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Abstract

The successful application of high-speed machining technology is highly dependent on
spindles operating free of chatter vibration without overloading the angular contact ball
bearings. Unless avoided, vibration instability in the metal-cutting process leads to premature
failure of the spindles, which have small shafts and bearing diameters and rotate at high

speeds.

This thesis pre‘sents a general structural model of the machine-tool spindle assembly,
consisting of the rotating shaft, tool holder, angular contact ball bearings, stationary housing,
and the machine-tool mounting. The model enables performance testing and analysis of the
spindles by specifying cutting conditions, tool geometry, and the work-piece material in a
virtual machining environment that avoids the present, costly trial design and prototyping of

the spindles.

A generalized finite element (FE) model of the spindle system is developed using
Timeshenko’s beam theory. The effects of bearing preload, axial cutting forces, gyroscopic
and centrifugal forces are considered in the formulation. Bearing stiffness, which varies as a
function of the preload, cutting force, and spindle speed, is the fundamental nonlinearity in
the dynamics of high-speed spindles. A nonlinear finite element model of the angular contact
ball bearing is formulated by considering both centrifugal forces and gyroscopic moments
from the rolling elements of the bearing. The elastic deformation of the shaft, rolling |
elements, housing, and the inner and outer races of the bearings are considered in the bearing

model.

The proposed model predicts stiffness changes in the bearing as a function of axial
preloads. The model is experimentally verified on an instrumented spindle by comparing the
predicted and measured static displacements’in axial direction at the spindle nose as the

preload is varied.

The general model of the spindle predicts the mode shapes, frequency response function
(FRF), vibrations along the spindle shaft, and contact loads on the bearings, which are
essential for assessing the performance of the spindle during high-speed machining. While

the spindle dynamics is considered to be approximately linear at rest because of the constant
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preload of the bearing, it becomes nonlinear in machining due to the dependency of the
bearing stiffness on cutting forces and spindle speeds. The linear dynamic model is
experimentally verified with impact modal tests on a spindle in free-free boundary conditions.
The nonlinear model is verified by comparing the measured impact response of the spindle
against predicted displacements under different preloads, which constitutes the fundamental
nonlinearity in the spindles. It is shown that high preloads increase the bearing stiffness and
the natural frequencies of the spindle systein. However, excessive preloads also decrease
modal damping, causing reduced dynamic stiffness of the spindles, which is not desirable in

avoiding chatter vibrations.

Chatter vibration can be avoided either by having high dynamic stiffness on all
structural modes, or by creating a stability pocket at a desired spindle speed where the tooth-
passing frequency resonates the mode, thereby allowing large depths of cut. An optimization
method, which identifies the most optimal bearing spacing along the spindle shaft, is
presented by using either the dynamic stiffness or chatter-free depth of cut at a desired speed
range as the objective. The number of teeth on the cutter and the influence of the work-piece

material properties are considered in optimizing the bearing locations.

This thesis demonstrates that the dynamics of machine-tool structures may significantly
affect the overall structural dynamics of spindle systems. A method of identifying the
dynamics of the machine tool without the spindle is presented, and it is incorporated into the

spindle model, which allows the simulation of the spindle systems under working conditions.

The proposed numerical model allows designers to optimize spindles and test the
performance of the spindles in a virtual metal-cutting environment before they are
manufactured. The static and dynamic deflections along the cutter and spindle shaft, as well
as contact forces on the bearings, can be predicted with simulated cutting forces before.
physically building and testing the spindles. The proposed mathematical models are
experimentally proven on a research spindle instrumented with non-contact displacement
sensors along its shaft. The virtual testing of é complete, industrial-sized spindle is shown to
agree well with the experimental results of the same spindle tested in actual metal-cutting

operations.
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Lisf of Nomenclature

A= cross sectional area of the beam
a= inner radius of the disk

Aey =  critical depth of cut

B= f +f -1
b= outer radius of the disk
D= diameter of the bearing ball

D.= inner diameter of the beam
D = pitch diameter of the bearing measured from the ball center
D = outer diameter of the beam

E= Young’s modulus of material
e= distance between mass center and the geometrical center of the
disk
E = Young’s modulus of the bearing ball

E,= Young’s modulus of inner or outer ring of the bearing

F = centrifugal force

.
/= D

rO
fo= D

f., Objective function of optimization

G = shear modulus of material

I = diametral moment of inertia for the beam-
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qx ’Qy’qz =

diametral moment of inertia for the disk
polar moments of inertia for the beam
mass moment of inertia for the bearing ball
polar moment of inertia for the disk

index of bearing balls

dynamic stiffness for the i mode

contact constants between bearing balls and inner rings, outer
rings, respectively, depending on the geometry and the material

of the bearing balls and bearing rings

cutting coefficient

transverse shear form factor, k4 is 0.9 for the circular cross-
section beam

gyroscopic moment

mass of the disk

distributed moments per unit length about axes y and z,
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Chapter 1

Introduction

With the new development of cutting-tool material technology, high-speed machining is
widely accepted at present, especially in the aerospace and die/mold industry. High-speed
machining can increase manufacturing efficiency, produce a better surface finish, and lead to
smaller cutting forces and thermal distortion of the work-piece. Since the main objective of
high-speed machining is to increase the metal removal rate (MRR) by adopting more
aggressive cutting conditions that may cause chatter vibrations and spindle failure, the
machine tools must have higher rigidity, stability, and reliability. Among all the components
of a machine tool, the spindle system is the most critical part, since its dynamic properties

directly affect the cutting ability of the whole machine tool.

A typical pulley-driven spindle system for milling is shown in Figure 1-1 and Figure
1-2. It consists of the tool, tool holder, spindle shaft, bearings, pulley, clamping unit, and the
housing attached to the machine tool. For a very high-speed spindle, as illustrated in Figure

1-3, the motor is usually seated inside the spindle housing for better balance.

Figure 1-1: An instrumented spindle system
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Figure 1-3: A motorized spindle

Spindles either carry cutting tools, as in milling operations, or work-pieces, as in turning.
Milling operation is one of the most frequently used machining methods in industry, and can

be classified as either conventional or high-speed milling.

Thermal-resistant materials, such as stainless steel, titanium and nickel alloys, are cut at
low cutting speeds, typically under 100 m/min. The required spindle speed is about 5000
rev/min. However, high dynamic stiffness and torque are required from the spindle drive
system for machining thermal-resistant materials. Materials of low yield strength, such as the

aluminum alloys widely used in the aerospace industry, can be cut at very high speeds (i.e.,

4000 m/min) without any thermal softening of the cutting tools. The spindle speed in milling
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aluminum alloys can approach the physical constraints of the bearings, currently around
60,000 rev/min. High powers are required to deliver the required speed and torque at the
high-speed range, and the speeqd effects have to be considered in the design of high-speed

spindles.

When the machine is cutting, cutting forces are applied to the tool, and subsequently
cause the spindle to vibrate. Vibrations induce the change of chip thickness, which in turn
leads to variation in cutting forces. Under certain cutting conditions, self-excited vibration,
which is also called chatter vibration, may occur. Chatter vibrations limit the depth of cut,
produce a poor surface finish, reduce productivity, overload bearings, and shorten the spindle
life [1]. In the worst case, chatter vibrations may chip the tool, damage the work-piece, and
even destroy the spindle. In fact, a significant number of spindles are damaged in industry
due to dynamic overloading of bearings resulting from chatter vibrations, especially in high-
speed milling operations. The spindle, tool-holder, and tool are the main contributors to
chatter vibrations. Therefore, in order to predict chatter vibrations, the dynamics of the

spindle system has to be correctly obtained by either measurement or numerical simulation.

The most commonly used mathematical model for analyzing a spindle system is shown

in Figure 1-4. The equation describing its dynamic behavior is as follows:

M)+ [Cle}+ [K [{x} = {F ()} (1.1)

where [M] is the mass matrix of the spindle system, [C] is the damping matrix, [K] is the
stiffness matrix including stiffness of bearings and spindle shaft, {x} is the displacement

vector including deflections and rotations, and {F(t)} is the applied force vector.

In this simple model, only the tool, tool-holder, spindle shaft, and bearings are included.
The first three parts are assumed to be rigidly connected, and are modeled as beams with
different cross-sectional areas. The bearings are simplified as linear springs, with stiftness in
both the radial and axial directions. When the machine is cutting, the cutting forces in three
directions, X, Y and Z, are applied at the tool tip. Deformations at the tool tip will directly
affect the quality of the machined parts.
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Figure 1-4: A typical model of a spindle system

However, in practice the results from the above model do not always match the actual
measurements. The main reason is that the bearings and their coupling with the spindle
system are not accurately modeled. Furthermore, the spindle housing and machine tool are
not included in the model. During cutting, the spindle shaft is deformed by thé forces and
moments transmitted through the contact surface between the tool-holder and spindle shaft,
which is supported by bearings. These forces are transferred to the spindle housing and cause

the deformations of the housing and spindle head.

Bearing stiffness changes with the forces applied on the spindle, and these changes
cannot be reflected in the simple linear model described above. For example, in Figure 1-5
the bearings are preloaded by the nut through the length difference of the spacers. In this
bearing configuration, the inner spacer is a little shorter than the outer one, and the difference
depends on the magnitude of the required preload. Before the spindle works, the two bearings
have the same stiffness in both the radial and axial directions. However, when an axial force
is applied on the spindle shaft, bearing no.1 becomes tight and bearing no. 2 gets loose. In
other words, the two bearings will have different stiffness. The radial forces affect bearing
stiffness more than the axial force does. In milling operations, the radial forces are stronger
than the axial force, especially when the tool-holder and tool are long. The bending moments
at the bearing locations produced by these forces therefore have a significant influence on

bearing stiffness.

Bearing deflection contributes about 30-50% of the total spindle deflection [2]. Bearing
stiffness depends on the structure of the bearing, such as size of the bearing balls, curvature

of the bearing rings, contact angle, preload, deformation of the spindle shaft and housing,

thermal expansion, and spindle speeds. At higher spindle speeds, the centrifugal force and
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gyroscopic moment have to be considered in the analysis and design of spindles. The
dynamics of the spindle syStem changes with the cutting forces and spindle speeds, especially
when the preload on bearings is low. All these elements lead to a non-linear problem for the

spindle system.

Hence, accurately predicting the dynamics of the machine-tool spindle system is the key
issue in designing spindles, enabling designers to predict the performance of spindles before

they are manufactured.

The objective of this thesis is to develop a general method for simulating milling
operations, so that designers can check the performance of the spindle system and improve
the machine tool design before it is physically manufactured. This general model can be
used to predict the stiffness of bearings, contact forces on bearing balls, natural frequencies,
frequency response functions, and time history response under impact/cutting forces for a
given preload. The thesis also presents a general method for obtaining either the maximum
dynamic stiffness or the maximum chatter-free depth of cut by adjusting the dynamics of the

spindle system.
The thesis is organized as follows:

The review of literature is presented in Chapter 2. In Chapter 3, system equations for

general spindle systems are formulated. Dynamic equations for rotating disk and Timoshenko
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beam with centrifugal force and gyroscopic moment are developed. The finite element
method is used to establish the discrete system equations. A nonlinear element is formed

based on Jones’ bearing model and coupled to the system equations for spindle systems.

In Chapter 4, the model for the spindle system is verified by a benchmark and an
instrumented spindle under free-free boundary conditions. The preload and tool-holder
effects on the dynamics of the spindle are discussed. In Chapter 5, a general modeling
method is presented for the spindle"-machine tool systems. The cutting test for milling
operation is performed to verify the proposed methods. The speed effects on the dynamics of
the spindle-machine tool system are also discussed in this chapter. Chapter 6 describes a
general method for optimizing the spindle. The conclusions and possible future research

directions are pointed out in Chapter 7. Appendices clarifying some of the computational

details are provided following the References.




Chapter 2

Literature Review

As mentioned in Chapter 1, the dynamics of spindle systems mainly depends on the
characteristics of the bearings, tool-holder interface, spindlé shaft, and housing. This review
will give an overview of previous research work on modeling of spindle systems, with

emphasis on the modeling of bearings and spindle shafts.
2.1 Bearings

The bearing system, one of the most critical components of high-speed spindles, must be able
to provide high rotational speed and have a reasonable load capacity and life. The types of
bearings available for high-speed spindles include angular-contact ball bearings, roller

bearings, and taper roller bearings shown in Figure 2-1.

Angular contact ball bearing Roller bearing Taper roller bearing
Figure 2-1: Three types of commonly used bearings in high-speed spindles

Angular contact ball bearings are most commonly used today in high-speed spindles.
This is because angular contact ball bearings can provide the required precision, load
carrying capacity, and spindle speeds. In addition, the costs are low compared to hydrostatic,
aerostatic or magnetic bearings. Angular contact ball bearings are designed to provide the
capabilities to withstand external loads from both axial and radial directions when they are

properly preloaded. In some cases, taper roller bearings are also used because they can offer

larger load-carrying capacity and higher stiffness than ball bearings. However, taper roller
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bearings do not allow the high speeds required by high speed spindles. In this thesis, angular
contact ball bearings are studied. Their basic terms are defined in Figure 2-2.

Curvature center
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Q, Q, Q, - Contact forces

F., M, - Centrifugal force and gyroscopic moment

Figure 2-2: Basic terms for angular ball bearings

One of the most important specifications for bearings is the maximum speed, which is
theoretically determined by lubrication method, preload, and loading. However, in practice
the DmN number is as a benchmark used to specify the bearing speed, and is calculated by
multiplying the pitch diameter Dm, in millimeters, by the bearing speed, in rpm. The current

DmN number is 2,000,000 for grease lubrication and 3,500,000 for oil-air lubrication [3].

Another specification for angular contact ball bearings is the contact angle (0). For
machine-tool spindles, the typical contact angles are 12, 15, 25, and 40 degrees. The contact
angle determines the ratio of the radial and axial loading. The lower the contact angle, the
greater the radial load capacity. Therefore, bearings with 25 or 40-degrees contact angles are
suitable for spindles that are used primarily for drilling where the largest force is in the axial
direction. Beariﬁgs with 15-degree contact angles are suitable for milling where the radial

forces are dominant.

When the spindle is not rotating, the inner ring contact angle 6, is equal to the outer ring

contact angle 6, , and the inner ring contact force (,is equal to the outer ring contact force

o

Q,. However, when the spindle is rotating, due to the centrifugal force F, , gyroscopic
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moment M, and cutting forces, the inner ring contact angle 6, and contact force (), are no

longer equal to the outer ring contact angle €, and contact force (), , respectively.

Angulaf contact ball bearings have to be preloaded in order to maintain rotational
accuracy and enough stiffness in both the radial and axial directions. The magnitude of the
preload is usually designated as light, medium, or heavy. Light preloaded bearings allow
- maximum speed but have less stiffness, and are usually used for very high speed spindles
‘where cutting forces are small. Heavy preloading allows less speed but higher stiffness, and

is usually used in lower speed spindles for roughing operations.

There are two ways of applying the preload to angular contact ball bearings. One is
called fixed-position preload, as shown in Figure 1-5, wherein the inner bearing spacer is a
little shorter than the outer bearing spacer. The advantage of this type of preload system is
that the bearing stiffness can be set higher by adjusting the spacer length. However, the
preload will increase due to centrifugal force and thermal expansion during spindle rotation.

Excessive preload causes the bearings to seize, which may lead to spindle failure.

Another way of applying preload is so-called constant preload illustrated in Figure 2-3,
wherein a spring is used instead of the outer bearing spacer. The spring absorbs the axial
expansion of the spindle shaft that leads to increased preload due to temperature rise. The
spring provides relatively constant preload, and over-preload can be avoided even in high-
speed operations. The disadvantage of this method is that spindle stiffness decreases due to
external forces, such as cutting forces. Therefore, this preload method is usually used in high-

speed spindles where the speed exceeds 20,000 rpm.

