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Abstract 

Many engineering problems involve large material deformation, large boundary 

motion and continuous changes in boundary conditions. The Arbitrary Lagrangian 

Eulerian (ALE) formulation has emerged in recent years as a technique that can alleviate 

many of the shortcomings of the traditional Lagrangian and Eulerian formulations in 

handling these types of problems. Using the A L E formulation the computational grid 

need not adhere to the material (Lagrangian) nor be fixed in space (Eulerian) but can be 

moved arbitrarily. Two distinct techniques are being used to implement the A L E 

formulation, namely the operator split approach and the fully coupled approach. A survey 

of the A L E literature shows that the majority of A L E implementations for quasi-static 

and dynamic analyses are based on the computationally convenient operator split 

technique. In addition, all previous dynamic A L E formulations are based on explicit time 

integration where no linearization is needed. 

This thesis presents a fully coupled implicit A L E formulation for the simulation of 

quasi-static and dynamic large deformation and metal forming problems. A L E virtual 

work equations are derived from the basic principles of continuum mechanics. A new 

method for the treatment of convective terms that sidesteps the computation of the spatial 

gradients of stresses is used in the derivation. The A L E virtual work equations are 

discretized using isoparametric finite elements. Full expression for the resulting A L E 

finite element matrices and vectors are given. A new relation that relates grid 

displacements with material displacements is introduced. 
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The A L E finite element equations are implemented into a 2-D computer code for 

plane stress, plane strain and axisymmetric problems. The transfinite mapping method is 

used as the mesh motion scheme for internal nodes. A new treatment for mesh motion on 

material boundaries is introduced and implemented. Implicit, explicit and mixed implicit-

explicit time integration schemes are implemented in the code. A line search technique is 

employed to accelerate the convergence of implicit calculations. 

Several quasi-static and dynamic large deformation applications are solved using the 

developed code. Experimental analysis of a simple V-bending process is conducted for 

comparison. Comparison of A L E predictions for deformed shapes, equivalent stress and 

plastic strain distributions and loading curves with analytical, numerical and experimental 

results are presented. A L E results are in good agreement with other methods of analysis. 

A L E is shown to prevent mesh distortion and eliminate the need for special contact 

treatments for problems with corner contact. 
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Chapter 1 

INTRODUCTION 

1.1 MOTIVATION 

The history of metal forming is based on a highly empirical, nearly artisan form of 

technology. Perhaps one of the most expensive and time-consuming stages of the metal 

forming design and manufacturing cycle is prototype development. Prior to 1980's, 

prototype development was mainly based on trial and error. This is in a large part due to 

the fact that metal forming problems were too complex to model using the available 

tools. 

The decade of the 1980's resulted in revolutionary technological advancements for 

metal forming industries. The vast increase in computational capabilities together with 

the recent advances in numerical techniques made it possible to simulate metal forming 

processes in the design stage. The use of the finite element method in the metal forming 

design process is practiced by a wide range of industries including aerospace, automotive, 

medical, defense and other diverse production companies. Metal forming simulation can 

predict possible forming defects, potential operating problems and provide optimum 

tooling design and running conditions leading to the reduction or elimination of the costly 

tool prototyping. As a by-product of the simulation, a better understanding of the 

mechanical properties of forming processes can be acquired. Prediction of forming loads, 

final workpiece geometry, potential workpiece cracking or damage, incomplete die 
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Chapter 1. INTRODUCTION 2 

filling, residual stresses, excessive work hardening, sheet metal wrinkle, tearing and 

spring-back, optimum tooling curvatures, tool wear, and blank dimensions are examples 

of the areas that can be addressed by process simulation. Though metal forming 

simulation has significantly improved in recent years, it is noted, however, that the 

accuracy and utility of metal forming simulation are still questionable. 

1.2 PROBLEM DESCRIPTION 

Metal forming processes are complex problems that generally involve large 

deformation, nonlinear material behavior, large boundary motion and interaction of the 

workpiece with the forming tools and dies. Finite element simulation of metal forming 

problems necessitates the use of a large strain formulation that can handle material and 

geometric nonlinearities. 

1.2.1 Traditional large strain formulations 

Foundations of large strain analysis of elastic-plastic solids can be traced back to the 

early work of Hill [1]. The first finite element formulation for large strain problems, 

known as the Total Lagrangian formulation, was introduced by Hibbitt et al. [2]. Later 

on, McMeeking and Rice [3] pioneered the use of the Updated Lagrangian formulation. 

The conceptual difference between the two formulations is the reference configuration 

that is used for the linearization of the incremental equations of motion. In the Total 

Lagrangian formulation the initial configuration is used as a reference, whereas in the 

Updated Lagrangian formulation, the reference configuration corresponds to the last 
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calculated configuration. Being referential in nature, both formulations should give the 

same results [4], provided that the two formulations are consistently driven. 

Finite element computer codes that are currently being used in metal forming 

simulation can be classified into two categories: general-purpose finite element codes [5-

10] and codes that are developed specifically for metal forming simulation [11-16]. Both 

types of codes mainly depend on the Lagrangian (referential) formulation to simulate the 

large deformation behavior that is inherent in metal forming problems. In the Lagrangian 

formulation, the finite element mesh, or reference configuration, is fixed to the material 

points of the deforming body and the grid moves with the same velocity as the material. 

In the case of large strain problems, this can lead to excessive distortion of the finite 

element mesh and presents a major drawback of the formulation. Distorted meshes 

reduce the accuracy of numerical integrations and may ultimately result in singular 

matrices and computation termination. Another drawback of the Lagrangian approach is 

the difficulty to model non-material-associated boundary conditions. Figure 1.1 shows a 

punch indentation problem that has been analyzed using a general-purpose finite element 

package, NISA [7], which is based on the Lagrangian formulation. Because of symmetry, 

only half of the geometry is being modeled. The punch movement has been described as 

a downward constant velocity applied at the nodes right below the punch. It is required to 

estimate the forming loads for a 60 % reduction in the height of the workpiece. The 

figure shows that as the material moves under the punch load, the finite element mesh, 

being attached to the material, also moves with the effect of increasing the punch 

diameter. It is also clear from the figure that starting at approximately 50 % reduction in 



Chapter 1. INTRODUCTION 4 

Punch 

Initial i itton 

Actual punch size 
Enlarged punch 

1 40 % reduction in height 

Excessive ' 
mesh distortion r 

55 % reduction in height 

Figure 1.1. Simulation of punch indentation using the Lagrangian approach (NIS A). 
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height, the finite element mesh was excessively distorted and the run was terminated at a 

55 % height reduction. A more detailed description of the problem is given in Chapter 6. 

Using general-purpose codes, the only remedy for the mesh distortion problem is to 

remesh the material domain with a new finite element mesh whenever needed [17]. The 

material properties for the new mesh are found from the corresponding old material 

points by interpolation between the old and new Gauss points, where certain 

approximations have to be introduced. Computations are then restarted from the last 

converged step. Remeshing, besides being very time consuming, sometimes requires user 

intervention. The simulation process may need frequent remeshing to reach the required 

deformation level. The analyst must either run the code interactively or have enough 

knowledge of the solution to write a detailed set of remeshing instructions ahead of time. 

Only a few general-purpose codes have automatic remeshing capabilities. On the other 

hand, metal forming codes are usually equipped by the auto-remesh capability [11]. 

Automatic remeshing, though still very time consuming, can be adjusted to take place 

either at a specified number of incremental load steps or when excessive mesh distortion 

occurs. However, the problem of incorrect modeling of non-material-associated boundary 

conditions will persist between remeshes in addition to the approximations of the 

assumed interpolation. 

Meanwhile, several attempts have been aiming at the adaptation of Eulerian (spatial) 

formulation, widely used in fluid flow simulations, to large strain and metal forming 

problems [19]. Some special metal forming codes use the Eulerian formulation for the 

simulation of steady state forming processes such as extrusion and drawing [20]. In the 
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Eulerian description, the finite element mesh is fixed in space. The obvious drawbacks of 

the Eulerian description are the difficulty to model changing material boundaries and the 

difficulty to model material-associated boundary conditions. This limits the applicability 

of the Eulerian description to the analysis of a small class of metal forming problems of 

the steady-state type. An extensive bibliography of the application of finite element 

techniques in metal forming simulation is given in [21]. 

1.2.2 The Arbitrary Lagrangian Eulerian (ALE) formulation 

The above discussion indicates the need for a formulation that is more suited for the 

simulation of large deformation problems with large boundary motions. The Arbitrary 

Lagrangian Eulerian (ALE) formulation has emerged in recent years as a technique that 

can alleviate many of the drawbacks of the traditional Lagrangian and Eulerian 

formulations [22, 23]. In the A L E formulation, the finite element mesh, or reference 

configuration, need not adhere to the material nor be fixed in space but can move 

arbitrarily. As the material deforms, the finite element mesh is continuously moved to 

meet any preset criterion (e.g. optimize elements shape) and the simulation should be 

completed without user intervention. Combining the merits of both the Lagrangian and 

Eulerian formulations, A L E can easily describe all types of boundary conditions and 

prevent mesh distortion. A proper A L E formulation should reduce to both the Lagrangian 

and Eulerian formulations as necessary. 

Different approaches have been adopted to develop the A L E formulation. Since the 

pure Lagrangian and the pure Eulerian viewpoints have complementary virtues, 
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researchers have tried to produce a formulation that can combine the best of both. The 

differences among the available A L E formulations depend on the intended application, 

assumptions made in deriving the A L E equations and details of implementation. These 

factors determine the limitations and accuracy of the resulting formulation. A survey of 

the main features of the various A L E formulations available in the literature is given in 

Chapter 2. 

A L E is usually termed a coupled formulation since material deformation and 

convective effects are coupled in the same equations. However, two distinct techniques 

are being used to implement the A L E equations. The first technique is referred to as an 

'operator split' or a 'fractional step' approach. Virtually all A L E analyses, with very few 

exceptions, are based on this strategy. In this approach, material deformation and 

convective effects are treated separately. Thus each time step may be divided into two 

steps: a regular Lagrangian step followed by an Eulerian step. In the Lagrangian step, the 

grid moves with the material, whereas in the Eulerian step, the Lagrangian solution is 

mapped to the reference grid and stresses are updated using convective effects. Time 

advances only during the Lagrangian step and there is no time associated with the 

Eulerian step. Thus it is not necessary to perform an Eulerian step in every time step. The 

alternative A L E approach, which has been used by fewer researchers, is known as the 

'fully coupled' or the 'unsplit' approach. In this approach, the governing A L E equations 

are implemented and solved without disruption. A solution algorithm that can handle 

convective effects simultaneously with material deformation must be used. 

The main advantage of the operator split over the fully coupled approach is the 



Chapter 1. INTRODUCTION 8 

reduction in the cost of implementation of A L E into current Lagrangian codes as the 

Lagrangian step is unchanged and only the Eulerian step algorithm needs to be added. 

Moreover, the decoupling of the Lagrangian and Eulerian steps results in simpler 

equations to be solved and simpler algorithms to be used. However, from the theoretical 

point of view, the fully coupled A L E approach represents a true kinematic description 

that employs a more rigorous scheme in considering equilibrium in each step relative to a 

moving reference configuration. Therefore, the operator split solution, which stems from 

computational convenience, is expected to be less accurate than the fully coupled 

solution. Although most of the A L E literature is based on the operator split methods, the 

author believes that as computers become faster, unsplit methods will probably dominate 

because of their theoretical accuracy advantage. 

As shall be inferred from the A L E literature review section, no attempt has been 

made to develop and implement a true fully coupled A L E formulation for general quasi-

static and dynamic solid mechanics analyses. In addition, most of the available A L E 

formulations for solid mechanics applications are based on a generalization of the 

Eulerian formulation in which velocities are used as the independent variables. This 

treatment is not consistent with the traditional Lagrangian formulation that is more suited 

for solid mechanics applications and in which displacements are more natural to use as 

independent variables. The author believes that this treatment is one of the reasons for the 

misconception that A L E is more suited for fluid mechanics applications and for the delay 

in the wide use of A L E in solid mechanics applications. 

In deriving the A L E equations, the relationship between the material time derivative, 
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grid time derivative and spatial derivatives of arbitrary quantities is substituted into the 

governing equations. This substitution gives rise to convective terms in the ALE 

equations which account for the transport of material through the grid. Convective terms 

are the terms that involve the spatial gradients of quantities such as stresses. Since the 

values of these quantities are available at the integration points, and not at the nodal 

points connecting the elements, these quantities are generally discontinuous across 

element edges and their gradients cannot be reliably computed on the element level. The 

problem of evaluating convective terms presents a difficult task in the ALE formulation 

and different numerical assumptions and treatments are being used. As a result, the 

treatment of convective terms is a key factor that distinguishes the different ALE 

formulations. Details of the derivation of the equations governing the ALE formulation 

are given in Chapter 3. 

Using the ALE formulation, the finite element mesh can be moved arbitrarily to 

maintain a homogeneous mesh and properly represent boundary conditions throughout 

the deformation process. A mesh motion scheme is necessary to continuously adapt the 

positions of internal nodes. On the boundaries, however, mesh motion must satisfy the 

boundary constraint that prevents the relative motion between the material points and 

mesh points in the direction normal to the boundary. This constraint ensures that the 

material and mesh configurations have the same boundary at all times. Implementation of 

the boundary constraint is not a straightforward task and some ALE developers have 

sidestepped its implementation completely by simply assuming Lagrangian boundaries 

and remeshing between load increments. 
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The main drawback of the ALE technique lies in the fact that the number of 

unknowns is increased, being both the material and mesh displacements. In addition, 

ALE matrices are generally unsymmetric and require an unsymmetric equation solver. 

Fully coupled ALE computations are expected to be more time consuming than the 

corresponding Lagrangian ones especially for practical metal forming problems with 

large number of elements and complex contact conditions. This indicates the necessity of 

incorporating an efficient solution algorithm when using ALE. As indicated in Chapter 2, 

in a quasi-static ALE formulation, solution of equations is limited to implicit techniques 

in which iterations and convergence checks must be employed. However, using a 

dynamic ALE formulation, computations may be performed using implicit, explicit or 

mixed implicit-explicit calculations and solution is always much faster and easier to 

achieve. 

1.3 SCOPE OF WORK 

The objective of this research is to develop and employ a true fully coupled ALE 

formulation in the simulation of large deformation metal forming problems. The 

formulation is aimed to be applicable to both quasi-static and high-speed metal forming 

processes. 

The scope of work may be summarized in the following: 

- Derivation of fully coupled ALE virtual work equations from the basic principles of 

continuum mechanics for both quasi-static and dynamic analyses. Using 

displacements as the independent variables, a consistent ALE formulation is sought 
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that can be easily related to standard Lagrangian formulations for solid mechanics 

applications. 

Introduction of a new method for the treatment of convective terms in the equilibrium 

equations that avoids the resort to unjustified assumptions in calculating spatial 

gradients of stresses. This treatment aims to maintain the consistency and generality 

of the developed formulation. 

Discretization of the A L E virtual work equations using isoparametric finite elements. 

A n effort is required to put the different virtual work terms in an easy-to-compute 

matrix form consistent with standard nonlinear finite element calculations. 

Enhancement of the mesh motion scheme especially for boundary nodes. Boundary 

nodes should be allowed to move in the tangential direction to material boundaries to 

maintain a uniform distribution while satisfying the A L E boundary constraint. 

Implementation of the A L E formulation into a 2 -D computer code for plane stress, 

plane strain and axisymmetric problems. The implementation is intended to be 

modular and convenient for future developments. 

