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ABSTRACT

This paper is concerned with the relationships between
certain covering systems useful for set differentiation and
with their application to density theorems and approximate
continuity.

The covering systems considered are the Vitali systems
(which we call V-systems), the systems introduced by Sion
(which we call S-systemsj, and a modification of the tile
systems (which we call T-systems).

It is easily checked from the definitions that V-systems
are S¥systems, and under slight restrictions, T-systems. We
show also that under certain conditions S-systems are T-systems,
and that in general the converses do not hold.

Density theorems and the relatioenships between approximate
continuity and measurability of functions are discussed for
these systems.

In particular, we prove that fer T-systems measurable
functions are approximately continuous and hence a density

theorem holds.
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1. INTRODUCTION

Differentiation of two set functions 4, v at a point x
involVes taking the_limit of the ratio f%% as A ‘'converges"
te x in some sense which requires that A belong to some
family of sets N(x) (e.g. spheres with center x). For the
development of a feesohable theory of differentiation certain
restrictions must be placed on the families N(x). The best
known restriction is that they form a Vitalil sysfem. However,
other systems have been considered.

In this paper we study the relationships between three
systems: Vitali systems, which we call V-systems; the systems
having property (V) intreduced by Sion in.[h]l, which we call
S-systems; and a modification of the tile systems studied in
Hahn and Rosenthal [2], which we call T-systems. The main
difference between tile systems and T-eystems is that sets in
thebfirst are assumed to be measurable whereas in the latter
they need not be.

The main results in section 3 state that V-systems are
S-systems; under certain conditions, V-systems are T-systems;
under more stringent conditions, S-systems are T-systems. The
converses in general do not hold.

In Section %, we prove that for T-systems, measurable
functions are approximately continuque and apply this result
to obtain a density theorem. This generalizes similar results

for tile systems and parallelsbsimilar results for S-systems.

lNumbers in brackets refer to the bibliegraphy at the
end of the paper.
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NOTATION AND TERMINOLOGY

The following notation and terminology will be used

thr@ugh__out this paper.

o1
o2
3

L

) 1is the set of all integers greater than zero.
(A ~ B) ={x : xeA, x ¢ B}

oF = U a
aeF

M is a«(outer) measure en X iff u 1is a
function defined on all subsets of ‘X, and
(1) m(0) =0

(11) 0< wA< I uBn
. T new’ .

if a<UBn < x
. new

For/u a measure on X a set A is /u-measurab_le
iff for every B <« X

/uB
=1y

M(BAR) + U(BAA)
{x : f(x)eV})

For M a measure on X, a function f on X to a

topological space Y is u-measurable iff, for
every oepen V< Y, 7l vis a Mu-measurable set.
For X a topolegical space and x ¢ X, nbhdx denotes

the family of all open sets a such that x e a.



3e COVERING SYSTEMS

In this section, X 1is a topological space and M is
a measure on X. In the next set of definitions we introduce
the three types of'covering systems that will be compared: a
V-system is one having the Vitali property, an S-system is the
one introduced by Sion in [4], and a T-system is a modification

of the tile system discussed by Hahn and Rosenthal [2].

3.1 Definitions.

;l N is a covering system iff N 4is a function on X
such that, for every xe¢ X, N(x) <« nbhdx and for
every U € nbhdx there exists fae N(x) with
a< U, o

.2 For every A < X, N(A) is the collection of all
families F such that

(1) F < U Nx)

XeA .

(i1) for every xe€ A and U & nbhdx there exists
' 4c¢F with xcac¥

3 N is a V;system for M iff N 4is a covering
system and for every A <X and Fe N(A) there
exists a countable disjoint family F' of
M-measurable sets such that F'< F Hand
(A oF) = 0, -

M N is an S-system for L« with factor A iff N is

- a covering system, 1 < A<eco , and for every A< X

and Fe N(A) there exists a countable family F'< F

such that";u(AAJsF') = 0 and for every B<gF'



/U(an B)< A°* 4B

G € F'

.5 N is a T-system for p 1ff for every A= X,
Fe.ﬁ(A); and € > O there exists a countable family

