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ABSTRACT

Let (X ; J) be a topoiogical space. If <« is'aA
total ordering on X , then (X , I , <) is said to .be an
ordered tépologicai space-if a subbasis forb 3 is the
coliéction of all sets of the form {x ¢ X l X g t} - or
{x € X | t< x} where tie X . The pair (X , J) is
—Sgid to be an orderable topological space if there exists
é»tétal ordéring,‘< ;‘on X sucﬁ that (X , 3 , <) is
an-ordered topological space.

‘. | |
Definitign: Let T  be a subspace of the real line [R

Let .Q be the union of all non-trivial components of T ,

both of whose end poihts belong to ClR

(015 () -T) .
The following characterization of orderable sub-

spaces of R 1is due to M. E. Rudin.

™
N

Theorem: Let T be a subspace of R with the relativized
usual topology. Then T 1is orderable if and only if T

‘satisfies the following two conditions:

e

N

(1) 1r T - Q is compact and . (T-Q) n C%R(Q) = @ then
either Q=0 or T-Q=4¢. | | -

s
o
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(2) If I is an open interval of R and p is an end
point of I and if {p} U(I N(T-Q) is compact and {p} =

ClR(IﬂQ)ﬂ ClB(I N(T-Q)), then §V¢‘T or {p} is a component of T .

This theorem enables us to prove a conjecture of

I..L. Lynn, namely
{

Corollary: if T contains no open compact sets then T
is totally orderable. |

If T is a subspace of an arbitrary ordered to-
- pological space a generalization of the theorem can be
made.  The generalizedlfheorem is stated and some exam-~

ples are given. : ' v ‘
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INTRODUCTION -

In this thesis wekexamine a result by Mary Ellen
ﬁudin which gives a characterization of .orderable topolog-
| ical spaces. Dr. Rudin won the 1965 Netherlands Mathemati¢a1
Society prize for this wbrk.
| Dr. Rudin has stated and proved the result for the
fspeéial casé when the topbiogical space 1s a‘subSpace'of the
'real line}.‘Since_the proof of ﬁhévgeneral result folloWs
- almost identically that of the special case and since an
attémpt.to prove the main_theofeﬁ-resulted in complicated
unreadable notation, Dr. Rudin has omitted thé proof of this
theorem. We have pointéd out, in the text of the thesis,
that the general result cannot be used in_many‘applications.
In the discussion following Theorem (2) we give our feasons;
The paper by Dr. Rudin was not read by?a referee
and the}e were some miétakeé which we have corrected. Wé
i have been in toﬁch with Dr. Rudin and she has acknowledged
those corrections made tovher paper. The minof“érrors in
Lemma (8) and the more serious error in Lemma (12) of Dr.
Rudin's paper wil; bé described in the text of the thesis.
There is also an error in the statement of the theorem as
it appeared in the "Transactions of the American Mathematical
Society" and Dr. Rudin has pointed this out.

As the proof of the result for a subspace of the

-real line is a constructive one, we have included sufficient

PR
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Aexamples in this. thesis to give the reader a good idea of the

construction ‘involved. Thus the reader can achieve a good

A Y

grasp- of the proof by reading the sections labeled “Discussion”;
| In addition, we have reiafed'Dr. Rudin's paper to
work done by I. L. Lynn and shown how this follows from-Dr;
Rudin's work. Also, some applications for the main theorem

are given. -



NOTATION

Given a topological space, T and a subset,
X © T, then the closure of X in 'T is denoted Clp(X)
The set of real numbers is denoted by R and-the natural

{1,2,3...} . If XcR and

numberé are defined‘by N
a; b € R>_define aX+b={ax+b | xe X} . ‘The usual.
conVentiQns_are used'in dehoﬁing intervals of E.. For
example, (0,1) - {x e R ] o<x<1}and [2,3] =

{x e R rie-i'x < 3} and (0,1) U[?;B]“is indicated'inldia-

grams as follows.

b
7

#®

o
od » !

.
=
3

N !
Tt will often be usefull to indicate on a diagram
a set whose elements are intervals. We use shading to in-
_dicate such a set.. For example, {[0,1] , [1,2] , [3,4]}

is\denoted in diagrams as follows

~

Cowivrive oo} ' R VORI
) L vr'v—l: T L YIJ [: IIIJ
° o 2 3 “+

'Definition; Iet (X,3) be a topological space. If < is a
total ordering on X , then (X,3,<) is said to be an ordered
topological space if a subbasis for 3§ is the collection of

all sets of .the form

\{x € X | x<t} or {t € X | t < x} where ¢t € X

T
. ,‘}
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~

(X,3) is said to be an orderable topological space if there

exists a total ordering, A , on X such that (X,3,4) is

-an ordered topological‘sﬁace.

-

Example(1): Let T = (0,1) U[2,3] . ILet T be the usual to-

pology for R relativized to T .‘ Theh' T 1is not ordereble.
proof: 'Supﬁose f: T -5 1is an homeomorphism of T onto |
an ordered topologica1‘5paee, S . Without loss of generality,
f ig.erder preserving_oe.both'(o,;) and [2,3] . For example,
assume T ie‘neither order preserving nor order reversing on
(O,i) .  Then; withoﬁt less of generality, there exist

a, b, ¢ E(o,i) such that a <c ¢ b and f(a) < f(b) < £(ec) .
Let B = {xe (a,b) | £(x) > f(b)} . Since -c €B,B£Y |

and let y = inf(B) . There are 3 possibilities.

(1§ If vy _ & then Ve c1T(B) but .f(y) 4 Cls(f(B)>.
(2)v If y #a  and yeB then y ¢ ClT((a,Y)) but £(y) ¢
3) 101ng(a,Y)>' . o S | |

)

{ . - ) . ) .
If y#a and y ¢ B then y ¢ ClT(B) but f(y) ¢ ClS(f(B)).
Hence we can assume that f is order preserving on (0,1) and

“on [2,3] ; f[@,l)]’is-an interval, for otherwise £{(0,1)]

is not connected. Similarly for f[[2,3jj . Without loss
of generality,'f(a) < .f(b) for all a ¢(0,1) and b ¢[2,3]
Hence, since"f[(o,l)] has no largest element, f(2)‘isv

~an accumulation point of f£[(0,1)] which contradicts the facts

that £ 1is an homeomorphism and that 2 is not an accumu-
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lation point of (0,1)

Example. (2): - Define

T =

"

[

111
Pz.{'g:,g)gg---},
. (1 ’ 11 1 1 .1
»G|:('2"5 l) ’,G2= (5’3 'H_‘) s GB 2(8:‘7‘)3 G)_‘_: ("J‘_‘T: "6)3
Let X = I U P,U;G; . With the relativized topol-

ogy, X is‘not,orderable.

proof: qupose g: X - S 1is an homeomorphism of X onto S ,

an ordered topological Spece. Choose from each Gi’ Z:E,Gi
[+ =]

. * . l
Then {g(Zi)}izl converges to g(0) as does {g(ﬁﬁIﬁ}n:O

Now g[I] is an interval, for otherwise g[I] is not connected
and since g , without loss of generality, preserves order on
I, g(0) 1s the max1mum of g[I] . Now since the two sequences
{g(3n+3)}n o and {g(Z, )}l 1 bath converge'mag(o)and only finite

numbers, of each_sequence are less than g(0), we can choose

m, relN such that g(z, ) < g(3r+5) and no point of
1 o )
{géﬁi~0}n o 1is between g(Z ) and g(ar+3) . Now any open
1 1
set contalnlng g(z?;j) contains a point of g[Gm] but §?¥3

is not accumulation point of Gm and this contradiction

establishes that X is not linearly orderable.

~

-

[e) | W
[ N

e ¢
Pan
~

wY ¢
oA~



Page 6

Definition: ILet T be a subspace of R . Denote by @
the union of all non-trivial components of T , both of whose

>

-end points belong to ClR(ClR(T)—T) .

. The following theorem gives a characterization of
orderable topological subspaces of R . The remainder of

‘this chapter will be devoted to the proof.

Theorem (1): ILet T be a subspace of R with relativized
usual topology. Then T is orderable if and only if T

satisfies the following 2 conditions:

(1) If T - Q is compact and (T—Q)[} C%R(Q) = g then either
Q=0 or T-Qq=g. ' |

(2) If I is an open interval of R éndv‘p is an endpoint
of I and if {p}U(Iﬂ(T;Q)) is cbmpact and {p} =
ClRﬂInQ) HJCJR(IHEQQ), then- p 4 T or {p} is a component
of T . . o o

.o

Notes: o o

1. 1In example (1) above, Q = (O,l) , T - Q= [2,3] aﬁd hence

T - Q@ is compact and (T-Q) N Cl(Q) = & . 'But Q+ g

and (T-Q) + #§ and so condition (1) is not satisfied.

2. In example (2) above, Q = (% , 1) U(% P %) U(% s %) Uevos
Clp(@) = [3 > 1) U[Z 5 3] U ...u{0} , and

T - Q= [—; s o]-p{%., %3, %', L)
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Thus T - @ is compact and (T-Q) O C1(Q) = {0} and so
~condition (1) holds vacuously. However, consider the in-

terval I = (0,1) and let p = O . “Then (O , %-, %-, % }
. ...

{p} U (In(T-Q)) is compact and {0} Q'C%R(IHQ) n Cl. (I n(T-Q))
but 0 ¢ T and {0} 'is not a-componenﬁ of T-_hence con-’

dition (2) does not hold.

We prove now that conditions (1) and (2) are necessary

Necessity of condition (1):

'Suppo§e that T —~Q. is compact, that (T-Q) h CHR(Q) ¥ 0 ,.
that q ng and p € T — Q', and that A is a ﬁotal order of

T giving T interval topology. Without loss .of génerélity,
_assume D A‘q . let 5' ='sup {x € T -Q | xaql}. Then

since T - Q 1is qgmpact;_P,E-T -Q . Since plq'C%R(Q) and

T has intefval topology, there ekists r ;iq'e T such'thatv

A P(G {x e T l'r_A-XfAvq'} cT - Q . By definition of !,

q € Q. and q’ is an end poiht'of a component of Q . But

q’¢ Clg(C1g(T) -T) ‘and this contradiction establishes the

result.
Necessity of condition(2):

Suppose I 1s an open interval of R , p is an end-
point of I , {p} U(Tn(T-Q)) is compact, and {p} is the inter-

' segtion of Clp(INQ) and 01R(In(T{Qk;. Suppose, also, that
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P €T , T ¥ P ,‘and t is . a membér of C','the componént of

T to which p belongs. Supéose~that A is a total ordering.
on T. for Which T has intervél tbpology.» There is no

point ie€INT. such that 1€ C for CcT - Q or else
Cc@ . If we assume there exists i e I , i ¢ C and

CcT - Q »then p is not an accumulation point.of'.i naQ.

