PAIRS OF MATRICES WITH PROPERTY L

BY

JIH-OU CHOW

A THESIS SUBMITTED iN PARTIAL FULFILMENT OF

THE REQUIREMENTS FOR THE DEGREE OF

MASTER OF ARTS

IN THE DEPARTMENT OF MATHEMATICS

We accept this theslis as conforming to the
standard required from candidates for the

degree of MASTER OF ARTS.

Members of the DEPARTMENT OF MATHEMATICS.

THE UNIVERSITY OF BRITISH COLUMBIA

April, 1958.



ABSTRACT

Let A and B be n-sguare complex matrices
with eigenvalues‘ll,;X2,---,;}h.and/p&,/p%,-‘-ﬁjxn
respectively. The matrices A and B:are sald to have
property L if any linear combination aA + bB; with
a, b complex, has as elgeanvalues the numbers ali + 9*3’

i=1,2,*",n.

A theorem of Dr. M. D. Marcus, which gives
a necessary and sufficient condition such that two
matrices A and B-have property L in terms of the

traces of various power-products of A and B, is proved.

This theorem is used to ianvestigate the
conditions on B for the special cases n = 2, 3, aad

4, when A is in Jordan canonical form.

The final result is a theorem which gives
a necessary condition on B for A and B to have

oroperty I, when A is in Jordan canonical form.



In presenting this thesis in partial fulfilment of
the reguirements for an advanced degree at the University
of British Columbia, I agree that the‘Library shall make
it ffeely available for reference and study. I further
agree that permission for extensive copying of this thesis
for scholarly purposes may be granted by thé Head of my
Department or by his representative. It is understood
that copying or publication of this thesis for financial

gain shall not be allowed without my written permission.

Jih-ou Chow

Department of - Mathematigs

The University of British Columbia,
Vancouver &, Canada.

Date April 16, 1958,



http://Ma.thema.tins

ACKNOWLEDGEMENTS

I am indebted to Dr. B. N. Moyls and Dr.
M. D. Marcus of the Department of Mathematics at the
University of Britlish Columbia for directing and

supervising my work,.

I would also like to express my gratitude
to the_National Researdh Council of (Canada fof

considerable financial assistance.



TABLE OF CONTENTS

1. INTRODUCTION ;..................;...........;.- 1
2. A NECESSARY AND SUFFICIENT CONDITION FOR

PROPERTY I, ***cvvcsceccsccscsccccccvsscecsscscscs D
3., APPLICATIONS *****ccsevcceccocsssacccesassccnse
4. THE NECESSARY CONDITION ON B SUCH THAT

A AND B HAVE PROPERTY L ® ¢ 00000 00000060 s00cs0000 0 15

BIBLIOGRAPHY ® 0 8 20 00 0 T W 20 PO 00000 G S LGOI OGESESOEOECEEDN 22



1. Introduétion.

Definition. Let A and B: be n-square coumplex

matrices with eligenvalues l,,lq,---,)qland/A,vu1,°°°,/xn
respectively. The matrices A and B:are sald to nave property
L if any linear combinstion aA + bB; with a; b complex,»hés
as eigenvalues the numbers alA + bu;, 1= 1,2, °,n.

In 1952 T. S. Motzkin and Olga Taussky [1] oroved the
following theorem: o

Let the n-square matrices A and B have property L.
Let t be the number of different eigenvalues of A and assunme
ﬁhat all the eigeavalues A of A are arranged i sets of
equal ones. Let m, be the multiplicity of the.eigenvalues XL
of A and assume that there are m independent eigenvectors
corresponding to eacbﬂxc Let m; be the corresponding eigen-

»* _ » -
values ¢f B. Let B.= P 1BP where A = P ¥AP igs in Jordan
canonical form.

Then

Biy Biooe Big

Boy Boo 't Boy

¢ o 06 0 5 800600 0 00

By1 Byo ot ® By
where B, 1s an w,-square matrix ( 1 = 1,2, «+¢,t ) and
-5 l=T -
IxI B |._i=.,xI BiiL
e 1 ¥* . > .

Furthermore we have Einikbki where the summation is over
all i<k with (i,k) outside of every By (1= 1,2,*"+0 ).