F'< F such that /u(A/vaF') = 0 and

aeﬁ”ﬂa <AFA+€

3.2 Conditions on the Measuree.

We shall sayvfhatk M satisfies condition 3.2 iff M
is a measure on X such that
(i) /u X< o0
iii) open sets are /J—measurable
(iii)-for every A< X and €& >0 there exists
" an open set B such that A< B and
/JB ﬂﬂA +€
We now have the follow1ng results.,
3.3 Theorem.,
Let .N be a V-system for M. Then N 1is an S-system
for u with factor 1. |
Proof. Given 'A<:Aﬁg Fe ﬁ(A); there exists a countable,
‘disjoint family F' of u-measurable sets such that F'c F
and /u(AfvoF') ””6. Then for any B < oF! '

2 /U(a/] B) /JB

ae.F‘
so that N dis an S-system with factor 1.

3.4 Remark.
The converse does not hold, even if wu satisfies

condition 3+2, as is shown by the following example.



Let X be the interval (0, 1) with the usual topolegy.
Let the rationals in (0, 1) be ordered T1y Tpy ees and
assign to {ri} a measure ”/u{ri} = é? and to (0, 1) ~
{rl, T5 «.s} mWmeasure zero.

For x # 1/2, let N(X) be the family of all open
- intervals containing {x} which have irrational end points and
do not contain {1/2}. Let N(1/2) consist of all open
intervals in X which contain {i/2}iand have rational end
points. Then

(1). ¥ is an S-system for M with factor 2.

“_'Proof. Let A< X, Fe N(A). The rationals in

B = An{1/2} are ordered rj1, Tip ... With ij < ij43. We
define the sequence a by recursion as follows: let
ri1€ aye F, aj e N(rij). For any new , having defined
@1, 02 «oy 0y let k be the first integer such that
ﬁﬂ aj. Since the aj are intervals with irrational

o 1= |
end-points and riy is rational, let a,,j€ F, ap41€ N(ry,) and

rik € B

n _
an+1,\£:& af = 0. Thus, a is a sequence of disjoint inter-
vals covering B. Let 1/2€ay,€eF and F' = {;g{uig. Then

'F' covers the rationals in A so that JM(A ~oF') = © and

fér any B < oF',
) a0 .
I MBAB) = 2 MBrag) + M(Bagg) £ 2MB.
(2) N is not a V-system for Moo
" Proof. Let A =X, F = XEgX:N(x), and let F'e F
be any countable subfamily such that u(A~oF') = 0, i.e.
F' covers the rationals. .

Then there exists a ¢ F' such that 1/2 € a, and a has



rational end-points. Let X Dbe such an end-point. /u{x}>-0,
therefore there must be an open interval a3 € F' such that
X € a]. But then o« ~naj # 0, and N 1is not a V—-system for
/U.
3.5 Theorem.

Let N be a V-system for M and let o« satisfy part
(1ii) of condition 3.2. Then N is a T-system feor M

‘Proof. Let A< X, Fe N(A), and € > 0. Then since u
satisfies part (iii) of condition 3.2, there exists an open
set B such that A < B and

A /M(B)< }JA + €

LetF'b={a :aeF and ac< B} .
Then F'e N(A) and there exists a disjoint countable family
G < F' such that

- (A~ 6G) =
Since the elements of G are M -measurable

2 =
aeG/ua /446G</,4B</uA+é.
Therefore N 1is a T-system.
3.6 Lemma. | | _
Let A<X,1<a<oo ., If F is a countable family of
/U-meésuraijle sets such that /'M(Aﬂfv oF) = 0, and for any
B < oF N
ae F/M(a N B) < }\/UB

then for any k > 1 there ex1sts a subfamily G < F such that

g A g 2 —— {
MG 2 ’ﬁéf and & . ua< k_llqu.

Proof. Let the elements of F be ordered, i.e.



F={a1, 63 «es}. Let G = {aj1, 05, «..} = F where the i
are defined by recursion as follows: i] = 1 and for new ,

ipn+1 is the smallest jew , if any, such that j > iy and

n s
/A,(mgl “imn¢y) < .

