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Abstract

Let H be a separable Hilbert space. Suppose (2, F, F;, P) is a complete stochastic basis
with a right continuous filtration and {W,,t € R} is an H-valued cylindrical Brownian
motion with respect to (2, F, F;, P). U(t, s) denotes an almost strong evolution operator
generated by a family of unbounded closed linear operators on H. Consider the semilinear

stochastic integral equation
¢ t
X, = U(t,0)Xo + / U, s)f.(X,)ds + / U(t, s)g,(X)dW, + Vi,
0 0

where

e f is of monotone type, i.e., fi(.) = f(t,w,.) : H — H is semimonotone, demicon-
tinuous, uniformly bounded, and for each z € H, f,(x) is a stochastic process which
satisfies certain measurability conditions. |

e g,(.) is a uniformly-Lipschitz predictable functional with values in the space of
Hilbert-Schmidt operators on H.

e V; is a cadlag adapted process with values in H.

e X is a random variable.

We obtain existence, uniqueness, boundedness of the solution of this equation. We
show the solution of this equation changes continuously when one or all of Xg, f, g, and
V are varied. We apply this result to find stationary solutions of certain equations, and
to study the associated large deviation principles.

Let {Z;,t E R} be an H-valued semimartingale. We prove an Ito-type inequality
and a Burkholder-type inequality for stochastic convolution [fU(%,s)g,(X)dZ,. These

are the main tools for our study of the above stochastic integral equation.
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Chapter 1

INTRODUCTION

In recent years there has been increasing interest in the theory of stochastic evolution
equations. This has been partly motivated by the needs in various applied fields such
as control theory, mechanics, statistical hydromechanics, quantum mechanics, quantum
field theory, population genetics, stochastic quantization, neurophysiology and random
vibration. Several of those applications are presented in Curtain and Pritchard (1978),
Dawson (1975), Krylov and Rozovskii (1981), Walsh (1981, 1984, 1986), Faris and Jona-
Lasinio (1982), Crandall and Zhu (1983) and Biswas and Ahmed (1985).

Suppose one is given a dynamical system governed by a partial differential equation.
Suppose that the system is then excited randomly by some sort of noise. Then the
response of the system will be governed by a stochastic partial differential equation.
Example 1.1

Assume that an elastic string of length [ is tightly stretched between two supports at
the same horizontal level, so that the z-axis lies along the string. Let u(¢,z) denote its
vertical displacement at the pbint x at time ¢. If damping effects such as air resistance
are neglected, and if the amplitude of the motion is not too large, then u(t,z) satisfies

the P.D.E

Ut = AU gy (11)

in the domain 0 < z <[, ¢t > 0, where @ > 0 is a constant.
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If the string is excited randomly by a white noise W(t, z), then the dynamical response

is governed by the stochastic partial differential equation (SPDE)
Uy = Uy + W(t, 7). (1.2)

This equation is called the stochastic wave equation and has been well-studied in Cabana
(1970, 1972), Pardoux (1975), Walsh (1986), Biswas and Ahmed (1985), and Carmona
and Nualart (preprint). The elastic string may be thought of as a violin string or a guitar
string [see Walsh (1986), p. 0.1]

An important example of an elastic string is the electric power line which is excited
by a white noise. According to Biswas and Ahmed (1985), “ ...this distributed noise
could be attributed to the random aerodynamic forces acting on the (transmission line)
conductors, arising due to the randomness of wind velocity and the irregularity of ice
formation on the conductor surface” (p. 1043). The vibrating transmission line is called
the galloping conductor .

In random vibration, structural elements such as beams, cables, arches, membranes,
and shells can be excited by some sort of random loadings. According to Crandall
(1979), “Random loadings on such structural elements can arise from earthquakes ...,
or windstorms ..., acting on onshore structures, from storm winds and waves ...on
offshore structures, from turbulent boundary layers and jet noise on high-speed aircraft
..., or from turbulent flow in and around the tubes in heat exchangers ” (p. 1). See also

Crandall and Zhu (1983) for a survey of the recent developments of random vibration.

Stochastic Partial Differential Equations (SPDEs)

As in the classical theory of PDE, there are two methods to study SPDEs. First, one
can study the multiparameter processes u(t,z) as solutions of the SPDE. This method

emphasizes sample path properties of real-valued multiparameter processes u(t, z). Walsh
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(1986) contains a systematic treatment of this approach. See also Walsh (1981, 1983),
Dozzi (1989) and the references given therein for further information on this approach,
though we shall not follow it closely here.

