensure proper
convergence. Theoretical cross spectra are plotted in Figures 6, 7, 8 
and 9 with the observed cross’épectra; these will be éiscussed later.

‘Although a realistic ET(k) like a.realistic @T(k) would roll-
off at low and high wave numbers this was not accounted for in any of
the theoretical cross specfra. ‘Because the minimum value of E is just
(k;, 0, 0) in any integration the low wave number roll-off has no

influence on the integration as long as k1 is above the roll-off region.
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On the other ﬁénd, the‘ﬁpper limits of integration extended into wave
number regions where the high wave number roll-off might become signifi—
cant. Judging by the slope of the observed spectra at the highest wave
numbers, ET(k) might be expected to be truncated considerably by

viscous dissipation effects at wave numbérs, E, néar 1000 m™ .- Using

the upper integration limits of k, = 1000 m—1,>ahd k, = 1000 m~ ! the

effect of the roll~off on the 2 cm. normalized cospectra and coherences
was,estimated.' Compared to those cross é%ectfa.cbmpﬁted using the normal
integration limits the cross—stream,cospectra wére altered by 0.01 or so near
k)6 = 10.0 whereas the downstream coherence was increased by 0.04 near k,§ =
10.0. For wave numbers less than k,;8§ = 3.0 the downstream coherence was

almost imperceptibly altered. For all the larger separations the effect

on the cross spectra of the high wave numbér roll-off would be much less.

The Check On The Computational Procedure

The derivations and computational procedures for these calcu-
lations were checked by computing cospectra for both a purely downstream
separation and a purely cross—stream separation which would result

from a_'k_5/3'

power spectrum. For a purely downstream separation it
can easily be shown theoretically that the normalized cospectrum is
given by the particularly simple form: )

T
Co(k,,8) : .
— = cos(klﬁ) . ' (5.2)

q)u (k-l) | ‘

The result obtained using the numerical procedure agreed with
this within * 0.005. The difference between the spectrum and the

cospectrum when integfated_with respect to wave number yields the value

of the structure function for that particular separation. On dimensional
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groﬁnds one ﬁredicts that in fhé inertial subrénge the ratio of the cross-
stream to downstream structure function should be 1.33 (Lumley and
Panofsky, 1964). This ratid was obtained for structure functions

estimated from the computed cospectra corresponding to the ideal

'k_5/3' form. That theé downstream cospectrum and ratio of structure

functions:evaldated'numericaliy from this form agree with the analytical
predictions confirms that the expreséions} (A.11) and (A.12), were cor-

rectly derived and that the numerical. procedure is a correct one.



Chapter 6
MEASUREMENT ERRORS

Ideally,; a sensor would respond 1inearly'to downstream velocity
fluctuations; in practice tﬁé_response of hot wires is non~linear and
they also respond somewhat to transverse velocity fluctuations and to
teméerature fluctuations. The computations of the theoretical cross
spectra are subject to error due to uncertainty in the precise vector
separation of the sensors and to variance'associatedeith the estimate

of a form representative of the observed downwind spectra. In the

following each of the above effects is investigated.

“The Effect of Non-Linearity of the Hot Wires on Observed Cross Spectra

In all the computation of observed cross spectra the hot wire
anemometers were treated as if they had a voltage response, e, to small

downwind fluctuations, u, given by:
e = cu (6.1)

where c is a calibration constant. However the 'King's Law' response

for the hot wires used is (3.1):

£2=A+B/\71;

where Vh is the total horizontal component of wind speed and £ is the

output voltage. Because the velocity fluctuations in the cross stream

direction were small compared to the magnitude of the mean wind then Vh

is nearly. the instantaneous magnitude of the wind in the downstream
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direction. By solving (3.1) for Vh and expanding in a Taylor's series

one obtains the second order response for the downstream fluctuations, u:

u = Clets(d + 25 )e? | | (6.2)

C is a>constant>depending on A, B, the mean voltage; E; and the mean wind
speed, Vﬁ. Using the constant B determined by -a wind tunnel calibration
of the hot wire a section of data was analyzed using'both‘the linear
calibration, (6.1), and the more correct non-linear calibration,,(6.2).

. Figure be shéws éucompariSOn of the two analyses for a normalized down-
wind cospectrum for a 50 cm.‘separation. In the region of the drop-off
the corrected (non-linear) calibration is seen to result in normalized
cospecﬁral estimates which are as ﬁuch as 0.0S'highef than.the‘
correésponding estimates oﬁtéined using the uﬁcorrectgd (linear) calif
bration. The alteration to cross-stream cospectra using non-linear
calibrations would be expeéted to be similar. Because the non-linear
respénse affects large amplitude velocity fluctuations more fhan small
amplitude fluctuations and because the large amplitude fluctuétions tend
to bg at the lower wave numbers the cross spectra from the smaller

separations, which cover higher wave number ranges, should be affected

less by the non~linear response than those from the 50 cm. separation.

