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ABSTRACT

In this thesis we obtain all the ordinary irreducible
éharacters of Weyl groups of rank <4 by using MacDonald's
method.This method enables us to find.almost all the characters,
and the remaining_ones_may be obtained by combining MacDonald
characters and characters of exterior products of the

reflection representation.
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INTRODUCTION

In a paper entitled "Some Irreducible Representations of Weyl
Groups" [5],I.G.Machonald describes the following constructibn
which gives many,but in general not all of the irreducible
representations of a Weyl group.

Let V be a finite—dimensidnal vector space over the ;ational
field,and suppose V has a positive—definite.inner product.Let V*
be the dual of V.Let R be a root system of a Weyl group (R) and
let S be a subsystem of R.For a given ordering on R,let I (S)
denote the product of all the positive roots of S.Then I (S) is a
homogeneous rational—vaiued polynomial function on'V.The space of
all rational—valuea polynomial funétions on V is the gymmetric
algebra z=Sym(V*).Let the Weyl group (R) act on I,and let P(S)
denote the_subspace of I spanned by the polynomial functions -~
g(li(s)) for all g in (R).MacDonald proves that P(S) is an
absolutely irreducible (R)-module. |

The purpose of this thesis is to use this construction to
compute the irreducible characters of the Weyl groups of rank
<4.We wish to find out which characters can be so obtained and
whether the missing characters are related to those obtained.The
characters that are obtained by this method will be called
MacDonald characters.

Using this method we find all tﬁe irreducible characters in
the case of the groups (Ai).We find that neither the subsystems
of Bi alone nor the subsystems of C; alone provide all the
irreducible characters of the group (Bi)=(Ci).However, using
the subsystems of both B, and C; we obtain all the.

irreducible characters.In the case of (D4),the method gives



eleven of the thirteen irreducible characters.The exterior
products of the reflection representation provide the missing
characters.In the case of (F4)_we find seventeen characters.Thé
remaining eight cén be written as products of two MacDonald
characters.

Vle describe below the notation used and the method of
-obtaining all the subsystems of a given root system of a
Weyl group.

We use Dynkin diagrams to represent root systems and the
set of positive roots in terms of orthonormal basis as
given by N.Bourbaki [1) .As in [2],in listing the subsystems
of Bi and F4}we distinguish between a diagram with long
roots and one with shorter roots by‘using S to denote
a Dynkin diagram with long roots and S one with shorter
roots.We do the opposite for subsystems of Ci'

The conjugacy classes and the orders of the centraliéers
for (Ai),(Bi) orv(Ci) for i=2,3,4,and (D4) are staightforward
to find.For (F4) we use the conjugacy classes obtained by
R.W.Carter [2],and in all cases we use Carter's notation
for conjugacy classes.For the sake of convenience,we also
use permutation notation and sign changes.

In the tables,;he entries under hi denote the numbers of
elements in the conjugacy classes.xi denotes a character.

For any root oW, denotes the reflection defined by o.We
use the notation V(al,...,an) to denote the Vandermonde

‘determinant of order n,



1 1 . . 1

ay a, - a,

an—l an-l. . . an—l
1 2 n

Given a root system R,we use Dynkin's method [3] to
obtain all'thevsubsystems,We start by adjdining to the root
systém R the minimal root of (R).The diagram so obtained is
calléd the extended Dynkin diagram for R.By deleting roots
“from the extended Dynkin diagram we obtain subsystems.
Repeating thé process with the subsystems obtained we

eventually find all the subsystems of the given root system.



1.A2.

Subsystems of Azl

The extendéd Dynkin diagram for A2 is
- (%3 -x3)
X=X, o Xy=Xgq

From this diagram we obtain the following subsystems:

(1) A2: o~ - 0

xl—xz' x2—x3

(2) Alz o
*17%2
We note that IHA2)=—V(xl,x2,x3) where V(xl,xz,x3) is

the Vandermonde determinant of order 3.

Table I: Character Table for (A2)

o} A2 Al
Conjugacy Class Characteristic hi %) ﬁ- &
Representative Polynomial ”
d (1) x2 -2x+1 1 1 1l 2
Ay (12). x2 -1 3 1 -1 o0
A, (123) x2+ . x+t1 2 1 1 (-1




2.A3.

Subsystems of ABi

The extended Dynkin diagram for A

315
= (xy-%4)

>
\u

*17%2 - FomX3 *37%y

From this diagram we obtain the following subsystems:

Xl—XZ ’ X2—X3 X3-X4
(2) ZAl: o o
Xl—XZA X3-X4
(3) AZ: o o
(4) Al: o
Xl‘XZ

P(A3): We have
| H(A3)=V(xl,x2,x3,x4), the Vandermonde determinant

of order 4.
P(2Al): In this case,it is convenient to write the polynomials
in terms of the roots oy {(where ai=xi—xi+l) rather than
the xi's.We have
H(2A1)=ala3,
and so P(2Al) is spanned by:

by=oy a3y

b2=a2(al+a2+a3),

b3=(al+a2)(a2+u3)=bl+b2.
P(Az): The group (A3) acting on H(Az) gives rise to the

following polynomials:



by

=V (x

1r¥peX3)

b2=V(x2,x3,x4),

b3=V(xl,x3,x4),

b4=V(xl,x2,x4).

Then
1 1 1 1
1 1 1 1 =0
X) X5 Xg X
xi xé x§ xZ
shows
b,-b +b3—b4=0
and-{bl,bz,b3} may be taken as a basis for P(a,).
A Table II:Character Table for (A3)
® A3 2Al A2 Al
Conjugacy C}ass Charactgristic Xol X1| Xo| X3{ X4
Representative | Polynomial
o | (1) x?-3x2+3x-1 1] 1)2{3]s3
Ay | (12) x®= x2- x+l 1]-1]0 |-11]1
A, | (123) x° -1 1|1 14{-1]01]0
A (1234) x3+ x%+ x+1 1 (-1 (10| 1}-1
2R4 (12) (34) | x°+ x?- x-1 1 1 2 |-1 |~-1




j.A4

Subsystems of A4i

The extended Dynkin diagram for A

4 1S
- (x3=%g)

—
< O

X17%2 Xo7X3 X37%y X4 %5

From this diagram we obtain the following subsystems:

(1) a

4 o o —o —o0
Xl-Xz X2—X3 X3‘X4 X4‘X5
(2) A3 [ —O— —0
X=X, Xo=X3 X3=X,
(3) Ay+hy: o o o
xl—X2 X2-X3 X4“X5
(4) 2Al: o o
| Xl_Xz X3*X4
(5) A2' O- 0
| X —XZ XZ—X3
(6) Ay o
Xl—X2

P(A4): We have

H(A4)=V(xl,x2,x3,x4,x5).
P(AB): The (A4)—orbit of H(A3) consists of ibi (i=1,...,5)
where

bl=V(x1,x2,x3,x4),

-b2=V(x2,x3,x4,X5),

b3=V(Xl,X3,X4,X5)r

b4=V(XlIX2IX4IX5)I

b5=V(xl,x2,x3,x5).



As in the case of P(Az) of (A3),we have

bl+b2—-b3

and {bl,bz,b3,b4} forms a basis for P(A3).

+b4—b5=0

P(A2+Al): We have | |
H(A2+Al)=-(x4—x5)V(xl,x2,x3).

Hence P(A2+A }) is spanned by:

2

b= (g X5 ) V(X1 Xps%3)
b2=(x3-x5)V(xl,x2,x4),
by=(Xy=X)V(Xy /XqeXy)
b= (21-%X)V(x,y,X5,%,)
be=(x)=X,)V (X, ,X3,X5),
be=(x,=%,) V(%] ,X5,%s),
bo=(x5-%,)V (X ,%X,,%X5),
bg= (%1 =%3)V(xX,,X, /1 Xg)
b9=(x2—x3)V(xl,x4,X5),
pl§(xlrx2)V(x3,x4,x5).
We have

b,-b,+b,~b,=0

1 72 73 74

which can be seen from the identity:

Xl—X5 X2—X5 X3—X5 X4—X5
1. 1 1 1
X1 %2 X3 X4

2 2 2 2
X1 Xo - X3 X4

Similarly,we have

by==by=bg+b,
bg=-b ~b+b,,
b

9=Py"b3thgs



by ==b,=b+b.

b.,b

b 3757’76 are easily seen to be linearly independent,

1rbyrb

and hence form a basis for P(A2+Ai).