Implementation of efficient time integration schemes that allow for implicit, explicit 

and mixed implicit-explicit calculations. Implementation of a line search technique to 

accelerate the convergence of implicit calculations. 

Implementation of a simple contact algorithm to allow the simulation of metal 

forming problems involving workpiece-tool interactions. 
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Application of the developed code in the simulation of several large deformation solid 

mechanics and metal forming problems. Comparison of results with experimental 

measurements or with other well established numerical techniques. 



Chapter 2 

BACKGROUND 

2.1 A L E LITERATURE REVIEW 

The concept of A L E was first proposed for fluid mechanics applications using the 

finite difference analysis [22, 23]. A L E was later introduced into the finite element 

analysis of fluid flow problems [24]. In this work, Hughes et al. elaborated on one of the 

basic concepts in A L E , which is the relationship between the material time derivative, the 

grid time derivative and the spatial gradients of any arbitrary quantity. This relationship is 

very important in deriving the governing A L E equations as indicated in Chapter 3. 

The A L E technique was also applied in fluid-structure interaction problems to model 

the fluid domain while the structure domain was handled using the usual Lagrangian 

description [25]. The reason for the delay in the application of A L E to solid mechanics 

problems has been primarily due to the complexities of updating history dependent 

properties at integration points for arbitrary moving meshes. 

Huetink [26] introduced the first A L E formulation for the analysis of solid mechanics 

applications. Huetink used the convenience of the operator split technique in his finite 

element simulations of quasi-static metal forming problems. He proposed a method for 

updating variables at integration points. He first calculated the variables at each nodal 

point by averaging the integration point values from all elements that share this point. A 

continuous field for each variable is obtained by interpolating nodal point values using 

13 
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element shape functions. The gradients may then be computed using the derivatives of 

shape functions. This method was later refined by applying local and global smoothing of 

these variables to avoid numerical instabilities [27]. This technique is highlighted in 

Chapter 3. 

Schreurs and co-workers [28] discussed a similar A L E procedure. In this work, only 

fundamental ideas of A L E were discussed and formulation details were not given. The 

same authors [29] presented algorithms for the control of mesh quality, an important 

aspect of any A L E formulation. In controlling mesh quality, attention is mainly focussed 

on optimizing the element shape, while the topology of the element mesh is not changed. 

This is the reason that this process is often called 'mesh motion' as opposed to 

'remeshing' which is commonly used in Lagrangian analyses and which usually involves 

optimization of element shape as well as element size. 

Haber [30] presented an uncommon form of the A L E formulation termed Eulerian 

Lagrangian Description (ELD). In this description, the total deformation in each 

increment is divided into separate Eulerian incremental displacements and Lagrangian 

incremental displacements. An Eulerian deformation gradient defines the mapping from 

the initial configuration to the reference configuration while a Lagrangian deformation 

gradient describes the mapping from the reference configuration to the current 

configuration. The total deformation gradient from the initial to the current configurations 

is then the product of the Eulerian and Lagrangian deformation gradients. The ELD was 

successfully extended to include dynamic effects [31] and applied to analyze dynamic 

crack propagation problems [32]. However, the introduction of two sets of displacements 
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in this A L E formulation makes it difficult to relate to other formulations and difficult to 

implement into existing Lagrangian codes. 

Liu, Belytschko and Chang [33] presented an A L E formulation for path-dependent 

materials using explicit time integration. A new method for the treatment of the 

convective term was proposed. Although they discussed A L E equations for implicit 

calculations, their implementation was explicit. Explicit calculations do not require the 

decompositions and linearization involved in implicit calculations. The method of finding 

a continuous stress field by interpolation developed by Huetink [26] results in implicit 

calculations that are not compatible with the explicit time integration used. By defining a 

stress-velocity product, the computation of stress gradients was circumvented. However, 

this method requires interpolation of the stress-velocity product using shape functions. 

Thus, mixed finite elements, as opposed to the more common displacement based finite 

elements, must be used. This method is briefly described in Chapter 3. 

Liu et al. [34, 35] derived a fully coupled implicit quasi-static A L E formulation in 

rate form. The independent variables in this work are velocities as opposed to 

displacements. The stress-velocity product technique, previously developed by the same 

research group [33], was used to handle the convective effects. The resulting A L E 

equations are difficult to relate to the incremental form of the displacement based 

Lagrangian formulation commonly used in solid mechanics simulations. 

Benson [36] proposed a Simple A L E (SALE) formulation with the aim of reducing 

the cost of analysis and implementation into current Lagrangian codes. The SALE 

formulation is an A L E formulation that is limited to a single material in each element as 
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well as using Lagrangian boundaries. He used the operator split technique with the 

central difference explicit time integration scheme. 

Huerta & Casadei [37] presented several A L E dynamic applications using explicit 

time integration. Since their calculations are explicit, they employed the same stress-

velocity product technique developed by Liu et al. [33] to update stresses. They showed 

that A L E is a strong competitor to the classical Lagrangian formulation for fast-transient 

dynamic applications such as impact and coining. 

Extended from fluid mechanics, an implicit A L E formulation for solid mechanics 

problems was given by Ghosh and Kikuchi [38]. They indicated that the majority of A L E 

formulations available in the literature were based on explicit time integration. Explicit 

methods suffer from the lack of generality of application due to the stringent stability 

conditions, which usually necessitate the use of very small time steps. Consequently, an 

implicit A L E formulation was sought. In this work, however, it was assumed that the 

motion of the material points is quasi-static with respect to grid points, i.e. the time rate 

of change of the material velocity for a fixed grid point may be neglected. This simplified 

the derivation of the A L E equilibrium equations by neglecting terms that partially 

contribute to the material point acceleration. This assumption is quite common in steady-

state analyses based on the Eulerian formulation in which all partial derivatives with 

respect to time are neglected. However, in A L E , the grid is not fixed and its motion is 

arbitrary. A solution for the A L E equations based on steady-state assumptions is 

physically meaningless if the grid velocity is to be arbitrarily modified. For quasi-static 

problems, it is the total material point acceleration that may be neglected. This 
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formulation is, therefore, incorrect and may not be warranted for quasi-static nor transient 

applications. 

An A L E formulation for quasi-static applications was developed by Wang [39]. Fully 

coupled A L E equations were derived in a fashion similar to that of Liu et al. [35]. 

Starting with the usual virtual work, integrations over spatial coordinates were first 

transformed into integrations over referential coordinates. Then by taking the rate of 

change of the virtual work expression with the reference coordinates held constant and 

transforming it back to the spatial coordinates, the rate form of the A L E expression of 

virtual work, i.e. virtual power, was obtained. Many of the basic procedures related to 

A L E , such as the mesh motion scheme and the need for unsymmetric solvers, were 

addressed in this work. An in-house finite element code was developed based on this 

formulation. Several quasi-static metal forming problems were successfully simulated 

showing the effectiveness of A L E . However, the following comments could be made on 

this work: 

Although fully coupled A L E equations were derived, the implementation was not a 

strictly fully coupled one. In this work, stress calculation followed a Lagrangian 

procedure and the extra convective terms related to A L E were not handled within the 

iterations of each load increment. A separate stress updating routine was used to 

update material associated properties, such as stresses, strains, and current yield 

surface after iterations converge and before the start of a new load increment. The 

reason for this undertaking was mainly to avoid convergence problems. Since fully 
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coupled stiffness equations were solved, this formulation is a mix between the fully 

coupled and the operator split techniques. 

The treatment of convective terms in the fully coupled equations was based on the 

assumption of a continuous stress field by shape function interpolation developed by 

Huetink [26]. The same assumption was used to update stresses in the separate stress 

updating routine. 

Similar to the A L E formulations developed for fluid mechanics applications, the A L E 

equilibrium equations used in this work were derived from the principle of virtual 

power in which velocities are used as independent variables. This fact, together with 

assumptions used in the treatment of convective terms, resulted in A L E equations that 

can not be easily correlated with the standard Lagrangian formulation. 

The equations developed in this work were limited to quasi-static applications. The 

absence of inertia effects precludes the simulation of fast transient metal forming 

processes. In addition, quasi-static formulations necessitate the use of an implicit 

solver in which convergence problems are always expected. 

- The A L E boundary constraint was not implemented in this work. Within each load 

increment, boundary nodes were assumed to be pure Lagrangian. Although this 

treatment is theoretically correct, it does not ensure that boundary nodes are 

uniformly spaced on the boundaries at the end of each load increment. To overcome 

this problem, a remeshing routine was used to remesh material boundaries with new 

nodes between increments. Material properties for the new nodes were obtained from 

the old ones by interpolation. The remeshing of material boundaries between 
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increments is another reason for not considering this work a true fully coupled A L E 

implementation. 

The finite element code developed in this work had limited capabilities. Only two-

dimensional 4-node plane strain isoparametric elements were incorporated. No 

contact analysis capabilities were implemented. 

2.2 DYNAMIC EFFECTS 

Dynamic effects play an important role in metal forming simulation. Including 

dynamic effects extends simulation capabilities to include fast transient metal forming 

processes. In addition, dynamic effects enhance the characteristics of the nonlinear finite 

element solution. 

2.2.1 Fast transient metal forming 

The need for a higher production rate is a worldwide trend that gave rise to increased 

metal forming speeds [40-43]. Steinmann et al. [44] indicated that in sheet metal forming 

processes, high-speed deformations are very likely to occur. The interest is therefore to 

simulate the short-term transient response to these loading conditions and thus a solution 

strategy that can efficiently trace dynamic deformation behavior is required. 

Baillet et al. [15] developed a finite element program, based on the dynamic explicit 

method, for the simulation of the ironing process. It is shown that the higher the punch 

speed, the more the sheet lifts away from the die, thus changing the contact conditions 

and strain distribution. Similarly, in a study of the static and dynamic forming of circular 
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plates [45], it is shown that, while in static deformation the contact between the ram and 

the plate is maintained throughout the deformation history, in the dynamic case the 

contact between the plate and the ram changes. Fontane and Gelin [46] simulated several 

high speed metal forming processes, namely rolling, upsetting and wire drawing. In the 

rolling process simulation, the roll pressure was found to increase with the increase in 

rolling speed. In the wire drawing process, the optimal die angle and drawing stress 

increased with the increase in drawing speed. In the upsetting test, it is seen that the shape 

of the deformed mesh strongly depends on the upsetting speed. They concluded that the 

inclusion of dynamic effects in such calculations leads to modifications in the plastic 

flow and load distribution during forming processes and thus it is of the utmost 

importance. Kapinsiki studied the influence of punch velocity on the material 

deformation during deep drawing [47]. He noticed that punch velocity significantly 

influences the stress and strain distributions and that the quasi-static assumption causes 

large discrepancies between theoretical and experimental results. He concluded that it is 

necessary to take inertial effects into account to be in agreement with experimental 

observations. 

The above examples indicate that it is sometimes necessary to retain inertial terms in 

developing an A L E formulation for general metal forming simulation. 

2.2.2 Solution of nonlinear equilibrium equations in finite elements 

A common solution approach for the nonlinear finite element equilibrium equations is 

the step-by-step incremental procedure in which it is assumed that solution for all 
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equilibrium positions for all time steps from time 0 to time t have been obtained, and the 

solution for the next equilibrium position at time t + At is required. This process is 

applied repetitively until the complete solution path has been solved for. An implicit 

solution scheme is adopted if the solution for equilibrium at time t + At is based on using 

equilibrium conditions at time t + At, whereas an explicit scheme is used if equilibrium 

at time t + At is based on using equilibrium conditions at time t. In quasi-static analyses, 

solution of equilibrium equations is always based on the implicit scheme. On the other 

hand, it is possible to employ an implicit, an explicit or a mixed implicit-explicit solution 

scheme for dynamic problems. 

Using an implicit solution scheme, it is necessary to employ iterations and check 

convergence for every time step. Bathe [48] indicated that in nonlinear static analysis, 

iteration might not converge under certain loading conditions, whereas convergence is 

always achieved in dynamic analysis provided that the time step is sufficiently small. In 

addition, for a dynamic analysis the inertia of the system renders its dynamic response 

more smooth than its static one, and convergence is in general more rapid. The same 

observation was confirmed by Choudhry and Lee [41]. They indicated that in metal 

forming processes, like sheet-metal bending and frictionless deep-drawing, large rigid-

body motions might be involved, leading to convergence problems. Contributions from 

the dynamic terms help to stabilize the computations. As an example for a sheet-metal 

bending process with large rotations and relatively small strains, a flat sheet of 1 mm 

thickness is deformed with a cylindrical punch into a channel. The sheet deformation is 

primarily due to bending in the regions of contact with punch and die. The maximum 
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punch displacement attained in modelling the bending process quasi-statically was 35 

mm. However, a displacement of 53 mm was attainable when the dynamic effects were 

considered. They concluded that it was important to retain dynamic effects in the 

simulation of this problem. This problem is discussed in more details in Chapter 6. 

The solution of dynamic equations of motion using explicit time integration simply 

corresponds to a forward marching in time without iterations. Explicit integration 

schemes do not require a factorization of the global stiffness matrix. Moreover, if the 

global mass matrix is diagonal, no matrix factorization is required at all. In this case it is 

not necessary to assemble the global mass and stiffness matrices and the solution may be 

carried out on the element level and a little high-speed storage is achieved. The main 

shortcoming of this scheme is that it is conditionally stable. The time step At has to be 

smaller than a critical value Atcr. For typical sheet metal forming operations, a time step 

in the order of one millisecond is normally sufficient [10, 49]. This may impose a 

stringent limitation on the efficiency of this method for the simulation of slow metal 

forming processes which occur in several seconds. 

Comparative investigations into implicit, explicit, and iterative implicit-explicit 

schemes for the simulation of sheet metal forming processes have been the topic for 

extensive recent research [49-55]. It is shown that the difficulties associated with the 

convergence of the implicit methods have led to a renewed interest in the use of dynamic 

explicit methods, even when the forming problem is essentially quasi-static [54]. These 

difficulties are more pronounced in the case of complex problems with large number of 

elements, large rigid body motions and variable contact conditions. 
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Although the implicit approach employs a more reliable and rigorous scheme in 

considering equilibrium at each step, convergence problems may be expected. If the 

explicit approach is used for all time steps, computation time for slow metal forming 

processes with fine meshes will become excessive. Thus, it might be more efficient to 

shift between the two techniques during the deformation process. Therefore, implicit, 

explicit and mixed implicit-explicit solution techniques will be implemented in the 

current work. 

2.3 SUMMARY 

Survey of the literature on A L E leads to the following conclusions: 

Almost all of the previous A L E analyses are based on the easy-to-implement operator 

split technique as opposed to the theoretically more accurate fully coupled approach. 

Most of the previous A L E formulations where developed in a rate form similar to the 

Eulerian formulation, with velocities as independent variables, and can not be easily 

related to the Lagrangian formulation normally used for solid mechanics applications. 

- All dynamic A L E formulations available in the literature are based on the explicit 

solution scheme, which suffer from the lack of generality of application due to the 

stringent stability conditions and which usually necessitate the use of very small time 

steps. 

- No attempt has been made to develop a fully coupled A L E formulation for both 

quasi-static and dynamic solid mechanics applications based on the more reliable 

implicit solution scheme and consistent with the standard Lagrangian formulation. 
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The two common treatments of convective terms, namely the assumption of a 

continuous stress field and the use of the stress-velocity product, introduce some sort 

of approximations and limitations. 



