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Abstract 

The te s t i n g of s t a t i s t i c a l hypotheses concerning two 

populations consists i n determining the r e l a t i o n s h i p be­

tween the cumulative d i s t r i b u t i o n functions on the basis of 

random samples from each population. In the non-parametric 

case the only assumption made regarding the populations i s 

that the two c.d.f's. are continuous. Thus the. d i s t r i b u t i o n 

of any s t a t i s t i c proposed to test the two samples must be 

independent of the fun c t i o n a l form of the c.d.f f s . One 

method of approach i s based on the order r e l a t i o n s of the 

sample values. A survey i s made of such tests r e c e n t l y pro­

posed and a new tes t Is suggested based on sampling without 

replacement from a population of the positive integers 1, 2, 
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Introduction 

The numbers \i4iich characterize the d i s t r i b u t i o n of a 

population or universe are c a l l e d population parameters. In 

most cases which a r i s e i n practice i t i s impossible to deter­

mine the values of these parameters. Thus they are predicted 

or estimated by s t a t i s t i c s which are functions of the sample 

values drawn from the population. In the past f i f t y years a 

general theory of estimating these parameters and of t e s t i n g 

hypotheses concerning t h e i r values has been developed [ 2 ] , 

One important pro blem vfa ich has received much att e n t i o h i s 

to t e s t whether two random samples are drawn from the same popu­

l a t i o n . Tests of t h i s hypothesis are based on the c l a s s i c a l 

Student's t d i s t r i b u t i o n which gives a c r i t e r i o n f o r t e s t i n g 

whether the difference between two sample means i s s i g n i f i c a n t 

and on the F d i s t r i b u t i o n vAiich t e s t s whether the difference 

between the variances i s s i g n i f i c a n t . Both these t e s t s and most 

of the others i n common use assume that the population d i s t r i ­

butions are normal. Since t h i s hypothesis i s very r e s t r i c t i v e 

much e f f o r t has been expended by s t a t i s t i c i a n s i n attempting 

to show that the commonly used d i s t r i b u t i o n s are at least asymp­

t o t i c a l l y normal. However, not a l l d i s t r i b u t i o n s have t h i s pro­

perty and- fu r t h e r , i f the sample i s small, the normality assump­

t i o n w i l l not hold even approximately. 

An important s t a t i s t i c a l problem, then i s to derive methods 
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which can be used to test hypotheses assuming nothing about 

the population d i s t r i b u t i o n s except that the cumulative d i s ­

t r i b u t i o n functions are continuous. Such te s t s are termed 

non-parametric or d i s t r i b u t i o n f r e e . These t e s t s use q u a l i ­

t a t i v e rather than quantitative aspects of the sample values. 

For example, instead" of s e t t i n g up a c r i t e r i o n to test the 

difference between the means and variances of the two samples, 

a test c r i t e r i o n i s established concerning the r a n i or order 

r e l a t i o n s of the data. 

It may be argued that the e f f i c i e n c y of a t e s t i s reduced 

by neglecting quantitative r e l a t i o n s since a l l of the available 

information has not been u t i l i z e d . This l o s s i n e f f i c i e n c y 

should be judged against the p o s s i b i l i t y of making an incorrect 

assumption concerning the normality of the population d i s t r i ­

bution. For-this reason non-parametric tests have .a place i n 

the.theory of t e s t i n g hypotheses. 

A good test should have a high probability of r e j e c t i n g a 

f a l s e hypothesis. The power of a t e s t i s the p r o b a b i l i t y of 

r e j e c t i n g the n u l l hypothesis when ac t u a l l y i t i s f a l s e and an 

alternative hypothesis i s true [2]. Thus the power is a function 

of the parameters of the d i s t r i b u t i o n involved i n the true a l t e r ­

native hypothesis.: Therefore,, i n non-parametric theory a d i f ­

f i c u l t y arises. However, an alternative method of evaluating a 

t e s t has been proposed. A t e s t i s c a l l e d consistent i f the pro­

b a b i l i t y of r e j e c t i n g a f a l s e n u l l hypothesis against, c e r t a i n a l ­

ternatives approaches one as the s i z e of the sample .increases i n ­

d e f i n i t e l y [7]. Thus a t e s t may be consistent with respect to 



one p a r t i c u l a r alternative hypothesis but not to others. 

Many new non-parametric t e s t s for comparing two samples 

have been proposed recently. The object of t h i s paper i s to 

present a survey of these t e s t s and put forward another. 
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C l a s s i f i c a t i o n of non-parametric t e s t s based  

on order r e l a t i o n s of the sample values 

By order r e l a t i o n s of the sample values i s meant the ordered 

set of values i n a random sample from l e a s t to greatest. Non-

parametric two sample t e s t s using t h i s property can be considered 

as being one of three types: 

i ) those based on a comparision of the two population d i s ­

t r i b u t i o n s along the whole real l i n e , 

i i ) those based on a comparison at a f i n i t e number of f i x e d 

points such as the quantile points of the d i s t r i b u t i o n s , 

i i i ) those based on the method of randomization. 

In what follows representative t e s t s of these three types 

are considered. 
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The Wald-Wolfowitz Run Test 

A test of the f i r s t type i s the Run tes t of A. Wald 

and J. Wolfowitz [ V ] , Let 0 m be a sample of observations 

^1» ••• m̂ from a population with continuous cumulative 

d i s t r i b u t i o n function, F(X) and l e t 0 n be a sample 

Y l , Y2, ... Y n fro ma populat ion with co ntinuous d l stir ibu-

6 ion function, G(X) • It i s required to derive a test of 

the n u l l hypothesis that F(X) = G(X) . Let 0 m+ n denote 

the combined sample, tiie observations being ordered from the 

least to the greatest. 

