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ABSTRACT

Let A be an n x n hermitian matrix, let Es(ay, ««., ag)

be the second elementary symmetric function of the letters

aj, -++, a¢ and let Cp(A) be the second compound matrix of A .
'In this thesis the maximum and minimum of det {(Axq, xj)} and
E, [(Axl, X1), eee, (Axk, x))] and the minimum of

Cor(B)x, X: , X4 X; ) are calculated. The
1éi1412=4.k(2 1 7~ Tipr Ty & T

maxima and minima are taken over all sets of k orthonormal
vectors in unitary n-space and xil A xi2 designates the
Grassman exterior product. These results depend on the inequality

E L B 2
Ep(ay, «ov, ay) < (5) ( 1(ay, ‘ ak)) which is here
k

established for arbitrary real numbers, and on the minimum of

E2 (xl, cea, Xk) where the minimum is takeﬁ over all values of

k k g
Kys =oe, Xy such that Z Xy = Z a; and Z Xg < f: oy
i=1 i=1 i=1 1 i=1
for all sets of g distinect integers Sy e Sg taken from

1, ---,k- }.‘Ierea,l2 »eow ?.(lk.
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MAXIMUM AND MINIMUM PROBLEMS IN FUNCTIONS OF QUADRATIC FORMS

I INTRODUCTION

The main results contained in this thesis are tﬁe‘solutiona
‘o the problems of determining;

min and max det (Axi, xj) , 1 €4, j 4 k;.

min and max Ez[(Axl, x1) e, (Axy, xk)];

min Z (Cg(A)Xill\ Xi, » X3, A%y ) ;
124<ipk 2 1 "2

where A is an n by n non-singular Hermitian matrix and the vectors x5

are constrained to run over orthonormal (o.n.) sets,

To this end two lemmas and a corollary on elementary symmetric

functions are established,

Definition'l,1 Let 1 € p < n be positive integers. The

elementary symmetric function of degree p on the k letters 81,0 ¢ vy B

is the coefficient of t¥°P in

k .
| ' (t + ai)
i=1



and written as Ep(a]_, * e e, 8y).

It will also be convenient to define:

N
Ep(ay) = EP(,al' Tty Bi]y 8441ttty 8).

Definition 1.2 Let %, - - o, X, be any vectore in ¥V where
P£ nand,
x = (%115 * * 0y Xpy)

xp"(xpl""’xpn)-

Consider the matrix

X1 * * * X1p

xpl * L] ] xpn .
Construct the (g)_ggesible p by p determinants from this matrix by

(1.1)

selecting p columns at & time, Arrange these numbers in lexicographic

order according to the manner of selection of the columns from (1.1).

Define this (B) vector to be x1 A - - - AX, €V(ny .
Detine this () rector to be 1 7 <(p)

Definition 1.3 For p € n define

qpn={{11, -_-.,1p3\ 161, < ---<1pen}

that is Qph has as elements sets of p distinet integers taken from

1, 2, * * *, n in increasing order. *

By x,,we shall mean

Xy = XAt AR 3 (1,0 ¢ ¢, 1p)EQ,

Definition 1,4 Let A be a linear transformetion on V,, to Vy.

Define the linear transformation C

P
we%n} %o be,

Ay on V to V by defining its
(A) on V(g *o Vg by defining i

effect on the basis set {ew
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Jp(A) eg ., A ¢« e Ney =Aej A+ « « A Ae
Cp(A) ey, 1, = Aoy, i,

where eg is the n vector with 818 in the ith entry.

For a detailed discussion of the theory and applications of

Compound Matrices see [6] .



II THE GENERAL PROBLEM:

In the rest of the thesis by Ay we shall mean (Axj, xi) .

The general problem is to examine the algebraic structure of

extremal sets of o.n. vectors for
(2.1) E‘-}»(Alr' R

(2.2) > (Ce(M)x,, x,,)
' ©EQm :

and to compute the extreme values,

For A semi-definite both problems have been completely solved

fqr both max and min, [3] ’ [5] -

The max and min for Ej(Ay, * * * , A;) 1is known for A simply

Hermitian [2] .