Spring

\\\\\\\\m\\\\\;

77
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Figure 2-3: Constant preload mechanism
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When the bearings are loaded only by preload, in other words the spindle is not rotating,
it is possible to predict the bearing stiffness. However, when the spindle is cutting, especially
when the spindle shaft is not rigid, the bearing will be in a very complex working condition,

as shown in Figure 2-4. The forces acting on the bearing ring can be expressed as:

F=> 1(6,6,8%,86%,6,6,,0,0,,F.,M,,T) @1

k=1
where 8,and &, are contact deformations between bearing balls and bearing rings; 6,and 6,

are inner and outer bearing contact angles, respectively; 8, 8,8 and 8 represent the
deformation vectors for the nodes on the spindle shaft, inner ring, outer ring, and the spindle

4)

housing, respectively; 8 and 8" are the functions of 8, ¥, respectively, depending

on the configuration of bearing rings; Q,and Q,are contact forces; F, and M _ are centrifugal

force and gyroscopic moment depending on the spindle speed; and T is the temperature.

Establishing and solving the above equation (2.1) is the challenge in modeling angular

contact ball bearings.

8=(8x,0y.0z,Yy.yz)

Figure 2-4: Bearing model

The simplest model for angular contact ball bearings is the conventional two-degrees-
of-freedom model proposed by Palmgren [4]. This model considers only the axial and radial
translations of the inner ring relative to the outer ring, which is usually suitable for most

applications where misalignment and shaft bending effects are insignificant. The pioneering
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work on mathematical models for angular-contact ball bearings was proposed by Jones [5],
who developed a general theory for load-deflection analysis of bearings that considered
centrifugal force and gyroscopic loading of the rolling elements under high-speed operation.
In Jones’ model, the inner ring has five degrees of freedom to describe the three translational
~ deflections, two rotations, and the corresponding forces and moments. The outer ring is
assumed to be rigid. The load-deflection relationship is established by examining the relative
loading and motion at each ball in contact, including centrifugal forces and gyroscopic
moments acting on the rolling elements. The inner ring loads at each ball are summed up to
balance the inner ring loads from the shaft. DeMul et al. [6] established the dynamic
equations in a matrix form that considered the centrifugal force but neglected the gyroscopic
moment in the bearing. The advantage of DeMul’s model is that the Jacobian matrix of the
bearing is derived analytically, producing the bearing stiffness. Filiz and Gorur [7] conducted
a load-deflection analysis of bearings under combined axial and radial loads. This analysis
produced a simplified model for determining the incremental stiffness in axial and radial
directions, as opposed to the differential stiffness obtained by Jones, DeMul et al., and Lim
and Singh [8]. Ryan [9] developed a program called Rolling Element Bearing Analysis
System (REBANS). This program operates in two modes. The primary mode accepts user-
specified shaft/inner race displacements and calculates the resulting loads. The other mode
accepts forces and moments as inputs and determines the corresponding shaft/inner race
displacements. The bearing and shaft are analyzed independently in REBANS; hence,
coupling effects are excluded. Houpert [10] and Hernot et al. [11] presented a stiffhess matrix
form with five degrees of freedom. Their model enables using the finite element method for
solving the coupled problem of the spindle-bearing system, but the centrifugal forces and
~gyroscopic moments are not included. Harris [12] did a comprehensive analysis of different

aspects of bearings, but his model is independent of the spindle or shaft.

Walford and Stone [13], [14] measured stiffness and damping for bearings under
oscillating conditions. They used a two-degrees-of-freedom mathematical model to extract a
représentative stiffness value and found that the levels of damping obtained were
considerably higher than expected. They concluded that this result was due to interaction

among the races, housing, and shaft. Tiwari and Vyas [15] developed a technique for

estimating nonlinear stiffness parameters for rolling bearings in rotor systems, based on an
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analysis of the random response signals picked up from the bearing caps. The analysis uses a
stochastic characteristic of the bearing excitation in conjunction with a single-degree-of-
freedom model to estimate a representative stiffness. Marsh and Yantek [16] presented an
experimental method for estimating the dynamic stiffness of precision bearings, based on

measurements of the frequency response functions.

The effects of bearing rotation on stiffness were studied by Kraus et al. [17], who used
an experimental method to determine the bearing stiffness and damping for a rotating
spindle. Through modal analysis, they showed that spindle rotation changes the equivalent
mass, stiffness, and damping of bearings. The equivalent mass increases with rotation speed.
The stiffness, for the speed range tested, does not change, but damping decreases with
increased speed. However, stiffness increases with the bearing preload. For example, by
increasing bearing preload six times, stiffness increases by a factor of 1.5 in the transverse
direction and 4.7 in the axial direction; damping decreases by 25 percent in the transverse
direction, and increases by a factor of 1.7 in the axial direction. Wang et al. [18] and Shin
[19] also built analytical models of high-speed spindle-bearing systems. Their results showed

that bearing stiffness decreases with an increase in spindle speed.

Palmgren [4] conducted an early study of the thermal effect on bearing stiffness, and
established the empirical relationships between rolling resistance and heat generation.
Rolling resistance consists of viscous friction torque due to the lubrication and contact
resistance resulting from the deformation of the elastic bodies. Harris [12] improved the
prediction of heat generation in Palmgren’s method by including the heat generation caused
by the spin moments at bearing contact for the given operating speeds, loads, and lubricant
properties. Gibson [20] presented a model of thermally induced bearing loads for machine-
tool spindles. The model is built for angular contact bearings with a fixed preload that
includes radial and axial thermal expansions. The importance of including radial and axial
thermal expansion is shown when calculating thermally induced angular contact bearing

loads.

In summary, Jones’ bearing model is the most comprehensive and complete one for

angular contact ball bearings. All other models are simplified versions of Jones’ model that
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neglect centrifugal force or gyroscopic moments, or both. In this thesis, Jones’ bearing model

is used, and it is extended to include the effects of deformation of the spindle housing.

2.2 Spindles

Spindles are the key components of all machine tools. Early spindle research focused
mainly on static and quasi-static analysis, whereas current research is extended to optimal
design by using dynamic analysis. Bollinger [21] analyzed the spindle for a lathe by using a
finite difference model, in which the bearing is simulated as a simple radial spring and
dashpot. Yang [22] conducted an in-depth analysis of the radial stiffness of machine-tool
spindles. He concluded that shortening the overhang, and increasing the area moment of
inertia of the spindle and the stiffness of the front bearing, can enhance the static stiffness of
spindle systems. The addition of the third bearing may change the dynamics of the spindle,
depending on the forces and moments exerted on it. Wardle et al. [23] examined the static
and dynamic stiffness of a spindle-bearing system, and claimed that a hydraulically
preloaded bearing arrangement can generate rigid spindles. Aini et al. [24] undertook an
analysis of the spindle for a precision grinding machine tool supported with a pair of angular
contact ball bearings by using a model with five degrees of freedom. In the model, the
spindle is assumed to be a rigid shaft and the balls to be massless. Aini et al. [25] also carried
out an experiment to investigate the frequency response of a grinding machine tool spindle,
supported by preloaded angular contact ball bearings. Brandon and Shareef [26], [27]
investigated the validity of several common assumptions used in analyzing machine-tool
spindles, and discussed different types of differential equations for spindle models. El-
Marhomy [28] presented an analytical method for determining the stability of elastic shaft-

bearing systems using nonlinear bearing parameters.

All of the above-mentioned models use analytical methods for modeling simple
structures, such as the continuous and lumped-mass models. These proposed models are only
suitable for simple spindles, and are not practical for industrial applications. Moreover, many
important factors for high-speed spindles, such as rotary inertia and gyroscopic moments, are
not considered. However, with the popularization of computers, the finite element method

has been widely used to analyze structures. It is more suitable for analyzing complex

structures than the analytical methods are.
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Ruhi and Booker [29] is one of the earliest researchers to use the finite element method
for modeling of rotor systems. His model includes translational inertia and bending stiffness
but neglects rotational inertia, gyroscopic moments, shear deformation, and axial load.
Nelson [30], [31] used the Timoshenko beam theory to establish shape functions and
formulate system matrices, including the effects of rotary inertia, gyroscopic moments, shear
deformation, and axial load. Ozguven and Ozkan [32] developed a computer program that
calculates the whirl speeds and dynamic response of multi-bearing rotor systems, including
not only the effects of rotary inertia, gyroscopic moments, shear deformation, and axial load,
but also of internal hysteretic and viscous damping. Reddy and Sharan [33], [34] added
viscous damping to the simple bearing spring» model to describe the bearing nonlinearities in
his finite element analysis of spindles. This model was expanded by Wang and Chang [35] to
include bearing axial stiffness using additional spring elements in the axial direction. There
are many other papers [36]-[39] on thé analysis of spindles using the finite element method.
However, none of the above research considers the nonlinear bearing stiffness, which is

related to external forces and rotational speeds for high-speed spindles.

In the past, little research has been conducted to model the coupling of bearings and
spindles. The effects of preload and spindle speeds on bearing stiffness and the dynamics of
the spindle system are seldom studied. Wardle et al. [23] presented a very simplified model
for describing the dynamics of a spindie-bearing system with a constant preload. The
theoretical maximum operating speed of the spindle system is increased by maintaining a
constant preload, but Wardle neglected the softening of bearing stiffness due to rotational
speeds. Aini et al. [24] combined a detailed angular contact ball bearing model with a
spindle, but the spindle is assumed to be rigid. His model shows the importance of
considering variations in bearing stiffness in spindle analysis. Chen et al. [40], [41] built a
model for determining the response of a spindle-bearing system at high speeds by an
ahalytical method. His model is a uniform Euler-Bernoulli beam supported by a pair of
angular contact bearings. Using Jones’ [5] bearing model, Chen analyzed the dynamic
behavior of the spindle around the trivial equilibrium configuration with zero end loads. Only
the axial preload is considered in this model. First, the Newton-Raphson iteration method is

used to calculate the bearing stiffness matrix at a given spindle speed, then the dynamic

behaviors are computed at this speed using the obtained bearing stiffness.
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Jorgensen and Shin [42] used DeMul’s bearing model and the Timoshenko beam to
develop a model for a spindle supported by a pair of angular contact bearings, including
cutting-load effects. The cutting load is divided into static and dynamic components. The
dynamic loads are assumed to provide system excitation due to the dynamic motion of the
cutting tool. Static load creates a deformed equilibrium in the bearing and spindle position.
The influence coefficient matrix is formed on the base of the deformed equilibrium position
by static loads, thus including bearing non-linearity. The coupling equations of the spindle
and bearings are solved in the following manner. The spindle program calculates the reaction
forces at the bearing locations. These loads provide input to the bearing subroutine, which
returns the bearing deflections and reaction moments required for bearing compliance. Then
the influence coefficient matrix, lumped masses, and inertia are computed to determine the
eigen-pairs of the system. The problem with this method is whether the deformation under
the static cutting forces really has influence on the coefficient matrix (i.e., stiffness matrix)
for the new equilibrium position, since the deformation under the static cutting forces is

negligible compared with the geometric dimensions of the spindle system.

Bossmanns et al. [43] and Lin et al. [44] proposed an integrated thermo-mechanical
dynamic model for a motorized machine-tool spindle, using an empirical formula to calculate
the stiffness of bearings. However, some constants need to be identified in order to use this
model. Li and Shin [45], [46] presented a coupled spindle-bearing model that includes
thermal effects to predict the bearing stiffness and natural frequencies of the spindle system,
using DeMul’s bearing model. The bearing configuration, however, is limited to several
cases and the gyroscopic effect is not included. Only the natural frequencies are compared in
these papers, not the FRF, which is most crucial in predicting the dynamic performance of

the spindle during cutting.

All of the above models predict the natural vibration and frequency response for a
specific spindle design, and consider only the spindle shaft and bearings. The effects of the
machine tool on the spindle dynamics are neglected, leading to inaccurate predictions for
most machine tools. Neither centrifugal force nor gyroscopic effect is included in modeling
the spindle shaft. The bearings and spindle shaft are not systematically coupled. The contact
forces on bearing balls and the time response of the spindle-bearing system under dynamic

cutting forces have not been studied.
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In this thesis, a general method has been developed for systematically modeling the
bearings, spindle shaft, and housing by including the effects of preload and spindle
speeds[47], [48]. This method can predict the bearing stiffness, frequency response functions,
and time history of responses under impact or cutting forces. It can also simulate the milling
operation to predict the cutting performance and contact forces on bearings. Jones’ bearing
model with both centrifugal forces and gyroscopic moments is used, and is extended to
include the effects of deformation of the spindle housing. The model is verified by
performing impact tests in free-free boundary conditions. The modal parameters of a vertical
machining center (FADAL VMC2216) are identified, and a model for the spindle-machine
tool system is developed. The effects of the machine tool on the spindle systems are studied.
The cutting tests are conducted to verify the proposed methods. The studied model extends

previous approaches by considering the influence of the machine tool structural dynamics.

2.3 Tool-holder

The tool-holder is a key component of the spindle system. The interface between the
tool-holder and the spindle shaft plays a very important role in the dynamics of the spindle
system. There are two main types of tool-holder interface, the CAT tool-holder and the HSK

tool-holder. Both tool-holders are shown in Figure 2-5.

CAT Tool-holder Spindle shaft HSK Tool-holder Spindle shaft
N\ Y,
S
) 4
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Figure 2-5: Two types of tool-holder

The shank of the CAT tool-holder is a solid structure and is stiffer than hollow-shank
tool-holders like the HSK. The CAT tool-holder’s overhang length from the spindle nose to
the tool tip can be shorter than that of the HSK tool-holder. However, at high speeds the

spindle taper expands and the tool-holder is pulled into the spindle, causing dimensional
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errors of the work-piece in the direction of the spindle axis. Moreover, it is difficult to
remove the tool-holder from the machine tool. HSK tool-holders overcome the high-speed
shortcomings of CAT tool-holders. There are two contact surfaces: the tool-holder flange
with the spindle nose, and the tool-holder taper with the spindle shaft taper. These two pairs
of surfaces are always in contact, even at high speeds, due to the flexibilities of the hollow
structure. Because of the shorter taper of the HSK tool-holder, the front bearings of the
spindle can be placed closer to the spindle nose, so that spindle stiffness can be improved.
However, the cutter overhang tends to be longer than the solid tool shank type because there

is not enough space to put the cutter further into the taper.

This thesis does not include research on the tool-holder spindle interface, but results
from other researchers are used to compare the effects of the tool-holder spindle interface on

the dynamics of spindle systems.

2.4 Chatter Vibrations

Since one of the purposes of modeling the spindle system is to avoid chatter vibrations
during machining process, chatter tests are conducted to verify the proposed models. In
addition, chatter-free depth of cut is used as one of the objectives for optimization of the

spindle. It is therefore necessary to briefly review chatter vibration theory here.

Chatter vibrations result from the self-excitation mechanism in the generation of chip
thickness during the machining operation, which can be explained by a phenomenon called
regeneration of waviness. Consider the example of simple turning shown in Figure 2-6. A
wavy surface finish caused by the forced vibration of the spindle system is removed during
the succeeding revolution, which also leaves a wavy surface due to spindle vibration.
Depending on the phase shift between the two successive waves, the maximum chip
thickness may exponentially grow while oscillating at a chatter frequency that is close to, but

not equal to, a dominant structural mode in the system [53].

Extensive research has been conducted on establishing chatter-stability lobes [54]-[61].
The regeneration phenomenon was first explained by Tobias [54] and Tlusty and Polacek
[55], who identified the main sources of self-excitation as being associated with the structural

dynamics of the machine tool and the feedback between subsequent cuts. Tlusty and Polacek
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Figure 2-6: Chatter vibration mechanism in turning

presented a practical stability law for orthogonal cutting systems, where the chatter-free axial
depth of cut is expressed as a function of the real part of the dynamic compliance of the
machine tool and work-piece. Tobias considered the effect of speed on stability and
discovered the stability lobes. Later, Merrit [56] used feedback control theory to predict the
same stability law proposed by Tlusty. These theories are applicable only to orthogonal
cutting, where the direction of cutting force, chip thickness, and structural dynamics do not
change with time. For 2D milling chatter problems, Tlusty applied his orthogonal cutting
stability formulation to milling by using an average directional coefficient and an average
number of flutes in the cut. Opitz and Bernardi [57] approximated the periodic coefficients
with their average values. Instead of using a one-dimensional solution for milling stability
like Tlusty[55] and Opitz[57], Minis and Yanushevsky[58], Altintas and Budak [59]-[61]
developed two-dimensional approaches for milling-stability problems. Altintas’ method is

used in this thesis.

