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ABSTRACT 

Using the concept of dominant s t r a t e g i e s 3 a method f o r 

reducing the strategy spaces of a game i s developed. These 

res u l t s are used to reduce some i n f i n i t e games of the Colonel 

Blotto type to f i n i t e matrix games which are then solved "by the 

Snow-Shapley theorem. 
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CHAPTER 1 

INTRODUCTION 

1.1 D e f i n i t i o n of a Game: 

A two-person, zero-sum game i s defined by a t r i p l e t 
G = (X,Y,f) .where X and Y are measurable spaces and f i s 
a bounded, r e a l valued measurable f u n c t i o n defined on X x Y . 
Ass o c i a t e d w i t h the spaces X and Y are two f a m i l i e s of sets 
S and T where S i s a a - f i e l d i n X and T i s a a - f i e l d i n 
i n Y . The sets i n S (or T ) are the measurable subsets 
of X (or Y ) where i t i s assumed that the i n d i v i d u a l elements 
of X (or Y ) belong to S (or T ) . I n - t h i s paper we w i l l 
c o n s ider only zero-sum games, tha t i s games w i t h two i r r e c o n c i l a b l e 
opponents i n which one p a r t i c i p a n t wins what the other l o s e s . 
The space of s t r a t e g i e s f o r P l a y e r I i s the set 

U = i\x '• ia i s a measure on S and p.(X) = 1} . 

The space of s t r a t e g i e s , f o r P l a y e r I I i s the set 

V = {v : v i s a measure on T and v(Y) = 1} . 

For a p a r t i c u l a r choice of u € U and v e V the payoff to 
Pl a y e r I i s 

F(UJV) = ff f(x,y)dudv = f f(x,y)dvdu 



w h i l e the payoff to P l a y e r I I i s -F(\j.,v) . P l a y e r I seeks to 
maximize the payoff w h i l e P l a y e r I I seeks to minimize the payoff. 

1.2 Min-max S o l u t i o n s of Games: 

I f P l a y e r I uses the s t r a t e g y \iQ e U he i s c e r t a i n to 
r e c e i v e at l e a s t i n f F ( u . v ) i n payoff from P l a y e r I I . Thus 

veV ° 

the number v = sup i n f F(u,v) i s the upper l i m i t t o the amount 
laeU veV 

P l a y e r I canvwin w i t h c e r t a i n t y independent of P l a y e r I I ' s choice 
of s t r a t e g y . 

I f P l a y e r I I uses the s t r a t e g y v Q e V he i s c e r t a i n 
to l o s e at most sup F(u,v ) i n payoff to P l a y e r I . • Thus the 

ueU 
number v = i n f sup F(u,v) i s the lower l i m i t t o the amount 

veV ueU 
P l a y e r I I can r e s t r i c t h i s l o s s w i t h c e r t a i n t y independent of 
P l a y e r I's choice of s t r a t e g y . •' \ 

D e f i n i t i o n 1.2.1 I f the r e l a t i o n s h i p 

sup i n f F(n,v) = i n f sup F(u,v) = v 
ueU veV veV ueU 

i s v a l i d then v i s c a l l e d the value of the game. 

D e f i n i t i o n 1.2.2 A p a i r of s t r a t e g i e s \\* e U and v* e V are 
optimal i f and only i f F(u,v*) _< F(ia*,v*) <_ F(u*,v) f o r a l l 
u € U and v € V . 
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D e f i n i t i o n 1.2.3 L e t v be the v a l u e of the game, and l e t 

€ > o be g i v e n . A p a i r o f s t r a t e g i e s u* e U and v* e V are 

e-optimal i f and o n l y i f 

F(u*,v) :> v - e f o r a l l v e V 

and 

F(n,v*) £ v + e f o r a l l u e U . 

I t can be shown t h a t the v a l i d i t y o f ; 

sup i n f F(u,v) = i n f sup F(u,v) 
ueU veV veV ueU 

\ 

guarantees the existence of §»optimal strategies. Furthermore^ 
the r e l a t i o n s h i p 

max min F(n,v) = min max F(n,v) 
ueU veV veV ueU 

i s v a l i d i f and o n l y i f t h e r e e x i s t o p t i m a l s t r a t e g i e s u* e U 

and v* e V w i t h v = F(u*,v*) . 

1.3 Some C l a s s e s o f Games. 

Some types o f games f r e q u e n t l y c o n s i d e r e d a re as 

f o l l o w s : 

1. F i n i t e M a t r i x Games. 

X = {1,2,. . . ,n} , Y = { l / . . . ,m} , S = 2 X, T = 2 Y 

n 
U = { M = ( M 1 , . . . ,1^) e R N : yx± > o , # S | i ± = 1) 



m 
V = {v=(v 1 , . . • , v n ) € R : v.. >_ o , S v ± = 1} 

f ( i , d ) = a ± , e R , i = { l , . . . , n } j e t l , . . . , m ) , 

A = la1}] 

n m 
uAv F(u-,v) = S E u, a v = 

i = l j = l 1 1 0 J 

A i s c a l l e d the p a y o f f m a t r i x o f the game. 

Games on the U n i t Square . 

X = Y = [0,1] > S = T = C l a s s o f B o r e l s e t s o f [0,1] . 

U = V = se t o f a l l cumu la t i ve d i s t r i b u t i o n f u n c t i o n s 

on [ 0 , 1 ] . 

Fo r n = u (x ) e U and v = v (y ) € V , 

r l p l 
F(^i,v) = f ( x , y ) d u ( x ) d v ( y ) . 

J o J o 

Games on Convex Subsets o f R11 x R m . 

X c R n , Y c Rm , X and Y c l o s e d , convex . 

S = c l a s s o f B o r e l s e t s genera ted by the open se t s i n 

the r e l a t i v e t o p o l o g y on X . 

T = c l a s s o f B o r e l s e t s genera ted by the open se t s i n 

the r e l a t i v e t o p o l o g y on Y . 

B o r e l Games. 

X and Y a r e t o p o l o g i c a l spaces . 
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S and T are the classes of Borel sets (generated by 

the open sets) of X .'. and Y respectively 

The games considered i n thi s thesis w i l l be of types 

1 and 3 and techniques w i l l be developed to reduce some games 

of type 3 to games of type 1. 

