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S T A B I L I T Y IN T H E L A R G E OF A U T O N O M O U S S Y S T E M S 

OF T W O DIFFERENTIAL E Q U A T I O N S 

A B S T R A C T 

T h e object of this dissertation is to discuss the stability i n 
the large of the t r iv ia l solution for systems of two differential equa
tions using qualitative methods (of course in combination with the 
construction of Lyapunov function). T h e right hand sides of these 
systems do not contain the t ime t explici t ly . 

First of a l l we discuss the system of'the type 

^ = F ( * , y ) , =ip-), * = c x - dy, c j t o (1) 

These equations occur in automatic regulation. Using qualitative 
methods we determine sufficient conditions in order that the t r i v 
i a l solution of system (1) be asymptotically stable i n the large. In 
this connection we note that a theorem proved by Ershov (Prikl. M a t . 
M e h . 18(1954), 381-383) is wrong. We then solve the problem of 
Aizerman for the systems of two equations, namely, for the systems 

| £ = f(x).+ ay., . dy_..=-bx.+ cy (2) 

and 

4 ^ = a x + f ( y ) . . $ ! = b x + x y (3) 
dt v / / ' dt 

In the case of'system (2) we give^anew proof of a theorem 
which asserts that if c 2 +. ab i-.'o,. then the. t r ivial solution is asympto
t ica l ly stable i n the large under the generalized Hurwitz conditions. 
T h e theorem was.first proved by Erugin. For system (3) M a l k i n 
showed that the trivial? solution is asymptotically stable in the large 
under the conditions: 

a + c < o, (acy - bf (y)) y ^ o for y jt'b and (4) 

I (acy - bf(y)) dy —> + oo as lyl-> + oo (5) 

We prove a similar theorem without the requirement of (5). 
We also discuss the stability in the large of the systems 

dx = ax + L (y) , dy. = f ( x ) + c 

dt 1 dt 2 W 

dx = f ( x ) = f (y). , dy. = b x + c y 

dt 1 c dt 

We consider again the system of the type (1) under assump
tions as indicated by Ershov (Prikl. M a t . Meh. : 17(1953), 61-72) who 
has discussed various cases where the stability in the large holds. 
Not agreeing fully with the proofs of these theorems we give our own 
proofs. F inal ly we discuss the stability in the large of the systems 

dx = h « ( y ) x + ay , dy_ = h 2 ( x ) x + by 
dt 1 dt 

d i = xh„ (y) + ay , & = bx + h 9 M T -
dt. 1 . dt 2 

(6) 

under, suitable assumptions. A s a sample case we prove that if 
ab > o, then the t r iv ia l solution of system (6) is-asymptotically 
stable in the large under conditions: 

h (y) + h (x) < o, K< (y) h , (x) - ab ~? o for x jfc o,' y # o. 
. r. 2. -



A B S T R A C T 

T h e o b j e c t o f t h i s d i s s e r t a t i o n i s t o d i s c u s s t h e 

s t a b i l i t y i n t h e l a r g e o f t h e t r i v i a l s o l u t i o n f o r s y s t e m s o f 

t w o d i f f e r e n t i a l e q u a t i o n s u s i n g q u a l i t a t i v e m e t h o d s ( o f c o u r s e 

i n c o m b i n a t i o n w i t h t h e c o n s t r u c t i o n o f L y a p u n o v ' f u n c t i o n ) . 

T h e r i g h t h a n d s i d e s o f t h e s e s y s t e m s d o n o t c o n t a i n t h e t i m e t 

e x p l i c i t l y . 

F i r s t o f a l l we d i s c u s s ( S e c . 2.) t h e s y s t e m o f t h e 

t y p e 

= f W , ,. = cx - dy (1) 

T h e s e e q u a t i o n s o c c u r i n a u t o m a t i c r e g u l a t i o n . U s i n g 

q u a l i t a t i v e m e t h o d s we d e t e r m i n e s u f f i c i e n t c o n d i t i o n s i n o r d e r -

t h a t t h e t r i v i a l s o l u t i o n o f s y s t e m ( l ) b e a s y m p t o t i c a l l y s t a b l e 

i n t h e l a r g e . I n t h i s c o n n e c t i o n we n o t e t h a t a t h e o r e m p r o v e d 

b y E r s h o v [7] i s w r o n g ( S e c . 2) . We t h e n s o l v e t h e p r o b l e m o f 

A i z e r m a n f o r t h e s y s t e m s o f t w o e q u a t i o n s ( S e c . 3), n a m e l y , f o r 

t h e s y s t e m s 

= f ( x ) + a y d x 
d t 

d t 

(2) 

b x + c y 

a n d 

1 



i i i 

g « ax + f ( y ) 

(3) 
If = b x + c y 

I n t h e c a s e o f s y s t e m (2) we g i v e a n e w p r o o f o f a 

2 
t h e o r e m w h i c h a s s e r t s t h a t i f c + a b * o , t h e n t h e t r i v i a l s o l u t i o n 

i s a s y m p t o t i c a l l y s t a b l e i n t h e l a r g e u n d e r t h e g e n e r a l i z e d 

H u r w i t z c o n d i t i o n s . T h e t h e o r e m w a s f i r s t p r o v e d b y E r u g i n [8], 

P o r s y s t e m (3) M a l k i n s h o w e d t h a t t h e t r i v i a l s o l u t i o n i s a s y m p 

t o t i c a l l y s t a b l e i n t h e l a r g e u n d e r t h e c o n d i t i o n s a + c < o , 

( a c y - b f ( y ) ) y > o f o r y * o a n d 
y 

j ( a c y - b f ( y ) ) d y — + a s | y } _ » + ~ 

o 
We p r o v e a s i m i l a r t h e o r e m w i t h o u t t h e r e q u i r e m e n t o f 

yj ( a c y - b f ( y ) ) d y — * + « a s | y | - * + 00 

o 

We a l s o d i s c u s s ( S e c . 4) t h e s t a b i l i t y i n t h e l a r g e o f t h e 

s y s t e m s 

§ - . x ^ W , f - f 2(x) + c y 

d x = f ^ x ) + f 2 ( y ) , f £ = b x + c y 

We c o n s i d e r ( S e c . 5) a g a i n t h e s y s t e m o f t h e t y p e ( l ) 

b u t u n d e r a s s u m p t i o n s a s i n d i c a t e d b y E r s h o v w h o h a s d i s 

c u s s e d v a r i o u s c a s e s w h e r e t h e a s y m p t o t i c s t a b i l i t y i n t h e l a r g e 

h o l d s . N o t a g r e e i n g f u l l y w i t h t h e p r o o f s o f t h e s e t h e o r e m s we 

g i v e o u r o w n p r o o f s . F i n a l l y we d i s c u s s ( S e c . 6 a n d 7) t h e . 
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s t a b i l i t y in the large of the systems 

| | = ^ (y) x + ay , | j = h 2(x) x + by 

f | = xh/y) + ay > f t = b x + h2^ x^ y 

under suitable assumptions. A s a sample case we prove that i f 

ab > o,then the t r i v i a l solution of system (4) i s asymptotically 

stable i n the large under conditions 

h^y) + h 2(x) < o , h.jCy) h 2(x) - ab > o,for x * 0, y * o 
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I N T R O D U C T I O N 

T h e i n v e s t i g a t i o n o f i n t e g r a l c u r v e s i n t h e l a r g e 

u s i n g g e o m e t r i c a l o r q u a l i t a t i v e m e t h o d s f o r a s y s t e m o f t w o 

d i f f e r e n t i a l e q u a t i o n s ( i . e . , o n a p l a n e ) w a s s t a r t e d b y P o i n c a r e ' , 

a n d c o n t i n u e d b y m a n y a u t h o r s d u r i n g t h e l a s t e i g h t y y e a r s . I n 

1950 N . P . E r u g i n ([8],[9] ) , f o r m u l a t e d a g e n e r a l t h e o r e m o f q u a l i 

t a t i v e n a t u r e f o r t h e s t a b i l i t y i n t h e l a r g e . We h a v e m a d e f r e 

q u e n t u s e o f t h i s t h e o r e m i n o u r w o r k . 

T h e m a i n p u r p o s e o f t h e t h e s i s i s t o s t u d y t h e s t a b i l i t y 

i n t h e l a r g e o f s y s t e m s o f t w o d i f f e r e n t i a l e q u a t i o n s . T h i s p r o b 

l e m i s s o l v e d s o m e t i m e s b y c o n s t r u c t i n g L y a p u n o v f u n c t i o n s , s o m e 

t i m e s o n t h e b a s i s o f q u a l i t a t i v e m e t h o d s a n d s o m e t i m e s b y t h e 

c o m b i n a t i o n o f q u a l i t a t i v e m e t h o d s a n d t h e c o n s t r u c t i o n o f 

L y a p u n o v f u n c t i o n s . I t s h o u l d b e n o t e d t h a t i n s o l v i n g t h e p r o b 

l e m o f s t a b i l i t y b y t h e s e m e t h o d s we d o n o t h a v e t o f i n d e i t h e r 

p a r t i c u l a r o r g e n e r a l s o l u t i o n s o f t h e d i f f e r e n t i a l e q u a t i o n . 

I n S e c t i o n 1, we r e v i e w t h e c o n c e p t s o f s t a b i l i t y i n 

t h e s e n s e o f L y a p u n o v a n d a s y m p t o t i c s t a b i l i t i e s i n t h e s m a l l 

a n d i n t h e l a r g e a n d g i v e c r i t e r i a f o r s t a b i l i t y i n t h e l a r g e 

b a s e d o n t h e c o n s t r u c t i o n o f L y a p u n o v f u n c t i o n s a n d o n q u a l i t a t i v e 

m e t h o d s . T o w a r d s t h e e n d o f t h e s e c t i o n w e c o n s t r u c t a L y a p u n o v 

f u n c t i o n f o r t h e e q u a t i o n o f t h e s e c o n d o r d e r ' 
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a n d g i v e s u f f i c i e n t c o n d i t i o n s w h i c h e n s u r e t h e s t a b i l i t y i n t h e 

l a r g e o f t h e t r i v i a l s o l u t i o n o f t h e a b o v e e q u a t i o n . 

I n S e c t i o n 2, we d i s c u s s t h e s t a b i l i t y i n t h e l a r g e o f 

t h e f o l l o w i n g s y s t e m o f d i f f e r e n t i a l e q u a t i o n s 

u s i n g q u a l i t a t i v e m e t h o d s i n c o m b i n a t i o n w i t h t h e c o n s t r u c t i o n 

o f L y a p u n o v f u n c t i o n a n d o b t a i n c e r t a i n s u f f i c i e n t c o n d i t i o n s 

w h i c h g u a r a n t e e t h e s t a b i l i t y i n t h e l a r g e . 

I n S e c t i o n 3, we d i s c u s s t h e f a m o u s p r o b l e m o f A i z e r m a n 

f o r t h e s y s t e m s o f t w o e q u a t i o n s . 

I n S e c t i o n 4, a s o r t o f g e n e r a l i z a t i o n o f p r o b l e m o f 

A x z e r m a n i s d i s c u s s e d . 

I n S e c t i o n 5, we d i s c u s s a g a i n t h e s y s t e m o f e q u a t i o n s 

o f S e c t i o n 2 b u t u n d e r d i f f e r e n t a s s u m p t i o n s a n d e s t a b l i s h t h e 

s t a b i l i t y i n t h e l a r g e u s i n g q u a l i t a t i v e m e t h o d s o n l y . 

d x 
d t 

= P ( x , y ) 

= f (<y) , w h e r e = c x - d y , 

I n S e c t i o n s 6 a n d 7, we d i s c u s s t h e s t a b i l i t y i n t h e 

l a r g e o f 

d x 
d t 

h ( y ) x + a y 

h ( x ) x + a y 
d t 

a n d 

d x 
d t x h i ( y ) + a y 

b x + h u ( x ) y d t 
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mostly by qualitative methods. It may be noted that Gu,Cao-hao 

fl6] has considered a similar problem. He has discussed the 

s t a b i l i t y of 

| f = ^ ( y ) + , ( y ) 

I - - * 'W 

by constructing a Lyapunov function. 
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1. Some Basic Theorems On Stability. Let us consider a system 

of d i f ferential equations 

dx ± 

= X^ (x^, Xg, ...,x n,t) ( l . l ) 

of the perturbed motion. It is assumed that 

X i(o, o, t) = o ( i = 1, ...,n) 

and the right hand sides X^ of ( l . l ) are continuous functions with 

respect to a l l their arguments and satisfy the condition of unique

ness of solutions of the system ( l . l ) in the region 

- «o £ X^ 4+oo - , t > O (1.2) 
If we denote the t o t a l i t i e s (x^, x 2, x n) and(X^, ..., X n) by 

x and X(x, t) respectively, each being (n x 1)matrix, then the sys

tem ( l . l ) i s written i n the form 

x = X(x,t) (1.3) 

Since i t i s assumed that X(o,t) = o, equation (1.3) admits the 

t r i v i a l solution x(t) = o. The motion corresponding to this 

solution i s called unperturbed motion and motions corresponding 

to a l l other solutions are known as perturbed motions. 

Definition 1. The t r i v i a l solution x(t) = o i s called stable in  

the sense of Lyapunov i f , given a small f > o, there exists a 

% ( € >t Q) such that, f o r a l l perturbed motions x(t) for which 

x ( t Q ) | ^ % holds, the inequality |x(t)| <. € i s satisfied for 

t >y t >, o. 

o 

Definition 2. If the t r i v i a l solution i s stable in the above 

sense and every perturbed motion sufficiently close to i t i s such 
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t h a t I3-10. ix(t)| = o , t h e n we s a y t h a t t h e t r i v i a l s o l u t i o n 

x ( t ) = o i s a s y m p t o t i c a l l y s t a b l e i n t h e s m a l l o r i n t h e s e n s e  

o f L y a p u n o v . 

D e f i n i t i o n 3« I f h o w e v e r | x ( t ) | — > o a s t —» oo. , n o m a t t e r w h a t 

t h e p o i n t ( X q , t ) m a y b e , t h e n t h e u n p e r t u r b e d m o t i o n i s s a i d 

t o b e a s y m p t o t i c a l l y s t a b l e i n t h e l a r g e . 

L e t u s d i s c u s s i n m o r e d e t a i l t h e i m p l i c a t i o n s o f t h e 

a b o v e d e f i n i t i o n s . B y s a y i n g t h a t t h e t r i v i a l s o l u t i o n i s s t a b l e 

i n t h e s e n s e o f L y a p u n o v , we u n d e r s t a n d t h a t a n y p e r t u r b e d m o t i o n 

s t a r t e d n e a r x = o p o s s e s s e s t w o p r o p e r t i e s ( i ) i t i s d e f i n e d 

f o r a l l t >/ t >/ o a n d ( i i ) s a t i s f i e s t h e i n e q u a l i t y [ x ( t ) | < £ 

f o r t h e same v a l u e s o f t a s i n ( i ) . T h e f i r s t p r o p e r t y i s n o t e x 

p l i c i t l y s t a t e d i n t h e d e f i n i t i o n t h o u g h i t i s a l w a y s u n d e r s t o o d . 

E r u g i n f l l ] s h o w e d t h a t t h e b o u n d e d n e s s o f s o l u t i o n s i m p l i e s t h e 

e x i s t e n c e o f s o l u t i o n s f o r a l l t t o w h e n t h e r i g h t h a n d 
o ° 

s i d e s o f ( l . l ) a r e d e f i n e d a n d c o n t i n u o u s i n t h e r e g i o n (1.2). 
E x a m p l e s c a n b e g i v e n w h e r e t h e s o l u t i o n s a r e b o u n d e d e v e n i f 

t h e y a r e n o t d e f i n e d f o r a l l t >, t >/ o . T h i s c a n . h a p p e n , f o r 

e x a m p l e , i n t h e c a s e w h e r e t h e r i g h t h a n d s i d e s o f d i f f e r e n t i a l 

e q u a t i o n s ( l j ) a r e d e f i n e d f o r a l l x a n d t b u t a r e n o t b o u n d e d 

f o r a l l t > o ( E r u g i n ^12]). 
We n o w t u r n t o t h e d e f i n i t i o n o f a s y m p t o t i c s t a b i l i t y 

a c c o r d i n g t o L y a p u n o v . T h i s c o n c e p t i n c l u d e s i n i t s e l f t w o p r o 

p e r t i e s o f t h e s o l u t i o n s o f s y s t e m ( l . l ) . One i s t h a t o f s t a b i l i t y 

i n t h e s e n s e o f L y a p u n o v a n d t h e o t h e r i s i^m|x(t)| = o . 
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T h e r e a r e c a s e s w h e r e t h e s o l u t i o n s o f t h e s y s t e m ( l . l ) p o s s e s s 

t h e s e c o n d p r o p e r t y b u t t h e t r i v i a l s o l u t i o n m a y n o t b e s t a b l e 

i n t h e s e n s e o f L y a p u n o v . O n e s u c h c l a s s o f a s y s t e m o f d i f f e r e n 

t i a l e q u a t i o n s h a s b e e n g i v e n b y N . N . K r a s o v s k i J [ l 8 ] . 

O t h e r t y p e s o f s t a b i l i t i e s , e . g . u n i f o r m s t a b i l i t y , 

u n i f o r m a s y m p t o t i c s t a b i l i t y a r e a l s o f o u n d i n t h e l i t e r a t u r e . 

T h e s e t y p e s o f s t a b i l i t i e s h a v e b e e n c o n s i d e r e d b y J . L . M a s s e r a 

[23], I . G . M a l k i n [22], N . N . K r a s o v s k i i [20], a n d o t h e r s . 

F o r s o l v i n g t h e p r o b l e m s r e l a t i n g t o t h e s t a b i l i t y o f 

t h e t r i v i a l s o l u t i o n t h e m e t h o d s a r e d i v i d e d i n t o t w o g r o u p s . 

I n t h e f i r s t g r o u p we i n c l u d e a l l t h e m e t h o d s i n w h i c h e i t h e r 

p a r t i c u l a r o r g e n e r a l s o l u t i o n s o f t h e e q u a t i o n s o f t h e p e r t u r b e d 

m o t i o n a r e d e t e r m i n e d . I n t h e s e c o n d g r o u p t h e p r o b l e m o f 

s t a b i l i t y i s m a d e t o d e p e n d o n a f u n c t i o n V ( x , t ) s a t i s f y i n g c e r 

t a i n p r o p e r t i e s . A s t h e a b o v e c l a s s i f i c a t i o n w a s d o n e b y L y a p u n o v 

we c a l l , t h e t w o m e t h o d s t k c L y a p u n o v ' * f i r s t a n d s e c o n d m e t h o d s . 

L e t V ( x , t ) d e n o t e a n y s c a l a r f u n c t i o n o f x , t , c o n t i n 

u o u s a n d h a v i n g c o n t i n u o u s p a r t i a l d e r i v a t i v e s o f t h e f i r s t o r d e r 

i n a d o m a i n . \x\ $ % , t >, o , w h e r e V ( o , t ) = o . 

D e f i n i t i o n 4. T h e f u n c t i o n V ( x , t ) i s c a l l e d s e m i d e f i n i t e i n a 

d o m a i n i f i t a s s u m e s v a l u e s o f t h e . s a m e s i g n i n t h a t d o m a i n 

( t h e v a l u e z e r o i s a l s o a l l o w e d ) . 