Chapter 3 

DERIVATION OF ALE GOVERNING EQUATIONS 

3.1 PRELIMINARIES 

An implicit time-stepping approach will be used in deriving the governing A L E 

virtual work equilibrium equations from the basic principles of continuum mechanics [56, 

57]. In this approach, we assume that the solutions for all time steps from time 0 to time 

t have been solved, and that the solution for time t + At is required next. This process is 

applied repetitively until the complete solution path has been solved for. Linearized 

virtual work equations for quasi-static and dynamic applications are derived. A new 

method for handling convective terms in the equilibrium equations is presented [58]. 

3.1.1 Notations 

Throughout the derivation, standard indicial notations are adopted; right subscripts 

denote the components of a tensor and repeated subscripts imply summation. In addition, 

time and configuration notations similar to those used by Bathe [4] are adopted. Left 

superscripts indicate the configuration in which the quantity occurs whereas left 

subscripts indicate the configuration to which the quantity is referred. Left subscripts may 

be omitted be if the quantity occurs in the same configuration in which it is measured. A 

quantity with no left superscripts or subscripts indicates an incremental quantity from 

time t to t + At. 

25 
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3.1.2 Kinematics 

In the A L E description, the material configuration at any time t refers to the set of 

material particles, whereas the reference configuration consists of a set of arbitrarily 

moving grid points sharing a common boundary with the set of material particles. The 

material configuration is identified by a set of material point coordinates Xf while the 

reference, or grid, configuration is identified by an independent set of grid point 

coordinates Xf. Let !xf{XJ,t) and lxf(X8,t) be the vector functions or the mappings 

that characterize the motion of the material point XJ and the grid point X8 in space, 

respectively. The position of XJ at time t is given by 

<Xi='xJ(XJ,t) (3.1) 

The set of material particles is related to the set of grid points by requiring that the 

two configurations share the same space at all times. Any point within the common 

boundary is occupied by elements of the two sets. Thus, the position of the grid point X8 

that occupies the same point in space at time t as XJ is also given by 'xt as 

V W J . O (3-2) 

The A L E formulation requires that the inverse of (3.1) and (3.2) exist to ensure a one-

to-one mapping between the two configurations. The material velocity 'v(. and the grid 

point velocity 'vf at time t are given by 

dx" 
'v.. 

a 
(3.3) 
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a v° (3.4) 

The boundary constraint, which ensures that the material and grid configurations have 

the same boundary at all times, can be expressed as 

('v.-'vf)'n,. =0 
on the boundary 

where 1 ni is the unit normal to the boundary surface. 

(3.5) 

The governing A L E equations involve the material time derivative of several 

quantities. The material derivative of an arbitrary function ' / is denoted by a superposed 

dot and is defined to be the rate of change of the function holding the material particle 

XT fixed 

df 
a 

(3.6) 

However, the grid configuration is the computational configuration that tracks the history 

of all quantities. Thus, it is convenient to define a grid time derivative, which is the time 

derivative of the function ' / holding the grid point Xf fixed, and denote it by a 

superposed prime 

a 
(3.7) 

The relation between the two time derivatives is given by [24] 

7 = ' / ' - K V ' v , ' ) ^ f 
ox, 

(3.8) 
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The A L E formulation will be discretized using the isoparametric displacement based 

finite element method. We denote the incremental material displacements from time t to 

time t + At by w(. and the corresponding incremental grid displacements by uf. We have 

the following relation 

' + A ' + u f (3.9) 

where '+A'x,. is the position of the grid point in the configuration at time t + At. 

3.1.3 Continuity 

The local form of conservation of mass, continuity, at time t is given by 

d'v 

'P=-'P^T- (3-10) 

o xt 

where 'p is the material density. Using (3.8), the continuity equation with respect to an 

arbitrary moving grid point can be expressed as 

y= - v > ^ - ( V ' v f ) | ^ c3-11) 
OX: OX; 

3.2 QUASI-STATIC ANALYSIS 

For quasi-static analysis, such as in the case of low-speed metal forming processes, 

inertia effects may be neglected. Employing an implicit incremental approach, the 

governing equilibrium equations for A L E are established for the configuration at time 

t + At. Since the configuration of the body at time t + At is yet unknown, an approximate 
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solution can be obtained by referring all variables to the grid configuration at time t and 

linearizing the resulting equations. The solution is then refined by iterations. 

3.2.1 Principle of virtual displacements 

Since the earliest A L E formulations were developed for fluid mechanics applications, 

the principle of virtual power, with velocities as independent variables, found wide 

appeal. A L E researchers [39, 59-63] continued to use the principle of virtual power for 

solid mechanics applications in which displacements are more natural to use. In this 

work, a procedure analogous to that used by Bathe [4] in obtaining the virtual work 

equations for the Updated Lagrangian formulation is chosen. Thus the principle of virtual 

displacements is employed to express the equilibrium of the body at time t + At. It can be 

written in the form 

J* '+A,^ijSl+/js,j '+A'dV =Sl+A'Wexl (3.12) 
,+A,v 

where '+A'o";>- are the components of the Cauchy stress tensor at time t + At and t+Aley is 

the conjugate strain tensor defined by 

, =i(iL+A.) (3 13) 

The external virtual work, S'+A'Wext, is given by 

S ' + * f V e c t = j'^'p^Sui

l+AtdV+ j'^ffSu^dS (3.14) 
t+Al y t+Al g 

in which t+Al ff and '^'ff are the components of the body force per unit mass and the 
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surface traction at time t + At, respectively. 

3.2.2 Incremental decompositions 

In referring variables to the grid configuration, variables at time t + At are assumed to 

be composed of their respective values at time t plus an increment given by the grid time 

derivative of the variable multiplied by the time increment Ar. This is in contrast to the 

Updated Lagrangian formulation where the incremental quantities are given by the 

material time derivative of the variable multiplied by the time increment At. 

Material density at time t + At can be decomposed into 

,+A'p='p+'p'At (3.15) 

which, upon substituting with (3.11), gives 

t+M tn t„f\_ /-„ ,.g\ d'p P=p-pj^-(uk-ui)^- (3.16) 
dxk dxk 

Stress components at time t + At can be expressed in terms of the stresses at time t 

for the same grid point plus a stress increment o .̂Ar 

^ a ^ ^ + ' ^ A t (3.17) 

and using (3.8), we get 

' + A V , = ' a , + ' c T , A f - K - u f t - £ - (3.18) 

The material rate of Cauchy stresses '& y is calculated from the material constitutive 

relation which is usually given in terms of an objective stress rate tensor such as the 
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Truesdell stress rate tensor defined by 

< a r = l & J ^ , J ± , ( 3 A 9 ) 

9 ,J d'xk

 ,J d\ 'k dxk

 ] k y } 

The material constitutive relation in terms of the Truesdell stress rate is given by 

'<='<VA, (3-20) 

where 'Dy is the rate of deformation tensor given by 

1 d'v. d'v, 
D»=-(£r-+—rL) (3-21) v 2 d'xj d% 

and 'Cijkl is the fourth order material constitutive tensor. It should be noted that the above 

stress and strain measures were chosen to allow the A L E formulation to be effective in 

large strain situations. 

The variation in the strain components at time t + At can be decomposed as 

=Sfi„ + £ , 4 A ' (3-22) 

in which 8 p'y is the grid time derivative of 8 pi} given by [Appendix A] 

* 4 = - I ( f t f i + f ! ^ ) ( 3 , 3 ) 
2 dxk aXj dxk dx{ 

Substitution in (3.22) gives 

8 e =8e (3 24) 
< W „ *Pv 2

{d'xk d'Xj d'xk d'x/ K } 

Incremental decomposition of elemental volume at time t + At in terms of the 

elemental volume at time t is given by [64] 
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t+A'dV='dV+'dV'At = (\ + ̂ -)'dV (3.25) 

Similarly, incremental decomposition of elemental surface area is given by [64] 

'dS='dS+'dS'At = [l + ̂ --(^f- + -^-)'n JnJdS (3.26) 
d'xk 2yc7'x„ &xj 

where '«„, is the unit outward normal to the surface at time t. 

3.2.3 Linearization 

Linearization is accomplished by expanding (3.12) using the previous incremental 

decompositions and neglecting higher orders in all incremental quantities. Substituting by 

(3.18), (3.24) and (3.25), the internal virtual work can be linearized as 

l + My ly ly 'y ^Xk 

' \ ^ ' - / p d V - \ { u k - u t ^ ^ d V (3.27) 
•vdxi dxk -v d x k 

Considering the external virtual work on the RHS of (3.12), the body force term can 

be referred to the grid configuration by using (3.16) and (3.25) to get 

,+toy ly ly ^Xj . 3 

-l^fl"(ul-u'l)^-Sul

,dV (3.28) 
<V Xk 

Similarly, using (3.26), the traction force term of the external virtual work is expressed as 

{'^ffSur'dS = \'+&'f?[l + ̂ - U ^ + ̂ )!nJnJSu<dS (3.29) 
• S

 d X k 2 S x „ d X m 



Chapter 3. DERIVATION OF ALE GOVERNING EQUATIONS 

3.2A Treatment of convective terms 

Convective terms, such as the last integral on the RHS of (3.27), involve the 

computation of the spatial derivatives of stresses. Since the stress values are computed at 

the integration points, and not at the nodal points, the stress field is generally 

discontinuous across element edges. Thus, stress gradients may not be reliably computed 

on the element level when evaluating element matrices. A method of finding a continuous 

stress field by interpolation was developed by Huetink [26] and used in the Eulerian step 

of the operator split technique. Some researchers used the same method to handle 

convective terms in the coupled equilibrium equations [39]. In this method, integration 

point stresses are first extrapolated by a least square approximation to get the nodal 

stresses. Nodal stresses computed from each element are then averaged. A continuous 

stress field is then assumed in the form 

'^=ZV^« ( 3 - 3 0 ) 
a=\ 

where ha is the element shape function evaluated at node a, aija are the nodal stress 

components at node a and N is the number of element nodal points. Finally, the spatial 

derivatives of stresses can be computed on the element level as 

a xk a = i a xk 

This method is very popular in the A L E literature despite the least square approximation 

and assumption of a continuous stress field. Another method for treating convective 

terms was proposed by Liu et al. [33]. A stress-velocity product is defined in the form 
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% K V ' v / ) ' ^ (3.32) 

Differentiating (3.32) with respect to space gives the convective term as 

( V X ) ^ = ̂ - ( ^ - ^ ) V „ (3.33) 
a xk d xk d xk d xk 

Equation (3.33) circumvents the computation of the stress gradients by computing the 

gradients of the stress-velocity product instead. However, this method also requires 

interpolation of the stress-velocity product using shape functions in a fashion similar to 

(3.30) and thus mixed finite elements, rather than the more common displacement based 

finite elements, must be used. 

In this work, a new method for the treatment of the convective term that sidesteps the 

computation of the spatial gradients of stresses is used. Based on fundamental A L E 

relations, the new method offers an accurate treatment of convective terms while 

maintaining the convenience of using displacement based finite elements. This method 

involves a transformation from volume integrals to surface integrals as offered by the 

divergence theorem. Use is also made of the boundary constraint in (3.5). The last 

integral on the RHS of (3.27) can be rewritten as 

•v vxk ,v oxk ,v oxk 

- k j t - l t y ' ' < s » ' i v ( 3 3 4 ) 

,v vxk v xk 

No new assumptions are introduced in the calculation of the second and third integrals on 

the RHS of (3.34) since the spatial derivatives of displacements and strains can be 

computed on the element level from shape functions derivatives. Applying the divergence 
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theorem to the first integral on the RHS of (3.34) and using (3.5), we get 

f ^ - f ' ^ ^ ' d V = J(«4 -uD'a^WdS = 0 (3.35) 
'V °xk 's 

Substituting in (3.27), the internal virtual work becomes 

i'^S^MdV=j'avS^dV+ [<J,At5^dV + fas^p-'dV 
iy 'y 'y

 C'Xk 

-\%'^jt'dV + ^ - < ) ' ^ ' M < 3 3 6 ) 

'V j k 'v °Xk 

The same method can be applied to the convective body force term to avoid the 

computation of the spatial derivatives of density. The last integral on the RHS of (3.28) 

can be treated in the same manner as in (3.34) and (3.35), to give 
~\t+AtrB 

\'+A,p,+A'fi

BSui'+AtdV = \tp,+%B8ui'dV+ j'p?-Jj-(Uk-u*)Su.'dV 
l+My ly 'y " Xk 

+ j 'A'(« i -«; ) j i ^ <3-37) 

3.2.5 Fully coupled A L E equilibrium equation 

Substituting (3.36), (3.37) and (3.29) into (3.12), the principle of virtual 

displacements at time t + At referred to time t can be written as 

[crvAt8^dV+ faS^'dV 
•y 'y

 OXk 

=Sl+MWex'- [a.Se'dV (3-38) 
'V 

where 
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p<t+&trB refill 
8"*W* = J >pr%B +^^(uk-u?)]8ui'dV+ f >p'+%B(uk-<y^dV 

>v dxk K dxk 

+ ['^f^ + ̂ - h ^ + ̂ ynJnJSu/dS (3.39) 
,J

S d'xk 2 dxn d'xm "' 

The constitutive relations in (3.19) to (3.21) can now be introduced into the first 

integral in (3.38) to give 

i'Cukltekl8^dV+\'au8tri0'dV 
'V 'V 

I k " " dxk );d'Xj d'x/ ,Jd'xk 

=8,+AtWext-j'aiJ8fiJ

tdV (3.40) 
'V 

where 

l l , J 2d%d'xj

 y ' 

Equation (3.40) is linear in the incremental displacements ul and uf. The first two 

integrals on the LHS of (3.40) correspond to the Lagrangian material and geometric 

stiffness matrices and are exactly the same as those obtained using an Updated 

Lagrangian formulation. The last two integrals on the LHS establish the convective 

stiffness matrices due to A L E . The last term on the RHS of (3.40) corresponds to the 

Lagrangian internal force vector. 

Equation (3.40) represents the fully coupled A L E equilibrium equation. This equation 

can reduce to the Updated Lagrangian formulation if we choose to attach the grid to the 

material, i.e. uf =un and to the Eulerian formulation if we choose to fix the grid in 

space, i.e. uf = 0, as limiting cases. The A L E equilibrium equation derived in this work 
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shows that A L E can be considered as a logical extension to the Lagrangian formulation 

and the modifications to the equilibrium equation of current Updated Lagrangian codes 

are clearly identified. 

3.3 DYNAMIC ANALYSIS 

In dynamic analyses, inertia effects are included in the balance of momentum at time 

t + At. Inertia forces involve the material time derivative of material velocities, i.e. 

material accelerations ,+A'vj. In the A L E formulation, we follow the grid point in its 

motion as our reference configuration. Therefore, the referential material acceleration, 

which is the grid time derivative of the material velocity l+A'v., should be used. For 

clarity, we will denote the referential material acceleration l+Atv' by '+ A'a,.. 

3.3.1 Virtual work done by inertia forces 

Using the relation between the two time derivatives in (3.8), the virtual work done by 

inertia forces can be expanded as 

J" / + A y + A ( v > , ,+A,dv = j t+At p,+\su, t+A,dv 

+ j ^ ' P C A ' v - ^ ) ^ ^ S u i

t + A l d V (3.42) 
r+My O Xj 

Equation (3.42) is considered as an extra virtual work term due to inertia effects to be 

added to the LHS, or subtracted from the RHS, of the A L E virtual work equation, (3.40). 
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The first term on the RHS of (3.42) can be referred to as the referential inertia term 

whereas the second term is referred to as the convective inertia term. 

