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Abstract

Using the Airy stress function, plane linear elasticity problems reduce to solving a biharmonic
problem of the first type. Analytic solutions to the biharmonic problems of the first type in
a domain with a re-entrant sharp corner are discussed in this thesis. General solutions to the
biharmonic equation in the vicinity of the sharp corner are given in terms of a series of some
special eigenfunctions, which are obtained from two auxiliary eigenvalue problems corresponding
to symmetric and anti-symmetric stress states. In the case of a line crack, the leading term in
each series contains the singularity in stresses near the crack tip, and its coeflicient determines
the stress intensity factor of Mode I or Mode 1l loading.

In this thesis, stress intensity factors are evaluated with the specimens of two simple ge-
ometries — circular disc and rectangle — that are subjected to three types of loadings: uniformly
distributed forces, concentrated forces and those yielding pure bending. Stress fields are found
using the series stress functions with the boundary collocation method. The least squares
approach is applied to the system of linear equations arising from the boundary collocation
procedure.

Compared to other sophisticated methods, the present approach employing the technique
of boundary collocation is straightforward and relatively efficient in numerical computation.
Numerical values of stress intensity factors are compared to the results obtained using other
less efficient methods. A sound and overall agreement is found in most cases. The approach
presented in this thesis along with the results may be used as an auxiliary tool to determine

the fracture toughness of laboratory test specimens.
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Chapter 1

Introduction

The interest in crack problems in the mathematical theory of elasticity arises from the theory
of brittle fracture. Although numerical methods such as the finite element and finite difference
techniques have been widely used in solving various complicated problems, analytical solutions
are still of significance when high accuracy and numerical efficiency are concerned in solving

crack problems.

1.1 Crack and Stress Singularities in Plane Elasticity Problems

In two dimensional elasticity theory, the stresses satisfy the equilibrium equations

0oy, 0Ty

5ot gt =0 (1.1)
Oty 0Ooy
5 By 0. (1.2)

By introducing an Airy stress function ¢, these equations are identically satisfied if letting

o ¢ 0% 0% (1.3)
T = A Th Oy = 7T 5 Opy = — 5. .
dy? v 92 v dzy
Imposing also the following compatibility condition
V3o, +0,)=0 (1.4)

where V2 is the usual Laplace or harmonic operator, we have the following biharmonic equation
in ¢
Vig=0. (1.5)
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Given stresses on the boundary, solving for the stress field is equivalent to solving the following

biharmonic problem of the first type

Vi =0 in Q,
¢=f on 09, (1.6)

¢p =g on Q0

where f and g are determined from given stresses conditions and ¢, is the normal derivative
of ¢ outwards to the boundary 0€}. This form is sometimes more convenient for the sake of
mathematical analysis and numerical computations.

Based on harmonic analysis, it is known that the solution of the second order elliptic problem
is analytic provided the boundary and boundary values of ¢ are both analytic. Singularities can
occur only when the boundary or some part of its data is not “smooth”. Similar conclusions can
be extended to the biharmonic problem. The second derivatives of ¢ (even its first derivative)
and in turn the stresses may become unbounded in the neighbourhood of crack tip, where
geometric singularity occurs.

In fracture mechanics, the first mathematical approach to crack problems was proposed by
Inglis[9] in early 1900s. By considering an elliptic hole inside an infinite plate under uniform
tension o (Fig.1.1), Inglis showed that the maximum stress in the plate is at the extremity of

the major axis and is given by
(0y)max = 0(1+ 2a/b) (1.7)
where a and b are respectively the major and minor axes of the ellipse. As b tends towards

zero, Equation (1.7) may be written in terms of the curvature as follows

(0y)max = 0 (1 + 2—“)1/2 (1.8)
P
where p = b%/a is the radius of curvature of the ellipse at the apex of the major axis. As b
tends towards zero, p also approaches to zero and thus
a

(0 Jmax = 20 (;)1/2 (1.9)
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SRR ERREE
B

Figure 1.1: Elliptic crack in an infinite plate by Inglis

This indicates that for a line crack (see Fig. 1.2), the tensile stress at the crack tip becomes

infinitely large.

1.2 Griffith Crack Problems

The Griffith crack is of primary importance in fracture mechanics. Consider an elliptic crack
of length 2¢ in an infinite plate under tensions that are perpendicular to the major axis of
the ellipse (Fig. 1.1). The surface of the crack is free from the applied stress and there is a

prescribed tensile stress o at infinity so that
Tey(®,04) = 0y(,04) = 0, 2| < ¢ (1.10)
and
Ux((li,y)“’O, sz((L‘,y) - 01 U.r(z)y)HUJ T -2 00 (111)

where 7 = (2% + y?)'/2. In practice we are interested in the more general case in which o at

infinity is not constant. It is interesting to note that making use of the superposition principle
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SRR RRE

]

P

Figure 1.2: A line crack in an infinite plate
of linear elasticity theory, this problem is equivalent to the one below

Tzy(z,01) =0, o (z,0+)= -0, |z|<c (1.12)

oz(z,y) = 0, T5y(z,y) — 0, oy(z,y)— 0, 7 — oo. (1.13)

This problem can in turn be generalized to the case in which the internal pressure opening the
crack varies along the crack.

It has been accepted that two dimensional crack problems can be categorized into three
fundamental ones corresponding to three distinct modes of displacement: opening mode (Mode
I), shearing mode (Mode 1I) and tearing mode (Mode I1I), as shown in Fig. 1.3 Fig. 1.4 and
Fig. 1.5. It can be seen that any crack deformation can be represented by the appropriate
superposition of these three cases. It also follows that for each of the three modes there is
an associated crack tip stress field. Using the analytic method of Westergaard|[29] Irwin [10]
showed that near the straight crack tip, the primary stress components are of the forms

ﬁ T. NE—E P o N.@ .
0y~ TRAW@) 1 O(1),  Toy~ TREO)+0(), oi~ TILO) 1 O(1)  (114)

where 0 is the polar angle and r = /22 + y?. Since the leading terms contain a singular
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T~

Figure 1.3: Section of a plate with a Griffith crack: Mode I displacement

Figure 1.4: Section of a plate with a Griffith crack: Mode Il displacement
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Figure 1.5: Section of a plate with a Griffith crack: Mode TII displacement

term 1//r, the stresses are unbounded as r — 0. This agrees with the results given by Inglis
that at the crack tip, the tensile stress becomes infinitely large in the behavior of O(1//r)
as r approaches zero. An important feature of these asymptotic expressions is that the stress
distributions around all cracks are similar and depend only on r and #. The difference between
one cracked component and another lies in the magnitudes of the constants Ky, K1 and Ky,

defined as stress intensity factors by

Ki= lim oy(z,0)V2rz (1.15)

-0+
Kip= 111(1311L Oxy(T,0)V21x (1.16)
K= liI(I)l 0z(z,0)V27z. (1.17)
x--0+4

These stress intensity factors indicate the magnitudes of the crack tip stress field in the three
modes. In each case, as the applied forces increase, the stress intensity factor will approach
to its critical value, which indicates the material property, termed fracture toughness. Among
these three modes, the most significant one is Mode I, since in most cases the stress behaviors

are dominated by Mode I cases. Consequently methods of estimating K have received much
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attention.
In general stress intensity factors are determined by a number of factors. Previous research,
mainly due to Irwin, shows that for a specific material, the stress intensity factor K (for each

mode) can be expressed in general as
K = f(o,c) (1.18)

where o represents certain kind of measure of the applied load and c is the length of crack. The
function f depends on the configuration of the cracked component and the way in which the
loads are applied. Many functions have been determined for various specimen configurations
and are available from fracture mechanics literatures. In this thesis, we will estimate K and
K711 of some specimens by using a relatively simple method which can also determine the stress

field in the entire region of the cracked component.

1.3 Literature Review

In the early evolution of fracture mechanics, most methods used to estimate the stress intensity
factors were based on either analytic or experimental approaches. In the analytic methods, a
fundamental contribution was made by Westergaard in early 1930s. Sneddon [22] was the first
to derive the stress field expansions for the two cases of a Griffith crack and a circular crack
using integral transform methods. Williains {33] later extended the work of Sneddon and derived
series solutions to the biharmonic problem of the first type in an infinite domain with a reentered
corner. Since 1960s, many important and valuable analytic solutions have been collected and
given by Sih [19]. Most of them are based on the complex function method. The application
of complex analysis is powerful in solving two dimensional linear elasticity problems. The
approach using complex functions and conformal mapping was used in handling various simple
geometric singularities with great successes. For the problems with simple geometry, such as
circular disc, quasi-analytic solutions are possible(See, for example, [19]). Unfortunately when

dealing with the problems with more general and complicated geometry and singularities, this
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approach faces severe challenges. Also, for a given problem, the transforined problem is usually
not simple either and special efforts have to be made. Based on these disadvantages, today this
approach is not used as widely as before and replaced by other general-purposed and efficient
numerical methods such as the finite element and finite difference methods.

Another popular approach was that using integral transforms. Some interesting, but not
always of practical importance, problems such as the circular disc problems were studied by
Rooke and Tweed[18] using Mellin transforms. Other theoretical discussions are seen, for
example, in a systematic introduction to the application of integral transforms in elasticity
theory and fracture mechanics by Sneddon [23]. The variations of the integral transform method
have led to a number of simple approximations for estimating stress intensity factors for different
configurations and loadings. In general these approximate methods are efficient sometimes, but
they do not give detailed stress distribution. The integral transform method itself often suffers
from the disadvantage that the inverse transform is required and is generally very complicated.
Except for limited cases, analytic results are rarely available and numierical approximation is
required.

The J-integral method is frequently used to estimate the stress intensity factors. It is shown
by Rice [16], [15] that the stress intensity factor can be related to a path independent integral.
But in order to evaluate the J-integral, the displacement field must be determined first.

Using the Fourier expansion approach, Vaughan and Wu [28] proposed a few solutions of
circular disc problems in Mode I cases and some other problems. They used a specially selected
series of Airy functions. On the boundary of the disc, applied loads were resolved as radial
traction and tangential shear forces which were further expanded in Fourier cosine and sine series
in polar angle respectively. The radial and shear stresses inside the disc were also expanded
into Fourier cosine and sine series. An infinite linear system in the unknown coefficients of the
Airy function was setup by equating the radial and shear stresses to the boundary conditions
and then solved by considering only the leading diagonal subsystem. However, the Fourier

expansion method can not be easily applied to more general cases.
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Either analytically or numerically solving the problem with Airy stress function in elasticity
problems requires the solution of a biharmonic problem of the first type. Solving biharmonic
problems using finite difference methods was studied in detail by Bjérstad [3] in early 1980s. The
accuracies and complexities of various difference schemes were discussed in his work. Applying
the usual 13-point scheme or other alternatives (see for example [3]) to the crack problem,
however, faces the difficulty in obtaining a higher order approximation near the crack tip.
Greenspan and Schultz [8] used the approach proposed by Smith [20], {21] (and studied in more
detail later by Ehrlich [4], [5], [6], McLaurin [13] and Vajtersic [26] [27], etc.) to a rectangle plate
with an edge crack under uniforin tension. This approach separates the biharmonic problem
into two coupled Poisson’s equations and appropriate boundary conditions. Greenspan and
Schultz used nine-point stencil near the crack tip, which generated a local truncation error of
order O(h®), h being the local mesh size, to the Laplacian operator, and used uniform five-point
stencil in the rest of the region. By using this technique, the user benefits from reducing the
fourth order biharmonic problem to the second order Poisson type problems which are relatively
easier to solve.

The finite elements method is probably the most common method used today. In engi-
neering, the elastostatic problems are usually solved through displacement models. Geometric
singularities are usually handled by local refinement and/or the use of special elements. Nowa-
days many commercial and research packages such as ANSYS have the (acility to evaluate stress
intensity factors. Although it has become a routine procedure that displacement field is solved
first, it is not necessary that the problem be solved following this pattern. Theoretical work
was done investigating the finite element solution of biharmonic problems by Banerjee and
Benson [1]. In the finite element methods that start with stress functions, the stress function is
dealt with directly, and hopefully, the stress field and in turn the stress intensity factor can be
obtained more accurately. Successful use of Lhe finite element method to solve crack problems
requires the user’s knowledge and experience in selecting elements and generating a grid in

the crack tip area. In the treatment of crack tip singularities, local refinement is usually used.
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However, as pointed out by Strang and Fix [25], in some cases where geometric singularities
exist, the sole refinement may not be good enough and results may still be poor. In such cases
special elements or basis functions are strongly recommended.

Being aware of the deficiency of pure refinement techniques, some people turn to looking for
special functions that approximate the solution in the vicinity of crack tip instead of numerical
discretizations. This leads to the development of various “subtract-singularity-out” techniques.

The achievement was first made in the studies of the second order elliptic problem of the form
V-(pVu)+gqu=f in Q, u=g on

by Motz [14]. He proposed an approach in 1940s using a singular function to approximate the
solution in the neighbourhood of boundary singular point while using usual finite difference
scheme everywhere else. Woods [36] used the same idea and extended it to the problems with
more general types of singularities. Fundamental contributions to the analytic solution of the
first biharmonic problem with geometric singularities, e.g. a crack, was first made by Williams
[33]. He used an infinite series to approximate the solution of the biharmonic function in the
neighbourhood of the crack tip. Important work was also done by Whiteman [30], [31], [32].
Following Motz’s idea, Whiteman [30] solved the problem in the rectangle plate with an edge
crack by using finite difference approach vutside a subregion containing the crack tip and using

Williams’ series in the subregion of the crack tip.

1.4 The Objectives

In this thesis we will apply a semi-analytic technique that uses special Airy functions in the
form of infinite series to the solution of stress fields and corresponding stress intensity factors
to some plane crack problems. Particularly we are interested in the stresses and the stress
intensity factors for a rectangle plate with an edge crack under different loadings which are to
be used as specimens in laboratory tests.

Also we will present some theoretical results in solving the fist biharmonic problem in the

Airy stress function in the domain with a V-shaped crack and discuss the numerical approaches
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that are to be used. Furthermore, we will discuss some difficulties that arise from the use of

our technique, and shed new understanding on why this type of dificulty occurs.

1.5 Scope of The Thesis

The main aim of this thesis is to derive a semi-analytical approach to the solution of the fist
biharmonic problem in a domain with a straight reentrant corner or edge crack and present an
applicable and relatively efficient numerical technique for practical uses.

In this chapter fundamental concepts related to fracture mechanics have already been sum-
marized. A literature review has also been given. Important work done by individuals will be
referred to again throughout the following chapters.

Chapter 2 presents the mathematical foundation upon which the primary method we used
is based. The general solutions to the biharmonic equation in various forms in an infinite
domain containing a “branch cut” or the line crack are obtained through the technique of
separation of variables. Special Airy stress functions in the form of infinite series are developed.
These expressions are extensively used in later discussions. A brief review of the use of Fourier
expansion method employing these basis functions is given and followed by discussions.

Chapter 3 discusses the property of those stress solutions and the numerical aspects in the
use of these stress functions. Error measurements used in our numerical computations are
introduced.

Chapter 4 contains numerical results to some problems of particular interests in practice.
The values of Mode I and Mode II stress intensity factors for two kinds of geometries — circular
disc with a radial crack and rectangular plate with an edge crack, under various loadings, are
given and followed by remarks and discussions.

Finally Chapter 5 will summerize the achievements we have made in applying our approach
to the assessment of stress intensity factors and in the meantime the determination of stress
fields. Some open questions will be brought to the readers for further research.

