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ABSTRACT 

E n c l o s u r e theorems f o r the e i g e n v a l u e s and r e p r e s e n t a 

t i o n a l f o r m u l a e f o r t h e e i g e n f u n c t i o n s o f a l i n e a r , e l l i p t i c , 

second o r d e r p a r t i a l d i f f e r e n t i a l o p e r a t o r w i l l be e s t a b l i s h e d 

f o r s p e c i f i c domain p e r t u r b a t i o n s t o w h i c h the c l a s s i c a l t h e o r y 

cannot be a p p l i e d . I n p a r t i c u l a r , t h e p e r t u r b a t i o n o f n-dimen-

s i o n a l E u c l i d e a n space E n t o an n - d i s k D o f r a d i u s a i s 

c o n s i d e r e d i n C h a p t e r I and t h e p e r t u r b a t i o n of t h e upper h a l f -

space H n o f E n t o t h e upper h a l f o f D , S , i s d i s c u s s e d i n 

C h a p t e r I I . I n each case a g e n e r a l s e l f - a d j o i n t boundary 

c o n d i t i o n i s a d j o i n e d on the bounding s u r f a c e o f t h e p e r t u r b e d 

domain.' 
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INTRODUCTION 

L e t . L be t h e l i n e a r , e l l i p t i c , s e l f - a d j o i n t p a r t i a l 

d i f f e r e n t i a l o p e r a t o r d e f i n e d by 

n 
L u I . D. ( a . . D .u) + bu 

i , j = l 1 1 J 3 

where denotes p a r t i a l d i f f e r e n t i a t i o n w i t h r e s p e c t t o t h e 

v a r i a b l e x^ . The ass u m p t i o n s t o be made on the c o e f f i c i e n t s 

a r e as f o l l o w s : 

( i ) t h e c o e f f i c i e n t s a ^ j and b a r e c o n t i n u o u s r e a l - v a l u e d 
f u n c t i o n s of x = ( x ^ , , x n ) i n n - d i m e n s i o n a l 
E u c l i d e a n space E n and b(x) > 0 f o r a l l x e E n . 

( i i ) a^^ at a ^ f o r eve r y i and j , and t h e a ^ j p o s s e s s 
u n i f o r m l y c o n t i n u o u s f i r s t p a r t i a l d e r i v a t i v e s i n E n 

n n 2 ( i i i ) E a. . §.s;. > c, "£... | §. | f o r some p o s i t i v e 
i , j = l 1 J x ~ 3 " x i = l 1 

r e a l number c^ and f o r eve r y E, € E n . 

Our purpose i s t o e s t a b l i s h v a r i a t i o n a l f o r m u l a e f o r 

th e e i g e n v a l u e s and e i g e n f u n c t i o n s o f L f o r two s p e c i f i c domain 

p e r t u r b a t i o n s . These a r e : t h e p e r t u r b a t i o n o f E n t o an n - d i s k 

D & o f r a d i u s a , c o n s i d e r e d i n C h a p t e r I , and t h e p e r t u r b a t i o n 

o f t h e upper h a l f - s p a c e H n o f E n t o t h e upper h a l f o f D , 

S n , d i s c u s s e d i n C h a p t e r I I . The boundary c o n d i t i o n a d j o i n e d 

oh t h e bounding s u r f a c e o f t h e p e r t u r b e d domain i s 
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(1) Uv = 0 

where U i s the l i n e a r boundary op e r a t o r d e f i n e d by 

n 
Uv = a, £ a. . D v cos(v,x. ) + a 0 v 

i , j =1 " " 1 d 

and v denotes the o u t e r normal to the bounding s u r f a c e . I t i s 

assumed t h a t the f u n c t i o n s ^ ( x ) and a 2 ( x ) are d e f i n e d on the 

bounding s u r f a c e , are p i e c e w i s e continuous and nonnegative , and 

t h a t the sum a^(x) + o 2 ( x ) has a p o s i t i v e lower bound. I t may 

be noted t h a t a d d i t i o n a l , c o m p a t i b i l i t y c o n d i t i o n s f o r the s p e c i a l 

case a 2 s 0 are not needed here s i n c e the c o e f f i c i e n t b(x) of 

L i s r e q u i r e d to be p o s i t i v e , ( [ 5 ] , p. 95) . 

A s o l u t i o n u of Lu = 0 i s assumed to be of c l a s s C"*" 

and a l l d e r i v a t i v e s i n v o l v e d i n L are supposed t o e x i s t , be 

continuous, and s a t i s f y Lu = 0 at every p o i n t . 

L e t , H0 , HQ and V£ denote the H i l b e r t spaces 
X c, 9- S 

which are the Lebesgue spaces w i t h r e s p e c t i v e unner products 

( u , v ) x . j u(x) v(x)dx 

(u,v^ = !* u ( x ) v ( x ) d x 

(u,v) = [ u ( x ) v ( x ) d x 

D a 

( u ' v ) s = J u ( x ) v ( x ) d x 

S 
a 
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and r e s p e c t i v e norms ||ul|, , ||u|L , ||u||_ and ||u||_ . For 
x d a s 

x e E n , |x| denotes the usual E u c l i d e a n norm. 

The eigenvalue problem f o r L on E n 

Lu = Xu 
u e Tf^ 

w i l l be c a l l e d the b a s i c problem i n Chapter I . The eigenvalue 
problem f o r L on H n 

Lu = K U 

(3) 
u e H 2 
Uu = 0 on the ( n - l ) hyperplane P = [x \ x e E n , x^ = 0} 

w i l l be c a l l e d the b a s i c problem i n Chapter I I . The correspond
i n g perturbed eigenvalue problems w i l l be defined i n Chapters 
I and I I . 