°m+n : z l > z2> ••• zm+n w h e r e Z i < z i + l 

,Wald and Wolfowitz proceed as follows: replace Z^ i n 

0 m + n by zero or by one depending on whether Z^ comes from 

the sample 0 m or from sample 0 n. Define a run to be a 

sequence of zeros uninterrupted by ones or a sequence of ones 

uninterrupted by zeros and consider the number of runs i n 

0 • The s t a t i s t i c proposed i n t h i s t e s t i s U , the number m+n 
of runs. 

Naturally before any s t a t i s t i c can be used as a t e s t c r i t e r i o n , 

i t s d i s t r i b u t i o n function must. be. determined. Under the n u l l 

hypothesis that F(X) - G(X), the d i s t r i b u t i o n ^ : U ^will be 

the probability of obtaining :a p a r t i c u l a r number of. runs under 

the assumption that a l l of the arrangements of the m values 

of the 0_ sample, and a l l of the arrangements of the n. values 
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of the 0 n sample have equal p r o b a b i l i t i e s . This probability-

i s the r a t i o of the number of the arrangements of the X*s and 

the Y*s with m + n, m, n and U held fi x e d to t h e t o t a l num­

ber of arrangements with m + n, m, n constant. 

The denominator of t h i s r a t i o i s C(m +' n, n) since t h i s 

i s the number of arrangements of m + n elements, m of which 

are a l i k e and n of which are a l i k e . 

To determine the numerator of the r a t i o , two cases must be 

considered according as U i s odd or even. F i r s t , l e t U • 2k . 

Then there w i l l be k runs of zeros and also k runs of ones 

i n any arrangement i n which the exact number of runs equals U. 

Now the problem of determining the number of arrangements of K 

runs with m x T s i s the same as that of f i n d i n g the number of 

ways of putting m zeros into k c e l l s , none of which i s 

empty. Consider the c e l l s to be spaces between k + 1 bars. 

Then since each arrangement must st a r t and end with a bar;, 

there are k - 1 remaining bars t o permute. Further, since the 

c e l l s are non-empty there must be at most one bar between any 

two zeros. Thus there are m - 1 spaces between the zeros and 

k - 1 places to put the bars, hence there are G(m - 1, k - 1) 

possible arrangements. S i m i l a r l y , the number of ways of obtain­

ing exactly k runs with n y T s i s equal to C(n - 1, k - 1). 

Now for every given arrangement of the X's, there are two ar­

rangements possible with the Y's depending on whether the 

combination 0 m + n begins with zero or one. Then the probabi­

l i t y that there are exactly U runs (U = 2k) equals 
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2 C(m-1. k-1) C(n-1.k-1) 
C(m+n, n) 

For the case U = 2k + 1, there are either k + 1 runs 

of the X*s and k runs of the Y's or k runs of the X*s 

and k + 1 runs of the Y Ts . Then the p r o b a b i l i t y of 

U » 2k + 1 runs equals 

C(m-1. k) C(n-1. k-1) + C(m-1. k-1) C(n-1. k) 

C(m+n, n) 

The region of r e j e c t i o n for the n u l l hypothesis consists 

of the values of U such that U < U a where Ua , the c r i ­

t i c a l value of Ur depends on the l e v e l of significance a 

that i s desired by the experimenter. U a i s pre-determined and 

i s such that Prob (U < U a) = a . 

Thus small values of U are judged s i g n i f i c a n t implying that 

when there are too few runs t there i s poor mixing of the data of 

the two samples. The worst case would occur when U « 2 . This 

would mean that a l l the observations of the one sample are greater 

than those of the other. 

Tables giving values of U a f o r m, n < 20 at the .005, 

.01, .025 significance l e v e l s have been prepared by F. Swed and 

CV Eisenhart [6 j . Values of U a for m, n > 20 have not been 

computed. However, since the d i s t r i b u t i o n of U has been proved 

asymptotically normal with mean 

2mn + ]_ 
m+n 

and variance 

2mn (2mn - m - n) 
2 

(m+n) (m+n-1) 



a. 

the c r i t i c a l values can be computed appro x i mat el y f o r large 

samples [ 7 ] . 

The RUn t e s t has been shown to be consistent with respect 

to alternative hypotheses with minor r e s t r i c t i o n s [ 7 ] . Let m, 

n increase without l i m i t such that the r a t i o , m/n - X , a 

constant. The expected value of U is approximately 2m/0. + X) 

when the n u l l hypothesis, F(X) = G(X) i s true. The s t a t i s t i c , 

U/m converges s t o c h a s t i c a l l y to i t s expected value, 2/(l + X) 

under the n u l l hypothesis. This means that the p r o b a b i l i t y of 

the expected value of U/m d i f f e r i n g from 2/£L + X) by l e s s 

than any given amount approaches one as m increases inde­

f i n i t e l y . Then i t i s shown that under true alternative hypo­

theses, U/m converges to i t s expected value which i s less 

than 2/(l .+ X) . Thus 

Prob (U/m < 2/(1 + X) ) -* 1 

i f the n u l l hypothesis is f a l s e . 

The following example i l l u s t r a t e s the use of the S-un t e s t . 

