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Abstract

This thesis presents modeling of the mechanics and dynamics of circular milling operations.

With the recent advances in CNC machine tools which have high contouring accuracy, the
circular milling operations are used in high speed opening of pockets in die, mold and aerospace
machining industry. While the cutter rotates around the spindle axis, it follows a circular-tro-
choidal path, avoiding momentary pauses to change feed directions. The cutter engagement con-
ditions, hence the chip thickness, the cutting force directions and amplitudes, and the dynamic
stability of the milling process continuously change in circular milling operations. This thesis pre-
sents the first research in modeling the mechanics and dynamics of circular milling operations in
the literature.

The kinematics of the chip removal generation is first modeled by considering the rigid body
motions of the cutter and cutting edges. The time varying chip load and the resulting milling
forces are predicted with experimental validation.

The dynamic stability of the process is cbmplicated by three factors. The system dynamics
has two delay terms and two periodic behaviours. Additionally the parameters of the coupled dif-
ferential equations have time varying coefficients. First, the stability of the system is solved by
taking the averages of the periodic coefficients in the frequency domain. The stability law devel-
oped by Altintas and Budak are extended to the circular milling.

Two alternative methods were studied to improve the frequency domain stability solution.
The direct method proposed by Olgac and Sipahi, converged to the frequency domain solution
since the aséumptions were identical. The Time Finite Element method proposed by Stepan,
Bayly and Mann is a numerical, time domain method where the time varying directional coeffi-
cients can be considered. To simplify the time finite element solution and decrease the computa-
tion time, only the most flexible mode in each direction was taken into account. The experiments
were conducted to verify the proposed dynamic models and the simulation results obtained from

frequency domain solution and time finite element method were compared against experimental
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results. Both methods gave reasonable results only for speed independent and low axial depth of

cut region but they are not able to predict the stability of a circular milling operation accurately.



Table of Contents

Abstract . ‘ ii
Table of Contents ' iv
List of Tables A ' vi
List of Figures . _ : - vil
Acknowledgement _ , - ix
Nomenclature X
l.Introductioﬂ ' \ 1
2.Literature Review 3
2.1.Introduction | 3
2.2.Mechanics of Milling Operation g 3
2.3.Dynamics of Millinngperation ‘ . 7
2.3.1.Tlusty’s Approximate Solution 10
2.3.2.0pitz’s Approximate Solution 12
2.3.3.Altintas & Budak’s Frequency Domain Solution . 15
2.3.4.Bayly’s Time Domain Solution ‘ 16
2.3.5.Solution of a Linear Time Invariant Systems with a Time Delay ~ « 17
3.Mechanics 6f Circular Milling ’ .- | 19
3.1Introduction . - L e e 19
3.2.Geometric Modelihg of Tool and Workpiece Intersection : 21

iv




3.2.1.Entry Transient Zone
3.2.2.Steady State Zone
3.2.3.Exit Transient Zone

3.3.Cutting Force Formulation

3.4.Simulations and Experimental Results

4.Direct Method for Chatter Stability of Milling Operation

4.1.Introduction

4.2.Direct Method

4.3.Stability of a Single Degree of Freedom Milling Operation

4.4 .Simulations

5. Dynamics of Circular Milling Operation
5.1.Introduction
5.2.Dynamics of Circular Milling

5.3.Analytical Chatter Stability
5.3.1.Frequency Domain Solution

5.3.2.Time Finite Element Analysis ( TFEA )

5.4.Simulations and Experimental Results

6.Conclusion
6.1.Conclusion

6.2.Fufure Research Directions

Bibliography

22
25
26

26

30

34
34
35
42

48

52
52
52

55
55
61

70

77

77

79

80



List of Tables

Table 5.1 :Modal parameters in x direction

Table 5.2 :Modal parameters in y direction

Table 5.3 :Axial depth of cut and spindle speed values for cutting tests and simulations

Table 5.4 :Common cutting conditions

71

71

72

72




List of Figures: -

Figure 2.1 :Milling operation

Figure 2.2 :Face, up and down milling

"Figure 2.3 :Orthogonal and oblique cutting operations

Figure 2.4 :Dynamic chip generation in milling

Figure 2.5 :Regeneration mechanism in orthogonal cutting

Figure 2.6 :Tlusty’s stability model for half immersion up milling

Figure 2.7 :Single degree of freedom interrupted turning model

Figure 3.1 :Formation of a slot by using circular milling ( Source: Sandvik Coromant )
Figure 3.2 :Top view of circular milling | |

- Figure 3.3 :Tool positions during operation

l
|
Figure 3.4 :Cutting forces in tangential and radial direction’
Figure 3.5 :Simulated cutting forces in x and y directions
‘ Figure 3.6 :Measured cutting forces in x and y directions
‘ Figure 3.7 :Comparison of measured and simulated cutting forces at a small time window

Figure 3.8 :Variation of exit angle during the rotation of the tool around the workpiece

Figure 3.9 :Variation of chip thickness during the rotation of the tool around the workpiece
Figure 4.1 :Regenerative effect in milling operation

Figure 4.2 : A single degree of freedom milling system

Figure 4.3 :Compariéon of direct method with frequency domain solution

Figure 4.4 :Comparison of di;ect method with experiments

Figure 5.1 :General representation of 2-DOF milling system

Figure 5.2 :Time finite element method developed for interrupted cutting operations

Figure 5.3 :Simulated displacements for a stable circular milling operation cutting conditions

(n=1500 [rpm] and b=6 [mm], See Table 5.3 )

0 00 N W W

12
16

20

27 .

29
31
31
32

32

35
43
49
50
62
63

73



Figure 5.4 :Simulated displacements for a stable circular milling operation cutting conditions
(n=7200 [rpm] and b=11 [mm], See Table 5.3 ) . - 74

Figure 5.5 :Comparison of experimental and theoretical results 75

viil




Acknowledgement

I would like to express my sincere gratitude and appreciation to my research supervisor Dr.
Yusuf Altintas for the valuable instruction, guidance, support and encouragement which he has
provided throughout my research at University of British Columbia. I would like to thank Nesrin
Altintas for her hospitality.

I wish to thank my colleagues in the Manufacturing Automation Laboratory for sharing with
me their knowledge and experience especially Doruk, Fuat and Kaan. I have a lot of good memo-
ries that I will remember forever. I feel very lucky to share the life with my close friends, Evren,
Bahar, Gokhan, Kivilcim and my boyfriend, Ilter, during my stay in Canada. They were with me
especially during tough times and made my life easier and enjoyable. I would also like to thank
my friends in Turkey for their continuous presence and support.

Finally, I am deeply grateful to my beloved family, my mother Zuhal, my father Erol and my
sister Demet for their lifelong love, encouragement, unwavering support and patience they have

provided me throughout my entire life. This thesis and my all previous success are dedicated to

them.




Nomenclature

a, directional milling coefficient in x direction
Oq average directional milling coefficient in x direction
5q ; coefficients of trial functions

[4], [B],[G]  constant state matrice

b axial depth of cut

biim - critical axial depth of cut

c step over feed

Cy modal damping in x direction

dyy directional milling coefficient

(D] directional milling coefficients matrix

[Dg] average directional milling coefficients matrix
f feed

F " resultant cutting force. :
F, . radial cutting force .

F, taﬁéentiéll Clitti'ng force

F, cutting force in the x direction

F, cutting force in the y direction

h chip thickness

i intended chip thickness




h mean dynamic chip thickness

[7] identity matrix

J flute number

k " number of stability lobes

k, modal stiffness in x direction

K, cutting force coefficient

K, edge force coefficient

K. feed cutting force coefficient

Ke feed edge force coefficient

K. radial cutting force coefficient

K. radial edge force coefficient

K. ratio of radial to tangential force coefficient
K. tangential cutting force coefficient

Ko tangential edge force coefficient

K, resultant force coefficient

m, average number of teeth in cut

my modal mass in x direction

n spindle speed

ne number of elements

n, angular traverse speed along the tool path
N number of flutes

q _ element number
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Ax, Ay, Az

Au

A], AR

radius of the slot

radius of the cutter

feed rate

time

local time in an element

spindle period

period of tool’s planetary motion
time in cut

time spent during not cutting
number of revolutions

axial elevation

directional coefficients (i, j = x, y, 2)
helix angle

damping ratio

phase shift between two waves
phase shift

trial functions (i=1,2,3,4)

test functions (p=1,2)
vibrations in X, y and.z directions
vibrations in chip thickness diréction
eigenvalue

imaginary and real part of eigenvalue
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transfer function matrix

real part of the transfer function
imaginary part of the transfer functidn
oriented trahsfer function

direct. transfer function in x and y directions
tool center position

cutter entry and exit angles

pitch angle

instantaneous immersion angle

immersion angle

geometric mean of immersion angle

time delay and tooth passing period

angular velocity of the tool

angular velocity of the tool around the workpiece
natural frequency

chatter frequency

tooth passing frequency
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Chapter 1

Introduction

Milling is one of the most common metal cutting processes in the aerospace and die & mold
industries to produce wide Variety» of shapes from flat to angular énd freeform surfaces. Periodic
milling forces may cause deflections on the workpiece which lead to poor and wavy surface fin-
ish. The aim:of the manufaémring research is to understand, I}IAO&CI{ and predict the parameters
which influence tﬁe surface quality, dimensional accuracy, machining cycle time and the cost
which are important criteria in industry. The problems caused by periodic cutting forces and chat-
ter vibrations can be avoided by selecting conservative depth of cut and spindle speed values and
by increasing the dynamic stiffness of the machine tool-workpiece structure. However, such solu-
tions result higher cost and loss in productivity. On the other hand, the process parameters can be
optimized by mathematically modeling the interaction between the machine tool structure, work-
piece, tool, cutting conditions and the machining process.

Circular milling operation is a new machining strategy to empty pockets in die and mold
industry, and to remove excess material from solid blanks to produce monolithic parts in the aero-
space industry. In regular milling operation, the tool follows a straight or curved path with a con-
stant immersion as long as the geometry of the workpiece remains constant along the tool path. In
circular milling, the tool follows a circular trajectory in a plane. Due to kinematics of circular
milling, the radial width of cut changes continuously which leads to time varying chip loads.
Variation in chip load causes time and cutter position dependent periodic cutting forces in circular
milling. Time varying chip loads may cause shifts in chatter stability lobes to higher axial depth of
cut values for a given spindle speed value. The aim of this thesis is to model the mechanics and
dynamics of circular milling operation which leads to the prediction of cutting forces and the
chatter stability of the system.

The thesis is organized as follows:
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Chapter 2 covers the necessary background and the review of literature in milling process.
Fundamentals of milling operation, previous models for prediction of cutting forces and chatter
stability models are reviewed.

Chapter 3 is dedicated to the mechanics of circular milling operations. Mechanics of circular
milling is modeled. The generated static cutting forces are predicted and verified experimentally.

In Chapter 4, an alternative numerical stability method, so-called the Direct Method, pro-
posed by Sipahi et al. [31] for the stability analysis of linear time invariant time delay systems is
presented. The chatter stability of single degree of freedom milling system is investigated by
using the Direct method. The stability lobes simulated by using the Direct method is compared
with the analytical, frequency domain solution presented by Altintas and Budak [11, 12]. The
advantages and disadvantages of the Direct method are discussed.

Dynamics of circular milling operation is explained in Chapter 5. Chatter stability of circular
milling process is solved by implementing two different analytical solutions. The frequency
domain solution proposed by Altintas and Budak [11, 12} and time finite element analysis intro-
duced by Bayly et al. [7, 8] are applied. Chatter stability lobes are predicted and compared against
the experimental results.

The thesis is concluded with a summary of the performed study and possible future research

directions.




Chapter 2

Literature Review

2.1. Introduction
Since milling operations are widely used in the manufacturing industry, significant research

has been reported in the literature which is reviewed in this chapter.

2.2. Mechanics of Milling Operation
Milling operation is an interrupted cutting process in which more than one point of the tool is
contact with the workpiece. The workpiece is clamped on table and fed towards the rotating cutter

with N number of flutes placed in a rotating spindle ( See Figure 2.1 ).