In this thesis, we try to keep the mathematical formulae as siinple and general as possible.
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Detailed expressions will be put in the appendices for curious readers. Unless specified oth-
erwise, all the variables such as dimension, stresses and loads are nondimensionalized for the
simplicity of mathematical expressions. The stress expressions in terms of the special stress
functions for Mode I and Mode II cases in polar coordinates are given in Appendix A. An
alternative form of boundary conditions for the biharmonic problem of the first type is de-
rived in Appendix B. Corresponding examples are given for the crack problems in rectangular
plate and circalar disc. Appendix C discusses the auxiliary problem in developing the stress
functions that satisfy the crack surface stress free conditions on the boundary of a V-shaped
angular corner. Appendix D introduces an approach to the solution of the first biharmonic
problem as coupled Poisson’s equations with appropriate boundary conditions, since Poisson’s
equation or Laplace equation in a cracked domain is relatively easy to solve and (local) analytic
solutions are available. Appendix E discusses the numerical aspects in solving the linear least
squares problem arising from boundary collocation with special stress functions in solving crack

problems.



Chapter 2

Mathematical Foundations

In this chapter, we will discuss the solution of the first biharmonic prablem arising from two
dimensional elastostatic plane stress-strain problems in an infinite domain with an edge crack.

Section 2.1 introduces the construction of the solutions of the biharmonic equation using
specially selected harmonic functions. Section 2.2 discusses the Airy stress functions in an
infinite domain with a V-shaped boundary, on which stresses vanish. Section 2.3 and 2.4
discuss the Fourier expansion method in solving crack problem using the special Airy stress

functions.

2.1 Series Solution of Biharmonic Equation

In polar coordinates, the periodic solutions of Laplace’s equation V21 = 0 with real separable

variables belong to the family
H = {logr,v™cosmf,r ™ cosm, r" sinnf,r " sinnh} (2.19)
where m and n are arbitrary real numbers. The generic solutions to the biharmonic equation
Viviy(r,0) =0 (2.20)

can be formed using these harmonic functions. We first present the following results in the form

of lemmas.

Lemma 2.1 For any harmonic function u, which satisfies V3u = 0 and is sufficiently differ-

entiable, the functions v, = r%u, vy = rcosfu and vz = rsinfu satisfy the biharmonic equation.

13
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This can be verified directly. Lemma 2.1 points out a way of constructing generic solutions to
the biharmonic equation from those to the Laplace equation.

With the solutions in the forms given in (2.19), we claim

Lemma 2.2 The functions of the forms u = r™cos(nf) or v = r™sin(nd) are biharmonic if

|m| = |n| or |m - 2| = |n|, for m,n € R.

Proof. The proof uses the results of (2.19) and the trigonometric identities.

From Lemma 2.1 and linearity, we have more generally

Lemma 2.3 If v = u(r,0), v = v(r,0) are the harmonic functions, then the function w =

(r? - ¢*)u + v satisfies the biharmonic equation with ¢ some constant.

2.2 Stress Functions for The Problems with V-Shaped Boundary

Consider an infinite domain with a V-shaped boundary, that is, an angular corner with a < 27
(see Figure. (2.6)). We now seek a particular type of stress function so that the normal and
shear stresses given by this stress function vanish on the crack surfaces. Let us first look at the

following simple conclusions.

Proposition 2.4 For any btharmonic function ¢ = ¢(r,8), it is an Airy stress function such
that on the reentrant boundary 0Q¢c on which 6 = +a/2, the derived normal stress og = 0 and
shear stress 1,4 — 0 if and only if the function ¢ and its normal derivative ¢, are constants on

oflc.

Proof. The proof is straightforward. Following is only for the sufficient condition. Since ¢ =

constant for all r,

¢ 0*¢ _
5 =5 =0 (2.21)
So
2
og = M = (. (2.22)
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Figure 2.6: Infinite domain with a V-shaped angular corner.
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(2.23)

(2.24)

(2.25)

This in fact has pointed out a way to construct special Airy functions that salisfy the stress-

free conditions on straight crack surfaces. In Mode I cases, the stress distribution is symmetric,

and therefore, by Lemma 2.2, let

éa(r,8) = 7 [c1 cos(A — 2)8 + ¢ cos MG

(2.26)

where ¢;, ¢y are arbitrary constants, and A is chosen such that ¢ and its normal derivative

vanish at +a/2. In the recent work by Vaughan and Wu (28] where a = 27, A is assigned
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two sets of values: A\; = % + &k, k=1,2,..,and Ay = 2,3,..., and correspondingly, the stress
function are represented by two infinite series

H(r,0) = }: Apr™ [mcos(m — 2)8 — (m - 2) cos(m8))

m
+ 2: B, r™|cos(n — 2)8 — cos nb) (2.27)
with m = 3/2,5/2,...and n = 2,3, ...
For the Mode I stress function (2.26), we may extend the above results to more general

cases when a < 27.

Proposition 2.5 For an infinite domain with an angular corner or a V-shaped crack with
angle a < 2w, the stress function ¢y = ¢(r,8; ) for Mode I of the form given by (2.26) will

satisfy the crack surface stress free condition if A is chosen as the solution of the following eigen

equation
sin(A  Dw —~ (X ~1)sina. (2.28)
with A # 1.
Proof. Let
B(r,0) = r* f(8) = 1 |c1 cos(A — 2)8 + ¢, cos Ad| (2.29)

By Proposition 2.4, we are determining f(8) such that

o a a o
d(r,+=) = ¢g(r, 1 =) =0 or f(+t=)= f(+t=) -0, (2.30)
2 2 2 2
That 1s
¢y cos( A — 2)% + ¢a cos )\g— =0, (2.31)
(X — 2)sin(\ — 2)% + casin Ag- = 0. (2.32)

We now want to find A so that there are nontrivial solutions for ¢; and ¢y. This requires that

the determinant vanish

Acos( A — 2)—3 sin )\g — (A= 2)cos )\g-sin()\ - 2)% =0 (2.33)
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which can be simplified as

sin(A — La= —(A~ 1)sina. O (2.34)

When a < 27 the solution of A (A # 1) has to be found numerically and may not always
be real. Here we are interested only in the cases when a = 27, corresponding to an edge line

crack. In this case, A has simple solutions. From (2.28), we have
sin(A — 1)a = 0. (2.35)
and therefore, A has the following values
k
A=147, h==+1,£2,... (2.36)

In order that dominant terms in the stresses be of order O(r"'l/z) as r approaches to zero, we

take & positive. Thus, we have

(2.37)

Having had the solutions for A\, we now turn to determining the corresponding values for ¢; and
¢z in (2.26). Substituting X into the homogeneous boundary condition (2.31) for f(8), we have,

with a = 27,

1
cos(A - 2)r = cos Awr = 0, for X = 5t k, k=1,2,... (2.38)

and correspondingly, (2.32) becomes
(A 2)+ e =0. (2.39)

Without loss of generality, we may define

G = A) (240)
¢y = 2 -\ (241)

and write
¢ =3 axr? A cos(A — 2)8 — (A — 2) cos(A0)]. (2.42)

A
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where the coefficients a) are undetermined. For X == 2,3, ..., we have from (2.31)
c1te=0 (2.43)
and the corresponding expression for ¢ takes the form
¢E\2) = Z by [cos(A — 2)8 — cos(A\B)] . (2.44)
A

Corresponding to each A there is a solution for ¢, thus, we obtain the stress function in
series expression (2.26) for Mode I that satisfies the stress free conditions on the crack surfaces.

For the anti-symmetric cases, e.g. Mode Il cases, by Lemma 2.2, let the stress function
$a(r,8) = 1 [c1 sin( A — 2)8 + ¢4 sin AG) (2.45)
Similar result holds for Mode Il cases. Without proof, we give the following proposition.

Proposition 2.6 For an infinite domain with an angular corner or a V' -shape crack with angle
a < 2m, the stress function ¢y = ¢(r,0; ) for Mode Il of (2.45) will satisfy the crack surface

stress free condition if A is chosen as the solution of the following eigenvalue problem
sin(A - Da = (A - 1)sina. (2.486)
with X # 1.

The topic on the solution of (2.28) and (2.46) is beyond the scope of this thesis. However, it
will be interesting to know for what a, the corresponding stresses become unbounded as r - 0.
It is found that when o > 180°, Re()\) < 2 for Mode 1 cases, and consequently the stresses
are unbounded. For Mode II cases, the stresses become unbounded if @ > 254°. Numerical
solutions and discussions are given in Appendix C.

Similar arguments apply to higher order problems with boundary singularities More gener-
ally, the singularity in a 2mth-order problem is determined by the principal part of the operator.
The leading term in the solution is of the form r*¢(8; A), where ¢ is a smooth function of 8 such
as harmonic functions above and A is an eigenvalue of an associated problem, both of which

depend on the boundary conditions.
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2.3 The Fourier Expansion Method

The first biharmonic problem can be stated as the following general form

Viu(r,8) =0 inQ
Fu- f on 09, (2.47)

Gu — g on 01,

where F and G represent, for example, the second order linear operators that give the normal
and shear stresses in terms of . Obviously, the solution for u is not unique. However, we are
interested only in the unique solutions of the second derivatives of u, which determine stresses.

Assume the solution has the form

oo

k
u(r,0) = qur"‘(/)m(()), m =14 5 k=1,2,... (2.48)

m

with ¢,,(0) defined earlier. The coeflicients ¢,, are to be determined from boundary conditions.
In the recent work of Vaughan and Wu (28], two boundary functions, namely the normal and

shearing forces, are expanded into Fourier cosine and sine series

f- Z fcos ub (2.49)
#=0

g~ Y g.sinvb (2.50)
v=0

Apply the operators F and G to (2.48) term by term and then expand (with respect to 8) in

Fourier cosine and sine series respectively to obtain

Fu = i Gm i Ay (T) cOs pud = Z (i qmam#(r)> cos ub
m #=0

pu=0 m
o0 (o ¢} [o o] oo

Gu = qu Z b (7) sin v = Z ( qmbm,,('r)) sin v0
m =0 =0 m

where

2 n
Ay = ;r_/o F(r™(0)¢m(0)) cospufdd, pu=0,1,...

by = 2 /'G(r"'(o)g»m(o))sm v0do, v=1,2,...
T Jo
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For circular disc with a radial crack whose length equals to radius a, r(0) = a and a,,, and

b are easy to calculate. Applying the boundary conditions leads to two infinite sets of linear

equations
ZQmamp = fp (251)
m
Z memu = gu (252)
for u,v =1,2,..., which are to be solved simultaneously.

Assume that the series (2.48) converges for all r and @ (This is not guaranteed in general) and
decreases fast enough, we use only the first finite terms. Take p,v = 1,-- -, nand m = 1,-- -, 2n.

This gives a 2n x 2n linear system

Az =b
where
Aij = ai; or by (2.53)
T = (al,---,aM,bl,--~,b2n_M)T, (2.54)
b= (fi, Jundr, 1 8a)" (2.55)

The coefficient matrix A is nonsingular and there exists a unique solution for .

2.4 Discussion on The Fourier Expansion Method

One advantage of the Fourier expansion method is that the singularities of the second type - un-
smooth data in the boundary conditions, for instance, compact loadings, can be handled better
through Fourier expansions. Such unsmoothness is essentially “averaged out”. This technique
has been used with great success by Vaughan and Wu in their recent work [28] in solving the
problem of a cracked disc under “concentrated loadings”. Generally speaking, the success of

the Fourier expansion method strongly depends both on the shape of the boundary and the
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boundary values. Recall that when solving the problems in which variables are separable, the

solution u(z,y) is expanded in a series of eigenfunctions

ch n(Z)Mp(y), z,y€Q

where M,,(y) are the eigenfunctions (sine or cosine functions), N,(z) are known functions and ¢,
are to be determined. Given boundary function f (e.g. stress function or its normal derivative
or stresses), the problem is reduced to finding ¢,, in the boundary condition Bu = f, ¢,y € 9Q,
where B is a linear operator, e.g. identity or partial differentiate operator. Expand both sides

on the boundary into Fourier series to obtain following problem

<24§:f‘¢hN M) Hom( )}‘bm H,,(z)

where H,, are sine or cosine functions of the form

: z, or Hp,(z)=cos

Hon(z) = sin —— d
= sin ——
m\Z nb—a b-—-a

and F,, are the Fourier coeflicients defined by

b
PMM:Lv@MM@M,m:QLW

for v(z) defined over [a,b](e.g. [0,7]). Typical regions on which this method works well are
usually limited to rectangle and circular disc when Cartesian and polar coordinates are used.
In these cases N, become constant on the boundary. The evaluation of the Fourier coeflicients
on the left-hand side, however, is not easy in general for complicated functions. For example,
for a disc with a radial crack of length less than radius a(as shown in Fig. (2.7)), for which the
origin is off the center of the circle by e, the equation of the edge is given in polar coordinates

by
E(r,0)=r1* - 2recosf + e* —a® =0
or

1/2
r= R(0) =lecosd + (az—ezsiné?) / |
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Figure 2.7: Circular disc with a radial crack less than the radius. The origin of the polar
coordinates is located at the crack tip.

v

Figure 2.8: Rectangle with an edge crack.
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For the rectangle with an edge crack, as shown in Fig. (2.8), for the point at the top edge,
r(8) = h/sin 8. Both cases make the evaluation of the Fourier coefficients F,, fairly complicated.
Therefore in solving the problem with irregular boundaries more general methods such as finite

element and finite difference or other alternatives will be more advisable.



Chapter 3

Numerical Approaches and Analysis

This chapter discusses in a general way how and how well the solution of a crack problem using

the special stress functions derived in the previous chapter can be obtained numerically.

3.1 The Localness of The Basic Solutions

In the previous chapter, series solutions (2.27) that satisfy the homogeneous boundary condi-
tions on the V-shaped reentered boundary in an infinite domain were derived. In the case of a
finite region, these basis functions generally will not satisfy the boundary conditions specified
on the boundary that encloses the region. This suggests that for a crack problem in a finite
region, these basic solutions are locally defined. It is therefore interesting to know when these
solutions may be applied globally and when they may not.

Note that in the neighbourhood of crack tip O, the series solution is absolutely convergent
when r < ry for some fixed ryo. However, the convergence of the series is not assured globally.
A frequently used approach in the numerical solution of crack problems is to use singular
solutions such as (2.27) only locally in the neighbourhood of the crack tip and apply conventional
treatments, e.g. the finite element or finite difference methods elsewhere. In the finite element
methods, the use of special basis functions and the alternatives such as (2.27) has led to the
development of the so-called singular elements.

In their theoretical work on the local treatment of boundary singularities in the finite element
methods, Strang and Fix [25] suggested that in the vicinity of a singular point, for example,
the crack tip, singular basis functions in the formn of power series or logarithms are preferred.

Furthermore, they showed that there exists an approximation in the spanned finite element

24



Chapter 3. Numerical Approaches and Analysis 25

space consisting of the usual piecewise polynomials together with some specially selected sin-
gular basis functions, such that the error in the approximate solution is bounded. In the finite
difference methods, there corresponds to the “subtract-singularity-out” schemes, typically, the
Motz’s and Woods’ methods. In these methods, the singular basis functions are applied only at
the grid points in a small neighbourhood of the crack tip and classic finite difference schemes
are applied at the grid points outside the neighbourhood. It has been well accepted that the
finite difference or finite element (without “singular elements”) method alone will lead to a poor

approximation to the true solution unless very fine local (.finement is performed.