Given the two samples (5.S, 2 .9, 7.2, 3 . 1 , 2 .5, 6.1) and ( 4 . 9 , 

3 . 3 , 5.7, 4 . 1 , 4 . 6 , 5 . 6 ) , t e s t the hypothesis-that these are 

random samples drawn from the same population about which nothing 

i s assumed except that i t i s continuous. Combine the date and 

order the values from the l e a s t to the greatest. Then assigning 

the values P and 1 to the observations according as they 

come from the f i r s t or second sample, we obtain 000111111000. 

The observed value of U i s 3 . From tables [ 6J the c r i t i c a l 

value U 0 ^ » 3 for m7n = 6 . Thus U = 3 i s s i g n i f i c a n t and 

the n u l l hypothesis is rejected on the basis of t h i s p a r t i c u l a r 

example. 
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The Mathisen Test 

The following t e s t proposed by H.C. Mathisen [4] i s an 

example of the second type of order relations t e s t s . Two 

methods of comparing the samples are considered,--one involving 

the median and the other, the q u a r t i l e s . 

Let ©2n+l D e a sample composed of 2n + 1 elements drawn 

from a continuous population. The sample values X j , X 2, ... X 2 n + ] _ 

are ordered so that X^ < X^ +^ . The median: of the 2n + 1 ob­

servations i s X n +^. Let 0 2 m be a sample consisting of elements 

*1> ^2> ••• ^2m drawn from another, continuous population. 

As before, i t i s required to t e s t the hypothesis that these 

two samples came from the same, population. Let m-̂  equal the 

number of values of sample 0 2 m which are l e s s than X n +^, the 

median of sample 0 2 n + i . Let m2 = 2m - equal the number 

of observations greater than X n + i . 

The s t a t i s t i c proposed by Mathisen f o r te s t i n g the n u l l 

hypothesis is the value of m-̂. In order to determine the c r i ­

t i c a l values of m̂ , i t s d i s t r i b u t i o n i s obtained. Let the pro­

b a b i l i t y that X < X n + i be 

r?n+l 
p = J f (X) dX . 

- 00 

Then 

Prob (X n +, < X) = 1 - p . 
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Since X n +^ i s the median of C^n+l • "there w i l l be n values 

l e s s than X n + i and n values greater than i t . By the multi­

nomial d i s t r i b u t i o n the p r o b a b i l i t y element f o r X n + i w i l l be 

(2n*l)I p n ( l - p ) n dp . 
nj II n! 

Also using the multinomial d i s t r i b u t i o n , the conditional probabi­

l i t y of m̂  for a given X n + ! w i l l be 

(2m)! pn»l { 1 . p)210-10! . 
mil (2m-m!)I 

Then the probability of obtaining p a r t i c u l a r values f o r mj and 
xn+l i s 

(2n»l)I (2m) I p ^ l ( 1 _ p)n+2m-m! ̂  ^ 
nl n! mil (2m-mi)l 

To obtain the probability of a given value f o r m̂  , integrate 

the above expression i n the i n t e r v a l 0 < p < 1 . Then the d i s ­

t r i b u t i o n of mi i s 

(2n+l)J (2m)! (n+mx)I (n+2m-mi)! 
nl nl mxI (2m-mi).* (2n+2m+l)I 

The te s t c r i t e r i o n i s the value of . Either large 

or small values of m̂  are judged s i g n i f i c a n t . C r i t i c a l values 

of the s t a t i s t i c can be computed from the d i s t r i b u t i o n function 

f o r any desired si g n i f i c a n c e l e v e l , a . A small table of the 

.01, .05 c r i t i c a l values f o r a few pairs of values of m, n has 

been included i n the description of the t e s t [4] • 

Mathisen has proposed an extension of the method just des­

cribed. Instead of div i d i n g the one sample into two parts i t i s 
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suggested to make four d i v i s i o n s . This i s done by considering 

the g u a r t i l e points of the sample 0 2 n + i . For convenience l e t 

the second sample be 0 ^ instead of 0 2 m • Let the number of 

values of 0^ m f a l l i n g i n each of the four intervals of the 

q u a r t i l e s of 0 2 n + ^ be m̂ , m2, m̂ , m̂  r e s p e c t i v e l y . 

Then 

4 
51 m< = 4m 
i»l 

The s t a t i s t i c proposed f o r this t e s t is 
£ (m;-m)2 

' 9m 2 

where 9m2 i s a normalizing, f a c t o r to ensure that 

0 < \ < 1 . 

It should be noted that there i s an error i n the expression T^ 
2 

since the maximum value of the numerator i s 12m . 

Again, unusually l a r g e or small values of m̂  w i l l indicate 

a poor comparison of the two samples. Thus such values are judged 

s i g n i f i c a n t . The d i s t r i b u t i o n function of the s t a t i s t i c T^ i s 

determined i n much the same manner as was employed i n the f i c s n . 

method. C r i t i c a l values of T^ can be computed for various 

values of a . The computation of the c r i t i c a l values of the 

s t a t i s t i c for both the median and the q u a r t i l e method .become 

rather laborious f o r large m and n • However, i n both cases 

the (distribution functions of the s t a t i s t i c s can be approximated 

by other well known d i s t r i b u t i o n s f o r which tables are available. 