Rotational speed

Feed
direction

Workpiece

Figure 2.1 : Milling operation
Unlike in the turning process, chip thickness changes continuously during milling operation

due to rotation of the tool. Milling operation is classified into two groups namely face and periph-
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eral ( end ) milling. In face milling operations, the entry ¢ st'and exit ¢,, angles of the tool are
different from zero ( See Figure 2.2 ). There are two types of peripheral milling operation: con-
ventional (up ) and climb ( down ) milling. The entry angle ¢, is zero and exit angle ¢, . is dif-
ferent from zero in up milling operations. Thickness of the chip is zero at the beginning and
increases as the tool rotates. The case is vice versa of up milling in down milling. The chip thick-
ness takes its maximum value when the tool enters the workpiece and approaches to zero at the
end of down milling operation. Since the cutting forces are a function of the chip thickness, the
chip thickness generation is the main subject of early research [1, 9, 10, 28, 30]. Martellotti [22,
23] showed that actual path of the flute is an arc of trochoid and therefore the chip thickness has a
complicatéd definition. He approximated the chip thickness / when the radius of the tool is larger

than feed rate as follows:
h = s,sin¢ 4 2.1

where

s. is the feed rate and ¢ represents the instantaneous immersion angle. ( See Figure 2.2 )

t
When the dynamics of milling operation such as vibrations and tool jumping out of cut is consid-
ered, the chip thickness expression given by Equation (2.1) can not explain the true kinematics.
Altintas et al. [14, 21, 26] developed a more accurate kinematic model in time domain which dig-
itizes the cutting surface and tool locations. The previously and presently cut surfaces are divided
into small segments and by taking the difference between the two at each time step, more accurate
chip thickness is evaluated. The model covers both the dynamics of the machine tool-workpiece
structure and the kinematics of chip formation.

Cutting forces are dependent not only the chip thick_ness‘b;ut also axial depth of cut and cut-
ting cbnstants. The pré{/ious reéearchers, Tlusty&McNeil [35], Kline et al. [17], Sutherland and
DeVor [32], and Montgomery. ,and‘ Altintas [26], focused on the relation between the cutting

forces arid cutting conditions. Armarego&Epp [6] developed a linear edge force model which is

used in this thesis in order to calculate the cutting forces.




Chapter 2. Literature Review

H
T T L b b LT
H

Up ( Conventional ) Milling

Down ( Climb ) Milling

Feed

Feed

Feed

Figure 2.2 : Face, up and down milling




Chapter 2. Literature Review S o T 6

In the model, cutting forces are defined in terms of axial depth of cut b, chip thickness # and

cutting constants K , K,

F = K_bh+K_,b 2.2)

Cutting constants K , K, are evaluated through either orthogonal to oblique transformation
or using the mechanistic model [2, 17, 32, 35, 36].

In the orthogonal to oblique transformation cutting, the cutting velocity is straight. ( See Fig-
ure 2.3 ) The cutting coefficients ( K, K, ) are expressed in terms of tool geometry ( rake and
helix angles ) and material properties ( friction angle, shear angle and shear stress ) [13]. The

method is applicable when the cutting edge is sharp and the rake face of the tool is smooth.

Orthogonal Cutting Oblique Cutting
M Chip-flow
Rake face / angle

utting edge
inclination angle

Figure 2.3 : Orthogonal and oblique cutting operations
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Mechanistic model studied by Tlusty&McNeil [35], Kline et al. [17], Sutherland and DeVor
[32], and Montgomery and Altintas [26], is more practical when the cutting edge has a very com-
plex geometry. A set of milling experiments are conducted for specified workpiece material and
tool geometry at different feed rates ( s, ) and the cutting forces are measured. Axial depth of cut
b and radial width of cut ( immersion ) are kept constant during the operation. By fitting a linear
relationship to the experimental cutting force data as expressed in Equation (2.2), the average cut-

ting coefficients K , K, are identified.

2.3. Dynamics of Milling Operation

When the vibrations of the machine tool-workpiece structure and its interactions with the cut-
ting process are included, the process becomes dynamic. When the process becomes unstable,
dynamic chatter vibrations occur which is one of the most severe problems in hindering produc-
tivity in industry. Chatter, a self excited vibration, can be best explained by the "regeneration of
waviness" phenomenon. When there is a relative vibration between tool and workpiece, the flute
in cut generates undulations on the finished surface. The succeeding flute which also vibrates,
cuts and leaves wavy surfaces. ( See Figure 2.4 ) The chip removed by the succeeding flute has a
dynamic thickness because of the waviness on both sides of the chip. The dynamic chip thickness
and hence the cutting forces may exponentially grow depending on the phase shift between the
two subsequeht waves while the machine tool-workpiece structure oscillates. Since the chatter is
dependent on preceding pass of the flute, equation of motion of the milling operation has a time
delay ( t ) term. The fundamental parameters, which affect the stability of dynamic cutting pro-
cess are the time delay ( i.e. period of the tooth evaluated from the spindle speed ) and depth of

cut. Unless avoided, chatter leads to large growing dynamic cutting forces that cause poor surface

finish and may damage the machine.
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Present dynamic kyx

- displacement
>y o \IX, ()] §—| }

Cx

Previous dynamic
displacement

[x(t-7), y(t-1)]

x-y Cross section at elevation z

Figure 2.4 : Dynamic chip generation in milling

Tlusty [34] and Tobias [39] were the first researchers who studied the dynamics of the
machining operations and explained chatter theory by regeneration phenomenon. Merritt [24] ver-
ified the theory by using feed back control theory. The developed chatter stability theory is mainly
valid for orthogonal cutting process in which the directions of cutting forces and excitation are

constant. ( See Figure 2.5)

Chuck

Tool

!

Feed Direction

Figure 2.5 : Regeneration mechanism in orthogonal cutting
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The model for chatter stability of milling operation is more complicated because of rotation
of the tool with multiple flutes and coupled dynamics of the machine in orthogonal directions.
Unlike in single point cutting, directional milling coefficients that determine the directions of cut-
ting forces and excitation are time dependent. '

Assume that there is only one tooth which is at the radial immersion position ¢ measured
clockwise from the y axis. The feed direction is aligned with the x axis of the machining system.
Neglecting the axial force for simplicity, there are two rotating force vectors acting on the tooth,
tangential force F , and radial force F, ( See Fiéufe 2.4'),_whiéh are expressed as follows

[11, 12]:

F,= K, bh(¢)

F,=KJF, = Kthcbh(d)) (2.3)

Fr
0 = atan— = atanK,
t

where K is the ratio of radial to tangential cutting forces. The resultant cutting force on the

tooth becomes:
F(9) = K, J1 +K2bh($) = K bh($) (2.4)

where the resultant cutting force coefficient 1s K. = K, /1 +K3. When the tool has an
approach angle, a three dimensional model of the milling force must be considered with a more
detailed milling model as presented by Altintas [4]. The cutting forces in the feed and normal

directions can be resolved as follows:

F (¢) = —Fcos(¢-6), Fy(¢) = Fsin(¢ - 0) (2.5)
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The dynamic chip load created by the tooth and vibrations is [11, 12]:
h(9) = s,sind + Ax(#)sing + Ay(z)cosd (2.6)

where ¢ = w¢ is the angular position of the tooth for a spindle speed of w [rad/s]. Note that
the static chip load s,sin¢(#) is an input to the closed loop dynamics of the chatter, and does not
affect the critical stability of the linear, dynamic machining system. Both vibration components
(Ax, Ay) are dominated by the chatter vibration frequency () ; so as the resultant cutting force,
e.g. F(t) = Fe!®Z The vibrations at present ¢ (x,y) and previous tooth period ¢ —t (x> )
can be expressed by [3]:

X = q)xx(i(oc)Fx((Dc)’ xo = e—imcr(bxx(imC)Fx((Dc)
y= (Dyy(i“)c)Fy((‘)c)’yo = e_iQ”Tny(imc)Fy(mc) 2.7
Ax =x-xq5, Ay =y-y,

where @ and CDyy are direct frequency response functions (FRF) of the structure in x and
y directions, respectively. Since the cutting forces F and F , are both dependent on the vibra-
tions in the directions (x, y), the system has coupled dynamics. The stability of milling had been
advanced steadily by Tlusty [37, 38], Opitz [27], Minis & Yanushevsky {25], Altintas & Budak
[11, 12] as reviewed by Altintas [5]. -

2.3.1. Tlusty’s Approximate Solution

Tlusty simplified the process by orienting the cutting forces from the directions of orthogonal

springs to the direction of resultant cutting force as follows [37, 38])
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Ax = (70T - 1), (io,)cos($ — B)Fel O

_ ' _ (2.8)
Ay = (e -1)®, (io )sin($ - 0)Fetodd
Substituting Equation (2.8) in the dynamic chip thickness Equation (2.6):
= (10T _ | : (Dxx io.!
h(t) = (e70F - )[[sind)cos(d)—e) —cosd)sin(d)—e)]] o {Fe!®d}
“ (2.9)

. @ ,
h(1) = (e =1)[D(9)]] ™ |{Fe'®!}
»y

The formulation given here orients vibrations and cutting forces from x, y spring directions to
the direction of chip load ¢. D(¢) is a periodic function and valid only between the entry ¢,
and exit angles ¢, of cut. Tlusty used geometric mean of the immersion angle [37]
( See Figure 2.6 ), rather than taking an average value of [D(d)] as used by Opitz [27] and Weck
[41] as: ' -

d)ex B ¢st

. (2.10)

¢0 = ¢st+

The direction factors then become constant as:

u, = sindycos(d,—0), u, = —cos ¢y sin(dy —6) (2.11)
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which leads to time invariant and constant oriented frequency response function:

(DO, p = u, P+ uy(Dyy (2:12)

Figure 2.6 : Tlusty’s stability model for half immersion up milling

2.3.2. Opitz’s Approximate Solution

Unlike turning, the directional factors change as a function of spindle rotation, and they are
periodic at cutter pitch angle ¢p = %t Opitz [27] used the average of the periodic directional

function of the resultant force as opposed to geometric mean adopted by Tlusty.
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b
[Dgl = = [ singcos(¢ — 0) —cosdsin(p—6) 1 40
%4,

b (2.13)
N ’ :
(Do) = 57 Msine)s ~3eos(26-0) L(sindyo + Leos2-0) | =[ v, ]
s

The oriented frequency response function of Opitz is also time invariant and constant, but

different than Tlusty's approach.
Dy, =v, D+ vchyy (2.14)

Weck [41] further considered the influence of direct and cross frequency response functions
of the machine tool compliance similar to turning. However, while noting the time variation of the
directional factors, he also averaged them and oriented all the vibrations at the cutting edge loca-
tion. Hence, the time dependency from the chip thickness is still removed, and the chatter stability
problem becomes a one-dimensional scalar problem since it is oriented in a fixed single direction
like in turning. It can be solved by classical chatter theory presented earlier in 19505 by Tlusty
[33] or Tobias [40]. The mean dynamic chip thickness becomes:

h, = (€719 —1)D Fe'® (2.15)

m

The average of the periodic function corresponds to the average of the dynamic chip thick-

ness, which leads to mean dynamic resultant cutting force,
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Fel®t = K bh,, = Kb(e™'0F — 1)@ Fel! | (2.16)

For critical borderline stability analysis, the characteristic equation of the dynamic milling

becomes,
1+ (1-e DK b, y(in,) (2.17)

where b, = is the maximum axial depth of cut for chatter vibration free machining. The sta-

bility lobes are then solved using the same formulation given for one dimensional theory [33, 40]:

b, = —1 '
lim 2K (Re(®y(w,)))m,
= 2knte 60
® Nt

c

(2.18)

where o, [rad/sec] is the chatter frequency, T [sec] is the tooth passing period, N is the
number of teeth on the cutter, £ is number of stability lobes and # [rev/min] is the spindle speed.
Re(®) is the real part of the oriented frequency response function that can be evaluated by
either approximations given in Equation (2.12) by Faassen [15] or in Equation (2.14) by Opitz
[27]. Tlusty [37] adjusted the stability limit by scaling the system by an average number of teeth

ex

2n
considering the pitch angle, m, = 1 must be used in their models. The phase shift of the chatter

in cut, m, = S Since Opitz and Weck used the average resultant force direction by

waves can be found from:

. Im(Dyp)
e=3n+2y >y = atan

(2.19)

Re(D,)
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The expression given in Equation (2.18) has been widely used as an extension of orthogonal
chatter theory applied to milling.