For r = k in (2.1) we are dealing with the product of k
quadratic forms, The invariance under A of L(xy, * * *, %), the sub=
sp’éce spanned by an extremal set xj, | has been obteined for A non-

singular Hermitian end the extreme values have been calculated [4] .

For k = n in (2,2) we are dealing with det (Axy, xj) ;

1€4, j$n., Max min and min max results have been established for A

definite [1].



III RESULTS

Theorem 3.1 Let A be non-singular Hermitien on Vp to Vp.

Let x3, * =+, X, be an o.n. set of vectors in V,,. Let P be the

orthogonal projection of ¥, to L(xy, * * * , x.)s Let Ay, « « ¢, A, be

the eigenvalues of PAP in L and uy, + - - , uy the corresponding eigen-

vectors., Then,

k X
det (Axy, xj-) = Hlj = H(A\_Ai, w) .

Proof's
Since x4, Xy ar'e in L
(Axy, xj) - (APx_:;, ijj = (PAPxy, xj)
-Hence | '

det (Axy, xj)A = det (PAPxy, xj) .

Now
%o =jZ: (%r wluy
Let
(x5 u) - - (xp, w)
X = -] = {(xi’ uy) }

(M w) - - - (x w)



k .
(PAPx 'X? x?) = (Z( X! uj) 'Ajuj) jzzl:. (x(;r uj)uj)

k. 4
= & Ml ) Gep)
= (X["X*)(d’e )
Hence

det (PAPx , xe) = det (XF'X*) = det (XX*F’)
= det'-::(r') —.jrr .Ai

since

{ (jzl:( » u3><‘;T;,>)“9 }

= { (22 (x5 “j)“j , Z(x‘,, uJ)uj " }

j=1

{(xd, x?*?}
e«ei

w

Theorem 3.2 Let £(x7, + + » , x) = det (A:q_,‘xj) where A is

n by n non=singular Hermitian neither non-ﬁr_lgsative nor non-.-l;ositive and

where xj3, « « « , X i8 an o.n, set of vectors. If x;, . « . , X, i8

an extremal set then L(xj, * + -, x,) is invariant under A. (k <n).

Proof: Define uj and P as in theorem 1 for the subspace L(xy, « « o %)

Then
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det (Ax;, xj,)__= det (PA_P&. xj) = det{PAPu;, “j)
"and
L(xyy o o 0 s %) =0(8y, o 0 0y u) &
Assume L(xy, + . . , %) is not invariant, end say © = (Auj, v) £ O where
ve L'L(gl, e ey u), Vil =1, |

Set

uy - tov

I - - -
1T A2
u'l 3915'1=2,.00;k L]

G_qnsider f(g'l, -. . . t}'j)

-1 (AR'., ul ) o oo oo (Bu's, u')
i—;—tz—re—'—z- 1 1 1 k

(Au'y, u'y) o oo v (Au'g, u'k)

= — t1| | (Auj , u'y) (Au'y, wy) o . (Aufl, u,)
R (Ausy, u'y)  (Auy, uy)
. .
) 0 ' .
(Auy, u'y) (Auy, w,)

Since the ujy are an extremal set we must have

(%{;)t=0 ;--O

Note that (Auj, w0 = (Auj, up) = (PAPuj, u;) = 0for j>1 .
> o ' - =2 1p)2
Note also that S? (Au'y, ull)t=0 -2 IQI

Hence



(bi) - -2|Ql2 MY - Vv
ot /im0
0 (Aua, us)
: . 0
0 ) .
0 ' (Auk, uk)

All other terms are zero since differentiating the ith row
(L > 1) and setting t = 0 gives rise to a determinant with all zeros in

the ith c¢olumn, Hence

(%%)tho = -2lpr® [ﬁ (hugs uj?] =0

and since |€| £ 0

k
. l ‘ (Auj, uj) =0
j=2

Thue either max det (Axy, Xj) = O or min det (Axy, xj) = O which implies
either det (Ax, xj) €0 or det (Axj, xj) 20 for éll'mhoicea*of |

X1y o o o 5 Xy Oléarly det (Axy, xj) takes on all possible p?oducta of
k of the eigenvalues of A, This implies that the eigenvalues are all of
the same sign since the product of any k of them must be of the same
sign, But this implies that A is definite contrary to hypothesis,
Therefore L is invariant under A, Therefore we havé

k
min (max) det (Ax;, xJ.) = min (max)Tr 1,1
i=1 .

where (r1, « + « » rk) € Q, and 11, N "An are the eigenvelues of

A.