I n general i t i s not true that the eigenvalues of the 
perturbed problems tend to l i m i t s as a w > even when the 
spectrum of the b a s i c problem I s e n t i r e l y d i s c r e t e , f o r example, 
i n the case n = 1 and a-j_ 5 0 i n (1) , when the s i n g u l a r i t y 
at » i s of the l i m i t c i r c l e type In Weyl 1 s c l a s s i f i c a t i o n [9"] 
The only assumption requred i n order t o o b t a i n the enclosure 
theorems and r e p r e s e n t a t i o n a l formulae i s th a t there e x i s t s at 
l e a s t one eigenvalve of the b a s i c problem whose corresponding 
eigenfunctions s a t i s f y some l i m i t property. For example, 
Theorem 1 i n Chapter I shows th a t i f the eig e n f u n c t i o n s c o r r e s - , 
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ponding to the basic eigenvalua \ of m u l t i p l i c i t y m s a t i s f y 

condition (1.2), then at least m eigenvalues of the perturbed 

problem (1.1) converge to X as the radius, a of the n-disk 

D tends to i n f i n i t y . 

The p r i n c i p l e d i f f i c u l t y i n t h i s estimation problem 

i s i n establishing a reasonable condition on the basic eigen-

functions i n terms of a simple solution, ĝ , of Lg = 0 so 

that the norm' of the function f = R u - du , constructed i n 
a 3 

Lemma 2 , remains small even though f(x) may become large 

f o r large x . For example, i n Chapter I t h i s condition i s 

characterized i n terms of the "L - measure" (1.3) which i s 

independent of the basic eigenfunctions. 

The method employed for the treatment of t h i s estima

t i o n problem Involving the boundary condition ( l ) follows 

almost d i r e c t l y from that used by C. A. Swanson [7] f o r the' 

special case s 0. 

This problem of estimating eigenvalues and eigen-

functions f o r large domains has i t s physical o r i g i n i n certain 

models of enclosed quantum mechanical systems [2], [3] 'and 

[6] . In the case that the Schrodinger equation i s separable, 

(a special case of L ) , the problem reduces to a domain 

perturbation problem fo r a singular second order ordinary-

d i f f e r e n t i a l operator. In p a r t i c u l a r , the example considered 

i n section 1.5 reduces to two ordinary d i f f e r e n t i a l equations 

each of which have a s i n g u l a r i t y of the l i m i t point type at i n 

f i n i t y . 
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CHAPTER I 

THE PERTURBATION OF E n TO AN n-DISK 

1.1 Int r o d u c t l o n . Our purpose i n t h i s c h a p t e r i s t o o b t a i n 

v a r i a t i o n a l f o r m u l a e f o r t h e e i g e n v a l u e s and c o r r e s p o n d i n g 

e i g e n f u n c t i o n s o f t h e o p e r a t o r L when E n i s p e r t u r b e d t o 

an n - d i s k , D , of l a r g e r a d i u s , a , and c o n d i t i o n ( l ) 

I s a d j o i n e d on t h e bounding ( n - l ) h y p e r s p h e r e , B Q . 

The p e r t u r b e d e i g e n v a l u e problem t o be c o n s i d e r e d i s 

L v = (JLV 

(1.1) I n D = {xj Ixj < a, a > o} 

where t h e p e r t u r b e d domain, 3D . i s d e f i n e d as t h e s e t o f a l l 
a 

complex v a l u e d f u n c t i o n s v w i t h t h e f o l l o w i n g p r o p e r t i e s 

( i ) v i s t w i c e c o n t i n u o u s l y d i f f e r e n t i a b l e i n D. . 
a 

( i i ) v and V a r e c o n t i n u o u s a t tho !se p o i n t s ' o f t h e 
boundary B„ , a t whi c h o\ and a 0 a r e c o n t i n u o u s , a x c. 

( i i i ) v s a t i s f i e s ( l ) on B = ( x | |x| = a} . 

The o n l y a s s u m p t i o n t o be. made h e r e i s t h a t t h e r e 

e x i s t s a t l e a s t one e i g e n v a l u e \ of t h e b a s i c problem ( 2 ) 

whose c o r r e s p o n d i n g e i g e n f u n c t i o n s , u , s a t i s f y 

( 1 . 2 ) {max |Uu| } ||g|| / liu|| = o.(l) as a - • , where g 
TJ a . a. 
a 
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i s t h e "L measure" 

L g = 0 i n D 
1.3) 

Ug = 1 on B 
ct 

I t i s known [5]» [4] t h a t f o r t h e p e r t u r b e d problem 

( l . l ) t h e r e e x i s t s a denumerable sequence o f e i g e n v a l u e s 

Hi > 0 < |i± <. n2 — ̂ 3 — •••••• > a n < 3 a complete o r t h o n o r m a l 

sequence o f e i g e n f u n c t i o n s {v^] such- t h a t f o r some R o b i n 

f u n c t i o n , R.(x,y) , (Green's f u n c t i o n o f t h e t h i r d k i n d ) , a 

and any b a s i c e i g e n f u n c t i o n , u , s a t i s f i e s L R u = u i n D. . 
• ct ct 

Here R a denotes t h e i n t e g r a l o p e r a t o r whose k e r n e l i s 

R o ( x , y ) , y. e D '. I t may be noted t h a t f o r a 0 = 0 , t h e 
ct - c t d. 

k e r n e l f u n c t i o n R (x,y) i s r e p l a c e d by a Neiimann f u n c t i o n , 
ct 

N Q ( x , y ) J a n < a f ° r o-, = 0 . by a Green's f u n c t i o n , G„(x,y) . 
ct A. ct 

C l e a r l y , t h e r e s u l t s o f t h i s c h a p t e r a p p l y t o t h e s e s p e c i a l cases 

even though t h e r e p r e s e n t a t i o n s of the s o l u t i o n s o f (1.5) *nay 

be s l i g h t l y d i f f e r e n t from (1.6) . R Q(x>y) i s c o n s t r u c t e d i n 
ct 

t h e u s u a l way as t h e sum o f a f i x e d fundamental s o l u t i o n , y(x,y) > 

and t h e s o l u t i o n of a p a r t i c u l a r R o b i n problem, r ( x , y ) . 