3.2 Numerical Approaches

When solving crack problems in a domain in which one dimension is much bigger than another,
such as a long strip, the boundary collocation method introduces further numerical difficulties.
The major problem is that the coefficient matrix may become ill-conditioned due to the use of
massive collocation points and large amount of terms (of power series) required by the accuracy
concern. This is because, on the one hand, the elements in the kth column in the matrix, which
correspond to the kth term in the series, become extremely small (or extremely large if r is
not scaled so that r < 1) as k increases, so that the coefficient matrix becomes nearly not full
rank due to the non appreciable roundoff effects. On the other hand, the radius of two distinct
collocation points that are far from the origin are so close to each other(as in the long strip
plate case), that the two corresponding rows in the matrix become nearly identical.

In such cases one may apply the series only locally in the small neighbourhood 9Qp of the
singular point or crack tip and use other form of basis functions smoothly connected to the
truncated series on the boundary 9Q¢ of )y and then collocate at globally selected points.
One can also use the finite element approach. For the finite element solution of the biharmonic
problems, we refer the reader to Banerjee and Benson’s work [1].

Another choice is to use the finite difference approach with local analytic solutions. Most of

the methods use the approach of “subtract-singularity-out”, originally due to Motz’ and Woods’
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Y

Figure 3.9: Motz’ finite different mesh near the crack tip Q. with e representing near-points
and o representing far-point. The crack opening is towards left. Grid points are not specified
along the crack.

work (see {14] and [36}). In solving the second order problem of the form
V-(pVu)4+qu—-f in Q, wu=g on

in a region with an edge crack, Motz divided the region ) into two parts: a neighbourhood Qg
and the whole region except Qp, that is, Q\Qp, and used a set of mesh points. The mesh points
in o are called near points, while an equal number of adjacent boundary points in Q\Qp are

called far points (as shown in Fig. 3.9). Using an infinite series

w=Y_ qua(r,0) = > ar*f(6 ),
A A

which captures the singular behavior of the solution near the crack tip, in truncated form at
both near- and far-points, Motz obtained an expression which maps the approximate values at

far-points to those at near-pints, that is,
u" = Muf,

where superscripts n and f refer 1o near and far points and M is the matrix representation of

the mapping. By setting up the finite difference equations at mesh points in Q\Q¢, Motz had
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a set of linear equations which gives u at mesh points and u™ via the mapping. The coeflicients
g» can then be solved simultaneously. In Woods’ method, which was originally applied to the

BVPs with Laplace (or Poisson’s) equation, the harmonic function u is split so that

u=¢(a,B)+ ¥

where ¢ is a harmonic function with two parameters having the desired form of the singularity
at the singular point 0. Woods assumed that a suitable choice of @ and 8 will make ¢ capture
the entire singularity, so that 1 is well behaved. There is no difficulty in applying the Motz’s
or Woods’ method to biharmonic problems in a cracked plated. For more details, the reader
may look at Bernal and Whiteman’s work [2] in which both the Motz’ and Woods’ methods

were applied to a rectangular region with an edge crack.

3.3 Error Measurements

In the boundary collocation method, for any function w evaluated at a set of boundary points
(ém,Mm), m = 1,..., M, introduce the discrete L, norm notation

1/2

1 M
) = (M— lem|2) . (3.56)

Define
1/2

lells = (flull? + lual) (3.57)

for v on the boundary, where w,, is the normal derivative of v outwards to the boundary. Also

define as maximum norm

lwlloo = n};‘}x(lwml) (3.58)
for w on the boundary. Similar notation is introduced for v and w,, as
llullo, = max(][ulloo + [|unlloo) (3.59)

Now for the boundary conditions « = f, u, = ¢ on the boundary, define compound errors
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measured in || - ||; and || - {|oo

1/2
llellh = (—AIZ (2: |ty - f(émz"hn)lz + Z [(%n)m — 9(&m, 7]1n)|2)) (3.60)

m

“6“00 = Hiral'x(lum . f(fm;"lm)l; |(un)m - g(ﬁm;"]m)l) (36])

To measure the error in stresses in the collocation procedure, define

1/2
llellx = (‘Alz (Z |0 == 0(€my na))? + Z |Tm — T(ﬁm,nm)lz)) (3.62)

”6“00 = niﬂ‘x(lam - U(Emz"/m)l: |Tm - T(Em, 77m)|) (3.63)

where 0 and 7 are given on the boundary and o, and 7, are the normal and shear stresses
evaluated at the mth point (&, 7m), respectively. If write (3.62) and (3.63) in terms of stress
function ¢, then these two are in fact semi-norms for ¢. Equation (3.60) through (3.63) are used
to measure errors in our numerical experiments. Equation (3.60) and (3.61) are convenient for
mathematical analysis while (3.62) and (3.63) are of more practical meaning.

By the definition (3.60), it is obvious that the error as measured in the Ly norm vanishes
if and only if the approximate solution u and wu,, are identical with the given function f and
g respectively at each boundary point. However, in most cases, we required that ||e||; be

minimized rather than ||e[|; = 0.

3.4 Boundary Collocation Method

Suppose that dimensions of the region under concern are comparable in two directions (z and
y), that is, the region is not strip like, we may assume that the solution is admissible in the
whole region including the boundary(See the discussions in the next section). An ideal case is
that the region is a circular disc with a radial crack. In particular when the radial crack length
is equal to the radius of the disc, the stress function depends only on the polar angle 8 on the
edge of the disc. The problem can then be solved in a nice way using the Fourier expansion

method (See Vaughan and Wu[28]).
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In more general cases, where the region has an irregular shape, numerical methods are
preferred. Numerically, we have to use the series in the truncated forms, containing finite terms
so that the effect of round-off(which is machine dependent) will not be too significant. Then
we choose a reasonable number of collocation points, say, M/2 points, on the boundary, at
which two boundary conditions are forced to be satisfied. This leads to an M x N linear system
from which A, can be solved. Since the collocation points are chosen only on the boundary,
it is often referred to as the boundary collocation method. When M == N, the linear system
is square and solved exactly. At each collocation point, the boundary conditions, namely the
normal stress and shear stress or their alternative forms, are satisfied exactly. However this
may not be always good in practice. First of all, although the boundary conditions are satisfied
exactly at selected points, the boundary conditions may be seriously violated everywhere else
due to unsufficient number of collocation points. This is especially the case when data changes
significantly along the boundary. Secondly, if one includes more terms with a corresponding
increase in the collocation points, the coeflicient matrix, which is formed by the entries defined
by the values of #* f(8; A) and/or its derivatives, is found to contain many very small numbers
and is effectively ill-conditioned. An inversion of the matrix is then not possible. Instead of
setting equal numbers of terms and boundary conditions, we choose more collocation points
and in turn more equations than the number of coeficients and solve the linear system using
the least squares method(See discussions in Appendix E).

We are now turning to the procedure of boundary collocation. With the truncated series

expression of the stress function
N
¢(r,0) = Y Axr*f(6; A)
A

we choose a certain number of collocation points from which we obtain M equations. This leads
to an M x N linear system. If M = N, then |le||, = 0. By adding more collocation points, one
can expect that the error ||e]|; may increase. We are looking for such an N, if it exists, that
|lell1 is bounded as the number of collocation equations increases. The problem can then be

phrased as follows:
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In the stress function of the form

¢ =¢(r,0;0) =D Pudn(r,0) =D par™fu(6), 7T,0€Q, (3.64)

find p=(p1,---,pN) with N to be determined, such that for the given conditions (constraints)
defined on 0f}
0p

¢ = f(r,0), o g(r,8), r,0¢€0Q (3.65)

and given constant ¢, the error defined at the total M collocation points

1 (M M ¢ 4 1/2
“6“1 = (H (Z I¢m - f("'m:am)lz + Z |(57—l)m - g('r‘,,l,a,,,)V)) <e. (3-66)

We perform the following procedures. Initially, truncate the series into Ny terms and select

boundary points to get M; collocation equations. Gradually adding more points and in turn

setting up a sequence of sets of collocation equations (sequentially of M,,..., Mk equations),
we obtain a sequence of solutions to the vector of coefficients {p}x = {Ax,, -, Axy, e}, k=
1,..., K. Note that only the leading term A/, is of significance since it is directly related to

the stress intensity factors. With this in mind, we perform the procedure until a stable A3/,
is obtained, denoted by Ay n,. Then we increase the number of terms to N, and perform
the same procedure to get Aj/; n,. Repeat the process until a steady state in {A3/2,n}7 n =
1,..., Ny is achieved. The last number N; of truncated terms can then be considered the
optimal one. As mentioned earlier, in order to avoid the round-off effect, the number of terms
Ni, k= 1,2,...should not be taken to large.

By solving the problem in the least squares sense the error defined by (3.60) is measured in
global sense. The approximate (or the least squares) solution on the boundary apparently does
not match the given conditions exactly but only compromises the constraints in the least squares
sense. Since we are primarily interested in the stress field near the crack tip, if small changes
in boundary conditions causes only small changes in the leading coefficients, in particular 43,,
even though the boundary conditions are not satisfied perfectly in some local portion of the
boundary, the approximate solution shall be considered as the best fit to the problem. One

may also judge the least squares solution by examining the resultant force on the boundary.
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Numerical Experiments

This chapter presents numerical experiments on several model problewns, which represent the
physical problems of using laboratory specimens to test for the the fracture toughness by ap-
plying different loadings. The major work of this chpater, and also the main objective of this
thesis, is to calculate stress intensity factors for the test specimens with the application of
different loadings.

As mentioned in Chapter 1, the stress intensity factor in general is a function of load and

geometry, that is
K - f(o,¢)

where o represents certain kind of applied force and ¢ is the crack length. The function f
depends on the configuration of the cracked component and the way in which the loads are
applied. For a rectangular plate with an edge crack subjected to certain (distributed) loadings,

the stress intensity factor is written as
K = K,f(c/a,hfa,l]a) (4.67)

where K is some reference quantity with the dimension of stress intensity factor and f is a
dimensionless function. Here variables a is the width of the rectangle, ¢ is the crack length
and [ is the length over which the load is applied. The emphasis of the numerical work in this
chapter is to find function f numerically for various cases.

The primary geometry of the testing specimens concerned in this chapter will be a rectangle
with an edge crack dividing the rectangle into two symmetric parts. The loadings include

uniform tension, concentrated loads and those yielding pure bending. In our model problems,

31
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we are primarily concerned with the calculation of Mode I stress intensity factors with the
variation of geometric parameters and loading manners. Numerical experiments also include
the attempt to Mode II cases. In addition to stress intensity factors, stress distribution and
error estimations are also presented.

In all of the model problems we solve for the stress function using the boundary collocation
method. The linear systems arising from collocation were solved in the least squares sense with
the approach of orthogonal transformations.

The numerical experiments were carried out on Sun SPARC workstations with SunOS re-
lease 4.1.2. All computations are in double precision. All of the graphics representing numerical
results were generated with TecPlot.

This chapter is organized as follows: Section 1 introduces the errors measurements for later
use, and describes the conventions of nondimensional representation of quantities involved in
all of the model problems. Section 2 presents the comparisons of our numerical results with
those obtained in [37] using Fourier expansion method. Section 3 through Section 5 present our
new Mode I results for the test specimens under different loadings. Finally, Section 6 contains

a few experiments for Mode 1l loading with discussion.

4.1 Notation and Conventions

Most of the numerical results presented in this chapter are dimensionless. Normally, we write

boundary conditions in the following form
o(s) = a,f(s) (4.68)

where o is the reference quantity, called reference stress or stress scaling factor in this thesis,
with unit of force/area, and f(s) is a dimensionless function. As introduced in Chapter 2, the

special Airy stress function(with dimension) is written in general

® =) AL Ym(r,0) (4.69)
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where ),,(r,0) are dimensionless and A}, have the dimension of force. The general form of

boundary condition is

Be = U()f. (470)

where B is a linear operator, for example, B = 8?/8z%. Define dimensionless stress function ¢
by
¢ = /oy, (4.71)

then, the series expression of our special stress function is written

¢ = D (An/oo)¥(r,0)
= 3 A,9(r,6) (4.72)

where A,, are dimensionless coefficients to be determined. The dimensionless boundary condi-
tion is then

B¢ - x AmBII/}m - f (473)

Correspondingly, the dimensionless stresses are defined by
o =0a/oy (4.74)

where ¢ in general denotes normal and shear stresses. For instance, the boundary conditions

for a circular disc under uniform tension are expressed in computation as
o, =1, 17,4=0, atr=a for0 <0 <2x.

Without causing confusion, we also use the notation without bar to refer to dimensionless
stresses.
With dimensionless coefficients A,, determined, as mentioned in Chapter 2, the stress in-

tensity factor is then given by

K =cAj = cAgaU (4.75)

2
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where ¢ = 3/2 for Mode 1 cases and ¢ == 1 for Mode Il cases. Define also dimensionless stress
intensity factor K by
K = K/K, (4.76)
where K is the reference stress intensity factor in terms of oy and geometric parameters, for
example, Ko = g¢y/c, where c is the length of crack. For different problems, Ko will be defined
differently. Without causing confusion, in some cases, we simply use K or Ky without bar to
refer to dimensionless K1 and Kip, assuming the reader understands such simplification.
To measure the errors in numerical discretizations, in the previous chapter we have intro-
duced errors measured in the discrete Ly norm and L., norm. Again define respectively for a

total number of m computed values of stresses, the root-mean-squares error

(& pes)”

1/2
= ( (Ziara(s:c)lzizjmT(sk)lz)) , (4.77)
k k

[[Ellec = max|kg]
m

(Rl

3=

and maximum error

= max(|ok — o(s)], Tk — 7(sk)]) (4.78)

where o(sk), 7(sk) are the given normal and shear stresses at boundary point s, respectively,
and oy and 7% are the calculated normal and shear stresses at that point. With dimensionless

stresses, define corresponding dimensionless errors by

& ()

1/2
(‘1— <Z|5k —a(se)P+ D17 - f(Sk)IZ)) : (4.79)

mA\"% k

llell

I

and

lelw = max ey

= max (|ox — 0(sk)ls Tk — 7(sk)l) (4.80)

m
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By the definitions, these are relative errors with respect to the reference stress or stress scaling

factor o¢ mentioned previously.

4.2 Comparison of Numerical Results with Previous Work

For comparison, we applied the boundary collocation approach to the circular disc problems

studied by Vaughan and Wu[28].
Case 4.2.1 Circular disc under uniform tension.

As studied in [28], consider a circular disc of radius a with a radial crack of length ¢ = a
subjected to uniformly distributed stress oy on the circumference, as shown in Figure 4.10.

Using the stress function introduced in Chapter 2, the asymptotic stresses in front of the crack

[}

-

Figure 4.10: Circular disc under uniform tension .

tip are
3 a 1/2 \
o, = 0g = —Asog (—) , v =0, at 8 =0, asr -5 0. (4.81)
2 2 T
The stress intensity factor is given by
3 a 1/2
Ki = —Asoy (—) 2rr
2 2 T

- g\/m%am/a
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Figure 4.11: The variation of K| with the number of collocation points (circular disc, uniform
tension).

where K is the reference stress intensity factor.