D e f i n i t i o n 5. A f u n c t i o n W ( x ) i n d e p e n d e n t o f t i s s a i d t o b e 

p o s i t i v e d e f i n i t e i n a d o m a i n i f W ( x ) > 0 f o r a l l x * o a n d 

W(o) = o . 
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D e f i n i t i o n 6. We s h a l l s a y t h a t V ( x , t ) i s p o s i t i v e d e f i n i t e i n 

a d o m a i n , i f t h e r e e x i s t s a p o s i t i v e d e f i n i t e c o n t i n u o u s f u n c 

t i o n W ( x ) s u c h t h a t V ( x , t ) >, W ( x ) i n t h e d o m a i n o f d e f i n i t i o n . 

D e f i n i t i o n 7 . We s h a l l s a y t h a t V a d m i t s o f a n i n f i n i t e l y s m a l l  

u p p e r b o u n d i f g i v e n ( > o , t h e r e e x i s t s a % > o s u c h t h a t 

j V ( x , t ) | ^ €• f o r t >, o w h e n e v e r \x\ £ 8 • 

D e f i n i t i o n 8. I f f o r e v e r y M > o , t h e r e e x i s t s a n u m b e r N > o 

s u c h t h a t f o r J x ] N , t >, o f o l l o w s | v ( x , t ) | > M , t h e n 

V ( x , t ) i s s a i d t o b e i n f i n i t e l y l a r g e . 

D e f i n i t i o n 9. A d e f i n i t e f u n c t i o n V ( x , t ) , t h e t o t a l d e r i v a t i v e 

o f w h i c h w i t h r e s p e c t t o t i m e i n v i e w o f t h e p e r t u r b e d e q u a t i o n s 

i s e i t h e r - a s e m i d e f i n i t e f u n c t i o n o f a s i g n o p p o s i t e t o t h a t o f 

V ( x , t ) o r i s i d e n t i c a l l y e q u a l t o z e r o , i s c a l l e d a L y a p u n o v  

f u n c t i o n . 

L y a p u n o v p r o v e d t h e f o l l o w i n g c l a s s i c a l r e s u l t o n 

a s y m p t o t i c s t a b i l i t y . 

T h e o r e m 1.1. I f f o r t h e d i f f e r e n t i a l e q u a t i o n s o f p e r t u r b e d  

m o t i o n s t h e r e e x i s t s a L y a p u n o v f u n c t i o n , p o s s e s s i n g a d e f i n i t e  

d e r i v a t i v e , a n d a d m i t t i n g o f a n i n f i n i t e l y s m a l l u p p e r b o u n d , t h e n  

t h e u n p e r t u r b e d m o t i o n i s a s y m p t o t i c a l l y s t a b l e . 

I t m a y b e n o t e d t h a t t h i s t h e o r e m i s n o t r e v e r s i b l e . A 

s i m p l e e x a m p l e t o t h i s e f f e c t h a s b e e n g i v e n b y J . L . M a s s e r a [23}. 

T h e f o l l o w i n g t h e o r e m a n a s y m p t o t i c s t a b i l i t y i n t h e 

l a r g e c a n b e p r o v e d i n t h e s a m e w a y a s i s p r o v e d a t h e o r e m o n 

a s y m p t o t i c s t a b i l i t y i n t h e s e n s e o f L y a p u n o v b y J . L . M a s s e r a [23]. 
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T h e o r e m 1.2. I f t h e r e e x i s t s a n i n f i n i t e l y l a r g e p o s i t i v e d e f i  

n i t e f u n c t i o n V ( x , t ) w h i c h p o s s e s s e s a n i n f i n i t e l y s m a l l u p p e r  

b o u n d a n d w h i c h i s s u c h t h a t i t s . t o t a l t i m e d e r i v a t i v e i s n e g a  

t i v e d e f i n i t e , t h e n t h e s o l u t i o n x = o i s a s y m p t o t i c a l l y s t a b l e  

i n t h e l a r g e . 

T h e i n v e r s i o n o f t h i s t h e o r e m h a s n o t b e e n p r o v e d s o 

f a r i n i t s q u i t e g e n e r a l i t y . O n l y i n s o m e p a r t i c u l a r c a s e s t h i s 

h a s b e e n d o n e . 

1.2. I n t h i s S e c t i o n w e c o n s i d e r t h e f o l l o w i n g s y s t e m o f 

d i f f e r e n t i a l e q u a t i o n s 

d x i 

d t ~ = X i ^ x 1 ' • • * » x n ^ ^ = 1 » ' " » n ) (1-2.1) 
w h e r e t h e r i g h t h a n d s i d e s a r e c o n t i n u o u s l y d i f f e r e n t i a b l e f u n c t i o n s 

o f t h e v a r i a b l e s x , , . . . , x i n t h e r e g i o n - «*> < x . < + <*> , 

i = 1 , 2 , . . . , n . F u r t h e r m o r e 

X i ( o , o , . . . , o ) = o ( i = 1 , 2 , . . . , n ) . 

T h e t h e o r e m c o r r e s p o n d i n g t o T h e o r e m 1.1 i s t h e f o l l o w i n g 

T h e o r e m 1.2.1. I f t h e r e e x i s t s f o r t h e s y s t e m ( l . 2 . l ) a p o s i t i v e 

d e f i n i t e f u n c t i o n V ( x i , . . .TQ f o r w h i c h i s n e g a t i v e d e f i n i t e , 

t h e n t h e s o l u t i o n x = o i s a s y m p t o t i c a l l y s t a b l e i n t h e s e n s e o f  

L y a p u n o v . 

T h i s t h e o r e m i s r e v e r s i b l e a n d we h a v e 

T h e o r e m 1.2.2. I f t h e t r i v i a l s o l u t i o n o f s y s t e m ( l . 2 . l ) i s a s y m p  

t o t i c a l l y s t a b l e a c c o r d i n g t o L y a p u n o v , t h e n a p o s i t i v e d e f i n i t e 

V - f u n c t i o n e x i s t s s u c h t h a t 2j-g i s n e g a t i v e d e f i n i t e . 
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T h e a b o v e t w o t h e o r e m s s h o w t h a t t h e V - f u n c t i o n s c h a r a c 

t e r i z e t h e a s y m p t o t i c s t a b i l i t y o f t h e z e r o s o l u t i o n i n t h e s e n s e 

o f L y a p u n o v . 

We g i v e a s i m p l e e x a m p l e t o s h o w h o ? i r T h e o r e m 1.2.1 i s 

a p p l i e d t o t h e p r o b l e m s c o n c e r n i n g t h e a s y m p t o t i c s t a b i l i t y i n 

t h e s m a l l . C o n s i d e r t h e s y s t e m 

d x 3 
d t = y " X 

dy 3 
dt = - X " y 

(1.2.2) 

t h e c h a r a c t e r i s t i c r o o t s o f t h e s y s t e m o f f i r s t a p p r o x i m a t i o n a r e 

i i . i . e . , t h e r e a l p a r t s o f t h e r o o t s a r e z e r o s . H e n c e L y a p u n o v * 4 f i r s t 

m e t h o d c a n n o t b e a p p l i e d . L e t u s t a k e t h e f o l l o w i n g a s V - f u n c t i o n 

V ( x , y ) = x 2 + y 2 

C l e a r l y , t h i s f u n c t i o n i s p o s i t i v e d e f i n i t e . I t s t i m e d e r i v a t i v e 

b y v i r t u e o f (l.2.2) i s g i v e n b y 

d V o ( 1+ L 
at = ~ 2 ^ + r) 

w h i c h i s o b v i o u s l y n e g a t i v e d e f i n i t e . H e n c e t h e t r i v i a l s o l u t i o n 

x = o o f s y s t e m (l.2.2) i s a s y m p t o t i c a l l y s t a b l e i n t h e s m a l l . 

N o t e h e r e t h a t w e d i d n o t h a v e t o f i n d e i t h e r g e n e r a l o r p a r t i c u 

l a r s o l u t i o n s o f t h e s y s t e m i n o r d e r t o d e c i d e t h e s t a b i l i t y p r o b 

l e m . 

We n o w s h o w b y a n e x a m p l e t h a t t h e V - f u n c t i o n s w h i c h 

g u a r a n t e e t h e a s y m p t o t i c s t a b i l i t y i n t h e s m a l l a r e n o t g o o d 

e n o u g h f o r t h e e s t a b l i s h m e n t o f t h e s t a b i l i t y i n t h e l a r g e o f 

t h e t r i v i a l s o l u t i o n . C o n s i d e r t h e s y s t e m o f t w o e q u a t i o n s 
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If * y - *(*) . at = - • ( * ) ( 1 * 2 - 3 ) 

where * (o) = o, x * (x) > o for x * o. 

Following Malkin [2l] the V-function for this system can be taken 
2 x 

as V(x,y) = -gy + J *(x) dx 
o 

Its total time derivative in view of (1.2.3) i s given by 

f - -<*«>2 

Clearly, V(x,y) i s positive definite and < o for x $ o and 

ilZ = o for x = o. It can be shown that i n this case asymptotic 
dt 

dV 
s t a b i l i t y i n the small holds even i f -gfc i s not negative definite, 

x 
Now i f J * (x) dx —f-* + 0 0 as |xl—» + 0 0 , then i t i s possible 

o 

(Pliss [25]) that the stability in the large may not hold,i.e., we 

can show that there exist trajectories going to i n f i n i t y for 

t —» + 00 

The above example shows that i t becomes necessary to put 

an extra condition on the V-functions i n order to realize asymp

tot i c s t a b i l i t y in the large. The V-function should be such that 

V(x^ , X 2 , ••• •;. > x
n) ^ C, C > o, defines a bounded region contain

ing the origin for a l l C. Because then we can be sure of the solu

tions being bounded and defined for a l l t t >, o, no matter 
o 

what the i n i t i a l point may be. Our purpose is served i f we im

pose on the V-function an additional requirement of being i n f i n i t e 

l y large, since i t i s known (Erugin (14] ) that V(x) possessing 

the property V(x) > o for x * o and V(o) = o does not define the 
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r e g i o n V ( x ) $ C , C > o w h i c h i s a l w a y s b o u n d e d . 

T h e f o l l o w i n g t h e o r e m s o n s t a b i l i t y i n t h e l a r g e a r e 

d u e t o E . A . B a r b a s h i n a n d N . N . K r a s o v s k i i [2]. 

T h e o r e m 1.2.3. I f t h e r e e x i s t s a n i n f i n i t e l y l a r g e p o s i t i v e d e f -

d V 
i n i t e f u n c t i o n V ( x ) , t h e t o t a l t i m e d e r i v a t i v e -ĝ- o f w h i c h b y 

v i r t u e o f t h e p e r t u r b e d e q u a t i o n s i s n e g a t i v e d e f i n i t e , t h e n t h e  

t r i v i a l s o l u t i o n o f ( l . 2 . l ) i s a s y m p t o t i c a l l y s t a b l e f o r a r b i  

t r a r y i n i t i a l d i s t u r b a n c e s . 

T h e o r e m 1.2.4. I f t h e t r i v i a l s o l u t i o n x ( t ) = o i s a s y m p t o t i c a l l y  

s t a b l e i n t h e l a r g e , t h e n t h e r e e x i s t s a c o n t i n u o u s l y d i f f e r e n -

t i a b l e i n f i n i t e l y l a r g e p o s i t i v e d e f i n i t e f u n c t i o n V " ( x ) h a v i n g  

n e g a t i v e d e f i n i t e d e r i v a t i v e w i t h r e s p e c t t o t i m e p r o v i d e d t h a t  

a l l s o l u t i o n s c a n b e c o n t i n u e d t o t h e i n t e r v a l - ° ° < t 4 o . 

I t w a s p o i n t e d o u t b y E r u g i n [10], i n v e r t i n g a t h e o r e m 

o f W i n t n e r [30], t h a t n o t e v e r y s y s t e m o f t y p e ( l . 2 . l ) p o s s e s s e s 

t h e p r o p e r t y t h a t a l l i t s s o l u t i o n s b e c o n t i n u a b l e o n t h e w h o l e 

i n t e r v a l - « * < t < + ° ° . I t h a s b e e n s h o w n ([4], [31!) 

t h a t t h e r e q u i r e m e n t o f c o n t i n u a t i o n o f s o l u t i o n s o n t h e n e g a t i v e 

t - a x i s i n T h e o r e m 1.2.4 i s n o t e s s e n t i a l . 

A n i m m e d i a t e g e n e r a l i z a t i o n o f T h e o r e m 1.2.3 i s t h e 

f o l l o w i n g , 

T h e o r e m 1.2.5. L e t t h e r e e x i s t a n i n f i n i t e l y l a r g e p o s i t i v e d e f  

i n i t e f u n c t i o n V ( x ) a n d a s e t M s u c h t h a t 

4 r < © o u t s i d e M-iSL £ o o n M 
d t ' d t 
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Let.the set M possess the property that an arbitrary intersection  

of the sets V = C (g * o) and M does not contain the positive  

half trajectory of the system (l.2.l) then the t r i v i a l solution  

x = o of system (1.2.l) i s asymptotically stable for arbitrary  

i n i t i a l disturbances. 

As an example of Theorem 1.2.5 we consider the differen

t i a l equation 

+ * (dx) g(x) + f (x) (§&) = o . (1.2.4) dt^ cit dt 

This can be thrown into the form 

dt * 

§ = -•(y) g(x) - f(x) *(y) (1.2.5) 

We as sume that 

x f(x) > o for x +- o, f(o) = o; g(x) > o, 
(1.2.6) 

<V (y) > o and y • (y) > o for y $ o,4>(o) = o 

Furthermore,it i s assumed that the right hand sides of (1.2.5) 
satisfy the conditions guaranteeing the existence and uniqueness 

of solutions of (1.2.5). 
We construct the following Lyapunov function for the 

system (1.2.5) 
x y 

V(x,y) = | f(x) dx + j - ^ y ) dy 
o o 

Clearly,V(x,y) is positive definite. Let us compute i t s total 

time derivative in view of equations (1.2.5). 
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§ = f(x) y + ^ } [ - <P (y) g(x) - f ( x ) * ( y ) ] 

= " y s ^ < ° f o r y * ° 
3 ° for y = o 

It is easy to see that y = o does not contain a posi

tive half trajectory of the system ( 1 . 2 . 5 ) except the origin. If 

we now assume that 
x y 
f f(x) dx — » * for |x| -» «*» ; j ; j j j r ^ dy-*-*>for | V \ - * *> 

o o 7 ( 1 . 2 . 7 ) 

then V(x,y) i s i n f i n i t e l y large. Thus we prove the following 

Theorem 1 . 2 . 6 . If the conditions ( 1 . 2 . 6 ) and ( 1 . 2 . 7 ) are satis 

f i e d then the t r i v i a l solution of Q - . 2 . 4 ) i s asymptotically stable  

i n the large. 

It may be remarked here that the construction of su i t 

able Lyapunov functions is possible in a very small number of ex

amples (see [ 3 ] , [ 5 ] , [ 1 9 ] , [ 2 4 ] , [ 2 7 ] , and [ 2 9 ] ) . 

In 1 9 5 0 Erugin [ 8 ] proved the following theorem for the 

system of two equations ,i.e., for 

§ = P(x,y) 
( 1 . 2 . 8 ) 

Theorem 1 . 2 . 7 . (Erugin) We assume that 

(i) the point ( 0 , 0 ) i s the only point of equilibrium, 

( i i ) the unperturbed motion x = o = y i s asymptotically stable 

and consequently any motion started in a certain region ( <: ) 
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x 2 + y 2 * * (1.2.9) 
possesswthe -property x(t) —» o, y(t)~-» o 

as t -» *> , (1.2.10) 
( i i i ) a straight line L(o,°») going, to i n f i n i t y from the point  

(o,o) i s intersected by the motions i n one direction  

only for t —»«•», 

(iv) the motions having bounded polar angles are bounded, 

(v) there are no periodic motions; 

then a l l the motions possess the property (l.2.10). 

The above theorem has been generalized to the case of 

a system of n equations by V.A. P l i s s [26], 

2. Stability in the large of the system ̂  = F(x,y), §fe = f ( «* ). 

In this section we shall consider the system of equations 

i - ^ 
(2.1) 

|f = f ( * ' ) , ^ = cx - dy 

where c and d are constants, c * o ; the functions F(x,y), f ( ) 

are continuous and F(o,o) = o, f(o) = o. Besides, the fulfilment 

of conditions of uniqueness of the solution x = o = y i s assumed. 

The above system was considered i n the works of Ershov 

([6], [7]) and Krasovskii [19]. Following Krasovskil we transform 

the system (2.l) to the following form (2.2) by the change of de

pendent variables expressed by the relations 

«•* = cx - dy 
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The above transformation i s non-singular because c is 

not assumed equal to zero. We then have 

If -'• 
(2.2) 

where * («*,y) = c F ( r + d y , y) - d t(f) . 

c 

Krasovskii constructed the following Lyapunov . func

tion for the system (2.2) 
•* y 

V(«-,y) = j f ( « - ) d r - j*(o,y) dy 
o o 

and using Theorem 1.2.5 proved the following theorem.* 

Theorem 2.1. If the conditions 

c f(«*) 7 o for * o (2.3) 
y+(o,y)< o f o r y * o (2.4) 

«* [•(«* ,y) - * (o,y) ] <• o f o r «* * o (2.5) 
and J f ( r ) d r = ~ , j+(o,y) dy = oo (2.6) 

are satisfied then the t r i v i a l solution x = o = y of system (2.1)  

i s asymptotically stable in the large. 

It may be remarked that conditions (2.3) and (2.4) can 

be replaced by the following conditions *. 

* f(<r) * o f o r «* * o (2.3) 

y *(o,y) > o for y * o (2.4) 

Ershov [7] claimed that Theorem 2.1 holds without the 

requirement of conditions (2.6). In fact,he stated the following 
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theorem: 

Theorem 2.2. If conditions (2.3), (2.4) and (2.5) are satisfied  

f o r the system (2.l), then the t r i v i a l solution of system (2.l)  

i s asymptotically stable i n the large. 

The following example shows that conditions (2.6) can

not be removed in general. 

Example. Consider the system of equations 

(2.7) 

where f(x) i s defined as below 
,-2x 

f(x) = T 2 — f o r x >, 1 \ / -| + e~x 

~-2 
= — £ — . % for x < 1 

1 + e""1 

Obviously, xf(x) > o for x * o and f(o) = o 

y *(°,y) = y(-y -f(°)) = - y < o for y * o 

• " [ * ( r,y) - *(o,y)] = x(-y -f(x) + y) = -x f(x) C o 

f o r x * o 

Moreover,it i s not d i f f i c u l t to show that f(x) is continuous and 

satisfies the Lipschitz condition. Thus a l l the conditions of 

Theorem 2.2 are satisfied. We show that the t r i v i a l solution of 

this system i s asymptotically stable in the sense of Lyapunov but 

not i n the large. The s t a b i l i t y in the small follows from ttee f o l 

lowing Lyapunov function 
x ? 

V(x,y) = J" f(x) dx + i y \ 
o 
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We now show that there exist trajectories going to i n f i n i t y f o r 

t —* + 0 0 . . 