1.4 Optimal Strategies f o r Matrix Games. 

It- can be shown that f o r any matrix game the r e l a t i o n 
\ 

max min F(u^v) = min max F(u,v) = v i s always v a l i d [J, p.26]. 
ueU veV veV iaeU 
That i s , matrix games always have optimal strategies. '-Further

more, the set of optimal strategies f o r each player i s a closed 

convex set [3j p.36]. The matrix games that a r i s e i n t h i s paper 

w i l l be solved by means of the following theorem, due to R.N. Snow 

and L.S. Shapley [3> p.45]. ' 

Theorem 1.4.1 I f n*. and v* are extreme points of the 

convex sets U* and V* of optimal strategies, and i f the 

value of the game v i s not zero, then there exists a non-

singular submatrix M of A such that 

v = 
eM" •1 T e 

eM" •1 

eM" 

M" • v 
eM" 



where e i s a vector of the same dimensions as M a l l of whose 
T 

components are 1 5 and e i s i t s transpose. 



CHAPTER 2 

REDUCTION OP THE GAMES 

2.1 I n t r o d u c t i o n . 

I t i s o f t e n p o s s i b l e t o s i m p l i f y a game by r e d u c i n g 

the space o f - . s t r a t e g i e s o f one or both p l a y e r s . That i s , i f a 

game G i s d e f i n e d by the t r i p l e t (X,Y,f) the reduced game G 1 

w i l l be d e f i n e d by the t r i p l e t (o\,©,f) where o\ c X and 

S c Y are b o t h measurable s e t s . I f the subsets ov and <b are 

chosen c o r r e c t l y the v a l u e o f the game and the op t i m a l s t r a t e g i e s 

of the game G 1 w i l l a l s o be the v a l u e of the game and optimal 

s t r a t e g i e s o f the game G . In p a r t i c u l a r , t h i s r e d u c t i o n can 

be v e r y u s e f u l i f X and Y are i n f i n i t e s e t s and C3\ and «D 

are f i n i t e subsets because then the Snow-Shapley theorem can be 

used to s o l v e the game. I t should be noted that' t h i s r e d u c t i o n 

i s a g e n e r a l i z a t i o n o f the concept of dominant s t r a t e g i e s i n 

f i n i t e m a t r i x games, Dresher [2, p.4o]. 

2.2 D e f i n i t i o n of Dominance. 

Por a game G l e t t7\, and 2) be measurable subsets of 

X and Y r e s p e c t i v e l y , D e f i n e U ^ = {u. e U : \x(a\) =1} and 



8. 

Vg> = { v e V': v(©) = 1} . 

D e f i n i t i o n 2.2.1 0 1 i s dominant w i t h r e s p e c t to i f f f o r 

each v € Vj> 

sup j f ( x , d ) d v = sup f ( a , d ) d v . 
xeX JJD aeoj J# 

^ i s dominant i f f i t i s dominant w i t h r e s p e c t to Y . 

D e f i n i t i o n 2.2.2 Is dominant w i t h r e s p e c t to OX i f f f o r each 

H e U A \ 

f ( a , y ) d u = i n f f ( a , d ) d u !. i n f 
yeY ^ de© d ej 

4> i s dominant i f f i t i s dominant w i t h r e s p e c t t o ' X . 

2.3 Reduction o f Games u s i n g Dominance. 

Lemma 2.3.1 

1. I f f o r each x € X t h e r e e x i s t s u = u. e such 

t h a t f o r a l l d eg) f ( x , d ) < f f ( a , d ) d u (*) 

then Gl IS dominant w.r.t. 5) • 

2. I f f o r each y e Y t h e r e e x i s t s v = ,v e ^ such t h a t 

' f o r a l l a e O l f ( a , y ) >_ f ( a , d ) d v then <£) i s 

dominant w.r.t. 0\ . 
2) 



Proof: 

From (*) we get f o r each x € X t h e r e e x i s t s |ji e 

such t h a t f o r a l l v e VQ 

it) 
f ( x , d ) d v _< f(a,d)dydv 

01 

0\ <3D 
f ( a , d ) d v d u 

< sup 
aeoi & 

f ( a , d ) d v 

C l e a r l y s i n c e 01 c x 

sup 
xeX "SO 

f ( x , d ) d v >_ sup f ( a 3 d ) d v . 
ae o\ 3) 

T h e r e f o r e sup f ( x , d ) d v = sup f ( a J 5 d ) d v . f o r a l l 
xeX , J£ aeo\. *J£ 

v € VQ , which i m p l i e s 0\ i s dominant w.r.t. £) . 

2. S i m i l a r l y «£) i s dominant w.r.t 01 . 

Lemma 2.3-2 

1. For any v e , sup J f(a,d)dvdp = sup ^ f ( a j l d ) d v 
uebV <x 2) aeoi S) 

2. For any u e ', i n f f(a,d)d(adv = i n f f(a,d)dfj 

Proof: That sup 
01 

f(a,d)dvdm sup J F ( F T A D ) ± s obvious . & - ae oi °<S> 

The i n e q u a l i t y i n the o t h e r d i r e c t i o n i s t r u e because u(oj) = 1 

and p o i n t s were assumed to be measurable s e t s . . . , 



10. 

C o r o l l a r y 2.3-1 

1. For any v e V 

2. For any p. € U 

sup 
ueU 

i n f 
veV ° 

f(x , y ) d v d u = sup f ( x , y ) d v . 
xeX J 

» 

f(x,y)d|jdv = i n f f ( x , y ) d n . 
' • yeY <J 

Lemma 2.3-3 

1. (71 i s dominant w.r.t T) i f f f o r a l l v e V £ i 

sup f ( x , d ) d v d u = sup f { f(a,d)dvd(a . 

2 . <£) i s dominant w^.r.t. Oi i f f f o r a l l u e Ucn 

i n f 
veV " 

f f ( a , y ) d u d v = i n f f f f(a,d)dudv 
on veV a

 J» oi 

Proof: The p r o o f f o l l o w s immediately from the d e f i n i t i o n and 

Lemma 2 . 3 • 2 . 

Theorem 2 . 3-1 I f C l i s dominant w.r.t. £) and £) i s dominant 

w.r.t. 0{ then the o p t i m a l s t r a t e g i e s and the v a l u e of the game 

(Ol . S j f) a re a l s o o p t i m a l s t r a t e g i e s and the v a l u e o f the game 

(X,Y,f) . 