P(2Al): Writing the polynomials in terms of the roots oy

- where a.=x%.-X. ,we have
1 71 Ui+l

H(2Al)=ulu3.
It is easy to see that P(2Al) is spanned by the following
linearly independent elements:
'ula3,
CqQy
vd2a4,
az(ul+u2+a3)'
a3(a2+a3+a4).
P(Az): A basis for P(Az) is given by the polynomials:
—H(A2)=V(xl,x2,x3),
V(xl,xz,x4),
V(xl,xz,x5),
V(xl,x3,x4),
V(xl,x3,x5),

V(xl,x4,x5).
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Table III: Character Table for (A4)

o A, |By Ay AgAIZAl A,
Conjugacy Class| Characteristic | h. || x X X X X e lX
: : i 0 1 2 3 4 5|%6
Representative | Polynomial
) (1) Kt -4x 3 +6x2-4x+] 1 1 1 4 4 5 51 6
A, |(12) x¥-2x® 42x-1| 10| 1 |-1|-2] 2|-1| 1] 0
A, (123) - %3 - x+11} 20 1 1 1 11-1{-1}0
A, (1234) C kM -11 30 1]-1 0 0 1{-1] 0
A, (12345) - [x*+ x%+ x2%+ x+1 | 24 1 1{-11{-1} 0 0| 1
28, |(12) (34) x" -2x? +1 1 15 1 1 0 0 1] 1{-2
B +A|(123) (45) [x*+ x® - x-1 o0 1i{-1) 14{-1]-121{ 1] 0




4.D4.
Subsystems of D4i

The extended Dynkin diagram for D, is

o ¥37%y
Xq=-X, O < O x. +x
1 72 X,=Xg 3. 4
¢
—(xl+x2)
From this diagram we find the following subsystems:
X3=X,
(1) Dy: 0 ° —0
Xq-X, Xo=Xq x3+x4
2) 4A. :
(2) 1 o o 0 o
xl—x2 xl+x2 x3--x4 x3+x
(3) A
3 o O -0
X172 X373 X37¥%y
(4) Al:
3 o— o o
X=X, Xy=Xg x3+x4
(5)',:A":
*3 o -O— -0
| X3¥%, X=X X3=X,
(6) 3A,: “
l [o] o} [e]
- Xq-X, X3=X, x3+x4
(7) A.:
2 o- -0
X=X, Xo=Xg
8) 2A
(8) 2a; ] .
Xq-X,, x3+x4
9 2A':A
(9) 1 o o
X17%) X1¥%,



(10) 2Al o | o

xl—X2 X3~X4

(11) Al: o

P(D4): We have

H(D4)éV(xi,x§,x§,xz).

'P(4A1): A basis for P(4Al) consists of
H(4Al)=(xi—x5)(x§—xz),

2 2 2 2
p7X3) (x-%,).

(x
P(A3): The (D4)~orbit of HA3) consists of + bi (i=1,,..,4)
where

bl=V(xl,x2,x3,x4),

o=V Xy Xpe=X3.7%y)

by= V(X ,=X,,%5,-%,),

b4=V(xl,fx2,—x3,x4).
A simple calculation of determinants shows that

b.+b.+b,-b,=0

172 73 74
and bl’bz’b3 are linearly independent.

P(Aé): We have
H(A3)=V(X11X2,X3,—X4)(

and so P(Aé) is spanned by:
bl=V(Xl,xzrx3rnX4)l e
by= Vixgixpsxg.%y) s

b3=V (Xl[—XZIX3 IX4) ]

12



b4=V(—xl,x2,x3,x4).

As above,a simple calculation shows that
bl+b2+b3+b4=0 |

and {blpbzhb3} forms a basis for P(Aé).-

P(Ag): We find

M(AS)=-V(x3,x],x}) .
This case. is analogous to that of P(Az) of (A3),and we
obtain a basis consisting of:

V(x%,x%,xi),

V(xi,x%,xi),

V(xi,xé,xi).

P(3Al): We have
' 2
M(38,)=(xq-%,) (x3-%,) .
The element (12)[~1 1 -1 1] of (D,) acting on N(3A;) gives
(xl+x2)(x§—x2).
- 2_,2 2,2y 2_,2
Then (xl x2)(x3 x4)+(xl+x2)(x3 x4) 2xl(x3 x4)
is in P(3Al).Since P(3Al) is irreducible,we may take the
(D4)—orbit of xl(xg—xZ) instead of that of H(3Al) to span
_ P(3Al).We can now easily write down a basis as follows:
Xl(ﬁg—xg),
2 2,
Xl(XB—X4)I
x2(x2—x2),

173

2

’ 2
X2(X3*X4)l

2 2
x3(xl—x2)r

2 2
x3(x2—x ),

4
2_ 2y
x4(xl X504

13
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2_,2
x4(x2 x3).

P(AZ): We have

H(A2)=—V(xl,x2,x3).
We note that H(AZ) is in P(3Al) above, for
— 2_2 . 2_,2y_ 2_,2
| V(xl,xz,x3)— Xl(XZ x3)+x2(xl x3) x3(xl x2).
Hence P(AZ)QP(BAl).But both spaces are irreducible,hence

P(A2)=P(3Al).

P(2Al): We have
H(2A1)=(xl—x2)(x3+x4).
Writing this in terms of the roots ay of D4,where 0 =X, =X: 1 q

for i=1,2,3 and a,=x +x4,we can easily find a basis for

3
P(2Al),such as

%1%
a3(ul+2u2+u3+a4),
az(ul+a2+a4).

P(ZAi): A -basis for P(2Ai) is given by

. 2
x "'X2,

2

X]{=X3s
X—

2
1
2
1
2
lX

Sl N

P(ZAE): We have
H(2A1)=(xl—x2)(x3—x4).
Again,it is more convenient to use the oy rather. than the x;.

We may take

%3



a4(al+2a2+u3+a4),

az(al+a2+a3)

as a basis for P(ZAE).

In calculating the characters,the following fact enables
us to simplify our computation.
The group (D4) contains a central involution z(the element
corresponding to 4Al).Then for any character x and element
g of the group,we have
x (zg)=ex (q9)

where

x(z) .
_e*x(l)' =] or -1.

Furthermore,e=1 or -1 according as I (S) is of even or odd
degree. |
Denote by [X] an element in the conjugacy class designated
by X in the table.Then we have the following conjugacy
relations: |
z=[4a,] ,
[2a]] -~z [2a]],
2 ~z[3a] ,
D, (a;)] ~2 [, (al)] ’
[ ~2[0y] -
[ZAﬂ ~z [ZAﬂ ,
[22,] -z [22]]
@ﬂ -z (B3],
B3] -z[24] -
] z[A3] .



USing the subsystems of D4 we obtain all but two of the

irreducible characters of (D4).

Table IV: Character Table for (D4).

16

¢ | Dy JA; |2A 227 2AY
Conjugacy Class Characteristic hi Xg | X1 | Xo [X3 | Xg | X5
Representatives Polynomial
o (1) [1111] x"-4x3+6x%-4x+1| 1) 1| 1| 2| 3| 3| 3
2a7 (1) [-1-111] x*  -2x? 41| 6| 1| 1| 2]-1| 3|-1
an, (1) [-1-1-1-1] | x"+axPeexsax+l) 1) 1) 10 2] 3) 3} 3
A (12)[1111] x"-2x3 +2x-1f12 ) 1|-2]| ol 1| 1} 1
AL (12) [-11-11] x* ~l(24 | 1 |-1| of-1| 1{-1
3A1} (12) [-1-1-1-1] | x*+2x° -2x-1|12 | 1{-1} o1} 1| 1
A} |
A, [(123)[1111] x"- x° - x+132 ) 1| 1|=-1j0} 0 O
D, (123) [-1-1-1-1] | x*+ x°® + x+1{32} 1| 1{-1{0}| 0] ©
2aY (12) (34) {1111} |x" -2x* 41l 6 1| 1| 2|-1|-1| 3
2a;  |(12) (3a)-1-111] | x*  -2x?  +1| 6| 1| 1| 2| 3[-1]-1
s 4 2
D4(al)(12)(34[;11—1ﬂ X +2x +1|12 ) 1| 1| 2{-1}|-1] -1
L
A, (1234) [1111] X -1j24 | 1|-1} o|]-1}{-1] 1
y
AS (1234)[-1-111] x -1f24f 1{-1| o}l 1|-1]-1




Table IV: Character Table for (D4) Continued.

A3 Aé A'?: Al »3Al

A

2
Xe 1X7 [Xg | X9 |X10| X11] X12

¢ 313344 6] 8
22} ~1l-1|3lolol-2{ o
4a, 313 3l-4al-4a] 6] -8
A “1l-1l-1l 2121 o] o
Ay’ 111]-110lo}| ol o
3A1} “1l-1]-1]-2121] 2| o
A3

A, ololol1l1]| of-1
D, ol ol ol-1l-1| of 1
221 31-1{-1] 0] o |-2] o
22, 1| 3l-1l ol ol-2] o
D,(apf-1|-1|-1} 0| 0| 2| o
A, 1| 1| 1| oflo]| of o
Al 1l-1] 1 ol o] o] o




5. B2 and C2

Subsystems of Bgi

The extended Dynkin diagram for B, is

a " >3 R 0

L
<
~

X17¥3 X2 = (xy+%5)

From this diagram we obtain the following subsystems:

(1) B

2 ) a L> - ]

Xq~X, X,
(2) 2Aa,:
1 0 o
Xq =%, -(xl+x2)
(3) A.:
1 o
X17%2
(4) A,:
1 e
bl

P(BZ): We have

— 2_,2
H(Bz)—-klxz(xl x2).