It i s easy to verify that y = -e is a particular inte

gral of the system on the interval 1 £ x < 0 0 passing through 
—1 —3 

the point (1, -e ) at t = o. We show that along the curve y = -e 
> o.i.e. x increases with the increase of time, dt ' 

cix / \ —x —2x ~x 

dt = T " F ( X ) = + E ' TV̂ -x = > o for x >,1 

We integrate |x = e ~ x along the trajectory y = -e" x and have 
dt 1+e~x 

x t x t 
J 1 + e" X dx = J dt or e x + x | = t | 
1 e _ X o 1 o 

or x + e x - e - 1 = t 

Prom the last equation i t follows that as t —• + <x> , 

x —-» + 0° , i.e.^the positive half trajectory y = -e~ x of the 

system (2.7) tends to i n f i n i t y as t —-* + »» . Hence i t follows 

that the t r i v i a l solution i s not asymptotically stable i n the 

large. 

2.2. Let us consider the system 

dt 

•ff = f ( r ) , = cx -dy, c * o 
(2.2.1) 

dt 

under the conditions: 

F(o,o) = o, f(o) = o (2.2.2) 

> o f o r «* * o (2.2.3) 
«* [•(«#,y) - *(o,y)] <• o for «- * o (2.2.4) 
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y * ( o , y ) < o for y * o ( 2 . 2 . 5 ) 

w h e r e 4> (c,y) = c F(JLL&L, y ) - d f ( •• ) ( 2 . 2 . 6 ) 
c 

B e s i d e s , t h e f u l f i l m e n t o f c o n d i t i o n s o f u n i q u e n e s s o f 

t h e s o l u t i o n x = o = y i s a s s u m e d . A s b e f o r e we r e d u c e t h e s y s t e m 

( 2 . 2 . 1 ) t o t h e f o l l o w i n g s y s t e m 

jf - * 
(2.2.7) 

We c o n s i d e r t h e p o s i t i o n s o f t h e c u r v e s r e p r e s e n t e d b y 

t h e r i g h t - h a n d s i d e s o f ( 2 . 2 . 7 ) o n t h e ( « * , y ) p l a n e , i . e . , o f <P (a^y) 

= o a n d f(o*) = o . S i n c e «• f ( « * ) > o f o r <r* + o a n d f ( o ) = o , 

f ( « * ) = 0 o n l y w h e n * = o , i . e # J f ( «• ) = o r e p r e s e n t s t h e y - a x i s . 

We n o w t u r n t o t h e c u r v e r e p r e s e n t e d b y 4» ( « * , y ) = o . We o b s e r v e 

t h a t 4» (0,0) = o a n d o n t h e «* - a x i s 4> ( « * , y ) > o f o r < o , 

<*»(«f,y) < o f o r «* > o ; o n t h e y - a x i s * ( * " , y ) > o f o r y < o , 

* (o*,y) 0 f ° r y > o . F r o m t h e s e f a c t s i t f o l l o w s t h a t 4> («*,y)<o_, 

ff* 7 o , y 7 o a n d <t» ( * * , y ) > o f o r «* < o , y < o . I n d e r i v i n g 

t h e s e c o n c l u s i o n s we h a v e m a d e u s e o f t h e c o n d i t i o n s ( 2 . 2 . 4 ) a n d 

( 2 . 2 . 5 ) . T h u s i t f o l l o w s t h a t «fr ( « * , y ) c h a n g e s s i g n i n t h e s e c o n d 

a n d f o u r t h q u a d r a n t s a n d h e n c e t h e c u r v e 4> ( » * , y ) = o l i e s i n t h e 

s e c o n d a n d f o u r t h q u a d r a n t s . I t i s e a s y t o s e e t h a t 

d «• = <p ( « * , y ) > o f o r t h e p o i n t s l y i n g t o t h e l e f t 
d t 

o f t h e c u r v e <P ( » * , y ) = o 

d «* . 
-rr— = 4 » ( * ' , y ) < o . f o r t h e p o i n t s l y i n g t o t h e r i g h t 

o f t h e c u r v e «> (r - , y ) = o 
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•̂2. = f ( «*) > o f o r t h e p o i n t s l y i n g t o t h e r i g h t o f 

y ^ a x i s 

= f ( • * ) < , o f o r t h e p o i n t s l y i n g t o t h e l e f t o f 

y - a x i s 

T h e c u r v e * ( « * , y ) = o a n d t h e c o - o r d i n a t e a x e s d e c o m 

p o s e t h e p l a n e ( < f , y ) i n t o s i x r e g i o n s . y ( t ) i s m a x i m u m o n t h e y -

a x i s f o r y > o a n d m i n i m u m f o r y < o ; * ( t ) i s m a x i m u m o n t h e 

c u r v e 4> ( « * , y ) = o f o r o* > o a n d m i n i m u m f o r «* <. o . T h e d i r e c 

t i o n o f m o t i o n i s i n d i c a t e d i n f i g . 1. We i n t r o d u c e p o l a r c o - o r d i n a t e 

«* = r c o s 8 , y = r s i n $ , t h e n 

r = <s* c o s 6 + y s i n 8 

a n d r 8 = - *» s i n s + y c o s 

T h e s i g n s o f r a n d 6 i n d i f f e r e n t r e g i o n s a r e g i v e n a s 

b e l o w : 

(1,4) r m a y b e >^ o , 6 > o (2,5) f m a y b e \ o , Q > - o 

(3,6) r < o , d m a y b e ^ o 

T h e L y a p u n o v . f u n c t i o n f o r t h e s y s t e m (2.2.7)is 

f yr 

V ( c , y ) = J f ( c ) d r - J * ( o , y ) d y 

o o 

I t s t o t a l t i m e d e r i v a t i v e i n v i e w o f e q u a t i o n s (2.2.7) i s 

V = f(«0 ^ • ( • • , y ) - * ( o , y ) ] < . o f o r * o 

= o f o r •* * o 

O b v i o u s l y , V ^ y ) i s p o s i t i v e d e f i n i t e a n d V i s o f n e g a t i v e s i g n . 

N o w i L f l = < * ( o , y ) f o r «* = o a n d i t i s d i f f e r e n t f r o m z e r o u n l e s s y = 
d t 
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T h i s m e a n s t h a t <?* = o d o e s n o t c o n t a i n a n y o t h e r p o s i t i v e h a l f 

t r a j e c t o r y o f t h e s y s t e m (2.2.7) t h a n t h e o r i g i n . W h e n c e f o l l o w s 

t h e a s y m p t o t i c s t a b i l i t y i n t h e s e n s e o f L y a p u n o v o f t h e t r i v i a l 

s o l u t i o n o f s y s t e m (2.2.7). T h u s we h a v e s h o w n 

( i ) t h e p o i n t ( 0 , 0 ) i s t h e o n l y p o i n t o f e q u i l i b r i u m , 

( i i ) t h e u n p e r t u r b e d m o t i o n i s a s y m p t o t i c a l l y s t a b l e a c c o r d i n g 

t o L y a p u n o v , 

( i i i ) t h e r e a r e n o p e r i o d i c m o t i o n s , s i n c e f o r (2.2.7) i s c o n 

s t r u c t e d a L y a p u n o v f u n c t i o n . 

S i n c e t h e «• p o s i t i v e h a l f a x i s i s i n t e r s e c t e d b y t h e m o t i o n s i n 

o n e d i r e c t i o n o n l y , i t c a n b e t a k e n f o r t h e s t r a i g h t l i n e L ( o , o o ) 

a p p e a r i n g i n T h e o r e m 1.2.7. T h u s a l l t h e c o n d i t i o n s o f T h e o r e m 

1.2.7 a r e s a t i s f i e d e x c e p t t h e f o u r t h ^ i . e . , t h e m o t i o n s h a v i n g 

b o u n d e d p o l a r a n g l e s a r e b o u n d e d . We n o w i n d i c a t e w h a t a d d i t i o n a l 

c o n d i t i o n s a r e t o b e i m p o s e d i n o r d e r t o r e a l i z e t h e f o u r t h c o n 

d i t i o n o f T h e o r e m 1.2.7. 

F I G . i 
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L e t a m o t i o n M ( t ) s t a r t i n a r e g i o n , , s a y (6). A n y m o t i o n 

M ( t ) s t a r t e d i n t h e r e g i o n (6) o r e n t e r i n g t h i s r e g i o n e i t h e r t e n d s 

t o t h e o r i g i n o r g o e s o u t o f t h i s r e g i o n a n d e n t e r s t h e r e g i o n ( l ) . 

T h i s f o l l o w s f r o m t h e f a c t t h a t f < o i n t h i s r e g i o n . A f t e r e n 

t e r i n g t h e r e g i o n ( l ) t h e m o t i o n M ( t ) e i t h e r c r o s s e s t h e y - a x i s 

o r t e n d s t o i n f i n i t y a l o n g t h e y - a x i s , b u t i t c a n n o t g o t o t h e 

o r i g i n s i n c e Q > o . We a r e t h u s l e d t o i m p o s e t h e f o l l o w i n g 

C o n d i t i o n A ' . We a s s u m e t h a t * ( o % y ) s a t i s f i e s s u c h c o n d i t i o n s c a l l e d 

A t h a t t h e m o t i o n e n t e r i n g o r s t a r t i n g i n t h e r e g i o n s ( l ) a n d (4) 

l e a v e s t h e s e r e g i o n s w i t h t h e i n c r e a s e o f t i m e . 

T h i s c o n d i t i o n g u a r a n t e e s t h a t t h e r e a r e n o m o t i o n s 

w i t h b o u n d e d p o l a r a n g l e s i n t h e r e g i o n s ( l ) a n d (4). We i m p o s e 

a n o t h e r c o n d i t i o n c a l l e d B . 

C o n d i t i o n B . We a s s u m e t h a t * (•*, c ) = o h a s a s o l u t i o n f o r a l l 

c . 

I f C o n d i t i o n A i s s a t i s f i e d t h e n t h e m o t i o n M ( t ) e n t e r s 

t h e r e g i o n (2). We n o w s h o w t h a t t h e m o t i o n M ( t ) l e a v e s t h e r e g i o n 

(2) w i t h t h e i n c r e a s e o f t i m e i f C o n d i t i o n B i s s a t i s f i e d . I n f a c t 

i f * ( « ' , c ) = o h a s a s o l u t i o n f o r a l l ct±.e ,t±f y = c i n t e r s e c t s 

t h e c u r v e • ( « * , y ) = 0, t h e m o t i o n a f t e r e n t e r i n g t h e r e g i o n (2) 

c a n n e i t h e r c r o s s t h e l i n e y = c,since ^ < o i n t h i s r e g i o n n o r 

i t c a n e n t e r t h e o r i g i n b e c a u s e 6 > o i n r e g i o n (2). T h e r e f o r e 

t h e m o t i o n m u s t i n t e r s e c t t h e c u r v e • (<*%y) = 0. S i m i l a r r e a s o n 

i n g c a n b e c a r r i e d o u t i n t h e r e g i o n s (3), (4) a n d ( 5 ) . T h e a b o v e 

a n a l y s i s s h o w s t h a t t h e r e a r e n o m o t i o n s w i t h , b o u n d e d p o l a r a n g l e s 
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i n t h e r e g i o n s ( l ) , (2), (4) a n d (5) a n d t h a t t h e m o t i o n s w i t h 

b o u n d e d p o l a r a n g l e s c a n o c c u r o n l y i n t h e r e g i o n s (3) a n d (6) a n d 

a s p r o v e d a b o v e t h e y a r e b o u n d e d . T h u s a n y m o t i o n w i t h b o u n d e d 

p o l a r a n g l e i s b o u n d e d . 

T h e C o n d i t i o n B w a s i m p o s e d w i t h a v i e w t o e n s u r e t h a t 

i n t h e r e g i o n s (2) a n d (5) t h e r e a r e n o m o t i o n s w i t h b o u n d e d 

p o l a r a n g l e s . T h i s c a n a l s o b e a c h i e v e d i f we a s s u m e t h a t i n t h e s e 

r e g i o n s 8 > 6 > o . We c a l l t h i s c o n d i t i o n a s C o n d i t i o n C . 

We n o w c o l l e c t t h e s e r e s u l t s i n t h e f o l l o w i n g : 

T h e o r e m 2.2.1. I f C o n d i t i o n s (2.2.2) (2.2.5) a r e s a t i s f i e d a n d 

i f e i t h e r C o n d i t i o n s A a n d B o r C o n d i t i o n s A a n d C a r e s a t i s f i e d ,  

t h e n t h e t r i v i a l s o l u t i o n o f (2.2 . l ) i s a s y m p t o t i c a l l y s t a b l e i n  

t h e l a r g e . 

I t m a y b e r e m a r k e d t h a t C o n d i t i o n s B a n d C a r e i n d e p e n 

d e n t , i . e . , i f C o n d i t i o n B h o l d s t h e n C o n d i t i o n C m a y o r may n o t 

h o l d o r v i c e v e r s a . I n t h e l i n e a r c a s e , i . e . , w h e n t h e r i g h t h a n d 

s i d e s o f s y s t e m (2.2.1) a r e l i n e a r , h o w e v e r , b o t h h o l d . 

L e t u s c o n s i d e r a f e w e x a m p l e s n o w . 

E x a m p l e 1. C o n s i d e r t h e s y s t e m 

d x - x -1 
— = - y + e - 1 
d t J 

(2.2.8) 
= x 

d t X 

O b v i o u s l y , t h i s s y s t e m s a t i s f i e s t h e c o n d i t i o n s (2.2.2)— 
(2.2.5). We v e r i f y t h a t i n t h i s c a s e C o n d i t i o n A i s s a t i s f i e d . 

L e t u s f o r t h e s a k e o f d e f i n i t e n e s s a s s u m e t h a t t h e m o t i o n M ( t ) 
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i s i n t h e r e g i o n ( l ) . We a s s u m e t h a t t h e C o n d i t i o n A i s n o t s a t i s -

a 
f i e d . T h e n t h e m o t i o n M ( t ) g o e s t o 

i n f i n i t y a s t — * •* a n d d u r i n g t h i s 

y ( t ) — » — . F r o m t h e f i r s t e q u a t i o n 

o f (2.2.8) f o l l o w s t h a t - ^ b e c o m e s i n - , 

f i n i t e l y l a r g e b u t n e g a t i v e w h i c h 

m e a n s t h a t M ( t ) c a n n o t r e m a i n i n t h e 

f i r s t q u a d r a n t a n d h e n c e o u r a s s u m p t i o n 

3' 
i s n o t t r u e . I t i s n o t d i f f i c u l t t o _ . _ 0 

FIG, 2 
v e r i f y t h a t t h e s t r a i g h t l i n e y = c d o e s n o t i n t e r s e c t t h e c u r v e 

- y + e x - 1 = o f o r a l l c ( s e e f i g . 2) 
H e n c e C o n d i t i o n B i s n o t s a t i s f i e d . H o w e v e r C o n d i t i o n C h o l d s . I n 

f a c t r e = - x s i n e + y c o s 8 = - s i n a ( - y + e x-1 ) + x c o s 9 
a n d 6 = - 3 i n 9 ( - y + e x-1 ) + c o s 2 8 > € > 0 

i n t h e r e g i o n s (2) a n d (5). T h i s e s t a b l i s h e s t h e a s y m p t o t i c s t a 

b i l i t y i n t h e l a r g e o f t h e t r i v i a l s o l u t i o n o f (2.2.8). 
E x a m p l e 2. C o n s i d e r t h e e q u a t i o n 

f £ + • Cf£) g(y) + f ( y ) = o (2.2.9) 

T h i s e q u a t i o n c a n b e t h r o w n i n t o t h e s y s t e m 

§ = - *U) g ( y ) - f ( y ) 

d t " 

b y w r i t i n g x f o r dy_ 
d t 

We a s s u m e t h a t t h e f o l l o w i n g c o n d i t i o n s a r e f u l f i l l e d : 
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y t(y) > o, f(o) = o and 

either h^(x) > o for x * o and g(y) > o for a l l y 

or h^ (x) < o for x * o and g(y) < o for a l l y 

where h.(x) = * ( x ) for x * o 
1 x 

The Lyapunov function for this system is 
X y 

V(x,y) = J xdx + J f(y)dy 

o o 

Then V = x(-*(x) g(y) - f(y)) + f(y)x 

= - x *(x) g(y) 

It is not d i f f i c u l t to see that in this case Condition 

C of Theorem 2.2.1 i s satisfied. Thus i f Condition A i s also sat

i s f i e d then the t r i v i a l solution of (2.2.9) i s asymptotically 

stable i n the large. 

Example 3. Consider the system 

| f = 4>(x) + £ ( y ) (2.2.10) 

= f (x) dt 1 w 

•̂ or the system (2.2.10) the V function i s 
x y 

V(x,y) = J f ^ ) dx - J f 2 ( y ) dy 
o o 

Tnen V(x,y) = f 1(x)*(x) 

We subject (2.2.10) to the following conditions: 

<•> (o) = o , h3(x) < o for x £ o , where h,(x) = ti$)for x£ o 
J x 

(2.2.11) 
f1 (o) = o,xfj (x) > o f o r x * o , f 2 (o) = o and y f 2 ( y ) < o for y * o 
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The t r i v i a l solution of (2.2.10) is thus asymptotically stable i n 
the large i f i n addition to (2.2.1l) the Conditions A and B or A 

and C are satisfied. 

Example 4. Consider the equation of the second order 

^ + . g < y ) - o (2.2.12) 

We write i t i n the formof jbsystem of equations 

|f = - f (x ,y) x - g(y) 

dt X 

We assume that 

g(o) = o, y g(y) > o for y * o and 

f(x»y) > ° f ° r x + o 
It i s easy to verify that asymptotic stability in the 

large holds i f Condition A i s satisfied. 

3. The Problem of Aizerman. In 1949 Aizerman [ l ^ proposed the 

following problem. 

Let there be given a system of linear differential equa

tions 

d x1 y dxi t — 
dt" = h 1 a i J x J + > dt~ = f r i a i j X J 

(3-D 
( i = 2,3,-.-fn) 

Suppose that for the given constants a^^ ( i = 1 , •;«..«->n,« j=1 ,».»jn) 

and for an arbitrary value of 'a' from the interval J. < a <. P 

a l l the roots of the characteristic equation of (3.l) have negative 
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r e a l p a r t s . L e t ax̂ . b e r e p l a c e d b y fCx^) i n ( 3 « l ) . We t h e n h a v e 

dx1
 n 

dt" " j ~ 
(3.2) 

= r = 1 1̂ j X J + f ( x k ) 

d x ± " 

" d t = j = 1 «U X j ( i = 2 " - - n ) 

I t i s r e q u i r e d t o f i n d o u t w h e t h e r t h e t r i v i a l s o l u t i o n 

x^ = X g = • = x n = o o f s y s t e m (3.2) i s a s y m p t o t i c a l l y s t a b l e 

i n t h e l a r g e o r n o t , f o r « a r b i t r a r y c h o i c e o f ^ c o n t i n u o u s f u n c t i o n 
A 

f ( x ^ . ) , w h i c h r e d u c e s t o z e r o f o r x ^ = o a n d w h i c h s a t i s f i e s t h e 

i n e q u a l i t y 

L x l < ^ f ( x k ) < P x 2 . f o r ^ * o (3.3) 

T h e a n s w e r t o t h e a b o v e p r o b l e m i s i n t h e n e g a t i v e ( P l i s s f 2 5 j ) . 

