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ABSTRACT 

Let U, V be two vector spaces of dimensions n and m, 
r e s p e c t i v e l y , over an a l g e b r a i c a l l y closed f i e l d F; l e t 
U ® V be t h e i r tensor product; and l e t R k(U®V) be the set of 
a l l rank k tensors i n U®V, th a t i s Rk(U(g>V) 
_ k 
= f z = Y y - ! I x±'> 1 = 1»- - • ->k a n d y±'> 1 = 1»- • • *k 

i = l 
are each l i n e a r l y independent i n U and V r e s p e c t i v e l y } . We 
f i r s t o b t a i n c o n d i t i o n s on two v e c t o r s X and Y th a t they be 
members of a subspace H contained i n R^(U®V). 

In chapter 2, we r e s t r i c t our c o n s i d e r a t i o n t o the 
rank 2 ease, and d e r i v e a c h a r a c t e r i z a t i o n of subspaces con­
t a i n e d i n R 2(U®V). We show that any such subspace must be 
one of three types, and we f i n d the maximum dimension of each 
type. We a l s o f i n d the dimension of the i n t e r s e c t i o n of two 
subspaces of d i f f e r e n t types. 

F i n a l l y , we show th a t any maximal subspace has a 
dimension which depends only on i t s type. 
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CHAPTER ONE 

1. INTRODUCTION 

Let F be an a l g e b r a i c a l l y closed f i e l d ; l e t U be an n-
dimensional vector space over F; l e t V be an m-dimensional 
vector space over F; and l e t be the tensor product space 

of U and V. An element X, of U(g)V i s c a l l e d pure i f X can 
be represented as X = x<g)y f o r some x e U and y € V,- and, 
any element i n Uc$)V can be represented as a sum of pure 
tensors. The d e f i n i t i o n of each of the above terms can be 
found i n any standard algebra t e x t such as [ l ] 1 . 

For any element Z e U<£>V, ~Z i s s a i d t o be of rank k 
k. 

i f Z = ^ xi<S>yi, where x 1 , . . . , X j s ; are l i n e a r l y independent and 
i = l 

y^.,..^^ are l i n e a r l y independent. This d e f i n i t i o n , taken 
from [ 2 ] , page 1215, i s used throughout t h i s t h e s i s , and i s the 
b a s i s f o r the ensuing m a t e r i a l . 

We define R,(U®V).. to-be {Z e U ® V | rank (Z)=k] tf{0}; 
k 

and, f o r any Z € R,(U®V), Z = y x.®y., we define U 
LJ 

i = l 
U(Z) = < x 1 , . . . , x k > and V(Z) = < y i a . . . , y k >. In lemma 1.2 

1 Numbers i n the square bracket r e f e r t o the b i b l i o g r a p h y at 
the end. 



2. 

we show tha t U(Z) and V(Z) are w e l l defined. In chapter one, 
usin g some elementary theorems of algebra, we o b t a i n some 
p r o p e r t i e s of the elements of R,(U®V). 



2. RANK k 

F i r s t we note t h a t the maximum rank of any element of 

U®V i s at most the minimum of n and m. The f o l l o w i n g theorem 

i s a u s e f u l c r i t e r i o n f o r f i n d i n g the rank of an element X, of 

U®V. 
s 

Theorem 1.1; Let X =Y,xl®yl € u @ v - ^ ^""^s a r e 

i = l 
l i n e a r l y independent, then dim < . .., y g > = rank (X). 

Proof: Suppose dim <y-,,. .. >y_> = t < s. Without• l o s s of 
g e n e r a l i t y , we can assume y-^s... ,y^ form a b a s i s of <y1*...*yg>. 
Then e.ach y^, t < i _< s, i s a l i n e a r combination of y-^,... ,y^. 

Thus f o r i = t + l , . . . , s , y. = y a. .y .. Upon s u b s t i t u t i n g these 
i n X, we have j = l 

X = I X j ® y J + 1 X±® I ffliJyJ 
j = l i = t + l j = l 
t_ s t 

j = l i= t + l j = l 

Interchanging the summation signs we get 
t s_ ' 

X = 1 < Xj + , l , a i j x i } ® y J • 
j = l I=t+1 

Therefore rank (X) < t = dim <y1*...Jy_> . 



t_ s 
Suppose I O J ( X J + I a±.x±) = 0 „ 

j = l i = t + l 
t t s 

then la.x. + £ 0 j £ a..x. r= 0. 
j = l j = l i = t + l 

Again, hy in t e r c h a n g i n g the summation signs we have 
t s t 

I ° J X J + I { l a j a i j ) x i = ° ' 
J = l i = t + l 3=1 

t 
Let \ a .a. . = 8. , i = t + l , . .., s , then the summation becomes 

J = 1 t s 
la.x. + I 6.x. = 0 , 

3=1 i = t + l 
Since x, ,...,x are l i n e a r l y independent, each a. and p. must ± s. g j 1 

be zero. Thus [ X j + ^ a i j x i > 3 = l , . . . , t } i s a l i n e a r l y 
i = t + l 

independent set. By assumption y l S . . . , y t are l i n e a r l y independent, 
and thus 

rank (X) = t = dim <y1>...,yg>. 

We next show tha t the subspaces, U(X) and V(X) are 
independent of the r e p r e s e n t a t i o n of X. 

Lemma 1.2; Por any X e R k ( U ® V ) , X ̂  0, U(X) and V(X) are 
independent of the r e p r e s e n t a t i o n of X as a sum of k pure tensors. 

k 
Proof: Let X have two re p r e s e n t a t i o n s as X = ) x.(g)y. and 

k i = l 
.. .X = ^ x j ^ y J '•> and l e t U(X) = <xx,...,xk> and U'(X)= <xj^,... ,xfe>. 

i = l -



Suppose U(X) ^ U'(X). I f U(X) n U'(X) = 0, then x ^ . . . ^ , 
x j ^ . .. ,x^ are l i n e a r l y independent and so 

k k 
0 = ^ x ^ y . ^ - ^ xK*>y| . Theorem 1.1 i m p l i e s 

i = l i = l 
dim <y-^i -' • iY^> yj_ >•••.» y k> =-0, and thus y i and y| are a l l zero 
f o r i = l;,...,k. Hence X = 0, which i s a c o n t r a d i c t i o n . 