Tobias [39, 40] invented the stability lobes by relating chatter free axial depth of cut b,
with spindle speed n.

Averaging the time varying constants in direct and cross directions takes the maximum
energy in exciting the structural modes, and the coupling between the vibrations in two directions
via the cutting process is maintained by Altintas et al. [4]. The coupling treats the dynamic milling
as an eigenvalue problem. Averaging the dynamic resultant force as proposed by Opitz [27], or
forcing the resultant force to act at the geometric mean of the cut proposed by Tlusty [38] reduce |
the eigenvalue problem into a scalar one. Depending on the strength of modes in x and y direc-
tions, geometric averaging may shift the energy towards one direction more than the other, hence

it may not lead to accurate results when the modes in both directions are equally strong or weak.

2.3.3. Altintas & Budak’s Frequency Domain Solution

Floquet theory was used by Minis and Yanushevsky [25] to solve the stability of milling
~ operation in frequency domain. An analytical method which considers the milling process as a
two dimensional operation is developed by Budak & Altintas [11, 12]. They transformed the sta-
bility into an eigenvalue problem and solved it in frequency domain. They expressed chatter free

axial depth of cut b, = as follows:

~2mA, Ap)?
biim = 1+ 4 (2.20)
NK Apg

where K, is the cutting coefficient in tangential direction, Ap and A, are the real and imag-
inary parts of the eigenvalue A, respectively. Eigenvalues A are calculated by taking the determi-
nant of the characteristic equation of the milling system. Coupling between two orthogonal

directions x and y is taken into account in this solution. Later, Altintas [4] extended the theory to

three dimensions.
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2.3.4. Bayly’s Time Domain Solution

A new method, time finite element analysis, is used for the time domain stability of low
immersion interrupted cutting operations by Bayly et al. [7]. The system was assumed to be a sin-
gle degree of freedom system. The interrupted cutting operation was investigated in two parts,
namely cutting ( forced vibration ) and not cutting ( free vibration ). They divided the time in cut
into finite elements and estimated displacement on each element during w'# pass of the flute as

follows:

4
=3y agi* Viltoeal) 2.21)

i=1

where v,(¢,.,) are trial functions, cubic Hermite polynomials, ?zq,- are coefficients of the
trial functions used for position and velocity boundary conditions of the elements and ¢, ., is the
local time on qth element. Single degree of freedom interrupted cutting operation ( turning ) is

shown in Figure 2.7:

Cutting velocity Ts

tf ] tc

P o m—

-1 -1 w-1 w-1 w w w w
R g g
S8y A2 2 qna)  (3gak (3] (8l (8ng

(w-1)th revolution ” ‘ (w)th revolution

Figure 2.7 : Single degree of freedom interrupted turning model
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where T is spindle period, 7, defines time spent in cut, te=Ts—t, shows time spent during
not cutting.

Boundary conditions between elements were set by equating the displacement and velocity at
the end of each element with the displacement and velocity at the beginning of the next element.
The interrupted cutting operation is modelé_d as a discrete systém_. Equétion of motion of the dis-
crete system is rearranged in order to express the coefficients of the estimated displacement

. Q . . .
expression of an element at current pass ag; in terms of the coefficients at previous pass 5;”,-‘ 1

and intended chip thickness #;,

av = [0]av-1+[S] (2.22)

Magnitudes of the eigenvalues of [ Q] matrix are determined for stability analysis of the dis-
crete system. If the magnitudes are within the unit circle, the cutting is stable, and it is unstable
otherwise. |

Later, Bayly’s et al. [8] extended their work to two degrees of freedom interrupted systems.
Two dimensional low immersion milling was used as an example. The rotation of the cutting
forces in milling operation was considered as a function of immersion anglel. The equation of
motion was written in matrix-vector form in order to extend the model for multi degrees of free-
dom systems easily. The time finite element method is explained in detail in Chapter 5.

Time finite element method gives accurate results for low immersion interrupted cutting
operations. The displacement and cutting forces can be simulated by using time finite element
method but can not be predicted by frequency domain solution introduced by Altintas et al.

[11, 12].

2.3.5. Solution of a Linear Time Invariant Systems with a Time Delay

Sipahi et al. [31] presented an analytical solution for the stability of linear time invariant time

delay systems. Time delay t in the equation of motion makes the system nonlinear. In order to
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eliminate the nonlinearity, they replaced the time delay term e~ in the characteristic equation

with a bilinear expression [29])

(2.23)

The solution is exact when the system is critically stable. They checked the stability of the new

characteristic equation of the system by using Routh Hurwitz array. The details of the method and

its application to milling system is explained in Chapter 4.




Chapter 3

Mechanics of Circular Milling

3.1. Introduction
Circular milling is used for removing excess material from workpiece such as enlarging holes
and forming slots in industry. The tool is following a circular toolpath in xy plane while the

workpiece is being fed towards the tool as shown in Figure 3.1

Figure 3.1 : Formation of a slot by using circular milling ( Source: Sandvik Coromant )
The process is completed in xy plane with a constant axial depth of cut, followed by axial plung-

ing to the workpiece at a fixed increment followed by circular milling again. As the tool travels

around the circular path, the intersection of tool and workpiece changes as shown in Figure 3.2.

19
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of the cutter
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View B: Exit transient

Figure 3.2 : Top view of circular milling
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The tool follows a trochoidal trajectory [22,23,26], and has a time varying orientation along the
cut which determines variation in chip load and the cutting forces. Circular milling operation is
studied in three different zones shown in Figure 3.2 namely entry transient, steady state and exit
transient zones. In this chapter, mathematica] modeling of the tool-workpiece intersection is
explained; prediction of cuttiné forces is diséussed and consequently experimental validation of

the mathematical model by using A17075-T6 is given.

3.2. Geometric Niodeling of Tool and Workbiece Intersectibn

The entry ¢, and exit ¢,, angles of the tool, which change continuously in circular milling,
must be identified to predict the chip load as well as the cutting forces. The entry ¢, and exit ¢,
angles are evaluated from the geometric intersection of tool and circular slot, which needs to be
milled. The coordinates of a point P on the tool and on the previous path measured from the cur-

rent circular trajectory center O can be expressed as ( See Figure 3.2 ):

(x - (R~R,)sinB))2 + (y - (R, — R,)cos8))? = R2 (3.1)

(x+c¢)?2+y?=R?
The upper and lower boundaries of the workpiece are given as:

y = b y = -b, (3.2)

The local immersion angle ¢ is measured in clockwise direction from the ( y, ) axis normal to the

finish surface in tool coordinates. The tool may enter the workpiece with non-zero entry angle ¢,

if the upper width of cut is less than the radius of the slot, i.e. ( b, <R, ) as shown in Figure 3.2.

As soon as the tool enters the workpiece at point P, _, the entry angle of the tool will approach

en’

towards zero ( ¢,, = 0 ) after a short transient phase ( entry transient zone ), but the exit angle

¢,, will vary as the tool - slot intersection point changes its coordinates with the tool center posi-
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tion, 8 = 6(¢). By substituting Equation (3.2) into the previous slot trajectory expression in
Equation (3.1), the intersection of the previous tool path and workpiece boundaries can be evalu-
ated at the entry P, and exit P, points respectively ( See Figure 3.2. ) Out of two solutions, the

one which has positive x leads to the desired intersection points as follows:

(o ys) = (—c+ JRZ_b2, b)) (3.3)

(X, ¥,) = (—c+ JR2—-b3,-b,) (3.4)

In the following subsections, the entry ¢, and exit ¢,, angles are expressed in the entry transient,
steady state and exit transient zones.

Yc2 by + R, not cutting

yc>b—R, and x,, <x; notcutting

Ye>b—R, and x,,>x; Entry transient zone

(y3<b, and x,2x,)—> ¢, = 0 Steady state zone

y3< b, and x,<x,, Exittransient zone

y3 = b, end of cutting

Here, the sub-indices of each coordinate indicates the point ( P ) they belong to.

3.2.1. Entry Transient Zone ( y; > b, ):

The tool enters the workpiece at point P, , and its coordinates are given by substituting

(y = b, ) into the tool expression given in Equation (3.1).
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-t A/C%—‘lczco b J (3.5)
» 0y

where

c, =1

c; =—2(R,—R_)sin®

co=R2-2RR +bI-2(R;— R )b cosb
The larger 6f the two solutions from Equation (3.5) yields the x coordinate of the entry point
P,, . By substituting the expression for the previous slot trajectory ( y> = R2—(x +¢)? ) given
m Equation (3.1) into the tool expression in Equation (3.1), their intersection points
P(x;,y,) and P,(x,,y,) can be found as a function of the step over feed ¢ and angular position

of the tool 6 with respect to circular slot center ( O ):

x=Ay+B (3.6)

where

2(R,—R_)cosO
2c+2(R,~R_)sinb
2R2-c2+2R.R,
2¢c+2(R;—R,)sin0

By substituting x into the previous trajectory expression in Equation (3.1):

2 — p2_ 2
y*=R;—(Ay+B+c) 3.7)

ay?+ay+ay=0
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where
a,=A%2+1
a;, =24B+24c

ay=B%*+2Bc+c*-R?
The quadratic equation has two roots which yields two intersection points

P(x,,y,) and P,(x,,y,) between the tool and circular slot segment ( See Figure 3.2 ):

—a A (3.8)

Xy =4 + B,
( 1,2 y1,2) V1,2 24,

where

A = a}-4ajya,
The tool does not cut any material behind its front periphery, hence the chip is not generated
between P (x;, y,) and P;(x5,y;) ( See Figure 3.2). The tool starts entering the work material at
P5(x5, y3) and exits at P,(x,, y,) point . The coordinates of the tool center C and entry point P

can be expressed in global slot coordinates as:

(x3,¥3) = (R sinb, R cos0)
(x,¥y.) = ((Rg—R,)sin®, (R,~R_)cos0)

(3.9)

A triangle is formed by P, (x,,, ¥..)> P3(x3, ¥3), C(xc yc) on the tool and the entry angle of

the tool ¢, into the wbrkpiepe at point P, (x,,, ¥,,) 1s evaluated parametrically as:

’ T2 2 2
¢ _ acbs(LenC+L3C_Len3)
st

. (3.10)
2LenCL3C

where



Chapter 3. Mechanics of Circular Milling 25

Lyc = J(x3—xc)2+(y3—yc)2

LenC = A/(xen _xC)z + (yen _yC)2

Len3 = A/(xen _x3)2 + (yer; _4y3)2

From the triangle connecting points P;(x5, ¥3), C(xs yco), Py(x,, ¥,), the exit angle of the
tool ¢, at point P,(x,, y,) can be calculated as:

(3.11)

~ where

Lyc = Jy—x0)2+ (r,—yc)?

Lyy = J(x3—x3)> + (v~ y3)?

Points P;(x3, ¥3), C(xc, ye), Py(x,, y,) are expressed parametrically as a function of tool's
angular position 6 in Equations (3.8) and (3.9).. By incrementing ( 6 ) at discrete intervals, the

variation of entry ¢, and exit ¢,, angles can be evaluated from Equations (3.10) and (3.11).

3.2.2. Steady State Zone ( y;<b; and x,2x,, ):

As the tool enters the steady state zone ( y; = b, ) the entry angle ¢, becomes zero and dur-

ing the rest of the cutting operation the entry angle ¢, is always zero. The exit angle ¢,, can be
evaluated as:

o, =0

b - s e e 1) 612
ex

2LZCL3C
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3.2.3. Exit Transient Zone ( y; < b, and( x,<x,,) ):
The entry angle ¢, is always zero in this zone, while the exit angle ¢, decreases which is
shown at point P, (x,,, ¥,,). ( Figure 3.2 ') By substituting ( y = —b, ) to the tool expression in

Equation (3.1), the x coordinate of the exit point can be evaluated as:

[2
(x )= (_ dit Nd—4dydy J (3.13)
ex> Yex »—Dyp

2

where
d,=1
d, =-2(R,—R_)sin0
dy=R2-2RR_ +b?+2(R — R )b,ycos6
The expression for the varying exit angle ¢,, as the tool leaves the workpiece can be evaluated

from the triangle P3(x3, y3), C(xc, Ye)s Poyx(Xppr Ver):

LicHLlic-L? )

=0, = acos( ex3
¢St ¢ex 2LexCL3C

(3.14)

where
LexC = A/(xex _xC)Z + (yex _yC)2

Lex3 = «/(xex —x3)2 + (yex_y3)2

3.3. Cutting Force Formulation

The engagement conditions ( 9,5 ¢, ) leads to the prediction of varying chip thickness / at
each tool location ( See Figure 3.3 ) as it rotates.