That i s , 
R

a O , y ) = y(x>y) + r ( x , y ) 

where: 
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( i ) y(x,y) > regarded as a function of x, i s a regular / 

solution of Lv = 0 except when x = y , where i t 
has a sin g u l a r i t y of order |x-y| fo r n _> 3 • 

( i i ) r(x,y) , . regarded as a function of x , i s a solution 
of 

Lr = 0 i n D„ 
a 

Ur a. -Uy on B_ 

and R (x,y) s a t i s f i e s the boundary condition,. 

(1.4) UR a(x,y) = 0 on B a. 

R Q(x,y) i s unique, symmetric and non-negative f o r a l l x and y 

i n D a , ([4] , p. 161) . 
In addition, any solution of the Robin problem, 

Lf = 0 i n D 
(1 .5) a 

Uf = h on B 
a 

has the representation.. j 

(1.6) f(y) = [ R a(x,y)h(x)dS x f o r every y e D & 

B 
a 

I.2 Enclosure Theorems f o r The Perturbed•Eigenvalues . The 

following notation w i l l be used 

cpa[u] = {max|Uu|} ||g||a / j|u||a (u 0) . 
B a 

cp = sup CD [u] 
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where C i s t h e e i g e n s p a c e a s s o c i a t e d w i t h t h e "basic e i g e r i -

v a l u e X o f (2) . 

Lemma 1. m = o ( l ) and p = o ( l ) as a -» « . 

P r o o f . L e t u be t h a t f u n c t i o n i n G, such t h a t cpa[u]=ep_ . X a a m 
S i n c e e v e r y u e G, has t h e r e p r e s e n t a t i o n u = E.> a. u. i n 

x 1=1 1 1 

terms o f an o r t h o n o r m a l b a s i s {u^} , where the b a s i c e i g e n 
v a l u e \ i s o f m u l t i p l i c i t y m , 

w j u ] = [max [ E a ± TJuJ } ||g | | a / | | l <V*±ila (u ̂  0) 
m B a 1 = 1 . 

< ( lex. i / j|2 a.u ||) [max |Uu. | } ||g|L 
~ i = l 1 i - 1 1 1 B 1 a 

a 
< 1 Uujl-^. [m*x luuj} ||g||a  

1 = 1 ' B a 
<_ m max m [ u. ] 

!l<_i!<m a 1 ' 

and t h e p r o o f f o l l o w s from c o n d i t i o n (1.2) and the f a c t t h a t 

t h e u^ , i = l , , m , a r e the b a s i c e i g e n f u n c t i o n s c o r 

r e s p o n d i n g t o X • 

Lemma 2. F o r a = 1 / X 

(2.1) ||R&u - au|| a < acpa ||u|Ja f o r every u € G x 

P r o o f . The e i g e n v a l u e s o f (2) a r e p o s i t i v e . I n f a c t , i f 

X < 0 f o r some X , "the maximum p r i n c i p l e ([1], p.. 32b) 
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implies that the eigenfunction u corresponding to X approaches 
2 n 

i t s maximum as |x| » . This contradicts u e L (E ) and 

u ± 0 . • 
Let a = 1 / X and define the function f = R u - au. 

Then f o r every u € a , f Is a solution of the Robin problem 
A. 

Lf = 0 i n Do a 

Uf = - aUu on B 
a 

For, Lf = L(R u - au) = LR u - aLu 
cl cl 

= u -(1 / \) xu = 0 i n D & 

and Uf = U(R„u - au) = UR u - aUu 
a a 

= a i ( x ) E . a ^ x ) D j J :R a(x,y)u(y)dy cosCv^) 
^a 

+ a 2(x) J R a(x,y)u(y)dy - aUu 
D 
a 

Since the order of the s i n g u l a r i t y of the kernel function, 

R fx,y) , 'Is l e s s than | x - y | 1 _ n and since u(x) is contin-a 
uous, the i n t e g r a l 

J D (R a(x,y))u(y)dy 
D a 

converges uniformly and the derivative 

R a(x,y)u(y)dy = 'J D j(R a(x,y))u(y)dy 

a D a 
exists and i s , continuous, ([5]> P- 5£>) . Hence 

* n 
Uf = J ( a i ( x ) Z < a i J(x)D JR a(x,y) c o s ( v , x ± ) + o 2 ( x ) \ ( x , y ) ) u ( y ) d y 

-D i > J = l '. • _ a u u 
. a 
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( U R a ( x ; y ) ) u ( y ) d y - aUu 
D" 
a 

= - aUu on B , by c o n d i t i o n (1.4) . 
cl 

That i s , f i s a s o l u t i o n of the Robin problem (1.5) 
w i t h h = -aUu and hence has the r e p r e s e n t a t i o n (1 . 6 ) , 

f ( y ) = -a J R a(x,y)UudS x f o r every y e D a . 
B a ' 

Then 

|f(y)l< a{max|Uu|} J R a ( x , y ) d S x 

B „. a B„ a 
since R (x,y) i s non-negative and a i s p o s i t i v e , and 

a 
| f ( y ) l < a{max|u"u|3 g(y) f o r every y e D since g i s 

~ B a 
the s o l u t i o n of (1.5) w i t h h = 1 . 
Therefore 

Mla = ||Rau-au||a <a{max |Uu| } (l|g!la 7 ||u||a)' l|u|ia = acp a[u] ||u||, 
B a 

' < «cpa ||u||a 

f o r every u € G , . 

Theorem 1 . Let \ be an m-fold degnerate eigenvalue of ( 2 ) 

whose corresponding eigenfunctions s a t i s f y c o n d i t i o n ( 1 . 2 ) . 