~ Similarly for .C_é Q, p is not an'acéﬁmulation point of

I ﬂ(T—Q) . Hence there-is ndnpointA i e¢INT between p

and t in A . Fdr othefwise, {(x e C] x & i} and

xec|

generality, assume t < pi and t AP . _Choosé i QII nT

i A x} is a separation for C . Without loss of

where p Ai. Thenf fX,E‘T | t < x < i} 'is an open set
containing "p. and_So there exist ¢ and iy such that
¢ , ioe {xeT | ? <x <1i} and p ¢ (xeT|ca x A iy} e
{xeT | t <x < i} » and further, {x e Tvl P A X A-io} cI
- Since ‘p is an aécumuiation pbint of INQ, thére exists
q.e INQ such that qe {x €T | c.ax A1y} and p Aq
Similarly, since p is an accumulation point of I’ﬂ(T—Q)l‘
and  {p} U{IN(T-Q)) is compact, there exists p'eI h(T—Q)
'

where p.Ap’ Aq and {x ¢ T | " A x A q} contains no

point of T-- @ . Since p’ 4 p , p"¢'c%R(1 n Q) and

4

hence there exist q’ and r where p’ ¢ {xeT ]| q ax0br}

K= T -Q . Then q' ¢ @ and. q’ is an end point of a component

of Q but q’ ¢ Clp(CLe(T) -T) . This contradiction es-

-tablishes the result.

]
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Define R* to be thgfcompaétifiéation of R by
adding the points -» and o where -o < X <‘5 for all
x ¢ R . Now we replace R by S , which is obtained 5y
substituting an interval homeomofphic to [0 , 1] for each
t;ivial component .of R* —_T~; When this is done T 1is
a subspace of S and S can be given é total order.'A
which preserves the order of T in R. Cléarly'if the
 theorem is shpwn with R replaced-by S ,‘it'cah be shown

ds statedi

Definition: Let H be the union of ail.open intervals I

of S such that Clg(I) n(T-Q) is compact and I N(T-Q) N Clg(Q)
g . ' ' A

Lemma (0): If -S =H then T - Q is compact and (T-Q) N Clg(Q) =

e ,. o

Proof:  Since H is compact there exist I, 5 Iy s ey I, >
. - n L

open intervals of H such that H Uy I, and Clg(I;) N{T-Q)

~is compact and 'I:.L N(T-Q) N Clg(Q) =g for 1 =1,2, ..., n
Then )
T -Q=(T-Q) NH
n- _ o :
=U (T-Q) n ClS(Ii) and hence T - Q is compact .
i , S -

2%

t
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[(T-Q) n Cclg(Q) n I,]

Also, (T-Q) N Clg(Q) =
. : =l=‘

N el

§

I
=

Iemma (1): If S =H and_condffioh (1) holds, then T is

tofally.orderable.

Proof': Suppbse. S ; H . Then condition (1) and the previoﬁs
proposition imply T < @ Aor Q =g . If Q=60 , then
since S =H , T-Q=1T " is cqmpact. This.clearly implies
that T~ is linearly orderable under the order A . For let

: C 1€ . ' .

- x,€T be given and°{x5gT Ia,Ax:Ab} where a, beS . Then since
T is compact, a’ = sup{x € T | x 4 a or x =a} and

b’ =4inf {x € T ] x Ab or x =1b} are both in T and

I

{xeT | aax A Db} = {x ¢ T'I a’ A xanp'} .

If T < Q then also T is linearly orderable under
A . For let x,€ T be given and x.€ {xeT | aaxab}
where- a , b e S . If x

o .1s an interior point of Q ,

, b’ € T where

clearly there exist a’

xp€ {x €T | a’ Axab’}c{xeT]| aaxhhb} .

0
Cl

If XO‘

point>of a'comﬁonent of - T and since Xo€ Ci

is not an interior point of @Q then x is an end

5(C1g(T) -T)

S
there exist a’, b’ € T such that

xs€ {x €T | a” 8 xAabv'}cf{xeT | anxabl.
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;We now complete the proof of the theorem by Showing
that if S - H # g , condition (25 implies that T is.linearly

orderable.

-

Lemme. (1): Suppose condition (2) holds and let I and J

be two open intervals of S such that T cH , JcH, ’
INJ =g, and x is a common end point of I and J where
x¢H. If JcT ‘then JcT-Q and under this assumption,
x ¢ ClS(Iﬂ(TfQ))

Discussion: A method of proof.canzbe seen if one tries to
cbnstruct a counterexamﬁlé’w;ﬁh the required conditions. In

all cases let x =0 I = (-1,0) , J = (0,1)

- Case (1): Suppose X ¢ T . Since the components of S - T

-are'non—trivialg our example might be the following.

~ T=(-1,3) U (0, 1) . Here, clearly, x ¢ H .

Case (2): Supposé x € T~ There aré'3 distinct ways té make
x satisfy the condition x e Clg(Clg(T) -T) |
(a) Let a - 3, 1)
T = (% A= 1) U(%—A =) U(Tg A -3) U... u o, 1)
In tﬁis case there are points of I not in H
;l :

(b) Iet A= (%, 1) , and

T-= (% A - 1) U(% A - é) u(%g A -%) u ... ufo , 1)

In this case x ¢ H .

cay
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. L, 1 - |
T= (74 - 1) u(gA_-' 5) Ulgg A - ) U ...ufo, 1)
In this case, condition (2) does not hold. The other

part of the lemma is easily seen.

. r R T :
(@ i A S A T ) T
-1 ~7% ‘Q{g ’B{L_ '2;_‘ O’» ) Voo
Lo " ° — b | ‘ & IR-H
- )
-1 ."}u }3 ./4, ‘3}10 B
SR R W JUL WA 20 W 2R W
.(.M N N (o | Y B S A Y
- - - - )
' }'; }é %b_ 62;0 -
(O oyt y ot | ) T
L 3 3 I -
| 79 4,0 -

Proof: We Wili—now formalize the arguement in the discussion.
Since Jc T , either JcQ or JcT-@Q . Assume to the
contrary that- Jc Q . Then'there exists an open interval

I’ ¢ I such that x is-an endpoint of I’ and {x} u(I'n(T_.Q)/'»
is qompact. For otherwise there is_a pdint of I which ié

aiéo in H . Hence if X € T', by condition (2) , x is not

in both Clg(INQ) and Clg(IN(T-Q)). If ng , then x ¢ Clg(In(T-"
since the component of S ;,T containing x is not trivial.
Hence if qu.T or - x ¢ ClS(In(T—Q)) then clearly x € H ,
a contradiction. If x ¢¢T and x ¢ ClS(IﬂQ) then , |

by definition of Q , there is a sequence {xn} ~ outside of H

'"E"}
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and converging to x . This contradiction establishes that
JcT - Q .

Now suppose X.G ClS(Iﬂ(T—Q)). Then X é T since
the cbmﬁohents of .S - T are non-trivial and from aboVé,
x.¢ ClS(IﬂQ) . Hénce there exists an open interval, _I'
containing x such that I’ N(T-Q) N Clg(Q) = @ and
ClS(I') N(T-Q) is compact. (For,_otherwise; I’ contains
a sequence of points not in H and convérging to x) Hence

X € H and this contradiction completes the proof.

Lemma. (2): Sﬁbpose condition (2) holds»énd let X be an

T open interval of S whose end points are not in T’._
Suppbse -ClS(XS - H= {x}". :Thén there is a tétal ordering,
8 for X h T ’sqch‘that X N T has intefval topology.

Further, g (XNT) has no first element but has a last element.

o'

Discusgiop: We'coﬁsider a»cases;

Case (l)f. SuppoSe k _iggtﬁe.closuré of some non-trivial
component of T . .

Example (3): x =0, T= (0, %], X= (-1, 1)

Iﬁ this’example b'e Q.T ‘énd X ¢ H» because for any open
interval, T containﬁng' X, ACls(I) N(T-Q) is not compact.
There can be no inéreasing.éequence from T convgrging to
X because S - T contains no non—trivial'components, hence

locally about x this example is typical for x ¢ T .
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Obviously the induced order from R satisfies the hypothesis. -

{ . “
Example (4):: Let A = (% s, 1) , x=0
L D) U(Fg A < F) U... U0, 51, X = (-1, 1)

Define

In this example x ¢ T and x ¢ H because x is in the

closure of T - Q and in thevcldéurévof Q . There can be

no increasing sequence from T - Q converging to x Dbecause

of condition (2) , hence, locally about x this example is
typical for x ¢ T . Again the induced order from R satis-

fies the hypothesis.

—f (LN ¢ N e NT '*1" i
v V) L VY A © ) "—r
% 23 o~ =3 .30 X
/"t ¥ . 16 ;.L 2
— J
Case (2): Suppose x 1is not in the closure of some hon

tri?ial component of T .
Example (5):"1et X =0,
- 11 11 ' 11y ,,11,,,1 1
| T = (3}§J~U('§3-3) U(gag) U(-g:-g) Q(gvg) U(-g:*g)

1 11 11 1 |

U-o o U017 7155 -10,...} , X = (-1,1)

" Here, x € T. and x ¢ H because x is in the closure of
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T -.Q and in the closure of Q@ . An order, 8 which satis-

fies the hypothesis_is as folloWs;

11y 5,1 1y .,11 1 1y . Ty (e 1y o1,
To complete the definition of 8, we-add'that 6 orders each
interval which lies to the left of 0 as the induced order

from R and each 1nterval Wthh lies to the right of _O.

as the reverse of the. induced order from R .

- = oot} {—) )
-~ I A T I 4 L i
' A T L A T '

Proof: Let X =-(p,q) , Let I = (p,x) , J = (x,q)

Then the order Tor X N'T is as follows:

J N(T-Q) has the total ordering induced by A . We define

| (Jn(T-Q)) A (an(T- Q)) Similarly,, .
0 (IN(T=Q)) =-a(IN(T-Q)) ,
0(InQ) = (INQ) ,
0 (1) Neu

Hence to describe attotél ordering, © for X n T we needl
only specify an order ¢ for the set Av%x{’(Jﬂ(T-Q)),
n(T-Q) , JNQ., INQ , {x} nT } .

