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A B S T R A C T 

The frictional behaviour of several combinations of industrial friction materials that are 

related to two specific applications was investigated experimentally and analytically. The 

objective is to gain knowledge on how to better control and eliminate, if necessary, friction-

induced vibrations in industrial applications. The materials studied exhibited either stick-slip or 

quasi-harmonic vibration. The friction-velocity characteristic has been proved to be a useful 

tool to predict the vibrational behaviour of a friction pair. In the quasi-harmonic case, a non

linear analytical friction model based on an approximation technique, can predict the occurrence 

and the amplitude of friction-induced vibration when the system is submitted to a static normal 

load. The effect of dynamic normal loading on the frictional behaviour and on the occurrence of 

chaos has also been investigated. No chaotic motion was detected. Stick-slip vibrations can be 

extinguished by a normal loading with a small amplitude and a frequency close to the natural 

frequency of the system. In the case of quasi-harmonic vibration, it can be quenched and is 

replaced by a vibration with the excitation frequency and usually with a smaller amplitude than 

that of the quasi-harmonic vibration. Experimental, analytical and numerical results were all in 

good agreement for the quasi-harmonic type of vibration. 
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CHAPTER 1 

I N T R O D U C T I O N 

Many physical systems involve surfaces in relative motion and consequently, their 

behaviour is strongly influenced by the frictional characteristics of these sliding surfaces. At 

high velocities (usually 1 mm/s and above depending on the operating system considered) pure 

sliding can usually be observed and the friction coefficient between the two surfaces can be 

assumed as constant. However, when lower sliding velocities (usually less than 1 mm/s) are 

considered, smooth sliding is often replaced by an oscillatory sliding motion of one surface over 

the other. The occurrence of this motion is attributed to the frictional forces at the contacting 

surfaces and has thus been called "friction-induced vibration". This kind of vibration has been 

observed widely in industry. Automatic transmissions, machining processes, brake systems and 

robot manipulators are but a few applications where this phenomenon occurs. About 40 % of 

the friction-related problems in industry are due to vibration induced by friction. These forms of 

vibration are undesirable because of their detrimental effects on the operation and performance 

of mechanical systems. Specific problems include surface damage, wear of components, fatigue 

failure, noise, positioning errors in servomechanisms, and poorly finished surfaces in machining 

processes. 

The subject of friction-induced vibration has been studied extensively over the last fifty 

years, bringing knowledge about the factors and parameters controlling the motion and 

identifying three types of friction-induced vibration. The first is stick-slip and it has been the 

most extensively covered and studied. Stick-slip vibration occurs at very low sliding velocities 
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of alternating stick and slip regimes. During the stick phase, the relative velocity between the 

two surfaces is zero and static friction forces are prominent. Sudden relaxation then occurs, 

during which the system is governed by dynamic friction forces. The second type is quasi-

harmonic oscillation that usually occurs at higher sliding speeds and higher normal loads and 

has a characteristic sinusoidal waveform. This motion is governed by dynamic friction forces 

only. Comparatively, little work has been devoted to this type of friction-induced vibration. 

Although it has been reported by many researchers, only Brockley and Ko presented an 

experimental and theoretical investigation of the phenomenon. The last type is vibration 

induced by random surface irregularities. This usually occurs at relatively low normal loads and 

high speeds. Despite much research efforts, the whole phenomenon of friction-induced 

vibration is far from being fully understood and predictable, the friction itself being a very 

uncertain parameter. 

The effect of normal movement and the application of a dynamic force to the frictional 

system, either transversally or normally have been investigated by some researchers, particularly 

in the case of stick-slip vibrations. A normal dynamic force has proven efficient in decreasing 

significantly stick-slip vibrations. However, apart from some early work by Ko, the effect of 

dynamic loading on the quasi-harmonic type of vibration has not been studied. 

In recent years, demands for high quality products combined with fierce competition in 

industries require significant advances in machinery production with much improved efficiency 

and performance. Machines are often required to operate at higher loading and speed 

conditions. Control of friction and friction-induced vibration becomes an important factor for 

improving product quality and machine performance. 
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This study is concerned with the dynamics of friction-induced vibrations, particularly the 

quasi-harmonic type, in the presence of an external periodic excitation in the form of a dynamic 

normal force. Two industrial applications will be investigated experimentally and analytically. 

The first involves a paper-to-paper contact to illustrate different problems encountered in the 

pulp and paper industry and more specifically in paper processing like supercalendering or 

winding as in paper converting, handling or storing. The second type of contact concerns with 

sliding contacts between wet paper-based friction materials used in clutch assemblies and a steel 

and a cast iron counterpart to illustrate specific problems encountered in automatic 

transmissions. Quasi-harmonic type of friction-induced vibration can exist at high velocities 

and can affect the performance of automatic transmissions, brakes and clutches. This 

phenomenon has been widely reported and referred to as squeal. The objective is to gain better 

control and to eliminate, if necessary, friction-induced vibrations in industrial applications. 

This thesis will first review literature concerning friction and friction-induced vibration. The 

development of a friction-induced vibration model will be followed by examination and 

investigation of the industrial friction materials and associated problems. These will be 

experimentally studied and theoretically and numerically analyzed, including chaotic analyses. 

A separate chapter is devoted to the study of the effect of dynamic normal loading on friction 

and friction-induced vibration. 
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CHAPTER 2 

LITERATURE REVIEW 

2.1 Historical background 

The first names that come to mind when the subject of friction is mentioned are 

Amontons and Coulomb. Amontons [1], in the late seventeenth century was the first to 

rediscover Leonardo da Vinci's laws of friction, namely, that the frictional force is proportional 

to the normal load and that friction is independent of the size and the shape of the bodies in 

contact. In the late eighteenth century, Coulomb [2] went further and defined two types of 

friction: static friction force and kinetic friction force. Static friction force is equal to the force 

required to start the sliding of an initially motionless object. Kinetic friction is the force 

required to maintain the motion of the sliding body. Generally, static friction is greater than 

kinetic friction. 

Nevertheless, it is only in the twentieth century that the subject of friction and in 

particular, friction-induced vibration began to gain greater attention. Wells in 1929 [3], was the 

first to publish a report on friction-induced vibration. While trying to measure kinetic friction 

coefficients at low speeds to find out how friction would be affected by velocity, he observed 

that the upper surface of the slider oscillated back and forth rather than smoothly sliding. 

A few years later, Thomas [4] studied and solved the frictional vibration differential 

equations by using graphical and analytical techniques. He was the first to demonstrate the 

possibility of self-excited vibrations in frictional systems and stated the importance of the 
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difference between the static and kinetic dynamic friction in obtaining those vibrations. 

Although he was not able to observe it experimentally, he also stated that a negatively sloped 

friction-velocity curve must exist in order for those vibrations to occur. He observed that stable 

oscillations could be obtained, depending on the value of the kinetic friction. Furthermore, he 

stated that simple harmonic oscillations could not be sustained in the presence of viscous 

damping, but stick-slip could if the damping was small. A few years later, Blok [5] treated the 

problem analytically and suggested that a sufficient increase in damping could eliminate totally 

the stick-slip vibrations. In 1940, he proved that the essential condition for the occurrence of 

self-excited oscillations is a decreasing friction-velocity relationship. 

2.2 The significance of the friction-velocity curve 

Since the '40s, many researchers have observed and stated the importance of the shape 

of the friction-velocity curve in affecting friction-induced vibrations, as well as its importance in 

defining the shape and amplitude of these oscillations. 

Swift and Dudley [6] used Lienard graphical method for determining the vibration cycles 

from a friction-velocity curve. They found that the oscillation amplitude increases as the speed 

increases, result that did not agree with the findings of some other researchers. Brockley, 

Cameron and Potter [7] determined the existence of a critical velocity of the driven surface at 

which the stick-slip vibration died out. Its value is related to the system damping and to the 

velocity-dependent friction characteristics of the surfaces. They developed an expression 

relating the vibration amplitude and surface velocity in which vibration amplitude decreases 
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with increasing surface velocity. They also found that increasing the level of damping decreases 

the amplitude of the vibrations as well as the critical velocity. 

While friction forces in stick-slip oscillations are alternatively time-dependent and 

velocity-dependent, friction forces in quasi-harmonic oscillations are exclusively velocity-

dependent. Their existence is then critically dependent on the particular shape of the dynamic 

friction curve. The only researchers to really look into quasi-harmonic vibrations were Brockley 

and Ko in 1969 [8]. They first used Lienard graphical method to show that a hump at the 

beginning of the friction-velocity curve is one of the necessary conditions for the existence of 

this form of oscillation. They then used Krylov-Bogoliubov method to study the stability of the 

oscillations and determined that the vibrations start at a lower velocity boundary and their 

amplitude increases up to an upper velocity boundary determined by the amount of system 

damping. Their experimental results were in good agreement with the theoretical results. Bell 

and Burdekin [41] had observed this humped friction-velocity curve for polar lubricants earlier. 

2.3 The influence of normal stiffness 

Other factors influencing friction-induced vibration have been the subject of an extended 

literature review. One of them is the normal stiffness. Dweib and D'Souza [9] studied self-

excited vibrations induced by dry friction and found that several mechanisms are in play. The 

main parameters are the effective coefficient of friction and the contact forces. In their 

experiments, as they increased the load, they noticed four different regions: a zone of linear 

increase of the coefficient of friction with the load, a zone of non-linear increase, a transient 

zone during which some random vibrations would occur and finally the zone of self-excited 
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vibrations. The ranges of normal forces for these four zones depend on system characteristics 

such as stiffness and damping. They developed a mathematical model where stiffness and 

damping are both non-linear. They found that there is a critical value of the normal force above 

which the steady-state sliding becomes unstable. This value is related to the natural frequency 

of the system. According to them, the mechanism that causes self-excited vibrations is the 

coupling between the different degrees of freedom. 

Aronov et al. [10-11] presented a comprehensive experimental study of the interaction 

between friction, wear, friction-induced vibrations and system rigidity. They carried out their 

experiments on a pin-on-disk machine with steel specimens and water lubrication. They also 

found, for a set velocity, a critical value for the normal load above which high frequency self-

excited vibrations are generated. This value of the critical load depends on the system rigidity. 

Their conclusion was the same as Dweib and D'Souza's [9], i.e. that self-excited oscillations are 

caused by a coupling between frictional and normal degrees of freedom. Later, Aronov et al. 

[10-11] studied the vibrational behaviour more specifically with an experimental setup that used 

a steel pin sliding over a cast iron disk without lubrication. They encountered the same four 

friction regimes as observed by Dweib and D'Souza. During the last phase where self-excited 

vibrations occur, the observed wear rate is several orders of magnitude higher than anywhere 

else. They also observed that the vibration frequency is the torsional frequency of the system 

and consequently, the energy needed to maintain the oscillations is supplied through the 

torsional mode. However, they recognized that in order to explain these vibrations accurately, a 

non-linear analysis is necessary. 
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Kato in 1985 [12-13] studied the effect of normal stiffness in the loading system. He 

especially stressed the importance of the test machine in the interpretation of experimental 

results. His conclusion was that wear is very sensitive to changes of normal stiffness in the 

loading system, which might be interpreted as the change of effective wear rate caused by the 

change of mean dynamic normal load. He noticed that the sliding-velocity curve shifts with a 

change of normal stiffness in the same way it would change with a variation of normal load. The 

review of many of these papers shows that, in the majority of cases, the occurrence of self-

induced vibration is attributed to either the coupling between the different degrees of freedom or 

the negative slope of the friction-velocity relationship. 

2.4 Applications 

The subject of friction-induced vibration has gained much interest over the past fifty 

years. Numerous researchers have devoted a lot of time studying them as their presence has 

been identified in a lot of mechanical systems and assemblies with moving parts. Depending on 

the frequencies they occur at, they are referred to as squeal, chatter, shudder or groan and have 

often been linked to detrimental problems like excessive wear, severe damage, fatigue failure 

and objectionable noise levels. Different kinds of friction-induced vibrations can be observed in 

many practical situations, stick-slip, vibrations caused by random surface irregularities for 

relatively small values of the normal load and quasi-harmonic vibrations. Together, they 

account for 40 % of the frictional problems encountered in industry. 

An example of these phenomena can be found in the research conducted by Bhushan 

[14]. He reported stick-slip induced noise in water-lubricated compliant rubber bearings. 
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Krauter [15] also reported the presence, under certain operating conditions, of chatter and squeal 

resulting in undesirable audible noise in the same type of water-lubricated bearings that are used 

to support ship propeller shafts. The onset of squeal and chatter is due to the growth of unstable 

vibration modes. One of the factors that mostly affects the onset of these vibrations is the 

negative slope of the friction-velocity curve. Rorrer and Eiss in 1995 [16] did some testing of 

frictional oscillations in wet and dry elastomeric materials used in automotive applications and 

found also that the friction-velocity relationship is the parameter governing the occurrence of 

friction-induced vibration and the oscillation magnitude. Kiryu, et al. [17] studied the ringing 

phenomenon occurring in automobile water pumps. They found that the shaft rotation induces a 

temperature change of the sealed liquid which results in a ringing sound. At low frequencies, 

stick-slip was observed and it transformed into quasi-harmonic oscillations at higher 

frequencies. They also found that the vibrations are related to the torsional, bending and axial 

vibration modes. Connel et al. [18] observed and identified stick-slip and quasi-harmonic in V-

ribbed belts used to transmit power from engine crankshaft to automotive accessories. Nibert 

and Watts [19] mentioned that the potential for the widespread use of a slipping torque converter 

clutch is being prevented because of problems of shudder at low speeds, despite this clutchs' 

ability to increase the fuel efficiency of the automobile. 

In recent years, with the development of robotics and control systems, the subject of 

friction-induced vibrations gained renewed interest again. Applications like robot arms operate 

at very small amplitudes and low velocities and place a great importance on accuracy, sensitivity 

of motion and position, especially in medical applications. Sharma et al. [20] reviewed in their 
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paper the tribological failure problems encountered in robot components. Stick-slip is reported 

at joints when loading, lifting, or positioning, as well as at concentric columns and arms, chain 

drives, slideways, actuators and lead screws. Other dynamic friction problems are observed in 

elbow bends. Stick-slip is definitely one of the factors responsible for reduced performance and 

lifetime of manipulators. Comparatively, quasi-harmonic oscillations occur at higher velocities 

and consequently can be detrimental in the operation of automatic transmissions, brakes and 

clutches. Ibrahim [21], in a comprehensive literature review of all the problems related to 

friction-induced vibration, described different types of noise and vibrations associated with disc 

brake systems. The noise can be characterized by a generation of harmonics and limit cycles 

indicating a non-linear behaviour. Several mechanisms have been proposed to explain this 

phenomenon, among them, stick-slip, the negative friction-velocity slope and modal coupling. 

Moreover, the experimental results of Aronov et al. [11], mentioned above, undoubtedly relate 

friction-induced vibrations to wear and Aronov concluded that it should be expected that 

appearance of vibrations would cause the transition from mild wear to severe wear in moving 

components. 

2.5 Elimination and control of friction-induced vibration 

The above examples show that the presence of friction-induced vibrations in numerous 

engineering applications is a source of problems and many researchers are therefore 

investigating these phenomena in order to find ways to reduce or control these vibrations. The 

friction-velocity relationship between two contacting surfaces depends on various factors, 

including some chemical properties of the media. Therefore, research is being carried out on the 
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mechanical side of the problem as well as on the chemical side. Efforts are being made by 

chemical oil companies to develop automatic transmission fluids with additives to alter the 

negative slope of the friction-velocity characteristic. With the same objectives, a lot of research 

is also being done in the area of paper-based friction materials. Matsumoto [22] reported that 

paper-based friction materials, i.e.wet friction materials, are now the most common in automatic 

transmissions, in brake systems and in clutches and are being diversified to respond to an 

expanding range of applications, especially heavy-duty ones. These paper-based friction 

materials are composed of special raw papers, as well as synthetic fibers, fillers and resins. 

Filler contents do have the capacity to change the shape of the friction-velocity curve, therefore 

modifying the negative slope into a positive one. Moreover, paper based products absorb some 

of the additives contained in ATF, which can also affect the friction characteristics. 