2.5 Optimization

Little research has been conducted on optimization of the spindle system. Yang [22]
used an analytical method to optimize the bearing span for a spindle with only two bearings,
which is not common in production spindles. Taylor et al. [49] developed a program to

optimize the diameter of the spindle shaft for minimum static deflection. But the optimization

for static stiffness does not guarantee that the design is also optimal for dynamic stiffness of




Chapter 2. Literature Review 19

the spindle. Lee and Choi [50] conducted an optimization design in which the weight of the

rotor-bearings system is minimized using the augmented Lagrange multiplier method.

All of the above work is based on simple spindles with only two bearings, in which the
design variables and constraints are shaft diameter, bearing span, and bearing preload. The
objectives are minimizing static deflection or weight of the spindles. Maeda et al. [S1], [52]
developed an expert spindle design system that can optimize bearing locations under the
constraint of minimum depth of cut. Dynamics such as natural frequencies and chatter
vibrations are included in the optimization. The proposed optimization method makes it
possible to achieve the maximum depth of cut or dynamic stiffness by tuning the spindle
modes through optimizing the locations of bearings and the motor for motorized spindles.
However, this optimizaﬁon method is only suitable for the specific spindle mainly used with

one cutter.

In this thesis, the above optimization method is extended to multiple flute cutters.

2.6 Summary

In this chapter, an outline of the literature on the modeling of bearings and spindle
systems has been presented. Jones’ bearing model is the most comprehensive and complete
one among all bearing models. All of the other models are simplified forms of Jones’ model

that neglect either centrifugal forces or gyrbscopic moments, or both.

It has been shown that spindle dynamics is affected by a number of factors, such as tool-
holder interface, spindle dimensions, bearings, preload, spindle speeds, thermal expansion,
etc. Bearing stiffness is nonlinear and coupled with deformations of the spindle shaft and
housing. All previous models have been developed only for a specific spindle, without
considering either centrifugal force or gyroscopic moment from the rotating shaft and
bearings, and include only bearings and the spindle shaft. The bearings and spindle shaft are
not coupled systematically. The effects of the spindle housing and the machine tool on
spindle dynamics are neglected, which is unacceptable for most machine-tool structures.
There has been no research reported on the fime-history response of the spindlé system on
machine tools under dynamic forces, such as cutting forces, in simulating the machining

Process.
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Optimization design for machine-tool spindle systems has hardly been studied in the past.
It is possible, however, to achieve maximum depth of cut or maximum dynamic stiffness by

tuning the spindle modes through optimizing the locations of bearings.

In this thesis, Jones’ bearing model is used and is extended to include the deformation of

the spindle housing. The bearings, spindle shafts, housings, and machine tools are

systematically modeled by including the effects of preload and spindle speeds.




Chapter 3
A General Mathematical Model for Bearing-Spindle Systems

A typical spindle system consists of tool, tool-holder, spindle shaft, housing, bearings,
pulleys, sleeves and nuts, and the motor. The tool, tool-holder, spindle shaft, and housing can
be modeled as Timoshenko beams; the pulley and nut as rigid disks; and the sleeve as a bar.
The motor is modeled as a rigid mass. The commonly used elements in modeling spindle
systems can be classified as the rigid disk, beam, bearing, and the bar, and are described

below.

3.1 Equations of Motion for the Rigid Disk

A diagram of a rotor shaft with a disk is shown in Figure 3-1. O —xyz is a fixed
coordinate system, where the x -axis is coincident with the centerline of the shaft before the
shaft is deformed. The coordinates of the point P on the disk are affected by the

displacements u,v, w, Hy ,and €, shown in Figure 3-1.

Figure 3-1: A rotor model

Assuming that the disk is fixed, the sequence of rotation of the axis of the coordinate

system O—xyz is not important, considering the small deformations. By rotatig the

coordinate system O—xyz at an angle - 6, about axis y, then -6, about axis z , the

21
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coordinates of the point P in the O — xyz system are changed due to the rotations .6?y and 6,,

and can be expressed as:

x X, 0
yt=30t+[TKrcosg (3.1)
z 0 rsing

where x, is the coordinate of the disk center, ¢ = Q¢, Q is the rotational speed of the shaft,

and the transformation matrix [T] is:

cosd, 0 sing, |1 0 0
[T]=[r ][T ]= 0 1 0 |0 cosf, -sind, (3.2)
—-sing, 0 cosd, |0 sind, cosb,

Substitute Eq.(3.2) into Eq.(3.1) and the coordinates of the point P become:

X, —rcos@sin @, + rsingsin 6, cos b,

rcosgcosd, +rsingsin @, sin g, (3.3)

N ®
i

rsingcoso,

By considering that the angular displacements 6, and ¢, are very small, and using
cosd, ~1 forx and sind, sind, ~0 for y to ignore the higher-order rotational terms,
Eq.(3.3) can be simplified as:

X, —rcos@sing, +rsingsinb,
rcosg@cos b, (3.4)

rsingcoso,

N X
I

The final position of the point P due to the displacements «,v,w,6, and 6, is:

X X, +u—rcosgsing, +rsingsing,
yb= V+rcos@cosb, | (3.5)
z

w+rsingcosd,

Spindle shaft is a relative rigid shaft, the angular rotations are small. By

assuming cos@, =1 , cosf,~1 , cosf,~1, sinf,~6¢, , and sing ~6 for small

displacements, the velocities of the point P are obtained as:
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x=u+Qrf,sing+Qro cosg- ré, cosg + réy sing
y=v-Qrsing-r6,0,cosp (3.6)
Z=w+ Qrcos¢—r0y9y sing

If the point P has a differential mass of dm , its kinetic energy is:

dT = %dm(fcz +y2+2%) (3.7)

where dm = hprdrdg , h is the thickness of the disk, o is the density of the disk material.

The kinetic energy of the whole disk is:

. alnm : .
r= I J%tpr(fcz + 3% +2%)drdg , (3.8)
[}
where g and b are the inner and outer radii of the disk, respectively. By substituting Eq.
(3.6) into Eq.(3.8), and neglecting the second order terms like 0y2 ,022 ;and 6 6, , the kinetic
energy of the disk becomes:

T=-;~JDQZ +%m0(d2 2 +w2)+%10(95 +6?22)+%Q]D(9y492 ~9,0,) (3.9)

where I, =(1/4)m,(b*—a®) is the diametral moment of inertia about axis y or z,
J, =(1/2)m,(b* —a®) is the polar moment of inertia about axis x, and m,, is the mass of
the disk.

If the center of the disk mass is not on the geometrical center of the disk, and the

distance between these two centers is e, the virtual work done by unbalanced force is
OW = Svm ,eQ” cos Qt + Swm ,eQ* sin Qt (3.10)
The generalized forces in the directions y and z are:

2
F, =m,eQ” cos (2

G.11)
F, = mpeQ’ sin Qt .

By ignoring the damping and using the Lagrangian equation, the equation of motion for

the rigid disk can be expressed as follows:

v Jig}- ol g} = {F} (3.12)
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where mass matrix lM d], gyroscopic matrix [Gd], external force vector {F "} due to the

unbalance of the disk, and displacement vector {g} are as follows:

m, 0 0 0 O 000 O 0
0O my 0 0 0 000 0 0
[M]=l 0 0 m, 0 o [c']=l0 0 0 0o 0
0O 0 0 I, 0 000 0 —-J,
(0 0 0 o0 1] 000 J, 0|
( 0 (u
mpeQ? cos Qt v
{Fd}=< mpeQ? sin Qt lg={wt
| 0 0,
O \024

Note that there is no stiffness matrix term in Eq. (3.12). It will be derived from the
flexible shatft later.

3.2 Equations of Motion for Timoshenko Beam with Speed Effects

A section of the shaft, which is treated as a Timoshenko beam, is shown in Figure 3-2.

A Cartesian coordinate system named O — xyz is defined on the beam where the x -axis is

coincident with the centroidal axis before the beam is deformed.

Figure 3-2: A section of shaft
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3.2.1 Kinetic Energy
Similar to the rigid disk, the kinetic energy for a section of beam with a length L is:

L L L L
T J%Jpgzdx +J-;—pA(u2 v W e+ _%Ip(éf +6’f)dx+ J%Q]p(éy&z —9y92 )dx (3.13)

0 0

where 7 =(1/4)2R*, J=(1/2)zR*, R is the radius of cross-section of the beam, 4 is the
cross-sectional area, p is the density of the material, and Q is the rotational speed of the

beam. The first term is the energy of rotation about the axis x . The second term is the energy

of translational movement. The third term is the energy of rotation about the axis y and z.

The last term is the energy due to the gyroscopic moment. The torsional degree of freedom is

considered, the torsional energy is not included.

3.2.2 Potential Energy

The deformed and undeformed beams in the x — y plane are illustrated in Figure 3-3.

Due to the shear deformation y, and y, of the beam cross-section, the tangent to the beam

center curve differs from the normal to the beam cross-section.

Non,'mal

A y ez

eformed beam

Tangential

Cross-section
al [ rd

! v }ndeformed bearr

.

¢

Figure 3-3: Deformed and undeformed beams in x — y plane

The rotations of the beam cross-section can be expressed in the x — y plane as:

0. =y ov

+— 3.14
L= (3.14)

and in the x —z plane as:




Chapter 3. A General Mathematical Model for Spindle Systems 26

ow

0y=7y—a

(3.15)

where y, and y, are shear deformations due to the shear forces in beam cross-section.

By assuming that the beam cross-section remains plane after deformation, the
displacements of the point P on the cross-section can be written as:
u(x,y,z,t)=u(x,t)+6,z- 0,y
v(x,y,z,t)=v(x,t) (3.16)
w(x, y,z,t) = w(x,t)

If the second-order strains are considered for the axial direction, the strains at the point

P can be expressed as:

_Ov ou__
}/yx '8x ay 72
_Oow  Ou _ '
}’zx—a+g—}’y (3.17)

ou 06, 86, 1 (avjz 1 (8w)2
£, =—=+ z-—Ly+—|—| +=| =—
ox Ox Ox 2\ Ox 2\ Ox

The potential energy of the beam is:
_ (L 1 2 1 2
V= jEngde + jEkSAGdeV + JEkSAGyudV (3.18)

where E and G are the Young’s modulus and shear modulus of the material, respectively, 4

is the area of cross-section and k, is the transverse-shear form factor. For the circular cross-

section beam [69]:

6(1+v)(1+ p?)*
ks=%00rks= 232 2
(7T+6V)(1+ p°) +(20+12v)p

D,
where p = F’

o

By substituting Eq.(3.17) into Eq.(3.18) and canceling the third-order terms, the

potential energy of the beam is obtained:
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L L 80 2
V= lEA[a”j dx +le1 : +(69 ) dx
52 ox 02 ox Ox
L1 ow v\’
+ |-k, AG|| 0, +— | +|0,——| |&
OIZ s ( 6xj ( . axj i (3.19)
5 1(ow))
yﬂ4 (j +_{1) i
Ox 2\ Ox

3.2.3 External Work

The work done by external forces is:

L L L
W= I(qxu +q,v+q,w+m6 +m.0, )dx+ I%sz2pAdx + j—;—sz2pAdx : (3.20)
0 . . . 0 . ’

0
where ¢,,q,and q, are distributed load per unit length in directions x,y, and z,
respectively, and m, and m, are distributed moment per unit length about axis yand z,
respectively.
3.2.4 Equations of Motion

By using Hamilton’s Principle,

5I:§t](T—V+W)dt=O (3.21)

]

the following equations of motion for the beam are obtained:

d*u 0*u
pAd2 —EA-ax—z—qx=0 -
2
pAZ:T——a(?—{k AG(?“QJ Pag—} szAv——O
X X v
Ad2 0 k,AG 49 ~Q%pAw =0
y2 o "o 6_+ paAw = (3.22)
d26’
pl (—+6’) m, =0
dr?

d’e

P.

199 099 g @__e) ~0
dr? dt
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where the first equation is the force equilibrium along axis x . The second and third equations
are the force equilibrium along axis y and z . The fourth and fifth equations are the moment
equilibrium about axis y and z . P, =1/2 EA(v/dx)’ or P, =1/2 EA(6w/ox) is the axial

force contributing to the bending deformation.

3.2.5 Finite Element Equations

The following equations of the beam in matrix forms can be obtained by using the finite

element method:

[vr° gt - le? gt + (& ]+ [x* |, - @?|m* | o} = {7 (3.23)
where [M?] is the mass matrix, [M? ] is the mass matrix used for computing the centrifugal
forces, |G* | is the gyroscopic matrix which is skew-symmetric, [K* | is the stiffness matrix,

[K ’ ],, is the stiffness matrix due to the axial force, and {F b} is the force vector, including

distributed and concentrated forces. The superscript b represents the beam. The details of the
matrices are shown in Appendix A. The damping matrix is not included here, and is

estimated from modal damping identified experimentally.

The bar element is a special case of the beam element. It takes only the axial stiffness of

the beam element, and will not be presented in this thesis.

3.3 Mathematical Model for Angular Contact Ball Bearings

The Jones’ bearing model [5] is used in this thesis, because this model is the most
complete one and includes both centrifugal forces and gyroscopic moments from the rolling
elements of the bearing. It is, however, the most complex model to implement. All bearing
models developed subsequently are simplified by neglecting either the centrifugal forces or
the gyroscopic moments. The Jones’ bearing model is extended in this thesis to include the

deformations of the spindle housing.

Some assumptions for the model of the angular contact ball bearing include the

following:

e Lubrication does not change the dynamic characteristics of the bearings significantly
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e Friction between bearing balls and rings is ignored
e Thermal expansion is not considered

e Hertzian contact theory is used to compute the contact deformation between bearing

balls and bearing rings

3.3.1 Contact Force and Deformation for Angular Contact Ball Bearings

The geometry of an angular contact ball bearing and coordinate system are shown in

Figure 3-4.
QOuterring  Curvature center
Y % of inner ring
Yy
By
9 RZRC)
s Py
@ ® Ball center—]
/ \
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X~ | of outer ring
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/
z N , @)
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Figure 3-4: Geometry of an angular contact ball bearing

Hertzian contact forces between the inner ring and the balls, and the outer ring and the

balls, are expressed by [12]:

Oy =K iaii/z

0. =K.5" (3.24)
ok — **o%ok

where &, and §,, are the relative normal contact displacements between ball and inner ring,

and ball and outer ring, respectively. Lowercase k is the index of bearing balls. K, and K,

can be obtained from the following formulas [62][63]:
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0=Ks"
K- _@ 2ERW
3F V F
0.6360
. k=1.0339| =
R, (3.25)

R
F=1.5277+0.60231n (Ey—J

)

and E'= 2/((1 -l )/Ea + (1 — )/Eb ), R,=R.R, /(Rx +R, ) For the inner-ring contact, R,

E =1.0003+0. 5968[

and R are:
D
R =—(1-y,) .
X 2 ( }/1)
(3.26)
R =D /
g 2f, -1
where y, = Dcosé, /D,
For the outer ring contact, R, and R are:
R. =D o
2f -1
(3.27)
D
R, = > (1+7,)
wherey, = Dcosd,, /D, .
For an elliptical contact area, the stress at the geometrical center is:
o= 30 ' (3.28)

2mab

where a = (6K2EnyQ/7rE')y3 , b= (6ERWQ/7T"}-?'V3
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3.3.2 Geometry and Force Relationship of the Bearings

When the forces are applied to the bearings, the distance between the curvature centers

of the bearing rings changes, as shown in Figure 3-5.
Assume that &,,6,,6,,7,,7, are displacements of the inner ring, and 67,6, ,6;,7,,7+

are displacements of the outer ring. The relative displacements between the inner ring and the

outer ring are:

AS, =6 -6°
AS, =81 -5°
AS, =6 -6° (3.29)
Ay, =7,=7,
Ay, =y.-7v:
- Uik .
N Aicu
Iy
Uk 7 Aicy
- /1
ew curvature center
01 of inner ring
initial curvature center
of inner rin =3
8‘- eok 'y g >
v New position of ball center
0 Q)O [ Initial position of ball center
Vk “
A

Curvature cen
of outer ring

Figure 3-5: Displacement relationships between curvature centers of bearing rings

Due to the use of relative motion of the inner ring with respect to the outer ring, the
curvature center of the outer ring groove can be regarded as being fixed. The distance

between the curvature centers of the inner and outers ring before deformation of the bearing

1s:
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B, =BD=(f, +f,~)D - (330

When the bearing is deformed under the load, the distances between the curvature center
of the inner-ring groove and the new position of the ball center, and the center of the outer-

ring groove and the new position of the ball center are, respectively:

Ay =r,-DI2+6, =(f,-0.5)D+J,

A, =r,-D/2+46, =(f,-05)D+56, (3.31)
The changes to the curvature center of the inner ring are:
A, =A0 —Ay,r.cosg, + Ay 1. sin @,
. (3.32)
A, =46, cosg, +AS, sing,
The following relations are derived from Figure 3-5:
sin@,, = U
(f,-0.5)D+5,
cosd,, = 7y
(f,-05D+o,
(3.33)
sing, = U ~Uy
(f; —-0.5D+9,
=V,
cosf, = Vo =V
(f; -0.5)D+7,
where ¢, =27k/N , and N is the total number of balls for each bearing.
U, = BDsin 6 + A5x —Ay,r, cosg, + A}/yric sin¢k
' (3.34)

Vi =BDcosO+Ad, cosp, +Ad, sing,

where r, =D, /2+(f,—0.5)Dcosé . If r, =D, /2, the tangential stiffness matrix of the

bearing is symmetric. @ is the initial contact angle of the bearing.
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Figure 3-6: The forces acting on the bearing ball

From Figure 3-5 and Figure 3-6, the following equations can be obtained.