Then there e x i s t s a p o s i t i v e number a^ such that at l e a s t 

m perturbed eigenvalues ^ ( a ) of ( 1 . 1 ) are enclosed i n the 
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Interval [X,X+p„] whenever a>a^ and converge to x as 

Proof. Since p a = o^l) as a -• <» hy Lemma l v there exists 

an a^ such that p„ < 1 for every a>a and p„ is' well de-o "a — o ^a 
fined f o r large a 

Let w _ be the subspace of M- generated by a l l the 
cl£ cl 

eigenfunctions of R a whose eigenvalues (3̂  = 1/^ l i e i n the 

i n t e r v a l |p-a|<e . Let P(e) be the projection of H- ' onto 
cl 

*ae • T h e n 

||u-P(e)u||a < e^lJRgU-aul^ f o r every u€Q x by ( [ 8 ] , p..33), 

since the i n t e g r a l operator R a i s a s e l f - a d j o i n t l i n e a r trans

formation on H-n . 
a 

From (2.1) 

(2.2) ||u-P(€)u||a < acD ae _ 1 ||u||a f o r every uec^ . Thus, by 

([8], p. 35)> since R i s completely continuous on , there 
cv ex 

are at least m eigenvalues 0^ contained i n the i n t e r v a l 

Ig. -a|<acp , 1=1,2, , or, more pr e c i s e l y , the i n t e r v a l 

I ta^-xi£|Jj_tPa • Since E^cE , i t follows by the minimax p r i n c i p l e 

f o r eigenvalues [1] that [x^>\ f o r every i and 

X £ |JLj_ £ X + |Xj_CDa 

or 

X £ M± £ X / (1 - cpa) = X 4 X<pa /'l-cp a)=X + p a ,a-> a o 

f o r every i = 1,2, . . . . 
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Then a t l e a s t m e i g e n v a l u e s M . o f ( 1 . 1 ) a r e i n [ \ , X + P Q ] 

whenever a.>aQ and, s i n c e p a = o ( l ) as a -> » , converge t o 

X as a -» oo . 

Theorem 2 . L e t x "be as i n Theorem 1 . I f t h e r e e x i s t s a b a s i c , 

e i g e n v a l u e e x c e e d i n g x > t h e n t h e r e i s a p o s i t i v e number 

a^>_a^ • such t h a t e x a c t l y m p e r t u r b e d e i g e n v a l u e s ^ a r e en

c l o s e d i n t h e i n t e r v a l [ x 3 X + p a ] whenever a>a^ . 

P r o o f . L e t 'x be the s m a l l e s t b a s i c e i g e n v a l u e and x' t h e 

s m a l l e s t e i g e n v a l u e e x c e e d i n g x • Then s i n c e cp a=o(l) as 

a oo , t h e r e e x i s t s a number a ^ 2 L a
0 such t h a t c p a < ( X ' - X ) / x 1 

f o r e v e r y a^a^ . T h i s i m p l i e s X + p a < X ' > a_>a1 , s i n c e 

X + p a = X + X c p a / ( l - c p a ) = \ / ( l ~ c p a ) 

< x/(i-[(x ,-x)/x' ]) = X ' 

and by Theorem 1 a t l e a s t m p e r t u r b e d e i g e n v a l u e s , , a r e 

e n c l o s e d i n t h e s u b i n t e r v a l [\,\+p ] c [ X A ' l • 

S i n c e p^_.>Xj_ f o r every i , by t h e minimax p r o p e r t y , 

and x i s m- f o l d d e g e n e r a t e by h y p o t h e s i s : 

X = X]_ = ..... = x m 

*Wl - X ' = Xm+ 1 

and 

^m+1 H X , X + p a ] s a > a i : . . 
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Hence, at most m perturbed eigenvalues, , are i n 

[\A+p Q]' f o r a>a, . Therefore exactly m are i n . [X,X+p_] 

whenever a>a.̂  . An easy induction proof establishes the same 

resul t i f x=Xi i s the i t h d i s t i n c t eigenvalue X1<X2<X^< 

1.3' Uniform Estimates for The Perturbed Eigenfunctions. Let 

p=p(n) be a po s i t i v e number s a t i s f y i n g p(2)=0, p(3)=0, and 

0<n-2p<4 . Because the fundamental s i n g u l a r i t y of R (x,y) i s 
a 

of order |x-y| ~ f o r n>3, the function 

\ ( x ) = x - y r p R a(x , y ) dy 

a 
i s well defined i n D . I t i s assumed for the next theorem 

a 
that 

k (x) = o(l) as a -» co (q = (n-2p)/n) 
a a •' 

uniformly for a l l xeD Q . 

Theorem 3. Let be the orthonormal eigenfunctions corres

ponding to the m-fold degenerate eigenvalue X of Theorem 2, 

and v^ those corresponding to the m perturbed eigenvalues 

, i = l . . . , m . Then 

(3.1) v i(x)=u i(x)-f i(x)+0( c p^)k a(x) 1=1,..., m, xeD a , a> a 1 

where f^ i s the solution of (1.5) with h ^ U ^ . 

Proof. Let €=a-a' i n (2.2) , where a=l/X,a • =l/x' . I t 

follows from Theorem 2 that . acp <a( X' -X)/x' > a>an . That i s , 
c t -L 

a c p & < a (X*-X)/X' = a - a' = ̂  a _> a 1 . 
/ 
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Then i s m - d i m e n s i o n a l "by Theorem 2 and ||u-P( e)u.|! <||u|L 
etc cl cl 

i m p l i e s t h a t u=0 i f P(e)u=0 , u e c . T h e r e f o r e / m u n i q u e l y 
A. 

determined l i n e a r l y i n d e p e n d e n t e i g e n f u n c t i o n s Z ^ c o r r e s p o n d i n g 

t o a a r e mapped by P(e) i n t o t h e o r t h o n o r m a l f u n c t i o n s . 

