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| ABSTRACT S T
-?Tin #his:tﬁesis we consider the propagation of infernal waves
in a ;ota£ing-stra£ified ﬁnbounded ocean‘with randomly Qaryihg
_Brun£;véiséié frequenéy,A/. Keller'é method is used to obtain the
dispé?sion.rélaﬁion for the ﬁééﬁ’ﬁave fielavcorrect to seéond
ordeglin 6.when N is of the férm /V€:N§ﬂ+§%0 where AG='constant.
O<€g<§.Z  and u is‘é.éenteréd sfationary.randoﬁrfunction of
‘éither dépth or time séparateLy; From the dispersion relation
there are derivéd general formulas for the_change'in phésé.speed
andléréwth Qr éttenuation rates due'to theréndom-fluctuations’/k,
These formulas afe depeﬁdenﬁ én thé statistics of;/k only th;ough
the autocovafiance functioﬁ. |
.-The_phase speed chaﬁge and growth rate‘formulas-for depth
dependeht?}i, Which consti£utes.a modéi of the temperafure ana
éalinity fine—structure’in the ocean, are preéented for wvarious
special cééés including the lim;ting éases of corf€;atioh lengths
of‘/x that are long of short wi#h reépeét to the Wavelengtﬁ.
Observations at station P (50°N, i45°w)-indicate that, to a_éood
approximation,.£he/AL are "white noise" and a clos¢ examinatiQtA
ié madebof thé theofetiéél results for this case. With the aid of
'thebstation P data it is7estiﬁated that, although the‘phase speed
changes are gene;ally sméll,-thé_aﬁplitude of‘a wave increases
(decreases) significantly in prOpaga£ing upward (downwafd),through
a-dépth of a few kilometefs. In.addition it ié found thét the mean

>effect”of the depth dependent;fluctuations/p( is to increase the



,'iii
éffectiQe Brﬁnt—véiéﬁlé frequency,-or "stiffen" the‘fluid.vThis
méy é%plain_whf some recehtly-obéervédvfrequency spectra of
'inteinal'wéves do not exhibit a sharp cut-off atvﬂg, the deter-
';ministic‘theoféﬁical upéér bougdffér the.Wave frequency. Finally
‘aﬁ attempt is made to asseé the range of valiaity of Keller's |

method in the éontext of the present problém.
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CHAPTER O: INTRODUCTION | _ - 1
- It has léng been known that internal gravity wave motion
exists in;the oceani(see.Chapter 5 of Phillipsﬁ). In order to
proPagate, these waves require a stratified medium such as the
ocean where less dense,surface‘layers rest on more dense deeper
lafers. A measﬁre of the strength of the stratification is the
Brunt—Véisélé frequency,AJ;-definéd by the equation
_g doce)
Ni= T
» F.,(Z-)
where 9 is'the:acceleration due to gravity and puc2) is the rest
density of the water as a funétion of depth.lz; which is positive
upwards. |

C)bservations'8 indicate that internal waves frequently cc not
propagate with constant amplitude but grow to the point of brezk-
ing or become aamped out. Possible mechanisms have been advanced
to account for thisbbehaviour iﬁcluding diffusive processesﬂ and
interaction with currents’s In this thesis we shall examii._ the
effecﬁ on thé waves of random yariations in the quantity/Vz by
studying the dispersion relation.

Many studies of internal waves have assumed a stratificat:ion
sgch that A/%Z)=/%f , a constaﬁt.‘This is done for two_réasons;
first, it implies a smobthly varying depenaence of.density on
depth, which mayibe a reasonable approximatioﬁ to the actual depen-
dence at least sectionally; second, it reduces a.‘z—dependént
coefficignt in the internal wave eéuation to a‘constant, i.e., a

purely mathematical convenience. The properties of free wave



solutioné fér this case are well knéwn and are summarized in
Aﬁpendix A, Here we shall assume_Nﬂ is subject td small random
fluétuations about é constant mean ﬂﬂ. In Chapter I the random
fluctuations will be depth depéndent and in Chaptérill‘time'
"dependent fluctuations will be considered. In Chapter 1II we dis-
cuss graphs of the relative phase.speed change‘and growth rate
plotted using real oceanic data in the corresponding formulas for

"white noise" fluctuations derived in Chapter I.



CHAPTER I: THE DEPTH DEPENDENT CASE

I.1 Formal Dispersion Relation

In Appendix B we begin with the equations of mass and
momen tum conservation of an incompressible, inviscid fluid in a
right—handed system of Cartesian coordinates uniformly rotating
Qith angular frequency ﬁﬁlabout the #Z -axis, which is vertical
and positive upward. A basic state of hydrostatic equilibrium is
assumed and'upon_this small perturbations in the fluid velocity.
pressure and density are imposed. If the resulting equations are
linearized-and attention is restricted to two dimensional motion

then the stream function is shown to satisfy the equation

| 2 | 2 2Ar2 .
'@utt +-¢-);ztt,i+/v2¢;z+f-¢;é _N/j 2tt _f‘%é =0 (I_‘”.

where X 1is the horizontal coordinate and ¢ 1is the time.

We assume depth dependent random fluctuations in N? of the

form
2 2
N= =N, (1+eucz))
where we) is a zero-mean, wide-sense stationary random process”

and € is a size parameter such that O< €?<< ] | Restricting

attention to the case of harmonic time dependence we set

- I - (Tt
Pexze) = e

VYex,2), >0

This gives equation I-1 the form

(MeH)¥=0 (1-2)



where
— 2 /Voz—-O“’ 2 2
../%—92—;;_—;‘19:5— "%,92

a deterministic operator, and

gi-£r °F

a "small" random operator.

2 . 1‘ 2
N= - 6/\/05(2)9 _ e/\/?urzjgé

Equation I-2 is in a form suitable for the application of

8,9, /0
Keller's method "

of which we give an account in Appendix C.

There we show that, correct to second order in € , the dispersion

relation of the mean wave < ¥> (where ¢ > indicates ensemble

average) is

‘e..c'(kx—f-ﬂzb)_/‘/% _ </{/'/M—1/V>] e

where 4! is the integral operator defined by -

QO
M Fex,2) =f/5”‘»’%2,2’/ Fexyyzyddx'dz’

with C;, the Green's function, being the solution of

MG =dex-x)dcz-2)

Since AL is translationally invariant in x

(lkx +022)

(I-3)

Z, the

Green's function is a displacement kernel in ¢A(—{ that is,

G%x,xﬂz,zﬁ = GGcx~-x,z-2')

so it is necessary to consider only

uf/{G = JUUJzZ)

(I-4)



Equation I-4 can be solved by taking a double Fourier

- (kxrlzZ)

transform of both sides, l1.e. multiply both sides by
and integrate from -oo to +a? succeésive’ly with reépect to x
and Z . The inversion in ﬁ één be readily performed to yiéld
the Fourier transform in X of & , which we denote by é(k, z),
" so that |

4z
~He-21€" 2 gon (k-2 z)

GGek,z) =
UC'zkz—d}q.

where H is the Heaviside function and we have set

— NS
L= "
and
No =0 *
c* = g T

for convenience. In the deterministic theory there are two

passbands of <? defined by inequalities:
2 2 2
f < U*c N,
represents passband I waves and
2 - 2
No <a*<f
represents passband II waves. In either case <¢? > O.

I-2 Simplifving the Dispersion Relation

It is now possible to substitute A, M7and A& into I-3 to
find the dispérsion relation explicitly.