The spindle speed ( » ) and angular traverse speed along the tool path ( n, ) in [rad/sec] are

given as follows:
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21 2nn
® = 6_()”,Q = _260 (3.15)

Figure 3.3 : Tool positions during operation

The feed f and feed rate s, are measured along the feed axis of the tool ( x,, ), which is tangent to

the circular tool path as shown in Figure 3.2 and given by:

I (3.16)
S, =f]6v(’)1 .

The tool is traversed along the circular path at uniform, discrete time intervals ( ¢ ):
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0(k) = 0+ Qkt, 6,(K) = dyp okt k=0,12, .. 17

0, and ¢, are the initial positions of the tool and the first tooth respectively. The tool will be in

the cutting zone and the tooth j will be cutting chip.only if the following conditions are met:

b b
(E—mm—gse@os(ﬂ+mm4%
2 R, 2 R,

¢;(0) < ¢,(k) < ¢,,(0)

(3.18)

where the entry ¢, and exit ¢,, angles are identified along the path as given in the previous sec-
tion. Otherwise the tooth will not cut any chip and contribute zero force to the process at that
instance. Unless the width of cut varies, the process will be periodic both at the tooth passing fre-
quency as well as at each frequency due to planetary motion.

As an example, a cylindrical endmill with N flutes and B helix angle is considered. The instanta-

neous immersion angle of tooth j, ¢., at axial elevation z is expressed as ( See Figure 3.4 )
0,(k) = ¢1<k)+(f—1>¢,,+zta—1§s9 | | (.19)
The immersion dependent chip thickness 4 ] ( Figure 3.1) cut by tooth j is given by:
-@=Sﬁ;®M) »' .ozm

The'tangé;ltial F, and radial F,; forces ( Figure 3.4°) acting on the tooth ; are:
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Fyl = | Kichi+ K| (3.21)
F, Krchj+Kre

]

= X

Figure 3.4 : Cutting forces in tangential and radial direction

By scanning all the teeth which are cutting the material, instantaneous cutting forces acting

on them can be projected in the global coordinate system of the machine as follows:

N
F.(6,0)= % g(d)j)[(—F,jcosd)j—Frjsind)j)cose + (thsind)j—Frjcosd)j)sinG]
j}=vl (3.22)
Fy(e, o) =3y g(d)j)[—(—thcosd)j—Frjsind)j)sine + (thsind)j—Frjcosd)j)cose]
=1

N
F(6,0) = ¥ g(d)[-F cos(¢; +0)—F,;sin(¢; +6)]
I=1 (3.23)

N
Fy(0,9) = ¥ g(¢,)[F,sin(¢;+86)—F,cos(¢; +6)]
J=1
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3.4. Simulations and Experimental Results

The circular milling algorithm presented in the thesis is experimentally verified with an end
mill having R, = 10 [mm] radius, B = 30° helix angle and N = 4 teeth. The cutting condi-
tions were given as follows: the axial depth of cut b = 2 [mm], the step over feed ¢ = 0.9
[mm]; the feed rate per tooth s, = 0.75 [mm/rev/tooth]; the radial width of cut b, = b, = 25
[mm]; the radius of the slot R, = 10; the spindle speed n = 1000 [rpm]; 7, = 31.831 [rpm].
The work material was selected A17075-T6 with the cutting force coefficients of K,, = 796.077
[N/mm2] and K, . = 168.829 [N/mm?]. The edge force coefficients were K,, = 27.711 [N/mm]
and K,, = 30.801 [N/mm].

The simulated and measured cutting forces in global coordinates are given in Figure 3.5 and
Figure 3.6, respectively. The predicted cutting forces are in close agreement with the measure-
ments. The normal forces, which represent tangential cutting force components, are largest when
the tool is close to the center of the circular path ( 6 = g ). A detailed view of the predicted and
the measured cutting forces is given in Figure 3.7. The slight difference may be due to poor syn-
chronization of the measured and simulated forces, as well as slight errors in cutting force coeffi-
cients. Variation of exit angle ¢, and chip thickness 4 due to the angular position of the tool 6

are shown in Figure 3.8 and Figure 3.9. Exit angle ¢, and chip thickness % take their maximum

values near the circular slot center ( O ).
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Figure 3.5 : Simulated cutting forces in x and y directions
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Figure 3.6 : Measured cutting forces in x and y directions
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Figure 3.7 : Comparison of measured and simulated cutting forces at a small time window
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Figure 3.8 : Variation of exit angle during the rotation of the tool around the workpiece
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Chapter 4
Direct Method for Chatter Stability of Milling Operation

4.1. Introduction

Rotating cutting forces that continuously change direction of oscillation are generated during
milling operation. As periodic cutting forces excite one of the structural modes of the machine
tool-workpiece structure, the cutting tool begins to vibrate and the flute in cut leaves a wavy sur-
face on the workpiece. Each flute removes the existing surface and continue to leave a wavy sur-
face behind ( See Figure 4.1 ), creating chips with waves on both sides. If two waves are in phase,
dynamic chip thickness stays constant during milling operation and forced vibrations occur in the
machine tool-workpiece structure. If there is a phase shift between these two waves, the dynamic
chip thickness and the periodic dynamic cutting forces may increase exponentially; and the
machine tool-workpiece structure experiences self excited vibrations called chatter. Chatter vibra-
tions are dependent on the previous tooth pass, hence the mathematical representation of dynam-
ics of milling operation contains a time delay term.

A new analytical method, called Direct method, was developed for the stability of linear time
invariant time delay systems by Sipahi et al. [31]. The difficulty in investigating the stability of
time delay systems is that they have infinite number of roots, and up to now there have been no
methods reported to find exact solution.

Direct method is an exact and a general solution to stability of time delay systems, and it can
be applied to milling process for assessment of stability lobes. In this chapter, Direct method is
introduced, then steps followed for implementation to single degree of freedom (SDOF) milling
operation are described. The stability lobes constructed from Direct method are compared to the
stability lobes simulated by using frequency domain solution developed by Altintas et al. [12] and
experimental results presented by Bayly et al. [8].

34
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X CHATTER VIBRATION
dynamic
vibration marks chip

left by tooth (j)

static chip
(no_vibration)

FORCED VIBRATION

constant chip load

Figure 4.1 : Regenerative effect in milling operation

4.2. Direct Method

A general time delay expression [31] in state space form given by following equation:

x(1) = [A]x(2) + [Blx(t—1) + [Gli(t - 1) (4.1)

where;

x(n x 1) state vector,

[A4], x> [B, « s [G], «, constant state matrices,

[B], « , state feedback matrix,

[G], «, derivative part of control,

T time delay ( T2> 0 for causality reasons )

Dynamic behavior of a time delay system is investigated by calculating roots of characteristic

equation. By taking Laplace transformation of Equation (4.1) the time delay expression can be

represented in s-domain:
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sx(s) = [A]x(s) + [Ble ¥x(s) + [G]se " x(s) v » (4.2)
(sI-[A]-[Ble ™ —-[Glse*™)x(s) = 0 : (4.3)

The characteristic equation of the time delay system is the determinant of Equation (4.3).
CE(s,t) = det(sI-[A]-[Ble ™ —[G]se ™) = 0 (4.4)

Three different states are used to describe the dynamics of a system i.e. stable, unstable and criti-
cally stable state. Critically stable conditions form a boundary between stable and unstable condi-
tions. The main goal is to identify time delay values t at which the dynamic system is critically
stable. D Subdivision method [19] is used in Direct method. According to D Subdivision method,
there are regions, so-called pockets, in which the number of stable and unstable f_oots are fixed.
Therefore the characteristic equation of the time delay system given by Equation (4.4) has at least
one pair of purely imaginary roots s = tw,i while crossing the boundaries between these
regions. o, defines frequency in [Hz]. The time delay values t corresponding to the purely imag-
inary roots s = *®,i represent transition from a stable state to an unstable state or vice versa.
Equation (4.4) has infinite number of roots because of the time delay term e~*. Therefore in
order to simplify solution of the characteristic equation ( Equation (4.4) ) time delay term e™™

can be replaced with a bilinear expression [29] shown below:

oS = 1-Ts
1+ Ts

(4.5)

The equality given by Equation (4.5) is exact and valid only when the time delay system is in crit-

ically stable state ( the time delay system has purely imaginary roots s = *w,i ). The relation

between the time delay t ( positive real number ) and T ( real number ) 1s written as:
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. .. l-iw,T
et = cosw,T—isinw,T = _ (4.6)
l+io, T
1-(o,T)? 20,T
COS®,T = (—’)2, sinw, 1= —" (4.7)
1+(w,T) 1+(0,7T)?2
®,T sinw,t 20,T 1
tan = =( ) =0T =0T+In (4.8)
2 l+coso,t MM+ (0,T)2 L+ 1-(0,T)?
1+ (w,7T)>?
T = —2—[atan(mrT) +In] , (4.9)
®

r

where | = lop o+ 1,15 +2, 10'+ 3;...0 5 I is the smallest stitjve_ integer number that
makes the time delay Tt given by Equation (4.9) greater than zero. After substitution of bilinear
expression ( Equation (4.5) ) into the characteristic equation given by Equation (4.4), resultant

characteristic equation which has #» number of roots is obtained as a function of s and T':

CE(s, T) = a’et(s]—[A]—[B]G;;Sv)—-[G]s(i;gD =0 (4.10)

..................
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1-Ts 1-Ts
s—Ay - (1+T )(Bn—SGn) 1n‘(1+TS)(Bln“SGln)
CE(s, T) = det -0
a4 1—Ts) B 3 _(I—Ts)_ B
L A, (1+Ts (B,1-5G,) ...s-4,, 1+ 7Ts (B, ann)—
( 1 2n J n
CE(s,T) = | ——— m,sn=ri+ b.s"r=90 4.11
(s 1) (1+ Ts)" EO ’ Eo ’ 0

where m, = m (T) and b, is an integer. Equation (4.11) is multiplied by (1 + T's)” to elim-

inate the denominator, hence new characteristic equation becomes (21)* order polynomial:

2n
CE,, (s, T) = 3 as¥-" =0 (4.12)
k=0

where a, = a,(T). Although order of the characteristic equation of the time delay system
( Equation (4.11) ) increases, both equations ( Equation (4.11) and Equation (4.12) ) have the
same imaginary axis crossings, furthermore Equation (4.12) is easier to solve.