Proof: L e t u* e TJox and v* e V£> be op t i m a l s t r a t e g i e s and 

v be the v a l u e of the reduced game (Olj&f).-. • Then by the 

pr e c e e d i n g lemma 
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i n f sup 
veV ueU 

f(x,y)dvdu < sup [ f (.'x, d)dv*d(j 
" ueU J,J<& 

= sup f(a,d)dv*du 

a S) 
f(a,d)dv*du* = v 

sup i n f f(x,y)dudv >_ i n f f(a,y)du*dv 
ueU veV J l veV 

= i n f f(a,d)du*dv 

f(a,d)dp*dv* = v . 

But by F u b i n i ' s Theorem 

Thus 

f(x,y)dydu = f(x,y)dudv 

i n f sup f ( x , y ) d u 4 v <_ v <_ sup i n f f(x,y)dudv 
veV ueU J J ueU veV J , J 

Theorem 2.3-2 

-«n 1. Let X c R be a c l o s e d , bounded convex set w i t h a 
f i n i t e set of extreme p o i n t s 0 1 . I f f o r £> c Y the f u n c t i o n 
f : X x Y -» R i s a convex f u n c t i o n of x f o r each d e £) , then 
Ol i s dominant w.r.t. S) .• 

Proof: Let v e , consider t h e _ f u n c t i o n g(x) = f(x , d ) d v . 

Then g i s a convex f u n c t i o n and takes i t s maximum at an extreme 

p o i n t of X . _ 
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i . e . sup f( x , d ) d v = max f(a,d)dv f o r a l l v e Vg 
xeX J «3 aeoi^S 

2 . Let Y c R111 be a c l o s e d , bounded set w i t h a f i n i t e set 
of extreme p o i n t s S) . I f f o r Gl c X the f u n c t i o n 
f : X x Y - * R i s a concave f u n c t i o n of y f o r each a e Ol , 
then <£) i s dominant w.r.t. 01 . 

2 . 4 D e f i n i t i o n of e-Dominance 

D e f i n i t i o n 2 . ,4 .1 (j^ i s c-dominant w.r.t. <£) i f f f o r a l l v e 

D e f i n i t i o n 2 . 4 . 2 3) i s e-dominant w.r.t. oi i f f f o r a l l u e 

sup f(x , d ) d v < 
xeX J£> 

sup f.(a,d)dv + e 
ae a. & 

2 . 5 Reduction of Games u s i n g e-Dominance. 

Lemma 2 . 5 . 1 

1. 01 i s e-dominant w.r.t. S) i f f f o r a l l v e V< 

sup f(x,d)dvdu < sup f(a,d)dvdu + e 

2 . J£) i s e-dominant w.r.t. (X i f f f o r a l l ia;e U 

f(a,y)dudv > i n f f f f(a,d)dudv - e i n f 
veV 

Proof: Follows immediately from Lemma 2 . 3 . 2 . 
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Theorem 2 . 5 . 1 I f 01 i s e-dominant w.r.t. <£) and S) i s c-

dominant w.r.t. 01 then the o p t i m a l s t r a t e g i e s f o r the game 

(01,5),f) a re e-optimal f o r the game (X,Y,f) . 

Proof: The p r o o f i s the same as the p r o o f i n Theorem 2 . 3 - 1 . 

Lemma 2 . 5 . 2 

1 . L e t X c R n be a convex bounded s e t , f : X - R be a 

convex, bounded u n i f o r m l y continuous f u n c t i o n and X = c l o s u r e X. 

Then we can extend f to a f u n c t i o n F : X -• R such t h a t 

P/X = f and x P i s a convex f u n c t i o n on X . 

Proof: i ff ( y ) i f y e X 
l i m f ( x ) i f y e X - X 
x-y 
xeX 

F i r s t we show t h a t F i s w e l l defined.' Let,. {x n} and {x^} 

be sequences i n X wit h l i m x = l i m x! = x , l i m f ( x ) = S , 
n n n 

l i m f ( x / ) = t w i t h t / S . I f we denote the m e t r i c i n R n by 
n 

p then f o r a l l 6 > o t h e r e e x i s t s an i n t e g e r . N > o such that 

n > N then P C 3 ^ ' ^ ) < 6 • A l s o , f o r a l l e > o the r e e x i s t s 

N' > o such t h a t i f n > N ' 

| f ( x n ) - S| < e and |f(x£) - t | < e" .• 

I f we l e t e = ^~|S-t| then f o r a l l 6 > o t h e r e e x i s t s x n and 

w i t h p ( x n , x ^ ) < 6 but 
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T h i s c o n t r a d i c t s the f a c t t h a t f i s u n i f o r m l y continuous. 

Hence S = t and P i s w e l l d e f i n e d . 

Now, l e t x,y e X and ( x ^ l and ( y n ) be sequences 

i n X such t h a t l i m x = x and l i m y = y . 
n n 

Then i f o _< a <_ 1 

aP(x) + (1 - a ) P ( y ) = a l i m f ( x ) + ( l - a) l i m f ( y ) 
n n 

= l i m [ a f ( x n ) + (1 - a) f ( y n ) ] 
n 

_> l i m f ( « x n + (1 - a ) y ) 
n 

= F(ax + (1 - a ) y ) . 

i . e . P i s convex on X and c l e a r l y P/X = f by d e f i n i t i o n . 

2. L e t Y c R111 be a convex, bounded s e t , f : Y -• R be a 

concave, bounded, u n i f o r m l y continuous f u n c t i o n and Y = c l o s u r e Y. 

Then we can extend f to a f u n c t i o n F : Y -* R such t h a t 

P/Y = f and F i s a concave f u n c t i o n on Y . 

Lemma 2.5.3 • ~ 

1. L e t X c R n be a convex, .bounded set such t h a t X has 

a f i n i t e s e t of extreme p o i n t s & , f : X - R be a convex, 

bounded, u n i f o r m l y continuous f u n c t i o n . Then 
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sup f (x) = sup_ lira, f (x) . 
xeX ae oi x-a 

xeX 

Proof: The p r o o f f o l l o w s immediately from Lemma 2.5.2 and the 

f a c t t h a t a convex f u n c t i o n on a c l o s e d convex s e t w i t h a f i n i t e 

number o f extreme p o i n t s takes i t s maximum a t an extreme p o i n t . 