The second method, which we will follow, is to consider one-parameter Banach-valued
processes, u = {u; : t € R} as solutions of the SPDEs. Here one envisages the SPDEs as
stochastic evolution equations in an appropriate Banach space, where functional analytic
techniques are applied. Dawson (1975) contains a rigorous treatment of the theory of
stochastic evolution equations and reviews the subject up to 1975 and has extensive
references. See also Curtain and Pritchard (1978).

Though these methods are nearly equivalent, some problems are more natural to pose

from one point of view than the other.

Notations and Definitions

Let H be a real separable Hilbert space with norm || || and inner product <, >. Let
L,(H) be the space of Hilbert-Schmidt operators on H with norm || ||2.

Let g be an H-valued function defined on a set D(G) C H. Recall that g is monotone
if for each pair

z,y € D(g), < g(z)—g(y),z—y>>0,

and g is semi-monotone with parameter M if, for each pair z,y € D(g),

< g(z) = g(y)yz —y >> —M|lz — y||*.

On the real line we can represent any semimonotone function with parameter M, by
f(z) — Mz; where f is a non-decreasing function on R.
We say ¢ is bounded if there exists an increasing continuous function ¥ on [0, 00) such

that ||g(2)|| < ¥(||z||),Vz € D(g). g is demi-continuous if, whenever (z,) is a sequence



Chapter 1. INTRODUCTION , 4

in D(g) which converges strongly to a point z € D(g), then g(z,) converges weakly to
9().
Let (Q, F, Fi, P) be a complete stochastic basis with a right continuous filtration.

We follow Yor (1974) and define cylindrical Brownian motion as

Definition 1.1 A family of random linear functionals {Wy,t > 0} on H s called a
cylindrical Brownian motion on H if it satisfies the following conditions:
(i) Wy = 0 and W(z) ts Fi-adapted for every z € H.

(ii) For every z € H such that z # 0, Wy(a)/||z|| is a one-dimensional Brownian motion.

Note that cylindrical Brownian motion is not H-valued because its covariance is not
nuclear. For the properties of cylindrical Brownian motion and the definition of stochastic

integrals with respect to the cylindrical Brownian motion see Yor (1974).

1.1 Linear Stochastic Evolution Equation

Linear stochastic evolution equations have been extensively studied in recent years. They
occur in Dawson (1975), Miyahara (1981), Ito (1978, 1982), Holley and Strook (1978),
Kallianpur and Wolpert (1984), Ichikawa (1978), Walsh (1981, 1984, 1986), Ustunel
(1982), Kallianpur and Perez-Abreu (1987), Da Prato et al. (1982a, 1982b), Da Prato

(1983) , and Leon (1989). Consider the linear stochastic evolution equation

where M, is an H-valued martingale and for each t € R, A(t) is a closed unbounded
linear operator on H which satisﬁes certain conditions.

The mild solution of (1.3) with initial condition X(0) = 0 can be represented as a
stochastic convolution integral [; U(t,s)dMs [see Kotelenez (1982)], where U(t,s) is the

evolution operator generated by A(?).
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Kotelenez (1982, 1984) proved a submartingale-type and stopped-Doob inequality for
stochastic convolution integrals. An Ito-type inequality and a Burkholder-type inequality

for this object will be proved in Chapter 3.

1.2 Non-linear Stochastic Evolution Equations

Most of the work on strong solutions of non-linear stochastic evolution equations in recent

years has concentrated on two types of equations. The first has the form
dX; = A(t) X dt + f(X,)dt + g(X;)dW,, (1.4)

where f: H — H and g : H — Ly(H) are uniformly Lipschitz mappings. In solving this
equation one usually uses semigroup techniques.
The other non-linear stochastic evolution equation is based on a Gelfand triple, B C

H C B* (where B is a Banach space and B* is its dual) and has the form

where F : B — B*and G : B — L,(H) satisfy certain monotonocity and coercivity
conditions. In this setting, one often uses a variational approach.

Let us briefly discuss the strong solutions in each of these two classes.

1.2.1 First Type

If A(t) = 0, (1.4) is called a stochastic differential equation in H and has been well-studied
by several authors [see Dawson (1975) and Métivier (1982) for references].