By using the coefficients of the characteristic equation given by Equation (4.12), elements of
Routh-Hurwitz array [20] are formed to find the purely imaginary roots. The idea behind Routh-
Hurwitz 1s to find number of unstable roots without solvmg the characteristic equation of time
delay system The information about stablhty of the time delay system can be obtained by using
only the coefficients of the characteristic equation ( Equathn (4.12) ). The new characteristic

equdﬁon of the time delay system ( Equation (4.12) ) can be extended _as follows:

2n 2n-1 2n-2 _
+as +a,s +...tay,_sta,, =0 : 4.13)



Chapter 4. Direct Method for Chatter Stability of Milling Operation 39

Since the order of the characteristic equation of the time delay system ( Equation (4.13) ) is 2n,
Routh-Hurwitz array becomes (27 + 1) x (2n + 1) matrix. The general representation for Routh-

Hurwitz array and calculation of the elements are as follows:

Ay ay ay ... Ay, ... 0 .. 0—
a, ay as ...dy, 1-..0...0
by by by ... ..0...0
C e .0...0 (4.14)

hy hy hy . 0...0

. 0...0
Uy Uy Uy . 0...0

.0 ... 0

2n+1)yx(2n+1)

Sample calculations for some of the elements of Routh-Hurwitz array are given by following

expressions [20]:
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a,a,—aya
b, = 192~ apas
a)
' a,a,—ana
by = 194 — o5
a,
- bjay-ab,
Cl_
b,
blas_a1b3 (4.15)
Cyp= ——="=
b
_ by —cyby
dl‘—
€1
115, — [,
u, = 152 — 125

The number of sign changes ( NS ) in the first column of the Routh-Hurwitz array in Equation
(4.14) gives the number of unstable roots of the characteristic equation ( NU ) expressed by Equa-

tion (4.13). Routh-Hurwitz array of a second order system is given as an example:
Positive a, a, 0 0T
Negative a; 0 00
Negative b, 0 00 —>n=2—->NS=NU=2

Positive 0 0 00
| Positive 0 0 0 05,5

There are two special cases that have to be taken into account when using Routh-Hurwitz array
[20]. Some difficulties occur in the calculation of number of sign changes in the first column of
Routh-Hurwitz array when only the first element of any one row is zero and the rest of the ele-
ments are nonzero, or all the elements of one row are zero. To solve the first problem, zero in the

first column of the row is replaced by a small positive integer number v or the characteristic

equation of the system is multiplied by s + d where d is an arbitrary positive number. In the sec-
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ond case, the zero row is handled by taking derivative of the equation formed by using the ele-
ments of the row above the zero row, then the elements of zero row is replaced by the coefficients
of the new equation.

The elements in the first column of Routh-Hurwitz array given by Equation (4.14) are a func-
tion of 7. By scanning T from —co to oo various Routh-Hurwitz arrays are obtained representing

the time delay system. The number of sign changes in the first column may change between sub-

| sequent 7' values. When the number of sign changes is different from the previous one, an imagi-

nary axis crossing is assumed to occur. The characteristic equation given by Equation (4.13) has
two purely conjugate imaginary roots if the difference in number of sign changes between subse-
quent T values equals 2. If the difference is 1, one of the roots is equal to 0. The difference

( NS

previouS—NScurrent ) can be either positive or negative. If the difference is positive, the

dynamic time delay system may change its state from unstable to stable as following:

Positive ay a, 0 6
Negative a; 0 00
Negative b, 0 00

Positive 0 0 00 .
| Positive 0 0 0 05,5 (4.16)

—>NS=NU=2->T

previous

Positive a; a, 0 0
Positive a, 000
Positive b, 0 00

Positive 0 0 00
LPositive 0 0 00]5,5

S NS=NU=0->T

present

The purely imaginary roots of the characteristic equation ( Equation (4.13) ) is evaluated based on
present T. If T is a negative real number, multiplication of a second order characteristic equation

( n = 2 in Equation (4.11) ) by (1 + Ts)? brings 2 unstable roots to the time delay system. In

order to decide whether the state of dynamic system is stable or not, unstable roots coming from
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negative T have to be considered during investigation of the stability. The second order system is
stable if:

NS=NU=0 and T>0
NS=NU=2 and T<0

The time delay t is found by substituting the obtained purely imaginary root ®, and present T
values in Equation (4.9). Investigation of stability of a time delay system is concluded by calculat-

ing the time delay t.

4.3. Stability of a Single Degree of Freedom Milling Operation

Dynamics of a single degree of freedom ( SDOF ) milling system and application of Direct
method to investigate stability of the system are explained in the section.

Since milling operation is an intermittent cutting operation and the periodic cutting forces
change direction of oscillation, dynamics of milling operation is very complicated. In general, at
least two orthogonal degrees of freedom need to be taken into account. Depending on the machine
tool-workpiece structure, milling system can be simplified to a single degree of freedom system.
If modal parameters of machine-tool-workpiece structure in one direction are significantly higher
than modal parameters in other directions, the system is rigid in all other directions and therefore
considered to be a SDOF system. The system can also be assumed a SDOF system if the radial
width of cut is small ( low immersion angle ). _

A SDOF milling system shown in Figure 4.2 consists of mass m, , dash pot ¢, and spring k,
elements. The tool rotates with a spindle speed of @ [rad/sec], and the workpiece is fed towards
the tool with a feed rate of s, [mm/rev/tooth]. Immersion angle (¢ = ¢(¢) = wt) is measured
from positive y axis in clockwise direction, and radial width of cut is defined by entry ¢, and
exit ¢, angles. The periodic cutting forces generated in tangential F’ ;j(t) and radial F rj(t) direc-

tions at tool-workpiece contact point are calculated as follows:

F,(1) = K, bh1)
F,(t) = K, .bh(1)

(4.17)
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j represents the flute number K, and K, are empirical cutting force coefficients in tangential
and radial directions, b is axial depth of cut, /# is dynamic chip thickness o, =¢+(G-1)9, is

instantaneous angular immersion of flute j and d)p is the pitch angle of the milling cutter.

Yi \VJ

x§

Figure 4.2 : A single degree of freedom milling system
Dynamic chip thickness A(7) is expressed in terms of feed rate (s,), instantaneous angular
immersion (¢j) of jth flute, dynamic displacement of tool in chip thickness direction at current

(u(t) = uj)and at previous (u(t—1) = uj_l)passes:
hj(t) = stsind)jﬂ- {u(t—1t)—u(t)} (4.18)

Dynamic displacements in chip thickness directjon {u(t), u(t—1)} can be expressed as a func-

tion of structural vibrations in x - direction:
{u(t-1)—u()} = {x(t)~x(t~7)}sing, (4.19)

Time delay 7 is equal to the tooth passing period ]%t- in milling operation. Equation of motion of
®

the milling system can be described by projecting the periodic cutting forces in tangential F;(¢)
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and radial F rj(t) directions given by Equation (4.17) on x axis. The total periodic cutting force in

x direction is obtained by summing forces generated by all flutes which are in cut:

N
Fi(t) = 5 8(§)[-F(1)cost;~F, (1)sing)] (4.20)
j=1

To determine whether the jth flute is in cut or out of cut a step function g(¢ j) 1s used:

by S, < b0 —> (8 = 1
¢j<¢st ¢ex<¢j_) g(¢j) =0

@21)

When the periodic cutting forces (F,(¢)) expressed in Equation (4.20) excite the machine tool-

workpiece structure, the equation of motion for the milling system can be represented by:
m X(t) +c x(t) +kx(t) = F (1) (4.22)

By substituting Equations (4.17), (4.18) and (4.20) into Equation (4.22):

m i (t) + ¢ x(t) + kx(t) = %Ktcbax(t){x(t) —x(t=1)} (4.23)
where
. N . . :
a(t)= Y —g(¢,)[sin2¢,+ K, (1~ cos2¢,)] | (4.24)
j=1

K . . .
K, = == is the ratio between radial (X, ) and tangential (K, ) cutting coefficients and a,(¢) is

time Varycing directional milling coefficient, which is periodic at tooth passing period. By consid-
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ering only zero order term of its Fourier series expansion, the time variation of the directional

coefficient is eliminated:

1'5
a, = ;.[ax(t)dt (4.25)
0

a,, can be written as a function of instantaneous immersion angle ¢ by substituting ¢ by ¢ into

Equation (4.25):

b
Oy = d)i [a($)dd (4.26)

p ¢Sl

Resultant average directional milling coefficient o, becomes:

Gex
aro = 22(Lcos20-2K,4 —Krsin2¢])‘ (4.27)
s

By substituting Equation (4.27) into Equation (4.23), the regenerative milling system dynamics is

reduced to the following delayed differential equation:
m (1) + ¢ k(1) + kx(t) = %Ktcbaxo{x(t) ~x(t—1)} - (4.28)

Direct method of Sipahi et al. [31] is applied to the milling system with flexibility in x direction.

The structural displacement and velocity of the vibrating system are considered as states:
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x(8) = x(?)
x,(£) = x,(1) = 2(2) (4.29)

x,(8) = x,(t) = i(2)

State space representation of the SDOF milling system is formed by substituting the states
into Equation (4.28):

10|50 _ o Dilgol | % Y xe-n
- 1 1 (4.30) .
Omx 562(1‘) _kx+5Ktcbax0 —Cy xz(t) 5 tcba‘xOO x?_(t_‘c)

In order to express the equation of motion in the form of

x(t) = Ax(¢) + Bx(t—1) + Gx(t-1) ( Equation (4.1) ), Equation (4.30) is multiplied by the

inverseof |1 0 |:
- Om

OIS O ol
xz(t) 0mx _kx+%KtcbaxO —Cx xz(t)

where -

[A]lyy o = 1

1ol | O -0 @
Omx EKtcbaxOO xz(t—r)

[Blyxr = %(_1 P “baxo) .
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Since [G] is a zero matrix, the milling system is called a retarded time delay system and
therefore characteristic equation of SDOF milling system can be found by substituting only [4]

and [B] matrices into Equation (4.10):

CE(s, T) = dei|s1 - (Al - (1= TS)[B]“J 0

1+ Ts
0 1| o o |
CE(s, T) = det| sI - |(~k, + 1K, ba, (LI (2K oba, =0
2 (ﬁ) 1+Ts 2 0
mx mx mx
L L 42 x2 L 42 x 2]

To simplify the solution of the characteristic equation, Equation (4.32) is multiplied with

(14 Ts)?, and the new (2n)* = 4 order characteristic equation with a form similar to Equa-

tion (4.13):

4 3 2
aps t+as tays tasta, =0

a, = T?
c, I?
a; = +2T
mx
_k,T2+2¢,T~K, bo, T2 (4.33)
X
3 2k, T+c,-K, ba,,T
X
kx
a —_ —
m

By using the polynomial coefficients a, a|, a,, a3, a, given by Equations (4.33) and (4.15),

the elements of Routh-Hurwitz array are evaluated:
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—ao a, ay 0 0
laya; 000
by b, 0 00 (4.34)
c; 0 000].
d, 0 0700

The elements of Routh-Hurwitz array given by Equation (4.34) are functions of (7') and axial
depth of cut . By scanning 7 from —o to oo for a desired axial depfh of cut b, Routh-Hurwitz
arrays are evaluated and the number of sign changes in the first column of each array is detected.
For the corresponding 7' values, where the number of sign changes varies, the characteristic equa-
tion of the SDOF milling system given by Equation (4.33) is solved based on the present value of
T to find purely imaginary roots s = t,i. Minimum positive integer /, which makes the tooth
passing period 1T greater than zero is found by substituting present value of T and corresponding
positive value of o, into Equation (4.9), and by incrementing the /, by one, tooth passing period
values of 1 are evaluated. Spindle speed (n), where the milling system behaves critically stable

for the given axial depth of cut b, can be obtained as:

n=— (4.35)

The stability lobes of the SDOF milling system can be evaluated by repeating the given steps
for the specified range of axial depth of cut b.

4.4. Simulations

A MATLAB program has been developed to evaluate the validity and applicability of the
method applied to the milling stability problem. The stability lobes are simulated by using both
the Direct method and the frequency domain solution proposed by Altintas et al. [12] and com-

pared against each other.
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In the simulations, a cylindrical end mill having R, = 9.525 [mm] radius with 2 flutes is
used for slotting operation. Al 7050T6 is selected as workpiece. The dynamic parameters of the
SDOF milling system in x direction are natural frequency w,, = 500 [Hz], stiffness k, = 10*
[N/mm] and damping ratio £, = 0.05. Since the stiffness values in y and z directions are
assumed to be 10 times greater than the stiffness value in x direction, the milling system is consid-
ered as rigid in y and z directions. The cutting coefficients in tangential and radial directions are
K,, = 900 [N/mm?], K, = 270 [N/mm?]. Axial depth of cut b is scanned from 3 [mm] to 25
[mm] and T is swept from —6 x 107 to -1 x 107" .The step sizes for axial depth of cut » and T
are Ab = 2 [mm] and AT = 1x 1077, The purely imaginary root of the characteristic equation
s = o,i show chatter frequency w, for given axial depth of cut b and tooth period t.