P(2A;): P(2a;) is spanned by

H(2Al)=—(xi—x§).

Subsystems of Czi

The extended Dynkin diagram for C2 is:

_—2xl Xy "X, - 2%,

We obtain the following subsystems:

18



- (1)

(2)

(3)

(4)

Combining the P(S) for the subsystems S of B

we obtain all the characters of (B

C2: o s =
Xq=X, 2x
2Al: . o
—2xl 2x
Al: o
X=Xy
Al: o
2x2

and of C

Table V: Character Table for (B2)=(C2).

2’

B, |22 Ay
2 |“"1 %
1
c 2. | A1
2 1 A
1
Conjugacy Class Characteristic X X X X
Representative Polynomial 1 2 3 4
B, IC
2 -2
oo fo | (1) [11] x2-2x+1 1| 1| 1| 2
A; Ay | (D) [F11 x2 -1 ~1| 1{-1}| o0
2a,25,| (1) [-1-1] X242x+1 1] 1) 1]-2
A, By (12) [11] x2 -1 -1| -1} 1| o
By IC, | (12) [F11] | %2 41 1{-1{-1] o0

Note:The first line of the table gives the subsystems of

B2 and the second the subsystems of C

19



6.

Subsystems of B

B3

3

and C..

3L

3 is
—(xl+x2)
O——— =
X1=X, X,-X3 X4
We obtain the followingISubsystems:
(1) B3: o o >) s
X=X, X=X
(2) A3: o ° o
Xq~X, X,-X3
(3) 2Al+§ o o
X,-%, - (x+x,)
(4) A,: &A; -
Xy-X, Xo=X4
(5) B2: o . .
¥27%3 *3
(6) A1+A o °
X172 *3
(7) 2Al: o o
Xy=X, —(xl+x2)
(8) Al: o
Xl—X2
(9) il: o
X3

The extended Dynkin diagram for B

P(B3): We have

) — 2 L2 o2
H(B3) ,X1X2X3V(X1'X2’X3)'

20



P(A3): It is easy to see that P(A3) is spanned by
. 2 2 2y
H(AB)—V(xl,xz,x3).

P(2A +Al): We have

1
H(2Al+£l)=—x3(xi—x§).

Hence P(2Ai+il) is spanned by:

Xy (x5-%3),

x, (x]-%3),

X3(xa—x;),

which are liﬁearly independent.

P(Az): We have
I =
and

V(xl,xz,x3)-w

XB(V(xl,xz,x3))

=V(xl,x2,x3)~V(xl,x2,—x3)

1 1 0O
=2 xl x2 x3
2 2

xl x2 0

- 2,2
52x3(xl x2)
=-2M(2ay4hy)

This shows that P(A2)=P(2Al+il).

P(B2): We find
— 2_2
H(Bz)—x2x3(x2 x3).
Thus P(Bz) is spanned by the following linearly independent
elements:

2_,2
x2x3(x2 x3),



2,2
xlx3(xl h3),

xlxz(x

2_,2
17%5)

P(A1+Al): The (B3)—orb1t of H(A1+Al) consists of xi(xj—xk)
and ixi(xj+xk) where i,j,k are distinct elements of {1,2,3}.
Therefore

X %o,

X.X

1737

XX
form a basis for P(Al+§l)-

P(2Al): We have
N
H(ZAl)— (xl x2),
and a basis for P(2Al) is given by:
xi—x
x2-
Subsystems of C3i

The extended Dynkin diagram for C3 is

(- - —0 —Q lf\ —

—2xl xl—x2 Xy=Xg 2x3

From this diagram we obtain the following subsystems:

(1) ¢

3° o— o <& °
- Xq=X, X,mXg 2x3
(2) C,+h: o I < »
| | —2xl Xy=Xq 2x3
(3) A2: o -
X17¥%2 ¥27%3



(4) C2: o > o
X=X 2x3
(5)2ay: o .
| --2xl 2x3
(6) A +A;: o o
XX, 2x3
(7) Al: .
2x3
(8) Al: o
X=X,

We next consider subsystems of the above.From the extended

Dynkin diagram of C2+£l’

/
e [ > (™ 25 D

—2xl —2x2 xz—x3 _2x3

we obtain the subsystem

(9) 3Al: e ° ®

-—2xl -2x 2x3.

P(C2+Al): We have

2_,2y .
lx2x3(x2 x3).

Hence a basis for P(C2+il) is given by:

H(C2+Al)=—8x
. i 2_,2
X{¥5X (xl.xz),

2_,2
XlXZXS(Xl x3).

P(3ﬁl): P(BAl) is spanned by
H(3Al)=8xlx2x3.

We note that X3 and x4,obtained from subsystems of Csyy

23



- 24
cannot.be obtained using subsystems of B3,whereas X5 and Xsr
‘obtained from subsystems of B3,cannot be obtained from C3.

The group (B3) contains a non-trivial central element,
the element corresponding to 2Al+il.As in the case of (D4),
denoting this central element by z and an element in the
conjugacy class X by [X],we observe the following conjugacy
relations: |

[‘il] ~Z [ZAﬂ '
[a) ~z[a+a ],
[B,) -z [a3]
[3,] -2 [B,] -

Table VI: Character Table for (B3)=(CB)

® By | By

o Cy 38,
Conjugacy Class ‘Characteristic
Representative Polynomial hi Xg X1 X | X3
By G5 |
o o (1) [111] x*-3x%+3x-1 1] 1| 1] 1
Ay il (1) [11-1] x¥- x?- x+1 1{-1] 1/-1
28, 2&1- (1) [1-1-1) | =%+ x%- x-1 1] 1) 1] 1
2 +A3A; | (1) [-1-1-1] | x*+3x7+3x+1 1{-1] 1]-1
Ay A; (12) [111] x3- x?- x+1 1(-1]-1] 1
B, C, (12)[;111] xP- x*+ x-1 1| 1|-1]-1
Aj+A AR, | (12) [11-1] | xP+ x®- x-1 1| 1(-1}-1
A, |o,tag| (2) 1-1-1 | x4 x?+ x4l 1]-1]-1] 1
A, |a, (123) [111] | x° -1 1 1| 1| 1
By oy (123) [-111]] x? +1 1] -1 1| -1




Table VI: Continued
A | B
2n, | Ay | 2apaglB, | Aj+HA)
Aq 23
C,+A, A, | A, c, Al+£l
X4 X5 X6 X7 Xg Xg
(1) [111] 2 2 3 3 3 3
(1) [11-1] -2 2 1 1 -1 -1
(1) [1-1-1] 2 2 -1 -1 -1 -1
(1) [-1-1-1] -2 2 -3 -3 3 3
(12) [111] 0 - 0 1 -1 -1 1
(12) Elll]v 0 0 1 -1 1 -1
(12) [11-1] 0 0 -1 1 -1 1
(12) [1-1-1] 0 0 -1 1 1 -1
(123) [111] -1 -1 0 0 0 0
(123) [~111] 1 -1 0 0 0 0

Note:The first line of the table
and the second the subsystems of

gives the subsystems of B

C

3e

3
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7. B

4 and C4.

Subsystems -of B

(1) B4?

(2) A_+A

37%1F

(3) D4:

(4)B2+2Al:

(5) Bj:

(6) B,+A
(7) A,+A
(8) A

(9) Aé:

(10) 2A1+Al:

Ra
The extended Dynkin diagram for B

T—(xl+x2)
o— S>— < = —0
Xq =X, X=Xy X3=X, X,
From this diagram we obtain the following subsystems:
o o O >> —®
X=X, X=Xy X3=X, X,
o 2 0 e
Xq-X, 22—x3. —(xl+x2) X,
jf(xl+x2)

o & -0
X=X, X=Xy X3=X,

. . —
17%2 = (xy¥x5) X37%y Xy
o o = —®
¥27¥3 ¥37%y %4

o o — B
*17%2 ¥37% ¥4

o o °
Xq=Xy xz—x3 X,

o O~ ©
X1-X%, Xo=Xs - (xq+x,)

o —0 -0
*17%2 *27%3 ¥37%y

o o @
X=X, —(X1+X2) X4

26



(11) 3Al o o o
X=X, —(xl+x2) x3—x4
(12) 2, o o
X,=X4 X4-=X,
(13) 2Al: o o
X,7%, —(xl+x2)
(14) 2aj: o o
X)X, X4-X,
(15) A1+Z~\‘l: o ®
X,=X4 x
(16) B,: s S >
| X37%4 !
(17) Al: o
X)X,
(18) Aj: °
X4

‘From the extended Dynkin diagram for B2+2Al,

\

27

QO o) (0= > 57 e

7 (< O
X=X, —(xl+x2) | x3—x4 X, —(x3+x4)
we obtain the subsystem:
(19) .4Al: .O _ o o) o]
X1-%, —(xl+x2) X3=X, —(x3+x4)

P(B4): P(B4)_is spanned by

— L2 2 2 2.
H(B4)—xlx2x3x4V(hl,x2,x3,x4),

P(A3+Al): We have



28
Ay - 2 2 2
n(A3+Al)~x4V(xl,x2,x3),
and so P(A3+il) is spanned by:
X

lV (XE rxg rXZ) ’

i 2 L2 L2
xZV(xl,XB,x4),
2 2 2
x3V(xl,x2,x4),
2 2 2
X4V(Xer2rX3)-

It is easy to see that these are linearly independent.