Then oG = a7 v J (a3 ~ L—J aij) and
S new . “n+l =1 .
eG > May +Zk-d‘a-,>]£'-l'2 ay .
F Mo Cnew £ 5417 E new M o
_k
Therefore a< oG.
: ' aéG a BT M
Also since oG < O‘F‘,
a + (e n cG) < AuoG
a(—:G/u . aeF/v IM /u
And since oG < Z a,
) a aEG/u
(G/\O'G) £ (A= 1o G.
aeFN(fu /u
But for ea€F~G, '/A(aneG) Pt ;%(— .
Therefore 4 Ma < Z k/u(an erG) <k (A - 1) pmaG.
ae PG ae Fr G
Thus /uA< poF < I pa +pot < [k(A - 1) + 1] uec
: ae F~G :
< k AumaG,
: A
and /UGG?-'RL?{

3.7 Theorem.
i.et M satisfy condition 3.2. If N is an S~system
for u with facter A them N ie a T-system for /u .
Proof. Let N be an S-system for u with facter A .
Let C< X,uC >0, F & WN(C). For any &3>0 choose k > 3,

k € such that —L<' £



by recursion so that:

A; =C and for any new ),

Lin

N . e 1 d
®n = minimum of Tzm’ P x

A} is an open set, Apc<Af, pAp < uby + by
Fn < F, Fp is countable, éFnCAI'l, ,u(Anfchn)-O,
and for B coFp, % /x(an B) < AuB (Fp exists since
N is an S-systém); | “€fn '

: M kK
Gy < Fn,/qun <AX » and . 62G/.xa £ %1 M9Cn,
: n

(Gp exists by the previous lemma).
| Bp+l = Bp ~0Gp;
Ad+l < Ah.
Then by < /u(AI'lNchn) = uby - pMoGy
| “ 5(l+2k?\)/uAn -/uA (l'zkk)/“A .
By induction, w4 < (1 "E{T)n/“Al .

Let N be so large that (1 - mex)V uai< 5oz

Then  mAyy; <3_ké'7t and

N
MOFyyy £ phfey <1+ Zex) Tex < Bx

(since €< k). Therefore

o e Pyl MOTN+]l S K

And since for each new uhpy) < MAp - MoGp,
/uA' 2 /.«Am]_ + /qu
Also /uA 2 /uAn - &p for each new . Therefore



>UVA3 paG + NGG -(a + ® ).
By induction, n
, c > ,Z oGy + , - %0
A /Jén+l iz1 17

and as n —>o0 , wulApyq < (l'— -2-1]{'—;;)11 Ay —>» 0, we have

' . €
MC > 2 /xoG - 2b 2 b /JGGi -T5 *

iew iew iew
Let H = i%%u G, u Fy,q+ Then g is countable, g<: Fy.
and ,F(A ~ gH) = 0. Furthermore,
. - : ' X
Zpua = 2 Z a + Z e < 2 (k-1
ae H i1ew ae Gllu ae F f iew( )
pots + £ < g7 (pC + £ + £
= uC + JHC + K€ __ ., €
a0 To0k-1) © k

SMUC +-75 % % < uCc + e,
Since C was ény set in X, and F any element of

N(C)y, N is a T-system for .

3.8 Remark.

The converse does nhot always hold, as is shewn by the
folloﬁing example. |

The construction in this example was used by Banach [ 1] te
show that the family of all open rectangles is not a Vitali
system for Lebesgue measure on the plane. It will be used here
to show that this class ofrsets does not form an S-system for
Lebesgue measure on the plane, although it is knewn to be a

T-system [2].
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Let Q be the open unit square (0, 1) x (0, 1) and u
be Lebesgue measure on Q. | |
We first observe that if for vew ,Cy > O, m éw, and
a = (a}, ap) €Q we let | | .'
‘- w;(a) {(x, y) éx-al<-]=,®<y—a2<l

