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A b s t r a c t 

A b a s i c r e s u l t of Doob s t a t e s t h a t , under very weak m e a s u r a b i l i t y 

assumptions, Bayes 1 estimators are c o n s i s t e n t for-almost a l l parameter p o i n t s . 

F i r s t i t i s shown th a t even when t h i s e x c e p t i o n a l ' s e t i s f i n i t e , the e f f e c t of 

p u t t i n g p o s i t i v e p r i o r mass on each p o i n t of the set may r e s u l t i n c r e a t i n g a 

new e x c e p t i o n a l s e t , l a r g e r than the o r i g i n a l one, r a t h e r than i n e l i m i n a t i n g 

the l a c k o f consistency. The .post e r i o r d e n s i t i e s are then s t u d i e d and i t i s 

shown th a t under f a i r l y strong r e g u l a r i t y c o n d i t i o n s the corresponding p o s t e r i o r 

d i s t r i b u t i o n s tend, i n the l i m i t , t o concentrate t h e i r mass on a p a r t i c u l a r 

p o i n t i n the parameter set. ' I f i n a d d i t i o n , d i s t i n c t parameter p o i n t s 

correspond to d i s t i n c t p r o b a b i l i t y measures, then i t i s shown th a t both the 

maximum l i k e l i h o o d and the Bayes' estimators are c o n s i s t e n t f o r a l l parameter 

values. 
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1. 

0. I n t r o d u c t i o n 

As an a p p l i c a t i o n of martingale theory to problems of e s t i m a t i o n , under 

f a i r l y m i l d m e a s u r a b i l i t y c o n d i t i o n s , and under c e r t a i n r e s t r i c t i o n s on the 

nature of the sample space and of the parameter space, Doob [ I J shows that 

the Bayes' estimates are c o n s i s t e n t except on.an e x c e p t i o n a l set of p r i o r 

measure 0. In [33 > under Doob's assumptions, and supposing the e x c e p t i o n a l 

s e t ' t o -be - f i n i t e , Schwartz c o n s t r u c t s a new p r i o r measure a s c r i b i n g p o s i t i v e 

mass to the elements of the e x c e p t i o n a l s e t ; and she conjectures t h a t the 

Bayes' estimates corresponding to the new measure are c o n s i s t e n t f o r every 

element of the parameter space.. I n f U ] , under r a t h e r s t r i n g e n t c o n t i n u i t y 

c o n d i t i o n s on the p r i o r measure as w e l l as on the d e n s i t y f u n c t i o n s , Boev 

e x h i b i t s the tendency f o r the p o s t e r i o r d e n s i t i e s , to concentrate at a c e r t a i n 

p o i n t o f the parameter space, as the number of observations increases i n d e f i n i t e l y . 

A f t e r r e c a l l i n g Doob 1s assumptions and r e s u l t s , we examine i n some d e t a i l 

the new measure proposed i n [ 3 ] , and we show th a t when the Bayes' estimates 

are not completely s p e c i f i e d w i t h respect to the o r i g i n a l p r i o r measure, i t i s 

sometimes p o s s i b l e to define them i n such a way t h a t the e x c e p t i o n a l set 

corresponding t o the new measure i s non-empty. In the example given, the 

Bayes' s o l u t i o n which i s determined-almost everywhere i s taken to be the 

estimator f o r every sample p o i n t . This leads to an estimator which i s c o n s i s t 

ent .except at one p o i n t f o r the o r i g i n a l p r i o r d i s t r i b u t i o n . The e f f e c t o f 

a l t e r i n g the p r i o r d i s t r i b u t i o n i s to s h i f t the e x c e p t i o n a l set from the set 

wi t h - a s i n g l e p o i n t to one c o n t a i n i n g s e v e r a l p o i n t s . The e s t i m a t i o n chosen 

i s n a t u r a l i n a mathematical'sense: i t .has the same form throughout the 

sample space; but i t i s i n t u i t i v e l y u n n a t u r a l or naive from th e * p o i n t of 

view of s o l v i n g the e s t i m a t i o n problem. I f t h i s l a t t e r view i s considered, a 

d e f i n i t i o n o f the estimator on a h u l l set i s r e a d i l y obtained which y i e l d s 

a Bayes' s o l u t i o n c o n s i s t e n t at a l l parameter values. 



2. 

Subsequently, modifying Boev's assumptions somewhat, we set h i s 

concl u s i o n s on what-.we f e e l to be-a f i r m e r basis-and-we show f i r s t t hat these 

conclusions provide f o r the con s i s t e n c y of Bayes' estimates whenever the 

maximum . l i k e l i h o o d estimates are c o n s i s t e n t and conversely. Thence, we 

conclude i n pr o v i n g t h a t under Boev's assumptions, the existence of a 

c o n s i s t e n t procedure i s a necessary and s u f f i c i e n t c o n d i t i o n f o r the 

consistency of maximum l i k e l i h o o d - and of Bayes' estimates. 
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• S e c t i o n 1. 

1.0 The Underlying P r o b a b i l i t y Models. 

Let N be the set of n a t u r a l numbers, and'.let (X. : j t N } be a f a m i l y of 
j 

completely independent i d e n t i c a l l y d i s t r i b u t e d random v a r i a b l e s , each w i t h 

range-space X* on which-a o" - f i e l d -OL i s defined. For every p o i n t © of a 

parameter • space (S) , a p r o b a b i l i t y measure P Q i s de f i n e d on the space 

{ 3 L , -Ol} •• I f f o r every j t I , X . i s a r e p l i c a of the space X , then 

f o r every n L N., and f o r every 0 fc © , we sta t e 

D e f i n i t i o n 1.0.1 
n 

The t r i p l e t { X n , ? t i n . P n | i s a p r o b a b i l i t y space, where X n = TT X <a n 

n 

i s the smallest a - f i e l d over • a l l the sets of the form TT A. where A. £. <3L 

f o r j = 1,2,...,n, and P " i s the product measure on the n-dimensional sets 

i n <5L N . 

•In matters of convergence t h i s d e f i n i t i o n i s u n s a t i s f a c t o r y : f o r our ; 

purpose, a sample•sequence o f s i z e n, • say, i s merely the p r o j e c t i o n i n the 
OO ' 

space X . n of some i n f i n i t e sequence i n the space |~[ )t. • Acc o r d i n g l y , l e t 
CO •> 

X°° = TT X- ; f o r every n £. N l e t be the smallest C - f i e l d over a l l 

the sets o f the form' A** X°° where A n £. <9Ln.. Now l ^ p l n ^ N / i s - a n 

ascending sequence o f c - f i e l d s i n the space ', i f we l e t OT denote 

the smallest c r - f i e l d c o n t a i n i n g U"Ĉ . , then i t i s shown i n [2] and [7] , 

among othe r s , t h a t f o r every ©£.© there i s a unique p r o b a b i l i t y measure 

tha t agrees w i t h P£ on <XP • : More p r e c i s e l y 

D e f i n i t i o n 1.0/2 

The t r i p l e t {. X *"., , P~j i s a p r o b a b i l i t y space, where 
CO X*°= TT X. •) ĈL_« i s the smallest ( T - f i e l d c o n t a i n i n g U'CL, , and 
j* » J. • JIN J . 

P"° i s a measure such t h a t , f o r every n t N 



where A n = A n x X°°, and A" t -CV . 