Case (1): There exists a component, J’ of JAT such that

P
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"X e‘ClS(J') . Then we define the following order for A ,

(In@) §(1nQ) o({x} nT) 6(IN(T-Q)) 6(I N(T-Q))
We now show that XNT has an interval topology .

Tf x,€ T, let us denote by I,  the family of |
, - %0

sets contaihing X which are open in the topology of S

0

relativized to T . ILet £, denote sets containing x,
) o | | |

which are open in the interval topology determined by the

A

order o . Let y e XN T be given.

~(a) Suppose  y =X . ‘By lemma (1) , J'cT - Q and
x 4 ClS(Iﬂ(TQQ)) . Clearly, since x ¢ T and x ¢ Clg (J")
then xe T - Q . éincé xeT-Q , and because x ¢ H
we must have x ¢ ClS(InQ) . By assumption, x ¢ ClS(Jﬂ(T—Q))
and so I cg,. Since x ¢ Cl(IN(T-Q)) and x 4 Cly(INQ)

we have g C UX'.

" (b) Suppose y € Q and vy + x . If y is an interior .
point of Q , clearly £, = 3& so assume without loss of
‘generality that y is a right hand end point of a component
of Q . Since y ¢ H, let I’ be an open interval contain-
ing yT such that'ClS(I')'ﬂ‘(T—Q) is compact and i’ﬂ(T—Q)
nCIS(Q) =@ . Then y ¢ ClS(T—Q) for otherwisé ClS(I')ﬂ(T-Q)

is not compact. Hence £y <3 Alsd, y is a left hand

oy
end point of a monotone sequence from @ since y ¢ ClS(ClS(T)—T)

and y is clearly a right hand end point of such a‘sequence o
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gnd.so Ky c Sy .
(c) Suppose y e T - Q and ¥y o+ X . Note-that
{teT-Qltoyl+d since 3/ cT-q. Iet a-=
sup {t € T - Q |l toey}. Then a€T-Q since a £ X
and a¢H . If {te€T-Q | yeo t}l+gd, let"b.=
inf {t e T-Q| yet}. Then b+ x since x ¢ I N C1(T-Q)

and so b ¢ (T-Q)

Hence (1) a ¢ T - Q and

(2) beT-Q when {teT-Q | yb8 t}=4g.

imply Sy c-gy». - Since y € T .- Q and y € H, ¥y ¢4 ClS(Q)

y
‘interval topology.

and so £ < Sy . Hence by (a) (b) and (¢) , X N T has

Now from the argument in (b) above, if (IUJ) NT

contains a point of @ , 8(XNT) has no first element. So
assume: (IUJ) N Q = § . Then x ¢ Q and since x ¢ H ,

.x ¢ T,—.Q . Hence, by assumpgggn, J' has no first elément

and so 6(XNT) has no first element. To show that ¢(XnT)

has a last element, let y ¢ J' and b=1dinf {t e T - Q |y 6 t}.

Then b +# x and so b e T - Q.and b is the largest ele- '

ment of §(XNT) . . |

Case (2): For each component J° of TNJ , x ¢ ClS(J') and,

without loss of generality for each component "I’ of INT ;

x ¢ ClS(I') . Then there exist monqtbne sequences, -
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© , o .
{in}n=o and {Jn}nzo such_that
(1) i, = p“and {in}n=l c I - T, ({in} is increasing)

(-]

(2) Jo = q and {jn}n:llc J -7, ({jn} is decreasing)

(3) 3 i, = %=,

Define the following order, 6 for X N T .

[(ig,19) NQ] 6 [(a‘l,jo) naj o [(ilg,ig) najl o [(Jé,.jl) HQ] 0

0[{x} NT] ... 8 [(1,i,) N (T-0)] & [(J53,) N (T-@)] 0 [(14,1;) nal

To show @ (XNT) has interval topology, let vy eXnT

2

be given.

(a) Suppose X = y .-'Cléarly X § Q and so x¢e¢ T - Q and
sincé_ x ¢ H , either ClS(13 N (T-Q) is not compact for some
open interval I’ containing x or x ¢ Clg(Q) . If

- ClS(I') n (T-Q) is not compact then X contains a point not

in H other than x . Hence X ¢ ClS(Q) . If
A={teT|xptl+g, let b=inf A . If b=x, then
since x ¢ ClS(T—Q) > 3, =£ . If Db+ x,Dbe T - @ since
b ¢ H and similarly J_=¢ . The same holds if A =g .

(b) Suppose y € Q . The argument for (b) above holds.

(¢) Suppose y ¢ T - Q@ . The same argument for (c) above
applies since {t e T -Q | to y} + & . For if X ¢ T-Q -
then x ¢ Clg(T-Q) since x ¢ H '
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 Definition: benote by H’ the unioh of all'open intervals
~of S _which contain not more ﬁhan one poinﬁ outside H .
- Denote by G. the set whose elements are the closures of
‘components from H’ . Let G’ be the subset of G con-
sisting.of_elements.of‘VG which have an interior point
not in‘ H_. |

We will want to divide the terms of G’ into
intervals, eaéh of which has pne'pdint outside H and then
use the“previous iemmé to order each of the intervals; In
“ordering the_terms.of. G’ it will be convenient if the
,points of diviéion afe not in“ T .}_Hencé the following

lemma.

Lemma (3): Assume condition (2) holds and that X ¢ G’ and
Jd - is a componeht,of HNX . Then there exists X ¢ J such

Cthat x ¢ T . '//

Proof: Sinée X € G) , there exists an interval, I of S
such that I ¢H , INJ =4, ahd x is a common end point
of I and J where x 4 H . Assume that J < T . Then
by lemma (2) , JcT- Q and '; ' ' |

has an end poiﬁt J such that Jj ¢ ClS(ClS(T)-T)'. ﬁence
there exists an open bounded interval, J° , cbﬁtaining J

and such that J' contains no points of . C14(T)-T . Hence

Clg(d') N T is closed since it contains all its accumula-
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tion points and, being bounded is compact. Since J’ con=

tains no points of ClS(T)—T , it contains no end points

of Q and hence no points of Q';' Hence J'n (T-Q) N ClS(Q) - g
and J" c H . This is clearly a contradiction since J  is

a component of H .

| We deécribe how, a tbtal ordering for a subset,
Y* N T, of K for each K ¢ G', for each component, J of
KNH, by 1emma'(3) , select a point zy¢ T . Let Z De
'the éet cogsisting-of'all such. zJ for J a component of
KnH . Note that by definition of G', the accumulation
points of 2 oc_cui« only at the end points of K if Z has
any accumulation points{ .Noﬁe,'also, thét the cdmponents
of K - Z have a naﬁural(order induced from A , the order
in S . So, define. Y to be the collection of all com-
pdnénts of K = 7 excluding the first coﬁponent, if it
- exists and excluding the last component, if it ekists. Let
Y* ='UIKClS(X)Al X € Y}'.‘ Then for each XeY, assuming»
condition (2) holds; the hyﬁothesis of Lemma (2) holds so
there is a total ofdering' 8 of XNT where X N T has
interval topology with respecf.to the order § and X h T
" has no fifst element but does have a last element. Clearly
.X nNT will have.a total ordering, namely - § , which'yields
interval topology.and for which X~ﬂ T has a first element

but no last element

Now {XNnT]/| XeY} has a natural order induced
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| by. S and so Y* N T'="U'{X NT| Xe Yl has a number of
total orderings whére for éach.,X.e Y , X‘ﬂ.T has interval
topology. The following-orders,'x' and A will assure
that, in fact, ¥¥'hzT has the order topology. If Y has
a first element in ﬁhefdrder induced.by S, Let Y be

o)

the first element. Othefwise,'chose YO arbitrarily.‘

Then set:
(8) A (YN T) =6 (YN T) |
(b) For.a given X ¢ Y , A (X N T) = ¢ (XnT) if

there-is_an odd number of térms of Y YDbetween.

_X. and YO s

(e) A (XAT) = -8 (XNT) .otherwise.
(Since the accumulation points of Z occur only at the end
points of K , there is only a finite numberbof terms of Y

between any such terms). To complete the description of the

' total'ordering on Y*»ﬂ T , for }Xl’ ngg Y , set

(x,n T) x_(xgh T), if and ohiy if (X0 T) A (X0 T)
|  The déscripﬁion éf'the total ordering A’ is iden-
tical tovthévabbve with o replaced by - and -9 feplaced
by 6 | | o
it is an immediate vprification that Y*¥ N-T has
 interval topology under A and X' when it is hqtedvthat;
(1) wunder A and A’ if x 1is a last boint of X N T for

X €Y, then x has an immediate succéssor and similarly if
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X is a first. point of X N T then  x has an immediate pre-

4

decessor and (2) under A and A' , X N T has interval

' topoloéy for each X ¢ Y .

Example (6): ILet T = (%- TN %] U(s » 3] U ... . Then

G = {[0, ] , [-» ,‘O]} and.'G' = {[0, »]} . Choose Z =
(FYU G 7.T5> -} endthen Y= (I3, 21, [7, 3
[%6-, %J 5 +++ } . Since Y has no firSt.element in the

order induced by R , choose Y, = [% s %] . Then )\ and

! are‘defined as follows:

A
“ 11 11 1 1, |
(1) Coe (9-, 8] A (6 ’.?J A (3-, 72-] where A orders
(% > %] ,-(%,’ %j , (%3" %t] , ... as the induced order from

R and A orders other intervals as the reverse of the in-
duced order from R .

(2 . . . (% s %] 2 (% , %] 3! (% , %] where )\ orders
(%"; %]:, (% ,‘%] 5(%5 s %E] » ... as the reverse of the

’

induced order from R and A’ orders other intervals as

the induced order from R .

I 3 T
R 3 v
% 3 b 5 3 3 :
;w. - ° — ¢ . ' (R’H

X j 5 :
a4 3 v
‘; . 4 * i ® 1 Z
L g » 4 ¥ !

o T 4 3 4

WPy, VRN T e , 3 Y
L,-1f71'¥77 v -l""'l 7 4 - lLr 7 7 -~ J ‘;
Lo i

7o 7 r :
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Example (7): For n=1, 2, ..., let f_ be the order
preserving homeomorphism of (-1 , 1) onto‘-(%ﬁ s %HTI)
‘Let T’ be the subspace of example (5) and let T =

£,(T) U £, (") Ume(T') U... . Let g; be the order |
of fi(T') such that (f (T )) is order isomorphic to

6(T’) . Then G , Gf, Z , and Y. are as in the previous

0
example. The orders, A and A’ are defined as follows:

() .. fB(T') A fg(T’) A £, (T)

where A (£,(T')) = 6,(£,(T)) if i is odd
» . I'4 _ . v . - . ' |
A (fi(T ) = -ei(fi(T)) if i is even

(2) A’ is as in (1) above with odd and even inteérchanged.