T h e i n t e r e s t i n t h e p r o b l e m i s r e v i v e d i f we s l i g h t l y c h a n g e t h e 

a b o v e p r o b l e m a n d a s k o u r s e l v e s t h e f o l l o w i n g q u e s t i o n s . P o r w h a t 

v a l u e s o f a . . t h e a n s w e r t o t h e a b o v e p r o b l e m i s i n t h e a f f i r m a 
n t ) 

t i v e a n d f o r w h a t v a l u e s i n t h e n e g a t i v e . I f t h e t r i v i a l s o l u t i o n 

i s n o t a s y m p t o t i c a l l y s t a b l e i n t h e l a r g e u n d e r t h e g e n e r a l i z e d 

H u r w i t z 1 c o n d i t i o n s ( i . e . , t h e c o n d i t i o n (3.3) a n d f ( o ) = o ) , w h a t 

a d d i t i o n a l a s s u m p t i o n s s h o u l d b e m a d e o n ^(Xjj.) s o t h a t t h e t r i v i a l 

s o l u t i o n b e c o m e s a s y m p t o t i c a l l y s t a b l e i n t h e l a r g e . We s h a l l d i s 

c u s s h e r e t h e c a s e w h e n n = 2 . T h e c a s e n = 3, k = 2 h a s b e e n c o m 

p l e t e l y s o l v e d b y P l i s s [28]. F i r s t o f a l l we t a k e n = 2 = k , i . e . , 

we c o n s i d e r t h e s y s t e m 

f = a x + , f ( y ) 

(3.4) 

d t = b x + °y 
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under the assumptions that 

f(o) = o , a + c < o , a c - bh(y) > o^y * o 
(3.5) 

where h(y) = f (y) for y * o 
y 

Besides, the uniqueness of the t r i v i a l solution i s assumed. System 

(3.4) was considered by N.P. Erugin [9} and I.G. Malkin[2l] . 

Malkin [2l] showed that the t r i v i a l solution of system 

(3.4) is asymptotically stable in the large i f for sufficiently 

large values of Jy| the inequality ac - b h(y) > 6 holds. This 

condition can be relaxed to the condition that 
y 
J (ac - bh(y) y dy — » +°° as | y\ —» + «* 
o (3.6) 

We show that asymptotic stability i n the large of the 

t r i v i a l solution of (3.4) holds without the requirement of con

dition (3.6). Por b = o, from (3.5) follows that a < o, c < o 

and an immediate integration of the system (3.4) shows that the 

equilibrium i s asymptotically stable for arbitrary i n i t i a l distur

bances and for^arbitrary choice of the function f ( y ) . 

Let b * o. We introduce new variables defined by 

x = bx - ay 

y = y 

then | i = b dx . a c | = b ( a x + f ( y ) ) - a(bx +cy) = -y(ac-bh(y)) 

"it = at = b x + °y = x ' + a y + °y = x ' + ( a + °) y' 
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T h u s t h e s y s t e m (3.4) r e d u c e s t o t h e f o l l o w i n g 

d x 
d t 

= - y ( a c - b h ( y ) ) (3.7) 

= x + ( a + c ) y 

We r e p r e s e n t t h e c u r v e s - y ( a c - b h ( y ) ) = o a n d x + ( a + c ) y = o 

o b t a i n e d b y p u t t i n g t h e r i g h t h a n d s i d e s o f (3.7) e q u a l t o z e r o o n 

t h e ( x , y ) p l a n e . T h e f i r s t o f t h e s e r e p r e s e n t s t h e s t r a i g h t l i n e 

y = o a n d t h e s e c o n d t h e s t r a i g h t l i n e y = 
a + c 

. I t i s e a s y t o 

s e e t h a t 

dx 
d t 

d x 
d t 

d t 

= - y ( a c - b h ( y ) ) > o b e l o w t h e x - a x i s 

= - y ( a c - b h ( y ) ) < o a b o v e t h e x - a x i s 

= x + ( a + c ) y > o b e l o w t h e s t r a i g h t l i n e 

x + ( a + c ) y = o 

d y . = 

d t = x + l a + c ) y Co a b o v e t h e s t r a i g h t l i n e 

x + ( a + c ) y = o 

T h e d i r e c t i o n o f m o t i o n i s i n d i c a t e d i n f i g . 3. T h e s t r a i g h t l i n e 

x + ( a + c ) y = o a n d t h e c o - o r d i n a t e 

a x e s d i v i d e t h e p l a n e ( x , y ) i n t o s i x 

r e g i o n s . We i n t r o d u c e p o l a r c o - o r d i n a t e s 

x = r c o s <t> , y = r s i n . 

T h e n r = x c o s * + y s i n a n d 

r = - x s i n 4- + f c o s . I t i s n o t d i f 

f i c u l t t o v e r i f y t h a t i n d i f f e r e n t r e g i o n s 

t h e s i g n s o f f a n d tp a r e g i v e n a s b e l o w ; 

(1,4) r m a y be ^ o, * > o 
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(2,5) r < o , 4> m a y b e \ o (3,6) r m a y b e o , > o . 

T h e m o t i o n s t a r t e d i n t h e r e g i o n (6) m u s t c r o s s t h e 

a x i s o f x . T h i s f o l l o w s f r o m t h e i n e q u a l i t y 

Jf = x + ( a + c ) y > / d > o 

i n t h e r e g i o n (6). A f t e r e n t e r i n g t h e r e g i o n ( l ) i t c a n n o t r e m a i n 

t h e r e a n d m u s t c r o s s t h e s t r a i g h t l i n e x + ( a + c ) y = o w i t h t h e 

i n c r e a s e o f t i m e s i n c e x = I i n t e r s e c t s t h e s t r a i g h t l i n e 

x + ( a + c ) y = o f o r a l l I. T h e L y a p u n o v f u n c t i o n f o r t h e s y s 

t e m (3.7) i s e a s i l y s e e n t o b e 

2 yr 
2V = x + 2j ( a c - b h ( y ) ) y d y 

o 

R e p e a t i n g t h e s a m e a r g u m e n t a s i n T h e o r e m 2.2.1, we 

a r r i v e a t t h e f o l l o w i n g 

T h e o r e m 3.1» T h e t r i v i a l s o l u t i o n o f s y s t e m (3.4) i s a s y m p t o t i c a l l y  

s t a b l e i n t h e l a r g e u n d e r C o n d i t i o n s (3»5)» 

I t may b e n o t e d t h a t we m a y o r m a y n o t h a v e * > £ > o 

i n t h e r e g i o n s ( 1 ) a n d (4). B e f o r e s t u d y i n g t h e c a s e n = 2, k = 1 

w e d i s c u s s t h e s y s t e m 

i - r - » « 

(3.8) 
f - - «W 

T h i s s y s t e m i s a p a r t i c u l a r c a s e o f t h e s y s t e m (2.2.1). 

S i n c e i t i s q u i t e a n i m p o r t a n t s y s t e m , we d i s c u s s ± t i n d e p e n d e n t l y . 

T h e c o n d i t i o n s t o w h i c h (3.8) i s s u b j e c t e d a r e 

x P ( x ) > o , x g ( x ) > o f o r x * o 

(3.9) 
P ( o ) = o = g ( o ) 
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T h e V - f u n c t i o n i n t h i s c a s e i s 
x 

2V = y 2 + 2 J g ( x ) d x (3.10) 
o 

a n d H = y ( - g ( x ) ) + g ( x ) ( y - P ( x ) ) = - g ( x ) P ( x ) < o f o r x * o 

= o f o r x = o 

T h e s t r a i g h t l i n e x = o d o e s n o t c o n t a i n o - p o s i t i v e h a l f 

t r a j e c t o r y o f t h e s y s t e m (3.8) e x c e p t t h e o r i g i n . I n f a c t J^x = y 
d t 

f o r x = o . H e n c e - i t f o l l o w s t h a t t h e t r i v i a l s o l u t i o n i s a s y m p t o t i 

c a l l y s t a b l e i n t h e s m a l l . S i n c e t h e r e e x i s t s a L y a p u n o v f u n c t i o n V 

f o r t h e s y s t e m , t h e r e c a n n o t b e a n y l i m i t c y c l e . A l s o we n o t e t h a t 

t h e o r i g i n i s t h e o n l y p o i n t o f e q u i l i b r i u m . I t i s n o t d i f f i c u l t t o 

s e e i n v i r t u e o f t h e C o n d i t i o n s (3-9) t h a t 

|f = y - P ( x ) > o t o t h e l e f t o f t h e c u r v e y = P ( x ) 

— = y _ p ( x ) c o t o t h e r i g h t o f t h e c u r v e y = P ( x ) 

= - g ( x ) ^ o t o t h e l e f t o f t h e y - a x i s 

= - g ( x ) < o t o t h e r i g h t o f t h e y - a x i s 

T h e c u r v e y = P ( x ) a n d t h e c o - o r d i n a t e a x e s d i v i d e t h e p l a n e ( x , y ) 

i n t o s i x r e g i o n s . T h e d i r e c t i o n o f m o t i o n i s r e p r e s e n t e d i n f i g . 4 . 

We i n t r o d u c e p o l a r c o - o r d i n a t e s x = r c o s <p , y = r s i n 4 . T h e n 

r = x c o s f> + y s i n • 

r * = - x s i n + + y c o s * 

T h e s i g n s o f r a n d i n t h e r e g i o n s a r e g i v e n a s b e l o w : 

(1,4) r m a y b e ^ o , 4> < o (2 , 5 ) r < o , <fr m a y b e >^L o 

(3 ,6) r m a y b e ^ o , 4> < o . 
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L e t u s f o l l o w t h e m o t i o n 

M ( t ) a f t e r i t i n t e r s e c t s t h e n e g a 

t i v e h a l f y - a x i s . L e t u s a s s u m e 

t h a t y = A i n t e r s e c t s t h e c u r v e 

y = F ( x ) f o r a l l A , i . e . , F ( x ) = A 

h a s a s o l u t i o n f o r a l l A, t h e n a 

s i n c e i n t h e r e g i o n ( 4 ) 4» < o 

a n d y i s i n c r e a s i n g t h e m o t i o n M ( t ) 

c a n n o t r e m a i n i n t h e b o u n d e d r e g i o n 

o L M . I t d e f i n i t e l y c a n n o t c r o s s F I G . 4 

L M a n d o L . T h e r e f o r e i t m u s t c r o s s t h e c u r v e y = F ( x ) a n d e n t e r 

t h e r e g i o n ( 5 ) . I n t h e r e g i o n (5) i t e i t h e r e n t e r s t h e o r i g i n o r 

t h e r e g i o n ( 6 ) . T h i s f o l l o w s f r o m t h e f a c t t h a t r < o i n t h i s 

r e g i o n . S i n c e = - F ( x ) + y >/ d > o i n t h e r e g i o n ( 6 ) , t h e 
d t 

m o t i o n m u s t l e a v e t h i s r e g i o n a n d e n t e r t h e r e g i o n ( l ) . S i m i l a r 

a r g u m e n t h o l d s f o r t h e r e g i o n s ( l ) , ( 2 ) a n d ( 3 ) . T h i s s h o w s t h a t 

t h e r e a r e n o m o t i o n s w i t h b o u n d e d p o l a r a n g l e s i n t h e r e g i o n s ( l ) , 

( 3 ) , ( 4 ) a n d ( 6 ) . T h e m o t i o n s w i t h b o u n d e d p o l a r a n g l e s c a n o n l y 

o c c u r i n t h e r e g i o n s ( 2 ) a n d ( 5 ) , a n d a s p r o v e d a b o v e t h e y a r e 

b o u n d e d . 'Thus i t f o l l o w s t h a t a l l m o t i o n s w i t h b o u n d e d p o l a r a n g l e s 

a r e b o u n d e d . F o x ' t h e s t r a i g h t l i n e L ( o , 00) c a n b e t a k e n t h e p o s i 

t i v e h a l f y - a x i s . T h u s a l l t h e c o n d i t i o n s o f T h e o r e m 1 . 2 . 7 a r e 

s a t i s f i e d a n d w e h a v e t h e f o l l o w i n g t h e o r e m ! 

T h e o r e m 3 . 2 . I f t h e C o n d i t i o n s ( 3 » 9 ) a r e s a t i s f i e d a n d F ( x ) = A  

h a s a s o l u t i o n f o r a l l A, t h e n t h e t r i v i a l s o l u t i o n o f (3.8) i s 
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a s y m p t o t i c a l l y s t a b l e i n t h e l a r g e . 

We r e m a r k t h a t b y u s i n g T h e o r e m 1.2.5 t h e s t a b i l i t y i n 

t h e l a r g e h o l d s i f 
x 

J"g(x) d x —* » a s | x | —* oo 
o . 

T h i s i s r e q u i r e d i n o r d e r t o m a k e t h e V f u n c t i o n i n (3.10) i n 

f i n i t e l y l a r g e . 

T h e w i d e l y d i s c u s s e d e q u a t i o n 

2 
+ f ( x ) d x + g ( x ) = o (3.11) 

at* dt 
c a n b e d e a l t i n t h e same w a y a s t h e s y s t e m (3.8), s i n c e (3.1l) c a n 

b e t r a n s f o r m e d t o 

X 
Jf = g ( x ) w h e r e P ( x ) = j" f ( x ) d x 

o 

WTe s h a l l n o w d i s c u s s t h e Aizerman p r o b l e m f o r t h e c a s e 

n = 2, k = 1 , i . e . , t h e s y s t e m 

If = f U) + a y 

(3.12) 
f t = b x + C y 

u n d e r t h e c o n d i t i o n s : 

f ( o ) = o ; c + h ( x ) < o j c h ( x ) - a b > o 

(3.13) 
for x + o 

w h e r e h ( x ) = f ( x ) . x * o 
x 

T h i s s y s t e m i s d i s c u s s e d i n t h e w o r k s o f E r u g i n ( t 8 j , [13] ) 

a n d M a l k i n [2]^ . I t w a s p r o v e d b y E r u g i n t h a t i f c ~ + a b t- o , t h e n 
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t h e t r i v i a l s o l u t i o n o f (3.12) i s a s y m p t o t i c a l l y s t a b l e i n t h e 

l a r g e u n d e r c o n d i t i o n s (3.13). T h e p r o o f b y E r u g i n o f t h i s t h e o r e m 

i s q u i t e l e n g t h y , s o we g i v e h e r e a s h o r t p r o o f o f t h e t h e o r e m . I t 

w i l l b e c o m e c l e a r f r o m o u r p r o o f w h y t h e s t a b i l i t y i n t h e l a r g e 

d o e s n o t h o l d u n d e r c o n d i t i o n s (3.13) i n t h e c a s e c + a b = o . 

E r u g i n a l s o s h o w e d t h a t f o r t h e s t a b i l i t y i n t h e l a r g e i n t h e c a s e 

2 
c + a b = o , i t i s s u f f i c i e n t t h a t 

l i m 

x - » < * 
J ( c f ( x ) - a b x ) d x + c f ( x ) - a b x 1= + 

r (3.14) 
l i m x -j 
x —> - <*> j ( c f ( x ) - a b x ) d x - c f ( x ) + a b x L + «° 

. o J 
K r a s o v s k i i (17) s h o w e d t h a t c o n d i t i o n s (3.14) a r e n e c e s s a r y 

a s w e l l a s s u f f i c i e n t . T h e q u e s t i o n o f t h e r e g i o n o f s t a b i l i t y i n 

t h e c a s e w h e r e t h e s t a b i l i t y i n t h e l a r g e d o e s n o t h o l d i s d i s c u s s e d 

b y P l i s s [25]. 
2 

We a s s u m e t h a t c + a b * o . L e t a = o , t h e n i m m e d i a t e 

i n t e g r a t i o n o f t h e s y s t e m y i e l d s t h e s t a b i l i t y i n t h e l a r g e o f t h e 

t r i v i a l s o l u t i o n x = o = y o f s y s t e m (3.12). L e t n o w a * o . We i n 

t r o d u c e n e w d e p e n d e n t v a r i a b l e s 

x = x 

y = a y - c x 

+ y + c x T h e n If- = dx = f(x') ' ' 
d t dt 

| £ = a % - c d x = a ( b x + c x ) - c ( f ( x ) + a y ) 
a t d t d t 

- a b x - c f ( x ) 



34 

The system (3.12) i s reduced to the form 

H = f(x) + cx + y 

§ = - x(c h(x) - ab) 

Comparing, i t with system (3-8) w ® have 

F(x) = - x(c + h(x)) and g(x) = x( c h(x) - ab) 

The curve y + cx + f(x) = o and the co-ordinate axes divide 

the (x,y) plane into six regions. The direction of motion i s repre

sented in fig . 5- We consider the following cases. 

Case 1 c < o. Consider the 

straight line 
2 , 

y = - ° + a " x (3.15) 

If c + ab > o, then the straight 

line (3-13) l i e s i n the f i r s t and 

third quadrants. Let us see how 

i t i s situated on the (x,y) plane 

with respect to the 

curve y + cx + f(x) = o (3.16) 
r I G . 5 

Let y( 1 ) and y^ 2) denote the ordinates of (3.16) and (3.15) 

respectively, then 
(1 ) (2) 2 

y - y = - cx - f(x) + £ t ab x 
c 

2 2 = -c x - cf(x) +{c + ab) x = -x(c h(x) - ab) ̂  0 

c c 

according as x ^ o , 
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i . e . , t h e c u r v e (3.16) l i e s a b o v e t h e s t r a i g h t l i n e (3.15) i n t h e 

f i r s t q u a d r a n t a n d b e l o w i n t h e t h i r d q u a d r a n t . . O b v i o u s l y , t h e 

2 
s t r a i g h t l i n e s y = A a n d y = - c + a P x i n t e r s e c t , w h e n c e f o l l o w s 

c 

t h a t y = A a n d t h e c u r v e y = - c x - f ( x ) i n t e r s e c t f o r a l l A . H e n c e 

t h e t r i v i a l s o l u t i o n o f (3.12) i s a s y m p t o t i c a l l y s t a b l e i n t h e 

l a r g e i n t h i s c a s e a c c o r d i n g t o T h e o r e m 3.2. 
2 2 

I f c + ab < o , t h e n t h e s t r a i g h t l i n e y = - c + a p x 
c 

l i e s i n t h e s e c o n d a n d f o u r t h q u a d r a n t s a n d n o s u c h c o n c l u s i o n a s 

a b o v e c a n b e d r a w n . H o w e v e r , w e c a n p r o v e t h a t i n t h i s c a s e 

<j> < - 6 < o i n t h e r e g i o n s ( l ) a n d (4) w h i c h e n s u r e s t h e s t a b i l 

i t y i n t h e l a r g e . 