In the above theorem A is restricted in that it is
similar to a diagonal matrix. In the preseat paper we consider

*
tbe structure of B for more general types of A. We first



oresent a result of Professor M. Marcus whlch gives a necessary
and sufficient condition that A and B have property L in
terms of the trace of various power-products of A and B.
We then determine the resulting speclal conditions on B
for the cases n = 2,3 and 4. We conclude with a general

necessary condition that & and B have property L.

2. A WNecessary and Sufficieat Condition for Property L.

Theorem 1. A and B have property L i1f and only if
y Xp ¥ 1 0 -
(1) trace( L, a 1l TE'T) 2 (g)(l;\}f /}‘ Py, 1%p2k, 1%k n,
l+--o+Xr_ p =
Yooty = k-p

Xlzo, X2’000,Xr>0

y 20, yr_l’...,yfo

where l,,)u, °'°X~1amijh,)¢,---,)xnare eigenvalues of A
and B:respectively.
Proof. If A and B have property L, then
L4
trace( aA + bB ) = Zﬁ( aA+ bpy)
1 k = 1 . K 1
and trace (ad + bB)" = ] ( adx+ bpu)” (k= 1,2,°+,n ).
PESY

Expanding both sides of the second 1dentity, we have
k=1

1.7 I
akurace A-+z:,a~bk Ptrace( 2:4 A B l°-°A B ) + bktrace B

p= l+...+Xr.._ p
Yy+ee+¥, = k-p
120, 2,-0,}( )o

y 20, Ypo l’.."y]}O
=akll +La9bk'p( )Llp Kup+ bKLjA.,

. P_k-P
The coefficients of a © (p=0,1,*++,k) in both sides of

k

the identity must be equal, so we have the following conditions:

i
trace AF -_-Z ),f{, ‘trace B —Z‘/A& and
v=

L=t
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1.7
trace( ):4 A 5 l"'A B = ( Z:)ﬁ) ), 1%p3k,1l2k<n,
Xl+...+xr =P
Yi#e oo +y,. = &-p
120’ xg’onc,x )O

yriof yr_l,"',y1>0

X

Conversely, 1if
n

X,y X, ¥ : _
trace( E A lB l---A Ty r> = (i)(l:;x?/wf p), 1<p<k, 12ksn,

v=i

then trace( aA + DB )

= trace( akAk +Z..apb‘{ pZJA 'l-nA tB T kak )
y Xn Vp '
:Asktrace pK +~Z:apt3\ptrace()_aA lB l--«A B ) + bk’tr'ace‘BK

Z:(a A+ LaPot R 9P LER L

’_‘Z.( ah + b)A)
kv K
.. trace( ah + b ) = Y.( ak+ bpm)®, 1tken.
L=\ )
For brevity of notation we now let

alA + bB = C and a’/\/i-;- b)AizYi (1=1,2,°°2yn ).
Suppose G has eigenvalues Si’ (1=1,2,¢+,0 ), we want to
* H 1
prove that the Sis are exactly the‘Yis.

Since there eyxists a unltary matrix U such that

K
gl % 8.. SK *
Lo | & ~1K S _ .
U CU—— . al’ldU (JU-— . » k-— 1,2’ .‘,n’
. . k
o 3& 0 gn
are upper triangular, then

n
Elf‘? = trace ¢X = trace UTic® U —-ZJS& =S 1%k<n

=)

By Newtoa's formuls for symmetric fuanctions, we have

P = rational function of 81,52,~-~,Sk,
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where P 1€k<n, are the elementary function of the n

variables §,, $2, +++, Sn,and £(x) = x-p xn_l+-~o+(-l)n_lp
n

n
= 0 1is the characteristic equation of ¢ . But S, :‘Z*rli‘,
v !
1%k%n, so Pics 1%k%n, are also the elementary functiong
of ¥, %, +++, ¥n . Hence these are also the n roots of
the characteristic equation f(x) = 0 of C. Since
f(x) = 0 is of degree n and has only a roots, tthe Si's
Y. Y A+ -
are exactly the 1S Therefore ¥, = a i+é“i ( 1i=1,2,>,
n ) are the eigeavalues of C = aA + bB. This completes

the proof of the theorem.

5. Application.

In this section we shall determine explicltly
necessary and sufiicient conditions on ihe coefficienté
of an n-square complex matrix B, when n = 2,3 and 4, such
that A and B have property L by using the Theorem 1.