Set



71— = e <‘ x + Z/L/%ec/éx-rﬂz)

~ and
_c'(szfif k 14
T =-e SHM s @O
Then
7;- = ¢c*k*_yg%_ ced
and
_ —(lkx +432)
hh = -e | <e/urz)[— ,f, 4072_]//@(1 X, 2 -2) .
.6/‘(2')[0_,_/_-.; ). —-c(c? _7> e((/(z’f- 1‘2’}0()(/‘{2,
Simplifying
7— _ €Ze_<’(kx+f2~_/
b = —

)
z
§C((2} a":f” x +d92]\/,./-6.<x-x;2_2l} .

CChkx'+22")
dx:dz’

/xci/[‘,

This can be written ‘
= —¢ [U W +c£o(] ‘“"’“22/{/4 %)[ 27(19; +dr73]'

. kxtoz) _¢, kex-x .1/5-2’
[Genrs 2oy e ~elken-x s Y gxite
-—a



Make the change of Vériables
x”=x-x'
2‘// =2 _’_z/

Then this gives

-—6[0‘1 T

~((kx+ 4
¢ X A Z} (2) oL 'f'lg +dy]/'6(l" 2”}.

p (Rx+02) _ —((hx"+02%)
cUCZE 7 ¢
SMCE-Z7)> € e Lz

Now taking into account that the integral is a function of 2Z,

the differentiation can be performed to give

T, - —¢ [ A/Jk +(ﬁc/]e—c(/cx+zz/ (,{xf-iz/.

z)

'2 {',_ #( 10(]@

. P ”
.//G(x”f/.((-z Z”)> e c(%x/+€2 5{;(’/012”

—Ckx+ 0 7 |
-€ [aa - odfe™ Blgcthxt z/gq(z/o(f

" (kX" +g27
‘//‘G(x/ 27 2 (E- z”}>€ 4 ‘ )c{x’ﬁ{-z-”

Using the stationarity of M) we define the autocovariance

function, | ¢ 2'), by

DZ”) = Q((:‘E}/u(z- z"/>

Now



/uzzz-z”) = —Mgu (z-27)
and ‘ |
—Q(zpaz,,(z—z”» = -—9212/(/u/z)/a(z- 1))

Thus

Lo o]
- . 2 v a2/ ~(Ckx” “
L, =-¢ef zf‘”’M]//GfZCZ ) [z @ 22 tan
-
— kx4 0 4
et ffocs o e 0 00%

’\
and in each case the integration over x” produces (&(4,2”) in the
above integrals.
So, correct to second order in €, the dispersion relation

reduces to

J — Pz
% son (Ve —L% ) (210

T+7, = ck -0 A4 +€P

e 4 =0

| 2 p
—ed[A L . J]/ M(mﬁ*) [z e 2

Using integration by parts'we can write

fed% sin(Veik' - 45 E‘JFZ/e 4z, - (72
Vet - dZ = '/ 2 oo (fowtdy z) [cz1€ "tz
4-



o . .
- d24 . :/Cz,(/z—d/z 2 I"" —( /7
—(6{/2—('0{/'6 5(/71( = + ) )€ dz-

as the integrated term vanishes at 0 and @ . Collecting terms

we obtain

—¢ 0
2 ) % o£2 e.*/z son(c’adz) iz "C
Y_ gt 4 +ey XL —(ld

Ch-L = Clorfr % V””l V- azg Az

—€d| T f‘_‘M]/ % colfcti—az) czje Pz =0 (I-5)

as the dispersioh relation for the mean field < ¥J, correct to O
We note that the O terms, which are the correctioné to

the dispersion,relation for internal waves in the non random fluid

(i.e. the above with € = O ), are dependent on the passband of g?

I-3 Polar Representation of the Dispersion Relation

In discussing the Oth order dispersion relation in Appendix A

we employ a polar representation of the wavenumbers, i.e.

Lk =0t cwa b
and
D =36, m8 — (4,

where g¢, is real.

We want to extend this representation to the Oe dispersion

relation, i.e. set

k=23ecm6 . h (I-6)
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aﬁd
4 =¥sing =4 (1-7)

where € is a real angle and o€ may be complex. Substituting I-6

and I-7 into I-5 and simplifying we obtain

2N\p2 2 _N22cn2a _ d2 A 2 z 7]
02302 cae?e —~ 3 isné d/¢+6[7:°—.;‘_1&66m‘9~6(/2]

: ) o . F\—z‘ —(Hsmb 2
'[ﬂofz&ezfﬁze —{dyesno “d{;]fr'(z} sonllc et -452) ¢ oAz
- . 2 2 2 Z
Yo cK e ~ Ay

o .
M2 . . —(XsmO 2
—ézd@l-t“.zaez(‘ofe——(Jé?&we—C//Zynz)cm(l/cwzcﬁle_d/;z)e gz =0
) - -w ) .
(I-8)
Now if we fix an angle of propagation, € , and specify the
quantities 6,f, N,, 4 and [(z) then equation I-8 is an equation
for &2 which can be solved by iteration (see Keller and Veronis",i .
Setting €=0 gives the 0Oth order solution of Appendix A

oo = 3 -
2} crcmio —sunze | (I-9)

Substituting &, for 28 in the OC€) terms gives the first
iteration solution (which is valid if the Océ’ terms are small,

see discussion Appendix C)

%2 —' _.462_ A/ol 2 2 2 A/oz 2 . . 2
a/(oz -Z ;—;_ a_a—flc)(o(‘aqé 0% O;c—laﬁ,(me—-(dc}?o&ms—-dé]
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. . . Smg 2
,‘/F(z) sm (s |sum@) 2) @ o d + 4¢? YA b(z(bazé-(.dd(’&,h &2
. aeolwe; | ?:. Z(_[GTZ—.?F‘ o tGl ° 8 -~ /2].

fﬂz/cm(%!meli)e (aeoamezdz | (I-10)

Since Sm(XZ)/y and CefxZ) are even functions of « ,
the absolute value signs can be dropped. For convenience set

= Er(’osvhe -and

2
A= N N

‘Taking the square root of both sides of I-10 and using the
binomial expansion on the R.H.S. (assuming the O¢¢*) terms are

small relative to 1), we obtain

E A 0 . .
% = 1= B R(A- cax)[ Ty sz 5% 1
—Q0

[+] .
262 v '—(d%
’{'—2‘(4—'(6{“)//_1(2)00@0(28 Az
—d0 . -
Hence it readily follows that

* =/ - éz/qz - e 2€*H ¥
4&}) I ?;:évrzzjékxnzc\’?c{? + _Z(_;C,'P(E}J%

',;é*dfrcz)s«c}nze(zo(i‘ , | . (I-11)
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and

_ 2.,° ' ' o‘ .
Dni%e} = j—?—f/ﬂz)(l—c;azazzjdz —e‘d//"(z)(ﬁwezqz)a’z (I-12)
e —o0 '

R

J-4 Special Cases

First of all we shall assume that the fluctuations in /u(z}

are "white_noise" so that

r}z} = rqSCi)

Observations taken on February 23, 1971 and July 29, 1970 at
weather ship station P (50°N, 145°W) and analyzed by Richard
Thomson of Environment Canada_indicate that the assumption is well
justified over cerﬁain depth ranges. The quantity"A/?Z) was
computed at 10 meter intervals ffom the ocean surface to a depth
of 1500 meters. The results indicate that A/ﬁi) exhibits a
strong trend with depth in the upper 700 meters. However, betwmen
the depths of 700 m and 1500 m AJ%%J appears to have little
trend with mean /Kf&22x/0"%u72 and statiénary fluctuations,f}uzb
about M’ with 941&0(%) . Furtﬁermore, the autc_ovariance
fﬁnctions for both the summef'and winter data computed using the
mean, /Kf , over this rangé indicate the €/u2)'s are "white noise™
to a good approximation. We include for illustratién in table I

the autocovariance function computed from the winter data.