From a mechanical point of view, in the area of machine tools, it has been proven that a 

careful design of the tools and all moving components dramatically decreased the amount of 

vibration observed. Tolstoi [23] was the first to notice the importance of the normal degree of 

freedom in the behaviour of friction-induced vibrations. In experiments with a mass-spring-

damper system sliding on a belt, he observed that the forward movements of a slider occur 

simultaneously with upward normal jumps. Simultaneously, there is a decrease in electrical 

conductance in the interface during the slip phase. He concluded that the decrease in friction 

observed during the sliding phase of stick-slip is a direct consequence of the jumping. 

Moreover, he noticed that external damping of these normal free microvibrations could 

eliminate friction force fluctuations so that static and kinetic friction were no longer 
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distinguishable. Tolstoi's conclusion was that all apparent variations in friction could be 

reduced or eliminated by restraining the normal degree of freedom. He, with Derjaguin and 

Push in 1957 [24], established the conditions for stick-slip disappearance by using the equation 

of motion of a slider on a horizontal plane, but he assumed a linear friction-velocity relationship 

in the model. Later he, with Borisova and Grigorova [25], studied the friction reduction 

obtained when perpendicular oscillations were forced onto the system. He explained that, 

during sliding, the normal vibration increased the distance between the two surfaces, resulting in 

a decrease in the average contact area and consequently decreased the friction. Their theoretical 

and experimental results were in good agreement. Tolstoi was the first to investigate friction 

reduction resulting when a normal vibrational force is applied to a friction pair. 

Ko [26] applied transverse vibrations to a frictional system and found that a high 

frequency external excitation with a small vibration amplitude may be used as means of 

extinguishing unwanted quasi-harmonic vibration. His results were confirmed theoretically. He 

also simulated dynamic loading in his experiment and showed that stick-slip could be 

extinguished by a small dynamic-to-static normal load ratio. Quasi-harmonic oscillation needed 

a higher external force magnitude in order to be extinguished. However, in the dynamic loading 

case, the agreement between theory and experiment for the quasi-harmonic oscillation was not 

as good as for the stick-slip type. 

Hunt [27] proposed to improve positioning accuracy in machine tool slideways by using 

an excitation normal to the contact without any other machine modification. He made an 

attempt to measure the minimum oscillatory force necessary to break the sticking part of the 
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stick-slip cycle, thus ensuring a smooth motion of the slider. Using a modified lathe-bed 

apparatus, with an electromagnetic shaker acting in a vertical plane over the moving steel block, 

he obtained a nearly-smooth motion at frequencies close to the resonant frequency of the 

system. He found that the load oscillating at one of the frequency of the system needed to be 

only a very low percentage of the static load in order to have a dramatic effect on vibration 

reduction. 

Soom and Kim [28] and later with Hess [29-30] studied interactions between normal 

vibrations and friction during sliding. The normal vibrations they considered could be due to 

random external excitations or from internal excitations due to surface roughness. They 

examined the dynamic behaviour of steady-sliding Hertzian contacts under either external or 

internal random excitation. They also found that normal vibration caused a reduction of contact 

area and consequently some friction reduction. 

Sakamoto [31] performed experiments similar to Tolstoi's. He applied a sinusoidal 

oscillatory normal load to a contact and observed that the friction force could be reduced and 

stick-slip suppressed. Once again, he found that the friction reduction at the resonance 

frequency of the system was strong. In two later papers, Sakamoto et al. [32-33] tried to 

corroborate these experimental findings with a theoretical analysis. They also stressed the 

importance of the testing apparatus as the extent of friction reduction depends on the vibration 

characteristics of the system in the loading direction and on the frequency of the vibratory load. 

It would appear that, without a good knowledge of the system used, it is hard to know how 

much of the vibratory input is actually acting on the contact, and therefore hard to determine the 
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extent of friction reduction. The insertion of mechanical damping in the vibration direction is 

also a useful method to prevent vibratory contact. 

Skaere and Staehl [34] also looked into the influence of external vibration on the 

frictional force, varying frequencies and amplitudes of the vibration as well as normal loads and 

material combinations. Their experimental setup allowed them to apply vibration across or 

along the direction of motion. The materials studied were two types of steel. Skaere and Staelh 

found that it is possible to increase, reduce or not change the frictional forces through the 

application of external vibration. An increase in friction could be obtained through viscous 

damping of the friction surface which increased adhesion between the materials. Their results 

lead them to the conclusion that the friction change is the result of a tendency to separation or 

pick-up of the materials. 

2.6 Chaotic oscillation 

More recently, researchers' interest has also been aroused by some other aspects of 

friction-induced vibration like chaotic behaviour. Awrejcewicz [35] reported chaotic motion in 

a frictional system. His theoretical study used Coulomb friction to model the friction between 

the two surfaces. Popp and Stelter [36-37] studied chaotic oscillation in frictional systems both 

experimentally and theoretically. Theoretically, they used a decreasing friction-velocity 

relationship along with an external transversal excitation. They found chaotic motion 

experimentally and numerically as well as p-periodic motion. Chaos has been shown to occur in 

certain frequency bands separated by bands with p-periodic solutions. Narayanan and 

Jayaraman [38] carried out the same kind of study for which they just considered Coulomb 
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friction instead of a varying friction-velocity relationship. Hess and Wagh [39] reported chaotic 

normal oscillation and friction at mechanical joints with nonlinear elastic properties. Their 

theoretical study considered a constant relative sliding velocity of the components to avoid the 

added complexity of the variation of friction with velocity. 

Ibrahim [21] in his literature survey reported some more cases of chaotic oscillation in 

diverse frictional systems like chatter in machine tool systems, disc brake squeal and noise as 

well as wheel/rail squeal. Because of the importance of controlling friction-induced vibration in 

many engineering applications, he stressed the need for further work on modeling of friction-

induced vibration, especially those encompassing the non-linearities of the friction 

characteristics. 
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CHAPTER 3 

FRICTION MODEL 

The friction characteristics resulting from the motion of one surface over another form 

an important facet of the behavior of many physical systems. The simplest form of a frictional 

system is often represented by a block sliding on a flat surface. 

3.1 Equation of motion 

Figure 3.1 shows a friction model which consists of a single degree of freedom mass m 

with displacement x sliding on a lower surface moving at constant velocity v. The slider mass is 

restrained by a spring of linear stiffness k and a damper of coefficient r. The coefficient of 

friction between the slider and the lower surface is (a,k, which may be constant or, as in a 

majority of cases, considered as a non-linear function of sliding velocity (v - x). 

The equation of motion for an autonomous system as that shown in figure 3.1 can be 

written as 

where ws is the normal force acting on the slider andf^ is the dynamic friction force 

In the case of a system that combines a constant normal force ws with a varying 

(dynamic) normal force wd as shown in figure 3.2, the equation may be written as: 

mx + rx + kx = ws/Jk = f^ 0) 

mx + rx + kx = ws/uk + (wd sinSt)/uk (2-a) 
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mx + rx + kx = wsjuk (l + /J sin St) (2-b) 

w. dynamic where p is the load ratio and 8 is the external excitation frequency, and the friction-
w, sialic 

velocity relationship of u,k is assumed to remain unchanged during the dynamic loading 

situation. 

In the case of an autonomous system, depending on the friction-velocity relationship 

taken by the coefficient of friction u.k, different situations can occur. If p k takes on a constant 

value, as given by the Coulomb friction model, equation (1) is reduced to a linear differential 

equation which exhibits damped vibration during the transient state but does not show any 

during the steady state. The solution for the steady state is x = W s ^ k

 ; the physical 

k 

displacement of the slider. The scope of this thesis is concerned with situations where u.k does 

not take on a constant value but has a non-linear characteristic instead. Under these conditions, 

the slider can be made to oscillate back and forth. 

3.2 Friction-velocity (f-v) characteristic modeling 

The expression for the coefficient of friction u,k can take on different forms which lead to 

different vibrational behaviors. Some of the most common occurrences for these friction-

velocity characteristics are presented in figure 3.3. Figure 3.3-a shows the case when |ak is a 

constant i.e., Coulomb friction, which does not cause any vibration. A large part of early 
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research studies concentrated on this constant friction model, which is still used in many 

practical engineering applications. Figure 3.3-b shows an idealized version of the f-v 

characteristic where the static friction is higher than the dynamic friction. There are different 

variations to that idealized form. The main characteristic exhibited by this type of purely 

decreasing f-v relationship is the occurrence of "saw-tooth" shaped stick-slip oscillation owing 

to the higher static coefficient of friction. Figure 3.3-c illustrates yet another idealized example 

of f-v curves, the "humped curve" where the coefficient of friction increases initially. Brockley 

and Ko [3,4] showed that a hump in the f-v curve is a necessary condition for the existence of 

quasi-harmonic vibration. 

There are various mathematical expressions to model these f-v relationships. 

Exponential, polynomial as well as hyperbolic functions have all been used in former studies. In 

the present investigation, the friction force function was expressed in the form of a n-th order 

polynomial. 

ffik = C„ (v - x)" + +C2 (v - x) 2 + C, (v -x) + C 0 (3) 

where (v - x) is the relative sliding velocity and v > x (when x = v, the situation becomes that 

of stick-slip), co is the natural frequency of the system and C 0 C] C 2 ; C n , are constants that 

may be adjusted to fit the equation to measured friction values. 

3.3 Dynamic friction models 

The two types of vibrational behaviour studied have inherent differences. Therefore, each 

requires a different model. 
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3.3.1. Stick-slip vibration 

For f-v curves of the type shown in figure 3.3-b, i.e., with a static coefficient of friction 

higher than the dynamic one, equation (1) is applicable only during the slip part of the stick-slip 

oscillation. A discontinuity exists in the transition from slip to stick. During the stick phase, the 

two surfaces move together, (v - x) = 0, i.e. x = v and x = 0. The equation of motion then 

reduces to 

rv + kx = WSM = fsmic 

M ~* P-static 

f — rv 
or x = (4) 

The static friction force f s t a t i c has an undetermined value. Based on experimental evidence, f s t a t i c 

is sometimes considered to be a function of the time of stationary contact [47]. Others have 

argued that, even during the so-called stationary contact, application of a tangential force could 

cause micro-slip. The onset of gross slip (or break-away of static friction) is primarily 

dependent on the rate of application of the tangential force [48]. In either case, f s t a t i c is not a 

constant but a function involving other parameters. 

Therefore, under this circumstance, a simple solution can not be obtained from equation 

(1) alone. Both equation (1) for modeling the slip phase, and equation (4) for the stick phase 

have to be considered. Solutions for this kind of problem can be obtained by graphical methods 

such as Lienard phase-plane technique. Alternately, a piecewise computational method can be 

used to link the equations, such as equations (1) and (4), or numerically to deal with the 
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mathematical discontinuity condition. Several analytical techniques have been developed for 

treating the stick-slip problem by considering a linearized f-v relationship and assigning a 

constant value for the static friction, reducing the dynamic frictional system to an ordinary 

differential equation [49]. 

3.3.2. Quasi-harmonic vibration 

For f-v curves of the "humped" type, as presented in figure 3.3-c, the problem can be 

addressed analytically by solving equation (1) alone. These characteristics can be fitted with a 

n-th order polynomial as in equation (3). This polynomial is incorporated into the equation of 

motion. Depending on whether an autonomous or a dynamically loaded system is considered, 

two different equations of motion are obtained and different methods of solution are needed. 

Autonomous system 

For the autonomous case, substituting equation (3) into (1) yields: 

x = -co2x--x + -[C0 + C,(v-x) - C 2 ( v -x) 2+...+C,,(v-x)"] (5) 
m m 

This equation can be solved analytically by a technique which uses the method of first 

approximation by Krylov-Bogoliubov (K-B method), developed by Ko [26]. This technique 

applies only to situations where (v - x) > 0. If (v - x) = 0, a discontinuity occurs. The details 

of the development of this method can be found in Appendix 1. 

For simplification, this equation can be normalized and rewritten as follows (the details 

of the normalization can also be found in Appendix 1). 
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X + RX + X = ^F(V-X) 

where the normalized friction-velocity function F(V - X) may be re-arranged to give 

F(V-X) = B0-BXX + B2X2 -B3X3 + +(-!)"BNX" 

Subsequently, equation (6) can be further re-arranged to give 

X + X + }G(X) = 0 

where G(X) is a non-linear function of X including the system damping term "R", thus 

yG(X) = Q\X- /32X2 + -(-1)" fl„X"]/E 

where Ch = ccoh+Bj, p! = CVCh = 1, p 2= B 2 /Q, and p n= BJQ^; E = mco2h and co2 = kVrn, 

and where h is an arbitrary linear constant for the normalization procedure (Appendix 1). 

The approximate solution for equation (7) is 

X = A(T) sin(r + cp(r)) for }G(X) « 1 

where both A(x) and cp(x) are functions varying with time. 

The application of a polynomial friction function (Appendix 1) yields 
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n k4"^ P 
A = ~ ~ I ^ ^ ^ A ^ = ^ A ) (8) 

where „Pk = is the expression for the binomial coefficients in the equation above. 
(n - k)\k\ 

dA 
The condition for a steady-state amplitude A of quasi-harmonic vibration is when A- — - 0. 

dt 

Thus, by setting equation (8) to zero, O(A)=0, one can solve for A to obtain the steady-state 

amplitudes. 

For a non-linear system, the amplitudes A; need to be further tested for stability. To that 

effect, a slightly perturbed amplitude (Aj+8A) is considered, where 8A is an absolute value of 

departure from the amplitude A,. The development of the variational equations to the first order 

shows that 

d(5A) „d(®(At))5A 

dt dA 

Thus, if < o, since 8A is an absolute value, then < o, which means that the 
dA dt 

initial departure 8A tends to disappear for ^ ^ > ^ ' ^ < 0, bringing the system back to a stable 
dA 

limit cycle. 

For stability, d(®(4)) < Q ( 9 ) 

dA 
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The above expression (9) is therefore the condition for obtaining a stable vibration amplitude. 

On the other hand, if the result of expression (9) is positive, the vibration amplitude is unstable 

and there is no sustained vibration with that amplitude. 

Dynamically loaded system 

For the dynamically loaded system, substituting equation (3) into (2) yields: 

x = -co2x- — x + — [C 0 + C,(v-x) - C 2 ( v -x)2+...+Cn(v-x)"](l + /Jsmaa>t) (10) 
m m 

where 8 becomes oc-co, a being the frequency ratio and co being the natural frequency of the 

system, i.e. co = k/m. 

The equation of motion for this dynamic system can be rewritten in the same fashion as 

equation (7) of the autonomous system. 

x + y(\ + f5 sinacot)G(x) + x = C0(1 + ft sinacot) 

where G(x) is a non-linear function in x. This equation is a non-linear differential equation that 

includes coefficients varying with time. In theory, equations with varying coefficients are 

solvable with the WKBJ method [42] which gives an approximation of the solution, assuming 

that the varying coefficient executes only relatively small changes about a large mean value. 

However, this type of analysis involves tedious algebraic manipulations for a linear system, let 

alone a non-linear system. Moreover, the number of algebraic manipulations increases 

tremendously with the number of non-linear terms having varying coefficients. Therefore, since 
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the cases in the present study include as many as nine nonlinear terms, it was decided that a 

numerical analysis would be used instead. 

The numerical analysis was performed using a software package called INSITE 

(Nonlinear Systems Investigative Toolkits for Everyone). This software package is made of a 

collection of programs used for the simulation and characterization of dynamical systems, with 

an emphasis on chaotic systems. It was chosen due to the possibility of chaotic behavior arising 

from the dynamically loaded system considered in the present study. In the course of the 

numerical study, diverse techniques are used; these include phase-plane plots, Poincare maps, 

bifurcation diagrams and Lyapounov exponents. A brief explanation of these terms is given 

below in order to clarify them. 

• Phase-plane plots 

A phase-plane plot describes the variations of x versus x. It shows the type of steady-

state conditions the system reaches if it is stable like a focus point or a limit cycle. It is similar 

to the plots obtained experimentally on the x-y channel of the oscilloscope representing the 

variation of displacement with velocity. 

• Poincare maps 

A Poincare map is also known as a stroboscopic phase plane. It is the result of sampling 

the phase-plane at specific times, instead of continuously. A stable fundamental solution is then 

translated as a single point. A stable subharmonic of order n is seen as n fixed separate points 

on a Poincare map. A chaotic motion, which is non-periodic does not show any repetition of 

points but shows instead a pattern with a layered structure. 
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• Bifurcation diagrams 

A bifurcation diagram shows how changes in one parameter affect the behavior of the 

system. Values of the bifurcation parameter are represented from left to right. The final value 

reached by the system is plotted on the vertical axis. A steady-state situation whatever the 

value of the parameter, is visualized as a single line. If the line splits in two, the system 

frequency oscillates between two values (subharmonic n = 2). If the bifurcations occur at an 

increasing rate, the system turns chaotic i.e., the system reaches infinitely many different values. 