Because of the symmetry, the problem is solved in the upper half plane only. The dimen-
sionless leading coefficient A% is found to be 1.495, which agrees closely with the value given in
[28] multiplied by v/2m. The first ten coeflicients A,, and B, in the first and second series (in
the notations used in Wu[37] and Vaughan and Wu[28|) are tabulated in Table 4.1 with the use
of different number of truncated terms. The values of the first ten coeflicients in forty truncated
terms are compared with the results in [37] in Table 4.2 The variation of stress intensity factor
with the number of collocation point using different number of truncated terms is investigated
and shown in Figure 4.11. It indicates that, with enough terms, six or more in each series,
the dimensionless stress intensity factor approaches to an asymptotic value as the number of
collocation points increases. It is seen in Figure 4.11 that dimensionless K] achieve the accu-
racy of 0.0025 if more than forty points are used. Thus, the number 40 can be considered as a
truncation value for the selection of collocation points. Figure 4.12 shows a quick convergence

of K1 with respect to the number of truncated terms using fixed number of collocation points.
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M =20 M =40 M =80

Am+ 15 Bm—H A,,H, li Bm-H A,,,,,L % Bm+1
1.49576 0.474267 1.49548 0.474096 1.49537 0.474036
-0.490013 0.0890304 | -0.489853 0.0890454 | -0.489794  0.0890502
-0.0067706 -0.0101775 | -0.0067869 -0.0101814 | 0.0067921 -0.0101876
0.0015948 0.0025807 | 0.0016016 0.0025658 | 0.0016041 0.0025701
-0.0005349 -0.0008839 | -0.0005361 -0.0008480 | -0.0005375 -0.0008510
0.0002234 0.0003730 | 0.0002190 0.0003176 { 0.0002198 0.0003196
-0.0001157 -0.0001732 | -0.0001020 -0.0001237 | -0.0001025 -0.0001251
8.8686-05 -0.0003152 | 5.2187-056  4.5450-05 | 5.2468-05 4.6356-05
-2.2202-05 0.0003092 | -2.8723-05 -1.1973-056} -2.8832-05b -1.2776-05
-2.0686-05 4.1862-05 | 1.6776-0b -2.6481-06 | 1.6742-05 -1.7590-06

37

Table 4.1: Ten leading coefficients with using 20, 40 and 80 truncated terms (circular disc,

uniform tension).

Ge Wu
Am+% B Am+§ B

1.49548 0.474096 1.49540 0.474066
-0.489853  0.0890454 | -0.4897740  0.0889071
-0.0067869 -0.0101814 | -0.0067858 -0.0101788
0.0016016  0.0025658 | 0.0016022 0.0002567
-0.0005361 -0.0008480 { 0.0005372 -0.0008482
0.0002190 0.0003176 | 0.0002199 0.0003173
-0.0001020 -0.0001237 | -0.0001005 -0.0001257
5.2187-05  4.5450-05 | 5.0266-05 4.3982-05
-2.8723-05  -1.1973-05 | -2.8274-05 -9.4248-06
1.6776-06 -2.6481-06 1.5708-05 -3.1416-07

Table 4.2: Comparison of leading coefficients with Wu’s results [37| (circular disc, uniform

tension).
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Figure 4.12: The variation of K; with the number of truncated terms (circular disc, uniform
tension).

The errors in the boundary collocation are plotied in Figure 4.13 and 4.14. As one may
expect, as the number of terms involved in the series increases, the errors, both measured in the
root-mean-square and maximum senses, drop significantly. Figure 4.14 also indicates that, in

order that the maximum error at certain particular point be bounded, 30 or more terms must

be used.
Case 4.2.2 Circular disc under diametric loading

As shown in Figure 4.15, the concentrated load P is replaced by a sinusoidal distribution
of radial tensile stress over an arc on the circumference of angle a = /K, K = 4k + 1,

k € N *(positive integers). The reference stress or stress scaling factor in this case is defined as

P 1P
= — = —— 4.83
70 aat «at ( )

The stress intensity factor is given by

3
K, = 5V27FA§00\/E
2
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Figure 4.15: Circular disc under diametric loading.

3 1P
= —V2rAs——va
2 zaat
3 1
= —-V2rAs—K, (4.84)
2 2a

where ¢ is the thickness of the disc and K, is the reference stress intensity factor.

Unlike Case 4.2.1, we have found in our numerical experiments that the convergence rate of
the series seems fairly slow. More than fifty terms in each series have to be used to achieve the
convergent value of Ky at certain accuracy. The slow convergent behavior was also observed
by Wu[37], in which Wu used Fourier expansion method to solve for those coefficients.  The
first ten coefficients of A,, and B,, using different number of truncated terms for a = /21 are
tabulated in Table 4.3. Table 4.4 compares the results with those obtained by Wu[37]. In [37],
the results are given in four decimal digits only. It can be seen that A,, agree with Wu's results

very well while B,, differ from Wu’s in higher order terms.
Case 4.2.8 Circular disc under crack opening loading

As shown in Figure 4.16, the concentrated load is replaced by a sinusoidal distribution of vertical

tensile stress over an arc of circumference of angle @ = 7/K, K = 4k + 1, k € N* near the
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M = 100 M = 140 M = 200
A, Bt A, B i1 A, Bmi1
0.677417 -0.17343 | 0.674891  -0.175245 | 0.673737  -0.175788
-0.0712769  0.0510315 | -0.0697791  0.0512957 | -0.069248  0.051464
-0.0940771  0.308686 | -0.0942235  0.308401 | -0.0942277  0.308152
-0.0626092  0.002054 | -0.0625382  0.00224908 | -0.0624855  0.00236614
0.0489328  -0.313463 | 0.0488905  -0.313636 | 0.0488546  -0.313565
0.0402994 0.000165363 | 0.0403274 0.000290014 | 0.0403197 0.000368668
-0.033773  0.308099 | -0.0337928  0.307983 | -0.033786 0.30782
-0.0289136  -7.41027-05 | -0.0288989  1.16497-05 | -0.0288833  7.01571-05
0.0252785  -0.302041 | 0.0252673  -0.302124 | 0.0252549  -0.302064
0.0223942  -9.90934-05 | 0.022403  -3.82565-05 | 0.0223993  7.93027-06

41

Table 4.3: Ten leading coefficients with using 100, 140 and 200 truncated terms (circular disc,
diametric loading).

Ge Wu
A, Buii | Anyt Bun
0.67374 -0.17579 | 0.672 -0.176
-0.069248 0.051464 | -0.069 0.051
-0.094228 0.30815 | -0.094 0.308
-0.062485 0.0023661 | -0.063  0.002
0.04885HH -0.31357 | 0.049 -0.314
0.04032 0.00036867 | 0.040 0.358
-0.033786 0.30782 | -0.034 0.309
-(0.028883 7.0167e-05 | -0.029  0.630
0.025255 -0.30206 | 0.025 -0.304
0.022399 7.9303e-06 | 0.023 0.265

Table 4.4: Comparison of leading coelficients with Wu’s results [37] (circular disc, diametric

loading).
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Figure 4.16: Circular disc loaded at the crack mouth.

crack opening. While in [37] and [28], P is replaced with a sinusoidal distribution of shear stress
plus a radial tensile stress, which constitute an equilibrium force system. The stress intensity

factor is given as in case 4.2.2 by

3
K = -2~V27I’A%(70\/E
3 1P
= §V27FA§——\/G_

2 xal
3 1
= =V2rAs—Ky (4.85)
2 2
where t is the thickness of the disc and K, is the reference stress intensity factor. The

first ten coefficients of A,, and B, using different number of truncated terms for a = /21 are
tabulated in Table 4.3. Table 4.4 compares the results with those obtained by Wu[37]. In {37],
the results are given in four decimal digits only. These results differ from Wu’s slightly, but the
magnitudes are in the same order.

The requirement of a large number of terms in computations in Case 4.2.2 and Case 4.2.3

implies that the boundary collocation method becomes less efficient in these cases and other
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M = 150 M = 180 M = 200
Am+.1§ Bm+] Am+15 Brn-{ 1 Am+‘2 Bm+1
2.05663 1.06033 2.05248 1.05884 2.05301 1.05884
-1.11571 -0.051336 -1.11361 -0.0514795 -1.11384 -0.0513412

0.0941759  0.0994753 0.0940231 0.0994843 0.0940315 0.099421
-0.0459668 -0.0809569 | -0.0458911 -0.0809178 | -0.0458957 -0.0808637
0.0274806 0.065869 0.0274353 0.0658648 0.0274381  0.0658285
-0.0183698 -0.0548056 | -0.0183396 -0.054781 | -0.0183415 -0.0547451
0.0131969 0.0463156 0.0131755  0.0463167 0.0131768  0.0462904
-0.00997126 -0.0395754 | -0.00995536 -0.0395619 | -0.00995638 -0.0395344
0.00781862 0.0339305 | 0.00780643 0.0339365 | 0.00780721 0.0339155
-0.006305 -0.0291029 | -0.00629543  -0.029097 | -0.00629604 -0.0290744

Table 4.5: Ten leading coefficients with using 150, 180 and 200 truncated terms (circular disc,
crack opening loading).

Ge Wu
Am_F% B Am+15 B
2.05301 1.05884 | 2.047 1.067
-1.11384 -0.0513412 | -1.111 -0.052
0.094031b 0.099421 | 0.094 0.100
-0.0458957 -0.0808637 | -0.046 -0.082
0.0274381 0.0658285 | 0.027 0.067
-0.0183415 -0.0547451 | -0.018 -0.056
0.0131768 0.0462904 | 0.013 0.048
-0.00995638 -0.0395344 | -0.010 -0.042
0.00780721 0.0339155 | 0.008 0.038
-0.00629604 -0.0290744 | 0.006 -0.034

Table 4.6: Comparison of leading coeflicients with Wu’s results [37] (circular disc, crack opening

loading).
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efficient approaches are demanded.

4.3 Rectangular Plate under Uniform Tension

44

Consider now an ideal case, a rectangular plate with an edge crack subjected to uniform tensions

0o loaded on its two opposite sides, as shown in Figure 4.17. In terms of stress function, the
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Figure 4.17: Rectangular plate under uniform tension.

boundary conditions are given by

e ¢

— = D

347~ 020y 0 onOA, AB and CD,
0%e 9%e

—8752——0'0,-8—;5;:0 OIIBC.

(4.86)

(4.87)

Because of the symmetry, the problem is solved in the half region O ABC DQO. Figure 4.18 shows

the distribution of collocation points along the edges. Note that the selection of collocation

points must exclude the points A and D because the stress function and its derivatives vanish at

0 = 0 and 7. Special treatments are needed at corners B and C because the normal derivative

is not defined. In terms of stresses, one more condition in normal stress is added at each of

the two corners. The boundary conditions specified by ¢ and its (outward) normal derivative

¢n on the physical boundary O ABC DO are given in the following standard statement of the
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biharmonic problem of the first type (See Appendix B)

Vi® =0 in OABCDO

¢=¢,=0 on0OA

®=¢,-0 onAB (4.88)
¢ = %(m + c)z, $,=0 on BC

2
¢ = 002a (x4 ), ®,=00a onCD

Use the truncated series introduced in Chapter 2

M
o(r,0) = Z A €™ [mcos(m - 2)0 — (m - 2) cos mb)|

N
+ Z Bp£" [cos(n — 1)8 — cosnb)| (4.89)

form = 3/2,5/2,..., M, n=2,...,N,0 <80 <x, where ¢ = ®/0y and £ = r/d, d is some
scaling metric, for example, d = (a? + b%)'/2. Solving for (dimensionless) unknown coefficients
A, and B,, using boundary collocation, the asymptotic stresses in front of crack tip are given
by
3 d\1/?
Op = 0y ~ ‘2‘A§0'0 (—) , Tay =0, atd=0as7 — 0. (4.90)

2 T

The stress intensity factor Ky is given by

K =

(4.91)

Figure 4.18: Distribution of collocation points along the edges of cracked rectangle
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Figure 4.19: The variation of dimensionless Ky with the number of collocation points (rectangle,
uniform tension).

Define the reference stress intensity factor

Ky = agv/me, (4.92)
then
3 d\'/?

The dimensionless K7, defined as Ky/ K is calculated and presented in the following figures.

The variation of dimensionless K7 with the number of collocation points for the case ¢/a =
h/a = 0.5 is given in Figure 4.19 for the use of different number of truncated terms. For each
case of truncated terms, K| is bounded as the number of collocation points increases. As the
number of truncated terms increase, K| converges to the value of 3.0. This behavior is shown
in Figure 4.20 for fixed number of collocation points.

The corresponding errors defined earlier for the above case are plotted with respect to the
number of collocation points in Figure 4.21 and 4.22 respectively. Both errors are bounded

as the number of collocation points increases. As we expect, the more truncated terms, the
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Figure 4.20: The variation of dimensionless Ky with the number of truncated terms (rectangle,
uniform tension).

smaller the errors.

The first ten coeflicients of totally 30, 40 and 50 truncated terms for ¢/a = h/a = 0.5 are
tabulated in Table 4.7. Unlike what we have seen in the circular disc cases, these coeflicients
for each case seem not to have the tendency to decay.

Figure 4.23 presents the variation of dimensionless Ky with the crack length ratio ¢/a for
different aspect ration h/a. These results agree excellently with those given in [17]. Figure 4.24
gives the dimensionless tensile stress distributions on four horizontal sections. Because of the
crack tip singularity, tensile stress increase dramatically near the crack tip.

The isochromatics of stresses o, are plotted in Figure 4.25.

Table 4.8 shows the dimensionless stresses calculated at selected boundary points. An
excellent agreement can be found between the given and calculated values. The crack length
ratio ¢/a and aspect ratio h/a are taken as the same value 0.5 in this case. A total of forty

truncated terms are used in the series.
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Figure 4.21: The root-mean-square errors ||e]| with the number of collocation points (rectangle,

uniform tension).
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M =30 M = 40 M = 80

A Bt A, JZ A, Bt
0.990142  0.157647 | 1.00079  0.165562 | 1.00312  0.167125
-0.573283  0.125654 | -0.584494  0.124866 | -0.586718  0.12463
0.0266888  -0.520773 | 0.0206892 -0.528473 | 0.0301527  -0.529909
0.146361 -0.0783619 | 0.147633 -0.0798253 | 0.148008 -0.0818353
-0.248051  1.64643 | -0.25178  1.68301 | -0.252607  1.69484
-0.374282  1.01943 | -0.380675  1.00166 |  -0.3827  0.995543
-0.0213386  -0.481084 | -0.0146433  -0.469402 | -0.0135544  -0.454491
0.0789041  -0.125902 | 0.0725379  -0.136316 | 0.0729004  -0.220696
012184 208096 | -0.121763  2.3264 | -0.112773  2.43747
-0.313915  2.18395 | -0.353751  2.07408 | -0.381019  2.17493

