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ABSTRACT 

The s t u d y o f c e r t a i n s e r i e s o f g r o u p s has g r e a t l y a i d e d 

t h e d e v e l o p m e n t and u n d e r s t a n d i n g o f g r o u p t h e o r y . N o r m a l 

s e r i e s and c e n t r a l s e r i e s a r e p a r t i c u l a r l y i m p o r t a n t . T h i s 

p a p e r a t t e m p t s t o d e f i n e a n a l o g o u s c o n c e p t s i n t h e t h e o r y 

o f r i n g s and t o s t u d y what i n t e r r e l a t i o n s h i p s e x i s t b e t w e e n 

them. 

B a e r and F r e i d m a n have a l r e a d y s t u d i e d c h a i n i d e a l s , t h e 

r i n g t h e o r y e q u i v a l e n t o f a c c e s s i b l e s u b g r o u p s . A l s o , K e g e l 

has s t u d i e d w e a k l y n l l p o t e n t r i n g s , t h e r i n g t h e o r y e q u i v a l e n t 

o f g r o u p s p o s s e s s i n g u p p e r c e n t r a l s e r i e s . Some o f t h e more 

i m p o r t a n t r e s u l t s o f t h e s e a u t h o r s a r e g i v e n i n t h e f i r s t 

t h r e e s e c t i o n s o f t h i s p a p e r . 

Power n i l p o t e n t r i n g s , t h e r i n g t h e o r y e q u i v a l e n t o f 

g r o u p s p o s s e s s i n g l o w e r c e n t r a l s e r i e s , a r e d e f i n e d i n 

s e c t i o n k. The c l a s s o f power n i l p o t e n t r i n g s i s n o t homomor-

p h i c a l l y c l o s e d . H owever, i t does p o s s e s s many o f t h e o t h e r 

p r o p e r t i e s t h a t t h e c l a s s o f w e a k l y n i l p o t e n t r i n g s h a s . 

I n s e c t i o n 5 m e t a * i d e a l and U * - r i n g a r e d e f i n e d i n 

t e r m s o f d e s c e n d i n g c h a i n s o f s u b r i n g s o f t h e g i v e n r i n g . 

Not e v e r y power n i l p o t e n t r i n g i s a U * - r i n g . T h i s i s c o n t ­

r a r y t o t h e r e s u l t f o r s e m i g r o u p s . I t i s a l s o shown t h a t 

an i n t e r s e c t i o n o f m e t a * i d e a l s i s a l w a y s a m e t a * i d e a l . I t 

f o l l o w s t h a t n o t e v e r y m e t a * i d e a l i s a m e t a i d e a l s i n c e t h e 

i n t e r s e c t i o n o f meta i d e a l s i s n o t a l w a y s a m e t a i d e a l . 



S e c t i o n 6 i s c o n c e r n e d w i t h r i n g s i n w h i c h o n l y c e r t a i n 

k i n d s o f m u l t i p l i c a t i v e d e c o m p o s i t i o n t a k e p l a c e . The r i n g s 

s t u d i e d h e r e a r e c a l l e d p r i m e p r o d u c t s r i n g s and i t i s p r o v e d 

t h a t a l l w e a k l y n i l p o t e n t and power n i l p o t e n t r i n g s a r e p r i m e 

p r o d u c t s r i n g s . A r e s u l t g i v e n i n t h e s e c t i o n on U - r i n g s 

s u g g e s t s t h a t a l l U - r i n g s may be p r i m e p r o d u c t s r i n g s . The 

c l a s s o f p r i m e p r o d u c t s r i n g s i s v e r y l a r g e b u t does n o t 

i n c l u d e any r i n g s w i t h a n o n - z e r o i d e m p o t e n t . 

The l a s t s e c t i o n s t u d i e s r i n g t y p e s w h i c h a r e d e f i n e d 

a n a l o g o u s l y t o g r o u p t y p e s . The s t u d y o f w h i c h r i n g t y p e s 

a c t u a l l y o c c u r i s n e a r l y c o m p l e t e d h e r e . F i n a l l y , i t i s 

shown t h a t e v e r y w e a k l y n i l p o t e n t r i n g has a r i n g t y p e s i m i l a r 

t o t h a t o f some r i n g w h i c h i s power n i l p o t e n t . T h i s s u g g e s t s 

( h u t does n o t p r o v e ) t h e c o n j e c t u r e t h a t a l l w e a k l y n i l -

p o t e n t r i n g s a r e power n i l p o t e n t . 
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V 

INTRODUCTION 

The u n d e r s t a n d i n g o f t h e s t r u c t u r e o f r i n g s has been g r e a t l y -

a d v a n c e d b y t h e s t u d y and r e s u l t s o f r a d i c a l t h e o r y . R a d i c a l 

t h e o r y has f o c u s e d a t t e n t i o n on t h e " r a d i c a l - f r e e " p a r t o f 

r i n g s and g r e a t a t t e m p t s have been made t o g i v e an e x p l i c i t 

d e s c r i p t i o n o f r i n g s w h i c h a r e s e m i - s i m p l e w i t h r e s p e c t t o 

v a r i o u s r a d i c a l p r o p e r t i e s . W h i l e t h e s e e f f o r t s have been 

m o d e r a t e l y s u c c e s s f u l , v e r y l i t t l e s e r i o u s work has been 

done on r a d i c a l r i n g s . T h i s p a p e r a t t e m p t s t o e x p l o r e some 

c l a s s e s o f r i n g s t h a t c o n t a i n most o f t h e r a d i c a l r i n g s f o r 

t h e commonly s t u d i e d r a d i c a l p r o p e r t i e s . W h i l e t h e r e s u l t s 

g i v e n h e r e do n o t g i v e c o m p l e t e i n f o r m a t i o n on r a d i c a l r i n g s , 

t h e y do g i v e some i n d i c a t i o n s o f t h e n a t u r e o f s u c h r i n g s . 

T h e r e i s e v e r y r e a s o n t o b e l i e v e t h a t f u r t h e r r e s e a r c h i n 

t h i s a r e a w i l l p r o v i d e even more i n f o r m a t i o n . 

Much o f t h e i n s p i r a t i o n b e h i n d t h e r i n g t h e o r y c o n c e p t s 

i n t r o d u c e d h e r e comes f r o m t h e s t u d y o f g e n e r a l i z a t i o n s o f 

n i l p o t e n c e i n g r o u p t h e o r y . I t i s s u r p r i s i n g how many 

p a r a l l e l r e s u l t s a r e o b t a i n e d i n t h e two t h e o r i e s . An 

i n d i c a t i o n o f t h e e q u i v a l e n t g r o u p t h e o r y c o n c e p t i s g i v e n 

at t h e " b e g i n n i n g o f e a c h a p p r o p r i a t e s e c t i o n i n t h i s p a p e r . 



1. 

NOTATION 

The f o l l o w i n g s y m b o l s and n o t a t i o n s are. u s e d i n t h i s 

p a p e r t o mean e x c l u s i v e l y t h e f o l l o w i n g t h i n g s . They a r e 

n o t d e f i n e d l a t e r on when t h e y a p p e a r i n t h e t e x t . 

C i s any i n d e x s e t . 

N i s t h e s e t o f n a t u r a l numbers { 1 , 2 , 3 , ...} . 

Z i s t h e s e t o f a l l i n t e g e r s . 

TO i s t h e f i r s t n o n - f i n i t e o r d i n a l number. 

t h e i n t e g e r (p,q.) i s t h e l e a s t common m u l t i p l e o f t h e 

i n t e g e r s p and q.. 

t h e s e t ( a , b ) i s t h e open i n t e r v a l o f t h e r e a l number l i n e 

w i t h e n d p o i n t s a and b. 

[g.jh] i s t h e s e t o f a l l i n t e g e r s b e t w e e n g and h i n c l u d i n g 

b o t h g and h. 

[ x ] . i s t h e l a r g e s t i n t e g e r <_ x. 

I ( S ) i s t h e i d e a l o f a r i n g R g e n e r a t e d by t h e s u b s e t S o f R. 

<A> i s t h e s u b r i n g o f a r i n g R g e n e r a t e d by t h e s u b s e t A o f R. 

(+) i s u s e d t o d e n o t e t h e d i r e c t sum o f g r o u p s , r i n g s , e t c . 

i f f means " i f and o n l y i f " . 

3 i s u s e d t o d e n o t e t h e end o f t h e p r o o f o f a t h e o r e m o r 

t h e end o f an example f o l l o w i n g a r e m a r k . 



1. I - C H A I N S 

T h e r e i s a c l o s e e n o u g h r e l a t i o n s h i p b e t w e e n a r i n g a n d 

i t s i d e a l s ' t o make i t p o s s i b l e t o i n f e r some p r o p e r t i e s o f 

a r i n g f r o m t h e n a t u r e o f i t s i d e a l s . T h i s s u g g e s t s t h a t i n 

some c a s e s i t m i g h t e v e n be u s e f u l t o know s o m e t h i n g a b o u t 

t h e i d e a l s o f t h e i d e a l s o f a r i n g o r , more g e n e r a l l y , a b o u t 

c e r t a i n s u b r i n g s w h i c h a r e r e l a t e d t o t h e i d e a l s o f a r i n g . 

A p r o m i s i n g c l a s s o f s u c h s u b r i n g s i s t h e s e t o f m e t a -

i d e a l s o f a r i n g . M e t a i d e a l s w e r e o r i g i n a l l y d e f i n e d b y 

B a e r ( l ) . 

D E F I N I T I O N : An I-ehain of a ring R is a chain of subrings 

of R3 I^ Cl i^ C. . . . C- = R, where Ia is an ideal of Ia+j 

for every a and i f a is a l i m i t ordinal, I = U i . 

J J 3 a y< a y 

D E F I N I T I O N : A subring of S of a ring R is a meta ideal of R 

if there e x i s t s an I-ohain in R which begins with S. 

D E F I N I T I O N : A subring S of a ring R is a chain ideal of R 

if there e x i s t s a f i n i t e I-chain in R which begins with S. 

D E F I N I T I O N : The index of a chain ideal S is the smallest 

natural number j such that there e x i s t s an I-chain in R 

which begins with S and reaches R after j stepsj i.e. R = 



3 . 

I . - c h a i n s a r e p r i n c i p a l l y t o o l s , u s e d t o a n a l y s e t h e r i n g 

s t r u c t u r e a s s o c i a t e d w i t h m e t a i d e a l s . M e t a i d e a l s a p p e a r 

t o h a v e b e e n f i r s t s t u d i e d by R. 'Baer ( i ) . L a t e r and a p p a r e n t l y 

i n d e p e n d e n t l y , F r e i d m a n ( - 2 ) , ( 3 ) , (M s t u d i e d them i n c o n n e c t i o n 

w i t h r i n g s i n w h i c h e v e r y s u b r i n g i s a me t a i d e a l . A l t h o u g h 

t h e r e s u l t s b e l o w a r e i n t e r e s t i n g i n t h e m s e l v e s , t h e y a r e 

m a i n l y i n t r o d u c e d t o a i d i n p r o v i n g more, c o m p l i c a t e d r e s u l t s 

w h i c h w i l l a p p e a r l a t e r i n t h e p a p e r . 

Theorem 1 . ( F r e i d m a n ) S i s a c h a i n i d e a l o f i n d e x n i n R 

i m p l i e s t h a t R S n + S nR C S. 

PROOF: 

L e t S C L C I . C . . . d I , n = R be an I - c h a i n . S i n c e 
— 2 — 3

 — — n + 1 

I i s an i d e a l i n I and S C I f o r a l l p i n [ 2 , n ] , '. p p + 1 — p 

R S n = ( I . J , S ) S n - 1 C. ( I S ) S n " 2 (Z. ... CL I_S C S . S i m i l a r i l y , n + 1 — n — _ p _ •> ' 

S nR C S. 

Theorem 2 . . ( B a e r ) I f S i s a c h a i n i d e a l o f i n d e x n i n a 

r i n g R and i f l ( S ) i s t h e i d e a l i n R g e n e r a t e d by S, t h e n 

[I.(S) C S Q I ( S ) . 

PROOF: 

I t i s e a s y t o see t h a t l ( S ) 3 C- RSR. L e t S <Z I g C. I C 

. .. I n + - ^ = R be an I - c h a i n . F o r e v e r y i n t e g e r p i n [ 2 , n ] , . 



( I ST ) 3 = ( I S I 2 ) S ( I 2 S I ) C I n S I _. Hence i t can "be P P P P P P ~ P-1 P-1 
on 

s e e n t h a t [ I ( S ) ] C I 2 S I 2 C S . 5 

Theorem 3. ( B a e r ) I f S i s a s u b r i n g o f R, a r i n g , and I i s 

an i d e a l o f R s u c h t h a t I P C. S C. I , t h e n S i s a c h a i n i d e a l 

o f R o f i n d e x m <_ p. 

PROOF: 

The f o l l o w i n g i s an I - c h a i n i n R: S C- S + I P _ 1 C. S + I P " 2 Q 

. . . C. S + I = I C E. T h i s c h a i n has p s t e p s and i s an I - c h a i n 

b e g i n n i n g w i t h S. Hence t h e i n d e x o f S i n R i s some i n t e g e r 

m — P • -

Theorem h. I f S i s a c h a i n i d e a l o f i n d e x n i n a r i n g R, 

t h e n S i s a c h a i n i d e a l o f i n d e x m <_ n i n R where k i s 

any n a t u r a l number. 

PROOF: 

Suppo s e t h a t , t h e f o l l o w i n g i s an I - c h a i n i n R: S C. I C 
k 

. . . C I , , = R. Then S C I c .. . C I = R i s a l s o an — n+1 — 2 — — n+1 

I - c h a i n i n R. Hence S has i n d e x m <_ n where k i s any 

n a t u r a l number. H 

Theorem 5. A n i l p o t e n t c h a i n i d e a l i s a l w a y s c o n t a i n e d i n 

a n i l p o t e n t i d e a l . 



PROOF: 

S u p p o s e t h a t S i s a c h a i n i d e a l and t h a t S = 0 . 
3 n 

By t h e o r e m 2, [ l . ( S ) ] C. S w here n i s t h e . i n d e x o f S i n 

t h e r i n g R. Hence' [ l ( S ) ] ' 5 C I S = 0 and l ( s ) i s t h e r e ­

f o r e n i l p o t e n t i t s e l f . H 

C h a i n i d e a l s have c o n s i d e r a h l y d i f f e r e n t p r o p e r t i e s 

f r o m t h e more g e n e r a l m e t a i d e a l s as a c o m p a r i s o n b e t w e e n 

t h e o r e m 5 and t h e f o l l o w i n g r e m a r k i n d i c a t e s . 

Remark A. (B.ae-r) A n i l p o t e n t meta i d e a l n e e d n o t be c o n t a i n e d 

i n a n i l p o t e n t i d e a l . 

EXAMPLE: 

L e t V = (+) V. , where e a c h V. i s t h e one d i m e n s i o n a l 
i s N 1 1 

v e c t o r s p a c e g e n e r a t e d by the. v e c t o r v_^ o v e r t h e f i e l d o f 

i n t e g e r s m o d ulo 2.. L e t R^ d e n o t e t h e r i n g o f a l l l i n e a r 

t r a n s f o r m a t i o n s on V w i t h t h e p r o p e r t y t h a t f ( V . ) C V. -. (±) V. _ 
l — l + l i + 2 ... @ V, i f i < 3n and f ( V . ) = 0 i f i > 3n f o r a l l f e R . L e t w 3n i — n 

f eR be d e f i n e d b y : f ( v . ) = v. , , i f i i s even and i . < 3n; n n J n l . l + l ' 
• 2 • o t h e r w i s e f ( v . ) = 0. Then f = 0 .and S = { 0 , f } i s a s u b -n I n n n 

, 2 r i n g o f R . Hence S = 0 . L e t I be t h e i d e a l o f R • n n n n 
g e n e r a t e d by S . T h e r e e x i s t s f i n R s u c h t h a t f(v„. ,) = v„. 

n n 2 i - l 2 i 

f o r i = 1,2,..., [3n/2].. G i v e n an i n t e g e r t > 1 s u c h t h a t 

2i+t. < 3 n , t h e r e e x i s t s geR s u c h t h a t g.( v Q . n ) = v and 



gXv^) = 0 i f k ^ 2 1 + 1 . The f u n c t i o n s f and g a r e d e f i n e d so 

t h a t g - f n - f ( v 2 1 _ 1 ) = v 2 i + t a n d g - f n . - f ( v k ) = 0 i f k 4 2 i - l . 

I t i s a l s o , t r u e t h a t g « f * ( v . ) = v a n d g « f ( v, ) = 0 

i f k 4 2 i . S i n c e I mus t c o n t a i n a l l e l e m e n t s o f t h e f o r m 
n 

g * f * f and g ' f , I . c o n t a i n s a l l e l e m e n t s f o f R w h i c h h a v e n • n n 

t h e p r o p e r t y t h a t f.( V \ ) C V. © V i + l f 0 . . . © V . H e n c e 

R 3 d I a n d s i n c e R 3 n _ 1 J 0 , I n _ 1 f 0.'. Now l e t R be n — n n n ' 

t h e d i s c r e t e d i r e c t sum o f t h e r i n g s R , l e t S be. t h e d i s -
n 

c r e t e d i r e c t sum o f t h e r i n g s S , a n d l e t I be t h e d i s c r e t e 
n 

d i r e c t sum o f t h e r i n g s I • w h e r e n r a n g e s over , t h e n a t u r a l 

2 

n u m b e r s . T h e n S i s a s u b r i n g o f R a n d S = 0 , . w h i l e I i s 

an i d e a l o f R w h i c h i s n o t n i l p o t e n t , s i n c e l n i s t h e d i s ­

c r e t e d i r e c t sum o f t h e r i n g s I . a n d I . n =/ 0 i f j > n . The 

i d e a l g e n e r a t e d b y S i n R i s I a n d t h e r e f o r e S i s n o t c o n t a i n e d 

i n a n i l p o t e n t i d e a l . E a c h R^ i s a n i l p o t e n t r i n g a n d t h e r e ­

f o r e i s w e a k l y n i l p o t e n t ( a r i n g i s w e a k l y n i l p o t e n t i f e v e r y 

n o n - z e r o h o m o m o r p h i c i m a g e o f t h e r i n g c o n t a i n s a t w o - s l : d e d 

a n n i h i l a t o r d i f f e r e n t f r o m 0 ) . I t i s p r o v e d . be low t h a t a l l 

sums o f w e a k l y n i l p o t e n t r i n g s a r e w e a k l y n i l p o t e n t a n d t h a t 

a l l s u b r i n g s o f w e a k l y n i l p o t e n t r i n g s a r e m e t a i d e a l s . E 

I t i s a f a c t t h a t mos t o f t h e u n r e s o l v e d p r o b l e m s i n 

t h e t h e o r y o f m e t a i d e a l s a p p l y t o l o c a l l y n i l p o t e n t r i n g s . 

The f o l l o w i n g t h e o r e m i s p a r t i c u l a r l y i n t e r e s t i n g s i n c e i t 
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s u g g e s t s why t h e s t u d y o f meta i d e a l s m i g h t he. c l o s e l y 

r e l a t e d to. t h e s t u d i e s o f g e n e r a l i z e d t y p e s o f n i l p o t e n c e . 

Theorem 6. ( B a e r ) E v e r y i d e m p o t e n t meta i d e a l i s an i d e a l . 

PROOF: 

L e t S be an i d e m p o t e n t meta i d e a l . S u p p o s e t h a t t h e 

f o l l o w i n g i s an I - c h a i n : S C I ^ C I ^ C ••• C I ^ = R. 

L e t a be t h e l a r g e s t o r d i n a l number s u c h t h a t S i s an i d e a l 

of I . S i n c e I i s an i d e a l o f I n and S C I , S I n d I a a a+1 — a+1 — a 
and t h e r e f o r e i t f o l l o w s t h a t S I ' = S 2 I n = S ( S I -n ) C S I ' c S . 

a+1 a+1 a+1 — a — 
S i m i l a r l y , I ,.S C S . T h i s shows t h a t S i s an i d e a l o f I .. 

a+1 — a+1 
and h e n c e I = R and S i s an i d e a l o f R. H a 

I t i s e a s y t o show t h a t t h e i n t e r s e c t i o n o f a f i n i t e 

number o f m e t a i d e a l s i s a m e t a i d e a l . I t i s a l s o t r u e 

t h a t a m e t a i d e a l o f a m e t a i d e a l o f R i s i t s e l f a m e t a 

i d e a l o f R. H o w e v e r , u n l i k e t h e r e s u l t f o r i d e a l s , t h e 

i n t e r s e c t i o n o f an i n f i n i t e number o f m e t a i d e a l s n e e d n o t 

be a m e t a i d e a l . 

Remark B. The i n t e r s e c t i o n o f c h a i n i d e a l s n e e d n o t be a 

m e t a i d e a l . 

EXAMPLE: 

L e t S he t h e s e m i g r o u p g e n e r a t e d by t h e s e t { x ^ : neN} 

w i t h t h e f o l l o w i n g d e f i n i n g r e l a t i o n s : 
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( 1 ) S i s c o m m u t a t i v e 

( 2 ) x ±

2 = 0 

(3) x n = x n f o r a l l neN. 
n 1 

L e t R be t h e a l g e b r a o v e r t h e f i e l d o f i n t e g e r s m o d u l o 2 . 
k w i t h b a s i s S. L e t T be t h e s u b r i n g . <{x : p i s odd and p * 

k <_ p}> + x^R. The f o l l o w i n g i s an I - c h a i n i n R b e g i n n i n g 

w i t h T + T PR: T + T PR ^ T + T P _ 1 R C ... C. T + TR C R. Hence 

T + T PR i s a c h a i n i d e a l o f R H o w e v e r , T = f~\ (T + T P R ) , 
peN 

w h i c h i s an I n t e r s e c t i o n .of c h a i n i d e a l s . B u t i f y eR^T, 
-m-,. m, 

t h e n y i s a sum o f t e r m s o f t h e f o r m x x ... x where 
n l n k 

m.. < n. f o r a l l i i n [ l , k ] , and f o r a t l e a s t one s u c h i i 
t e r m some n. i s e v e n . L e t h be an odd n a t u r a l number l 
d i f f e r e n t f r o m a l l t h e s u b s c r i p t s w h i c h a p p e a r i n t h e sum 

o f t e r m s w h i c h e q u a l s y. Then yx^^T s i n c e one o f t h e t e r m s 

s t i l l h as an e v e n s u b s c r i p t . So y i s n o t i n t h e i d e a l i z e r 

o f T. Due t o t h e a r b i t r a r y n a t u r e o f y, T i s i t s own 

i d e a l i z e r and h e n c e i s n o t a meta i d e a l . 5 

The f o l l o w i n g t h e o r e m has f a r r e a c h i n g i m p l i c a t i o n s . 