• Lyapounov exponents 

Lyapounov exponents are the ultimate method for making sure that a system is chaotic. 

They are numbers which measure the conflicting effects of stretching, contracting and folding in 

the phase-space of an attractor. A positive exponent means stretching while a negative means 

contracting. For a fixed-point attractor, all the Lyapounov exponents are negative, meaning an 

inward pull towards a steady-state. A periodic orbit attractor (limit cycle) has one exponent 

equal to zero and the other negative. A strange attractor has to have at least one positive 

exponent. 
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CHAPTER 4 

INDUSTRIAL FRICTION MATERIALS AND ASSOCIATED FRICTION PROBLEMS 

In the literature review in chapter 2, it has been mentioned that friction-induced vibration is 

a widespread problem in industry. Applications such as water-lubricated bearings, V-ribbed 

belts used for transmission, brakes in cars, bikes and washing machines, joints or linear feed 

drives in robotics, clutches in automatic transmissions, rail/wheel contacts, as well as paper 

during making and handling, all exhibit some kind of friction-induced vibration. Friction-

induced vibrations can manifest themselves acoustically, like in squeal or chatter, creating 

undesirable high noise levels. They can cause inaccurate positioning or jerky motion, like in 

robotics and machine tools applications. Moreover, their presence can increase the wear rate of 

moving surfaces and cause early fatigue failure. In most cases, their presence is undesirable. 

In this thesis, frictional problems in two specific areas have been studied and analyzed. In 

an automobile, friction is present at all levels and in particular, in clutches and brakes. 

Generally, clutches and brakes use friction plates that are faced with a lining made of cellulosic, 

synthetic or asbestos fibers. Metallic wires can be added to improve the mechanical strength of 

these plates, along with diverse fillers. The fabric then constituted is impregnated with resin to 

improve compressive strength and wear resistance [43]. In wet clutches, these friction plates 

slide against steel surfaces. During the engagement process, the oil film between them is first 

squeezed, then the relative motion between them decreases and static friction occurs. For an 

efficient operation of wet clutches during this process, friction-induced vibration should be 

avoided; the knowledge of the frictional characteristics of this pair is needed to control the 
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Friction also plays an important role in the paper processing industry. The friction 

characteristics between paper/paper and paper/metal combinations affect the performance of 

paper processing and paper handling machinery. The requirements in friction performance often 

differ widely [44]. For example, a high friction coefficient is desirable for good roll formation 

and easy handling, to prevent roll deformation when braking in a newsprint pressroom, in 

shipping or in packaging, whereas a low friction coefficient is needed between the flute and steel 

corrugator or in converting machines. Paper friction and paper vibrational behavior depend on 

numerous factors such as paper roughness, paper strength as well as surface chemistry, filler 

contents and relative humidity. 

To relate the present study to the industrial problems described above, several combinations 

of materials were studied. They generally fall into two groups of combinations: the "paper-to-

metal" contact is primarily for clutch applications, and the "paper-to-paper" contact for paper 

processing applications. In this chapter, the physical characteristics of these combinations are 

described first; they are followed by studies of their frictional and vibrational characteristics and 

the influence of several parameters, such as the normal load and the type of lubricant. 

4.1 Specimen description 

4.1.1. "Paper-to-metal" contact 

For the first group of friction materials, one type of friction plates used in automotive clutch 

assemblies was supplied by Ford Motors Corporation. As the supply of these specimens was 

limited, experimental tests were first carried out between a cast iron disk and a blotting paper 

slider with automatic transmission fluid (ATF) as lubricant, as it will be shown later that the 
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blotting paper has a very similar fibre construction as the friction plates. This combination was 

used in a previous study [26] to simulate the behavior of clutch assemblies. It was used here for 

preliminary testing. 

A preliminary examination of the surfaces under an optical microscope revealed some 

interesting characteristics of the friction materials. The Ford friction plate appears to be 

composed of some kind of fibers that intertwine to form an intricate network impregnated with 

resin (figure 4.1). No other particles or metallic wires can be observed anywhere on the plate 

surface. The whole plate surface appears very porous, with cavities and gaps between the fibers, 

such that the underlying layers can be seen. Some areas show a slightly higher density of fibers 

while some others look more resinous. The blotting paper surface shown in figure 4.2 appears 

to have a similar structure. It clearly is a good candidate as a substitute for simulating friction 

plate behavior; the fiber size, arrangement and apparent density of the paper look similar to 

those of the Ford friction plate and the paper does not appear to contain any other additives, like 

metallic particles or other kinds of fibers. The main difference between the two materials is that 

blotting paper is not solidified in resin. Without the resin, the blotting paper has less 

compressive strength than the friction plate. 

In addition to the Ford friction plate, two other plate materials, Dexron and type F, were also 

examined with an optical microscope. At first sight, the Dexron friction plate, which is shown 

on figure 4.3 appears also very porous with big gaps between fibers revealing the underlying 

layers. Paper fibers intertwine with another type of rigid black fibers. A few metallic particles 

are trapped randomly across the surface. The whole fabric is also solidified in resin. This plate 

is on the whole rather similar to the Ford plate and its compacity seems about the same. On the 
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other hand, the type F friction plate presented in figure 4.4 looks quite different from the former 

one. The density of fibers seems higher even though it is still rather porous. Some large black 

particles are embedded in the matrix. 

4.1.2. "Paper-to-paper" contact 

For the second type of contact, a type of recycled neswprint was supplied by a paper 

company. The two sides of this paper are referred to in the subsequent paragraphs as Aj and A 2 . 

When observed under an optical microscope, this newsprint presents a rather different picture 

from those given earlier by the friction plates. The fibers appear more undone and flattened 

(figure 4.5). Other components, such as multicolor specks, are also present, which show that 

recycled pulp enters the composition of this paper. Some other fillers such as calcium 

carbonates appear as fluffy particles in between the fibers. Both sides of the paper were 

examined, the only noticeable difference being that side A 2 shows somewhat less colored specks 

than side A b Otherwise, both surfaces appeared very similar. 

4.2 Other media and parameters 

The frictional and vibrational behaviours of sliding surfaces can be affected by many 

external parameters, in addition to their material and structural properties. In the present study, 

the influences on F-V characteristics of normal load, and of the type of lubricant for the paper-

to-metal combination, were examined. 

4.2.1. Normal load 

In metallic friction, friction force is normally considered as being proportional to the applied 
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normal force. However, fiber products such as friction plates and paper products that are 

studied here can be significantly affected by the normal load as it controls the pressure on the 

surfaces. The normal load can alter the fiber structure. In the case of friction plates for 

transmission clutches, this change in fiber structure could affect the presence of transmission 

fluid or lubricant at the interface, e.g., either trapping or squeezing out the fluid. 

4.2.2. Sliding velocity 

Although Coulomb friction assumes that coefficients of friction are independent of 

sliding velocities, many material combinations, particularly non-metallic combinations in 

lubricated sliding, often exhibit friction characteristics that vary with sliding velocities. The 

present study applies the friction-velocity characteristics to the friction-induced vibration 

behaviours of the industrial materials described in the previous section. 

4.2.3. Type of lubricant 

The type of lubricant used with a tribological pair can have a dramatic effect on its 

frictional characteristics and vibrational behavior. Each lubricant has different properties, such 

as its viscosity and additives contents that can act as friction modifiers. They are chosen to 

provide a wide range of characteristics for specific applications. Several types of automatic 

transmission fluids (ATF), as well as one slideway oil, were used in this study with the friction 

material combinations involving the friction plate and the blotting paper. 
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CHAPTER 5 

EXPERIMENTAL TECHNIQUES OF FRICTION MEASUREMENT 

Experimental equipment and measurement techniques are critical in all frictional studies. 

The measurement of friction involves relative motion of the surfaces and is often related to some 

form of displacement measurement that can easily be disturbed by external, internal or 

environmental conditions. For example, measurements can be subjected to vibrations coming 

from the drive of the test rig. These extraneous vibrations can cause variations in the friction 

forces and should be minimized for greater accuracy. If self-excited oscillations occur, such as 

stick-slip or quasi-harmonic vibration, the displacement of the slider can fluctuate widely; in 

these cases, a simple average of the displacements can give erroneous values for the friction and 

other measurement methods that will be described below need to be used. Finally, the state of 

surfaces, lubrication conditions and other environmental factors can also cause fluctuations in 

friction levels by changing the contact properties. A careful monitoring of these conditions 

should ensure their consistency and improve measurement reproducibility. 

5.1 Description of the apparatus 

The experimental test rig used in this study was a pin-on-disk machine (figure 5.1). 

Originally built in the Mechanical Engineering Department's former Tribology Laboratory, it 

was designed for the study of friction-induced vibrations and associated static and dynamic 

friction forces [40]. This test rig consists of a lower specimen in the shape of a flat disk driven 

by a succession of rubber "O" rings and toothed belts mounted on speed-reduction pulleys and 

toothed wheels and an upper specimen assembly which is attached to a cantilever beam mounted 
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on pivots at its fixed end. The upper specimen is pressed against the disk by a static normal 

force applied through a second cantilever beam mounted at the same pivot point as the former 

one. For the present study, the upper specimen (figure 5.2) is a rectangular slider inserted into a 

hemispherical specimen holder which allows self-alignment of the contacting specimens. The 

lower specimen is a metal disc, 12.5 cm in diameter, housed and secured in a circular trough by 

three set screws (figure 5.3). 

The full velocity range of the apparatus is from 1 um/sec to 20 cm/sec, although the 

commonly used range is from 5 um/sec to 10 cm/s. The number of belts and pulleys used 

provides a specific range of rotational speeds and a smooth motion, even at very slow speeds. 

The test rig was modified for the studies of the effect of normal loading. Two different 

approaches were chosen. The first one involved the use of two stepper motors driving two out-

of-balance masses and rotating in phase to create a sinusoidal normal force. The second 

approach uses an electromagnetic shaker to obtain the same effects. 

In the first case, a new cantilever beam was attached to the opposite end of the original 

loading arm. The two stepper motors were mounted side-by-side at the end of the beam, each 

driving an eccentric lead mass (figure 5.4). When these eccentric masses are set in phase, an 

oscillating normal force is created and transmitted to the loading arm where the static load is 

applied. The normal force transmitted to the slider is then a combination of a static and dynamic 

normal load. By changing the weight of the eccentric masses, different normal loads can be 

obtained, but to avoid an horizontal component, the weights should have identical masses. 

In the second case, a small electromagnetic shaker (figure 5.5) was attached to the loading arm 

and located above the slider, where the static normal load is applied in the autonomous case. In 



Chapter 5. Experimental Techniques of Friction Measurement 33 

this arrangement, the shaker itself constitutes the static normal load and can be balanced by 

weights at the other end of the loading arm to obtain the desired normal load. A small mass is 

attached to the shaker. When the shaker is excited, this small mass combines with the internal 

dynamic mass of the shaker to provide an oscillating normal inertia force. This inertia force is 

monitored by a load cell fixed between the shaker and the loading arm. 

5.2 Measurement techniques and instrumentation 

Experimentally, friction and friction-velocity characteristics can be obtained by either one of 

the two techniques described below. 

5.2.1. Static measurement method 

The standard method for measuring friction and obtaining friction-velocity characteristics is 

by a static measurement using either strain gauges or a load cell. In this case, a load cell is 

mounted on the test rig and pressed perpendicularly against one side of the upper specimen 

assembly (figure 5.6). As the disc rotates, the friction causes the slider to move firmly against 

the load cell which monitors the instantaneous static force and the subsequent kinetic force 

developed by the slider. Measurements are taken for different disc velocities and plotted to 

construct the friction-velocity curve. 

Alternately, for pure sliding motion, i.e., when there is no friction-induced vibration, the 

constant displacement of the slider coupled with the stiffness of an elastic that holds the slider 

restraining device can also provide the friction force measurement needed. For example, in the 

present set-up, the displacement of the slider is monitored by strain gauges mounted at the base 

of the slider-arm assembly. These gauges are connected to a bridge amplifier which is in turn 
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connected to an oscilloscope where the signal is acquired. Calibration of the strain gauges 

allows the reading of the signal as a displacement or as a friction force. 

On the other hand, if the measuring system is subjected to friction-induced vibration, the 

assessment of the dynamic friction force becomes difficult as the slider velocity is not constant 

and therefore, ignoring inertia forces and simply averaging the displacements could lead to 

erroneous results. 

5.2.2. Direct measurement method 

Friction force measurement 

An experimental technique making use of all the dynamic signals obtained during friction-

induced vibration was first developed by Bell and Burdekin in 1966 [41]. They determined that 

monitoring both displacement x and acceleration JC signals of the oscillating slider and plotting 

(mx + kx) versus the dynamic velocity signal x would represent a dynamic friction-velocity 

characteristic(i.e., mx + kx = f^-rx) that would have included the viscous damping force of 

the system. Practically, the displacement and the acceleration signals are appropriately scaled 

and ought to be in 180° phase, i.e. when there is no friction, a straight line will be obtained, the 

slope of which represents the value of the damping coefficient, r). They are then fed to the 

differential amplifier of an oscilloscope and displayed on the y-axis against the velocity signal in 

a x-y plot. In this fashion, only one vibration cycle can provide a trace of the friction-velocity 

curve over an extended range of velocities. This experimental method was employed with 

success by several other researchers including Brockley and Ko in 1969 [42]. It was also used 
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in the present study to monitor friction and obtain friction-velocity curves for the different 

surface combinations. 

Acceleration measurement 

The acceleration in the sliding direction is monitored by a piezoelectric accelerometer 

mounted on the top of the slider-arm assembly. The accelerometer is then connected to a charge 

amplifier where the amplification is adjusted to match that of the displacement signal from the 

strain gauges, and is fed to the same channel of the oscilloscope, where the two signals are 

added as previously described. To calibrate the amplification, the slider is made to vibrate 

freely, i.e., it is separated from the lower specimen, and the gain control is adjusted until the two 

signals are equal and opposite. 

Velocity measurement 

The velocity of the vibrating slider-arm assembly is measured by an electromagnetic type 

transducer fixed on the arm in front of the slider. The signal is fed to the x-channel of the 

oscilloscope. 

Displacement measurement 

The displacement of the slider-arm assembly is monitored by the strain gauges, whose 

displacement calibration is obtained by deflecting the beam with a micrometer. The beam 

stiffness is deduced from the displacement signals and the forces that are used to deflect the 

beam. The calculations of the system parameters are presented in appendix 2. 
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5.3 Testing procedure 

Testing procedures are critical to the friction measurement process, as changes in the 

physical state of material surfaces like roughness, or in lubrication conditions and other 

chemical and environmental factors can cause fluctuations of the friction level. Consistency in 

the testing procedure is of utmost importance to obtain meaningful and repeatable 

measurements. Therefore, several testing procedures were developed to suit each type of 

material combination and test conditions. The material combinations studied in this thesis are 

divided into two groups, namely, the paper-to-metal and the paper-to-paper combination. They 

require very different testing procedures which are reviewed in this section. 

5.3.1. Paper-to-metal combination 

For paper-to-metal contacts, two types of combinations are studied; one involves the contact 

between a cast iron disk and a blotting paper slider, the other one involves the contact between a 

clutch plate and a steel slider. Both cases involve the use of a lubricant or transmission fluid 

between the two samples. Nevertheless, the testing procedures present some similarities. 

Blotting paper-on-cast iron with lubricant 

To ensure similar contact conditions between the paper sample and the cast iron disk for all 

test, the following steps were carried out: 

- The disk surface was repolished with 15 microns diamond powder between each test or 

with 1000 grit SIC paper followed by 15 microns diamond powder if scratches created by the 

paper surface were noticeable on the disk surface. 
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- The disk surface was carefully cleaned between each test by ultrasounds and ethanol to 

remove all the oil and residues that could contaminate the conditions for the subsequent test. It 

was also cleaned in the same fashion after each repolishing phase. 