Displacement equations:

U, -U) +W -V ) -4 =0

U’+V'-A, =0 (3-33)
k k ok —
Equilibrium equations for the bearing ball:
gk - Mgk :
0, cosb, — D sind, —Q, cosf, + ——b—sm 6,-F,=0
(3.36)

; Mgk . Mgk
Q.,sin6, + D cos@, —Q,siné, —?cosé’ik =0

The four parameters U,,V,,d,,,5, can be obtained by solving Eq.(3.35) and Eq.(3.36)

through the iteration method. For the given initial estimates of variables

{5,? }: {U e V30,504 }T , the errbrs {€£}= {81,82,83,84 }" are represented by the following

equations:
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(Uik -U, )2 +(Vik -V, )2 —Azik =&
U’+V-A, =&,

(3.37)

1

Mgk : Mgk .
0, cosl, - D sind,, —Q, cosb, + 751n 6,-F,=¢

. 9 Mgk 9 . 0 gk 9 _
on sin ok + D Cos ok _Q'k sin ik _TCOS ik — 84

1

The Eq. (3.35) and Eq.(3.36) can be solved by applying the following iteration format:
prot=lsot-la,'er}  (n=01,2,..55,7=1,23,4) | (3.38)
a; is shown in Appendix B.

3.3.3 Centrifugal Force and Gyroscopic Moment

The centrifugal force and gyroscopic moment on the bearing ball can be expressed as

[4]:

.
F, =1mDmQZ(ﬁj (3.39)
2 Q)
M, =J,,Qz(&J (9-?—) sina, (3.40)
Q k Q k

Q :
The values of (HEJ and tan ¢, are given in Table 3-1[5].
k

Table 3-1: The ratio of orbital speed and spindle speed|[S]

Control type Outer-ring control Inner-ring control
Q, 1-Acos@, cos(8, —6,)—Acosb,,
Q 1+cos(8, -6,,) 1+cos(@, -6,)

) sind,, siné,,
ano S —
¢ cos@, +4 ’ cos@, — A
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(QBJ _ -1
Q J, (cos 6, +tana, sind,, | 908 6, +tana, sing,

Acosa,
1+ Acos@, 1-Acosf,

Whether outer-ring control or inner-ring control exists depends on the following

conditions listed in Table 3-2 [5].

Table 3-2: Criterion of outer ring control or inner ring control [5]

Outer-ring control | QO .a E_ cos(@, -6,,)> Q,a,E,

Inner-ring control | Q,a,E, cos(8, -6,,)>Q,a,E

Under certain conditions of operation, a ball may be completely out of contact with the

inner ring. As a result, the outer ring contact angle 6, and gyroscopic moment M, are
zero. The force O, is then equal to the centrifugal force F, .

Loss of inner-ring contact will occur when the following condition is satisfied:

U+ V-7, -050)- K, B <[ -05)DF

3.3.4 Forces Acting on the Bearing Rings

In order to obtain the bearing stiffness, the relationship between the forces acting on the

bearing rings and the displacement of the bearing rings has to be established. The forces

acting on the inner ring of the bearing are:
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N M.,
F. = Z Qy sinGy +—= D = cos 6,
k=1
N
E,= z Qy cosG, — ik |COS Py
k=1
N M
F; =Y |Qycos6, — Tgksin 6, |sing, (3.41)

N M., .
M, = +kz_1: ¥, (Qlk sing, +—— D £ cos 0,,,) SMy sing,
>

M,
{r (Qlk sing, + —— D cos@,k] f,.Mgk}wS(pk
k=1

The forces acting on the outer ring of the bearing are:
N ‘ M
Fxo = —Z [on ok I)gk akj

N M,
F,, = Z - Q. cos 90k + —= 5 & sind,, [cos@,
’ k=1

N M '
F = Z(- Q. cosb,, + ng sin@ kJsm ®, (3.42)
M .
v Qusing, +—— D X cos b, + f,M,, sing,
M
Q. sinéf, +—— D cos@k + f,My cos@,

where 7 =D, /2—(f, —0.5)Dcos 6

All these forces are finally and implicitly expressed as functions of displacements of
bearing rings, which are linked to the displacement of the spindle shaft and housing at the

corresponding bearing locations.

3.3.5 Stiffness Matrix of Bearings

The following stiffness matrix of the bearing is obtained by finding the derivatives of

forces with respect to displacement. The details of the derivations are presented in Appendix

C.
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k) k5] [kl -kK] |
[Kﬁ]{ ]{ ] (3.43)

K, Kb, |-Kp Ki

3.4 System Equations of the Spindle System

By assembling equations of the disk, spindle shaft’/housing, and bearings, the following

general non-linear dynamic equation for the spindle-bearing system is established:

Mg} + [Clix} + R0 = F )} (3.44)
where [M]= [Mb]+ [Md ], [c]= [Gb]+ [Gd ]+ [CSJ, {F(t)}= {Fb }+ {Fd }, [CS] is the structural
damping, which can be obtained from experimental modal analysis, and {R(x)} is the internal
force of the system, which depends on displacement {x} .‘ The equivalent stiffness term

implicitly included in the term {R(x)} depends on displacement {x}, which is in turn affected

~ by stiffness. The dependency of the stiffness matrix contained in {R(x}} on displacement is

the root cause of the nonlinearity in the spindle system.

The Newton-Raphson method is used to solve Eq.(3.44). The incremental finite element

equilibrium equation is obtained as follows [70]:
M] 0 el (61 + KB} =1 fro}-" (R} 645

where [K]=[K®|+[K"], +[KI]-@2[M® ], = {x}®, “*{}®, and “* {x}" +{ax}” are
the approximations of the accelerations, velocities, and displacements obtained in the i”
iteration, respectively. {Ax}? is the displacement increment at the i”iteration. {F(t)} is
the force at the time ¢+Af . “¥ {R}(H) is the internal force corresponding to the

displacement " {x}*™".

3.5 Summary

In this chapter, general mathematical models are developed for the rigid disk, rotating
shaft, angular contact ball bearing, and the spindle-bearing system. The equations of motion

for the rotating disk and Timoshenko beam with centrifugal forces, gyroscopic moments, and

axial force are established in a simple way that has not been reported in the literature. The
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finite element method is used to discretize the continuous beam equations. A nonlinear finite
element is formulated for angular contact ball bearings by using the most complete bearing

model, i.e., Jones’ bearing model, which leads to the standard nonlinear equations in matrix

form for the spindle-bearing system.




Chapter 4
Verification of the Spindle-Bearing Model

Two examples are given in this chapter to verify the proposed methods. One is a simple
rotor supported by two angular contact ball bearings, analyzed by Edmund with the programs
NASBBAN [64] and BEACON [65] developed by SKF for analyzing flexible bearing shaft
systéms. The other is an instrumented spindle, on which the experiment is conducted for both
static deformation and dynamic response, such as time history of displacement and frequency

response functions (FRF) under different preloads.

4.1 A Rotor Supported by Two Bearings

4.1.1 Problem Specifications

Figure 4-1 shows a rotor supported by two angular contact ball bearings preloaded with a
force of SO00N. An external static force of 600N is applied at the middle of the rotor in the
radial direction. The deflections, bear}ng stiffness, and distribution of the contact forces on
the bearing balls are simulated and compared with results in the literature [64]. The materials

and geometry of the rotor and bearings are listed in Table 4-1.

+ 600N Azimuth Angle
7?/ \
500N — :
N I El
3 =
—
>
13m_r2 P 153mm

Figure 4-1: A rotor supported by two angular contact ball bearings.

4.1.2 Model Description

The finite element model is shown in Figure 4-2. In order to compare the results with

those in literature [64], the same number of elements, i.e., four elements between the two

39
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bearings, is used for the rotor. The model proposed in this thesis can include the deformation
of the bearing housings. The bearing housings are therefore also modeled here, but they are
fixed in the finite element model. The inner ring of the bearing is fixed to the rotor, which is
represented by a square box, while the outer ring can slide along the bearing housing, which
~ is marked by a circle. The diagonal lines on the bearings indicate the directions of contact

angles.

Table 4-1: Material and geometric data for the rotor and bearings

Modulus of elasticity for the rotor and bearings 206 GPa
Poisson ratio for the rotor and bearings 0.3
Number of balls for each bearing 12
Bearing ball diameter 17.7 mm
Bearing pitch diameter 72.5 mm
Contact angle 40°
Curvature radius of the inner ring 9.16 mm
Curvature radius of the outer ring 9.38 mm

500N

7

Figure 4-2: FE model of the rotor presented in SpindlePro®
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4.1.3 Simulation Results

Due to the symmetry of the structures and applied forces, both bearings have the same
deformation, stiffness, and contact forces. The comparison between the calculated bearing
displacements is given in Table 4-2. Contact angles and contact forces are listed in Table 4-3

and Table 4-4, respectively. The simulated results in this thesis are in good agreement with

those in the literature.

Table 4-2: Comparison of bearing displacements

Bearing displacement [um]

Thesis result | NASBBAN [64] BEACON [65]

Axial displacement 4.179 4.2

4.0

Radial displacement at the 2.797 2.8
middle of the rotor

3.0

Table 4-3: Comparison of bearing contact angles

. Contact angles [deg]
Ball position angle [deg]* )
Thesis result | NASBBAN [64] BEACON][65]

0 40.341 40.34 40.3
30 40.324 40.33 40.3
60 40.279 40.28 40.3
90 40.216 40.22 40.2
120 40.154 40.15 40.2
150 40.108 40.11 40.1
180 | 40.092 40.09 40.1
210 40.108 40.11 40.1
240 40.154 . 40.15 40.2
270 ' 40216 | 4022 40.2
300 40.279 40.28 40.3
330 40.324 40.33 40.3

* The ball position is defined in Figure 4-1.
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Table 4-4: Comparison of bearing contact force [N]

Ball position angle [deg] | Thesisresult | NASBBAN [64] BEACON][65]
0 6.556 © 6.6 7
30 11.312 11.3 11
60 28.082 28.1 - 28
90 57.982 58.0 58
120 94.370 94.4 94
150 124.541 124.5 125
180 136.269 - 1363 136
210 124.541 124.5 125
240 94.370 944 94
270 57.982 _ 58.0 : 58
300 28.082 28.1 28
330 11.312 11.3 11

4.2 Spindle Analysis

Figure 4.3 shows an experimental spindle designed and built by the research partner
Siemens-Weiss Spindle GmbH. The spindle has a standard CAT 40 tool-holder interface, and
is designed to operate up to 15,000 rev/min with a 15kW motor connected to the shaft by a
pulley-belt system. The axial displacements relative to the spindle housing at the spindle nose
are simulated and measured by both the displacement sensors integrated to the spindle and an
external laser displacement sensor. The natural frequencies and frequency response functions
under different preloads are predicted and measured by performing impact-hammer tests
when the spindle is at rest. The influence of the tool-holder interface on the dynamics of the

spindle system is also discussed in this section.

4.2.1 Description of the Spindle

The spindle has five bearings in overall back-to-back configuration. Three bearings are
placed in a floating bearing housing, which can be moved by a hydraulic preload unit. The

preload mechanism works as follows. Through a hydraulic pump, the preload is applied to

the rear bearings by the floating bearing housing. At the same time, the force is transmitted to
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the spindle shaft by the nut, then the spindle shaft moves towards the rear. As a result, the
force is applied to the front bearings through step A of the spindle shaft. The spindle housing
prevents the spindle shaft from moving further to the rear by step B of the spindle housing.

The whole spindle is self-balanced in the axial direction under the preload.

Spindle nose Displacement sensors  Bearing housing
F(o(\t (4]

Leay

o

VAR A A A A A S =~ L

_ B _ _] _ _ _ - O_E
Y, /)T T 7777 T I I 7 I rIrTrT
N\ N\

Step A Step B Housing Shaft Hydraulic fluid Bearing Nut Pulley Clamping unit

Figure 4-3: A spindle system with adjustable preload mechanism

The spindle is equipped with six inductive displacement sensors in two radial directions
90 degrees to one another at three locations (i.e., the front, middle, and the rear), and two
sensors in axial directions in the front. The details for the front displacement sensors in both

the axial and radial directions are illustrated in Figure 4-4.

o Radial
i X< displacement
Axial .
displacement | Y sensor
sensor -
7 W W \

4 / \ ousing

g i B

Measured // %
target/

A sleeve

ané\cﬂg ,on the shaft
to the shaft ’ _
Measured Spls?%fet

target S~ .

Figure 4-4: Front displacement sensor setup
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4.2.2 Finite Element Model

A general finite element model of the spindle-bearing system is presented in Figure 4-5.
The Timoshenko beam is used to model the spindle shaft and housing. It would be better if
solid elements are used for the housing, but this would make the model much more complex.
Because strength is not the concern in spindle design, and the beam element is still accurate
for the dynamic analysis of thick beams, the Timoshenko beam is a suitable element to be
used in spindle analysis. In the FE model, the black dots represent nodes, and each node has
three translational displacements in the X, Y, and Z axes, and two rotations about the Y and
Z axes. The pulley is modeled as a rigid disk, the bearing spacer as a bar element, and the nut
and sleeve as a lumped mass. The spindle has two front bearings (no.1 and no.2) in tandem
and three bearings (no.3 to no.5) in tandem at the rear. The preload is applied on the outer
ring defined as node A3, which can move along the spindle housing with nodes A4 and AS.
The forces are transmitted to inner rings B3 to BS through bearing balls, then to the spindle
shaft through inner ring BS5, which is fixed to the spindle shaft. Finally, the forces are
transferred to the front bearings by inner ring B1, which is also fixed to the spindle shaft,
then to the housing by outer ring A2, which is fixed to the housing. As a result, the whole
spindle is self-balanced in the axial direction under the preload. An initial preload is applied
during the assembly, and can be adjusted later through the hydraulic unit. The inner ring and
outer ring of the bearing are related by nonlinear bearing equations, from which bearing
stiffness is obtained by solving equations of the system. The overall system is represented in

FE software developed in-house and registered under SpindlePro® by UBC.

The finite element model presented in SpindlePro® [66] is shown in Figure 4-6.