The simulated stability lobes are shown in Figure 4.3, where frequency domain solution and

direct method are in consistent. Also, if point A ( b = 4.99742 [mm], n = 5000 [rpm]) in

Figure 4.3 is considered, both methods give the same chatter frequency @, = 550.6 [Hz] as well.

Stability Lobes
25 -
@ Direct:Method
= Frequency Domain Solution
20 /
£
E
g 15 P
]
el i
= ]
[=]
s
< N
7A X A
b=4.99742 mm
n=5000 rpm
©=550.66;Hz
0 02 04 06 08 1 1.2 14 16 18 2
Spindle Speed [rpm] X 15‘

Figure 4.3 : Comparison of direct method with frequency domain solution
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Stability lobes are also constructed for different cutting conditions in order to compare the
Direct‘ method with experimental results published by Bayly et al. [8]. In the experiments, a cylin-
drical end mill having R, = 9.525 [mm] radius with one flute was used. Modal parameters in x
direction were natural frequency o,, = 146.5 [Hz], stiffness k, = 2.18 x 10° [N/mm] and
damping ratio £, = 0.0032. Setup of the experiment was designed in such a way that stiffness
values in y and z directions are more than 20 times greater than the stiffness value in x direction.
The cutting coefficients in tangential and radial directions were K,, = 550 [N/mmz], K, = 200
[N/mmz] respectively. The ratio between time in cut ¢, and total time was p = 0.162.

In the simulation, scanning range for axial depth of cut 4 is from 0.3 [mm] to 3.9 [mm] and
for T is from —3x 107" to —1x 10™*. The step sizes for axial depth of cut b and T are
Ab = 0.3 [mm] and AT = 5 x 10~ . The simulated stability lobes and experimental results are

shown in Figure 4.4. They are in good agreement.

Stability Lobes
5 T T T
—_— Direct Method
T e S e X o Stable Cutting -
(0] Unstable Cutting
. N U ST SRp——_ [ ] Stability Border .
E 35 m| / o
E
©
£ :
a 2 L SN, SIS IS SR ST SOSTRONUORIEIINT (ROR TN ST .
[+}d
[a]
= 15
.5
1L .
°
0 a
2600 2800 3000 3200 3400 3600 3800 4000
Spindle Speed [rpm] '

Figure 4.4 : Comparison of direct method with experiments
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The disadvantage of the Direct method is its long computational time. The MATLAB pro-
gram for Direct method takes approximately 1 day. The most time consuming part of Direct
method is scanning of T values with very small increments between — to o for each axial
depth of cut b value. Later, Sipahi & Olgac improved their method by including a new algorithm
and the computational time for new method ( CTRC method ) is same as the frequency domain

solution.



Chapter 5

Dynamics of Circular Milling Operation

5.1. Introduction

Chatter is a self excited vibration originated by regenerative effect caused by phase shift
between two successive waves left on both sides of the chip during circular milling operation.
Since the poor surface finish, tool breakage, tool wear and large dynamic loads on machine tool
structure are the main outcomes of chatter, dynamics of the circular milling operation has to be
investigated in order to increase the quality of the process and material removal rate. Dynamics of
regular milling operation has been summarized in Chapters 2 and 4. Dynamics of circular milling
operations is more complicated than regular milling operations due to the planetary motion of the
tool around the workpiece. Cutting forces are periodic not only at tooth passing period but also at
period of circular motion of the tool around the workpiece. Although variation in entry ¢, and
exit ¢,, angles of the tool brings additional complexity to the dynamics, varying radial depth of
cut may cause a shift in stability lobes. In this chapter, dynamic cutting forces are discussed and
two analytical approaches, namely frequency domain solution presented by Altintas et al. [4] and
time finite element method developed by Bayly et al. [8], are used to investigate the chatter stabil-
ity of circular milling. Finally the theoretical stability lobes are compared with the experimental

results.

5.2. Dynamics of Circular Milling

Dynamic cutting forces excite the machine tool-workpiece structure in global x and y direc-
tions and form dynamic displacements. Dynamic displacement in chip thickness direction is eval-
uated in terms of tool’s angular position, 8, instantaneous immersion angle ¢; of tooth j, and

vibrations in global coordinates as follows:

h(b, ¢j) = stsin(d)j) + Axsin(6 + ¢j) + Aycos(6 + ¢j) (5.1

52
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where
h(9;) = s,sing; + Ax (¢)sing; + Ay (¢) cos §;
Ax(t) = Ax(t)cosO—-Ay(t)sin0
Ay (t) = Ax(t)sin® + Ay(t)cos®

stsin(d)j) defines the static part and Ax(¢)sin(6 + d)j) + Ay(t)cos(Q + d)j) represents the dynamic
part of chip thickness in Equation (5.1). h(¢;) is the dynamic chip thickness in tool coordinates,
x, and y.. Ax.(t) = x(t)-x,(t—7) and Ay, (t) = y(t)-y(t—7) express difference
between dynamic displacements at previous and current cuts in x, and y, directions.
Ax(t) = x(t)—x(t—1) and Ay(t!) = y(¢) - y(t—1) show the same difference in global coor-
dinates. Since the static part has no effect on stability [3], s,sin(d)j) can be eliminated from the
- chip thickness definition in Equation (5.1) and the resultant dynamic chip thickness expression

becomes:
h(b, ¢j) = Ax(¢)sin(6 + ¢j) + Ay(t)cos(0 + ¢j) (5.2)

Dynamic cutting forces acting on tooth j in global coordinates F

e F y; can be evaluated as a

function of cutting coefficients X, , K,., axial depth of cut b, chip thickness 4, angular position of

te?

the tool 6 and instantaneous immersion angle of tooth j (bj. as follows:

F (8,0, = ~K,.bh(0, 0,)[cos(8 +¢;) + K,sin(8 + ¢,)]
F,(0,0;) = —K,.bh(6, 6,)[sin(8 + ) + K, cos (6 + §,)]

(5.3)

By substituting Equation (5.2) into Equa_tion' (5.3):

Fyl_ % k| K= SIn2E+ K c0s2E —1—Krsin2E—co.s2E}{ Ax(t)} 54)
. 1-cos2E—-K, sin2E —K,-K,cos2E+ sin2E| ([ Ay(t)
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where
E=0+ ¢j (5.5)

Total dynamic cutting forces F,, F. , are calculated by summing the forces generated by each

tooth j F;, F; in Equation (5.4):

xj?
N
F6,0)= 3 F
Jj=1 (5.6)
N
Fy(e’q)): Z ij
j=1
1
{F()} = iK,cb[D(t)]{A(t)} (5.7)
where
[D(1)] = [dxx d’”} is directional milling coefficient matrix and
yx Gyy '
d, . dxy, dyx, dyy are directional milling coefficients in global coordinates which show the

direction of excitation as the tool rotates during circular milling operation given by:
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N
d. (6,6)=3 gj(d)j) [-K,—sin2E + K, cos2E]
j=1

N
dxy(e, ¢) = Zgj(d)j) [-1-K,sin2E — cos2E]

J';l : (5.8)
dyx(e, d)=3 gj(¢j) [1-cos2E—K, sin2E]

A _

’ N
d,(8,9) = ¥ g(9;) [-K,—K,cos2E + sin2E]

j=1

5.3. Analytical Chatter Stability
In this section, two analytical models, namely frequency domain solution developed by Alt-
intas et al. [12] and time finite element analysis proposed by Bayly et al. [8] are applied to the sta-

bility of circular milling process.

5.3.1. Frequency Domain Solution

The frequency domain solution introduced by Altintas et al. [12] is a practical method for the
assessment of stability of milling operations that defines the dynamics in terms of material prop-
erties, tool-workpiece intersections, tool geometry and frequency response function of machine
tool structure [4]. The analytical model is based on linear system, and the circular milling dynam-
ics need to be simplified based on the physics of the process. |

Directional milling coefficients are periodic at tooth passing period t as well as at period of
the tool’s planetary motion around the workﬁiece (T b= ’61—0 = 2—(—? ). Since the problem is very

complicated from mathematical point of view due to preselr)lce of double periodicity, the direc-

tional matrix is expanded for the tooth passing period t:.
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[D(H]= T [D,]e"
r=-o (5.9)

T
[D,1= 2 {D(n]e"dr
0
In order to simplify the solution only the zero order term of Fourier series is considered:

[D,] = % [[D(D)]dt (5.10)
0

Angular position of the tool around the workpiece 6 and time ¢ are written in terms of instanta-

neous immersion angle ¢ to decrease the number of unknown variables in Equation (5.10):

0=01 d=t—>0=2¢=2Loy
o H (5.11)
20 = 246, dr=Ldg
® ®
which leads to the following average directional factor:
1 ¢ex
[Dy] = — [D(¢)dd (5.12)
% Ot

Main differences between frequency domain solution of circular milling and regular milling are
varying entry ¢, and exit ¢,, angles of the tool that determine the limits of integration in circular
milling operafion. Entry annge b, isassumed to be ¢, = 0. and exit angle ¢, is assumed to be

o,, = max(¢,,) to carry out the integration. Exit angle ¢, is taking its maximum value when
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the tool is close to center of the circular slot as mentioned in Chapter 3. New immersion depen-

dent average directional milling coefficients are given as follows:

= [ K+ ) cos(20(220)) L (AL sin 26 2 1)] :

e ) on () 3% ) = 2o )] : (5.13)
W CANOET BREBACES)
o = [ o (2o ()3 ) s 5 l)mr”

The resultant dynamic cutting forces are defined by substituting the zero order term of Fourier
series [D,] ( Equation (5.12) ) into dynamic cutting forces expression in time domain given by

Equation (5.7):

(F(H)} = 2K,b[De] (A1)} (5.14)
where
N|Oa, , o
[DO] — _I: XX x)}
2oy ay

The vibrations {A(iw)} are written in terms of dynamic cutting forces {F(iw)} and fre-

quency response function of the machine tool structure [@(iw)].

{F(i0)} = 3K, b[Dgl{AGi0)} ENCAE)
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{ Ax(i(o) } = (1 _e—iwr)[(D(ib))] Fx(iOJ) ‘ (5.16)
Lo | Fio)
where _
{A(iw)} = { Ax(io) } = (1 _e—imr){ x(io) }
Ay(iw) y(io)

{ x(i®) } = [®(i0)] F(io)
M(io) F(io)
As circular milling operation is a two dimensional process, frequency response function matrix
contains direct @, (i), @, (in) and cross (ny(ico), (Dyx(i(o) frequency response functions in
global x and y directions. Two degrees of freedom are considered to be orthogonal to each other,

therefore cross frequency response functions dbxy(i ®), (Dyx(i ®) are zero:

[@(io)] = | Duli®) Pplio) _ (Py(io) 0 (5.17)
. (io) O, (io) 0 @, (i)

Dynamic cutting forces in frequency domain at chatter frequency ®, are obtained by substituting

Equation (5.16) into Equation (5.15):

e""’c’=%K,cb[po](l~e"'°>c‘)[cb(imc)] Fy Lgoct

%ﬁj b-:’j

(5.18)

eimct[l— %wa[Do]u - e"""c‘)[@(imc)]] =0

\:ﬁj k”j
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The stability problem turns into an eigenvalue problem which is easier to solve for a given

chatter frequency, ®,, and has a nontrivial solution when the determinant equals to zero [3]:

det[I+ A[Dy(i0 )] =0 (5.19)
where
A= —%CK 1 b(1— e”imft) is the eigenvalue of the characteristic équation of the system.
[@(i0)] = | 9| [@(i0,)]
0V e o o ¢/ is the oriented frequency response function matrix and
yx “yy
characteristic equation becomes a second order polynomial:
ldet 10 + A Qyx a'xy (Dxx(iwc) 0 =9
01 a, ol 0 @ (o, (5.20)
hoA2+h AV +1=0
where

hy =@, (i0,)P, (io )0, — ocxyayx)

hy=a,® (io)+ ocyy(Dyy(i(oc)

—h,+ [h2-4h
A=—L2L D= Ap+iAg,

2h,

Chatter free critical axial depth of cut b, is given by:

4n

by, = —A :
" NK, (1 - e %)

(5.21)

where

e—l(DcT

= COsSW, T—1IsInw T
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Critical axial depth of cut b;,, has to be a real number, hence imaginary part of Equation (5.21)

must be zero:

blim NK
tc

_ 2= [AR(I —cos®,T) t A, sine.t . l_AIm(l —Ccos®,T) + Agsinw,t

} | (5.22)

(1-cosw,7) (1-cosw,1)

Ay, (1—coso, 1)+ Agsinw, T

(1-cosw,1) =0 (523)

The ratio between the real A, and imaginary A, parts of eigenvalue
A sin® T

Kk = -1 = < is substituted in Equation (5.22) and resultant critical axial depth of
Ap  (1-cosw,T)

cut b, can be expressed as follows:

2nAp

[1+x2] (5.24)

tc .

lim

In order to obtain the stability lobes, spindle speeds » that correspond to critical axial depth

of cut b,;,,, must be evaluated by using x:

2s'nwctcosmct
. n— —
®.T
- 5 SIn®,T - 2 2 . tan(g——zc) (5.25)
— COS® ®.T
¢t 2sin? <
2
®.T
here ¥ = t =tan(-7—t——c—)
wher any S

Phase angle between current and previous cuts becomes:

®.T=Tn-2y+2kn = ¢+ 2kn (5.26)

c
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where
k, a positive integer number, represents the number of stability lobes and € = -2y is the
phase shift between the waves on each side of the chip. Spindle speed # can be expressed as fol-

lows:
n=— (5.27)

Stability lobes are formed by plotting the chatter free critical axial depth of cut 4,;,, with cor-
responding spindle speed n on the same graph. Stability curve is forming a boundary between
stable and unstable regions. Since the region above the curve represent unstable cutting, chatter

free ( smooth ) surface finish can be generated by choosing cutting conditions below the curve.