2. L e t Y c R111 be a convex, bounded s e t such t h a t Y has 

a f i n i t e s e t of extreme p o i n t s <£) , f : Y -• R.be.a concave, 

bounded, u n i f o r m l y continuous f u n c t i o n . Then 

i n f N f ( y ) = i n f l i m f ( y ) . 
yeY N S e S y^a 

yeY 
i 
) 

Theorem 2.5.2 

1. L e t X c R n be a convex, bounded s e t such t h a t X has 

a f i n i t e s e t of extreme p o i n t s G\ , and l e t <£) c Y be a f i n i t e 

s e t . If. the f u n c t i o n f : X x Y - * R i s a bounded, convex, 

u n i f o r m l y continuous f u n c t i o n o f x f o r each d e <£) , then f o r 

a l l e > o the r e e x i s t s a f i n i t e s e t 0l = c i (e ) c X such t h a t 01 

i s e-dominant w.r.t. 5) . 

Proof: L e t p be the m e t r i c on R n . By Lemma 2.5-2 f o r each 

a eOl , d e £) and e > o the r e e x i s t s 5 = 6(a,d,e) > o such 

t h a t 

l i m f ( x , d ) <_ f ( a , d ) + c when a e X and p(a,a) < 6 . 
x-»a 
xeX 

S i n c e ^) i s f i n i t e t h i s i m p l i e s t h a t f o r a e Ol there e x i s t s 
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a = a(a,e) € X such t h a t f o r a l l d e i ) 

l i m f ( x , d ) <_ f ( a , d ) + € . 
x-a 
X€X 

Then f o r a l l v e 

l i m 

X G X 

f ( x , d ) d v < f ( a , d ) d v + c 

L e t 0[ = {a = a(a,e) : a e Oi} • But f ( x , d ) d v i s a convex 

hounded continuous f u n c t i o n on X and by Lemma 2.5.3, f o r a l l 

v e V# x 

sup 
xeX 0 

i . e . 01 i s dominant w.r.t. £) .\ 

f ( x , d ) d v = sup [ l i m „f(x,d)dv] <_ sup f ( a , d ) d v + s 
£> ae 6i x-*a '<© aeoi <8 

xeX 

Theorem 2.5-3 
n 

1 . L e t X = U X. where f o r each i , X. i s a bounded, 

1=1 1 ' . 1 

convex s e t such t h a t c l o s u r e X^ has a f i n i t e number of extreme 

p o i n t s , l e t £) c Y be a f i n i t e s e t . I f the f u n c t i o n 

f : X X Y - * R i s a bounded, convex, u n i f o r m l y continuous f u n c t i o n 

of x i n each r e g i o n X^ f o r each d e <$ , then f o r a l l e >> o 

there e x i s t s a f i n i t e s e t Ol c X such t h a t CH i s e-dominant 

w.r.t. 

Proof: Prom Theorem 2.5»2, i n each r e g i o n X^ t h e r e e x i s t s a 

f i n i t e s et 0 \ ̂  such t h a t 0\ ^ i s e-dominant w.r.t «© i n X^ . 
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i . e . f o r a l l v e V<£) 

sup 
xeX ± " 

f ( x , d ) d v < sup f(a J,d)dv + e . 
aeo). 

n 
L e t t i n g 01= u (\. we get 

i = l 1 

sup f ( x , d ) d v < sup f(a,d)dv + e . 
xeX J» ~ ae 0 | £> 

\ 



CHAPTER 3 

ATTACK AND DEFENSE PROBLEMS 

3.1 Introduction 

In t h i s Chapter, the results of Chapter 2 are used to 

reduce some i n f i n i t e games to f i n i t e matrix games. The solutions 

of these matrix games are then found with the use of the Snow-

Shapley theorem. The games considered are a l l of the Colonel 

Blotto type and hence the terminology of attack and defense 

problems i s used throughout t h i s Chapter. 

In each model, n c i t i e s are to be defended by D 

units and attacked by A un i t s . The outcome of a b a t t l e at one 

c i t y does not a f f e c t the outcome of a b a t t l e at another c i t y . 

The attacking player seeks to d i s t r i b u t e his forces among the 

n c i t i e s so as to maximize the expected payoff, while the 

defending player seeks to d i s t r i b u t e his forces among the n 

c i t i e s so as to minimize the expected los s . Each game i s defined 

by i t s sets X and Y of pure strategies and i t s payoff function 

f where 

n 
X = {x = (x1,x2,. . . ,x n) : x± >_ o , Z x± = A} 

n 
Y = {y = (y -^yg , . . . *y n) : y ± >. o , _s y n = D} 
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n 
f ( x , y ) = S f , ( x . , y . ) and 

i = l 1 1 1 

f i ( x i , y i ) i s the payoff at c i t y i i f the a t t a c k i n g 
f o r c e c o n s i s t s of x^ u n i t s . 

The methods w i l l be a p p l i e d t o two types of models: f i r s t , models 
w i t h a continuous payoff whose s o l u t i o n s have been obtained before 
by other methods; secondly, to some games w i t h discontinuous 
p a y o f f s , p r e v i o u s l y unsolved. 

3.2 A Model of 2 C i t i e s w i t h a Continuous. Convex Payoff Function 

The f i r s t game considered i s defined by 

X = { ( x , l - x ) | o <_ x £ 1} 

Y = { ( y , l - y ) | o < y < 1} 

f ( x , y ) = f - ^ x ^ ) + f 2 ( i - x , l - y ) where 

. ' f ^ C x - y ) i f x > y 
f (x,y) = i 

( o i f x < y 

f 2 ( l - x , l - y ) = 
\ 2 ( l - x - ( 1 - y ) ) i f 1-x >_ 1-y 

o i f 1-x < 1-y 

Adding and f 2 ' we get 

f M x - y ) i f x > y 
f ( x , y ) = \ 1 

U 2 ( y - x ) i f x £ y 
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Graph of f ( x , y ) f o r f i x e d y 

X-,.(1-7) 

* x 

Prom the graph i t i s c l e a r that f o r each y i n [ 0 , 1 ] , f'(x,y) 
i s a convex f u n c t i o n of x . Therefore, by Theorem 2 . 3 . 2 the 
set of extreme p o i n t s of X , Gl = [ ( o , l ) , ( l , o ) ] , i s dominant. 

\ 
\ 

But f ( o , y ) = X 2y and f ( l , y ) = X- L(l-y) are both l i n e a r 
f u n c t i o n s of y . By T heorem 2 . 3 * 2 the set of extreme p o i n t s 
of Y , £) = { ( o , l ) , ( l , o ) } , i s dominant w i t h respect to 0£ . 