Lemma (4)+ Let K = [p, q] € ¢’ . Assume eondition}(e)
holds and that p ¢ Py
-x € (p , g) and a total‘ordering, T on [x, q] 0T such

‘but g ¢ P . Then there exists

.that '(b , X] cH and 7 orders T nicely in [ x s a]

Discussion: 1In the following examples let [’-, q] = [ 0, 5]

. .

Let (x , y) 1ndicate the ordered set {r € R | x <r< y}
o ——

. with order induced from R . LetA (x , y) indicate the

ordered set {r ¢ R | x < r <.y} with the reverse of the

order induced from R . ,Slmllarly for (x , y] etc. ,
Example (7): Define A = (%,%)'U_(l l) (§38) U .

il 1.
u{l 1&6,...} U (3,13) U (2,25 U (3,35] U (4,331 U (2,4) U

{4I6,0} Let Ti be the set A together with an increasing
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-sequence of disjoint semi-closed intervals converging to O
and a descending sequence of disjoint semi-éiosed intervals
converéing to 5
Then [0 , 5] -H = {0,1,2,3,4,5) . Choose Z = {%,_1%,2%,32_,4%6}.
Then Y = {[E’ E] [1%,2%] , [3%,4%6]} . Now we have a
procédure for ordering Tl in the union of the elements’of

Y which is Y* :[%’4%6] . If x = %-(in general, if x is
fhe first element of Z) then we may disregaid the interval
[0, %]h: If 7, is to order Ti nicely in [% , 5] it

‘will have no first element_and.no last element. Let X =
[4%7, 5] .. (In genefal, X = (zn, Q] where =z = is the

last element of Z‘) . The problem is to order X N T; and

to insert thié ordered set into the ordered set, A (y*n Tl) s

- in such a way that the resulting order has neither firsﬁ nor
last elément. Since Y has.an even number of elements define

~

Tys ON ~[§-, 5] N T1 as follows:

' — — ;————-- —————I
(131 7y (38) w22 (5,3 Ty (4,451 7y (41 5)

Lefe—f——% ] ¢ +— 1 { 1yt TNLos]
o ' X ) 3 , 4 5
o o > @ ., Losl-H
' 2 4y 5
L & & ° ® © ~ Z
o %r x 2% 3% Wi 5
| EIJ V] .:T::;: ;‘A.Tll L Tl i e ]
r e ANas Samaey 1 > Y
° 3;{ 13 2% 3% K 5/
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To see the procéduré when Y has an odd number of
. 1.
1 7 (4 > I‘L'g] . Then _[O > 5] - H=

{0,1,2,3,5} . Choose 2 = {% , 1% , 2§., 513 . Then

elements let T2 =T

Y= (g,13], (17, 22) , (22, 38]} end X is as in
)

'Tl_. Now it is not possible to choose X = T as before,

to order X N T and to insert this ordered set into thew

o 3
ordered'set A (T*n Té) ih such a way that the resulting
:ofder has neither fifst nor last elemént. Hence we choose
'.x = % ( x 1is the last element in .(TQ—Q) n [o, %J) and
attempt to ofdér the sets (% R %)} and X N T, and insert
these sets into the ordered set A’ (Y* n Tz) in such a way
| that the resulting ordered set has a first\eiement and no

last element. Define m,([7 , 5] N'T,) &as follows:



S R TR Yo i ENR W

{E} molige) (1,15 T, (2,25] my(3,35) T (R bE) o (3p)

we s T, 000S]
0 ) 2 3 4

o— ©— o Py L J [0)5] = H

o i 2 3 4 'y

- o ° o ® , £

0 % V% 2% 3% 5

§ r v 4 ,I_L 4 " ,',:r, ) 24 Avl;1 5 Y
—t i e T B

o % L 7;?‘1 3

“The above two examples are typical of the case when Y has
a finite number of elements and when q ¢ T or ¢ ¢ Cl (X n Q)
Those which follow are two examples Wthh are typlcal of the

case when Y has a flnlte number oI elements and when g € T

_and q ¢ Clg(X N Q)

Example (8): ILet {t;};= be an increasing sequence in "
[4%2?;'5) coﬁverglng to 5 and let t l% Define
T4 = Ty U {ti |_1 = 0,1, 2, ..} U{5} . As the considerations

in constructing 7r7(T3 n[x, ql]) are the same as those in

the previous examples, we will define W3<T3 nix, ql)
directly. The-number_of terms of Y is even so let x = %

and define Tw, as fdllows:v.

3
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o o

1 1
{E} WB(l:IEJ W}(?&E 3(+IE: ) (2)2§] W}(B:B

H

)

nof

WB(A;L%] Ts{ty} T5{t)} mo{t,] S m{53 .

To see the construction when the number of terms

of Y is odd, define Ty = T3 - (4, 4%& . Let x = %-.

.
Define 'wu([x,q] n Tq) as follows: ’
e D A SR
. W4{5} . ' l '

Finally, we consider an example typical of the

case when Y has an infinite numbér of terms.

' L /1l 11 11y, 111
;EX%mple (9): Let A= (335) U Kg:g) U (gvg) u... U{ RN RRE
uf{o} . Let A' be A ‘together with an increasing sequence

3

of semifclosed intervals, (a , b]', each contained in (E , 1)

ahd converging to 1 . Let T be the éet A’ together

with an incr?asing sequence of semi~closed intervals con-

verging to 0O and a-decreasing'séQuence of semi-closed

intervals converging to 1 . In this caSe, let x = % R

the first point of Z and then A(T N [%,, 1]) , as des-
)

cribed in éxample (6)uorders T nicely in [E', 1]

O
-
>
N
£
Q
~N
wQ .
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Proof of Lemma (4): .Let Z , Y, ¥Y*¥ , Y A and A’ Dbe

o 3
as defined préviously for the element K of G’ . Since
p € Pk" there is a first component s, I of KNH and_

- hence in the previous construction, Y is the first element

0
of Y. Ley y be the first point in A of Y*v which

is also the first point of Z

' Case(l): Suppose Y has a last element. Then there is a
-component X of K - 7 whose end point is g . Since the
accumuiation poinﬁs of Z exist only at the end points of
K>, Z .has no dccumulation poihts.and there are only a finite
.number éfAcomﬁonents of  KNH- between I and X and hence
only a finite number of terms of Y . Let m(X N(T - Q)) =
A(X n(T-Q)).~and T(X N Q) = A(X n Q)

(a) Suppose ¢ § T ;dr q € ClS(X N Q) . If the
| number of terms of Y is even, let x =y , 7(Y*N T) =
Ax(_Y*n Tr) and. W(Yoﬂ T) 1r_(X N(T-Q)) w{{¥*- YO) nT) 7(XnQ)
T({a} n 1), | | |

- Now we Vefify that: 7 orders T nicely in [y s a]
As in Lemme (2) , it is verified that if X N(T-Q) has 2
elements, each point of w(X N(T-Q)) dnd each-pqint of
FW(X N Q) has interval topélogy. To show that ‘v(jx ., al] N T)

has interval topology, we need only'verifyAthe following:
(1) 7(YyN T) has a last point and if X N(T-Q) is non void,
T(X n(T-Q)) has a first and last element. Since X c H and

the left hand end point of X is in H and not in T ,
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(X ﬂ(T—Q)) has a first element. If q ¢ ClS(X N Q) , since
q 4¢P ., q ¢ ClS(X N(T-Q)) and again, since X c H , ‘
m(X n(T-Q)) has a last element. If g 4§ T and g e Clg(XN(T-Q))
 then q 1is a trivial component of S - T .for any interval
containing ¢ contains_a point not in H . Hence . |

q ¢ ClS(X N(T-Q)) and so T (X n(T;Q)) has a last element.

(2) (> YN T) . Has a first element and no last element
and w(X N Q) has no first elementﬂ Since the number of

terms of Y is even, (Y*- Y.)N T  has a first element and

o)
no last element If 7(X N Q) has a first element t ,

then t 1s a left hand end point of a closed component C -,
of Q@ and hence is an accﬁmulation point of T - @ . Hence

t ¢ H and this is clearly a contradiction. Similarly we

- prove the last fact

(3) .W(X N Q) has no last element .

Now, that w7 orders. [x , g] N T nicely is imme-
diate. For y ¢ T and [x , q] N'T has no first element.
If g€ T then q is the last point of [x , g] N'T ;

otherwise [x , q] N T. has no last element.

If the number of terms of Y is odd, then let =z
_be the last point of (p , y) (T-Q) in A . Since (p, y) ©cH

and y ¢ T and p e P the existence of 2z is‘guaranteed.

K 3
Let x =2 and w(Y*N T) =" (Y*n T) and let w((z , y)n Q) =

A((Z‘3 y)n Q) . As in Lemma (2) it is shown that w((z,y)n Q)
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has interval topology. - Thén we set
Sz} T (=) T(¥'N 1) T((z , ¥) 0 Q) (X n Q) 7({a} nT)
',Wévcan see by the same réasoning'as_above that 7 (X N(T-Q))
has a last and a first point if it is non void, w7 (Y*NT) has a
first bﬁt no‘last point, (z,y)N thasrwither first'nor last

pbint'and T (X h'Q) has neither first nor last point.

"(b) Suppose q € T but . q § Clg(X N Q) . If the number .
of terms of Y is odd, let w(Y*N T) = A(Y*NT) and let
X =1y . Leﬁ |
(X n Q) T (v*n ™) 7 (X n(T-Q)) 7 {a} .
| Tt is verified, as sbove, that T orders T o
nicely in [x ,‘q] but in this case, (X N(T-Q)) may have
‘a last element. If the number of férms of Y ié éveh, let

7(Y*N T) = A/ (¥Y*N T) and let x = z . Let
{z} w(de'T) w((z’, yin Q)'v(x N Q) m((¥*- ¥5)n T) 7(XN(T-Q))m{q]}

Case (2)° Y has no last element. Then let w(Y*N T) = A(Y*n T)

and let x =y . Then clearly, 7 orders T nicely in

[X' s Q.]