- Data acquisition was triggered by an optical sensor at the same position on the disk surface 

for each test, which minimized surface effects on the results. For example, a minor surface 

undulation around the disk perimeter may induce some periodic variations in friction that could 

be misinterpreted as friction-induced vibrations during tests with high disc velocities. 

Since friction materials like blotting paper and friction plates used in this study are porous, 

some kind of running-in is necessary to reach stable friction and sliding conditions. The blotting 

paper slider, once put in place is run on the disk surface for 5 full rotations of the disk at 9.8 

mm/s, which is sufficient to bring stable sliding and lubricating conditions for the slider. For the 

static measurement method, the measurements were carried out from the lowest to the highest 

sliding velocity, then repeated for decreasing velocities. If the results were not similar, the 

measurement series was repeated with a new slider. For both static and direct methods, all 

results presented proved reproducible. 

With repeated sliding, wear of the surfaces occurs. As the test proceeds, the paper slider is 

slowly covered by a layer of compacted metallic particles detached from the cast iron disk 

surface. They are located mainly on the leading edge of the slider. These particles, embedded 

in the paper lining, consequently abrade the disk surface, causing scratches on the cast iron. 

When this phenomenon occurs, testing is suspended and the disk is repolished. 
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Steel slider-on-friction plate with lubricant 

This combination has sturdier surface properties than the previous one. A longer break-in 

period is required to reach stable surface conditions. The testing conditions are kept as close as 

possible from the testing conditions used by Ford to keep the results realistic. The semi

synthetic Dexron/Mercon HE automatic transmission fluid is used for the testing. Both sets of 

testing conditions for the break-in phase and the real testing phase are given in table 5.1. To 

follow Ford specified conditions for the run-in period, our contact slider-friction plate would 

have to be run for 30 min at 539 mm/s under a normal load of 6.62 N. As our contact area is 

only a small portion of the whole plate surface and as the velocity they are using can not be 

respected because of the test rig velocity range, the break-in duration for our study was 

increased to 5 hours at a velocity of 50 mm/s. For the friction-velocity data collection, the Ford 

testing conditions can be respected. For our purpose, only the first 4 velocities that they used 

are tested. As the friction plate is impregnated with resin, its surface remains virtually 

unchanged for a long time under the test conditions used, and the same friction plate can be used 

for a whole series of measurements. The slider, on the other hand, is repolished frequently to 

maintain similar contact conditions. 

Break-in period 

Ford conditions 
Pressure Surface Velocity Duration 
104 kPa whole disk 

surface 
100 rpm 30 min. 

Equivalent conditions for our system 
Pressure Slider surface Velocity Duration 
6.62 N 63.62 mm2 539 mm/s 5 hours 
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F-V data collection 

Ford conditions 
Pressure Surface Velocity Duration 
345 kPa whole disk 2 rpm 2 sec. 

surface 6 rpm 
10 rpm 
14 rpm 
20 rpm 

Equivalent conditions for our system 
Pressure Slider surface Velocity Duration 
21.95 N 63.62 mm2 10.5 mm/s 

31.4 mm/s 
52.3 mm/s 
73.3 mm/s 
104.7 mm/s 

2 to 8 sec. 

Table 5.1. Testing conditions for the Ford friction plates 

5.3.2. Paper-on-paper combination 

This combination is a lot more fragile than the former two and needs special care. A 

different set of test procedures is followed. The slider and the disc portion are changed for each 

test as the paper surface does not have a very long life span. As the surfaces slide against each 

other, they deteriorate very rapidly. Fibers become undone, changing the surface and the 

friction characteristics. The deterioration occurs even faster with heavier loads. For example, 

testing with a 1.82 kg (4 lb) normal load caused the paper disk or the slider to be torn on several 

occasions. Consequently, the majority of tests was carried out for a 0.91 kg (2 lb) normal load. 

Overall, the paper-on-paper combination is more sensitive to minor surface changes due to 

repeated sliding. The paper-on-metal combination was therefore used initially for preliminary 

tests checking out the measurements methods. 
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CHAPTER 6 

EXPERIMENTAL RESULTS 

Tests were carried out for all the material combinations and lubricants listed in table 6.1. 

For each combination, friction measurement was taken for a range of disc velocities. For some 

combinations, the effect of normal load was studied. Friction-velocity characteristics were 

constructed using the static measurement technique described in section 5. For a majority of 

combinations, a dynamic friction-velocity characteristic was also obtained using the direct 

measurement technique described in the previous section. In general, the experimental F-V 

curves may be divided into three groups, each with a distinctive behavior. Several of the F-V 

curves were chosen to illustrate these different types of behaviors. These chosen F-V 

characteristics were computer-fitted with a polynomial function for subsequent use in the 

analyses using the friction models described in chapter 3. 

Slider Disk Lubricant 
Blotting paper Cast iron #1 ATF 
Blotting paper Cast iron Type F ATF 
Blotting paper Cast iron Dexron/Mercon III 
Blotting paper Cast iron semi-synthetic Dexron/Mercon HE 
Blotting paper Cast iron slideway oil 

Steel Friction (clutch) plate semi-synthetic Dexron/Mercon HE 
Newsprint A1 Newsprint A1 dry sliding 
Newsprint A1 Newsprint A2 dry sliding 
Newsprint A2 Newsprint A1 dry sliding 
Newsprint A2 Newsprint A2 dry sliding 

Table 6.1. Material combinations and lubricants tested 
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6.1. Blotting paper on cast iron 

As described before, a slider with a blotting paper sample was run on a polished cast iron 

disk covered with a thin layer of transmission fluid. This configuration has the advantage of 

creating oscillations of fairly large amplitude and extreme regularity and allows steady-state 

oscillatory regimes to take place. All f-v characteristics were obtained with either the direct A-

V-D method or the static measurement method. Figure 6.1 illustrates an example of a f-v curve 

obtained by using both static and direct measurement methods. The two friction-velocity 

characteristics obtained by the two methods are plotted for the same materials combination. The 

curves are parallel and their overall shape is the same. The small difference between the two 

friction levels is likely due to an offset error or a slight discrepancy between the calibration of 

both sensors. In spite of this, both methods show a good agreement in this example. Figure 6.2 

shows the effect the normal load has on f-v characteristics by displaying them for one type of 

automatic transmission fluid and 4 normal loads. Increasing the normal load shifts the f-v curve 

up and, at high speeds, the ratio between the different curves is approximately the ratio between 

the normal loads, as in Coulomb's friction law. On the other hand, at low velocities, increasing 

the load seems to have increased the non-linear effects. The effect of sliding velocity is revealed 

at low speeds. In the present case, the friction is not constant anymore and a small hump can be 

noticed. The variations in friction and the hump observed at low speeds are enhanced with a 

higher normal load. The f-v curve is also smoother at higher loads and the results are more 

reproducible. 

The effect of normal load on the paper physical aspect is also important. At 0.45 kg (1 lb) 

and 0.91 kg (2 lb) normal load, the paper aspect does not change much. On the other hand, at 
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1.37 kg (3 lb) and 1.92 kg (4 lb), the paper was compressed and flattened. This would decrease 

the oil absorption and reduce the effects due to an irregular smoothness of the paper surface. As 

a consequence, the general behavior is a lot smoother for heavier loads. 

Figure 6.3 presents the f-v characteristics obtained with 4 different fluids subjected to the 

same static normal load of 0.91 kg (2 lb). Different types of characteristics can be observed. 

The #1 transmission fluid displays a decreasing type. The Dexron/Mercon HE shows a very 

small localized hump at very low velocities and then the friction decreases. The type F ATF and 

the semi-synthetic Dexron/Mercon III both show a bigger hump for low velocities, then the 

latter starts decreasing and stabilizes at an approximately constant friction level while the former 

stays at the higher friction level after the peak of the hump. They all reach a fairly constant 

friction level at around 20 mm/s. Figure 6.4 presents the f-v characteristics for 3 types of fluid 

under a static normal load of 1.8 kg (4 lb). The type F ATF exhibits for this load a similar 

decreasing type of f-v curve while the semi-synthetic fluid and the slideway lubricant exhibit a 

well-defined hump. Different f-v characteristics lead to different vibrational behaviors, which 

are now reviewed for each lubricant. 

• Blotting paper vs. cast iron with ATF 1 

This fluid presents a decreasing type of f-v curve (figure 6.4). Its general behavior is 

characterized by the presence of stick-slip vibrations that occured at different velocities starting 

from as low as v = 0.28 mm/s. In the very low velocity range, the vibrations are irregular. As 

can be seen in figure 6.5, the amplitude of the stick-slip vibration increases with the velocity for 

the lower velocities and the vibration frequency gets closer to the natural frequency of the 
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system at higher velocities. The friction vs. time plots of the vibrations can be seen on the graph 

sequence on figure 6.6. As the velocity increases, the stick-slip oscillation deviates from the 

standard saw-toothed shape. A certain amount of slipping occurs during the sticking phase and 

the relaxation is more progressive than in pure stick-slip. Eventually, for velocities at the upper 

end of the tested range, the vibrations turn into irregular quasi-harmonic vibration and the 

vibration amplitude drops, coinciding at where the fiction-velocity curve levels off or increases 

slightly. 

It is to be noted that a fair amount of wear was generated with this combination. After a test, 

the paper sample shows a fairly large quantity of metallic debris adhered on its surface. 

Scratches can be seen on the surface of the cast iron disk. 

• Blotting paper vs. cast iron with semi-synthetic Dexron IIE/Mercon lubricant 

This combination showed significantly less wear than the former one. For a static load of 

17.8 N (4 lbs), its f-v curve exhibits a slight hump at the very beginning of the velocity range 

(figure 6.7). The friction vs. time plots for increasing sliding speeds can be seen in figure 

6.8.(a). The hump is confirmed by the fact that oscillations do not start before a velocity of 2.25 

mm/s is reached. The shape of the stick-slip vibration also degrades very rapidly to become 

more rounded, already hinting towards quasi-harmonic vibration. At 46.2 mm/s and above, the 

combination shows regular quasi-harmonic oscillation, seemingly stable. For a smaller static 

load of 8.9 N (2 lbs), regular stick-slip never occurs and stable quasi-harmonic vibration occurs 

around 13 mm/s after a transient state. For higher velocities, the vibration amplitude becomes 

irregular (figure 6.8.(b)). 
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• Blotting paper vs. cast iron with Dexron III/Mercon A T F 

This lubricant exhibits what might be called a hump at low velocities, but it is so small that 

it is impossible to model with a non-linear function (figure 6.9). Under a static load of 8.9 N, 

vibrations do not start before 2.25 mm/s (figure 6.10). The stick-slip vibrations increase in 

amplitude and change to quasi-harmonic at 28.5 mm/s. As the velocity increases further, the 

amplitude of the quasi-harmonic vibration becomes irregular and decays. 

• Blotting paper vs. cast iron with type F A T F 

This lubricant does exhibit an even smaller hump in its F-V characteristic than the previous 

lubricant (figure 6.11) and vibrations of the stick-slip type start for smaller velocities around 0.5 

mm/s (figure 6.12). The saw-toothed shape is purer than with any other combinations, more 

typical of the stick-slip vibration. The vibration amplitude increases with the velocity for all 

measurements. No decaying is observed. Around 18.3 mm/s, the vibration shape becomes less 

triangular and becomes increasingly quasi-harmonic-like as the velocity is increased. 

Nevertheless, the velocity signal still shows some amount of sticking. The F-V characteristic of 

this combination was later assumed to be a continuously decreasing type. 

• Blotting paper vs. cast iron with slideway oil 

This combination exhibits a bigger hump than the other combinations. The F-V curve 

exhibits a fairly large hump at the beginning, then decreases for most of the velocity range and 

increases slightly at the end of the velocity range (figure 6.13). The vibrations generated by this 

combination are quasi-harmonic and start at 5 mm/s. Their amplitude increases continuously 

with the velocity and reaches a plateau for the upper velocities (figure 6.14). The frequency 
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ratio does not follow the same tendency as all the other combinations studied before. The 

frequency of the oscillations never vary much; the ratio is at first more than 1, it then decreases 

down to 0.9 to increase again and stabilize around 1. No decaying of the vibrations was 

observed. 

6.2. Friction (clutch) plate on steel 

The steel slider on friction plate combination was tested with semi-synthetic Dexron/Mercon 

HE for lubricant and for two loads, 0.91 kg (1 lb) and 2.27 kg (5 lb). As described in chapter 

5.3.1, 2.27 kg (5 lb) in our configuration is equivalent to the loading conditions used by Ford for 

collecting data for the friction-velocity characteristics. The normal load is an extremely 

important factor as it controls the pressure on the surfaces during the transition from a squeezed 

oil film formation to the static friction state when the clutch is acting. Both F-V curves were 

obtained with the static measurement method and can be seen on figure 6.15. They both present 

the same general shape. They exhibit a small hump at lower velocities and as the velocity 

increases, the friction level decreases slightly and then stabilizes at a fairly constant level for 

higher velocities. The main difference between the two loads is that the general level of friction, 

which is directly related to the normal load, changes. With the higher normal load, the 

amplitude of the hump is also slightly bigger. The plots of the vibration vs. time can be seen on 

figures 6.16 (a) and (b). In both load cases, small irregular friction-induced vibration can be 

observed for velocities as low as 5 mm/s, and rapidly transform into quasi-harmonic vibrations 

as the velocity increases. For velocities up to 31.4 mm/s, these quasi-harmonic vibrations 

appear irregular but stable. Their amplitude decreases and grows in an almost periodic fashion 
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but they never decay or disappear totally. An investigation of the phenomenon revealed that the 

amplitude variation is linked to the surface irregularities of the plate, i.e., the variations were 

observed to occur at roughly the same frequency in distance along the disc circumference. For 

higher velocities, the quasi-harmonic vibrations display higher amplitudes that are slightly 

irregular, but less so than at smaller velocities. Both F-V curves obtained with this combination 

are strikingly similar to the ones obtained with the same fluid on the blotting paper on cast iron 

combination. The friction-velocity plots obtained for this combination are very similar to the 

one obtained with the blotting paper on cast iron combination with the same lubricant, although 

the friction level obtained with the friction plate combination is slightly lower than with the 

blotting paper combination. The shape of the hump at low loads is strikingly similar. On the 

other hand, at higher loads, the amplitude of the hump remains small for the friction plate 

whereas it increases for the blotting paper combination. The main difference lies in the fact that 

the amplitude of the hump is smaller in the case of the friction plate and the overall friction level 

is also slightly smaller. 

6.3. Paper-on-paper 

In this series, both sides of a newsprint specimen were tested, first with sliding between 

same sides, i.e., A ! vs. A{ and A 2 vs. A 2 , then sliding between opposite sides, i.e., A , vs A 2 and 

A 2 vs. Av In the second set, the two sides were alternating between the slider and the rotating 

disc. These combinations were tested for different velocities ranging from 0.02 mm/sec to 15 

mm/sec. Most tests were carried out at 0.91 kg (2 lb), with a few carried out at 1.37 kg (3 lb) 

and 1.8 kg (4 lb). Paper-on-paper combinations are more sensitive to the environment than the 



Chapter 6. Experimental Results 47 

paper-on-metal combinations. The paper pair is fragile and very sensitive to wear, therefore 

heavier loads can break the fibers and cause them to become undone much faster than smaller 

loads. In some cases, for slow velocities, the high normal load actually caused the lower paper 

disk to be torn. Normal load has a very strong influence on the frictional behavior of this 

combination. For all paper combinations, the static friction force, as well as the friction 

coefficient, increase with the normal load. Normal load has also an effect on other parameters 

of the vibrational behavior, such as the vibration amplitude and the vibration frequency. For 

same paper combinations, vibration amplitude increases with the normal load while the 

vibration frequency decreases (figures 6.17 & 6.18). For different paper combinations, on the 

other hand, vibration amplitudes increase at first then decrease for the highest load. The 

vibration frequency follows the opposite trend. The change obtained for the highest load is 

likely a sign that the surfaces were irremediably damaged by the normal load, causing a change 

in their frictional properties. Their friction-time curves presenting the vibrational behavior are 

shown respectively in figures 6.19 and 6.20. At low velocities, most paper combinations exhibit 

stick-slip vibration. As observed in the results for "paper-on-metal" combinations, the 

frequency of the oscillations increases with the driving velocity to reach a maximum close to the 

natural frequency of the assembly. For higher speeds, the amplitudes of stick-slip oscillations 

decrease and are tentatively replaced by quasi-harmonic oscillations which, however, do not 

appear stable. Some tests were repeated for the 1.37 kg (3 lb) and 1.8 kg (4 lb) normal loads. 