The Effect of Transverse Velocity Fluctuations on Observed Cross Spectra

In the experiment the hot wire anemometers respond to the in-
stantaneous horizontal magnitude of the flow. As a result, the output
voltage of the hot wire is somewhat dependent on the trénsverse horizontal
velocity fluctuations, v. Using the 'King's Law' response equation (3.1)
one can estimate thét for small uvand»v the variancé of the voltage will

_appear as:
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VERTICAL BARS INDICATE
EFFECT OF MEAN WIND ANGLE
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'Figure 5: The LEffect on Normalized Cospectra of Wind Angle Variation,
Exponent Variation and Linear and Non Linear Hot Wire Calibrations.
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- - '
e? o u? + %E~+ %{ _ ‘ - (6.3)

2

Both u? and v® were observed to be around 1 m?/sec and the mean wind

y 4 —
speed, U, to be around 6m /sec, so that bothA%E-and %5>were about 0.03 u2,
—r _
The term %7 arises because of the non-linear response of the type already

. vh o, v . S .
discussed, but — is a measure of the increased variance resulting

U
from the influence of transverse velocity fluctuations. The maximum.
magnitude of error- in the spectra due to the latter effect is expected

to be about the same as the 3% alteration to the variance; the alteration

to the cross spectra normalized by théAspectra would probablyﬁbe less’

than this amount.

The Effect éf Temperature,Fiuctuations on Observed Cross Spectra

Because the principle of operation of a hot wire anemometer
depends on the cooling of a heated wire by the wind its output depeﬁds
somewhat on air température fluctuations. This effect can be estimated
from formulae given by Bearman (1970). Using a'typical observed R.M.S.
temperature fluctuation of O.SOC, the hof wire operafing temperatufe of
600°C as well as typicalvhot wire calibration constants, typical mean
wind speeds and}typical hot wire outputs for»the eXperiment the tempera-
ture effect is ekpected tb produce equivalent-R.M.S.'Vélocity fluctua~-
tions of about 0.006 m/sec. This is faifly small compared to the observed

R.M.S., velocity fluctuations of around 1 m/sec.

The Statistical Reliability of Estimates

Even though the turbulence may be assumed to be stationary,
as long as its averages are over a finite number of realizations of the

flow, each estimate has a variance associated with its statistical
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nature. Jenkins and Watts (1968) derive expressions for the.variance,

2

0°, of the coherence estimators, Coh(ki,é), under the assumption that

the random process considered behaves like white noise:

{1-(Coh(k,,8)) %}
2 ~ ~
0Coh ~ BRRY

(6.4)

Vv, the number of degrees of freedom of the estimate, is equél to twice the
product of the number of estimates in the-wavevnumber-band over which

it is averaged and the number of data records over which it is averaged.
Bécadée the quadépectrum is relatively small, the cospectrum normalized

. by the spectrum is similar to the coherence.(see (2.7)). For a prdcéss
of<ﬁhe type considered the cross ‘spectral estimators are distributed
apéroximately normally about the averages thét would be obtained from

~an infinite numBer of realizations.of the flow. The 687 confideﬁce'
limits.fér‘a ﬁormal disffibution'are given by * .0; thus the expected:

Coh* In the region

error in the cospectra is apprOximafely given by o
of maximum.slope of the coherences and of the normalized cospectra
(these features are diséussed in the following sections and are shoﬁn
in Figures 6, 7, 8 and 9) the expected variation Qf the estimates 1is

around = 0.05. is smaller both as the coherence goes to 1.0 at

o
Coh
low wave numbers and as it approaches zero at high wave'numbers where
the bandwidth for each estimate increases. 1If the process is not
completely stationary as was probably the case for the turbulence.

studied, the statistical variations of the observed cross spectral

estimates would be expected ‘to be somewhat larger than those predicted.
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. The Effect of Frrors in Mean Wind Speed and Direction on the Theoretical

Cross Spectra

The imporfant parameters in the computatibn of theoretical cross
spéctra are the values of k16 and the direction of the mean wind with
respect to the Qector separhtions of the four sensors in the array.
Inevitably there.is some uncertainty iﬁ the exactsposition of each hot
wirelsensor on the array which introduces possible errors in both the
“magnitudes and diréCtions.of the separations.. Because of errors in
esfimating the magnitude and direction of the meaﬁ wind using the sonic
anemometer, the orientation and magnitude of thevwind with respect to
the array also has some doubt. Whereas the maximum error in k16 due to
both effects is'gstimated to be % 6% at most, the expected error in
k16 is % 37. Liké&isevthe maximum and pfbbable error in the direction
of the ﬁean wind are estimated to be * 59 and i_30 respeétively. .The
effect of introducing -a change in the'mean wind angle of "% 5° in the
'cémputafion of a cospéctrum from an approximately.downwind separation
is shown in Figure Sa. The cross-stream cospectra are negligibly

affected by mean wind direction changes of this size.

The Effect of Spectral Distgrtion én Theoretical Cross Spectra

Even though a low‘péss.filter was used prior'to digitizing the
analog signals to help eliminate 'aliasing', some leakage of.high wave
number energy into the lower wave numbers of analysis did occur. Energy
also leaks from low wave numbers to higher wave numbers due to the shape
of the transfer function for a finite,da%a record. Although the latter
effect was’correctea for prior to the plotting of the normalized cross

spectra, the spectral fittings were made using uncorrected estimates.
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The non~linearity in response of the hot wires discussed also tends to
cause low wave number energy t0'appear at higher wave-numbérs. The
combination of the three soﬁrces of distortion on the observed spectra
causes errors in both the level, A, and in the exponent, B, of the
fitted spectra,‘Ak?. Even though the errors in level of each spectrum
might be as large as + 15% in the worst case they produce no error in
estimates of normalized cross spectra since both numerator and
denominatpr_are affected:Similarly. The exact éxponent of the fitted‘
spectrum does, however, alter the theoretical normalizéd crosé spectra.
Figure 5b illustrates that the effect of-éltering the exponent of the
fitted spectrum by * 0.1, the extreme maximum deviation expected, is to

cause shifts in the values of the normalized cross spectra of about

+ 0.02.