I t a l s o r a i s e s a p r o b l e m w h i c h i s s t i l l open. N a m e l y , i f S 

i s a m e t a i d e a l o f R, does R n e c e s s a r i l y h a v e a p r o p e r i d e a l 

I w h i c h c o n t a i n s S? Many a d d i t i o n a l r e s u l t s c o u l d be p r o v e d 

i f t h i s s t r o n g e r v e r s i o n o f t h e t h e o r e m were tru e - . 



Theorem 7• ( L e v i c ) I f a r i n g R has a p r o p e r , n o n - z e r o m e t a 

i d e a l S, t h e n R i s n o t s i m p l e . 

PROOF: 

L e t S C L C . . C I „ = R be an I - c h a i n . I f B i s n o t a — d — — fcs 
l i m i t o r d i n a l , t h e n I _ n i s an i d e a l o f R w h i c h i s p r o p e r and 

P -1 

n o n - z e r o . T h e r e f o r e s u p p o s e B i s a l i m i t o r d i n a l . S e l e c t 
any n o n - z e r o e l e m e n t xeR. I f xR + Rx = 0,. t h e n S, t h e s u b -
r i n g o f R g e n e r a t e d by x , a n n i h i l a t e s R on b o t h s i d e s . How­
e v e r x e l f o r some a < B and h e n c e S <Z I 4- R. T h e r e f o r e S 

a a 
i s a p r o p e r , n o n - z e r o i d e a l o f R. I f RxR = 0 and xR + Rx ^ 0, 

2 
t h e n R ^ 0 and h e n c e Rx ^ R and xR f R. I t f o l l o w s t h a t 
e i t h e r Rx o r xR i s a p r o p e r , n o n - z e r o i d e a l o f R. Hence f r o m 

n 
now on i t w i l l be assumed t h a t RxR ^ 0.. L e t K =' {• / a. xb . = neN 

i = l 

and a.,b.cR f o r e v e r y i i n [ l , n ] } . . I f K = R,. t h e n xeK and 
m 

t h e r e f o r e x = ; c . x d . f o r some e l e m e n t s c.,d.eR. L e t y be . L
 n l l l l i = l 

t h e s m a l l e s t o r d i n a l number s u c h t h a t x , c . , d . e l . . f o r a l l i i n 
i i y 

[ l , m ] . Then I i s a p r o p e r m e t a i d e a l o f R s i n c e y c a n n o t 

be a l i m i t o r d i n a l . Now i t can be shown t h a t K d I . To 
Y 

n ' 
do t h i s i t i s s u f f i c i e n t t o show t h a t V a . x b . e l f o r a l l 

i = l 1 1 Y n a.,b.eR. I f a . , b . e l f o r a l l l m [ l . n ] , t h e n J a . x b . e l . 
I ' I I ' I Y . ^ n i i Y 

' i = l 
S u p p o s e t h a t a i s an o r d i n a l number >-y. and s u p p o s e t h a t a l l 
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n 
t h e e l e m e n t s i n t h e s e t { Y a. xb . neN and a. , b . e l f o r 

i = l 

a l l i i n [ l , n ] j . l i e i n I . Then i f neN and a . , b . e l _, f o r 
1 y i i a + l 

n n 

a l l i i n [ l , n ] , Y a.xb. l i e s i n I s i n c e Y a.xb 
. - , 1 1 Y . - , 1 

i = l i = l 
n m 

= T Y ( a. :c . ) x ( d .b . ) and s i n c e ' a l l t h e e l e m e n t s a . c . and 
± i i j = i 1 J J 1 1 J 

d.b. l i e i n I . . Hence by t r a n s f i n i t e i n d u c t i o n ( t h e s t e p J i a 

a t l i m i t o r d i n a l numbers i s o b v i o u s ) , t h e i d e a l K l i e s i n I 
Y 

T h i s n e g a t e s t h e p o s s i b i l i t y t h a t K = R and h e n c e R i s 

n o t s i m p l e . H 
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2.. J-CHAINS 

W e a k l y n i l p o t e n t r i n g s h ave b e e n s t u d i e d b e f o r e , 

e s p e c i a l l y by K e g e l ( 8 ) , ( 9 ) . Theorem 8 b e l o w g i v e s an 

e q u i v a l e n t d e f i n i t i o n o f w e a k l y n i l p o t e n t r i n g s b a s e d on 

a c h a i n c o n d i t i o n . A c t u a l l y , J - c h a i n s a r e t h e r i n g t h e o r y 

e q u i v a l e n t o f u p p e r c e n t r a l s e r i e s i n g r o u p t h e o r y . M o r e ­

o v e r , w e a k l y n i l p o t e n t r i n g s a r e t h e r i n g t h e o r y e q u i v a l e n t 

o f ZA g r o u p s ( s e e K u r o s h ( l ) f o r d e f i n i t i o n ) . An i m p o r t a n t 

r e l a t i o n s h i p b e t w e e n w e a k l y n i l p o t e n t r i n g s and meta i d e a l s 

i s p r o v e d i n s e c t i o n 3 on U - r i n g s . 

D E F I N ITION: A ring R i s weakly nilpotent i f every non-zero 

homomorphic image of R contains a two-sided a n n i h i l a t o r 

d i f f e r e n t from 0. 

From t h i s d e f i n i t i o n i t i s e a s y t o see t h a t a l l homomor­

p h i c images o f w e a k l y n i l p o t e n t r i n g s a r e w e a k l y n i l p o t e n t 

r i n g s . 

D E F I N I TION: The J-chain of a ring R i s the chain of ideals 

of Rs J1dJCl...CZJc. = J 0-, -,3 where J ~ i s the ideal con-
I Z P P-r 1 1 

s i s t i n g of a l l the two-sided a n n i h i l a t o r s in R3 ^a+2 ^s the 

largest ideal of R with the property that J.^- + RJ' ^ CZ. J^3 

and i f a. i s a l i m i t ordinal, then J = [ j J . J 3 a — ' Y 
y<a ' 
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DEFINITION: The J-chain of a ring R terminates (or ends) 

at J& i f J g = J.& + 1 . 

DEFINITION: A ring R has a t r i v i a l J-chain i f i t s J-chain 

consists of 0. 

Theorem 8. ( K e g e l ) A r i n g R i s w e a k l y n i l p o t e n t i f f R's 

J - c h a i n t e r m i n a t e s a t J Q = R. 
P 

PROOF: 

Suppo s e t h a t R i s w e a k l y n i l p o t e n t . S u p p o s e a l s o t h a t 

o c c u r s i n R's J - c h a i n and t h a t 4 R. Then R / J ^ , a 

homomorphic image o f R, must c o n t a i n an a n n i h i l a t o r o f R / J D 

P 
d i f f e r e n t f r o m 0. However t h e s e t o f a l l a n n i h i l a t o r s o f 

R/Jg f o r m s an i d e a l , K*, o f R / J g . M o r e o v e r , K* i s i s o m o r p h i c 

t o K / J D where K i s an i d e a l o f R. B u t K s a t i s f i e s t h e P 

r e l a t i o n KR + RK CL. Ja w h i c h shows t h a t J„ ^ Jn ., . T h e r e f o r e 

R's J - c h a i n does n o t t e r m i n a t e u n t i l i t r e a c h e s R. 

Suppose R's J - c h a i n t e r m i n a t e s a t J 0 = R. L e t R/K he 
P 

a n o n - z e r o homomorphic image o f R and l e t y he t h e m a x i m a l 

o r d i n a l number s u c h t h a t J CL K. Then t h e r e e x i s t s an x i n 
Y -

J , ., d- K w h i c h must s a t i s f y t h e r e l a t i o n : xR + Rx d J d K. Y + l — y — 

Hence x * , t h e image o f x u n d e r t h e homomorphism R -> R/K, . 

has t h e p r o p e r t y t h a t x * ( R / K ) + ( R / K ) x * = 0 . Hence R/K does 
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c o n t a i n a n o n - z e r o a n n i h i l a t o r . T h i s shows t h a t R i s 

w e a k l y n i l p o t e n t . 5 

Theorem 9» A w e a k l y n i l p o t e n t r i n g w i t h ACC on t w o - s i d e d 

i d e a l s i s n i l p o t e n t . 

PROOF: 

C o n s i d e r R's J - c h a i n : 0 (Z J-, C • • • ̂  J Q = R • By ACC 
1 P 

t h i s c h a i n must t e r m i n a t e a t J = R f o r some n a t u r a l number 
P 

p. S i n c e J 2 6 J E + E J <C J - , , i t f o l l o w s t h a t J n + 1 = 0 n — n n — n - 1 ' 
TJ + 1 

f o r e v e r y n a t u r a l number n and t h e r e f o r e R = 0 

Theorem 10.. A s u b r i n g S o f a w e a k l y n i l p o t e n t r i n g R i s 

w e a k l y n i l p o t e n t . 

PROOF: 

L e t R h a v e t h e J - c h a i n J : OC-J^CJ^CL . . . CL J = R. 

And l e t S have t h e J - c h a i n H: 0 C H _ , < S H C . . . C 1 H = H 
1 2 . Y Y + l 

I f x e J l 5 t h e n xR + Rx = 0 and h e n c e xS + Sx = 0.. I t f o l l o w s 

t h a t S D J n <Z H n . S u p p o s e t h a t S D J C H . Then i f xeS D J 
1 — 1 a — a a+1 

xR + Rx (Z J and h e n c e xS + Sx C. S C\ J C H . I t f o l l o w s — a — a — a 
t h a t S O J ., C H _, . By t r a n s f i n i t e i n d u c t i o n ( t h e s t e p a t a+1 — a+1 J * 
l i m i t o r d i n a l s i s o b v i o u s ) i t f o l l o w s t h a t S f~} J C H 0 , 

p — p 
i . e . 3 S /H R = S. Hence S i s w e a k l y n i l p o t e n t . E 

Theorem 1 1. A c o m p l e t e d i r e c t sum o f w e a k l y n i l p o t e n t r i n g s 

i s w e a k l y n i l p o t e n t . 



i h . 

PROOF: 

Suppo s e R = (+J A where e a c h A i s w e a k l y n i l p o t e n t . 
yeC Y Y 

L e t R h a v e t h e J - c h a i n J : 0 C J ^ C C • • • C = + 

L e t A h a v e t h e J - c h a i n H : 0 C (H ) d (H ) _ cC ... C (H ) 
Y Y Y 1 Y 2 Y 

Not e t h a t J = (+) (H' ) s i n c e A A . ^ 0 i m p l i e s t h a t r\ = X . 
a y a r\ \ • * 

ye 

Hence i f S = max{3 : Y £ G } , J r = (+) A = R and R i s w e a k l y 

n i l p o t e n t . 5 

C o r o l l a r y . A d i s c r e t e d i r e c t sum o f w e a k l y n i l p o t e n t r i n g s 

i s w e a k l y n i l p o t e n t and a s u b d i r e c t sum o f w e a k l y n i l p o t e n t 

r i n g s i s w e a k l y n i l p o t e n t . 

PROOF: 

T h i s , f o l l o w s f r o m t h e o r e m s 10 and 11 and f r o m t h e f a c t 

t h a t s u c h sums, can be r e p r e s e n t e d as s u b r i n g s o f a c o m p l e t e 

d i r e c t sum o f w e a k l y n i l p o t e n t r i n g s . ^ 

Of a l l o f t h e e x t e n s i o n s o f n i l p o t e n c e s t u d i e d i n t h i s 

p a p e r w e a k l y n i l p o t e n t r i n g s h a v e t h e g r e a t e s t number o f 

p l e a s a n t p r o p e r t i e s . I n a d d i t i o n t o t h e g e n e r a l p r o p e r t i e s 

p r o v e d a b o v e , t h e f o l l o w i n g r e s u l t s a r e a l s o u s e f u l . 

Theorem 12. ( K e g e l ) I f I i s a w e a k l y n i l p o t e n t i d e a l o f a 

r i n g R and R^ CI I , t h e n R i s w e a k l y n i l p o t e n t . 
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PROOF: 

I t i s s u f f i c i e n t t o p r o v e t h e c a s e when p = 2. S i n c e 

I i s w e a k l y n i l p o t e n t i t has a n o n - z e r o i d e a l J s u c h t h a t 

J I + I J = 0.. C o n s i d e r t h e i d e a l RJR o f R. I t a n n i h i l a t e s 

R: ( R J R ) R + R ( R J R ) C R J I + I J R = 0.. Suppose t h a t RJR = 0.. 

Then e i t h e r JR J 0 o r R J ± 0 o r JR + RJ = 0 . I n t h e f i r s t 

c a s e JR i s a n o n - z e r o a n n i h i l a t o r o f R; i n t h e s e c o n d c a s e 

RJ i s a n o n - z e r o a n n i h i l a t o r o f R; i n t h e l a s t c a s e J i s a 

n o n - z e r o a n n i h i l a t o r o f R. Hence R has a n o n - z e r o a n n i h i l a t o r . 

Now l e t f : R -*• R/K he a homomorphic image o f R where K i s 

a p r o p e r i d e a l o f R. I f I O K , t h e n R/K i s n i l p o t e n t and 

t h e r e f o r e has a n o n - z e r o a n n i h i l a t o r . O t h e r w i s e t h e image 

f ( l ) o f I. u n d e r t h e homomorphism f has a n o n - z e r o a n n i h i l a t o r 

J * w h i c h i s an i d e a l o f R/K. A g a i n ( R / K ) j * ( R / K ) i s an a n n i ­

hilator.....' o f R/K s i n c e ( R / K ) 2 ^ f ( l ) and J * a n n i h i l a t e s f ( l ) . 

S u ppose ( R / K ) J * ( R / K ) = 0 . As a b o v e , t h e n e i t h e r J * ( R / K ) ? 0 

o r ( R / K ) J * f 0 o r J * a n n i h i l a t e s R/K. I n any e v e n t R/K has 

a n o n - z e r o a n n i h i l a t o r and s i n c e t h i s i s t r u e f o r e v e r y non­

z e r o homomorphic image o f R, R i s w e a k l y n i l p o t e n t . 5 

I n K e g e l ' s t e r m i n o l o g y ( 9 ) t h e f o l l o w i n g t h e o r e m s a y s 

t h a t b e i n g w e a k l y n i l p o t e n t i s a l e f t , c o n s e r v a t i v e ' " p r o p e r t y . 

I t i s e a s y t o see t h a t b e i n g w e a k l y n i l p o t e n t i s a l s o a 

r i g h t c o n s e r v a t i v e p r o p e r t y . 
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Theorem 13. ( K e g e l ) I f L i s a w e a k l y n i l p o t e n t l e f t i d e a l 

o f E, t h e n LR i s a w e a k l y n i l p o t e n t i d e a l . 

PEOOF: 

L e t LE have t h e J - c h a i n H: 0 ^ H ' d H d . . . d H = H 
1 2 y Y + l 

N o t e t h a t i t can be p r o v e d e a s i l y b y t r a n s f i n i t e i n d u c t i o n 

t h a t e v e r y i s an i d e a l o f R as w e l l as o f LR. Now s u p p o s e 

LR i s n o t w e a k l y n i l p o t e n t . Then 4 LR. L e t f be t h e 

homomorphism o f R g i v e n by f : E -»- E/H = R*. L e t L* = f(-L) 
y 

and n o t e t h a t L*E* = f ( L ) f ( E ) = f ( L E ) = LE/H . Hence L*E* 
Y 

has a t r i v i a l J - c h a i n and L* i s a w e a k l y n i l p o t e n t l e f t i d e a l 
o f R*. L e t L* have t h e J - c h a i n J : 0 <Z J n d J 0 c. • • • <Z J D = L* 

1 ^ P 
S i n c e L*R* c a n n o t be n i l p o t e n t , L * J D R * c a n n o t be 0 f o r o t h e r -is 
w i s e ( L * R * ) 2 C L*L*R* = L*J.R * =' 0 . L e t r\ be t h e s m a l l e s t 

p 
o r d i n a l number s u c h t h a t L * J R* ^ 0 . Then n c a n n o t be a 

n 
l i m i t o r d i n a l s i n c e i f L * J R* = 0 f o r a l l o r d i n a l numbers a. < n 

a 
and n i s a l i m i t o r d i n a l , t h e n L * J R* = 0 . N o t e t h a t L * J R* 

n n 
i s an i d e a l o f L*R* and L * J R*(L*R-*) <Z- L * J _R* = 0 and 

n - n-1 
( L * R - * ) L * J R* d L * J n E* = 0 . Hence L * J E* i s a n o n - z e r o t w o -n - n - l n 
s i d e d a n n i h i l a t o r o f L*E* w h i c h c o n t r a d i c t s t h e f a c t t h a t 

L*E* must h a v e a t r i v i a l J - c h a i n . 3 

A l e f t J - c h a i n may be d e f i n e d i n t h e same way as a J - c h a i n 

e x c h a n g i n g o n l y t h e r e q u i r e m e n t t h a t J a n n i h i l a t e t h e r i n g 

E on b o t h s i d e s modulo J w i t h t h e r e q u i r e m e n t t h a t J 
a a'+l 
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a n n i h i l a t e R on t h e l e f t modulo J ( l e t J" be t h e 0 s u b r i n g ) . 
a 0 

I f a r i n g R has a n o n - t r i v i a l l e f t J - c h a i n , does R have a 

n o n - t r i v i a l J - c h a i n ? The a n swer i s n o , e ven i n t h e c a s e 

when R has b o t h a n o n - t r i v i a l l e f t J - c h a i n and a n o n - t r i v i a l 

r i g h t J - c h a i n , as a s t u d y o f t h e r i n g g i v e n i n t h e e x a m p l e 

b e l o w w i l l v e r i f y . W h e t h e r a l l p o s s i b l e e x a m p l e s can be 

w r i t t e n as a d i r e c t sum o f two r i n g s as i n t h e g i v e n e xample 

b e l o w i s an i n t r i g u i n g q u e s t i o n . 

Remark C. I t i s p o s s i b l e f o r a r i n g R t o have a t r i v i a l 

J - c h a i n and a l s o t o have n o n - z e r o i d e a l s I and J s u c h t h a t 

IR = R J = 0. . 

EXAMPLE: 

L e t A be t h e r i n g o f a l l coxoi s q u a r e m a t r i c e s w i t h 

i n t e g e r e n t r i e s and t h e r e s t r i c t i o n s t h a t a l l o f t h e e n t r i e s 

on t h e m a i n d i a g o n a l and t o t h e l e f t o f t h e m a i n d i a g o n a l 

a r e 0, . and a l l b u t a f i n i t e number of. t h e e n t r i e s a r e 0. . L e t 

B be t h e a n t i - a u t o m o r p h i c copy o f A u n d e r t h e i d e n t i t y m a p p i n g 

and c o n s i d e r t h e r i n g R = A (+) B. L e t I be t h e o n e - s i d e d i d e a l 

o f R c o n s i s t i n g o f a l l e l e m e n t s o f R o f t h e f o r m ( y , 0 ) . where 

y i s a coxw s q u a r e m a t r i x w i t h e v e r y row e x c e p t t h e f i r s t 

f i l l e d w i t h z e r o s . L e t J be t h e o n e - s i d e d i d e a l o f R c o n s i s t i n g 

o f a l l e l e m e n t s o f R o f t h e f o r m (0,'.z) where z i s a coxco s q u a r e 

m a t r i x w i t h e v e r y row e x c e p t t h e f i r s t row f i l l e d w i t h z e r o s . 
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Then RI = JR = 0 . . However, R has a t r i v i a l J - c h a i n s i n c e 

i f ( u , v ) i s an a r b i t r a r y e l e m e n t f r o m R and ( u , v ) R = ( u , v ) ( A ( + ) B ) 

= uA (+) vB = 0, . t h e n u must be 0. . S i m i l a r l y , i f R ( u , v ) = 0, . 

t h e n v must be 0 . So ( 0 , 0 ) i s t h e o n l y t w o - s i d e d a n n i h i l a t o r 

of R. M o r e o v e r , IR and R J a r e t w o - s i d e d i d e a l s o f R and 

Rein) = ( R J ) R = 0 . S i n c e IR and RJ a r e n o n - z e r o i d e a l s , t h e y 

s a t i s f y t h e c o n d i t i o n s i n t h e s t a t e m e n t o f t h e r e m a r k . 5 

The r i n g A i n t h e e x a m p l e above i s t h e u n i o n o f t h e 

i d e a l s I ( n ) o f A where l ( n ) c o n s i s t s o f t h o s e m a t r i c e s i n A 

where a l l t h e n o n - z e r o e n t r i e s o c c u r i n t h e f i r s t n rows and 

t h e f i r s t n c o l u m n s . S i n c e l ( n ) i s n i l p o t e n t and t h e r e f o r e 

w e a k l y n i l p o t e n t , A i s t h e u n i o n o f w e a k l y n i l p o t e n t i d e a l s . 

However A has a t r i v i a l J - c h a i n . The f o l l o w i n g r e s u l t shows 

t h a t a u n i o n o f a s p e c i a l k i n d o f w e a k l y n i l p o t e n t i d e a l s i s 

w e a k l y n i l p o t e n t . 

D E F I N I T I O N : The J(R)-chain of an ideal K C R3 a ring 3 i s 

the chain: 0 C J, C ... CL JD = J « where J^ = {xeK: xE + Rx = 0}, 
l p l 

J , ~ = {xeK: xR + Rx CL J } . and i f a i s a l i m i t ordinal, a+l — a J 

J - [) J . a Y Y < a 

DEFINITION: An ideal K of a ring R i s niIpotently embedded 

in R'if K's J(R)-chain ends at K. 
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T h e o r e m ih. ( K e g e l ) I f R i s t h e u n i o n o f i d e a l s n i l p o t e n t l y 

embedded i n i t s e l f , t h e n R i s w e a k l y n i l p o t e n t . 