A c c o r d i n g t o C o n d i t i o n s (3.13) 
c + h ( x ) < o , c h ( x ) - a b > o f o r x * o 

i . e . h ( x ) < - c , h ( x ) < 
c 

2 
b u t s i n c e c + a b < o , t h e a b o v e i n e q u a l i t i e s a r e s a t i s f i e d i f we 

t a k e h ( x ) < - c - f ( x ) c a n t h e n b e w r i t t e n a s 

f ( x ) = - c x - J . (x) w h e r e t ( x ) Jfc. o a c c o r d i n g a s 

X o 

L e t u s c a l c u l a t e <<> : 

r 4> = s i n < * » ( f ( x ) + c x + y ) - c o s ^ > ( c h ( x ) - a b ) x 

= - s i n 4 > ( y - X » ( x ) ) - c o s * £ c ( - c x - £(x)) - a b x ] 

= - s i n < ^ ( y - X » ( x ) ) + c o s 4> £ ( c ^ + a b ) x + c L ( x ) j 

* = - S i n * ( y - X.(X)) + C O S * [ ( c2 + a b ) x + ^ . € < o 

i n t h e r e g i o n s ( l ) a n d (4). 
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2 Case 11 c > o. In this case c + ab < o,because from Conditions 

(3.13) 

< h(x) C - c 
c 

Let h(x) be taken as h(x) = - c - JC(x) 

^ ^ < - c - i ( x ) < - c 
c 

c + a b < _ x ( x ) < o c 

- c 2+ ab > x. ( x) > o 
c 

or o < JC (x) <. - ° 2 + a b 

c 
Let us consider the region ( l ) . If <t> £ - £ < o, then i t means 

that - l i m -~[(c2+ ab) x + cxX(x)l = o, i.e. l i m xjC(x) = <*, 
X—*<*> L J x-

whence i t follows that the straight lin e y = A intersects the curve 

y = - cx - f(x) for a l l A 

In fact, - A = cx + f(x) = cx + (-cx - xX(x)) = - x-X(x) 

therefore x £(x) = A 

If x £(x) = A does not have a solution for a l l A, then 

1 ™ x<(x) = f i n i t e = D x— 

lim J(c
2
+ a b ) x + cxX(x ) l^li!H f-(c2+ ab) x] + l i E (_c xjl(x)) 

X — 

= l i E [-x(c 2
+ ab)] - ( C X JC(x)) , 

X - » « o ~ X 

whence follows that <p <, - fi < o. 

Case 111 c = o. The System (3.12) reduces to 
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£ • ••»« 
a n d t h e C o n d i t i o n s (3.13) r e d u c e : t o h ( x ) < o , a b < o . 

P o r t h i s s y s t e m w e t a k e t h e f o l l o w i n g L y a p u n o v ' • f u n c -

2 2 
t i o n , 2V = - a b x + y 

t h e d e r i v a t i v e o f w h i c h i s , 2. / \ 
— = - a b x h ( x ) 

T h i s V f u n c t i o n s a t i s f i e s a l l t h e c o n d i t i o n s o f T h e o r e m 1.2.5. C o m 

b i n i n g a l l t h e s e r e s u l t s we h a v e t h e f o l l o w i n g t h e o r e m : 

T h e o r e m 3.3. I f f o r t h e S y s t e m (3.12) c2+ a b * o , t h e n t h e t r i v i a l  

s o l u t i o n i s a s y m p t o t i c a l l y s t a b l e i n t h e l a r g e u n d e r C o n d i t i o n s  

(3.13). 
2 

I n t h e c a s e c + a b = o , we r e m a r k t h a t c < o a n d f r o m 

t h e p r o o f o f s t a b i l i t y i n t h e C a s e 1, w e f i n d t h a t t h e s t r a i g h t 

l i n e y = - ° 2 + a D x c o i n c i d e s w i t h t h e x - a x i s a n d h e n c e we c a n 
c 

n e i t h e r s a y t h a t t h e s t r a i g h t l i n e y = A i n t e r s e c t s t h e c u r v e 

y + c x + f ( x ) = o f o r a l l A n o r 4, ^ . ^ ^ o i n t h e r e g i o n s ( l ) a n d 

(4). 
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4. A g e n e r a l i z a t i o n o f t h e p r o b l e m o f A i z e r m a n . I n t h i s s e c t i o n 

w e d i s c u s s t h e s y s t e m o f d i f f e r e n t i a l e q u a t i o n s g i v e n b y 

d x 
d t a x + ^ ( y ) 

(4.1) 
d t 

f 2 ( x ) + c y 

u n d e r t h e c o n d i t i o n s : 

w h e r e h . ( y ) a n d h „ ( x ) a r e d e f i n e d b y f . ( y ) = y h , ( y ) a n d f 9 ( x ) = x h 9 ( x ) . 

o b t a i n e d c e r t a i n t h e o r e m s r e g a r d i n g t h e s t a b i l i t y i n t h e l a r g e o f t h e 

t r i v i a l s o l u t i o n x = o = y o f (4.1) . We p r o v e h e r e t h e f o l l o w i n g 

t h e o r e m : 

T h e o r e m 4.1. I f e i t h e r h ^ ( y ) > o f o r y $ o a n d h 2 ( x ) > o f o r x $ o 

o r h ^ ( y ) < o f o r y * o , h ^ ( x ) < o f o r x * o , t h e n t h e t r i v i a l s o l u -

t i o n o f ( 4 » l ) i s a s y m p t o t i c a l l y s t a b l e i n t h e l a r g e u n d e r C o n d i t i o n s 

P r o o f . We a s s u m e h ^ ( y ) > o , y * o , a n d h g ( x ) > o , x * o . P r o m C o n 

d i t i o n s (4.2) f o l l o w s t h a t a < o , c < o . We c o n s i d e r t h e c u r v e s 

t h e f i r s t a n d t h i r d q u a d r a n t s . T h e same i s t r u e f o r t h e c u r v e 

f ^ ( x ) + c y = o . We f u r t h e r n o t e t h a t t h e c u r v e a x + f ^ ( y ) = o l i e s 

a b o v e t h e c u r v e f p ( x ) + c y = o i n t h e f i r s t q u a d r a n t a n d b e l o w i n 

T h e a b o v e s y s t e m w a s f i r s t d i s c u s s e d b y K r a s o v s k i i [ l & j w h o 

a x + f.j ( y ) = o a n d f 2 ( x ) + c y = o (4.3) 

S i n c e h . ( y ) > o , y + o a n d a < o , t h e c u r v e a x + f . ( y ) = o l i e s i n 
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t h e t h i r d q u a d r a n t . I n f a c t , i f y ^ a n d y 2 d e n o t e t h e o r d i n a t e s o f 

t h e c u r v e s i n (4.3) r e s p e c t i v e l y , t h e n 

*1 " y2 - - a x 
^ ( y 1 ) 

h 2 ( x ) a c - to i ( y ) h ? ( x ) 
- x !— f N — ^ o a c c o r d i n g a s 

c \ ( y ) 
x >• o 

I t i s e a s y t o s e e t h a t 

§ = a x + f ^ y ) > o 

f t = a x + f 1 ( y ) < o 

§ = f 2 ( x ) + c y < o 

| £ = f 2 ( x ) + c y > o 

t o t h e l e f t o f t h e c u r v e a x + f ^ ( y ) = o 

t o t h e r i g h t o f t h e c u r v e a x + f ^ ( y ) = o 

t o t h e l e f t o f t h e c u r v e c y + f r , ( x ) = o 

t o t h e r i g h t o f t h e c u r v e c y + f 2 ( x ) = o 

T h e f u n c t i o n x ( t ) i s m a x i m u m o n t h e c u r v e a x + f ^ ( y ) = o 

f o r y > o a n d m i n i m u m f o r y < o ; a n d t h e f u n c t i o n s y ( t ) i s m a x i m u m 

o n t h e c u r v e f 2 ( x ) + c y = o f o r y > o a n d m i n i m u m f o r y < o . T h e 

c u r v e s a n d t h e d i r e c t i o n o f m o t i o n a r e s h o w n i n f i g . 6 . A s b e f o r e we 

i n t r o d u c e p o l a r c o - o r d i n a t e s x = r c o s <p , y = r s i n $ . T h e n 

r = x cos«fr + y s i n * 

r * = - x s i n & + y c o s <p 

T h e s i g n s o f f a n d 4> i n d i f f e r e n t r e - / 

g i o n s a r e ( l,5) r m a y b e ^ . o , <. o 

(2,6) r < o , m a y b e >^o 

(3.7) r m a y b e >y<i o , <* > o 

(4.8) r < o , 4> m a y b e o 

P r o m T h e o r e m 2.1 o f E r u g i n ' s w o r k [8] i t f o l l o w s t h a t t h e r e 
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i s a t l e a s t o n e i n t e g r a l c u r v e g o i n g t o t h e o r i g i n , t h e o n l y p o i n t 

o f e q u i l i b r i u m , i n e a c h o f t h e r e g i o n s (4) a n d (8). O t h e r m o t i o n s 

s t a r t e d i n t h e r e g i o n s (4) o r (8) e i t h e r g o t o t h e o r i g i n o r e n t e r 

t h e r e g i o n s (3), (5) o r ( l ) , (8) ( s i n c e r < o , 4> m a y b e >^o i n (4) 

a n d (8)). L e t u s s u p p o s e t h a t t h e m o t i o n e n t e r s t h e r e g i o n ( l ) . We 

s h o w t h a t t h e m o t i o n l e a v e s t h i s r e g i o n w i t h t h e i n c r e a s e o f t i m e . 

L e t c 2 b e t h e l e a s t u p p e r b o u n d o f h 2 ( x ) . c 2 i s f i n i t e o t h e r w i s e 

a c - ( y ) h 2 ( x ) > o w i l l n o t h o l d . We c o n s i d e r t h e s t r a i g h t l i n e 

CgX + c y = o . I t i s e a s y t o v e r i f y t h a t t h i s s t r a i g h t l i n e l i e s 

a b o v e t h e c u r v e f 2 ( x ) + c y = o a n d b e l o w t h e c u r v e a x + f ^ ( y ) = o „ 

i n t h e f i r s t q u a d r a n t . I n t h e t h i r d q u a d r a n t t h e p o s i t i o n s a r e r e 

v e r s e d . We c o n s i d e r t h e r e g i o n b o u n d e d b y y = L, t h e c u r v e 

a x + f ^ ( y ) = o a n d t h e p o s i t i v e h a l f y - a x i s . T h e m o t i o n c a n n o t i n 

t e r s e c t t h e s t r a i g h t l i n e y = t,since $2. < o . I t c a n n o t g o t o t h e 
d t 

o r i g i n , s i n c e <t> <. o . T h e r e f o r e i t m u s t i n t e r s e c t t h e c u r v e 

a x + f ^ ( y ) = o a n d e n t e r t h e r e g i o n (2) w h e r e i t g o e s t o t h e o r i 

g i n w i t h t h e i n c r e a s e o f t i m e . P o r r e g i o n (3) we t a k e t h e s t r a i g h t 

l i n e x = t a n d s i m i l a r l y s h o w t h a t t h e m o t i o n c r o s s e s t h e c u r v e 

f 2 ( x ) + c y = o a n d e n t e r s t h e r e g i o n (2) w h e r e i t g o e s t o t h e 

o r i g i n a s t—» + oo . S i m i l a r r e a s o n i n g s h o l d f o r t h e r e g i o n s (5) a n d 

(7) w h i c h c o m p l e t e s t h e p r o o f o f T h e o r e m 4.1. 

I n t h e same w a y w e c a n p r o v e t h e f o l l o w i n g - t h e o r e m f o r 

t h e s y s t e m 

(4.4) 
TjJ = b x + c y 
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voider the conditions: 

h.j(x) + c<o, x * o, ch^x) - h 2(y) b > o, x * o, y * o, (o)=f 2(o)=o > 

where h (x) = 1^1 , x * o, h 2(y) = Mil , y * o (4.5) 
x y 

Theorem 4.2. If b h g(y) > o for y * o and the Conditions (4.5) are 

satisfied, then the t r i v i a l solution of system (4.4) i s asymptoti 

cally stable in the large. 
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5. T h e s t a b i l i t y i n t h e l a r g e o f t h e s y s t e m Jf = F ( x , y ) , Jf = f (•") 

u s i n g q u a l i t a t i v e m e t h o d s . 

I n t h i s s e c t i o n we c o n s i d e r t h e s y s t e m ( 2 . l ) . T h e a s s u m p 

t i o n s u n d e r w h i c h we w i l l b e w o r k i n g w i l l b e d i f f e r e n t f r o m t h o s e o f 

S e c t i o n 2. B . A . E r s h o v ( 6 ] d i s c u s s e d t h i s s y s t e m a n d o b t a i n e d c e r 

t a i n t h e o r e m s r e g a r d i n g t h e s t a b i l i t y i n t h e l a r g e o f t h e t r i v i a l 

s o l u t i o n . We h e r e s h o w t h a t h i s r e s u l t s a r e c o r r e c t b u t t h e p r o o f s 

a r e w r o n g . 

L e t u s c o n s i d e r t h e s y s t e m 

(5.1) 
Jf = f(«0 , w h e r e «- = c.,x - d . , y 

a n d c^ , d^ a r e p o s i t i v e c o n s t a n t s . We s h a l l a s s u m e t h a t F ( x , y ) i s a 

c o n t i n u o u s f u n c t i o n , h a v i n g f i r s t o r d e r p a r t i a l d e r i v a t i v e s w i t h 

r e s p e c t t o x a n d y , f o r a l l v a l u e s o f x , y . F u r t h e r we a s s u m e t h a t 

1| * o , F ( o , o ) = o (5.2) 

We s h a l l d i s c u s s t h r e e c a s e s ( i ) | ^ < ° j ( i i ) 5 Z = o , 
v / 3x -&X 

( i i i ) 4 1 > o . 
^x 

T h e c o n t i n u o u s f u n c t i o n f ( « " ) , a p p e a r i n g i n t h e r i g h t h a n d 

s i d e o f t h e s e c o n d e q u a t i o n o f ( 5 « l ) i s s u b j e c t e d t o t h e f o l l o w i n g 

c o n d i t i o n s 

c f ( « * ) > o f o r «- $ o (5.3) 

f ( o ) = o (5.4) 

>/ o f o r a l l (5.5) 
9 6 * 
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I n t h e c o n d i t i o n (5.5) 2i£ i s n o t t a k e n t o b e i d e n t i c a l l y 

as-
z e r o . 

The e q u a t i o n s (5.1) c a n b e w r i t t e n a s 

§ -(-if) x + (-rf) y + ^ 
' x = o , y = o \°J J x = 0 ) y = 0 

\ ° / x = o , y = o \ »«V x = o , y = o 

d t Q 

w h e r e 

Mx.y) = F(z,y) -(^f ) x - ( ^ | ) y 
^ X ' x = o , y = o V ' y ' x = c , y = 

„ ( x, y ) . ,(0-.^) « . a, ( O f ) y 
x = o = y 

We w r i t e f o r s i m p l i c i t y 

' x = o = y 

= a , 
\ * y ' x = o = y 

= b 

'1 
x = o , y = o x 0 / ; 

= d 

x = o = y 

T h e s y s t e m (5*6) c a n t h e n b e w r i t t e n i n t h e f o r m 

d x 
d t 

= - N a x - b y + °y ( x , y ) 

|f = c x - dy + <y ( x , y ) 

(5.6) 

(5.7) 

T h e t h r e e c a s e s t h u s c o r r e s p o n d t o t h e v a l u e s 1, o , - 1 o f N i n 

(5.7) r e s p e c t i v e l y . 

C a s e 1 _2LZ < o . P r o m e q u a t i o n s (5.7) we h a v e f o r N = 1 

a x 

|f = - a x - b y + % ( x , y ) 

|f = c x - d y + «H ( x , y ) 

(5.8) 



44 

T h e e q u a t i o n s o f t h e f i r s t a p p r o x i m a t i o n a r e 

d x , 
— = - a x - b y 

(5.9) 

Jf = c x - d y 

T h e c h a r a c t e r i s t i c e q u a t i o n o f (5«9) i s 

A + a - b = o 

c Ti+ d 
2 

o r ^ + ( a + d ) h + a d + b e = o (5.10) ' 
T h e r o o t s o f t h i s e q u a t i o n h a v e n e g a t i v e r e a l p a r t s , s i n c e 

a + d > o a n d a d + b e > o 

S i n c e t h e r o o t s o f (5.10) h a v e n e g a t i v e r e a l p a r t s , i t f o l l o w s t h a t 

t h e t r i v i a l s o l u t i o n x = o = y o f ( 5 . 8 ) i s a s y m p t o t i c a l l y s t a b l e a c 

c o r d i n g t o L y a p u n o v . T h e a b s e n c e o f p e r i o d i c s o l u t i o n s i s e a s i l y 

s e e n b y u s i n g t h e c r i t e r i o n o f B e n d i x s o n . I n f a c t , 

M. + 1L _lZ _ d JLL 4 0 

j x ny i x 1 
i n v i e w o f c o n d i t i o n (5*5) a n d t h e f a c t t h a t JLE. < O , d , > o . 

3 x 1 

We r e p r e s e n t t h e c u r v e s P ( x , y ) = o a n d f ( • * ) = o o n t h e 

( x , y ) p l a n e . B y v i r t u e o f C o n d i t i o n s (5.5) a n d (5.4) f ( ** ) = o r e p r e 

s e n t s t h e s t r a i g h t l i n e «* = o . S i n c e c^ a n d d ^ a r e p o s i t i v e c o n 

s t a n t s , f = o i s s i t u a t e d i n t h e f i r s t a n d t h i r d q u a d r a n t s . T h e 

c u r v e P ( x , y ) = o p a s s e s t h r o u g h t h e o r i g i n s i n c e P ( o , o ) = o . I t i s 

s i t u a t e d i n t h e s e c o n d a n d f o u r t h q u a d r a n t s s i n c e t h e s l o p e o f P ( x , y 
±'e'> & = *^\x i s n e g a t i v e , d x -Tjyfc 

T h e s e c o n s i d e r a t i o n s s h o w t h a t ( o , o ) i s t h e o n l y p o i n t o f 
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e q u i l i b r i u m o f (5.8). We h a v e s h o w n s o f a r t h a t ( i ) t h e o r i g i n i s t h e 

o n l y p o i n t o f e q u i l i b r i u m , ( i i ) i t i s a s y m p t o t i c a l l y s t a b l e i n t h e 

s e n s e o f L y a p u n o v , ( i i i ) t h e r e e x i s t . n o p e r i o d i c s o l u t i o n s . We s h a l l 

n o w s h o w t h a t t h e r e e x i s t s a s t r a i g h t l i n e L ( o , <* ) w h i c h i s i n t e r s e c 

t e d b y t h e m o t i o n s i n o n e d i r e c t i o n o n l y a n d a l l m o t i o n s w i t h b o u n d e d 

p o l a r a n g l e s a r e b o u n d e d . W i t h t h i s t h i n g i n v i e w we e x a m i n e t h e d i r e c 

t i o n s o f m o t i o n s ( s e e f i g . 7 ) . I t i s e a s y t o s e e t h a t 

|f = P ( x , y ) > o f o r t h e p o i n t s , l y i n g t o t h e l e f t o f t h e c u r v e 

P ( x , y ) = o 

d x 
— = P ( x , y ) <o f o r t h e p o i n t s , l y i n g t o t h e r i g h t o f t h e c u r v e 

P ( x , y ) = o 

|f = f(o* ) >o f o r t h e p o i n t s , l y i n g b e l o w t h e s t r a i g h t l i n e = o 

|f = f ( c ) < o f o r t h e p o i n t s , l y i n g a b o v e t h e s t r a i g h t l i n e f = o 

T h e f u n c t i o n y ( t ) a t t a i n s m a x i m u m f o r y > o a n d m i n i m u m f o r 

y < o o n t h e s t r a i g h t l i n e f ( « " ) = o ; 

x ( t ) a t t a i n s m a x i m u m f o r x > o a n d 

m i n i m u m f o r x < o o n t h e c u r v e 

F ( x , y ) = o . T h e s t r a i g h t l i n e f(c) = o , 

t h e c u r v e P ( x , y ) = o a n d t h e c o - o r 

d i n a t e a x e s d i v i d e t h e ( x , y ) p l a n e i n t o 

e i g h t r e g i o n s . We i n t r o d u c e 

FIG.7 
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p o l a r c o - o r d i n a t e s 

x = r c o s <$ , y = r s i n <p .. 