Shaft Pulley
.—.:395—1 T R )
Inner ring B3 " B5

o .0 O

Outer ring i ::Ir _weload 3;EA4; A5
*—o—oo Housing
® Node 5‘: Bearing I Rigidly connected -%- Movable 0—O Spacer

Figure 4-5: Finite element model for spindle-bearing system
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Nut  Spindle shaft  Bearing spacer  Nut Nut

MM TS 5
NN \\W’\\\\\\\\"‘ . SESCECessss WA

Preload

Clamping unit

Bearing Spindle housing  Sleeve Pulley

O Bearing ring is fixed to spindle shaft or housing
Q Bearing ring is moveable along spindle shaft or housing

Figure 4-6: Finite element model presented in SpindlePro®

4.2.3 Axial Displacements at the Spindle Nose

The axial displacements relative to the spindle housing at the spindle nose are measured

by the inductive displacement sensor integrated into the spindle, and an external laser

measurement and simulation, the initial preload is predicted as 300N. -

45

displacement sensor. The experimental setup is shown in Figure 4-7 and Figure 4-8. As
mentioned in Section 4.2.1, the whole spindle is self-balanced in the axial direction under the
preload. Therefore, the displacement of the spindle shaft in the axial direction can be
measured by simply fixing the spindle housing on a table so that it cannot move under the
preload. The preload is applied by a hydraulic unit as shown in Figure 4-7. The spindle
already has an initial preload produced during assembly, and it is estimated as follows. First,
the axial deformations of the spindle nose are measured under different preloads. Then, the
preloads plus the same estimated initial preload are applied to the finite element model to

obtain the simulated displacements. By trying to match the two curves from both
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nductive : ; Spindle system
Displacement S . L

sensor drivers

]

sensor

; | Sower supply [Laser displacement

’ ; .4 Hydraulic unit

Figure 4-8: Displacement measurement setup with the laser displacement sensor

Figure 4-9 and Figure 4-10 show the measured axial deformations of the spindle nose under
different preloads. The deformations are mainly from the front bearings, because the
deformations are the relative displacements between the spindle nose and the housing, which

can be explained through Figure 4-3 and Figure 4-4.
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Figure 4-9: Axial displacement history at the spindle nose under different preloads
measured by the external laser displacement sensor (displacement transition between

loads is removed)
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Figure 4-10: Axial displacement history at the spindle nose under different preloads

measured by inductive displacement sensor (Lion sensor) inside the spindle

It is shown that the axial displacement measured by the external laser-displacement
sensor is very similar to that measured by the inductive displacement sensor, except for the
-magnitude. The laser-displacement sensor was already calibrated, and the measured
displacement values matched the simulation quite well. Therefore, the inductive
displacement sensor was calibrated through the laser sensor. The axial displacements from

both simulation and measurement are plotted in Figure 4-11 and Figure 4-12. Since accurate

calculation of displacement requires correct computation of contact angles, contact forces,
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stiftness matrix of bearings, and a correct solution algorithm, the agreement in displacements

is a good overall check for the model.
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Figure 4-11: Axial displacements at the spindle nose under different preloads (loading)
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Figure 4-12: Axial displacements at the spindle nose under different preloads

(unloading)

4.2.4 Prediction of Bearing Stiffness, Contact Angles, and Contact Forces

Two types of FAG bearings are useci in this spindle, the XCS71914E in the front of the
spindle close to spindle nose end, and the XCS71911E in the rear. The bearings are
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numbered from the first front bearing to the last rear one close to the pulley wheel end,
starting with No.1. The changes of the bearing stiffness as a function of preload are shown in
Figure 4-13. Bearing stiffness cannot be measured directly, but if the static and dynamic
simulations (e.g., displacement of the spindle nose, natural frequencies, frequency response
functions, and time history response) match those from experiments, the bearing stiffness
estimations should be correct. The bearing stiffness, displacements, and dynamics of the

spindle are all coupled as a system, and the boundary conditions are also reasonably modeled.

350

Radial (bearing iNo.1)

,,,,,,,,,,,, e mm———— = gl |

300
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Preload [N]

Figure 4-13: The influence of bearing preload on bearing stiffness

Figure 4-14 and Figure 4-15 demonstrate the simulated contact angles and contact forces
under different preloads when the spindle is not rotating. When only the preload is applied,
the contact angles and forces are the same for all balls in' the same bearing. The simulation
results show that the congéct forces on bearing balls change linearly with the preload. At
lower preloads, the stiffness and contact angles are nonlinear, but they become more linear as

the preload increases.
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Figure 4-14: The influence of bearing préload on bearing contact angles
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Figure 4-15: The influence of bearing preload on bearing contact forces
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4.2.5 Time and Frequency Response Test

The acceleration response, natural frequencies, and frequency response functions were
measured by performing the impact-hammer test. The spindle was suspended on the crane
using elastic strings as a free-free system, illustrated in Figure 4-16. An impact force was
applied at one key of the spindle nose, while the accelerometer is attached to the other key of

the nose, as shown in Figure 4-17.

i Elastic strings

Sﬁg’é’ee<
.

Accelerometer

Figure 4-17: Locations of impact force and accelerometer
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Figure 4-18 shows the measured time history of an impact force applied at the spindle nose
in the radial direction while the bearings are preloaded with a force at 900N. The same

impact force is used in the simulation.

800

L ) CEEEEEN PR
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Impact force [N]

Time [s] X 10-3

Figure 4-18: Impact force in radial direction applied at the spindle nose

The time response histories of radial acceleration from both simulation and experiment
are shown in Figure 4-19, are in good agreement. Experimentally identified modal damping
ratios of 1.87 % and 1.90% are used for the first and fourth modes, respeétively (i.e., the two
dominant modes), and 3% is used for the rest. The measured and predicted frequency

response functions (FRF) are shown in Figure 4-20, and are also in good agreement.
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Figure 4-19: Measured and simulated acceleration response in radial direction at the

spindle nose under an impact force
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Figure 4-20: Measured and simulated frequency response function in the radial
direction at the spindle node
The FRF below 400Hz is not shown in the plot, because there are no other modes except

for the rigid body mode for the free-free structure.

4.2.6 The Influence of Bearing Preload on Natural Frequencies and FRF

The influence of preload on the measured FRF of the spindle system is illustrated in
Figure 4-21. Figure 4-22 shows the influence of bearing preload on the natural frequencies.
The natural frequency increases from 2610 Hz to 2960 Hz as the preload is increased from
300 N to 1800 N, respecti"vely”.“ - .

The results indicate that the preload barely affects the first mode, while shifting the

higher mode upward. The biggest simulation error occurs at the lowestbpreload case for the
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second dominant mode. These two modes are most dominant at the spindle nose, which has
the greatest influence on machining stability. The proposed model is able to accurately

predict the influence of preload, which is quite important in designing and operating the

spindle at chatter-vibration-free spindle speeds.
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Figure 4-21: Measured FRF under different bearing preloads
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Figure 4-22: The influence of bearing preload on natural frequencies
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4.2.7 The Influence of the Tool-holder on Spindle Dynamics

In practice, the interface of the tool-holder and the spindle shaft is usually the main
source of vibrations. In this section, a shrink-fit tool-holder, CV40TT20M400 (see Figure
4-23), is used to study its influence on spindle dynamics. The tool-holder is rigidly connected
to the spindle shaft, and the spindle is under free-free boundary conditions in simulation. An
initial preload of 300N is used in this analysis. As shown in Figure 4-22, the simulation error
for this preload is the biggest in the whole range of the applied preload. The simulation and
measurement are conducted in two scenarios, without the tool-holder and with the tool-

holder on the spindle.

Spindle 5 \
nose fam 1\

Toolholder tip

Figure 4-23: A shrink fit tool-holder and its connection to the spindle

The FRFs at the spindle nose are plotted in Figure 4-24. When the tool-holder is not on
the spindle, the errors for the first and second dominant frequencies are 0.5% and 3%,
respectively. The frequency errors increase to 2% and 5%, respectively, with the tool-holder

on the spindle. The simulated results are smaller than the experimental results for both cases.

The tool-holder adds extra mass and makes the spindle longer, which leads to a more
flexible spindle. Frequencies therefore drop, but not due to the interface of the tool-holder
and the spindle shaft. The first dominant frequency drops very little, since it comes from the
rear part of the spindle, i.e., the pulley, while the second mode drops from 2610 Hz to 1827
Hz, since it comes from the front part of the whole spindle. The simulated mode shapes are

shown in Figure 4-26.
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In conclusion, rigid connection between the tool-holder and the spindle shaft can be

used in spindle analysis, which is further demonstrated in chapter 5.
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Figure 4-24: FRF at the spindle nose under free-free boundary conditions
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Figure 4-25: FRF at the tool-holder tip under free-free boundary conditions
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Figure 4-26: Mode shapes for two dominant modes with the tool-hold on the spindle

4.3 Summary

In this chapter, models for the angular contact ball bearing and spindle-bearing system
are verified by a standard benchmark simulation and by experiments conducted on an
industrial-sized spindle designed for this research. The time history of acceleration response,
natural frequencies, and frequency response functions are accurately predicted under impact
forces, and are in good agreement with the experiments. These results also indirectly validate
the bearing model. Both simulation and experimental results show that bearing stiffness and
natural frequencies increase with the preload. The influence of tool-holder interface on the

spindle dynamics is also discussed. Results show that the rigid connection between the

shrink-fit tool-holder and the spindle shaft can be adopted in modeling the spindle system.




Chapter 5
Modeling of Spindle Machine Tool Systems

5.1 Overview

In chépter 4, the proposed model is verified on the spindle under the free-free boundary
conditions. The dynamics of the spindle changes, however, once the spindle is installed on
the machine tool. In order to simulate cutting operations, the effects of the machine tool on
the spindle system must be included in the model. Figure 5-1 shows a vertical milling center
FADAL VMC2216 with an experimental spindle on it. The spindle moves vertically with the
spindle head, which travels on the guideway attached to the machine column. The spindle
head acts like a cantilever beam elastically supported on the column due to the contact with
the guideway. Therefore, the flexibility of the spindle mounting has to be reflected in the

model of the spindle-machine system.

In this chapter, a model is established for the spindle machine tool as follows. First, the
modal parameters are identified for the spindle head before the spindle is installed on it. Then,
two dominant modes from modal analysis are used to configure a simplified model for the
spindle head by using springs and the mass of the spindle head. The stiffness of the springs is
estimated through the mass and natural frequencies of the spindle head. Springs are also used
between the spindle housing and spindle head, whose stiffness is obtained from experience.
The frequency response functions at both the spindle nose and the cutter tip are simulated,
and verified by performiﬁg impact and chatter tests. Finally, the speed effects on the

dynamics of the spindle machine tool system are discussed.

5.2 Modal Analysis of the Spindle Head without the Spindle

In order to avoid complex modeling of the whole méchine tool, a simplified model is
used to simulate the dominant vibration of the machine tool without the spindle system. The
spindle head is a casting connecting the spindle to the machine tool; therefore, the spindle
head is used to represent the dynamics of the whole machine tool without the spindle on it.
The dynamics is different in the X and Y directions because of the asymmetry of the spindle

head and machine column. The modal analysis in the X direction is presented here; however,

58
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the same method is applied in the Y direction. Because stiffness in Z direction is much higher
than in X and Y directions, and the vibration in Z direction has little influence on the chatter

vibration prediction, the vibration in Z direction is not discussed in this thesis.

1 T
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|

/ (N
Dummy tool S52=

Figure 5-1: The machine tool with a spindle

The modal analysis is performed along the line (1-2-3-4) shown in Figure 5-2, which is
parallel to the center-line of the spindle shaft in the X-Z plane, where axis Z stands for the
center-line of the spindle shaft. This approach is taken because the final model of the spindle
machine tool system is based on the model of the spindle system. The accelerometer is

attached to node 1, and the impact force is applied at nodes 1 to 4.

Figure 5-2: The spindle head
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The magnitudes of measured FRF for all four nodes are shown in Figure 5-3. The mode
shapes are demonstrated in Figure 5-4. The mode at 134 Hz is bending, and the mode at 580
Hz is torsional. These two modes dominate the vibration of the spindle head and have the

most effect on the vibration of the spindle system.
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Figure 5-3: FRF in X direction for nodes 1 to 4 on the spindle head without the spindle
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Figure 5-4: Mode shapes of the spindle head without the spindle in X direction
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5.3 Modeling of the Spindle Head without the Spindle

Because beam theory is used in the finite element formulation, an equivalent cylinder is
used to represent the spindle head. Both translational and rotational stiffness of the springs
supporting the spindle head is estimated by using two dominant modes from the modal

analysis.

As mentioned in section 5.2, the dynamics of the spindle head is different in the X and
Y directions. The same equivalent cy1inde_r is used for both directions, but the stiffness of the
springs is different. Figure 5-5 shows the model of the spindle head in the X direction. The
simulated and measured FRF at node 1 are illustrated in Figure 5-6, which shows that the
simplified model can reasonably represent the dynamfcs of the whole machine tool Without‘

the spindle on it.
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Figure 5-6: The FRF at node 1 on the spindle head without the spindle for X direction
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5.4 Modeling of the Spindle Machine Tool System

The spindle is usually fixed on the spindle head through two contact areas, labeled A
and B in Figure 5-7. Area A has a large contact surface that can be modeled as relatively
rigid connection, i.e., high values are used for both translational stiffness and rotational
stiffness of the springs. A fastening ring is used between the rear part of the spindle housing
and the spindle head, where the contact area is small, so only a translational spring with small
stiffness is used for both X and Y directions. The model for the connection between the

spindle housing and the spindle head is shown in Figure 5-8.

Fastening ring

[

Spinldle
hou§ing
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/MY
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Figure 5-7: Illustration for connection between the spindle head and spindle

The finite element model for the spindle machine tool system not including the tool and
tool-holder is displayed in Figure 5-9. Both simulation and impact tests are conducted at the
spindle nose. The preload is 300N. The magnitudes of FRF are shown in Figure 5-10,
demonstrating that the proposed method can correctly predict the influence of the machine-
tool mounting on the dynamics of the spindle system; this should not be neglected. Most

researchers, however, do not consider this influence in their work and simply fix the outer

rings of the bearings, assuming that the machine tool is rigid, which is not true for most
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industrial machine tools. Figure 5-11 demonstrates the influence of the machine tool on
spindle dynamics. If the dynamics of the machine tool is not included in the model, in this
example, the housing is fixed, which is equivalent to the fixing of the outer rings of bearings

because the housing is very rigid, the lower frequencies of the spindle machine tool system

Z
7

cannot be captured, and the high frequencies shift higher.

\\§
>
7 /§
9 |
%435
77 AL :

Figure 5-8: Model for connection between the spindle head and spindle
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Figure 5-9: The finite element model for the spindle machine tool system
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Figure 5-11: Comparison of the influence of the machine tool on spindle dynamics
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5.5 Prediction of Chatter Vibration Using the Model of the Spindle Machine Tool
System

5.5.1 FRF Prediction at the Tool Tip

In order to predict stability lobes in the frequency domain, the FRF at the tool tip in both
the X and Y directions needs to be ascertained. Thus, the end mill and tool-holder must be
modeled. In both the simulation and the experiment, the shrink-fit tool-holder CAT40 (i.e.,
CV40TT20M400) and an end mill with a diameter of 20 mm and a stick-out of 50 mm are
used, and are assumed to connect rigidly. The tool-holder-spindle connection is claimed to be
the main source of flexibility in practice. This connection is also difficult to model due to
unknown contact stiffness and damping at the tool-holder joints [67]. Two scenarios are
tested in this thesis: the tool-holder is rigidly connécted, or it is connected via distributed
springs [68] at the spindle taper. The finite element model of the entire spindle machine tool

system is shown in Figure 5-12, where the tool-holder is rigidly linked to the spindle taper.
@) , @

A l%“ R \'N'\\ 3 | Iv.

Figure 5-12: FE model presented in SpindlePro® for the spindle machine tool system

The magnitudes of FRF at the tool tip in both the X and Y directions for the rigid tool-
holder-spindle connection are shown in Figure 5-13, where the bearing preload is 1200N.

The simulation matches measurements very well at lower frequencies, but the errors increase

at higher frequencies.