I f U(X) n U'(X) ^ 0, l e t Z p . . M z r he a "basis of U(X) 0 U'(X). 
We can extend Z p . . . , z r t o a b a s i s of U(X) by v r + ^ , . . . and 
to a b a s i s of U'(X) by u

r + 1 . • • • . u ^ . . Each x^ can be represented 
as r k 

X i = I Y i j Z j + I ^ i j V j > f ° r 1 = !---- k 

3=1 J=r+1 
and k 

r 

3=1 j=r+l 
X ' = I H5Z3 + Z, n i J u j ; f o r I - l , . . . , k 

I t f o l l o w s t h a t 
k r k k r k 

0 = S I y i j z j + Z v1Jvtj)®yi. - I( I n i j Z . + l\ft)®y£-.? 

i = l 3=1 • j=r+l 1=1 3=1 j=r+l ; 
k r k k k £ 

° = 1 LJ13Z3®*1+ I l ^ l f ^ y i - I l * ± 3 Z 3 Q n 
1=1 3=1 1=1 j=r+l 1=1 j = l 

* k 

: k k k k k k 

0=1 1=1 1=1 j=r+l 1=1 j=r+l i = l 

Since z 1,...',z r, v
r + 1 a .v f c, u

r + i * " * ' u k a r e l i n e a r l y 



,6; 

independent, 
k k 

< I ^ i j y i - L n i j y i } '> J* = 
i = l i = l 

k 
I y u 7 ± ; J = r+l,...,k 

i = l 
k 
1 n i j y i 5 J' = r + 1 ' - • • > k 

i = l 
a r e r a l l zero. But since X has rank k, y-^^.-.^y^ are l i n e a r l y 
independent and y|*...*y^. are l i n e a r l y independent. Therefore 
y.. = 0 ; i = 1,. . ., k; j = r+l,. . . , k and n, .• = 0; i = l , . . . , k ; 
-*- J j. -*-J 

j = r+1,.. . ,k. Hence x i = ^ Y - y Z - j ^ f o r 1 =• 1>... *k and 

x] = ) hn-n.z. ; f o r i = l , . . . , k . This i m p l i e s that 

• U(X) c U(X) 0 U'(X) and U'(X) c Ufx) c U(X) D U'(X) , and hence 
U(X) = U 1(X). An i d e n t i c a l argument holds f o r V(X) and V ( X ) . 

The next theorem gives a f i r s t step i n c h a r a c t e r i z i n g 
the sub spaces. 

Theorem 1.3: Let H be a subspaee of U<S>V contained In Rk(U<£>V) 
and l e t X,Y be two elements i n H. Then dim(U(X)nU(Y))+dim(V(X)n(V(Y 

k 
Proof: Suppose dim (U(X) n U(,Y)) = 0, and X = T u.®v., 

k i = l 
Y = xJS) y i . Then \x^,. . . , u k , X p .. . , x k are l i n e a r l y independent. 

i = l 

For a l l a and B e p, aX+BY € H, i . e . aX+BY has rank k. Therefore 



k k 
X + Y = ^ \ i ± ® v ± + £ x±®y± € R k(U®V). By Theorem 1.1, 

.1=1 i = l 
dim^v-j^,.. . , v k , y 1 , . . . ,yfc> = k. But dim <y 1,...,y k> = k and 
dim-<v 1 9. .. ,vfc> = k since both X and Y € R k(U®V). Therefore 

dim(V(X ) - 0 V(-Y-)-) = k. 

Suppose dim (U(X) D U(Y)) = r > 0 and l e t z 1 , . . . , z r 

be a b a s i s of U(X) fl U(Y). We can extend z 1 , . . . , z r t o a b a s i s 
of U(X) by a r + 1 , . . . , a k , and to a b a s i s of U(Y) by b r + 1 , . . . , b k 

r k 
Then we can represent each u. and x. as u. = Vet. .z . + \"a. .a. 

r k J=l J=r+1 
f o r i = l , . . . , k , and x. = )8. .zq .+ VB. .b f o r i = 1 , — ,k. 

5=1 " - j=r+l 
Thus X + Y = 
°k "~N x* k k r k 

i = l j = l J=r+1 1=1 j = l j=r+l 
k r k _k k r 

= I K j z j @ v i + I ! a i j a j ® v i + I I p i j z j ® y ± 
i = l 5=1 i = l j=r+l i = l 5=1 

k k 
+ 1 I p i j b 5 ® y i 

i = l j=r+l 

= lzi®la±f±+ I a 5 < g ) I a i 5 v i + I z 5 ® l p i j y i + ) > 5 < S > Z J % ^ 
5=1 ' i - l 5=r+l 1=1 5=1 i = l 5=r+l i = l 

Combining terms we have X + Y = 
•r. k k k_ _k k k_ 
^ ® ( ^ . . v . + ^B.-y.) + l a - O ^ . v . + ^b.® ̂ 8. .y. 
5=1;."/', i = l i = l 5=r+l i = l 5=r+l i = l . 
Now X and Y are i n Rk(U(*>V); by lemma 1.2, we have th a t 



k k 
< ^ i ^ i ' J' = 1 ' - - " k > = v ( x ) and < Tp±fi'> 3=l»...*k> = V ( Y ) . 

1=1 ' . i = l 
k k 

Por convenience i n n o t a t i o n l e t s. = ) a . .v. and t . = ;p. .y.; 
1=1 1=1 

f o r 3 - 1, . . . ,k. Then we have ;f . ̂  
n_ k_ k. 

X+Y = ) z .<g)(s .+t .) + )a.(g)s. + )b.®t... 

J=l j=r+l j=r+l 
Let A = V ( X ) + V ( Y ) and l e t k+t be the dimension of A. Then 
dim ( V ( X ) n V ( Y ) ) . = dim V ( X ) + dim V ( Y ) - dim A 

= k + k - (k+t) = k - t . 

Since we have assumed dim ( U ( X ) rt U ( Y ) ) = r , i n order t o prove 
the theorem we must show dim ( V ( X ) n V ( Y ) ) = k-t j> k-r or 
e q u i v a l e n t l y that t _< r . To t h i s end consider the space 

B = <s-^+t^,... , s r + t r , Sr+1*" " * ' sk* ̂ r+1 5" ' " ̂ k^' B i s a k-
dimensional space, since X + Y e R k ( U ® V ) . Let C = B+ <s 1,..., 
Then dim G _< dim B + r = k+r. But now each s . and each t . ; 
j = l , . . . , k i s i n C and t h e r e f o r e A _< C. Thus k+t _< k+r or 
t _< r and dim ( V ( X ) n V ( Y ) ) = k-t _> k-r. Therefore 
dim ( U ( X ) n U ( Y ) ) + dim ( V ( X ) 0 V ( Y ) ) > k. 



CHAPTER TWO 

1. SUBSPACES OF R 2(U®V). 

In t h i s chapter we r e s t r i c t our d i s c u s s i o n t o the case 
where k=2. We consider only those subspaces which are contained 
i n R2(U<S>V). We begin w i t h three lemmas which w i l l enable us 
to c h a r a c t e r i z e the three types of subspaces. 

Lemma 2.1: Let X and Y be independent elements of H, where H 
i s a subspace of U<S>V contained i n R2(U<S>V). Suppose U(X) ^ U(Y) 
and V(X) £ V(Y). Let <u> = U(X) H U(Y) and <v> = V(X) n V(Y). 
I f we have r e p r e s e n t a t i o n s X = u ® x-̂ +y-j® v' and Y = u<£)x 2+y 2®v" 
then v' and v" € <v>. 