Lemma 3.3 For a1, + + « , 8 arbitrary and Ar‘ee.l

Ep(aly « o s 8) % (k)(El(al, e ,ak>)2

2 k



Proof's Let
By =Ei(a), « o o ,8) ,i=1,2
EiA = Ei(al’ ¢ o o g ak_l) ’ i-= 1, 2

2 - 2
fi(ay) = By = k El_ =B -k=1 &
_ 2 k 2 2k 1

Assume the lemma is true for k = 1 numbers 81y o o o 5 By o

4 A A k" 2
dak[akEl * B - g~ [ax + 5] ]

d
day, Tx(ak)

ET -k;_l (8 * E)

and
a2 k-1
—Efk{ak) =~ = < 0 everywhere,

. d _ 1 A
Hence £, (a is & maximum at f1.(8 =0, that is whena), = > _ E .
k( k) W k( k) ’ k X 1 1

At this point

filer) = —L (8{)2 + BS - k Ekl (% 1) (27)2

k-1

B2 k-2 Efz
2 7 2 K -
£0 .

' ) 2 wgq? - go2
For k = 2 we have 5 = aja -‘-(9‘11_""9'2) =1 2 € 0 ,
‘ 2 122 5 __T__. ,

it

fl

Lemma 3.4 Let o2 , 2O

K k
(1) PIMEAED M

8=l s=1

(2). ij X f: - U € S P ) X

s=l
1€ j€x-1
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then

Min Bo(xyy o o oy %) = Ep(%y; o 0 0 ,Ay)
Proof': The value is taken on by setting x4 =ACii in which case (2)
holds because Cil +o.. +_CZj is the sum of the largest j 's while

Xig Yoo *~xij will be the sum of an arbitrary set of jcl'é.

Either min Ex(%3, « . « , Xy) is taken on when all of the

inequalities (2) are strict, in which case

(3) axi[E(x""""k)"/‘( .-R)]r.o

or it is attained when for some t, 15 ¢t %k~ 1,

(4) xil+"'*xit=dl+"'#dt’
that is, when one of the inequalities becomes an equality,

Case 1, If (3) is true for each i, then

El(ﬁi) "/L( =0
; A
= El(Xl, e o o xk) = xi + El(xi)’

/L =z R = x4 L
k/L:kR'-ZZXi

i=1
k)L =(k-1R ,
}L = T R ,
x4
Ex(Xyy o o o 5 xk) = (1;) (%)2

- (‘;)(Eﬂdl . ;c . dk?)z

2 E2<0(1 . o o dk) by ienmla 2435 o

n
by
-
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That is, any relative min in the interior of the region defined by (1)

and (2) 18 2 E;( X, . . . dy) .

(5) Assume that for each W, 2 < W <k = 1, the lemma is true

for all sets ayj 2, ., . =¢a,.

Case 2, (4) applies,

Define E; of a single number to be zero. ‘I‘h;an

Ez(xl, e o+ o xk) = Ez(xil, . o.o xit) + Ez(xit+1, e o @ xik)

+ (xil * e o o + xit)(xit*l + o o o + xik) .

(6) Ea(x11, * o @ Xit) + Ea(xit+1, e o o @ xik)

+ (‘xl+ ¢ o 0 +Cxt)(agt+1 +'o LI ] 411k) 9 1 é‘t é‘k -1 ’
since (4) and (1) imply that

(7) xit*l + s e @ + Xik = c¥t+1 *'o e o + Cik .