We ‘assume that A is in Jordan cannonlcal form.
b, b,

XL

There are three cases to be considered.
5 ;

Case 1. Whea n=2, suppose B:l }has eigenvalues/yﬂand)uZ

A,
(1) Let A :[
(o] )\.;_

] sA#A,, then A and B have property L

If and oanly if b12b21 = O. l
Proof. By Theorem 1, A andB have property L if and only
if the following relations hold:

trace (B) = by + b£2 :/‘*1"'/‘*2_’

(2)
trace (AB) = bll)u,ﬁ» bgg)vz:/i‘)%%)hz.

or (M-byq) + (M,-by,) = 0,
(=D )M+ (1 =by ) As = O,
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Since 1 1

=A_ A £ o0,
N 21

M =bll and/u2 =b22.

N =b b - b b = - b
OW Mypy = Dy Doy = Byy Boy =MGM =By, By

b. b =
12 21
Conversely if b

12b21 o, thenjxl = bll s M =D and (2)

2 22
holds.

-e

then A and B have property L if and
o)\.

only if b =o.
7 21

(ii) Let A=,A,1J

P f t B) =D b = ,
roo { race (B) 11 * Pos My M,
trace

_ (8B) =A(b +by,) + by = A ko)
¢ @ b2l= _O_,,,;.

This is clearly necessary and sufficient.

(iii) If A =AI, then, for any B, A and B have property L.

Proof. The characteristic equation of oA +@B is
(3) qu+@B-GI‘:oJ

or ﬂzx).l +@B -crII =o0.

If @ = o, then the eigenvalues of o A are both o X.

It @# 0 , (3) becomes
IB - g{-“g’) Il =0

S,
If B has eigenvalueSf&l and}AQ , then each m. =
and § . =
i

@ 6
= o A -F@/Ai , i=1,2.



Case IT . n = 3.

We let B = (b, .), (1j = 1,2,3) have eigenvalues
M Mo and)AB. ‘
There are six cases to be considered, but we shall give
the proof oniy for the first case and state the necessary and

sufficient conditions for the rest without giving thelr proofs.

A0 O
(1) Let A =[o A, O ] , Where X.,Xzand K3 are different, then
0 0 Ay

A and B have property L if and only if

(4D m1=P11 s M o= Pop M 5Py o
p (A.l -)\Z) by ()\, -XI) :A ()\a—ls).

-

P12P1 ¥ P3ibyz t Bogby,
Proof If A and B have property L, then from (l),;

. trace B = bll+ b + b33 ")Al + M 2 +}43 . \ »
= A Al

trace AB bll +b22 ?.+ b35)\3 +}*2)“2_+}* 3,
(5) trace 4°B = b )»Z+b X4 >» A N
| ;1131 22°2" "33 3 =M 272 3730

trace B2 ] 2:; by by = Z;-in )

3 T3
‘trace ABZ = L Dby ) AL+ }"_bzk k2))x

k=1
Z. P5ibys) Ag= g ”*2>‘z+f* Ay
For example the third equation of (5) is derived from (1)
when k=3; p=2; in thls case (1) becomes.
s ( )ZA)*_ trace (A2 B +ABA + BAZ)
o = trace A®B + trace ABA + trace BA2
=3trace A2B,

since, for any matrices M,N, trace MN = trace NM.



From the first three ®quations of (5) we have

(Py= Ppgd + My =By ) + [y = Bg) = o,

o,

Ap g =B ) A, (e, - b22)+"x3(fA3 " Pay)
2 2 X

- Db - D A -b )=
A (g 11) +>\Z(/A2 22) + 3()43 33) 0.

1 1 1
Al Ay A

-3 2
xR R

Since

= (A=) (A-dg) (Ag-N) # o,

6 =D = b =b .
(0) py =00 M, =00 M, 373

- From the last two egquations of (5) and (6), we have

((blE Doy * PygPyy Ay + (bpyyy + Dysbo ) A+ (b D B b) Ay
= 0 ,

b..b +

b pu—
12721 b31 b13 * b23 32
or ,b_b_A +#b b 4 +b b A =o,
{ 23 32 1 13 31 2 12 21 3
b b + Db b + b b = 0 .
23 32 13 31 12 21
‘b b «b b b b = (A=A ) (A=A)t(A=A)
23 32 13 31 12 21 2 3 3 1 1 2