P(D4): P(D4) is spanned by one element:

H(D4)=V(xi,x§,x§,x2).

P(B2+2Al): We find
H(B +2A )=—x3x

It can be seen that the following elements are linearly

(xz—xz)(xz—xZ).

1ndependent and span P(B,+2A;);
2 2_,2

X3X, (x]-%3) (x3-x4) ,

X%, (x —xz)(xz—xz),

X1 3(x -X3 )(x -X ),
2 2_,2

%] 4(X )(32 x3) s

o2 L2 L2
x2x3(xl x4)(x2 x3).

P(B3): We find
2 L2 o2
H(B )= =X X 3x4V(x2,x3,X4),
hence P(B3) is spanned by: |
2 L2 2
x2x3x4v(x2,x3,x ),
XX 3X4V(xl,x3,x ),

X %% 0V (%], %5,x4)
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. 2 2 2y
X1x2h3V(Xl,X2,X3).

We observe that these are linearly independent.

P(B2+Al): We have | |
— 2_,,2 -
H(B2+Al)—x3x4(x3 :a4)(xl Xz).
Since
_ 2_,2 _ - 2__2
(I wxz)(x3x4(x3 x4)(x1 x2) 2xlx3x4(x3 x4),

. . : L2 _ 2
P(B2+Al) is spanned by the (B4)—orb1t of X1X3X4(k3 x4).

We can now easily write down a basis as follows:
[ 2_ 2
xlm2x3(xl xz),
2_,2
xlx2x3(xl x3),
, 2_.2
XXXy (Xq=%5)
. 2_,2
XXX, (X77%)
2_,2
X %yXg (X37X3)
- 2_,2
xlx3x4(xl x4),
. 2_.2
x2x3x4(x2 x3),

2_,2
x2x3x4(x2 x4).

P(A2+il);.We have -
H(A2+Al)=x4v(xl,x2,x3).
In this case it is easier to consider the (B4)—orbit of
(I—wxl)(n(A2+Al)>=2xlX4(x§-x§)
rather than that of H(A2+Al).Then a basis for P(A2+Al) is
given by:
xlx2(x§—x2),
xlx3(x§—x2),
vxlx4(x§-x§),
x2x3(xi—x2),



2.

x2x4(xl xg),

x3x4(xi~x§).
P(A3): We find

H(A3)=V(xi,x§,x§).
The (B4)—orbit in this case is the same as the (A3)—orbit of
H(Az) with each X replaced by x;.Therefore,a basis for
P(A3) is given by:

V(xi,xz,xg),

V(xé,x%,xi),

2 2 2
V(xl,x3,x4).

P(Aé): We have
] —

.H(A3)—V(xl,x2,x3,x4).

Let
—_ —_ 1

0= (T-w, ) (T(a))

R=(I-w, ) (@),

S=(I+wx2)(R).
Writing these in determinant form we see that

S=8H(B2+2Al).

' 1 —
Therefore P(A3)—P(B2+2Al).

P(2Al+ﬂl): Tt can be seen that the following elements are
linearly independent and that they span P(2A1+Al):
_ N N (g ?
(2R, +A ) =%, (x]-%5),
2_,2
*X4‘X1 x3),
2_,2

2__2y
Xl(X2 X4) I}
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P(3Al): We have
(w22 _
H(3Al)~ (xl X5) (%4 x4),
and

_ 2_,2
(I-—wx4)(H(3Al))—2x4(xl x2)
=r2H(2Al+Ai).

Therefore P(3Al)=P(2Al+Al).

P(A2): We have
I (A2)=_V (xz IX3 IX4) 14
and

(I-w_ ) (w (I(A,)))=2x, (x2-x2)
x4 xl—x3 2 4 1 72

=—2H(2A1+Al).

Hence P(A2)=P(2A1+Al).

P(2Al): A basis for P(2Al) is given by
- =l 2
H(2Al) X1"%5,

X

2—
1
2
X3-

P(2Ai): Let
cl=H(2Ai)=(xl—x2)(x3—X4),

27y, (ey)=(xy¥x,) (x3=x4)

3=wx4(cl)=(xl~x2)(x3+x4),

C
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c4=wx2(03)=(xl+x2)(x3+x4).
We have
cl+c2+c3+c4 4x1 3 |
and we obtain the following basis for P(ZAi):
Xy¥or
Xy%3r

X1X4’

P(A1+Al): We have

3
showing that P(A1+Al)=P(2Ai).

H(A1+Al)=x4(x2—x

P(B,): We finad
_ 2_,2
H(B2)—x3x4(x3 x4),
and P(B2) is spanned by:

2

2
Xy 3(X1 X3)
XX (x xz),

2
X X3 (X5-%X3),

2
x2x4(x 4),

(x?2

= <2
x3x4(x3 x4).

It is clear that these are linearly independent.

P(4Al): We have

N (w2 2 2_,2



and the (54)—orbit of H(4Al) consists of ibi*(i=l,2,3),where

2y (x

bl=(xi—x2 g-XZ),
e 3o )
b3=(xi~x§)(x§—x2).
As in P(ZAl) of A3,
~ b,=by+b,

and {bl’bZ} forms a basis for P(4Al).

Subsystems of C4i

The extended Dynkin diagram for.C4 is

. yd
7

—2xl xl—x2 X —x3 | x3—x4 2x

From this diagram we obtain the following subsystems:

(1) C,: o- o - o L -
Xq~%, X5=X4 | X3=X, | 2x4
(2) 2C2: & = o) Q E . D
—2xl X=X, Xy=X, 2x4
(3) CyA : o — = =
—2xl Xo=Xg | X3=X, 2x4
(4)Al+2il: 0 ’ e e
| X,=Xq | —2xl 2x4
(5) Cy*Ay: o ’ — - 5
' X=X, X4=X, 2x,
(6) C,*Ay: o o = =
—-2xl X3—X, 2x4
(7) A3: O O e

*17%2 o3 37Xy

- T e Y =z g
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(8) Cy: o _ a < —
Xy=Xg X3=X, '. >2x4
(9) BytA s o °
X -X, X=X | 2x4
(10) 2Al: o o
xl—xzv Xy=xy,
(11) A;+A o ®
| Xy~Xq 2x4
(12) 2a,: o , °
—2xl : 2x4
,(13) Ay o 0
Xy~ X3=X, ‘
(14) C2: G = -]
X3~=Xy 2x4
(15) Al: o
Xy-X,
(16) Al: o
2X4

Next ,we consider subsystems of the above.From the extended

Dynkin diagram for 2C2

& S @) < (2] é p.3 1@ X

~2xl xl--x2 2% 4—2x3 . x3—x4 2x4

we obtain

~

(17) 4A]: o e | o o

—2xl 2x2 -2x3 2x4

From the extended Dynkin diagram for C3+Z~\.l
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L) @——-————>~———-'—:r\r— Q) << —
—2xl —2x2 X=X x3—x4 _ 2x4
we obtain
(18) C2+2A]: P @ » (o J( o
-—2xl —2x2 _ x3—x4 2x4
Finally,from the extended Dynkin diagram for C2+£
e P = £ <= B
—2xl , —2x3 x3—x4 2x4
we obtain
(19) 3A1: ‘ o ® @
—2xl —2x3 | 2x4

P(2C2): We have
o 2_,2 2__2
H(2C2)— 16xlx2x3x4(x1 x2)(x3 x4).
As in P(4Al) of (B4),
. 2_,2 2_,2
xlx2x3x4(xl x2)(x3 x4),
. 2.2 2_,2
KPR XX, (X5=x3) (X=x,)

is a basis for P(2C2).

P(C3+Al): We find |
- , 2 2 2
| l)—16x1x2x3x4v(x2,x3,x4).
As in P(AB) of (B4),a basis for P(C3+Al) is given by:

H(C3+A

2 2 2

xlx2x3x4V(xl,x2,x3),
2 L2 2

xlx2x3x4V(x2,x3,x4),
2

> 2 2
xl$2x3x4v(xl,x3,x4).