PROOF: 

S u p p o s e R = I w h e r e e a c h L i s n i l p o t e n t l y embedded 
ae c 

i n R . L e t I h a v e t h e j ( R ) - c h a i n ( j ) : 0 C ) , C ...C 
a a n a l 

( J )„ = 1 f o r e a c h a i n A . Then R has t h e J - c h a i n J : a p a a 
0 C J C . . . C J = R w h e r e J~ 3> I ) ( j ) „ f o r e v e r y o r d i n a l 

number 6 a n d h e n c e i f Y = m a x t B : a e 0 } , - J mus t be R . E 
a Y 

T h e o r e m 1 5 . I f R i s a n o n - z e r o w e a k l y n i l p o t e n t r i n g , t h e n 

R 2 4 R • 

PROOF: 

S u p p o s e t h a t R i s w e a k l y n i l p o t e n t and ha s t h e J - c h a i n 

2 
J : 0 C. J ^ C. . . . d. J g = R . S u p p o s e a l s o t h a t R = R . Then 

J 2 = { x e R : xR + Rx C J } = ' { x e R : ( x R + Rx) R + R ( x R + R x ) = 0} 

2 2 
T h a t i s , J g = { x e R : xR + x R x + R x = 0}.. A s i m i l a r 

3 2 2 3 c o m p u t a t i o n shows t h a t J ^ = { x e R : xR + RxR + R xR + R x = 0} 

2 
H o w e v e r , s i n c e R = R , J ^ = J ^ and h e n c e J ^ mus t e q u a l R . 

3 2 B u t t h e n R = 0 , R i s n i l p o t e n t , and t h e r e f o r e R 4 R . T h i s 

i s a c o n t r a d i c t i o n . E 
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3 . U - R I N G S 

U - r i n g s h a v e b e e n s t u d i e d e x t e n s i v e l y b y F r e i d m a n ( 2 ) 

( 3 ) (h) ( 5 ) ( 6 ) . I n ( 2 ) F r e i d m a n p r o v e s t h a t t h e n i l r a d i c a l 

o f a U - r i n g i s e q u a l t o t h e J a c o b s o n r a d i c a l , t h e B r o w n - M c C o y 

r a d i c a l , and t h e L e v i t z k y r a d i c a l . I t f o l l o w s t h a t e v e r y n i l 

U - r i n g i s l o c a l l y n i l p o t e n t . S i n c e F r e i d m a n has c h a r a c t e r i z e d 

t h e r a d i c a l - f r e e p a r t o f U - r i n g s , t h e r e m a i n i n g p r o b l e m i s t o 

c h a r a c t e r i z e l o c a l l y n i l p o t e n t U - r i n g s . I t h a s b e e n c o n ­

j e c t u r e d t h a t a l l l o c a l l y n i l p o t e n t U - r i n g s a r e w e a k l y n i l - -

p o t e n t . F r e i d m a n ( 6 ) s t a t e s as a c o r o l l o r y t h e r e s u l t t h a t 

e v e r y l o c a l l y n i l p o t e n t U ^ - r i n g i s w e a k l y n i l p o t e n t . U n ­

f o r t u n a t e l y , F r e i d m a n does n o t p r o v e t h i s c o r o l l o r y a n d i t 

i s n o t o b v i o u s l y t r u e . H o w e v e r , i t i s p r o v e d b e l o w t h a t t h e 

r e s u l t i s t r u e f o r U ^ - r i n g s w h i c h s a t i s f y c e r t a i n a d d i t i o n a l 

c o n d i t i o n s . Some g e n e r a l r e s u l t s on U - r i n g s a r e g i v e n f i r s t . 

D E F I N I T I O N : A ring R is a U-ring i f each subring S of R is 

a meta ideal of R. 

T h e o r e m 1 6 . ( F r e i d m a n ) E v e r y w e a k l y n i l p o t e n t r i n g R i s 

a U - r i n g . 
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PROOF: 

L e t R have t h e J - c h a i n J : 0 C J , C J n C ... C J . = R. 
1 2 . p 

L e t S he any p r o p e r s u b r i n g o f R. L e t y he t h e m i n i m a l o r d i n a l 

number s u c h t h a t J cL S. N o t e t h a t Y c a n n o t be a l i m i t o r d i n a l . 
Y 

T h e r e e x i s t s x i n J ^ S w h i c h s a t i s f i e s t h e r e l a t i o n : 
Y 

xS + Sx C J E + R J d J . CZ S . Hence S i s n o t i t s own i d e a l -- Y Y - Y - l -

i z e r i n R. Now s u p p o s e R i s n o t a U - r i n g . Then R has a s u b -

r i n g T w h i c h i s n o t a me t a i d e a l . T h i s means t h a t any I - c h a i n 

i n R s t a r t i n g a t T must end at some p r o p e r s u b r i n g S o f R 

w h i c h i s i t s own i d e a l i z e r . T h i s i s a c o n t r a d i c t i o n . 2 

Theorem 17. ( F r e i d m a n ) E v e r y homomorphic image o f R, a U - r i n g , 

i s a U - r i n g . A l s o e v e r y s u b r i n g o f R i s a U - r i n g . 

PROOF: 

L e t R/K be a homomorphic image o f R where K i s an i d e a l 

o f R. L e t S* be any s u b r i n g o f R/K. Then S* i s i s o m o r p h i c 

t o S/K f o r some s u b r i n g S o f R. T h e r e e x i s t s an I - c h a i n i n 

R b e g i n n i n g w i t h S: S C I 2 C 1^ C . . . C E. The f o l l o w i n g i s 

an I - c h a i n i n R/K b e g i n n i n g w i t h S*: S* C ^ / K C I ^ K C 

... c r R/K. Hence S* i s a m e t a i d e a l o f R/K. I t f o l l o w s t h a t 

R/K i s a U - r i n g s i n c e S* i s a r b i t r a r y . 

L e t T be a s u b r i n g o f R and S any s u b r i n g o f T. T h e r e 

e x i s t s an I - c h a i n i n R b e g i n n i n g w i t h S: S C2 I p C I _ (Z . . • C. R. 
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The f o l l o w i n g i s an I - c h a i n i n T: S C T f ) I 2 <C T / 1 l 3 C 

. . . C. TH R = T. Hence S i s a meta i d e a l o f T and T i s a 

U - r i n g . *S 

The f o l l o w i n g t h e o r e m n a r r o w s t h e s e a r c h f o r a U - r i n g 

w h i c h i s n o t w e a k l y n i l p o t e n t . 

Theorem 18. T h e r e e x i s t s a l o c a l l y n i l p o t e n t U - r i n g w h i c h i s 

n o t w e a k l y n i l p o t e n t i f f t h e r e e x i s t s a l o c a l l y n i l p o t e n t 

U - r i n g w i t h a t r i v i a l J - c h a i n . 

PROOF: 

Suppo s e R i s a l o c a l l y n i l p o t e n t U - r i n g w h i c h i s n o t 

w e a k l y n i l p o t e n t . L e t R h a v e t h e J - c h a i n J : 0 <C J ^ C J g ~̂ 

. . . C. J D = J 0 , . Then R / J Q i s a homomorphic image o f R and 
p P + -L P 

t h e r e f o r e a l o c a l l y n i l p o t e n t U - r i n g . However R / J D has a 
p 

t r i v i a l J - c h a i n . 

The c o n v e r s e i s c l e a r . E 

D E F INITION: Let S - {x : se(O.l) and s i s a r a t i o n a l number}. 
s 

Define m u l t i p l i c a t i o n in S by the r u l e : x

s

x ^ - x

s+t 

s + t < 1; otherwise x

s

x^. = 0. Let p be any prime number. 

The Z'assenhaus Example modulo p i s the algebra over the f i e l d 

of integers modulo p with basis S. More generally3 any algebra 

with basis S w i l l be called a Z a s s e n h a u s Example. 
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The c l a s s o f l o c a l l y n i l p o t e n t r i n g s i s n o t a v e r y g o o d 

u p p e r b o u n d on t h e c l a s s o f n i l U - r i n g s . A l t h o u g h a Z a s s e n -

haus E x a m p l e i s n o t a U - r i n g , i t i s b o t h l o c a l l y n i l p o t e n t 

and a B a e r L o w e r R a d i c a l r i n g . The f o l l o w i n g t h e o r e m p l a c e s 

a d i f f e r e n t u p p e r b o u n d on U - r i n g s w h i c h e x c l u d e s t h i s e x a m p l e 

a n d many o t h e r s l i k e i t . I t a l s o s u g g e s t s t h a t a l l n i l U - r i n g s 

may h a v e m u l t i p l i c a b l y i n d e c o m p o s a b l e e l e m e n t s . I n t h e s e c t i o n 

o f t h i s p a p e r on p r i m e p r o d u c t s r i n g s i t i s p r o v e d t h a t a l l 

w e a k l y n i l p o t e n t r i n g s a r e g e n e r a t e d b y t h e m u l t i p l i c a b l y 

i n d e c o m p o s a b l e e l e m e n t s t h e y c o n t a i n . I t seems q u i t e p o s s i b l e 

t h a t t h i s r e s u l t may h o l d f o r n i l U - r i n g s as w e l l . 

T h e o r e m 1 9 . S u p p o s e a r i n g R has a s e q u e n c e o f e l e m e n t s , 
n i { x . : i e l O , s u c h t h a t x . = x . ., w h e r e n . > 2 f o r a l l i e N and l l i - l l — 

x ^ 4- 0 w h i l e X Q = 0 . T h e n R i s n o t a U - r i n g 

PROOF: 

I t i s s u f f i c i e n t t o show t h a t a s u b r i n g 

U - r i n g . L e t S be t h e s u b r i n g o f R g e n e r a t e d 

T h e n S i s c o m m u t a t i v e s i n c e any two e l e m e n t s 

{ x ^ : i c N } a r e p o w e r s o f an e l e m e n t i n t h e s e q u e n c e and t h e r e ­

f o r e commute . I t w o u l d be p l e a s a n t i f t h e e l e m e n t s i n S h a d 

s u b s c r i p t s w i t h t h e p r o p e r t y t h a t when two e l e m e n t s w e r e 

m u l t i p l i e d t o g e t h e r t h e r e s u l t w o u l d be e i t h e r 0 o r an e l e m e n t 

o f R i s n o t a 

b y ' { x ± : i e N } . 

i n t h e s e q u e n c e 
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w i t h s u b s c r i p t e q u a l t o t h e sum o f t h e s u b s c r i p t s o f t h e 

two m u l t i p l i e r s . I f x i s renamed y, , t h e n 

[ y ( l / k ) ] k = * ( ! £ _ : = y ( n / k ) • C o n s e q u e n t l y 
n ;'.n. rr n. n n. . , i . J 1, l . , l i = l i - l i = l 

( x ^ ) ^ can be renamed y^p/ k ) f o r e v e r y peN. S i n c e any 
n n. 

two e l e m e n t s o f t h e f o r m y and y i n S a r e b o t h powers o f 
S ~ G 

some x_̂  i n t h e s e q u e n c e g e n e r a t i n g S, = ^(g+.-k) ( w h i c h 

may be 0 i f s + t > ( n ^ - l / n - ). T h i s g i v e s a s u b s c r i p t 

s t r u c t u r e v e r y much l i k e t h a t f o u n d i n a Z a s s e n h a u s E x a m p l e . 

E v e r y s s u c h t h a t y^eS i s a r a t i o n a l number w h i c h l i e s i n 

t h e i n t e r v a l ( 0 , 1 ) . E x a c t l y w h i c h r a t i o n a l numbers s a p p e a r 

as y - s u b s c r i p t s f o r e l e m e n t s i n S depends on t h e s e q u e n c e o f 

i n t e g e r s { n ^ : i e N } . 

Lemma 19A. Suppose y a n d y eS and s < s < 1 and L: i s 

t h e c h a r a c t e r i s t i c o f y f o r i = 1, 2.. Then L^ d i v i d e s L^ . 
i 

PROOF: 

Not e t h a t L-. y = 0 i m p l i e s t h a t ( L y ) y , % = L y = 0 
1 S l 1 S l I S 2 " S 1 ; 1 S 2 

S i n c e L p y = 0, L , t h e g r e a t e s t common d i v i s o r o f L and L , 
c- s g j S- d. 
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must be a s o l u t i o n o f t h e e q u a t i o n Xy = 0 . S i n c e L i s 
S 2 d 

t h e s m a l l e s t p o s i t i v e i n t e g r a l s o l u t i o n o f t h i s e q u a t i o n , 

L 2 must be and t h e r e f o r e Lg does d i v i d e . 

D E F I N I T I O N : A point in S will be an element of the form y . 

Is 

I f t h e a d d i t i v e c h a r a c t e r i s t i c o f e v e r y o r a l l b u t one 

n o n - z e r o e l e m e n t i n t h e r i n g S i s 0,. d e f i n e G = 0. O t h e r ­

w i s e l e t G* = min{ c h a r a c t e r i s t i c ( y g ) : y
s e s a n d 

c h a r a c t e r i s t i c ( y ) > 1 } . L e t y e S be any e l e m e n t w i t h 
s s Q 

c h a r a c t e r i s t i c G*. E i t h e r 

( l ) y i s t h e o n l y p o i n t i n S w h i c h has c h a r a c t e r i s t i c G* 
S 0 . 

or 

(•2). t h e r e e x i s t s a maximum open i n t e r v a l ( a , a 2 ) . CL ( 0 , 1 ) 

s u c h t h a t t e ( a ^ , a 2 ) i m p l i e s t h a t has c h a r a c t e r i s t i c G*. 

I n c a s e ( l ) l e t G = m i n { c h a r a c t e r i s t i c ( y ) : y eS and 
s s 

c h a r a c t e r i s t i c ( y ) > 0*} and l e t y be a p o i n t i n S w h i c h 
s s± 

has c h a r a c t e r i s t i c G. Then e v e r y p o i n t y where s < t. < s 
Tj _L (J 

must have c h a r a c t e r i s t i c G by lemma 19A. Hence t h e r e e x i s t s 

a maximum open ( a^, a^) CL ( 0 , . l ) s u c h t h a t t e ( a , a 2 ) i m p l i e s 

t h a t y^ has c h a r a c t e r i s t i c G. I n c a s e ( 2 ) l e t G = G*. 

Note a l s o t h a t i f G = .0, t h e n t h e r e i s a maximum open i n t e r v a l 

( a ^ , a 2 ) CL ( 0 , l ) s u c h t h a t t e ( a ^ , a 2 ) i m p l i e s t h a t ŷ _ has 

c h a r a c t e r i s t i c 0. 
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D E F I N I T I O N : G is called the •primary characteristic of Sj 

(a^^a^) is called the primary interval of S. 

D E F I N I T I O N : A formal additive relationship in S is an equation 
h 

of the form £ L.y = 0 where s . = s . implies that i = j3 

i=l i 'l 0 

L . e Z j and L .y ^ 0 for every i in [l.s-h].. Is 1s S * 
V 

Lemma 1 9 B . T h e r e e x i s t s no f o r m a l a d d i t i v e r e l a t i o n s h i p s i n 

S i n w h i c h e v e r y t e r m has s u b s c r i p t s w h i c h l i e i n t h e p r i m a r y 

i n t e r v a l ( a^ , &• ) . 

PROOF: 

L e t h be t h e f e w e s t p o s i t i v e number o f t e r m s t h a t a 

f o r m a l a d d i t i v e r e l a t i o n s h i p h a s , when e v e r y t e r m has s u b -
h 

s c r i p t s i n ( a , a ) . S u p p o s e \ L . y = 0 i s a f o r m a l 
X = l 1 

a d d i t i v e r e l a t i o n s h i p w h e r e s e ( a , a>,) f o r e v e r y i i n [ l , h ] . 

L e t s = max { s _, , s, } a n d s „ = m i n i s , , . • • , s, } . G i v e n m 1 ' h I 1 h 

a n y u > 0 t h e r e e x i s t s a r a t i o n a l number s. < u s u c h t h a t • 

y . e S . Due t o t h i s f a c t t h e r e e x i s t s y , e S s u c h t h a t t + s < a^ J s t Si • 2 

< t + s m . S i n c e L m y ( s + t } = 0, J L . y ( g _ + t } = I I L . 
h - ( h 

1, 
'm ' ~ ' x = l ^ v ~ i ' v ' v i = l i ; 

y t = o 

c a n be r e w r i t t e n as a f o r m a l a d d i t i v e r e l a t i o n s h i p i n (a^,a>j) 

w i t h f e w e r t h a n h t e r m s . T h i s i s a c o n t r a d i c t i o n . 
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Lemma 19C. T h e r e e x i s t s no f o r m a l a d d i t i v e r e l a t i o n s h i p s i n 

S i n w h i c h any t e r m has t h e f o r m Hy where G does n o t d i v i d e 

H and t < g/2 where g i s t h e l e n g t h o f t h e p r i m a r y i n t e r v a l , 

( a-1, a 2 ) . 

PROOF: 
m 

Suppo s e Hy + £ L.y = 0 i s a f o r m a l a d d i t i v e r e l a t i o n -
* J = l 3 S3 

s h i p where G does n o t d i v i d e H and t. < g / 2 . Suppose a l s o t h a t 

s., < ... < s, . < t. < s. , v < . . .. < s . Th e r e e x i s t s y. eS s u c h 1 h h+1 m J u m 
t h a t a., + g/2 < t +. u < a_. Then .(Hy. + J L.y • )y = 0 

0 = 1. 0 

i s an a d d i t i v e r e l a t i o n s h i p i n w h i c h e v e r y t e r m l i e s i n 

( a^, a^) h u t n o t e v e r y t e r m i s 0 s i n c e H y ^ + ^ ^ 0. C o n s e q u e n t l y 

t h i s c a n he r e w r i t t e n as a f o r m a l a d d i t i v e r e l a t i o n s h i p i n 

t h e p r i m a r y i n t e r v a l w h i c h c o n t r a d i c t s lemma 19B. 

DEFINITION: A point y eS i s an M-endpoint if M-y ^ 0 but 
s s 

My^ = 0 for every t > s where M is an integer. 

D E F I N I T I O N : If y is an M-endpoint for some integer M and L 
s 

i s the smallest positive integer such that y is an L-endpoint3 

then L i s the near characteristic of y . 

Lemma 19D. E v e r y dense s u b s e t o f an open i n t e r v a l ( b ^ j b ^ ) CZ. ( 0 , l ) 

c o n t a i n s p o i n t s s s u c h t h a t y i s n o t an M - e n d p o i n t f o r any MeZ 
s 

or t h e r e i s no p o i n t y g i n S. 
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PROOF: 

I f t h e M - e n d p o i n t s i n S a r e o r d e r e d a c c o r d i n g t o t h e i r 

n e a r c h a r a c t e r i s t i c s t h e n no two M - e n d p o i n t s h a v e t h e same 

n e a r c h a r a c t e r i s t i c s and as t h e n e a r c h a r a c t e r i s t i c s o f t h e 

M - e n d p o i n t s i n c r e a s e t o w a r d s i n f i n i t y , t h e y - s u b s c r i p t s de­

c r e a s e t o w a r d s 0.. S i n c e t h e p o s i t i v e i n t e g e r s have o n l y one 

l i m i t p o i n t ( p l u s i n f i n i t y ) , t h e y - s u b s c r i p t s o f t h e M-end­

p o i n t s i n S ha v e a t most one l i m i t p o i n t . B u t e v e r y dense 

s u b s e t o f t h e i n t e r v a l (h^^^) CZ ( 0 , l ) has i n f i n i t e l y many 

l i m i t p o i n t s . Hence some o f t h e p o i n t s i n t h e den s e s u b s e t 

o f (b jb-g) e i t h e r a r e n o t t h e y - s u b s c r i p t s o f any M - e n d p o i n t s 

i n S o r a r e n o t t h e y - s u b s c r i p t s o f any p o i n t s i n S a t a l l . 

The p r o o f o f t h e o r e m 19 w i l l now be f i n i s h e d . 

L e t E = ^-¥2./^^'' k e B r > a n d - l e t p ( S ) = { p r i m e s p: p d i v i d e s 

k f o r some k e l l s u c h t h a t y ^ / j ^ ^ } 

Case ( l ) : Suppose P ( S ) i s an i n f i n i t e s e t . Then c h o o s e 
h v 

P 0 e P ( S ) and l e t T = { £ L . y £ , +• y + £ H y s S : 
i = l i i j w = l w 

L eZ, (A ,k- ) = 1, and ( p Q , k i ) = 1 f o r a l l i i n [ l , h ] ; 

M.eZ, and y;; i s an M . - e n d p o i n t f o r a l l j i n [ l , m ] ; J . s. j 

H eZ, and e i t h e r , t > g/2 o r G d i v i d e s H f o r e v e r y w w w 

w i n [1,v] } 
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N o t e t h a t t h e s e t {£/k: k,£eN and p d i v i d e s k} i s dense i n 
b 

( 0 , g / 2 ) . From t h e p r o o f o f lemma 19D t h e r e e x i s t s some y^eS 

s u c h t h a t t e ( 0 , g / 2 ) , t = Jl/k where p d i v i d e s k, and y i s n o t 
- O 

an M - e n d p o i n t f o r any i n t e g e r M. By lemma 1 9 C t h e r e e x i s t s 
no f o r m a l a d d i t i v e r e l a t i o n s h i p s i n v o l v i n g e l e m e n t s o f t h e 

f o r m H y, where t < g/2 and G does n o t d i v i d e H . Hence wJ t w w w 
y^cS^T and t h e r e f o r e T ^ S. N o t e t h a t t h e p r o d u c t o f an 

M - e n d p o i n t w i t h any o t h e r e l e m e n t .in S i s 0 and t h a t (H y ; )• w t w 
( Ly- ) = LH y, , where e i t h e r G d i v i d e s LH o r t +. u > g/2 J u w t +u w w • w 
f o r e v e r y w i n [ l , v ] . I f p d i v i d e s n e i t h e r k n o r k , t h e n 

o 1 ^ 
p does not. d i v i d e k k . C o n s e q u e n t l y , ( L y • ) ( L y I... ) 
o 1 2 1 ^2.^.1 2 2 

= L n L 0 y > , •• \ L , l i e s i n T i f L.y„ eT f o r 

i = 1, 2.. Hence T i s a s u b r i n g o f S s i n c e i t i s c l o s e d 

u n d e r a d d i t i o n and m u l t i p l i c a t i o n . I f L y ^ ^ e S ^ T , '! , and (£,k) 

t h e n p Q d i v i d e s k, £/k< g/2, L does n o t d i v i d e - G, and t h e r e 

e x i s t s t. >' Jl/k s u c h t h a t Ly 4- 0. S i n c e P ( S ) i s an i n f i n i t e 

s e t t h e r e e x i s t s y , eT s u c h t h a t 1/k + Jl/k < m i n { g / 2 , t } . 
J. / 1 

C o n s e q u e n t l y , ( Ly £ / f c ) ( y ) = Ly ( ^ i s n o t 0 and i s 

n o t i n T s i n c e p Q d i v i d e s k k ^ , (p Q» Hk^+k) = 1 and by lemma 

19C t h i s e l e m e n t c a n n o t be e x p r e s s e d as a sum o f t e r m s 

w h i c h l i e i n T. Hen'ce..-Ly^is n o t i n t h e i d e a l i z e r o f T and T 

i s i t s own i d e a l i z e r i n S due t o t h e a r b i t r a r y n a t u r e o f t h i s 

e l e m e n t . 
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Case ( 2 ) : Suppose P ( S ) i s a f i n i t e s e t . Then c h o o s e 

p ^ e P ( S ) s u c h t h a t p d i v i d e s an i n f i n i t e number o f t e r m s i n 

t h e s e q u e n c e {n_^:ieN}. N o t e t h a t e v e r y power o f p^ d i v i d e s 

h 

some k s u c h t h a t y ,..eE. L e t Q = { Y L . y n , eS: L . e Z , 
l/K-' • -> 1 &./k. 1 

i = l 1 1 

(£^,k\) = 1, and k_̂  = p^ 1 1 f o r some neN f o r a l l i i n [ l , h ] } . 