Proof: Since U(X) ^ U(Y) and V(X) ̂  V(Y), i t f o l l o w s from 
theorem 1.2 tha t both U(X) n U(Y) and V(X) n V(Y) have dimension 
equal to one. Since X and Y e H, aX + BY e H f o r a l l a,B e F, 

aX+BY = u®(ax 1+Bx 2) + y 1©av' + y^Bv". 

I f <v'> = <v">, then V and v" are both i n V(X) n V(Y), i . e . , 
v' and v" e <v>. On the other hand, suppose <v'> ^ <v">. I f 

a l l 
ox-^+BXg € <v',v"> for^o^B then <x 1,x 2> = <v' v">. But then, 
since <x^> ^ <v'> and <x2> ^ <v"> we have <x-^,x2> = <x1,v'> = VV(:X) 
<v',v"> = <x2y"> = V(Y), c o n t r a d i c t i n g the hypothesis V(X) £ V(Y). 
I f a x^BXg £ ^Sv") f o r some a,B, then f o r such a and 
ctx-^+BXg, v',v" are l i n e a r l y independent. A l s o since U(X) ̂  U(Y), 
u^y-^yg are l i n e a r l y independent. This i m p l i e s t h a t rank(aX+BY)=3 
f o r t h i s choice of a and p. Therefore v', v" must be i n <v>. 



Next we prove a lemma which c h a r a c t e r i z e s another type of 
subspace. But f i r s t we note t h a t i f X e R 2 ( U ® V ) , X ̂  0 and i f 
{u,.v} i s any b a s i s of U(X), then X has a r e p r e s e n t a t i o n of the 
form uGDy-̂  + v®y 2-

Lemma 2.2: Suppose U(X) - U(Y) f o r some p a i r of independent 
elements of H, where H i s a subspace i n R 2(U®V). Then f o r any 
Z € H, U(Z) = U(X). 

Proof: Let X = u(?>x]L + v<S>x2, Y = + v ® y 2 > F i r s t , we 
show V(X) ̂  V(Y). Suppose V(X) = V(Y). I f x± = yy^ then 

X - yY = v©( x 2 - yy2) i s r a n k °ne, and i f x 2 = Y'Yg* then 
X - Y ' y = u©(x 1- y'y^) i s rank one.' Therefore <x-L,x2> = <y1>Y2> 

i m p l i e s <x 1,y 1> = <x 2,y 2>. Let A: <x 1,y 1> -• <x 2,y 2> be a 
l i n e a r t r a n s f o r m a t i o n where Ax^= x 2 and Ay^= y 2. Let x = ax-j+By^ 
be an eigenvector of A w i t h eigenvalue \/ Then 

aX + BY = u@(ax 1+ By-^ + v®(ax 2+ 6y 2) 
= u(£>x + v®Ax = u © x + v®\x 
= (u + Xv)®x i s rank one. 

Therefore V ( X ) > V(Y). 
Now l e t Z = z-^®z2 + z^®z^. We must show th a t 

dim (U (Z) n U(X)) = 2. F i r s t , we assume dim (U (Z) fl U(X)) = 0. 
Then since U(X) = U(Y), dim (U (Z) n U(Y)) = 0. By theorem 1.3, 
dim (V ( Z ) n V(X)) = 2 and dim (V(Z) n V(Y)) = 2. This i m p l i e s 
V(X) = V(Y), a c o n t r a d i c t i o n . 

Next, suppose U(Z) n U(X) = <u>. Then by theorem 1.3. 
dim (V ( Z ) n V(X)) = 1 and dim (V ( Z ) n V(Y)) = 1. Therefore 
X,Y, and Z have r e p r e s e n t a t i o n s : 
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X = u&x-^ + v<©x 2 

Y = u<S)y1 + v ® y 2 

Z = u ® z 1 + w<9z 2 

where u,v,w are l i n e a r l y independent. Note, since Xg and y 2 

are l i n e a r l y independent, that z 2 cannot be a m u l t i p l e of both 
x 2 and y 2. Therefore, i f z 2 and y 2 are l i n e a r l y . i n d e p e n d e n t , 
<Y1>72

> = < z i ^ z 2 > ' Since V(X) ̂  V(Y), <Z 1 , Z 2> ^ <x 1,x 2>. 
This proves that z 2 = cpx2 (lemma 2.1) and z^ ̂  Xx^. 
Thus our r e p r e s e n t a t i o n s become: 

X = u ® x 1 + v ® x 2 

Y = u0y1 + v © y 2 

Z = u ® z 1 + w ' ® x 2 

Consider W = X + Y + Z. 

W = u®(x 1+ y 1+ z±) + v®(x 2+ y 2 ) + w ' ® x 2 

where x ^ , z ^ , x 2 are l i n e a r l y independent and <y^y 2> = <z^,x2> = 
<y2>x2>} since y 2 ^ a x 2 . I t f o l l o w s t h a t x-^yg, and x 2 are 
l i n e a r l y independent, and hence x.̂ 4- y 1+ z^, x 2+ y 2 and x 2 are 
l i n e a r l y independent, since and z^ are i n <x 2,y 2>. But t h i s 
makes rank W = 3. a c o n t r a d i c t i o n . S i m i l a r l y i f z 2 and x 2 are 
l i n e a r l y independent then <z 1,z 2> = <x^,x2>, z 2 = -©'y2, and 
z 2 X'y-^. Using the same arguments we can derive a rank three 
tensor from X + Y + Z. Therefore dim (U(Z) fl U(X)) ̂  1, and 
U(Z) = U(X) = U(Y). 
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In lemma 2 .2 we used the c o n d i t i o n U(X) = U(Y). A 
s i m i l a r r e s u l t i s t r u e f o r V(X) = V(Y). We st a t e i t without 
proof i n 
Lemma 2 . 3 : Suppose V(X) = V(Y) f o r some p a i r of independent 
elements of H, where H i s a subspace i n R 2(U®V). Then f o r any 
Z e E, V(Z) = V(X). 

We are now i n a p o s i t i o n t o give a c h a r a c t e r i z a t i o n of 
the subspaces i n R 2(U®V). 

Theorem 2 A: The subspaces H, i n R 2(U®V) are of three types: 

1) U(X) i s constant as X ranges over H. 
2) V(X) i s constant as X ranges over H. 
3) I f dim H ^ 3 3 then there e x i s t s x e U and y e V 

such that f o r a l l X € H, X has a r e p r e s e n t a t i o n of 
the form x£Dv + u®y, where v € V and u € U. This 
i s the general type 3 ease. 

I f dim H = 33 then there are spaces of a type d i s t i n c t from the 
above three types. The f o l l o w i n g i s an example of such a space: 

H = <X,Y,Z> where X = u ® x x + x 2g>v, 

Y = u ® y x + y 2 ® v , 

and Z = * 2 ® y l - y 2 ® x i « 

We w i l l c a l l t h i s the s p e c i a l type 3 case. 