For the median method, the d i s t r i b u t i o n of m̂  has been found 

to be asymptotically normal. Let EJm-J denote the mean of m-̂  
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-and D [m-J the variance of m̂ . As m, n -* °° such that 

m/n = X, a constant, the l i m i t i n g form of the moment generating 

function f o r the r a t i o 
m l - ETml1 

D[mi] 

i s shown to be i d e n t i c a l with the moment generating function of 

the standard normal d i s t r i b u t i o n with zero mean and unit v a r i ­

ance. Also the d i s t r i b u t i o n of the s t a t i s t i c . used i n the 

quar t i l e method can be approximated by the d i s t r i b u t i o n defined 

by a Pearson type I curve. It i s conjectured t h a t since i s 

the sum of squares i t s d i s t r i b u t i o n could be approximated by the 

chi-squarec d i s t r i b u t i o n . 

Another non-parametric t e s t , proposed by W,J, Dixon [ 3 J can 

be shown to be an extension of the method of using the median or 

quar t i l e points as i n the Mathisen t e s t . Let 0 m, 0 n be the two 

samples. Consider the n + 1 int e r v a l s on the real, l i n e created 

by the n ordered observations of 0 n , 

- 00 < x 1 < x 2 < . . . < X n < 00 , 

Let the number of values of 0 m i n these i n t e r v a l s be m̂  where 

where i = 1, 2, ... , n + 1 . The t e s t c r i t e r i o n suggested by 

Dixon i s 

D 2 - Iii 1 _ f i ) 2 . 
i= l n+1 m 

Extending the q u a r t i l e method of Mathisen so that the n quan-

t i l e points of 0 n are considered, the s t a t i s t i c would be 

n+1 , 

T - i = l 
i n + 1 . • 

. m2 

n+1 
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E s s e n t i a l l y the two s t a t i s t i c s are the same since 

T e n+1 n
2  

Tn+1 ~ • 
2 

The d i s t r i b u t i o n of n D has been shown by Dixon to be ap­

proximately the chi-squared d i s t r i b u t i o n with v degrees of 

freedom where 
v « mn( n+m+1) (n+3 ) (n+4) \ 

2(m-l)(m+n+2)(n+l) 2 

thus In / ( n + l ) ) T M + l w i l l have the same d i s t r i b u t i o n . 

2 
Under c e r t a i n conditions the Dixon t e s t c r i t e r i o n , D , 

and the run t e s t s t a t i s t i c , U , have been shown to give the 

same information. In h i s paper [3] , Dixon shows that the cor­

r e l a t i o n between the two c r i t e r i a approaches one f o r large n 

compared to m . I n t h i s case the Dixon t e s t can be considered 

as a t e s t of type one since the two population d i s t r i b u t i o n s 

w i l l be compared at an i n f i n i t e number of points along the r e a l 

l i n e . Such should also be true of the extension of the Mathisen 

t e s t using T n + 1 . 

A.H. Bpwker [l] has shown that the median t e s t suggested 

by Mathisen i s not consistent f o r a l l alternative hypotheses 

regarding the two population d i s t r i b u t i o n functio ns F(X), G(X). 

This implies that the pr o b a b i l i t y of the fal-se n u l l hypothesis 

being rejected, when the size of the samples increases i n d e f i n i t e l y , 

does not approach one. In particu l a r , i f the n u l l hypothesis i s 

tested against the alternative hypothesis that F(X) and G(X) are 

d i f f e r e n t except i n the region of t h e i r medians, the t e s t w i l l not 

consistently r e j e c t the n u l l hypothesis. As before l e t G 2 n + ^ 
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„and 0 2 m be the two samples. The proof i s based on the f aet 
that the sequences iaa/2n and m£/2n each converge to one-
half where me are the upper and lower c r i t i c a l values of 
m̂  such that under the null hypothesis, 

Prob (B^ < m̂ ) = a arid Prob (m̂  < nig) = e < 1 - a . 

Then, even though the alternative hypothesis i s true, the pro­
bability of re jecting the null hypothesis approaches a + e as 
n increases indefinitely. 

The following example illustrate? the use of the Mathisen 
and Dixon tests. Given the two samples .(.651, .662, . 5#4, .601, 
. 6 3 9 , .572, . 604 , .625, .573, .536) and (.575, . 6 0 5 , . 5 5 0 , .579, 
. 5 6 3 , .552, .591, . 576 , . 5 6 7 , .533), test the hypothesis that 
these are random samples drawn from the same population. Since 
n = m = 10 , the median of either sample must be estimated by 
averaging the two middle numbers. The median of the f i r s t sample 
is . 6015 . The observed vahie of m̂  = 9 • Using tables [4] we 
find this value of mx i s significant at the a = .05 l e v e l . 
However, using the median of the second sample we obtain a dif­
ferent result. The estimated median i s . 5755 . The observed 
value of mi = 2 which i s not significant at the a = .05 . level, 

Using the Dixon test the f i r s t sample divides the second 
sample into the following groups: 4 , 0, 3 , 0 , 2, 0, 0, 1, 6 , 0, 
0. Then 

u K l l 10 ' V TI 1 0 ' v l l 1 0 ' 

+ {II " Io)2 + 7 ( Ii ) 2 " - 2 G 9 • 
Using the table [3] we find this-result is not significant at 
the a • .05 l e v e l . 
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The Pitman Randomization Test 

A t e s t based on the method of randomization has been 

proposed by E.J.G. Pitman [ 5 ] . As before, l e t 0 m , G>n be two 

samples with elements Xj, X 2, ... X m and Y^, Y 2, ... Y n res­

p e c t i v e l y . Combine and order the data of the two samples so that 

Om+n consists of the values Z^, Z 2, ... Z m + n where Z^ < Z^+i. 

Again i t is required to test the n u l l hypothesis F(X) » G(X) . 