Hence a necessary condition is -
= b , = b =Db
(4)‘;/* 17 "1 Mo T Pt Mg T Va5

\b b +b b :1b b = (A =A)i(A-A):(A-A).
23 392 13 31 12 21 2 3 3 1 1 2

Conversely, if (4) hold , then

= A b A_b =A A
trace AB ,Kl bt A, Pt 5 Pss IH1+ 2)*2+nk3 }13 s

2 2 2 2 3y 2 2 2
c = b b = +
trace A°B ll bll+ 2,2 22+ XB 53 )ul Ml-l; >\2 M2 A 3)43 ,



(4) Cont'd
trace AB°=A_(b°. + b _ b _+b b )+A (b b +b° 4
177110 12 217 C13 31’ ool 12 22
2
+ Do byt b b b b +b
23 P32 }‘3(3113+ 32 03 T 33

2
33

(X 4—A,) + b b ( A +A )
2 3 31 13 3 1

2 2 2 2 20 _
Xfﬁ.+ZF2+A3*%-+k(xl-A2)+1c(A2 A3H%2+x3)

A 0% +h b2 A b2 4+b b (A 4XA)eb b
1711 2 22 3 12 21( 1 2)

23 32

+]£(A -A )(X +A )
3 1 3 1 _
_ 2 2 2

Hence by theorem 1, A and B have property L.
1 A’l o o
(11) Let A = | © A7 © | where )tl ;e)»j , then A and B habe
o o© ‘xs

property L if and only if
+ =b + b =b
My My 11 22 '}&3 3%

b13 b31 + b23 b32 = 0.

A,V © .
1
(iii) Let A = | o ),1 ° )&l #)\,3 , then A and B have property L
r
° [ Av

if and only if
=b_ _+b__, =b
Mty =Bt Bone Mg = D50

Py= 00
- =b Db
( ) <}L1 /\3) .

b b +b Db
13 31 23 32 3 31



(v)

(vi)

Let A= |o A} © then A and B have property L

Jb21 =0 ,
\b b =
23531 = °-
Ml oo
Let A= |o Aj 1 then A and B have property L
o o N '

if and only if

=o)

b
31

b32 =T b21 4

b b - b =0 .
21 ( 11 33)

Let A=

A I3 , then, for any B, A and B

have property L .
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Case III, n= 4 :
In this case we let B = (bij)’ (i, = 1,2,3,4), have

elgenvaluespy, Mo, M3 andpty . There are fourteen cases
to be considered, but we shall only state the necessary
and sufficient condition for these cases without giving

thelr proofs.

A, 0 o ©
OXZ. ©
(o]
Q

(v}
(1) Let A = o Ay o where >»., Kz,)\g and )-4 are
o o© A'q,

different, then A and B have property L if and only if
/“j =bsy , 1 =1,2,3,4,
L lele(x]ﬁ'x ) = 0,

4_
< S:J lebjl X1+k XI+X = 0,

l.-l

.<J a4
( z::,blg kaki_bll))ﬂ

V= J-k=1
A, 0 0 ©
(11) Let A =| © Ao o | yhere )».’ Xg and Xl, are different,
©o o ),3 o ' ' ‘

OoOXq-
then A and B have property L if and only 1if

/U~i =b3; , I = 3,4"
b13b31+’b14b41+b23b32+b24b42+b54_b4_3 = 0,
(D307 5+b3005 3+b34b43) (Az=Ap)+ (D411 4+ DD o4 D43D54) (Ay-Ar)

= 0.
)" (o} o [¢] W
sk © X o °
(iii) Let A = o o Ao where >\,|;6 Xs » then A and
Lo (-] [ X3
/
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B have property 1. if and only if
[/*1+}*2 = Py1+bo2

> 2 a ) 4
MM = )l Dy By + L PoxPro 5

</"‘31«‘}"; = i ): Dy by 11+L )i boybri Pip s

K=y =1 k=) L=y

\ b13b31+b14_b41+b23 032+b24b42 =
Ajo o o
(iv) Let A = 0 Ao ° ’ where)wl ;l:)tq_, then A and B
o o )\., o )
o O © Xt&
have property L if and only if