When A(t) is an unbounded closed linear operator, equation (1.4) is called a semilinear
stochastic evolution equation and since f and g are Lipschitz, we say it is of Lipschitz

type. Here we usually look for mild solutions of (1.4), which are strong solutions of the
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following integral equation:
t ¢
X, = U(t,0)Xo + /0 U(t,s)f(X,)ds + /0 U(t, s)g(X,)dW,, (1.6)

where U(t, s) is an evolution operator generated by A(t).

When A(t) = A is a negative, self-adjoint operator such that A™! is nuclear, the
existence and uniqueness of the mild solution of (1.4) has been proved by Dawson (1972,
1975). The existence and uniqueness still apply when g takes values in the space of
bounded linear operators on H, instead of the Hilbert-Schmidt operators.

If A(t) is a generator of an evolution operator U(t, s), the existence and uniqueness
of the solution of (1.4) have been studied by several authors [see for example Ichikawa
(1982), Kotelenez (1988)]. Kotelenez (1984) has studied a more general case.

Ahmed (1985) and Da Prato and Zabczyk (1988) have proved the existence and
uniqueness of (1.3) in the context of Banach spaces.

There are several results in this theory of a qualitative character. We shall briefly
mention a few.

Marcus (1974) considered problems. of the asymptotic stationarity of the solution of
(1.3) (in the case g = I). Funaki (1983) appliéd equation (1.4) to examine the random
vibration of strings. Ichikawa (1982, 1983, 1984) has results on the stability, boundedness
and invariant measures of (1.4). Maslowski (1989) has results on the uniqueness and
stability of invariant measures. Da Prato and Zabczyk (1988) obtained the Wentzel-

Freidlin large-deviations estimate for the solution in the case ¢ = I.

1.2.2 Second Type

In equation (1.5), assume the functions F' and G satisfy the following conditions: there

exist C >0, € > 0 and p > 1 such that
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e Coercivity of (F, G):
2 < X, F(X) >pxp+ +|G(X)z + el XI5 < C(1+ [ X]*).
e Monotonicity of (F, G):
2 < X, — X1, F(X3) — F(Xy) >BxB+ +]|G(X2) — G(X1) |13+ < C|| X; — Xi|)%
¢ Boundedness of the growth of F':
IF(X)llse < CA+ X5 )
¢ Semicontinuity of F: the function < X, F(X; + AX2) >pxp+ is continuous in A on

R

In this approach one is usually interested in the strong solution of the integral equation
t t

X, = Xo +/0 F(X,)ds +/ G(X,)dW,. (1.7)
0

When G = 1, the existence and the uniqueness of the solution of (1.7) is proved in
Bensoussan and Temam (1972).

In the general case, the existence and uniqueness of the solution was first proved by
Pardoux (1975) under stronger assumptions on (F,G). This was proved in connection
with the theory developed in Pardoux (1975). A direct proof was later given by Krylov
and Rozovskii (1981). This has been generalized by Gyongy and Krylov (1982a).

This was one of the most active areas in the theory of the stochastic evolution equa-
tions in the last decade. There have been extensive works by Pardoux, Krylov, Rozovskii,

Gyongy, such as Gyongy (1982, 1988, 1989a, 1989b), and Gyongy and Krylov ( 1982b ).

1.2.3 Comparing the Two Types of Equations

Each one of these approaches has some advantages. For example, if the differential

operator is non-linear as in the Navier-Stokes equation, we have to pose the problem
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in the second setting, and if the differential operator is linear but does not have the
coercivity property, as in the wave equation or in the symmetric hyperbolic system, then
it is more natural to pose it in the first setting.

One advantage of the semigroup approach is that it gives a unified treatment of a
wide class of parabolic, hyperbolic and functional differential equations.

In the case of parabolic equations, one can employ the variational method, which
applies to non-Lipschitz (F,G) [see Krylov and Rozovskii (1981)].

Consider the second order semilinear stochastic evolution equation on H, written

formally as

3;";(2” + Au(t) = f (u(t), %) +§ (u(t), %) W, (18)

o where f: Hx H— Hand §: Hx H — L,(H) satisfy certain conditions;

e W, is a cylindrical Brownian motion on H;

e A is strictly positive definite, self-adjoint unbounded operator on H. When f and ¢
satisfy the Lipschitz condition, equation (1.8) falls in the first category.

Pardoux (1975) has studied this equation when f satisfies certain monotonicity and
coercivity conditions. He has constructed the solution of (1.8) in connection with the
theory developed in part three of Pardoux (1975). His approach is a stochastic version
of Lions and Strauss (1965).