http://Cju.it

TABLE I, SAMPLE COMPUTED AUTOCOVARIANCE FUNCTION

DEPTH LAG, Z m

0
10
20
30
40
50
60
70
80
90

100
110
120
130
140
150

- Substituting fﬁé}il for ‘r?z) in formulas I-11 and I1-12

yields

Rei*%.} = 1+ €40

and

Inf%] = -

Using equation I-9 and recalling the values of H

can write

Noz . C'U'QZG

e[z

0.19580
0.09219
0.01881
0.06659
0.02786
0.00000
0.02475
0.06593
0.02659
0.03095
0.06968
0.04162
0.01218
0.0597"
0.075006
0.01380

?Q{d%eof = | +exdl

and

2 "
TEF" 4(Coa20 —5em 2g)

I §%] = — el N —pin
/rrl)( &pof - ézd ZVCICQJQ_;M’5'

Z
- 42]

13

(I-13)

'} | (1-14)
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We denote the dimensionless quantity dI” by L where

o
A
d = a(fﬂz)clz
) ’ , .
If S is the phase speed of - the Oth order wave and S is the

phase speed of the U(€*) wave then

Ri{%.1 = "%

and when :Lnfﬁ%f is negative the wave grows, thus we can rewrite

I-13 and 1-14 as

Sy . z
/S No Coata@ J
—— - . - — 4, _ 5
626? U'E-fl 4_(C2C0'Q26“$4/Vl29) 2 (I .Z )
and
—Zhnfegﬂ} _ M6 }
€xd : .Zt/c’c'oa‘e-;uhfg ' (I-16)

..Equations I-15 and i—l6 are discussed at length in Chapter III
where they appear as equations III—i and III-2. At this point we
just mention that from I-16 it is clear that, independent of the

o? passbahd, waves propagating with an upward component of
direction grow and waves pfopaga%ing with a downward component
decay with the ﬁagnitude of ths growth or decay dependent on the
passband of a? only througﬁ thé dimensionless quantity Eﬂz‘.

Next we consider the special case of I-11 and I-12 for which

[C¢z) = ["e'm/L ' -



which is the autocovariance function of a Uhlenbeck-Ornstein

processs. The resulting integrals are easily evaluated as they

"have the form of Laplace transforms. Equations I-11 and I-12

become

Coa 6

242 '
e 7 2L Fur
X)e{ é(o} - .Z + ogrft G-(¢icoard —M’G)

1+4«*L

2er[=2l?

coa2g

_ 172
g

1+qe2L?

+ 2€? Fo(me py

and
7 By ?_ zezr'dL\/C‘Coa’G-JWG' Ne  _cad ®
@{&o - s 6 et 4‘(("('@’9—50;;?9)
eldL Sn 6 {2+4—o<"£22
2 clf'oale——wzg T+ Lot 23
If we set
_
M= "5
and
’ /
[d =

then as L—>0 we have

—H!I/L
Lim '€ - S
L—=0 2L

Letting the dimensionless quantities

limiting case of I-17 and I-18

AL, L~>0

2] 7 e ;«LA f

15

5] (1-17)

c*coi@ ~ Mle) /2

_-18)

we have the
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A L
e2d = Oift 4(c*coerd — simp) 2
and
Il %] sm g
€2l ZV%’GNHG—-qui;

which is a recapturing of equations I-15 and I-16 of the "white
noise” case.
Finally, we define a quantity, L., called the correlation

length of MUZ) ; it is the smallest length such that
1zt > L = [(z)= 0

It .i's now possible to deduce the form of the dispersion relation
in the two limiting cases of short and long correlation length
with respectv to the wavelength.

First we examihe the case of sﬁort correlation length, i.e.
L/7\o< < 1 where % =27/5,. Non-dimensionalizing the depth
coordinate Z with L., i.e. setting Z=L2* it ié now possible to

rewrite I-11 and I-12 as

' 20212n° B * 29 A°
e} =1 - ——————€;Z L/F‘(Lz"‘) MSZLZ ) =* + 2_—~: '7.[‘;1)6[2

_an(/_/mu*) sin (2oL 2¥) 2 * (I-19)

and
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<]

R R I

—EZdL/lq(Lz‘*) coe (2x L 2¥) d2* - (I-20)

By Appendix D we have'that in the limiting case [ << A,

— Q0

2.0 - °
o — 2€? \
e /d{’of— 1 - PE ﬁnz)dz +{§__2ﬂ_£ﬂz)dz +OQS) . (1I-21)

and

Yni%%.f = —-2§10(ff_'(2)cl-2 fO((g) (I-22)

where

ﬁ = 4T suné L/Ao

If the term in I-21 involving the integral
o .
f?ﬂi)o(%
-
is small (which seems plausible for short correlation lengths)
then I-21 and I-22 are qualitatively the same as the "white noise”

.formulas I-15 and I-16 since the integral

e ;
‘ /r'c_i)dz > 0

— 00
as it is one half of the power spectrum of/u(z)evaluated at the
origin.

Now in the case of long correlation length, i.e. L(z >> ]
. o
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we can obtéin the asymptotic expansions‘*’ fbr the integrals in
I-11 and I-12 involving the sine and cosine functions by repeated
integration by p.arts. By Appendix E we have that in the limiting

. - “ 0o
case L>>2, , with &, = %/4d and d = o(/f"cz)clz
. -0

x ) _ €2lto) M _ cm’e _J/]z e*l¢o)
Ki%t =1 7 Jsome 502" 4(crcoato ~simr0) & t 2

2/\ Naz . Caa.ze - _I : 2z _
+ed s 4(cim6 — sn?@) (2] * 0(/@) (I-23)
and
y [&]—s’;{, N, cwm? | ,1/7?_szfaame+0(1) 4
ML %) T 5% 5o LotF 4(cicmre-sme) 2] T B/ (1-24)

val,id for @ not near 6»:6 or 8 =177,

In viev;r of.the experimental data mentioned earlier in this
chapter and the remarks of Appendix C v.ve cannot expect to treat
the case L>> >‘o‘ in the oceans. However, formulas I-23 aﬁd 1-24
may have some relevance to iﬁternal wave motion in stellar

atmospheres.