=Gy
(x - a3)(y - ap) < &
- e - a2) 2 850}

Fy ={a :a -W (a) CQ for some aeQ, m>y}
then we can easily check (see [1]) that

m(a) = e‘CV (Cv +1)
m2 - ’

so that F, satisfies the hypotheses of the Vitali Covering
Theorem ([2], page 265) in the plane. Hence there ‘exi‘sts a
countable disjoint subi*amily R < Py . such that
MQ oy ) = B

For each x e Q, let N(x) be the family of open
rectangles ¢« such that x ¢ a < Q. It is known that N 1is
a T-system for u ([2], page 284). ' We shall show that it is
not an S-system for M for any factor A

Suppese N 1is an S-system for s with factor A . For

each Véw let Cy, > 0 and such that

= L 1 _ 1
Vew C‘v+l<n-7\ where new

v ,
Taking Wy(a), F, , F) as above let
 P=_/) gF, .

4 vew VY
Then P< Q@ and

M(Q~P) = /u(Q/v/-\ GF.\, o= /uU(QNaF')

Vew |
0

vew
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so that  uP =

Given x ¢ P, Vvew , there exists exactly one ae F)
with y ¢ a. Let ﬁv(x)eq and my(x)ew , m,(x) 2v _be
such that o = W 5 (x) (Pv (x)). Let'Bv»(x) be the open
- rectangle with center x and pv (x) as a vertex, and let

@ ={c :a =B, (x) for some xe¢ P and vew}

Then GeN(P) so that there exists a countable G'c G such
| that /u(PvruﬂoG') = @ and for any B < oG',

G'/‘J(a/\ B)< A//(Bo
ae

Recalling that n e.w and n > A 4 we seé that for a fixed
vew mno more than n elements B, (x) all lmving the same
vertex p,(x) ecan be in G', for if there were, the inter-
section D of n+l of them would be open, MD > O and

G'/u(an D) > (d + 1),uB >?\,UD.
ae

Also one can check that

~-Cv :
< ke v oo
/“BV (x) = M@y, (xN2 " Ty +L W (X)(pv (x??‘
Let  Hy = {a P a By(x)e G' for some xe¢ P}.
Then % ua < (pv(x))-— Ty
‘ aé_H/u Cv +l Dy (X)eQ/X ) Cy +l
' 5 4n

da 2 = i

an . o€ G',ua vgw QGZH/:O. = v}é'w Cy +1
=n _L"__ 1.

Therefore u(P ~0G') > 0, contradicting the choice of G'.
Thus N cannc;t be an‘"S-system for any A .
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L, APPROXIMATE CONTINUITY AND DENSITY
Throughout this section we assume X and Y are
topological spaces, f 1s a functien on X te Y, N is a
covering system for X and /u is a measure on X.

In the following_ definitions the concepts depend on yr
and N We omit these variables for the sake of simpliecity.

4,1 Definitions.

%j;n;i; f(t) =y iff for'every €> 0 and neighbourhood
V of y there exists a neighbourhood U of x such that for
every WeN(x) with W <« U we have u(W~ r-1v) < EMW.
f is approximately continuous at x iff
| limit £(t) = £(x).
t— x ,

4,2 Conditions on the Measure.

We shall say that u satisfies condition k.2 iff
(i) MX< e | |
(ii) for every A < X there exists a u-measurable
" A' such that A< A' and
WA = MA' .

(iii) for every A< X and € > O there exists an

" open set A' @ A for which
PO S
It has been éhown that if 'f 1is a /u-measurable function
and the range of f has a countable base then f 1is approxi-
mately continuous /u-almost everywhere provided either
(i) N is a T-system for u and M satisfies
~ condition 3.2 (see [2], page 288) or
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(1) N is an S-system for u and u satisfies
"~ only parts (i) and (111) of condition 4.2 (see
[u]y.

The proof under_assumption (i) given in [2:]makes use of
density theorems. We follow the direct method used in.[h] and
get the same conclusion'provided

(111) N is a T-system for M and m satisfies
 condition %.2.

For the.pr@of of this theorem we need the following two

results.

4.3 Theorem.

If M satisfies conditions (1) and (iii) of k.2, f is
fl-meésurable, €>0, and Y has a countable base, then
there exists € < X such that )u(X_A'C)<.€ and f 1s
continuous on c. ‘ | "

Proof. See[h], theorem 3.5.