Increasing the normal load increases the limit velocity at which stick-slip stops and decreases 

the frictional oscillations' frequency. One of the problems of the dry paper-to-paper contact is 

that, especially at high speeds, the paper surfaces deteriorate rapidly and no steady-state 
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oscillatory regime has time to take place. Pure sliding conditions can prevail rapidly. In those 

conditions, it is difficult to take accurate measurements as they have to be taken over a fairly 

short time and forces and displacements are very small. However, in practical applications in 

the paper industry, it is the first few sliding cycles that are of significancy. 

Obtaining "usable" F-V curves with these combinations was, as discussed earlier, somewhat 

difficult. The direct A-V-D measurement method, where the F-V curve is described by a full 

vibration cycle, had to be discarded because of a very high signal-to-noise ratio. The assessment 

of the F-V curve then had to be done with the static measurement method. The vibrational 

results presented earlier hinted at the fact that the F-V relationship for the paper combinations 

was of the purely decreasing type as stick-slip vibration was recorded for the smallest velocities. 

Nevertheless, quasi-harmonic vibrations were observed for higher velocities. These results 

seem to suggest that the F-V curve might encompass a decreasing characteristic followed by a 

humped one. The other explanation for this phenomenon is that these small quasi-harmonic 

vibrations might not be real but rather induced by some external vibrations of the test rig. 

6.4. Curve fitting F- V equations 

Several of the above characteristics were chosen for the analytical study. The chosen F-V 

curves from each group were curve-fitted with Matlab software for a n-th order polynomial 

function. For the "paper-to-metal" contact, the combinations involving blotting paper with type 

F, Dexron/Mercon HE semi-synthetic, and slideway lubricants were selected, along with the 

friction plate and the A 2 vs. A[ paper-on-paper combination . Figures 6.21 to 6.25 show the 

respective F-V curve with their corresponding polynomial fit. Usually, polynomials of order 9 
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or 11 fit the experimental curves best. Nevertheless, some of the characteristics displayed a 

small hump fairly close to the y-axis and the polynomials might not reflect perfectly the shape 

of the hump in such cases. The polynomials might also have a restricted range of validity. To 

perform the polynomial fit, the F-V curves were artificially extended to a higher range of 

velocities by adding values which would maintain the general tendency of the curve. In all 

cases, they were fitted in such a way that their validity range would at least coincide with the 

velocity range obtainable with the test rigs. Theoretical and experimental results should be 

comparable within that range. 

The F-V characteristic of type F ATF was fitted with a 9 t h order polynomial that describes its 

decreasing tendency. 

In the case of the Dexron/Mercon III friction-velocity characteristic (figure 5.10), the hump 

at the beginning of the velocity range is very small and very close to the y-axis. The polynomial 

fit obtained did not reflect the experimental curve satisfactorily. Consequently, the theoretical 

study of this combination was not pursued. 

The combinations involving blotting paper and friction plate with semi-synthetic 

Dexron/Mercon HE were both fitted with 10th order polynomials. In the first case, the resulting 

polynomial exhibits a hump slightly shifted from the experimental one. 

A 9 order polynomial was sufficient to model the F-V characteristic of the slideway oil 

combination. 
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CHAPTER 7 

THEORETICAL AND NUMERICAL ANALYSES OF AN AUTONOMOUS SYSTEM 

This chapter presents theoretical analyses of the friction-induced vibration characteristics of 

the friction materials described in chapter 4. Each selected friction-velocity characteristic is 

studied analytically and numerically for an autonomous system, and the results are compared 

with the experimental ones. 

7.1. Analytical study 

The friction-velocity characteristics obtained in 6.4 were analyzed using the analytical 

method described in chapter 3. 

7.1.1. Combinations showing stick-slip vibrations 

It was seen in chapter 6 that three combinations exhibited stick-slip vibrations, the blotting 

paper combination with the type F lubricant and the paper-on-paper combinations. All have 

continuously decreasing F-V characteristics at lower velocities, which lead to stick-slip 

vibration. It has been discussed in section 3.3 that the analytical technique based on K-B 

method could only solve quasi-harmonic vibrational problems for F-V curves of the humped 

form. There is no provision for analysis of the stick period and hence no discontinuity when 

solving the differential equation. As a result, the analytical method revealed in these three cases 

that self-excitation occurs but a stable quasi-harmonic vibration is never reached. No vibration 

amplitude is then given by the analysis. 
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7.1.2. Combinations showing quasi-harmonic vibrations 

Three material combinations are considered in this part: the combinations involving blotting 

paper with the semi-synthetic Dexron/Mercon HE and slideway lubricants and the combination 

involving the friction plate. The plots on figures 7.1, 7.2 and 7.3 display experimental and 

theoretical F-V curves as well as the experimental, analytical and numerical amplitudes of 

stable vibration for the three aforementioned combinations. The analytical results for these three 

combinations are similar. All indicate the occurrence of stable quasi-harmonic vibration at 

velocities shortly after the hump in the friction-velocity characteristics. As the actual shapes of 

the F-V curve are not known past the experimental velocity range, and although the polynomial 

fits follow the curve tendency for a certain range, they still diverge from the experimental F-V 

curves at higher velocities. Therefore, their application is limited to the lower velocity range. 

Consequently, the analytical result shows that the quasi-harmonic vibrations decay quickly as 

velocity increases, whereas experimentally, vibration amplitudes continue to increase for some 

time. 

7.2. Numerical study 

The above cases were also numerically analyzed using the INSITE software package 

described in chapter 3. 

7.2.1. Combinations showing stick-slip vibrations 

For the blotting paper with type F lubricant combination, a 9 t h order polynomial was initially 

used to curve-fit the decreasing experimental F-V relationship of this combination. The 

numerical analysis showed that, for each of the velocities considered in this study, the vibration 
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amplitude kept on increasing without bounds, despite the fact that the polynomial was such that 

the slope of the F-V characteristic became positive at higher velocities. When absolute values of 

the relative velocities are used in the friction-velocity polynomial expression, i.e, creating a 

singularity on the zero axis and allowing the numerical analysis to continue to the other side of 

the zero sliding velocity axis, then numerical calculations can proceed without further problems 

for a wide range of velocities. For the autonomous system, vibrations begin at very low 

velocities. Their amplitudes increase steadily up to v = 40 mm/s, then the amplitude starts 

decreasing again as they are limited by the increasing part of the F-V curve. The amplitude 

continues to decrease until the vibration totally disappear when v = 115 mrn/s. The results are 

plotted in figure 7.4. 

For the paper-on-paper combinations, both curves obtained in chapter 6 were fitted with 

a 6th order polynomial. However, the problems encountered for the numerical simulation were 

the same as for the blotting paper with type F lubricant combination, i.e., the vibration 

amplitude grows without limits. In these two cases, even the introduction of the absolute value 

of the relative velocity as an artificial boundary condition did not allow the calculations to 

proceed. No numerical simulation was then obtainable for these two examples. 

7.2.2. Combinations showing quasi-harmonic vibrations 

Once again, the three combinations considered exhibit the same kind of behaviour. The 

results are included in figures 7.1. to 7.3. for comparison. Two types of motion can be observed. 

For a relative velocity less than the one at which the maximum of the hump is reached, which 

corresponds to the ascending part of the friction-velocity curve, the system evolves towards a 
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steady-state. The focus point is reached more or less fast depending on the initial conditions. 

After the humped part of the curves, stable limit cycles can be observed. The vibration 

amplitude increases with the velocity until it reaches a maximum different for each combination, 

after which the vibration amplitude starts decreasing again, being limited by an ascending part 

of the fitted curve for higher velocities. Eventually steady-state conditions prevail once again. 

The friction plate combination presents one slight variation to this scenario. The vibration 

amplitude decays around 38 mm/s to increase again a little later and finally disappears at v = 60 

mm/s. This discontinuity in the results is due to the fact that both the analytical and numerical 

method are fairly sensitive to variations in the polynomial fitted curve and the presence of a 

small hump in this curve is sufficient to damp the vibration. 

7.3. Discussion 

Six material combinations were studied for an autonomous system analytically and 

numerically. When these results are compared with the experimental results described in 

chapter 6, two distinctive behaviors are recognized; one is exhibited by combinations with a 

continuously decreasing F-V characteristic that starts from the zero sliding velocity axis, 

represented by the paper-on-paper combinations and the combination with the type F 

transmission fluid; the other one is exhibited by combinations with a humped F-V characteristic 

represented by the combinations involving semi-synthetic Dexron/Mercon HE transmission 

fluid and the slideway lubricant. 

For the first type, the analytical method, which is valid for quasi-harmonic vibrations only, 

cannot deal with a continuously decreasing F-V characteristic. This type of F-V curve 
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inevitably lead to stick-slip vibrations which require separate consideration during the stick 

phase, when V - X = 0. Experimentally, the paper-on-paper combinations exhibit stick-slip 

vibrations for low velocities, but the vibrations decay rapidly as the friction-velocity curve takes 

on a positive slope. The numerical method does not provide any results for these combinations, 

because of a lack of appropriate boundary conditions. For the combination involving the type F 

lubricant, numerical vibration amplitudes were obtained after introduction of an artificial 

boundary condition. Nevertheless, these amplitudes are not in very good agreement with the 

experimental values. Experimentally, the type F ATF combination shows stick-slip vibrations 

for the whole velocity range. For low velocities, the numerical values increase with the 

velocity at a much faster rate than their experimental counterparts. This is due to the use of 

absolute values intead of real values for the sliding velocities which is, in effect, allowing the 

numerical analysis to bypass the stick regime. For higher velocities, the numerical amplitudes 

start decreasing again because of the limitation exerted by the fitted curve, while the 

experimental amplitudes continue to increase. These examples show that, without a proper 

model for the stick phase, neither the analytical not the numerical analysis can give a good 

representation of the phenomenon in the case of a decreasing friction-velocity relationship. 

For the type exhibiting quasi-harmonic vibrations, the analytical, numerical and 

experimental vibration amplitudes are in good agreement for all three combinations studied. 

Experimentally, those combinations show different behaviours, depending on the velocity. For 

lower velocities, no vibrations are observed. As the velocity gets higher, quasi-harmonic 

vibration occurs, whose amplitude increases with the velocity. In all cases, the numerical 

amplitude is slightly bigger than the experimental one whereas the analytical one is slightly 
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smaller. In the low velocity range, the predicted amplitudes start slightly later than the 

experimental ones, as the hump of the polynomial fitted curve peaks a little later than the actual 

curve. At the high velocity end, both numerical and analytical vibrations die off quickly as the 

velocity increases whereas the experimental ones continue to increase again, because the fitted 

curve is limited to the velocity range considered. 

The results clearly revealed that the analytical model works well with a humped friction-

velocity characteristic, provided that the characteristic can be modeled accurately with a curve-

fitting routine. A 9-th order polynomial, as used in the present study, is usually sufficient to 

describe the near-linear F-V curve with a relatively flat single hump in the low velocity range. 

For F-V characteristics with a continuously decreasing pattern, a stick-slip phenomenon will 

occur. A complex model to describe the conditions during the stick period is needed to add to 

the current analytical and numerical models which both analyze the slip period only. 
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CHAPTER 8 

FRICTION-INDUCED VIBRATIONS WITH PERIODIC NORMAL EXCITATION 

Friction-induced vibration is undesirable in a majority of cases. Many studies have 

attempted to find means to reduce or control this phenomenon. Adding a periodic normal 

loading to the static normal force has been shown to be effective in damping stick-slip vibrations 

[24-25-26]. On the other hand, the effect of dynamic loading on the quasi-harmonic type of 

friction-induced vibration has rarely been considered. Ko [26] studied the effect of a transverse 

periodic loading on this kind of vibration. He found that the external excitation force could 

extinguish the autoperiodic oscillation, and that harmonic and sub-harmonic entrainment were 

observed. His theoretical and experimental results were in good agreement. He also studied the 

influence of a dynamic loading such as the one used here. His experimental results showed no 

reduction in the friction level, but showed that the quasi-harmonic type of vibration could still 

be extinguished, if the dynamic force magnitude was high enough. Nevertheless, his numerical 

and experimental results were not in very good agreement. 

It was mentioned in chapter 3 that, because the modeling equation for a system such as the 

one considered here included non-linearities coupled with time-varying coefficients, no 

analytical approach would be considered. A numerical approach using a software package 

called INSITE decribed in chapter 3 is used instead. This system is also studied experimentally 

for the different material combinations used in the previous chapter. Both numerical and 

experimental results for the different material combinations will be presented and compared. 



Chapter 8. Friction-Induced-Vibration with Periodic Normal Excitation 57 

8.1 Numerical analysis 

Each combination was studied numerically using the same polynomial model obtained 

earlier. This polynomial fit gave for each combination the set of C n constants needed by the 

program. The equation for the dynamically loaded system, eq. (10) is reprinted here. 

x = -co2x--x + -[C0 +C,(v-x) - C 2 ( v -x)2+...+Cn(v-x)"](l + j3sina6)t) (10) 
m m 

The damping coefficient r, the slider mass m and the natural frequency of the system © are 

characteristics of the test rig and can be readily determined. In addition, the polynomial 

coefficients C n are constants for each F-V characteristic. The values for the velocity V, the ratio 

of the dynamic force magnitude to the static load p, and the ratio of the external oscillation 

frequency to the system natural frequency a are parameters to be investigated. Random 

executions of the program can be done by giving any value to these parameters, but a more 

systematic study has to be carried out to understand thoroughly the system behaviour and the 

influence of each parameter. Therefore, for each material, the executions were carried out for a 

predetermined range of disc velocities, frequency ratios, and load ratios. For each frequency 

ratio and a chosen velocity, the load ratio P was incremented from 0 to 0.9. In the same 

objective, bifurcation diagrams where one parameter is varied while the others remain constant, 

were performed for these three parameters. Velocity v was varied between 0 and 60 or 80 

mm/s, depending on the material combination studied. The load ratio P was varied between 0 

and 1. The frequency ratio a was usually varied between 0.6 and 4. Depending on the type of 

behaviour observed on the bifurcation diagrams, specific executions could then be carried out, to 
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provide more information through friction vs. time plots, phase-plane plots or frequency spectra. 

In particular, time series and phase-plane plots were executed for cases studied experimentally 

for comparison purposes. 

Similarly to the sequence carried out in the previous chapter, the results for the combinations 

showing stick-slip and the ones exhibiting quasi-harmonic vibration are treated separately. 

8.1.1. Combinations showing stick-slip vibrations 

The blotting paper combination with type F lubricant was studied. For this configuration, 

the addition of a dynamic normal load does not induce any decrease in vibration amplitude, 

whatever the velocity, the load ratio or the frequency ratio considered (figure 8.1). A closer 

look reveals the presence of different behaviours depending on the value of the frequency ratio. 

When the frequency ratio a takes on values equal or close to 1, even small values of the load 

ratio cause a significant increase in vibration amplitude and increasing the load ratio further 

quickly causes the calculations to go out of bounds. This resonance phenomenon is strongest 

for a equal to 1. Other values of a cause either a smaller increase or small variations of 

vibration amplitude around the static value. They combine their influence with the influence of 

P to have an effect mostly on the shape of the vibration, i.e., its frequency content, rather than on 

its amplitude. 

The bifurcation diagram for a in figure 8.2(a) is a classical chaotic bifurcation diagram with 

periodic windows. It shows that, whenever the value of a is close to an integer, quasi-harmonic 

entrainment of order a is observed, the motion is multiperiodic. The displacement-velocity 

phase-plane plots obtained in such cases are presented in figures 8.3, 4 and 5, along with the 
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corresponding displacement vs.time plots and the frequency spectra. The load ratio P influences 

the spectral densities of the frequencies present. When a is different from an integer, the motion 

in general remains multiperiodic, but the number of frequencies present in the motion is much 

higher. In some cases, the motion can become slightly chaotic, as shown in the two cases in 

figures 8.6 and 8.7. In these two cases, the frequency spectra (figures 8.6(d) and 8.7(d)) show 

that all frequencies have the same weight and the phase-plane plots look chaotic. However, the 

Poincare sections exhibit closed curves normally typical of multiperiodic motion, but where 

some slight folding, characteristic of chaotic motion, is present. The Lyapounov exponents are 

of different signs and the Lyapounov dimension is slightly different from an integer, which 

confirm the chaotic nature of this particular case. 