L e t q be a p r i m e s u c h t h a t q ^ P ( S ) and l e t 
h m v 

Q* =' {I L.y . . . + Y M.y + Y H y, eQ: 
i = l ^ 1 1 j = l 0 j w=l •'•w w 

1 1 

M.eZ, and y i s an M . - e n d p o i n t f o r a l l j i n [ l , m ] ; J s. j 

H eZ, and e i t h e r t > g/2 o r G d i v i d e s H f o r a l l w i n [ l . v w w — w 

N o t e t h a t t h e s e t { J i / p ^ 1 1 : £,neN and (&,p^q.) = 1} i s dense i n 

( 0 , g / 2 ) . From t h e p r o o f o f lemma 19D i t f o l l o w s t h a t t h e r e 

e x i s t s a p o i n t y eS s u c h t h a t t e ( 0 , g / 2 ) , y i s n o t an M - e n d p o i n t 

f o r any i n t e g e r M, and t = £/p^ n, where (£,p^q) = 1. By 

lemma 19C t h e r e e x i s t s no f o r m a l a d d i t i v e r e l a t i o n s h i p s i n v o l v i n 

e l e m e n t s o f t h e f o r m H y where t . < g/2 and G does n o t d i v i d e 
w t w w 

H . Hence y,eQ ^ Q* and t h e r e f o r e Q 4 Q*- Now, n o t e t h a t i f w t 
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L y . , and L y , a r e e l e m e n t s i n Q* , t h e i r p r o d u c t , 
-Ll * , - ] , / -&-]_ -̂ 0. *• 2 ' 2 

L. L^y '.. :. . , . '.; ; i s an e l e m e n t i n Q*. S i n c e t h e 

s t a t ement s f o u n d i n c a s e ( 1 ) on' M . - e n d p o i n t s and e l e m e n t s o f 

t h e f o r m H y where e i t h e r t > g/2 o r G. d i v i d e s H a p p l y i n W Ti w — w w . 
t h i s c a s e a l s o , Q* i s a s u b r i n g o f Q. I f L eQ ^ Q* and 

y £ / k 
(£,k) = 1, t h e n (q,£) = 1, G. does n o t d i v i d e L, £/k < g/2, 

and t h e r e e x i s t s a r a t i o n a l number t > &/k s u c h t h a t L ^ 0. 
y t 

N o t e t h a t m i n { t , g / 2 } < ( £/k + q / p ^ ) f o r some n a t u r a l number 

n and t h e r e e x i s t s a p o i n t J-^j-^ s u c ] a t h a t p ^ n d i v i d e s k^. 

C o n s e q u e n t l y , ( L y £ : ) ( y n ) = Ly n n
 w h i c h i s 

1 \ ^P^ + q k ) / k p x 

n o t 0 and does n o t l i e i n Q* s i n c e (q,£p^ n + qk) = 1 and by 

lemma 19C t h i s e l e m e n t c a n n o t be e x p r e s s e d as a sum o f t e r m s 

w h i c h l i e i n Q*. Hence l y ^ / ^ i s n o " t i n t h e i d e a l i z e r o f Q* 

and Q* i s i t s own i d e a l i z e r i n Q due t o t h e a r b i t r a r y n a t u r e 

o f t h i s e l e m e n t . E 

D E F I NITION: A ring R i s a U^-ring i f every subring of R i s 

a chain ideal. 

I t a p p e a r s t h a t v e r y few r e s u l t s h a v e b e e n o b t a i n e d w h i c h 

d e f i n e t h e b o u n d a r i e s o f t h e c l a s s o f U ^ - r i n g s . The e x a m p l e 

g i v e n b e l o w shows t h a t n o t e v e r y w e a k l y n i l p o t e n t r i n g i s 

a U-[_-ring. 
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Remark D. Not e v e r y U - r i n g i s a U ^ - r i n g . 

EXAMPLE: 

L e t S be t h e s e m i g r o u p c o n s i s t i n g o f t h e s e t o f e l e m e n t s 

{ 0 ) U { x : n has l e s s t h a n k p r i m e f a c t o r s where k i s t h e n 
s m a l l e s t p r i m e d i v i d i n g n and n i s s q u a r e - f r e e } . L e t 

m u l t i p l i c a t i o n i n S be d e f i n e d by t h e r u l e : x x = x i f * n m nm 
nm has l e s s t h a n k p r i m e f a c t o r s where k i s t h e s m a l l e s t p r i m e 

d i v i d i n g nm and nm i s s q u a r e - f r e e ; o t h e r w i s e x x =0.. L e t • ^ n m 
t h e p r i m e s be o r d e r e d . a c c o r d i n g t o s i z e i n the. u s u a l way. 

L e t R be t h e a l g e b r a o v e r t h e i n t e g e r s modulo 2 w i t h b a s i s 

S ^ { 0 } . L e t Q be t h e . s u b r i n g o f R g e n e r a t e d by t h e s e t o f 

e l e m e n t s {x : p i s a p r i m e w i t h an even i n d e x i n t h e o r d e r i n g 
P 

o f t h e p r i m e s } . Any I - c h a i n i n R b e g i n n i n g w i t h Q has an 

i n f i n i t e number o f s t e p s s i n c e i f p i s t h e 2 n + l - s t p r i m e i n 

t h e o r d e r i n g o f t h e p r i m e s , t h e n x_^ does n o t o c c u r i n any 
s u b r i n g i n t h e I - c h a i n u n t i l a f t e r I 0 . Hence R i s n o t a • 2n 
U \ - r i n g . L e t R h a v e t h e J - c h a i n J and n o t e t h a t x o c c u r s i n 1 • n 
J , i f n has k p r i m e f a c t o r s and t h e s m a l l e s t p r i m e f a c t o r p-k 
o f n i s p. Hence \_) J = R and R i s w e a k l y n i l p o t e n t and 

neN n 

t h e r e f o r e R i s a U - r i n g . 5 
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DEFINITION: A ring R i s a U^-ring i f every subring of R i s 

a chain of index n. <_ M, for some integer M. 

.DEFINITION: M i s an index bound for a U^-ring i f every chain 

ideal of the ring has index n\ <_ M. 

The f o l l o w i n g t h e o r e m s f r o m F r e i d m a n ( 6 ) t o g e t h e r 

w i t h t h e e x a m p l e f o r r e m a r k F g i v e a f a i r l y g o od p i c t u r e o f 

what n i l U ^ - r i n g s a r e l i k e . 

Theorem 20... ( F r e i d m a n ) E v e r y n i l p o t e n t r i n g i s a U ^ - r i n g . 

PROOF: 

Suppo s e R P = 0.. Then 0 = R P c. S C. R f o r e v e r y s u b r i n g 

S o f R. By t h e o r e m 3, S i s a c h a i n i d e a l o f i n d e x n. <_ p. 

Hence R has i n d e x b o u n d p. 5 

I t i s a l s o t r u e t h a t a homomorphic image o f a U ^ - r i n g 

o f i n d e x b o u n d M i s a U ^ - r i n g o f i n d e x b o u n d n <_ M and t h a t 

a s u b r i n g o f a U ^ - r i n g o f i n d e x M i s a U ^ - r i n g o f i n d e x 

b o u n d n. <_ M. The p r o o f o f t h e s e s t a t e m e n t s i s t h e same as 

t h a t g i v e n f o r t h e c o r r e s p o n d i n g s t a t e m e n t s f o r U - r i n g s i n 

t h e o r e m 17.' H o w e v e r , u n l i k e t h e r e s u l t ' f o r w e a k l y n i l p o t e n t 

r i n g s , a d i r e c t sum o f U - r i n g s n e e d n o t be a U - r i n g . 

Remark E. ( F r e i d m a n ) A d i r e c t sum o f U ^ - r i n g s n e e d n o t be 

a U - r i n g . 
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EXAMPLE: 

L e t R = Z/(2) + Z / ( 2 ) . L e t e be t h e i d e n t i t y o f t h e 

f i r s t r i n g Z / ( 2) and l e t . f be t h e i d e n t i t y o f t h e s e c o n d r i n * 

i n t h e summand. Then e + f g e n e r a t e s a s u b r i n g p r o p e r i n R 

w h i c h i s n o t an i d e a l o f R. 5 

The f o l l o w i n g s e r i e s o f lemmas l e a d d i r e c t l y t o t h e 

p r o o f o f t h e m a i n t h e o r e m on U ^ - r i n g s w h i c h a r e l o c a l l y 

n i l p o t e n t . 

Lemma 21A.. ( F r e i d m a n ) I f R i s a l o c a l l y n i l p o t e n t U 2 - r i n g 

and has i n d e x b o u n d M and t h e . a d d i t i v e g r o u p s t r u c t u r e i n R 

i s e i t h e r t o r s i o n f r e e o r e v e r y n o n - z e r o e l e m e n t has a d d i t i v e 
2M+1 

o r d e r p where p i s a p r i m e , t h e n x = 0 f o r e v e r y xeR. 

PROOF: 
2 M 2 

L e t x be any e l e m e n t i n R and o b s e r v e t h a t . <x>» <x >* IC. <x > 

f o l l o w s f r o m t h e o r e m 1 and t h e f a c t , t h a t a s u b r i n g o f a U 2 - r i n g 2M+1 ^ . 2 i i s a g a i n a U g - n n g . Hence x = 2 , c.x where c. i s an 
i = l 1 

i n t e g e r and x 2 ^ 4 0 w h i l e x 2 j + 2 = 0.. Suppose x 2 j + 1 4 0.. Then 

l e t k = 2 j + l . O t h e r w i s e l e t k = 2j.. The e q u a t i o n s o b t a i n e d 

by m u l t i p l y i n g b o t h s i d e s o f t h e e q u a t i o n : X2M+1 _ . ̂  c ^ 2 i 
i = l. 1 

k —2n 
by x f o r n = 1,2,. M show s u c c e s s i v e l y t h a t , c^ = 0 
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f o r n = 1,2,. M. The e q u a t i o n f i n a l l y o b t a i n e d has. t h e 

2M+1. 2M+1 2M+1 , _ f o r m : x = x y where yeR. I f x f 0, t h e n t h e o n l y 

e l e m e n t y w h i c h can s a t i s f y s u c h an e q u a t i o n i n a l o c a l l y 
2M+1 

n i l p o t e n t r i n g i s 0 i t s e l f . Hence x = 0 w h i c h i s t h e 

d e s i r e d r e s u l t . 
Lemma 21B. ( F r e i d m a n ) I f R i s a l o c a l l y n i l p o t e n t U ^ - r i n g 

w i t h i n d e x h o u n d M s u c h t h a t e v e r y n o n - z e r o x i n R has 

a d d i t i v e o r d e r p where p i s a p r i m e and i f S i s a s u b r i n g 

o f R w h i c h i s g e n e r a t e d by e x a c t l y H e l e m e n t s , t h e n = 0 

where t = H ( 2 M + l ) 3 M - H + 1. 

PROOF: 

L e t S be t h e r i n g g e n e r a t e d by t h e e l e m e n t s x ,x ,. . . ,x 
1 2 . H 

ta k e n , f r o m R. A c c o r d i n g t o lemma 21A, ( x . ) 2 ^ + ^ ~ = 0 f o r e v e r y 
oM 1 

i i n [ 1 , H ] . By t h e o r e m 2,. I.(<x i>) C <x > C I.( <x > ) . Hence 
M 

l(<x.,>) 3 ( 2 M + 1 ) = 0 f o r a l l i i n [ l , H ] . Due t o t h e f a c t s t h a t 

S C l ( < x •>) + l ( < x >) + ... + l ( < x >) and t h a t [l.(<x •>) + l ( < x >) 
— J . 2 n 1 2 

+ ... + I.(<x >)]"k = 0 , = 0 where t i s t h e number g i v e n i n xi 
t h e s t a t e m e n t o f t h e lemma, 

Lemma 21C. ( F r e i d m a n ) I f R i s a l o c a l l y n i l p o t e n t U ^ - r i n g w i t h 

i n d e x b o u n d M s u c h t h a t e v e r y xeR ^ {0}. has a d d i t i v e o r d e r p 

where p i s a p r i m e and S i s any s u b r i n g o f R g e n e r a t e d by 

e x a c t l y H e l e m e n t s , t h e n |S| <_ p U where u+1 

= H ( H H ( 2 M + 1 ) 3 M - H + 1 - i ) / ( H - a ) . 
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PROOF: 

L e t S be t h e s u b r i n g o f R g e n e r a t e d by. t h e e l e m e n t s 

x ,x ,...,x . Then = 0 and c o n s e q u e n t l y t h e s e m i g r o u p 

S* g e n e r a t e d by x ,.. . ,x c o n t a i n s no more t h a n 
1 H 

H + H 2 + H 3 + ... + H t - 1 = H ( H t - 1 - l ) / ( H - l ) e l e m e n t s . L e t 

u + 1 = H ( H H ( 2 M + 1 ) 3 M _ H + 1 - 1 ) / ( H - 1 ) . The r i n g S t h e r e f o r e 
u 

c o n s i s t s o f sums o f t h e f o r m T L.y. where e a c h L. i s a . L., l i l i = l 
p o s i t i v e i n t e g e r . <p and e a c h y^ i s a n o n - z e r o member o f t h e 

s e m i g r o u p S* and y. = y. i m p l i e s t h a t i = j . However, t h e 

number o f s u c h sums i s no more t h a n p U . 

Lemma 2I D . ( F r e i d m a n ) I f R i s a l o c a l l y n i l p o t e n t U ^ - r i n g 

w i t h i n d e x b o u n d M s u c h t h a t e v e r y xeR M 0 } :has a d d i t i v e o r d e r 

p where p i s a p r i m e , t h e n R i s n i l p o t e n t . 

PROOF: 
•y 

S e l e c t b y c h o i c e any M+p e l e m e n t s f r o m t h e r i n g R 
M 

where, v+1 = M ( M M ^ 2 M + 1 ^ 3 " M + 1 ̂  -1) / ( M - l ) . Let. t h e s e e l e m e n t s 

be. d e n o t e d by x^,x^, x M ; y - ^ y g , y p
v ' L e t s be t h e 

s u b r i n g o f R g e n e r a t e d by t h e e l e m e n t s x ,x ,...,x . L e t 

a = x_, x^ . . . x,„. D e f i n e a. r e c u r s i v e l y by a. = a. , y. f o r 
0 • 1- 2 . M l l l - l " 7

 I 

a l l i i n [ l , p V ] . Then i t f o l l o w s f r o m t h e o r e m 1 t h a t e a c h 
a.eS and t h e r e f o r e two o f t h e p +1 e l e m e n t s 

1 o 1 p 
be e q u a l . Suppose a^ = a., where i < j . Then a^ = a^z where 
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z i s an element, o f R. S i n c e R i s a l o c a l l y n i l p o t e n t r i n g 
M+p V 

a. must be 0 and he n c e a -,r = 0. R = 0 s i n c e e v e r y e l e m e n t l P v 

i n t h i s s u b r i n g o f R c a n be w r i t t e n i n t h e f o r m o f a ^ 7 by a 

prop'er c h o i c e o f t h e e l e m e n t s 

Theorem 2 1 . •• * ( F r e i d m a n ) I f R i s a l o c a l l y n i l p o t e n t U ^ - r i n ^ 

and F ( R ) , t h e p e r i o d i c p a r t o f R , has. c h a r a c t e r i s t i c q_ > 0, 

then' R i s n i l p o t e n t . 

PROOF: 

F i r s t c o n s i d e r F ( R ) , t h e p e r i o d i c p a r t o f R. S i n c e 

F ( R ) has. c h a r a c t e r i s t i c q_ > 0,. F ( R ) may be r e p r e s e n t e d as a 

d i r e c t sum o f a f i n i t e number o f r i n g s whose a d d i t i v e g r o u p 

s t r u c t u r e i s a p r i m a r y p g r o u p f o r d i s t i n c t p r i m e s p. To 

show t h a t F ( R ) i s n i l p o t e n t i t i s s u f f i c i e n t t o show t h a t 

e a c h o f t h e s e s u b r i n g s i s n i l p o t e n t s i n c e a f i n i t e , d i r e c t 

sum o f n i l p o t e n t r i n g s i s n i l p o t e n t . S uppose S CL R i s a 

r i n g w h i c h has a p r i m a r y p g r o u p as i t s a d d i t i v e g r o u p 

s t r u c t u r e . Then S i s a U ^ - r i n g and t h e r e e x i s t s n W s u c h 

t h a t p n S = 0,. b u t p n _ 1 S ± 0.. Then by lemma 21D p n - 1 S i s . 
• ••• " n -2 

a n i l p o t e n t r i n g . The r i n g p •> S- is'_ a l s n i l p o t e n t s i n c e 

p ( p S/p S) = 0 and t h e r e f o r e t h e f a c t o r r i n g ( P ^ S / P 1 1 - ^ ) 

i s a n i l p o t e n t r i n g . C o n t i n u i n g t o a r g u e i n t h i s f a s h i o n i t 

i s e a s y t o see a f t e r a f i n i t e number o f s t e p s t h a t S i t s e l f 

i s a n i l p o t e n t r i n g . 
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Now c o n s i d e r R/F(R) w h i c h has a t o r s i o n f r e e g r o u p as 

i t s a d d i t i v e g r o u p s t r u c t u r e . A c c o r d i n g t o lemma 21A t h e r e 

e x i s t s w > 0 s u c h t h a t x W = 0 f o r a l l x i n R / F ( R ) . M. N a g a t a 

p r o v e s i n ( 1 3 ) t h a t a t o r s i o n f r e e r i n g w i t h t h e p r o p e r t y 
w 

t h a t x = 0 f o r a l l x i n t h e r i n g must be n i l p o t e n t . Hence 

R i s n i l p o t e n t s i n c e b o t h R/F(R) and Fen) a r e n i l p o t e n t . H 

The f o l l o w i n g r e m a r k and example a l s o a p p e a r i n F r e i d m a n 

( 6 ) . The f a c t t h a t e v e r y s u b r i n g i n t h e g i v e n e x a m p l e i s 

an i d e a l o f t h e r i n g makes i t a l l t h e more s t a r t l i n g . 

Remark F. A U,_,-ring n e e d n o t be n i l p o t e n t i f t h e p e r i o d i c p a r t 

o f t h e r i n g has c h a r a c t e r i s t i c 0. 

EXAMPLE: 

L e t ^ X p : p i s a p r i m e number) be a s e t o f d i s t i n c t . 

e l e m e n t s and f o r e a c h p r i m e number p d e f i n e A = {nx : 
p p 

0. .<_ n. < p P } . Make A^ a r i n g b y d e f i n i n g a d d i t i o n and 

m u l t i p l i c a t i o n by t h e r u l e s : nx + mx = [(m+n)mod p P ] x : 
p p P 

nx -mx = [(nmp)mod p P ] x . Hence (A ) p + "'" = o, i . e . A 
P P P P P 

i s n i l p o t e n t . L e t R = (+) A . Then yeR i m p l i e s t h a t 
p p r i m e P 

n p. v i y = / m x where p. i s a p r i m e and 0. < m . < p. , m eN J . L
n p . p . * i ^ p. ^ l ' p . 

1=1 * i * i ^ i * i 

f o r a l l i i n [ l , n ] . The s u b r i n g , g e n e r a t e d i n R by y, i s 
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r e a l l y a n . i d e a l o f R s i n c e y x = [ (p ,.m )mod p ] x i f p = p 
J P j P j 

where j l i e s i n [ l , n ] ; o t h e r w i s e y x = 0 . . S i n c e t h e s e t o f 

p r i m e s , {p.^: i = l , 2 , . . . . , n } , a r e a l l d i s t i n c t , y x eS . Hence 

e v e r y s u b r i n g o f R i s an i d e a l o f R and t h e r e f o r e R i s a 

U ^ - r i n g . However R i s n o t n i l p o t e n t s i n c e ( x ) P 4 0 f o r e v e r y 

p r i m e number p. E 

DEFINITION: A ring is periodia if the additive order of 

every non-zero element of R is a natural number. 

DEFINITION: A ring is primary if the additive order of every 

non-zero element of the ring is a power of some prime number p. 

DEFINITION: An element xzR3 a primary ring3 has infinite  

height if the equation mz = x has a solution z for every 

me/I/. 

Lemma 2 2 A . I f R i s a p r i m a r y r i n g and xeR i s an e l e m e n t o f 

i n f i n i t e h e i g h t i n t h e a d d i t i v e g r o u p o f R, t h e n xR + Rx = 0.. 