In Chapters 4 and 7 of this thesis, we will study Equation (1.8) as a corollary of our

existence and uniqueness Theorem.

1.2.4 The Semilinear Stochastic Evolution Equation of Monotone Type

The preceding two approaches are both stochastic versions of well-known methods in the

theory of deterministic evolution equations. In the latter theory, there is yet another
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approach in which a large class of problems could be studied. This approach is a gener-
alization of the first one above and can be used to study semilinear evolution equations
of monotone type.

Consider
X, = A X, + f(Xo), (1.9)

where f is of monotone type, 1.e., — f is semimonotone, demicontinuous and bounded by
¢ [see for example Browder (1964), Kato (1964), Vainberg (1973), Tanabe (1979) and
Carroll (1969)].

The study of the stochastic version of the above equation, i.e., the study of the
equation (1.4) when f is of monotone type and g # 0 is uniformly Lipschitz, is not in
the literature. In this dissertation, we shall see that we may use semigroup theory to
extend the above deterministic method to equation (1.9) and then use this to study the
stochastic equation (1.4). We will obtain the existence, uniqueness, boundedness and the
continuity with respect to a parameter. We will also apply it to find stationary solutions
of certain equations, and to study the associated large deviation principle.

Now we shall briefly outline our main results and the contents of this thesis.

1.3 The Main Results

Let us consider the following generalization of the integral equation (1.4):
t t
X; = u(t,0)Xo +/ U(t, ) fo(X,)ds +/ U(t, 8)gs(X)dW, + Vi, (1.10)
0 0

where
e fi(.) = f(t,w,.): H— H is of monotone type, and for each ¢ € H f,(z) is a stochastic
process which satisfies certain measurability conditions;

¢ g,(.) is a uniformly Lipschitz predictable functional with values in Ly(H);
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e W, is an H-valued cylindrical Brownian motion;

e V; is a cadlag, adapted process with values in H.

1.3.1 The Method of Study

We construct the solution (1.10) by first constructing its solution when g = 0. This
latter will be shown to be a weak limit of solutions of (1.10) in the case when g = 0
and A = 0, which in turn have been constructed by the Galerkin approximation of the
ﬁnite—'dimensional equation. Pardoux, Krylov, Rozovskii, and Gyongy built their analysis
of (1.7) on a generalized Ito’s Lemma decomposition of ||u(t)||?. Since we use semigroup
techniques in this dissertation, our object is to solve the equation by means of convolution

integrals. Our proof is based upon a different version of an Ito-type inequality (Theorem

3.1) and on a Burkholder-type inequality (Theorem 3.2).

1.3.2 Existence, Uniqueness, and Boundedness of the Solution

o Equation (1.10) in case g =0 :

The main problem in this case is to show the measurability of the solution. The proof
is in chapters two and four. In Chapter 4, we show that several important stochastic
semilinear equations fall in this setting,.

o Extending equation (1.10) to the general case:

In Chapters 7 and 8 we prove that if V; is a continuous adapted process, and if f is
bounded by a polynomial, then the integral equation (1.10) has a continuous adapted
solution. We also give a bound for the moments of this solution in Chapter 8.

In Chapter 7 several examples are studied including the second order equation and

the semilinear hyperbolic system.
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1.3.3 The Semilinear Integral Equation on the Whole Real Line and the

Stationarity of its Solutions

Consider the stochastic semilinear equation

where A is a closed, self-adjoint, negative definite, unbounded operator such that A~! is
nuclear. A mild solution of (1.11) with initial condition X(0) = Xj is the solution of the

integral equation

Xo=U(t,0)% + [ Ut = s)f.(X,)ds + / Ut = s)aw, (1.12)

where U(t) is the semigroup generated by A.
Marcus (1974) has proved that when f is independent of ¢ and w, and f is uniformly
Lipschitz, then the solution of (1.12) is asymptotically stationary. To prove this, he

studied the following integral equation:
t t
X, = / U(t = 8)f.(X,)ds + / U(t — s)dW,, (1.13)

where the parameter set of the processes is extended to the whole real line. This motivated

us to study the existence of the solution of the slightly more general equation

X, = /; Ut — s)fo(X,)ds + Vi, (1.14)

where f is of monotone type and is bounded by a polynomial, and V; is a cadlag adapted
process. In Chapter 4, we prove the existence the uniqueness of the solution to (1.12).
In Chapter 5, we will prove that finite dimensional Galerkin approximations converge
strongly to the solution of (1.14). In Chapter 6 we prove under certain conditions that

if V; is a stationary process, then X; is also a stationary process.
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1.3.4 Continuity with Respect to a Parameter

Faris and Jona-Lasinio (1982) have studied the equation (1.10) in the case when g = 0,
the generator of U is dd—:z-, and f(z) = —Az® — px. They showed that the solution X is a
continuous function of V in this case.