T h e n r = x c o s + y s i n <P a n d 

r = - x s i n <p + y c o s <j> 
t h e s i g n s o f r a n d <p i n d i f f e r e n t r e g i o n s a r e a s f o l l o w s : 

( l,5) r m a y h e ^ o , > o (2,6) r < o , <j> m a y b e ^ o 

(3,7) r m a y b e ^ o , <p > o (4,8) r < o , m a y b e >^ o . 

E r s h o v [6} a r g u e d t h a t , s i n c e qi > o i n t h e r e g i o n s ( l ) , 

(3), (5) a n d (7) t h e r e c a n n o t b e a n y m o t i o n w i t h b o u n d e d p o l a r 

a n g l e i n t h e s e r e g i o n s a n d a n y m o t i o n f a l l i n g i n t h e s e r e g i o n s 

o r s t a r t i n g t h e r e h a s t o g e t o u t o f t h e s e r e g i o n s a f t e r i n t e r s e c t 

i n g e i t h e r t h e s t r a i g h t l i n e f ( « r ) = o o r t h e c u r v e F ( x , y ) = o . T o 

u s t h i s r e a s o n i n g i s d o u b t f u l , s i n c e 4> > o i s n o t s u f f i c i e n t t o 

g u a r a n t e e t h a t t h e r e c a n n o t b e a n y m o t i o n w i t h b o u n d e d p o l a r a n g l e 

i n t h e s e r e g i o n s . H o w e v e r , t h e a b o v e a s s e r t i o n r e m a i n s t r u e i f we 

c o u l d s h o w t h a t <p > 5 > o i n t h e s e r e g i o n s . I n f a c t , i f «i > <t , 

t h e n i n t e g r a t i n g we h a v e <P - <*>q > 6 ( t - t ) , w h e n c e f o l l o w s 

t h a t a s t i n c r e a s e s , i n c r e a s e s a n d h e n c e t h e r e w i l l b e a n i n 

s t a n t o f t i m e w h e n t h e m o t i o n l e a v e s t h e s e r e g i o n s . 

L e t a m o t i o n M ( t ) a f t e r i n t e r s e c t i n g t h e n e g a t i v e h a l f 

y - a x i s e n t e r t h e r e g i o n (7). We s h o w t h a t m o t i o n M ( t ) c a n n o t r e 

m a i n i n t h i s r e g i o n a n d c o n s e q u e n t l y i t w i l l e n t e r t h e r e g i o n (8). 

T o s h o w t h i s we w r i t e 

<$> = J_ f - x s i n « f > + y c o s * ] 
r 1 1 (5.11) 

= — ( - P ( x , y ) s i n <> + f(cy) c o s « > ) > o i n r e g i o n (7) 
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If M ( t ) d o e s n o t c r o s s t h e c u r v e F ( x , y ) = o , t h e n x ( t ) " b e c o m e s 

i n f i n i t e s i n c e x ( t ) a n d y ( t ) a r e i n c r e a s i n g a n d £ > o . F o r s u f 

f i c i e n t l y l a r g e x , w i t h t h e i n c r e a s e o f x , <r i n c r e a s e s . S i n c e i t 

i s a s s u m e d t h a t _]!_£. >, o , f(v) i s n o n d e c r e a s i n g a n d t h e r e f o r e 

f r o m ( 5 . 1 l ) i t f o l l o w s t h a t «j> c a n a l w a y s b e t a k e n g r e a t e r t h a n 

$ > o a n d h e n c e w i t h t h e i n c r e a s e o f t i m e t h e m o t i o n m u s t l e a v e 

t h e r e g i o n ( 7 ) , w h i c h c o n t r a d i c t s o u r a s s u m p t i o n . A f t e r e n t e r i n g 

t h e r e g i o n (8) i t e i t h e r g o e s t o t h e o r i g i n a s t — » + °© o r i n 

t e r s e c t s t h e x - a x i s a n d e n t e r t h e r e g i o n ( l ) . T h i s f o l l o w s f r o m 

t h e f a c t t h a t i n t h i s r e g i o n f < o a n d tp m a y b e \ o . T h e m o t i o n 

c a n n o t r e m a i n i n t h e r e g i o n ( l ) a n d m u s t e n t e r t h e r e g i o n (2). T o 

s e e t h i s , c o n s i d e r t h e r e g i o n b o u n d e d b y t h e s t r a i g h t l i n e <r* = o, 

x = A a n d t h e x - a x i s . S i n c e i n t h e r e g i o n ( l ) x d e c r e a s e s , t h e 

m o t i o n c a n n o t i n t e r s e c t t h e l i n e x = A . I t c a n n o t g o t o t h e o r i g i n ^ 

s i n c e 4> > o a n d t h e r e f o r e i t m u s t n e c e s s a r i l y g o o u t o f t h e r e 

g i o n ( l ) a n d e n t e r t h e r e g i o n (2). H e r e > i . e . J i n r e g i o n ( 2 ) , s i n c e 

r <£ o t h e m o t i o n e i t h e r g o e s t o t h e p o i n t o f e q u i l i b r i u m o r e n t e r s 

t h e r e g i o n (3). S i m i l a r r e a s o n i n g h o l d s f o r t h e r e s t o f t h e r e g i o n s . 

A l l t h i s s h o w s t h a t a n y m o t i o n w i t h b o u n d e d p o l a r a n g l e i s b o u n d e d . 

P o r t h e s t r a i g h t l i n e L ( o , ° o ) we c a n t a k e t h e p o s i t i v e h a l f y - a x i s . 

T h u s a l l t h e c o n d i t i o n s o f T h e o r e m 1.2 . 7 a r e s a t i s f i e d a n d we h a v e 

t h e f o l l o w i n g t h e o r e m : 

T h e o r e m 5 . 1 . L e t J|Z <_ o . T h e n u n d e r c o n d i t i o n s (5.2) - (5.5) 
0 x  

t h e t r i v i a l s o l u t i o n o f ( 5 . l ) i s a s y m p t o t i c a l l y s t a b l e i n t h e l a r g e . 
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C a s e I I U! = o . T h e e q u a t i o n s (5.7) i n t h i s c a s e t a k e t h e f o r m 
ti x 

& - - * • -sty) 
Jf = c x - d y + ~i> ( x , y ) 

T h e e q u a t i o n s o f f i r s t a p p r o x i m a t i o n a r e 

d x , 
d t = " b y 

Jf = c x - d y 

(5.12) 

(5.13) 

T h e c h a r a c t e r i s t i c e q u a t i o n o f (5.13) i s g i v e n b y 

h - b = o o r f, + d ? i + b c = o 

c \ + d 

T h e r e a l p a r t s o f t h e r o o t s o f t h i s e q u a t i o n a r e n e g a t i v e , s i n c e 

d > o a n d b e > o , w h e n c e f o l l o w s t h e a s y m p t o t i c s t a b i l i t y o f t h e 

t r i v i a l s o l u t i o n o f s y s t e m (5.12) i n t h e s e n s e o f L y a p u n o v . 

T h e c u r v e F ( y ) = o r e p r e s e n t s t h e s t r a i g h t l i n e y = o a n d 

f ( «•*) = o r e p r e s e n t s t h e s t r a i g h t l i n e w = o . T h e o r i g i n i s t h e 

o n l y common p o i n t o f f ( c ) = o . a n d F ( y ) = o . I t i s e a s y t o s e e t h a t 

cLx 

-rr = ^ ( y ) > o f o r t h e p o i n t s , l y i n g b e l o w t h e x - a x i s 
Q.T/ 

— = P ( y ) < o f o r t h e p o i n t s , l y i n g a b o v e t h e x - a x i s 
CLX 

= f ( c ) > o f o r t h e p o i n t s , b e l o w t h e s t r a i g h t l i n e f ( ° * ) = o 
d t i 

•^7 = f ( c ) < o f o r t h e p o i n t s , a b o v e t h e s t r a i g h t l i n e f (**)= o 
CI t 

T h e f u n c t i o n y ( t ) i s m a x i m u m f o r y > o a n d m i n i m u m f o r 

y < o f o r t h e p o i n t s o n f (<**) = o a n d x ( t ) i s m a x i m u m f o r x > -o- a n d 
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m i n i m u m f o r x < o f o r t h e p o i n t s o n t h e x - a x i s . T h e c u r v e s F ( y ) = o , 

f («•*) = o a n d t h e a x e s o f c o - o r d i n a t e s 

d i v i d e t h e p l a n e i n t o s i x r e g i o n s . 

T h e d i r e c t i o n o f m o t i o n i s r e p r e 

s e n t e d i n f i g . 8. T h e s i g n s o f r a n d 4> 

i n d i f f e r e n t r e g i o n s a r e g i v e n a s b e 

l o w : 

(1.4) r m a y b e ^ 0 , <*> > o 

(2.5) r < o , <p m a y b e >^ 0 

(3.6) r m a y b e " ^ o , d> > o 

I n t h e r e g i o n (6) i t i s e a s y 

t o s e e t h a t >, £ > o , w h e n c e i t f o l l o w s t h a t t h e r e e x i s t s a n i n -
d t 

s t a n t t w h e n t h e m o t i o n i n t e r s e c t s t h e x - a x i s . A s i n C a s e I i t c a n b e 

s h o w n t h a t t h e m o t i o n M ( t ) i n t e r s e c t s t h e s t r a i g h t l i n e f(«0 = o a n d 

e n t e r s t h e r e g i o n (2) w i t h t h e i n c r e a s e o f t i m e . I n r e g i o n (2) e i t h e r 

t h e m o t i o n g o e s t o t h e o r i g i n w i t h t h e i n c r e a s e o f t i m e o r e n t e r s t h e 

r e g i o n (3). S i m i l a r a r g u m e n t s c a n b e a p p l i e d f o r t h e r e g i o n s (3),(4) 
a n d ( 5 ) . T h u s we h a v e s h o w n t h a t ( i ) (0,0) i s t h e o n l y p o i n t o f e q u i 

l i b r i u m , ( i i ) i t i s a s y m p t o t i c a l l y s t a b l e i n t h e s m a l l , ( i i i ) a n y m o 

t i o n w i t h b o u n d e d p o l a r a n g l e i s b o u n d e d . T o s h o w t h a t t h e r e e x i s t s 

n o p e r i o d i c m o t i o n s , we u s e t h e c r i t e r i o n o f B e n d J x s o n 

F > f -j -i^> / N 

— — + — — = o - d j » i_ ^ o ( n o t i d e n t i c a l l y e q u a l . t o z e r o ) 
d X } y - j ^ . 

F o r t h e s t r a i g h t l i n e L(o,oo) we c a n t a k e t h e p o s i t i v e h a l f x - a x i s . 

T h u s a l l t h e c o n d i t i o n s o f T h e o r e m 1.2.7 a r e s a t i s f i e d a n d we h a v e 

t h e f o l l o w i n g t h e o r e m ; 
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T h e o r e m 5.2. L e t ^ = o . T h e n u n d e r c o n d i t i o n s (5.2) - (5.5) t h e 
o x 

t r i v i a l s o l u t i o n o f s y s t e m ( 5 . l ) i s a s y m p t o t i c a l l y s t a b l e i n t h e  

l a r g e . 

C a s e I I I !LE > o . T h e e q u a t i o n s (5.7) i n t h i s c a s e t a k e t h e f o r m 
d x 

= a x - b y + - \ ( x , y ) 
d t 

(5.14) 
J&L = c x - d y + <y ( x , y ) 
d t 

T h e c h a r a c t e r i s t i c e q u a t i o n o f t h e f i r s t a p p r o x i m a t i o n i s 

^ - a - b = o 

c a + d 

o r A + ( d - a ) * + b e - a d = o (5.15) 
T h e r o o t s o f (5.15) w i l l h a v e n e g a t i v e r e a l p a r t s u n d e r t h e f o l l o w 

i n g c o n d i t i o n s ; 

d - a > o (5.16) 
b e - d a > o (5.17) 

I f t h e c o n d i t i o n s (5.16) a n d (5.17) a r e s a t i s f i e d t h e n t h e 

t r i v i a l s o l u t i o n x = o = y o f (5.14) i s a s y m p t o t i c a l l y s t a b l e i n t h e 

s m a l l . We n o w r e p r e s e n t t h e c u r v e s F ( x , y ) = o a n d t h e s t r a i g h t l i n e 

f ( o ' ) = o o n t h e ( x , y ) p l a n e . S i n c e _LZ > o , t h e c u r v e F ( x , y ) = o i s 
3 x 

s i t u a t e d i n t h e f i r s t a n d t h i r d q u a d r a n t s a n d s o i s t h e s t r a i g h t l i n e 

g i v e n b y f ( « * ) = o . S i n c e we a r e i n t e r e s t e d i n h a v i n g a u n i q u e p o i n t 

o f e q u i l i b r i u m we w i l l h a v e t o i m p o s e a n e x t r a c o n d i t i o n : 

C o n d i t i o n 1. T h e c u r v e F ( x , y ) = o i s s i t u a t e d b e t w e e n t h e x - a x i s 

a n d t h e s t r a i g h t l i n e f ( f f * ) = o . 

O b v i o u s l y c o n d i t i o n 1 i m p l i e s t h e c o n d i t i o n (5.17). I t i s 
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not d i f f i c u l t to see that 

— = F(x,y) > o for the points lying to the right of the 

curve F(x,y) = o 

If = F(x,y) < o for the points lying to the l e f t of the curve 

F(x,y) = o 

= f(«0 >o for the points below the straight line f (c) = o 

= f ( •*) Co for the points above the straight line f (<r») = o 

The function y(t) i s maximum for y > o and minimum for 

y < o for the points on the straight line f(«*) = o and x(t) at

tains maximum for x > o and minimum for x < o for the points lying 

on the curve F(x,y) = o, The 

direction, of motion i s shown 

in f i g . 9 . The curve F(x,y) = o, 

the straight line f (-*>) = o and 

the axes of co-ordinates divide 

the plane (x,y) into eight re

gions. As before we introduce 

polar co-ordinates 

x = r cos 4, , y = r sin <t>. 

Then r = x cos <P + y s i n * 

r«j> = -x sin 4» + y cos«fr F I G . 9 

The signs of r and <P in different regions are given as 

(1,5) r > o, *p may be Sfc. o (2,6) r may be ̂  o, «* > o 

(3,7) r < o, 4> may be \ o (4,8) r may be \ o , <*> > o. 
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I n t h e r e g i o n s ( l ) a n d (5) we s e e t h a t r > o a n d «*» 

m a y b e \ o . F i r s t o f a l l we n e e d a c o n d i t i o n t h a t m a k e s 4> > o 

i n t h e s e r e g i o n s . T h i s i s n e c e s s a r y i n o r d e r t o e n s u r e t h a t t h e r e 

i s n o m o t i o n w i t h b o u n d e d p o l a r a n g l e i n t h e r e g i o n s ( l , 5 ) . O u r p u r 

p o s e i s s e r v e d i f f o r e x a m p l e we a s s u m e t h a t 

% ( x , y ) < o , «f> ( x , y ) > o i n t h e r e g i o n ( l ) 

(5 . 1 8 ) 

- ^ ( x j y ) > o , «v ( x , y ) < 0 i n t h e r e g i o n (5) 

N e x t we r e q u i r e t h a t t h e r e b e n o p e r i o d i c m o t i o n s a n d f o r t h a t we 

m u s t h a v e 

- H - a< ¥ < ° ( 5 - 1 9 ) 

a c c o r d i n g t o B e n d i x s o n c r i t e r i o n . 

L e t a m o t i o n M . ( t ) e n t e r t h e r e g i o n ( 8 ) a f t e r i n t e r s e c t i n g 

t h e n e g a t i v e h a l f y - a x i s . I t i s e a s y t o s e e a s i n c a s e 2 t h a t t h e 

m o t i o n M ( t ) c r o s s e s t h e x - a x i s a n d e n t e r s t h e r e g i o n ( l ) . We n o w 

s h o w t h a t i t c a n n o t r e m a i n i n t h e r e g i o n ( l ) a n d m u s t e n t e r t h e r e 

g i o n (2). T h i s i s d o n e a s f o l l o w s . We c o n s i d e r t h e r a t e o f c h a n g e 

o f ( c x - a y ) a l o n g t h e m o t i o n M ( t ) , i . e . , 

( c x - a y ) = a c x - b e y + c *>i (x ,y) - a c x + a d y - a«s»(x,y) 

= y ( a d - b e ) + c > ( x , y ) - a ^ ( x , y ) < o (5.20) 
i n t h e r e g i o n ( l ) i n v i e w o f (5 . 1 7 ) a n d (5. 1 8 ) . 

We c o n s i d e r t h e s t r a i g h t l i n e s c x - a y = A ( A p o s i t i v e ) 

a n d c x - d y = o a n d f i n d t h e i r p o i n t o f i n t e r s e c t i o n (— _1_ , A \ 

\ c d - a d ^ a j 

I t l i e s i n t h e f i r s t q u a d r a n t s i n c e A , c , d , d - a a r e a l l p o s i 

t i v e q u a n t i t i e s . S i n c e F ( x , y ) = o l i e s a l w a y s b e - l o w t h e s t r a i g h t 
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l i n e f (••) = o , t h e s t r a i g h t l i n e c x - a y = A i n t e r s e c t s t h e c u r v e 

F ( x , y ) = o f o r a l l A . T h u s t h e m o t i o n M ( t ) e n t e r i n g t h e r e g i o n (l) 

m u s t c r o s s t h e c u r v e F ( x , y ) = o , b e c a u s e i t c a n n o t g o t o t h e o r i 

g i n s i n c e <p > o a n d c a n n o t c r o s s t h e s t r a i g h t l i n e c x - a y = A 

d u e t o (5.20). A f t e r i n t e r s e c t i n g t h e c u r v e F ( x , y ) = o i t c a n n o t 

e v e n r e m a i n i n t h e r e g i o n (2) b e c a u s e o f t h e s a m e r e a s o n . T h u s t h e 

m o t i o n e n t e r s t h e r e g i o n (3) w h e r e i t e i t h e r t e n d s t o t h e o r i g i n 

w i t h t h e i n c r e a s e o f t i m e o r g o e s o u t o f t h i s r e g i o n a n d e n t e r s 

t h e r e g i o n (4). S i m i l a r a r g u m e n t h o l d s f o r t h e r e g i o n s (4), (5), 

(6) a n d (7). T h i s s h o w s t h a t t h e r e c a n n o t b e a n y m o t i o n w i t h b o u n 

d e d p o l a r a n g l e i n t h e r e g i o n s ( l ) , (2), (4), (5), (6) a n d (8). T h e 

m o t i o n w i t h b o u n d e d p o l a r a n g l e c a n o n l y o c c u r i n r e g i o n s (3) a n d 

(7) , w h e r e i t i s b o u n d e d , s i n c e r <: o . T h u s a n y m o t i o n w i t h b o u n d e d 

p o l a r a n g l e i s b o u n d e d . F o r t h e s t r a i g h t l i n e L(o,o») we c a n t a k e 

t h e p o s i t i v e h a l f x - a x i s . H e n c e a l l t h e r e q u i r e m e n t o f T h e o r e m 1.2.7 

a r e s a t i s f i e d a n d we h a v e t h e f o l l o w i n g t h e o r e m : 

T h e o r e m 5.3. L e t _1Z > o . T h e n u n d e r c o n d i t i o n s (5.2) - (5.5), 
2_X ; 

(5.16), (5.18). (5.19) a n d C o n d i t i o n 1, t h e t r i v i a l s o l u t i o n x=o=y  

o f s y s t e m (5.l) i s a s y m p t o t i c a l l y s t a b l e i n t h e l a r g e . 