CHAPTER II: THE TIME DEPENDENT CASE 19

I1T.1 Formal Dispersion Relation

As in Chapter I the equation satisfied by the stream function

bex,2.¢) is

@Xﬂi‘t +éz%tt +/V2 xz+7cziéza - /; 2ttt —ft;;—v"@z = O _ (II_'Z)

2z
This time we assume N’=A,Z+€4¢t)) where _Mct) is again a
zero-mean, wide-sense stationary random process. This gives

.equation II-1l the form

(M+ M) D=0 | (I-2)
where | | |

M = B+ BT+ L9 150, 0 - L,

and

2 y)
‘/f/':: e‘/u(t}/Vo [sz - égzc—l: "'%291]
In this case the dispersion relation to second order in €

becomes
—((kx+9z —0t) " ((hx+ 02 —0¢)

e /M—(Mu%’at/');e =0 (IT-3)

where M~ is the integral operator defined by
m -
u(/('zf(x, Zt) :///Gcz,x;z, 2/ ¢, ¢) fa,’zj t) dxdz e’
- O ’

with &, the Green's function, being the solution of

MG = J‘CX-Z'IJZZ—Z’) ‘cf(f-—-(:’}‘



20
As in Chapter I, the Green's function is a displacement

kernel

' G_(x,x',z,z',t,t'/ = G(x—sz-—i",t-t')

so it is necessary to consider only

MG =dexrfez)fee) - (I -4)

We solve by taking a triple Fourier transform of both sides

of IiI-4 and define
AN fae)
A (kX + 02 —aT) :
G(k,2,0) :///ch.z,t)e ‘ ' dxdzdt
' -0

Using the causality property, G= 0 for ¢ <O, the inversion in

g can be performed to yield the Fourier transform in x and 2
of & :

-Ht) sim wt
w((k®+ L +c0d)

A
Gk, 2,t) =

with d=%/9 and

) NG+ 2F COF L
k* + 0+ cud

w

for convenience.

II1.2 Simplifying the Dispersion Relation

It is now possible to substitute A ,<j£4 and 4 intc TI1-3

to find the dispersion relation explicitly.



21

Set

71— = e".(kx"‘gi‘-ﬂ’t/ﬂ ec'(,(’x rlz — gt

and -
Then
T, = Tk + 0% - N~ 2%+ (ol - (Fd
and
_ -((kx+ 0z O’f) 2 2
=-e" </urt)ﬂf91-1/9929t_-f/392]-
° .
.///G(z—g:_', z-2lt-t) Epct’) /Voz[g,:l - J/y Jas Q;, —'%z 92']> .
- - .
C(kx!'+02'-ot’)
$ € dx'dz2'dLe’
Simplifying,

72- - _€2N°4‘[:k).+‘-ﬂa_z/ ((kx#“ﬂz-o‘t)

5 {

(t)[c? - Qthz—%zgz].

o :
N[ Gex-xtz 3ttty poet)\ o (KX + 02 ~a2)
//.a/ eEmmttjua)e lx'd 2 ol
This can be written

““"'““72—‘ = “E.ZA/"-[/( -+ (i(T/ _‘pf/]e ~((hkx+42 -—O't)

p«w[g 9 (;/t ]

g | _
(k” 2 a-f{// Garmxz-2e. e pace e Lkex-xy+cz-27 —ge- t9]
dAxdz L
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Make the change of variables

x” = x-x’
2 =z-2

t”=t—tl'

Then this gives-

~ €F 2y s garq —lkxelE—ge) o
7; _ _€z/§/o:_[_k + (L32, _Jf’/y]e g_m:) I =% 32 —./9;1}
| o |
. ﬁ _ =\ ‘o-tll p
LphxreE ”/G(/«,a,t'yuf—t”/)e‘ oLt”
. A ,

Now taking account of the integral being a function of ¢, the

differentiation can be performed to give

- Q0

B )
w . 92, = ‘T’
7; - — €2N°4j.[_kl.f— (IG‘/} —(,ﬂf/}] y((t} G’((‘,g,t"/ll(f—t”/ e‘ a{‘f ”

) 2 : 4 2 N L | oo_,/\\' - s
+ %’Yf* +4g2 - 1ff}y]2,20']/¢a(t{/b—l(k, gty e e
. . -0

. ’ @
] A : ‘o ?
+UGt )] Gk, 6" gyt -27)3 ©° a(ti//]
: -0

Using the stationarity of Aut) we define the gutocovariance

function [¢¢") by_

[en) = -Qw&utt—t”)}

H

Then

. o
. . 2/ A : T’
Ty = ~ NI K iy ety [P @ e aey Meers e T it
: : _ )
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4+ ' ©
6"/1/0 PR P A A ’ R
* T["" - ‘"gf]fG(/cf,f”J[—zwF(t”/+<ﬂ‘ cery ] oLt
-0 ‘
The dispersion relation, correct to second order in € , 1s thus
T+ T, = Ok 2% WK = 2w (el d = (Fiad

. <0
DN (la? , cor* 2/ S Wt (cts e9C 42
+eNIk -/9+‘/9-70w(/<*+11+('14}

a

L enE | ‘ . ; - ¢ :
+ 63A/c,[kz—‘f%l+ Lﬁflj smwt [_-20_1 F(:i') *lppdt/]e(UZ[f _ O (H'Sj
o

g Ikt o¥ )

Setting €=0 and rearranging the terms of equation II-5
gives ﬁhe Oth order dispersion relation as in Appendix .A, where
we had 0, k&, 4 real and

L = 4z =<4y

it is again. physically meaningful to substitute the above
form for £ into. equation II-5, the general diépersion relation
to OcC¢&*), and then 'solve the eqﬁation for O . Making the

substitution we obtain

O Kl — Ay - () = Nk = FHLg = g —Clxd) + (T (Ur - (D)l

S - o+ VR = G- () # g - )]
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[- <) -
sinwt (ot £ 2/\/04- 2 (g* . L2 .
.aw(k,wz*%)/?t)e de + G [K - Fler-idy) ‘7.(&—44/2)]

o | ' ‘
. SmOUt E_ d ! . _od 3 (Tt _
ow(k‘+lnz+d}4.) 20 (%% /2)’-2-(-) + (e~ é')nt).]e dt = %

This reduces to

L . o 2
G2+ 0E+ L) = NAR — £ 43+ d2y) + NS [K - Loa 2 = 247

@ )
Sem Wt e Sl AT y_ o ]

. -+ ° 4 - & z -

DA 7 ) [eor e ate 5 [K - o f- Zon s
J ‘

m .
) simwt = €T o@C, -6
L/kz*le_fd/;-)[—ZO'[Rr;f)'f'(a‘C{[—’('t) +( [ (e +% e “sr =0 (I1-6)

Equation II-6 is an equation for ¢ , and can be solved by

iteration. Setting € = 0 gives the Oth order solution

. /voz,é2+7"zlkz+7‘“4%-'.
° T k' g+ Ly

where we choose the principal branch of the square root function
for definiteness. Replacing ¢ by ¢, in the Oc¢) terms and

rearranging yields the approximate solution

4 2 MRt pyy Loz 2 n® ‘ . .
g2= U;z_ &N [k 5~ (7 7"/ 75 (% f)]/mqt ntletmtdf
24 (k*+ 4 +d2y)2 4 o
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w2 IRp (T2~ F) — g, (0= +Y > '. y
_ E€No. [K- % z ;5 ]./&m%t [—ZO'oﬂe [t
I (k*+ 28 + <) |

(ast

. . . / "
+(Gd ey + i) +dp Te)] €7 dt

Dividing both sides by g,? and using the binomial approximation

for the square root we can write

_ e (K- (O (cr"z'm“%y'("?"’l/]/w e [tre ™ qe

% -1 =
* 205 (k> + 4r + Ly )?

: g, — LG f
N F LK~ I (@ fY 29(7 ﬂ/&mc’t [ZO‘[:Ft)
2903 (K*+ 22 + d%

| ' " ‘0. ¢
riadTet) + Cleller + 9o M) dte (1L~ 7)

. . . . . _
For a given choice of autocovariance function R’C), ”Q?Z(/a lf
gives the relative change in the phase speed of the .mean wave, and
T -] .

,mfﬁ represents the growth or attenuation factor. If both
are positive then the mean wave travels faster and grows. It is
also possible from equation II-7 to derive asymptotic results for
the limiting cases of long and short (with respect to the wave
period) correlation times similar to equations I-21, I-22, I-2:3

and I-24 of Chapter I.