49

Table 4.7: Ten leading coefficients with using 30, 40 and 80 truncated terms (rectangle, uniform

tension).
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Figurc 4.23: The variation of dimensionless Ky with the crack length ratio c¢/a (rectangle,

uniform tension).
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Figure 4.25: The isochromatics of o, (rectangle, uniformn tension).
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T Y Ocal Tcal Ogiven  Tgiven
0.5 0.0625 0.00056723 -0.00072779 0 0
0.5 0.125 -0.00158  0.00067197 0 0
0.5 0.1875 -0.00047336 0.0011563 0 0
0.5 0.25 0.0015484 -0.0016913 0 0
0.5 0.3125 0.00053905 -0.0017849 0 0
0.5 0.375 -0.00039135 0.00437 0 0
0.5 0.4375 -0.00031257 -0.0011737 0 0
0.5 0.5 1.0045 0.0085196 1 0
0.45 0.5 0.99792  -0.0062623 1 0
0.4 0.5 1.0004 0.0078947 1 0
0.35 0.5 0.99976 0.0026789 1 0
0.3 0.5 1.0011  -0.0050803 1 0
0.25 0.5 1.0016  -0.0035647 1 0
0.2 0.5 0.99946 0.0023071 1 0
0.15 0.5 0.99755 0.0041482 1 0
0.1 0.5 0.99885 0.00071913 1 0
0.05 0.5 1.002  -0.0029337 1 0
0 0.5 1.003  -0.0025513 1 0
-0.05 0.5 1.0002  0.00079758 1 0
-0.1 0.5 0.99674 0.0027082 1 0
-0.15 0.5 0.99711  0.00097008 1 0
-0.2 0.5 1.0016  -0.0017581 1 0
-0.25 0.5 1.0045  -0.0015538 1 0
-0.3 0.5 1.0007  0.00077884 1 0
-0.35 0.5 0.99437 0.00021712 1 0
-0.4 0.5 0.99702  -0.0021272 1 0
-0.45 0.5 1.0066 0.0042745 1 0
-0.5 0.5 0.99368  -0.0095338 1 0
-0.5 04375 0.0046376  -0.0012212 0 0
-0.5 0375 0.0025018 0.0047737 0 0
-0.5 0.3125  -0.0062063 0.0037534 0 0
-0.5 0.25  -0.0072887 -0.0033303 0 0
-0.5 0.1875 0.0064975  -0.0074398 0 0
0.5 0.125 0.0089161  -0.0050355 0 0
-0.5 0.0625 -0.007139 0.016378 0 0
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Table 4.8: Comparison of boundary conditions at selected boundary points (rectangle, uniform

tension).
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4.4 Rectangular Plate under Concentrated Loading

Consider the compact specimen shown in Figure 4.26. It has been used as a standard specimen

AP P
W
I
h A h
o
d
C C
M
h W h
I
a a

\ Yre

Figure 4.26: The standard compact specimen for the test of fracture toughness.

for the test of fracture toughness in the past. Numerical methods, mostly finite element methods
have been applied to the problems with this specimen. Generally speaking the approach using
stress function to the problems involving concentrated forces faces mathematical difficulties.
In 1960s and 1970s Wilson[34], [35] published his results of stress intensity factors with the
variation of crack length using a simplified mathematical model. He used a solid rectangle and
replaced the concentrated load P acting on the holes with a uniform shear stress distribution on
the left sides (Figure 4.26, right). Using a similar stress function(Williams[33] stress function),
Wilson solved the problem using boundary collocation method.

The specimen we proposed here, as shown in Figure 4.27 and 4.28 is slightly different from
the standard one. Following the idea of Vaughan and Wu in [28] and Wu[37], we replace the
concentrated load P by a distributed shear stresses over certain length ! on the left edges. We
use two set-ups, one with the lugs welded at the top left edges (Figure 4.27) and the other with

the lugs welded at the crack mouth (Figure 4.28).
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Figure 4.27: The specimen and the mathematical model for concentrated loading at crack

mouth.
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Figure 4.28: The specimen and the mathematical model for concentrated loading at upper side

edge.
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Define the reference stress
P
Ty = — 4.94
0o — Ty It ( )
where ¢ is the thickness of the plate and [ is the length of loaded edge. The stress intensity

factor Ki is given by

3 1\ 1/?
K} = §A§UU <(—) \/27(")"
2

r

3. h [2nd (P
= SA, /= (=Va). .
2721\ a (hz‘/a> (4.95)

Define thereafter the reference stress intensily factor Ky

P

—a. (4.96)

K, =
0 ht

Case 4.4.1 Loading at crack opening

The mathematic statement of the problem can also be expressed as follows

Vi =0 in OABCDO

$=%,=0 onOA

=0, &, =70y f0<y<l, ®,=7yl ifl<yon AB (4.97)
®=1(z+c), ¢, =0 on BC

= Tola, ‘i’n = T()l on CD

It must be pointed out that, strictly speaking, one cannot have constant shear at corners. To
avoid stress discontinuity at corners, one may define the above shear stress distribution by
“rounding” it off to zero at corners. In our numerical experiments, zero shear stresses are
specified at upper corners B and C, and the crack opening corner A is never used since it
introduces the trivial stress conditions (free stress conditions are satisfied automatically along
OA).

The variations of dimensionless K with the crack length ratio ¢/a for different aspect ratio
h/a are shown in Figure 4.29, 4.30 and 4.31 for different loading length ratios, {/h = 0.25, 0.5

and 1, respectively. These results agree with those in [17] very well.
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Figure 4.29: The variation of dimensionless K with crack length ratio ¢/a for different aspect
ratio h/a with loading length {/h = 0.25 (rectangle, loaded at crack opening).
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Figure 4.30: The variation of dimensionless Ky with crack length ratio ¢/a for different aspect
ratio h/a with loading length [/h = 0.5 (rectangle, loaded at crack opening).
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Figure 4.31: The variation of dimensionless K with crack length ratio ¢/a for different aspect
ratio h/a with loading length I/h = 1 (rectangle, loaded at crack opening).

To see the effect of the approximation of loadings, we varied the length of loading for fixed
aspect ratios and calculated the values of dimensionless K1 by varying the crack length ratios.
The results are presented in Figure 4.32 (with h/a = 0.5) and Figure 4.33 (with h/a = 0.67).
It is found that K7y is nearly independent of {, the length of loaded edge.

To see the efficiency of the method applied to this case, we tabulate the first ten coeflicients
of A,, and B, in 50, 140 and 180 terms(half of each used in the first and the second series) in
Table 4.9. Once again, we do not see the decay of the coeflicients in the higher order terms.

Figure 4.34 shows the dimensionless tensile stresses on different horizontal sections. The
stresses on the boundary are evaluated at the collocation and non-collocation points and are
given in Table 4.10. It can be seen that a pretty good accuracy has been achieved over the

evaluation points.

Case 4.4.2 Loading at ends of left edges
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Figure 4.32: The variation of dimensionless A7 with crack length ratio ¢/a for different loading

length {/h with fixed aspect ratio h/a = 0.5 (rectangle, loaded at crack opening).
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Figure 4.33: The variation of dimensionless K with crack length ratio c/a for different loading

length I/h with fixed aspect ratio h/a = 0.67 (rectangle, loaded at crack opening).



Chapter 4. Numerical Experiments 58

8 T T T Y T T T T
°Fr - y/h =0.031 o 7
. _—— yh=0.125 i
A y/h =0.281 -
' ]
S 4 y/h = 0.500. : y -
B ! \
B ‘
o K ot
2 :/,/ \\:
2| . -
: i
= /' ll
s B A -
GC’ —_:—'/ - ! \Q\“\
£ il = RN
a R T Tt
R \\\:\ T~
4 // Teis
2 b N ~ -
-4 ] i 1 1 | | 1 1 i
-0.5 -0.4 -03 -0.2 -0.1 0.0 01 0.2 0.3 04 05
x/a
Figure 4.34: Dimensionless tensile stresses on different sections (rectangle, loaded at crack
opening).

M = 50 M =170 M~ 90
At Bmi | Anr Bua | A,r Bmp
0.55607  0.44864 | 0.56372  0.45767 | 0.56959  0.46131
-0.80596 -0.006442 | -0.81774 -0.011774 | -0.82569 -0.0093913
0.26682  -0.98448 | 0.27052 -0.98913 | 0.2729  -1.0011
0.14199 0.078128 | 0.14202 0.070653 | 0.14622 0.050937
0.67346  6.5485 | -0.6884  6.7262 | -0.69031 6.8031
-1.8707 25376 | -1.8987  2.3858 | -1.9227 2.3715

1.2183  -5.5559 | 1.2447  -5.2248 | 1258  -5.0762
14636 15.698 | -1.4661  14.304 | -1.4914 13.898
0.32418  -7.8198 | 0.29393  -2.2075 | 0.24987 1.1617
6.6031 12181 | 6.720  103.36 | -6.804 92.229

Table 4.9: Ten leading coefficients with using 25, 70 and 90 truncated terms (rectangle, loaded

at crack opening).
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& ) Ocal Tcal Ogiven  Tgiven
0.5 0.11538 -0.0013638 0.00045077 0 0
0.5 0.15385 0.001585 -0.00089723 0 0
0.5 0.19231 -0.00035975 0.0007453 0 0
0.5 0.23077 -0.00032831 -3.4544-05 0 0
0.5 0.26923 0.0011835 -0.00085599 0 0
0.5 0.30769 -0.00080093 0.0014721 0 0
0.5 0.34615 0.00075082  -0.0017312 0 0
0.5 038462  -4.4336-05 0.0017437 0 0
0.5 042308 0.00041876 -0.0017707 0 0
0.5 0.46154 -0.0021308 0.0016557 0 0
0.5 0.5 0.00011652 -8.224-05 0 0
04 0.5 0.0018447 0.0033247 0 0
0.3 0.5 -0.0012833 0.0012584 0 0
0.2 0.5 -0.0015457  -5.2589-05 0 0
0.1 0.5 -0.001853 -0.00020663 0 0
0 0.5  -0.0024848 -0.00028449 0 0
-0.1 0.5  -0.0030067 -0.00077199 0 0
-0.2 0.5 -0.0031431  -0.0018414 0 0
-0.3 0.5 -0.0025512 -0.00298 0 0
-0.4 0.5 -0.0011713 0.0035965 0 0
-0.5 0.5 -9.2777-05  -0.0011059 0 0
-0.5 0.46154 -0.005495 -0.046193 0 0
-0.5  0.42308 0.023133 0.0054228 0 0
-0.5  0.38462 -0.023059 0.012838 0 0
-0.5  0.34615 0.028598 -0.031612 0 0
-0.5 0.30769 -0.040713 (.08281 0 0
-0.5 0.26923 0.049902 -0.34007 0 0
-0.6 0.23077 -0.042522 -1.033 0 -1
-0.5 0.19231 0.0055925 -1.0433 0 -1
-0.5 0.15385 0.048641 -0.94589 0 -1
-0.5 0.11538 -0.081676 -1.0015 0 -1
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Table 4.10: The agreement of boundary conditions at selected boundary points (rectangle,
loaded at crack opening).
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Figure 4.35: The variation of dimensionless K1 with crack length ratio ¢/a for different aspect
ratio h/a with loading length [/h = 0.25 (rectangle, loaded at left corners).

The mathematic statement of the problem can also be expressed as follows

V*¢ =0 in OABCDO

¢=¢,=0 onOA4

=0, ¢,=0 if0<y<h-Il, ¢,=71y ify>h -lon AB (4.98)

¢ =7(z+¢), =0 on BC

¢ =1pla, ®, =70 onCD
The variations of dimensionless Ky with the crack length ratio ¢/a for different aspect ratio h/a
are shown in Figure 4.35, 4.36 and 4.37 for different loading length ratios, [/h = 0.25, 0.5 and
1, respectively.

As in Case 4.4.1, we varied the length of loading for fixed aspect ratios and calculated

the values of dimensionless K| by varying the crack length ratios. The results are presented
in Figure 4.38 (h/a = 0.5) and Figure 4.39 (h/a = 0.67). One can see that Ky is nearly

independent of the length of loading.
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Figure 4.36: The variation of dimensionless K1 with crack length ratio ¢/a for different aspect
ratio h/a with loading length {/h = 0.5 (rectangle, loaded at left corners).
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Figure 4.37: The variation of dimensionless Ky with crack length ratio ¢/a for different aspect
ratio h/a with loading length {/h = 1 (rectangle, loaded at left corners).
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Figure 4.38: The variation of dimensionless K1 with crack length ratio ¢/a for different loading
length [/h with fixed aspect ratio h/a = 0.5 (rectangle, loaded at left corners).
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Figure 4.39: The variation of dimensionless K7 with crack length ratio ¢/a for different loading
length {/h with fixed aspect ratio h/a == 0.67 (rectangle, loaded at left corners).
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Figure 4.40: The dimensionless tensile stresses on different sections (rectangle, loaded at left
corners).

To see the efficiency of the method applied to this case, we tabulate the first ten coefficients
of A,, and B, in 50, 140 and 180 terms(half of each in the first the and second series) in Table
4.11. Once again, we do not see the decay of the coefficients in the higher order terms.

Figure 4.40 shows the dimensionless tensile stresses on different horizontal sections. The
stresses on the boundary are evaluated at the collocation and non-collocation points and are
given in Table 4.12. It can be seen that a pretty good accuracy has also been achieved over the

evaluation points.
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M =60 M = 80 M =100

Ayt B Ay Bmi Ayl B 11

1.08094 0.863543 | 1.09383  0.873796 1.09956  0.877041
-1.57502 0.0880142 -1.5937 0.0898527 | -1.60104 0.0919236
0.523242 -2.44303 | 0.528956  -2.47075 | 0.530592 -2.48403
0.385584 1.71426 | 0.391143 1.72615 | 0.394343 1.72519
-1.81628 10.2407 | -1.83861 10.3998 | -1.84657 10.4699
-2.33845 4.98047 | -2.36599 491442 | -2.38341 4.91963
0.173632  0.705137 | 0.180076 1.15786 0.1883 1.19005
-0.399948 -8.19895 | -0.43536 -9.43853 | -0.446795 -9.57849
-0.254305 70.5434 | -0.18451 75.3924 | -0.188036 76.2055
-16.5446 77.8475 | -16.9962 66.0496 -17.015 62.9429

64

Table 4.11: Ten leading coefficients with using 60, 80 and 100 truncated terms (rectangle,
loaded at left corners).
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T Y Ocal Tcal Ogiven  Tgiven
0.5 0.11538 0.0052404 0.0011362 0 0
0.5 0.15385 -0.00066613 0.001114 0 0
0.5 0.19231 0.0013158 -0.0021653 0 0
0.5 0.23077 0.0048854 0.0014494 0 0
0.5 0.26923 -0.0026731 0.00021394 0 0
0.5 0.30769 0.005876  -0.0017253 0 0
0.5 0.34615 -0.0014475 0.0025468 0 0
0.5 0.38462 0.0043205 -0.0031646 0 0
0.5 0.42308 -0.00079751 0.0050793 0 0
0.5 0.461H4 0.0011952 -0.010343 0 0
0.5 0.5 -3.6139-06 -0.00045182 0 0
0.4 0.5 0.0035125  -0.0029401 0 0
0.3 0.5 0.0032861  -0.0012881 0 0
0.2 0.5 0.0020485 -0.00063921 0 0
0.1 0.5 0.0030147 -0.00075404 0 0
0 0.5 0.0046834 -0.00024142 0 0
-0.1 0.5 0.0056906  0.00096593 0 0
-0.2 0.5 0.0060288 0.0019508 0 0
-0.3 0.5 0.0071065 0.0018615 0 0
-0.4 0.5 0.0034517 0.00094688 0 0
-0.5 0.5 1.7858-056 0.0019654 0 0
-0.5 0.46154 0.0051159 -1.0046 0 -1
-0.5 0.42308 -0.021281 -1.0001 0 -1
-0.5 0.38462 0.01865 -1.0045 0 1
-0.5 0.34615 -0.021694 -0.98735 0 -1
-0.5 0.30769 0.013164 -1.0203 0 -1
-0.5  0.26923  -0.0044496 -0.97869 0 -1
-0.5 0.23077 -0.010735 -1.0039 0 -1
-0.5 0.19231 0.0011471 -1.0241 0 -1
-0.5 0.15385 0.026304 -0.96004 0 -1
-0.5 0.11538 -0.060878 -1.0087 0 -1

Table 4.12: The agreement of boundary conditions at selected boundary points (rectangle,
loaded at left corners).
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4.5 Rectangular Plate under In-plane Pure Bending

Consider the specimen of a cracked thin plate simply supported at two ends, as shown in Figure

4.41. Apply concentrated forces P parallel to the crack. As shown Figure 4.41, assume a linearly

b, P i

o‘ ) A 0 D
T4 .