3.3.2 Decomposition of velocities and accelerations 

The velocities and accelerations at time t + At can be related to their respective 

values at time t using the relations 

'+A'a,='a.+a,. (3.43) 

'+A'v,.='v,.+v,. (3.44) 

,+t,vf='vf+vf (3.45) 

The incremental quantities ai, v(. and v f depend on the implicit time integration scheme 

to be employed. To maintain a linear increment, higher orders in ai, v(., v? and A? will 

be neglected. 

3.3.3 Linearization of the referential inertia term 

Incremental decomposition of the variables in the referential inertia term, in a manner 

similar to quasi-static analysis, and linearization of the result gives 

j '^'p'^'a.Su/^dV = j" 'pl+\ou/dV - J 'pi^-^-Y^'a^At'dV 

- { ^ ( ^ - ' v ^ ' a ^ A t ' d V (3-46) 
•rdxk 

The last integral on the RHS of (3.46) can be rewritten as 
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•VSX ,| d'xk 

•v d x k d*k 

- \ ' p ( v k - ' v l ) ^ ^ A t ' d V (3.47) 

•v d x k 

Applying the divergence theorem to the first integral above and using the boundary 

constraint in (3.5), we get 

jS['p(\ 'vp'^'^te'dv = j"'p('Vk-'v*y+"a lSu lnkAt'dV = 0 (3.48) 
<V xk ,s 

Substituting in (3.46), we get 

J '^'p'^Su'^'dV = J 'p'^Su/dV + | 'p(\-'vf)di'+A'?idUi) At'dV (3.49) 
i+toy >y 'y " Xk 

Using (3.43), the referential inertia term can be written as 

| '+V+A'a,<V+A'^ = J 'p'aM'dV + J 'pa^'dV 
l + Cly ly ly 

+ \'p(\-tv!)^^-At'dV (3.50) 
,y d'XV 

3.3.4 Linearization of the convective inertia term 

The convective inertia term can be expanded into 
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f , + A l p C A t v v - L S u . , + A , d v 
J ^ v J J r)'+AlY 

y V 

= l'pCA'v-'+A>vj)^Su<dV 
•v d x J 

{ ^d'xk &xk

 } ) ffxj 1 

,yOXk OXj 

- j'p^+"vj-,+"v>)^Su£t'dr (3.51) 
•y v xj v Xk 

As before the third integral above, which involves the spatial gradients of density, can be 

treated using the divergence theorem and the boundary constraint, to get 

j '+A,pc\-,+A,v*)^dur'dv 
l + Af y O X j 

= 'pC^-^D—^ou/dv 
dXj 

fy dX, d\ d'Xj 

ly O X^ u Xj 

Cst g 

- j ' p ^ r ' v - ' ^ ^ S u A t ' d V (3.52) 
iy & Xj 0 Xk 

Using (3.44) and (3.45), the convective inertia term can be written as 
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3.3.5 Fully coupled ALE equation of motion 

Combining (3.40), (3.50) and (3.53), the A L E equation of motion can be written as 

+ J 'pafr'dV + J 'CmteklS^dV + J 'a.5^dV 
'V 'V 'V 

+ J , pi 'v J - '^)p -&i , , dV+ j'pivj -vDp-Su/dV 
'V ,y OXj 

+ huk-ut)>o-IJ^pL<dV+ U^-^yof-^'dV 

=S'+AlWexl - J 'cjySfr/dV - j" 'p'ofa'dV 
•v 'V 

- J V ( \ - ^ ) ^ ^ A ^ F - J V ( V , - V J ) | ^ ^ , . V F 
<y O Xk <y VXj 

r, , , d'v, d'v" d'v. 
~ f ' p ^ - ' v t ^ - l - ^ ^ d u ^ t ' d V 

K dxk dxk dxj 

- [ pCv.-'vftv-'v^^ip-du^t'dV (3.54) 
•y O Xk O Xj 



Chapter 3. DERIVATION OF ALE GOVERNING EQUATIONS 

Equation (3.54) is a linear equation in the incremental displacements «. and uf, 

incremental velocities v,. and vf, and incremental accelerations at and it represents the 

fully coupled A L E equation of motion. The first three terms on both the LHS and RHS of 

(3.54) are exactly the same as in the Updated Lagrangian formulation. The first term on 

the LHS corresponds to the Lagrangian mass matrix. The second, third, sixth and seventh 

terms on the LHS and the first and second on the RHS were defined for quasi-static 

analysis. The fourth and fifth terms give rise to convective velocity stiffness matrices due 

to A L E . The third term on the RHS of (3.54) corresponds to the Lagrangian inertia force 

vector whereas the last four terms on the RHS are convective inertia force vectors due to 

A L E . 

The fully coupled A L E equation of motion derived in this work is consistent with the 

standard Lagrangian formulation. No assumptions or approximations, other than those for 

the purposes of linearization, have been made in the derivation. Incremental velocities 

and accelerations are retained in the equations for later time integration. 



Chapter 4 

FINITE E L E M E N T DISCRETIZATION 

4.1 ISOPARAMETRIC FINITE E L E M E N T S 

In this chapter, the virtual work equations for both quasi-static analysis and dynamic 

analysis will be discretized using two-dimensional isoparametric finite elements. Details 

of computer implementation of the finite element matrix equations are also discussed 

[65]. 

In the isoparametric finite element discretization, element coordinates 'xj and 

incremental displacements w,. and uf are interpolated using 

'*,=2>*% (4-1) 
k=i 

N 
",=Z^A (4-2) 

k=\ 

uf=fjhkufk (4.3) 
k=\ 

where 'xik, ujk and ufk are the nodal coordinates and incremental material and grid 

displacements of degree of freedom / of nodal point k at time t, hk is the element shape 

function corresponding to nodal point k, and N is the number of element nodal points. In 

two-dimensions, equation (4.1) can be expanded as 

43 
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In matrix form 

or 

y 

K o 
0 h,. 

x=H'x 

where ' x is the element coordinate vector given by 

(4.4) 

(4.5) 

(4.6) 

x = 
y 

H is the element interpolation matrix in the form 

H = 
0 K 

2 x 2 N 

and ' x is the nodal coordinate vector at time t given by 

• Y - { . . yk •••}; 1x2 N 

Similarly, equations (4.2) and (4.3) can be written in the form 

u = H u 

ug = H i T ? 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

where u , u g , u and ug are the incremental element and nodal material and grid 

displacement vectors, respectively. We also have 

Su = RSu (4.12) 
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where c5u is the virtual nodal displacement vector. 

4.2 DISCRETIZATION OF THE QUASI-STATIC A L E EQUATION 

The A L E virtual work equilibrium equation for quasi-static analysis was derived in 

Chapter 3 in the form 

'V 'V 

I k k 'J S'xk l^'xj d'x/ ,J3'xk 

=8t+*Wex,-\<cjij8tei;dV (4.13) 

'V 

As indicated before, the first and second terms on the LHS of (4.13) correspond to the 

Lagrangian material and geometric stiffness matrices, respectively, whereas the third and 

fourth terms establish the convective stiffness matrices due to A L E . The last term on the 

RHS of (4.13) corresponds to the Lagrangian internal force vector. 

4.2.1 Discretization of the Lagrangian internal force term 

The internal force vector obtained in A L E is the same as in a Lagrangian analysis. 

Thus it will be discretized exactly in the same manner [48]. We start by defining a stress 

vector in the form 

cr 

yy (4.14) 

We also define the incremental strain vector in the form 
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t e t XX 

e 
t 

< yy 
2 ,e 

t xy 
e 

^ t 

d'x 
duy 

•+-
d'y d'x 

(4.15) 

where C T ^ and ezz are the hoop stress and incremental strain in the case of axisymmetric 

problems. Using (4.2) 

,e = 

vxk 
fdht_ 

fdht_ 
•U yk 

4^Mk_ dhk_ , 
> (—— u , H — u A 

N K _ 
— u I N vxk 

4=1 

d'x 

0 

d'y 
K 

7=1 

0 

dK 
d'y 
dr\ 

d'x 

0 

*xk 

'yk 

(4.16) 

or 

where 

, e = B - « (4.17) 

B " 

d\ 

d'x 

0 

d\ 

d'y 
h, 

0 

d\ 

d'y 
d\ 
d'x 

(4.18) 
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We also have 

SF=,BLl8a (4.19) 

Using (4.14) and (4.19), the internal force term can thus be written as 

l'<T95fi0

,dV=l(Sfi)T'*,dV 
•v •v 

= j(tBLlSu)T'a'dV 
'V 

= (du)T ^(^f'o'dV 
'v 

= (<5u)r'f (4.20) 

where ' f is the internal force vector given by 

'f =\(lBu)T'a'dV (4.21) 

4.2.2 Discretization of the Lagrangian material stiffness term 

The Lagrangian material stiffness virtual work term can be rewritten in matrix form 

as 

\'CijklleklSa

!dV = l(S,e)T'Cle<dV 
'V 'V 

= J L B ' ^ S & y ' C C B L 1 u ) ' t i F 
'V 

= (c5u) rJ(,B i l) r 'C,B i"(/Fti 
'V 

= (<5u) r 'K £ ,u (4.22) 

where ' C is the elastic-plastic material constitutive matrix and 'KLl is the incremental 

material stiffness matrix given by [48] 

' K 1 1 = \{,BLX)TtCtBLUdV (4.23) 
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4.2.3 Discretization of the Lagrangian geometric stiffness term 

The Lagrangian geometric stiffness virtual work term can be rewritten as 

• f W ^ - f ' a f | ^ r (4.24) 
,„ d'xj d'x, 

By expanding the summations over i,j and k, we get 

'V 'V 

+'CT 

r, _ , ,Tr r„ dur d5ur . dur dSur . dur dSur . dur ddur 

a 5,n. dV - ( cr — - + a — -+cr — -+ a — -
J 11 1 " " d'x d'x xy 8'y 8'x yx d'x d'y yy d'y d'y 

du„ ddu, du„ ddu. du„ ddu, du., ddu. y y . i _ y y . ( _ y y . / _ y y -+ cT„. —: : 1- cT —• • h <7„ 
d'x e'x 

x x 

d'y d'x d'x d'y d'y d'y 

Using (4.10) and (4.12), we get 

\'aiJdtrJo'dV = (dn)T$(tBL2)T'SL2

tBL2'dVu 
'v 

= (<5uy'Ki2u 
'v 

where 

BL2 = 

d_\ 
d'x 
d_\ 

d'y 

0 

0 

h, 

0 

0 

d'x 

d'y 

(4.25) 

(4.26) 

(4.27) 
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'S L 2 = 

'a 
XV 

0 0 0 

\y 0 0 0 

0 0 ><Txx 0 

0 0 '** 0 

0 0 0 0 
5x5 

and the incremental nonlinear geometric stiffness matrix 'K12 is given by [48] 

' K " = J(,B") r 'S",B"'</K 

(4.28) 

(4.29) 

4.2.4 Discretization of the first convective stiffness term 

The first convective stiffness virtual work term due to A L E can be expanded as 

•y ^Xk 'V 

, d2SuXit_ dduy 

x x 3L.2 yy st.. at. d'xd'y 

, td2Sux d28u t l ddu 8uxX. 

dxdy ox x ox x 

. „,r, d25ux , ddu 

, ,d25ux d2Su , l ddu ,T, 
(4.30) 

It should be noted that this term involves second derivatives of displacements and 

consequently second derivatives of shape functions. Substituting by (4.10) and (4.12) and 

defining the matrices 
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d'x2 

d% 
d'y2 

_d\_ 
d'xd'y 

0 

0 

d'x2 

8% 
d'y2 

d%_ 
d'xd'y 

(

 1 Shk hk 

K,xd'x 'x2) 

\_dr\ 

'x d'y J8x2W 

(4.31) 

and 

we get 

°x: 

0 
xy xy 

cr yy *y 
0 cr 

2x8 

J ( « * - u ! ) ' a y ^ ' d V = (<5u)r l(,BAlf'SMn'dV(u-u») 
•y VXk , y •y 

= (bv)T'KA\vi-vig) 

where the first convective stiffness matrix due to A L E is given by 

>KA1 = ji^Y's^u'dv 

(4.32) 

(4.33) 

(4.34) 

4.2.5 Discretization of the second convective stiffness term 

The second convective stiffness virtual work term due to A L E can be expanded as 
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,{X jdxk )v

VKd'x d'xK - d'x yx d'x> 

¥ J J « ¥ 

i^'Xj d'Xj 

.dux dus

x.,t dSux , ddu 
+ (— -)( a -+a -) 

Vdy d'yA xy d'x yy d'x ' 
dSux , dSuy 

dx d'x " dy 

dSu^ dSu^ 
v st.. st.. >y v st. . yy st.. ' d'y d'y 

1 

d'y 

yx dy 

c 
yy~d'y 

) 

+ 7^(ux-u'x)'aB&ixydV 

Substituting by (4.10) and (4.12) and defining the matrix 

! dh,, 

BA1 = 

d'x 

0 

d\ 
d'y 

0 

h„ 

o : 

d'x 

o ! 
! _ 

I N 

d'y I 

0 | 

5x2 N 

we get 

j ( | t - ^ ) ' ^ ^ ' ^ = W r f C B ^ 2 ) r ' S " B " ' r f K ( l l - u ' ) 
i dx, dx, dxk fv •v " "j " "j 

= (6u)T'KA2(u-ug) 

where the second convective stiffness matrix due to A L E is given by 

>KA2 = \(tBA2)T'SL2BL2'dV 

(4.35) 

(4.36) 

(4.37) 

(4.38) 
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4.2.6 Discretized Quasi-Static ALE Equation 

Substituting (4.20), (4.22), (4.26), (4.33) and (4.37) into (4.13), we get, for a single 

element or a group of elements 

( 'K i l - i - 'K")u-i-( 'K > , 1 +'K / ' 2 )(u-l i*)=' + A ' f e r ' - ' f (4.39) 

or 

' K ^ u + ' K ^ u - u O ^ ' f ^ - ' f (4.40) 

where 

' K L = ' K L 1 + ' K i 2 (4.41) 

'KA='KM+'KA2 (4.42) 

'KL and 'IC* are the Lagrangian and A L E stiffness matrices, respectively. Equation 

(4.40) represents the finite element matrix equation for quasi-static A L E analysis. 

4.3 DISCRETIZATION OF THE DYNAMIC ALE EQUATION 

The A L E virtual work equation of motion for dynamic analysis was derived in 

Chapter 3 in the form 
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+ j 'pafa'dV + \ 'CukheklS^'dV + J 'cj.S^dV 
'V 'V 'V 

+ \ , P ( t v r ' v ^ a u / d V + lp(vJ-v^Su/dV 

=S'+MWex' - J 'o-ySft/dV - I 'p'afa'dV 
'V 'V 

<y V Xk <v V Xj 

~ 'p(vk-'vl)(-^-2-^)^bu£t'dV 
fr dxk dxk 8xj 

-J 'pCv.-'vOCv-'v^J-ipLSu^At'dV (4.43) 
•v o xk O Xj 

As indicated in Chapter 3, the first term on the LHS of (4.43) correspond to the 

Lagrangian mass matrix, whereas the fourth and fifth terms give rise to convective 

velocity stiffness matrices due to A L E . The third term on the RHS of (4.43) corresponds 

to the Lagrangian inertia force vector whereas the last four terms on the RHS are 

convective inertia force vectors due to A L E . 