By (2.2) l l ^ - P C c ) Z 1 | | a = ! | Z i - v i ! ! a < a c p j z . ||a 

and 

| l Z i - v i | | = 0(cpa) . 

S i n c e , by t h e Schwarz i n e q u a l i t y 

= o(<pa) + o(» a ) = 0(<pa) 

L e t {u^} be t h e o r t h o n o r m a l sequence c o n s t r u c t e d 

by the Schmidt o r t h o n o r m a l i z a t i o n p r o c e s s as l i n e a r c o m b i n a t i o n s 
m 

of t h e Z j L . Then u ^ E ^ i J Z j f o r s o m e Y±je$ » a h d 

m m 
Y i j V Z ± . - E x Y i j Z j - 2 ± ) a 

= 0(cp a) i = 1, . . .. , m :by (3.2) 

and 

(5.3) K - v.||a = |! U l - Z± + ?± - v.|| a 

= 0{tp.) + 0(q>_) = 0 ( c p . ) i = 1, ... , m 
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'wa(x) = 

Let u be an element of the set {u^} and v the 

corresponding element i n fv^} . Then, by Theorem 2 and (3.3) 

li - X « 0(cpj and ||u -: vl| f l = 0 ( T O J 

Hence 

lliav - xu||a < pl'v - u|jfl + (n - X) ||u||o = 0(cpfl) . 

Define 
\ 

| x-y|- 2 p| Mv(y) - \u(y)| 2dy ^ 2 

w2(x) J . | x - y r 2P|^v(y) - Xu(y)| 2dy 

+ J |x-y|- 2 p|nv(y) - xu(y)| 2dy 
i 

< 6 ^ * ||nv - Xu||2 + 0 ( 6 - 2 p + ( n - D + l ) 

where d c i s the n-disk with centre x and radius 6 . I f 
o 

we choose 6 = cp„ we obtain the uniform estimate w (x) = 
a - . a 

0(co q) , where 0<q=(n-2p)/n<Vn . In p a r t i c u l a r , ™ (x) = 
Si cl 

0(cp ) i f n=2 or 3 . ra' 

I t Is asserted that \R u(x) gives a uniform estimate a 
for> v(x) since 

|v(x) -XR f lu(x)| = |RJuv(x) - xu(x))| 
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« | J R a(x,y) |x-yr'P+P (£v(y) - X u ( y ) ) dy| 

"- | (R a(x,y) |x-y|P , ( > ( y ) - Xu'(y)) f x - y ^ l 

< (j Ra(x,y) |x-y| p|| a • II ( M v ( y ) - Xu(y)) |x-y|-P|| a 

R a(x,y) |x-y| 2Pdy ) • ( J | nv(y> •- Xu(y) 1 V y f ^ 
\l/2 

a a 

k a ( x ) • w a(x) = 0((pjj k a ( x ) 

and 

( 3 . 4 ) |v(x) - X R a u ( x ) | = 6{q>l) k a ( x ) . 

D e f i n e the f u n c t i o n 

(3-5) K x ) = X \ u ( x ) - u(x) + f ( x ) . 

Then, ' * ( x ) i s the s o l u t i o n of the Robin problem 

I4 = 0 i n D a 
(3 .6) 

Uf = 0 on B a 

Fo r , L# = L(xR Qu(x) - u(x) + f ( x ) ) 

= XLR u(x) - Lu(x) + L f ( x ) 
ct 

•= Xu(x) - xu(x) = 0 i n D a , 

and = U(XR u(x)) - Uu(x) + Uf(x') 

= 0 -Uu(x) + Uu(x) =0 on B a 
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the By ( [ 5 ] , p. 97) y the operator L i s p o s i t i v e d e f i n i t e on 
domain D which i s dense i n W=I> (D Q) . That i s , ( L v , v ) Q > 

. c l ' cl cl - C t " " " 

2 ' '' 2 
6 ||v||a f o r every v e j ^ and f o r some p o s i t i v e r e a l number 6. 
Wow ilt(x)eP • since ,jr i s a s o l u t i o n of (3.6) , hence 

C l 

a »«a (L,!,,*) = 0 = 6 

and i|i s 0 i n D 
£1 

Therefore, combining (3.4) and (3 .5) we o b t a i n 

v(x) = u(x) - f ( x ) + 0(cp^)ka.(x) a > a x , xeD a . 

Since u(x) was an a r b i t r a r y element of the set [u^] the 

theorem i s proved. 

1 . 4 Asymptotic Eormulae f o r The Per t u r b e d Eigenvalues 1. 

Let u and v be as described i n Theorem 3 . The 
f o l l o w i n g asymptotic estimate w i l l be based on Green's sym
metric I d e n t i t y ( [ 5 ] , p. 7b) , 

(Lu,v) - ( u , L v ) Q = r us a. .D. v cos(v,x,)-v i ; a. .u cos(v,x,)dS, 
a g i , J = l 1 3 3 1 i,J»l 1 J 3 1 

a 
I n view of the boundary c o n d i t i o n ( l ) and the c o n d i t i o n 

a 1(x)+a 2( x)>c 2>0 f o r some r e a l number c 2 , we can put 

2 a. .D.v cos(v,x.) = -(a-,/a P)v on B, 
i , j = l X«J J . 1 1 ^ 1 

where B n i s the set of a l l p o i n t s of B^ on which j. a 



- i 6 -

a 1(x)>c 2/2 , and 

n 
v = -(o^/cg) S a ± j Dj v c o s f v , ^ ) on Bg 

i , j = l 

where Bg i s the set of a l l points of B a on which <J2(X) > 

c_/2 . Clearly B =B, \JB0 because of the above inequality and 

we can write Green's i d e n t i t y ' i n the form 

(4.1) ( L u , v ) a - ( u , L v ) a 

- n » 
= J ( l / a 2 ) S a i j D j ^ cos(v,x i))Uu dS-J (v/a^Uu dS =* [uv) a 

'V 3 ! i v J = S l Bi 
Since u and v are as i n Theorem ~5> 

(4.2) • ' [u,.v3a=x(u,v)a-fji(u,v)a=(\-U) (u,v.j a . 