Now, though f o r any n L N, the spaces (X^, <2.M1 and { X°°, are 

d i s t i n c t , there i s between these two a one-to-one mapping embodied i n the 

r e l a t i o n 

A n ^ A"1 * X0" 

f o r every A"1 £ <<Stn , and i n t h i s sense we: regard the measure P" on 

xXn as the c o n t r a c t i o n of the measure P^ to the space { X*'&n} . 
I f f o r every 9.L&-, P Q i s a b s o l u t e l y continuous w i t h respect t o a 

measure V on {XJ'CL} , by the Radon-Nikodym theorem, there e x i s t s an 

<JL -measurable f u n c t i o n PQC') > unique up to a V -equivalence, such t h a t , f o r 

every A t 

P e (A) = ] p e CX) V (c/x) . 
A 

Formally 

D e f i n i t i o n 1-.0-3 

I f P i s a b s o l u t e l y continuous w i t h respect t o the measure V on { X ^ t S l } , 

there e x i s t s a d e n s i t y f u n c t i o n pi^C-) f o r the measure P̂  w i t h respect t o 

the measure V > unique up t o a v*-equivalence, such t h a t 

CO 
Moreover, i f V n i s the.product measure on the n-dimensional space { X n , <3Ln} 

obtained from V on each of i t s s i d e s , then the f u n c t i o n 

up t o V n -equivalence, s a t i s f i e s 

f o r every A £ <<3L" , and f o r every ntN, 
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On the parameter space ® , sometimes c a l l e d the space of the p o s s i b l e 

s t a t e s of nature, a 0" - f i e l d 05 i s given together w i t h a f i n i t e measure X 

Without l o s s of g e n e r a l i t y , we may assume th a t 

A ( © ) = X. 

Furthermore, without regard'to any p h i l o s o p h i c a l i m p l i c a t i o n , we s h a l l . o f t e n 

r e f e r t o A as the " p r i o r p r o b a b i l i t y " or more simply "the p r i o r " . But we 

do r e f r a i n from making t h i s a formal d e f i n i t i o n . 

Turning momentarily t o a general s i t u a t i o n , when two spaces Y and Z are 

given together w i t h t h e i r a s s o c i a t e d G" - f i e l d s and & , r e s p e c t i v e l y , we 

s t a t e 

D e f i n i t i o n 1.0.k 

For every y t Y , l e t f () be-a numerical set f u n c t i o n on Z ; then 

i f A c Z , the f u n c t i o n -f, .(A) i s -measurable i f , and only i f , f o r 

any r e a l number h, 

By exte n s i o n , i f the range of f ^ ( A ) i s a metric space and tb i t s B o r e l 

f i e l d , we say t h a t ^ ( A ) i s measurable i f , and only i f , f o r - any 

element E> £. <5b 

{y: f y-(A) L B>\ L •€ . 

1.1 P r e l i m i n a r y Notions 

I f ( X , |} i s any metric space, f o r Ac X such t h a t A =f^ <jft , define 

d C A) = Su,p j ( x , y j . 

Throughout t h i s paper, both Jt and ® are taken to be complete separable 

metric spaces, unless otherwise noted; moreover, i t i s assumed t h a t f o r every 



A £ -cXn , P ( " (A) i s a (ft-measurable f u n c t i o n , where ^ n and 6b 

have the meaning de f i n e d i n the foregoing subsection. Bearing t h i s i n mind, 

and w i t h the understanding t h a t <% K 6b i s the smallest ( T - f i e l d over the 

sets of the form A x B, where A £ <fX^ and B t <£> , we define the measure 

fXn o n *<X n X <fo by the r e l a t i c Lon 

(1.1.1) / G t n C A * 6 ) = J P J ( A ) ACcrfe) 

B 

f o r every /A£.-fl_ , every 8 t di , and f o r every n t H . L e t t i n g B = (9 

i n ( l . l . l ) , we o b t a i n the s o - c a l l e d marginal p r o b a b i l i t y measure-. 

(1.1-2) P n ( A ) = J" PQ (A) X ide) = Mn (An®) . 
© 

Furthermore, when P n ( A ) ^ O , the c o n d i t i o n a l p o s t e r i o r p r o b a b i l i t y of  

the s et ft i given A £• 'Ct,}, i s expressed by the r e l a t i o n 

(1.1.3) Q n ( s / A ; = 
AJLn ( A K B J 

P n ( A ) 

I f B i. (b i s h e l d f i x e d , then xx n(>\8j i s a measure on 43, n , a b s o l u t e l y 

continuous w i t h respect t o ; hence there e x i s t s , by the Radon-Nikodym 

theorem, a f u n c t i o n Q."^(BJ , unique up to a Pn -equivalence, and 

s a t i s f y i n g 

(1.1.10 ^ _ C A * 2>) = ' J Q J ( B ) P n C d x ) 
A 

f o r every A ^-^f,-

The f u n c t i o n Q " ( ) C d , ) , defined P n 9-e.- , i s one v e r s i o n o f the 

c o n d i t i o n a l p r o b a b i l i t y o f the set B I ft> , given the ( T - f i e l d *& n . 

I f the sequence x = C*,.,*-^•<•) belongs to the -CX̂  set on which Q" 0(B) 

i s d e f i n e d , the l a t t e r may be obtained i n the f o l l o w i n g manner: 



s e l e c t an a r b i t r a r y descending sequence of sets ^ j ^ - ^ such t h a t 

A. = TT A., x X . w ) , e r e A . £ <« f o r J = 1,2 n j i = j J«- J k ; J ' ' J 

i t A., f o r a l l j L ^ , 

P n C A j ) >0 » f o r a l l j t y ^ 

l>rn d C TTA,.) - 0 . 

then 

(1.1.5) Q " ( B ) = I."m Q n ( B / A . ) . 

When r e p r e s e n t a t i o n by d e n s i t y f u n c t i o n s i s a v a i l a b l e (see D e f i n i t i o n 

1.0-3), the f a c t t h a t P " C i s Ob-measurable f o r a l l A £ - # n i m p l i e s 
n 

t h a t TT p Cx.) i s -measurable f o r V" almost every sequence (.*,.>x •̂••; *n^> 
j * l ' 

and .^"-measurable f o r A -almost a l l 6 t © . 

By the F u b i n i theorem then, i f An t "Xn and A = A" x X 0 0, 

. P_ ( A ) = J / TT jo ( x . W n ( d { x 1 i x l , . - J x n l ) 
© A " J"-' * J 

A N © I = L 

Hence any 'Ct s e t , on whose p r o j e c t i o n i n X n , J TT |O f t(x.) A ( o i © ) = O 
' ® J " J _ 

i s a P n - n u l l s e t ; i n t h i s case 

\ TT p f tCx.) ACde) 
(1.1.6) Q x C e > ^ = B ^ 6 J" , a-e- Pn . 

- f n 

J rr p-co A (de) 

J ; 1 c o J is The f u n c t i o n •J'1 i s commonly c a l l e d a p o s t e r i o r d e n s i t y 
i 
© 

f u n c t i o n . 
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I t i s a t r i v i a l matter t o show t h a t Q n(*) i s P -equivalent to a 

p r o b a b i l i t y measure on the space We now d e f i n e , P , 

the Bayes' estimate 

and thence: 

D e f i n i t i o n 1.1.0 

The r e l a t i o n s (1 .1 .2) , (1 .1 .4) , and (1.I .7) define a Bayes' e s t i m a t i o n 

system {\X, P, Q , j 3 \ , and t h i s system i s s a i d t o he 

( i ) P a r t i a l l y s p e c i f i e d , i f and only i f , Q ^ i s u n s p e c i f i e d on a non-empty 

P - n u l l s e t , f o r some fl t M . 

( i l ) Completely s p e c i f i e d / i f and only i f , i s de f i n e d everywhere-on 

3£.n , f o r every n t N . 

( i l l ) C o n s i s t e n t , i f and only i f , i t i s completely s p e c i f i e d and 

f o r a l l 0 I ® . 