. The Summary.of Error Estimation

One can summarize the preceding by estimating the maximumv
expected difference between oBserved,and theoretical normalized cross
sﬁectra due'to errof. The maximum error is evaluated by adding linearly
the magimumudéviations to the'éﬁosé speétra expected at each separétion
éfisiug from mean wind anglevunceftaiﬁty, from uﬁcertaintyvin k,6, from
non-linearity of thevhotvwires,vfroﬁ uncertainty in the exponent of the
fitted spectrum and from the probable statistical fluctgations of the
observed estimateé. As the normalized cross spectra convérge to zero
at high wave numbers and as they converge to 1.0 ét low wave numbers
the error in the estimates should approach zero.  The maximum error
vin the normalized cross spectral estimates is expectéd‘in ﬁhe range of wave

numbers in which the roll-off is steepest. In this region all observed
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normalized.céspectral and coherence estimates should have statistical
fluctuations of about #* 0.05. 'Also iﬁ the region of maximum slope the
curves representihg the theoretical and observed normalized,crossv
‘spectra may be biased with_fespect to one another either up or down

by £ 0.08 for the cross-stream cospectra and by * 0.15 for the downstream

coherences and cospectra.



Chapter 7
DISCUSSION OF RESULTS

The Comparison of Observed and Theoretical Cross Spectra -

Figures 6, 7 and 8 illustfatg the compa:isonsIOf the oBserved
cospectraiwifh those coﬁputed théoretically from the observed spectra
ass;ming isotropy énd Taylor's hypothesis. 'Each'point’on thesevplotsA
is normal;zed; the observed cospectrél densities are normalized by the
observed spectral densities and the theoretical cospectral densities
by the fitted spectruﬁ.‘ The ébscissae on the plotsére values of 10g10(k16)
where § is the approximate magnitude of the vector separations for each run.
Any power law behaﬁior for the speétrum implies similarity of the normaliéed
cospectra with respect to k,6 for differenf runs if § were the exact magnitude
of the separations and if the.angles between the mean wind direction énd the
vector separations weré the same. Beéause the.exact vector separations are
used in their computations, the normalized théoretical,cross spectra as
plotted are only roughly similar from run to run. ‘The.reprgsentations of
theoretical‘and'_pbserved Cospeétra‘differ in one imporfant respect; whereas
each'théoretical estimate of cospéctral depsify is a computation at a discrete

value of k,, the observed estimates represent an average over a band of wave

numbers near k, (see Appendix-ﬁ). Only for the first negative,peék of
the observed downstream cospectra (see Fiéﬁre 8) where the curvature
of the cospectral curve is relatively large éhould the effect of band
~ayeragingvresult in noticeable alterations to the observed cospectral
estimates. The ﬁagniﬁudes of the observed estimates near thié‘peak

are expected to be reduced by no more than 10%.
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Qualitatively, the theoretical and the observed cospectra are
similar to one another for all separationé, Both sets of. cospectra
decrease from the levels ofvthe“Spectra at low values of klﬁ.and ténd
to zero at higher'values of klﬁ. At intermediéte values of 316 the
observed appro%imately downstream cospectra oscillate abéut zero as do
their theoretical counterparts;

Although normalized cross spectra wili convergé to 1.0 or té 0.0‘at
low or higﬁ values of.kls respectively, the shaée and position of the cross
spectral curve in its région of makimuﬁ slope is dependent on the structure
of the turbuleﬁce. Using tolerance; outlined in 'The Summary of Error
Estimation' (see page 33) it is evident that thefe is generally quantitative
agreement between the ﬁormalized-observed and theoretical cross-stream
cospéctfa in this region of maximum 31ope (see Figures 6 and 7); good agree-
ment is evident fo? the 20 cm., 10 cm. and 5 cm. separations; marginal
agreement is evident“fof the 50 cm. separation:and there is definite dis-
agreement for the 180 cm. separation.' The observed cospectra for § = 2 cm.
agreé well up to logld(kl6) ~ 0.5; at highef wave numbers there wgs evidence
of electronic noise due to the presence of the sonic anemometer on the array.
The obsérved cospectral éstimates for.both cross-étream directions,for.

§ = 180 cm. seem to be sigpificantly lower than the theoretical éstimates
fof klé < 3 or equivalently fér k) < 1.7’m~1} Furtﬁermore because low
wave number observed cospectral estimates for & = 50 cm. and. 8 = 20 cm.
tend to be soméwhat low for both cross-stream directioné up to values . of
k,§ corresponding to k; = 2‘m_‘1 (The vertical arrgws on Figurés 6 and 7”
- indicate k, = 2 m ) it would séem that the transition from disagreement

-1 or for klz z 4.

to agreement of these cospectra occurs at k, = 2 m
None of the quadspectra are plotted. The observed cross-stream

quadspectra which are expected to be near zero theoretically were scattered
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about the theofetical values with what appeared fo be raﬁdom fluétuations
of magnitude less than to.1. Only the approximately downwind quadépectra
had appreciable magnitudes, which is consistent with theoretical prediction.
| | The spectrum, cospectrumband quadspectrum together defiﬁe the
coherence (see equation (2.7)). The c¢ross—stream coherences are virtually
identical with the cross—-stream normalized cospectra which have already
been discussed.