Define a separation of 0 m + n to be a d i v i s i o n of the m + n 

observations into two parts, one containing m values and the 

other, n values. The to t a l number of possible separations 

w i l l be C(m+n, m) . One such separation w i l l be that determined 

by the two samples 0 m , 0 n . G a l l t h i s p a r t i c u l a r separation R . 

The spread of t h i s separation R i s defined as |x - f | where 

! and ? are the mean values of 0 m , 0 n r e s p e c t i v e l y . 

Let M - the number of separations of 0 m + n with a spread 

equal to or greater than that of R . Let \ be a f i x e d integer 

such that \ < C(m+n, m) . The value of depends on the 

amount of pr o b a b i l i t y , a desired i n the r e j e c t i o n r e gion under 

the n u l l hypothesis. I f M < \ then the spread of R i s 
1 

judged s i g n i f i c a n t and the n u l l hypothesis is rejected. Thus the 

test c r i t e r i o n i s the number of separations of 0 m + n with spread 

greater or equal to that of R . I f t h i s number M is. compara-

t i v e l y small then |x - ?| i s considered too great f o r the n u l l 

hypothesis to be true. 
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For values of m, n as large as 10 there would be con­

siderable computation to determine a l l the separations with a 

spread greater or equal to |x - Y | . For t h i s reason a s t a t i s ­

t i c i s suggested by Pitman which i s r e l a t e d to the previous one 

with the added property that i t s d i s t r i b u t i o n f u n c t i o n can be 

approximated by the beta d i s t r i b u t i q r i * 

Defi ne 

2Sn_ (X - Y ) 2  

w m+n  

Sl+S 2 +f£-(X-Y) 2 

where 

m 2
 n p 

S1 = H (Xi - X) and S 2 » H {Y± - Y) — 
i = l i = l 

The f i r s t three moments of the d i s t r i b u t i o n of W are shown to 

be approximately equal to those of the beta d i s t r i b u t i o n , 

H - J L J - l ) l o o 

Since large values of W w i l l be judged s i g n i f i c a n t , the 

region of r e j e c t i o n f o r t h i s t e s t i s . Wa where Wa i s the 

c r i t i c a l value of W f o r a pa r t i c u l a r value of a . Wa i s 

i s determined by 

i rl x-i w » q - e 
a = — — ± / X 2 (1 - X) 2 dx 

^ ( 1 , S»S -1) \ ' 

As an i l l u s t r a t i o n of the Pitman t e s t apply the s t a t i s t i c 

| l - Y| to t e s t the hypothesis that (0, .11, 12, 20) and 

(16, 19, 22, 24) are two random samples from the same population. 

Thene are C(8, 4) - 70 possible separations.. Ma =,M
#Q57 = • 



Since there are M <= 6 separations with a spread equal to 

or greater than | X - Y | the r e s u l t i s not s i g n i f i c a n t and w 

conclude there i s no evidence against the n u l l hypothesis on 

the basis of these samples. 
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A New Test: "The Integer Test" 

The f o l l o w i n g new test which w i l l be c a l l e d the Integer 

test i s based on the p r i n c i p l e of randomization, and thus i s 

relat e d to the Pitman t e s t . 

As before, suppose 0 m and 0 n are two samples drawn 

from-populations with continous d i s t r i b u t i o n functions, F(X) 

and G(X) . The n u l l hypothesis i s F(X) - G(X) ; Let 0 m + n 

be the ordered combination of the two samples 
Gm+n : zl» z2> ••• zm+n where Z± < Z i + 1 . 

Replace the sample values of 0 m + n by t h e i r corresponding 

subscript, i , where i = 1, 2, ... m+n , so that to each 

element of the two samples 0 m, 0 n there i s assigned a positive 

integer which indicates the rank or order of the element i n the 

combined sample €>ra+n . I f Zj_ = z i + l ~ Zi+2 S S ~ z i + r f replace 

each of these equal sample values by the number, i + r/2 . 

Now consider as a population the integers 1, 2, 3, ... , 

m +'n'= N . Suppose samples of n integers are drawn from t h i s 

population so that none of the integers are selected more than 

once for each sample. These samples w i l l be random i n the sense 

that each has equal p r o b a b i l i t y . In practice, the observations 

of a sample are actually drawn without replacement from a popula­

t i o n but since the s i z e of the population i s often very much 

greater than the s i z e of the sample i t can be assumed that the 

sample data are independent. However, i n the Integer test the 

sample data must be considered as dependent since n and N are 
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,of the same order. That i s , the sampling i s done without re­

placement from a f i n i t e population. Now consider a l l possible 

d i v i s i o n s of the N integers into two sets of n and m 

values r e s p e c t i v e l y . The number of such combinations i s 

C(N, n) . Gne of these d i v i s i o n s w i l l represent the samples 

0 m. G„ . m> n 

The t e s t c r i t e r i a w i l l be the two means of the s e t s of m 

and n integers f o r the part i c u l a r d i v i s i o n determined by 0 m 

and 0 n , Since the two means are dependent a study of one of 

them w i l l be s u f f i c i e n t . For convenience, l e t the larger of the 

two, be the s t a t i s t i c proposed i n t h i s t e s t . I f v denotes 

the other mean, note that 

nU. + (N - n)v - M l + l l ' 
2 

where i s the sum of the integers 1, 2, 3, ... N . 