Lemma (5): Suppose condition (2) holds and that [p , q] = K€ G .

Suppose, also, that p , q ¢ P Then there are points,

K I .
'x , vy€ (p, q) such that x Ay, (p , x] cH , and
‘ [y','q) c H and there is an order 7 on [x , y] N T .that

orders T nicely in [x , ¥]
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Discussion: Since p , q € PK ‘we are concerned with cases
where the number of elements of Y 1is finite. Again we

consider 2 cases,

Example (10): The number of elements of Y is odd. Let
S 11 11 11, 1 l 1
p=0 andg=5. Let A = %@Ju(pg)u(?g)u.“ M
. 1
Let A’ =4 U(5 - A) U(1,13) U(2,3] U(3,35] U{0,5} . Finally,
define T to be the set A together with an increasing:’
sequence of disjoint semi-closed intervals converging to

O and a decreasing sequence of disjoint semi-closed in-

tervals converging to 5 . Then [0,5] -H = {0,1,2,3,5}

Choose 7 = {H,lE,QE,)E} Jet x = % * and |
= 42 . (In general, x is the first point of 2 and y

is the first point of T-Q in [zn,q] where Z, is the

last point of Z) . Then défine T([x , ¥] n.T) as follows:

s ol il o

(45,43) T(1,25) 7(2,25] 7(3,35] Tlig)
Lefde—{—3 L\ :‘] J\ ) :{ t ] i ol T n LO)S-X
o ' 2 3 4 5

[—1141 W) TL Lok Sh L I‘JI‘ L T‘r'L-('. i Y

C A gaadse T
0 W ¥ 2% 3% 5

-Example (11): The number of elements of Y is even.

7sT00
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Define T' = T - (3,3%] where T 1is as in example (10) .

above,
' _ ; * _ (2 12 2
Then [0,5] -H = {0,1,2,5} . Choose Z = {E,:LE,Q.E } . Let
X = %ﬂ and y = 2% . (In general, x 1is the first element
of Z and y is the last element of Z . Define
. 4 ’ .
m([x , y] N T) as follows:

_“f‘ﬁ—i

(1, 1x] m(2,2

A(lx , ¥yl nT)

Note that T([x , y1 n T) is just

Proof of Lemma((5); If K ¢ G i.e. (p,q) cH, thén
since P € Py ,‘(p', q) -T 4 ¢ and we may choose points
X , ¥ € (p s Q). so that x and vy belong to the same

aamponénts.bf “(p , q) -T . Then the lemma is trivially.

satisfied since [x , y] N T =g .

Suppose (p , q) ¢ H ; then K € G’ and define
Z,Y,Y*,Y,,1, and A’ . Since p ,'q'e.EK » Z is finite
:and hence Y has a finite number of terms. Iet w be
the first point (with respect © A) of Z and let z be -
‘the last point of zZ . Then w is the first point of Y*
and z is the last point of Y* . Since w , z & T , if
_the number of terms of Y is even, Y*0 T has no first
- or last element and if x = w s, Y= 12 ; then A ordérs
T nicely in Y* = [(x , y]'. If the number of terms of

i : : ,
Y is odd, let y be the first point of T-Q in [z , q)

1
(A

Such a y exists since q € B . Let w(Y*nN T) = A(Y*N T)
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m([z , y)n Q) = & ([z , y)N Q) and let
(Iz , ¥)n Q) 7(¥*n T) 7y}

" As éhbwn previously, w([z , y)n“Q) has the interval topology
and if'.[z , y)IN Q+ @, m(lz , y)N Q) has neither first nor
last eiement. Then .W([X s y1n T) has no first element, but
has a last element and x ¢ T but\ y € T and so T is

ordered nicely in [x , y] .

. Lemma (6): Suppose condition (2) holds and that K € G .

- Suppose one end point of K 1is not in P, and the other is

K
not the end point of any component of K N H . Then there
is a total ordering, m of T N K such that w orders T

nicely in K .

Discussion: Since one end point of K is not the end point
of any component of K N H , it is clear that Y has an
infinite number of elements.f We consider 2 cases. ' In each

case let K = [0 , 5]

Case (L): Th€ set Y has a first or last element. Without

. loss of gemerality we may assume Y has a first element.

Example (12): Let T be the union of {O s 5} , (%31) s

and [2 , 3]’ togetﬁer with an incréasing sequence of dis-
Jjoint semi-closed intervals in (4% , 5) converging to 5 ,
say {(ai, b, ] | 1 € v} and together with any increasing
‘sequence of disjoint semi-closed intervals COnverging to O
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Then (3, 1) cQ, [2,3]cT-q,and [0, 5] -H-=
{0, 5} U {ai] i €N} . A total order, m that orders T

nicely in [0 , 5] can be defined as follows:

1 . A o T
{0} m (1) T (ay,by] 7 [2,3) 7 (aj,b ) W (aB,bB] T (aq,bqj
T {5] |
In this example, p € ClS(KnQ)
— ) - ] —— 3-8 Talos]
c. \ 2 3 4 a, a a8
l, : . e Lo,61-H
(o] \ 2 3 H 4 G 4
{
[ i i1 1 ‘;{T-JI_;';:T}}:T ” _\_ Y
(o] \ L 3 y 5

Example (13): Let A = {%,%,é,...}_u(l , 2) . Let T be the
union of {0 , 5} and A togetheriwith an increasing se-
quence of diéjoint, semi-closed intervals in (2 s 5) convérg-
ing to 5 , say {(ai, bi] | 1 € N} "and together with any .
increasing sequencé'of disjoint.semi-clpsed intérvals converg-
ing to O . 1In this case Q = (1., 2) and [o', 5] -H =
{ail i e N} . A total order, 7 that orders 7 nicely in
[0, 5] éah be defined as follows:
) 1 1y 41 —_— e
{0y 7 ... 7w {8} T {E} m{z} 7 (815 by) 7 (1, 2) 7(ay, D) W (aB, b3]

. ——p
T (aq, bu] . . .7 {5} . In this example, p ¢ ClS(K N Q)
A .

.\'\ B

iy
/
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Case (2): The set Y has neither first nor last element.

Example (14): Define 'Tf'= (T-A) U {(5—ai, 5-D, ] | i ¢ W}

where a., b,, A , and T are defined in example (12)

i)
Clearly the order A ([0, 5] N T) satisfies the hypothesis

= s
. ~—t

of the lemma. -

foy ‘ . 3 T nlogs]

Proof Qf Lemma (6): . Assume g 1is not the end point of any
component of K N H , and that p q,PK and K = [p , q]

For .the given K ;‘sihce K e G' , we can define 2 which -
has an infinite number of elements and also define

Y,, Y, Y%, A , A’ for the given K-.

O)
Case (1): The set Y has a first or last element, so assume
without loss of generality that Y has a first element.

Then denote by X the component of (p , q).-Z' whose end
point is p . Let 7 (X n(T-Q)) = & (X n(T-Q)) and

T (XNQ) =4 (XNQ) and verify immediately that 7 (X N(T-Q))
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and 7(X N Q) has the interval topology.

(a) If p § T or pe ClS(X N Q) define the following order,

T on KNT. ILet w(Y*nN T) = rA(Y*N T) and

(P} NT) ™ (XN Q)T (Y0 T) 7 (XN (T-Q)) 7 ((¥*- Y )N T

0
T({a} n T) From an argument identical to that of Lemma (4) ,
T orders T nicely'in K .
(b) If p e T and p ¢ ClS(K N Q) define the foilowing order,

7 on KNT. Let 7(¥*n T) = A’ (¥Y*n T) and

o

(X (1-Q)) T(Y N T) 7 (X N Q) 7((¥*- Y)n T) w({a) n T)

Similarly, it is clear that orders T nicely in K .

Case (2): If Y -has neither first nor last element, then

an order, 7 which orders T nicely'in X is:

(p} N T) 7(¥*n T) 7({a} N T) where

w(Y*RN T) = (Y* T)
In proving that condition (2) implies that T is
totally orderable, we can brove the_reéult easily for the |

case when S ¢ G and S - H % ¢ .

Proposition: If condition (2) holds and S € G ,
S -H+ @, then T is a totally orderable topoiogical

space.
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_'Préof: Since S -H 4@ but S ¢ G, also S ¢ G’ and so
| we caq'define Z , Y R YO,Y* , and X for 'S e.G . Since .
+o and -e are contained in non-trivial componénts of
S - T and the accummulation points.of Z occur only at
+eo and j-y , 2 has no accumulation points and so Y has
a finite number of terms. ILet w (YN T) = A (¥*n T) and
w((T-Q) -¥*) = a((T-Q)n Y*) , 7(Q-Y¥) = a(Q - ¥¥)
Define a total order 7 on S N T by:

(Q-Y*) w (YN 'T) m((T-Q) -Y¥) w((¥*- Y,)n T)
Since @Q - Y* g it follows immediately that (Q-Y*) has
the order topology and has neiﬁhér first nor iast elemeht
if it ‘is non-void. It follows also that ((T-Q) -Y*)has
order'topologyéndvhas first and last element if it is non-

void. Hence T is a totally orderable topological space.

Definition: If I is a closed interval of § s 8(J) is a

replacement of I if

(1) & is a-total order on the set J and J is & topo-

.logical space with the order topology,
(2) TNIcJd and J N T is homeomorphic to I N T ,

(3) J 1is compact and connected, the end-points of J are
‘the end points of I and J - T has no trivial com-
ponents. We say &(J) is a nice replacement of I if
' 3(J) is a replacement of I and ¢ restricted to

JNT orders T nicely in I
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" Proposition: Let I be a closed interval of S and assume
7 orders T nicely in I . Then there is a nice replace-

ment, &(J) of I

Proof: ILet I =[p, q] andlet T' = (T nI)ufp, q}.

4

Then 7 induces a natural order m' on T’ , namely

x 'y if and only if x=p or y=gq or XTYy .

' Lét T’ be the set obtained from T’ by inserting.between
each .2 , b ¢ T’ where b is an immediate successor of 'a ,
a set h;meomorphic'to (0, 1) and let 7'’ be the order
induced from 7' on T’ . Then let J . Dbe the set of all

ordered pairs (A , B) where

(1) §+AcT’ ,g+BcT’ ,AUB=1",and ANB=¢g,
(2) a7 VacA,VbeB,

~ (3) B has no smallest element.