J/IAQ:bLm,,
k)
Y. bucbey = 0,
K=
\Z ):b4kbk1bl4zo?
k=) =)
A, 1 oo
(v) Let A=]© Ay ) o |, then A and B have property:L
o o A
© o 0 ),

if and only if

by =0,
b31+b42 =0,
bal+b32+b43 =0 ,

Z (boyb Kl+b3kbl«:2+b4kbk3)

K=

i, i(b2kbk1b1l+b3{bkfb12+b4kbk1b19)

k=1 L=

\(bll—bzl,}_;)bBl-bq,Bb o= 0 .
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o}

o_}J—
¥ o o o

003/—\

(vi) Let A = » then A and B have property L

o o O ¥

if and only if

1031: O ’

Boy+bs, =0

(PokPr1+P3xPr2) = O

K=t

Zl.i: Dopbys b 1I+b3kbk1 ip) = 0,

o=y l.:l

—

(o]

(]

(vii) Let A = s, then A and B have property L

© 0 0 ¥
o 0 __>/_
o_}’o o

> -

if and only if
PoptPys = 0
(Poby+byyPys) = C »

i(bzkbkibil‘sz;kbkibu) =0,

w=y

k=1 L=
Po3by1=byzPoy = O
A,l |l o ©
(viii) Let A =|° Ajo o s then A and B have property L
© o Ao
6 © o A,
if and only if
bel: O 9
Y
)Y, Pori=0,
4!

- |
) i PoyPyriPi3 =0 .

k=1 L=
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|
(ix) Let A = Moo , then A and B have property L
[
o]

if and only if
My = b33z My = byy

bop =0,
5( )i BackpzD33) (AS- M + 3( LbakbkmbM)(M'M)-
( 13 31+b23b32) )4 A3) - 2(b14b4l+b 4b42) A’l Aq?—i—
q
\ )i ibjkbkl by 3 b33)(11"‘3>’ + () £b4kbkibi4'b24>d1‘>‘4)'

P

K=y = l K= =]
i_ LbQKbklbll = O.
K= (=}
M1 oo
(x) Let A =] ©° Ao o swhere >\«|¢A,3, then A and B
o © Azo
o 6 © A3

‘have property I if and only if
bop = 0,
Mz My = bazrbyy
KL;.‘ PoxPy1 = (b13b31+b14b41+b23b32+b24b42)(11—7\3) ,
M5 G =055 205ubusbly,
4 . a , .
L;‘?Ekbkibil = (;,Zk;.bﬁpkibﬂ* L’kz—_;_'b%tq{-lb-l 4-13%3-%331)5 4Dl s+

2 2
+b33b44+033b44-b44% -4b34b44b43)(l1~k3) .

Ayl o o .
(x1) Let A=]®° A © o] wherel,;& ).3, then A and B
' o o X_s |

have property L if and only if
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Bo1 =0,

byz = 0 ,

M3 o+ My =b3zebuy ) k
( i bz Dps+ i by by ) (3‘\5 A )+ i‘ Do b+ ; bygbrs =
= M5 94 )()' -A)
( ibzkbkl Z P4 B3 ) )'1*7\'“? + 2bp3byy =
‘(b13b31+b23b3.a+b 401+ Ppybso) ()”1-7“3) =0 , | ,
( .“g_’—‘ub}kbkibi?" ;' b4kbkibi4)(>‘3 -Aq) 4 % boybribil +

\ +)ib4kbkib13 = (M g*/"Z)(XB M) .

v, K=y
Ayt o o

(xii) ©Let o =|"° Ay o o , >L|¢>»4, then A and B have

o © A.,o'

- [ o 2] X4
property L 1f and only if

byy =0, My=byy ,
(ib4kbk4'b44)(l4 Ay )+ Z_.bQKbxl = 0,

( bz;kbka-bzm ) (Ay + A1) + bosbsy = 0 ,

( Z_, byybyib 14'b44) )'4" 1)+ E_. bokbkibil = 0.

b, K= ~K~| .
A 0 0O
- o o .
(xiil) Let a = ° A :A,I » Tthen, for any B, A and B.
v o © l %
9 © O © X

nave property L.



o
(xiv) Let A = R )1¢ )h: then A and B have

§roperty L if and only 1if

( b}l =0,
bo1+b3zo = 0

My = bay
4 4
2 ) .
( )ib4.kbk4-b44)()‘4-7‘1)+ 2: Dok D1+ Z b3brp = O
+

( ); Pl by~ =y ) (Ay- >»1 )=+ (P24Dy1+P3 4b42)()°4 ALy o+

K=t

+ b34b4l = 0,

4

L I: b4k bgibis- bqa)(M 1) + L boxbribil +
=1\
+ Z b3xbribip = O .

vwK=1

4, The Necessary Conditlon on B such that A and B have

Property L.