The discretization of velocities and accelerations is similar to that of displacements 

and coordinates given by (4.6), (4.10) and (4.11). Thus we can write, 

v=H'v (4.44) 

'v ?=H'v g (4.45) 

a=H'a (4.46) 

v = Hv (4.47) 

\ 8 = Hv g (4.48) 
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a = Ha (4.49) 

where ' \ , ' \ 8 and 'a are the nodal material velocity, grid velocity and referential 

material acceleration at time t whereas v, vg and a are the nodal incremental quantities 

from time t to t + At. 

4.3.1 Discretization of the incremental mass term 

The incremental Lagrangian mass term can be discretized using (4.49) to give 

J 'pciidu/dV = J 'p(HSu)T(Ha)ldV 
'V 'V 

= (Su)T J 'pH r H'JFa 
'V 

= (Suy IVPa 

where ' M ' is the Lagrangian mass matrix given by 

'ML = j'pB.TB.'dV 
•v 

(4.50) 

(4.51) 

4.3.2 Discretization of the first convective velocity-stiffness term 

The first convective velocity-stiffness virtual work term can be discretized using 

(4.44), (4.45) and (4.47) and expressed in the form 

[pCv-'v^^bu'dV = (Su)T'CA^ 
•v 

8'xj 
(4.52) 

where 'CAl is given by 

,CA\ = 

j I^A\ tpA\ \ 
j C2/-l,2y-l ^2i-\,2j i 
i ts~<A\ *-'2/,2y-l (-'2i,2 j | 

(4.53) 

2Nx2N 
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in which / and j indicate node numbers from 1 to N, and 

? dh N dh N 

K s XK XK' ~t 

• y O X k=\ ° y k=\ 

I s-tA\ _t(~iA\ _ r\ (4.55) 

4.3.3 Discretization of the second convective velocity-stiffness term 

The second convective velocity-stiffness virtual work term is discretized using (4.44), 

(4.47) and (4.48) and expressed in the form 

\'p(Vj-v])p-to/dV = m T t C A \ v - v g ) 
<v dxj 

(4.56) 

where C is given by 

'CA2 = *-'2i-l,2 v-l L 2 H , 2 j 

C 2 ; , 2 7-1 *^2(,2 j 

2Nx2N 

in which i and j indicate node numbers from 1 to N, and 

'V 

iy k=\ ffy 

•y k=l U X 

(4.57) 

(4.58) 

(4.59) 

(4.60) 

tCZJ = \'phih±^vyktdV 
iv k=\ °y 

(4.61) 
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4.3.4 Discretization of the inertia force term 

The inertia force virtual work term is discretized using (4.46) to give 

llp'aidu/dV = l'p(HSu)T(a'a)'dV 
'V 

= (Su)T J'pH rH'JF~'a 
'v 

= (<5u)r'ML"a 

•v 

(4.62) 

where ' M is the mass matrix given by (4.51). 

4.3.5 Discretization of the first convective inertia force term 

The first inertia force virtual work term can be discretized using (4.44), (4.45) and 

(4.46) and expressed in the form 

'V 
''p(\-'v!)^^At'dv = (mY'M^ 

ox. 
(4.63) 

where M is given by 

'MA 'MA i 
1Y12i-l,2j-\ 1V12i-\,2j | 
'MA 'MA i 
_ 2'.2y-l _ _2i,2y { 2Nx2N 

in which i and j indicate node numbers from 1 to N, and 

'MA.lt2j_^'MA.2j 

Oh; . dh. N 

• v

 u x u x k=i 

dh flh N 

+ (/?< TT + HJ #>£ H* " V£ )]AT'DV 

dy dyt! 

(4.64) 

(4.65) 



Chapter 4. FINITE ELEMENT DISCRETIZATION 57 

'MA ='MA = 0 
1 V 1 2,-1,2 j 1 V 1 2i,2 j-l U 

(4.66) 

4.3.6 Discretization of the second convective inertia force term 

The second convective inertia force virtual work term can be discretized using (4.44) 

and (4.45) and expressed in the form 

•v tixj 

(4.67) 

where 'CAl is given by (4.53) to (4.55). 

4.3.7 Discretization of the third convective inertia force term 

The third convective inertia force virtual work term can be discretized using (4.44) 

and (4.45) and expressed in the form 

•v 
a xk o xk d Xj 

(4.68) 

where ' C ^ 3 is given by 

<CA1 = 
j C 2 , - l , 2 y - l 

'C 

ts~iAl 
^ 2 M , 2 j 
ts-iAl 

2*,2 y- l ^21,27 

(4.69) 

2Nx2N 

in which i and j indicate node numbers from 1 to N, and 
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Tv 'dxf^dx 

dh N r)h N 

dh N Fih N 

+ fftT^<% -2%)]^(%k~%)WdV (4-70) 

' ^ = ' 0 ^ = 0 (4.71) 

4.3.8 Discretization of the fourth convective inertia force term 

The fourth convective inertia force virtual work term can be discretized using (4.44) 

and (4.45) and expressed in the form 

j 'pCv.-'vfX'v-'v^^i^Su^At'dV = (Su)T'CA4'v (4.72) 
J dxk dxj 'v 

where C is given by 

(-"2M,2 j-\ t"2i-l ,2 j 

j _JhlJzL 
ts~iA4 'C 2i,2j 

2Nx2N 

in which i and j indicate node numbers from 1 to N, and 

J d x o x d x — ^ v 

(4.73) 

+ W/a<j ,a ' * +
 ^ffxff/h k xk v * k ) h k k y k y k ) 

+ & ir+h< ** *v* - )]2 ] A t W 

dydy dy ^ 

(4.74) 
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It should be noted that this term involves second order derivatives of shape functions. 

4.3.9 Discretized Dynamic A L E Equation 

Substituting into (4.43), we get, for a single element or a group of elements 

' M a + ' C \ + ' C " 2 (v - x8) +(' K L 1 +' K " )u +(' K^ 1 +'KA2 )(u - u8 ) 

=t+Atfext_lf _ ( 'M+'M^)'a- ( 'C^Vc" 3 +'C^) 'v (4.76) 

Equation (4.76) represents the finite element matrix equation for dynamic A L E analysis. 



Chapter 5 

IMPLEMENTATION 

5.1 MESH MOTION 

Using the A L E formulation, the finite element grid points can be moved arbitrarily to 

maintain a homogeneous mesh and to properly represent boundary conditions throughout 

the deformation process. In this research, grid displacements are first related to material 

displacements through a set of arbitrary mesh motion parameters. This method is very 

efficient in controlling the motion of the grid in different parts of the domain. 

Specification of pure Lagrangian and pure Eulerian degrees of freedom using this method 

is a simple task. It is also very efficient in reducing the number of solution variables by 

condensing out grid displacements prior to solution. The choice of the arbitrary mesh 

motion parameters for interior degrees of freedom is handled by a special mesh motion 

scheme. Special treatment for mesh motion on free material boundaries is necessary to 

satisfy the A L E boundary constraint. 

5.1.1 Grid displacement 

In [39], grid displacements are related to material displacements using a relation of 

the form 

U* =aj+fJU)uU) 

I no summation on j 
(5.1) 

60 
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where a} and are two vectors of mesh motion parameters, and the brackets in the 

subscript (J) indicate no summation on j. Although this relation is quite efficient in many 

cases, it couples grid and material displacements at the same degree of freedom only, thus 

restricting the implementation of the A L E boundary constraint on material boundaries. 

In this work, a better control over the mesh motion, especially on free material 

boundaries, is achieved by associating grid displacements with material displacements by 

the more general relation 

u * = a + B u (5.2) 

where a and B are a vector and a matrix of mesh motion parameters, respectively. 

Vector a consists of appropriate grid displacements given by the mesh motion scheme 

while matrix B consists of factors that allow the coupling of grid and material 

displacements. B is usually chosen to be a diagonal matrix, i.e. grid and material 

displacements are coupled only at the same degree of freedom. On free material 

boundaries, however, it is sometimes necessary that all degrees of freedom of grid and 

material displacements be coupled at the same node. For two-dimensional problems, this 

would result in B being a tridiagonal matrix. As special cases to the general A L E 

motion, pure Lagrangian degrees of freedom can be obtained by setting a = 0 and B = I, 

whereas pure Eulerian degrees of freedom are obtained by using a = 0 and B = 0 . 

5.1.2 Mesh motion for interior nodes 

In this work, the transfinite mapping method [66, 67] is used as the mesh motion 

scheme for the degrees of freedom interior to any mesh region with four known boundary 
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curves. This method provides a homogeneous mesh and matches the boundary of a given 

region at an infinite number of points. Another distinct advantage of the' transfinite 

mapping method is that it allows the discrete representation of boundary curves, i.e. the 

coordinates and displacements of boundary nodes can be used to find the optimum 

position of the nodes internal to the region. It also allows for discontinuities in slope of 

boundary curves. 

The transfinite mapping algorithm starts by partitioning the initial mesh into a number 

of regions of simpler forms. Considering the mapping of a typical distorted mesh region 

bounded by four curves $(r,0), $(r,l), ^,(0,s) and ^(l,s) as shown in Figure 5.1, the new 

mesh coordinates can be obtained by mapping the region onto a unit square to give 

' + A ' x,. (r,s) = (l- s)^ (r,0) + (r,l) + (1 - r)#. (0, s) + rfa (1, s) 
- (1 - r)(l - J M - (0,0) - (1 - r)s^ (0,1) - rsfr (1,1) - r(l - s)4>t (1,0) (5.3) 

where 0 < r < 1 and 0 < s < 1 are the normalized coordinates over the region. Thus, the 

mesh motion parameter at for degree of freedom / internal to a region can be given by the 

transfinite mapping method as 

ct.='+A'x,.-'x,. (5.4) 

5.1.3 Mesh motion on free material boundaries 

For the transfinite mapping method to give a good quality mesh within a certain 

region, grid points on the boundaries of this region must be uniformly distributed. 

Consider point k located on a free material boundary as shown in Figure 5.2. Because of 

its location on a free material boundary, the A L E motion of point k is given by (5.2) as 
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Figure 5.2. Mesh motion on free material boundaries. 
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<=ccx+Bxxux+Bxyuy (5.5) 

ug =ay+Byxux+Byyuy (5.6) 

where coupling between the x and y degrees of freedom is introduced in order that the 

grid motion of point k satisfies the boundary constraint given by equation (3.5). The 

question in this section is to find the mesh motion parameters ax, Bxx, Bxy, ay, Byx, and Byy 

for node k which satisfy the boundary constraint [68]. We define a set of local axes x' and 

y' at grid point k such that x' is tangent to the boundary and y' is its normal. Assume that 

the local x' and y' axes at point k are inclined to the global x and y axes by an angle 6. The 

components of the incremental material and grid displacement vectors in the global and 

local coordinate systems are related by 

u'x — ux cos0 + uv sin0 (5.7) 

u'v - -ux sint? + uy cosO (5.8) 

u'g =us

xcose + us

v sine (5.9) 

u'v

g = -ug sin6+ ug cosO (5.10) 

Meanwhile, the mesh motion equations referred to the local coordinate system can be 

written as 

u'x

g=a'x+B'xxu'x+B'xyu'y (5.11) 

u'g =a'y+B'yxu'x+B'yyu'y (5.12) 

where ax, B'^ and B'xy are the A L E mesh motion parameters in the direction tangent to 

the boundary and which may be arbitrarily chosen, while a'y, B'yx and B'yy are in the 
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direction normal to the boundary controlled by the boundary constraint. In this work, 

cubic spline interpolation is used to find new coordinates for point k such that all grid 

points on this free material boundary are uniformly distributed. The difference between 

the old and new coordinates for point k establishes the mesh motion parameter a'x. In this 

case B'xx and B'xy can be set to zero. The boundary constraint dictates that u'g =u'y thus 

giving a'y = 0, B'yx = 0 and B'yy = 1. Substituting (5.7), (5.8) and (5.9) into (5.11) and 

letting B'xx = B'xy = 0, we get 

ug cos6 + ugsin0 = a'x (5.13) 

Substituting (5.7), (5.8) and (5.10) into (5.12), and applying the boundary constraint a'y = 

Q,B'yx = 0 and B'yy = 1, we get 

— ug

x sinf5 + ug cos6 = —ux sinO + uy cos6 (5.14) 

Solving (5.13) and (5.14) for ux and ug, we get 

ux =cc'xcos9 + uxsin20-u sin#cosf? (5.15) 

ug =oc'x sind-ux sintfcostf + z^ cos2# (5.16) 

Comparing equations (5.15) and (5.16) with equations (5.5) and (5.6), we get 

ctx =ct'xcos6 (5.17) 

73xv=sin26> (5.18) 

Bxy =-sin<9cos<9 (5.19) 

ay=ax sin 0 (5.20) 

Bvx =-sin<9cos<9 (5.21) 



Chapter 5. IMPLEMENTATION 66 

Byy=cos26 (5.22) 

The above A L E mesh motion parameters ensure that mesh motion on free material 

boundaries is consistent with the boundary constraint given by equation (3.5). 

5.2 SOLUTION OF NONLINEAR EQUILIBRIUM EQUATIONS 

The A L E formulation derived in the previous chapters has been implemented into a 

nonlinear finite element code. Details of the computer solution of the nonlinear 

equilibrium equations for quasi-static and dynamic analysis are outlined in this section. 

5.2.1 Quasi-static analysis 

Due to the approximations involved in the linearization of equation (4.40), an 

iterative procedure must be used to ensure equilibrium. Employing the Newton-Raphson 

iterative scheme, equation (4.40) can be rewritten as 

t+Mj^w-\)u(i) +I+MK/f('-1)(u(/) _ U «( ' ) ) = ' + A ' f C T ' _ ' + A ' fO ' -o (5 23) 

where ' + A ' K I ( M ) and ' + A ' K / ( < M ) are the tangent stiffness matrices in iteration u ( 0 

and u g ( , ) are the corrections to the incremental material and grid displacement vectors in 

iteration / and which are used to update displacements according to 

' + A 'u ( ' ) =' + A V'' - 1 ) +u ( i ) (5.24) 

' + A ' u g ( 0 = ' + A ' u g ( M ) + u g ( 0 (5.25) 

Equation (5.23) corresponds to the full Newton iteration scheme. The calculation and 

factorization of the tangent stiffness matrices represents a major computational cost per 
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iteration. The modified Newton iteration involves fewer stiffness reformations than the 

full Newton scheme. Using the modified Newton iteration, equation (5.23) is written as 

' K V ' V K ^ U * 0 -ii* (' ))=' + A ,f 0 ['-' + A /f ( ,'- , ) (5.26) 

However, convergence in the modified Newton iteration is in general slower. In this 

work, both methods have been implemented and the modified Newton iteration is found 

to be computationally more efficient. Rearranging equation (5.26) we get 

('KL+'KA)u0) -'KAus(i) ='+Al fext _ ' + * f <'-'> (5.27) 

5.2.2 Dynamic analysis 

Using the modified Newton iteration, equation (4.76) for dynamic A L E analysis can 

be written in the form 

' M i a ( 0 + ' C \ ( i ) + ' C ' 2 ( v , 0 - v j W ) + ( ' K i l + ' K i 2 ) u ( i ) +('K^+'K^ 2 )(u ( 0 - u g < 0 ) 

in which a ( , ) , v ( , ) , v s ( , ) are the corrections to the incremental material acceleration, 

material velocity and grid velocity vectors whereas ' + A ' a ( , _ 1 ) and ' + A /

V

( , _ 1 ) are the material 

acceleration and material velocity vectors at time t + At, iteration / - 1 . Next material 

acceleration, material velocity and grid velocity approximations are obtained using 

' + A 'a ( 0 =' + A 'a ( / - 1 ) +a ( 0 (5.29) 

< + A V ; ) = , + A , v ( , - - I ) + v ( O ( 5 _ 3 0 ) 

'+A' yg(o =t+& ygv-i) + ygd) (5.31) 

Equation (5.28) can be rewritten in the form 
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' M V ° + ( ' C ^ + ' C ^ ) v < ' ' ) - ' C ^ V ( / ) + ( ' K V K V ° - ' K V ( 0 

_t+M^ext_t+&tfd-\) _(']yiz'4.']y[/,y+A'a('-1) _'tQA\+tQAI+tQA4y+AtyU-V (5 32) 

In this work, two methods are used to integrate the dynamic A L E equilibrium 

equations: implicit time integration using the Newmark scheme and mixed implicit-

explicit time integration using the predictor-corrector algorithm. It is noted that the latter 

scheme might be advantageous in some cases to avoid convergence problems. 