‘Then define an order, ¢ on J by:

(A, B) & (A, B) if and only if A c A’
When J 1is equipped with the ordef topology, T N I is ho-
meomorphic to {(A , B) | 'sup' (A) € T NI} and J is
compact and connected and ¢ restricted to J N T orders

'T nicely in 1 . ¥

Now for each element K of .G, define a replacement
o element X <

O) and a set pfvéubsets of K, MK as follows. Assume
' conditionszf/holds.

o
/,/

- . {



Page 39

"(lj If a nice replacement of K exists, let @(KO) be the
nice replacement and let M, = g . 1In (2) through

-(5) assume no nice replacement of K is possible,

(2) If one endpoint of X belongs to P

@(KO).= A(K) and M = {K} .

x end K ¢ G’ , let
(3) If X € G’ and —K = [p, q] , P € Pp and ¢q ¢ Py then
.by lemma (4) there exists x € (p , q) and an order,
T , of [x ,'q] N T) such that (p , xj cH and T
corders T nicely in [x ; q] . By the previous pro-
pésiﬁion theré is a nice replacement, 3(B) of [x , qJ.

Let Kb= [p , Xx] UB and define a total order & on

Ko by & [p, x] =4 > , x] and [p , x] & (B)

Let M= {[p , x]} . |

(#) If K e g and K = [p , g] and p , q'e Py ; by Lemma (5)
there exists x’, v € (p , q) such that [p , x) € H ,
(y » ] ¢ H and theré exists a total order T on
x, y}.ﬂ»T that orders T nicely in [x , y] . Let
$(B) be-a nice'replacement of [x , y] and let K =

0

[p ; x)U B U(y » @] . Defire an order, & on Ky Dby

s (p,xl=A[p,x), 8[y,ql=~nI[y, q] and

P, x) eBaly,al. Tet M = {[p,x], [y, al}.

(5) If neither end point of K is in P, , we first show

K
that there exists an order'on K N T for which only
a finite number of points of K N T do not have.inter-

- val ﬁopology. Assume that K ¢ G’ and assume that there
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are an infinite number ofvpoinﬁs of A(K N T) that do not
have interval tdpology. Then there exists y ¢ K sﬁch
that every open interval‘aboﬁt y contains a pdinf

X é K NT where X does not have interval topoloéyf 1Tt
y is an end~point of K , clearly ¥y ¢.ClS(X N Q) or else
v ¢ ClS(K n(T-Q))_and if y is an end point of K.,

since y € H , y ¢ Clg(K n Q) or else y ¢ Clg(K n(T-Q))

~ Now if y .& ClS(K N Q) , by an argument identical to that
in Lemma (45, there is an open interval, I , about vy

- such that every point of (T-Q)N I has the interval tépol-
ogy. This is a contradiction to the definition of y .
Similarly if y ¢ Clg(K N(T-Q)) there is an open’interval,
I , about ’y such that évery point of Q N I has interval
topology. Again this contradicts the definition of vy

If K ¢ G’ then we can define Y* and A for the given K
and A(Y*n T) has interval topology and by an argument
similaf,tovthe above, there are only finite number of
members of (K N T) ~y* that'do ndp have interval topology.;
‘Hence we have shown thatAthere exists an order on K N T
for which only a finite number of points of K N T do not

have interval topology.

Now using the construction in the previous pro-

' position, there exists a replacement of K , §(K such

)

that @(Kon T) fails to have interval topology at at most

finitely many points of Koﬂ T .
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| 3 1 11 1 1-1
Example (15): Iet A = (-g,-5] U (s ~g> -1z - -] U(“E’5) U(-735)
U("%G’"%I)U“' . Iet B Dbe the set consisting of {0 , 1}

together with the union 6f a set of disjoint semi-closed
intervals, each contaihing one and only one élement of the.
set B’ {E’E’E’%’g""} . For convenience we will assume
that if [a , b) is a component of B then a has an
immediate predecessor in B and b has no immediate
successor in B ., Also, assume that the interval contain-
ing. % is closed on the 1eft and denote thls interval

[a% s bg) . Define- T =AU B .

Then G = {[;m ) O] s [O s l] [1 > w]} and ¢’ {[w O]: O, l]}

For each element K ¢ G , é(KO) is K with order induced

| 1
from R . Also Mp__ 4= [_2_., o] ,
Mi0,17 = 2
M = .
[l,m] g
. ( 1 PEENEDUPINUDIOR VR Y AP SEE U VY 2% L 0P W o
\ Jd A L/ \ B) | / NoA L
-1 % "% -+ g0 % % ¥ 0%
x| PR 2V B S ) VRPN BN W A ) VA RN 1T‘1 " — 4 et 42 £ PRt P T-":
lTr;,,,rrrrr,r#r,vj,—r::r v e 7 17 v/‘&7r, N Ae cuer auy an mey e oy or g VoAt rr—l‘-f '**G

Iet &(N) be the replacement of S obtained by re-

placing each term K of G by é(KO) . Let M= {MKI K e G}
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" Lemma (7): Suppose condition (2) holds and S ¢ G . Then

$(N) and M satisfy the following.

(a) ‘Every point at which &(T) fails to have interval topol-

ogy'ié a member of some element of M .

(b) TLet H* be the union of all open intervals of - §(N)

| ‘whose élosures'intersect T -Q  in a compact.set

disjoint from Cl.(Q)

If I €M, there exists &Ie I such that Lie ClN(N—(IUH*))'
and if the set of points of (I N T) at which (T)

fails to‘have interval topology is infinite, it can be
ordered in a simple séquence, monotonic in & and with

limit point LI"

(c) The set M is countable and for all ¢ > 0 and I ¢ M
there exisﬁs ah open interval of é(N).éontaining &I
such that any twolpoints_of T - I are no further

~apart than ¢ on the original line R

Proof: Ve show first that M is a disjoint family. Iet I,JdJ,eM .

Ic¢ MI' s J e“MJL and there'afe 2’poésibilities,
(1) 1’ = J' and in thisAcase-clearly INJ =g or else

I =4Jd,

(2) 1'% 3" . Assume INJ 40 .° Then since I’ < I and
| J'cJ,I'nJ <cInJ . Further, I' and J' inter-
sect in at most one point So assume I.N J = {p} and

p is an end point of I’ and - J° . By definition of
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G, p 1is not the end point bf non~trivial components of
I’nH and J'NH so assume p is not the end point of
a non-~trivial component of I‘'N H . By Lemma (6) , the
other end point of I’ is in Pys . Hence I was chosen
by rules (2) , (3) , (4)‘ above and in this case p ¢ I

This contradiction establishes the result.

(&) If teT and t € K€ G then &§(T) clearly has
interval topology at t or else t 1s in some
| term of Mg . If t is not in some term K of G
then t is a 2 sided accumulation point of points
outside of, H and hence a 2 sided‘accumulation point

of points of T , and also of points of R - T and

“so 3(T) has interval topology at t

(b) Let I ¢ M and assume I € MK‘for Ke G . If there
exists p e(PKﬂ I) let tp =P . Otherwise, I is a
replacementAof K and since S 4G, K& S and there
exists an end point off I , different from - or 4o .
Tet by bé such an end point. Again by Lemma (6) ,
tre Cly(S - (K U H)) and hence 1€ Cly(W - (I U H*¥))
If the number of points at which §(K) fails to have
interval topology is infinite, then by definition of

g (N) , 1€ P Assume .&I is a left end point of I

K L]
and let x Dbe a point of N such that [LI; x] =1
and (4;>x) ¢ H and x ¢ P, . Let V be the set con-

' sisting of those points v of [LI, x] such that
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veT-Q or v is between two points .t, and t of T - Q

1 2

and no points of Q are between t and t, . Then V § £

1 2
.since}.&Ie PK and also, there is a'point of @ Dbetween
every two components of V . Now since x 4 P, , and
(LI, x) cH, LI is the limit point of a simple‘sequence
~which is mohotohic in % consisting of.components of V.
But the points at Which 8(T) fails to have the interval

topology are the endpoints of components of V hence the

proof of (b) is complete.

4’(c)— To show,tﬁat M is couhtable, wé notice that each
term of} M kcorreSponds to a'hQn triviai closed in-
terval on_thé real line and hence the set M is
countable. To show the second part.of‘(c) , hote
that A preservesbthé order.of_ T in- R and that
& pfeservés the order of T in A except within
terms of G . Hence if the only term of G which
LI belongs to is K thén the result is clear.b Irt
11 beiongs to some other term,AL , of G .then L€ Pp,

and &IQZH N L) by definition of G and in Lemme. (&)

or Lemma (6) the order 7 on I 1is described by éase

(2) . Now by definition of a replacement, the result -

clearly holds.

,Exémple (16): Let T be defined as in example (15) . Then
M = ﬂ}% , 0]} and §(N) =R . The lemma clearly holds and

in fhis case &[_; 0] =0
d’



Page 45

Example (17): ILet T be defined as above. Define

f£:0-1, 1) ~[_li,-lj+1] for i = 0,1,2,... to be the order
c 27 .
preserving homeomorphism of [-1 , 1] .onto [- EE’ - lf?T
' 2 e

et T/ =U {£;(T) | i = 0,1,2,...}

: 1 ‘ ‘ v
Then M_=.{fi[—2T s 01 | 4i=0,1,2,...1 anq te (1) = fi(o)

for i = 0,1,2,...

Lemma (8): If condition (2) holds and S ¢ G , then T is

totally orderable.

Proof: Let & , M, N be as defined in Lemma (7) .

‘Since M has a countable number of elements, let M =
{Ml’ME""} . For each n ¢ [N , we will construct N,

a collection of compact intervals of @(N) and a total order-

ing, 4, (T) satisfying the following conditions:

1., The terms of Nn do not intersect in T and if n > O
then every element of Nn is a subset of some element

of Nn-l

2. If n>0 and A (T) fails to have interval topology at
a point, t ¢ T , then An_l(T) fails to have interval

topology at t and t ¢ M, .

3. If An(T) fails to have interval topology at a point,
t € T , then there is a term. £ ¢ M , containing t and
there 1S & term of Jn containing t and iy in its

interior.
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L, (a) If XeN therLQKXﬂT) = é(me) or A (XNT) = -&(XNT)

(b) No point of T - X 1is between two points of X N Tin A

5. If n>0 and x An y .and y A% then x and  y
are in the same term of Nn-l .. If X € Nﬁ' and X
contains x or X contaihs y , then no.two poinfs of
X AT are at a distance apart, on the original line,

gréater than %-.