PROOF: 

Suppose t h a t xeR i s an e l e m e n t o f i n f i n i t e h e i g h t i n t h e ' 

a d d i t i v e g r o u p o f R. L e t p m be t h e a d d i t i v e o r d e r o f x. Then 

t h e r e e x i s t s , a s e q u e n c e o f e l e m e n t s i n R, {x : neN}, s u c h 
2 n 

t h a t x =• p x ^ = p x^ = ... = p x ; f o r e v e r y neN. I f y i s an 

e l e m e n t i n R,. t h e n t h e r e i s a n o n - n e g a t i v e i n t e g e r , k s u c h t h a t 

p k y = 0.. However xy = ( p k x ^ ) y = x^Cp^y) = x « 0 .= • 0. I t 

f o l l o w s t h a t xR = 0.,- F o r s i m i l a r r e a s o n s Rx = 0. 
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DEFINITION: The basic subring of a primary ring R i s the 

subring B which has for i t s additive group structure the 

basic subgroup of R's additive group. (See Kurosh (10): for 

a d e f i n i t i o n of basic subgroup). 

I t f o l l o w s f r o m lemma 2 2.A t h a t a b a s i c s u b r i n g i s a l w a y s 

an i d e a l o f t h e r i n g , s i n c e R/B has a c o m p l e t e g r o u p f o r i t s 

a d d i t i v e g r o u p s t r u c t u r e . Hence e v e r y e l e m e n t o t h e r t h a n 

0 i n R/B has i n f i n i t e h e i g h t and t h e r e f o r e (R/B) = 0. I t 
2 

f o l l o w s t h a t R d B-

Theorem 22.. L e t R be a l o c a l l y n i l p o t e n t U ^ - r i n g and l e t - F(R) 

be t h e p e r i o d i c p a r t o f R. L e t F ( R ) = (+). F where F i s a 

i e N p i p i 

p ^ - p r i m a r y r i n g and {p^: i e N } i s t h e s e q u e n c e o f p r i m e s i n 

t h e i r u s u a l o r d e r i n g . L e t A. be t h e i d e a l o f F c o n s i s t i n g 
I p. 

I 

o f a l l e l e m e n t s o f i n f i n i t e h e i g h t i n F . Then R i s w e a k l y 
P i 

n i l p o t e n t i f f o r a l l i e N t h e b a s i c s u b r i n g o f F^ I A. i s a d i r e 

sum o f r i n g s o f f i n i t e p o s i t i v e , c h a r a c t e r i s t i c 
P i 1 

PROOF: 

L e t F be t h e s e t o f a l l e l e m e n t s i n F(R) w h i c h h a v e 

a d d i t i v e o r d e r any power o f p.. Then F ( R ) = (+) F . Henc 
1 i e N p i 

F ( R ) i s w e a k l y n i l p o t e n t i f e a c h F i s w e a k l y n i l p o t e n t . 
P i 
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L e t A. = { X E F : x has i n f i n i t e h e i g h t i n t h e a d d i t i v e g r o u p 
P i 

o f F }. The g r o u p F /A. = F. i s an. Ulm. f a c t o r ( s e e K u r o s h p. p. 1 1 

( 1 0 ) f o r d e f i n i t i o n ) o f t h e g r o u p F and h e n c e t h e r i n g F. p. l l 
i s a p r i m a r y r i n g w h i c h c o n t a i n s no e l e m e n t s o f i n f i n i t e 

2 h e i g h t . L e t B. he t h e b a s i c s u b g r o u p o f , E . Since', F. C B . l l l — i 

i t f o l l o w s f r o m t h e o r e m 12 t h a t F^ i s w e a k l y n i l p o t e n t i f B^ 

i s . By a s s u m p t i o n , t h e r i n g B^ i s a d i r e c t sum o f r i n g s o f 

f i n i t e p o s i t i v e c h a r a c t e r i s t i c . I t f o l l o w s f r o m t h e o r e m 21 

t h a t B. i s w e a k l y n i l p o t e n t . T h e r e f o r e F i s w e a k l y n i l -
P i 

p o t e n t s i n c e F^ i s w e a k l y n i l p o t e n t and s i n c e A^ i s a s u b -

r i n g o f t h e f i r s t t e r m o f F 's J . - c h a i n . By t h e o r e m 2 1 , 
p . 

I 

R/F(R) i s n i l p o t e n t , and t h e r e f o r e R i s w e a k l y n i l p o t e n t 

s i n c e F ( R ) i s w e a k l y n i l p o t e n t . E 
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k. K-CHAINS 

K - c h a i n s a r e t h e r i n g t h e o r y e q u i v a l e n t o f lower, c e n t r a l 

s e r i e s i n g r o u p t h e o r y . Power n i l p o t e n t r i n g s a r e t h e r i n g 

t h e o r y e q u i v a l e n t o f ZD g r o u p s . By c o m p a r i n g t h e t h e o r e m s i n 

t h i s s e c t i o n w i t h t h o s e i n t h e s e c t i o n on J - c ' h a i n s , i t can he 

s e e n t h a t power n i l p o t e n t r i n g s h ave many o f t h e same p r o p e r t i e s 

t h a t w e a k l y n i l p o t e n t r i n g s do. The s t a t e m e n t f o r w e a k l y n i l -

p o t e n t r i n g s c o r r e s p o n d i n g t o t h e o r e m 28 b e l o w i s a l s o t r u e . 

F o r many c l a s s e s o f r i n g s J - c h a i n s and K - c h a i n s have, u s e f u l 

r e l a t i o n s t o one a n o t h e r . Some o f t h e s e r e l a t i o n s a r e p r e s e n t e d 

i n s e c t i o n 7 b e l o w on r i n g t y p e s . 

D E F I N ITION: The K'-chain of a r i n g R i s the f o l l o w i n g descending 

chain of i d e a l s of R: RZ> K, Z> KnZ2 . . . Z> KD = KQ • , where R = Kn3  J J 1 2 8 8 + 2 0 

&a+2 = + ^ O V e v e v y ordinal number a3 and i f a i s a 

l i m i t ordinal, K 
a • Y Y< a 

Remark G. S i n c e f o r e v e r y n a t u r a l number n , = Rn+^", i t i s 

t r u e t h a t K R = RK w h e n e v e r a i s f i n i t e . H o w e v e r , K R 4 RK a a a a 
i n t h e g e n e r a l c a s e . 

a b 
0 0 

EXAMPLE: 

L e t R be t h e s e t o f a l l 2x2 m a t r i c e s o f t h e f o r m 

where a i s o f t h e f o r m 2m/(2n+l) where m and n a r e i n t e g e r s 

and b i s any r a t i o n a l number. Then R i s a r i n g w i t h t h e u s u a l 
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m a t r i x a d d i t i o n and m u l t i p l i c a t i o n . L e t R have t h e K - c h a i n 

K: R D K n K n ... 3 K Q = K Q . . .• Then K = R n =. t h e s e t 
1 2 P P + 1 (A) • 

neN 

o f a l l 2x2 m a t r i c e s where t h e o n l y n o n - z e r o e n t r y o c c u r s i n t h e 

f i r s t row, s e c o n d column and any r a t i o n a l number may o c c u r 

t h e r e . A s i m p l e c a l c u l a t i o n shows t h a t K R = 0 w h i l e 

RK = K . 
0) 0) s 

D E F I N I T I O N : A ring•R is power nilpotent if R's K-chain ends 

at 0. 

The f o l l o w i n g t h e o r e m p r o v i d e s an a l t e r n a t i v e , d e f i n i t i o n 

o f power n i l p o t e n t r i n g s . 

Theorem .23. A r i n g R i s power n i l p o t e n t i f f IR + RI 4 ..I f o r 

e v e r y n o n - z e r o i d e a l I o f R. 

PROOF: 

Suppo s e R i s power n i l p o t e n t and I i s a n o n - z e r o i d e a l 

o f R. L e t R h a v e t h e K - c h a i n K: R Z> K ZD • • • 3 Kg = 0.. 

S i n c e I cjL Kg = 0,. I <$- K a f o r some s m a l l e s t o r d i n a l a w i t h 

t h i s p r o p e r t y . The number a c a n n o t be a l i m i t o r d i n a l . Hence 

I d K . and t h e r e f o r e I B + R I C K . R + RK _, CL K . I t — a-1 — a-1 a-1 — a 

f o l l o w s t h a t I 4 IR + R I . 

Now s u p p o s e t h a t R's K - c h a i n ends a t Kg 4 .0.. Then Kg i s 

a n o n - z e r o i d e a l o f R f o r w h i c h t h e r e l a t i o n KgR + RKg = Kg 

h o l d s . Hence i f R i s n o t power n i l p o t e n t , t h e n t h e r e i s some 

i d e a l I o f R f o r w h i c h IR + RI = I . H 
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Theorem 2k. A power n i l p o t e n t r i n g R w i t h DCC on t w o - s i d e d 

i d e a l s i s n i l p o t e n t . 

PROOF: 

C o n s i d e r R's K - c h a i n : E 9 K n D L 3... 3 L = 0. 
1 2 p 

By DCC t h i s c h a i n must end a f t e r a f i n i t e number o f s t e p s a t 

K^ = K p + 1 . S i n c e K^ = R P + 1 , R P + 1 = 0 i f R i s power n i l p o t e n t . 

Remark H. A power n i l p o t e n t r i n g w i t h ACC on t w o - s i d e d 

i d e a l s n e e d n o t c o n t a i n any n i l p o t e n t e l e m e n t s d i f f e r e n t 

f r o m 0. 

EXAMPLE: 

L e t R = 2Z, t h e r i n g o f even i n t e g e r s . ' Then i f R has 

t h e K - c h a i n K, K R = 0 . T h i s i s t r u e s i n c e e v e r y even 

i n t e g e r i s t h e p r o d u c t o f at most a b o u n d e d f i n i t e number o f 

even i n t e g e r s . Hence R i s a power n i l p o t e n t r i n g and has 

ACC on t w o - s i d e d i d e a l s . However R c o n t a i n s no n o n - z e r o n i l -

p o t e n t e l e m e n t s s i n c e no even i n t e g e r o t h e r t h a n 0 i s n i l p o t e n t 

Theorem 25. A s u b r i n g S o f a power n i l p o t e n t r i n g R i s 

power n i l p o t e n t . 

PROOF: 

L e t S be a s u b r i n g o f R and l e t R have t h e K - c h a i n K: 

R 3 _Z> • • ' 3 K g = °* Suppose t h a t S has t h e K - c h a i n H: 

S D H . , — ) . . . ; " ) H = H , _, . Then S r E . Suppose t h a t H C K . 1 — — y Y + l — . a — a 
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Then H = H S + SH , w h i l e K = K R + RK . T h e r e f o r e a+1 a a a+1 a a : 
H

a + 1 = ^ ^ a + l * B y * r a n s f i n i " t e i n d u c t i o n ( t h e s t e p a t l i m i t 

o r d i n a l s i s o b v i o u s ) H CZ K f o r e v e r y o r d i n a l number a. 
a — a J 

Hence H D CZ- K c = 0. T h e r e f o r e H = 0 and y• < 3. T h i s shows 8 — 8 Y 
t h a t S i s power n i l p o t e n t . E 

Theorem 26. A c o m p l e t e d i r e c t sum o f power n i l p o t e n t r i n g s 

i s power n i l p o t e n t . 

PROOF: 

Suppo s e R = (+) A where e a c h A i s power n i l p o t e n t . 
YEC Y Y 

L e t R h a v e t h e K - c h a i n K: R 3 K n O K ~> ... D K, = K r 

1 2 6 6 +1 
L e t A have t h e K - c h a i n K : A Z> (K ) . ~Z) (K ) ^ ...""}(K ) . = 0 Y Y Y Y 1 Y 2 - ^ y 3 

© Y (K ) , s i n c e 
_ y a 

yeC 
A • A ^ 0 i m p l i e s t h a t y n

 = Yo• T h e r e e x i s t s an o r d i n a l Y-,_ Y 2 1 2 

number 3 w h i c h i s g r e a t e r t h a n a l l o f t h e o r d i n a l numbers 

{8 ,yeC}. Hence K = ( + ) (K ) = (+) 0 = 0 where 0 . r e p r e s e n t s 
Y P yeC Y P yeC Y Y 

t h e 0 - s u b r i n g o f t h e r i n g A . Hence R i s power n i l p o t e n t . 5 

C o r o l l a r y . A d i s c r e t e d i r e c t sum o f power n i l p o t e n t r i n g s i s 

power n i l p o t e n t and a s u b d i r e c t sum o f power n i l p o t e n t r i n g s 

i s power n i l p o t e n t . 
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PROOF: 

T h i s f o l l o w s f r o m t h e o r e m s 25 and 26 and t h e f a c t t h a t 

s u c h sums can he r e p r e s e n t e d as s u b r i n g s o f a c o m p l e t e d i r e c t 

sum o f power n i l p o t e n t r i n g s . -

Theorem 2 7 . I f I , a power n i l p o t e n t r i n g , i s an i d e a l o f a 

r i n g R and R P CL I f o r some n a t u r a l number p, t h e n R i s power 

n i l p o t e n t . 

PROOF: 

L e t I have t h e K - c h a i n H: I O H H ZD . . . O H = 0 . 
1 2 . Y 

L e t R h a v e t h e K - c h a i n K: R r> K ZD K ZD • • ' ~ZD K Q = K D . 
1 2 p p + ± 

Then K^ C s i n c e H = I 2 , K 0 = R 2 p + 1 , and R 2 p < C l 2 : 
2p — 1 1 2p — 

S u p p o s e t h a t n i s a n a t u r a l number and t h a t a i s e i t h e r 0 . 

o r a l i m i t o r d i n a l and t h a t K CZ H . Then i f R^ means 
a+2np — a+n 

v P s 2 TD — s t h a t R does n o t a p p e a r , K „ i r . = ; ) R K . R ^ . I t 
* a+ 2np+2p s = n a+2np 

f o l l o w s t h a t K . * <ZZ R PK + K R P CZ IH J + H I a + 2 ( n + l ) p — a+2np a+2np — a+n a+n 
H , , ., . By u s i n g t r a n s f i n i t e i n d u c t i o n ( t h e s t e p a t l i m i t a+n+1 r 

o r d i n a l s p r e s e n t s no p r o b l e m ) i t can be c o n c l u d e d t h a t 

K C H , f o r a l l n a t u r a l numbers n and a l l c a s e s when a a+2np — a+n 
i s 0 o r a l i m i t o r d i n a l . Hence i f y = a+n where a i s 0 o r a 

l i m i t o r d i n a l and n i s a n a t u r a l number, t h e n K n CZ H = 0 
a+ 2np — y 

and t h i s shows t h a t R i s power n i l p o t e n t . S 



I t i s a l s o e a s y t o see t h a t power n i l p o t e n t r i n g s 

c o n t a i n no n o n - z e r o idemp.ote.nts. More g e n e r a l l y , e v e r y 

i d e m p o t e n t o f a r i n g R i s an e l e m e n t o f e v e r y t e r m o f R's 

K - c h a i n . F o r i f e i s an i d e m p o t e n t i n t h e r i n g R and e 

l i e s i n K t h e a - t h t e r m o f R's K - c h a i n , t h e n e = e-e a 
and h e n c e e l i e s i n K-a + ^- T r a n s f i n i t e i n d u c t i o n c o m p l e t e s 

t h e p r o o f . 

D E F I NITION: If I is an ideal of the ring R3 then the 

K(R) - chain of subrings of I is the following: IDK^ 3 

...DK0 = KD • , where = IR + RI 3 K t 1 = K R + RK for 

every ordinal number a3 and if a is a limit ordinal3 then 

K = /O K . 
a • y Y< a 

DEFINITION: An ideal I of a ring R is power nilpotently  

embedded in R if I's K(R)-chain ends at 0. 

Theorem 28. I f a r i n g R has a homomorphic image T w h i c h i s 

power n i l p o t e n t and i f t h e k e r n e l I o f t h e homomorphism i s 

power n i l p o t e n t l y embedded i n R, t h e n R i s power n i l p o t e n t . 

PROOF: 

L e t f be t h e homomorphism f r o m R o n t o T, a power n i l -

p o t e n t r i n g . 

L e t R have t h e K - c h a i n K: R 3 K± ~Z> &2 3 . • • Z> K g = K g + 1 . 

L e t T have t h e K - c h a i n H: I D H ^ H 2 3 . . . = 0. S i n c e 

http://idemp.ote.nts
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f ( R ) C T , f ( K
Q ) ^ H

0 - Suppose. f ( K - Q ) C E ^ Then f ( K a + = ) = 

f ( K ) f ( R ) + f ( R ) f ( K ) <Z H T + TH C H _ . By. t r a n s f i n i t e a a — a a — a + 1 J 

i n d u c t i o n ( t h e s t e p a t l i m i t o r d i n a l s i s due t o a s e t 

t h e o r e t i c p r o p e r t y o f f u n c t i o n s ) f ( K ) C H f o r a l l o r d i n a l * r a — a 
numbers a. Hence f ( K ) cZ H = 0 . I t f o l l o w s t h a t K C I . 

Y - Y Y ~ 

M o r e o v e r K ' i s c o n t a i n e d i n t h e n - t h t e r m i n I ' s K ( R ) . - c h a i n . 
Y+n 

Hence i f I ' s K ( R ) - c h a i n r e a c h e s 0 on the' x - t h t e r m , K = 0 . 
' Y + T 

Hence R i s power n i l p o t e n t i f I i s power n i l p o t e n t l y embedded 

i n R. H 

The n e x t e x a m p l e shows t h a t , t h e c o n d i t i o n s u s e d i n t h e 

t h e o r e m a r e n e c e s s a r y t o o b t a i n t h e g e n e r a l r e s u l t . 

Remark I . The c o n d i t i o n i n t h e o r e m 28 t h a t t h e k e r n e l I o f 

t h e homomorphism be power n i l p o t e n t l y embedded i n t h e r i n g R 

r a t h e r t h a n m e r e l y a power n i l p o t e n t r i n g i t s e l f i s s t r i c t l y 

n e c e s s a r y . 

EXAMPLE: 

L e t S be t h e s e m i g r o u p c o n s i s t i n g o f t h e s e t { 0 } . U{ACZN: 

A i s any non-empty s u b s e t o f N, t h e s e t o f n a t u r a l n u m b e r s } . 

D e f i n e m u l t i p l i c a t i o n i n S be t h e r u l e : A'B = AL^B i f 

A D B = 0 and e i t h e r A o r B i s a f i n i t e s e t ; o t h e r w i s e A-B = 0 . 

L e t R be t h e a l g e b r a o v e r t h e i n t e g e r s mod p w i t h b a s i s S. 

Then R has t h e K - c h a i n K : R Z> K Z> K G 3> . . . Z> K^. A c t u a l l y 



K = < {cA: c e Z , AeS, and A has a t l e a s t n+1 e l e m e n t s } > n ' 
and K = < {cA: c e Z , AeS, and A has an i n f i n i t e number o f to 
e l e m e n t s } > . R i s n o t power n i l p o t e n t s i n c e K^ +^ = K^. 

2 However K = 0 and h e n c e K i s n i l p o t e n t as w e l l as power to co * 

n i l p o t e n t . M o r e o v e r R/K^ i s i s o m o r p h i c t o T, t h e i n t e g r a l 

a l g e b r a o v e r t h e s u b s e m i g r o u p o f S c o n s i s t i n g o f t h e s e t 

{ 0 } ( J { A C N : AeS and A has a f i n i t e number o f e l e m e n t s } . I f 

K* i s t h e K - c h a i n f o r R/K , t h e n K* = K / ) T f o r e v e r y neN. 
to' n n 

Hence K* = K (~) T = 0 and R/K i s power n i l p o t e n t . 5 
to to to * 

The n e x t e x a m p l e shows t h a t u n l i k e t h e c a s e f o r w e a k l y 

n i l p o t e n t r i n g s , t h e v e r y d e s i r e a b l e p r o p e r t y o f b e i n g homo-

m o r p h i c a l l y . c l o s e d does n o t h o l d f o r t h e c l a s s o f power n i l -

p o t e n t r i n g s . 

Remark J . A homomorphic image o f a power n i l p o t e n t r i n g n e e d 

n o t be a power n i l p o t e n t r i n g . 

EXAMPLE: 

L e t S be t h e f r e e s e m i g r o u p g e n e r a t e d by t h e s e t ^ x
n

: neN}, 

L e t R be t h e a l g e b r a o v e r t h e f i e l d o f i n t e g e r s m o d ulo 2 w i t h 

b a s i s S. Then R i s a power n i l p o t e n t r i n g s i n c e R = 0 . 
neN 

D e f i n e a f u n c t i o n F f r o m t h e g e n e r a t o r s o f R i n t o Q, t h e 

Z a s s e n h a u s Example modulo 2, by t h e r u l e : F ( x n ) = y - j _ / n ^ o r 

a l l neN. N o t e t h a t F ( X - ^ ) = 0. S i n c e t h e f u n c t i o n F i s d e f i n e d 
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on t h e g e n e r a t o r s o f R, F can he e x t e n d e d t o a l l o f R so t h a t 

i t has r i n g homomorphic p r o p e r t i e s . N a m e l y , d e f i n e 

F ( x K . x + x ^ • . . . • x £• ) = F ( x K • • ) • . . . • F ( x K ) + 
1 p i q 1 p 

F ( v ) • • • • • F ( x £ ) = y i / K + • • • • • y 1 / £ 

1 q 1 ' p i q 

(= 0 i f • I l / K . = £ 1/SL.). F i s a homomorphi sm s i n c e "both 
i = l 1 j = l 3 

Q and R a r e a l g e b r a s o v e r the. f i e l d of, i n t e g e r s m o d ulo 2. 

M o r e o v e r , F ( R ) = Q s i n c e t h e s e t ^y^fk.'' k E N ^ g e n e r a t e s t h e 
2 

r i n g Q. H o w e v e r , Q - Q s i n c e e v e r y e l e m e n t i n Q has a s q u a r e 

r o o t i n Q. T h e r e f o r e Q i s n o t power n i l p o t e n t . S 
A c t u a l l y , e v e r y f r e e r i n g i s a power n i l p o t e n t r i n g . 