P(Al+2Al); We have
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H(Al+2Al)=—4xlx4(x2-x3),
and we find

XX,

(I+w, )(n(Al+2il));—8xl Xy

3
Thus

R R e

X1%2%ar

X1¥3¥%yr
XXX,
form a basis for P(Al+2il).

P(4il): P(4£l) is Spanned by
H(4Al)=l6xlx2x3x4.
P(C2+2Al): We find
2
1%2%3%, (%3
A basis for P(C2+2£l) is given by:

. N L

H(C2+2Al)—16x gl
2__2

XX XX, (x-%5) .

X.x_x (x?

- 2
X XXX, (X7%3)

2__2
xlx2x3x4(xl x4).
?(3&1): We have

H(3Al?=8xlx3x4
and P (3Al)=P (Al+2Al) .

We note that X3r Xgr Xgr xg,and X13 obtained from subsystems
of C4,cannot be obtained using subsystems of B4,while Xor Xgr
Xgr x7,and xlo,obtained from subsystems of B4,cannot be obtained

f;om C4.



Again,in calculating the characters we use the following
relations: |

| 2= laa) ,

(K ]~z [2a]
[2a] ~z[2a] ,
[a]~z[32] ,

[Bj) ~z[B,+2a]

[Al+111] ~z[Al+z§l] ,
(23 -2 (23]
ARICA S
(B3] ~z[2,+2]] ,
[2a]] ~z[2Ai] ,
[B,+2q] ~z [B,*A] ,
[Dgap)] ~z[D,(ar)]
[a5] ~2 (25}

REARIEAR
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Table VII: Character Table for (B4)=(C4).

38

¢ | B, |D,

° |c, 4R,
Conjugacy Class Representativel Characteristic|h. jix X X X
5 . ¢ - iffo | %1 | %2 ] %3

4 C4 Polynomial

® o (1) [1111) ikt -axP4ex?-4x+l | 1 1| 1| 1] 1
5’1 A, (1) [-1111] K -2x° +2x-1 1 4} 1]|-1| 1] -1
2, [2A; (1) [-1-111] i -2x%  +#1) 6/ 1| 1} 1] 1
2Al+Z\l3z§1 (1) [-1-1-11] % +2x° -2x-1] 4f 1|-1{ 1] -1
4n, 43 (1) [-1-1-1-1] x“+4x3+6x2+4x+1 | 1f 1| 1] 1| 1
B By (12) [1111] x"-2x +2x-1 {12 1] -1|-1] 1
B, c, (12) [-1111] <t -2x%+2x%-2x+1 | 12) 1| 1{-1]| -1
Al+z§i A +A; | (12) [11-11] % —2x? 4+l | 24f 1| 1|-1]-1
A, C+A; | (12) [F11-11] e ~1|24f 1| -1}-1] 1
B'2+2A : '
AS+A c2+2z§1 (12) (F11-1-1] x*+2x342x%+2x+1 [ 120 1| 1| -1} -1
33, [A+2A ) (12) [F1-1-1-1] 2w’ -2x-1 |12 1| -1{-1| 1
A, A, (123) [1111] x"- x®* - x+1[32) 1| 1| 1] 1
B, C, (123) [-1111] x4~ %3 + x-1)32 1] -1, 1}-1
A,+Ay B +A; | (123) [111-]] "+ x° - x-1(32| 1| -1] 1| -1
D, Cy+A; | (123) [~1-1-1-1]  [x*+ x° +x+1 (32 1| 1] 1| 1
2a; 2ng (12) (34) 111y x" -2x% o+l 12 1| 1| 1} 1
Byth [C,+A, | (12) (34) [F1111]  fx* -1] 24/ 1| -1 1| -1
D, (a;)]2C, (12) (34) [-11-11] [x* +2x2 41| 12 1| 1] 1} 1
AL A, (1234) [1113 %" -1 48} 1| -1} -1| 1
By c, (1234) [-1111] x* +1| 48} 1 1} -1| -1




Table VII: Continued
5‘1
4an, 22, |A, zx§+z§l By | Ay

|2c, C3+z§1 G5 2R Cy | Ay 31}

AlA_L+2Al

Xa| X5 | Xg |X7; Xgi  Xof X1g|X11K12(.%13

(1) [1111] 21 2| 3| 3 3 3 4| 4 4] 4.
(1) [-1111] 20 -2 3| 3 -3 -3 2| -2f 2| -2
(1) [-1-111] 2| 2¢ 34| 3 3 3 0| of of o
(1) [-1-1-11) 2| -2 3| 3 -3 =3 -2| 2|-2{ 2
(1) [-1-1-1-1] 21 2 3| 3 3 3] -4 -4)-4] -4
(12) [1111] 0 0 1 (-1 -1 1} -2 -2| 2 2
(12) [-1111] ol ol 1l-1 1| -1| -2] 2| 2| -2
(12) [11-11] of of 1 |- 1} -1 of ol of O
(12) [-11-11] 0] o} 1 |=-1 -1 1 o of of o
(12) [-11-1-1] o of 1 {-1f 1| -1 2| -2f-2{ -2
(12) [-1-1-1-1] of o 1 (-1 -1 1 2| 2|-2| -2
(123) [1111] -1{-1{ o] o o 0 1] 1| 1} 1
(123) [-1111] -1| 1| o} o O 0 1 -1} 1] -1
(123) [111-1] -1{ 1| o| o] o© of =-1| 1|-1} 1
(123) [~1-1-1-1) | -1|-1{ o} o] o o| -1| -1{-1] -1
(12) (34) [1111] 2| 2|-1{=-1 -1} -1 0| o| of 0
(12) (34) [~1111] 21 -2|-1|-14 1 1 0f o0f of o©
(12) (34) [-11-11] 2| 2| -1|-1 -1f -1 0, ol ol o
(1234) [1111] o of|-11| 1| 1{ -1 of o|l ol o
(1234) [-1111] 0f 01 -1} 1] -1 1 o o] ol o

39



Table VII: Continued

A3 Aythy 3?%
B2+2Al A2+Al 2151 B2 B2+Al 2A1+Al
) Ali‘%i _C2+‘il

A3 A2+A1 ZAZ'L C2 C2+Al A2'

X14| Xis5| Xig X17| X218 X19
(1) [1111) 6 6 6 |6 8 8
(1) [-1111] 0 0 0o |0 -4 4
(1) [-1+111] -2 -2 -2 -2 0 0
(1) [-1-1-11] 0 0 0 |0 4 -4
(1) [-1-1-1-1] 6 6 6 | 6 ~8 -8
(12) [1111] | -2 |0 2 |0 0 0
(12) [—1111] 0 -2 0 | 2 0 0
(12) [11-11] 0 2 0 |-2 0 0
(12) [-11-11] 2 0 -2 |0 0 0
(12) [~11-1-1] 0 -2 0 | 2 0 0
(12) [-1-1-1-1] -2 0 2 |0 0 0
(123) [1111] 0 0 0|0 | -1 -1
(123) (-1111] 0 0 0] 0 1 -1
(123) [111-71] 0 0 0| 0 -1 1
(123) [-1-1-1-1] 0 0 0 {0 1 1
(12) (34) [1111] 2 -2 2 |[=2 0 0
(12) (34) [-1111] 0 0 0| O 0 0
(12) (34) [-11-11 -2 2 -2 ] 2 0 0
(1234) [1111) o | o 0| 0 0 0

(1234) [~1111] 0 0 { 01} O 0 0

Note: The first line in the table gives the subsystems of 34
and the second the subsystems of C4.



8. F

4°

Subsystems of F4:

The extended Dynkin diagram for F

o

Xl—-X

2

(1) F,:
(2) B,:
(3) A3+il:
(4) A2+£2:
(5) C3+Al:
(6) By:
(7) Cy:
(8) 2Al+il:
(9) Aj:
(10) A, +A,:
(11) £2+Al:

is
o— —G S B -0
X=X X3=X, X, —%(xi+x2+x3
From this diagram we obtain the following subsystems:
o o5 — uc =)
x2—X3 X3=X, Xy —%(x1+x2+x3+x4)
o —0 Yo = =)
¥17%2 *27%3 X37%4 Xy
o- o ¥e) _ o
X=X, X,~X 4 X3=X, =35 (X +Xtx5¥x )
o ) @ o
gl—xz Xo=Xq X, —%(xl+x2+x3+x4)
'o a = —9 — -@
Xq=Xo X3=X, X, —%(xl+x2+x3+x4)
o Qe =
¥27¥3 X37%y Xq
a > —< ]
X3=X, Xy -%(xl+x2+x3+x4)
o o )
Xq=X, X3=%, - %(xl+x2+x3+x4)
o —o o
X=X, x2~x3 Xy=X,
o} -0 o
X2TX3 Xq=X, -%(xl+x2+x3+x4)
o @ o
X=Xy Xy .—%(xl+x2+x3+x4)

+x

4!