Using Theorem 2 . 3 . 1 , we have reduced our i n f i n i t e game•to the 
game w i t h m a t r i x 

'f(o,o) f ( o , l ) 
B = 

f ( l , 0 ) f ( l , l ) 

The Snow-Shapley theorem gives us the value of the game as 

0 

- . x l 0 

v = 
X l X 2 

The optimal s t r a t e g y f o r . t h e a t t a c k i n g p l a y e r i s 
X l X ? 

a* = (̂  +^ , T~+k~~^ where he at t a c k s only c i t y 2 w i t h prob-
X l 

a b i l i t y + ^ and att a c k s only c i t y 1 w i t h p r o b a b i l i t y 

. The optimal s t r a t e g y f o r the defending p l a y e r i s 
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\p X-. 
- ( T T T - ~> \" "A' ) where he defends o n l y c i t y 2 w i t h probab-

A.-ĵ +A.2 X^ 2 Xp X, 
i l i t y -r—-x— and defends o n l y c i t y 1 w i t h p r o b a b i l i t y -r ±-

1 2 l " * " 2 

3 - 3 A Model of n - C i t i e s w i t h a Continuous, Convex P a y o f f . 

T h i s game i s d e f i n e d by 

• n 
X = {x = ( x ^ . . . ,x n) |x i >_ o , V x± = A} 

n 
Y = {y = ( y 1 , . - . , y n ) | y 1 > o , s y± = D} 

n 
f ( x , y ) = X t±(x±,y±) w i t h f i ( x i , y i ) = X j Lmax(o,x 1-y i) 

and A >_ D . . 

I t i s apparent t h a t f ( x , y ) i s a convex f u n c t i o n i n 

x f o r each y e Y . T h e r e f o r e by Theorem 2 . 3 - 2 the s e t of 

extreme. p o i n t s of X , 01= [ a ^ = (&^2.,a'12s' ' ' j a i n ^ a i j ~ ° i f 

i ^ j a. . = A i f i = j , i = 1 ,. . . ..n} i s dominant. But 

f ( a ^ , y ) = X^(A-y^) i s a l i n e a r f u n c t i o n of y f o r each a^ e 

T h e r e f o r e by Theorem 2 . 3 - 2 , the s e t of extreme p o i n t s of Y 

£ . - ( ^ . . . . . ^ K j . o i f i / i : 

d ± j = D i f . i = j , i = 1 ,. - . ,n} , 

i s dominant w i t h r e s p e c t t o 07 . 

We have reduced our i n f i n i t e game to the game w i t h m a t r i x 



B = [f(a i,d j)]. 

X 1(A-D) X-jA X-jA 

X2A X 2(A-D) X 2A X 2A 

X n - 1 A 

X nA X n(A-D) 

This m a t r i x game i s equi v a l e n t to the game solved i n Dresher [2, 

p. 54]. I f we assume that X-̂  > X g >•••> X n > o and l e t 

k ' 
\ - 1 

i = l 
, l - p = £-2 then 

( l ) The optimal s t r a t e g y f o r the a t t a c k i n g p l a y e r i s 

a* = (a^,...,an) where 

1 
a i =XTSA^ f o r i < t , 

= o f o r i > t . 

(2) The optimal s t r a t e g y f o r the defending p l a y e r i s 

0 ( p ^ . . ' . , P n ) where 

«>i - ? < X " I T S • 
t - p v 

= O 

f o r - i < t , 

f o r i > t . 

( 3 ) The value of the game i s 

A t k<n A k 
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3.4 A Model of 2 - C i t i e s w i t h a Payoff w i t h Large D i s c o n t i n u i t i e s . 

The remaining models considered i n t h i s chapter are i n 
some ways s i m i l a r to the game solved by Cooper and Restrepo [ l ] . 
However, because of the l a r g e d i s c o n t i n u i t i e s i n the payoff, the 
optimal s t r a t e g i e s and the value of the game considered here are 
very s e n s i t i v e t o changes i n the r e l a t i v e s i z e s of the a t t a c k i n g 
f o r c e A and the defending f o r c e D . The 2 - c i t y model was 

3 4 - 3 solved f o r the cases where <_ D < 2A and where -̂ A <_ D < —k 
i n which the i n f i n i t e games could be reduced to f i n i t e m a t r i x 
games. The>n-city model was only solved f o r the case where 
(• 2~-")A _< D < nA . Because of the l a r g e d i s c o n t i n u i t i e s i n the 
pa y o f f , we were unable to f i n d f i n i t e dominant subsets f o r the 
other models. However, i t i s f e l t t hat s i m i l a r techniques can 
be used to extend the r e s u l t s obtained. 

The 2 - c i t y model i s defined by 

X = {(x,A-x) : x e [o,A]} 

Y = {(y,D-y) : y e [o,D]} 

f ( x , y ) = f 1 ( x 3 y ) + f 2(A-x,D-y) where 

y 
y 

i f A-x > D-y. 
f 2(A-x,D-y) =• 

j-h(A-x) i f A-x < D-y 

w i t h X, > X 
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I f o < A < D < 2A we get 

f ( x , y ) = 

X 1-h(A-x) i f x > y 

X 2 - hx 

-hA 

i f x < A-D+y 

i f A-D+y £ x _< y 

Case 1; 3/2 A <_ D < 2A 

I t w i l l be shown t h a t i n t h i s case the i n f i n i t e game 

can be reduced to the f i n i t e game wit h p a y o f f matrix: 

-hA 

X l 

c o r r e s p o n d i n g t o the dominant s e t s 

01 = {(o,A), (A,o)) 

£ = {(D-A,A), (A,D-A)} 

To e s t a b l i s h t h i s r e s u l t , c o n s i d e r 

f ( x 3 D - A ) = 
f-hk i f x < D-A 

v. 
X 1-h(A-x) i f x > D-A 

(1) 

f ( x , A ) = 
-hA 

^X 2-hx 

i f x >_ A-(D-A) 

i f x < A-(D-A) 

From ( l ) i t i s c l e a r t h a t s i n c e A-(D-A) <_ D-A 



( i ) f o r x e [o,D-A] f(x,D-A) = f(o,D-A) 
f(x,A) <_ f(o,A) 

( i i ) f o r x e (D-A,A] f(x,D-A) < f(A,D-A) 
f(x,A) = f(A,A) . 

By Lemma 2.3-1, CR i s dominant w.r.t. oD -

Now consider: 

f ( o , y ) = -
• hA 

(2) 
V. X 2 

r 

f(A,y)= -
hA 

i f y <_ D-A 
i f y > D-A 

i f y >_ A 
i f yy < A . 