Values of U greater than ,(N + l)/2 are judged s i g n i f i c a n t , 

and f o r a given l e v e l of sig n i f i c a n c e a the region of r e j e c t i o n 

consists of those values of U such that U^ < U , where u
a 

i s the c r i t i c a l value of U f o r a given probability a . As i s 

suggested i n the Pitman t e s t a l l the means of the C(N } n) com­

binations greater than U a can be computed. Then % i s a 

pa r t i c u l a r value of the mean such that a proportion, a of the 

means i s greater than Ua • 

Unfortunately, ( while the computation i s simpler for thi s t e s t 

than f o r the Pitman t e s t , t h i s method of determining the c r i t i c a l 

values f o r N greater than ten i s not p r a c t i c a l . It i s advisable 

therefore to obtain the d i s t r i b u t i o n function of U and thus 
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determine the c r i t i c a l values Ufl . For independent variables 

the means of samples are normally distributed, exactly i f the 

population i s normal and approximately i f the samples are large. 

However, since U i s the mean of a sample of dependent integers, 

the well known central l i m i t theorem can not be applied i n t h i s 

case. Fortunately, A. Wald and J. Wolfowitz [&] have proved a 

general theorem for the l i m i t i n g d i s t r i b u t i o n of l i n e a r forms 

where the population consists of a l l d i v i s i o n s of m / n ob­

servations. Now the d i s t r i b u t i o n of U will.be the same as the 

d i s t r i b u t i o n of the l i n e a r form, 

n 

i = l 

The Wald-Wolfowitz theorem states thafe as N •* °°t the 

Prob. (j~ Ui - E[DI] < t - D [ O i ] ) 

i s approximately 

- k / exp (-x2/2) dx /2rr - oo 

where t i s a r e a l number and 

E [ I U J and D 2 [l uj 
are the mean and variance of 2! ^ i r e s p e c t i v e l y . Before t h i s 

theorem may be applied a c e r t a i n condition must be s a t i s f i e d . 
L e t |j. r be the r t h moment about the mean of the integers 

1, 2, 3, ... N ; the condition i s that 

( u 2 F / 2 

must be of the order of one. Since n r i s of the order of if 

http://will.be
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-and p-2 i s °^ t h e order of N f o r a population of N integers, 

the theorem holds f o r t h i s case. Thus the l i m i t i n g d i s t r i b u t i o n 

of the s t a t i s t i c U i s normal. 

The expected value of TJ , E[U] equals 

N 1 f- , N+1 
N i t i 2 

where (N + l ) / 2 i s the population mean of N integers. 

The variance of TJ , D 2 [ f ] i s 

n 7 n ^ l n 

n2 i t i 1
 n2 i t l j.ti+1 ^ 1 * 

where o*i = ctj = a and p^j denotes the c o r r e l a t i o n between two 

integers drawn i n succession. Now p^j equals 

(A) L, E [(U { - N±l-)(Uj - N±i)J 

By d e f i n i t i o n , (A) i s equal to 

N-1 N 

cr2 c(N-,2.) i = l .J-i+1 2 J 2 
(B) 

Since 

0 = 
N 

I (Ui - |±i) 
i = l 2 
N N-1 N 

i=l i-1 j-i+1 
mnvj - N±i) 

the expression (B) equals 

_ 1 o£_ 
" cr2" N-1 

Then 

4i] - 2C(n,2)-4] = ̂  £ S n 2 L N-lJ n N-1 
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Thus the s t a t i s t i c U i s asymptotically normally d i s t r i b u t e d 

with mean (N + l ) / 2 and variance 

Q-2 N-n 
n N-1 

where o** , the population variance equals (N 2 -1)/12 . 

In order to use the tables of the standard normal di s ­

t r i b u t i o n the test c r i t e r i o n w i l l be 

U - N±l. 
t _ 2_ 

~/ C2 N-n" 
V n N-1 

The region of r e j e c t i o n becomes t a < t where t a i s the 

c r i t i c a l value of t corresponding to the p r o b a b i l i t y a of 

re j e c t i n g the n u l l hypothesis when i t i s a c t u a l l y true. 

I f two samples are symmetric about the same mean the s t a t i s ­

t i c U w i l l be equal to (N + 1J/2 since the i n t e g r a l representa­

t i v e s of the values of the samples w i l l a l so be symmetric. Now 

suppose the al t e r n a t i v e hypothesis i s that the population d i s t r i ­

butions F(X) and G(X) have the same means but d i f f e r e n t v a r i ­

ances. It would be possible that the Integer test would not 

detect the falsehood of the n u l l hypothesis as some pairs of 

samples would have means which d i f f e r e d by very l i t t l e . For 

t h i s reason when the value of the observed t i s close to zero 

i t i s suggested that the sample variances o f the two sets of i n ­

tegers b^f compared with the population variance of N integers. 

Since n 2 N-n 2 N 2 

i = l 1=1 1=1 

the two sample variances are dependent and thus only one of 

them, say the larger, need be considered as the t e s t c r i t e r i o n . 
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-As before, the d i s t r i b u t i o n of t h i s s t a t i s t i c must be deter­

mined to obtain i t s c r i t i c a l values. It w i l l be shown that the 
2 

d i s t r i b u t i o n of t h i s sample variance S can be approximated 

by the chi-squared d i s t r i b u t i o n . 