6., If n>0 and x , y € T and no point is between x
and” y in A,_q then no point of T 4is between x
and y in An

Y We first verify that the sequences {An}' ' and
' : : ' n=0

{N_} can be defined. Iet A, = & , N. = {N} and these
n'._o 0 . 0 .

©

clearly satisfy the hypothesis. Assume we have defined An(T)
and Nn fqr all n < k k Then we'defin¢ B (T) gnd N, as
follows. '

Clearly if A, (T) has interval topology at every
point of M N T then set A (T) = & ,(T) and N = N_ |
and the conditions ére satisfied.

So assume there exists a point of Mkﬂ T where
A, _1(T) fails to have interval topology. Let s denote
LMK and by hypothesis (3) , let X be the term of Ny

containing, in its interior, 4 and all points where

n
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A 1(T N Mk) fails to have interval topology. Assume,
without loss of generality, that 4 1is a right hand end

point of M_ . By Lemma 7(b) and (c) there exists t € X N T

such that A ={y e T | ¢t &yat) satisfies t,, t, €(TNA) =>
SR | . '
N tl—t2] <g - Denote by d the endpoint of M.N X

Denote by (a , b) the set {y e N | a &y & b} and sim-
ilafly derote [a , b] . Now let V’ be the set of half
open inﬁervals of N vwhichbare components of X - T Which
_have one énd only one end point in fd , LlnT . If there‘
is anfélement v ¢ V' such that there exists x c X.h T
where x 1s the only end point of v .in the interior éf

X and there exists y €(T-X) such that there ére no points
of T between x and 'y in . A

«.1(T) , then define V = Vi-{v} .
Otherwise, V.:VVf . Now it is clear from the definifion»of

V  that Ak_l(Mkﬂ T) fails to have interval‘topologyfaﬁ X

if and only if x is the end point of some dement of V .
Hence, from Lemma 7(b) , if V has an infinite number of

members, these members can be ordered in a sequence and this

-

sequence’ is monotonic in & and has limit point 4 . If
V has a finite number of members, let V =.{vl, Voo Vj}
where vié Vil for i=1, ..., jJ-1 . Let di be any

point of v, and let b, be the end point of v, which is
in [d, 2] N T . We will define an order, 0 , on & super-
set of '[d > 41 NT . At present, let q([d ,'5] nT) =
3([d , 4] N T) Let U be the set of all components of

(¢ , t) -T having one and only one end point in T and
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let U’ be the union of all such components.

Casé (1): Suppose L € ClN(U') . If u e'U let b(u) be
the one end point of u not in T . Given u € U s b(u)
.- belongs fo‘some térm I of M and again by Lemma 7(b) ,
of all-terms welU satisfying b(W).e I , there is’a
first with respect o order % ,-éay. u* , Define U* =

{u* | u e U} and since - 4 ¢ C1,(U’) and 4 belongs to

N
only one term of G , let {uo, ul,...} be a sequence of
terms of ‘U*', monotoﬁic in & and having ¢ as a limit
point.\_Let 1 be. any point of ui and let G be the sub-
sequence of U* that satisfies, without loss of generality,

.b(un) 3 p, - Define L = {[pn,pn_l]'l n=122,...} . ILet
L’ be L together with components of X -(d, p,) and define

N, = (N - {X}) U L.

(a) Suppose V has only a finite number of ele-
ments. We ndw extend the definition of Q to . [4d , po] nT.
Let ((pys PIN T) @ ((dy, dg)n T) O ((Pg> )N T) 0 ((dg,d5)N T)
_Q Y ((dj—l)n T) @ ((pj: pj—l)n T) Q ((pj+l’pj)n T)

Q. o -

If x , vy €(py» pn_l) let vy Qx iff y & x and

(1). n < J end dj@ by ‘and b(u,) & py or

() n>j and n - j is even.

Now define A

k(T) as follows,
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X Ak y iff x Ak-l y -and nqt both of x and

y are in [d , po] N T and

AKQd » Pgl N T) = Q([ad , poj nAT) if A (XN T)

and A ([d , p,] N T) - —a([4 , Pyl N T) if A (XN T) =

-2(X N T) . We now check the hypotheses for . A, and N .

Clearly (1) and (5) are satisfied. Since if A T) fails

-

to have interval topology at t € M, then 't = b ~for some

kK

n and by definition of AK(T) , hypotheses (2) is satisfied.
A . .
By definition of U , hypothesis (3) holds and (4) and (6)

are immediate.

(b) Suppose V is infinite. Define the follow-

ing order, QO on [4d , po] nrt,

((p1> B0 T) @ ((dy, 4,00 T) 0%((p,, )N T)

(A 30 D) 8l(g BN Do o (B 2INT)
Q((pé, pl)ﬂ T) . We complete the definition of Q in the
usual way. Suppose  X , V€ (pn, pn_l)ﬂ T and n 1is odd.

Then y Q x iff y & x and dié bi where n =21 + 1

fr x, y‘E(Pn, p, 1) and n is even, then

y 0 x iff "y & x and % is even or x & y and is odd.

z

Also, A T) and Nk are defined as before and the hypotheses

1
are similarly verified.

Case (2): Suppose ¢ ¢ ClN(U')_. Then there exists a point
t’ of (4 , t) such that t’¢ T and no component of ({, t’) -T

has an end point belonging to T .. For assume the contrary.
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Since ¢ ¢ ClN(U’) and every point at which & (N) fails

to have interval topology is in some térmvof M, 1 1is

the end point of MZE M where 2 £ k . In the definition
of &(N) , 2 1is the left hand end point of a component

of H* and also the right hand end point of a component

of H¥ . This clearly contradicts Lemma 7 (b) ) Hence
choose a sequence, {ph}w - ((4, t') -T) decreasing to

"4 . Between Ph and piil there is a point notAin H*
Hence between P, and Ph1 there is a point and since no
point of T is the end point of a component of ((Z, ﬂ)jT) ,

choose th so that the.éomponent of T containing tn is

trivial. So let {r} and {sﬁ} be sequences such
- n=0 ‘ n=0

that ri¢ T, s;4 T , 1 =0,1,... and {rn} increases to t

s decreas;s to t and r,y=p, 4 > 89 =D

n .
’

Then define a total order &’ on ((pn, pn;l)ﬂ T) by:

' ((sg0 t,)N T) =‘é((so, t,)n T) ',
8 ((t,> 7o) T) ==3((t,, r )N T) , and

((sg 5N T)‘é'((rl, rd)ﬂ'T) @f ((sl, sg)ﬂ T) 5'((r2, rljh T) ...

@'{tn} . Note &'((p,, P, ,)N T) has interval topology with .

no first element and a last element. With ‘@' replacing
: A
& , we can define U’ , U and we have the same case as

.case (1) . Define 0 as in case (1) . We note, however,
that hypothesis (4) does not hold if MN_ is defined as in B
case 1 . But since Ak((L, t’)N T) has interval topology
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at every point, we can define L = @ and then N, as

k
before and hypothesis (4) holds.

Now that we have defined 4, (T) and N for each
n , we will show how to define a total order, Am(T) , . such

that Am(T) has interval topology.

First notice that if t € T, and for each k ,

there exusts X, € N_ such that t ¢ X, € N then there is an

k 1 k

'int?ger m such that An(Xn) = Am(Xm) for all n 3 m . For,

if the above it not true, then by construction of N the

k 2.
component of T containing t is trivial and this con-

tradicts the fact that ~&(N) is a replacemeént of S

Now define 4_(T) as follows:

(1) 1If there exists a (émallest) integer, n , such that
x and y are in different elements of N5 let X A,y

if and only if x An y .

(2) If x and y are in the same element, X, of N for

each n , then there exists m such that for all n > m ,

b (X N T) = Am(Xnﬂ.T) . Let x Ay if and only if x A, ¥ .

We first Show that A9 is a total ordering of T

(a) 1If x Ay Dby (1) and y A_ 2z by (1) then by hypothe-

- sis (5) , x and z are in dirTerent elements of Np where

p =max (n , m) and X Ap z so that x‘&w z

(b) If xa_y Dby (1) and y b, 2 Dby (2) then by hypothe-

S sis (5) and 4(b) , x A,z
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(c) If x A,y Dby (2) and y A 'z Dby (2) then»clearly,

x A oz
o

' We now show that A_(T) has interval topology.
Suppose A&(T) fails to have interval topology at t € T .
Then if ,Ah(T) fails to have interval topology at t
for all  n , there exists M € M such that t ¢ M by (3).
But by (2) , t ¢ M, because An(T) fails to have interval

topology. Hence there exists n such that (T) has

interval topology at t . By (2) , Am(T) has interval
topology at t for allm > n . To show that A_(T) has
interval topology at t , let teO=1{ze¢R | a<z<b}

where a , b e R and O is a basic open‘set of R .

: 1 1 . .
Choose n, such that n, > n s 5 < 7 min {(l t-a | , | ﬁ-b I}

and n, > k where k is an integer that satisfies

K or

(1) ¢t is not in any element of N
. (2) for allm > k , there exists X,€ N such that t e X
and A (X N T) = Ak(xkn T) . _Then choose x , y € T such

that t € {ueT ]| x A, wh ylconNT. Then assume
O '

A o)
| ox-t | < L if t nas no imuediate predecessor in A_ and.
D , ; n,
| v-t | < % 'if t has no immediate successor in A . If
-0 0

t has an immediate successor and predecessor, say 'y and
x thenby (6) , tef{ueT]| xa ua_ylcoNnT. So

assume that x and y are chosen so that | x-t | < %
: 0
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and. | y-t | < % . By (5) and the definition of Ny s
' 0] .

tefueT | xa, u a_ylcont.

Now let teo0’ =f{ueT]| x p_ u} where x € T
~and 0’ is a subbasic open set of A _(T) . Let k De an

integer such that

(1) x and t are in different elements of N, if x and

t are each in an element of N or

k

(2) for all m > k , there exist. X € N_such that x , t ¢ X

m

~and A (X N T) = 4 (XN T) . Let n, be such that ny > k ,

0 0
A (T) has interval topology at t. and o1 | t-x |
Ny . - no e
Since A, (T) has interval topology at t , let a ¢ R be
o o
such that te¢{z eR | z>alnTcf{ueT]| x o, u}. Then
: : 0]

by definition of n, , t e{z ¢ R l z>a}lnTco

-Example (18): If T is defined as in example (15) then we
could define as follows an order & on T such that T has

the interval topology: _ ,
— — —_— — 4

(-2,-3) & (ag,by) o (-%s—%) 6 [ag,bg) ¢ (-2} ¢ (agz,bis)
—s A - .
1
$ (—%—,%) 3 [8’3"2’]0%?5) % {-%} SRR {0} ¢ [a%,b%) S (ai_,bg.]
3 [a%,b%) . . . #{1} . Clearly & (f;(T)) could be defined
'similarly.