Figure 4.41: Rectangular plate with edge crack subjected to pure bending.

variant tensile stress o(z) on the section, on which P is acting, antisymmetrically about the

centerline of the plate, that is (with the origin located at the crack tip)

o(z) = —200 (:c fe- f;-) /a (4.99)

where o is the reference stress. From equilibrium condition, we find

6M  3(bo — b)P
—_— ——— 4.10
a’t a?t ( 0)

Og —
where ¢ is the thickness of the plate and M is the bending moment across the section on which P
is applied. Here assume P is far enough from the crack so that a nearly pure bending state can

be assumed in the cracked plate under concern. For simplicity of expression and comparison,

we use M as the reference applied load in the following discussion.
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With the assumption of normal stress distribution mentioned above, the mathematical form

of the problem can also be stated
Vi =0 in OABCDO

¢b=¢,=0 on0OA

®=3,=0 onAB (4.101)
; 600 2. )
¢ = ——6—;(m+ c)*(2(z +¢)- 3a), &, =0 on BC

90

-, &, =0 onCD
6a

The stress intensity factor is given by

3 d\1/?
Ky = ZAs00 (—) V2rr
2 T

(ZZL")]/Z (6M \/z) (4.102)

¢ a?t

= 34
2

Nt

where d is the geometric scaling metric. Also, define the reference stress intensity factor
——=/c (4.103)

Dimensionless K7 is then expressed by K/ K, as usual.

The variations of dimensionless Kj with the number of collocation points using different
number of truncated terms in the stress function are plotted in Figure 4.42. For each case
corresponding to certain number of truncated terms, a steady state in A7 is observed as enough
collocation points, forty, say, are used.

The variation of dimensionless K with the aspect ratio h/a for a fixed crack length ratio
¢/a = 0.5 using 40 truncated terms of the stress function is shown in Figure 4.43. It is interesting
to see that the dimensionless A decreases a bit first from h/a — 0.5 and when h/a > 0.75,
achieves a constant value of around 1.5. I'his implies that when “pure bending” status is
obtained by using a relatively long beam plate, the stress intensity factor will be independent
of the aspect ratio.

In Figure 4.44, the variations of dimensionless Ky with the crick length ratio ¢/a = 0.5

for different aspect ratio h/a are presented. The results shown in the figure agree with the
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Figure 4.44: The variation of dimensionless K| with crack length ratio ¢/a for h/a = 0.5 and
h/a > 1 (rectangle, pure bending).

results given in [17] very precisely for ¢/a > 0.15, while for the extreme case when c¢/a < 0.15,
significant difference is observed.

The first ten coefficients A,, and B, from totally 34, 40 and 80 truncated terms used in
computations are given in Table 4.13. We see in this case, the coefficients vary smoothly.

The dimensionless tensile stresses on four horizontal sections in the plate are shown in Figure
4.45 for ¢/a = 0.5 and h/a = 1. In Table 4.14 the stresses on the boundary are evaluated at a
set of selected points. It can be seen that the relative errors in nondimensional stresses are less

than 0.1%.
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M =34 M =40 M =80
Am+% Bm+1 Am+% Bm+l Am_*_% Bm+1
0.483914 0.0973237 0.490375 0.0989372 0.500044 0.101833
-0.393837  0.289767 | -0.398203 0.28814 | -0.405125  0.288532
-0.181152  0.214795 | -0.182004  0.220046 | -0.184082  0.228107
-0.0616686 0.11066 | -0.0638293  0.103604 | -0.0661999 0.0970704
-0.05691681  0.302639 | -0.0577243 0.3077 | -0.0573942  0.330756
-0.0653153  0.213497 | -0.0692128  0.212379 | -0.0740365  0.187677
-0.0366069  0.282267 | -0.0351316  0.284011 | -0.0292523  0.316849
-0.0501515  0.285204 | -0.0572441  0.334869 | -0.0688286 0.321139
-0.0283842  0.235194 | -0.0321942  0.249896 | -0.0194089  0.241421
-0.0320773  0.263675 | -0.041434  0.395619 | -0.0622632  0.525205
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Table 4.13: Ten leading coefficients with using 34, 40 and 80 truncated terms (rectangle, pure

bending).
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Figure 4.45: Dimensionless tensile stresses o, on different sections (rectangle, pure bending).
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Table 4.14: The agreement of boundary conditions at selected boundary points (rectangle, pure

bending).

T Y Ocal Tcal Ogiven  Tgiven
0.5 0.125 -0.00014638 5.5477-06 0 0
0.5 0.25 0.00038623 1.9035-06 0 0
0.5 0375 -1.0077-05  -3.8212-05 0 0
0.5 0.5 0.00014909 0.00014028 0 0
0.5 0.625 0.00028852 -0.00026641 0 0
0.5 0.75 -4.9881-06  0.00012597 0 0
0.5 0.875 0.00020009 0.00053261 0 0
0.5 1 -1 -2.5821-05 -1 0
0.45 1 -0.89999  0.00013961 -0.9 0
0.4 1 -0.80005  0.00023647 -0.8 0
0.35 1 -0.69981 -0.00013912 -0.7 0
0.3 1 -0.60033  0.00054924 -0.6 0
0.25 1 -0.4997 -0.00022479 -0.5 0
0.2 1 -0.39997  0.00022167 -0.4 0
0.15 1 -0.3004  0.00032311 -0.3 0
0.1 1 -0.19963  -9.1689-05 -0.2 0
0.05 1 -0.09988  0.00018296 -0.1 0
0 1 -0.00051902  0.00023689 -0 0
-0.05 1 0.10029 2.2281-05 0.1 0
-0.1 1 0.20033  0.00019658 0.2 0
-0.15 1 0.29938 9.3674-05 0.3 0
-0.2 1 0.40021 9.2333-05 04 0
-0.25 1 0.50043  0.00034738 0.5 0
-0.3 1 0.59922  -0.00025412 0.6 0
-0.35 1 0.70064  0.00054307 0.7 0
-0.4 1 0.79964 -0.00018203 0.8 0
-0.45 1 0.90009  0.00030451 0.9 0
-0.5 1 0.99998  -8.7867-05 1 0
-0.5 0.875 -0.0011523 -0.00053037 0 0
-0.5 0.75 -0.00065734 0.00010821] 0 0
-0.5 0.625 0.00072381 -0.00073184 0 0
-0.5 0.5 -0.00034816 0.0003573 0 0
-0.5 0.375 0.00032243  0.00074465 0 0
-0.5 0.25  -0.0022849  -0.0008319 0 0
-0.5 0.125 0.0029532  -0.0017412 0 0
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4.6 Rectangular Plate under Concentrated Shearing

Consider the specimen shown in Figure 4.46 subjected to two self-equilibrium couples. The
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Figure 4.46: A simple specimen for Mode II test and numerical model.

problem is solved in the upper half region cut along the crack and symmetry axis(indicated
with dashed lines). The concenirated force P is replaced in the numerical model by a uniform
shearing stress distribution at the right top edge. The concentrated force @ yielded at the
pinned point to resist the sliding is replaced with a normal stress distribution on the left edge.

Using the (dimensionless) antisymmetric series introduced in Chapter 2 in the truncated form
M
d(r,0) = Z Apr™ [sin(m — 2)8 — sin(m8)]
N
+ Z B,r" [nsin(n — 2)0 — (n — 2) sin nd)| (4.104)

the stress intensity factor Ky is given by

a [2xd\'* /P
= A%_L}?(T) (EZ‘/E> (4.105)
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where py = P/at is the reference stress or scaling factor and ¢ is the thickness of the plate. As
in the previous sections, define the reference stress intensity factor by
P —
A'L) = ——\/a
at

If we approximate @ by a uniform normal stress distribution along AB and approximate P by a
uniform shear stress distribution at the right end of BC over a length of Lp, the corresponding

mathematical statement of the first biharmonic problem is stated as follows

Vi - in OABCDO

¢=¢,=0 onOA

& — fIOyz & —
=5 = 0 on AB (4.106)
h2
$ - q°2 . b, =qh if c<z<a-c- Lp;
¢, = po(z + ¢+ Lp —a) + oh otherwise, on BC
0h2 b
$ = - + (y — h)(ch — pyLp) ¢, =0 onCD

where gy = 2pgLp/h. Note again here that the shear stress distribution is expected to be
“smoothed” out to zero at sharp corner B to avoid the discontinuity.

The variation of dimensionless K1 with the crack length ratio ¢/a [or different aspect ratios
h/a is given in Figure 4.47 with using 30 truncated terms. For large aspect ratios h/a > 1.0
K1y increases smoothly. However, when h/a < 0.5, Ky oscillate with ¢/a. As encountered in
the Mode | cases, for small crack length ratios, the convergence of K,y is fairly slow and the
collocation procedure has the difticulty to satisfy the specified boundary conditions uniformly,
and relatively large errors were observed. It is also interesting to see that at for h/a < 0.5,
there is a valley or turning point in the values of Ky for ¢/a ~ 0.5. Similar phenomenon was
reported in Jones and Chisholm|11], in which the Mode II stress intensity factors were obtained
using a compound mixed mode specimen.

The convergent behavior of K| in the collocation procedure with the least squares approach

were observed in most cases in which the crack length ratio ¢/a is not too small or too large.
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Figure 4.47: The variation of Ky with the crack length ratio ¢/a for different aspect ratios
(rectangle, pure shearing).

As an example, the variation of dimensionless Kj; with the number of collocation points is
presented in Figure 4.48 for ¢/a = 0.5 and h/a = 0.5 using 30 truncated terms in the series
of Mode II stress function. The corresponding stresses evaluated at a set of selected boundary
points are shown in Table 4.15. A sound agreement can be found between the given values and
calculated ones. The isochromatics of shear stress 7,8 are shown in Figure 4.49

The coeflicients of the series of Mode II stress functions do not converge as rapidly as those
for the Mode I cases. Table 4.16 lists the first ten coefficients in each of the truncated series for
¢/a = 0.5, h/a = 0.5 using totally 20, 30 and 36 truncated terms in the collocation procedure.
One can see the large difference among the corresponding coeflicients in the higher order terms.

Comparing the experiments introduced in the previous sections, we had more difficulties
with Mode II problems than Mode I. Particularly, we had fairly slow convergent rate of Ky
with respect to the total number of truncated terms in the series of Mode II stress function and
with the number of collocation points. In order to obtain better agreement with the prescribed

boundary conditions, we tried to include more terms and more collocation points. However, we
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Figure 4.48: The variation of Ky with the number of collocation points for ¢/a = h/a = 0.5
(rectangle, pure shearing).
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z Yy Ocal Tcal Ogiven  Tgiven
0.5 0.0625 0.010676  -0.083626 0 0

0.5 0.125 0.035494  -0.033371 0 0

0.5 0.1875 0.054743 0.02975 0 0

0.5 0.25 0.044253 0.074948 0 0

0.5 0.3125 -0.0083181 0.064027 0 0

0.5 0375 -0.057426 -0.040785 0 0

0.5 0.4375 0.0032644 0.0015905 0 0
0.4375 0.5 0.011421 0.90716 0 1
0.375 0.5 -0.023588 0.94875 0 1
0.3125 0.5 -0.064611 1.0211 0 1
0.25 0.5  -0.023397 0.69926 0 1
0.1875 0.5 -0.060321 0.16741 0 0
0.125 0.5 -0.1507 -0.11329 0 0
0.0625 0.5 -0.14438  -0.062871 0 0
0 0.5 -0.06928 0.052908 0 0
-0.0625 0.5 -0.048317 0.073765 0 0
-0.125 0.5  -0.05801b 0.04358 0 0
-0.1875 0.5 -0.013991 0.019205 0 0
-0.25 0.5 0.045094 0.0093409 0 0
-0.3125 0.5 0.030096 0.007047 0 0
-0.375 0.5 -0.023094 -0.0079383 0 0
-0.4375 0.5 0.031004 -0.030721 0 0
-0.5 0.4375 0.9871 -0.0021814 1 0
-0.5 0.375 1.0092 0.011406 1 0
-0.5 0.31256 0.99337 0.0032638 1 0
-0.5 0.25 0.99058 0.0018163 1 0
-0.5 0.1875 1.00562 0.010723 1 0
-0.5 0.125 1.0211 0.013807 1 0
-0.5 0.0625 1.0118 0.018767 1 0
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Table 4.15: Comparison of boundary conditions at selected boundary points (rectangle, pure

shearing).
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M =20 M =30 M = 36
4,1  Bun A B A B
0.17309 0.012901 | -0.17313  0.015173 | -0.17293  0.012178
0.10335 -0.025471 | 0.094361 -0.031377 | 0.097938  -0.032495
0.0050966 -0.012997 | 0.010496 -0.0043019 | 0.010584 -0.0072063
-0.025773  0.010935 | -0.058125  -0.036009 | -0.037888  -0.018262
010191 0.02716 | -0.0014494  0.049767 | -0.042662  0.045916
-0.086894  0.059426 | -0.0040579  -0.021251 | -0.03267  0.010074
-0.084073 -0.032214 | 0.046879  0.051771 | -0.052534  0.053517
012319 -0.12037 | 0.39739  -0.19505 | 0.11644  -0.1907
0.18286 -0.14979 |  0.27809  0.021758 | 0.24402  -0.014547
0.68854  -0.11705 | 0.027594  -0.026131 | 0.10508  -0.19054

[

Table 4.16: Ten leading coefficients with using 20, 30 and 36 truncated terms (rectangle, pure

shearing).

then had to diminish the series to avoid the roundoff effects. Thus, during the course of the

experiments, we were always trying to oscillate between increased terms and increased round

off.

Nevertheless, the Mode 1l resulis obtained in this sections have enriched the resources that

can be used as numerical references for future potential laboratory work for fracture toughness

tests. T'he results presented here are new and not reported befure. Due to the lack of reference

data either numerically and experimentally, further studies are expected in the future research.



Chapter 5

Discussion and Conclusion

Numerical results in the previous chapter have shown the success in calculating stress intensity
factors in most Mode I(symmetric) cases with the use of series stress function. The work
presented in this thesis is an extension ol the previous work of Vaughan and Wul[28] on a
circular disc to more general cases. New results of stresses and stress intensity factors have
been obtained for a rectangular plate subjected to different loadings. In particular, stresses and
stress intensity factors in a compact specimen, that is, a rectangular plate under concentrated
tensions, have been investigated. This example has provided us with a new and convenient
experiment for determining the fracture toughness of a given material in the laboratory. Also
available are the useful results for pure bending, in which an in-plane simply supported cracked
rectangular plate is loaded with concentrated forces parallel to the crack. With concentrated
loads, which are easy to produce in a laboratory test, this case has provided another possible
way of determining fracture toughness of materials.

As one has noticed, boundary conditions in all of the model problems are specified by
appropriate stress distributions. In particular, in the case of compact specimen the concentrated
tensions are replaced by the distributions of shearing stresses in two parts of the loading edges.
This approximation is based on the assumption that small changes in the data on the boundary
would cause only correspondingly small changes in the stresses at the crack tip. ln other words,
this assumption is made in the St. Venant sense. It is interesting to see that, in compact tension
cases, the stress intensity factors at the crack tip are independent of the way of distributed loads
assumed along the left side loading edges. This means, from a practical point of view, that

the stresses and stress intensity factors in the vicinity of crack tip has been well captured by
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our numerical models. This observation encourages one to choose relatively simple numerical
model, for instance, a distribution of shearing stress over the whole left side edge, in calculating
the stress intensity factors.