Now,
E?_(xil’ ) xit) B Ez(ah e+ ey dt)

because by (4) and (2)

fad

o4
]

L]

t
2. %,
g=1

3 A
xﬂs £ 5 da (Fly o an)é(il, ¢« o oy it)
i 1£3&t1 -1

we can apply the induction step (5) for w=tend ay = X3 , For t =1

we have by definition Ep(x1) = 0 = Ex(Q4), Ex(x) 2 Ea('d1) .

Also

EZ(xitq-l: v e sy xik) }Eg(dtﬂ,, e o oy dk)
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because by (2)

Xil"'..."'x;lt"'x +.oofx

t+1 t+j

P
S0 v, v X, L +aw
and therefore by (4)

th+1 + e« o o + x'at".jé dt*l + * o .0 +dt+j

together with (7) we can apply the induction step (5) for W=k - ¢ and

a1=dt+1,...’ak_t= dk .

Hence by (6) |
Ex(X1y o o o %) 2B (01, o o 0 0) * Ex(Ogapy « « o 5O0y)
o N IR "/ 1 SRR S A |
= Bo(Ky, v oo ,Ay) .

To complete the induction we need to show that for w= 2 the
lemma is true., In this case
x & 0,
X, £ &, ,
x) *xp = &y + A,
Therefore x1; 2 A, , %3 2 A, and we must show that
min Ep(x; xp) = O &L,
Ea(xy xp) =3y xp = xy(Ay *Ap - xp)
Since a_i%z[xl((xl +0(5 - xl)] = =1 <0 in the entire interval,
Ky & x4 Oy, the minima sre attained at x; = Oj and x1 = X} and

in both cases we get dl 0(2 o

Lemma 3.4 is an extension of a result contained in [5,] to the
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second elementary symmetric function. If the variables were restricted
to positive values then the result is contained in the result referred

to aboye..

Corollary 3,5 If X, % - (X,+, ,, + ) ; o(i,,lé a’i;
k k ‘
1 =2, ...k; 5 % =08and g’;xis-zozs,(il,...i)eo,k,
’ i=1 g=l ° =il R Y=
1< j% k=1 then
Min EZ(XI, > o o Xk) = E2 [dz, e o o 3 dk, - (d2+ « o o +dk)]

Proof's SetO) == (O * . , , #dk). Then Oll?- Ay, . . Qdk .

3 .
Zldag._(a{2+',.+otk)+d2+...+,o(j
=

>
= - X
s=j*l 8
Therefore we have
21; 3
8= : s=l
and since
k -
Zdsz-(a2+o00+dk)*d2’+ooo+dk=o
s=1 .
we have

i Xy = Zkz.o(e .

8=l 8=l

Apply lemma 3,4 and we have the result,

Theorem 3.6 Let A be Hermitien with eigenvalues 7\1é . e .>7tn.

e D 3 WIS xs(}.m
s=1 s=nfk*1
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max Ex(Ay, « o oy Ay) = (g) (%) 2

where max is taken over all sets of k o.n, vectors X19 o o o 5 Xz o

Proof': By Lemma (3.1)

Eo(A1, « « « A@ﬁ (k) (El(Al, c .o s AY) ) 2 R

2 k

By [2]
n- . k k
2. s = Dl At 1 Ag

s=n=k+1 s=1 5=

which implies

Ex(Aly « « « 5 &) £ (1;) (%)2 .

The value is attained since there exists k o.n, vectors Yis o o o s Yx

such that

k -
P 2z
(Ayy, ¥3) = <1 y 1=i=k

-k

and k o.n, vectors z;, . . . 2z, such that

n
A
(Azy, 29) =5 1 ° ’
k

Theorem 3,7 Let A be n x n Hermitian with eigenvalues

A1, . «>A, . Let x, « .., x4 be an o.n, set of vectors which

minimizes E;(Aj, « « o Ape+y)e Let L be the subspace spanned by

X}y o v o Xg+1o Then L is invariant under A ifs

(a) Either of
7\1 + ¢« o ® + Rk<o

(1) |
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is true or:
(b) both of
Mt L tA >0
1 k
(2) .