Prom (3.3). and a p p l i c a t i o n of the Schwarz inequality we obtain 

l ( u , v ) a - ( v , v ) a | = |(u-v,v) a| < ||u-v||a • !!v|]a 

= l|u-v!|a = 0(cpa) 

and ( u , v ) a = l+0(cpa) . Then, using (4.2), ; 

(4.3) X - n - Cu,v3a'/ (u',v) a = {u,v'3a7 (l+0(cp a)) 

= {uv} a [l+0(cpa) ] . 

Let f be a solution of the Robin problem (1.5) 

with h = Uu . .Application of (4.1) to the d i f f e r e n t i a l 

equations Lf = 0 , Lv = |jv and Lf = 0 , Lu = Xu y i e l d s , 

respectively, 

(4.4) ( L f , v ) a - ( f , L v ) a = - n(f,v) f t = {f,v} a = {uvj a 
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and 

(4 .5) (Lf,u') a - (f,Lu)a = - \ ( f , u ) a - [fu} a 

I t follows from ('4.5) and (4 .4) and the fa c t that u=X+0(cp ), 
cl 

that 

x - u - x ( f , v ) a [i+o(cpa) ] . 

In addition, application of ( 3 . 1 ) 'and (4 .5) gives 

; x - u - - X(f, u-f + 0(cp^)k a) a [l+0(cp a)] 

= (-X(f,u) a + X ( f , f ) a - XO(cp^) (f,k a). a) • [1+O(coa 

- ( i f u } a + X ( f , f ) a ) ' [l+0(cp a)] + O(^) ( f , k a . ) a 

In some cases the f i r s t term, dominates the others and we obtain 

the asymptotic formula 

ji(a) - X ~ { f u 1 a ' a s a * . 

The r e s u l t s of Theorem 1-3 are then sharpened accordingly. 

I.5 A Typical Example. 

Consider the e l l i p t i c operator i n E defined by 

Lu = - Au + (x 1+x 2+2)u . 

L i s an operator o f the Schro'dinger type with the po t e n t i a l 

function V = (x +y +2) and s a t i s f i e s a l l the requirements 

stated i n the introduction. The basic eigenvalue problem to be 
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c o n s i d e r e d i s 

Lu = \u 
(5.1) 

u € L 2 ( E 2 ) 

and t h e "basic spectrum i s e n t i r e l y d i s c r e t e s i n c e t h e p o t e n t i a l 
? P 1/2 

f u n c t i o n V tends t o i n f i n i t y as (xj>x|) -» » , ( [ 9 ] , . p. 150) . 

The p e r t u r b e d e i g e n v a l u e problem i s 

L v = jav i n D a 

(5 .2) 

dv/dv + v = 0 on B o 

a 
• . 2 2 1 / 2 

where D a = { ( x ^ X g ) | ( x ^ + x g ) < a , a>0] , ' and 
B =f(x. ,x») I ( x 2 + x | ) 1 / / 2 = a } . That i s , we a r e c o n s i d e r i n g t h e 

ct X X c 

s p e c i a l case a ^ s l , a 2 = 1 ^ o r ( x ) • 

• I n o r d e r t o a p p l y t h e r e s u l t s of t h i s c h a p t e r i t must 

be shown t h a t t h e r e e x i s t s a t l e a s t 6ne e i g e n v a l u e x o f (5:1) ' 

whose c o r r e s p o n d i n g e i g e n f u n c t i o n s s a t i s f y c o n d i t i o n (1 .2) . 

I n f a c t , i t w i l l be shown f o r t h i s example t h a t every e i g e n 

v a l u e has m u l t i p l i c i t y two and'every e i g e n f u n c t i o n s a t i s f i e s 

(1 .2) . 

S i n c e (5.1) i s s e p a r a b l e we o b t a i n , by the method 

of s e p a r a t i o n o f v a r i a b l e s , t h e o r t h o n o r m a l e i g e n f u n c t i o n s 

(5-3) u n m - (irn I m l 2 n + t n . ) - 1 / 2 e x p [ - ( x 2 + x 2 ) / 2 ] H ^ x ^ H ^ X g ) 
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c o r r e s p o n d i n g t o t h e e i g e n v a l u e s \=2(n+m)+4 , (n,m=0,l>2,...) , 

where H ^ x ^ ) denotes t h e He r m i t e p o l y n o m i a l of degree n i n x^ 

H n ( X l ) = ( - l ) n e x p [ x 2 1 d n / d x j ( e x p [ - x 2 ] ) ( U L p . 375). 

Then ev e r y e i g e n v a l u e has m u l t i p l i c i t y two and . : ' 

(5.4) ||u || < 1 f o r e v e r y a and a l l m and n . / 

ntn ct 

The "L-measure" g d e f i n e d by (1.3) i s a s o l u t i o n of 

Lg = 0 i n D 
ct 

dg/dv + g = 1 on B 
ct 

A f t e r a r o u t i n e t r a n s f o r m a t i o n t o p o l a r c o o r d i n a t e s ( r , © ) and 

s e p a r a t i o n o f v a r i a b l e s we o b t a i n the unique s o l u t i o n 

g(r,9) = ( a + l ) " 1 e x p [ ( r 2 - a 2 ) / 2 ] 

and i t f o l l o w s e a s i l y t h a t 

1/2 ' 
(5.5) llg|L < IT (a+lj f o r every a . 

ct 

A p p l i c a t i o n o f (5-3), (5-4) and (5.5) g i v e s 

(5.6) {max. | ̂  / dv +. u n m |) || g l l ^ u j a 
B a 

< ( 2 a ) n + r n e x p [ - a 2 / 2 ] ( a + l ) " 1 

= o ( l ) as a -> 0 0 
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and every b a s i c e i g e n f u n c t i o n s a t i s f i e s c o n d i t i o n (1.2) . 