S i n c e e v e r y r i n g i s a homomorphic image o f a f r e e r i n g i t i s 

e a s y t o see t h a t , t h e c l a s s o f power n i l p o t e n t r i n g s , c a n n o t 

be a s u b s e t o f t h e r a d i c a l c l a s s o f any p r o p e r r a d i c a l p r o p e r t y . 



51. 

. 5- U*-RINGS 

U * - r i n g s a r e d e f i n e d below.. I t , f o l l o w s , f r o m t h e i r 

d e f i n i t i o n t h a t a l l U ^ - r i n g s and U ^ - r i n g s a r e a l s o U * - r i n g s . 

T h i s means t h a t some r e s u l t s on U ^ - r i n g s c a r r y o v e r t o U * - r i n 

F o r e x a m p l e , t h e d i r e c t sum of. two. U * - r i n g s n e e d n o t be a 

U * - r i n g . U * - r i n g s do n o t have, v e r y many p l e a s a n t p r o p e r t i e s 

a l t h o u g h t h e y seem t o be a c o n s i d e r a b l y l a r g e r c l a s s o f r i n g s 

t h a n t h e c l a s s o f U - r i n g s . The r e s u l t s b e l o w p r o v i d e o n l y 

an i n t r o d u c t i o n t o t h e s e r i n g s . 

D E F I N ITION: A D-chain of a ring R i s a chain of subrings 

of R3 R = P 1 Z 2 > D 2 D D g where i>a+1 i s an ideal of D 

for every ordinal number a, and i f a i s a l i m i t ordinal3 

D = O D . 
a y < a y 

DEFINITION: A subring S of a ring R i s a meta* ideal of R 

i f there e x i s t s a D-chain in R which ends at DD = S.. 
P 

The d e f i n i t i o n o f a m e t a * i d e a l makes i t c l e a r 

t h a t c h a i n i d e a l s a r e m e t a * i d e a l s and t h a t m e t a * i d e a l s 

o f m e t a * i d e a l s o f a r i n g R a r e m e t a * i d e a l s o f R. 

W h e t h e r e v e r y m e t a i d e a l i s a l s o a m e t a * i d e a l i s 

e q u i v a l e n t t o t h e s t r o n g e r v e r s i o n o f t h e o r e m 7 
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m e n t i o n e d above w h i c h has n o t b e e n d e c i d e d . The f o l l o w i n g 

r e s u l t ( c o m p a r e d w i t h r e m a r k B) makes i t . c l e a r t h a t n o t 

e v e r y m e t a * i d e a l i s a meta i d e a l . 

Theorem 29.. An i n t e r s e c t i o n o f m e t a * I d e a l s i s a l w a y s a m e t a 

i d e a l . 

PROOF: 

Suppo s e L and M a r e m e t a * I d e a l s o f R. Suppose t h e 

f o l l o w i n g a r e D - c h a i n s i n R: E 3 D D D , D ... 3 D D = L , 
— d — 5 — — p 

E 3 E. 3 E, 3 . . . 3 E = M . Then t h e f o l l o w i n g i s a l s o a - 2 - 3 - — Y 

D - c h a i n i n R: E D D n D ... D D. = L D l f l E . D ... 
— d — — P — d — 

3 L H E = L D M . Hence L f \ M i s a m e t a * i d e a l o f R. I f — y 
{ M : Y E C } i s a s e t o f m e t a * i d e a l s o f R, and C i s a s u b s e t 

Y 

o f t h e o r d i n a l n u m b e r s , t h e n t h e r e i s a D.-chain i n R w h i c h 

p a s s e s t h r o u g h M , M D M , f~^\ M i n t h a t o r d e r o f 
1 yeC Y 

s u c e s s i o n . ( T h e r e may be o t h e r s u b r i n g s o f R b e t w e e n t h e s e 

i n t e r s e c t i o n s as t h e r e a r e i n t h e c a s e o f t h e i n t e r s e c t i o n o f 

two m e t a * i d e a l s g i v e n a b o v e . ) H 

DEFINITION: A ring R i s a U*-ring i f each subring S of R 

i s a meta* ideal of R. 

Theorem 30.. E v e r y s u b r i n g o f a U * - r i n g R i s a U * - r i n g . 
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PROOF: 

Suppo s e t h a t R i s a U * - r i n g and t h a t S i s a s n o r i n g o f 

R. I f T i s any s u b r i n g o f S, t h e n T i s a m e t a * i d e a l o f R. 

Suppose t h e f o l l o w i n g i s a D - c h a i n i n R: R 3 D
2 - " ' ? D g = T > 

Then t h e r e i s a l s o a D - c h a i n i n S w h i c h ends a t T, n a m e l y : 

S 3 D . n s D . . . 3 D o r i S = T. S 
— d . — — P 

Theorem 31. A r i n g R i s n o t a U * - r i n g i f f R has a . s u b r i n g 

S w h i c h has a p r o p e r , n o n - z e r o s u b r i n g Q w i t h t h e p r o p e r t y 

t h a t Q i s c o n t a i n e d i n no p r o p e r i d e a l o f S. 

Supp o s e R i s n o t a U * - r i n g . Then R must h a v e some s u b -

r i n g Q w h i c h i s n o t a m e t a * i d e a l o f R. C o n s i d e r a l l t h e 

i d e a l s o f R w h i c h c o n t a i n Q. The i n t e r s e c t i o n o f a l l t h e s e 

i d e a l s , 1^, i s an i d e a l o f R w h i c h c o n t a i n s Q. F o r t h e same 

r e a s o n t h e r e e x i s t s a s m a l l e s t i d e a l o f 1^, 1^, w h i c h c o n t a i n s 

Q. D e f i n e I ^ , 1^, e t c . i n a s i m i l a r f a s h i o n . I f a i s a l i m i t 

o r d i n a l , l e t I = I . E v e n t u a l l y , I R = I . ^ f o r some 

o r d i n a l number 8. S i n c e Q i s n o t a m e t a * i d e a l , I c 4 Q-
P 

Hence I Q i s a s u b r i n g o f R i n w h i c h Q i s a p r o p e r , n o n - z e r o 
P 

s u b r i n g w i t h t h e p r o p e r t y t h a t Q i s c o n t a i n e d i n no p r o p e r 

i d e a l o f I . 

PROOF: 

Y 
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S u p p o s e Q i s a n o n - z e r o s u b r i n g o f R and Q i s c o n t a i n e d 

i n a s u b r i n g S o f R b u t Q i s c o n t a i n e d i n no i d e a l o f S. 

Then Q i s n o t a m e t a * i d e a l o f S and t h e r e f o r e S i s n o t a 

U * - r i n g . I t f o l l o w s f r o m t h e o r e m 30 t h a t R i s n o t a U * - r i n g . 

Theorem 32. A homomorphic image o f a U * - r i n g i s a U * - r i n g . 

PROOF: 

L e t R/K be an a r b i t r a r y homomorphic image o f a U * - r i n g R 

Then i f S* i s any s u b r i n g o f R/K, S* i s i s o m o r p h i c t o S/K 

f o r some s u b r i n g S o f t h e r i n g R. S i n c e . R i s a U * - r i n g 

t h e r e e x i s t s a D - c h a i n i n R w h i c h ends a t S. Suppose t h a t 

R ZD D^ ZD • • • ZD Dg = S i s s u c h a D - c h a i n . Then t h e f o l l o w i n g 

i s a D - c h a i n i n R/K w h i c h ends a t S*: R/K ZD D n /K ZD ... O D D / K 
1 P 

Hence S* i s a m e t a * i d e a l o f R/K. I t f o l l o w s t h a t R/K i s a 

U * - r i n g . E 

Remark K. A power n i l p o t e n t r i n g n e e d n o t be a U * - r i n g . 

EXAMPLE: 

The r i n g R d e f i n e d i n t h e e x a m p l e a f t e r r e m a r k J i s a 

power n i l p o t e n t r i n g . However i t has Q, t h e Z a s s e n h a u s 

E x a m p l e m o d u l o 2, as a homomorphic i m a g e . The r i n g Q i s n o t 

a U * - r i n g s i n c e t h e s u b r i n g o f Q g e n e r a t e d by t h e f o l l o w i n g 

s e t i s n o t c o n t a i n e d i n any p r o p e r i d e a l o f Q: {x : n,qeN} 
q./2n 

Theorem 32 shows t h a t R c a n n o t be a U * - r i n g . H 
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Remark K i s somewhat s u r p r i s i n g s i n c e e v e r y w e a k l y n i l -

p o t e n t r i n g i s a U - r i n g . S i n c e t h e r i n g R i n e x a m p l e K i s 

a l s o an a l g e b r a i t can be s e e n t h a t n o t e v e r y power n i l -

p o t e n t a l g e b r a i s a U * - a l g e b r a . However i t i s t r u e t h a t e v e r y 

power n i l p o t e n t s e m i g r o u p i s a U * - s e m i g r o u p . 

Remark L. A power n i l p o t e n t s e m i g r o u p i s a U * - s e m i g r o u p . 

PROOF: 

Suppo s e t h a t R i s a power n i l p o t e n t s e m i g r o u p and t h a t S 

i s a s u b s e m i g r o u p o f R. L e t R have t h e K - c h a i n K: 

R ZD K n ~D K_ Z? ... = 0. Then t h e f o l l o w i n g i s a D - c h a i n 1 2 P 

o f s u b s e m i g r o u p s i n R: R ? S U ^ 3 S U K 2 3 . . . ~ ? S U K g = s • 

N o t e t h a t i f a i s a l i m i t o r d i n a l , t h e n S U K = (~̂\ ( S l j K . . ) . 
Y <a ' 

Hence S i s a m e t a * i d e a l o f R and R i s a U * - s e m i g r o u p . ;5 
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6. PRIME PRODUCTS RINGS 

The d e f i n i t i o n g i v e n b e l o w o f p r i m e p r o d u c t s r i n g s 

e x c l u d e s a l l r i n g s w h i c h have any i d e m p o t e n t s o t h e r t h a n 0.. 

C o n s e q u e n t l y , t h e c l a s s o f unique, f a c t o r i z a t i o n domains i s 

n o t a s u b s e t o f t h e c l a s s o f p r i m e p r o d u c t s r i n g s . H o w e v e r , 

i f the. d e f i n i t i o n o f p r i m e e l e m e n t g i v e n b e l o w i s m o d i f i e d 

t o r e a d "y i s a p r i m e i n R i f w h e n e v e r u, vcR and y =. u v , u 

o r v i s a u n i t i n R", t h e n a s l i g h t l y m o d i f i e d d e f i n i t i o n 

o f p r i m e p r o d u c t s r i n g can be g i v e n w h i c h i n c l u d e s a l l 

u n i q u e f a c t o r i z a t i o n domains as w e l l as t h e r i n g s d e f i n e d 

t o be p r i m e p r o d u c t s r i n g s i n t h i s p a p e r . A l t h o u g h t h e 

c l a s s o f p r i m e p r o d u c t s r i n g s does n o t i n c l u d e u n i q u e f a c t o r ­

i z a t i o n d o m a i n s , i t i s v e r y l a r g e and i n c l u d e s r i n g s o f many 

t y p e s . I n p a r t i c u l a r , t h e c l a s s o f p r i m e p r o d u c t s r i n g s 

i n c l u d e s a l l power n i l p o t e n t r i n g s and a l l w e a k l y n i l p o t e n t 

r i n g s , b u t n o t a l l l o c a l l y n i l p o t e n t r i n g s . 

D E F I N I TION: An element yeR i s a prime element i f y cannot 

be written as a product of two elements in the ring R. (The 

two elements need not be d i s t i n c t . ) 

DEFINITION: An element x in a ring R has a prime f a c t o r i z a t i o n 

i f x may be written as the product of a f i n i t e number of prime 

elements in R. 
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D E F I NITION: If x = y^y^ . . .'y zR i s a f a c t o r i z a t i o n of x 

in the ring R and i f y . =' sjs2 (where z^ and. z^ are elements 

in R but neither i s a unit in R) , then y • y . ' z\z _zv • 

...* y^ i s a refinement of the f a c t o r i z a t i o n y^ ...* y of 

the element x. 

DEFINITION: A series of f a c t o r i z a t i o n s of an element 

xeRj a ring, begins with the t r i v i a l f a c t o r i z a t i o n x = xs 

and has the property that every other f a c t o r i z a t i o n in the 

series i s a refinement of the previous f a c t o r i z a t i o n . 

DEFINITION: A series of f a c t o r i z a t i o n s ends i f a f a c t o r i z a t i o n 

of the form x = y ̂ * . . .• y i s obtained where y j3' yn are 

a l l primes in the ring R. 

DEFINITION: An element xeR has (the property) FF_ i f every 

series of f a c t o r i z a t i o n s of x ends after a f i n i t e number 

of steps. 

Remark M. A n o n - z e r o i d e m p o t e n t may "be a f i n i t e p r o d u c t o f 

p r i m e s . H o w e v e r , an i d e m p o t e n t . c a n n o t have FF. 

EXAMPLE: 

L e t S be t h e s e m i g r o u p c o n s i s t i n g o f two e l e m e n t s s and t 

where a l l p r o d u c t s a r e s. L e t R be t h e a l g e b r a o v e r t h e f i e l d 

o f i n t e g e r s m o d ulo 2 w h i c h has S f o r a b a s i s . Then t i s a 
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p r i m e i n R s i n c e i t c a n n o t be w r i t t e n as a p r o d u c t o f two 

e l e m e n t s i n R. A l s o , s = t - t and h e n c e s i s a p r o d u c t o f 

p r i m e s . H owever, s a l s o e q u a l s s-s and h e n c e t h e s e r i e s o f 
n 

f a c t o r i z a t i o n s o f s o f the. f o r m s = s does n o t end a f t e r 

a f i n i t e number o f s t e p s . 5 

N o t e t h a t i n t h e r i n g R d e f i n e d i n t h e e x a m p l e above 

s = t - t and s = t«t-t a l s o . H o wever, t h e s e c o n d f a c t o r i z a t i o n 

i s n o t a r e f i n e m e n t .of t h e f i r s t s i n c e t 4 t - t . 

D E F I N ITION: A prime products ring i s a ring in which every 

non-zero element has FF. 

The f o l l o w i n g t h e o r e m s g i v e some i n d i c a t i o n o f t h e 

s t r u c t u r e o f t h e c l a s s o f p r i m e p r o d u c t s r i n g s . I t i s i n t e r e s t i n g 

t o n o t e t h a t t h e s e a r e n e a r l y , t h e same r e s u l t s as were o b t a i n e d 

f o r power n i l p o t e n t r i n g s . 

Theorem 33. E v e r y s u b r i n g S o f a p r i m e p r o d u c t s r i n g R i s 

a p r i m e p r o d u c t s r i n g . 

PROOF: 

L e t x be a n o n - z e r o e l e m e n t o f S, a s u b r i n g o f R. Then 

e v e r y s e r i e s o f f a c t o r i z a t i o n s i n R o f x ends a f t e r a f i n i t e 

number o f s t e p s s i n c e R i s a p r i m e p r o d u c t s r i n g . B u t e v e r y 

s e r i e s o f f a c t o r i z a t i o n s i n S o f x i s a l s o p a r t o f a s e r i e s o f 

f a c t o r i z a t i o n s i n R o f x. C o n s e q u e n t l y , e v e r y s e r i e s o f f a c t o r ­

i z a t i o n s i n S o f x i s f i n i t e and S i s a p r i m e p r o d u c t s r i n g . S 
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Theorem 3 ^ . A c o m p l e t e , d i r e c t sum o f p r i m e p r o d u c t s r i n g s 

i s a p r i m e p r o d u c t s r i n g . 

P R O O F ; 

Suppose R = ( + ) A where e a c h A i s a p r i m e p r o d u c t : 
yeC Y Y 

r i n g . I f x i s any n o n - z e r o e l e m e n t o f R and x = £ x 
Y £ F Y 

where x i s a n o n - z e r o element, o f A f o r a l l Y E F and F i s 
Y Y 

a s u b s e t o f C, t h e n e v e r y s e r i e s o f f a c t o r i z a t i o n s i n R o f 

x c o n s i s t s o f t h e p r o d u c t s o f t h e sums o f c o r r e s p o n d i n g t e r m s 

i n t h e s e r i e s o f f a c t o r i z a t i o n s i n A o f x . That i s , i f 
Y Y 

x v = y v z v f o r a 1 1 Y £ F ' t h e n x = ( I y - v ) ( : I  z
v)  i s  a  

r e f i n e m e n t o f the. t r i v i a l f a c t o r i z a t i o n o f x and e v e r y r e f i n e ­

ment o f t h e t r i v i a l f a c t o r i z a t i o n o f x has t h i s . f o r m . S i n c e 

t h e s e r i e s o f f a c t o r i z a t i o n s o f x ends when any one o f 

t h e s e r i e s o f f a c t o r i z a t i o n s o f X ^ ( Y C F ) e n d s , x must h a v e 

F F . Hence R i s a p r i m e p r o d u c t s r i n g . H 

C o r o l l a r y . A d i s c r e t e d i r e c t sum o f p r i m e p r o d u c t s r i n g s i s 

a p r i m e p r o d u c t s r i n g and a s u b d i r e c t sum o f p r i m e p r o d u c t s 

r i n g s i s a p r i m e p r o d u c t s r i n g . 

P R O O F : 

T h i s f o l l o w s f r o m t h e o r e m s 33 and 3 ^ . ^ 
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Remark N. A p r i m e p r o d u c t s r i n g may "be a s u b r i n g o f a r i n g 

w h i c h has no p r i m e e l e m e n t s . 

EXAMPLE: 

The r i n g o f r a t i o n a l n u m b e r s , Q, has no p r i m e e l e m e n t s 

s i n c e Q has an i d e n t i t y . The s u b r i n g R c o n s i s t i n g o f t h e 

s e t o f even i n t e g e r s i s a p r i m e p r o d u c t s r i n g i n w h i c h e v e r y 

i n t e g e r not. d i v i s i b l e by f o u r i s a p r i m e . 5 

Remark N shows t h a t a r i n g R w h i c h i s n o t a p r i m e 

p r o d u c t s r i n g may have a s u b r i n g w h i c h i s a p r i m e p r o d u c t s 

r i n g . The f o l l o w i n g t h e o r e m i n d i c a t e s t h a t s u c h s u b r i n g s 

c a n n o t be too. c l o s e l y r e l a t e d t o t h e r i n g R i t s e l f . : 

Theorem 35. I f I i s a s u b r i n g o f R, i f I i s a p r i m e p r o d u c t s 

r i n g , and i f R P C I f o r some i n t e g e r p, t h e n R i s a p r i m e 

p r o d u c t s r i n g . 

Due t o t h e f a c t , t h a t a s u b r i n g o f a p r i m e p r o d u c t s r i n g 

i s a p r i m e p r o d u c t s r i n g i t i s s u f f i c i e n t t o p r o v e t h e c a s e 
2 

when R = 1 . Suppose t h a t xeR does n o t have FF i n R. Then 

PROOF: 

x i s n o t a p r i m e i n R and h e n c e xeR = I . L e t {s neN} be n 
an i n f i n i t e s e r i e s o f r e f i n e m e n t s o f x i n R where s n 
x _. x •. • 
n , 1 n , 2 . 

i n I , ' { t : n 

= x. An i n f i n i t e s e r i e s o f r e f i n e m e n t s o f x n ,n 
neN } where t y n , l y n , 2 = x , can be n n ,n 
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c o n s t r u c t e d by d e f i n i n g t h e y. i n t e r m s o f s u i t a b l e 

X*,m'S- L e t y l , l = X l , l a n d l 6 t y 2 , l = X i + J 1 X U , 2 £ R 2 = 1 

w h i l e y 2 2 = X U 3Xi+ hel' T h e n t 2 : y 2 , l y 2 , 2 = x i s a 

r e f i n e m e n t o f t n . I n g e n e r a l , t h e y , n- .'s can be d e f i n e d 
1 n+1,j 

i n t h e f o l l o w i n g s p e c i a l way (where ; t h e g 's are. c h o s e n 

so t h a t y .-, v. . .*y .-, , , i s a r e f i n e m e n t o f y . 7y ): J n + l , l J i i + l ) n + l n , l . J n , n 
l e t y „ x l . = x, ,»...*x. n , y _ _ = x. n . .'x, 

n+1,1 " *hn,r • • A l m . , g 1
> *n+l,<-2 ~ A l m , § 1 + 1 * * ' " U n , & ± + & 2 , 

n-1 • ... , y , _ n = x, V- x, , n . where g . eN ' itn+1 , n + l i;n ; Z'g'. + l • kn , y g . . • I 
i = 1L" 1 ~.:'L- ••! 

h 1 = 1 
f o r a l l i i n [ l , n ] and £ g. = ^ n • I t has a l r e a d y b e e n shown 

i = l 1 

t h a t t h e y n .'s c a n be c h o s e n i n t h i s way when n = 1. n + l , j 
S u p p o s e t h a t t h e y can be so c h o s e n when n = n. Then 

Shn + k: Xkn+h,i' • •'Xhn+h;kn+h h a s t h e P r o P e r t y t h a t t h e r e e x i s t 

numbers h ± , i = l , . . . , n + l , s u c h t h a t y n + l j l = *l* n+U ,1' * '^Un+Uh 

y n + l , 2 " X ^ n + l+ ,h 1 +l*- * • ' X U n + U , h 1 + h 2 ' ' y n + l , n + l X U n + U : , | h 

n + 1 
i = l 1 

;..?x, i v -, where h. eN f o r a l l I m [ l , n + l ] and I h. =• hn+h kn+k, ) h. l • n i . L., l 1 = 1 i = l 

Hence h . > k f o r a t l e a s t one j i n [ l , n ] . . S u ppose h _> k. 