Proof: Let X and Y be two l i n e a r l y independent elements of R> 
'Jhen f o r a l l a r6 e F, aX + PY € H. By theorem 1 3 . , ^ ; 

dim(U(X) n U(Y)) + dim (V(X) n ,V(Y)) > 2. I f dim (V(X) 0 V(Y)) 
then U(X) = U(Y) and by lemma 2 .2 we have case 1. I f 
dim (V(X) n V(Y)>= 2, then V(X) = V(Y) and by lemma 2 .3 we have 
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case 2. I f dim (V(X) n V(Y)) = 1, then dim (U(X) n.U(Y)) 1 1. 

I f dim (U(X) (°1 U(Y)) = 2, then U(X) = U(Y) and by lemma 2 .2 we 
again have case 1. I f dim (U(X) fl U(Y)) = 1, then we have case 
I f dim H = 2, then by lemma 2.1 we have the general case 3. 

I f dim H = 3, dim (V(X) n V(Y)) = 1 and dim (U(X) n U(Y)) = 1, 

then H = <X,Y,Z>. By lemma 2 . 1 , we know that X and Y have 
r e p r e s e n t a t i o n s 

X = L KSPX - J^ + Xg®v 
Y = u<S)y1 + y2(g>v 

and Z i s such t h a t dim (U(Z) n ' u(X)) = 1, dim (U(Z) fl U(Y)) = 1. 

Also dim (V(Z) 0 V(X)) = 1 and dim (V(Z) n V(Y)) = 1 . I f 
U(Z) 0 U(X) = U(Z) 0 U(Y) = <u> then by lemma 2 . 1 , 

V(Z) n V(X) = V(Z) fl V(Y) = <v> and we have the general case 3. 

I f U(Z) n U(X) ̂  U(Z) n U(Y) then U(Z) c <u,x 2,y 2> and 
u i U(Z). Also V(Z) H V(X) £ V(Z) 0 V(Y) gives V(Z) c <v,x 1,y 1> 
and v £ V(Z). This case can a r i s e . In f a c t , l e t 
Z = XgiSty-j^ - y 2 ® x i * We show that aX + PY + yZ has rank 2 f o r 
a l l choices of a, P and y. We can assume p ^ 0. 

aX+PY+yZ = u ® (ax 1+Py 1 )+(ax 2+py 2)® v + yXgOy-j- y y 2 ® x i 

= . p u ^ C ^ + y3_)+(|x 2 + y 2)®Pv + Y x
2 ® Y i - Y y 2 ® x i 

+ Y x 2 ® f x i " Y*2®f xl 

= (pu + y X g ) © ^ + y i ) + (|x 2 + y 2)®(Pv - Y x 1 ) 

which i s rank two. Suppose aX + PY + yZ - 0, then e i t h e r 

pu + Y x 2 = 0 a n d ^ x
2

 + y 2 = 0 o r f ^ i + y i ~ 0 3 1 1 ( 1 P v " Y x i = °-
In e i t h e r case y = 0 i m p l i e s a = P = 0. Therefore X,Y, and Z ar 
l i n e a r l y independent, and H = <X,Y,Z> has dimension 3. 
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( I t can be shown that spaces of t h i s e x c e p t i o n a l type must have 
a b a s i s of the form given,but we do not i n c l u d e the d e t a i l s 
here since we do not make use of t h i s f a c t . ) 

Now, i f dim H > ^, l e t X,Y,Z,W be l i n e a r l y independent 
i n H where H i s not type 1 or 2 . By lemma 2 . 1 there e x i s t 
r e p r e s e n t a t i o n s such t h a t 

X = u®x.j + x2<£)v , Y = u ® y 1 + y 2 ® v and 
•W = u 1 ® w-j+ w 2 ® V , Z = u«<g> z 1+ z 2 ® V . 

I f <u> = <u'>, then <v> = <v'> and we have the general case 3. 
Hence suppose <u> ^ <u'>,, Then <u',w2> c <u,x gy 2>, and 
<u' z 2> c <u 1x 2y 2>. Therefore <w 2z 2> c <u,x 2,y 2> since w 2 ^ -Oz 
Therefore u'e <u,x 2,y 2> and there e x i s t s a and b € P such that 
u' e <u,ax2+ by 2>. S i m i l a r l y u e <u',w2,z2> and there e x i s t 
c and d e F such that u € <u', cw 2 + dz 2>. 
Consider U(aX+bY) = <u,ax2+ by 2> and 

U(cW+dZ-). -= <u,ew2+ dz 2> . 

Both spaces equal <u,u'> and we have two l i n e a r l y independent 
v e c t o r s i n H which have the same U space. By lemma 2 . 2 we have 
case 1 , a c o n t r a d i c t i o n . Therefore <u> = <u'> and <v'> = <v>. 
Thus we have a c h a r a c t e r i z a t i o n of every subspace contained 
in.R 2(U®V). 
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2. DIMENSIONS AND INTERSECTIONS 

F i r s t , we r e c a l l t h a t n and m are the dimensions of 
U and V r e s p e c t i v e l y . 

Theorem 2.5: The maximum dimension of type 1, type 2 and ' 
general type 3 subspaces i s m-1, n - l and minimum (m-1,n-l) 
r e s p e c t i v e l y . 

Proof: Type 1 

Let X 1 = x-j®^ + x 2 ® v 1  

X 2 = x i ® u 2 + x 2 ® v 2 

X k = X l<g>u k + x 2 ( g ) v k 

be an independent set of elements of H. I f k=m, then since 
u ^ , . ..,^ are l i n e a r l y independent, they form a b a s i s of V; 
and v^,...,v m form another b a s i s of V. Let A: V - V be a 
l i n e a r t r a n s f o r m a t i o n such t h a t Au^ = v i f o r i = l,...,m. 

m 
Let u = y ctjVi^ be an eigenvector of A w i t h eigenvalue \. 

1=1 
m m m 

Consider Y = a i u i + X 2 ® ) J ^ i v i = x l ® u + x 2 ® A u 

1=1 1=1 i = l 
= x - ^ u + x 2 g)\u = ( x 1 + Xx 2)®u which i s rank one. Therefore 
k <, m-1. S i m i l a r l y k _< n - l f o r type 2 subspaces. 