Example (19): If T" is defined as in example (17) then it
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4

should be clear from the above example that an order & for

T’ can-be constructed so that T’ has the interval topology.

For &'(T') is defined as follows:

4

8/ (£,(T)) = & (£,(T)) for i =0,1,2,...

and £(T) &' £,(T) é? fB(T) ... . 1In fact, such an order;A
3’ is constructed in the proof of lemma (8) and is denoted
by &_ . In the notation of lemma (8) we have:
M = {fi[-% , 0l | 1=o0,1,2... 1},
No= (BR*} ,

1 1 o .
Ni: {R - (-’—Q-i._l R —;l) I i=1,2,...}

Also, by is the induced order from R and A (T7)

is defined by

8 (£.(T)) if § < i,

by (£5(T)) 3 <

1t d

and Ai(fj(T)) = Ao(fj(T)) o§herwise_,

and (fi(T)j by (F(T)) 83 (£5(T))

. Thé followihg result was showh by I. L. Lynn. ILet’
T be a subspace of R and n(T) denote the end points of
the open ends.oflcomponents of R - T which are half open
intervals. If no open subset of T 1is compact and Clp (n(T))NT

is countable then T is 1ineafly orderable.

- Lynn also conjectured the following result which is

easily proven using the main theorem.
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Corollary: If T contains no open compact sets, then T

is linearly orderable

Proof: Assume T contains no open compact sets and we will

show that condition (1) and condition (2) hold.

(1) First assume that Q is defined as in the main theorem
and that T - Q is compact and (T-Q)N C%R(Q) = ¢ . Then
T -Q=TN(R - Clg(Q)) and so T - @ is open in T since

T contains no open compact sets;»T~— Q = ﬁ'-so condition
(1) h&ids.
(2) Assumé T is‘ah open‘ihterval of R and p is an end
point of I and {p} U(I N(T-Q)) is compact and

{p} = Clp(T n(T-Q)) N Clp (I n Q)

since p € Cle(I N(T-Q)) , I N(T-Q) # § and choose x ¢ I N(T-Q)

et A

{t eI n(T-Q) | t <x and (x, t)nQ=g},

it

3 = {terT n(T;Q) | £t > x and (t ; x) h Q= g%} .

A is bounded below by p and A # @ so let t, = inf (A)

B is bounded above since {p} U(I N(T-Q)) is compact and

B+ @ hence let .tg = sup (B) . Clearly t, # p and

tl, t, €1 N(T-Q) since {p} U(I N(T-Q)) is compact. Hence
ty1s t, § C1z(I N Q)) and so [ty, t,] N T is open and is
compact. This contradiction establishes condition (2)

vacuously.
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Definitions: Let &(R) be an ordered topological space
and let T be a subspace.

(1) If p e T, let A(p) denote the set of all sequences
of points of T , of type a for a an ordinal, approaching
p which are monotonic in & and which have no subsequence

of smaller cardinality approaching p
(2) Let Q denote the set of‘all points g ¢ T such that:

b(a) If p is the first or last point of R or any‘
-~ point of R nbt in the componeﬁt of T contain-
| ing q , then the interval, [p , q] of 3 (R) does
not intersect T 1in a compact set . and
(b) either (1) the component of T éontaining q is
trivial or _' _ |
(2) there are terms of A(q) of differént

cardinality or

(3) there are terms, A’ , A ¢ A(q) such that
every subsequence of Af approaching q has a limit

point not in ClR(T)

(3) Define A(S) ,'to be the Dedikind compactification of
$(R); that is, let p be in s ir (&) pe R or (b) p is
" an initial interval of 3 (R) having no last point and. such |
that no first point of R follows this interval ih R . ILet
_the topology of S Dbe the interval topology induced by A

defined as follows:
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et X, ye S . Then x Ay 1if

li(a) X ,y€R and x ¢y or

(b) x ¢ R and y € S - R and an element of ¥y

follows x in ® or

(¢c) x, ye S -R and some'term of ¥y follows every

term of x in & or

(d) y € R and x €S -R and some term of x follows

y in @

14

(4) The sets H , H and G can be defined as before,‘pre—»

ceding Lemma (0) and Lemma (3) . Let F denote. the set

of all terms [p , g] of G where p A g and there

is no total ordering T of ([p , gq] N T) such that

(a) T ([p , gl N T) has the interval topology at each
point, and |

(b) if p e T , p is the first point of T([p', q] N T)
and | '

(¢c) if qe T, g is the last point of T ([p , q] N T)

and

(d) if p ¢ T , there is no first point of T([p , q] n 7)

and if q ¢ T there is no last point of T([p , q] N T) |

Theorem (2) Let @&(R) be an ordered topological space and T
a'subspace; The following conditions are necessary and suf-

ficient to insure that T 1is an orderable topological space.

-
—
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(1) If T - Q is compact and (T-Q) N C1

T(Q): @ then either

Q=0 or T-Q=¢g.

(2) If I is an open interval of &(R) and P e(T;I) and
-AI N(T-Q).U {p]) is compact and Cl,(I N(T-Q)) ﬂ»Cli(IﬂQ) =
{p}  then (a) the component of T confaining p ié
| | ﬁrivial, and R

(b} no term of A(b) is uncountable.

(3) If S ¢ G, then, for each term i, of T , there is a
point f(I)e T - I such that if X c F and X* is the
intersection of T and the union of terms of X and

p €(T-(X*V £(X))), then p € Cly(X*) if and only if

P € CLy(£(x))

Discussion: Because of the way F . 1is defined, the theorem
caﬁnot easily be used to prove that a subspace, T , is an

" orderable topological spaée. Essentially, if [p , q] is

a term of G , it is as hard to determine Whethef fp , Q] NT
is orderable as it'is to determine whether T 1is orderable.

Let Q bYe the first uncountable ordinal. . We con-

sider the set, QQ =’

R ordered lexicographically. We first
‘show that R 1is order complete. Let A be a non-void

| subSet of R -and A clearly haé'an upper bound since R
has a last element. If o is an ordinal and a.< Q0 define’

A and y_ as follows:
a a .



Page 59

i
il

(1) Ay =f{aeaA | ay = 1} and»'yo =1 if f{a ¢ A | ag

1} ¢ @ and AO = A and Vo = O otherwise,

(2) if a =g+ 1 for B an ordinal

A = {a.e A | %a =

a

p p

1} £+ 4 and Aa = AB and y, =0 otherwise,

| a =1} and v =1 if {a ¢ A
a (0}

(3)° if o dis a limit ordinal,
A =N A)Nnfaechla =1)and y =1 if
& Bca o : o &

Ad £+ ¢ Dbut Yy, = 0 1if -Aa.: g .

',-Now clearly, either there exists Gy » &N ordinal,
such that Aa = {a} for some a ¢ A and for all a > ao or

elsg&here exists a limit ordinal Ag such that Aa =g .

In this first case, a 1is the largest element of X and

a = sup(4) . If A, = § for some limit ordinal a, then

y = {y,} a < is the supremum of A . Hence R is order-
complete and so any closed bounded subset of R is compacf.
Then by definition of Q , if a , b e R and [a,b] is a com-
ponent of T , then [z , b]eT - Q . If a , b e R and (a,b)

is a component of T then (& , b) € Q .

Also, if p € R then A(p) consists of those se-

quences converging to p of type a where o 1is an ordinal

—
—

and 0 =a . Hence condition (2) is false unless it holds

vacuously.
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~Further, A(S) = &(R) where & is the lexicogra-

phidal ofdering on R .,

Example (20): ILet T = [a , ] U (c , d) where a,b,c,d ¢ R
and a<b<c<d. Then [a,b]cT-Q and (c , d)c Q

and condition (1) does not hold so that T is not orderable.

Example (21): Choose P € R and let {aa}a<q be a.descendn
ing sequence of type Q contained in R converging to p

~ For each-ordinal o <0, define the set Td c R as follows.
f.First write a = A + n where A  is a limit ordinal and =n

is a finite ordinal.

Define T _ = (aa+l, ad) if n €{2,5,8,...} and T, = {aa} if
conoe{l,4,7,...3 gnd~ T, = %) otherwise. Define T = Yea Ty
Then T is not orderable for condition (2) does not hold

since every term of A(p) is uncountable.’

We now examine an ordered topological space, R in
which every subspace, T satisfies cdndition (3) . Let Y
be an infinitg ordinal. ILet B ‘be the first ordinal num-:
ber such that E = 2$ and consider the set R = EB'ordered
lexicographically. ILet & be the lexicographical order for

R . Then define, for each a < B , A, = {x € R | x= 0

a
for all y > a}. Defire A = g<B'Ad . Then clearly A is
densevin R . 'Also,.aésuming the Generalized continuum

- /A . _
Hypothesis, A = 8<B Aa < G§B 27< B B = B
~and so clearly A = B
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\
Since vR' has a dense subset of cardinality B8 ,

A(p).consists precisely of those sequences of cardinaiity

B éonverging to p and hence A(p) is uncountable if and

only if B > w . Hence if B > w con- |

dition (2) holds if and only if it holds vacuously. We have,

of course, already examined R = sz éﬂ,in détail.

Also, we can show that &(R) is order~complete in

Q is ordered lexioc-

the same way that we have shown that 2
graphically is order complete. Hence A(S) = #(R) and if
[a , b] is a component of T , then [a , b] =« T - Q@ and’

if (a , b) is a component of T , then (a , b) c Q .

~© Hence condition (3) holds for all subspaces T of
R . For assume, at first, that ¥ = B . Then F = (1] o <8}
and assume Ia = [aa, ba] where aa’.ba € R . For Ia e B,
~define f(Ia) = X where x, = bY for all vy # a’ and

’ is the first ordinal greater than «a such

X 1= 1 where « |
that b= O . Clearly condition (3) holds. If F < § then

condition (3) holds vacubusly;



Page 62

BIBLIOGRAPHY

[1] Mary Ellen Rudin, "Interval topology in subsets of
tétally brderable spaces", Amer. Math. Soc. Trans-
actions 118 (1965), 376.

[2] I. L. Lynn, "Linearly orderable spaces", Amer. Math.
Soc. Transactions 113 (1964), 189.