The approximatély downstreém‘ﬁormalizedkcospectra and coherences
are shown plotted in Figures 8 and 9 respectively. Tﬁe maximum.éxpéctedA
errors in the region of the drop—off of the observed cospectrum and ' :
coherence .are uniform shifts of all estimates of * 0.15 and random
fluctuations of estimates of average size * 0.05. Up to the wave number
at which the downstream cospectrum first crosses the zero axis all the
observed. ccspéctré agree with the theoretical predictions within experi-
mental error. For this fange of wave numbers ‘the behavior of the down-
stream cospectrum is determined largely by the relative phase of the
cor?elatedvenergy'at'the~two sensoré. The obsérved.phase, aobs,-is
defined in (2:8): -

Qik ,8)

O bs = tan = |———
Co(ky,96)

From (A.11) and A.12) the phase of the theoretical cross spectrum is seen
to be simply k.9, for a given wave number, k,, and a given downwind
component of separatiom, ¢ . Because "from (B.2) kl'is inversely propor-

tional to the turbulence advection velocity, it is possible to define

an effective advection velocity, Ueff’ from the observed mean wind, U,
from the theoretical phase, k161’ and from the observed phase, % pst
k,8,U
Ueff T

obs
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The ratio, Ueff/U;‘waslééﬁpuﬁed for the éoWﬁwind péir of sensors. The
average value of this ratio was 1.22 for_wave numBers lower than 1.6 m
éomputed for the 1.8 m separation although for the same range of wave
numbers from the 50 cm éeparation this average was 1.06. The average value
of the ratio for all but the largéét separatibn Qas 1.03. In view of the
averages of the meaﬁ wind speed measured by the sonic and by thé cup
anemometgr being.up to IOZ_diffgrept frdm‘one ;nothé; Fhe_difference oflthe~
average ratio frdm_l;OO is probably insignificant. Individﬁal values of
the ratio Were scattéied by up to f‘O.l about the average but there was -

no significant‘trend in the values at increasiné'wave numbers.

On the other hand, the magnitude of the correlated energy. is
véstimated by the coherence. The position of the maximum slope in the
theoretical downstream coherence curves is determined primafily by the
angle between the méan wind and the vector separation of the two velocity
Sensors; bécause this ahgle is smallest for § = 50 cm. the coherence for

this separation appears to 'hold up' to highef wave numbers than do thosé
for the other separations. 1In féct, the coherence for‘a purely downstream
separatioﬁ would be 1.0 at all vaiues of k,8. In the region of maximum
slope, the observed coherences from both the two largest downstream
separations are too low to be explained by possible ekperimental error.
These two coHefences suggest that the theoretical and observed cbherénéesv
do not agree for values of k16 corresponding to k, less than about 10 mt.
-(The-vertical arrows on Figure 9 indicate kl = 10 m*lj, However, the -
observed coherence estimates for § = 20.cm;, althoﬁgh_tending to be low,
do agree withiq experimental error with tﬁe theoretical results for k,

1

somewhat less than 10 m™ . - At smaller separations there appears to be

~quantitative agreement at all wave numbers except at the three highest
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ones on the § = 2 cm. plot where én electronic pick-up‘is evident.
One can éay that the coherence detérmination is too insenSitivé to establish
at e%actly what wave number the observed coherence and theoretical coherence

agree, but agreement near k; = 10 m * or k,z = 20. scems the most likely.

The Anisotropic Models

Quantitative agreement occurs between the.obser&ed and theoretical
cross spectra at aﬁprogimately the same wéve‘ﬁumbéf for:the two cross-
stream separations but at a higher wave number for the downstreém
separations,- This behavior suggests that a model ofrthe turbulence which
is axisymmetric -about the downstream direction might describe the turbu-~
lence at wave numbers leés than the isotfopic range. Two such anisotropic
models were-considered;'the first'ﬁodel Has the axisymmetric energy density
E(&) = E(k)-cos@vwﬁeiea8<the second also has an axisymmetric energy\density
~given by\E(gl = E(k)* @2 ~ cosd), .E(k)_is a scalar function of K and ¢
is the angle between the Qave-numﬁer_g and th,ekj a%is so that thg.firSt

model has a maximum energy density along the k, axis and the second a

minimum, The normalized cospégtré derived from these two'models.are plogted
on Fiéqre 10 together with the normalized cospeétra from the isotropic
modelﬂ The anisotropic model having the minimum df E(E) along the kg

axis qualitatively déscribes the observations for low~wave.numbers;

both the observed cospectral estimates and those computed from this model
have smaller magnitudes than the'corresponding isotropic estimateé.' It

thus seems that some anisotropié‘model having a deficit of energy in the

k, direction can explain the oBserVationﬁ. The equation of continuity
requires that V°E=O qr-equivalently thatlk'gk=0 where u is the vector