To determine the pa r t i c u l a r chi-square d i s t r i b u t i o n the 

f i r s t two moments of S 2 are obtained [ 2 ] . By d e f i n i t i o n the 
expected value of S i s 

E 
n _ 2 

A I ( U i - U ) 
" i = l 

Previously i t was shown that 
2 o [ u _ 1+1] = o f _ n-1 _a± 

" 2 -I n n N-1 

where a~~, i s the variance o f the integers 1, 2, 3 , ... N 

By d e f i n i t i o n 

i = l 2 

Then using the i d e n t i t y 

n 

ncr 

n 

we obtai n 

E 

1 1 u i 2 - u 2 = I I ( U i - i i l i ) 2 - ( u - M : ) 2 

n i = i n i = i 2 2 

Is2] nc 2 _ cr2
 + n-1 . o£_ = n-1 N 

L -» n n n N-1 n N-1 

It can be shown that the variance of S 2 equals 

[2nN 2 - 6(n+1) (N-1) + (n N-.N-n-l) (N-1)\ 2J N(N-n)(n-l) Q-4 

(N-l) (N -2)(N -3) n 

where \ 2 * s t n e c o e f f i c i e n t of excess defined as 

a 



24. 

Let 

Then 

and 

2 Nn S 
q = 

E r 2n 

N-n 

N(n-l) N = N(n-l) 
(N-n) (N-1.) N-n 

1. • 0<$) 

D "•2-

_ 2N (n-1) N 4 
| 2N(n-l) (n-1) \Z N 2 

(N-n) (N-l) 2(N-2)(Nf3) (N-n) 2n (N-2)(N-3) 

- 2N(n-l) N* 3(n+l) 
N-n (N-2)(N-3) n 

where (n N-N-n-1) i s approximately equal to (n-l)(N-l) . 

Then 

2 l i n z l ) [ i + J3=i X2+ 0(1)1 
J-n L 2n N J 

_ 2«(n-: 
N-n L 2n N 

Thus f o r large N and \ 2 equal to zero, the mean of q 2/cr 2 

i s N(n-l)/(N-n) and the variance i s 2N(n-l)/(N-n) . Hence the 

d i s t r i b u t i o n of q / o* can be approximated by a chi-square d i s ­

t r i b u t i o n with N(n-l)/(N-n) degrees of freedom. 

The s t a t i s t i c proposed f o r a comparison of the variances i n 

the Integer test i s 

„,2 . Nn S 2 

(N-n)a 2 

The region of r e j e c t i o n w i l l be the values of X such that 

As an i l l u s t r a t i o n of the Integer t e s t consider the two 

samples used i n the a p p l i c a t i o n of the Wald-Wolfowitz Run Test. 

On ordering the values of the two samples and assigning the ap­

propriate integers the samples become ( l , 2, 3, 10, 11, 12) and 
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and (4, 5, 6 , 7 , 9 ) . Then TJ = 6 .5 , v = 6 .5 and 

(N+D/2 = 6.5 

cr2 = ( N 2 - l ) / l 2 = l l . Q 

Then 

2 £l N=n . ftd 

°U = n N-1 = 1 ' 0 8 

TJ - N+1 
t = = 6 .5 - 6 .5 = G 

1.04 

This value of t i s c e r t a i n l y not s i g n i f i c a n t . Now i f we are 

testing against the alternative hypothesis that G(X) i s a 

t r a n s l a t i o n of F(X) the s t a t i s t i c t would be v a l i d . However, 

i f the a l t e r n a t i v e hypothesis is such that the two populations 

d i f f e r i n other respects besides t h e i r means, the s t a t i s t i c 

q2/cr 2 should also be used. For the above example, 

S 2
= 7 N ^ 4 = 2 G . 9 . 

43 
Note that t h i s formula for S 2 hold only i f n = N/2 and N 

i s d i v i s i b l e by 4 • Then 
- y z = a! - Nn S 2

 = ( 1 2 ) ( 2 0 . 9 L 21.1 . 

cr 2 (N-n)c 2 11 .9 

The number of degrees of freedom, 
\, _ N(n.D _ ( 1 2 ) ( 5 ) _ 1 ( ? ^ 

N-n 6 

From tables for the chi-squarec d i s t r i b u t i o n 

Prob. (TCy21.161) =.02 • 

Thus the observed value of X = 21.1 i s s i g n i f i c a n t at the 

a = 505 level and the n u l l hypothesis i s rejected. 

We note that since the Integer t e s t consists of two parts 
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the t o t a l probability i n the r e j e c t i o n region w i l l be a.-+r(:l-a)e 

where Prob ( t a < t ) = a and Prob ("Y^ <% 2) = e 

A good test should ..have a high probability of r e j e c t i n g the 

n u l l hypothesis when i t i s a c t u a l l y f a l s e . As stated previously 

t h i s probability, c a l l e d the power of a t e s t , cannot be determined 

fo r d i s t r i b u t i o n f r e e tests. An alternative c r i t e r i o n f o r the non-

parametric case i s that a good test i s consistent with respect to 

a l l couples of continuous F(X), G(X) • 

It i s conjectured that the Integer t e s t is consistent with 

respect to the alternative hypothesis that G(X ) = F(X + d) , a 

t r a n s l a t i o n of F(X) where d i s a constant. To prove t h i s i t 

should be shown that the s t a t i s t i c U/N converges s t o c h a s t i c a l l y 

to i t s , expected values when either hypothesis i s true. It can 

be shown that i f the n u l l hypothesis i s true, U/N converges 

s t o c h a s t i c a l l y to (N + 1)/2N . Let e be an a r b i t r a r i l y small 

p o s i t i v e number. Using TchebychefgJs inequality, 

< E u > 1 . i Z N . 

£2 
2 

Thus f o r N s u f f i c i e n t l y large, ° u / N approaches zero-and hence 

|_NJ 2N 
converges i n probability to zero. 