Type 3. 
As shown i n theorem 2.4, there e x i s t 3 dimensional sub-

spaces which are maximal. These are considered as a s p e c i a l 
case of type 3 subspaces. In the general case, l e t X-^9.. . 
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be an independent set of ve c t o r s i n a subspace H, where H 
i s the general type 3 subspace. Assume m _> n > 3. By lemma 
2.1 and theorem 2.4, there e x i s t r e p r e s e n t a t i o n s of X^,...,X^ 
such t h a t 

X-ĵ  = x 1 ® v 1 + u1<£>y1 

X 2 = x 1 ® v 2 + u 2 © y 1 

X t = x 1 ® v t + u t © y i 

Here u^,...,^ are l i n e a r l y independent, f o r , i f some 

u = ) ct.u., then 
i ^ r 

X r " Z a i X i = x l ^ ( v r - Z a i v i ) + ( u r " I " A - ) ® ^ 
i / r i ^ r i ^ r 

= x 1 ® ( v r - Z a i v j _ ) i s rank one. 
i ^ r 

S i m i l a r l y , v^,...,v^ are l i n e a r l y independent. Next we show 
that x^ £ <u^,...,u^>. 

t " t t t 
I f x x = ya.u., then ^a.X. = x ^ a . v . + ]a±u±® ^ 

1=1 1=1 1=1 i = l 
t -

= x 1 ® ( + y-̂ ) which i s rank one. 
1=1 

Using a s i m i l a r argument we can a l s o show that y^ £ <v1,...,v^>. 
I t f o l l o w s t h a t the maximum dimension of a type 3 subspace i s 
l e s s than or equal t o min(m-l,n-l). I f m > n=3, then the 
s p e c i a l case 3 subspace gives a maximum subspace of dim=3. 
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These maximal dimensions can be achieved. For example, 

f o r type 1 subspaces, l e t x 1 , X g be independent i n U and l e t 
e, ,...,e„, be a b a s i s of V. Then set 1 m 

X l = x i ® e i + * 2 ® e 2 

X 2 = e 2 + x 2<gie^ 

m-1 1 m-1 d m 
m-1 m-1 m-1 

#»— — — — 

I f ^ a i x i = °> then 0 = 2, a i ( x
1 ® e

i ) + / a i ( x 2 ® e i + 1 ) ; 
i = l 1 = 1 . S i i 

and each a. = 0 ; i = l , . . . , m - l as x.®e., i - = ' 1 , 2 ; j = l,...,m 
are l i n e a r l y independent i n U®V. Moreover, m-1 m-1 m-1 
Y a i X i = X1®Z a i e i + X2®Z a i e i + l ' I f n o t 9 , 1 1 a i = ° 9 then 
i'=l 1 = 1 1 = 1 m-1 m-1 
y, a i e i ^ 0 axi<~' ) a i e i + l ^ "̂ Choose j t o be the l e a s t i n t e g e r 
i = 1 1 = 1 -i 

m-1 
such t h a t cij ̂  0 . Then ^ a i e j [ = a j e j + ) a i e i 

1 = 1 i > j m-1 m-1 
1 a i e i + l = a J e j + l + \ a i e i + l W h i e h i m P l i e s t h a t 1 a i e i 

i = l i > j i = l m-1 m-1 
and ^ a i e i + i a x e l i n e a r l y independent. Therefore ^ a±^± ^ s 

i = l 1 = 1 
always a rank iiwo tensor. In the type 2 case an example of 
the n - l dimensional subspace i s r e a d i l y given i n a s i m i l a r 
f a s h i o n . 

For the s p e c i a l type 3 case, we have already shown the 
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3 dimensional maximal subspace. In the general type 3 case, we 
can assume m > n > 4. Let e^,..., e m be a b a s i s of V, and l e t 
f,, . . . , f be a b a s i s of U. I n 
Set Xn = f„®e1 + f . ^ e ^ 

1 n 1 1 m 
d n d d m 

n - l n n - l n - l m 
n - l „ , n - l 

If )_ a i X i = °> t h e n 0 = Z a i ( f n ® e 1 ) + )_ a 1 ( f i ® e m ) ; 
1=1 ± s b 1 1=1 

and each a. = 0 as f,-(x)e.: i = l,...,m: j = l , . . . , n are 
l j I 

l i n e a r l y independent i n U®V. I f not a l l ct^ = 0 then 
n£l n - l n - l 
^ a i X i = n̂̂ Y a i e i + *J a i f i® em r a n k t w o because 
1=1 1=1 i = l 
f n i < f a n d em/ < e l ' v - V l > ' 

The next theorem i s concerned w i t h the i n t e r s e c t i o n of 
two d i f f e r e n t types of subspaces. 

Theorem 2.6: The i n t e r s e c t i o n of two d i f f e r e n t types of sub-
spaces i s at most one dimensional. 

Proof: Type 1 and type 2 I n t e r s e c t i o n . 

Suppose X^ and Xg are i n the i n t e r s e c t i o n and l i n e a r l y independent. 
Since X-̂  and Xg are i n a type 1 subspace, U(X 1) = U(Xg). Since 
X.̂  and Xg are i n a type 2 subspace, V(X-j) = V(Xg). In the proof 
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of lemma 2.2 we showed th a t I f U(X X) = U(Xg) then V ( X 1) £ V ( X 2 ) 
f o r any p a i r of l i n e a r l y independent elements of H. Therefore 
X-̂  = A Xg, and the i n t e r s e c t i o n i s one dimensional. 

Type 1 and type 3 i n t e r s e c t i o n . 

Suppose X-̂  and Xg are i n the i n t e r s e c t i o n and X-̂  ̂  aXg. 
Since X-̂  and Xg are both i n a type 3 subspace, there e x i s t s 
r e p r e s e n t a t i o n s such t h a t X 1 = + x-^gJy and 

Xg = x ® y 2 + Xg®y. Since the i n t e r s e c t i o n i s a subspace, 
aX 1+ 6Xg = x®(ay 1+ 8y 2) + (ax 1+ 8 x

2 ) ® y i s i n the i n t e r s e c t i o n 
f o r a l l a and 6 e F. Since both elements are i n a type 1 
subspace, U(X) i s f i x e d f o r a l l elements i n the i n t e r s e c t i o n , 
i . e . , <x,x1> = <x,Xg> = <x,ax1+ 8Xg>. I f dim <x1,Xg> ^ 1, 
then <x^,x2> = <x,x^>, and there e x i s t a and 8 such t h a t 
ax^+ 8 X2 = x- This choice of a and 8 makes aX-^ 8Xg = {j r'**''~'<J

cp 

x®(ay 1 + 8Y2 + y)> a pure tensor. Therefore <x^> = <Xg>' or C \ , 

x-̂  = -9x 2; but then X 1- -OXg = x®(y 1~ -Gyg) i s rank one unless 
= -©yg* B u ^ t h i s i m p l i e s X 1 = -©Xg, a c o n t r a d i c t i o n . Therefore, 

the i n t e r s e c t i o n i s one dimensional. 

Type 2 and type 3 i n t e r s e c t i o n . 

We can use an argument s i m i l a r t o that given f o r the type 1 
and type 3 i n t e r s e c t i o n . In t h i s case the V(X) space i s constant. 