(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

2

o fos == —B
X17%, *37%y
o —0
X27¥3 ¥37%y
o v
X, —%(xl+x2+x3+x4)
o o
Xq-%, X4=%,
o ®
X3-X, —%(xl+x2+x3+x4)
- = 5
X37%y *4
o
xi—x2
®
X4

42

Repeating the process with the above systems of roots

we find four subsystems that are not congruent under (F4)

to any of the ébove,as seen below.

The extended Dynkin diagram for B, is

from which we obtain

(20) D

—(xl+x2)

v,

Xl—X2

4:

Xo7%3

-(xl+x2)

C
Q

17%

-¥

X37%y

3 : X3TXy
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. The extended Dynkin diagram for Cy+Aq is

S Pl
(o) a - 13 &L (\ 0

Xq~X, X3=Xy X —%(xlfx2+x3+x4[ X1+X2

From this diagram we obtain the following two new subsystems:

(21) B2+2Al: o _ o a > o)
‘xl—x2 xl+x2 x3—x4 | Xy
(22) 3Al: ° o o
X "X, Xa=X, X %,

Finally,from the extended Dynkin diagram for}B2+2Al

O (e} ' (@ s S T3 << 18]

7

X=X, x1+x2 X3=X, X, —(x3+x4)
we obtain

(23) 4Al: | o » o o o

Xq-X, xl+x2 X3=X, —(x3+x4)

In the group (F4), we have the following coset decomposition:

(F4)=(B4)LKB4)WrU(B4)wx4wr
where r=—%(xl*32+x3+x4).Consequently the (F4)—orbit of a

polynomial I (S) is the union of the (B4)—orbits of

M (8),w. (M (S)),and w_ w_ ((s)).
: 4

In some cases we find that iwr(H(S)) and tw_ wr(n(s))
4

are polynomials that are already in the (B4)—orbit of T{(S).
Then the (F4)—orbit of TN(S) is the same as its (B4)—orbit.

We find this to be the case for the subsystems A +§2,C +A

2 3717

3A, and 4A_.In all the other cases it turns

JALFA 1 1

3rBytAy By,

out that either

C A2,D4,
w_ (T(S))=%1(S)

or : -
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. =+
W (1(8)) =t v (1(S)),
and so a basis for P(S) can be found in the union of the

"(B,)-orbits of two of

4)
T(S) wy (S)) pw, wey (T(S)) -

P(F4):: We have ‘

M(F )= 1 VI(y],¥5,v5,y4)V(x]rx5,%3,%})

4096
where

yl=xl+x2,
Yp=X17 %01
y3=x3+x4,

Y =%37%, -

P(B4): We have
—_ 2 2 2 2
| H(B4)—xlx2x3x4V(xl,x2,x3,x4).

We find that
X KoX3%,V (X1, %5, %3 ,%4)
—léw (II(B,))=16w_ w_(I1(B,))
. 2 2 2 2 2 L2 2
=: Bxl—xz)—(x3+x4) ][}xl+x2§—(x3—x4) ]V(xl,xz,x3,x4)

form a basis for P(B4)1

P(A3+il): We have »
H(A3+Al)=—%(xl+x2+x3+x4)v(xl,xz,x3,x4).
We find
wr(H(A3+Al))=—H(A3+Al),
A . 2 2 2
wx4wr(H(A3+Al))—x4V(xl,x2,x3).

As in (B4),we obtain from x4V(xi,x§,x§) the following four .

linearly independent polynomials:



— 2 0,2 L2y
bl—le(xz,x3,x4),
—nr L2 L2 L2
b2—x2V(xl,x3,x4),
b3=x3V(xi,x§,x2),

e 2 L2 L2
b4—x4V(x1,x2,x3).

We have
1 1 1 1l
Xq X, X3 x4
iy _ 2 2 2 2
Z(H(A3+Al))— X] 3 x3 X4
4 y 4 4
xl x2 -x3 X,

‘ =—b1+b2—b3+b4.
We note that any other pblynomial in the (B4)—orbit of
H(A3+il) can be obtained from this by an appropriate change
in signs;We can,therefore,express eéch of these polynomials
as a linear combination of bl""’b4 by making the

corresponding change in signs in b,,...b,.Thus {b,,b,,b,,b,}
1 4 1772773144

is a basis for P(A3+Al)-

P(A2+A2): We find
' ~ 1 2_, 2
H(A2+A2)=-ZX4[(xl+x2+x3) X, ]V(xl,xz,x3),
and

—wr(H(A2+A2))=wx4wr(H(A2+A2))=H(A2+A2).
Therefore the (F4)—orbit of H(A2+£2) is the same as its

(B4)—orbit.Let

Q= (Tmw, ) (T(Ry+A)) )
R=(I+wx3)(Q).
Then

—v a 2_,2 2_,2_,2,..,2
R~th4(X2 x3)(xl X5 x3+x4).
The (B4)—orbit of R gives us the following linearly

independent polynomials spanning P(A2+i2):



Xy 2(x ~X, )(x +x2—x3—x 2y,
X1%4 (x2 —x4)(xl ; 3—x %),
X%y (p7x3) (xp=xG-x34x])
xzxq(x xZ)(—xi+x2+x3—x4),
x2x4(xl—x§)(—xi+x§-x§+x2),

2 2y (22002002
x3x4(xl x2)( X3 x2+x3+x4)f

P(C3+Al): We have

—_ 1 2__2 2_,2 _
M(Cy+A )== = XaX, (X9-%5) (%5 x4)[(xl X

2
. (x3+x,) ]

.2
2).—
2 2

[ =x5) —(x3-x4).}

We find

3+Al))=wx4wr(H(C3+Al))
=W w (M(C,+A ).
X1=Xqy X5=X, 371 }
Therefore we only need to consider the (B4)—orbit of H(C3+Al).

—wr(H(C

We find that P(C,+A;) is spanned by :

by=x3x, (x]-%7) (x3-x,) [(x1-%,) *= (xg+3,) 7 {2 ~x,) = (x5-x,) ] ,
by=xyx, (x-x3) (x3-x4) [(x+x,) *= (xg+x,) 2] [(x+x,) ? x,) %,
by=xyx, (x7-x5) (x3-x3) [(x+x,) 2= (x5-x%,) 2] [(x;-x,) —(x3—x4)ﬂ ,
b,=x; 2(x -x7) (x3-x )[(x +x,) 2= (x5+x, ) 2] le-xz)z-(x3+x4)ﬂ ,
bg=x1%, (x5-x3) (x-x7) [(x,+x,) -(xz—x3)?] [Gey=3,) 2= (xy-x5) 7]
be=x1x, (x5-x3) (x7-x1) [(x +x,) = (xy+x3) 2] [(xg=x,) 2= (x,4x5) 2],
bo=x,x 4 (x5-x3) (x3-x7) [(x=x,) 2= (x,4x) 2] [(x)-%,) 2= (x,mx,) 4,
bg=x,%4 (x5-x3) (x]-x7) [(x;+x )2—(x2+x ) 2] [ty +x ) P xymxg) 7l
bg=xyx, (x3-x3) (x5-x7) [(xy=x3) 2= (e 4x,) 2] [(xq-x,) 2= (x,-x,) 7] ,
P1o=p%g (51 Xg)(xz"x4)[XX1+X3)2"(X2+X4 )°] UX1+X3) - (xymxg) 7],

bll=xlx3(x2—x2)(x§—x2)[(xl+x3)2—(x2—x4)2] le—x3)2—(x2-x4)2],
b12~xlx3(k xg)(xg—xz)[(xl+x3)2—(x2+x4)2] le-x3)2—<x2+x4)2].

If we substitute



yl=x2+x2

Yo=%*17%)

Y3=xgt¥,

Y4=%37%y
in b,,b

b3,b4 we obtain the simpler forms

by="%y1¥,¥3Y VY (¥yr¥3ryy) s

17727
b2=_%ylyZY3Y4v (Yi rY§ IYZ) r
by=-%y Y,¥3¥V (¥ /v3evg) s
by=sY 1Y, 3Y, Vv svoYs) -

From this we can see that

b4=b1—b2+b3.

Similarly,we find

b =b5—b +b

8 6 ~77
by y=Pg Py gthyy -
It can be seen that {bl,bz,b3,b5,b6,b7,b9,blo,bll}

a linearly independent set.

P(B3): We find

I (B;)=—%,X X4V(x§,x§,XZ),

3
—w_ (IL(B5) )=wx4wr (I(B;))
= L - -x - -
.-g(xl x2+x3+x4)(xl+x2 >\3+x4)(xl+x2+x3 x4)V( xl,xz,x3,x4).

forms

Four linearly independent polynomials are found from the

(B4)—orb1t of H(B3);

s L2 2 2
bl—x2x3x4v(x2,g3,x4),.