I t should be c l e a r t h a t Bayes' e s t i m a t i o n systems are not unique, i n 

genera l , and th a t p r o p e r l y speaking, unless A be d i s c r e t e w i t h p o s i t i v e 

mass at each p o i n t , we are d e a l i n g w i t h a complex of systems. For, from a 

f i x e d completely s p e c i f i e d system { X, P , Q , p) ., another may be obtained 

by a l t e r i n g " the measures Q̂ V on P ^ - n u l l s e t s . This w i l l be q u i t e evident I n 

the. c o n s t r u c t i o n .of a counter-example. 

1.2 Miscellaneous Conventions. 

The e f f e c t of i d e n t i f y i n g the measure P* on w i t h the r e s t r i c t i o n 
Q 

of the measure P °̂ t o 49L , f o r any n t Is th a t f o r p r a c t i c a l purposes we 

do • not d i s t i n g u i s h between x̂T - m e a s u r a b i l i t y and ^ - m e a s u r a b i l i t y . For t h i s 

reason, both an i n f i n i t e sequence i n X°° and i t s p r o j e c t i o n i n the space X n 

are represented by the same symbol x when no confusion need a r i s e ; f o r example 



the s u b s c r i p t h i n the Bayes' estimate describes the l a t t e r as a 

f u n c t i o n on "that depends only on the f i r s t n coordinates of sequences x, 

and f o r any such sequence the value. p n ( * ) i s obtained by computation i n the 

space 3 6 " , . By the same token, f o r any 9 t © , we view the f u n c t i o n 

w i t h value" (T p A(x.}, asja.--mapping; on 36;"r-td- X. ̂ by d e f i n i n g 

] ? > . < v - - n v 

where 

f o r every x = (•*>,, x t >•••.) ^ • 

However, when r e q u i r e d , we do represent the p r o j e c t i o n of the sequence x i n 

the space 3€ n by the symbol £ ^ • 

For s i m p l i c i t y of n o t a t i o n , we l e t 

By a re c t a n g l e i n >Cl , we piean a set of the form 

A = A n x X ~ 

where A =-FT A., and A. L f o r j . = 1 , 2 , . . . , n . 
j -1 J J 

In general any set Q.C^Xn can be "represented i n the form 

c = C n x 

where C n C *{fl.n . We r e f e r to C n as the p r o j e c t i o n or image o f C i n the 

space X . n . 

A more compact n o t a t i o n f o r sets i s a l s o d e s i r a b l e ; f o r example thus 
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Now when a system I A >.P,'Q., p*} i s completely s p e c i f i e d l e t 6 0
 = 

{ 6 : P ^ ( t p r t < * > - * 0 J [ ) ¥ '} • 1 1 : 1 6 s e t &o -shall be r e f e r r e d to as the exceptional 

set; often, we s h a l l say that the system {•^JPJQ.Jfi} i s consistent except 

on the set B Q ., that the Bayes' estimates are not consistent f o r 6 I d>Q t 

or that- the' Bayes5' estimates f a i l to converge to & Pg -on B 0 . 
The i n d i c a t o r of a set C i s a point function such that 

Xjt)= 1 , i f t t C . 

= 0, .otherwise... 

In Section k, the metric properties of the spaces involved being more 

i n evidence, we s h a l l adhere, without fur t h e r reference, to the following 

conventions: open sphere, closed sphere, and neighborhood system .of any 

point x i n any metric space {.Xjj} are denoted thus 

TCx,eJ = { y : y t X ^ a n d f ( x . y > * e ) , 

l < X O = ( y ; y t X . a n d f U,y) < €}, 

V U ) = { V : v c A . a n d 3 € > o 3 TCx.e) c v} . 

Again, the c l a s s of open sets, and the c l a s s of closed sets, i n the space 

{ X ? ^ } a r e , r e s p e c t i v e l y denoted by 

•• "JGO = {<;.; q c X , a n d if * L q, t h e n q e. VCAJ}^ 

> 0 O = {?,-. F<=X, a n d X ~ F e ^Cx)} . 

F i n a l l y , a set AcX i s bounded i f , and only i f , 

d ( A ) < oo , 

where d(.).has the meaning defined i n the previous:subsection. 

1-3 Doob's Assumptions and Results. 

(A.l) { X , ^ } and {©.,(&} are both isomorphic to Borel sets i n a complete 

separable metric space. 

(A. 2) For every A t <JL , i s a &-measurable function. 

(A.3) The measure.A on © has f i n i t e f i r s t and second moments. 
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(A.h) I f © * & -, there e x i s t s a set A £ <*. such t h a t P - C A ) P. ( A ) . 

Theorem l Q . I 

Under the assumptions set f o r t h above: 

( i ) T h e r e - e x i s t s an -measurable f u n c t i o n f such t h a t 

P£Ctf c*) = e})= l J 

f o r a l l © I © 

( i i ) A { 6 : P Q C { Q ^ C 6 ) — > X (e) ; f o r a 11 fct&a AC;B) >o#= ] } * 1. 

( i i i ) I f the p o s t e r i o r d e n s i t i e s e x i s t ; . i . e . i f 

Q ^ C & ) = J a ( * , x ) A ( d ^ f o r a l l 

then 

A U PJC{ < j n c * . x ) - * o , A - a . e . , - * * e j ) - ]> - 1 . 

<iv) A { e: P - C { j b n ( x j - ^ e » = l i = 1 . 

The proof o f t h i s theorem i s given i n QlJ and £3] > "the assumptions being 

more shar p l y d e l i n e a t e d i n [3j ^ d [53 - To r e t u r n now t o the comment made 

f o l l o w i n g D e f i n i t i o n 1.1.0, i f Doob's assumptions are met, and @> i s 

d i s c r e t e w i t h p o s i t i v e A -mass at each p o i n t , a completely s p e c i f i e d Bayes' 

system {AjP.Q^p") i s c o n s i s t e n t . 

Now f o r the ex i s t e n c e o f a c o n s i s t e n t procedure, i n p a r t i c u l a r f o r the 

exi s t e n c e of a c o n s i s t e n t e s t i m a t i o n system, i t i s necessary t h a t the f a m i l y 

{ ; 8 £ © } s a t i s f y assumption (A.k); i f i t does not then no c o n s i s t e n t 

procedure e x i s t s , and f o r t h i s reason, we r e f e r t o assumption.(A.k) as the 

"Minimal' Consistency Requirement". We s h a l l enlarge on t h i s matter i n 

S e c t i o n k. 
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S e c t i o n 2. 

2.0 The New P r i o r Measure A 

Doob's assumptions being f u l f i l l e d , suppose t h a t 

Define a new p r i o r d i s t r i b u t i o n A on © b y 

A C B> = Cl - £) A (eo t 6 f ( B ) , f o r 6 ^ , 

where 6 I ( O l ) , «P ( B.)=0when B n 6 = (Zi , and <f ( { 9 . ) ) = a . > O 
k r J j 

f o r j = 1 , 2 , . . . , * , v i t h I 3 . = 1 . 
j = i J 

Then 

A C © ~ B 0 ) = Cl - <L) . 

In g e n e r a l , f o r every E> l> fe 
o 

k 

A c e o = ( l - e) A (e>) + t Z a , * (e.) , 
j - ' 

The measure A i s c o n s t r u c t e d i n £3^ , and i t i s conjectured t h a t the 

system {A P O &) i s c o n s i s t e n t , at l e a s t when Qn i s d e f i n e d p r o p e r l y 

a - n u l l set.- But i n S e c t i o n 3^ without d i s p r o v i n g t h i s conjecture 

e n t i r e l y , we do devise, a system (A,P,Q,£j th a t i s not c o n s i s t e n t . 