Numerical experiments have also shown that the smoother the distributed stresses on the
boundary are, the better the agreement of the (least squares) solution and given boundary
conditions is. Convergent and stable values of the stress intensity factors can only be obtained
when the boundary conditions are reasonably assured. Here by convergent and stable values
we mean the values of stress intensily factors independent of the number of truncated terms
used in the series of stress function and the number of collocation points employed respectively.
In the cases where concentrated forces are approximated by a small range stress distribution,
the collocation of stresses may not be able to obtain a good approximation of the solution.
With this in mind, we also used alternative forms of boundary conditions in terms of the
stress function and its outward normal derivative(See Appendix C), which are more general
for abstract and theoretical studies in mathematics and other fields. By integrating the second
derivatives of the biharmonic function specified on the boundary, which are stresses in our cases,
we may “round off” the “corners” or sudden step changes in the boundary data in terms of
stresses, and therefore may expect to improve our numerical results. By doing so, however,
we must remind ourselves that we achieve the accuracy up to the first derivative rather than
the second derivatives on the boundary, and a good approximation to the solution of the
biharmonic function on the boundary does not always guarantee a good approximation of the
second derivatives or stresses.

To our particular problems, the boundary collocation is better in general over the Fourier
expansion method[28] and the finite element methods based on the following concerns. First
of all, the boundary collocation method itself is very straightforward and easy to implement in
numerical computations. Secondly, unlike the Fourier expansion and finite element methods, no
integrations are required either analytically or numerically. The coefficient matrix is obtained

directly from boundary collocation and this makes the boundary collocation approach very
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efficient in practical uses. Of more importance is that the collocation approach we used employs
a series of basis functions that are biharmonic everywhere and simulate a stress-free re-entrant
boundary around the crack tip. The singularities of stresses in the neighbourhood of the crack
tip are then captured by the basis functions. However, the boundary collocation method faces
numerical difficulties when dealing with the problems in which there exist significant changes in
the boundary data, for example, concentrated forces in our cases. Concentrated forces must be
approximated by a distribution of stresses. Accurate solutions to the stress field is not available
near the loaded area. Also the series stress function used in our collocation approach is derived
from an infinite domain with a reentered boundary. With bounded finite domuins as we have in
our cases, these stress functions should be considered as local solutions in the neighbourhood of
the crack tip. This may explain why the numerical experiments deteriorate in the cases when
the length of crack is too small or too large.

The results for the Mode Il model in Section 4.6 are new and not reported before. Compared
to the compound specimen used by Jones and Chisholm[11], the specimen and the corresponding
numerical model given in this thesis is simpler. Pure shearing at the crack tip is emulated and
antisymmetric stress state is assured. Due to the lack of reference data, further study in this
model problem is needed both numerically and experimentally.

Having succeeded in many cases, particularly for Mode [ loading, we have also found that
the boundary collocation approach with the least squares method is not successful universely.
It does not take care of Mode II problems as nicely as the Mode | cases. We have also found
different convergent rates of the series evaluated at different collocation points. Generally
speaking, at the points far from the crack tip at which the origin of the polar coordinates is
located the series have slower convergence rates than those at the points close to the crack tip.
In some cases, we have observed strong oscillations in the series evaluated at the points near
the two corners of the rectangle.

Another valuable experimental aspect is the special effort that has been made in solving

the system of linear equations obtained from boundary collocation. In order to obtain better



Chapter 5. Discussion and Conclusion 81

approximation to the given boundary values, large numbers of collocation points are used in
each case and this leads to an overdetermined linear system. Because of this large number of
collocation points densely located and the use of many terms in the power series of the basis
functions, the coefficient matrices in our experiments almost all suffer from the problem of
ill-conditioning. To obtain the least squares solution to an overdetermined linear system with
the above problem, special efforts must be made(See for example, [7],|12] and [24]). Rather
than using the associated normal equation, we applied the QR factorization to the system and
solved it directly. An example that shows the failure of using normal equation in solving our
problems and the success of using QR method is given in Appendix E.

Finally we are left with some problems for future study. In order to have a guidance in
selecting collocation points, we need an efficient priort error estimation theory. Unfortunately,
unlike finite element methods few error estimations for boundary collocation method are avail-
able. Such a work may be somewhat theoretical and challenging but will be definitely helpful in
numerical calculations. Special efforts may also be helpful to make in the future to smooth out
the relatively large errors near the corners of the rectangle. A possible way is perhaps to use
the technique of spectral analysis combined with multigrid or multi-level approaches. Further
study in a theoretical ground is needed. Since the main purpose of our work is to provide an
efficient way of testing for fracture toughness of materials in laboratory tests with numerical
support, the major work in the future will be the laboratory experiments. Having had the stress
intensity factors given in terms of applied forces and given geometries, we are ready to obtain
the fracture toughness by increasing the specified forces to critical values. However, since the
numerical results we have obtained are all based on the linear elastic theory, plastic deformation

must be taken into account in practical experiments.
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Appendix A

The Special Crack Stress Function and Stresses

This appendix gives the details of stress expressions derived from the crack-surface-stress-free

stress functions for Mode I and Mode II.

A.1 Stress Functions — Mode 1

For Mode 1 cases, the general solution takes the form in polar coordinates with the origin

located at crack tip
o(r,0) = 2: Ap ™ [mcos(m — 2)0 — (m — 2) cos(m8)]
}- in: B, r™ |cos(n — 2)8 — cos nb)] (A.107)
with m = %,-g—, ..,and n = 2,3,.... Here we adopt the index notation used by Vaughan and

Wu in [28] although alternative forms may be more convenient.

By the general relations

2 2 .
a,:%% +';l§g£’ 09:%7?, Tro = 7£ (%—g%)) (A.108)
the general expressions for stresses are given by
o, = Z Apr™ 2m(m - 1)[(m —2)cosmd - (m - 1) cos(m ~ 2)8]
m
+ Z B,r™ *(n — 1) |ncosnd — (n — 4) cos(n — 2)9], (A.109)
gy = 2": Apr™ *m(m - 1) [mcos(m - 2)8 - (m - 2)cosmd)
+ i B,r™ n(n - 1)[cos(n — 2)8 — cosnd)|, (A.110)
Tre = —nz Apr™ *m(m — 1)(m — 2) [sin mb - sin(m - 2)8)]
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- Z B, %}(n — 1)[nsinnd — (n — 2)sin(n — 2)8],
Note that in the vicinity of crack tip, as r — 0,
0
¢~ A%rg (g cos—2- + cos%@)

and correspondingly, the asymptotic forms of stresses

. 9
oy ~ gA” 2 <5<os~ coai) + 0(1),
2
3 0 36
gg ~ ~§A%r 3 (dcos§+cos——) + O(1),
3 360 /]
T,gNgA%r 15(51[1—2— -+ sin )—}0( ).

In particular, in front of the crack tip at 8 =~ 0,as r — 0

3

o, =og~ —Asr
2 3

1
2, T,-gZO.

A.2 Stress Functions — Mode 11
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(A.111)

(A.112)

(A.113)

(A.114)

(A.115)

(A.116)

In mode 11 cases, the stress distributions are anti-symmetric and the corresponding general

solution of the stress function is of the form

¢(’l", 0) =

+ Z B,r™ nsin(n — 2)6

Z Apr™ [sin(m - 2)8 - sin(m8)]

with m:%,é,...,andn:3,4,....

~ (n - 2)sinnb)

(A.117)

The general expressions of stresses for Mode II are

2
o, = ZA ™ %(m 1) [msinmf - (m - 4)sin(m - 2)6)
+ ZB ™ 2n(n — 1)[(n — 2)sinnd - (n — 4)sin(n - 2)6], (A.118)
oy = ZAm'r m(m — 1) [sin(m — 2)8 — sin m8]
+ iB ™ 2n(n - 1)[nsin(n - 2)0  (n - 2)sinnd], (A.119)
Tes = — LA,,,'I (m - 1)[(m - 2)cos(m ~ 2)0 - m cos mb)
-~ 1)(n — 2)[cos(n - 2)8 - cosnb), (A.120)

- Z B, 2n(n
n
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Similar to Mode 1, in the vicinity of crack tip, as r -» 0,
a 0 3
~ —~Asr2 {sin— + sin -0
¢ :T (sm 5 + sin 5 >

and correspondingly,

N

.0 .30
(55111—2— — sin ?) + O(1),

6 6
(sin§ + sin §2—> + O(1),

g, ~ ——Aasr”
T 4 5

3

og~ ——Asr”
[’] 43

N

1 1 7 30
Tre ~ ZA%'I‘ 2 (cos—2— + 3 cos 3) + O(1).
In front of the crack tip at 8 = 0,
. 1
o, =0g =0, T,g~Asr 2.
2

A.3 Stresses in Cartesian and Polar Coordinates

In two dimensional problems, denote the matrix rep of stress tensor in Cartesian by

Oy T:zy
S =
Tey Oy
and the matrix rep in polar coordinates by
. Or Trg
$ =
Tre O¢

Let T be the change of basis matrix (from polar to Cartesian coordinates), that is

cos®  sin @
T -

sinf@ cosé

Then, the transform if of the following form

S-=-TT8y.
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(A.121)

(A.122)
(A.123)

(A.124)

(A.125)

(A.126)

(A.127)

(A.128)

(A.129)
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Stress components can be written explicitly as follows

Op = 00820 — 27,5 cosBsin 0 + ogsin? ¥, (A.130)
Oy = Oy sin® 0 + 27,9 cos @sin 0 + gg cos® 6, (A.131)
Tay = (07 — 0g) cosOsin 0 + 7,4(cos® § - sin®6). (A.132)

Given the stress expressions from the stress function defined earlier in polar coordinates, the
stresses in Cartesian coordinates can then be obtain via (A.129) or (A.130) through (A.132)

for the applications in which Cartesian coordinates are more convenient.



Appendix B

An Alternative Form of Boundary Conditions

Instead of being specified by the second derivatives of the biharmonic function, namely stresses,
an alternative form of boundary condifions, which is more convenient for mathematical analysis,

can also be specified by the biharmonic function and its (outward) normal derivative.

B.1 The General Form of Biharmonic Problems of The First Type

Consider the general boundary conditions on an arbitrary curved boundary as shown in Fig.
(B.50), in terms of stress function ¢
A Yy
0]

Figure B.50: An arbitrary boundary C of certain region 1 in £ — y plane

Pyyne — Poyny — 0(8)ng — 7(8)Ny = 1y, (B.133)

—PayNg + Paznty = 0(s)ny 4 7(s)ng = ta, (B.134)
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where the normal and shearing forces o(s) and 7(s) are given and the direction cosines are

given by
dy
© — 7 B.
n 7, (B.135)
dx
’ILy - :i‘;, (Bl36)
The boundary conditions can be written in the form
d J e
E([)y = i, (B.137)
i(p = (B.138)
ds™ — ’

Integrating these two equations along the boundary, we obtain the expressions of the first

derivatives of the stress function ¢ at an arbitrary point s in the following form

bo(s) = - / Lads

g di s d
_ /;U(s)ads : / r(s)52ds = fi(s) + e, (B.139)
$u(s) = /3t1d5
: d s de ,
= /’o(s)ﬁd&b—/’ T(s):i;ds = fa(s) 4 e, (B.140)

Notice that if the region under concern is multiply connected, the integration has to be done
over each contour that forms the boundary of the region, and consequently the integrals will
not be single-valued. 1If this is the case, some arbitrary choices of the stress function and its
derivatives can be taken, as far as the stresses are uniquely determined.

We now restate the boundary conditions by specifying the values of biharmonic function ¢
and its normal derivative ¢,, on the boundary. Note that

¢

dn -~ ¢znr+¢yny

B dy dx
- ¢I?d—5 - ¢y dS

= y(s). (B.141)
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Since

i

d¢ ¢odz + Pydy,

fi(s)dz + fo(s)dy, (B.142)

i

integration along the boundary gives

¢(s)

I

s d s d
Lﬁ@£a+Lﬁmﬁa
= f(s)+ const. (B.143)

Now the plane elasticity problem can be stated as the following equivalent form in a region 2

Viu(r,8) =0 in Q

¢ = f + const on 9Q, (B.144)
d
d—:i: =g on 01},

which is more general in mathematics and has been investigated by many people in several
other areas as well.

Note that, the stress function and its normal derivative are not determined uniquely. How-
ever, we need consider only the biharmonic functions with single-valued second partial deriva-
tives. One of the advantages of using the alternative form of boundary conditions rather than
the those in terms of stresses is that the new boundary conditions are in general “smoother”

than the original ones and this may benefit the numerical computations.

B.2 A Rectangular Plate under General Loadings

Let us carry on to consider a rectangular plate with an edge crack under certain kind of loadings
(Fig. B.51). The boundary conditions in terms of stresses on the edges are specifies as follows

(for symmetry, only the upper half region OABC DO is concerned)

On OA:

0y - bus = 0, (B.145)
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B C
Yy
A
D
G 0O T
F E

Figure B.51: A rectangular plate with an edge crack O A perpendicular to the edge AB.

Oyy = ¢ly =0 (B.146)

On AB:
Oy — ¢yy = Ul(y)1 (Bl47)
Ogy — '¢1y = Tl(y)) (8148)

On BC:
Oy — gy = 0a(z), (B.149)
Ogy — ¢.zy - TZ(;E); (B150)

On CD:
U.E o (i)yy = Ua(y), (Bl5l)
Ogy = 7¢zy = Ta(y)~ (B152)

We now integrate these functions to obtain the expressions of ¢ and its normal derivatives on

specific edges.

1) On OA(-c <z <0,y = 0), since ¢z = 0 and ¢y = 0, the first derivatives ¢, and ¢, have
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to be constants. Let ¢, = cp; and ¢, = cp, then the normal derivative

()b(),n — ¢y = Cp2- (3153)

Here we use numeric subscripts 0, 1, 2 and 3 to denote edges OA, AB, BC and C D respectively.

Integrate ¢ along O A to get (with dy/dz = 0 on O A)

bo = [ pudo

= T+ CQ3- (8154)

where cg3 is some constant. For free stress condition required on the crack surface, without loss

of generality, we set ¢g; = o2 = o3 = 0. Thus we have
¢ = ¢, =0. (B.155)
2) On AB(z = —¢,0 < y < h), integrate ¢,y and ¢,y to get

Yy
¢'1,z = ¢0,z|A*/(; T dy

y
0
Yy
by = doalat [ ordy
Yy
JO

Thus,

¢ = dolat /Uy¢>1,ydy

= ¢olat /Oy <¢0,y|A+/0y01d‘y)
— ola | /Oy (/Oyaldn> dy, (B.158)

¢1,n - ¢1 \E

Yy
. = ——/ Tld’y (8159)
U
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3)On BC(-c <z <a-c,y= h),integrate ¢, and ¢, to get

Thus,

4) On CD,

Thus,

$2 =

¢3,:z:

¢3,y

$3 =

¢3,n -

xr

P2 = ¢1,le+ oodz

—cC

h T
= ~/ T1dy +/ oadc
0 —c

b2y = ¢1,y|B+/ Todz

h z
= /alder Todz
0

—cC

bilp+ [ drede

tila + [ (bralnt [ osde)

é1lB + /: (/: Uzdf) dz + ¢1zlB(z + ¢)
b2,y

h T
/ o1dy + / Tode.
4} c

Yy
— oo /' Tady

h (a c) y
~—/ Tdy t / oade - / Tydy
U -c h

y
b2 ylc +/’ o3dy

(3

h @« y
= / ovdy t / Todx +/ o3dy
0 —c h

Il

i

Yy
dalc + /h B3,y

d2lc + /: (‘Ps,ylc + /:J a3dy)

bl + [ ( /hyagdn) dy + daglcly - h)
b

h (a <) v
‘/ Tidy / oad / T3dy.
0 —c h
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(B.160)

(B.161)

(B.162)

(B.163)

(B.164)

(B.165)

(B.166)

(B.167)
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B.3 Rectangular Plate under Uniform tension

95

Let us look at one of our model problems - a rectangular plate with an edge crack under uniform

tensions o loaded on two opposite edges. In this case, 0y = 71 = 0,02 = 0,73 =0, 03 = T3 = 0.