From (2) i t i s c l e a r t h a t 

( i ) f o r y e [o,A] f ( o , y ) >. f(o,D-A) 
f(A,y) > f(A,D-A) 

( i i ) f o r y e [A,D] f ( o , y ) > f(o,A) 
f(A,y) > f(A,A) ... 

By Lemma 2.3-1/ 01 i s dominant w.r.t. JD • 

Therefore, we need only consider the game w i t h m a t r i x 

-hA X, 
B = 

f(o,D-A) f(o,A) 

f(A,D-A) f(A,A) X 1 

2 

-hA 

f o r which 
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B - 1 = I 
\ 1 \ 2 - (hA) : 

hA 2 

hA 

Then, by the Snow-Shapley theorem, 

( l ) The value of the game i s 

v = 
X1\2 - (hAr 
X 1 + \ 2 + 2hA * 

(2) The optimal s t r a t e g y f o r the a t t a c k i n g p l a y e r i s 

a* = ( X 1 + hA, X 2 + hA) • y ^ j ^ • 

( 3 ) The optimal s t r a t e g y f o r the defending.player i s 

= ( X 2 + hA, X1 + hA) • H + x ^ g h A 

Case 2: 4/3A < D < 3/2A 

I t w i l l be shown th a t i n t h i s case the i n f i n i t e game can 
be reduced to the f i n i t e game w i t h payoff m a t r i x 

-hA 

X 1-h[A-(D-A) +] -hA X -h(D-A) 

X 1-h(D-A) 

1 i 

X, 

+ 

•hA X Q-h[A-(D-A) +] 

-hA 

corresponding to the e-dominant s e t s . 



01= {(o,A),((D-A) + ,A-(D-A) + ), ( A - ( D -A) +, (D-A) + ), (A,o)}. 

£) = C(D-A,A),(A-(D-A),2(D-A)"),(A,D-A)) , 

where (D-A) = (D-A) + 6 f o r s m a l l 6 > o . 

To e s t a b l i s h dominance we c o n s i d e r now. the p a y o f f s 

f o r s t r a t e g i e s i n the s e t s 01 and 2D . 

Consider f i r s t 

f(x,D-A) = 
-hA i f x < D-A 

X 1-h(A-x) i f x > D-A 

(1) f(x,A-(D-A) = 

f X 2 - h x 

-hA 

X 1-h(A-x) 

i f x < A-2(D-A) 

i f A-2(D-A) < x : < A-(D-A) 

x > A-(D-A) 

f ( x , A ) = 
Xg-hx 

-hA 

i f x < A-(D-A) 

i f x > A-(D-A) 

Graph of f(x,D-A) 

0 
-hA 

A-2("D-A) 
D-A 

A-(D-A) A 
x 
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Graph of f(x.A-(D-A)) 

0 A-2(D-A) 
D-A — i — 

A-'(D-A) 

Graph of f(x,A) 

D-A 
L-2(b-A) A- (D-A) 

Let X x = {(x,A-x)|o < x < D-A} 

X 2 = {(x,A-x)|D-A < x < A-(D-A)} 

X^ = {(x,A-x)|A-(D-A) < x < A] 

Then X = X 1 U X g u X^ and: 

( i ) x e [o,D-A] 

A 

x 
-hA 

f(x,D-A) < f(o,D-A) 

f(x,A-(D-A)) <_ f(o,A-(D-A)) 

f(x,A) 1 f(o,A) . 

That i s , i n the reg i o n X± , 013. = {(o,A)} i s dominant 

w. r t . £ . 
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( i i ) For x e (D-A,A-(D-A)), f(x,D-A), f(x,A-(D-A)) and 

f(x.A) are a l l l i n e a r functions. By Theorem 2 .5 .2, 

f o r e > o there exists 6 > o such that i f 

(D-A) + = (D-A) + 6 then the set 

0\2 = {((D-A) +,A-(D-A) +), ((A-(D-A) +,(D-A) +)} i s 

e-dominant w.r.t. S) i n the region . 

( i i i ) For x e [A-(D-A),A] 

f(x,D-A) <. f(A,D-A) 

f(x,A-(D-A)) < f(A,A-(D-A)) . 

f (X,A) - P(A,A) 

By Lemma 2 .3.1 , 01 «= {(A,o)} i s dominant w.r.t. «9 

i n the region . 

Using Theorem 2.5.2* we see that 01 = Ol^ UOlg UOi^ i s 

e-dominant w.r.t. S) . ' 

Now consider: f-hA i f y < D-A 

X 2 i f y > D-A 

y < (D-A) + 

(D-A) + < y < 2(D-A) 

y > 2(D-A) 

y < A-(D-A) + 

A-(D-A)"1" < y < A-6 

y > A-6 

\,-h(A-(D-A) +) 

f((D-A) +,y) 

(2) 

f(A-(D-A) +,y) = 

X 2-h(D-A) +  

r X 1-h(D-A) + 

-hA 

X 2-h(A-(D-A) +) 

i f 

i f 

i f 

i f 

i f 

i f 



f(A,y) = 
1-hA 

i f y < A 
i f y > A 

Graph of f ( o , y ) 

A-(D-A) 
2(D-A) A" • hA 0 D-A 

Graph of f((D-A) + ,y) 

X -h(A-(D-A) +) 
X 2-h(D-A) + 

A-(D-A) 
h r- 2(D-A) A~ T3 * D-A 

Graph of f ( A - ( D - A ) +
; y ) 

X 1-h(D-A) + 
+ \ I \ 2-h(A-(D-A) +) 

A-(D-A) 
A r 1 1 . j -D-A 2(D-A) A 

Graph of f(A,y) 
1 
1 
1 

1 

A-(D-A) 
l t t 

1 

1 
1 
i 

D-A 2(D-A) A 'D ' 
i -hA 
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From ( 2 ) and the graphs we see that 

( 1 ) For y e [o,D-A] 

f(o,y) = f(o,D-A) 

f ( ( D - A ) + , y ) = f((D-A) +,D-A) 

f(A-(D-A) +,y) = f(A-(,D-A) +,D-A) 

f(A,y) = f(A,D-A) 

( i i ) For y e (D-A,A) 

f(o,y) = f(o,A-(D-A)) 

f ( ( D - A ) + , y ) > f((D-A) +,A-(D-A)) 

f(A-(D-A) +,y) > f(A-(D-A) +,A-(D-A)) 

dT(A,y) = f(A,A-(D-A)) 