velocity arising from local integration about k of the energy density



MAXIMUM ENERGY

- MINIMUM ENERGY

ALONG Ik, AXIS ALONG k,AXlS
| APPROX. DOWNWIND
SEPARATION
1.0+ T
k 8
? +
Co(k.d) o o,
QHkJ o Q
. + +
0.5- 0 - °
+ +
. o
- R TR
~ OO i I ‘. T N -+ o T T ;Tﬁ
. oo 90 o
-+t APPROX. CROSSWIND «*
B o oo HORIZONTAL SEPARATION
109 E 7 '
o .
Col ,§) - ° +
Pk ¢ ° o+
. . + ° R o +
0.5+ .o -
+ Q o +
to o
0.0 T T +Qwa“0'@‘1 T IL06W9VGI
CROSSWIND VERTICAL
_' SEPARATION
1.0 ST
Cok® . .-
Cpu(k,) L0 ) : .
0'5— + ° ] o +
+ 0 ° §
+ o .
0.0 gy : O Ereen
40 05 00 °° 10 40 -05 00 °° 1,
LOG{k,3) ' LOG(k,S)
?_lSOTROMC.
o ANSOTROPIC:
Figure 10: The Comparison of Normalized Cospectra Computed from

Isotropic and from Two Anisotropic Models of the Turbulence

4l



45

E(E).  Thus, a mbdel"haviﬁg.a deficit of eﬁergy in thelk1 direction would
prédiqt an increment of energy in the downstream Eomppnent'of'velocity,

u., Ideally one could try more sophisticated anisotropic models to duplicate
‘the observed cross spectra. In this exﬁeriméﬁt.the possible error in the
obser?ed_cross spectrum is too big to warrant the investigétion of av

reasonably accurate model of the actual turbulence.



Chapter 8
CONCLUSIONS

The furﬁose of this stpdy was to obtain information on the
approach to isotropy and on the applicability of Taylor's hypothesis in
wavhigh-ReynoldLs-nuhber éhear flow.

The observed cospectra‘and coherences within the éccufacyAOf
meaéurement are consistent with the assumptions of isotropy aﬁd of Taylor's
hypothesis for k,z > 20. |

‘At wave numbers between k,z = 20 and k,z = 4 the observed coherences
for the downstream separation were lower théncthése pfedicted,from the |
assumptioné whereas the cospectra for both the vertical cross-stream and
the hofizontal croés~stream'directions.were within. experimental error of

the isotropic prediction. Furthermore the sonic 'v' and 'w'

spectra are 
close to the expected:iﬁertial subrange shape, 'k1—5/3', for-klz > 5 and
the 'u' spectra meaéured by the sonic and the hot wire anemometers have
this shape for klz > 2. It thus appears»that within the limits of
accurac& of‘the experiment the turbulence is at least axisymmeéric about
the downstream direction for k;z > 4.

Coherences for all of the separaﬁion direqtions were lower than
predicted on the isotropic assumption fof'klz > 4, Failure of Taylbr's
hypothesis due to time evolution of the.turbulence as it passes the pairs
of velocity sensors would be expected to lower the coherehces. An
anisotropic model hgving an excess of‘energy-sbectral densiﬁy distributed
axisymmetricaily about the k, axis also gives lower coherences than the

" isotropic model for the three separation directions. Such a model is
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consistent with the behaviour of the observed cross-stream cospectra in
which there is an excess of energy in the 'u' component of velocity.

Soﬁe anisotropy of fhis type and a partial failure of Taylor's hypothesis
probably account for the observed nature of the cross épectra at low wavé
numbers.

Taylor's hypothesis involves botﬁ the assumpﬁions that the time
evolution of the turbulence as it is advected is negligible and that the
tﬁf?ulence is transported at the mean’ wind speed. The validity of the

relation:

is directly dependent on the latter assumption. The turbulence advection
velocity computed from the relative pﬁase of the coherenf energy between
the downstream paif of sensors does not appear to be significantly
different from the wind velocity obtained directly from fhe anemometers
for k1 > 1.6 m™ ! or for klz > 3, For this range of wave numbers thét
-part of Taylor's hypothesis relating measured frequency to dowﬁstream
wave number appears to be valid.

In brinciple the method of'comparing theoretical andvobserved :
cross spectra could be used to determine the quantitativé details of

. : : \

the structure of the turbulence at different wave numbers. From four
velocity sensors six different separations are possible for which
cospectra can be.computed. At each wave number it is possible to match
the six»obsérved cospectra and the spectrﬁﬁ with the cospectra and spectrum
computed from a linear combination of ‘seven different’isotropic or
anisotropic modeis of the turbulence. In order to detérmine the con-

tribution of each model reasonably accurately the cospectra willbhave to

be determined with less uncertainty than in the present study; the hot
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wire anemometers should be linearized, the wind angles and éeparations
should be more'précise, some account should.be taken ofvthe effect of
'v' fluctuations on the hot wire response and the étaﬁistical fluctua-
tions of the estiﬁates should be reduced by using longer data sections
for example. If onewere to use more than four velocity sensoré then

more separations would'be possible and henée'the turbulence could be

modelled more‘exactly.
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. 'APPENDIX: A
THE DERIVATION OF THEORETICAL CROSS SPECTRA