CHAPTER 1II: FURTHER EXAMINATION OF THE CASE OF DEPTH 26

DEPENDENT "WHITE NOISE" FLUCTUATIONS

III.1 Introduction
In this chapter we shall be concerned primarily with the

case of "white noise"//l(Z) variations and the equations

So, -~ 1 2
€xd agift 4(Ccn?o — sun26) 2
and
_7/777;&6@ } o 6 .
= — ' HZ}-Z
el 2| cicrro — smzg ( )

which are formulas 1-15 and I-16 respectively of Chapter I.

In order to obtain a graphical represeﬁtation corresponding
to these formulas we employed'the data from station P (50°N, 145°W)
discussed in section I.4. We put %ﬁ==L22’V0—%wc"z throughout
corresponding to 50°N latitude,Aél=3x“r%ﬂfz.for the passband I
case, and in the absence of any data we chose No = 107'5¢¢% for the
passband II case. Representative values of ¢° were selected for
5oth pasébands to give the values of asymptote angle, 6%::ta£l c?
indicated on the curves.

We then let & run over the range 0, 0.19,7,-.- 096, as III-1
(I11-2) is even (odd) in 6 , and computed by machine the R.H.S.
of III-1 and III-2 for these radian angles of propagation. The
print-out was hand plotted on graph pa?er, smooth curves'were

drawn through the points and the curves were inked onto tracing

paper to give figures 1, 2 and 3.
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III.2 Discussion of the "White Noise" Growth Curves ' 27

In order to interpret the graph of ‘7/771{&46}/6’02‘ versus the
radian angle of propagation for both passbands of d?, it shoulZd
be understood that the dimensionless quantity e d will have a

different value for each of the two. passbands. We recall
A 0 | |
AL = o(/r?z)di
. —_
=dl

for I¢2)=l&2) and for the approximate value

= 103 om sec™?

we have

d = 351077 ot

for the passband I case, and

d = /O—Isom—z

fbr the passband II case, with the above values of /V: .

Examining figure 1 it ii clear that waves propagating wizh
an upward component of direction grow but that waves with a
downward component of direction are attenuated, since the growth
rate is an odd function of the propagation anglé. This behaviour
is also found in the Oth order case where an explanation for it
is given in Appendix A.

There we saw that to Oth order a plrne wé&e has the form

d25  (kx + €2 -aXt)
e e
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For a polar representation we set

(K, 2r) = 30, (c @, Sim@)
and

(X,2) = p(coul, sin¥)
which gives the form o4z .e"éﬁ’? coa (6-¥) - at])

Now in thé Of_fz) dispersion relation we have allowed € to
be complex, i.e.

X = Xx + (Hg

and the mean wave has the form

dz, ' ('[aeke coa(6-¥) - a—t].e -Xrpcoa(e-¥)

e €

But, since in the "white noise" case

I £ %08

€d

. A
54/"16 aeo
ox

_XI = ezr‘éé:&u'ne

then the mean wave form can be written as

(4 + e 302 sam?e)z + 611"3@3..&_)%39 3¢ eé[%e Cod (68-¢) -0t

e.

which implies that growth or attenuation occurs only if the wave
has a vertical component of propagation (i.e. 8+#0,7) and that
the growth rate depends on the sqﬁare of the éBrresponding Oth
order wave number. In figure 1 wave number is a "hidden variable";

as the angle of propagation approaches the asymptote angle we



find thét the érowth or attenuation rate‘becomes large because
o¢s becomes large.

éo for a given distance A shorter waves will ~ow faster
than longer waves, possibly to £he point of breaking, in
travelling'upward from the plane z::b to the plane z = A.
It is reasonable ﬁhat shorter waves should be more affected by
the presence of the "white noisef»fluctuations. The analysis is
not uniformly valid-in the wavélength, as discussed inléppendix
C; very short waves aré excluded from consideraﬁion.

Since d:-—aﬁg we define i@, a length scale determined by

the variation in e - by

°‘=1/fe

Also let us define
defg = d + 2627 3¢ suno

and by analogy with the above we define Iﬁﬁ by

deg. = 1/,(7(,#
Now deg >d SO Iwﬁglf? ; in words, the mean effect of the random
inhomogeneities is to shorten the length scale of the e
variations. Conseqﬁently by ana;ogy with the corresponding
result of Appendik A growth or attenuation of the mean wave 1is
necessary to preserve kinetic energy in the presence of the

decreased mean density variation sacle .@wﬁ . Similarly

29
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2
defining _/Vo ef by

k)

de#. = Noet

—

g
we see thié can be interpreted as an increase in the Brunt-
vaisgla frequency or a "Stiffening“ of the fluid.

Using the station P data discussed in I.4 it is possible to
estimate the magnitude of the change in growth or attenuation
rates and the quantities dey and /%Qﬁ . For both summer and

winter in the 700 - 1500 m range we find

0 .
e’/ﬂz;dz = ¢2[7 = gx10%cm
-0

9

-1
om

Since d =< 3x/0 we have

det, -1 = 2€*[0isne /= 1077 3¢t sem2e

8 . . e
Zalkanl observed for internal waves in the Pacific that

b =, 177‘:«/0'?,,,{1 or A, & /osm =1 km . Thus
de&z( -] = 4 x003sim?e >> ]

unless 6% /0% radian. Thus the stochastic effects are dominant.
Since the vertical growth rate is essentially &% [ aes som 28
and the horizontal growth rate is €[ $42¢ then with

e = 2x/0?c/m we find vertical and horizontal growth rates

1

. . -5 . - e -1
respectively of approximately /0 smocm? and 4 x/0 6 somze cm

-3, -2 -4, -1
for a 1 km wave, and /0 som'@com and 4x/0 smecm for a 100 m wave.
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If the. wavés are essentially horizontally propagating, as ZalkanIs
finds, i.e. ©<< 1 , e.g. 8=0.1 then W?e = 6* and swm26 = 26
and the rates for a 100 m wave are approximately /O-SC”n;J
and 10=% ¢m~1 . This represents an e-folding length of 10

wavelengths in the vertical and 1 wavelength in the horizontal.

Since /Voze,cf_ = deg ¢ then
Noe = def 10"%3¢2 san 26
G = Ly =

with our data. Thus Meg /y, <= /0%, Ism6l @ 277 for & = 0.1
and a wavelength of 1 km. Hence the mean effect of >the random
fluctuations is to substantially "stiffen" the fluid rendering
the Brunt-vadisdld frequency effectively greater. This suggests
internal waves in passband I might exist with ffequency T >NV,
the determ-inistic cut-off. In fact some recently observed

internal wave frequency spectra do not exhibit a sharp cut-off

at N,

5,717

Looking at the curves of figure 1 we can account for their
oyerall appearance as follows:

l‘) Independencé of ~7wm?%. 1/ e d on the passband of ¢
follows as it is only c¢*=Wa-0*)fe>f*) which determines the
asymptotes, not the parameters individually.

2). Growth or attenuation requires vertical motion of the

wave; hence for 9: O0,7r we have no growth or attenuation.