Da Prato and Zabczyk (1988) generalized this to the case where U is a general analytic
semigroup and f is a locally Lipschitz function on a Banach space. In Chapter 5 we
generalize these results by proving that [in case ¢ = 0] the solution of (1.9) changes
continuously when any or all of V| f, A, and X, are varied. As a corollary, we prove a
generalization of Faris and Jona-Lasino’s theorem for semimonotone f and more general
U; this was open after Faris and Jona-Lasinio (1982) [see for example Smolenski et
al.(1986), p. 230]. We also prove the strong convergence of the finite dimensional Galerkin
approximations to the solution of (1.10) (in case g = 0). Métivier (1980) has proved that
when A =0, V = 0, and f is Lipschitz, then the solution of equation (1.10) changes
continuoﬁsly as f,g and X, are varied.

In Chapter 8 we generalize this by proving that the solution of (1.10) in the general

case changes continuously when one or all of X, f, g, and V are varied.



Chapter 2

THE MEASURABILITY OF THE SOLUTION

2.1 The Main Theorem

Let H be a real separable Hilbert space with an inner product and a norm denoted by
<, > and |||, respectively. Let (G,G) be a measurable space, i.e., G is a set and G is a
o-field of subsets of G. Let T > 0 and let S = [0,T]. Let 8 be the Borel field of S. Let
L?(S, H) be the set of all H-valued square integrable functions on S.

Consider the initial value problem, formally written as

du _ u )
{ Z(Z) - St @), tes; -

where f : S x H — H and up € H. We say u is a solution of (2.1) if it is a solution of

the integral equation
u(t) = uot [ (s, u(s))ds. (2.2)
We will actually be interested in slightly more general equations. Consider the integral
equation
u(t,y) = [ fs,yuls,9))ds + V(t,y), t€ S, y€G. (23)
In thiscase f : SxGx H — Hand V:S5 xG — H. The variable y is a parameter,
which in practice will be an element w of a probability space.
Our aim in this chapter is to show that under proper hypotheses on f and V there
exists a unique solution u to (2.3), and that this solution is a # x G-measurable function

of t and the parameter y.

13
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In this chapter we say X(.,.) is measurable if it is 8 x G-measurable.

We will study (2.3) in the case where — f is demi-continuous and semi-monotone on
H and V is right continuous and has left limits in ¢ (cadlag).

This has been well-studied in the case in which V is continuous and f is bounded by
a polynomial and does not depend on the parameter y. See for example Bensoussan and
Temam (1972).

Let H be the Borel field of H. Consider functions f and V

f:SxGxH —- H

V:SxG — H.

We impose the following conditions on f and V:

Hypothesis 2.1 (a) f is 8 x G X H-measurable and V is G x H-measurable.
(b) For eacht € S andy € G, = — f(t,y,z) is demicontinuous and uniformly
bounded in t. (That is, there is a function ¢ = ¢(z,y) on Ry X G which is continuous

and increasing in x and such that for allt € S, 2 € H, andy € G, || f(t,y,z)|| <

e(y, ll=).)

(c) There exists a non-negative G-measurable function M(y) such that for each t € S
andy € G, ¢ — —f(t,y,z) is semimonotone with parameter M(y).

(d) For eachy € G, t — V(t,y) is cadlag.

Theorem 2.1 Suppose f and V satisfy the Hypothesis 2.1. Then for eachy € G, (2.8)

has a unique cadlag solution u(-,y), and u(-,-) is B X G-measurable. Furthermore

et o)l < IV +2 [ MO f(s,5,V(s,9)lds; (24)

[eCs9)lloo < NV () lloo + 2Cre(y, V(- 9)llo0), (2.5)
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where |[u]loo = supocic(r) lu(?)l], and

1 M@WT
CT-'—"{ e T if M(y) #0
1

otherwise

Let us reduce this theorem to the case when M = 0 and V = 0. Define the transfor-

mation
X(t,y) = e*@(u(t,y) = V(t,y)) (2.6)
and set

g(t,y,z) = eMWif(t,y, V(t,y) + ze” MW + M(y)e. (2.7)

Lemma 2.1 Suppose f and V satisfy Hypothesis 2.1 . Let X and g be defined by (2.6)
and (2.7). Then g is f X G X H-measurable and —g is monotone, demicontinuous, and

uniformly bounded in t. Moreover u satisfies (2.8) if and only if X satisfies
t
X(ty) = [ g(s,5,X(s,0))ds, Vi€ S, yeG. (2.8)

Proof: The verification of this is straightforward. Suppose that V and f satisfy Hy-
pothesis 2.1. We claim ¢ satisfies the above conditions.
e g is B X G X H-measurable.