The cross spectra Crgg)(k,é) are defined by:

1 , t

(“)(k 5) = (zﬂ)3 j W, t)u( ) (r4o4x, R TG

~

We define the theoretical cross spectra»CrEj(k,G)vas_estimates
of the cross spectra, Cri?)(k,é), smoothed according to (2.3) that would be

obtained if the turbulence was stationary, isotropic and incompressible:

r,t _...
£ 068)= Corya J (“)<r Ou™ (prorn,e) e §d§/>i=l’w

I
L]

(A.2)

tzﬂ)a J< (1’1) (r t)u(u) (r+6+Xt)> k'

Likewise usiﬁg (2.1) we can define an average of the product of velocity

T
components in terms of the smoothed spectral tensor, ®ij(k?§);

r,t 0
. (n) v (n) - T ) ike§ .
<%i (x,E)u; _(Efd’€§> el Janij(k < ldk 4.3)

substituting in (A.3) using (A.2) we have:

_ 1 Ir S (843) 4T ~ikex A
(k, ) (2ﬂ)3 [ [J*me (k )dl J ~ dg . (Af )

Assuming the functions are all well behaved one can switch the integration -

order in (A.4):

T 1 17 ik ik*s s
Cr..(k,é)— TEET? I—w[:Jﬂwe ~ j}@ (1 Je '~ ~dk v (A.D)
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But:

[ eif'(k"k)d§ = (2m) 5 (k' ~k) | (A.6)

where 6(k'-k) is the Khronecker delta function

Hence:

Crr, (k,8) = fw 8 (k' —k)@ NG )eIE gt = 1K §@T (k) (A.7)
ij ’< o -
: The';ross spectra which were observed were the one dimensional cross
spectra of downstream.velocity fluctua£ions, C%ll(k1,§), in which the
toﬁal contribution from all wave numbers -is expressed in terms of the
component, kl, of wave number. The theoretical equivalent to this,
rTl(k1;§), can be computed from the generai three dimensional cross
spectrum, Cr?1(§;§); by integrating it 0vef all values of k2 and k..

Hence:

O 0 T
j J oy, (6, 8k, di

00

T
Cry, (ky58)

(k 5)e1§ §dk dk, (A.8)

It
| 8
8
| 8
8 .

For isotropic incompressible turbulence the tensor, @?,(k,é), can be

"expressed in terms of a si ingle scalar functlon of k; E (k): (Hinze, 1959).

'®T ) = F E (k).

2
.9
i & Tich (1 6 -k, kj) _ | (A .)
The integral, (A.8), then becomes:
2

. o5 oo} T k :
T _ E" (k) 1 ike=$ :
cry, (k,,8) = J_m J_m i P:—kz J 270 dk,dk, (A.10)
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The theoretical cospectrum, Cg(kl,§), and the theoretical quadspectrum,
Q3<k1,§),bare the real and imaginary parté respectiveiy of Cr?l(kl,é).
Noting that pafts of the integral, (AJlox involving sin(k,S,+k,5.)
- are antisymmetric about (k,,k,) = (0,0) and that the cosine function is

symmetric about this point, the integration can be done over positivé

values of k, and k,:

o0 00 T kz :
Co(k ,8) = cosk. 8 EE) W cos(k. 8 +k.8 )dk. dk.  (A.11)
o(k,,8) = cosk §, | k2 7| cos (I, 0,4k, 8 ) dle, diey .

2
-k—lJ cos (k,8,+k, 8 )dk,dk, (A.12)

Qli(k,,8) =

n
He
]
=
O
Se——
8
' 8
t=1
3
~~
ta
S
—_——
p—
o

If the separation, 8, is zero then the one dimensional cospectrum is.

. : . . T
just the one dimensional spectrum @u(kl)

T 0 oo FT(k) X L ' : :
0 (k) = J J v (~1—{—:§_~]d1<2d1<3 | (A.13)
. 0’0 ,

From (A.13) we can obtain ET(k) in terms of ®§(k1)

(k) = <24 (A.14)

2 dk

k dk

? d [1 dq’f(k)]

In this study the ®$(k1) used to compute ET(k) are analytic functions

fitted to the observed spectral estimates, @3,(k1).



APPENDIX B
THE OBSERVED CROSS SPECTRA

The Theoretical Basis

In this experiment velocity fluctuations were recbyded és a
function of timé at four stationary sensors. The analysis of the data
was";arried out on velocities sampled at discrete time intervals, At,
fdr a total reéord duration of NAt, where N is the number of samples
in'thé record. The cross speétfa computedvfrom.the observed values of

uin)(r;t) and u§n)(r+6,t+T) sampling the nth realization of the flow can

1 2 3 N

only be obtained at the discrete frequencies; f = 0, MWW e am ¢

l.JM/Z

(n) (n) M-
Crij(f ,§) =¥ us '(E,t)uj (E+§’t+T) e dT- B.1)

-M/2 -

Tﬁe velocity product average @an only beltakeﬁ‘over the time duration of
‘the record, M. Provided the turbulence is Stationary in space and time.,'
Crgj(f,§) is‘not a fu#ction:of r. Under Taylor's hypothesis (Taylor,
1938) the turbulence is assumed to be nearly 'frozen' in time as it is
swept past a stationary éensor at a coﬁstant rgfe so the.temporal velocity
variations séen at the éensér are due only tovspatiai variations in tﬁe
velocity along the line of the mean velocity. A cross spectral component
having frequency, f, is then egquivalent to the one dimensional cross

spectral component having downstream wave number, k,, where:

k, = == ‘ (B.2)
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Thus:

M/2

- : M-,
cr! . (k,,8) = lj u e s,y e L3y
ij ~ M ~ j ~ ~ .