Apte et A g <O

and one of
(1) AL > = (Ap*. .. *Apm) ,
(11) = (Rp* oo v #2000 D A1> = (P + A s
e .+ .;\n)

L] L s

(3) (111) = (Ao * 0\ o * Ay # Apcictsl ¥ o0 FAL> Ay >
(Rt e e TR P A Y e o T A,
2€1£€k-2 ,

(1v) = (Rp*o oo P2 * 20> 2> «(Rg %L 0+,

are satisfied,

Note: The theorem states that for any Hermitian matrix with
distinct eigenvalues and whose largest eigenvalue: 7\1 is not equal to
any of the k numbers

(1) = (Ap*e. . *Ap)
(1) = (A * e v e * ALY Ao fugsy * o o o ¥ RY)
2%3i€Kk-1 '
(iii) = (%n—k"'z MR "“An)

L is invariant under A,

Proof:  Assume L is not invarient under A and that Ax.+y & L,
Therefore there exists a unit vector v € L such thet (Axy+y, V) = e £ 0.

Let

x'i-_-xi fo!‘i:l,...,k,
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: X+ -~ tev
X =
K17 1+ t216)2 ’

Al = (Ax'y, x'4) .

Clearly x';, . . . ,.x'i 41 1is an o.n, set of vectors, Since

X1y o o o 3 Xyl i & minimizing set for the functioh'Eg'(Al, o o oy Akt+1)

we have
[s% BU, - Afkﬂ?]t___o =0
or
{2’ (A" )—J . E].(A/'\k-t-l,) = 0 .
SRR it 4
-Since
[ W], =2ig® 40
we have
B(A) = 0,
and we arrive js.t t};e result that
(&) Min Es(Ay, « .+ o Ap4y) = Ep(A1, « + o, Ag)
and ’ A
(5)  Ey{A1y o o o 4 A) =0
Case (a). If one of the expressions (1) is true then by [ 2]
one of 4 | |
max 2:-:111 <o
min $ AL >0

. k
is true which implies that Z Ai £ O for any o.n, set X1s o o o 5 Kiee
1

But this contradicts (5) which in turn implies that L is invariant
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under A;

Case (b). Both of (2) hold and one of (3) holds,

J ) J
(6) 2. by 2 T A, by [2]
) s=1 8=l
and
j K
A = - A , b
5 ¥s s%’l g 4 (5)
X kg =3t as = 3 A ]
A = A = ’ by (2
(7) g=j+1 Yo 44 Tfe - &
Ay £ < A
8=l 8 s=n=k*j*1

The plan of the proof is to determine a lower bound for min
E3(Ay, + « o 5 Ax) under the restrictiom (5), (6) and (7)jand to show
that this is greater than an attainable value of-Ez(Al, e o oy Aphl)
which will be a contradiction of (4), ’
Case 1, (2) and (3i) holds,

n

K-
Then ). Ng= 2. A

Set dk"j = R

‘ wJ e s=n-k+j*+1 s=j*l
which with (7) gives
j k
Also
(9) O(i-c-l < di ’
and since O, = Rn_k*z L ¢ An_.kﬂ and by (2), 7‘n-k+1 <

(10) Ky < = (O + oo + Xy
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since = (o, * ., . .+ X)) = (A Lun *' o A .
Because (5), (8), (9) and (10) are valid we can apply éorolla.ry 3.5 to get
BaA1,  » vy A = Bploty, o 4 h, Xy (O L 4y ]
Ep [kn-k*av “ o .-,, Any ~(Apaptr ¥ . o o ¢ An)] ‘

=Ex(App#2y « o o5 Ap) = (Appen oo o * AL)2

By choosing appropriate éigenvectors for the xj an attainable value of
Ex(Ay, « « & Ak"'l) is |
Ep(A 1y Apektl s o o o s Ay)
= AP Y (AL A ) (Rpapen * 0 o 0 HAY)
*+ Ep( 7\n-k“'2_9 L ’v7\n)' |
= M(Apper ¥ oo ot At
Ppeicti(P * A L Y
*Ex(Apupt2s o o 05 Ap)
and by (3i) and (2) this last expression is
LA PRpgan ¥ o o o *20) *Ea(Pppany o o oy Ap)
e (At * o o W ¥ 7\#)()1 *Rn-ké R Rn)
=Ey(Ppyens » o o5 Apd = (Pppwa o 0 o * an)2
< By(AL, o . . By) '

which contradicts (4),

Cases 2 and 4 are special cases of 3 but in order not to get

involved in any ingenious devices we have split it into three cases,

Case 2. (2) and (3ii) apply.