A d i f f i c u l t y a r i s e s i n connection with any attempt to show 

that TJ/N converges to i t s "expected value when the alternative 

hypothesis i s true,since the d i s t r i b u t i o n o f the s t a t i s t i c is not 

known] .Thus the expressions f o r the expected value and variance 

of U/N cannot be stated e x p l i c i t l y although i t is surmised that 



the expected value depends on the constant d and is greater 
than (N + 1)/2N and that the variance' approaches zero for 
large N • 

Similar difficulties arise in the consideration of the con­
sistency of the Integer test with respect to other alternative 
hypotheses regarding F(X) and G(X) * 



Conclusion 

In the example used to illustrate Mathisen's and Dixon's 

tests,conflicting results were obtained. Mathisen's median test 

rejected the null hypothesis,whereas, Dixon's test indicated there 

was no evidence against i t . 

Applying the Wald-Wolfowitz Run test to the same example, 

the observed value of U is J , From the tables in [6] the 

probability (U = 3) « .1276 for n - m - 10 . There is no 

evidence against the null hypothesis on the basis of these two 

samples. 

Now app}.y the Integer test to this example. The division 

of integers is (5, 6, 10, 11, 14, 15, 16, 13, 19, 20) and 

(1,2, 3, 4, 7, 3, 9, 12, 13, 17) . U = 13.4 , (N+D/2 - 10.5 

and crjj = 1.75"5 . The observed t is 2.20. From tables for 

the normal distribution the probability (2.20 < t) • .0139 . Thus 

the null hypothesis is rejected for a = .05 . 

In two of the non-parametric tests the Mathisen and the 

Integer tests, a significant result is obtained while in the other 

two, the Dixon and the Run tests, the observed value of the statis­

tic is not significant. If the Mathisen and Integer tests are at 

fault, it means the probabilities in the rejection region for these 

tests are too small and conversely for the" case the other two give 

incorrect results. 

It is interesting to note what happens if we assume that the 
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, populations from which-these samples were drawn are normally 

d i s t r i b u t e d . In t h i s case we can apply the t e s t s t a t i s t i c s 

based on the Student's t and F d i s t r i b u t i o n s . The observed 

value of F i s 2.44 f o r v-̂  = y 2 = 9 degrees of freedom. 

This value is not s i g n i f i c a n t for a = .05 . Thus we may assume 

that the two normal populations have a common variance and thus 

can apply to the Student's t t e s t . The observed value of t 

i s 2.36 with v equal to 13 . This value i s alfoost s i g ­

n i f i c a n t for a - .01 , and we therefore r e j e c t the n u l l hypothesis 

In defense of the Run and Dixon t e s t s which give opposite re­

sult s to that of Student's t i t must be emphasized that we were 

considering just one p a r t i c u l a r example. On the other hand ex­

amples can be found i n which the Run tes t has smaller p r o b a b i l i t i e s 

i n the r e j e c t i o n region than the Student's t t e s t . 

Suggested applications of these t e s t s are as follows: 

I f the population d i s t r i b u t i o n s are normal or such t h a t they may 

be appro xi ma ted by normal d i s t r i b u t i o n s , then Student's t t e s t 

should be used. For other cases the choice of a t e s t depends on 

the alternative hypotheses and the demands of the experimenter. 

If the experiment i s such that a comparison of the measures of 

central tendency i s desired the Mathisen, Pitman and Integer 

t e s t s can be used. I f we wish to compare the f i r s t two moments 

of the d i s t r i b u t i o n s the Integer t e s t is applicable. For a l l 

other non-parametric cases the Run test should be used. 

In evaluating non-parametric t e s t s and comparing them with 

the c l a s s i c a l t e s t s consideration should be made of the fact 
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.that the latter are limited in their application due to the 
restrictive assumption that the population distributions are 
normal. Thus while i t i s apparent that non-parametric tests 
do not use as much of the available information as the classical 
tests they are good substitutes in the cases where the popula­
tions are unknown. 



References 

1 . A. H. Bowker, "Note on consistency of a proposed test 
f o r the problem of two samples." Ann. Math. Stat, v o l . 15 U944) pp. 98 - 101. 

2. H. Cramer, Mathematical Methods of S t a t i s t i c s . Princeton, 
1946. 

3. W.J. Dixon, "A c r i t e r i o n f o r t e s t i n g the hypothesis that 
two samples are from the same population," Ann. 
Math. Stat. v o l . 11 (1940), pp. 199 - 204. 

4. H.C. Mathisen, "A method, of t e s t i n g the hypothesis that 
two samples are from the same population," Ann. 
Math. Stat. v o l . 14 (1943), ppl 1188 - 194. 

5. E.J.G. Pitman, "Significance t e s t s which may be applied to 
samples from any population," Journal Roy. S t a t i s t . 
Soc. Supplement, v o l . 4 (1937), pp. 119 - 130. 

6. Frieda S. Swed and C. Eisenhart, "Tables f o r t e s t i n g ran­
domness of grouping i n a sequence of a l t e r n a t i v e s , " 
Ann. Math. Stat. v o l . 14 (1943), pp. 66 - 87. 

7. A. Wald and J. Wolfowitz, "On a t e s t whether two samples 
are from the same population," Ann. Math. Stat, v o l . IT (1940), pp. 147 - 162. 

8. A. Wald and J. Wolfowitz, " S t a t i s t i c a l tests based on 
permutations of the observations," Ann. Math. Stat, v o l . 5 (1944), PP. 358 - 372. 