Chapter 5. Modeling of Spindle Machine Tool Systems 66

The comparison of FRF for the two interface connections is shown in Figure 5-14. The
first three modes less than 500 Hz match each other. At the dominant mode of 1000Hz, both
methods yield slightly smaller frequency values than the measurement, with the spring
connection being worse than the rigid one. However, the added springs lead to little better
results at higher frequencies; in this example, they are above 3500 Hz. The results also
indicate that the rigid connection is acceptable for a shrink-fit tool-holder, which is used for

the remaining analysis in this thesis.
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Figure 5-13: FREF at the tool tip for rigid connection of the tool-holder
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Figure 5-14: Comparison between rigid and elastic connections
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5.5.2 Prediction of Stability Lobes and Chatter Test

In this test, the same shrink-fit tool-holder and four-flute end mill as described in section
5.5.1 are used. The work-piece material is Aluminium 7050. The Budak-Altintas chatter
stability theory [60][61] is used to predict the stability lobes by using both simulated and
measured FRF at the tool tip. The results are shown in Figure 5-15 and verified by cutting

tests conducted under the six cutting conditions marked with boxes or circles in Figure 5-15.

10 ! : :
------ From measured FRF '

8t From simulated FRF - - - - -~ -~ -} [T

Depth of cut [mm]

[®) No: chatter
O Chatter

2000 4000 6000 8000 106000
Spindle speed [rpm]

Figure 5-15: Predicted stability lobes from measured and simulated FRF

In summary, the simulated FRF can correctly predict the stability lobes, which further

establishes the validity of the model for the spindle machine tool system.

5.6 Time History Response under Cutting Forces in Milling Operations

In this section, the time history of displacement responses, bearing stiffness, and bearing
contact forces are simulated. The same tool-holder, tool, and work-piece are used in the test
as were used in the previous tests. A spindle speed of 6000rpm is chosen because of the
dynamics of the dynamometer and fixture for the displacement sensor, which is explained
later. Feed rate is 0.lmm per flute. Two scenarios are considered, one without chatter
vibrations in which the depth of cut is 2mm, and another with chatter where the depth of cut

is 4mm. The cutting forces in X, Y and Z directions are measured by a dynamometer (Kistler

9255B) during cutting tests, and are applied on the tool tip in the simulation. The
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measurement setups are shown in Figure 5-16 and Figure 5-17. Displacement in both the X
and Y directions at node 2 of the tool-holder, which is 52mm away from the tip of the tool-

holder, are measured.

The sensor
fixture attached
to the housing

y Capacitance
displacement |

Capacntance displacement driver

Figure 5-17: Setup for the measurement of forces and displacement (b)

5.6.1 Measurement of Cutting Forces

In order to measure the cutting forces correctly, the FRF of the dynamometer has to be
determined to make sure that the frequencies of the cutting forces are within the bandwidth

of the dynamometer. The measured force-to-force FRF in both the X and Y directions are
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shown in Figure 5-18, which indicates that the measured forces are correct only under certain
ranges of frequency. For instance, at 400 Hz, the corresponding spindle speed is 6000 rpm
for 4-fluted cutters. At the harmonics of 800 Hz and 1200 Hz, the magnitudes of the FRF in
the Y direction are about 1.5 and 1.3, which will amplify the cutting forces by 50% and 30%,

respectively.
The FRF of the Kistler 9255B dynamometer
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Figure 5-18: The FRF of the Kistler 9255B dynamometer

The measured cutting forces, the spectra of the forces, and the machined surfaces for
both depths of cut are shown in Figure 5-19 and Figure 5-20. The depth of cut is increased by
100%, in Figure 5-20, but the cutting forces increase more than 500% due to chatter
vibrations. From the spectrum of the cutting forces, the dominant frequency of the cutting
forces at the depth of cut of 2mm is 400 Hz, while it is 1028 Hz at 4mm, which is the chatter
frequency. The magnitude of the FRF for the dynamometer in the X direction is 30% higher
than 1, and 20% higher than 1 in the Y direction. Therefore, the measured forces at the

chatter frequency are still acceptable, and will be used as the input forces at the tool tip in the

simulation, but reduced by 30% and 20 % in the X and Y directions, respectively.
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Figure 5-19: The measured cutting forces, force spectrum, and machined surface

(spindle speed: 6000 rpm, depth of cut: 2mm, feed rate: 0.1mm/flute, no chatter)
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Figure 5-20: The measured cutting forces, force spectrum, and machined surface

(spindle speed: 6000 rpm, depth of cut: 4 mm, feed rate: 0.1mm/flute, chatter)
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5.6.2 Displacement Response

Similar to the force measurement, the fixture for the displacement sensor has to be
designed correctly to avoid the frequencies at which the displacements are measured. The
FRF between node 1 on the tool tip and node 2 on the tool-holder are measured with a
capacitance-displacement sensor, as well as an accelerometer attached to node 2 on the tool-
holder. The measured FRFs are shown in Figure 5-21. Overall, the FRF measured by the
accelerometer is in good agreement with that measured by the displacement sensor. However,
one big mode at 550Hz is introduced by the fixture of the displacement sensor. In addition,
the displacement sensor is affected by an AC power frequency of 60Hz. Figure 5-21
indicates that the matches of FRF magnitudes at frequencies of 100Hz, 200Hz, 400Hz,

800Hz, and 1028Hz are acceptable; these frequencies are involved in the cutting tests.
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Figure 5-21: FRF between nodes 1 and 2 measured by two types of sensor

The measured and simulated displacements at node 2 on the tool-holder for both depths
of cut are shown in Figure 5-22 and Figure 5-23. The maximum simulated displacements are
very close to the maximum measured displacements although the distribution is a little

different. As mentioned in section 5.6.1, the measured forces in the Y direction are bigger
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than the real forces. Therefore, the simulated displacements are also bigger than the

measured ones.
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(b) Displacement at node 2 on the tool-holder in the Y direction

Figure 5-22: The measured and simulated displacements at node 2 on the tool-holder

(spindle speed: 6000rpm, depth of cut: 2mm, feed rate: 0.1mm/flute, no chatter)
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Figure 5-23: The measured and simulated displacements at node 2 on the tool-holder
(spindle speed: 6000rpm, depth of cut: 4mm, feed rate: 0.1mm/flute, chatter)
5.6.3 Bearing Stiffness

The simulated radial stiffness of bearings No.l and No.5 for the two cutting tests is

illustrated in Figure 5-24. The stiffness of the first bearing is affected more than that of the

fifth bearing by the cutting forces. With chatter, the bearing stiffness can even reach zero. All
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forces are treated as dynamic forces in the simulation. The preload is applied to the bearings
first, and the cutting forces are applied to the tool tip after the vibration due to the preload

diminishes.
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Figure 5-24: Radial bearing stiffness under cutting forces (spindle Spéed: 6000rpm, feed
rate: 0.1mm/flute)
5.6.4 Bearing Contact Forces

The contact forces experienced by bearings No.1 and No.5 for both cases are shown in

Figure 5-25. Similar to the case of bearing stiffness, the first bearing bears higher forces than
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does the fifth bearing. As mentioned before, bearing stiffness and contact forces cannot be
measured directly. The correct prediction of the FRF and displacement response, however,
indirectly proves the validity of their simulation, because bearing stiffness is closely related

to the contact forces.
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Figure 5-25: Simulated bearing contact forces under cutting (spindle speed: 6000rpm,

feed rate: 0.1mm/flute)
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5.7 Effects of Preload and Speed on the Dynamics of Spindle Machine Tool Systems

The setup for FRF measurement when the spindle is running is shown in Figure 5-26.
The impact force is applied at the tip of the dummy tool. FRF is simulated and measured
under different preloads and spindle speeds. Due to the limitation of the machine tool and the

spindle, the measurement is conducted up to a spindle speed of 10,000 rpm.

Capacitance \:
displacement
sensor

Figure 5-26: Setup for the measurement of FRF

Figure 5-27 shows the relation among radial bearing stiffness, preload, and spindle speeds
for bearing No. 1. The bearing stiffness increases with increased preload, but decreases as the

spindle speed increases. The speed effects are more obvious at lower preloads than at higher
preloads.
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Figure 5-27: The influence of the preload and spindle speed on bearing stiffness.
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In general, the natural frequencies of all modes increase with preload due to increased
bearing stiffness, but decrease with spindle speed due to centrifugal forces. The first
dominant natural frequency, which is about 540Hz, changes little with preload and spindle
speed. A sample relationship between the speed, preload and the second dominant natural
frequency is illustrated in Figure 5-28. Similar to bearing stiffness, the natural frequencies

increase with increased preload, but decrease as spindle speed increases. The speed effects

are more crucial at lower preloads.
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Figure 5-28: The influence of preload and speed on the second natural frequency

A comparison of the simulated and measured natural frequency of the second dominant
mode under different preloads and spindle speeds is shown in Figure 5-29. Overall, the match

between simulation and measurement is good.
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Figure 5-29: Comparison of the simulated and measured second natural frequency

under different preloads and spindle speeds
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In order to compare the simulation and measurement more clearly, the influence of the
preload and spindle speed on the second dominant natural frequency is plotted separately in
- Figure 5-30 and Figure 5-31, by fixing either the spindle speed or preload. The frequency
increases from 1068 Hz to 1142 Hz when preload is increased from 600 N to 1800 N.
However, the frequency drops from 1140 Hz to 1090 Hz when the speed is increased from
stationary to 10000 rpm. It is shown that the proposed model can correctly predict the effects

of the preload and spindle speed on the dynamics of spindle machine tool systems.

The second dominant frequency (spindle speed =0 rpm)

L S o)
N | | | e ‘
E | ] L pemmET i
2 | I |
S 100f------- y ------ ------- 7' ““““““ --©---Measurement ;
% : ! —8— Simulation "
E 0 T

00 800 1000 1200 1400 1600 1800

1058
Preload [N]

Figure 5-30: The influence of the preload on the second natural frequency
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Figure 5-31: The influence of spindle speed on the second natural frequency

5.8 Effects of Preload on the Stability Lobes for Milling Operations

The preload changes the bearing stiffness, which leads to variation in the FRF and
stability lobes. Figure 5-32 demonstrates the influence of preload on the stability lobes in
which the measured FRF are used, and does not include speed effects. The results show that

the critical depth of cut decreases with increased preload. This is because modal damping

* decreases with increased preload. The stability lobes shift to the right as the preload increases.
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In conclusion, the preload cannot improve the critical depth of cut in stability lobes, but
it can reduce the forced vibration at lower frequencies, since it increases static stiffness due

to increased the bearing stiffness.

L e e T

Depth of cut [mm]

Figure 5-32: The influence of the preload on stability lobes

5.9 Effect of Spindle Speed on Stability Lobes for Milling Operations

Due to the dependency of the stability lobes on spindle speed, it is time consuming to
predict them by including speed effects. At each spindle speed, the machine has a FRF at the
tool tip. By using the chatter-prediction theory in the linear, frequency domain, only one

depth of cut can be obtained at this speed in each calculation due to nonlinearity.

In this simulation, a preload of 1200N is used, and the spindle speed is varied from 5000
to 18000 rpm at discrete intervals. The influence of spindle speed on the stability lobes is
shown in Figure 5-33. The simulated results demonstrate that spindle speed has a negligible
effect on stability lobes at lower spindle speeds, and that the lobes shift to the left at higher

spindle speeds. The critical depth of cut does not change much.
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Figure 5-33: The influence of spindle speed on stability lobes

5.10 Summary

A general method is presented in this chapter for modeling the spindle machine tool
system, which consists of the cutter, tool-holder, spindle shaft, bearings, housing, and the
machine tool. A simplified model representing the dynamics of the whole machine tool
without the spindle on it is developed by means of experimental modal analysis; this work
needs to be done only once for every machine tool. The model of the whole machine-tool
system is then created by coupling the spindle with the simplified model of the machine tool
without the spindle. The assembly of the spindle unit and spindle head is modeled through
contact springs. The proposed method is validated by performing impact hammer tests and

cutting tests.

Both simulation and experiment show that the machine tool has a significant effect on
spindle dynamics. In other words, the machine tool dynamics must be considered in order to
simulate cutting operations. Unfortunately, this effect has hardly been studied in the past.
Most papers still use a very simple model, and show excellent results from both simulation

and experiment. The key issue is that they compare only natural frequencies, not frequency
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response functions, which are the most important way to study the dynamics of the structures
and verify the model for metal cutting. It is not hard to match one or more frequencies, even
if the model is not completely accurate, because there are so many modes in the spindle
system. It is impossible, however, to match the FRF if the model is not accurate, because
FRF includes not only natural frequencies but also information about the mode shapes, modal

damping, and dynamic stiftness.

The preload can increase bearing stiffness, leading to increased natural frequencies,
which shifts the stability lobes to the right. However, higher preload usually reduces the
damping, which decreases the critical depth of cut. The preload cannot efficiently improve
the stability lobes, but it can enhance the static stiffness and reduce the forced vibrations. The

most efficient method of increasing the critical depth of cut is to raise the damping.

Increased spindle speed causes decreased bearing stiffness, which lowers the natural
frequencies. The stability lobes shift to the left due to the decreased natural frequencies.

These speed effects are very obvious at higher spindle speeds and lower preloads.

The above speed effects on the dynamics of the spindle system are verified
experimentally under a spindle speed of 10,000 rpm. Due to the speed limitation of the
machine tool and the spindle, the effects of spindle speeds over 10,000 rpm are not verified

in this thesis, are listed as a future research direction.



Chapter 6
Optimal Design of Spindles

6.1 Overview

With the rapid development of computer technology and numerical simulation
techniques, finite element analysis (FEA) is widely accepted in machine design. Consider the
spindle design as an example. Once the configuration of the spindle has been decided upon,
the designer starts to analyze the spindle, trying to obtain a better design. “Trial and error”
analysis methods are typically used until a satisfactory'design is achieved. However, the
designers can never know whether the design is the best suited for the targeted applications

or not.

In order to apply an optimization technique to spindle design, objectives and design
variables must be first identified. Many performance parameters can be selected as
objectives, such as minimum weight, highest basic frequency, maximum dynamic stiffness,
depth of cut, and so on. bAmong all of these objectives, maximum dynamic stiffness and
depth of cut are directly related to chatter vibration, which is the most important issue in the
machining industry since it can cause spindle failure, resulting in expensive repairs. The

main objective of this thesis is to design a high dynamic stiffness or chatter-free spindle.

There are a significant number of parameters in a typical spindle design process, such
as the dimensions of the spindle shaft and housing, and bearing locations. Due to the high
nonlinearity of both objectives and constraints which are expressed in implicit forms,
convergence is always a big issue in the optimization process. Therefore, the most effective
design parameters need to be selected to reduce the number of design variables in practice.
There are numerous constraints on the geometric design of spindle parts, and design
dimensions are usually coupled with each other. For instance, if the diameter of the spindle
shaft changes, the bore diameter of the housing also has to be modified, and consequently
more parameters need to be taken into account, which might not be practical. In practice, the
most independent dimensions affecting spindle dynamics the most are bearing positions and

preload.

&3
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Preload is a very important factor in the design of a spindle. A reasonable preload must
be provided for bearing. Higher preload can produce higher bearing stiffness, but it cannot
guarantee higher dynamic stiffness of the spindle system, because damping may decrease
with the preload. In this thesis, the objectives are maximum dynamic stiffness or depth of cut
for chatter-free spindles. Bearing locations and bearing stiffness controlled mainly by preload
are used as design variables.

6.2 Dynamic Stiffness of the Spindle

The dynamic stiffness of the spindle is defined from the frequency response function at

the tool tip or spindle nose, which is described as follows.

By using the finite element method, the following linear equations for forced vibration

can be obtained for the spindle system:
Mx+Cx+Kx=F 6.1)
In modal coordinates, it is expressed as
My +Cy+Ky=F (6.2)
where M =P"MP,C =P"CP, and K = P"KP are the modal mass matrix, damping matrix,
and stiffness matrix, respectively. They are m by m diagonal matrices; F =P"F is modal

force; x = Py, where P is mode shape, which is an n bym matrix; n is the total number of

degrees of freedom (DOF); and m is the number of modes.