8.1.2. Combinations showing quasi-harmonic vibrations 

It has been shown in the study of the autonomous system that all the combinations 

exhibiting a humped characteristic produced similar responses. In the study of dynamic loading, 

the numerical results for these combinations also appear very similar. The general behaviour is 

first presented, then illustrated by some examples from the different test cases. 

Just as in the previous case, bifurcation diagrams were performed for the parameters a, P 

and v. 

• Varying the velocity v 

Bifurcation diagrams were drawn for the velocity parameter, a and p being fixed (figures 8.8 

a-b-c) for the three different material combinations. Figures a and c were drawn for a = 2.15 

and p = 0.3. Figure b was drawn for a = 2 and p = 0.3. It has been shown in chapter 6 that the 
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velocity is an important parameter for the occurrence of quasi-harmonic vibration. It remains 

so in the case of an applied dynamic normal force. In the low velocity range where no friction-

induced vibration occurs in the autonomous case, the application of a dynamic normal force 

causes some vibration of small amplitude to occur. The amplitudes of these vibrations depend 

on the parameters a and p. Their frequency is the excitation frequency. As the velocity is 

increased for a set of a and P, the vibration amplitude increases and multiperiodicity occurs, of 

order a if a is an integer (figure 8.8-b), or higher order if a is different from an integer 

(figures(8.8-a and c). When the velocity is increased beyond the limit at which quasi-harmonic 

vibration ceases in the autonomous case, the dynamic normal load continues to cause vibration 

in the system. Their amplitude decreases as the velocity moves farther away from the critical 

velocity for cessation of quasi-harmonic vibration. In all cases, amplitudes and frequencies of 

the obtained vibration depend on the values of a and p. 

• Varying the frequency ratio a 

In figure 8.9, the parameter varied in the bifurcation diagram is the external excitation 

frequency 8 = occon, a being the frequency ratio and con the natural frequency. Two main 

tendencies are revealed on the bifurcation diagrams plotted in figures 8.9 a-b-c, i.e., the 

behaviour of the system changes depending on whether a is close to an integer or not. If a is 

close to an integer, subharmonic entrainment of order a occurs, as shown on the phase-plane 

plots and their corresponding frequency plots in figures 8.10, 11 and 12. The limit cycle 

reached by the system then exhibits 1, 2, 3 or 4 frequencies depending on the case. 

On the other hand, in between integer values of a, although the bifurcation diagram looks 

chaotic, multiperiodic motion with a high number of frequencies occurs. For a = 0.5, 1.5, 2.5..., 
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some clear multiperiodic with convoluted limit cycles can be noticed in figure 8.13 a-b-c. The 

same type of phenomenon can also be observed for a = 2/3, 4/3, 5/3, 7/3, in figure 8.14 a-b-

c. If a is different from these values, subharmonic entrainment is still observed but as the 

frequency entrainement is out-of-phase with the natural frequency, the resulting number of 

frequencies present in the system is much higher than before. This is shown by the frequency 

spectra in figure 8.15-c. Phase-plane plots now become convoluted figures. The vibration vs. 

time plots show the superposition of all out of phase frequencies. Poincare sections were plotted 

for different cases. All showed the presence of many harmonics but no folding of the sections 

was ever observed. Moreover, Lyapounov exponents calculated for these examples were of the 

same sign, which proved these were cases of p-periodic motions and not chaotic ones. 

A fairly different behaviour is obtained for the specific case of a being close to 1. In figure 

8.16, 17 and 18 are plotted the vibration amplitudes versus the load ratio p with the frequency 

ratio a being a parameter. This plots show that, whatever the material combination, the velocity 

considered or the load ratio, the addition of a dynamic normal load of frequency close to the 

natural frequency of the system tend to increase the original vibration amplitude rather than 

decreasing it. The effect is the strongest for a value of a slightly smaller than 1. 

• Varying the load ratio P 

The influence of P is more subtle than the influence of the previous parameters. From the 

bifurcation diagrams in figure 8.19 a-b-c, it appears that small values of P do not impede the 

multiperiodicity mentioned earlier, but that P can be increased up to a certain level where this 

multiperiodicity disappears. However, a more thorough study reveals that the influence of P is 

dependent on the values taken by a, as shown in figures 8.16, 17 and 18. When a is close to 1, 
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i.e., the frequency of the dynamic normal force is close to the natural frequency of the test rig, 

very small values of P can give a vibration with a beat frequency and in a few cases a decrease 

of the vibration amplitude. On the other hand, as P increases, the vibration amplitude starts 

increasing with it to reach amplitudes much higher than the original one; a resonance 

phenomenon is observed. 

When a takes on different values, however, the influence of P changes. If a is an integer 

equal to 2, 3 or 4, an increase in p changes the shape of the phase-plane plot. Small values of P 

barely change the shape given by the original quasi-harmonic vibration, as the main frequency 

of the vibration is still the natural frequency of the system. Higher values of p give a shape with 

sharp indents showing that more frequencies now enter the spectrum, the excitation frequency 

being one of them. The amplitude of the vibrations usually decreases slightly as p increases, but 

not very significantly. When a is different from an integer, i.e., when a high order 

multiperiodicity is observed, the load ratio P has a stronger influence on the phase-plane plot. 

Small values of P cause the vibration amplitude to vary around the autonomous vibration 

amplitude with a beat frequency and the phenomenon becomes more pronounced as p is 

increased. Eventually, for higher values of P, the motion stops being multiperiodic and becomes 

periodic with the normal excitation frequency. The vibration amplitude is then at its smallest. 

The autonomous vibration has been quenched. From then on, the vibration amplitude grows 

again as P is further increased. The vibration is now being fed by the excitation. The level of 

load ratio necessary to have the stronger damping influence is found to be dependent on a as 

seen in figures 8.16, 17 and 18. 
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8.1.3. Discussion 

For the combinations displaying a humped friction-velocity curve, the application of a 

dynamic loading can lead to a decrease in vibration amplitude. For the three combinations 

considered, the numerical results are mostly similar and their bifurcation diagrams performed 

for a, P and v all show the same trends. In all cases, the most noticeable effect was the one due 

to frequency alteration. Imposing a dynamic normal force has a strong effect on the frequency 

pattern of the vibrations, changing them from quasi-harmonic to multiperiodic vibrations. The 

influence of a and p is on the whole the same for each combination. However, the different 

material combinations are found to respond differently quantitatively. More significant 

decreases are obtained with the friction plate combination than with the blotting paper 

combination with the same lubricant. The vibration of the latter appeared more robust. In the 

later case, vibration amplitudes vary but stay globally around the same value as the one obtained 

for the static case. The fact that they respond differently may have different causes. The size 

and expansion of the hump in the F-V curve might have an influence on the robustness of the 

quasi-harmonic vibration obtained, making them likely to be influenced by a dynamic external 

force. Another explanation would be that some other characteristic of the polynomial might 

induce these effects. 

8.2. Experimental results 

Experimentally, tests with an external normal load were first carried out for the type F 

lubricant combination which produced stick-slip Vibration under a static load. These tests can 

be related to previous work from other researchers and provide a comparison for the tests 
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involving quasi-harmonic vibration. Later, tests were carried out with the other lubricant 

combinations. For all combinations, several frequency ratios a were tested, from a being close 

to 1, i.e., the excitation frequency is close to the natural frequency of the system, to values of a 

close to 4. For each frequency setting, different load ratios p were applied. After each 

measurement series for a specific frequency ratio, a measurement for the static configuration 

was performed to make sure that the friction conditions under static loading remained 

unchanged. If they were found to have changed, the paper slider was changed to a new one to 

limit the influence due to changes in surface properties. 

All tests were performed with the electromagnetic shaker arrangement described in chapter 

4. A few tests were performed using the stepper motor assembly. However, it was found to 

produce too many extraneous vibrations to the whole system and was consequently not used. 

8.2.1. Combinations showing stick-slip 

Tests with a dynamic normal load were conducted for the blotting paper combination with 

type F lubricant. 

The plots of vibration amplitude vs. the load ratio summarizing the results are presented in 

figures 8.20-21 & 22. Four velocities were tested: 0.2 mm/s, 0.52 mm/s, 2.25 mm/s and 9.8 

mm/s. The static normal load for all tests was 4 lbs. Figure 8.20 presents the results for a disc 

velocity of 0.52 mm/s. It can be seen that, in all cases, the vibration amplitudes from tests with 

an external force were smaller than the one obtained under static load alone. Moreover, for a 

given frequency ratio a, the vibration amplitude decreases as P is increased. The frequency 

ratio seems to have a mild influence on the efficiency of the procedure. For certain values of a, 
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for example 1.62, even a low value of p will cause a drastic drop in vibration amplitude. On the 

other hand, other values of a need a much higher value of p to create the same amount of 

vibration amplitude decrease. These results can be visualized more clearly on the plots on figure 

8.23 representing the vibration amplitudes vs. time for different values of frequency and load 

ratios. Figure 8.24 displays the same kind of plots for a velocity of 0.2 mm/s. The results 

obtained for a disc velocity of 2.25 mm/s are fairly similar to the former ones and virtually all 

combinations of load and frequency ratios cause a decrease in vibration amplitude, and in a few 

cases, the vibration almost disappear (figures 8.21 and 8.25). 

On the other hand, for a disc velocity of 9.8 mm/s, the dampening of the vibration is less 

efficient, the rate of decrease is lower than in the previous cases, higher values of P are 

necessary for the same amount of amplitude reduction (figure 8.22). In two cases where the 

value of a is close to 1, the vibration amplitude is in fact increased instead of being decreased; 

in this case, it seems that the vibration are entering into resonance. For this velocity, the 

influence of a does not appear as strong as with the other test cases. It can also be noticed that 

none of the tests performed in that series lead to vibration extinction. 

The results clearly show that the influence of the load ratio p is strongly tied to the 

frequency ratio a. Vibration amplitude and vibration frequency appear totally interdependent, 

the first one decreasing while the second one increases. Figure 8.26.(a) shows that the 

maximum static friction force decreases slightly up to 0.5 with the load ratio for a disc velocity 

of 2.25 mm/s. Similarly, for a disc velocity of 0.52 mm/s, all measurements carried out with an 

external dynamic force show a 0.7 reduction in static friction force. However, at 9.8 mm/s, no 

visible decrease can be observed; the static friction force remains the same throughout the 



Chapter 8. Friction-Induced-Vibration with Periodic Normal Excitation 66 

experiments (figure 8.26.(b)). Then, whatever the load or frequency ratio, the level of friction 

force remains approximately the same. 

The case of extremely low velocities is also worth mentioning. Tests carried out at these 

velocities under static loading did not present any vibration but only pure sliding with a constant 

friction force at a specific displacement. The addition of an external normal excitation at 20 Hz, 

just slightly over the natural frequency, gives rise to some irregular instantaneous stick-slip 

vibration which does not last. Different load ratios incurred the same behaviour. The addition 

of an external excitation at higher frequencies such as 40 or 75 Hz has a small influence on the 

position and the friction force the slider is at; it tends to increase the friction level a little bit but 

the effect is rather small. 

8.2.2. Combinations showing quasi-harmonic vibrations 

Several tests were done with the combination of blotting paper vs. cast iron with slideway 

oil, varying either the frequency ratio or the load ratio. These tests were carried out at a velocity 

of 46.2 mm/s. At this velocity for the autonomous system, a regime of stable quasi-harmonic 

vibration would have been reached. However, results with a dynamic loading are varied. 

Depending on the ratio combination, either little effect or an important influence have been 

noticed. The main result is that, depending on the frequency ratio, the effects on the vibration 

amplitude are diverse but whatever the ratios combination, all tests under a dynamic load exhibit 

a vibration amplitude higher than under static conditions. No vibration damping was ever 

observed. For frequency ratios around 1, increasing the load ratio increases the vibration 

amplitude. For others like a = 2.7 or 2.97, the vibration amplitude remains more or less the 
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same. For a = 3.24, the vibration amplitude tends to increase with the load ratio. The shapes of 

the phase-plane plots offer more variety. They show indents typical of subharmonic 

entrainment for a = 2, 3 or 4. The results for a = 4 are presented on the set of plots in figure 

8.27. On the other hand, the plot for a = 2.15 (figure 8.28) exhibits a complex pattern showing 

multiperiodicity. 

The same type of tests was done with the combination of steel slider vs. friction plate with 

semi-synthetic Dexron/Mercon HE lubricant as with the former ones. The load ratio and the 

frequency ratio were varied for two velocities, v = 10.5 mm/s and v = 31.4 mm/s. For the first 

velocity, as mentioned in chapter 6, the quasi-harmonic vibrations appeared not totally stable 

when subjected to a static normal load. When subjected to dynamic vibrations with a frequency 

ratio close to 1, no quenching of vibration was observed. On the contrary, heavy harmonic 

entrainment was observed and the vibration amplitude kept increasing with the load ratio (3 

(figures 8.29 and 8.31.(a)). Frequency ratios equal to 1.62, 2.16 or 2.7 appeared to have a strong 

effect on the shape of the vibration and lead to entrainment at the excitation frequency for 

sufficiently high load ratios. However, the amplitudes of the vibration remained approximately 

the same. Higher frequency ratios did not show much effect. 

For the second velocity, the quasi-harmonic vibrations under static loading were a lot bigger 

than in the first case if not quite regular (figures 8.30 and 8.31.(b)). However, the same trends 

were observed for all values of frequency and load ratios. Quantitatively, the effect of the 

dynamic normal loading is higher for lower disc velocities. Effectively, higher disc velocities 

are closer to the end of the velocity range deliverable by the test rig, thus getting closer to the 



Chapter 8. Friction-Induced-Vibration with Periodic Normal Excitation 68 

point where the whole test rig can enter in resonance, making it impossible to damp out the 

quasi-harmonic vibration caused by friction. 

8.3. Discussion 

Results from the numerical analysis of the combination exhibiting stick-slip confirm that the 

numerical technique, as in the analytical technique, in their present form, cannot provide proper 

analyses to dynamic models where a discontinuity, such as in the case of a continuously 

decreasing F-V characteristic, exists. The experimental results, on the other hand, show that it 

is possible to decrease the amplitude of stick-slip vibrations with the addition of a normal 

dynamic load. A carefully chosen combination of load and frequency ratio can lead to a 

dramatic decrease in vibration amplitude and can even extinguish the vibration. This finding is 

in agreement with results presented in earlier works [25-26-27]. 

The agreement between numerical and experimental results is good for combinations 

exhibiting quasi-harmonic vibration. For the slideway lubricant and the friction plate 

combination, a good agreement is found in the general trends, such as the role of the frequency 

ratio a. Subharmonic entrainment occurs as predicted by the numerical results. A fairly good 

agreement is also found in the amplitude of the vibrations obtained. The different figures 

presenting phase-plane plots and vibration vs. time plots for the slideway lubricant and the 

friction plate combinations show this agreement in both shape and amplitude. Both 

experimental and numerical results show that the quasi-harmonic vibration cannot be 

extinguished. Some decreases were observed in a few cases in the numerical results for the 

friction plate combination. However, these results were not confirmed experimentally, 
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indicating that the decrease observed in the numerical results was likely due to some local 

characteristic deviation of the polynomial fitted F-V curve. 

Experimentally, the behaviour of combinations exhibiting quasi-harmonic vibrations is very 

different from the one exhibiting stick-slip vibration when a normal dynamic load is applied to 

the system. For the latter, the application of a dynamic normal load at a frequency close to the 

natural frequency is seen here as one of the most efficient ways of quenching the vibrations and 

the same conclusion has been reported before by many researchers. However, the application of 

the same kind of loading to a combination exhibiting quasi-harmonic vibrations leads to 

opposite results. Instead of being quenched, the quasi-harmonic vibration are fed by this 

external excitation and increase in amplitude. The application of normal loading at other 

frequencies still tends to cause some amount of decrease in the stick-slip vibrations while it only 

causes some minor amplitude variations in the quasi-harmonic vibrations. The main effect it has 

in the latter type is the modification of the frequency content of the vibration. 
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CHAPTER 9 

DISCUSSION 

The frictional behaviour of several combinations of industrial friction materials that are 

related to two specific applications, namely: paper handling machinery and automotive 

transmission clutches, has been investigated both experimentally and analytically. The latter 

used dynamic friction models and numerical computational tools. In the course of this 

investigation, both stick-slip and quasi-harmonic types of friction-induced vibration were 

studied, with an emphasis on the latter. The effects of dynamic normal loading on friction-

induced vibration were also studied. The aim is to gain better understanding of the sliding 

friction characteristics of these materials under static and dynamic loading conditions so that 

better control and improved performance of the related machinery components can be realized. 