= 0.31 (joé’o‘zz 2 7.2 55("2)

0.45 (2.43)

0.65 (1.91)

0.78 (1.52)

0.95 (1.02)

_ / 1.4 (0.03’
O { | | ] / ] |
__-—/ —

of . 0.8 1.2 QuUAD. IZ, I
6, PROPAGATION ANGLE (RAD/ANS) sAmME AS I, I

G 2 RELATIVE PHASE SPEED CHANGE
FOR PASSBAND T: f*<a?< N°



(S5 - J}/e‘af

4 6, PK’O?HGAT/OA/ ANGLE /zgp,g,vgl) QuUAD. I,
o4 _ , 0.8 15 SAME 'As I,IV
O___. : I b . | l T 'I 1
—r : . - .
-0.5 k — g
0.65 (4,53) '
0.45 (2.39)
-0.6
i 031 (1.23)
-0.7 b
-0'8 |
6, = 0,15 (/090‘1: 0.37 55<~“’/
-0.9

F1G.3  RELATIVE PHASE SPEED cHanGe

FOR PASSBAND II: Ni< o2 < £2
_ | /



32
3) On a given curve as |el- increases the waves are shorter
and thus have a higher growth or attenuation rate. |
4) As 6,,, ’ ciecreases from -curve‘ to curve the waves
travelling in a fixed'dire‘ction'~ 6  become shorter énd thus have

a higher growth or attenuation rate.

I1I.3 Discussion of the "White Noise" Phase Speed Curves

In this section we shall attempt to interpret the graphs in
figures 2 and 3, which correspond to formula III-1 for E-)assb::*_ds
I and II respecti\)ely. Since the passband I case, File T c /V;,z,
is the usual circumstance we shall give more attention to it.

We note tha‘t when the ordinate (Jo/s ~1)/c:g > 0 this means s.
or the mean phase speed to. OCG‘) is less than the phase speed in
‘the non random case. For our data ed & 6x/07¢ or « /0% and so

Seys—1 =2 /0% O1)-Ocz9) on examining figure 2. Thus phase speed
changes are small, generally speaking.

Let us define F(e) = R.H.S. 'of equation III-1, then F(e) is

monotonic . increasing in passband I and monotonic decreasing in

passband II. Also

'/VZ
= —2 -1
Feoy (g 2

in the limiting case 6 —7, we have ol F1 with £x< N SO
Fco) 2—1/4_ in passband I, and o!T#+" with #> A so Ffo)"-ﬁ'z/z

in passband II.

In passband I the transition case for which the phase speed
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to Ocey is nowhere greater than the Oth order phase speed occurs
when F(0)=0 i,e. T%*= NZ/Z . For F%<<MNs this means a2= (Wi'+FY/s
and (/V;z-@‘}/(fr’—f'/ 2] or (@*« ] ; thus =2 V“_—:‘ 77'/4_ .

On examining figure 2 we see that when &;=1.47 corresponding
to /0%"=0.09, the phase speed to O¢e* is greater than the Oth
order phase speed except for a small range of & near 65 . Sinoe
for large 6, we have o) f* it appears the increase in phase
speed is a result of the rotation. However, as 8 — 65 the waves
become shorter and are relatively slowed down, refraction effects
apparently becoming dominant. The shorter‘the wave the more it is
scattered by the random inhomogeneities in the medium and hence
the farther it must travel tooget from one place to another. This
appears as a decrease in the mean phase speed.

As 895 decreases from curve to.curve'in figure 2, c?
decreases.and, from Appendix A, this means &%, increases for fixed

@ , i.e. the wavelength is decreased. Thus the refraction'effeots
become more important resulting in the upper curves of figure 2
lying wholly above the € axis. On any givenvcurve for @ ‘nearing
©4 the ends of the curve turn up'sherply due to refraction of
the rapidly shortening waves.

As was men£ioned in the diseussion of figure l; e size of
the dimensiohless quantity e2d' Qill depend on the passband c= <Tf.
To indicate which passband‘we are considering we shall use the

subscript I or II. We have
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. -9
dr = 3x 107 cm™?

and
-7

aﬁz = /0 3cnn_1

thus
2 * ’
610/1_.4’;2)6(2 _ a0t e
. / x - °
& d{_é [ c2)dz & Iz

It seems unlikely that the ratio €3 [;/EEL; could be small
_ . a2 N . 2 A
_ enough to yield a value of €xdy larger than €;o{;. However, in
the absence of experimental data for the passband II case we shall
~consider the Oth order dispersion relation in order to obtain some
- . , .
idea of the importance of the fluctuations in N for passband II

i

relative to passband 1I.

Now
, .
C2 = A/ol - 0_;_-2
I 0;2 - 702
ox
C;.A _ 30T -0 . : _ (ZZZ“3>
G, -~ 12251078
and
2 2
G - B = Ny
Z yE 3
- g
or
c? = o — 707 . ) |
T T 2224078 — a2 ' » (1L — 4 |

Let C7 =& with <% their common value. Now let us
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. 2 . -
increase A, by 10% in each case and let AC? be the increment
. CZ
in. « Then

-7
2 _ 3x70
ACr = oz s
T -1.22%10

and

_;,0_11

2
ACI_ T 1.22v/08 _gF

.

Now III-3 and III-4 can be solved for J; and qf and the

results substituted into the above to yield

Ac? = 3x10'7(1+ c?)
I

[ -1 2
3310-%_7.22 %108 &« /07 (1+c?)

and
-t
P -0 cr+c¥
Co = : o _gn3 .2
AGy 1.22x10°8 _ 0~19 07 (1+C7)
Hence
CZ
25 =

Thus.the asymptotes of the Oth order dispersion relation are
much more affected by changes in the Brunt-vdis&dld frequency in
passband I than in passband II. This analysis suggests that the
change in phase speed of the mean wave for passband II will be
negligible, so we shall not concern ourselves with interpreting
figure 3,.which is included for completeness.

A difference in the behaviour of waves of passbands I and II
is not surprising when it is recalled that the two classes of

internal waves have essentially different dependencies on the

media througﬁ which they propagate. Passband I waves cannot exist
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in an unstratified ocean and so are likely to be more sensitive
. ' ay2
to fluctuations in AV° than passband 1II waves, which are inertial

and can exist in an unstratified ocean.
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APPENDICES - 39

A- The 0O0th Order Dispersion Relation

. o
For a plane wave ¥ = e‘(kx+ z-a¢)

propagating in a stratified
fluid with constant Brunt-vais&lad frequency M, that is

uniformly rotating about the verti¢al (2) axis, the dispersion
relation is

k- g?-C2d = O
where c?=(M-0Ylar £2) | 4 - NS/g , £ = Coriolis parameter,
X = horizontal distance, ¢t = time.:

- Putting £=4z+(ly with 4, 4 real and requiring # rxeal (as
there is no physical reason for growth or attenuation of the wave
along the horizontal direction) gives
and

K-t =y | (A-1)

dZ, ((kxtlrz—at)
e . Waves

A plane wave now has the form e
prOpagvating with an upward component of direction grow, and waves
‘with a> downward componen.t of direction are attenuated. Now having
N?=wnN2 , a constant, implies '@,<2)°<€"d2. The kinetic energy of a
wave is prOportional. to _e’Az where A 1is the wave amplitude.
Hence the factor ©%%2 ig seen to be necessary to presérve the
kinetic energy of the wave.