-M/2

In practice the estimates of Crgj(kl,S) were not evaluated according to
(B.3). Rather, a Fast Fourier Transform (I.E.E.E. Transactions, Vol.
15, 1967) was used to evaluate the complex Fourier coeffidients, A'+iB',

for uin)(r,t) and u§n)(r+6,t+T):

M/2 ik, Ut

- : . _1 {7 () dt ‘
Ai(k1,£)+1BiKk1,£) u J_M/zui (E,t)e (B.4)
- M/2 . 4
A!(kl,r+6)+iBf(k1,r+6)= %’J u-gn)(r+(5,t)el 177dt (B.5)
S -M/2 3 v

The estimated cross spectra, Crij, are obtained from combinations of

the coefficients in (B.4) and (B.5).
' — ATA? TRty Rt Tt
Cr} 5 ey ,6) AJAIFBIBIHL (ALBI+ABL) (B.6)

These estimates are exactly equivalent to those that would be computed
by (B.3). Just as (B.1) can be evaluated at discrete frequencies only
so (B.3), (B.4), (B.5) and (B.6) are defined at the discrete wave

2m 4w - . 7N

numbers; 1(1 = 0, O OMO MO

Because the Crij(kl,ﬁ) are deed on finite data records of
duration, M, they are modified from the cross spectra, Cr§§>(kl,6),
computed from infinitely long records. The ensemble average of Crij(kl,S)

is related to the ensemble average of Cri?)<k1’6) by:
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1 \ - (n)
’_<§rij(k1’§z/n=l,w B <é?ij (k1’§2>n=l,®

) 2
: o Cr,, (k!,8)2U
1] 120 = ) ER | E .
+<J: e (1 cos ((k, kl)U]}dk1>n=1,oo
(B.7)

Although each of the spectral estimators, <érij(k1,5£) n—i s 1s made up

: ~ =1, ' _
mdstly of energy from k] near to k,, the estimator has small contributions
from all wave numbers of <§rgg)(k1,6$> . In the observed cross

ij ~/ n=1,c
spectra it was found that there was a sufficient preponderance of energy
. ; ' 1

at low waye numbers so phat according to (B.7), the <érij(k1’§>> n=1,o
would be significantly modified at high wave numbers. Provided that
most of the contribution to the secoﬁd term on the right in (B.7)

comes from4k; less than k, and provided that one only considers corrections

2

to estimates for which k, >> kl then this term can be simplified:

oo Crg?)(k{,é)ZU M)
<j DB [l—cos((klvki)ﬁ)]dglﬁl’m x

k PO ’
') (n) 20U WM
fo <Crij (ki ’§)> —ﬁ—{ (]_-—COS ((k ~k )‘ﬁ) d:kl

(B.8)
The integral on the right in (B.8) can be approximated as a sum over the

observed low wave number cross spectrai estimates, Crij(klad):
ki (ﬁ) \ 2v? M
! Y |y —1 2 o
Jo <?rij (k1,§i> W2 [1 cos((k1 kl)U)Jdkl X

1) % 2u? M
(EE}k§=OCrij(ki,§)*3T— [l—cos((kl—k;)ﬁJ]Ak;
! (8.9)
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where Ak{ is the wave number bandwidth over which the estimate Crij(k{,G)
is averaged. The quantity under the summation in (B.9) is the constant,

Pij’ for the given run. Thus (B.7) becomes:

P
' . (n) > 1i
<©rij(k1’§i> n=1,o ~ Crij (k,,9) n=l,«& E?l (B.10)

In practice only the finite number of data records, L, were analyzed

’ o . Lo
so that the observed cross spectra, Crij(kl,é); which were corrected
pons P, ~ .

for the spectral leakage term, 1%13 were given by:
1
o ' Pi'
= ! < il .
Crg (k,,8) = (ory, (k1,§)>n=l,L_ '_lkz (B.11)
‘ 1

Because they are based on an average over a finite number of data records
the cross spectral estimators, Crzj(kl,é), will show statistical
fluctuations about the smooth cross spectra,b<?r§?)(k ,6;) .

e . 1] 174 11:]_,00
The variance of Crzj(kl,é) is reduced further in this study by averaging

the estimates over bandwidth as well as over data records.

The Computation of ObserVed.pross Spectra

" The analysis routine which produéed the various cross speétra-
from the raw. data tape is outlined in Figure 11. Most of the analysis
was done on the Uﬁiversity's I.B.H. 360vcomputer usiﬁg computer programs
developed by students at the Institute of Oceanography. Each step of

the analysis procedure is elaborated in the following.

Digitization
The process of rewriting the analogue data tape in digital form
is called digitization. The digital tape produced is obtained by

sampling the analogue voltage at a constant digitization frequency.
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Figure 11:

The Data Analysis Scheme.