2.1 The Bayes' E s t i m a t i o n System [A,P, Q . f t i 

By d e f i n i t i o n , f o r any n t- N 

P n (A) = 1 P. n (r\) X c^e) 

f o r a l l A i 4 n . 
Therefore 

k 

Pn CA3 = O - e ) I P« CAJ A<Xe; + £ I a . P n ( A ) . 
© ~ B 0

 J-' 

om 
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whence 

( 2 . 1 . 1 : ) P"n (A) = ( l - e ) P„(A) + £ 2_ a. p: (A) 
j = 1 J J 

f o r a l l A I . 
n 

I f B L db , and A i.'QL- , and provided the denominator i s non-zero, 

- , , \ X CQ) P " (.A) \ (e*0> 
Q N ( B / 0 = @ 6 9 y 

Further, upon d i v i d i n g Doth numerator and denominator by the f a c t o r P n . ( A 3 , 

i f non-zero, i n the right-hand side of the above equality, and then expanding 

i n terms of the p r i o r A , we obtain 

0 - o QN C B / A ) +[P N 6 O J i € I a - X (e) P" (A; J 

k 
( 2 . 1 . 2 ) QTC-B'/X) 

A d i r e c t computation of p o s t e r i o r p r o b a b i l i t i e s , and BayesV estimates 

by means o f ' l i m i t i n g processes applied to the r e l a t i o n s - ( l . 1 . 5 ) and ( l . 1 . 7 ) 

i s postponed momentarily; we-prefer to assume the existence of density 

functions, i n which case: 
r ^ 

_ ( l - e) J p 0 CQjX) ^ -t e 2 a. X R ( 0 . ) p n fo,x; 
Q ° C B J = B J»» J B J J  

( l - O J pnre, x jA(dej -t- e 1 a, p / e . ^ ) 

f o r each x f o r which the denominator i s non-zero. Div i d i n g both the numerator 

•and denominator i n the right-hand, side of t h i s equality'by i pn (6, xJ A(o/6j, 

i f non-zero, we obtain 
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k 

(2.1.3) Q n C 6 ) = - & j l n l J b 4 . 

C i - -1- e I I a . ^ C e . , * ) 

For the Bayes' estimates, hy successive steps, as for the equalities 

(2.1.2) and ( 2.I . 3 ) , w e obtain i n turn 

i 9 p n c e , x ; A ( d e ) 
P „ C s > = © n_ , 

-! pn(8.6) A (de) 

( i - O J © p ( e , x) A ( d e j e 2 e . a . p n C e . , x ) 
6 n ( x ) = © » > * J

 t 

O - o J p „ ( e , * ) ACd©) + e I a.p„(e.-/x) 

Thence, provided i t> (e, X ) > Cd©) O , 

O-e) s n ( x ) t- c 2_ e.a.o .(0. x) 
(2.1.1+) pnCs>.- V ' fcJ-' J J i - J - . 

( i - O •+ e 1 a. ̂  (e., x) 

I t should be noted again, that the relations (2 . 1 .2) , (2.1.3)> and (2.1.U) 

are v a l i d except on a P^ - n u l l set. 

Theorem 2.1.0 

Suppose that a Bayes' estimation system { A. P. Qy ft} i s constructed from 

the assumptions ( A . l ) , (A. 2 ) , (A. 3) , and (A.1+); i f 8,, i s the exceptional set 

for the system [ A , P, Q ( such that 

i f furthermore, for every 6 t 8„ 

P ~ C{ (jnOji *) — > 0, l o r j = X, 
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then the system {A , P , Q , p" ̂  i s consistent. 

Proof; By theorem .1.3.1 ( i v ) , A(B„)=0, and the system { ̂  , P , Q , i 

i s consistent f o r Q t © ~ B •• Further, i f oC = 1,2 : 

therefore since X s a t i s f i e s . (A.3); so does A 

I f 9 { ba , then by :assumption, 

P ^ C t Um Z e.a.^Ce .) = lira ' 2_ a. ̂  (e. * j - o l ) = 1 . 

Hence, by (2.1.1+), 

• I f 8 l B , then A > O t y construction; hence by the theorem 1. 3.1 : ( i v ) 

The question naturally arises whether the convergence to 0, "with probab

i l i t y ( P^').'l"> of the posterior densities evaluated at any point or 4 Q insures 

the convergence of Bayes 1 estimates to the point • 0 ; i . e . , i s i t true that 

l i L : e| o , -for a l l * 7 * ^ { X : (e>n (x) -> 0} ? 

In a l a t e r section, we s h a l l undertake to answer t h i s question, at least 

- p a r t i a l l y , At any rate, i n the counter-example immediately following,the 

inconsistency of the system { A , P, Q (3 } i s derived from the non-

convergence of the posterior densities for the appropriate values of 0 . 
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S e c t i o n 3 

3-0 D e s c r i p t i o n and Notation f o r a; P a r t i c u l a r P r o b a b i l i t y Model 

X. = i0,l\ , f o r a l l j L N . 

©' = Co,13 • 

A * the' Lebesque measure. 

X3L — & : the B o r e l sets of [0,1] . 

i-or 6 f i P e ( A ) = l , i f e c A , 

= 0 , otherwise. 

For 0 = i , P e({0}j - i 

P e(U» 2 

? any i n f i n i t e sequence w i t h i d e n t i c a l coordinates x £ £0,l"[ . 

D(r0 : the diagonal i n X" ; i . e . , { X C n ; : X i [o, i3} . 

C : the n-dimensional product of any B o r e l set C c f 0 , 1 ^ 

C ̂  r any n-dimensional cube ft C , such t h a t f o r every j ̂  n , C . i s 

B o r e l set i n [ 0 , l ] , A (C.) i s constant, and D ( n ) n t ( n ) = 

For any set A £ *<9t n 3 A = A n X X 0 0 : 

D n ( A n ) = D < n ) n A n , 

D ( A ) = { x : x ( 0 ,f. D n ( A n J r . 

Remarks 

(a) For any B o r e l set C c Qo, 13 , C ( n ) n D ( n ) = . { x ( h J: x t • 

(b) I f &n> = T T C then 

(c) The choice o f B o r e l sets r a t h e r than the subsets of £0,1} f o r the 

n c . = . ^ 

(T - f i e l d /(SL i s made to s a t i s f y assumption (A. 2 ) . 

3-1 C h a r a c t e r i z a t i o n of the Measures PQ* 

For 6 I f C £ ^ L , then 

(3.1.1) P J (c<">) = { P e ( o \ n
s - i , i f e t c , 

r 
. = 0, . otherwise. 
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I f C(n) i s an "off-diagonal" cube, then 

(3-1-2) P £ C C l " ! ) = 0 . 

In general, i f A is-any- <<5ln subset 

(3-1-3) p j u n ; = i , i f e(n
o>i A n , 

• = 0, .• otherwise. 

Note that 

(3-1-4) Pg({X n~ D ' n )J) = 0 i 

pn C Dcn> J = 2 

. For d = I f A 6,-CX, , then P| (A) .= 0, |-, or 1, according as A contains 
Z 

respectively none, one, or both of the points {0} and {l\ . 

• If.-'A i s a rectangle i n -^X _ , and A n = , i t follows readily that 
n j= i J 

(3-1-5) P" (An) = 0, i f at least one of the faces A. contains neither 

10}, nor {1} , 

. = 2 - l c , f or k. = 0,1,2,.. .:,n, i f k.and (n-k) of the faces 

A contain, respectively, one and both of the points 
J 

{ 0 \ and { IV • 

Now i f we l e t D°° = { . X : X ( n )£ D < r > J for a l l n .t N } , 

(3-1-6) P~(D~) = 1, i f ? , 

p r u x ~ ~ D~O = ' i . . . 
2 

3.2 The Measures P n 

I f C C <5L , then 

(3.2.1) P nCc' n') = S P"COM) A Cc*e) = i-)C (e) \(de) = A C O 

f o r every n C N . Moreover, f o r any cube C , 

(3-2.2) P n (cCn>) = 0 . 
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Observe t h a t 

PJ ( e « ) - 1 , i f 

but 

P„ C§in>) = 0 , f o r any e t ® . 