One of the first results that is interesting to note is that all the paper-to-paper combinations 

studied exhibited stick-slip vibrations, whereas among the paper-to-metal combinations, either 

stick-slip or quasi-harmonic vibrations were observed, depending on the lubricant used. In 

lubricated sliding contacts, the two surfaces are partially or fully separated by a thin film of the 

lubricant and therefore, in the short term at least, the friction-velocity characteristics at the 

contact will mainly depend on the lubricant's characteristics. The surface state of both 

counterparts are less important, as long as they present an even surface. 

The shape of the friction-velocity curves determined experimentally provided a useful mean 

to characterize the different material combinations. It was confirmed that continuously 

decreasing F-V characteristics would lead to stick-slip oscillation while the so-called "humped" 
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curves were also obtained by a direct measurement method in addition to the standard static 

measurement method. The two curves appeared to be in fairly good agreement. The former, 

making use of a second order oscillation system, presented a powerful tool for obtaining a 

friction-velocity characteristic in one cycle of vibration, provided that the amplifications of the 

dynamic units, x, x, x, were properly and precisely calibrated. The analytical and numerical 

results of stable vibration amplitudes obtained in the case of the autonomous system for the 

quasi-harmonic type of friction-induced vibration were in good agreement with the experimental 

results for all material combinations. No difference was observed between the results that were 

obtained either with the directly measured f-v curve or the statically measured f-v curve. It 

further proves that both methods are equally good for carrying out experimental measurements 

of the f-v curves under quasi-harmonic vibration. 

For the polynomial fitting of the experimental f-v curves, the results show that, in most 

cases, a 9-th order polynomial is usually sufficient. Polynomial fits present the advantage of 

being fairly easy to handle analytically or numerically, however, some precautions are needed in 

order to obtain a good fit. As some experimental f-v curves are almost linear with only a very 

small hump at the beginning, they would require a higher order polynomial for proper fitting. It 

is also necessary to perform the curve fitting over a velocity range that is higher than the one 

considered for study as a polynomially fitted curve can diverge drastically once it is outside the 

fitted range, thus giving erroneous results for velocities that are near the limit of the velocity 

range. 
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The addition of a normal dynamic loading to quasi-harmonic vibration caused diverse 

behaviours: resonance for frequency ratios a close to 1 and sub-harmonic entrainments of order 

2, 3 or 4 for a taking those values. Different types of multiperiodic motions were also observed 

for non-integer values of the frequency ratio. Beat frequencies were occasionally present, 

causing the vibration amplitude to alternately decrease and increase but in all cases, the main 

effect of the loading was the variation of the frequency content of the vibration. The agreement 

between the experimental and the numerical results was good, qualitatively as the same types of 

behaviour were observed and quantitatively as the vibration amplitudes followed closely the 

experimental results. This suggests that the present non-linear model with time-varying 

coefficients, based on the friction-velocity characteristic, can give satisfactory predictions of the 

behaviour of this kind of system. 

One of the objectives of this study was to show that dynamic loading could be used as a 

mean to control or extinguish friction-induced vibration of the quasi-harmonic type. Both 

numerical and experimental results show cases where the autoperiodic vibration can be 

quenched if the load ratio is sufficiently high, it is then replaced by a vibration at the excitation 

frequency and, in most cases,with a smaller amplitude. In the numerical results, the load ratio 

value necessary to quench the autoperiodic vibration increases with the frequency ratio. 

Experimentally, this stage could not always be found. However, no total quenching of the 

vibration leading to a pure sliding motion was ever observed. These results can be compared to 

results of an earlier study by Ko [26]. His results showed that, although subharmonic 

entrainment was observed for lower values of the load ratio, an extinction of the quasi-harmonic 

vibration could be observed if the load ratio was sufficiently high. In his study, the extinction of 
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the autoperiodic vibration seemed to occur more readily than in the present one. The 

discrepancy between these two sets of results may be explained by the difference between the 

two experimental setups. Ko also used a pin-on-disk machine, but a motor equipped with 

rotating disks supporting out-of-balance masses was used to provide the dynamic normal 

loading. This dynamic loading system is similar in principle to the stepper motor assembly that 

was intended at first for the present study. It was discarded because the vibrations created by 

this type of loading system were not purely normal. Instead of a purely normal force, the 

resulting force often comprised some other component, such as a transversal one. Ko's other 

results had shown that the autoperiodic oscillation could be extinguished by a transversal 

excitation. In the normal dynamic loading case, it is possible that a transversal component of 

the excitation force became high enough as the load ratio was increased to damp out the quasi-

harmonic vibration. Another possibility is that the transversal component acted in synergy with 

the normal one to damp the friction-induced vibration. These results stress the importance of 

testing equipment and procedures when studying friction. 

Although it was not possible in this study to totally eliminate all vibrations at the contact 

surfaces, a vibrational normal loading could still be used to control the type of frictional 

vibration present in the system. Well chosen characteristics of periodic normal loading could 

change the frequency content of the frictional vibration and limit the vibration amplitude to 

certain bounds. The frictional vibration would then be replaced by a known type of vibration. 

Random excitation regimes would be less likely to take place and the known motion would 

consequently be easier to control and the frictional effects could be more easily overcome. The 

problem often encountered in the control of systems with friction is the unpredictibility of the 
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friction phenomenon. The dynamic loading could remove to some extent the unpredictable part 

of the friction. 

In the case of stick-slip vibration, the experimental results were in good agreement with 

results from earlier works [25-26-27]. A low load ratio at a frequency close to the natural 

frequency of the system is usually sufficient to damp out the stick-slip vibration. Other 

combinations of load and frequency ratios can also be efficient. However, it is interesting to 

note that, as the disc velocity was increased until the stick-slip frequency approached that of the 

natural frequency of the system, the vibration became more difficult to be quenched. At these 

high velocities, the stick-slip vibration transformed to the quasi-harmonic type of vibration. In 

this case, a normal dynamic loading still provides some damping, but to a much smaller extent 

than at smaller velocities. 

In the numerical analysis, chaotic motion had been expected to arise in some situations from 

the addition of a normal dynamic loading to the frictional system. However, chaotic motion was 

found only in the numerical analysis of the blotting paper combination with the type F lubricant. 

As the analytical model was not prepared to handle stick-slip vibration, the study of the 

occurrence of this chaotic motion was not further pursued. In the numerical analysis for the 

material combinations presenting quasi-harmonic vibration, multiperiodic motions with a large 

number of frequencies were observed but chaotic motion was never recorded. Chaotic motion 

was also not observed experimentally but in order to make a proper analysis, at least a frequency 

analyzer would be necessary to detect the occurrence of chaotic motion. 

In the autonomous case, the friction model can provide a useful tool for predicting the 

velocity range at which friction-induced vibration will occur. Effectively, the "humped" curve 
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exhibits two zones with different behaviours. The ascending zone, i.e., before the hump, where 

usually no vibration occurs as the damping is positive. On the other hand, the decreasing zone, 

i.e. after the hump, is akin to negative damping, therefore allowing the growth of friction-

induced vibration. Thus a system can be designed to avoid operating in the velocity range 

within the decreasing zone or to modify the f-v characteristics with additives to extend the range 

of the increasing zone. 

On the whole, the study of the paper-on-metal combination gave more satisfactory results 

than the paper-on-paper combinations. The latter all exhibited stick-slip vibration, which, as 

mentioned earlier, could not be addressed adequately with the present type of analytical model. 

All paper-on-paper combinations were studied only experimentally for a static loading. The 

fragility of this material combination increased the challenge of the experimental work, limiting 

the load and the test duration as the vibration would deteriorate the paper surface rapidly. Both 

sides of two types of newsprint were combined and studied. Each paper combination had a 

different friction-velocity curve and therefore produced a different set of stick-slip vibration, 

with variations in amplitude or frequency. These results suggest that the friction-induced 

vibrational behaviour could be a useful way of characterizing a paper surface. 
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CHAPTER 10 

CONCLUSIONS 

The frictional behaviour of several combinations of industrial friction materials that are 

related to two specific applications was investigated experimentally, numerically and in the 

autonomous case, analytically. In overall summary of the research, the following conclusions 

may be made: 

1. Either stick-slip or quasi-harmonic vibration were exhibited by material combinations 

involving lubricants. On the other hand, paper-on-paper combinations in dry sliding exhibited 

only stick-slip vibration. 

2. The friction-velocity characteristic is a useful tool to predict the vibrational behaviour of 

a friction pair. Its shape is related to the type of oscillation susceptible to occur. Moreover, in 

the quasi-harmonic case, a polynomial fitting of the humped F-V curve can be done and 

incorporated successfully in a friction model to predict the occurence and the amplitude of 

friction-induced vibration when the system is submitted to a static normal load. 

3. Experimentally, the friction-velocity characteristics can be acquired by two methods, a 

static measurement method and a direct measurement method that proves to be a fast and 

powerful way of acquiring the curve in only one vibratory cycle, providing that the equipment is 

properly calibrated. The results from both methods were in good agreement. 

4. The application of a normal dynamic loading to a frictional system resulted in different 

responses, depending on the shape of the friction-velocity curve. 
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For the material combinations exhibiting a purely decreasing f-v curve, the experimental results 

showed that stick-slip vibration may be extinguished or dramatically decreased with a small 

dynamic-to-static load ratio. For the combinations displaying a humped curve, the quasi-

harmonic vibration could be quenched with a higher load ratio, and replaced by an oscillation at 

the excitation frequency, in most cases, with a smaller amplitude. This result was confirmed 

numerically, which indicates that the assumption made in the dynamic loading model regarding 

the f-v relationship of p.k is reasonable. In most cases, however, beat frequencies or 

subharmonic entrainment were observed as a result of dynamic loading. 

5. The experimental and analytical techniques used in this thesis provide excellent tools for 

characterizing and evaluating paper and friction plate materials and their performances. 
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Appendix 1 

Application of the Krylov-Bogoliubov method to the quasi-harmonic friction-induced 
vibration problem 

1. Normalization of the system's equations 

Equations (1) and (2) from, respectively, the autonomous system and the system subjected to 

a normal dynamic loading are reprinted here. 

mx + rx + kx = wxjuk (1) 

mx + rx + kx = wsjuk (l + /?sin St) (2) 

They can both be made dimensionless by the introduction of a displacement parameter h as 

X V 2 
follows: X = — ; V = — and using co = k I m and r = cot 

h coh 

^ . t T > dX dt . ••- x 
Consequently, we have X = ——— and X 

dt dr co2h 

Dimensionless equations for the two systems can be obtained by further multiplying equations 

(1) and (2) by l/fmafh) and substituting the above expressions for X, X, X. 

X + RX + X = —F(V-X) (3) 
E 

X + RX + X = -F(y-X)[\ + /3smat] (4) 
E 

where R = r/(mco) and E = (math) . 

The friction force function f̂ k = ws/jk has been converted into a function of the dimensionless 

sliding velocity F(V - X). 
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2. Method of first approximation by Krylov-Bogoliubov 

For an autonomous system, equation (3) can be rewitten in the form 

X + X + yG(X) = 0 (5) 

If y = 0, this equation reduces to a simple linear differential equation with a sinusoidal solution 

X=asin(T+ $ (6) 

where a and (j> are constants. 

For y slightly different from 0 but remaining small, equation (6) can be used as a generating 

solution for the first approximation, provided the quantities a and (/> are considered, not as 

constants, but as slightly varying functions of time. Thus equation (6) can be rewritten as: 

X=a(r) sin(r + <j>(x)) (7) 

This constitutes the basic idea of the method for the first approximation of the solution of the 

differential equation by K-B method. An additional condition is that X should be of the form 

X = acos(r + <f>) (8) 

These two equations (7) and (8) cause the following constraint to be obtained. 

dsm(T + </>) + a<f>cos(T + 0) = 0 (9) 

A second constraint is obtained by substituting these expressions forXand ^(differentiating 

with respect to a and </>) in equation (5). The solution of these two constraints gives expressions 

for d and ij) as periodic functions of time. As y is small, a and <f> can be considered as slowly 
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varying functions of r. Therefore a and <j> can be assumed to remain constants over the interval r 

to T + 2n. 

Integration of the equations for a and^ between the limits x to x + In, shows that all 

trigonometric terms drop out and only the constant terms K0(a) and HD(a) remain. We have 

CIT dr a 
= -yK0(a) -JL = L H o ( a ) (10) 

Since those expressions are periodic, they can be expanded in Fourier series to give the usual 

form of the first approximation by K-B. 

da y rin 
— = G(acosy)cosy/dy/ - <f>(a) (11) 
dr 2nJo 

dw y fin 
= 1H I G(a cosy) sin y/dy/ = Q(a) (12) 

dr 2an * 

The condition for a stationary oscillation or a limit cycle is (/>(a) = 0, that is (f)(aj = 0 is the 

condition for a limit cycle with amplitude a, 

To investigate the stability of the first approximation, a slightly perturbed amplitude (a, + 

Sa) where 5a is an absolute value of departure, is considered. It can be shown by the variational 

equations that, to the first order: 

^-Ofc) = (13) 
dx 

Then, if <f>a(a,) < 0 we have —(Sa) < 0, in other words, the initial departure Sa has a 
dr 

tendency to disappear for <j)a (a,) < 0. Thus <f>a (a,) < 0 is the condition for a stable limit cycle 

and the condition <pa (0) > 0 is equivalent to the existence of an unstable singularity. 
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3. Application of the polynomial expression to the K-B method 

The substitution of the polynomial expression of the F-V curve into the system's 

autonomous dimensionless equation (3) gives, after some manipulation, 

X + j[(rcoh + P])X- P2X2 + -(-1)" PnX"] + X = A (14) 

where 

P 0 = C 0 + C 1 V + +cnvn 

P k = C k + n J k C n V n - k for k = 0,1,2,3, n 

and where the binomial coefficients are given by n J k = n!/(n-k)!k! 

The constant term on the right hand side of equation(14) is the static displacement and can 

be omitted in the amplitude analysis. Equation (14) can be further simplified by letting: 

p 
Q]=rcoh + Pl and Qk=— , k = 2, 3, ,n . 

Qi 

X + %[X-Q2X2 + -(-1)" QnXn] + X = 0 

The application of the K-B method obtained in part 2 leads to the following condition for the 

stationary amplitude: 

k< 

A (n\ - Q V ^ ~^2k-\Jk n n2k-2 _ n 

" _ ~YE f t — 2 ^ — ~ 
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This equation is a polynomial in 'a' which can be easily solved with the help of a computer. 

The polynomial coefficients are formed by some series of n and are related to the power of the 

variable X and can be explicitly expressed. This allows the setup of a generalized expression 

that a computer program can solve with the friction force function represented by a n-th order 

polynomial. 
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Appendix 2 

System parameters 

1. Natural frequency and system stiffness 

If we assume, to simplify the problem, the slider assembly to be represented by a cantilever 

beam supporting a mass m, as shown on figure A.2. 

Beam characteristics: 

£ = 2.10 nPa 

7= 67.446.10"12m4 

L{ = 0.06 m 

Z 2 = 0.18 m 

M= 0.483 kg 

mh = 0.049 kg 

mb 
M 

Figure A. 2. 

It is assumed that the vibration takes on a static deflection vibration form. 

The deflection and the slope at at point A due to a force P acting at point B are 

PI 3 PI 11 3/ 
A 3EI 2EI A 2Z, 

A 2EI EI A 2L, I, 
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sB=sA+eAL2=sAv+^L+i&2) 

The estimated equivalent stiffness of the system is K = P/5B = 5063.5 N/m 

The natural frequency can then be deducted from the equation given in [49]. 