Hence, by Theorem 2, e x a c t l y two p e r t u r b e d e i g e n v a l u e s \s o f (5-2) 

converge t o each e i g e n v a l u e o f (5.1) as a -• » . 

I n o r d e r t o o b t a i n t h e u n i f o r m e s t i m a t e s f o r t h e p e r 

t u r b e d e i g e n f u n c t i o n s , i t i s assumed t h a t 

c p a k a ( x 1 , x 2 ) = o ( l ) as a - » , 

u n i f o r m l y f o r a l l xeD. , where k„(x) i s d e f i n e d i n s e c t i o n 
i ct cl 

I.3 and 

cpo = sup ya [u] < ( 2 a ) n + m (a+ 1 ) " 1 e x p [ - a 2 / 2 ] (u^O) 
a ueG x

 a 

by (5 .6) and -Lemma 1 . L e t f m be the s o l u t i o n of v ' nm 

L f ™ =0 i n B o ' nm a 

d f /dv + f m » du m / d v + u on B Q . nm nm nm nm a 

S i n c e f a t t a i n s i t s maximum on B a and a t th o s e p o i n t s 

d f n m / d v y 0 > P * 3 2 6 ) ' 

f n m < max | d u n m / d v + u n m | f o r a l l x e D a and by (5 .6) 
B 
a 

fnm = °(®a) [ a + 1 ^ f o r a 1 1 x e D a " 

L e t v„ be t h e o r t h o n o r m a l e i g e n f u n c t i o n s c o r r e s p o n d i n g t o nm 
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the perturbed eigenvalues a of (5 .2 ) . Then from Theorem 

3 we have the uniform estimate 

V ( X 1 ' X 2 ) . - m l 2 n + m ) - 1 / 2 exp[-(x 2+x 2 ) / 2 ] H J X ^ H J X J , ) 

+ [ k a ^ x l j X 2 ^ " ( a + 1 ) 3 

f o r a l l x=(x 1,Xg) e D a, f o r a l l n and m and f o r every a 

f o r which 

( 2 a ) n + m (n+m+3) ( a + l ) " 1 exp[-a 2 / 2 ] < 1 . 

S i m i l a r l y , one can o b t a i n sharper estimates f o r the 
perturbed eigenvalueis using the r e s u l t s of s e c t i o n 1.4 . 
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CHAPTER I I 

THE PERTURBATION OP H n TO S 
a 

I I . 1 I n t r o d u c t i o n . Our purpose here i s t o o b t a i n v a r i a t i o n a l 
formulae f o r the eigenvalues and eigenfunctions of L when H n 

i s perturbed to S and c o n d i t i o n ( l ) I s adjoined on the 
• - , ct . . . . 

bounding surfa c e , %Sa . H n i s the upper half-space of E n , 
ct 

H n = [x'|x=r(x n, . , x j e E n,.x >0] . S ={x|xeD n H n} and 
JL n ii ct ct 

aS can be expressed as the union of two d i s j o i n t s e t s , A n 

and C , where A = i x l x e E n , x =0 , I x ' < a} and C = 
a a ' n ' — J a 

{x|xeBn H11) • For example, i n the plane E 2 , H 2 i s the 
ct . . . 

upper h a l f - p l a n e and S a I s the upper h a l f of the d i s k centred 
at the o r i g i n and having radius a . 

I t may be noted that i t i s not necessary to r e s t r i c t 
the domains to half-spaces and h a l f - d i s k s . I t can e a s i l y be" 
v e r i f i e d t h a t the r e s u l t s obtained i n t h i s chapter would a l s o 
apply to any s o l i d n-cone, C n i n E n , perturbed to the s o l i d 

n n 
s p h e r i c a l cone C =C n D„ . 

ct ct 
The perturbed eigenvalue problem t o be considered 

here i s 

Lw = Y W 

( 6 . 1 ) 
w e p , 
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and the perturbed domain, £ ) g > i s defined as the set of a l l 
complex valued f u n c t i o n s w which s a t i s f y 

( i ) w i s twice continuously d i f f e r e n t i a b l e i n S a . 
( i i ) w and w' are continuous at those p o i n t s of aS a at 

which and a2 are continuous, 
( i i i ) w S a t i s f i e s c o n d i t i o n ( l ) on aS Q . 

For! n>l i n t h i s domain p e r t u r b a t i o n i t i s not 
p o s s i b l e to c h a r a c t e r i z e the c o n d i t i o n on the b a s i c eigenfunc-
t i o n s , u, i n terms of the "L-measure" (1 .3) since Uu=0 on 
the ( n - l ) hyperplane P . That i s , the "L-measure" would 
have to be the s o l u t i o n of Lg=0 In S„ , Ug=l on C Q , 

ct ct -
Ug=0 on A Q and hence would have to s a t i s f y discontinuous 

ct' , 

boundary c o n d i t i o n s . Therefore, i t i s assumed here that there 
e x i s t s at l e a s t one eigenvalue * of the b a s i c problem (3) 

whose corresponding e i g e n f u n c t i o n s - s a t i s f y 

( 6 . 2 ) || h ||s/|| u ||s - o ( l ) as a 

where h i s the s o l u t i o n of 

Lh = 0 i n S„ 
a 

( 6 . 3 ) Uh = Uu on C Q 
ct 

Uh = 0 on A 
a 

As i n Chapter I , i t i s known [ 5 ] , [4] t h a t f o r the 
perturbed problem (6.1) there e x i s t s a denumerable sequence 
of eigenvalues, y. , 0<yn<_Yo<.Y-zi » and a complete ortho-
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normal sequence of eigenfunctions {w^} such that f o r some 
Robin f u n c t i o n , R (x^y) , 

s 

- ' S a 

and every b a s i c e i g e n f u n c t i o n s a t i s f i e s LR u=u i n S„ .• 
Here R g denotes the i n t e g r a l operator whose k e r n e l i s R g ( x , y ) , 

y £ S a ' 

I I . 2 Enclosure Theorems and R e p r e s e n t a t i o n a l Formulae. 