5.3.2. Time Finite Element Analysis ( TFEA )

Time finite element analysis was established by Bayly et al. [7] for SDOF interrupted cutting
operations such as milling to predict the stability and prevent chatter vibrations. Later the method
was extended to 2DOF and higher cases by Bayly et al. [8]. The method can also be used for the
stability of interrupted metal cutting procésses such as circular milling operation. In this subsec-
tion, theory behind the extended time finite element analysis is introduced and application to cir-
cular milling operation is explained. ~

A general 2-DOF miiling system with an endmill is given in 'Figure. 5.1.The equation of

motion of the system is:

N
mX(t)+ex()+kx(t)= 3 g(d)j)[—thcosd)j —Frjsind)j] .
j=1 (5.28)

N
' myj}(t) + Cy)"(t) + kyy(t) = > g(d)j)[thSin(I)j—FerOSd)j]
j=1




% Chapter 5. Dynamics of Circular Milling Operation 62

Figure 5.1 : General representation of 2-DOF milling system

In order to obtain resultant equation of motion, tangential F,; = K,.bh; and radial

F, = Krcbhj cutting forces acting on tooth j and dynamic chip thickness

hj = s,sin¢j+ [x(t)—x(t~t)]sin¢j+ [y(t)—y(t—r)]cosd)j expressions are substituted in

Equation (5.28):

[MIX(1) + [CIE(t) + [KIX(2) = [KA)]IB[R(D)-2(t - )] +Bfo(9) (5.29)

where
= | O rer= % Oy = |5 Ox = {x(f)}
0 m, 0 ¢, 0 k, (%)

[K.($)] = Izv: (%)) _Ktccos¢j5in¢j_KrcSin2¢j —Ktccosz(bj—KrcSin(bjCOS(l)j

j=1 K,csinzd)j—Krccosd)jsind)j Ktcsind)jcosd)j—Krccoszd)j

—Ktccosd)jsind)j—Krcsinzd)j

N 2
fo(®) = X &(d)s,

j=1 K, sin?¢,~K, cos¢;sing;




Chapter 5. Dynamics of Circular Milling Operation 63

Time finite element method subdivides the low immersion milling operation in two parts:
cutting ( forced or chatter vibration ) and not cutting ( free vibration ). The method divides the
time in cut into multipie finite time elements shO\;vn in Figure 5.2 and defines x and y displace-
ments approximately at the beginning and end of each element during each pass as a linear combi-
nation of polynomial trial functions. Displacement of the tool on g** element during w'* pass of

the tooth is:

4
20 = Y g V) - (5.30)

i=1

Cutting velocity Ts

tf tc

N B
w-1 w-1 w-1 w-1 w w w w

IR S s T e 0 B 5 B B
ap a A2 A a2l 3y A2 3na

(w-1 )th revolution (w)th revolution

Figure 5.2 : Time finite element method developed for interrupted cutting operations

Velocity and acceleration on ¢ element during w*” pass of the tooth are:

4 4 ,
Vi) =30 = S g Villeeayr YV O =20 =Y dgi 1itipear) (5.31)

i=1 i=1
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where
35"1,3‘}"2,5;"3,5}1& are the coefficients of the polynomials for g* element and ¢,

expresses the local time in ¢’# element during w** pass of the tooth:

g-1
bocall) = E=wT— > 1 (5.32)
k=1

where 0<¢,.,, < tyst defines total time, ¢, is time length of k' element. If the length of all

elements are same, ¢, can be given as follows:

{ = (¢ex ‘L’st)& (5.33)
2n ne
ny shows the total number of finite elements. Total time péssed during cutting ¢z, is:
= Y i | (5.34)
k=1

Y:(¢15ca1) » Cubic Hermite polynomials that are selected for their boundary conditions, given

in Equation (5.30) are trial functions:
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t 2 t 3
V1(tocar) = 1 - 3(";—“”) + 2(__1<;cal)
9 q
t t 2t 3
) =t ()t
q : ’ (5.35)
t 2 t 3
YV (trp0q) = 3{(2252l)" - 2((tezal
9 q
t 2 ! 3
Y4(tlocal) = tq . {— (_1_‘;_59_1) + ( 1(;(,‘(11) }
9 q
11(0) = 1’;};1(0) =0, Yl(tq) =0, 'Y.l(tq) =0

¥3(0) = 0,75(0) = 0,75(t,) = 1,y5(t,) = 0
14(0) = 0,74(0) = 0,7,(t,) = 0, 7,(t,) = 1

Because of the boundary conditions stated in Equation (5.36), the displacement x(¢) and
velocity v(#) at the beginning ( #;,,,; = 0 ) and end ( ;,.,; = ¢, ) of g'* element during wth
pass of the tooth are equal to one of the coefficients @y, @9, d,3, d44 of the polynomials:

Displacement X(¢) and velocity v(¢) on ¢ element at initial point ( 7,,.,, = 0 ):
w
q2

Displacement %(¢) and velocity ¥(¢) on ' element at final point ( ¢,,,,; = t, ):

a w Aaw A w AN
x(tbq) = ag v(tbq) =aq

g-1 q
?c(tzvq) = a:;3 v(t::q) = a;v4 where t;:q =wtt+ Y 1, th =wtt > I

' k=1 ' k=1
Time delay displacement of ¢’# element x(¢—t) is obtained from the approximately

defined displacement of g** element x(¢) given by Equation (5.30):

4
A AN —]
-1y = Y g Viltipea) . (5.37)

i=1
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Since thg displacement on ¢ element x(#) is determined approxiinateiy, a non-zero error is
formed when the displacement expression ( Equation (5.30) ) is substituted in equation of motion
of the 2DOF milling system ( Equation (5.29) ). A set of test functions, n p(t) p=12 [16],
is used for weighting the error. Later weighted error is set to zero by taking the integral of the
equation of motion. Two vector equations are written for each element. n,(#) = 1 is chosen in
order to measure average error and M,(¢) = #;,.,;” 1,—172 is selected for linearly increasing

€ITor.

4

4 4
J"’{[M]-(z?z;ﬁ-v,--npj+[01-(z?z;",~-y,--np)+[K1~(z?z;”,--y,--np]}dtmz
0 i=1 i=1 i=1 (5.38)

4 4
—J;qb . {fo((b) : Tlp + [Kc((b)][ Z 3:;, “Yi np\) - [Kc((l))][ Z a;}i_l “Yit np}}dtlocalz 0

i=1 i=1

Two algebraic equations for element g are obtained in matrix form by calculating the defi-

nite integral given by Equation (5.38):

ag | . an |¥!
{Nn Niy Ny N14:| an = { S1}+ [Pu Py Py P14] an (5.39)
Nyy Ny Npy Noy| | ags C2 Py Py Pyy Py || g3

a4 344

where

N, = J;"{[M]yi+ [C1Y; + ([KI-BIK (O)DY; I, e (2%2)

Cp = j; DO dlpey (2% 1)

Ppi - _J;qb[Kc(q))]yinpdtlocal (2 X 2)
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As [K.(¢)] and ]5(4)) are dependent on instantaneous immersion angle ¢, for evaluating

Equation (5.39) immersion aﬁgle has to be expressed in terms of local time in g'" element 1,

g-1
tlocal+ Z tk g-1 .
¢(tlocal) =2m _(_60—/](’5_!_ = w{tlocal—i_ tkj (5.40)
k=1

The displacement and velocity vectors at the end of g** element ( ¢,,.,, = 1 ) are equal to
the displacement and velocity vectors at the beginning of (g + 1)/ element ( ¢,,.,, = 0 ) during

cutting:

{2q3}w _ {a(q+l)l}w (5.41)
5(14 a(q-+-1)2 .

When the tool is out of the cut ( free vibration ), displacement and velocity relations in one

direction between finite elements are given as follows:

w1
ai " a
{A“} = [elF1yyy P (5.42)
a2 Ana

where

(F] - _{0 [M]T[[K] [cq]]
n o] Lo

= 1-1, is time passed during free vibration ( not cutting ).
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Dynamics of milling operation is defined in terms of present and previous revolutions by sub-

stituting the boundary relations between finite elements given by Equation (5.41) and Equation

AN AN

(5.42) into Equation (5.39) in order to obtain the coefficients ?qu, ?zqz, Ag3, Qg4

[ay v ‘ (ay |v-1 | Cn
~ _ 312 B . 212 : 612
I 00 ..00(|a, 00 0 ... 0 Iyl 5 Ca
Ny Ny 00 0|5 PiPy0 .0 0 |l o
0 Nl N2 .. 00 b, = 0 Pl P2 : 0 0 I AN +< ...\ (543)
0 00..00 5n,1 0 00..0 O 5n,1 a‘vnl
000 ..N,0[f. 000..P 0[] L
anf2 a”f2 Cnp2
0 0 0 ... N{\N,|| . 0 0 O P, P, . : Af
i | 9n3 i { |43 Cnp
\an/4, kanf4, anf4
where
N, = Ny N N, = Niz Ny
_N21 N22_ (4x4) _N23 N24_ (4x4) (5.44)
P1=P11P-12 P,= Py3 Py
_P21 P22_(4x4) _P23 P24_(4><4)

The dimension of global [N] and [P] matrices in Equation (5.43) is (4n,+4) x (4n,+4)
and the dimension of global [C] matrix is (4n Tas 4) x 1. Linear discrete dynamical system given

by Equation (5.43) can be described as:

av = [01a¥ -1 +[S] (5.45)
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where
[Nla¥ = [Pla»~!+[C]
[0]1=[N]"[P]

[81= [NI[C
By verifying magnitudes of eigenvalues of [ Q] matrix, stability of 2DOF milling system is
determined. If one of the magnitudes is greater than 1, the system is unstable.
In order to investigate the stability of circular milling operations, the application of the time
finite element method has to be explained. [K_.] and f(\) in Equation (5.29) are different from reg-
ular 2-DOF milling operation because of the planetary motion of the tool.[K ] and }_’3 are depen-

dent on not only instantaneous immersion angle ¢ but also angular position of the tool 6:

Y
[K®)]= T 38K,

j=1 1 -cos2E—-K, sin2E —-K —K cos2E + sin2E

{—K, — §in2E +K,c0s2E —1-K,sin2E — cos 2E]
(5.46)

N N 1
JSo(d) = > Eg(d)j)sthc

j=1

—sin(d)j) cosE — Krsin(d)j) sinE
sin(d)j) sink — Krsin(d)j) cosE

In ordver to eliminate oné of the \;/arizables, the relation between instantaneous immersion
angle ¢ and angular position of the tool 6 given by Equation (5.11) ( 6 = I% JE = ¢+ % ) is
substituted in Equation (5.46).