This completes the proof of the theorem. The remaining 
i n t e r s e c t i o n s t o consider aretthose of subspaces of the same 
type. The s p e c i a l type 3 subspace can have a two dimensional 
i n t e r s e c t i o n w i t h a general type 3 subspace but i t can have only 
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a one dimensional i n t e r s e c t i o n w i t h another s p e c i a l type 3 
subspace. 

Theorem 2.7: The i n t e r s e c t i o n of two d i f f e r e n t subspaces of 
the same type can be at most m-2, n-2 or min(m-2,n-2) f o r type 1, 
type 2 and general type 3 subspaces, r e s p e c t i v e l y . These 
maximums can a l l be achieved. 

Proof: Suppose X^,....,X^ are a set of l i n e a r l y independent 
v e c t o r s i n the i n t e r s e c t i o n of two subspaces, and Hg, of 
type 1 such t h a t H-̂  ̂  Hg. We "know that k _< m-1. We shall,show 
th a t k < m-2. I f k =• m-1, there e x i s t X, ,...,X n which are - — - ' 1 ' m-1 
l i n e a r l y independent. Since H-̂  and Hg are both of type 1, 
dim H-̂  = dim Hg = m-1, by Theorem 2.5. Thus X-^... >X m_ 1 forms 
a b a s i s of both H-̂  and Hg; and H-̂  = Hg, a c o n t r a d i c t i o n . Thus 
k _< m-2. Now t o show that k may equal m-2, l e t u,v be l i n e a r l y 
independent i n U, and l e t

 eiJ-"-Je
m be a b a s i s of V. 

Set X l = u ® e i + v€>e 2 

Xg = u ® e 2 + v@e-j 

m-1 m-1 m 
and X' -. = u © e m , + v<9(e+e n ). m-1 m-1 v m 1 

t 

Let E-^ = <X1,. . . ,X m_ 1> and Hg = <X-L,.. . , x
m _ 2 > x

m _ i > - As shown 
i n the examples f o l l o w i n g theorem 2. 5, both E-^ and Hg are m-1 
dimensional subspaces. To show H-̂  / Hg we need only show 
i m-1 I m-1 i'"-"'' s: 

Xm-1 ^ ^ a i X i ' S u P P ° s e x
m _ i = ^ a ^ , t;fien- t' ... 

1=1 i = l 
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m-1 m-1 
u ® e m - l + v ® ( e m + e l ^ = U®Z a i e i + V<^1, a i e i + l * T h i s i m P l i e s 

1=1 1=1 
m-1 m-1 

i = i i = i 
that \ a.e. = e„ , and ; a.e.,, = e-f e,. This i s L l l m-1 Lt l l + l m 1 

imp o s s i b l e , however, since the f i r s t e q u a l i t y gives a m 1 = 1 
and a. = 0, i < m-1: and the second becomes e = e + e,. 

I
 3 m m 1 

Therefore E± ^ H g and d i m f H ^ H g ) = dim <X1,'... ,Xffl-2> = m-2, 
by c o n s t r u c t i o n . 

The proof f o r type 2 subspaces i s e x a c t l y the same usi n g 
U i n s t e a d of V. This gives an i n t e r s e c t i o n of dimension at 
most n-2 f o r type-2 subspaces. 

For the general type 3 subspaces we can assume that 
3 < n _< m. Suppose X 1,...,X k are l i n e a r l y independent i n the 
i n t e r s e c t i o n of and Hg, and H-̂  ̂  H 2, then, by an argument 
s i m i l a r t o tha t f o r the type 1 case, k _< n-2. To show k may 
equal n-2, l e t f n,. .. , f be a b a s i s of U and e-.,. .. ,e„ be a 

i n l m b a s i s of V. Set 
X, = f„®e, + f,® e m 1 n 1 1 m 
Xo = f „ ® e 0 + fo<S)e m d n d d m 

Xn-1 = f n ® e n - l + fn-l® em 

^ Xn-1 = V ^ n - l + < fn + f n - l ) @ e m 

Let ^ = < X , X . ,> and H c = <X-.,...,X_ 0,X ,>. Since 1 1 n ~ l 2 x n-d3 n - l 
f.®e.; i = l , . . . , n ; j = l,...,m are l i n e a r l y independent i n 
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U(S>V, the subspaces H-̂  and Hg are both n - l dimensional. To 
show H-̂  ̂  Hg we need only show X Q_^ ^ ^ a.jX^. Suppose 

1=1 
n - l 

Xn-1 = I a l X l > t h e n f n ® e n - l + ( fn + f n - l ) ® e m = 
i = l 

n - l ' n - l n - l 
+ ; a,f. ® e . Since f ^ \ a.f. and n Z _ . 1 1 Z J 1 1 m n ' l l 

1=1 1=1 1=1 
n - l 

e m / ^ a i e i e a c n side of the equation i s a rank two tensor. 
i = l 

n - l n - l Therefore / a.e. = e„ and ) a.f. = f „ + f -,. But t h i s i s __, i i n—i L I I n n - l 
i = l i = l 

imp o s s i b l e , s i n c e / " .} f £ < f f , >. 
Thus H-̂  ̂  Hg; and by c o n s t r u c t i o n , H-̂ O Hg = <X1,.. . ,Xn_g> has 
dimension n-2. This concludes the proof of the theorem. 

For the s p e c i a l type 3 subspaces, the i n t e r s e c t i o n of 
two s p e c i a l type 3 subspaces i s at most one dimensional. 
I f X = u(£)x1 + X g ® v and Y = u ® y 1 + y 2 ® v are i n two s p e c i a l 
type 3 subspaces, then Z = X g ® y 1 - y g © x ^ or -Z must be the 
t h i r d v e c t o r i n both subspaces; and the spaces c o i n c i d e . 
Therefore two d i s t i n c t subspaces can have at most one dimension 
i n common. The i n t e r s e c t i o n of a general type 3 subspace and a 
s p e c i a l type 3 subspace can be at most two dimensional. Again, 
suppose X = ul.Ox-ĵ  + X g ® v and Y = u®y_^ + y 2 ® v are i n both 
spaces. Every vector i n the general type 3 subspace must now 
have a r e p r e s e n t a t i o n of the form u ® x + y€>v but any other 
vector independent of X and Y i n the s p e c i a l type 3 subspace 

http://nZ_.11
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mus t have a r e p r e s e n t a t i o n of the form Y(*2® yi " y 2 ® x i ) ' 
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3. DIMENSIONS OF MAXIMAL SUBSPACES. 

In t h i s s e c t i o n we prove that any maximal subspace i n 
R 2(U®V) has a dimension which i s dependent only on i t s type. 
In p a r t i c u l a r , a l l maximal subspaces of type 1 have dimension 
m-1, and a l l maximal subspaces of type 2 have dimension n - l . 
In the type 3 case, a l l maximal subspaces have dimension 3 
or min(m-l, n - l ) . 

Theorem 2.8: A l l maximal subspaces of type 3, have dimension 3 
or min(m-l, n - l ) . 