(i) Implicit time integration using the Newmark scheme 

Using Newmark implicit time integration, the following assumptions are used [48] 

u ( 0 ='u + At'v + At2(~ P)' a + At2p,+A'a(i) (5.33) 

<+A' v

( / ) =' v + At(l - y)' a + Aty,+A' a ( 0 (5.34) 

where /? and y are parameters that control the accuracy and stability of integration. 

Rearranging (5.33) we get, 

At2p 2 H 

Using (5.24) 

<+A' a

( 0 = _ ^ [ ' + A ' U

( M ) + u ( , ) -vi-At'y- At2 ( - - p)' a] 
At2p 2 H 

_ _J_[t+A, u ( , - i ) _ , u _ At,v _At2{}__ py a ] + l_ U ( 0 

= ^ a ( , - i ) + 1 u ( 0 ( 5 . 3 6 ) 

At2pL x 2 r ' J At2p 
1 

At2p 

Comparing (5.36) with (5.29) we get 
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a ( 0 = — ^ u < 0 (5.37) 
At2p 

Substituting (5.36) into (5.34) 

'+A< v ( 0 =' v + At(\ - y)' a + Aty!+A' a ( M ) + Aty—^u(0 

= ' + A / v ( / - i ) + _ 7 _ </) ( 5 3 8 ) 

Comparing (5.38) with (5.30) 

Similarly 

AtB 

Substituting (5.37), (5.39) and (5.40) into (5.32) we get 

v ( , ) =-^-u ( / ) (5.39) 
AtB 

v*('-> = _ L _ U « ( ' ) (5.40) 

t 1 _ / M i +_L_Cc y"+'C y l 2)+('K t-i-'K'<)]u ( ,' ) - [^ 'C^ 2 +'K^]u* ( / ) 

Ar/? A?/? Atp 
_t+Atfext_t+&tf(i-\) _/t jyj i _|_/ jy|/( y+A/ a(/-l) _(/^^l + /^. / (3_ ) _/^^4y+A / v (;- l ) (5 41) 

(ii) Impl ic i t -expl ic i t p r e d i c t o r - c o r r e c t o r in tegrat ion scheme 

The implicit-explicit predictor-corrector integration scheme associated with the 

Newmark algorithm can allow the finite element mesh to contain two groups of elements: 

an implicit group and an explicit group [69, 70]. In addition, elements' integrations could 

be shifted between the two schemes as necessary. In the predictor phase, we set i = 1 and 

use the predictor values: 
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t + A t u ( " ='+ A' up =' u + Ar'v + Ar 2 ( 1 - /?)' a (5.42) 

' + A ' v ( 1 ) ='+A V =' v + Af (1 - y)' a (5.43) 

' + A 'a ( 1 ) =0 (5.44) 

Iterations are then performed to satisfy the equilibrium equation in (5.41). In the corrector 

phase of each iteration, displacements, accelerations and velocities are updated according 

to: 

' + A 'u ( 0 =' + A 'u ( ' ' - 1 ) +u ( / ) (5.45) 

' + A'a ( / ) =CA,u(i)-,+A'up)/(At2B) (5.46) 

' + A 'v ( 0 =' + A V+A/y + A 'a ( 0 (5-47) 

5.2.3 Elimination of grid displacements on the element level 

Finite element equilibrium equations, equation (5.27) for quasi-static analysis and 

equation (5.41) for dynamic analysis, can both be written in the general form 

' K u ( 0 - ' K g u g ( 0 =f ( i ) (5.48) 

where ' K and 'Kg are equivalent stiffness matrices corresponding to u ( , ) and u g ( , ) , 

respectively, while f ( , ) is the incremental load vector for iteration /. The relation between 

the material and grid displacements in (5.2) is considered as a supplementary constraint 

equation to the finite element equilibrium equation. By introducing this constraint on the 

element level, grid displacements can be condensed out of element equilibrium equations 

prior to solution. Substituting (5.2) into (5.48), we get 
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( ' K - ' K g B ) u ( / ) = f ( ' V K g a (5.49) 

The only limitation to this procedure is that grid and material displacements may only be 

coupled at degrees of freedom within one element. Equation (5.49) can be rewritten in the 

form 

'K*u ( / ) =f* (5.50) 

where ' K * and f * are the equivalent stiffness matrix and nodal force vector respectively. 

Conventional finite element assembly and elimination techniques may now be applied 

directly to solve for the material displacements. 

5.2.4 Frontal solver 

A frontal or a wavefront solver [71, 72] that can handle asymmetric matrices is 

implemented to solve the simultaneous linear equations in (5.50). The number of 

equations that are active after any element has been processed during solution is called 

the wavefront. The wavefront is determined by the sequence in which the elements are 

arranged or ordered. The computer time required for solution is proportional to the square 

of the mean wavefront. Therefore, it is crucial to be able to minimize the wavefront. A 

separate module was developed to reorder elements and minimize the wavefront. 

Elements are reordered such that the element for which each degree of freedom is first 

mentioned is as close as possible in sequence to the element for which it is mentioned 

last. 

Once the element sequence has been optimized, wavefront solution starts by scanning 

all elements to determine which element is the last to use each degree of freedom. 
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Solution proceeds by adding the equations for degrees of freedom related to the current 

element and which occurs for the first time. The equation for a degree of freedom that 

occurs for the last time is algebraically solved in terms of the remaining unknowns and 

eliminated from the assembled matrix by Gauss elimination. The equation is then written 

to a file for later back-substitution and the remaining equations are modified. The 

assembled matrix expands and contracts as degrees of freedom make their first and last 

appearance in the element definitions. 

Another feature that has been developed for the solver is the ability to handle multi­

point constraint equations. These equations specify relations between two or more 

degrees of freedom during solution. In addition, a direct matrix transformation method is 

used to impose coupling of degrees of freedom at the same node. 

5.2.5 Line search 

A line search algorithm [8] has also been implemented to speed up the convergence. 

In some situations, the use of the full u ( , ) as obtained by the solver leads to solution 

instabilities. The line search algorithm attempts to improve the Newton-Raphson solution 

u ( , ) by scaling the solution vector by a scalar value s termed the line search parameter. 

Thus, equation (5.24) can be rewritten in the form 

+ SU (0 (5.51) 

where 

0.05 <s< 1.0 (5.52) 
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The line search parameter s is determined by minimizing the norm of the residual force 

vector through iterations. 

5.3 CONTACT ANALYSIS 

Simulation of many metal forming problems necessitates the ability to model the 

contact phenomena that occurs between the forming tools and the workpiece. Contact 

analysis is a complex problem because of the requirement to track the motion of the 

bodies involved and to accurately represent the friction between their surfaces. The 

numerical objectives are to detect the contact of the bodies and apply enough constraints 

and boundary conditions to simulate the frictional behavior, avoid penetration and allow 

for separation when necessary. Several numerical techniques have been developed to 

perform these objectives. These methods include the Lagrange multipliers method, the 

penalty function method and the direct constraint method. 

5.3.1 Lagrange multipliers 

The Lagrange multipliers method is one of the most common techniques to treat the 

contact problem in the literature [18]. In performing contact analysis, we are basically 

solving a constrained minimization problem where the constraint is the no penetration 

constraint. In this method, the finite element equilibrium equations are augmented using 

the constraint equations by introducing an array of Lagrange multipliers as additional 

degrees of freedom. In contact analysis, Lagrange multipliers signify the contact pressure. 
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Lagrange multipliers technique has often been implemented in contact procedures 

using special interface elements known as gap elements. If the constraints are properly 

written, this method ensures that penetration does not occur. Unfortunately, the 

introduction of Lagrange multipliers leads to numerical difficulties as their inclusion 

results in a nonpositive definite mathematical system. This requires additional operations 

with high computational costs. Another problem with this method is that there is no mass 

matrix associated with the Lagrange multipliers degrees of freedom. This results in a 

global mass matrix that cannot be inverted. This precludes the use of the Lagrange 

multipliers technique in explicit dynamic simulations. In addition, the use of interface 

elements requires a prior knowledge of where contact occurs and puts a restriction on the 

amount of relative motion that can occur. This may not be feasible in the simulation of 

many manufacturing problems. 

5.3.2 Penalty function 

The penalty function method is an alternative procedure to numerically implement the 

contact constraints in an approximate way. Using this approach, some penetration occurs 

with the amount being determined by the penalty constant or function. The penalty 

approach can be considered as analogous to a nonlinear spring between the two bodies. 

The penalty method is relatively easy to implement and has been extensively used in 

explicit dynamic analysis. However, the choice of the penalty constant has a detrimental 

effect on the numerical stability and accuracy of the method. It is also possible to 

combine the penalty method with the Lagrange multipliers method in a hybrid fashion. In 
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the hybrid methods, the contact element is derived from a complimentary energy 

principle by introducing the continuity on the contact surface as a constraint and treating 

the contact forces as additional elements [8]. 

5.3.3 Direct constraint method 

In this method, the motion of the contact bodies is tracked, and when contact occurs, 

direct constraints are applied on the bodies as boundary conditions. Both kinematic 

constraints on transformed degrees of freedom and nodal forces may be applied. This 

procedure can be very accurate if the program can predict when contact occurs. The 

direct constraint method is the method that has been implemented in the developed finite 

element program. No special interface elements are required and complex changing 

contact conditions can be simulated since no knowledge of where contact occurs is 

required prior to the analysis. The procedure has been implemented as a direct node-to-

surface contact only for the case of contact between the workpiece and one or more rigid 

bodies [62]. 

The procedure starts by reading the input file that defines the perimeters of the tools 

as sets of geometrical entities connected together, namely straight line and arc segments. 

In each incremental load step, the contact algorithm tracks the motion of boundary nodes 

of the workpiece to detect any penetration into any of the tools. Upon detection of such 

penetration, the algorithm determines the magnitude and direction of the penetration of 

the nodes and applies them as corrective prescribed displacements to reposition the nodes 

on the tool surface. Once the nodes are on the tool surface, appropriate contact boundary 



Chapter 5. IMPLEMENTATION 76 

conditions (e.g. sticking, slipping with friction, etc.) are applied on the contact nodes. 

Both Coulomb and shear friction laws can be applied. A node is considered in contact as 

long as the nodal force normal to the contact surface is compressive. If the normal force 

becomes tensile, the node is separated from the surface and its nodal forces are set to 

zero. In each step, iterations are performed until no change of contact conditions is 

detected. 

The contact algorithm implementation as it stands now suffers from major drawbacks 

and causes many numerical problems. Among these drawbacks is that the corrective 

prescribed displacements are applied on the nodes that have penetrated the contact 

surface. This intermediate position does not satisfy the contact conditions and any 

corrective action based on this position will be approximate. Another approach to 

overcome this problem is to define a small tolerance region on both sides of the contact 

surface in which the nodes are assumed to lie on the surface when penetration is detected. 

If the penetration of the node is within the tolerance region, contact boundary conditions 

are applied to the node in the next load step without any corrective action. If a node 

penetrates the entire tolerance region in one load step, then a smaller load step size should 

be used and the computation is resumed based on the equilibrium position prior to 

penetration. 

5.4 PROGRAM STRUCTURE 

The developed A L E formulation has been implemented into a finite element 

computer program. The program has been designed with emphasis on modularity and use 
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of standard Updated Lagrangian calculations whenever possible. The program is divided 

into subroutines each with a specific function while the main program consists mainly of 

subroutine call statements. As discussed in Chapters 2 and 3, the version of the A L E 

formulation developed in this work can be considered an extension to the Updated 

Lagrangian formulation. Thus, the first step in the computer development in this work 

was to implement an Updated Lagrangian finite element formulation and test it. All the 

necessary routines related to the nonlinear large deformation Lagrangian mass, stiffness, 

and stress calculations were developed. In addition, the necessary solution schemes for 

the static and dynamic matrix equations were implemented and tested. The next step was 

to implement the necessary routines for the new A L E formulation. These routines were 

comprised mainly of calculations for the additional mass and stiffness matrices as well as 

mesh motion routines. The last step of development was to implement a simple contact 

algorithm to enable the program to simulate a wider class of metal forming and large 

deformation applications. In the following, the main computer routines called in the main 

program and the main flow charts developed in each of the program building stages are 

highlighted. 

5.4.1 Updated Lagrangian routines 

Figure 5.3 shows a flow chart of the main program for the Lagrangian calculations. 

The flow chart only shows the main routines needed for the Updated Lagrangian code 

and the function of each routine is briefly stated. The additional subroutines that are 

called from the main routines are not listed here for brevity. The program starts by 
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reading the control variables that control the size of the program arrays. These variables 

are needed beforehand for dynamic memory allocation purposes. Next, all variables and 

arrays used in the program are initialized. Problem input data, such as nodal coordinates, 

element connectivity, applied loads and material properties is then read and stored in the 

appropriate arrays. Distributed loads are then converted into their equivalent nodal values 

and the total applied loads are divided into incremental load steps. 

Newton equilibrium iteration starts by setting the boundary conditions for the current 

load step and current iteration. The predictor phase of the time integration algorithm is 

first preformed and elements lumped mass matrices are calculated (for dynamic analyses 

only). Elements stiffness matrices are then calculated and stored on the hard disc for later 

assembly. The stiffness matrices in the Lagrangian formulation include both nonlinear 

material and large deformation effects. The contribution of all elements to the global 

effective load vector is assembled prior to solution. The global effective load vector also 

includes out of balance internal forces from previous iterations. The frontal solution 

scheme is then used to solve for the displacements. Assembly of elements equivalent 

stiffness occurs during the solution process. The line search algorithm is then called to 

accelerate convergence. The corrector phase of the time integration scheme is then 

performed in which velocities and accelerations are computed (for dynamic analyses 

only). Stress integration is then performed to calculate the stresses at the Gauss 

(integration) points. Convergence of iterations is then checked. Three measures are used 

to check the convergence. These are: iterative displacements, residual (out of balance) 

forces and residual energy. Iterations are performed until convergence is achieved. 
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At the end of each load increment, extrapolation of Gauss point stresses to obtain the 

nodal stresses takes place. Finally the program outputs the requested results for the solved 

load increment and moves on to the next step. The modular structure of the program is 

apparent from Figure 5.3. 
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Figure 5.3. Flow chart of the Updated Lagrangian calculations. 
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5.4.2 A L E routines 

The flow chart of the main program for the ALE calculations is shown in Figure 5 . 4 . 