( i i i ) For y e [A,D] 

f(a,y) = f(a,A) f o r a l l a e 01 

Therefore by Lemma 2 . 3 . 1 * 2) i s dominant with respect 
to G\ . The i n f i n i t e game has been reduced to the game with 

matrix 

f(o,D-A) f(o,A-(D-A)) f(o,A) 

f((D-A) +,D-A) f((D-A) +,A-(D-A)) f((D-A) +,A) 
B = 

f(A-(D-A) +,D-A) . f(A-(D-A) +,A-(D-A)) f(A-(D-A) +,A) 

f (AJD-A) f ( A , A - ( D - A » f(A,A) 
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B = 

-hA X 2 X 2 
\ 1-h[A-(D-A) +] -hA X 2-h(D-A) + 

X 1-h(D-A) + -hA X 2-h[A-(D-A) +] 

h X l -hA 

+ hk , v = Xj^ + hA , a = h[A-(D-A) +] s 

Then l e t t i n g C = [b.. + hA] which has the same optimal s t r a t e g i e s 
as B y 

u 
U-b 

C = 

o 
v-a 
v-b 
v 

o 
o 
V 

u-a 
o 

According to the Snow-Shapley theorem i t i s s u f f i c i e n t to consider 
f o r the determination of the optimal s t r a t e g i e s only square 
matrices of dimension l e s s than or equal to 3 . Considering the 
m a t r i x ~" . " 

Then 

M = 
o U H 

v-a o u-b 
V V o 

-v(u-b) U V |Ji(|Ji-b) 

M"1 = v(u-b) ~uv u(v-a) 
v(v-a) Hv -u(v-a) 

Prom the Snow-Shapley theorem 

uv(u-b) + uv(v-a) v = 

1 
uv(.u-b )+uv(v-a) 



where p = u.(u.-b) + iav + v(v-a) . 

a* = ( v ( v-a ) , iav, o , u (u-b) ) • ^ 

33-

u(u-b) + uv - v(n-b) 

u(v-a) + v(ii-b) - \iv 

v(v-a) + IJV - n(v-a) 

1 
P 

Then 

a*C = (v,v,v) 

03* = 
v + (u-v)C(u-b)(v-b) - ( Va ) ( v-a)3 

But p.-v = X 2 ~ ^ i — ° s i n c e 2l ̂ 2 5 

(u-b)(v-b) - (u-a)(v-a) = (\ 2-h(D-A) ++hA)(X 1-h(D-A) ++hA) 

- (\ 2+h(D-A) +)(X 1+h(D-A)' f) > o 

since -h(D-A) + + hA >_ h(D-A) + i f D < | A . 

That i s , . 

(1) The value of the game with matrix B i s 

v = ^(u+v - (a+b)) _ M 

P 

(2) The e-optimal strategy f o r the attacking player i s a . 

( 3 ) The e-optimal strategy f o r the defending, player i s p*. 
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Case 3 : 5 / 4 A < D < 4 / 3 A 

In t h i s case we were unable to f i n d f i n i t e dominant 
subsets. ' Based on Case 1 and 2, the i n t u i t i v e most l i k e l y sets 
are 

01= {(o,A), ( ( D - A ) + , A-(D-A) +), (A-2(D-A) +, 2 ( D - A ) + ) , 

(2(D-A) +, A-2(D-A) +), (A-(D-A) +, (D-A) +)} 

{(o,D), (D-A,A), (2-(D-A),A-2(D-A)), (A-2(D-A),2(D-A)), 
(A,D-A), (D,o)} . 

\ 
\ 

We note that the f i r s t components of p o i n t s i n 01 and. £) 
p a r t i t i o n the i n t e r v a l s [0,A] and [o,D] i n t o s u b i n t e r v a l e . 
However, e i t h e r f o r some d e 2) , f( x , d ) i s not convex on a 
s u b i n t e r v a l of [o,A] or f o r some a e (ft , f ( a , y ) i s not concave 
on a s u b i n t e r v a l of [0,D] . Therefore the r e s u l t s of Chapter 2 
do not apply f o r the choice of 01 and 2) . 

3 ' 5 A Model of n - C i t i e s w i t h a Payoff w i t h Large D i s c o n t i n u i t i e s . 

This game i s a g e n e r a l i z a t i o n of the game considered i n 
Sect i o n 3 - 4 . ,The game i s defined by 

n 
X = {x = ( x x , x 2 , . . . ,x n) |x i >_ o , .S x ± = A} 

n 
Y = {y = ( y 1 , y 2 , . . . , y n ) l y ^ > o , ^ y ± = D} 

f ( x , y ) = 1 f . ( x . , y ) where 
i = l 1 • 
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fx. i f x ± > :y, 
f i ( x i ^ i ) H 

\ L 1 x2 - * * * - X n * 

The only model considered here i s the case where 

( 2 r
2" 1)A <_ D < nA . I t w i l l be shown that optimal strategies f o r 

t h i s game can be obtained by f i n d i n g optimal strategies f o r the 

reduced game (Gi,&,f) where 

CR = ((A,o,...,o),(o,A,o,...,o),...,(6,...,o,A)} = {a Q,...,a n} 

£>= l((^-(n-l)A,A,... 9A),...,(A,...,A,D-(n-l)A)'} = { d ^ . . . ^ } 

To prove t h i s l e t 

X Q = (x € X | x i < D-(n-l)A. , f o r a l l i} 

X. = {x e X -I x. > D-(n-l)A >. x f o r a l l J £.1} . 

n 
Then X = Xn u X. since i f x. > D-(n-l)A then x, > |A .• 

° i = l 1 1 1 

But 1. Por x e X Q , f(x,d) = -hA f o r a l l d e S) . 

2. Por x €*X, , f ( x ad.) = -hA i f J ^ i 
i o 

n f ( x,d i) = \ ± - h ^ Xj 
0=1 

f ( a ± , d i ) = Xj 

i . e . f o r a l l x € XJL , f(x,d) £ f(a j,,d) f o r a l l 

d € £> . 

By Lemma 2.3.1 01 i s dominant w.r.t. 5) . 
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For the proof that i s dominant w.r.t. 01 see Cooper and 
Restrepo [ 1 , Lemma 2 . 1 ] . 

Now l e t w i = hA + \ i and 

'%i i f i = j 
o i f i / j 

Then f(a.,d.) = -hA + P. and the f i n i t e game (<Ji,$),f) has the 
x j x 

same optimal s t r a t e g i e s as the ma t r i x game w i t h payoff P. . . 
See K a r l i n [ 3 , p . 2 8 ] . 