I n 1954 G u , C a o h a o £l6] d i s c u s s e d t h e s t a b i l i t y o f t h e 

t r i v i a l s o l u t i o n i n t h e l a r g e o f t h e f o l l o w i n g s y s t e m 

§ = x h ^ y ) + * ( y ) 

§ = x h 2 ( y ) + f ( y ) 

b y c o n s t r u c t i n g a L y a p u n o v f u n c t i o n . I n t h e n e x t t w o s e c t i o n s we-
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s h a l l d i s c u s s t h e s t a b i l i t y i n t h e l a r g e o f 

i f = h i ( y ) x + a y 

J f = h g ( x ) x + b y 

a n d 

J f = x h ^ y ) + a y 

J f = b x + h 2 ( x ) y 

m o s t l y b y q u a l i t a t i v e m e t h o d s . 
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6. T h e s t a b i l i t y i n t h e l a r g e o f • d x - = h , ( y ) x + a y , 
d t 1 

= h ( x ) x + b y . 
d t ^ 

L e t u s c o n s i d e r t h e s y s t e m 

H = ^ ( y ) x + a y 

J f = h 2 ( x ) x + b y 

(6.1) 

We a s s u m e t h a t t h e r i g h t h a n d s i d e s o f t h e s y s t e m ( 6 . l ) 

s a t i s f y t h e c o n d i t i o n s g u a r a n t e e i n g t h e e x i s t e n c e a n d u n i q u e n e s s o f 

e v e r y s o l u t i o n . 

6a. L e t u s a s s u m e t h a t 

a h 2 ( x ) < o , x * o , b < o a n d ( y ) < o , y * o 

P o r t h e s a k e o f d e f i n i t e n e s s we t a k e a < o , h 2 ( x ) > o , x * o . We 

r e p r e s e n t t h e r i g h t h a n d s i d e s o f (6.1) o n t h e ( x , y ) p l a n e . T h e o r -

d i n a t e s o f t h e g r a p h s o f t h e c u r v e s a r e g i v e n b y 

h i ( y i ) 
y-j - ~ ' — x >± o a c c o r d i n g a s x $ o 

h ( x ) ( 6 ' 2 ) 

^2 ~ - ' — x >^o a c c o r d i n g a s x ^ o 

T h i s s h o w s t h a t t h e c u r v e s h ^ ( y ) x + a y = o a n d h 2 ( x ) x + b y = o 

l i e i n t h e s e c o n d , f o u r t h a n d f i r s t , t h i r d q u a d r a n t s r e s p e c t i v e l y 

a n d c o n s e q u e n t l y t h e o r i g i n i s t h e o n l y p o i n t o f e q u i l i b r i u m . I t i s 

n o t d i f f i c u l t t o s e e t h a t 

d x 
d t 

clx 
— = h ^ ( y ) x + a y > o t o t h e l e f t o f t h e c u r v e h ^ ( y ) x + a y = o 

= h ^ ( y ) x + a y < o t o t h e r i g h t o f t h e c u r v e h ^ ( y ) x + a y = o 
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| f = h 2 ( x ) x + b y < o t o t h e l e f t o f t h e c u r v e h^(x)x + b y = o 

| f = h 2 ( x ) x + b y > o t o t h e r i g h t o f t h e c u r v e h 2 ( x ) x + b y = o 

T h e f u n c t i o n y ( t ) a t t a i n s m a x i m u m o n t h e c u r v e 

h 2 ( x ) x + b y = o f o r y > o a n d m i n i m u m f o r y < o ; x ( t ) i s m i n i m u m 

o n t h e c u r v e h ^ ( y ) x + a y = o f o r y > o a n d m a x i m u m f o r y < o . T h e 

d i r e c t i o n o f m o t i o n a n d t h e c u r v e s o b t a i n e d b y p u t t i n g t h e r i g h t 

h a n d s i d e s o f ( 6 . l ) e q u a l t o z e r o a r e r e p r e s e n t e d i n f i g . 1 0 . T h e 

c u r v e s a n d t h e c o - o r d i n a t e a x e s ' d i v i d e ci 

t h e p l a n e i n t o e i g h t r e g i o n s . U s i n g 

p o l a r c o - o r d i n a t e s w e s e e t h a t t h e 

s i g n s o f r a n d ^» i n t h e s e r e g i o n s 

a r e 

(1.5) r m a y b e >^ o, tp> o 

(2.6) r < o , <$> m a y b e Tfa o 

(3.7) r may b e * t ^ o , . <p > o 

(4.8) r <• o , <p m a y b e o 

T h e t r i v i a l s o l u t i o n i s F I G . J . O 

e a s i l y s h o w n t o b e a s y m p t o t i c a l l y s t a b l e i n t h e s e n s e o f L y a p u n o v . 

I n f a c t , l e t a V - f u n c t i o n b e d e f i n e d b}J 

2 V = 2 J x h 2 ( x ) d x - a y 2 

o 

T h e n V = x h 2 ( x ) ( h 1 ( y ) x + a y ) - a y ( x h g ( x ) + b y ) 

2 2 
= x ( y ) h 2 ( x ) • a b y < o y * o 

= o p o s s i b l y f o r y = o 
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O b v i o u s l y , V i s a p o s i t i v e d e f i n i t e f u n c t i o n . T h e d e r i v a t i v e V i s 

n e g a t i v e f o r y * o a n d p o s s i b l y z e r o f o r y = o . S i n c e y = o d o e s n o t 

c o n t a i n a p o s i t i v e h a l f - t r a j e c t o r y o f t h e s y s t e m (6.1) e x c e p t x = o = y , 

t h e t r i v i a l s o l u t i o n i s a s y m p t o t i c a l l y s t a b l e a c c o r d i n g t o L y a p u n o v . 

S i n c e b + h ^ ( y ) < o , t h e r e a r e n o p e r i o d i c s o l u t i o n s a c c o r d i n g t o 

t h e c r i t e r i o n o f B e n d i x s o n . T h i s i s o b v i o u s f r o m t h e f a c t t h a t f o r 

t h e s y s t e m i s c o n s t r u c t e d a L y a p u n o v f u n c t i o n . P o r t h e s t r a i g h t l i n e 

L ( o , <*>) a p p e a r i n g i n T h e o r e m 1.2.7 we t a k e t h e p o s i t i v e h a l f y - a x i s . 

We n o w s h o w t h a t t h e m o t i o n s w i t h b o u n d e d p o l a r a n g l e s a r e b o u n d e d . 

We c o n s i d e r f i r s t t h e r e g i o n s (2,4,6,8). I n t h e s e r e g i o n s a n y m o t i o n 

w i t h b o u n d e d p o l a r a n g l e i s b o u n d e d , s i n c e r < o . N e x t we c o n s i d e r 

t h e r e g i o n s (l,3>5>7). H e r e w e s h o w t h a t t h e r e a r e n o m o t i o n s w i t h 

b o u n d e d p o l a r a n g l e s , i . e . , a n y m o t i o n s t a r t i n g o r e n t e r i n g t h e s e r e 

g i o n s m u s t l e a v e t h e m w i t h t h e i n c r e a s e o f t i m e . P o r t h i s we w r i t e 

4> = — [~ s i n * (ni W x + a y ) + c o s < * ( h 2 ( x ) x + b y ) 

L e t u s s u p p o s e t h a t t h e m o t i o n s t a r - t e d i n t h e r e g i o n ( l ) 

d o e s n o t c r o s s t h e c u r v e h ^ ( x ) x + b y = o t h e n , s i n c e x i s d e c r e a s i n g 

a n d y i s i n c r e a s i n g i n ( l ) , y b e c o m e s i n f i n i t e l y l a r g e a n d c o n s e 

q u e n t l y > € > o a n d h e n c e w i t h t h e i n c r e a s e o f t i m e t h e m o t i o n 

l e a v e s t h e r e g i o n ( l ) . T h i s c o n t r a d i c t s o u r a s s u m p t i o n . T h e c o n t r a 

d i c t i o n s h o w s t h a t t h e m o t i o n m u s t l e a v e t h e r e g i o n ( l ) a n d e n t e r 

t h e r e g i o n (2). T h e same r e a s o n i n g h o l d s f o r t h e r e g i o n (5). N e x t 

we c o n s i d e r t h e r a t e o f c h a n g e o f t h e q u a n t i t y ( b x - a y ) a l o n g t h e 

t r a j e c t o r i e s o f ( 6 . l ) 
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— ( b x - a y ) = b ( ^ ( y ) x + a y ) - a ( h 2 ( x ) x + b y ) 

(6.3) 
= x ( b h ^ ( y ) - a h 2 ( x ^ o a c c o r d i n g a s x ^ o 

C o n s i d e r t h e s t r a i g h t l i n e 

b x - a y = A (6.4) 
T h e s t r a i g h t l i n e (6.4) i n t e r s e c t s t h e c u r v e x h ^ ( y ) + a y = o f o r 

a l l A . L e t A b e n e g a t i v e , t h e n t h e s t r a i g h t l i n e (6.4) i n t e r s e c t s 

t h e c u r v e h ^ ( y ) x + a y = o i n . t h e f o u r t h q u a d r a n t . We c o n s i d e r t h e 

r e g i o n b o u n d e d b y t h e n e g a t i v e h a l f y - a x i s , t h e s t r a i g h t l i n e 

b x - a y = A a n d t h e c u r v e h ^ ( y ) x + a y = o . T h e m o t i o n e n t e r i n g t h i s 

r e g i o n m u s t c r o s s t h e c u r v e h ^ ( y ) x + a y = o , s i n c e i t c a n n o t c r o s s 

t h e s t r a i g h t l i n e b x - a y = A b e c a u s e o f (6.3) a n d c a n n o t e n t e r t h e 

o r i g i n , s i n c e <p > o i n t h i s r e g i o n . S i m i l a r a r g u m e n t h o l d s i n r e 

g i o n (3). T h e a b o v e a n a l y s i s s h o w s t h a t a l l m o t i o n s w i t h b o u n d e d 

p o l a r a n g l e s a r e b o u n d e d a n d we h a v e t h e f o l l o w i n g t h e o r e m ; 

T h e o r e m 6.1. I f a h 2 ( x ) < o f o r x $ o , b < o a n d h ^ ( y ) < o f o r y * o , 

t h e n t h e t r i v i a l s o l u t i o n o f ( 6 . l ) i s a s y m p t o t i c a l l y s t a b l e i n t h e  

l a r g e . 

6b. We s h a l l n o w d i s c u s s t h e c a s e w h e n a h 2 ( x ) > o a n d t h e c o n d i 

t i o n s 

b + ( y ) < o , bh. j ( y ) - a h 2 ( x ) > o , x * o , y $ o (6.5) 

a r e s a t i s f i e d . F r o m (6.5) i t f o l l o w s t h a t i f a h 2 ( x ) > o we m u s t 

n e c e s s a r i l y h a v e b < o , h ^ ( y ) < o f o r y # o . We a s s u m e a > o , 

h ? ( x ) > o , x t o . F r o m (6.2) we h a v e 
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\ ( y 1 ) h g ( x ) 

y i - y ? = " x ~ i + x b 
b h ( ) - a h M ( 6 > 6 ) 

_ _ x ^ ^ 2 ^ x ^ > o a c c o r d i n g a s x >^o 

a b 

S i n c e a n d y 2 a r e p o s i t i v e o r n e g a t i v e a c c o r d i n g a s x i s p o s i t i v e 

o r n e g a t i v e , t h e t w o c u r v e s 

x h 2 ( x ) + b y = o 

(6.7) 
x h 1 ( y ) + a y = o 

a r e s i t u a t e d i n t h e f i r s t a n d t h i r d q u a d r a n t s a n d s u c h t h a t t h e c u r v e 

x h ^ ( y ) + a y = o i s a b o v e t h e c u r v e x h ^ ( x ) + b y = o i n t h e f i r s t q u a 

d r a n t a n d b e l o w i n t h e t h i r d q u a d r a n t ( b e c a u s e o f (6.6)). We f u r t h e r 

n o t e t h a t 

d x 
d t 

d x 
d t 

= b ^ ( y ) x + a y •> o t o t h e l e f t o f t h e c u r v e x h ^ ( y ) + a y = o 

= h ^ ( y ) x + a y <o t o t h e r i g h t o f t h e c u r v e x h ^ ( y ) + a y = o 

|f = h ^ ( x ) x + b y <o t o t h e l e f t o f t h e c u r v e x h 2 ( x ) + b y = o 

|f = h 2 ( x ) x + b y >o t o t h e r i g h t o f t h e c u r v e x h 2 ( x ) + b y = o 

T h e f u n c t i o n x ( t ) i s m a x i m u m o n t h e c u r v e x h ^ ( y ) + a y = o 

f o r y > o a n d m i n i m u m f o r y 4 o; y ( t ) i s m a x i m u m o n t h e c u r v e 

x h 2 ( x ) + b y = o f o r y > o a n d m i n i m u m f o r y < o . T h e c u r v e s a n d t h e 

c o - o r d i n a t e a x e s d i v i d e t h e fc»y) p l a n e i n t o e i g h t r e g i o n s . T h e d i r 

e c t i o n o f m o t i o n a n d t h e c u r v e s a r e s h o w n i n f i g . 1 1 . A s b e f o r e we 

i n t r o d u c e p o l a r c o - o r d i n a t e s a n d n o t i c e t h a t t h e s i g n s o f r a n d e*» 

i n d i f f e r e n t r e g i o n s a r e a s f o l l o w s ; 

(1,5) r may b e ^ o , <i> < o (2,6) f < o , <p m a y b e ^ o 
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o 

(3.7) r m a y b e \ o , 4> > o 
(4.8) r < o , 4> m a y b e ^ o 

I n e a c h o f t h e r e g i o n s (4) 

a n d (8) t h e r e w i l l b e a t l e a s t o n e i n 

t e g r a l c u r v e g o i n g t o t h e o r i g i n , t h e 

o n l y p o i n t o f e q u i l i b r i u m . T h i s f o l 

l o w s f r o m T h e o r e m 2.1 o f E r u g i n ' s w o r k 

f 8 j . O t h e r m o t i o n s s t a r t e d i n t h e r e 

g i o n s (4) a n d (8) e i t h e r g o t o t h e 

o r i g i n o r e n t e r t h e r e g i o n s (3,5) o r (1,7) F I G . i l 

( s i n c e r < o , <*> m a y b e ^ o i n t h e r e g i o n s (4,8)). We n o w s h o w t h a t 

m o t i o n s e n t e r i n g t h e r e g i o n s ( l ) , (3), (5) a n d (7) m u s t l e a v e t h e s e 

r e g i o n s a n d e n t e r t h e r e g i o n s (2) o r (6). T o s h o w t h i s we c o n s i d e r 

t h e r a t e o f c h a n g e o f t h e q u a n t i t y ( b x - a y ) , i . e . j 

d 

— ( b x - a y ) = x ( b h ^ ( y ) - a l v ^ x ) ) ^ o a c c o r d i n g a s x \ o (6.8) 

T h e s t r a i g h t l i n e b x - a y = A ( A n e g a t i v e ) h a s p o s i t i v e 

i n t e r c e p t s w i t h t h e a x e s o f c o - o r d i n a t e s a n d h e n c e i n t e r s e c t s t h e 

c u r v e s (6.7) i n t h e f i r s t q u a d r a n t . C o n s i d e r t h e r e g i o n b o u n d e d b y 

t h e s t r a i g h t l i n e b x - a y = A ( - v e ) , t h e c u r v e x h ^ ( y ) + a y = o a n d 

t h e p o s i t i v e h a l f y - a x i s . T h e m o t i o n M ( t ) e n t e r i n g t h i s r e g i o n c a n n o t 

c r o s s t h e l i n e b x - a y = A ( A n e g a t i v e ) b e c a u s e o f (6.8) a n d c a n n o t 

g o t o t h e o r i g i n , s i n c e < o a n d h e n c e m u s t l e a v e t h i s r e g i o n w i t h 

t h e i n c r e a s e o f t i m e . S i m i l a r a r g u m e n t h o l d s f o r t h e r e g i o n s (3), (5) 

a n d (7). T h e m o t i o n s a f t e r e n t e r i n g t h e r e g i o n s (2) o r (6) t e n d t o 

t h e o r i g i n a s t _ > 00 . T h u s we h a v e p r o v e d t h e f o l l o w i n g t h e o r e m : 

http://FIG.il
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T h e o r e m 6.2, I f a h 2 ( x ) > o f o r x $ o , t h e n t h e t r i v i a l s o l u t i o n o f 

( 6 , l ) i s a s y m p t o t i c a l l y s t a b l e i n t h e l a r g e u n d e r c o n d i t i o n s (6 ,5 ) . 

6c. We n o w a s s u m e t h a t e i t h e r b > o o r h ^ ( y ) > o f o r y + o a n d t h e 

c o n d i t i o n s (6 .5) a r e s a t i s f i e d . P o r t h e s a k e o f d e f i n i t e n e s s we l e t 

b > o . T h e n f r o m (6.5) i t f o l l o w s t h a t h ^ ( y ) < o a n d a h g ( x ) < o . We 

l e t a < o , h 2 ( x ) > o f o r x $ o . T h e o r d i n a t e s o f t h e c u r v e s i n (6.7) 

a r e 

y* = - x . 1 ^ ^ o a c c o r d i n g a s x ^ o 
a 

h , ( x ) 
y 9 = - x _ & ^ o a c c o r d i n g a s x £ o 

We c o m p u t e t h e d i f f e r e n c e b e t w e e n t h e o r d i n a t e s 

h ( y ) h ( x ) 
y . - y ? = - x + x -Ar 

1 2 a b (6.10) 
b h ( y ( ) - a h p ( x ) 
— 3 — ' 6 > o a c c o r d i n g a s x ^ o = - x 

a b 

P r o m (6.9) a n d (6.10) i t f o l l o w s t h a t t h e t w o c u r v e s l i e i n t h e s e 

c o n d a n d f o u r t h q u a d r a n t s a n d t h e c u r v e x h ^ ( y ) + a y = o l i e s a b o v e 

t h e c u r v e x h g ( x ) + b y = o i n t h e f o u r t h q u a d r a n t a n d b e l o w i n t h e 

s e c o n d q u a d r a n t . I t i s n o t d i f f i c u l t t o v e r i f y t h a t 
d x 
d t 

| f = h ^ ( y ) x + a y < o t o t h e r i g h t o f t h e c u r v e h ^ ( y ) x + a y = 

| f = h 2 ( x ) x + b y > o t o t h e r i g h t o f t h e c u r v e h 2 ( x ) x + b y = 

| f = h 2 ( x ) x + b y <. o t o t h e l e f t o f t h e c u r v e h 2 ( x ) x + b y = o 

T h e f u n c ' t i o n x ( t ) i s m i n i m u m o n t h e c u r v e x h ^ ( y ) + a y = o 

= h.| ( y ) x + a y > o t o t h e l e f t o f t h e c u r v e h ^ ( y ) x + a y = o 



62 

f o r y > o a n d m a x i m u m f o r y < o , a n d y ( t ) i s m a x i m u m o n t h e c u r v e 

x h 2 ( x ) + b y = o f o r y > o a n d m i n i m u m f o r y < o . T h e c u r v e s (6.7) 

a n d t h e c o - o r d i n a t e a x e s d i v i d e t h e p l a n e i n t o e i g h t r e g i o n s . T h e 

c u r v e s a n d t h e d i r e c t i o n o f m o t i o n a r e s h o w n i n f i g . 1 2 . 