Then by l e t t i n g y n + 2 j i = T
n + l j i

 l f 1 < k> l e t t i n g y n + 2 j k = 

k-1 k-1 _ k-1 
Xkn+k, I h.+lXkn+k, I h.+2 a n d y n + 2 , k + l " X U n + U , £ h.+3 

i = l 1 i = l 1 i = l 1 

i i • v i » a n < l by l e t t i n g y , 0 . = y , n . , i f i > k+1, kn + k, I h. ' J • ° 17 n + 2 , l ^ n + 1 , l - l 
i = l 1 
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t h e y _ .'s a r e c h o s e n t h e g i v e n s p e c i a l way so t h a t t 
n+2 , j ° * J n + 2 

i s a r e f i n e m e n t o f t _ . H e n c e , by i n d u c t i o n on n , t c a n 
n+1 ' n 

be c h o s e n f o r a l l neN and t h e r e f o r e x does n o t have FF i n I 

The. f o l l o w i n g t h e o r e m s and r e m a r k s compare the. c l a s s o f 

p r i m e p r o d u c t s r i n g s w i t h some of. t h e o t h e r c l a s s e s o f r i n g s 

d e f i n e d a b o v e . 

Theorem 36. I f R i s a w e a k l y n i l p o t e n t r i n g , t h e n R i s a 

p r i m e p r o d u c t s r i n g . 

PROOF: 

Suppo s e t h a t y Q i s a n o n - z e r o e l e m e n t o f R w h i c h has a 

s e r i e s o f r e f i n e m e n t s o f t h e t r i v i a l f a c t o r i z a t i o n w h i c h does 

n o t end a f t e r a f i n i t e number o f s t e p s . S uppose t h a t y = x,z,. 
o i l 

where e i t h e r x ^ o r does n o t have F F . L e t y^ = z^ i f x ^ 

has F F ; o t h e r w i s e l e t y^ = x^. A s e q u e n c e ^7n^ o r e l e m e n t s , 

each o f w h i c h does n o t have F F , c a n be d e f i n e d r e c u r s i v e l y . 

I n g e n e r a l , l e t y , = x z where e i t h e r x o r z . does n o t have 
^ n - l n n n n FF and l e t y = z i f x has F F ; o t h e r w i s e l e t y = x . L e t n n n n n 

G'='{neN: y = x } and l e t H ='{neN: y = z '}. Then a t l e a s t n . n n n 
one o f t h e two s e t s G and H has an i n f i n i t e number o f e l e m e n t s . 

Suppose, t h a t G d o e s . L e t w = y and d e f i n e w i n t h e r * o o n 
f o l l o w i n g way: i f neG, w = (x_.,x. , . . . , x . )y • ' n l i ' ' 1 ^ n where n 

l 

i 1 . < i 2 . < < i n . < n and' { i l S i 2 , . . . , i n } = (N^G)P| [ 1,n] ; 
i i 
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o t h e r w i s e w = w ,. Then w n = w z f o r e v e r y neG. To n n-1 n-1 n n J 

e l i m i n a t e r e p e t i t i o n s l e t F:N •+ G he an o r d e r p r e s e r v i n g m a p p i n g 

o n t o G and d e f i n e , u = w„, v and v = z^, >, f o r e v e r y neN. 
n F (n) n F (n) J 

Then y = u n v n and u = u ..,v , f o r e v e r y neN. L e t R have o 1 1 n n+1 n+1 J 

t h e J - c h a i n J : 0 CL J n C- J , CZ . . . C J0 = J 0 -, . Then any 
I d . p P + l 

o r d e r e d p r o d u c t o f t h e f o r m v v ../v., i J., s i n c e u (v. v *. . ,*v:. ) 
• n n-1 1 1 n n n-1 1 

y 4' 0 .'. S u ppose t h a t , v v , . ...vn t J f o r e v e r y n£N. Then s i n c e J o n n-1 - 1 a ^ 
v _,,.(v. v *. . .*v- ) i J , ( v v '. . .*vn ) t J„ , _. . Hence by n + 1 n n-1 1 a ' n n-1 1 • a+1 17 

t r a n s f i n i t e i n d u c t i o n ( t h e s t e p at l i m i t o r d i n a l s i s o b v i o u s ) 

v v ...'vn ^ J„ f o r e v e r y neN. Hence R i s n o t w e a k l y n i l p o t e n t . n n-1 I B 

The c a s e when H has an i n f i n i t e number o f e l e m e n t s c a n be 

h a n d l e d i n an a n a l o g o u s way. ~ 

Theorem 37. I f R i s a power n i l p o t e n t r i n g , t h e n R i s a p r i m e 

p r o d u c t s r i n g . 

PROOF:. 

L e t R h a v e t h e K - c h a i n K: R D K O K 3 . . . 3 K g =•' 0 .. 
2 

I f x i K^ = R , t h e n x i s a p r i m e and t h e r e f o r e has o n l y t h e 

t r i v i a l f a c t o r i z a t i o n . S uppose t h a t x i K i m p l i e s , t h a t x 

has FF. I f y 4 K , t h e n e i t h e r y i s a p r i m e o r y has 
Y + l 

f a c t o r i z a t i o n s o f t h e f o r m y = 7-^2' "'"n e Y e T 7 f a c t o r i z a t i o n 

o f t h i s f o r m n e i t h e r y^ o r a r e e l e m e n t s i n K , s i n c e o t h e r ­

w i s e y l i e s i n K R + RK = K n w h i c h i s a c o n t r a d i c t i o n . 
y Y Y - + 1 
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Hence y^ and y^ h a v e FF by a s s u m p t i o n and t h e r e f o r e e v e r y 

s e r i e s o f r e f i n e m e n t s o f t h e f a c t o r i z a t i o n y = y-^y^ m u s'' : sncl 

a f t e r a f i n i t e number o f s t e p s . I t f o l l o w s t h a t , e v e r y s e r i e s 

o f r e f i n e m e n t s o f t h e t r i v i a l f a c t o r i z a t i o n y = y must end 

a f t e r a f i n i t e number o f s t e p s . Hence e v e r y e l e m e n t x i K n 

Y + l 
has FF. By t r a n s f i n i t e i n d u c t i o n ( t h e s t e p a t l i m i t o r d i n a l s 

i s o b v i o u s ) e v e r y e l e m e n t x i K , i . e . e v e r y n o n - z e r o e l e m e n t 
p 

i n R, has FF. H 

Remark 0. A homomorphic image o f a p r i m e p r o d u c t s r i n g n e e d 

not. c o n t a i n any p r i m e s . 

EXAMPLE: 

The r i n g R d e f i n e d i n t h e e x a m p l e f o r r e m a r k J i s . power 

n i l p o t e n t and t h e r e f o r e a p r i m e p r o d u c t s r i n g . The Z a s s e n h a u s 

E x a m p l e modulo 2, Q, i s a homomorphic image o f R and Q c o n t a i n s 

no p r i m e s s i n c e e v e r y e l e m e n t i n Q may be w r i t t e n as t h e p r o d u c t 

o f i t s s q u a r e r o o t t i m e s i t s s q u a r e r o o t . ~ 

The r i n g R d e f i n e d i n t h e example, f o r r e m a r k J i s power 

n i l p o t e n t and t h e r e f o r e a p r i m e p r o d u c t s r i n g . The f a c t t h a t 

t h e Z a s s e n h a u s E x a m p l e i s a homomorphic image o f R shows t h a t 

R i s n o t a U - r i n g . Hence n o t e v e r y p r i m e p r o d u c t s r i n g i s a 

U - r i n g . 

Remark P. A p r i m e p r o d u c t s r i n g n e e d n o t be power n i l p o t e n t . 
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EXAMPLE: 

L e t R be the. c o m m u t a t i v e r i n g g e n e r a t e d by t h e s e t 

{ x ^ : neN} w i t h t h e f o l l o w i n g s e t o f g e n e r a t i n g r e l a t i o n s : 

X n = X U n X U n + l + X U n+2 X l i n+3 f o r a 1 1 n s N ' T h e n R i s n o t p o w e r 

n i l p o t e n t s i n c e e v e r y e l e m e n t i n t h e g e n e r a t i n g s e t f o r R l i e s 
2 2 i n R and h e n c e R = R . H owever, R i s a p r i m e p r o d u c t s r i n g 

h k i 
s i n c e i f z i s a n o n - z e r o e l e m e n t i n R and z = / ( II x • ) , 

1=1 o=l i , j 

t h e n e v e r y s e r i e s o f f a c t o r i z a t i o n s o f z ends i n <_ k s t e p s 

where k = max{k. : i i n [ l , h ] } . T h i s i s t r u e s i n c e e a c h o f 

t h e t h r e e b a s i c t y p e o f s u b s t i t u t i o n s made p o s s i b l e by t h e 

g e n e r a t i n g r e l a t i o n s a l s o has t h i s p r o p e r t y . E x a m p l e s o f 

t h e s e b a s i c t y p e s o f s u b s t i t u t i o n s a r e : x = x, x, , + 

X U n + 2 X U n + 3 ' X U n X U n + l = X n " X U n + 2 X 4 n + 3 ' X l+n+2 X U n + 3 = X n " X 4 n X 4 n + l ' 

Remark Q. A p r i m e p r o d u c t s r i n g n e e d n o t be a U * - r i n g . 

EXAMPLE: 

The r i n g R d e f i n e d i n t h e e x a m p l e f o r r e m a r k P i s a p r i m e 

p r o d u c t s r i n g . The s u b r i n g S o f R g e n e r a t e d by t h e s e t 

{ x 2 n : neN} i s a p r o p e r s u b r i n g o f R. However X n = x i ) . n

x i ) . n + o _ + 

x, -x, •, _ e SR + SR. Hence f o r a l l neN, x e S R C l ( S ) , t h e 4n+2 .4,n-+3 n ' 
i d e a l o f R g e n e r a t e d by S. I t f o l l o w s t h a t R i s n o t a U * - r i n g 

s i n c e S i s n o t c o n t a i n e d i n any p r o p e r i d e a l o f R. ~ 
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. 7. RING- .TYPES 

M e l d r u m ( 1 2 ) has r e c e n t l y c o m p l e t e d t h e s t u d y o f g r o u p 

t y p e s . An a n a l o g o u s d e f i n i t i o n o f r i n g t y p e i s g i v e n b e l o w 

and t h e t h e o r y o f r i n g t y p e s i s n e a r l y c o m p l e t e d i n t h i s 

p a p e r e x c e p t f o r t h e d e t e r m i n a t i o n o f t h e c l a s s o f p o s s i b l e 

r i n g t y p e s , f o r w e a k l y n i l p o t e n t r i n g s . 

D E F I N I T I O N : A ring R has type (Qsk) i f i t s J-chain 

terminates after j steps and i t s K-chain terminates after 

k steps. 

Theorem 38. I f R i s t h e d i r e c t sum o f t h e r i n g s A and B 

and A has r i n g , t y p e ( j , k ) w h i l e B has r i n g t y p e ( J l , m ) , 

t h e n R has r i n g t y p e (max { j , I } ,-max{ k ,m;} ) . 

PROOF: 

L e t A have t h e J - c h a i n J and t h e K - c h a i n K and l e t 

B have t h e J - c h a i n J ^ and t h e K - c h a i n K . Then i f R's 

J - c h a i n i s J and R's K - c h a i n i s K, J = ( J . ) (+) ( J _ ) and 
a A a ^ B a 

K = (K:„ ) {+) (K- ) f o r e v e r y o r d i n a l number a. Hence R's a A a ̂  B a 
J - c h a i n must have l e n g t h h = max{j ,{,} and R's K - c h a i n must 

have l e n g t h n = max{k,m}. 5 
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Theorem 38 shows t h a t the. d i r e c t sum o f r i n g s w i t h 

g i v e n r i n g t y p e s may he a r i n g w i t h a q u i t e d i f f e r e n t r i n g 

t y p e . F u r t h e r m o r e , i t makes i t e a s y t o see how r i n g s o f a l l 

p o s s i b l e r i n g t y p e s may be. c o n s t r u c t e d f r o m t h e e x a m p l e s o f 

r i n g s o f v a r i o u s t y p e s g i v e n b e l o w . 

The next, t h e o r e m c h a r a c t e r i z e s t h e c l a s s o f p o s s i b l e 

r i n g t y p e s f o r n i l p o t e n t r i n g s . 

Theorem 39. Suppose R i s a n i l p o t e n t r i n g and R n 4 0 

w h i l e R n + 1 = 0 . Then R has r i n g t y p e ( n , n ) . 

PROOF: 

The K - c h a i n f o r R has l e n g t h n s i n c e i t i s the. f o l l o w i n g : 
2 n 

R 3 R 3 • • • 3 R 3 ° - 0 n 'the o t h e r h a n d , t h e r e e x i s t s 
x_, , . . . ,x eR s u c h t h a t x • . . . -x 4-0.. I t f o l l o w s t h a t 1' n 1 n 
x •...•x does n o t l i e i n J n , t h a t x _ * . . . ' x does n o t l i e 2 n 1 3 n 
i n J , , ... , and t h a t x does n o t l i e i n J n , where R has t h e 2 n n-1 
J - c h a i n J . However, R n C J , , R n ^ C J n l ... , and R d J 

— 1 — 2 — n 
So R I s J - c h a i n must end a t J and h a v e l e n g t h n. H 

n 

S i n c e t h e r e a r e n i l p o t e n t r i n g s o f e v e r y i n d e x , i t f o l l o w s 

f r o m t h e o r e m 39 t h a t t h e r e a r e r i n g s o f t y p e ( n , n ) f o r e v e r y 

n a t u r a l number n. 



68. 

Remark R. F o r e v e r y o r d i n a l number 8 >. tn , t h e r e a r e r i n g s o f 

t y p e ( 6 , 0 ) ) w h i c h a r e b o t h w e a k l y n i l p o t e n t and power n i l p o t e n t . 

EXAMPLE: 

L e t 8 = y + n where y i s a l i m i t o r d i n a l number and n i s 

a n o n - n e g a t i v e i n t e g e r . L e t R be t h e c o m m u t a t i v e r i n g g e n e r a t e d 

by t h e s e t S = {x : a i s an o r d i n a l number, b u t n o t a l i m i t 
a 

o r d i n a l and a <_ g } , w i t h t h e r e l a t i o n s : 
2 

( 1 ) x = 0 f o r a l l x eS where a < 6 ; i f 8 i s n o t a l i m i t o r d i n a l , 
a a t h e n x n 4 0 : w h i l e x o

n + 1 = 0.. p p 
( 2 ) S u p p o s e t h a t x^ eS f o r a l l i i n [ l , m ] . Then t h e p r o d u c t 

i 
X ~ • « • X ft = 0 i f a i s t h e s m a l l e s t o f t h e o r d i n a l numbers 6 6 1 m 

{ 6 6 } , i f a = n+k where n i s a l i m i t o r d i n a l number 1 m 
and k c N , and i f k < m. (Hence a p r o d u c t o f e l e m e n t s f r o m S 

i s 0 i f t h e number o f f a c t o r s e x c e e d s t h e " f i n i t e " p a r t o f 

any o f t h e s u b s c r i p t s o f e l e m e n t s i n t h e p r o d u c t ) . 

L e t R h a v e t h e K - c h a i n K and t h e J - c h a i n J . Then K = 0 s i n c e 

i f x s t a n d s f o r an a r b i t r a r y e l e m e n t i n S, i f z i s a n o n ­et. . 0 

z e r o e l e m e n t i n R, and i f z = \ ( II x ) , t h e n z has o n l y 
i = l j = l a i , j 

p r i m e f a c t o r i z a t i o n s w i t h f e w e r t h a n h+1 p r i m e f a c t o r s where 

h = max{ , . . . , % }. I t f o l l o w s t h a t z i R'll+"'" = K, and h e n c e 1 q_ h 
z i. K . Now l e t n+k be any n o n - l i m i t o r d i n a l number s m a l l e r w 
t h a n 8 where n i s a l i m i t o r d i n a l o r z e r o and k i s a n a t u r a l 
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number. Then i t can be shown by i n d u c t i o n on n+k t h a t J 
J n+k 

i s g e n e r a t e d by J -]_ a n d f o l l o w i n g s e t o f e l e m e n t s : 

{x ,, ; x , n*x» where 6 > n+k+1; ... ; x , x. • . . . • x . n+k n+k+1 6 n+k+m o. o 1 m 

w here 6 n ..... 6 > n+k+m; ... }. Not e t h a t x , , . • ... •x , » i J 1' ' m ' n + w+6_, n+u+6, n+k 1 h 

s i n c e i f p > k+h, t h e n x *x , ~ •...*x ,. i J . _. . I t * n+p n+u+o n+w+o^ n + k - i 

f o l l o w s f r o m t h i s t h a t x f i r s t o c c u r s i n R's J . - c h a i n a t J 
a a 

f o r a l l o r d i n a l numbers a <_ 3 . Hence R's J . - c h a i n ends a t 

J = R and t h e r i n g R does, have: t y p e ( $ , u ) ) . 5 
p 

Remark S. T h e r e e x i s t power n i l p o t e n t r i n g s o f t y p e (n.,Y+n) 

where n i s any n o n - n e g a t i v e i n t e g e r and y i s a n Y l i m i t o r d i n a l 

number. 

EXAMPLE: 

L e t R be t h e r i n g o f a l l {y+n.) by ( y + n ) m a t r i c e s w i t h 

o n l y a f i n i t e number o f n o n - z e r o i n t e g e r e n t r i e s and w i t h 

o n l y z e r o s on t h e m a i n d i a g o n a l and t o t h e l e f t o f t h e m a i n 

d i a g o n a l . A d d i t i o n and m u l t i p l i c a t i o n i n R a r e t h e u s u a l 

m a t r i x a d d i t i o n and m u l t i p l i c a t i o n : i f X = (x. ) and. Y = ( y •„) 
ct , p • ot » p Y+n-1 

a r e m a t r i c e s i n R, then X + Y = (x Q+y D ) and XY = ( T x y c) 

L e t R h ave t h e K - c h a i n K: R _~) K 1 73 . . . 3 K
Y + n

 =- 0 • C o m p u t a t i o n 

shows t h a t K i s t h e r i n g o f a l l m a t r i c e s i n R i n w h i c h a l l a 
t h e e n t r i e s a r e z e r o s on t h e a d i a g o n a l s p a r a l l e l t o t h e m a i n 
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d i a g o n a l and j u s t t o t h e r i g h t .of t h e main, d i a g o n a l . S i n c e 

t h e r e a r e e x a c t l y Y+n s u c h d i a g o n a l s , K =0,, w h i l e K n 4 0. 
J Y+n Y+n-1 

Let. R h a v e t h e J . - c h a i n J . C o m p u t a t i o n shows t h a t w h e n e v e r 

m < n , J i s t h e s u b r i n g o f R c o n s i s t i n g o f a l l m a t r i c e s i n — m 
R i n w h i c h a l l t h e e n t r i e s a r e z e r o s on t h e l a s t m d i a g o n a l s 

p a r a l l e l to. t h e m a i n d i a g o n a l and t o t h e r i g h t o f i t . The 

s u b r i n g J ^ o f R i s t h e end o f R's J . - c h a i n s i n c e i n e v e r y m a t r i x 

i n R t h e r e a r e no l a s t n+1 d i a g o n a l s p a r a l l e l t o t h e m a i n 

d i a g o n a l and t o t h e r i g h t o f i t . Hence R i s power n i l p o t e n t 

and has t y p e ( n , y + n ) . H 

I t f o l l o w s f r o m r e m a r k s R and S and t h e o r e m 38 t h a t t h e r e 

a r e power n i l p o t e n t r i n g s o f t y p e ( a , 8 ) f o r any n o n - f i n i t e 

o r d i n a l numbers a and 3 s i n c e e v e r y n o n - f i n i t e o r d i n a l 

number 8 has. t h e f o r m Y + n where n i n a n o n - n e g a t i v e i n t e g e r 

and y i s a l i m i t o r d i n a l number. 

Theorem 40. A power n i l p o t e n t r i n g must h a v e one o f t h e 

f o l l o w i n g r i n g t y p e s : ( n , n ) where n i s a n o n - n e g a t i v e 

i n t e g e r ; o r (m, Y+n) where n i s a n o n - n e g a t i v e i n t e g e r , m i s 

an o r d i n a l number _> n, and y i s a l i m i t o r d i n a l number. 

PROOF: 

Suppose t h a t R i s a power n i l p o t e n t r i n g . I f R has a 

f i n i t e K - c h a i n , t h e n R i s n i l p o t e n t and t h e r e f o r e has t y p e 

(n , n ) f o r some n o n - n e g a t i v e i n t e g e r n. Suppose t h a t R's 
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K - c h a i n has l e n g t h Y+n where n i s a n o n - n e g a t i v e i n t e g e r and 

Y i s a l i m i t o r d i n a l number. Then K _. CL. J n , t h e f i r s t 
Y+n-1 — 1 

t e r m o f R's J - c h a i n . Hence J ^ 4 0. I t i s e a s y t o see t h a t 

K C J . H o w e v e r , i f K CZ J , , t h e n K ., CZ J K Y — n Y — n-1 Y-1 — n-2 ' Y + n-1 
w h i c h i s a c o n t r a d i c t i o n . Hence J 4 J -. and R's J - c h a i n has 

• n n-1 
l e n g t h a t l e a s t n. I t f o l l o w s t h a t R has t y p e (m,Y+n) where 

m i s an o r d i n a l number > n. 5 

I t i s e a s y t o see f r o m Remarks R and S and f r o m t h e o r e m s 

38 and 39 and f r o m t h e f a c t t h a t a d i r e c t sum o f power n i l -

p o t e n t r i n g s i s a power n i l p o t e n t r i n g t h a t t h e r e a r e power 

n i l p o t e n t r i n g s o f a l l t h e t y p e s g i v e n i n t h e . s t a t e m e n t o f 

theorem- kO . 

Remark T. T h e r e e x i s t r i n g s o f t y p e ( 0 , 8 ) f o r e v e r y o r d i n a l 

number 8 . 