Equation(6.1) is decoupled as single-degree-of-freedom systems through the modal

coordinates:
my,+c,y, +ky =f ((=1..,m) (6.3)
where m,, c,, and k,are the diagonal elements of matrices M,C,and K , respectively.

The transfer function for Eq.(6.3) is

1/ m,

G,(5)= 2 - (i = L) 64)

i) s*+2l0 .s+a),,,,.2

in,i
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¢ . . : : k. .
where { 5 d is the damping ratio for the i” mode, w,, = |— is the natural
mae, . ’ m,

H

frequency for the i mode.

From Eq.(6.4),

yi($)=G($)f,(s)  (i=L...m) (6.5)

In matrix form, Eq.(6.5) becomes
Y(s) = G(s)F(s) (6.6)

Due to X(s)=PY(s) = PG(s)F(s) = PG(s)P"F(s) , the transfer function for the
spindle system is obtained as follows:
X(s)

H(s )_ =PG(s)P” (6.7

Each element in the transfer function matrix H(s) has the form

x(s u

“ U Uy
hy = 7.5) Z P,G(s) =D (6.8)

=1 i=1 S +2é’a) S+(0

1 n, i

where u; is the element of the mass normalized mode shape u .

The imaginary part of FRF at the tool tip for a typical spindle is shown in Figure 6-1.

Imaginary part [m/N]

0 500 1000 1500 2000 2500 3000 3500 4000
Frequency [HZ]

Figure 6-1: A typical FRF for a spindle
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The dynamic stiffness is defined as:

1

K= m (6.9)

where G,  is the imaginary part of the FRF at the tool tip or the spindle nose and i is the

mmag

mode number, which means each mode has its own dynamic stiffness.

6.3 Chatter-free Spindles

Productivity is often limited because of chatter vibrations, which depend on cutting
conditions and the dynamic properties at the tool tip of the spindle. The cutting conditions
include the tool geometry, work-piece material, machining methods, and spindle speeds. In
order to decide whether cutting is stable or unstable, the chatter stability lobe is developed.
Figure 6-2 shows a typical stability lobe for milling. If the machine runs under the stability
lobe curve, the cutting is stable. Otherwise, it is unstable. For example, at point B, with a
lower spindle speed and a smaller depth of cut, cutting is unstable. However, at point A, with
a higher spindle speed and a larger depth of cut, cutting is still stable. The productivity at

cutting point A, of course, is much higher than at point B.

10

Depth of cut [mm]

2000 4000 6000 8000 10000
Spindle speed [rpm]

Figure 6-2: A typical stability lobe for milling

Once the cutting conditions are fixed, for example, for the special purpose spindle, the

stability lobes are affected only by the dynamic properties at the tool tip. Therefore, the
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dynamics of the spindle system can be tuned to avoid chatter vibrations under the desired

operating conditions. Such a spindle is called a “chatter-free” spindle.

6.4 Optimization for the Maximum Depth of Cut

Since the objective function is highly non-linear, the sequential quadratic programming

(SQP) method in MatLab [71] is used in this thesis. Its iterative format can be expressed as
X, =X, +a*d (6.10)

where .k is the iteration number, x,,, is the new design variable vector, x, is the current

design variable vector, d is a vector search direction, and a* is the scalar quantity that
defines the distance moving in direction d. The optimization procedure is illustrated in

Figure 6-3.

Set Design variables x,
Objective function f(xo)
Constraints

!

Number of iteration
o k=0

[ k=k+1

Use SQP method to
obtain better design

Xk+1 =Xk+a*d

!

Calculate FRF and chatter stability acim
Objective function : f,,=-acim

Yes

Optimum
bearing locations

Figure 6-3: The flowchart of optimization
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The cutting conditions, namely the depth of cut and the spindle speed; must be selected
under the stability lobes in order to avoid chatter vibrations in metal cutting. The locations of
stability pockets depend on the natural frequencies of the spindle system, while the allowable
depth of cut is determined by the dynamic stiffness of each mode at the tool tip. The
proposed method automatically tunes the spindle modes in such a way that chatter vibration-
free pockets of stability are created at the desired spindle speed, and the depth of cut or the
dynamic stiffness is maximized. Tuning of the spindle dynamics is achieved by optimizing

the distribution of bearings along the spindle shatft.

When the critical depth of cut (a_,, ) of the stability lobes at the desired cutting spindle

speed shown in Figure 6-4 is maximized, cutting is the most stable. Therefore, the objective

function ( £, ) is defined as follows:
N
Minimize: f,, = z VK ac,,m (i= 1,2,...,N,) 6.11)
i=l

where W, and (a,, ). are the weight and critical depth of cut for the i cutter, respectively,

i

and N, is the total number of cutters with different flutes.

Depth of cut [mm)]
w

Aclim

2000 4000 6000 8000 10000 12000
Spindle speed [rpm)]

Figure 6-4: Stability lobe of milling
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Critical depth of cut a,, for milling is calculated using the chatter-stability theory
developed by Budak-Altintas [61][62]:

2
-27A, A
a, = 1+ —L 12
lim N’Ktc [ (ARJ J (6 )

where K is the cutting coefficient and ¥, is the number of flutes. A, and A, are real and

imaginary values of an eigenvalue A, which is obtained using the FRF at the tool tip. The

details of chatter-stability theory can be found in [54, 60]-[62].

6.4.1 Design Variables

The design variables used here are the beariﬁg spans. The number of the design variables
depends on the bearing arrangement and transmission type. The model of a motorized spindle
with a tool is shown in Figure 6-5. The spindle has four bearings in the front and one in the
rear. The tool, tool-holder, and spindle shaft are assumed to be rigidly connected, and are
modeled as Timoshenko beams. The outer rings of the bearings are fixed. The six design

variables (X, X,,..,X) are defined in Figure 6-6. The required cutting conditions are listed

in Table 6-1.
596
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Figure 6-6: Design variables for bearing locations
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Table 6-1: Required cutting parameters

Cutter diameter 19.05 [mm)]
Number of flutes 4
Material to be cut AL7075-T6
Spindle speed 9000 [rpm]
Minimum depth of cut 3 [mm)]
Feed rate 0.1 [mm/flute]
Milling type . Slotting

6.4.2 Initial Conditions and Constraints |

In order to avoid a local minimum value of the objective as opposed to the global
minimum value of the objective, three different initial conditions are used, and the final
design is chosen from the three emerging optimal solutions. The constraints for bearing

locations are listed in Table 6-2.

Table 6-2: Constraints on bearing locations

X] ,Xz, X3, X4 >22 [mm]
Xs >20 [mm]
Xs >10 [mm]

6.4.3 Optimal Results

The Sequential Quadratic Programming (SQP) algorithm is used to optimize the bearing
locations. The gradients of the objective function f,, and the Hessian matrix cannot be
calculated analytically; they are obtained using a numerical differentiation and a Quasi-
Newton method, respectively. The BFGS (Broyden-Flétcher-Goldfarb-Shanno)

approximation technique is used to update the Hessian matrix [71].

Figure 6-7 demonstrates the chatter-stability lobes for a single four-flute cutter computed

from the three initial designs and the final optimized design. The desired spindle speed is

9000 rpm, and the depth of cut is 3 mm. Cutting is not stable for all three initial designs, but
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it becomes stable after optimization. The optimized spindle configuration is shown in Figure

6-8.
Stability lobes
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Figure 6-7: Stability lobes for initial and optimized designs with a single cutter

Figure 6-8: Optimized spindle model with single cutter

The proposed method is also suitable for the optimization of spindles using multiple
cutters with different flutes. The same spindle and cutting conditions described above are
used, but three cutters with two, three, and five flutes are applicable to the spindle. Only the

first initial design is considered here.

Figure 6-9 and Figure 6-10 show the stability lobes for the original and optimized designs
respectively. In the original design, cutting is not stable for the five-flute cutter, and is close
to the unstable regions for two-flute and three-flute cutters. However, after optimization,
there are very big margins for the two-flute and three-flute cutters, and cutting becomes

stable for the five-flute cutter, although it is close to the unstable region. The optimized

spindle configuration is displayed in Figure 6-11.
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Figure 6-11: Optimized spindle model with multiple cutters

6.5 Optimization for Maximum Dynamic Stiffness of the Spindle

The same idea as was used in optimization for maximum depth of cut is applied to

maximize the dynamic stiffness of the spindle system. The objective function ( f,, ) is defined

as follows:

N
Minimize: f,, =-Y W,(K,), (i=12,.,m) (6.13)

i=1

where W7, is the weight function, (K, ),. is the dynamic stiffness for the i” mode, and m is

the total number of dominant modes.

A motorized spindle with a tool on it is shown in Figure 6-12. The FE model is
illustrated in Figure 6-13. The bearing stiffness is provided by the manufacturer, i.c., 4.34E8
N/m for radial stiffness of the two front bearings and 3.77E8 N/m for the two rear bearings.
The tool, tool-holder, and spindle shaft are assumed to be rigidly connected, and are modeled
as Timoshenko beams. The outer rings of the bearings are fixed. The modal damping used in
the simulation is from experiment by us’ing least square curve fitting. The natural frequencies
and dynamic stiffness from both experiment and simulation are listed in Table 6-3. The first
three mode shapes are presented in Figure 6-14 to Figure 6-16. The simulated FRF is shown

in Figure 6-17.

F@t\@\{éj‘ A= <ntiilll . %

Figure 6-12: A motorized spindle with a cutter
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Figure 6-13: The finite element model for the motorized spindle with a cutter

Table 6-3: The natural frequencies and dynamic stiffness

Measurement Simulation
s D i
Mode# Nat. Freq. (0,) | Dynamic Stiffness | Nat. Freq. (w,) Stifﬁ}ll::;zlz(i(@
[Hz] (2KE) [N/pum] [Hz] N
1 (£=4%) 365 4.0 360 4.3
2 (C=4%) 719 5.0 723 5.5

Figure 6-14: Mode #1 at 360 Hz

Figure 6-15: Mode #2 at 723 Hz

Figure 6-16: Mode #3 at 820 Hz

94
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Figure 6-17: Imaginary part of FRF at the tool tip

It is clear from the mode shapes that the closer the front bearings are to the tip of the tool,
the higher the dynamic stiffness at the tool tip. However, in practice the front bearings cannot
be too close to the spindle nose. Therefore, three possible methods are used to obtain the
maximum dynamic stiffness at the tool tip. First, one or two additional bearings can be added
between the front bearings and the motor; second, the locations of the rear bearings can be

optimized; third, bearing stiffness can be adjusted through preload.

In this example, the total number of bearings is kept the same. The design variables and

their constraints are shown in Figure 6-18 and listed in the Table 6-4.

BN#1  BN#2 BN #3 BN #4

\
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Figure 6-18: Design variables and constraints
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Table 6-4: Design variables and constraints

Design Variables o Constraints

No. Initial Values Description . Low limit | Upper limit
X, 234 [mm] Bearing No.1 (BN #1) at node 8 Node 8 Node 10
X5 252 [mm] - Bearing No.2 (BN #2) at node 9 Node 8 Node 10
X3 762 [mm)] Bearing No.3 (BN #3)" at node 21 - Node20 | Node 23
X4 780 [mm] . Bearing No.4 (BN #4) at node 22 ' Node 20 Node 23
Xs 4.34E8 [N/m] Bearing stiffness of BN #1 and BN #2 | 2E8 [N/m] | S5ES8 [N/m]
Xe 3.77E8 [N/m] Bearing stiffness of BN #3 and BN #4 | 2E8 [N/m] | SES8 [N/m]

Note: Only bending vibration is considered in this example, therefore, only radial beéring stiffness is

used as the design variable. There is a relationship between the axial and radial bearing stiffness.

The SQP method is used to maximize dynamic stiffness. The front bearing locations are
kept the same after optimization, while the rear bearings are moved towards the motor side,
as shown in Figure 6-19. The optimized design variables are listed in Table 6-5. A

comparison of the natural frequencies and dynamic stiffness before and after optimization is

presented in Table 6-6.

Figure 6-19: Optimized bearing locations

Table 6-5: Comparison between initial and optimized design variables

Design Variables

No. Initial Values Optimized Values
X 234 [mm)] 234 [mm]

X2 252 [mm] 252 [mm]

X3 762 [mm] 699 [mm]

X4 780.[mm] 717 [mm)]

Xs 4.34E8 [N/m] 4.88 E8 [N/m]
Xs 3.77E8 [N/m] 3.07 E8 [N/m]




Chapter 6. Optimal Design of Spindles ' 97

Table 6-6: Comparison of the natural frequencies and dynamic stiffness

Original design Optimized design
Mode# Nat. Freq. Dynamic Stiffness Nat. Freq. Dynamic Stiffness
(@n) [Hz] (2kG) [N/pm} | (w,) [Hz] (2kC) [N/um])
1 (£=4%) 360 43 402 6.0
2 (E=4%) 723 5.5 592 9.8
2(=4%) | 808 7.4

The comparison of the FRF at the tool tip before and after optimization is shown in
Figure 6-20. Optimization not only makes the first natural frequency higher, but also
increases the dynamic stiffness. However, an extra mode at 592Hz is introduced. The

designer can decide on the final design scheme depending on the application.

x107

Imaginary part [m/N]

— Optimized design

'?OO 200 300 400 500 600 700 800 900 1000
Frequency [Hz]

Figure 6-20: Comparison of the FRF at tool tip before and after optimization

6.6 Summary

A general optimization method for spindle design has been presented in this chapter,
involving dynamics of the spindle system, cutting mechanics, and chatter-vibration theory.

The objective functions can be the depth of cut or the dynamic stiffness at the tool tip. The
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design variables include bearing location and bearing stiffness, which is adjusted by preload
during the assembly of spiridles. Weight functions are introduced for multiple flute cutters
and the dynamic stiffness of multiple modes. The sequential quadratic programming (SQP)
method is used for optimization, and which is achieved by automatically tuning the spindle

modes in such a way that chatter vibration-free-pockets of stability lobes are created at the

desired spindle speed.




Chapter 7

Conclusion

7.1 Conclusion

In this thesis, a general method has beeﬁ developed for modeling the spindle-bearing
system, which consists of the spindle shaft, angular contact ball bearings, and the spindle
housing. The model is integrated with the machine-tool model to simulate the cutting process
in a virtual environment. All of the proposed models -are verified experimentally by
conducting comprehensive tests on an industrial-sized spindle. These tests range from static
analysis to dynamic simulation, simple boundary conditions of the free-free case to the
complex conditions on the machine tool, and from frequency domain analysis conducted by
performing impact tests to the time domain simulation conducted by measuring the time

history of responses under impact or cutting forces.
The contributions in this thesis are summarized as follows:

(1) The equations of motion for the rotating spindle shaft and disk are modeled as
Timoshenko beams, which include the axial force, centrifugal force, and gyroscopic
moment. They represent the most complete mathematical model reported in the literature
for describing spindle dynamics. The finite element method is used for discretizing the

continuous model, establishing the finite element representation of the spindle system.

(2) A two-node nonlinear finite element with ten degrees of freedom is formulated for the
angular contact ball bearing, based on Jones’ complex bearing model. Jones’ model
includes both centrifugal forces and gyroscopic moments from the rolling balls of the
bearings. This thesis expands Jones’ model to include deformation of the spindle housing,
which significantly affects the dynamics of the spindle system. In comparison, most
research used simplified bearing models that neglect either centrifugal forces or
gyroscopic moments that make the model highly nonlinear and difficult to achieve a
convergent solution. The spindle housing was not included in all previous models.
Spindle dynamics is therefore isolated from the machine tool, making the models valid

only for very small and flexible spindle shafs.

99
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The thesis presents the first general formulation of the spindle system which integrates a
nonlinear bearing model into a finite element model of the spindle shaft and housing. The
proposed model is suitable for any preload mechanism, bearing arrangement, and is

applicable to both low- and high-speed spindles. It is therefore a general model.