Set Oy = =( A4 +7ln-k+5 +...% ) and dk—j = 'An-j ,
§ 20,1, « . , k- 3. Then by (311) Apeits < =(Ay A, 43
AL NN K Ay and since Az = A 143 we have X3 < Xy, From

this and because the 7\3‘3 are ordered,
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(11) Xy £ Xy 1=22,.,..k=1,
By (511) Ap> =(Ap +A s * o oo * Ay) = X, and since’
Ay <Ay ==(8y + ., .+ A) we Have |

(12) d2< -(d2 + a'q o‘+-dk) .
: k . n
By definition of Xj we have 2. ;= Q. Ag for
s=j*l s=n-k*j+l

k
2% j<k-1]while = Z g = A}. Therefore by (6) and (7) we have
8=2

(13) i:’ Ay, = - i ds- .
‘ s=l ° 8=+l
By (5), (11), (12) and (13) we can apply corollary (3.5) to get:
Bp(Ay, « « o &) = Ep oy, o v L Oy, (0 +. L tol)]
= EZE‘(-'\I *Appzte .ot Rn%?“n-kﬁ AT Al]
= E2(7\1,' A peictss + o ,‘,xn) “ (P s e .
+ Ap)?
An ettainable value of Eo(Ay, . . « , Ap+) is
B (™ P2 Apasa s v v 0 r Ap)
SN VL N O YL B W T A4 ?Ln_k_,}ﬂ Lt A)
*Ep( Py, Aptss + « + s Pn) '
= Apaeea( AL+ Po +Anpes 4L o A
AP * ez te o ot AY) |
+ By( A1, Apek+3se « o5 Ap) A
and by (311) this expression is ’
< "(_7‘1 +7\n—k+5 .. Wt 7\n)(7\1 + A, +%—k"’5 Wt AY)
(P Apares te . ot AR)(A2) |
* BN A peagr - v 0 )
= Ex(P 1 Apek#s 5« ¢ o 9 Ap)
RO, S WL
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< Ep(Al, o o0 o, Ay)

which contradicts (4),

Case 3, (2) and (3iii) epply.

Set d8=.AB 8=2,.oo,i
Oyap = =(Py 4 o ot Py + A priea *o o ot )
o

Aps. 8201, 000, k=12,

k-8

K
Fork=12§>1, > o, =0 *+...+0y =

s=j*l
n
ln e ot .A‘n_k-fj-‘_-l = Z A, and therefore by (7)
s=ne=k+j+l
k
(14) iA, £ae 2 A, .
s=1 ° s=j+1

k
Fori 2§21, 3 o=
s=j*l

(dk * e et di*z) +ai+1 * e et dj+l = ’An * ... +An—k+i"2
S ALt A A e e ) A L Ay
== (2 *. S Rj) = - Ay and therefore by (6)

Ag .

k
(15) Zj:. Ay, £ =
s=l s=j+1

We may combine (14) and (15) to get

k
s=l - s=j*l
In order to show that O{j4; £ X; we need only check that
011..2‘—‘-. Kygy = & since for all other indicles the ol's are ordered in

the same way as the A's, By (3iii) and the definition of Xy 41 we have
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Olyag *+ A =P > A > Xy + Ay = Ay
or
"Anekta > - A > Ay
or L .
A4 > G4 > AnpHin
and since O3 = Ay > Aya, Ol = Akt < ‘an_kﬁ-&l we have
Hyup< Hyyy <&y - |
so that
(17) oljﬂédj 2<34k-1 ,
Also since. Ay = =(0(p +, , , ¢ O(k) end Ol = A5 we have
(18) Oy <= (0 %, .., +0)
Because (5), (16), (17) end (18) are valid we can apply corollary 3.5 to
get
Ep(Arse o oy By) = Ep0fp,0 o oy O, =( 0% ot X))
=E2[7lz’- cer Agy (A1 L A A e L Wt AY),
Apictirors « 00 AmAl | |
= Ex(Alse « op Ags A phidore o or An)