The equétion K-S = 2y corresponds to a dispersion diagram

consisting of a rectangular hyperbola opening toward large 7y

values, for fixed G . We introduce a polar coordinate
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representation of the real wave numbers. set
(%, lp) = Ho (a8, s 8)

Substitutiﬁg into A-1, we find

24 ’ ' _

= > 0 -2

e 2|[c*cot?d —simi0’ T . (A=2)

for O€(-64.65)U(Tr-64,T+8) ~ where &, ,‘ the angle at which

the asymptotes to the hyperbola are inciined to the Kk -axis, is
given by |

G, = fa/n‘zV—EE

Thus it is élear that an.increasé in C? corresponds to an
increase in 9;; or a spreading of the asymptotes. In 4addition
equation A-2 implies that for fixed @ an increase in ¢? results

in a decrease in ©J€,. .

B- Derivation of the Stream Function Eguation

Let (X,Y,2) be a point in a right-handed system of Cartesian
coordinates rotating uniformiy about the 2 -axis, which is
vertical and positive upward. Let
be the Coriolis parameter, where (1 is the magnitude of the
earth's rot: .'on vector and ¥ is the latitude. Then the system
rotates with angular frequency +/2 . If 9 bis tﬁe magnitude of
the effective gravitational accelefation, anti-parallel to the
Z ?axis,a4muc)>are the fluid velocity components, e is the fluid

density and s 1is the pressure, then the momentum conservation
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equations are
Ug + Uz #VUy + WUz -Fu + Yp Ax =0

Ve +uly + véf, + W Ffu o 1/6’74’ =0

Wy +UW, +Vuy +-ufu@_+~gi+ 5?712 = 0
for an inviscid fluid.

The equation of mass conservation is

.Pt‘ +_{€LL)Jc + (elf}y' + (f""f}z =0
and ﬁhe incompressibility condition is

Pt + WUPx +lf€y.+uf€z = 0
Initally setting | »

(u, U, w) = (0,0,0)
| gives with 6:60(21 » R=7%2) the basic state of hydrostatic
equilibrium

g(?.,(i‘} +mc02) = O

Introducing perturbations such that

eex Y, 2,t) = Qo (2) +0, (X, 9.T)
(uv, w) = (u,q;,u;)
P = P2t ARG t)

and linearizing the equations in the quantities subscripted with 1

we obtain

Collpe = FU) + 0 = O | - (B-1)

po(.q;t f?cuz) +7_O‘:f =. 0 | (372)



e 09" Az =0

Ui + Uy 72

Cre * e = O

Dropping the subscript 1, B-1, B-2 yield

oLl = = Fue ~Fpy

eoLlf = -Py +Tpx

-where
L= & +#°
Thus _
foL Ux = =Pxxt — Fpxy
and
POLU_':/. = = Pyye +7"7“x7.

Applying P°L- to B-4 yields

(J.,.Lux +(),,/-U'y *PLwz =

Substituting B-6, B-7 gives

;"/azxt - Pyt +€°Lw2- =0

or

70'1121: +f'972t .‘— /FoL UJ’2)2 =0

- Equation B-3 gives

Using equation B-5
Qo Wee + P2t Gz w =0

or

Pat = Jlr W = Wee

(B-3)

(B-4)

(B-5)

(B-6)

(B-7)

(B-8)
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‘Thus

Pxxzt = oz Wiy ~Po Wyyree

and o -

Pyyze = Yoz Wyy — (o Woyee

Substituting this into B-8 produces

C = Pz Wax + 0o Waxtr —FPoz Wyy + 0 Wyyyy + (Pl wz);, =0

Alternatively,

Wixxtt + Wyyet + Waaee — 9?"2/(4, Wix — 9€°2/e° Wyy

+ f’°?/e° Wzet +7"l€’°2/€° wy + Ly =0 - (B-9)

put A= —».«7(7«1&/6,‘> and 9_,"-_: 0, then B-9 reduces to

Whcee + Whnee # NG ~ NE Whpe — P w2+ Py = O
Now
Uy + ; =0
implies

w=-9,
where is a stream function. Thus the equation for is

seen to be
- | ) 2z _N*F FN? -
éxxtt +—(Pzztt’+N29-Sxx £ Pes "% Lree - 5 & =

the same as equation I-1 of the text.



C- Keller's Method ' ' a4

8,9, 10,11
We now give a brief account of Keller's method for

deriving the dispersion relation for the mean wave in a random
medium. A more general treatment will be found in Keller's paper

in Electromagnetic Scatter ingl?

If £ is an invertible random linear operator and X is

a known function, then the equation
b =X o (c-1)

2 _ v
~implies § is a random process. A_pplying_ o‘(’j the inverse of X,

to both sides of equation C-1 we obtain
$ =27
Taking ensemble averages, denéted by < >, this becomes
i <§> = <XTI>X
Inverting <X gives
D P> =X | (c-2)
Now if of is statistically homogeneous and X =0 eqguation

C-2 has as eigendifferentials the plane wave solutions given by

¢ B, 20> = gilhx+0z-0t)

which obey the dispersion relation

—((kx + 02 —Tt) Rt e((gx +Lz-0t) - 0 ’ (C- 3)

¢

since L= y+A and N is "small” compared to M  the

binomial expansion is used to get
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= - MENM T T TIMT -

which is valid if M Wl < 1 | averaging this equation with

<A = O , one obtains |
e =.,M—1'f¢u'1<.//(//(‘J}JM”- Ce
This is inverted to yield
<o%'?>'1 = M= <N | (C-4)
which is correct to second order.in " , and hence € .
Substituting C-4 into C-3 gives

e—((kx-rﬂz—a‘t/(j‘/t/(_<WM—1‘/V:>XQ = 0 (C_S)

as the dispersion relation of the infinitesimal amplitude mean
wave <9 > correct to Ocey. Equation C-5 is identical with II-3.

In Chapter I we have
-(27"(."}4,
@(Ilz‘-{:) =e (X, 2)

Thus in this case C-5 reduces to

CCkx+02)

e—(-(k1+ﬂ2'){d%_<‘/y<’/%—l/[/v>}e - O

which coincides with equation I—é.

The foregoing analysis is dependent for its validity on the
| not easily applicable .condition that (MWl be small. In order
to achieve another perspective on the validity of equation C-5 we
present an;alternative derivation of it.

Proceeding directly from
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(M+H)E = 0 | | | - (c-6)
" we have
M =-pd I o (c-7)

Applying M™? to both sides of C-7 we obtain
S=-M0@ | | (C-8)
Now C-8 is an integral eqguation and the first substitution
yields
b= MM P
Taking ensemble averages

P> =M N MIVE>

Thus

MLF>S = SN MNP - | (c-9)

A C . 3,6
We now make the so-called closure assumption

N MW F> = <N MW 5¢P> (c-10)
Using C-10 in C-9 gives

fM —<HMP )< P> e

) ((kx+0z2-0%¢)
and again <§> has the plane wave .solutions so

-

the abprokimate dispersion relation becomes

e—[(fx-fﬂz—O"'t)f‘/“_<m‘/%-1ﬂ>}ec'(krf—[2 -a0t) - 0O

identical with equation C-5.