0 B « J ^ * ( l - i ^ ) = lOlrad/s 
" V M 280M 

The experimentally measured stiffness and damped natural frequency of the system are 

respectively: 

k = 5200 N/m co = 116.2 rad/s 

2. System damping coefficient 

The logarithmic decrement method was used to determine experimentally the system 

damping coefficient. The free vibrations of the beam, as it is clear of the lower surface, are 

recorded. The equation of motion is then: 

mx + cx + kx = 0 

for which the solution is x = e'a (Ax cos<yr + A2 sincvt) 

The logarithm of the ratio of two successive maxima xp and x p + 1 or the ratio of two 

maxima xp and x p + q , when the damping is small, is measured. 

xp _ T m e~S'(A coscot + A2 sincot) 
Ln—— = Ln 

which simplifies into Ln—— = Ln—. . , = LneS2m,lco = 2m81 co 



90 

Consequently, S - Ln —— 
2 m xP+g 

Moreover, co2 - co2 +52 

x 
From experimental results, we have = 2.34 and co = 116.2 rad/s 

Xp+\0 

5= 1.577 and con = 116.21 rad/s 

The damping coefficient of the system is r = 2m8= 1.7 kg/s 



A / W W 
K 

Figure 3.1. Autonomous system 

pw s sindt 

A A A A / V 
K 

Figure 3.2. System with an external dynamic normal force 
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Sliding velocity 
(a) Coulomb friction 

Sliding velocity 
(b) Continuously decreasing curve 

Sliding velocity 
(c) Humped curve 

Figure 3.3. Different types of dynamic friction-velocity curves 
The static friction has an undetermined value along the zero-axis depending on other 
parameters. 
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Figure 4.2. Photomicrograph of the blotting paper surface 



Figure 4.3. Photomicrograph of the Dexron friction plate surface 

Figure 4.4 Photomicrograph of the type F friction plate surface 



(a) Surface Aj 

(b) Surface A 2 

Figure 4.5 Photomicrographs of the newsprint surfaces 
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Figure 5.1 General view of the pin-on-disk machine 



Figure 5.2 (b) View of the circular metal slider for friction plate combination 



Figure 5.3.(a) View of the lower disc for blotting paper combination 

Figure 5.3.(b) View of the lower disc for friction plate combination 



Figure 5.5 Electromagnetic shaker arrangement for dynamic loading 
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#1 ATF 
V = 0.28 mm/s - N = 8.9 N 
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Figure 6.6 Friction vs. time plots at different velocities for #1 ATF 
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Semi-synthetic Dexron/Mercon HE Semi-synthetic Dexron/Mercon HE 
V = 0.28 mm/s - N = 17.8 N v = 1a-3 m m / s " " = 17.8 N 
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V = 8.2 mm/s-N= 17.8 N V =67 mm/s - N = 17.8 N 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 

Time (s) Time (s) 

Figure 6.8 (a) Friction vs. time plots at different velocities for semi-synthetic 
Dexron/Mercon HE. Static normal load of 17.8 N 



109 

Blotting paper vs. cast iron with semi-synthetic Dexron/Mercon HE 
V= 0.13 mm/s - W = 8.9 N 

Blotting paper vs. cast iron with semi-synthetic Dexron/Mercon HE 
V=13 mm/s - N = 8.9 N 
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Time (s) 

Blotting paper vs. cast iron with semi-synthetic Dexron/Mercon HE 
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Blotting paper vs. cast iron with semi-synthetic Dexron/Mercon HE 
V = 28.5 mm/s - N = 8.9 N 
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Blotting paper vs. cast iron with semi-synthetic Dexron/Mercon HE 
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Blotting paper vs. cast iron with semi-synthetic Dexron/Mercon HE 
V= 67 mm/s • N = 8.9 N 
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Figure 6.8 (b) Friction vs. time plots at different velocities for semi-synthetic 
Dexron/Mercon HE. Static normal load of 8.9 N 
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Blotting paper vs. cast iron with Dexron/Mercon III 

V= 0.2 mm/s -N = 8.9 N 
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Figure 6.10 Friction vs. time plots at different velocities for Dexron/Mercon III 
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Blotting paper vs. cast iron with type F ATF 
V = 0.05 mm/s - N = 17.8 N 
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Blotting paper vs. cast iron with type F ATF 
V = 46.2 mm/s • N = 17.8 N 

Blotting paper vs. cast iron with type F ATF 
V = 8.2 mm/s - N =17.8 N 

Blotting paper vs. cast iron with type F ATF 
V= 67 mm/s - N = 17.8 N 

Figure 6.12 Friction vs. time plots at different velocities for type F lubricant 
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Slideway lubricant 
V=5mm/s-F=17.8N 

Slideway lubricant 
V-8.2 mm/s - N - 17.8 N 

Slideway lubricant 
V= 18.3 mm/s - N = 17.8 N 

A A 

Slideway lubricant 
V = 46.2 mm/s - N =17.8 N 

r v / w w v w w w w ^ 
Velocity 

Time (s) 

Figure 6.14 Friction vs. time plots at different velocities for slideway lubricant 



Friction-velocity curve. N = 8.9 W 
Steel slider vs. friction plate with semi-synthetic Dexron/Mercon HE lubricant 
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(a) Static normal load: 8.9 N 
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Friction-velocity curve. N = 18.5 N 
Steel slider vs. friction plate with semi-synthetic Dexron/Mercon HE lubricant 
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(b) Static normal load: 18.5 N 

Figure 6.15 F-V curve, amplitude and frequency of experimental vibrations for friction 
plate combination 
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Friction plate vs. steel slider with semi-synthetic Dexron/Mercon HE 
V=Smm/s. N = 8.9N 

Friction plate vs. steel slider with semi-synthetic Dexron/Mercon HE 
V= 18.3 mm/s. N = 8.9 N 

Friction plate vs. steel slider with semi-synthetic Dexron/Mercon HE 
V= 8.2 mm/s. N = 8.9 N 

Friction plate vs. steel slider with semi-synthetic Dexron/Mercon HE 
V = 31.4 mm/s. N = 8.9 N 

Friction plate vs. steel slider with semi-synthetic Dexron/Mercon HE 
V= 10.5 mm/s. N = 8.9 N 

Friction plate vs. steel slider with semi-synthetic Dexron/Mercon HE 
V = 73.3 mm/s. N = 8.9 N 

Figure 6.16. Friction vs. time plots at different velocities for friction plate 
combination. Static normal load of 8.9 N 
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Paper A1 vs. A1 Paper Al vs. A1 

V-0.02 mm/s. N-8.9N V - 0.38 mm/s. N-8.9N 

Time (s) Tlm« (a) 

Paper A1 vs. A1 Paper A1 vs. A1 
V" 0.054 mm/s. N"8.9N V" 0.77 mm/s. N - 8.9 N 

Time (a) Tlnw (*) 

Paper Al vs.A1 Paper A1 vs. A1 
V*0.1 mm/s. N'8.9N V«1.5mm/s. N-8.9N 

0 10 20 30 40 50 60 70 60 0 0.5 1 1.5 2 

T i m o (») Tlmo (a) 

Figure 6.19.(a) Friction vs. time plots at different velocities for same paper-on-
paper combination: A ! vs. A ! 



PtpvA2vs.A2 P.pu A2vt.A2 
V = 0.1 mm/s. N"8.9N v 1.5mm/a. N-8.9N 

Figure 6.19.(b) Friction vs. time plots at different velocities for same paper-on-
paper combination: A 2 vs. A 2 



Paper A2 vs. A1 
Paper A2 vs. Al V 0.212 mm/s. N = *.9N 

V- 0.02 mm/s. N*8.9N 

Time (sj 

Time (s) Time (s) 

Paper A2 vs. A1 
V"0.77mm/s. N»B.9N 

Figure 6.20.(a) Friction vs. time plots at different velocities for different paper-on-
paper combination: A 2 vs. A] 
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Paper A1VS.A2 Paper A1 vs. A2 

V'0.02 mm/s. N-8.9N 1/ - 0.38 mm/s. N-8.9N 
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Time (») Tim* («) 

Paper A1 vs. A2 Paper A1 vs. A2 
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Paper A1 vs. A2 
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Figure 6.20.(b) Friction vs. time plots at different velocities for same paper-on-
paper combination: Ax vs. A 2 
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(a) Bifurcation diagram for the parameter V 

Blotting paper vs. cast iron with type F lubricant 

1 1 1 ] 1 1 1 P 

(b) Bifurcation diagram for the parameter a 

Blotting paper vs. cast iron with type F lubricant 
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b i f u r c a t i o n p a r a m e t e r : b e t a 

(c) Bifurcation diagram for the parameter (3 

Figure 8.2 Bifurcation diagrams for the type F combination 
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Blotting paper vs. cost iron with type F lubricant 
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(a) Phase-plane plot 

Blotting paper vs. cast iron with type F lubricant 

(b) Time series 

Blotting paper vs. cast iron with type F lubricant 
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(c) Frequency spectrum 

Figure 8.3 Subharmonic entrainment of order 2 with type F lubricant combination 
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Blotting paper vs. cost iron with type F lubricant I 
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(a) Phase-plane plot 

99 . 5 99 . 6 99.8 99 . 9 e 
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(b) Time series 

Blotting paper vs. cast iron with type F lubricant 

freq (Hz), 312-point FFT 

(c) Frequency spectrum 

Figure 8.4 Subharmonic entrainment of order 3 with type F lubricant combination 
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(a) Phase-plane plot 

1.5B0 
Blotting paper vs. cast iron with type F lubricant 
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(c) Frequency spectrum 

Figure 8.5 Subharmonic entrainment of order 4 with type F lubricant combination 
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Blotting paper vs. cast iron with semi-synthetic Dexron/Mercon ME lubricant 

n 1 1 — i 1 r r i — i — i — I — i — i — i — r 
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i l l ! . 
2 6 . 0 
bi furcatla 

6 0 . 0 
U ( 1 E - 3 ) 

Bifurcation diagram for the blotting paper combination with semi-synthetic 
Dexron/Mercon HE lubricant 

Blotting paper vs. cost iron with slideway lubricant 
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bifurcation paraH0t»r: u <lE-3> 

Bifurcation diagram for the blotting paper combination with slideway lubricant 

Friction plate vs. steel slider with semi-synthetic Dexron/Mercon HE lubricant 
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Bifurcation diagram for the friction plate combination with semi-synthetic 
Dexron/Mercon HE lubricant 

gure 8.8 Bifurcation diagrams for the parameter V for three combinations 
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(a) Bifurcation diagram for the blotting paper combination with semi-synthetic 
Dexron/Mercon HE lubricant 
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(b) Bifurcation diagram for the blotting paper combination with slideway lubricant 
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(c) Bifurcation diagram for the friction plate combination with semi-synthetic 
Dexron/Mercon HE lubricant 

Figure 8.9 Bifurcation diagrams for the parameter a for three combinations 
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Blotting paper vs. cast iron with slideway lubricant 
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(b) Time series 

Blotting paper vs. cast iron with slideway lubricant 
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(c) Frequency spectrum 

Figure 8.10 Subharmonic entrainment of order 2 with slideway lubricant combination 
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(a) Phase-plane plot 
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Figure 8.11 Subharmonic entrainment of order 3 with slideway lubricant combination 
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(a) Phase-plane plot 

Blotting paper vs. cast iron with slideway lubricant 
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Figure 8.12 Subharmonic entrainment of order 4 with slideway lubricant combination 
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(a) Phase-plane plot for a = 1.5 
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(b) Phase-plane plot for a = 2.5 
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(c) Phase-plane plot for a = 3.5 

Figure 8.13 Subharmonic entrainment with slideway lubricant combination 
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(a) Phase-plane plot for a = 1.33 
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Figure 8.14 Subharmonic entrainment with slideway lubricant combination 
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Friction plate with semi-synthetic Dexron/Mercon HE lubricant. 
V = 10.5 mm/s 
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- - • - 0.92 —B—1 A -1.08 - - X- - -1.62 —*—2 - - » - -2.16 - - + - -2.7 2.97 3 o 3.24 • • B • -3.76 —6—4 I 

(b) V = 31.4 mm/s 
Figure 8.18. Effect of load and frequency ratios on numerical vibration amplitude 

Friction plate combination with semi-synthetic Dexron/Mercon HE lubricant 



Blotting paper vs. cast iron with semi-synthetic Dexron/Mercon HE lubricant 
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Bifurcation diagram for the blotting paper combination with semi-synthetic 
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(b) Bifurcation diagram for the blotting paper combination with slideway lubricant 

Steel slider vs. friction plate with semi-synthetic Dexron/Mercon HE lubricant 
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(c) Bifurcation diagram for the friction plate combination with semi-synthetic 
Dexron/Mercon HE lubricant 

Figure 8.19 Bifurcation diagrams for the parameter p for three combinations 
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Blotting paper vs. cast Iron with type F ATF 
V = 0.52 mm/s 
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Figure 8.20. Effect of load and frequency ratios on experimental vibration amplitude 
Blotting paper combination with type F lubricant - V = 0.52 mm/s. 



Blotting paper vs. cast iron with type F lubricant 
V= 2.25 mm/s 
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Figure 8.21 .(a) Effect of load and frequency ratios on experimental vibration amplitude 
Blotting paper combination with type F lubricant - V = 2.25 mm/s. 
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Figure 8.21 .(b) Effect of load and frequency ratios on experimental vibration frequency 
Blotting paper combination with type F lubricant - V = 2.25 mm/s. 



Blotting paper vs. cast iron with type F lubricant 
V = 9.8 mm/s 
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Figure 8.22.(a) Effect of load and frequency ratios on experimental vibration amplitude 
Blotting paper combination with type F lubricant - V = 9.8 mm/s. 

Blotting paper vs. cast iron with type FATF 
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Figure 8.22.(b) Effect of load and frequency ratios on experimental vibration frequency 
Blotting paper combination with type F lubricant - V = 9.8 mm/s. 
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Blotting paper vs. cast iron with type F ATF 
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Figure 8.23. Vibration vs. time plots with dynamic loading 
Blotting paper vs. cast iron with type F lubricant. V = 0.52 mm/s 



Blotting paper vs. cast iron with type FATF 
V = 0.2 mm/s - Static normal load = 17.81 N 157 
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Figure 8.24. Vibration vs. time plots with dynamic loading 
Blotting paper vs. cast iron with type F lubricant. V = 0.2 mm/s 
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Blotting paper vs. cast iron with type F ATF 
V = 2.25 mm/s • Static Normal Load = 17.81 N 
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Figure 8.25. Vibration vs. time plots with dynamic loading 
Blotting paper vs. cast iron with type F lubricant. V = 2.25 mm/s 



Blotting paper vs. cast iron with type FATF 
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Friction plate with semi-synthetic Dexron/Mercon HE lubricant 
V= 10.5 mm/s 
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Figure 8.29.(a) Effect of load and frequency ratios on experimental vibration amplitude 
Friction plate combination with semi-synthetic Dexron/Mercon HE - V = 10.5 mm/s. 
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Figure 8.29.(b) Effect of load and frequency ratios on experimental vibration frequency 
Friction plate combination with semi-synthetic Dexron/Mercon HE - V = 10.5 mm/s. 
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Friction plate with semi-synthetic Dexron/Mercon HE lubricant 
V = 31.4 mm/s 
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Figure 8.30.(a) Effect of load and frequency ratios on experimental vibration amplitude 
Friction plate combination with semi-synthetic Dexron/Mercon HE - V = 31.4 mm/s. 
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Figure 8.30.(b) Effect of load and frequency ratios on experimental vibration frequency 
Friction plate combination with semi-synthetic Dexron/Mercon IIE - V = 31.4 mm/s. 



Friction plate vs. steel slider with semi-synthetic Dexron/Mercon HE 
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Figure 8.31 .(a) Vibration vs. time plots with dynamic loading. V = 10.5 mm/s 
Friction plate with semi-synthetic Dexron/Mercon HE lubricant. 



Friction plate vs. steel slider with semi-synthetic Dexron/Mercon HE 
V = 10.5 mm/s. Load ratio = 0.176. Frequency ratio = 2.7 
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Friction plate vs. steel slider with semi-synthetic Dexron/Mercon HE 
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Figure 8.31.(a)(cont.) Vibration vs. time plots with dynamic loading. V = 10.5 mm/s 
Friction plate with semi-synthetic Dexron/Mercon HE lubricant. 
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Figure 8.31 .(b) Vibration vs. time plots with dynamic loading. V = 31.4 mm/s 
Friction plate with semi-synthetic Dexron/Mercon HE lubricant. 
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Figure 8.31.(b)(cont.) Vibration vs. time plots with dynamic loading. V = 31.4 mm/s 
Friction plate with semi-synthetic Dexron/Mercon HE lubricant 