The f o l l o w i n g n o t a t i o n w i l l be used 

C P S [ U ] = !|h||s / ||ul|;g (u=fco) • 

cp_ = sup cp [u] 
U € Q 

P g = *<Pg / (l-»g) 

where G I s the eigenspace associated w i t h the b a s i c eigen
value K of (3) . i t i s e a s i l y v e r i f i e d t h a t cp =o(l) and 
p =o(l) as a -» oo and tha t f o r T=1/K s 

(7.1) ||RgU - Tu|| s < T c p g i|u||s f o r every uea^ . 

Theorem 4. Let * be the eigenvalue of m u l t i p l i c i t y m of (3) 
whose corresponding eigenfunctions s a t i s f y c o n d i t i o n (6.2) . 
Then there e x i s t s a p o s i t i v e number a 2 such that at l e a s t 
m perturbed eigenvalues Yj_( a) °f (6.1) are enclosed i n the 
i n t e r v a l [K,K+P ] whenever a>a C ) and converge to K as a -» ». 
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Proof. This f o l l o w s d i r e c t l y from the proof of Theorem 1 i n 
Chapter I and (7.1) . 

Theorem 5. Let be as i n Theorem 1 . I f there e x i s t s a 
b a s i c eigenvalue exceeding K , then there i s a p o s i t i v e 
number a^>a p such t h a t e x a c t l y m perturbed eigenvalues y^ 

are enclosed i n the I n t e r v a l [H,K+P ] whenever a>a_, . 
s — y 

Proof. The proof f o l l o w s almost without change from that of 
Theorem 2 i n Chapter I . 

. As before, the fundamental s i n g u l a r i t y of R (x,y) 
S 

i s of order | x - y | 2 ~ n f o r n>3 , the f u n c t i o n 
\ 1/2 

k s ( x ) - {J R s ( x ^ ) \*-?\2v^j 

i s w e l l defined i n S„ ,. and i t i s assumed that 
ct 

^s k s ( x ) 3 3 as a - oo (q=(n-sp/n)) 

uniformly f o r a l l xeS Q . 

Theorem 6. Let u^ be the orthonormal eigenfunctions c o r r e s 
ponding to the m-fold degenerate eigenvalue K of Theorem 2, 

and ŵ  those corresponding to the m perturbed eigenvalues 
, 1=1 , , m . Then 

W i ( x ) = u ± ( x ) - h ± ( x ) + 0(cp^)k s(x) 

i s 1 , m . , xeS Q , a>a, 
a — ~> 
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where h^(x) i s t h e s o l u t i o n o f 

Lh. = 0 i n SN 

Uh. = Uu. on C 
i 1 - a 

Uh. =0 on A 
i a 

I I . 3 A s y m p t o t i c F o r m u l a e . 

As i n s e c t i o n 1.4 o f C h a p t e r I , Green's symmetric 

i d e n t i t y has t h e form 

n. n _ 
( L u , w ) g - ( u , L w ) s = J [ ( l / o 2 ) S -m. a ± j w c o s ( v , x ± ) ] U u dS 

; ^ I 

- J (w/a-^Uu dS = ( u ^ } s  

G l 

f o r u and w as i n Theorem 3 . Here C^ i s t h e s e t o f a l l 

p o i n t s o f C • on w h i c h a n ( x ) > C 0 / 2 . The a s y m p t o t i c f o r m u l a 
a JL d. 

o b t a i n e d i s 

y ( a ) ~ x ~ {bu,.} as a .-*» . 
s 



- 29 -

REFERENCES 

[1] R. Courant.and D . ' H i l b e r t , "Methods of mathemati c a l  
p h y s i c s " , V o l . I I , I n t e r s c i e n c e , New York, 19b2. 

[2] S. R. deGroot and C'.'-A. Seldam, "On the energy l e v e l s of 
a model of the compressed hydrogen" atom", Physica 12(1946), 
bb9-b02. 

[.3] R. B. D i n g l e , "The s o l u t i o n of the Schrodinger equation • 
f o r f i n i t e systems, w i t h s p e c i a l reference to the motion  
o f . e l e c t r o n s i n Coulomb e l e c t r i c f i e l d s and uniform  
magnetic f i e l d s " , Proc. Cambridge, P h i l o s . Soc. 49 (1953), 
102-114. : 

[4] G. F. D. Duff, " P a r t i a l d i f f e r e n t i a l equations", Univ. of 
Toronto P r e s s , 195b. 

[5] S..G. M i k h l i n , "The problem of the minimum-of a quadratic  
f u n c t i o n a l " , Holden-Day, San F r a n c i s c o , 19b5. 

[6] A. Sommerfeld and H. Hartman, "KUnstliche Grenz -
bedingungen i n der.Wellenmechanik Der beschrankte Rotator", 
Ann. Phys, (5) 37 ( W O ) , 333 -3^3 . . 

[7] C..A. Swanson, "Enclosure theorems f o r eigenvalues of 
e l l i p t i c o p erators", Proc. Amer, Math. S o c , V o l . 17 
(1966) , 1 5 - 2 5 . 

[S] C. A. Swanson, "On s p e c t r a l e s t i m a t i o n " , B u l l . Amer. 
Math. Soc.-68, (I9b2). " 

[9] E. C . Htchmarsh, " E i g e n f u n c t i o n expansions associated w i t h  
second order d i f f e r e n t i a l equations", Part I I , Oxford 
Univ. P r e s s , Oxford, 1956. 