The crucial point in the analyéis is the approximation C-10.
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On p. 45 W.E.Boyce3 gives an account of R.C.Bourret's attempt to
justify tﬁis approximation Ey an argument somewhat similar to the
following. | |
In the term‘(m%A[i0§>it is quite clear ﬁhat the statistics of
é | cannot be independent of those of W in view of equation
C-6. However, if the scales of variation of 4 and ®  are
greatly different then sdme justification for C-10 can be given.
If the random processes M and @ are assumed to have the
ergodic property, i.é; space and time averages are equivalent to
ensemble avérages, then it seems clear that if the scales of
variation of ' and @ are greatly different it would be a
good approximation to regard £he more slowly varying of NMTN
‘and Q; as constant while a small scale space or time average 1is
made of the other. This averége could be regarded as an ensemble
average. Then a large scale avefage could be taken of the remaining
process with the previously averaged quantity being regarded as a
constant. This second average could aléo be identified as an
ensemble average in view of the aésumption of ergodicity.
When we used the 0Oth order solution, equation I-9, in the
O(e) terms and expected the first iteration of equation I-8 to
give a good approximation fof ¢ it was necessafy to assume that
the Oced) terms;be small, or equivalently that ¢ be not greatly
different from €, . This'assumption enabled us'to>u§e the

binomial approximation to obtain equations I-11 and I-12. Similar
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remarks apply to the derivation of equation II-7 from II-6.
Now if we resubstitute

d s @
X = :
2| cicor?o - Simie

into equations I-11 and I-12, it will be clear that the assumption
that the O¢¢) terms must be small implies that the quantity

Cica*9 -5un’d  cannot épproach 0 arbitrarily closely, i.e. 6
cannot approach 8g , defined in Appendix A, arbitrarily closely,
and in other words the analysis cannot be expected to hold for
very short waves. That the Oc(¢*) perturbations cease to remain
small as the waves become shorter and shorter is indicated in
figures 1, 2 and 3 for "white noise" w(2).

Excluding'Very'éh§f§%§§§es"fféﬁ'thewéﬁgl§éis is ‘consistent

with keeping only second oféer terms in € in equation C-4. This
is so because higher powers of ' would add higher powers of
the wave number to the dispersion relation and these could not be
expected to be negligible for vefy short waves, as has been
assumed in using C-5. |

| Asva final note we point out the fact that the analyzéd
experimental data considered ip Chapter I indicatedl/xﬁﬂ» was
"white noise” to a good approximation; and the analysis cannot be
expected to be valid for very short waves, i.é. waves whose scale
of variation approaches the scale of variation of Wr2) . This is

in agreement with the discussion of the alternative derivation of

equation C-5 involving the closure assumption C-10.



D- The Limiting Case L << 2,

- With reference to formulas I-19 and I-20 we define
- 4 . * .
I, = sz CeLz*) xa(2XL2X) /o x
< _ XL
R ] o
]:2 = [__/'F'(Lz*‘) sim (2 2¥) 2%
~00 . . o

Ia = Lfol_'(Lz"') coa (2ul2¥)d2*
oo . .

and

I,= LZ/OF(_Lz*)[ 1= ‘jzz“Lé*ya(z*
-/, |

i

NOW X = 30,5md . and we define

@ = 4T smé L/A
then
I; =T:cp0  (i=r234)
and we want to take
Ain I:(3) ((=1,234)
g0 |

We have

2 (St | son(@z*)
Il(g) = 2L_£Z*F(Lz*) 73%‘ o 2%
0
Iz(g) = Lf [M(Lz¥*) son (@%*)dz*

Ig(ﬁ) = Lf/"(/_z*) coa(pz¥) L 2%

and

T _ o2 1- coa(BzZ*)
I, = 2%/’(&*){7;__/)6{2*
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Let

gez*) =|z* Lzt

and

hez*) = 1MLzl
Now the integrals

(o]
fh(%*‘)di*
N

and

(]
fg(i*}dz*

converge as " is an autocovariance function. It is easy to show
that the functions M(@i*)/qi* , Sm(@B2Y) |, c=(B2¥ and [1-coa(g2)]/g2*

“‘dre absolutely bounded by 1 independent‘ of @ . Hence

2X (L) W(@?*//ngl < gcz?)

F;(Lz*)_caa(@?*), < hez¥

< hcz¥)

[T (L#*) sen(BzY)

and

2*F(Lz*)f ——”—"“—(@—z—ﬂ ¢ 9zt)

g2*

* ' 15
Then by Theorem VIII p. 667 of Taylor the improper integrals of
the first kind Ii(ﬁ) ((=1,2,3,4) above are uniformly convergent
for B in [-®,00] ', Hence we may take dum under the
. . B0

integral signs to obtain

Lim T 14g) = 2L fz*r’(l_z*)cli*
@——)O
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bom I,(8) = O
g Loe
o s .
,%/:L Iy = L_LF(LZ*)a(i‘
and » N
| ‘,%/.Lno I, =0
"Changing variables
’ o : 0
ZLZfZ*/—'(Lz*)d’%* = 2/2[?2)42
‘and

o ' o
L-‘["F(L'i*)012* '—':4'/—1(2)({2

Hence equations I-21 and I-22 follow.

E- The Limiting Case A, << L

Here we derive formulas I-23 and 1I-24 for the limiting case
A.<<L and prove we have obtained a true asymptotic result.

We have

oL = 3 imo = A s4m 8 - 2sme

QMCQWﬁe—SMH;j Ao

Define - .

[~ o
sz dd’"@ coa (2x2)dz + ( Ei_{’li)m(.mz)di‘
. S, Az z

—0
Then
: ﬂ¥fvg) C2x2
[= 2z € Jdz
| Yoo
With =z = Lz*

[ . .
dz* Az*

—
I

-0
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Letting @;:4ﬁuhqﬁkmq we can obtain the asymptotic expansion? of I
as ( —>o0 along the real axis by repeated integration by parts.
It is negessary.to assume [ is sufficiently differéntiable and
to restrict 6 so it is not néar &=0 or e =77 .

Letting

rck)_ d¥ Lzt
T dexk
_ o —
Jk - fl'—-l(k)e(gzdz*
and

X
: (gz (k) © (k)
I—k = e r I = 7 (o)

-
as | is an aptocovariance function. We obtain after N

integrations by parts

N -l)mmrl.
I=27 rey + Ru

m=1 (‘-‘6) m

where

(—1 . o'd(M-fl){—-(L%*} L-ﬁ?:\‘ .
RN:(L'("J“-’_L S

To prove that this is the valid asymptotic expansion of I
‘as @-—;>oo alohg the real axis it is necessary to prove that fcr

fixed N.

(E-1)

—
—f
{
NSz
HQ\‘
‘?‘H
3
Wl
c3
1l
O
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(l)/d‘”*”["(Lz*) F d? - 0 ‘ R (Edsz

—7@ ¢ dzx Nt

Now the integral in E-2 is jus£ the sum of two expressions
proportional to the Fourier sine and cosine transforms of the
(N+1)th derivative of an autocovariance function and hence must
die out at infinity in any physical systemn. Thus equation E-1 is
proved and we have obtained.th'e true asymptotic expansion of 1
as €, —» 0O

Keeping only the Oth order in /g8 gives

N oa?F(z/ —
ﬁi;y;o/‘ ST Coa (202)d2 = O

¢

and

o
‘Al s (22l =
g a2z _

Hence in this limiting case the formulas I-11 and I-12 reduce to

2 : 2
e _ 14 €T [N cx?6 _ 1 ] g’f-‘__ro)
Kel /deo} =1 2538 TEFY 4 (cicoaig-sim6) 2 2
) .
2N Mo, ce*g : -1 1z Vo
+ €% grft 4-((“('0/\)19—54»}’6) /2] * O( /@)

and
2

A 2
626{ [N‘, . Ccoalo _1/ 143@Q$%ﬂ9_f_0(])

()/m {J%(’o; = 25¢,50m0 LY G(cicoro-sm) 2

a A )
where 0,=%/d and d =d [ czjdz valid for € not near =0
‘ ) o

or € =7 . These are formulas I-23 and I-24 respectively of the

text,