L.t Lemma.
ifr M satisfies part (ii) of conditiom 4.2, F 1is.
countable, A< X, € >0, M(A~0F) = 0 and I _uW < /.tA+ e,

. We F
then for every B« X

wézF/A(Bn W) < uB + €.,
Proof. Let B < X and let B'< X be a M -measurable
set such that” B< B' and uB' = uB. Then for A, €, and
F as defined above-. - - )

MA </uaF /u(anB ) + ,u(oFNB') <

wéF,u(wAB'} 4-\.“16F/u(141~13'~ WeF}ch/uA+é.
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If WGZF/J(,WA].B? in' -j- €  then
' werh¥ ZpB! e WGZ.:F/UFWA;B_'? Z pBlFE

+ M(GFAB') > B(FaB') + u(oFuB') +€
'"=AGF_¥E z_/uA-l-é | | |
which contradicts the assumptions.

Thus WE'F/«/(B/\ W) < wg‘F/u(Bfn W) < MB' + €

=/M'B +E |
4.5 Theorem. |

If M satisfies condition 4.2, N is a T-system for m ,
Y has a countable base, and f 1is a /A-measufable functioen,
then f. is approximately continuous for },(-Qalmost all x.

Preof. For each n c¢w, let

" An = {x:xe X and there exists a neighbourhood
V of f£(x) for which there are arbitrarily
‘small WeN(x) with u(Was™iv)> Tuul,
Then - : B={x:zxeX and f is not a;pproxirﬁately"
| continuous at x} = nLéJwAn |
and 4B =01ff An=0for allnew.

Using 4.3, let C < X, M(X~ C)< & and f be continuous
on C. Given n e w ,lto show that /uAn = 0, let A' = An,C
and for each xe¢ A'y, let Vx be a neighbourhood of fix) such
that there are arbitrarily small We N(x) with /J(W&:f'lv:xb»
LuW. Let Uxe N(x) be such that Cn Ux< £717y and let

F ={w : for some x¢ A'y W N(x), WeUy and
o pGivelvy > vk,

Then F¢ I—\T(A'v).
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Since N is a T-system there exists a countable Fj< F
such that u(A' ~ oF;) = 0 and y2p MY < ua' + €. Let
D = ¢F1 ~C, ‘Then /uD <E€ and for every We Fq there is
an x e A' with We Uy so that | |

DAW =WAC = WAACA%QDWNflm.

Therefore /u(D/\ W) >/u(W/\Jf Vx)>n/uw
and by lemma N
3
2¢ > /uD + € > wéFl,u(DA w) %We_F]_/"w'
ﬂaF > ‘ﬂAH '
Therefore M An < M(Ann C) + /u(AnNC) < 2en+ €,

Since € is arbitrary uAn = 0.

The following theorem has been proved by Sion for N an
Sﬁ-system.for /u ’ in[h»], and proved for N a T-system and u
satisfying c’onditi_en 3.2 in[2]. - |

L.6 Theorem .
If N is a ‘I‘-system for /u M satisfies condition
k.2, and A is a M -measurable set, then for /u-almost all

xe X ~vA,

) 1imit -/-‘=‘-Lﬂ——l

WeN(x)
Proof. Let f be the characteristic fumction of A. By
4,5 for /u—aimost‘all ,ice X, f  1is approximately continuous
at x. Let N
_ B={x 3 x¢ X~ A and f is approximately
~ continuous at x}
Let € > 0 and V a neighbourheod of which excludes 1.

Then for every x e B there exists U e N(x) such that for
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every We N(x) with We U‘,
o /u(w/\ A) = /U(W/vf-lV) < €U W,
Since N is a T-system,
/u{x_i xeX and MW =0 for some We N(x)}z 0.

Therefore for  -almost all X & B, and therefore for
)J-almost all xeXNA,#/%Z .g €.
Since € >0 1is "érbj_.trary, for u -almest all X e X~A,

U(ANW)
y Yy = 0.
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