Furthermore, f o r any " o f f - d i a g o n a l " subset B> C i p t n )] 

(3-2.3) Pn"C B>) = O . 

Be i t noted t h a t the r e l a t i o n s ( 3 - 2 . l ) , (3-2.2) and. (3-2-3) are p a r t i c u l a r 

instances of the f o l l o w i n g f a c t s . I f A i s any rectan g l e A " x X°° i n 
• n 

such that. A = TTA. , then by (3 .1 .3) , 

P„ C A N ) = S TfXsAe) !(«/&) — J ? C „ (&)\(d&)= X C fl A ); 

c l e a r l y 

Therefore 

P h C A n J = ACDCA)). 

In general i f A £ 

P ( An; = J pr- ( A « n D w ) A (dej + { P" (A n-D c n i; A (de) ; 
h © 6 (B Q 

but, by (3>l.k), 

j p (A 1 1 ~ o ( n ); A (de) = o J 

t h e r e f o r e 

P „ C A n ) - i x Ce) A (de) 
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Hence, f o r every . A £ 

(3.2.10 P N CA"; = A C DCAO 

Observe again, how the dual r o l e o f the measures P " I s r e f l e c t e d i n 

the measures P_ ••, we w r i t e 

yet we mean 

p n CA; = J P^CA"* AW©), 
® 

But we shun the l a t t e r n o t a t i o n on the grounds t h a t i t i s decidedly too 

cumbersome. 

3.3- The P o s t e r i o r P r o b a b i l i t y Measures 

For every B t, &> , the e q u a l i t y ( l i l . U ) . d e f i n e s , almost everywhere P_ , 

the f u n c t i o n C ^ ^ J ( B ) as a v e r s i o n of the Radon-Nikodym d e r i v a t i v e of the 

measure ' X 8.) w i t h respect t o the measure P ^ , f o r any n t l J . 

For every. A £ 
n 

(3.3.1) A , C A K B ) = J Ql C B J P . C C U ) . 

By d e f i n i t i o n , and by ( 3 . 2 . 4 ) , 

A * 

(3-3-2) >w.n ( A * &) , ft = . J X . C©J> PICA) A Cd©J) 

= J ? C (e) 9 C , O ) A Ue) 

= U B n D C A » 
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Now, by (3-2.h) 

SXstz) P n (dx) - P n ( B ^ n A n ) 

= A C D ( e> C h Vx X°°n A ) ) . 

However, 

hence 

D CB C n^> X^ e^DA) =• E> n D C A; 

Therefore 

J X Cx; P X c U ) = X X B VDC/O) (3-3-3) 

I t f o l l o w s , by (3 .3 .1 ) , (3-3-2) .and (3-3-3) that 

J % L6) Pn C o l x ) - j Q " (&) P h C d x j ) 

f o r every A- £. ; thence by the-Radon-Nikodym theorem, 
Hi 

f o r .any B £. tfb • 

P 

We now s p e c i f y the system. { A ,' P , C?, (2> } completely thus: 

f o r every x £, X. .,. f o r every B £ 0b , and f o r every h t ^ , l e t 

This d e f i n e s .as a proper d i s t r i b u t i o n on { © , di} , f o r every X £. X 

and f o r every n L N) .. In . p a r t i c u l a r 

(3-3-5) Q n CeO = X , Cx(MJ> = X C x ) 

f o r any' X £.CO,lJ^. On the other hand, • i f A _ ^ D**" , then there e x i s t s 
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a J i_ N such that f o r a l l n > .J x < n ) 4- D ( N J • Consequently, f o r any f i x e d 

n J , there e x i s t s a number € n > O such that i f B J . Ji , and d ( B ) - ^ € h , 

then x C n ) 4- B ( N ; ., and hence 

(3-3.6) Q £ ( B > = 

f o r a l l b e (lb such that d ( B K 6 n . 

3-4 The Exceptional Set of the- System . I. A , P, ft ) 

By (3-3-5) and by (I. I . 7 ) 

(3.4.1) p = J w o = x. 

For-any X. 4 D°°' 3 J (x ) £_ N 3 by. (3.3.6) 

(3-4.2) (2>nC^:> = 0 » 

f o r every n > JCx) . 

T h e r e f o r e , - i f 8 |, hy (3.1.3) and (3-4.1) 

I f e = i, then by (3.I .6) .and (3.4.2) 

P i C I- p „ ( * ) - ^ o } ) = 1. 
Therefore the system i s consistent except on B = t where A ( B^) — O . 

j ' 0 

3.5 The System { A , P, Q, B } 

In sub-section .2.1, we avoided an e x p l i c i t representation of the p o s t e r i o r 

p r o b a b i l i t i e s and Bayes' estimates by means of l i m i t i n g processes. We proceed 

to-such"•a^r"'e^Ve.'sen"1t'a;t'i'6n'-",s'f©.r--tht-s-'particular-case. 

The version of r e l a t i o n 2.1.2 appropriate to the present • s i t u a t i o n i s 

( i - O Q n ( B / A ) +{Ph(A)]~l{e X C& P£(A)\ 

C i - o + [ P n C A ^ " { e P I Goh 
*- 2. 
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provided P £A) ^ O ; i f i n a d d i t i o n PP ( A ) O , then 
2. 

(3-5.2) Q n ( B / A 3 -

Now l e t ' C . = [ o j 6. > , O < e. < 6 < 1 , and 11 >r\ £. =- O . 

Then, hy (3 .5-2) , (3-2.1) and (3-1-5) 

(3-5-3) Q " C B / C % X ~ J = L_JL Jl * > 

f o r every n L M . Therefore,, by ( l . 1. 5) 

(3.5.1+) Qn C B ) = _ S » =—i£Ji 
(/-OQ n C6J [ 2 n l.«m + e X Ck) 

o 

j C N J 

But Q>" i s w e l l d e f i n e d f o r any h £ H , and 

hence i t i s q u i t e c l e a r that 

(3.5.6) Q\ CBJ> - X ( , 

f o r every 8 £_ # , and f o r any n t . 

By a s i m i l a r argument, i t can be shown a l s o t h a t 

(3.5.7) Q ^ C B ) - X , e C:k:> , 

f o r every B £. (ft , and f o r any n £ ivl . 

Now l e t ( P } • . be a sequence o f B o r e l p a r t i t i o n s o f the space 

such t h a t 
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Then, f o r any n£• N , by (3-5-6) , 

f o r a l l i t N| and hence 

f o r every n 2. N 

S i m i l a r l y , by (3.5.7) 

f o r every n L Nl . 

I t f o l l o w s immediately t h a t , by (3«1-3) 

o i n 

This l a s t r e l a t i o n shows th a t the system • {A , P , Q , / i ) i s not c o n s i s t e n t . 

I t should be emphasized t h a t the v a l i d i t y of t h i s counter-example r e s t s 

on a p a r t i c u l a r choice of the p r o b a b i l i t i e s C£ 1 1 f o r t h e • " o f f - d i a g o n a l " 

sequences. A more reasonable estimator would be 

h n C x p ) = * > f o r a n y x t C o , i"J , 

H n ( x ) = - y , i f x ( n ^ D C n ) , f o r s o m e n t / d . 