Comparing Figures 5 .3 and 5 . 4 , one can easily see the necessary ALE additions and 

changes to a Lagrangian code. One of the major changes to the Lagrangian code is the 

introduction of the mesh motion routines. The mesh motion routines decide how the mesh 

should be moved in the current iteration and choose the mesh motion parameters a and 

B accordingly. The user may specify how the mesh should behave on some parts of the 

boundaries. Boundaries can be specified to be either pure Lagrangian or Lagrangian in 

the normal direction and ALE (or Eulerian) in the tangential direction. After the motion 

of the boundaries has been set for the current iteration, the transfinite mapping method 

determines how the interior regions of the mesh should be moved to preserve its 

uniformity. 

Among the important additional ALE routines are those that calculate the extra 

stiffness and mass matrices and load vectors. Assembly of those extra terms takes place 

in the solver routines according to the ALE equilibrium equations in which the mesh 

motion parameters are introduced. A final ALE change is required to the stress 

calculations routines to compute the additional stress terms due to convective effects. The 

consistency and simplicity of the approach used in deriving and implementing this 

version of the ALE formulation are highly appreciated by highlighting its implementation 

advantages in comparison with previous implementations [ 3 9 ] : 

- No updating of material properties is required between load steps since the stresses 

calculated within the iterations already include convective effects. 
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- No remeshing or boundary nodes adjustment takes place between increments. This is 

due to new mesh motion scheme on free material boundaries that allow nodes to be 

Lagrangian in the normal direction and to move freely in the tangential direction. 

- Nodal stresses are typically calculated for postprocessing purposes only and are not 

involved in any equilibrium calculations. This is due to the new treatment of 

convective effects in the equilibrium equations. 

- The modularity of the implementation also helped in retaining the simplicity of the 

program structure and allowed for clear identification of the necessary A L E changes 

to Lagrangian codes. 
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Set Mesh Motion Parameters 

Calculate Extra ALE Mass Matrices 

Calculate Extra ALE Stiffness Matrices 

Add Extra ALE Load Terms 

Solve ALE Equilibrium Equations 

Add Extra ALE Stress Terms 

Figure 5 . 4 . Flow chart of the A L E calculations. 
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5.4.3 Contact routines 

As stated earlier, the last stage in the code development was to include contact 

analysis. Although A L E can alleviate the need for contact capabilities in some cases, 

however, contact analysis is essential in many metal forming and large deformation 

applications. In this work, contact analysis is based on the direct constraint method [62]. 

Figure 5.5 shows a flow chart of the A L E code with the contact routines included. 

The first group of contact routines read the contact related data consisting of tool 

geometries, list of potential contact nodes on workpiece surface and list of nodes that are 

initially in contact. Another routine is called in the beginning of each load step to apply 

the necessary displacement boundary conditions on contact tools by updating the 

coordinates of the tools geometry. Within the contact and equilibrium iterations, a new 

routine is required to correctly set the contact-related and non-contact-related boundary 

conditions. After equilibrium iteration converges, the contact algorithm is called to check 

for any possible changes (penetrations or separations) in the contact conditions. If any 

changes are detected, corrective action is taken and another contact iteration is 

performed. This process is repeated until no change in contact condition is detected for 

the current load step after which a new load step is applied next. It is worth noting that 

the implemented contact algorithm suffers from convergence problems and future 

modifications are required. 
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Figure 5.5. Flow chart with contact routines. 
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APPLICATIONS 

6.1 ONE-DIMENSIONAL STRESS WAVE PROPAGATION 

The first application simulated using the developed finite element program is a wave 

propagation problem in a one-dimensional infinitely long elastic-plastic rod and is used to 

test the code with transient effects included. The same problem was reported in [33] and 

[37]. It should be noted that this problem doesn't require an A L E analysis and was 

selected because of the availability of analytical and numerical solutions. The infinitely 

long rod is discretized using 400 elements with a mesh size of 0.1 units as shown in 

Figure 6.1. The material properties of the rod are assumed to be: density p = 10000.0, 

Young's modulus E = 10000.0, plastic modulus Ep = 3333.33, yield stress oy = 75.0 and 

Poisson's ratio v = 0.0. The rod is subjected to a compressive stress wave 100.0 in 

amplitude and 4.5 in width. The stress wave and the time interval under consideration are 

depicted in Figure 6.2. Any consistent system of units can be used to define the data for 

this problem. 

Figures 6.3 and 6.4 compare the longitudinal stress distribution obtained using the 

presented A L E formulation with the analytical solution for both the elastic and elastic-

plastic cases. A L E results are in good agreement with the analytical solution and with 

those of [33] and [37] (not shown here). Deviations from analytical solution are attributed 

to the difficulties associated with the numerical representation of step functions. 
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Figure 6.1. Mesh for the one-dimensional wave propagation problem. 
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Figure 6.2. Stress wave amplitude and duration. 
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Figure 6.4. Longitudinal stress distribution comparison, elastic-plastic case. 
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6.2 BAR IMPACT 

The bar impact problem has been investigated by many researchers [35, 73-75] and is 

considered a standard benchmark test for transient dynamic computer codes. In this 

problem, a cylindrical copper bar of initial radius 3.2 mm and length 32.4 mm strikes a 

rigid frictionless surface. The impact velocity is 227 m/s. The material is assumed to be 

elasto-plastic with Young's modulus E = 117 GPa, plastic modulus EP = 100 MPa, 

Poisson's ratio V- 0.35, initial yield stress ay = 400 MPa, and density p = 8930 kg/m3. A 

von Mises yield surface with linear isotropic hardening is assumed. Contact conditions 

are imposed by simply constraining the nodes in contact with the rigid surface. An 

axisymmetric mesh of 250 second order 8-noded elements is used. Computations are 

carried out up to a time of t = 80 ps. 

Figure 6.5 compares the deformed shape and finite element mesh obtained using both 

the Lagrangian and the A L E formulations at different stages during the deformation 

process. In the A L E solution, boundary nodes are allowed to move in the tangential 

directions to the boundaries to maintain their uniform distribution while satisfying the 

A L E boundary constraint. The Lagrangian solution is obtained as a special case from the 

developed A L E formulation. It is clear that while the Lagrangian solution suffered severe 

mesh distortion, A L E was able to maintain a uniform mesh. It is worth mentioning, 

however, that the computation time for this problem using A L E is approximately twice 

that of the Lagrangian solution. This is mainly due to the fact that the A L E matrices are 

unsymmetric. Table 6.1 compares the final bar length and mushroom radius obtained 

using the developed code with numerical results obtained by other researchers. It is clear 
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that the results obtained using the fully coupled implicit dynamic A L E formulation are in 

agreement with other well established numerical techniques and codes. Figure 6.6 shows 

the distribution of equivalent stress and equivalent plastic strain contours. 

Table 6.1. Comparison of results for bar impact. 
Reference 
(Code/Method) 

Final length 
(mm) 

Final mushroom 
radius (mm) 

Kamoulakos [73] 
M A R C 
DYNA2D 
DYNA3D 
NIKE2D 

21.66 
21.47 
21.47 
21.47 

7.02 
7.13 
7.03 
7.07 

Zhu & Cescotto [74] 
Lagrangian (different element types) 

Camacho & Ortiz [75] 
Lagrangian (different remeshing schemes) 

Liu et al. [35] 
Lagrangian 
A L E (explicit) 

Current Work 
Lagrangian 
A L E (implicit) 

21.26-21.49 

21.42-21.44 

21.42 
21.53 

21.48 
21.69 

6.97-7.18 

7.21-7.24 

7.15 
6.87 

7.22 
6.90 



Chapter 6. APPLICATIONS 92 

t = 0 

t=20 us 

/ = 40 us 

t = 80 us 

Original mesh Lagrangian A L E Lagrangian A L E Lagrangian A L E 

Figure 6.5. Comparison of the Lagrangian and A L E solutions for bar impact. 
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Figure 6.6. Equivalent stress and plastic strain contours for bar impact. 
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6.3 SHEET METAL EXTRUSION 

Extrusion is a typical metal forming problem in which large strains are expected and 

in which remeshing and boundary condition updating are required if the traditional 

Lagrangian formulation is employed. In this problem, the extrusion die produces a 25% 

reduction in sheet thickness and is shaped in the form of a 5 t h order polynomial with zero 

curvature and slope at both ends. An aluminum billet of thickness 2a is forced through 

the die by a rigid piston pressing against the rear face of the billet and moving with a 

prescribed displacement. The length of the die is taken as 1.2a. The same problem was 

previously solved using the Updated Lagrangian approach [76]. The material properties 

for the aluminum billet are taken as: Young's modulus = 104 ksi (68.95 GPa), Poisson's 

ratio = 0.3, initial yield stress = 57 ksi (393 MPa) and hardening parameter = 165 ksi 

(1.14 GPa). Figure 6.7 shows the initial geometry and mesh used in the simulation. 

Because of symmetry, only the upper half of the billet was analyzed. 

Using the A L E formulation, all the nodes confined to the die area are set to be 

Eulerian during the course of deformation. The nodes on the boundaries are set as 

Lagrangian. The motion of all the other nodes is controlled by the A L E mesh motion 

scheme. Figure 6.8 shows the plastic strain distribution and the deformed shape after a 

piston displacement of 2a units. Contact between the billet and the die was set as 

boundary constraint equations. The A L E approach was able to eliminate the need for 

remeshing or boundary condition updating and the desired deformation level was reached 

without any user intervention or special contact treatments. Variations in the longitudinal 

stress component in the die region at different lateral positions from the mid-plane of the 
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initial configuration are shown in Figure 6.9. The obtained stresses are in good agreement 

with those previously published [76]. 

Figure 6.7. Geometry and mesh for extrusion process. 
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Figure 6.8. Plastic strain contours and deformed shape for extrusion problem. 
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Figure 6.9. Longitudinal stress at different lateral positions. 
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6.4 QUASI-STATIC AND DYNAMIC COINING 

In this example, a coining process, also known as punch indentation, is simulated to 

show the effectiveness of the A L E formulation in handling contact boundary conditions 

and in preventing mesh distortion. This process is simulated using both quasi-static and 

dynamic analyses to investigate the significance of dynamic effects. The problem is also 

solved using ANSYS [8] for comparison. Figure 6.10 shows the geometry and initial 

mesh of the body. The workpiece is placed between two rigid frictionless tools moving 

with constant velocity under plane strain conditions. Because of symmetry, only one 

quarter of the domain is modeled. The deformation process is continued up to a 60% 

reduction of the original workpiece height. The material is assumed to be elastic-plastic 

with a Young's modulus of 200 GPa, a Poisson's ratio of 0.3, an initial yield stress of 250 

MPa and a hardening parameter of 1 GPa. 

In the Lagrangian ANSYS simulation, it is noted that applying the downward motion 

of the punch as prescribed boundary conditions on the workpiece nodes initially in 

contact with punch would effectively cause the punch size to increase during the course 

of deformation as shown in Figure 6.11. When the Lagrangian formulation is employed, 

non-material-associated boundary conditions, such as the contact between the punch and 

the workpiece, is best handled using contact elements. However, contact elements are 

difficult to handle and may cause difficulties in achieving convergence. ANSYS, by 

default, uses a mixed penalty + Lagrange multipliers method in the formulation of its 

surface to surface contact elements. Two main parameters are used to define the 

characteristics of these elements. The first is the normal contact stiffness factor in the 
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range of 0.001 to 100.0, with a default of 1.0. A smaller value of the normal contact 

stiffness factor provides for easier convergence but more penetration. The second 

parameter is a tolerance factor that determines if penetration compatibility is satisfied. 

Penetration compatibility is satisfied if penetration is within a clearance of the value of 

tolerance factor times the depth of the underlying element. The range of this factor is less 

than 1.0, with a default of 0.1. 

Figure 6.12 shows the deformed shape of workpiece at the final stage of the process 

using the default settings of the contact elements in ANSYS. It is noticed that large 

penetration of the punch inside the workpiece was allowed when using the default values 

of the normal contact stiffness and tolerance parameters. Figure 6.13 shows the deformed 

shape when a contact stiffness of 100.0 and a tolerance of 0.00001 are used. It is noticed 

that the penetration is quite smaller in this case, though not completely eliminated. 

Reducing the tolerance parameter beyond this value did not affect results significantly. 

Convergence was more difficult to achieve in the case of these extreme contact 

parameters. 

Figure 6.14 shows the evolution of the deformed shape obtained using the developed 

A L E formulation. The figure shows that the contact condition between the punch and the 

workpiece is accurately satisfied. This was easily achieved by allowing the degrees of 

freedom of the nodes directly under the punch to be Lagrangian in the vertical direction 

(to satisfy the boundary constraint) and Eulerian in the horizontal direction (to maintain 

the same punch size under deformation). No special contact algorithm was needed to 

handle the contact conditions. In addition, the transfinite mapping method was able to 
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maintain a homogeneous mesh throughout the deformation history. In this analysis, the 

60% reduction in height is solved using 750 incremental steps. Table 6.2 compares the 

stresses at the punch corner after the first load step of the total 750 steps of the analysis in 

the three cases: (a) ANSYS with default contact parameters; (b) ANSYS with extreme 

contact parameters; (c) A L E . It is clear that the stresses obtained by defining extreme 

contact parameters in ANSYS match the A L E analysis. However, stresses obtained by 

using the default values for the contact parameters, which provide for easier convergence, 

are inaccurate even at such early stages of the analysis. 

Table 6.2 Comparison of stresses at punch corner after the first load step. 
(a) ANSYS with default contact parameters. 
(b) ANSYS with extreme contact parameters. 
(c) Present A L E formulation. 

Case SXx (MPa) Sw (MPa) Sxv(MPa) Szz (MPa) 
(a) -3.05 -39.50 9.31 -12.76 
(b) -70.12 -234.18 23.35 -91.30 
(c) -70.43 -234.76 23.65 -91.56 

Figure 6.15 compares the load-displacement curves obtained by ANSYS and the 

developed A L E formulation. It is clear that the erroneous load fluctuations associated 

with contact analysis in the Lagrangian solution can be avoided when using A L E . 

The significance of dynamic effects is investigated by examining the indentation 

problem at different punch velocities. Figure 6.16 compares the final deformed shape and 

equivalent plastic strain distributions for the quasi-static case and for four different punch 

velocities. Dynamic effects are not significant for punch velocities less than 1 m/s since 

the deformed shape and the plastic strain distribution are quite similar to those of the 
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quasi-static simulation. One can also notice that low punch velocities allow the 

workpiece to flow horizontally away from the punch, while at high velocities the 

workpiece tends to back extrude. 

24 mm 

Punch 

T 
60 mm 

20 mm 

i 

Figure 6.10. Geometry and initial mesh for coining process. 
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Figure 6.13. ANSYS solution with extreme contact parameters. 
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Figure 6.14. Evolution of the deformed shape during the coining process. 
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Figure 6.15. Punch load-displacement curve comparison. 
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6.5 V-BENDING 

Although sheet metal bending processes, such as the V-bending process, might seem 

to be simple processes, precise numerical simulation using elastic-plastic finite elements 

with contact analysis is not an easy task. This example serves two purposes. The first 

objective is to elaborate on the power of A L E in overcoming the numerical difficulties 

associated with the simulation of metal forming processes with corner contact. The 

second objective is the ability to perform simple experiments for this type of process and 

thus verify the A L E predictions against experimental results [77]. 

Figure 6.17 shows an isometric sketch for the setting of the V-bending experiment. 