—— r 2
b2—x1x3x4&(xl

- L2 L2 2
b3 xlx2x4V(xl,x2,x4),

X30%y)

— L2 2 2
_b4~xlx2x3v(xl,x2,x3).

Let

47
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Q=8wXl (Wi (1(B4)))

=(xl+x -

27%3 x

-x4)(xl—x +3¢ —x4)(xl—x

o3 TPV Xy, X50Xy)

2773

4

Czk {Sx X. +2Z:x X. xk)V(xl,xz,x3,x4)
i=1t ij= =1t j_&k 1t 3 '
i#3 i<j<k

This can be written in terms of the following determinants:

1 1 1 1
Xy Xy X3 X, 4 \ 4 4
A= , \ X \ =E: i +Z:x XJ+Z: X. x]x )V(xl,xz,x3,x ),
X] X5 X3 X, i=1 ij= 1t ijk= 1*
6 6 6 5 i73 i<j<k
X] X, X3 X3
1 1 1 1
X X X X
p=| 1 2 3 4 _(Z:x X. +2Z::x X.X )V(xl,xz,x3,x ),
xi x% xg XZ ij=1t J igk= 133
5 5 5 5 i7] i<j<k
Xy X5 X3 X,
1 1 1 1
x? x2 x2 x?
C= 1 2 3 4 —(ZZ:X .x YV(Xq 1 Xy Xy 7 X, ) e
3 3 3 3 k 177277374
X] X, X3 X, 13k= 1t
4 4 4 4 i<i<k
X] X, X3 X,
We have
Q=A-2B+3C.
Let

R=(I+w_ ) (Q),
%3
S=(I+wx Y (R),

3
T=(I+wX )(S).
4
Then



. 1 1 1 1 1 1

- _ 2 2 2 3 2 2 2
T=8 .Xl x2 x3 x4 +3% x2 x3 x4
6 6 6 4 [ A

x2 x3 x4 x2 x3 x4

— 2 2 , 2 2 2 2y . 3 2 2 ,2
B[Xl(X2+x3+h4)V(X2,X ,x4) 3le(x2,x3,x4ﬂ

3
— 2402032052y A2 2 L2 2
8xl[(xl+x2+x3+x4) 4xl]V(x2,x3,x4).
We can now complete the basis for P(B3) by applying Yo g
i 73

to T:

2

- 2 2
ijxl[le+x2+x

3
_ 2 2
b —xz{]xl+x2 3

)
b7=x3[}xi+x§+x§+x2)—4x§]v(xi,xé,xz),

_ 2
b8—x4 le+x

2y 12 2 2 .2
+x4) 4X1]V(x2,x3,h4),

2 2

+x +x2)—4x2}V(xi,x§,xi),

2+X2

2y_ 1.2 2 L2 2
2 3+x4) 4x4}V(xl,x2,x3).

P(C3): In this case it is simplér to write H(C3) in terms of

the y; as defined in P(F4).We have
—_— QL . - 2 2 2
H(C3)“ E 64 YIY3Y4V(YIIY3IY4)-
We note that the elements wx.'wx.ix.,w ,and w_ w_ of (F,)
i r X, r 4

can be expressed in terms of w._ ,w %(yl+y2+y3+y4),

w
Yy v Eys s

J

and w_ w ‘ éﬁd conversely.Therefore,we can find
Y4 -%(yl+Y2+Y3+Y4)' Y !

the (F,)-orbit of II(C b lyi '
e | 4) rbit o ( 3) Y app ying wyi wyiiyj’w“%(yl+y2+y3+y4),

and w,_ w

Y1¥3Y,aVviviivi) -
We observe that this.is the same as -w (I(B,)) with vy.
Xq~X, 3 i
replacing:the.xiHence a basis for P(C3) is given by the

polynomials in the basis for‘P(BB) with Y; replacing the Xs -

P(2A1+Al): We have
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A Y=-k — _
H(2A1+Al) _(xl xz)(x3 x4)(xl+x2+x3+x4).

We find

wr(n(zAl+£l))=—n(2Al+£l),

wx4wr(H(2Al+Al))=—x4(xi—xé).
‘As in (B4),

x, (x]-x3),

x, (x7-x2),

xl(XS—X§),

xq (x3-x5),

2—

X (xl xg),

2
2__2
X, (x7-%,),
x4 (x]-%3),
2_,2
X4 (x]-%4) |
are linearly independent.It can be seen that H(2Al+il) and

other polynomials in its (B4)—orbit are all linear combinations

of these elements.

P(A3): We find
It (A3)=V (Xlllex3 IX4) r
wr(H(A3))=H(A3),
— 2 2 .2
Wx4Wr(H(A3))—V(xl,x2,x3).
As shown for P(Aé) of (B4),to find the span of the (B4)—orbit
of V(xl,xz,x3,x4),we may consider the orbit of
2y 2 22
x3¥y (x37%3) (x5-x7) .
We have seen in‘P(B2+2Al) of (B4) that the following polynomials
are linearly independent:
_ 2 L2y (w2 u2
by=xax, (x7-%5) (x3-x,)

= 2_,2 2__2
bz—xlxz(xl XZ)(x3 x4),


http://independent.lt
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b3=xix3(xi—x§)(xé—xz),
b,=x,%, (;{i—x%) (x5-%7),
b5=xlx4(xi—x2)(xé—xg),
b6=x2x3
The (B4)—orbit of V(xi,xg,xé) gives us three more linearly

2_,2 2_,2
(xl x4)(x2 x3).

independent polynomials,completing the basis for P(A3):
b7=V(xi,x§,x§),
= 2 L2 2
bS—V(xl,xz,x4),

2
4)

~ 2 2
’bg—V(xl,x3,x
P(A2+Al): We find

H(A2+Al)=%(xl+x +x3+x4)v(x2,x3,x4),

2
W (T1(A,+A,)) ==L (A,+A,) ,
wx4wr(H(Ag+il))=—x4V(—xl,x2,x3). |

We have seen in P(A2+Al) of (B4) that the span of the (B4)—.

orbit of x4V(xl,x2,x3) contains the following linearly independent

polynomials: |

| bl=xix2(x§—x2),
b2=xlx3(x§—x2),

- . 2__2
b3—xlx4(x2 x3),

— 2_,2
by=xpx3 (7%,
- 2_2
b5—-x2x4(xl x3),

— 2_,2
b6——x3x4(xl x2).

We can complete this to a basis of P(A2+£l) by considering
the (B4)—orbit of H(A2+il).Let

Q=2wxl-x4(H(A2+Al))=(xl+x2+x3+x4)V(xl,x2,x3)(
=wX4(Q)=(xl+x2+x3—x4)v(xl,x2,x3).
Then



Q+R=2(xl+x

2+x3)V(xl,x2,x3)
1 1 1
=2 xl X2 x3
3 3 3
X %, X5

and

2_,2
(I+w 3)(O+R)— 4xlx (xl x2).
Therefore,a basis for P(A2+Al) is given by bl""b6 above

and
b7=xlx (xz—xé),
b8 lx (xl xz),
bg=xyx, (x7-x)
by g=xp%3 (x5-%3)
by =%, (x5=x)
b12=x3x4(x3—x2).

P(K2+Al): We have
H(A +A )= 1 4(x -X )[(x +x2+x ) —x4]
and

(I-—wX )(H(A2+Al))=x

x, (x2-x2),
1 2“3

_ 174
showing that

P(A2+Al)=P(A2+Al).

P(B2+Al): We find

(B, +A ) =x4%, (X -%,) (x3-x]),

4
+Al)

3%4

—wr(H(B2+Al))=wX wr(H(B2
= %[}xl+x2)2-(x3~x4)2](xi-xé)(x3—x4);

Therefore, the (B4)—orbits of H(B2+Al) and W wr(H(B2+Al))

4
span P(B2+Al).We have already seen that the following

52
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polynomials form a basis for P(B2+Al) of (B4):

- . (w2 2
17X X ¥5 (x)-%5)

- 2__2
by=xix,%y (x1-%3),

_ L2 2
b, =%,X,X (xl X2),
2

b

3 717274

X X, (x} -x?

by=x%,

5,

2
bg=xX,x, (x] “x3) .

b6—xlx3x4(

1=x3),

b =x.%X_% (xé—xg),
2
%3

7 727374

=x.x.%, (

b8 27374

—xZ).
Let
b _ w2 2 _ 3
Q—(xl x2)(x3 x4) (xl x2)(x3 x4).
We have

4wx4wr(H(B2+Al))=Q+2bl-2b3.
Therefore we may consider Q instead of w. w_(I(B,+A )}).
Xy T 21
We find

% (Qtw, (Q))=X3(x1—x;)~(xi—x§)(x§+3x3x2)
4

- 2 _ 2 (w2102 w2 72
-X3(X1,X2)(X1+X2 x3,3x4).