Here h^O i s a Bayes' estimator t h a t agrees w i t h ^ n C') ^ } 

namely on the dia g o n a l , but which i s c o n s i s t e n t f o r a l l 9 L ® . 
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S e c t i o n k 

k.O O r i e n t a t i o n 

Boev's paper, which we now consider i s devoted to the study of the 

asymptotic behaviour of the f u n c t i o n s ^-Jm^' > > *>ut h i s r e s u l t s seem to 

have been gotten without proper foundations. We proceed to reformulate h i s 

i n i t i a l ' a s s u m p t i o n s , thence t o describe the behaviour of the f u n c t i o n s C|n (\ 

and f i n a l l y to examine the behaviour of the Bayes 1 estimates i n the l i g h t 

o f Boev's. c o n c l u s i o n s . 

k.l Assumptions.'and Basic Lemmas 

( B . l ) © and j£ are two a-compact subsets of the r e a l l i n e > f} > 

where j> (x,y) =• /*-y| , f o r a l l y ) £ (2 x- R. . 

• (B..2) For every 6 t <S> , P Q i s . a b s o l u t e l y continuous w i t h respect to a 

f i x e d measure V , so t h a t there e x i s t s a d e n s i t y f u n c t i o n p , (.&, •) 

s a t i s f y i n g 

PQ(X) = J p,-(o, x.) v ( C I K J = 1 

The f u n c t i o n Pi ("•»"-) 1 i s continuous and bounded, i n the product topology-

of the space © K jt ; moreover, there i s a f u n c t i o n 6 ^ " 35; © s a t i s f y i n g 

( i ) s u p f j , ( ( , = p i f e / ^ . x ) , 

( i i ) there i s a constant Y > O , and f o r every x £ 36 , there 

e x i s t s a neighborhood •'•£'-' such, that 

f o r a l l | C V x , and such t h a t 

i n f q[ C V / x ) = m -> o . 
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Furthermore, given <a > O , there e x i s t s two compact subsets K ( c © and K^c j fc . 

such t h a t :.(.:.• . . ;•, 

p, Cf , t ) < fc 

f o r a l l p a i r s O 4 * 

(B.3.) X has a continuous d e n s i t y p w i t h respect jbo the Lebesgue measure jx, , 

such t h a t p O i s bounded on © and vanishes only at i s o l a t e d p o i n t s . 

Moreover X'C©,)'^00 , and the f i r s t moment of A i s f i n i t e a l s o . 

(B . 4 ) For v " almost every sequence x ( n ) t X " , where V " I s the n-dimensional 

V -measure, and nt^ i s a r b i t r a r y , there e x i s t s a mapping y : © —> % 

s a t i s f y i n g 

( i i ) . f o r any | £. | i m y n ( f , X ) e x i s t s i n X. . 

Throughout t h i s , s e c t i o n , unless otherwise noted, i t s h a l l be understood 

t h a t the above assumptions are f u l f i l l e d i n every statement of p r o p o s i t i o n . 

The f u n c t i o n b e i n g continuous and bounded i n the product 

topology o f the space © X 56.-•••and. the component spaces of t h i s C a r t e s i a n 

product being <r -compact w i t h the p r o v i s o following-assumption (B-2 t^j) > 

f o r every | L® , and f o r every x 6. , the p r o j e c t i o n mappings p, (f, O 

and p( x) are u n i f o r m l y continuous i n t h e i r r e s p e c t i v e domain. But 

more ensues, s p e c i f i c a l l y 

Lemma 4.1.1 

Given any open set £. ̂ (©) , empty or non-empty, f o r every X £ , 

there e x i s t s a p o i n t t£<E>~<j such t h a t 

p , c {:, x;> = j u P p , c 4, *; • 
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Moreover, the f u n c t i o n 

h 0 ) = SufO j D , C | , ') 

i s continuous i n X • 

Lemma k.1.2 

For every x t ^ , and f o r any Vf. 60), there e x i s t s -a 

number e > O such t h a t 

W ( o p . C l - . ' O < ( l - € 3 jo, ( © ^ ( x ^ x J ) / 
| £ ©-V 

and hence the f u n c t i o n 6^0 i s continuous i n X . 

, Proof: Suppose on the c o n t r a r y t h a t f o r some x £. S i ; 3 V £. VC©̂  ( 

such t h a t f o r a l l £ e ( O , 1) 

(1) stcjo p , C{> O > C i -e-) p, C ^ C O , • 

Let t s a t i s f y 

(2) f>, C t , x ) = !>*p p, ( | , X ) .. 

Choose a decreasing sequence (. ^ • } ; t N/ 3 

(3) fc. t C©,0 > {or a l l j t M v 

(U) l i m € . = O . 

,Now by ( l ) and (2) 

p ( C t ; x J > O - 6 ) |D, C © ^ C x ) , xJ , 

f o r every J £.. M . •• Thence, by (4) 

(5) *»,Ct,0 > p>, C0^CxJ),xJ . 
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But t h i s i s absurd since t ̂  \l , and (x; i s unique. 

Now l e t X i. X be chosen a r b i t r a r i l y and l e t o 
% ex.) = e„ . 

Choose any \Jtlf(Q^) ; then by the foregoing argument 3 £ L Co, i) 5 

^ v C x c ; = s u p f,(!,x B; ^ 0 - t . ) p / e ^ x ) . 

Select-two numbers (X and ^ .so that 

h v C x e ; + o < 4 C l - e ; { r W * 0 - . 

But by Lemma U;l.l., H'yCO and indeed p ( ( 6 ^ ( • ) , * ; being continuous i n X : , 

there exists a U-£ V"(x0) s u c n that, simultaneously, 

p, C e * . - p < p, Ce^Cx;, xj> , 

and therefore 

^ v C/J) < (a, xj , 

for a i l X t U • • But the l a s t inequality implies c l e a r l y "that 8^(x)£.\/, 

for a l l X L ; since V was chosen a r b i t r a r i l y we conclude that 0̂  C'J i s 

continuous i n X . 

Lemma k.1 • 3 

Let x.L J£ , otherwise arb i t r a r y , and suppose-that 

0* Cx; - e „ . 

There exists a fi x e d 0" > 0 :., and a l > o that may be taken a r b i t r a r i l y 

small such that f o r a l l n t l\) 

® 2 
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Proof: 

Let p(9<) >0 J by assumptions (B.2) and (B.3), there exists a 

V e v f e ^ s u c h that 

for-..all ^ £ V ; - arid hence 

(1) i jô Ĉ xJ) A.C<=U> > C p ^ ( 0 /O-lf-^lV^I) 

.Assume that p>0 i s chosen : so that 

Therefore, for-any <$ 

( i ) C A , - * ' e^-i j c i c e * , P ; , 

or ( i i ) t 1, + f ] c 

The argument being the same in.either case, we show i t for case-(i) only: 

a change of variable. 

(2) 5 ( \ - \ i ~ e j r ) n A t(dS) > I t \ - \ i - e j r ) n
 > u . C d f ) 

= J o - t Y ; > n d t > <5Y;n. 
f 2 

Thence, by ( l ) and (2) 

® 2 

I f p ̂®#-)~ ^ ) w e may by assumption (B. 3), choose 0 such that 
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f o r any I : i . 
l^-Ze^-Sl ; and for any <T ^ 

* Z 

in-f ^ O . 

The argument thence proceeds as before. 

Lemma 4.1.U 

If A L X and 

P 

then for any o( 

11 m 

n t N 

6 (X ) r: G 

= O 

Moreover, the convergence i s uniform on [®~ V ) , for any V L V(e#) . 