57



.58

The highest frequency at which energy can appear in the spectral analysis

of such a digital tape is the Nyquist frequency, w_, equal to % the

N?
'digitiiation frequency. ‘All energy on the'analogue tape at frequencies
higher.than the Nyquist frequenéy is 'aliased' to some frequency

between 0 and wN ig fﬁe'déta on the digitél tape. {(Blackman and 

Tukey, 1958). To minimize aliasing into the frequencies of interest a
Jow pass filtér is used to filter.out,energy abové the Nyquist frequency
pridr to digitization. Tﬁe filters used,Were a matéhed set which had a
‘3db. point at the Nyquist frequency and a 9db. per octave‘attenuation
rate above that. Over - the frequency range of interest the pﬁase shifts
introduced by the filters on each cﬂannel were all within 1° of one
another. The cross spectralphases which depend only on the relative
phase of one channel to.another are thus only negligibly affected by

the use of ‘the filters. The attenuation of the épéctral.estimates

below the Nyquist frequency is correéted for in SIMPL@T.

The upper frequency of analysis, the Nyquist frequency, is set
by the choice of digitization'frequency. At eacH separation the digiti-
zation frequency was picked so that the corresponding Nyquist wave number
represénted scale sizes about % of theiéizé bf?thé separation. By this -
means dnly those turbulent scales of the same order of size as the

separation were retained for analysis.

FT7R

FTPR is a computer program designed to evaluate (B.4) and (B.5)
from the digitized data. If uses tbe Fast Fourier Transform to generate
complex Fourief coefficients from every consecutive record, each of

1024 sample points from each channel of the digital tape. The number
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of records chosen ‘for analysis was rather arbitrarily set at 40 -for all
of the runs. Tor each of the 40 records for each channel FT@R computes

512 complex coefficients.

SCPR

SCPR uses the complex coefficients outputfed by FT¢R and prodgces
from these smoothed spectral,vcospectral and quadspectral estimates. By
combining the complex coefficients from one or two channels according to
(B.6S it computes the desired croes spectra for all the wave humbers and
for all the 40 records. It first averages the estiﬁates over a quarter to
a third octave bandwidths for each record. These averages ere then them-
selves averaged over the 40 different records. The result of this procedure
is a cross spectrum which is an estimate of the ensemble average from

different realizations ef tﬁe flow.
SCPR has an additional fecility'for compuﬁing cross spectra from

the averages of the records. - By this means it is possible to extend

_the analysis down to lower frequencies but because SCPR does little

smoothing of these estimates any individual estimate must be considered .

fairlj_uhréliaﬁle.  In Figures 2 and 3 the estimates for the nine

lowest wave numbers for each run are computed by this means.

RﬁTATE

The 3D sonic anemometer senses two horizontal components of
velocity at 120° to one_another, RATATE transforms the spectra derived
from fhese two components into the spectra of downwind velocity fluc-

tuations and into the spectra of cross-stream fluctuations.
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SIMPLAT

SIMPLYT is used primarily to correct the cross spectral estimates 
" for the atténuation introduced by the A-D filter. ©Fach of the SC@R
spectral estimates is simply mulﬁiplied by the inverse of the attenﬁation
factor of the filter at that frequency.

In SIMPLAT too the hot wire anemometers are calibrated. The
ouﬁput of RPTATE gives the integrais under the speétra of the downwind
- velocity fluctuations measured by the‘sonic as well as_the integ?éls under
the spectra of the uncalibrated hot wire anemometers. The calibration
used for‘a given hot wire was that necessary to ﬁake its integral over ‘
the lower wave numbers where the sonic is expected to give reliable
results équal to the sonic integral over the same wave numbers.
Becéuse the sonic anemometer and the hot wire anemometers have
slightly different shapes to their spectra due to their different )
operating characteristics and to their sensing the turbulence at dif-
ferent positions in space this calibration will.be only roughly accurate.
However, except for Figures 3 and 4 all of- the hot wire cross'spectra
are plotted in a normalized form which eliminates the need for any hot wire

calibrétion at all.

Leakage Cofrection

All of the observed croés spectra are corrected ﬁsing (8.11)
for the leakage of energy from one wave ﬁumber to another resulting from.
the analysis of finite data records. Because the majority‘of the .
energy in typical spectra and cospectra occurréd in the iower_wave
numbers of analysis the correction term for them was appréximated from

their low wave number estimates using (B.9). The magnitude of the
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correction term which was abopt“the ééme forlboth spectra and cospectra
ranged'between 157 of the spectral level at klé = 1.0 for the 2 cm.
separétion down to 1% at klﬁ = 1.0 fqr'the 1.8 m. separation. The
magnitudes'ofAthe corrections to the quadspectra, which had little energy

at low wave numbers, were very small,

PLYTTING

| Two different methods were-used for plotting the results. The
hot‘;ire spectra shown in Figures 3 and 4 and the soﬁic spectra shown.in
Figure 2 are plots of the form loglo(kiQU(k )) versus 10g10(k1z) where

z is 2 m. k1®u(kl) is the energy in a wave number band of width g%%
whereas k,z is a non dimensional wave number.b The theoretical and the
observed cospectra plotted in Figures 6, 7, and 8 are all normalized by
the approbriate spectrum. The_abscissa axis in each case is loglo(kIS).

The cospectra from the different Separations should be approximately

- similar with respect to k,§.