‘ ' 2
- (21 *o oo Wt ai +7\n—-k“’i"’2 +. . o‘+ ‘An)

An attainable value of Ep(A1, o . + , Ap+)) 18
Ex(Ay, o o o A34 97‘11-1:"‘1_."'1’ e o oy Ap)
= Agap Aol T E2(ALre o oy Agy Rpgiezee + o Ap)
* (,?\'1"'1' Akt (At FAL FA ke e ot Ap) ’
= Apgern( A% 0 PR PR e ot A
(A N A P e e PRy
YE(ALse o os Ags Rppaganse o o0 Ap)

and by (3iii) this expression is
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S =(Ap % o o Ay P A o AR) (A % 424y
Akt te o FAL) (AL Lt AR e e
FAD A TE (A0 o A Ao ¢ o Ap)
= =(A] *o 0ot A A ke o ot AP
*E (. o oo A4, Ap-k+i+2s+ + o) 2An) ‘
£ Ey(Apye o oy AY) |

which contradicts (4).

Case 4, (2) ax;;d (3iv) apply.
Set oly = Ay 8 =2, 4 00495k=1
Ol ==(Ay * 000 *Ap)

k =]
By (6) and because - Z Ag = - i o(s-dk=23;' Aq

we have
ZJ: k
(19) Ayy € = 2, 0 , 1%j5%2x-1 ,
, s=l 8=j*1
To show that dj+1 < O(j we need only check it in case j =k = 1,
Since dk—l = 1!(-1 > 7‘1: and since by (3iv) we have 7\k> (A 4 ..

+ A1) we have O £ A, | and therefore

(20) Ay % 0(5 243j4£x-1 ,
Also because dz = 12 and 7\1 = -"(dg *.0 0t dk) we have
(21) dz < "(dz + e o o + dk) . .

By (5), (19), (20) and (21) we can apply corollary 3.5 to get
Bp(Alse o o M) B[00 o 0y Oy, =(Ap %0 ot dk)]
= 32[7\2,. R W S VN S . v
= =(Ap oo A VP E(RL. L0 Ap)

An attainable value of Ep(Al,. « « Apay) 18 Ex(Ag,e o o5 Ay, AL)
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= AL AL (A * A (A Yo w A )
*Ex(A1,e oo, Apy) |
S Ap (A % A FAY AR Lt R )
*E(AL 9 . oA ) |
Co(Ag *o A WAL L v AN + (A * L AR,
*Ep(R1,e o vy Ap)
==(Ag o4 ot AL 1)2 *Ex(Ry,. o o, Ag)
€ Ex(Apse o op Ay) |

which contradicts (4) and the pfoof ie complete,

Theorem 5.8 Let A be Hermitian with eigenvalues

’Al?‘o-oaanc Then
Min EZ(AI’ o o » A-n) = EQ( a]_! s o o ’;\n)

where X1, . » « , Xp range over all sets of n o.n, vectors.

Proofs
E_Z(Alt « ooy Ap)

- 2. (Axgy, xq,)(Axg,, X4,)

1511<12$n
> z -: d A =1, 2
ol ot ( x.j_sp xit) 8 ’
1<124n :
t=1, 2
= Z (Co(A)Ri, A1, » XiyA Xi,)
1€14<isen - 1 2 1 2.

trace Co(A)

E2( %l’ e o e An)

and the value is teken on,

Theorem 3,9 Let A be Hermitian with eigenvalues

Ai= ... =A,, Thenforl£k<n,
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Min Ey(Ay, « « o Ay) = Min E2(7\11, ey ’A‘ik) ,
(119"-9ik)eQ1,m |

where %y, . . ., X, run over all sets of k o.n. vectors,.