Proof;, Since we are d e a l i n g w i t h rank two elements both m and 
n must be greater than or equal t o two. Suppose min(m-l,n-l)=1, 
then e i t h e r U or V i s two dimensional. Suppose U i s two dimen-
s i o n a l and {u,v} i s a b a s i s of U. A l s o , witout l o s s of g e n e r a l i t y , 
we can assume dim V J> 2. Let X and Y be i n a type 3 subspace, 
then X and Y have r e p r e s e n t a t i o n s such t h a t : 

X = u<©x^ + Xg®y 
Y = u ® y 1 + y2<g>y. 

We have U = <u,v> = U(X) = U(Y), and t h e r e f o r e e i t h e r x 2=© y2 
or <x 2y 2> = U. I f <x 2,y 2> = U, then there e x i s t a,b e F such 
th a t a x 2 + b y 2 = u and aX + bY = u<g)(ax 1+by 1)+(ax 2+by 2)ci)y = 
u€>(ax-^+by-j^+y) i s rank one. I f x 2 = -©y2, then X - -6Y = ug^x-^-Oy^ 
i s rank one or x-̂  = -©ŷ . Therefore X = -©Y and a l l subspaces 
of type 3 are one dimensional. I f min(m-l,n-l) = 2, then the 
dimension of U or V i s 3. Suppose U i s 3 dimensional and 
dim V _> 3. Let <u,v,w> = U and suppose X and Y are i n a type 3 
subspace H-, i n Rp(U©V). Then X and Y have r e p r e s e n t a t i o n s 
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such that 
X = u ® x 1 + v®y 

Y = u ® x 2 + w © y 

and X and Y are l i n e a r l y independent. This subspace i s not 
maximal s i n c e , by theorem 2 . 4 , we can add Z = v ( x)x 2 - w © x ^ 
t o get a l a r g e subspace. 

I f min(m-l,n-l) = 3, then we can assume m > n > I . 
Again, as shown i n theorem 2 . 4 , there e x i s t maximal subspaces 
of dimension 3. Suppose H i s a general type 3 subspace, 
dim H j> 3 and H i s maximal. Suppose X^,...,Xk i s a b a s i s of H 
and k < n - l _< m-1. By theorem 2 . 4 , there e x i s t r e p r e s e n t a t i o n s 
of X-^. .. ,Xfc such t h a t : 

X 1 = ucsfcc^ + y-jdDv 
X 2 = u<g)x2 + y 2 ® v 

X k = u ® x k + y k ® v -

We know tha t v,x-^,... ,Xj_ are l i n e a r l y independent, and that 
u^y-L^'-.^y^ are l i n e a r l y independent. Since k < n - l , there 
e x i s t s y j _ + 1 € U such t h a t y k + 1 £ <^-»y-^» • > • >Y-^>and there e x i s t s 
x k + 1 e V such t h a t * k + 1 £ <v,x 1,. . . ,x k>. Consider |, 
X k + 1 = u < § > x

k + 1 + yk+i® v* N o w k + 1 < n 3 1 1 ( 1 "thus k+2 _< n, 
i . e . , <u,y1,. .. , y k + 1 > c U. 

k+1 k+1 • k+1 

Suppose J o^X^ = o, then 0 = a i x i + y, ct^y^®v. 
i = l i = l 1=1 



26. 

k+1 k+1 
Since / ") a. x. and it ̂  ) a. y. , we must have a. = 0: 

L-J 1 1 L~i 1 1 1 
i = l 1=1 

i = l , . . . , k + l . This i m p l i e s t h a t H i s not maximal, a c o n t r a d i c t i o n . 
Therefore, k = n - l . 

Theorem 2.9: A l l maximal subspaces of type 1 have dimension 
m-1. 

Proof: Suppose H i s a maximal type 1 subspace w i t h b a s i s 
v e c t o r s X^,...,X k where k < m-1. By theorem 2.4, X 1,...,X f c 

have r e p r e s e n t a t i o n s such that 

X-̂  = ucSDx-^ + v0y^ 

X 0 = u © x 2 + v ® y 2 

X k = u@x k + v<0yk. 

We know that x^,...,x k are l i n e a r l y independent, and tha t 
y-jL* • • • . y ^ are l i n e a r l y independent. We now show tha t 
<x^,...,xk> ^ <y 1 a....y k>. I f they were equal, then there would 
e x i s t a l i n e a r t r a n s f o r m a t i o n A: <x^,...,xk>"^<y^,...,yk> 
such t h a t Ax^ = y^ , , i = 1,.. .,k; and as i n Theorem 2.5, we 
could construct a rank one tensor i n H. Next consider the 
space <x-̂ ,... ,x k,y^,.. . ,y k>, I f t h i s space i s not equal t o V 
then we can choose x k + 1 i <x 1,...,x k,y l 3...,y k>, and y k + 1 such 
that y k + 1 e <x 1,...,x k> and y k + 1 £ <y 1,...,y k>. Set 
X k + 1 = u ® x k + 1 + v ® y k + 1 . Then 
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k+1 k + 1 k+1 
Then ) a.X. = u<g)) a.x. + v<S>) a.y. = 0 i m p l i e s a. = 0; 

i = l i = l i = l 

are i = l , . . . , k + l , since u ® x i and v ® y i ; i = l , . . . , k + l , 
l i n e a r l y independent i n IK3>V. 
k+1 k+1 
) a.X. i s always a rank two element, f o r i f ) a.X. i s rank 
l—i 1 1 Li 1 1 
1=1 1=1 

k+1 k+1 
one, then since <u> ^ <v>, ^ a i x i mVLst equal ") a±^±' I f 

1=1 1=1 
a ^ + ^ = 0, then <X1....,Xk> contains a rank one v e c t o r , contrary 
to hypothesis. Therefore we can assume a. ^ 0. Obviously 

k+1 k+1 1 + x 

a k + l x k + l + r a^x^ and ^ a±y± a r e l i n e a r l y independent by the 
1=1 i = l 

choice of x k + 1 « This i m p l i e s H i s not maximal. Therefore, we 
can assume <x-̂ ,. .. , x k , y 1 , . .. ,y^> - V. 

Now we can renumber the X^ and the corresponding x^ and y^ such 
th a t x-^,.. . , x k , y l 5 . . . , y g i s a b a s i s of V (where k+s = m). * 
A f t e r t h i s has been done we can r e l a b e l y^,...,y by . . . , x m 

and the r e p r e s e n t a t i o n becomes: 
X 1 = u®x1 + v ® x k + 1 

X_ = u ®x„ + v ® x m 
5 5 III 

x s + i = u ® x s + i + v ® y s + i 

X k = u ® x k + v ® y k . 