EXAMPLE: 

L e t A Q be t h e c l a s s o f a l l o r d i n a l numbers. L e t X^ = 1, 

d e f i n e X _, = A w, and i f a i s a l i m i t o r d i n a l , l e t a + l a ' 
X = inf{6eA„: & > X " f o r ! a l l y,<a} . L e t A be t h e s m a l l e s t a 0 Y ' a 

s u b c l a s s o f A Q w i t h t h e p r o p e r t i e s : 

( 1 ) X eA , • a a' 
( 2 ) i f 6,neA , t h e n 6+neA , and 

' a a 
( 3 ) i f B CZ and B i s a s e t , t h e n t h e inf{6£A Q: 6 > n 

f o r a l l neB}eA . 
a 
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N o t e t h a t A- - j A n -3 .. . I> A 3 A , n 3 . . . , and t h a t i f a i s 0-^1—' a a+1 9 

a l i m i t o r d i n a l , t h e n A A s i n c e X = i n f { 6 e A , : A , < <S 
a y < a Y a 0 y 

f o r a l l y < a} i s an e l e m e n t i n A f o r a l l y. < a. 
Y 

Lemma T l . S u p p o s e t h a t Q i s a c o m m u t a t i v e r i n g and t h a t Q 

has t h e K - c h a i n K: Q ") K, 3 . . . ~> K c = K„ n . Then K K C K 
1 —^ 8 8 + 1 a y — a+y 

f o r a l l o r d i n a l p a i r s ( a , y ) "where a i s a l i m i t o r d i n a l . 

PROOF: 

L e t a be any f i x e d l i m i t o r d i n a l . S uppose t h a t y = 1. 

Then K K_, C K Q = K _, . Suppose, t h a t K K C K . Then a 1 — a a+1 ^ a y — a+y 
K K = K K Q d K L Q = K n . I f K K C K' f o r a l l a Y +1 a Y — a+y a+y+ 1 a y— a+y 
y < u, and u i s a l i m i t o r d i n a l , t h e n K K = K 

a y^y Y — Y <1 J a + Y a+\i 

Hence by t r a n s f i n i t e i n d u c t i o n t h e lemma i s t r u e . 

Lemma T2. Supp o s e t h a t Q i s a c o m m u t a t i v e r i n g w i t h K - c h a i n 

• a (a+1) 

PROOF: 

a 
By lemma T l , (K^ ) n C •. ̂ f o r e v e r y neN. S i n c e 

X ^n = (X )u), i t f o l l o w s t h a t OT ( k, ) n ^ OT K, . . * = K, . a+1 a ' neN X — neN [X)n X ,n a a a + 1 

L e t Y he any n o n - z e r o o r d i n a l number. L e t a^ be t h e 

l a r g e s t o r d i n a l number s u c h t h a t X . < 6, and l e t 6., be t h e 
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l a r g e s t o r d i n a l number i n A s u c h t h a t S < 6. L e t a , be 
a 1 — 2 

t h e l a r g e s t o r d i n a l number s u c h t h a t 6.,+A . < 6, and l e t 6, 
1 a

2 ~ 2 

be t h e l a r g e s t o r d i n a l number i n A s u c h t h a t 6.+ 6, < 6. 
a 2 1 2 . - -

I n g e n e r a l l e t a. be t h e l a r g e s t o r d i n a l number s u c h t h a t 
J 

6+...+S. +A < 6, and l e t 6. be t h e l a r g e s t o r d i n a l 
J 

number i n A^ s u c h t h a t 6 +...+6.. <_ 6. E v e n t u a l l y , , f o r some 
J 

n a t u r a l number n, 6, + ...+6 = 6 s i n c e c t . c t , . . . , a i s a 
1 n 1 2 n 

s t r i c t l y d e c r e a s i n g s e t o f o r d i n a l numbers. 

DEFINITION: The representation <5 = S^ + ... .+8 of an ordinal 

number given immediately above i s i t s l i m i t form. 

Lemma T3. The l i m i t f o r m o f e v e r y n o n - z e r o o r d i n a l number 

i s u n i q u e . 

PROOF: 

G i v e n an o r d i n a l number 6, t h e o r d i n a l number 6^, t h e 

f i r s t t e r m i n 6's l i m i t f o r m , i s u n i q u e l y d e t e r m i n e d . The 

o r d i n a l number 6. i s u n i q u e l y d e t e r m i n e d once t h e o r d i n a l s 

6,,...,6. n h a v e b e e n d e t e r m i n e d . Hence t h e sum 6 = S. + ...+S 
1 J - l I n 

i s composed o f u n i q u e l y d e t e r m i n e d t e r m s . 
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T h e r e e x i s t s an o r d i n a l number p s u c h t h a t A > 3. 
P 

L e t G be t h e s e t o f a l l o r d i n a l numbers l e s s t h a n A . L e t R 
P 

be t h e r i n g g e n e r a t e d by t h e s e t ( x ^ : 6eG> w i t h t h e d e f i n i n g 

r e l a t i o n s : 

( 1 ) R i s c o m m u t a t i v e . 

(2) L e t 6 h a v e t h e l i m i t f o r m 6 = 6.+ ....+6 where 6 eA ^ A 
1 m m a a , n 

m m+1 
Then <5 must be t h e n - t h o r d i n a l i n t h e u s u a l o r d e r i n g o f t h e m 
o r d i n a l s i n A where n i s a n a t u r a l number. The g e n e r a t o r x t a o m 
s a t i s f i e s t h e r e l a t i o n s h i p : ( x > ) n + " 1 " = x- , . 

1 m-1 

Lemma Th. L e t R have t h e K - c h a i n K. L e t a be an o r d i n a l 

number. Then x.eK. i f 6 C G O A . 6 A a a 

PROOF: 

I f a = 1, t h e n SeG/H A i m p l i e s t h a t 6 i s a l i m i t o r d i n a l 
n+1 number. S i n c e x . = (x„ ) f o r e v e r y neN, i t f o l l o w s t h a t 6 o +n 

x E K = K, . Sup p o s e t h a t x.eK f o r a l l SeG H A . Sup p o s e <5 CJ A ̂  6 a a 

a l s o t h a t G C G O A . Then 0 must be t h e y - t h o r d i n a l i n A . 
C t ~ i ~ 1 O t 

where y i s a l i m i t o r d i n a l . L e t be t h e ( y + n ) - t h o r d i n a l 

i n A , n a m e l y , 0+ (A- ) n . Then ( x ) n + 1
 = x a n ( j h e n c e x_e a a u a 0 n 

(K ) n + 1 f o r a l l neN. By lemma T2, x.eK, . I f a i s a 
a a + l 

l i m i t o r d i n a l , t h e n A = ^ A . Hence 6 E G / 0 A i m p l i e s t h a t 
a y<a y a 

k G l O A f o r a l l y < a, and t h e r e f o r e x r e <0 K , = K. . By 
Y 6 y<a A A 
' y a 

t r a n s f i n i t e i n d u c t i o n on a t h e lemma f o l l o w s . 
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N o t e t h a t i f yeR, t h e n y can he e x p r e s s e d i n t e r m s o f 

{x„: 6eG}, t h e g e n e r a t o r s o f R, by an e q u a t i o n o f t h e f o r m o 
P 

y = £ L.y. where L. ' i s a n o n - z e r o i n t e g e r f o r a l l j i n [ l , p ] 
j = l 3 J 3 

and where t h e y . a r e a l l d i s t i n c t e l e m e n t s o f R o f t h e f o r m 
3-

Jm y. = TT x . where 6. eG f o r a l l j i n L l , p J and a l l m i n 0 - , < 5 . j,m ° 0 m=l j,m 0 ' 

[ l s j ] . I f K l i e s i n R's K - c h a i n and i f y D ^ K f o r a t l e a s t 

one £ i n [ l , p ] , t h e n y^K^. F o r Y £ K g i m p l i e s t h a t a sum o f 

d i s t i n c t t e r m s , e a c h o f w h i c h l i e s i n R ^ K^ and has t h e 
J m 

f o r m L. II x . , must e q u a l a sum o f d i s t i n c t t e r m s o f t h e 
m=l :j.,m 

same g e n e r a l f o r m i n K . T h i s i s i m p o s s i b l e s i n c e t h e r e a r e 

no a d d i t i v e r e l a t i o n s g i v e n i n t h e d e f i n i t i o n o f t h e r i n g R. 

L e t L_, = R, and l e t L = K f o r a l l neN. I L e t L = K 1 n n-1 a a 
f o r a l l n o n - f i n i t e o r d i n a l numbers a. 

Lemma T5 . S u p p o s e t h a t L< = (L, :. ) . Then L / , . •> L_ = ( A ) n A {X )n 0 • a a a 
Tl + 1 L,. « n i f 9 < A . Hence L, . w A_1 , = ( L , ) U J n + O - a U a ) ( n + 1 ) X ̂  

PROOF: 

I f 0 = 1 , L , , v L n = L / , . % R = L/ , x ,, . Suppos e t h a t ' (A )n 1 [X )n (A ) n + l a a a 
L, , v L = L , , \ , and n. < A . Then L, . <, L , .. = L, . s L R (A ; )n n (A )n+n a (A )n n+1 (A ) n n a ..a a a 

li, , x R = L, , v , . L e t 0 be a l i m i t o r d i n a l number < A , (A )n+n (A jn+n+1 — a a a 
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S u p p o s e t h a t L/, \ -L = L,, v , f o r a l l o r d i n a l numbers 
( A ) n fj (A )n+n: a 1 a 

n < 0. I t w i l l be shown t h a t ( \ L,. ^ L = / ] L/, \ , = 
n<e U a ) n n n<e U a ) n + n 

L ( A ' )n+e" " Y E ( L A
 ) n + 1 ' t h e n y E L ( A : )(n.+l) ^ L ( A ) n + 0 ' a a a a 

I f y i ( L , ) n + " ' " j t h e n y e x p r e s s e d i n t e r m s o f t h e g e n e r a t o r s , A 
a 

{ x . : 6eG}, e q u a l s T L.y. where e a c h y. i s d i s t i n c t , where some 

y. = x • . . / x . x •...•x. where x . E L , f o r a l l i i n [ l , n ] and J ' o n 6 q>_, <p 6. A ° 1 n 1 s l • a 

x .•...•x, i L , . S u p p o s e t h a t y . a l s o e q u a l s x. • . . . ' V X - . 'cx . * 
+ 1 ^s • Xa J 6 1 6>..n * 1 

...•x,, w here x . , eL, . f o r a l l i i n [ 1 ,n ] and x , . •. . .'x , , i ~L\ . . . 
Y t i a r 1 r t • a:. 

Then 6^' = 6^ ^ ̂  f o r a l l i i n [ l , n ] (where a i s a s y m m e t r i c 

p e r m u t a t i o n on n l e t t e r s ) s i n c e y. i ( L ) n + " ' " , and 

x , •. . .«x , = x , , • . . .»x , . s i n c e ' R has no d i v i s o r s o f z e r o . Hence 
+1 • *s + 1 * t 

y eL/, \ L = L/, x L^ . E v e r y y. i s e i t h e r an e l e m e n t 
J j (A )n n<0 .in -; .AA: )n 0 J J l a a 

i n (L,- ) n + 1 D L , , n L^, o r y. has t h e same p r o p e r t i e s as y., A — (A )n 0 ' J l r v 3 
a a 

and t h e r e f o r e y . e L , x L f o r a l l i i n [ l , p ] . Hence y = •' f y. 
1 U a j n 0 i = l 1 

eL, , \ L„ and L/ = L, ^ L . By lemma T l , L, \ L. (A )n 0 (A )n+0 (A )n 0 J (A )n 0 a a a a 

^ L ( A )n+e* H e n C e b y ^ a n s f i n i t e i n a c t i o n , L ( x . ) n L 0 = L ( x . ) n + Q 

• a a a 
i f 0 i s an o r d i n a l number < A . 

— a 
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Lemma T6. L, , \ = [ l [ { x . : SeA •'}.)•]n: f o r a l l o r d i n a l numbers a (A )n 6 a 
a 

and a l l neN. 

PROOF: 

L, . x.. = L = l ( { x . : <5eA •}). S u p p o s e t h a t L/, v , = (A : ) 1 a) 6 1 ^ e ' 1 

l ( { x ^ : 6eA •'}) f o r a l l o r d i n a l numbers 0. <_ a. Suppose a l s o t h a t 

L,. v =• [ l ( { x . : 6 eA' ••})•]n. = [ L , ] n . . Then by lemma T 5 , IA' Jn o a A a a 

L,,. w ^ = [ L , ] n " r x = [ I . ( { x r : SeA }) ] u ^ . Hence by i n d u c t i o n C A )\n+1) A o a a a 

on n , L,. s = [ l ( { x . : 6eA } ) ] f o r a l l neN. Hence L, . = ( A ) n o a A -: ,. . a a + 1 

L/ x = f~\ L/ . \ = D [ I ( { x . : 6eA } ) ] n = l ( { x . : 6eA' n ) . ( A ) o) - i (A )n J T 5 ct 6 a + 1 a neN • a neN 

Hence by t r a n s f i n i t e i n d u c t i o n on a, ( t h e s t e p a t l i m i t 

o r d i n a l s i s o b v i o u s ) , L,, N , = l ( { x • <5eA }) f o r a l l o r d i n a l s a. \ A ) 1 6 a a 

Hence R's K - c h a i n . does n o t end u n t i l a f t e r K and 
P 

t h e r e f o r e K 4 K _ . 
p p + J-

L e t S be t h e r i n g g e n e r a t e d by t h e s e t { x ^ : 6eG} w i t h 

t h e d e f i n i n g r e l a t i o n s ( l ) and ( 2 ) g i v e n f o r t h e r i n g R a b o v e , 

and ( 3 ) l e t K be t h e 3 - t h t e r m i n R's K - c h a i n , l e t n be a 
3 

n a t u r a l number and l e t 6.eAn. ^ A„.,, f o r a l l i i n [ l , n ] where 
i a i «i+l 
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a n > a 0 > ... > a . I f x . x '. . .*x _ eK„ and i f x J x • . . .»x , = x „ 
1 - 2 - - n 6 X 6 2 o n 3 ^ <J>2 4>t « n 

where 4, e A n ^ A, , t h e n t h e r e l a t i o n x •...'x. = t U . 1 o _, o 1 n 

x •...•x 6 -x -..:x • ( x
Y + l + n

x
Y + U n + l + X

T + 4 n + 2 X
Y + ^ n + 3 ) h ° l d S 

1 n-1 1 t - 1 

where 9 = y+n, and y =• 0 o r yeA , t h e s e t o f l i m i t o r d i n a l s . 
0 J -

I t i s e a s y t o see t h a t e l e m e n t s i n t h e r i n g R o f t h e f o r m 

( x . '...'x. ' X •...•x, ' X , x , ,, ) l i e i n K Q ,.. i n R's 
S 6 n - l 9 1 * t - l 'Y + ^ n Y+^n+l 3 + 1 

K - c h a i n . Hence i f S has t h e K - c h a i n H, t h e n H = K i f 

a < 3. However H c _, = H due t o t h e a d d i t i v e r e l a t i o n s i n S 
— P + 1 P 

d e f i n e d by r e l a t i o n s (-3). Hence t h e r i n g S has t y p e ( 0 , 3 ) 

s i n c e S a l s o has a t r i v i a l J - c h a i n . S i s a p r i m e p r o d u c t s 

r i n g s i n c e x^ has FF due t o t h e f a c t t h a t e v e r y d e c r e a s i n g 

c h a i n o f o r d i n a l numbers i s f i n i t e . A l s o , e v e r y x ^ , 6eG, has 

FF s i n c e x r o c c u r s as a f a c t o r i n a s e r i e s o f f a c t o r i z a t i o n s 
0 

o f x Q . 5 

Remark U. T h e r e a r e p r i m e p r o d u c t s r i n g s o f t y p e ( n , n - l ) f o r 

e v e r y n a t u r a l number n. 

EXAMPLE: 

L e t R ( k ) be t h e c o m m u t a t i v e r i n g g e n e r a t e d by t h e s e t 

{y : neN} w i t h t h e r e l a t i o n s : 

( 1 ) y x
k + 1 =• 0 . 
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( 2 ) y i y s = y x
2 f o r a l l s e N . 

(3) i f n k > n ,...,n , t h e n Y 'Y ' • • *Y = Y Yn ' 
1 2 k 1 2 

• ' ̂ U n / J m - . + l + y n / n ; - - ' y U n + 2 y l i n +3 ' 

nk-., k 1 2 . k k 

Due t o r e l a t i o n s o f t y p e ( 3 ) , R ( k ) = R ( k ) k + 1 . However 

k — 1 
y y ...y ^ R ( k ) and h e n c e R ( k ) ' s K - c h a i n has e x a c t l y 
k-1 s t e p s . L e t R ( k ) h a v e t h e J - c h a i n J : 0 d J , <L J^C . • • C J = J. 

1 2 k k+1 k k—1 T h i s J - c h a i n ends a t J s i n c e y e j , y e J , ... , y e j 
iC 1 1 X 2 X ri 

The n e x t t h e o r e m shows t h a t R ( k ) ' s J - c h a i n c a n n o t have l e n g t h 

g r e a t e r t h a n k s i n c e i t s K ' c h a i n has l e n g t h k - 1 . Hence t h e 

r i n g R ( k ) h a s t y p e ( k , k - l ) and i s a p r i m e p r o d u c t s r i n g 

f o r t h e same r e a s o n s t h a t t h e r i n g R g i v e n i n t h e e x a m p l e f o r 

r e m a r k P i s a p r i m e p r o d u c t s r i n g . 5 

The f o l l o w i n g t h e o r e m t o g e t h e r w i t h r e m a r k s R, S, T, U 

g i v e s c o m p l e t e i n f o r m a t i o n f o r d e t e r m i n i n g t h e p o s s i b l e rin£ 

t y p e s o f a l l c o m m u t a t i v e r i n g s . 

Theorem- U l . T h e r e a r e no c o m m u t a t i v e r i n g s o f t y p e (m,n) 

where n i s a n a t u r a l number and m i s any o r d i n a l number 

> n+1. 
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PROOF: 

L e t R be a c o m m u t a t i v e r i n g . I f R's K - c h a i n ends a f t e r 

n s t e p s , t h e n R n + "'~ = R n + 2 . L e t R have t h e J - c h a i n J and 

s u p p o s e X £ J n + 2* Then xR <_TJ n +-^5 x R 2 C J n , ... , xRn+"'" CT_ J ^ 

and x R n + 2 = 0.. Hence x R n + ^ = 0 and t h i s i m p l i e s t h a t X £ J n + ^ ' 

Hence J = J , and R's J - c h a i n has l e s s t h a n n+2 s t e p s . • n+2 . n+1 

Theorem 42. T h e r e a r e no r i n g s o f t y p e (m,n) where n i s a 

n a t u r a l number and m i s any o r d i n a l number > 2n+2.. 

PROOF: 

L e t R be any r i n g s u c h t h a t Rn+"^ = R n + 2 . L e t R have t h e ? S TO — S 0 R xR =0. where R means 
r s = o 

t h a t R does n o t a p p e a r on t h a t s i d e . I f X E J . t h e n o 2n+3' 
v 3 s 2n+3-s 
I R xR =0.. B u t i n e a c h c a s e f o r s = 0 , 1 , . . . , 2n + 3 

s = o 
e i t h e r s >_ n+2 o r 2n+3-s >_ n + 2.. Hence t h e e q u a t i o n above may 

,. 2 £ + 2
 s 0 2 n + 2 - s n . Dn+2 ^ n + l 

be r e w r i t t c n I R xR = 0 s i n c e R = R . From 
s = o 

t h i s i t f o l l o w s t h a t x e J A „ and h e n c e R's J - c h a i n can be. no 
2n+2 . 

l o n g e r t h a n 2n+2 s t e p s . E 

C o r o l l a r y . E v e r y w e a k l y n i l p o t e n t r i n g has a r i n g t y p e s i m i l a r 

t o a power n i l p o t e n t r i n g . Hence t h e t h e o r y o f r i n g t y p e s c a n ­

n o t d e c i d e w h e t h e r o r n o t e v e r y w e a k l y n i l p o t e n t r i n g i s power 

n i l p o t e n t . 
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PROOF: 

T h e r e a r e no w e a k l y n i l p o t e n t r i n g s o f t y p e (n,B) where 

n i s a n a t u r a l number and 8 i s any o r d i n a l number o t h e r t h a n 

n. F o r s u p p o s e t h e R has t h e J - c h a i n : 0 J , J , ... J = R. 
1 2 n 2 3 n + 1 Then R J , R J O J ... , and R = 0 . Hence R i s — n-1 — n-2 

n i l p o t e n t and has t y p e ( n , n ) . Theorem kO shows t h a t t h e r e a r e 

power n i l p o t e n t r i n g s o f a l l t y p e s o f t h e f o r m ( a , 8 ) where a 

and 8 a r e b o t h n o n - f i n i t e o r d i n a l numbers. Theorem 42 shows 

t h a t t h e r e a r e no r i n g s o f t h e t y p e ( a , k ) where k i s a n o n -

n e g a t i v e i n t e g e r and a i s an n o n - f i n i t e o r d i n a l number. 5 
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CONCLUSION 

T h i s p a p e r e s t a b l i s h e s some i m p o r t a n t r e l a t i o n s h i p s 

b e t w e e n t h e d i f f e r e n t g e n e r a l i z a t i o n s o f n i l p o t e n c e d e f i n e d 

a b o v e . I n p a r t i c u l a r , e v e r y w e a k l y n i l p o t e n t r i n g i s a 

U - r i n g and a p r i m e p r o d u c t s r i n g . A l s o , e v e r y power n i l p o t e n t 

r i n g i s a p r i m e p r o d u c t s r i n g , b u t n o t n e c e s s a r i l y a U * - r i n g , 

and n o t e v e r y m e t a * i d e a l i s a meta i d e a l . 

A few c o n j e c t u r e s a r e s u g g e s t e d by t h e r e s u l t s i n t h e 

p a p e r . The s e c t i o n on r i n g t y p e s p r o v i d e s i n f o r m a t i o n t h a t 

s u g g e s t s t h a t e v e r y w e a k l y n i l p o t e n t r i n g may be power n i l -

p o t e n t . Theorem 19 s u g g e s t s t h a t e v e r y n i l r i n g w h i c h i s a 

U - r i n g may a l s o be a p r i m e p r o d u c t s r i n g . A l s o , t h e o r e m 22 

r e s u l t e d f r o m an a t t e m p t t o p r o v e t h a t e v e r y n i l U ^ - r i n g 

i s w e a k l y n i l p o t e n t . F i n a l l y , t h e o r e m 29 makes i t seem 

p r o b a b l e t h a t n o t e v e r y U * - r i n g i s a U - r i n g . T hese a r e 

c h a l l e n g i n g c o n j e c t u r e s t h a t h o p e f u l l y w i l l be r e s o l v e d by 

f u r t h e r r e s e a r c h . 
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