Theorem 2. Let A = diag ( Al,Ag?---,Ar)fwhere

Ail QO - .o Uy 1 o°*"0
0 A~ O O u, 1**°0
12 . l .
Ai ® 0086006000000 and Ai.] .. l.
0 O e Aisi O O 0O°°ru,

Here A is of order n, Ai is of order a5 and A, . is of order

ere nm, m. sy m, - n. Ny4+N, +teeeqrn — n
wh i1 + i + + s 1+ o e+, ’

m, .
i1y’ 151 i

and ul,uz,“-,ur are different eigenvalues of A.



And let
/ - > o @ \
By Bip By
5 —|P21 Boo 't Bon
;Brl Bpp** Brg

be an n-square matrix with eigenvalues VsV

where B.. =
w B11

If A and B have property L, then
, .n| n, Ny Ny
1) (2) Z; o(T)
v.= ) il ...
;; J Z; 33’ Z;Vn1+J Z; ’ » [ Vn-n +J < 33 ’
™, ™y =) J= J=
1) (1) pl1)
b(. A L s g e e et : .
J =k dJTE J=kn ll+J’ mll-’.‘]—; JZ‘:‘" 1 -TH l +J, nlmlsl-,-']-k
= O, ( k = l, 2, i ',fll—l ) ’
m“ "’zsl
Lo, - ] o2 o L
. X i - ' - Y
J=kHe J J- Joket +J’ 21+J { J"“" 2 28 J fl2 un282+;] k
=0, (k= 1,2,"',1‘12—1 )
m" . L] * . . ;”'5 . 3
Lb( r) L b( . oo et L b( r) )
£ +,], m_.+Jj~-k n_-m +), n_-m +j-k
Y j=ke fp1 rl TR r rs, I & rs,,
= 0, ( k= 1’29”°:nr"1 )9
Proof: There &s no loss of generality in assuming that the

orders of Aij'(

m, - 5m.
Mi17 040

-16-

J = 1,2,*°°,s

is,
i

2, . e .’Vn’

(bgi)j) is of order n.

)are so arranged such that

(i=121,2,-"",r ).



One can show easlly

s K S N
A0 rv O ) A{y O e+ O
O A- <+ O k..
A% = 2 where Af ~1 9 A 0
O O LI Al; K
N / O O e e e A_
N\ LS./
. i |
k k 1k, k-2 v . \
l) (S)uy 1 00
k k, k- k
O uj_ (l) e 0 e (K_l)ul l.- O
and A%, 1¢kem
ij A k 1
O . o . ui . . . l
k .
\O O . . . o ° 'Y . ui/
k k k K-m, .+1)
uf (huf eee (g SLpui M
Kk td
k O ui I EEREEEEEN] .
. == v -
afld Aij . 3 L) ] L] - . . k - mij l'
k
o 0 ! ,
k
Now trace (A B)
k N
(47 0 5 0 Y(B11 Bip Bir
O A 0 B B B
= trace 2l T2 2r
O O s e e Ak B B e e 0 B
r rl “r2 : rr
N 7N /
= trace (A l) +Ktrace (A 2) + trace (A§B33) +
G o 004 tI‘ace (ArBrr) ( K: 1,2,'0.n-l )
where B.., = (b(i)) ( 1= 1,2,***r ) 1s of order n
11 = i3 = 1,2, s er n,.