Exit angle ¢,, (immersion ) is assumed to be constanf during one tooth passing period and is
calculated as mentioned in Chapter 3 for the starting condition of each tooth passing period
(6= QE_" ,r=0,1,2,... > number of tooth passing periods ) while variation of
exit angle 3)0 o, 18 calculated by time finite element method.

The planetary motion of the tool is modeled in time finite element method by summing up the
successive rotations of the tool around itself to form the circular toolpath around the workpiece.
Global [N], [P] and [C] matrices in Equation (5.43) are different for each tooth passing period
since [K (¢, 6)] and f(\)(d), 0) in Equation (5.46) are changing as the angular position of the tool

O alters.
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Although the immersion as well as time in cut ¢, varies during circular milling operation, the
number of finite elements 7, is kept constant for each tooth passing period by changing the length
of elements ¢, from one tooth passing period to another to make the size of the global [N], [P],
[C] and 2 gi matrices given by Equation (5.43) equal. Time in cut ¢, is divided in such a way that
all the finite elements have the same time length during one tooth passing period.

The stability of the circular milling system is obtained by verifying magnitudes of the
dynamic displacements at the end of one tooth passing period of the tool around the workpiece. If
the dynamic displacements increase exponentially, the system behaves unstable, otherwise it is
stable. The periodicity coming from successive revolutions of the tool around the workpiece is

ignored during the simulations.

5.4. Simulations and Experimental Results

In the previous sections, dynamics of circular milling operation have been introduced and
two analytical approaches have been explained in detail. In order to verify the chatter stability
models for circular milling, experiments were held for a range of axial depth of cut and spindle
speed values, which are given in the Table 5.3. An end mill having R, = 10 [mm] radius and
N = 4 teeth was used. Al 7075T6 was used as the workpiece. The tangential and radial cutting
force coefficients obtained experimentally by using mechanistic approach were K,. = 796.077
[N/mmz] and K,, = 168.829 [N/mmz]. The step over feed ¢ = 5.7738 [mm)], the feed rate per
tooth s, = 0.1 [mm/rev/tooth], the width of the slot R, = 25 [mm], the maximum immersion
angle ¢, = 65° and the ratio between speeds H = 235.6 were determined as cutting condi-
tions for the experiments. Chatter detection is made based on the ratio of dynamic over static chip
thickness as well as the frequency content of both cutfing force and tool vibration. The modal
parameters in x and y directions given by the Table 5.1 and Table 5.2 are used in both the fre-

quency domain and time finite element simulations:
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Table 5.1 : Modal parameters in x direction

71

Mode Natural Frequency o " Damping Ratio § Stiffness k£
Number [Hz] : [N/mm]
1 486 0.0463 9.41 x 10*
2 617 0.0138 38.06 x 104
3 714 0.0175 9.51 x 10%
4 1007 0.0556 2.37 x 104
5 1380 0.0137 155.77 x 104
6 1874 0.0200 43.4 x 104
7 2270 0.0233 22.57 x 104
8 2770 0.0184 23.03 x 104
9 3010 0.0183 32.32 x 104
10 4059 0.0083 23.65 x 10%
Table 5.2 : Modal parameters in y direction
Mode Natural Frequency o, Damping Ratio ¢ Stiffness &
Number [Hz] [N/mm]

1 759 0.0315 4.43 x 107
2 980 0.0444 ~ 597 x 104
3 1695 0.0177 82.6 x 104
4 1909 0.0079 272.57 x 104
5 2045 0.0086 219.89 x 10*
6 2395 0.0192 32.55 x 10*
7 2770 0.0181 32.69 x 104
8 3010 0.0191 37.94 x 10*
9 4045 0.0136 21.13 x 104
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Table 5.3 : Axial depth of cut (b ) and spindle speed (n) values for cutting tests and simulations

Test no Axial depth |Spindle speed Stability Stability ‘Stability
of cut b n ( Experiment ) (TFEA) ( Frequency )
[mm] [rpm]
1 6 1511 S S S
2 6 1992 S S S
3 11 3000 S S us
4 11 3501 UsS S S
5 11 3750 S S S
6 11 4211 US US US
7 8 4188 S S S
8 11 4600 US us S
9 11 5201 US S S
10 8 . 5185 S S S
11 11 5850 S- 'S CS
12 11 6598 usS usS UsS
13 8 6594 . S S CS
14 11 7205 UsS uUsS UsS
15 11 7515 US US CS
16 8 7506 S S S
17 11 8024 US S S
18 8 8000 S S S

S, US and CS are used for stable, unstable and critically stable cuts respectively in Table 5.3.

Common cutting parameters are given in Table 5.4:

Table 5.4 : Common cutting conditions

Workpiece=Al 7075T6

N=4 teeth ( endmill )

R.=10 [mm]

K =796.077 [N/mm?]

K,.=168.829 [N/mm~]

R=25 [mm]

¢=5.7738 [mm]

$=0.1 [mm/rev/tooth]

¢max = 650

H=235.6
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Figure 5.3 : Simulated displacements for a stable circular milling operation cutting conditions
( n=1500 [rpm] and b=6 [mmY}, See Table 5.3 )
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Figure 5.4 : Simulated displacements for a stable circular milling operation cutting conditions
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| In order to simplify the solution and shorten the simulation time & required memory for time
finite element analysis, only one mode is taken into account from each direction. The 4™ mode of

x direction and the 1%

mode of y direction are considered as they are the most flexible modes in
these directions. The time finite element simulation results for stable ( test 1 ) and unstable
(test 14) cutting and FFT’s are given as an example in Figure 5.3 and Figure 5.4.

The chatter frequency for the unstable cutting condition obtained from time finite element
analysis is o, = 1260 [Hz] as shown in Figure 5.4. The chatter frequency in the experimental
result for the same cutting condition is ®, = 1220 [Hz]. Since the time length of the elements are
different for each tooth passing period, the data are resampled in order to take FFT. The differ-

ence between the chatter frequencies is coming from the resampling of the data obtained from the

displacement simulation.

Stability Lobes

30 T T LI S B T T T LI S
:}—Frequency Domain
i » Chatter (TFEA)
25| '| X No Chatter (TFEA) ]
O Chatter (Exp)
O No Chatter (Exp)
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u ,,,,,,,,,,,,,,,,,,, =
©
i
<
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Figure 5.5 : Comparison of experimental and theoretical results

The experimental and simulation results are compared in Figure 5.5. The continuous curve,

the stability curve is predicted in frequency domain by averaging time varying directional factors.
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Although the directional factors vary both in tooth and circular feed periods, their average leads to
linear frequency domain solution which is computationally efficient and practical. However the
frequency domain solution does not lead to accurate prediction of stability pockets and can be
considered only for speed independent or low axial depth of cut region around 8 [mm]. The time
finite element simulation considers the time varying directional factors but does not show any

improvement over frequency domain solution either. Although it is computationally several

orders of magnitude more costly.




Chapter 6

Conclusion

6.1. Conclusion _

Mechanics and chatter stability of circular milling operations are studied in the thesis.

First, the mechanics of circular milling is developed by modelling the kinematics of cutter -
motion and intersection with the workpiece. The dynamically changing cutter engagement condi-
tions are mathematically modelled as a function of cutter radius, orbital radius of the tool path,
spindle speed, step-over feed of the path, and feed rate. Since the immersions, the cutter engage-
ment conditions, change continuously during circular milling, chip thickness and cutting forces
vary with cutter position and time. The operation is simulated at discrete time intervals and the
immersions, chip thickness and the cutting forces are predicted for chatter vibration free cutting
_ conditions. The chip load and the static cutting forces are calculated and compared well against
experimental results. , |

The circular milling has double periodicity with‘two time delays and time varying directional
factors. The stability problem belongs to delayed differential equations with time varying param-
eters. First, the stability of milling with single delays is investigated by investigating the applica-
bility of direct stability method proposed by Olgac and Sipahi [31] for time invariant, delayed
differential equations. In direct method, tﬁe equation of motion for the milling system is defined
in state space, and the time delay term is replaced by a bilinear expression [29] which is valid
when the system is critically stable. Routh-Hurwitz array is formed by using the coefficients of
the characteristic equation, which leads to the stability check of the system for each trial cutting
speed and depth of cut. It is shown that Direct Method leads to the same solution with Frequency
Domain stability law proposed by Altintas and Budak [11, 12], but with higher computational
cost. Direct method still uses the frequency domain mathematical model of the process where
~ time varying, periodic directional factors are assumed to be constant by averaging them. It is not

possible to extend the direct method to the case where parameters are time variant, which is the

77
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fundamental issue in circular milling. Hence, the stability of the circular milling is studied in fre-
quency domain by extending the method proposed by Altintas and Budak [11, 12], as well as time
domain method presented by Bayly et al. [7, 8]. '

The dynamics of the circular milling is modelled in time domain by considering the structural
vibrations in two orthogonal directions. The dynamic model consists of two coupled differential
equations with time varying parameters which are periodic at the tooth passing frequency as well
as circular path frequency. Typically, the circular path frequency is at least an order of magnitude
less than the tooth passing frequency. The cutting forces which excite the structure have a delay
term which is equal to the tooth period. The stability is studied in frequency domain by linearizing
the procéss as follows. The time variation of directional factors are opened to Fourier Series by
considering the double periodicity. The circular path frequency is assumed to be a known integer
ratio of the tooth passing frequency. By taking the avérage of the directional factors at tooth and
circular path periods, the equation of motion became time invariant and linear. Also, the time var-
iation of the immersion is neglected by considering the worst immersion which becomes highest
at the center of the path. The stability of the process is solved by extending the chatter law pre-
sented by Budak and Altintas [11, 12]. The stability lobes obtained from the frequency domain
solution did not lead to perfect agreement with experimental results due to approximations made
to linearize the system dynamics. 4

In order to include the time varying dynamics of the process, the stability is solved numeri-
cally in time domain. The time finite element analysis presented by Bayly et al. [7, 8] is applied to
circular milling. The time in cut is divided into multiple finite elements, and displacements on
each | clement are defined in terms of shape functions and boundary conditions. The system
becomes a linear discrete map and the s;.tability is tested by checking the magnitudes of the eigen-
values. Dynamic displacements are simulated and used to determine the stability. Only the most
ﬂexibl'e rﬁodes in x and y directions are chd_seh in order to reduce thelrunning time and complex-
ity of the MATLAB program. The displacement simulations are compared against the experimen-
tal results and they are not in good consistency because of the assumptions made to simplify the

solution. As the time finite element method is a linear analysis, the method neglects the saturation

of the process such as tool jumping out of cut. By taking the difference between the displacements
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of successive passes and checking whether the tool is in cut, saturation of the process may be
implemerited to time finite element analysis. After determining the elements where the tool jumps
out of cut, free vibration equations are substituted into the equation of motion matrix of circular
milling and the simulation is repeated for new conditions.

Both frequency ddrhain solution and time finite element method give reasonable results at
low axial depth of cut b values but time finite element method is more time inefficient. Time
finite element leads to exact numerical solution but the matrix sizes become unmanageable if
more than one structural mode is considered in each direction. The prediction may improve all
active modes are considered. However even a simulation of a single mode in each direction takes
about twenty five minutes on Pentium IV CPU with 1.50 GHz clock frequency. Hence the
required computational cost and matrix sizes do not make time finite .element approach feasible in
stability lobes. Therefore the circular mill'ing dynamics can be analyzed by the proposed fre-
quency domain solution or computationally efficient, more accurate and new stability laws must

be studied.

6.2. Future Research Directions

The mechanics of circular milling requires further research by considering the helical plunge
motion of the cutter, which makes the process three dimensional. Only a two dimensional case is
studied in this thesis. The helical-circular milling is used as an alternative to boring and straight
plunge milling operations.

The chatter stability of the circular milling requires further investigation where the double
periodicity and time varying directional factors can be more accurately considered. The study
belongs to solution of delayed differential equations with time varying parameters, which is still
an unsolved problem in the literature. Instead of linearizing the process, time domain simulation

of the circular milling may need to be developed to verify the feasibility of various, approximate

analytical solutions.
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