We can now complete the basis for P(B2+Al) by the following
linearly independent polynomials:

— 2_,2 2 G2 2. 72
bgfxl(xz x3)(xl X5-X3 3x4),

— 202 (2?2
by o™%q (¥5=x4) (x]-x%5-3x3

= 2 .2 2 2_,2_ 2
x4 (x3-x3) (-x]+x2-x3-3x}),

- 202 (v ?aw? 202 w2
127%y (By=x)) (=x7+x5-3x3-3,),

_ 2
by 3=x5 (%9

2_

1

-X
2
x4),

b1

b

02 (2202 A2
kz)( X7 x2+:\3 3x ),

2.3x2+x —xz),

2
xy) (=x=3x5+x3

b =x {x

14
k2—3X +x4),

2
1 3
2 2 , 2 2 2 2
) (=% %] 3X2—x3+x4).



P(Az): As in the case of (B4),we have
_H(A2)=~V(x2,x3,x4)
and '

P(A2)=P(2A1+Al).

p(iz): We find

~ oy L v a 2_,2
T(A,) =2 %, [(xg 43, 5) 2% ],

4

—wr(H(Az))=wx4wr(H(A2))=H(A2).
Therefore the (F4)-orbit,of H(Xz) is the same as its (B4)~
orbit.Let |

Q=(I—wxl)(H(Az))=xlx4(x2+x3).
Hence

(I+wx3)(Q)=2xlx2x4.
Also,

. _ 2,.,2,,2_2
(I+wX +wX +wx )(H(AZ))-—X4(xl+x2+x3 x4).

71 2. 73
It can be seen that H(Az) and any polynomial in its (B4)—

orbit may be expressed as a linear combination of polynomials
of the form

¥ (x24+x%+x2-x?) and x.x.X
moi 7 ™ i

k- 17k
Therefore a basis for P(A2) is given by:

2 2 2 2
X Xo+xi+x,—-X
l( l) 4

2 73 74
xz(xi+x§+XZfX§),
x3(xi+x;+x2—x§),
x4(xi+x§+x§—XZ),
¥1¥0% 30
X1¥2%gr
XXX,

KX X .

27374
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P(2Ai): We have
H(2A1)=(xl—x2)(x3—x4),
Wr(H(ZAl))=H(2Al),

e (v 2_2
wx4wr(H(2Al))— (xl x2).
— - : 1 = - 2_2
We observe that (xl x2)(x3 x4) is H(2Al) of (B4) and (xl x2)
is H(2Al) of (B4).We find that the union of the bases for
P(2Al) and P(2Ai) of (B4) provides a basis for P(2Al) of (F4):

X . X

172
X1X3,

X1%¥g7

P(A1+Al): We have | |
AL )=—k (x.—
H(A1+Al) 2(x3 x4)(xl+x2+x3+x4),
w (T (A +A))=-T (A;+A,),
wx4wr(H(A1+Al))=“x4(xl+x2).
Since —x4(xl+x2) is contained in P(2Al),

P(A1+Al)=P(2Al).

P(B2): We find
’ = 2_,2
H(BZ) x3x4(x3 x4).
This is one of the elements in the basis of P(A2+Al).Therefore

P‘Bz)%P(AzfAl).'



P(D4): As in (B4),P(D4) is spanned by one element

H(D4)=V(xi,x§,x§,x2).

P(B2+2Al): We find
— 2_,2 2,2
H(Bz+2Al)—-x3x4(xl Xz)(h3 x4).
But this is in P(A3),hence

P(BZ+2A1)=P(A3).

P(3Al): We have
' (w2 2 _ :
H(3Al)—(xl x2)(x3 x4).
We observe that this is in P(2A1+Al),hence

P(3Al)=P(2Al+Al).

P(4Al): We have
H(4Al)=—(xi—x§)(x§—x2)
and
wr(H(4Al))=wX wr(H(4Al))=H(4Al).

4
Therefore,as in (B4),

2_,2 2_.2 '
(23 X5) (x3 x4) '

(o2 _w?2 2_,2
(xy=x3) (xy-x4)

form a basis for P(4Al).

Using the above (F4)—modules,we obtain seventeen of the
irreducible characters of (F4).The characters that cannot

be obtained by the above method can be found by using the

following relations:
X35Xq Xy

X6=X1X5l

56



X7=X1Xg s
X10=XaX5
X117X1Xgr
X12=X1Xgr
X14=X25<13,

X22%X1X20"

The following conjugacy relations are used in calculating
the characters of (F4):
z= [4A1] ,
(] -z [32]
[;\‘l] ~z [2A1+5‘1] ,
(22) ~=z[2a] ,
[A+2] ~2 [a,+2,]
[a,]-~2 [D4] .
[Aa,]~z[cy+a ],
[B]~z[Ag*A)] +
[A35]~2[Ag]
[B2+A]] ~Z [B2+Al] '
[C3] ~Z [_z~\2+Ai] ]
[By] -2 [A2+z§l] ,
(By*As) -2 [Fy(ap)]
[Py (@) ~2 Dy (2]
[Ba]~2[B,]
[Fa)~2[Fyl-
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Table VIII: Character Table for (F4).

¢ F4 D4 B4
Conjugacy Class Characteristic . hi Xb X1 [Xo | X3 | Xy
Representative Polynomial
o (1) {1111] x*-4x*+6x?-4x+1 | 1 1] 1 {1 1} 2
Ay (12) [1113] x*-2x3 +2x-1{ 124 1 |=-1 |-1]| 1/|-2
A, (1) [-1117] x*-2x3 +2x-1] 12 1]-1{ 1|-1]| o0
22, (1) [~1-111] x" -2x? #1018 14} 1} 1! 1| 2
Al+z§l (12) [11-11] x* -2x2 41| 72| 1| 1 |-1|-1| o
A, (123) [1111] x'- x3 - x+l 32 1| 1| 1| 1| 2
A, x*= x® - x+l| 32| 1| 1] 1| 1}{-1
B, (12) [-1111] x*-2x3+42x%-2x+1| 36| 1| 1 |[-1|-1] o
33, [(12) [-1-1-1-1] x*+2x%  ~2x-1| 12 1|-1 |-1| 1}-2
2a +A,|(1) [-1-1-11] x*+2x3 —2x-1{ 12| 1|-1 | 1|-1] o
A, (1234) [1111] x" ~1| 72 1|-1 |-1| 1|-2
B,+A; [(12) (34) [-111]] x"* =172 1|-1 | 1}-1]| o
C, x*- x3 + x-1{96 | 1/-1 (-1} 1| 1
By (123) [-1111) x¥- x3 + x-11961{ 1|-1| 1|-1] o
52+Al x*+ x? -x-1]96 | 1|-1]-1| 1| 1
A +A; [(123) [111-1) x"+ x3 - x=1{96 | 1|-1]1{-1] o
4A (1) [~1-1-1-1 xt+axi+ex2+4x+1 | 14 1| 1| 1| 1| 2

l . N .
A,+A, x"+2x%+3x24+2x+1 | 16 ) 1| 1 | 1| 1|-1
A +A. [(12) [-11-1-1 x"+2x%+2x?42x+1 | 36 || 1| 1 |-1|-1]| 0O
37
C,+A, x"+ x3 + x+1 | 32 1 1 1 1]-1
D (123)[-1-1-1-1 x*+ x3 +x+1 | 320 | 1] 1{ 1] 2
4 : ,

D4(al>(12)(34)[—11—11} x* 42x? 41 |12 1| 1| 1{ 1| 2
B, (1234) [-1111] x* +1 (144 f] L | 1 {-1{-1]| o©
F,(a;) x*-2x343x%-2x+1 (16 || 1| 1 | 1| 1]-1
F -x* -x* +1l96 4 1| 11| 1|-1
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> =T

X10
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X19




61

BIBLIOGRAPHY

ﬁJN.Bourbaki,Groupes et Algebres de Lie,Chapitres 4,5 et 6,

Hermann,Paris, 1968,

[2]R.W.Carter,Conjugacy Classes in the Weyl Group,Seminar on
Algebraic Groups and Related Finite Groups,Springer

Lecture Notes No.131,1970.

_[3]E.B.Dynkin,Semisimple subalgebras of semisimplé Lie
Algebras.Mat. Sbhornik N.S. 30 (72),349-462 (1952).

(Russian) . (Amer. Math. Soc. Transl.,(2) 6 (1965), 111-244).

H]T.Kondo; Characters-of the Weyl Group of Type F4,J.Fac.

. --8ci. Univ. Tokyd, Sect, I, 11.(1965), 145-163.

[Q]I.G.MacDonald,Some Irreducible Representations of Weyl

Groups, Bull. London Math. Soc., 4 (1972), 148-150.