T h e s i g n s o f r a n d 4> i n 

d i f f e r e n t r e g i o n s a r e 

(1.5) r m a y b e \ o, <*> > o 

(2.6) r > o , ep m a y b e ^ o 

(3.7) r m a y b e >^o, <p > o 

(4.8) r < o , may b e ^ 0 

L e t u s c o m p u t e 4> i n t h e r e 

g i o n s (2) a n d (6) a n d s e e 

w h e t h e r i t i s p o s i t i v e o r n o t . 

L e t c,| b e t h e g r e a t e s t l o w e r 

b o u n d o f t h e f u n c t i o n h ^ y ) . F IG. 1 2 1 

i s f i n i t e o t h e r w i s e b h ^ ( y ) - a f c ^ x ) > o f o r x t o , y + o i s v i o l a t e d . 

We t h e n h a v e c^ ^ h ^ ( y ) < - b 

F r o m t h e i n e q u a l i t y b h ^ ( y ) - a h 2 ( x ) > o we h a v e b c . j - a h 2 ( x ) o . 

T h e e q u a l i t y s i g n i s a d m i t t e d i f h ^ ( y ) d o e s n o t a t t a i n i t s g r e a t e s t 

l o w e r b o u n d o t h e r w i s e s t r i c t i n e q u a l i t y h o l d s . L e t u s s u p p o s e t h a t 

c^ i s a t t a i n t e d , t h e n 

c i $ Vy) < - b (6.11) 
a n d h „ ( x ) > bcT, 

* a 

I f we l e t ^ ( y ) = + * ( y ) , t h e n o ( y ) < - ( b + c 1 ) 
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f r o m (6.1l). P o r h 2 ( x ) we c a n t a k e 

h 2 ( x ) = C 1 + » ^ ( x ) , w h e r e ^ ( x ) > o 
3. 

N o w 

• • • 
r <*• = - x s i n * + y c o s * 

= - s i n <p ( x h ^ y ) + a y ) + c o s <p ( h 2 ( x ) x + b y ) 

= - sin4>J^x(c1 + ^ ( y ) ) + a y j + C o s * ^ ( ^ | i + ^ ( x ) ) x + b y ] 

T h e n 

2 b e . 2 
<P = - a s i n * + 1 c o s <p + (b - c, ) s i n * c o s * 

a 1 2 
- ^ ( y ) s i n 4. c o s * + c o s * 

2 f , 2 b - c , b c i 1 /• / v 
= - a c o s * I t a n <p - — _ L t a n 4» - —rr- 1 - ( y j s i n * c o s <$> 

I a a ^ J 1 

2 
+ £ p ( x ) c o s * ( * * m u l t i p l e o f ^ ) 2 

2 ID c 
= - a c o s < * ( t a n <P - 3;) ( t a n 4> + .21) - & ( y ) s i n 4> c o s 4> 

+ ̂ 2(x) c o s 2 * (6.12) 

T h e e x p r e s s i o n ( t a n * - ^ ( t a n ^ + c 1 ) c a n c h a n g e i t s 
a ~ • 

b C 1 
s i g n o n l y w h i l e p a s s i n g t h r o u g h t h e v a l u e s — a n d - — — T h e v a l u e 

& a. 

— > - —L s i n c e b + c . < o a n d a < o . S i n c e — > ~ c 1 , t h e s t r a i g h t 
a a ' a a 7 

l i n e w i t h s l o p e — l i e s a b o v e t h e s t r a i g h t l i n e w i t h s l o p e - 2l. f o r 
a a 

x > o a n d b e l o w f o r x < o . T h e s t r a i g h t l i n e s y = - r x a n d y = - °2_ x 

& 2L 

l i e i n t h e s e c o n d a n d f o u r t h q u a d r a n t s . We s h o w t h a t t h e y d o n o t 

l i e i n t h e r e g i o n s ( 2 ) a n d (6). P o r t h i s w e h a v e o n l y t o s h o w t h a t 
t h e s t r a i g h t l i n e y = - ^ 1 _ x l i e s b e l o w t h e c u r v e x h _ ( x ) + b y = o 

a ^ 



64 

i n t h e s e c o n d q u a d r a n t a n d a b o v e i n t h e f o u r t h q u a d r a n t . I n f a c t > 

t h i s i s s o , b e c a u s e 

h2^ x) - c1 x/ b c1 
- x — r — + — x = r - ( - h ? ( x ) ) >± o a c c o r d i n g a s x £ o 

T h u s we s e e f r o m (6.12) t h a t <* k e e p s t h e s a m e s i g n t h r o u g h o u t t h e 

r e g i o n s (2) a n d (6) a n d w h i c h i s e a s i l y s e e n t o b e p o s i t i v e . 

A c c o r d i n g t o c o n d i t i o n s (6.5)>the o r i g i n i s t h e o n l y p o i n t 

o f e q u i l i b r i u m a n d t h e r e a r e n o p e r i o d i c m o t i o n s . L e t a m o t i o n M ( t ) 

s t a r t i n r e g i o n ( l ) . T h e m o t i o n ;,M(fc)must e n t e r t h e r e g i o n (2) w i t h 

t h e i n c r e a s e o f t i m e , o t h e r w i s e y b e c o m e s i n f i n i t e a n d t h e n f r o m 

— = h j ( y ) x + a y i t f o l l o w s t h a t t h e m o t i o n M ( t ) c a n n o t r e m a i n i n 

t h e f i r s t q u a d r a n t . We n o w s h o w t h a t i t c a n n o t r e m a i n i n t h e r e g i o n 

(2) f o r a l l t i m e . F o r t h i s we c o n s i d e r t h e s t r a i g h t l i n e s 

b x - a y = A a n d a y + c ^ x = o 

/ A C 1 A \ 

T h e i r p o i n t o f i n t e r s e c t i o n i s g i v e n b y ^ ^ j 1 , - a ( b + e )J * T h i s l 3 - e s 

i n t h e s e c o n d o r f o u r t h q u a d r a n t a c c o r d i n g a s A i s p o s i t i v e o r n e g a 

t i v e . We c o n s i d e r t h e r e g i o n b o u n d e d b y t h e s t r a i g h t l i n e b x - a y = 

A ( + v e ) , t h e p o s i t i v e h a l f y - a x i s a n d t h e s t r a i g h t l i n e a y + c ^ x = o . 

S i n c e — ( b x - a y ) < o i n t h e s e c o n d q u a d r a n t a n d <p > o i n (2), i t f o l 

l o w s t h a t t h e m o t i o n e n t e r s t h e r e g i o n (3). H e r e , i n t h e r e g i o n (3)> 

s i n c e • > o a n d t h e c u r v e x h ^ ( y ) + a y = o l i e s a b o v e t h e s t r a i g h t l i n e 

b x - a y = q a n d y <. o , t h e m o t i o n e n t e r s t h e r e g i o n (4) w i t h i n c r e a s e 

o f t i m e . T h e m o t i o n a f t e r e n t e r i n g t h e r e g i o n (4) e i t h e r t e n d s t o t h e 

o r i g i n o r e n t e r s t h e r e g i o n ( 3 ) , s i n c e r < o i n r e g i o n (4). S i m i l a r 

r e a s o n i n g s h o l d f o r t h e r e g i o n s (5), (6), (7) a n d (8). T h e a b o v e a n a l y 

s i s s h o w s t h a t a n y m o t i o n w i t h b o u n d e d p o l a r a n g l e i s b o u n d e d . F o r t h e 
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s t r a i g h t l i n e L ( o , a * ) a p p e a r i n g i n T h e o r e m 1 . 2 . 7 we c a n t a k e p o s i 

t i v e h a l f y - a x i s . Now i f we a s s u m e t h a t t h e t r i v i a l s o l u t i o n i s a s y m p 

t o t i c a l l y s t a b l e i n t h e s e n s e o f L y a p u n o v , t h e n we h a v e p r o v e d t h e 

f o l l o w i n g t h e o r e m . * 

T h e o r e m 6.3. I f e i t h e r b > o o r h ^ ( y ) > o , y $ o a n d c o n d i t i o n s 

(6.5) a r e s a t i s f i e d , t h e n t h e t r i v i a l s o l u t i o n o f s y s t e m ( o . l ) i s 

a s y m p t o t i c a l l y s t a b l e i n t h e l a r g e p r o v i d e d i t i s a s y m p t o t i c a l l y 

s t a b l e i n t h e s m a l l ( i . e . , a c c o r d i n g t o L y a p u n o v ) . 

T h e r e q u i r e m e n t t h a t t h e t r i v i a l s o l u t i o n b e s t a b l e i n t h e 

s m a l l c a n b e r e a l i z e d , i f we t a k e , f o r e x a m p l e , 

h p ( x ) = — — + * ^ o ( x ) = — — + m + £0(x), w h e r e m > o a n d ^Ax] & a. <-

d o e s n o t c o n t a i n a n y c o n s t a n t t e r m a n d h ^ ( y ) = c + * ^ ( y ) , w h e r e ^ ( y ) 

d o e s n o t c o n t a i n a n y c o n s t a n t t e r m . T h e e q u a t i o n s o f f i r s t a p p r o x i m a 

t i o n c a n b e w r i t t e n a s 

d x 

at = ° 1 X + ^ 

T h e c h a r a c t e r i s t i c e q u a t i o n i s 

?» - Oj a 

bc_j 
+ m > - b 

a 

= o 

o r ^ - ( b + c . j ) A - a m = o 

T h e r o o t s o f t h i s e q u a t i o n h a v e n e g a t i v e r e a l p a r t s 3 s i n c e 

b + c„ < o a n d - am > o . 

w h i c h e n s u r e s t h e s t a b i l i t y i n t h e s m a l l a n d w h i c h i n t u r n , e n s u r e s 
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t h e s t a b i l i t y i n t h e l a r g e . 

T h e o r i g i n i s a n o d e o r a f o c u s a c c o r d i n g a s 

A = ( b + c . ) + 4 a m ^ o . I n c a s e A > o , t h e d i r e c t i o n s a l o n g 

w h i c h t h e m o t i o n s t e n d t o t h e o r i g i n a r e g i v e n b y 

a u + ( a , - b ) u •1 + m) = o 

T h i s i s o b t a i n e d b y p u t t i n g <#» = o i n t h e e x p r e s s i o n 

- r 4» = s i n 4> (c^x + a y ) - c o s • + m) x + b y ) 

a n d b y w r i t i n g u = t a n * , w h e r e t a n * = •L-. T h e t w o d i r e c t i o n s a r e 

c a l l e d c r i t i c a l d i r e c t i o n s . A c r i t i c a l d i r e c t i o n i s c a l l e d s i n g u l a r i f 

i t s a t i s f i e s t h e e q u a t i o n 

o t h e r w i s e i t i s a n o r d i n a r y c r i t i c a l d i r e c t i o n . A l o n g t h e o r d i n a r y c r i t 

i c a l d i r e c t i o n e i t h e r e n t e r s a n i n f i n i t e n u m b e r o f t r a j e c t o r i e s o r o n l y 

o n e i n t e g r a l c u r v e . T h e q u e s t i o n w h e t h e r a l o n g a p a r t i c u l a r o r d i n a r y 

d i r e c t i o n e n t e r s a f i n i t e n u m b e r o f t r a j e c t o r i e s o r o n l y o n e c a n b e 

d e c i d e d b y u s i n g F r o m m e r ' , c r i t e r i o n [*15j. 

T h e o r e m 6.4. I f b = o , t h e n t h e t r i v i a l s o l u t i o n o f ( 6 . l ) i s a s y m p t o  

t i c a l l y s t a b l e i n t h e l a r g e u n d e r c o n d i t i o n s (6.5) 

c . + a u = o , 

O n s i m i l a r l i n e s i t i s e a s y t o p r o v e t h e f o l l o w i n g t h e o r e m ; 
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7. T h e s t a b i l i t y i n t h e l a r g e o f ^ = xh^Cy) + a y , J f = b x + h 2 ( x ) y . 

L e t u s c o n s i d e r t h e s y s t e m 

J f = ^ ( y ) + ay 

d v ( 7 - l } 

| f = b x + h 2 ( x ) y 

We a s s u m e t h a t t h e r i g h t h a n d s i d e s o f (7 . l ) s a t i s f y c o n d i -

t i o n s w h i c h g u a r a n t e e t h e e x i s t e n c e a n d u n i q u e n e s s o f e v e r y s o l u t i o n . 

We f i r s t p r o v e t h e f o l l o w i n g t h e o r e m : 

T h e o r e m 7 . 1 . I f a b < o a n d h^Cy)^ o , y * o ; h 2 ( x ) $ o , x # o (at l e a s t 

i n o n e o f t h e s e c o n d i t i o n s t h e s t r i c t i n e q u a l i t y i s s a t i s f i e d ) , t h e n 

t h e t r i v i a l s o l u t i o n o f ( 7 . l ) i s a s y m p t o t i c a l l y s t a b l e i n t h e l a r g e . 

P r o o f . We a s s u m e a < o , b > o . A L y a p u n o v f u n c t i o n f o r ( 7 . l ) u n d e r t h e 

c o n d i t i o n s o f t h e t h e o r e m i s 

2 V ( x , y ) = b x 2 - a y 2 

I t s t o t a l t i m e d e r i v a t i v e i n v i e w o f ( 7 . l ) i s 

V = b x ( x h 1 ( y ) + a y ) - a y ( b x + hg (x ) ' y ) 

2 2 
= b x ( y ) - a y h 2 ( x ) < o f o r x * o , y * o 

= o p o s s i b l y o n x = o o r y = o 

O b v i o u s l y , V ( x , y ) i s a n i n f i n i t e l y l a r g e p o s i t i v e d e f i n i t e 

f u n c t i o n a n d x = o o r y = o d o e s n o t c o n t a i n a n y p o s i t i v e h a l f t r a 

j e c t o r y o f (7 . 1 ) e x c e p t t h e o r i g i n . H e n c e a l l t h e c o n d i t i o n s o f T h e o r e m 

1 .2.5 a r e s a t i s f i e d w h i c h p r o v e s t h e a b o v e t h e o r e m . 

N e x t we c o n s i d e r t h e s y s t e m (7 . 1 ) u n d e r c o n d i t i o n s 

hL ,(y) + h 2 ( x ) < o , h ^ y ) hg(x) - a b > o 

f o r x * o y * o 
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T h e f o l l o w i n g t h e o r e m c a n b e p r o v e d i n t h e same w a y a s 

T h e o r e m 4.1. 

T h e o r e m 7.2. I f a b > o . t h e n t h e t r i v i a l s o l u t i o n o f (7.1) i s a s y m p  

t o t i c a l l y s t a b l e i n t h e l a r g e u n d e r c o n d i t i o n s (7.2). 
T h e p r o o f o f T h e o r e m 7.3 g o e s o n s i m i l a r l i n e s a s t h e p r o o f 

o f T h e o r e m 6.3. 

T h e o r e m 7.3. I f e i t h e r h ^ ( y ) > o o r h ^ x ) > o a n d c o n d i t i o n s (7.2) 

a r e s a t i s f i e d , t h e n t h e t r i v i a l s o l u t i o n o f s y s t e m ( 7 . l ) i s a s y m p t o  

t i c a l l y s t a b l e i n t h e l a r g e p r o v i d e d i t i s a s y m p t o t i c a l l y s t a b l e i n  

t h e s m a l l . 
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8. R e m a r k s . T h e r e a r e some q u e s t i o n s r e m a i n i n g t o b e a n s w e r e d i n 

c o n n e c t i o n w i t h t h e r e s u l t s we h a v e o b t a i n e d . 

8.1. T h e f i r s t q u e s t i o n a r i s e s i n c o n n e c t i o n w i t h T h e o r e m 2.2.1. 
We s h o w e d t h a t s t a b i l i t y i n t h e l a r g e h o l d s i f i n a d d i t i o n t o 

(2.2.2) - (2.2.5) e i t h e r c o n d i t i o n s A a n d B o r A a n d C a r e s a t i s 

f i e d . I s i t n o t p o s s i b l e t o d e r i v e n e c e s s a r y a n d s u f f i c i e n t c o n 

d i t i o n s ? I n t h e a u t h o r ' s v i e w i t i s m o s t u n l i k e l y . T h e s e c o n d q u e s 

t i o n w h i c h t h e n n a t u r a l l y a r i s e s i s t h i s : w h a t s p e c i a l f o r m s h o u l d 

P ( x , y ) a n d f (ô ) h a v e i n o r d e r t h a t t h e c o n d i t i o n s c o u l d b e n e c e s s a r y 

a s w e l l a s s u f f i c i e n t ? H a v i n g f o u n d t h i s , t h e p r o b l e m o f b o u n d a r i e s 

a n d r e g i o n s o f s t a b i l i t y c o u l d b e d i s c u s s e d i n t h o s e c a s e s w h e r e 

t h e s t a b i l i t y i n t h e l a r g e d o e s n o t h o l d . 

8.2. We d i s c u s s e d t h e s t a b i l i t y o f t h e t r i v i a l s o l u t i o n o f s y s t e m s 

(6.1) a n d (7.1) u s i n g q u a l i t a t i v e m e t h o d s . We w e r e n o t a b l e t o c o n 

s t r u c t L y a p u n o v f u n c t i o n s f o r t h e t w o s y s t e m s . I s i t p o s s i b l e t o 

c o n s t r u c t a L y a p u n o v f u n c t i o n f o r t h e s y s t e m 

| | = x h 1 ( y ) + a y 

|f = f ( x ) + h 2 ( x ) y 

o f w h i c h (6.1) a n d (7.1) a r e p a r t i c u l a r c a s e s u n d e r s u i t a b l e c o n 

d i t i o n s o n t h e r i g h t h a n d s i d e s o f t h e a b o v e s y s t e m ? 

I t i s t h e a u t h o r ' s a i m t o i n v e s t i g a t e t h e s e q u e s t i o n s 

i n t h e f u t u r e . 
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