Proof: Choose V t ^ ( G J 3 <* ̂ , V ; by Lemma h.1.2. 3 e t ( o , l ) ^ 

(1) 

On the other hand, by the previous lemma 

(2) J ^ C t x ) A C d H > °-p; ,<e*J>o t f o - , 

where 0" "> O - i s f i x e d , and £ may be as small- as desired. In p a r t i c u l a r , 

i f 

S Y < e . 

by ( l ) and:(2), we obtain,.after s i m p l i f i c a t i o n , 

P ? 
(3) 

( I _ 
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But, by choice of. 

therefore 

ntM \ , - Sr 

the conclusion i s immediate. 

k.2 The Main -Convergence Properties 

I t should'be noted that the function © C O evaluated at the-point 

C f, x) - i s independent of / J i e - i f X C n J i s held f i x e d then 

( 6^ (yn C^ x ) , x .) i s constant f o r a l l £ £. © . , and f o r any n t- M . 

Recalling the notation i n assumption (B.U(i)), we have 

j =1 5 J 

To use a well-worn statement: © C y (f, x)) i s the value of the parameter 
n . 

£ which maximizes the product FT (X.) , f o r -any fi x e d sequence X ; 

i n other words, i t i s the maximum..:Likelihood estimator of the parameter. In 

line, with the established notations! conventions, l e t 

Be i t noted also that by assumptions (B. 2) and (B . 4 ) , and by the Intermediate 

Value theorem, the maximum l i k e l i h o o d estimators do exist for every X £. Jt r 

and for every n L ^ . 

Lemma 4 .2 .1 

I f X L X i s such that l im y n(i,'X) exists for every I t ® •, 

then |im 9 Cx) e x i s t s ; i f i n addition 
n — 

n£.N 

l im 6 N Cx.) = 6 ^ , 
h t M 
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then for every ctf 0̂  , 

If i n a ( c*, x ) •= O • 

Moreover, the convergence i s uniform on [©- V) f o r any V. £- ^ ( 0 * ) • 

Proof: For s i m p l i c i t y of notation, l e t 

3n = S„C«> = Vynax)) 

for any | t © ; by assumption and by lemma 4 . . 1 . 2 , 

Choose 0 ( ^ 9 ^ ; there exists a V £• ̂ (9^ >-• such, that « ^ V . 

Now by lemma 4 . 1 . 2 , there exists (: 1 Co,j) 5 i f 

lim = yo , 
h t N 

then 

Since h (•) , and p (• , •) are continuous, and since $ 0 independently 
V I I fl *r 

of ^ t © • y 3 J £. N ^ for a l l n ^ J ( 

( 1 ) p, < sup iPi C ^ ^ c ^ x i ^ c i-t) p,ce„ >yn(c<,x)) . 

On the other hand, by assumption ( B . 2 ( i i ) ) , we can f i n d a neighborhood 

U I V(9 ) and-a number « £. ("0,1) 9 f o r a l l £fcU , and f o r - a l l H-t, 

( 2 ) p, > C i - u - © n - r J p, (*„ > y n ^ ^ ^ > 
, and 

( 3 ) 1 (e , e,) c u. . 
n 1 n 
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Thus by ( l ) , (2) and (3) , and by assumption (B.k), f o r a l l h > J 

© ® 

1 

The remainder o f the argument p a r a l l e l s the p r o o f - o f lemma V . 1 . 3 r i f 

p (0^) V O , assume fi> t o be so chosen t h a t , by assumption . (B.3) 

i n f p ( { ) - <T > O . 

Next choose > O 3 

c f < 4. , z 

Thus, since § —*• 6 , 3 J„ £ M such t h a t 

in* p(U > ( T ; 

2 

f o r a l l n ^ X . 

Therefore 

(5) i C i - U - e / ) " Ud*j ^ 0- J" c i - H - e / v ; V c « d O 

£ 2 

= tr ici'tY)"dt > <r£(/-o\)n, 
£ 2 
I 



f o r a l l n > J z . 

By-(4) and-(5), f o r a l l n ^ max ( J"( 3 J^) 

< S ^ p ^ ( f . x ) ^ ^ $ 1 ^ 1 " . 

The c o n c l u s i o n f o l l o w s , by the choice -of <T . 

Again, i f p(9^)- 0; assume p t o be so chosen t h a t 

i n ! p ( ( J > 0 

for-any compact subset K c C©^"^,^), then s e l e c t ^< min( £• Y ^ 

such t h a t 

in-f , r b ( | ) = Ui > O ; 

and thence proceed as before. 

Theorem 4 .2 .1 

Under t h e . c o n d i t i o n s of Lemma-4.2*1, f o r every neighborhood V 

im S Q C{, x j ACdfj= 1 . 

P r o o f : By d e f i n i t i o n , i f V I i(dx) , then 

J <j n ax) A(d$) - 1 - i c j n ( ^ x ) H c i o 

But 

Since \ (®-V) ^ <*> , then by the previous lemma: 

lim A (©-v; 5 u t p qnQ,>0=o-



34. 

The d e s i r e d c o n c l u s i o n f o l l o w s at once. 

Theorem 4 .2 .2 

Under the c o n d i t i o n s of Lemma 4.2.1 

P r o o f : Note t h a t , f o r every n t N 

(1) | f f „ ^ - ^ i < i U-e^l %c^x) A cdf j . 

Given any 6 >0 , choose a neighborhood ^) such t h a t -̂(.W ^ 6 . 

By assumption (B . 3 ) , i f ® i s unbounded, choose a B o r e l p a r t i t i o n ©•=• B ( u J 

.such t h a t B ( is. bounded V c fi>( , and. 

(2) I |fl p C ^ ^ ( d | J 4 1. . 

. Now 

( 3 ) i I J - ^ I i n Q . x ) ACol() = J I f - e j w ^ o W d f ) 

But since /U-(V) ^ € I f ~" e * | ^ ^ on V; hence 

(4) I I f - e ^ l i r / ^ a O ACd{ ) < e , 

f o r a l l H£. ̂  ; furthermore, 

(5) i q n C | j 2 ) A C d f ; < 1 S u p | { | { x ) >Cdf) , 

C6) i li-ej a n(u) A ( d f ) < 5 u P Q na Jx ) { J l H A ( d ! ) + lejAfa l) i 
B 1

 1 . n*z \ 
S u p I I 4 I 6*1} . 
f e . © - v | r | 
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But, by. Lemma 4 .2.1 

(7) l i m s ^ p cj ( | , . & ; = | T m i Q ( | A )\(d\) = O. 

Therefore, since 2. S c t p ) I I ^ 0 0 ,• by (5) and (7) 

li'rn £ I ? - 6 J C } n ( ? , x ; A C d ( ) = O ; 

by (6) and (7) 

|/m J I h y < ] n ( ( ; x ) A ( d U - - 0 . 
n t N BZ 

Therefore, by (3) and (4) , 

F i n a l l y , by ( l ) and (3) 

l i m I P h Cx) - 9 I < € , 
n t N 

Since £ was chosen a r b i t r a r i l y , i t i s clear that 

lim 6> ( x.) = 0 . 1 n * 

I f © i s bounded, l e t B^ ••= ̂ $ , and proceed-as before. 

.Remarks: 

I t i s wel l to note at t h i s point that i f we assume boundedness for the 

set © , then we may dispense with the assumption that A have f i n i t e f i r s t 

order moment. Furthermore, as has been shown, there i s no need to assume that 

A (©) •= 1.• In point of fact, i t may happen that the functions p ('j x) and 

'• Cj £•>><) meet such exacting i n t e g r a b i l i t y conditions that our arguments, except 

for s l i g h t modifications, w i l l y i e l d the same conclusions, even though neither 
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\(&) nor the f i r s t moment of \ i l f i n i t e . This point s h a l l be i l l u s t r a t e d 

i n the example i n Section 4-3-

Theorem 4.2-3 

I f f o r some 

then 

.and conversely . 