We can a l s o assume tha t < y s + ^ . ..,yj(.>c<Xp...,Xjc>. For, i f not, 
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we can repla c e X^; i = s+l,...,k by X i as f o l l o w s . 
i m i Suppose y ± = y± + y a i x i where ŷ ^ e < X p .. . ,x k>; 

i=k+l ' 
s 

l e t X± = X± - ^ a k + j X j 3 1 1 ( 1 w e Set 
A 

s 
X^ = u ® ( x ± - ) a k + j x j ) + v®y± f o r 1 = s+l,...,k. 

A 

C l e a r l y <x 1,. . . > X

S * X

S + 1 J • • • > xk> x
k +i' • * • ' V = V and 

t r I I 
<y 

s + l ^ - ' ^ k > c < x ^ • • • > x
s * x

s + i > • • • >x
k>- W e can now drop the 

primes. 
Suppose some X j e [ x 1 , . . . , x g ] i s not i n <y g + 1» •. . ̂ y^* 

then we can set X k + 1 = u ® x
k + j _ + v ® X j , where j ̂  i . 

k + 1 k s k 
I a.X. = u © ( Ja.x. + a k + 1x k^.)+v®( £ 0 ^ ^ + ^a.y. + a k + 1 x . ) . 
1=1 1=1 "-' 1=1 i=s+l 

I f c t k + 1 = 0, then we are back t o X^.. . ,X k, - and thus have a 
rank two vector. Therefore we can assume a,.., ^ G , i n which 

K + 1 k 
case a, ,,x. ^ 0 i m p l i e s a_. = a, , , since x. appears i n m.x, 

K + X J J J v r X J Z_i 1 1 
i = l as a.x.. This i m p l i e s , however, t h a t x, , . has c o e f f i c i e n t J J 5 k+j k 

a k +-^ ^ 0 i n ^ aj_ x
k+j_ a n d x k + j d o e s n o' t a P P e a r i n ^o^x^. 

1=1 1=1 
k+1 k+1 

Therefore ) a.X. i s rank two, and ' N a.X. = 0 i m p l i e s a. = 0; 
1=1 1=1 

i = l , . . . , k + l . This i m p l i e s H i s not maximal. Hence we can 

assume <x1,...,xg> ̂  < y s + 1 , . . . , y k > . B y renumbering X s + ] , . . . , x k , 

v/e can assume <yS+T_*'•• » >Y,?Q> ~ <x±3° ': >xs> 
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s s 
x i = I a i / j f o r i = 1,. . . ,s. Let X ; + . = I a j L J X 8 + J f o r 

j = l 3=1 
s 

i = l , . . . , s . Then X g + i = u ® / a i j x
s + j + v ® x ± = u ® x

s + i + v&x.^ 
A 

f o r i = 1,.,.,s. Again, since (a,-,-) i s non-singular, 
-*-<J 

i i 

<xx,. . . , x g , x s + 1 , . . . , x 2 s , x 2 s + 1 , . . . , x k , x k + 1 , . . . , x m > = V. 

Dropping the primes, the r e p r e s e n t a t i o n now becomes: 
X^ = u^Dx^^ + v<£>x k + 1 

X s = u ® x s + v ® x m  

Xs+1 = u @ x s + l + v ® x l 

X 2 g = u ® x 2 g + v ® x s 

X 2s+l = u ® x 2 s + l + v 6 D y 2 s + l 

X f c = u ® x k + v ® y k . 

Now we can repeat the arguments. F i r s t , we adjust %2s+l*''' j X k 

t o make sure ^Qs+l*''''^k^ c < x s + l ' ' ' ' , x k > * T n e n w e check 
x s + 1 , . . . , x 2 g t o see i f <x s + 1,...,x 2 g> c < y 2 s + 1 , . . . , y k > . I f not, 
we can set X k + 1 = u ® x i c + j f t " v ® x

s + j * where j ̂  i , and again show 
that H i s not maximal. I f < x

s + 1 a • • • a x

2 s > £
 < y 2 s + l 5 * ' ' , y k * 

then by renumbering X 2 g + 1,...,X k, we can assume 
< y 2 s + l ' - - - > y i ; > ; = <x B + 1,...,x 2 s>. By a l t e r i n g * 2 s + l " ' " S s > 
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we can o b t a i n the r e p r e s e n t a t i o n : 

X„ = u ® x + v © x s s m 

Xs+1 = u ® x s + l + v®xl 

X 2 s = u © x 2 g + v ® x s  

X2s+1 = u ® x 2 s + l + v ® x s + l 

X 3 s = u ® x 3 s + v ® x 2 s  

X3s+1 = u @ x 3 s + l + v ® y 3 s + l 
» 

x k = u ® x k + v ® y k • 

We note t h a t at each step i f there i s not a s u f f i c i e n t number 
of y's remaining, then some x. i s not i n the space spanned by. 

J 

the remaining y's, and we can construct A f t e r a f i n i t e 
number of steps, each time c o n s i d e r i n g the next sx.'s, we can 
f i n d the r e q u i r e d x.. The r e p r e s e n t a t i o n becomes: 

J 
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X.̂  = u&x^ + v ® x k + i 

X„ = u®x„ + v(g>x_ s s m 
X g + 1 = u ® x f l + 1 + v®x1 

X k - s = u ( g > x k - s + v ® x k - 2 s 

X k - s + l = u® xk-s+l + v g ) x k - 2 s + l 

X k = u<g)xk + V ( g x k _ s . 

Choose X k + 1 = u ® x k + 1 + v ® x ^ s + 2 • Suppose 
k+1 k. JL k-s 
I a i X i = u ® ( K x i + a k + l x k + l > + v®( l a i x k + i + I a s + i x l 
1=1 1=1 1=1 i = l 

+ a k + l x k - s + 2 ) , has rank 1„ 
We can assume a k + 1 ^ 0. By comparing the c o e f f i c i e n t s of 
xk-s+2 i n t n e t w o terms we conclude t h a t a k _ s + 2 ^ °« S i m i l a r l y , 
i t f o l l o w s t h a t ak_2s+2*"** a 2 a r e a~~-m n o n _ z e r o ' This gives 
xk+2 a n o n " " z e r o c o e f f i c i e n t i n the second term, and x

k + 2
 d o e s 

not appear i n \~ a^x^. Hence at each stage we have a rank two 

1=1 
element and X- L,...,X k + 1 are l i n e a r l y independent. This i m p l i e s 
H i s not maximal. We conclude t h a t k = m-1. 

A s i m i l a r argument gives the corresponding theorem for-' 
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type two spaces: 

Theorem 2.10: Every maximal suhspace of type two has dimension 
n - l . 

This-concludes the c h a r a c t e r i z a t i o n of the subspaces 
contained i n RjUQv). 

Further research could he done i n extending the work of 
chapter two to the general rank k case. Another d i r e c t i o n f o r 
research would l i e i n c h a r a c t e r i z i n g l i n e a r transformations 
of U 0 V which send rank two elements i n t o rank two elements. 
In such an i n v e s t i g a t i o n , maximal subspaces would p l a y an impor­
ta n t r o l e i n the determination of"the types of transformations 
allowed. 
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