\ 
1 . The"value of the game i s 

v = -hA + [ £ -f- ] " X 

i = l W i 

2. The optimal s t r a t e g y f o r the a t t a c k i n g p l a y e r i s 

a* = (a ...,a n) w i t h a ± = ± {} ^ y 1 

I i = l ~ I 

3 . The optimal s t r a t e g y f o r the defending p l a y e r i s 

= (Pl,...,pn) w i t h p. = ±. -L}-i . 



CHAPTER 4 

SOME MATRIX GAMES 

4.1 I n t r o d u c t i o n 

As s t a t e d p r e v i o u s l y the 2 - c i t y game model considered 
i n S e c t i o n 3.s4 could only be solved f o r two p a r t i c u l a r cases. 
I f we consider t h e i r dominant s e t s , we note that f o r a p o i n t i n 
a dominant s e t , one component i s always an i n t e g r a l m u l t i p l e of 
D-A . Por t h i s reason we are l e d to consider the same game 
model but formulated as a d i s c r e t e game w i t h 

X = {(x,A-x) : x an i n t e g e r , o <_ x _< A} 

Y = {(y,D-y) : y an i n t e g e r , o <_ y £ D} , D = A+l. 

By d e f i n i t i o n s of X and Y , a l l these games are 
f i n i t e m a t r i x games. As may be expected the s i z e of the payoff 
m a t r i x f o r t h i s model incre a s e d as A inc r e a s e d and ther e f o r e the 
game was only solved f o r A ± 8 , D <_ 9 . The computation of 
the payoff m a t r i x i s s t r a i g h t forward. In each case, by choice 
of s u i t a b l e n o t a t i o n and by means of standard dominance arguments 
the r e s u l t i n g games can be reduced to one of the games considered 
below. 
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4 . 2 M a t r i x Games from the D i s c r e t e 2 - C i t y Model 

In the f o l l o w i n g games, v w i l l be the value of the 
game, a* i w i l l be the optimal mixed s t r a t e g y f o r P l a y e r I , and 
P w i l l be the optimal mixed s t r a t e g y f o r P l a y e r I I . A l l the 
games were solved by u s i n g the Snow-Shapley theorem. 

Game No. 1: 

M = 
M 

v . o 
M,v > o 

This game has alr e a d y been solved i n S e c t i o n 3 . 2 . 

v = u+v 

a* = ( v,u) - i _ \ V>^ J m-v 

p* = v ) _L_ 

Game N o . " 2 : 

Let 

o M pi 
M = v-b o u-a 

V V o 

o <; a" < u 
o < b < v 

This game has been solved i n Section 3 . 4 . 

d = uv(u-a) + fjv(v-b) 
p = u(u-a) + MV + v(v-b) , then 

v = d/p 

a* = (v(v-b),uv,u(u-a))l/p 
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3 = (-v(u-a) + uv + u(u-a) ,v(u-a) - uv + u(v-b), 
v(v-b) + pv - p.(v-b))l/p 

Game No. 3: 

M = 

o P p P 
v-d o p.-a p-a o a,c < P 
v-b v-b 0 p-c o < b,d < V 

V V V o 

dM"1= 

-v(u-a) [p+v-(b+c)] uv(v-b), Pv(p-a) 

v(p-a)(p+v-b-c) - -uv(p+v-b-c) pv(v-d) 
v(p-c)(v-d) 

p(p-a)(p-c) 

p(p-c) (v-d) 

v(p-c)(v-d) 

v(v-b)(v-d) 

pv(p-c) -pv(p+v-a-d) p(v-b)(p+v-a-d) 
-p(p-c)( iv-d) 

pv(v-b) pv(p-a) -p(v-b)(p+v-a-d) 

where d = pv[(p-a)(p-c) + (p-a)(v-b) + (v-b)(v-d)3 . 

Let p = p(p-a)(p-c) + pv(p-a) + pv(v-b) + v(v-b)(v-d) , 

e = ( 1 , 1 , 1 , I ) 7 

Then v = d/p 

a* = (v(v-b)(v-d),pv(v-b):,.pv(u-a) Jp(p-a)(p-c))l/p 

p* = dM _ 1e/p 
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Game No. 4: 

M = 

o 
v-f O - u-a u-a u-a 
v-d v-d O u-c u-c 
v-b v-b v-b O u- e 
V V V V O 

o <_ a,c,e < u 

o < b,d,f < v 

The i n v e r s e m a t r i x of M was c a l c u l a t e d , but bot h M 
and f 3 * were too complicated to i n c l u d e here. However, i f we 
l e t 

d = mv[(u-a)(|i-c)(u-e) + (|i-a)((i-c)(v-b)+(u-a)(v-b)(v-d) 
+ ( v - b ) ( v - d ) ( v - f ) ] 

p = u(u-a)(u-c)(u-e)+^v[(^-a)(p-c)+(u-a)(v-b)+(v-b)(v-d)] 
+ v ( v - b ) ( v - d ) ( v - f ) 

then v = d/p 

a* = ( v ( v - b ) ( v - d ) ( v - f ) , u v ( v - b ) ( v - d ) , u v ( u - a ) ( v - b ) , 
uv(u-a)(u-c),u(u-a)(u-c)(u-e)) . 

- 1 

4.3 A Method of I n v e r t i n g M a t r i c e s . 

When u s i n g the Snow-Shapley theorem to solve a game w i t h 
payoff m a t r i x M , the i n v e r s e of square submatrices of M must be 
computed. The s t r a t e g i e s given by the theorem f o r a p a r t i c u l a r 
submatrix must then be checked t o see i f they are optimal. I f 
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they are not o p t i m a l , the' submatrix i s discarded and the" process 
i s ' repeated. The f o l l o w i n g method was found to be a convenient 
way f o r f i n d i n g the i n v e r s e of a matrix. 

Let M be a square m a t r i x , I be the u n i t m a t r i x of 
the same dimension as M . Consider the t a b l o i d l | M | l . 
F i r s t we apply row operations to the t a b l o i d IJM y i e l d i n g the 
t a b l o i d , say B | c | l . Then we apply column operations to C | l 
r e s u l t i n g i n the t a b l o i d B|D|E . We apply row and column 
operations u n t i l the m a t r i x D i s i n such a form that i t s 
i n v e r s e can e a s i l y be found by the standard techniques. But 
then D = BME which i m p l i e s M"1 = ED - 1B . 
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