Proofs There exist sequerices

e;‘ = {ei ge o oy e; ge o o } J i = 1’. ¢ oy n

such that for each j
(1) (Ry* €y v vy (R * €]

satisfy the hypotheses of theorem 3.7 and also Lim 5% = 0 for each i,
j»o0

Thie 18 true becausé violation of the hypotheses implies a finite number
of limear equalities to be valid which can be made into strict inequalities

by erbitrary small changes in the 2A4‘'s,

For each j let A, 3 be the Hermitian matrix with eigenvalues (1),

let';f'(AEj‘)«i = (Aej X5 xi), and let x'l, e+ oy %', bea set of k o.n,

vectors which minimizes E, [(Aej)lr e v oy (Aej)k] . By theorem 3.7

the subspace L(x';, . . . x'}) is invariant.unde'r_Ae_and if we minimize
J

A restricted to this subspace then by theorem 3,8 this minimum is equal

to E5( &y, « « o 4 Oly) where !y are the eigenvalues of Aejrestricted

to L(x'3, « o « x'k); Since L(x';, « + . , X'y) is invariant under AéJ.
we must have that 0(-1, . . oe O‘nk is a choice of some k of the eigen-

h
values ’A| ‘1, o o .hh é Say Ri ’_‘. . o 9 ‘Ai € By Ghoo&ing the x.i tO

be eigenvectors we can attain all the values Eg[ Ri + Ej Y o o o

(Ri + € k):l and therefore
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Min.E2 [(Aej)l’ o o+ o (Aéj)k] :

i 1k

= Min EfJ{ As.* € )se o op( A fe)]
2 3

((A1seeesip)eQm [ & 17 v )

Taking the limit as j —> ©O gives the desired result,

Lemma 3,10 Let

D (CA) x,, )

a)equ
E](Azy, %)), .+ . ., (B2, 7))

where A is n x n Hermitian and both (x3, . « « , %) and (21, « « « , z))

f(x1 * e @ Xk)

1]

g(z) « . . 2g)

range over o.n. gsets of vectors, Then

Rng (f) C Rog (g) .

Proofs Let P end w be defined as in Theorem 3.1 for L(x), . « « , X).

D (0(a) x,, %)

f(xl « o o xk)

CJEQrk

= E (Cp(PAP)x,, %)
we Qri

= tr [ Cr(PAP) ]

= E (Cr(PAP) u_, u,)
Oég,rk . .

= Z: det 3 (PAP uy_, uy,)
1éil<ooo<irék {' 8 t }

= Z ;‘j-l (PAP uis’ uis)
1‘51]" o o‘.irék .

r

= L (Aug, ui)

1éil<ooo<ir§k ;‘-5“' ® 8

g(ul, e o o uk) .

Theorem 3,11 Let A be Hermitian with eigenvalues

A= . E?nn. Then



26

Min 2 (CZ(A)xil A Risy Xig A xiz)
14i1<i,%k

: Min E ( Adas o o o 9 A )
1€j1<ec0<iysn i i

where X;, « « . , xk' renge over all sets of k o.n., vectors.

Proof't By lemme 3,10

2. (Ca(Mxy A xiy, Xy A )
14472404k 2

= Min Ez[(Azl, Zl), e o o g (Azk, Zk)J

and by Theorem 3.9 this expression is

= Min Eo(Agay o o 0 s Aqp) o
(115000 i )eQe 1 S

If 54 is the eigenvector corresponding to Ay then

P (Co(A) 53, ~ S5,y B3, A Ey,)
1445 y2k 1 2 A 2

(Agil’ Eil) (A E’il’ g'."1.2)

- 22

léil<i.2$k

(A LEPY :11) (A 1,0 212)

= Z ‘Ai %1.=E2(7\1,...,7\1) .
% v T S 1 k

Hence Min Eo( Ail’ v s oe s Rik) is taken on.
(11""’ik)teQ’1 )
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