Proof; By assumption (B.4),- since P J 1 i s absolutely continuous with respect 

to V n> and i f we l e t 

X = { x ; I im y n ( ^ x) e x i ' > W any £ £ © } > 

then 

P ~ ( X ) = 1 . 
0 

I f 

P ~ (lB nC&)->8»= 1, 
for "probability-one" statements, there i s no'loss of generality i n assuming 

• that 

X = i B n ( x ) - * 9} . 

•Now i f x t X > by assumption (B .4) and by theorem 4 .1 .2 , suppose that 

n t N n * 

PTC l P nc>o — > e j ; = l , 

p ~ ( { $ nc*j -> e » - l , 



c l e a r l y , by the previous theorem 

and thence 

Therefore 

l."m 8 n C * J = ^ , 

The converse follows d i r e c t l y from theorem 4.2.2. 

4.3- An Example * 

Let p ( q ; x ; = ( 2 r r ) " ^ e x p [ - i Cx- f J > 2 J > x L (- ~ J « o j 

Then pn(\, *) - C 2 n ) " 2 e*p [~i 1. Cx. " - * ) 1 ] . 

Solving f o r y n /, we obtain .: 

..By s u b s t i t u t i o n 

Therefore, 

0 | 

n 

'°j P< 0,y„(̂ &)) - "i i"-R" 
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Henee 

- + i 
n j a , j 

Case 1. 
i 

Let- pCt) = ( 2 T I ) " 2 € X P , f « C-~,-0 

then : 

J S<j„<*'«3 U d * ) ' - — ! > — 

- O O j=.| J 

I ^ « P [-^'{nir 1.x.- |}*J d i 
j = . J 

By computation 

Case 2. 

n 
B -CA; = "nVr X. x. . 

. Let . p Cf) - 1 , ! i ( - • ° ; ^ J 

then 

1 | e x P [ i Z f £ x - n | a } ] d f 

1 exp [ i (2$ £ x . - n fMDdf 
- o O j —I 

f **P M i n i * . - f J * J d f 
-OO J=l 
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Hence 

Case 3-

then 

J H„ X ( d O = i i - J : _ 

T f ex P [-il-fe(i)c j + 0-0 2Jc*f 

Therefore 

I t i s c l e a r , b y - a p p l i c a t i o n , o f the Law of Large-Numbers, that i n a l l 

three cases 

p;"( Q U = C { p n C K j - > ej) - 1 . 

4.U The Consistency Theorem 

Thus f a r , we have been concerned w i t h cases of convergence at p o i n t s . 

Next, we cons i d e r a Bayes 1 e s t i m a t i o n . system {^,P,Q.,r\ c o n s t r u c t e d under 

the assumptions ( B . l ) , (B . 2 ) , (B . 3 ) and (B.h), and we ask: i s such a system 

c o n s i s t e n t ? I t turns out t h a t r e s t r i c t i v e as these, assumptions are, they do 

not n e c e s s a r i l y s a t i s f y the minimal consistency requirement. I t i s indeed 

q u i t e conceivable t h a t two d i s t i n c t p o i n t s 9̂  and may be found such that 

p, (a(, • ) and p,^,.) are V - e q u i v a l e n t , and hence f o r a i l -measurable 

sets A 
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i n which case no e s t i m a t i o n system, o f any type, i s c o n s i s t e n t . I t should 

be c l e a r l y understood t h a t w h i l e maximizes p ^ - j X . ) uniquely, i t i s 

not assumed t h a t every 9 t ® s a t i s f i e s 

p, (e, x) = p . ^ o o , * ) J 

f o r some X L ^ 

For the purpose of quick r e f e r e n c e , we now f o r m a l i z e a few remarks 

already made, and r e s u l t s obtained i n the previous subsections. 

Lemma 4.4.0 

( i ) The maximum l i k e l i h o o d estimates e x i s t , f o r every n t N ' , and f o r 

every xCn> I X n . 

( i i ) I f 

then 

l i m p, C©,Cx h ) , x n ; = p, C e w ^ 0 ) , x 0 ) . 

( i i i ) I f f t ® , and 0 £. ® , then j 

f o r -.aLll H t N / . 

( i v ) I f 

lim = x 0 } 

h t N 
then 

lim 8̂  Cx nj = e ¥(x f l; • 

f a r t ( i ) and p a r t ( i i i ) of t h i s lemma r e s t a t e the essence of the opening 

paragraph i n Subsection 4 .2 ; p a r t ( i i ) and p a r t ( i v ) are d i r e c t consequences 

of the .lemmas 4.1.1 and 4 .1 .2. 
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Theorem 4 . 4 . 0 

Under the assumptions ( B . l ) , (B . 2 ) , (B . 3 ) a n d ( B . 4 ) , a Bayes'" e s t i m a t i o n 

system { A , P , Q,(3} i s c o n s i s t e n t i f , and only i f , the f a m i l y { P f i : 9 t © } 

s a t i s f i e s the minimal consistency requirement; i . e . , i f , and only i f , f o r any 

0 i © , and'for every \ ̂  0,, there e x i s t s a V -measurable set such tirat 

P r o o f : Choose &L®^ and define 

(1) X e = U ; P n (<u> o ; f o r A n y j ^ e j ; 

on the assumption of the minimal c o n s i s t e n c y requirement Doob•showed' i n £23 

t h a t 

(2) ^ e C V = X-
As i n the, proof of. theorem 4 . 2 . 3 , we assume t h a t i f X L X ,. then, 

l i m ^ C|, x j e x i s t s I n J6 , f o r any £ © . 

From ( l ) and (2) , • and by assumption ( B . 4 ) , i f X L X " , . a n d ' i f \ © , 

then for-any <f £ ( 0,l) t h e r e - e x i s t s a. J ( | ) £- N) 3 

(3) p n O , * J ^ <TPn (e,xj < p n f © , ^ , 

and hence 

(4) p.C^^c^x)) ^ ^ p . ^ ^ ^ x ) ) < p,(e,yje,±) 

f o r every n ^ J ( 0 • 

Let " < 

' (5) .I 'm Vn = y9 > 



1+2. 

and suppose,•using"Lemmas 4 .4 .0 ( i ) , ( i i i ) and ( i v ) , that 

(6) lim e n C x j = 'im e ( v (•;><)) = a 7* e , 

By Lemma 4 ,1 .2 , 3 ^ ^(%) and € £ (O, I) 'such that & 4 ^ 

Choose two po s i t i v e numbers oc and |3 such that 

(8) ĥ y6) + « ^ (i-o { M^y^-pV 
.By (5) and by assumption (B .2) 3 1 £ K) $ 

(9) 

for a l l n v 7 . 

By (6) and by Lemmas 4 .4 .0 ( i i ) a n d - ( i i i ) 

But by assumptions (B .2) and (B .4) ,.and by (6) and (lO)-

P>*>v = P.^ , , r n y„^,*» = i'̂  p,c»„,y„te¥,*) 

I t follows from t h i s l a t t e r equality that 3 £ tJ 9 for p ^ ^ 

and hence, by (8) , (9) and (12) 

( 1 3 ) h f ^yJ ^ - s O < p, (%,yBCe«, ^ 



and t h e r e f o r e 

( 1 4 ) p n (6, K) 4 pn t****) 

f o r a l l n max ( J ^ J L 3 • 

C l e a r l y , t h i s l a s t i n e q u a l i t y c o n t r a d i c t s the i n e q u a l i t y ( 3 ) f o r a l l 

Hence i t must he concluded t h a t 

Therefore, i f x I X , 

By t h e o r e m . 4 . 2 - 3 

Since B was chosen a r b i t r a r i l y , the c o n c l u s i o n f o l l o w s . 

The converse i s t r i v i a l l y t r u e . 
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