-17-

by induction that

.=l
J



Furthermore,

trace (AlBll)

= trace

trace ( Ay

K

+ trace ( Aiz

+ trace ( Byg

- Lok
IlJb
J =k+1!
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1=

mll+3, mil+j

. Y (-(1) (1) NEIR
0 0 b%l b.(Lg Dy
N b H) b ) :
ip**" O 21 Pop v b2ni
k (1) (1) (1)
O eee A b! b /eee b
1s;) K.ﬂil n,: a, 0,
/ .
(1) ... bgi) )
v ; L] [ ) * L ] . miil
. . - . . ° . . ) +
o(1) L. pi)
SESE EBLERY
/
pll) ... bli) )
mil+1’ mil+l mil+l mil+m12
° L) '3 * L] . L[] > ) +
pt) veo p(1) |
L My1*Bip @47+ Mgty Mgt i2)
’b(i) l ) LAY (l> h
Nt ’ni‘mis;l nl “1si+1 ny
L] * L2 * M * [ ] L2 * [ 2 )
oli) N cee pll)
nin
L i- ml i+ n:L nl /
b K L.I-l ... (i)
Z:. 33 S buy T (xg; Jiike1) Uyt
+ (] i) ul 4
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'(1 k-1 (1) '
+ _|£$. +,] my 4 +Jj- 1)( )u + +Z.b il+j-K o

+
B kf,11
+ m;s; (o. ) . + .
1
+ ( b2’ ; _ U+
);,' ny misi+‘]’ni M, .+ i

i18.
1

"
LS“_
i) k k-1
+ (lb( / . _ )( )u T+
L 04 mis +J, ni m, g +Jj-1 1

™ i
b (1)
+ e e e Z‘ b .’ s 1
n + n,=m. 4 j-=k
joke %n 131 Js .:' isy J
vy v
(1) (1) Z: (1)
(Lbu )u + (Lbjj—l O O S
. JFL J=2
: (i) , k-1
+ e +Lbni_mis ‘3, --ms+.]l)( uy v o+
J= 2- 1 1
mea
4o 00 + ( Lb(l) + Lb(l) . 4+ v +

-l
mis, ek J;kﬂmi.l""]’ mil"’*j £

- .-m, _ +J, n,-m,  +j-k )
- 4-K+l i 1si i isi

(1) _ £ =
where JZK"nbt*'J: tj-k = 0O, when K = @

n-1, 1= 1,2,¢¢0er ,

13 ° and K= 1,2,°*°,
Since A and B have property L , by Theorem 1 we have

the following condition .

Trace (B) = Lb(l) + 0{2) + ees Lb

J:l' JJ ny, = JJ n J°
:LVJ".Z‘V(]]-"‘J-‘-... +L n-n-i-J [}
3= v J=1 J=
1
Trace ( A‘{'B-) = ): prace ( A]fIB.. )
= pll) )k Z:Jb(l)
~=;lﬁj=' 530 0 LRyl +
+ 1b(1) =
M +d,Myy+J=1 + eee 4
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(k= 1,20+ n-1 ).

The determinant of the coeffclents of the above n

simultaneous linear equation is as follows

l O s o0 Oooul O "OD s e l O oooo
1 1
ul (%) e o 0 Oooo u2 (l) ¢ o0 O .o ur (l) e s 0 O
T 2 2 2 '..‘ e e 0 L N *
ool u G (B 0 0 0
¢« o e o o o (zl:i) e o o (‘:2:1) e o e (ir -l
1 2
n-1 n-1 n-1
ul . . 3 u2 . . ur.
n.n n-n n n
- 172, _ 13, .. _ r-1"r
= (uy-u,) (uy-uz) (U 1-9p)
£0

Hence the solutions is

t The value of D was found by L. Schendal in 1891.
See the book " The Theory of Determinants in the Historical
Order of Development ", Vol. 4 ,p.178-180.




t ”'Ll n, ", ", "
1) (2)
. V. = b( N ZJV = b e v = b(?)
S S ETRL I SRR L e RS e Fl
Lol v ) ulh) A
- +J my.+j-k "°*°° n.-m +J n,-m +J-K

J=kH J:k-r" 11 11 j=km 1 lsl 1 1 1 J
T S T )

b\ < + b . . +oe ot b 2
‘ Ji-k Z; Mo.+Jj LW+ J-kK ot z:, n,-m +J n,-m +J-k
I T 21 21 $Tka 27728, 2™"2s Y
=0, ( k= 1,2, ,n2-l ) ’
mr. L4 A4 L4 m. Ld L ] L4 . . *
) oott) Lb(r) b(r)

Ji-k +3 m_+j-k tooot n_-m j n - j -1
J=kl Jj=kn “ri rl E:tﬂ rors, = mrsr+J *

=0, (k= l,2,---,nr-l ) .

The theorem 1is proved.
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