1) On O A:

2) On AB:

3) On BC:

4) On CD:

Pn

(B.168)

(B.169)

(B.170)

(B.171)

(B.172)

(B.173)

(B.174)

(B.175)
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B.4 Circular Disc with Radial Crack

Finally let us look at the boundary conditious for a circular disc with radial crack under general
loadings. For simplicity, consider only the case when the crack length is equal to the radius of

the circular disc. From the stress-stress function relations

_19¢ 1 9%¢ 0%

0°¢ __d_<1(9¢>
Ur_r37‘+r2302’ 76 - 2 T or \rd8)’

on the edge of the disc, where r — q, the radius of the disc,

1 8¢ 1 9% _
T,g(a,B) == E% - aarao. (B]?b)
Integrate 7,4 along the edge of the disc to obtlain the following equation
8 1 o a¢ 1 r9 3245
ro(a,0)df = — | —df— - dé
_/(.) 7 0(0. ) a2 0 80 a jo 37‘80
1 1 (0¢
= —a—2—</>(a,0) +c¢1 — E (‘6_‘)">r;a + o
1 1 /08¢
- I ekt B.1
pe #(a,0) - (ar)r:a + ¢, (B.177)

where ¢ = ¢1 4 ¢3, ¢1, ¢z are some constants. Also from the stress expressions

1 (0¢ 1 (8%
or(a,0) = — <'3;)r:a = (W)r:a. (B.178)

Substitute (B.178) into (B.177) to obtain the following equation involving ¢ and its second

derivative with respect to 8

/6 0)d0 = L p(a,0)+ L (L2 ~o.(a,0 (B.179
0 Tr@(a; ) - a2¢(a) )+ a2 602 - UT a’; )+C, * )

Denote %(8) = ¢(a,8), then above equation becomes a second ordinary differential equation in

()
]
—Z 4 =a® (a,(a,ﬂ) - /0 1r0(a, 0)do — c) . (B.180)

where o,., 7,4 are given. The boundary conditions for this differential equation are determined

so that at crack opening, where 8 =

Y(r) = ¢(a,m) =0, (B.181)
Yo(7) = ¢o(a,0) = 0. (B.182)
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Here homogeneous conditions are assumed for the stress function and its normal derivative are
assumed (see Section 2.2). Note that constant c is independent of the boundary conditions on
the crack, it can then be set to zero. When ¢ is solved, the normal derivative of ¢ along the
disc edge can then be obtained from (B.177). However solving this differential equation is not
easy in general, unless for pure mathematical discussions, in which the boundary conditions of

this form may be convenient, this is seldom done in practice.



Appendix C

The Auxiliary Eigenvalue Problems

In Section 2.2, two auxiliary problems were introduced, in which the values of A in the equation
sin(A  1a = £(A - 1)sina (C.183)

are to be found for a given inner angle « of the crack. For simplification we use notation A lor

A — 1 below. This equation can be written in a more symmetric form

sin Ao sin a

o + S (C.184)
or equivalently the eigenequation
sinz = Az (C.185)
where
A= Sne (C.186)
a
z = Aa. (C.187)

One may look at the more general problem of finding solutions of both A and a, where a € R.

Define function

f(z) = . (C.188)

Assuming A is real, which is of more significance in general, the problemn is reduced to looking
for such pairs (z,y) that f(z) = f(y). Numerical solutions of A, denoted by A, and A, for Mode
I and Mode Il cases respectively, are tabulated in Table C and shown in Figure C.52.

For z in (C.185) complex, solving for Re z is somewhat complicated. Muller’s method
is generally suggested for searching complex roots of (C.185). Although initial guess is not

necessary in Muller’s method, a guideline in searching for the solution of z with smallest real

98
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a A] Ag Q Al Ag (43 A] Az
360 0.5 0.5 | 270 0.544484 0.908529 | 180 1 2
350 0.500053 0.529355 | 260 0.562839 N/A | 170 1.1251 2.25313
340 0.500426 0.562007 | 250 0.586279 1.06021 | 160 1.28841 2.65888
330 0.501453 0.598192 | 240 0.615731  1.14891 | 150 1.53386 N/A
320 0.50349 0.638182 | 230 0.65227  1.24804

310 0.506933 0.682295 | 220 0.697165  1.35949

300 0.512221 0.730901 | 210 0.751975  1.48581

290 0.519854 0.784441 | 200 0.818696 1.63053

280 0.530396 0.84344 | 190 0.900044 1.79893

Table C.17: The eigenvalues corresponding to Mode I and Mode II cases for selected vertex

angles.

Minimum real positive eigenvalues

3.0

2.0

1.5

N Mode il

1.0

0.5

0.0
150

180

210

240 270

Inner angle of the

vertex

300

330

360

Figure C.52: Variation of minimum real positive eigenvalues with the vertex angle for symmetric
(Mode I) and antisymmetric (Mode 1I) cases
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part is somehow helpful. Let z == & + 1y, ¢,y € R, then sin z = (&** ~ e **) /2i. Define complex
function

f(z) =sinaz 1 zsin (C.189)

where o € R is the vertex angle mentioned earlier, then

. 1

Re f(z) — 5 (e ¥ 4 €™¥)sinaz £ sina, (C.190)
1

Im f(z) = —5(6’““ ~e™)cosaz + ysina (C.191)

To find the complex root of f(2;a) = 0 with smallest real part, one may first draw contours of
Re f(z) and Im f(2) in the z-plane within the range of interest for each given a, and find an
initial guess by locating the intersection of contours Re f(z) = 0 and lm f(z) = 0. Then one

can use efficient numerical solvers to obtain accurate solutions.
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Coupled Poisson’s Equations

It has been shown(See, for example, [20], [21]), that the solution of the biharmonic problem of

the first type can be replaced by the solutions of the following coupled equations

Viu — v inQ
V2y =0 in Q
(D.192)
U= ¢ on 09
u, = ¥ on 0
where v is some smoothly defined harmonic function. Note that in order to solve the second

Poisson’s equation separately, the boundary condition for v must be specified. An iterative

scheme, introduced, for example, in [13] for solving the above coupled problems takes the form

v2yulkt1/2) (k) in
ukt1/2) on 01
wkt) gk (1 - a)ulkt1/2) smoothing process
(1 -a) ( & ) (D.193)
U2ykt1/2) in Q

Wk 172) = Ak (D gy on 80

plEt+1)

otk 4 (1 - B)ok+1/2)  (smoothing process)

where u(®) == (%) = 0,y # 01is the coupling constant and «, 8 € [0, 1] are smoothing parameters.
Iteration (D.193) converges and is consistent with the biharmonic equation for any v # 0[13].
For the finite difference method, the standard five-point scheme can be easily applied to each
of the above Poisson equation and various Poisson solvers can be employed.

Note that the discretization of (D.192) or (D.193) is separatable. It is trivial to discretize

the first Poisson equation, while the second one requires that v be approximated along the
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boundary, which involves the approximation of Au and w, along the boundary. For each grid
point on the boundary, a fictitious point must be added outside the boundary. As treated in
Vajtersic[26], we may use linear extrapolation at these fictitious points. Denoting the values of
u and v by subscript 0 in a bi-index notation, wherever they lie on the left and lower sides of
the rectangle, we demonstrate in the following how to approximate v along the crack boundary

AO, shown in Figure D.53. Without loss of generality, let us look at the two points at the left

B C

L
) b b b & b
A & % & & & 4 D

Figure D.53: Finite difference grid for the upper half cracked rectangie O ABC DO. The crack
is along O A and OD is the symmetry line. The boundary points are labeled with o and interior
points are labeled with e.

lower corner of the rectangle. With bi-index system, ¢ =0,...,N;, 3 = 0,..., N, and uniform

mesh size h, we have, at point (1,0)

1
Apulip = ﬁ((‘b"’“ @10+ P20+ U1y — 4d1,0)
U 1
= —}:71 t+ "};2‘(950,0 = 3¢10 + $20),
1
Unlro = '2*’;(%,0 STROR

where Ay denotes the discrete Laplacian. Here linear extrapolation is assumed at the fictitious

point (0, - 1) (not shown in the figure). From (.193) with vy = 2/h([13], [27])

2
Y10 = Ahu]l,u E(Unh,u 21’1,0)

2u 1 2
L ﬁ(sf’u,u “Adro + d20) + ’—L%bl,u

h2
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2u1,1

h2

- 2
+ dro t ‘};151,0

where J)] 0 — (d)o,o - 4¢1,0 + ¢2,0)/h2. Simi]ar]y,

2u ~ 2
Vo, = e T o, + Z'ﬂbo,l

where (,{)0,1 = (oo — 401 + Po2)/h* At point (1,1), setting
1
Ahvll,l = 7:2“('00,1 t oot v22 -t UNg41 — 4‘01,1) =0,

gives

vy~ v20 - V2 = Vg | g

+

¢

2 ~ . 2
= —2u1+ doqr + o+ -};(’1/10,1 b 1P1,0)-

h?

Similarly, we have

vy b Aupg - Usg - Ve — Uz
0 ‘

Uzt 432,1 + 7"/’2,0-
(A

h2
Write the discrete form of (D.193) in matrix form
Lu = h%v + b
Lv = %M'u +c

103

(D.194)

(D.195)

(D.196)

(D.197)

(D.198)

where L denotes the N X N (N = N, x N;) matrix operator of Laplacian with five-point scheme

and M = diag(D + 1, D,...,D,D + I)nxn, with D = diag(1,0,...,0,1)n.xn, and I is the

identity matrix of order N,. Here u and v are the unknown vectors containing the approximate

values of u(x,y) and v(z,y) at grid points, and the vectors b and c arise respectively from the

discretization of the first and second Poisson equations with special treatment (D.194) through

(D.198).
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From (D.193) an iterative scheme for solving the coupled systems takes the following form

Lu(k}J/Z) ~ h2,u(k) 1 b (D.]QQ)

WD) R (1 a)u(k“/z) (D.200)
2

Lokt1/2) ﬁM‘u(k']) Y e (D.201)

w1 = gy (1 - Byplk L), (D.202)

The numerical aspects in solving w and v with the iteration (D.199) though (D.202) have
been studied by many people, for example, Ehrlich [4], [5], [6], Greenspan and Schultz [8],
McLaurin [13], Smith [20], [21] and VajterSic [27], etc. Greenspan and Schultz [8] applied the
coupled iterative approach to the solution of Airy stress function in a rectangle with an edge
crack(Mode I case). They used nine point scheme in the vicinity of the crack tip and solved the
coupled equations using the iterations of (D.199) through (D.202) with SOR method in each
iteration. For the efficiency and complexities of various methods for solving the above iterative

equations, the reader is referred to the cited references.
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The Least Squares Solution of Linear Systeins

Except for few cases in which closed form of analytic solution are rarely available, uniform
satisfaction of boundary conditions in most problems is impossible, and some approximation
and compromise must be made. For general discussion, write the stress function for our crack
problems of the form N
w=) guxa(r,0) (E.203)
n
where x,, are basis functions (fundamental solutions) and coeflicients g,, are to be determined

so that on the boundary, with f and ¢ given, boundary conditions

N
[“’U.(-ﬁ‘) — ZQn FXn f(5)7

N
Gu(s) = Y guGxn = 9(s)
n
are satisfied. Here F and G are some differential operators. We choose reasonably distributed

points and collocate the boundary condition to obtain

N
Y andl(si) = f(s0), (E.204)
17;
) guip(si) = g(s.) (E.205)

for s; on the boundary. Here “reasonable distributed” means the collocation points are chosen
so that the significant changes in the boundary values are well captured.

The collocation approach mentioned above leads to an M x N linear system Az = b, where
z is a column vector of unknown coefficients, and a;; = ¢,(s,) or a,, = ¥;(s;) for s; on the

boundary. Define, with || - || denoting the Ly vector norm,
1 1/2
E(z)y=(—=|b-A4 ) , E.206
() = (71 - el (E.206)
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where M is the number of components of vector b or the number of equations from the collo-

cation procedure, then minimizing E(z) is equivalent to solving the following normal equation

AT Az = AT, (E.207)
If we split the linear system so that
N
Do and(s) = fls), i=1,...,M/2 (E-208)
N
Y an(s) =g(s), i=M/2+1,..., M. (E.209)
Examining the coefficient of AT A, we find
M2 M/2
(ATA)I.] = Z ¢1(Sm)¢j(5m) + L ¢i(5m)¢j(5m) (EQIO)
m=1 m=1

If the collocation points are condensely distributed, then for s; € |a, §], for example, 8 € [0, 7],

i w ) 8
’B—M-(ATA),~sz A, ()s b [Cw(slads (E.211)

It can be seen that if functions ¢ and 1 are orthogonal, then AT A will be approximately
diagonal dominant, and well conditioned. Unfortunately, the stress functions that we used do
not have this property in general.

Considering the effect of rounding errors, the orthogonal transformation based method such
as QR method is generally recommended rather than the normal equation approach for finding
the least squares solution(See [7], [12] and [24]). In the QR method, the M X N coefficient

matrix A is decomposed into

A=QR (E.212)

where @ is of order M x M and orthogonal, R is a upper triangle of order M x N. Then the

linear system Ax = b can be written

Re = QTb (E.213)

Decompose R and the right hand side into

R - , (E.214)
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Method K llell |le|l oo
normal equation | -1.38798 0.93459 | 3.35803
@ R based method | 1.86502 | 0.0299331 | 0.330086

Table E.18: Comparison of the least squares solution of dimensionless K| and errors in the
Mode I compact loading case for ¢/a = 0.5, h/a == 0.8, {/h = 0.25 using totally 100 terms and
159 collocation points.

(5]

Qb = (E.215)
C2

where R; is the upper triangular of order N X N, ¢; € RN, ¢, € RM Y. Then
16— Az|)* = Q"6 - QT As|? (E.216)
= |QTb - Rz|? (E.217)

2
= (ller = Rzl + flea)?) " (E.218)
So the minimizer is given by

z = Riler (E.219)

The minimuin error is therefore ||ca]|.

In our numerical experiments, we have found a few cases in which the QR factorization based
method is superior to the method using normal equation in solving the least squares problems
arising from the boundary collocation procedure. As an example, we present the comparison
of the values of dimensionless Ky and corresponding errors in the boundary conditions in the
case of a rectangular plate under concentrated loads of tension with ¢/a = 0.1, h/a = 0.8 and
l/h = 0.25 using 100 truncated terms(See Section 4.3). Table E.18 shows the failure of using
normal equation approach. Without more knowledge of practical problems, it will be hard to
tell that the dimensionless Kp obtained from the normal equation is absolutely wrong in this

particular example.