Bearing stiffness is evaluated under different preloads, and verified by comparing the
displacements obtained at the spindle nose from both simulation and experiment.
Frequency.response functions (FRF) are also simulated, and are verified by performing
impact tests with the s'pindle suspended in the air to simulate the free-free boundary

condition.

The effect of machine-tool dynamics on the spindle system presented in this thesis is
unique in the literature, and is achieved as follows. First, a simplified model representing
the dynamics of the whole machine tool without the spindle is developed by means of
experimental modal analysis. Then the model of the whole machine-tool System is
created by coupling the spindle with the simplified model of the machine. The proposed
method is validated by performing impact hammer tests and cutting experiments.
Experimental results show that the dynamics of the machine-tool structure and spindle
machine tool assembly joints have a significant effect on predicting the dynamic
response of the machine-tool spindles. However, previous research did not include this
effect; natural frequencies were experimentally proven, but not the frequency response
functions. The performance of the spindle is not measured with the natural frequencies,
but with the accurate prediction of the FRF of the spindle, which contain mode shapes
and the dynamic stiffness of each mode. Dynamic stiffness is used to assess how deep
the material can be cut without chatter, and the mode shapes are essential for optimal

design of the shaft and bearing locations.

A numerical model of the spindle machine-tool system is developed. This is the first
study in literature that simulates the virtual cutting performance of the spindle system,
with the influence of the machine-tool structure, bearing preload, speed effects, and the
cutting process incorporated. The static and dynamic deflections along the cutter and

spindle shaft, as well as contact forces on the bearings, are predicted with simulated

cutting forces before physically building and testing the spindles. The simulated
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displacement responses at the tool-holder compare favorably well against experimental
measurements conducted on the machine. The predicted stability lobes for milling
operations are proven by chatter tests. The experimentally proven virtual testing of the
spindle during cutting requires accurate modeling of the spindle, bearings, and machine-

tool mounting dynamics, and is an original contribution to the literature.

It is shown that the preload can increase bearing stiffness, which leads to increased
natural frequencies. Therefore, the stability lobes shift to the right. However, higher
preload usually reduces the damping, which decreases the critical depth of cut. The
preload cannot efficiently improve the stability lobes but it can enhance static stiffness
and reduce forced vibration. The most efficient method of increasing the critical depth of

cut is to add damping to the spindle system.

The thesis demonstrates that increased spindle speed leads to reduced bearing stiffness,
which lowers the natural frequencies and causes the stability lobes to shift to the left (i.e.,
lower speed). The speed effects are very obvious at higher spindle speeds and lower

preloads.

The tool-holder interface with the spindle shaft is claimed to be the main source of
vibration in machining. However, this influence depends on the types of tool-holder used.
Both simulated and experimental results show that the shrink-fit tool-holder interface has
a negligible effect on the dynamics of the spindle system, and that the rigid connection
between the shrink-fit tool-holder and the spindle shaft can be used in modeling spindle

systems.

The dynamic stiffness of spindle systems and the chatter-free depth of cut are
introduced in this thesis as optimal design objectives. The number of teeth on the cutter
and the influence of the work-piece material properties are considered in optimization of
the bearing locations. The proposed approaéh and model has not been previously

reported in the literature except in the author’s research [52].

The methods developed in this thesis are for general application purposes, and can be

used in both research and industrial design. They are also applicable to general rotating shafts

used in turbines, electrical generators, and automotive applications.
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7.2 Future Research Directions

Due to speed limitations of the spindle and machine tool, spindle effects are not
experimentally verified at above 10,000 rpm in this thesis. Therefore, the first thing to do in

future research is to experiment with higher speed machines.

The Timoshenko beam theory is used in this thesis to model both the spindle shaft and
spindle housing. This approach is valid for most cases. However, when the preload is very
small, even reaching zero in some cases, the model is no longer accurate. The reason is that
the deflection of the beam has no effect on axial deformation in beam theory. In practice,
when the spindle is deformed under cufting forces, it also shows deformation in the axial
direction. The axial deformation at bearing locations will cause the bearing to be preloaded.
This is why spindles without preload can still work in practical applications, but are not
recommended. In order to solve this problem, 3D solid element has to be used in modeling .

the spindle system; however, the simulation times will increase significantly.

The thermal effect is an issue in spindle design. Thermal expansion changes the
dimensions of the spindle structures, the bearing stiffness, and the dynamics of the spindle.
However, experiments demonstrate that the thermal effect on the dynamics of the spindle
system is negligible if the spindle is cooled properly, which is the case with most high-speed
spindles. However, it is still important to model thermal effects in order to design more

optimal cooling strategies for spindles.

In this thesis, the model of the machine tool without the spindle on it is modeled by
experimental modal analysis. In the design stage, a digital model of the machine is needed in
order to simulate the cutting process in a virtual environment. Therefore, modeling of the
whole machine tool and testing its performance in a virtual environment is another direction

for future research.
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Appendix A

Finite Element Formulation for Beam Equations (3.22)

For Eq.(3.22), the homogeneous form of the static equations of equilibrium for an

unstressed uniform Timoshenko beam becomes:

2
E4%% =0
Ox
3lcsAc;(@—e,):o
ox Ox
0 ow
_é—;ksAG(g ‘9y]=0 (A.D)
6
—EI 2y+ksAG(@+6)=0
ox ox 7

A.1 Weak Form of Integration
Multiply equations (3.22) by weighted functions W,,W,,W,,W, and W, respectively,

and integrate over the beam element length:

IW{ u—EAZ—Z-qx}dx=0

L 2
d*v 8 Bv Bv
W, pd <Y - =1k AG| =~ -6 —q, - Q% pdvidx =0
6[ {p dt? 6x[ (6x j Ex} & % v} *
L 2
dw 0 ow 6w .
Wi pAdL— - 2| k AG| == -6, |- — Q% pAw dx =0
OI 3{/3 — Gx{ s (Ox y) 6x} 7. -Qp W} o = (A2)
L d29 829 ow’
[w.s ol 7 7+ AG| —=+0, |- m, 1dx =0
0 X X
L 2 2
st{pld f 0 6} —kSAG(@—Qz)—mz}dx:O
; dt ox ox

Integrating some terms in equations (A.2) once by parts, we obtain the weak integration

form for equation (3.22) as follows:
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are called force boundary conditions.

Figure A.1: Force boundary conditions for the beam element

A2 Shape Functions
Assume the solutions for equations (A.3) as:
u=a,+ax
v=b, +bx+b,x* +bx’
w=c, +cx+c,xt +c,x° (A.4)
0, =d,+dx+d,x’
0, =e, +ex+e,x’

The displacements u,v,w,0,and 6, are expressed in terms of element nodal

displacements u,,v,,w,,6

y,.,Hz,. and uj,vj,wj,é’

., »0, - There are 16 unknowns in equations

(A.4), which should satisfy both homogeneous equations (A.l) and element boundary
conditions. After the constants in Eq.(A.4) are obtained, the equations (A.4) can be rewritten

as follows:

b v w6, 6] =[Vlg} (A.5)

where [N] is a matrix formed by shape functions, and {g} is nodal displacement.
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Shape functions are defined as:
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A.3 Finite Element Equations

Set weighted functions as
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112
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0, 6,
6
N, = 2-
o1 (1+<D)L(s 5)
Ny =—Bs? (4 +@)s+(1+0)
2 1+0
6 2
N, =-— -
o3 (1+(D)L(s s)
1
Mo =L st -0}
(A.6)

From equations (A.5) and (A.6), the following equations can be obtained:
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Substitute the above equations into equations (A.3), and the discrete finite element

equations are as follows:
[ar}a}-alela}+ (K]+ k], - @*[m] g} = {F) (A7)
where [M] is mass matrix, [G] is gyroscopic matrix, [K] is stiffness matrix, [K], is

stiffness matrix due to axial force, and {F} is force including distributed and concentrated

forces. These values can be found from the following formulae:
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A.4 Finite Element Matrices
[M b]= [M], +[M],, where [M], is the translational mass matrix and [M],is the rotational

mass matrix.

mg,
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The mass matrix [M”]c used for computing the centrifugal force is
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The gyroscopic matrix [G”] is

K
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The stiffness matrix [K b ] is

k,
12 S
0 12
0 -6L k,
k'] £l 6L 0 k,
(1+o)

120
0 -12 6L 0
0 -6L k, O

I 6L 0 0 &

k= A1+ @) /T ; ky =(4+ ®@)L*; k, = (2 - D)L

The stiffness matrix [K b]P due to axial load is
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The total load {F* }on the beam consists of the distributed forces on each element {F b }D
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and the concentrated load at each end of the element {F ’ }C :

Y =[F, F, F, M, M, F, F, F, M, M,




Appendix B
Coefficients for Equations (3.38)

The derivatives of errors with respect to variables U,,V,,d,,,d, are obtained from
Eq.(3.38):

o€ o€ oe o€

a, = aUlk = _2(Uik _Uk)’ a, = % = _2(Vik _Vk)a a; = @ =0, q,= a =24,
0 0

iy =25 U, ay =22 20y, 4y =0 - op, 4y =22 20

oU, ov, X 0o, 00,

M 0 .

a31 - 883 - _ gk 1 + 1 ’ a32 - 83 — on + Q’k ’

aUk D Aok Aik aI/k Aok Aik

0 v, M, U
a33 = i = _3—K0501é cos eok - Qak 2k “ 2k

0o, 2 A, D A,

0 V.-V, M, U,-U
a34=.i:_(zKi§iliAcoseik_Qik ik k+ gk ik kJ

a6, 2 Azik D Azik
a, = Oe, _ Qo +Qik a, = O, _ Mgk 1 + 1 ,
ou, A, A, ov, D \A, Ay
—%—zéK §%sin¢90k—Q Ui —Mgk Ve

A\ =

43 a§0k 2 0~ ok ok Azok D Azok
oe,
25,

Ay =

b= M,V -V,
(%Kidﬂlé Sin‘gik _Qik Ulk Uk - £ ik k]

A D A,

118



Appendix C

Stiffness Matrix of Bearings

The derivatives of forces about the displacements are obtained from Eq.(39):

For brevity, let§' = (5;,5;,5;,7;,7’;)

. il ) iné. oM M .
OF, _ 3 00y 6, +0, OsinG,)  cosb OMy My O(cosd,)
06" o\ 9" 09" D 06 D 0o’
OF . N . . ing, OM M in 6.
2= aQ”_‘ cosf, +Q, 6‘(00.34‘9,,6 ) _sinb, g __ & dsin Q”‘) cos @,
06" o\ 0" 00’ D 66’ D 06"
R . . ind, oM M in @,
_a_fzf_ - Z aQ./f cosd, +0, d(cos an) _ Sin O g gk d(sin Qk) sing,
06" =\ 0o’ 09" D 0o’ D 0o’
oM A X . in @, oM M . oM
—2=>Ir —aQ”F sind, +Q, Osin Q’" ) 4298 Ou g s O(cos .9”‘ ) |- f—= |sing,
00" ‘I 09’ 00’ D 0o D 00’ 0o’
M . y 0Q, in 6, 6, oM M, 0 6. oM
0 L =317, aQ‘f‘ sind,, +Q, Osin : i) + SO0 Tk ek (COS. ) | f,—% [cos g,
06" o 00’ 00" D 0¢° D 00"’ 09"
where

oU, oU o5,
o 85, d(sind (asf T jA”‘ -, ﬂU")aaf
Ou '-}—K 5% ik (sind,) _

s’ 2 " st 88! A

% P, )Aik _(Vik —Vk)aé‘ik

8(cos6,) (aa" a8t 05

06 8,
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By differentiating Eq.(35) and (36) with respect to ¢', we obtain

(oU, ) U -
] U,-U ik (. —y, )ik
851 ( ik k) 65, ( ik ")551
o, : |
<g§l >:[bﬁ}l< &aVik_Mgk 1 oU, -
25 A, 35 D A, 85
9% & oU, + M, L_@Vik
‘ﬁf N Aik 651 D Aik 65'

where b, =U; —U,; b, =V, =V, 5 b3 =0; b, =4, by =U,; by =V 5byy =-A

ok;

b,, =0;b; =g, (i=3,4;j=1,2,3,4) (a; are from appendix B)

5(9_) 8(9__)
oM Q
& JQ? _.______k[ﬁ tana,, +[QBJ Q ), tana., + Qg Qg G(tanak)
0o o6 Q ), \Q ), 096 Q) \Q ) 85
(QB) _ -1 11
Q J, 1 cosf, +tana, siné,, N cosf, +tane, sind, AA+B
1+ Acos@,, 1-Acosf,
_ cos 6, +tana,siné,, g cos 0, +tana, sing,
1+ Acos@,, ’ 1-Acosd,
a(&j 0A OB
___+_
Q) _135 05
3  A(4+BY
t i olcos 8
Msin 6, +tana, M (1+ Acosd,, )+ (1- Atane, sin on)M
04 _ 0o 06 0o
06 (1+ Acosb,, )
t olsin 6, 6.
Msiné’ik +tana, M (1-2cosf, )+(1+ Atane, siné?i,()M
0B _ 0o 0o 06
96 (1-Acosd, )

For inner ring control,
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6(Sin 6,) ‘ , d(cos b, )
8ltana,) _ ~ 25 (cos@, ~ A)—-sin6, Y
06 (cos 6, — A)°
Q . \Olcos@, — 6 ¥ cvos6’ - :
a(_Qi)k _ (1% Acosb,,) [ (8‘];3' )] -2 ( Y ) [1+cos(8, = 6,,)]
06 [1+cos(8, -6, )f
For outer ring control,
d(sinb,, ) , a(cos 6,)
d(tana,) _ T(cos 0, +A)—sinb,, TR
0o (cos@,, +A)
Q Olcosll, -6 olcos b,
a(b—) (-aesn,) oo, )l 3 HS 01 ol 6,
05 [1+cos(6, - 6, )]
a[cos(%ké‘— 6,.)) - a(cgzgik ) cosd,, +cosb, a(cc;ifok ) + 8(sin 6, ) sind,, +sind, B(sin 6, )
" In matrix form,
[ ani ani ani ani ani |
06! 96 ; 06! 6}/; oy! -~
oF, oF, oF, oF, oF, | |k S
o6, 85; 06! 67/; oy! ky ko Y
[KT ] _ [KT]— oF, OoF, OF, OF, OF, e k& v
ni— I 1™ aé‘; 85; 6521 a}/; a}/; - 31 32 33
oM, oM, oM, oM, oM, ky ky kg kg
i o0, 85; 06! a}/; oy! |
Similarly, the following matrixes can be obtained from Eq.(39) and Eq.(40):
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] a}:‘XO a}:’XO .aFXO aF‘XO A“ a};‘XO ]
867 8s° 85T oyt oyt
oF, @oF, oF, OF, OF,
85°  8s° 88 oyt oyl
[KT ] oF OF, oF, OF,, oF,, [KT]
™\ es; o5y 85 oyy oy | T °°
oM, oM, oM, oM, oM,
o5° 950 988 dy: oy’
aMZO aMZO aMZO aMZO aMZO
|06, 06, 96, Oy, Oy,
i ani ani ani ani ani ]
687 880 35 oy>  Oyr
oF, OF, OF, OF, OF,
08¢ 8s° 88T dy: 0oy’
T OF, oF, oF OF, ~OF, T
[KIO ] = o o o o 0 = —[KI ]
880 880 35T 8y°  Oys
oM yi oM yi oM yi oM yi oM yi
080 3s°  85°  oye 9yl
aM zi aM zi aM zi aM zi aM zi
| 05; 08 8s dy, oyl
i aFXO aI:‘XO a]‘7)(0 aFXO a1?X€) ]
86! 85 85 oy, oyl
8Fyo aFyo 5Fyo aFyo 8FyO
85, o8s, 95, oy, O,
kr |- oF, OF, OF, OF, OF, | k7]
ol esi a5l es. oy, oy, | “°
oM,, oM, oM, oM, oM,
85! 88, as. oyl oy
oM 2 oM o oM o oM 0 oM o
65; 66; 65: 87; 67£

Finally, the tangential stiffness matrix of the bearing can be obtained as follows:

_K1T
K

Ko | | K/
Kgo _Kg

[K£]=[K5

T
KIO