The punch and die are made of mild steel 1018 while the sheet material is Aluminum 

5052-H32 with a Young's modulus of 70 GPa, Poisson's ratio of 0.33, yield strength of 

195 MPa, tensile strength of 230 MPa and break elongation of 12 %. The sheet metal is 

114.3 mm (4Vi in.) long, 63.5 mm (2lA in.) wide and 6.35 mm (14 in.) thick. The punch 

and die both have 90° V angles and the punch has a nose radius of 9.525 mm (0.375 in.). 

The bending experiment was conducted using a Tinius Olsen U T M at a constant 

downward speed of 0.2 in/min. Figure 6.18 shows the actual experimental setup. 

The V-bending process is simulated using the developed A L E code as well as using 

the Lagrangian FEA program M A R C [18]. Accurate treatment of the tool-workpiece 

contact constitutes a major problem for simulations based on the Lagrangian formulation. 

Huang and his coworkers [78, 79] showed that it is very difficult to numerically satisfy 

the sharp corner contact condition that occurs between the die edge and the workpiece 

without penetration. The material behavior used in the A L E simulation is assumed to be 
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bilinear elastic-plastic with kinematic work hardening. Figure 6.19 shows the finite 

element mesh used in the simulation. 

Figures 6.20, 6.21 and 6.22 show the development of the deformed shape for the V-

bending process at different stages obtained using the experiment, M A R C and A L E 

simulations, respectively. Figure 6.23 shows the large corner penetration that occurs at an 

intermediate stage as obtained by M A R C even though a relatively fine mesh was used. 

Unlike ANSYS, in which surface to surface contact can be defined, the contact algorithm 

in M A R C is based on node to surface type of contact. In the A L E simulation, contact 

analysis is only introduced between the punch and the sheet. The sharp die corner contact 

with the sheet was handled in A L E by using Eulerian degrees of freedom for the node at 

the die corner [77]. Figure 6.24 compares the load-deflection curves obtained from the 

experiment with the simulations. It is clear from the figure that the sharp corner contact in 

M A R C produces large fluctuations in the load prediction. It is also clear that the A L E 

predictions are smoother. The fluctuations in the A L E predictions are attributed to the 

contact analysis between the nose of the punch and the sheet that A L E could not 

eliminate. 
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Figure 6.17. Isometric sketch for the setting of the V-bending experiment. 
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Figure 6.18. Tinus Olsen U T M used in the V-bending experiment. 



Figure 6.19. Finite element mesh used in the simulation of the V-bending process. 
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(a) 

Figure 6.20 (a-b). Development of the deformed shape during the experiment. 



Figure 6.20 (c-d). Development of the deformed shape during the experiment. 



Figure 6.20 (e-f). Development of the deformed shape during the experiment. 
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Figure 6.21 (a-b). Development of the deformed shape using M A R C . 
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Figure 6.21 (c-d). Development of the deformed shape using M A R C 
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Figure 6.21 (e-f). Development of the deformed shape using M A R C 



Figure 6.22 (a-b). Development of the deformed shape using A L E . 
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Figure 6.22 (c-d). Development of the deformed shape using A L E . 



Figure 6.22 (e-f). Development of the deformed shape using A L E . 
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Figure 6.23. Deformed shape using M A R C showing corner penetration. 
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Figure 6.24. Comparison of load displacement curves for V-bending. 
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6.6 PLATE INDENTATION 

Local loading of circular steel plates resting on a ring support is simulated using A L E 

and compared to experimental results [80]. The objective of this example is to compare 

the plate response when loaded using flat-faced and hemispherically-tipped indenters. In 

the case of the flat-faced indenter, A L E can easily handle the sharp corner contact 

condition whereas the contact algorithm will handle the case of the hemispherically-

tipped indenter. The plate is 6 mm thick, 300 mm in diameter and is simply supported at 

a diameter of 248 mm. It is transversely loaded at its center at a constant rate of 3 

mm/min using flat-faced as well as hemispherically-tipped cylindrical indenters of 12.7 

mm diameter. The plate is made of mild steel with a Young's modulus of 235 GPa, yield 

strength of 305 MPa and ultimate tensile strength of 446 MPa. The material behavior is 

assumed to be bilinear elastic-plastic with a plastic modulus of 1 GPa. An axisymmetric 

finite element model of 300 elements was used in the simulation. 

Figures 6.25 and 6.26 compare the load displacement curves obtained from the 

experiment and the A L E simulation for the two cases of the flat-faced and the 

hemispherically-tipped indenters, respectively. Experiments show that the plate fails by 

perforation at approximately 20 mm under the flat-faced indenter and at approximately 

30 mm under the hemispherically-tipped indenter. Accordingly, utmost displacements of 

20 mm and 30 mm were sought in the simulations, respectively. The figures show a very 

good agreement between the A L E predictions and experimental results. Deviations from 

the experimental results are more pronounced at higher deformation levels and may be 
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attributed to discrepancies between the material model and actual material behavior at 

higher loads. 

Figures 6.27 and 6.28 show the predicted deformed shape for the plate when loaded 

using the flat-faced and the hemispherically-tipped indenters, respectively. Figures 6.29 

and 6.30 compare the deformed shape and equivalent plastic strain distribution in the 

indenter region. The figures show that the hemispherically-tipped indenter caused a 

greater degree of local indentation and bending around the indenter than the flat-faced 

indenter. For the flat-faced indenter, A L E eliminated the need for contact analysis 

between the sheet and the indenter. For the hemispherically-tipped indenter, A L E 

prevented mesh distortion at high levels of local deformation in the indenter region. The 

deformed shapes are in good agreement with those of the experiments [80]. 

Figure 6.31 shows that the flat-faced indenter produced a steeper load-displacement 

curve but with a smaller load and displacement to failure than the hemispherically-tipped 

indenter. The indenter profile plays an important role in the plate response. The degree of 

local indentation and the onset of perforation are highly dependent on the indenter 

profile. It is seen that the hemispherically-tipped indenter caused greater degree of local 

indentation and bending around the indenter than the flat-faced indenter. Although the 

local indentation caused plate thinning, the accompanied stretching and bending served to 

decrease shearing effects, thus delaying the onset of perforation. Thus, plates loaded by 

hemispherically-tipped indenters are able to withstand greater loads at higher 

deformations before perforation occurs than those loaded by flat-faced indenters. 
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Figure 6.25. Comparison of loading curve for the flat-faced indenter. 
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Figure 6.26. Comparison of loading curve for the hemispherically-tipped indenter. 
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Figure 6.28. Plate deformed shape under hemispherically-tipped indenter. 
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Figure 6.29. Plastic strain distribution for flat-faced indenter. 
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Figure 6.30. Plastic strain distribution for hemispherically-tipped indenter. 
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Figure 6.31. Comparison of the loading curve for flat and hemispherical indenters. 
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6.7 QUASI-STATIC AND DYNAMIC BRAKE BENDING 

The aim of this example is to demonstrate the significance of the dynamic 

formulation by comparing the results of simulation of a plane-strain brake bending 

process (also known as air bending) using quasi-static and dynamic analyses. Choudhry 

and Lee [41] pointed out that although the tooling and the process for this problem are 

rather simple, they simulated this problem using a dynamic Lagrangian formulation to 

prove the effectiveness of dynamic analysis even for sheet metal forming processes 

which are essentially quasi-static. It also provides a challenging test for the numerical 

stability of the solution algorithm due to the small strains and large rotations involved. 

The tooling geometry for the process is shown in Figure 6.32. The punch and the die are 

both 10 mm in radius. The sheet is 1 mm thick. The material behavior of the sheet is 

assumed to be bilinear elastic-plastic with a Young's modulus of 210 GPa, Poisson's 

ratio of 0.3, yield strength of 300 MPa, and a plastic modulus of 1 GPa. Free boundary 

conditions are assumed at the sheet edge. 

Figures 6.33 and 6.34 show the punch load against the punch displacement for both 

the quasi-static and dynamic simulations, respectively. While the quasi-static formulation 

gives a rather smooth curve for the load-displacement curve, the dynamic formulation 

exhibits oscillations that agree with the static solution only in the average sense. The 

maximum punch displacement attained when modeling the process as a quasi-static 

process was 37 mm at which point the tangent stiffness matrix became extremely ill-

conditioned and equilibrium iterations ceased to converge. However, a displacement of 
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52.5 mm was obtained when dynamic effects were considered. The results are in 

agreement with those previously reported [41]. 

Figure 6.35 shows the distribution of the equivalent plastic strain at different punch 

displacements. It is shown that the sheet deformation is primarily due to bending in the 

region in contact with the punch and virtually no strain occurs away from the punch. One 

is able to conclude that although inertia effects are negligible in this process, 

contributions from the dynamic terms seem to stabilize the convergence problems 

resulting from the large rigid body motions with little straining. Virtually identical strain 

distributions are obtained for both quasi-static and dynamic formulations when a 

convergent solution is obtained. 

Figure 6.32. Tooling geometry for the brake bending process. 
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Figure 6.33. Quasi-static load-displacement curve for the brake bending process. 



Figure 6.34. Dynamic load-displacement curve for the brake bending process. 
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Chapter 7 

CONCLUSIONS 

7.1 SUMMARY 

The accomplishments and conclusions of the present work may be summarized in the 

following: 

Derivation of fully coupled A L E virtual work equations from the basic principles of 

continuum mechanics for quasi-static and dynamic analyses. The fully coupled A L E 

virtual work equations derived in this work are unique as they are based on a new 

treatment for convective terms and because displacements are used as the 

independent variables as opposed to velocities which is a common practice in the 

A L E literature. The derivation introduces implicit fully coupled dynamic A L E 

calculations for the first time. 

Introduction of a new method for the treatment of convective terms in the A L E 

equilibrium equations that avoids the use of unjustified assumptions in calculating 

spatial gradients of stresses. This new method results in a consistent formulation and 

maintains its generality and accuracy. 

Discretization of the A L E virtual work equations using isoparametric finite elements. 

An effort is made to present the different A L E virtual work terms in matrix forms that 

are easy to compute while maintaining the resemblance of the calculations with the 
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Lagrangian formulation. Implementation of the A L E finite element equations into a 

2-D computer code for plane stress, plane strain and axisymmetric problems with 4, 8 

and 9 node elements. Special attention is made to the modularity of the code 

structure. 

Introduction of a new general relation that relates grid displacements with material 

displacements. Implementation of this relation on the element level during the 

assembly of element matrices eliminates grid displacements from the equations and 

offers a substantial saving in computation time. New treatment for mesh motion on 

material boundaries that allows boundary nodes to move in the tangential direction to 

the material boundaries in order to maintain a uniform distribution while satisfying 

the boundary constraint. 

- Implementation of time integration schemes that allow for implicit, explicit and 

mixed implicit-explicit calculations. Implementation of a line search technique to 

accelerate the convergence of implicit calculations. 

Employment of a simple contact algorithm based on the direct constraint method. 

Including contact capabilities into the code allowed the simulation of more 

applications. 

- Establishing a clear connection between the developed A L E formulation and the 

Lagrangian formulation. A L E is shown to be a logical extension to the Updated 

Lagrangian formulation and the necessary modifications to current Lagrangian codes 

are clearly identified. The author believes that a Lagrangian-consistent A L E 
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formulation will help spread the use of A L E in general-purpose commercial finite 

element codes in large deformation analyses. 

Simulation of several large deformation quasi-static and dynamic metal forming 

applications using the developed A L E code and other commercial Lagrangian-based 

codes. Experimental analysis was carried out for one of the simulated applications. 

Comparison of A L E predictions with analytical, numerical and experimental results is 

presented. A L E results are in good agreement with the other methods of analysis. The 

various simulations clearly show the power of the A L E formulation in preventing 

mesh distortion under high degrees of deformation. A L E was also employed to 

eliminate the need for contact analysis and to avoid corner penetration in some 

applications. 

7.2 FUTURE WORK 

The focus of the work in this thesis has been on the derivation of a consistent A L E 

formulation for quasi-static and dynamic solid mechanics applications, implementation 

into a 2-D finite element code and application in the simulation of large deformation and 

metal forming problems. Future developments may be directed towards the enhancement 

and extension of the formulation capabilities, improvement of the current code 

implementation and the simulation of more applications. 

From the theoretical point of view, the A L E formulation presented in this work may 

be complemented in several areas: 
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Investigation of more powerful mesh motion schemes. The transfinite mapping 

method, employed in this work as the mesh motion scheme, optimizes the mesh based 

solely on the geometry of the boundaries. Although this scheme is shown to be 

adequate for many applications, a better mesh can be generally produced if stress 

localization and strain gradient effects are taken into account when moving the mesh. 

This is essential if severe stress gradients are present. Isoparametric mapping can also 

be employed as an efficient mesh motion scheme especially for 3-D analyses. 

Extension of the formulation into the fluid mechanics area by deriving the virtual 

work equations for fluid elements. Material models for fluid elements can be 

introduced into the A L E governing equations following a similar procedure as that 

used for the constitutive equations of elastic-plastic materials. 

On the implementation level, desirable improvements to the current code may 

include: 

Extension of the analysis dimensions to 3-D. The developed A L E equations are 

general and are directly applicable in 3-D. However, this extension will require the 

addition of 3-D brick and shell elements. It will also necessitate the implementation 

of a 3-D mesh motion scheme and a surface remeshing procedure, which are not 

simple tasks. 

Modification of the current contact algorithm or implementation of a more reliable 

one, possibly based on Lagrange multipliers and/or penalty function. The current 

contact algorithm causes lots of numerical problems in achieving convergence. It is 
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essential to use a superior and more stable contact algorithm especially if 3-D 

calculations are introduced. 

On the applications side, the use of the developed A L E formulation and code can 

produce an impact in the simulation of several applications: 

Fracture mechanics is an application that is well suited for the A L E calculations. A L E 

offers an effective method for the simulation of crack tip advancement and control of 

mesh quality near the crack tip compared to the more approximate nodal separation 

and remeshing techniques used in the Lagrangian simulations. Using the dynamic 

A L E formulation developed in this thesis, dynamic fracture mechanics, in which high 

speed loading and high speed crack propagation take place, can be easily simulated. 

However, additional features to the current code implementation, such as a method of 

handling of newly created material surfaces and calculation of the J integral and strain 

energy density, are necessary. 

Fluid-structure interaction is another class of applications that can be efficiently 

simulated using A L E and the implemented solution schemes. Fluid mechanics 

problems are characterized with fine meshes and large material motions while 

material motion in structural problems is generally more restricted and require a 

relatively lower mesh density. A L E , with its flexible mesh motion scheme, can 

efficiently handle the distinct mesh motion requirements that occur in this kind of 

interaction problems. In addition, since mesh resolutions can be quite different at 

different regions in the problem, explicit integration for the relatively less dense mesh 

region (with larger critical time step size) and implicit integration for the more fine 
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mesh region (with restrictively small critical time step size) can be combined in the 

analysis leading to savings in computational time. 
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Appendix A 

GRID TIME DERIVATIVE OF VIRTUAL STRAIN 

The grid time derivative of dp.. is given by 

d 
dt 
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For clarity, we will use vector notation to derive 
d ddui 

a d'xj 
X* 

ddu, 
We can write ——- as 

d'x. 

ddu. ddu 
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(A.2) 

Defining I to be the identity tensor, we have 
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Taking the grid time derivative of both sides of (A.3) and rearranging gives 
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Multiplying both sides of (A.4) by —— from the right gives 
dx 
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in which — 
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f ddu' 
Kd'xj 

can be calculated as 
X s 
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Substituting (A.6) into (A.5) gives 
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Rewriting (A.7) in indicial notation gives 
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