Indeed, if h € H then < f(¢,y,.), h > is continuous and V (¢, y)+ze~M¥)tis B x G x H-
measurable, so < f(t,y,V(t,y) + ze M%) b > is B x G x H-measurable. Since H is
separable then f (t, v, V(t,y) + xe'M(y)t) is also B x G x H-measurable, and since eM¥?
and M(y)z are B x G X H-measurable, then g is 8 x G x H-measurable.

e g is bounded, since sup,|[Vi(y)|| < oo and ||g(t,y, z)|| < ¢(y, |z||), where

#(y, &) = eMOTh(y, £+ sup,||Vi||) + M(y)E.

e ¢ is demicontinous.


file:///s0xCxH-
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e —g is monotone.

Furthermore, one can check directly that if X is measurable, so is u. Since X is
continuous in ¢t and V is cadlag, v must be cadlag. It is easy to see that different
solutions of (2.7) correspond to different solutions of (2.3). Q.ED

By Lemma 2.1, Theorem 2.1 is a direct consequence of the following.

Theorem 2.2 Let ¢ = ¢(t,y,z) be a f X G x H- measurable function on S x G x H
such that for eacht € S andy € G, z — —g(t,y,z) is demicontinous, monotone and
bounded by ¢. Then for each y € G the equation (2.8) has a unique continuous solution
X(.,y), and (t,y) — X(t,y) is B X G-measurable.

Furthermore X satisfies (2.5) with M =0 and V = 0.

Remark that the transformation (2.6) v — X is bicontinuous and in particular,
implies if X satisfies (2.4) and (2.5) for M = 0 and V = 0, then u satisfies (2.4) and (2.5)

Note that y serves only as a nuisance paraméter in this theorem. It only enters in the
measurability part of the conclusion. In fact, one could restate the theorem somewhat
informally as: if f and uo depend measurably on a parameter y in (2.2), so does the
solution. V

The proof of Theorem 2.2 in the case in which f is independent of y is a well-known
theorem of Browder (1964) and Kato (1964). One proof of this theorem can be found
in Vainberg(1973), Th (26.1), page 322. The proof of the uniqueness and existence are
in Vainberg (1973). In this section we will prove the uniqueness of the solution and
inequalities (2.4) and (2.5). In Section 2.3 we will prove the measurability and outline
the proof of the existence of the solution of equation (2.8)

Since y is a nuisance parameter, which serves mainly to clutter up our formulas, we

will only indicate it explicitly in our notation when we need to do so.
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Let us first prove a lemma which we will need for proof of the uniqueness and for the

proof of inequalities (2.4) and (2.5).

Lemma 2.2 If a(.) is en H-valued integrable function on S and if X(t) := Xo +
JEa(s)ds, then

IX(IE = Xl + 2 [ < X(s),a(s) > ds.

Proof: Since a(s) is integrable, then X (t) is absolutely continuous and X’(t) = a(t) a.e.

on S. Then || X(¢)|| is also absolutely continuous and

d d
E“XU)H? =2< )it(t),X(t) >=2 <a(t),X(t) > ae.
so that
[ Lixs)ieds = IXOI? - 1ol
o ds
Thus

IX@I? = 1%l> = 2 [ < X(s), a(s) > ds.

Q.E.D.

Now we can prove inequalities (2.4) and (2.5) in case M = 0 and V = 0.

Lemma 2.3 If M = V = 0, the solution of the integral equation (2.8) satisfies the

inequality

IX@1 < 2 [ llg(s, 0)llds < 2Tp(0).

Proof: Since X(t) is a solution of the integral equation (2.8), then by Lemma 2.2 we

have
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IX@I = 2 [ <gls, X(s)), X(s) > ds

- 2/; < g(s, X(s)) — g(s,0), X(s) > ds
+ 2/; < ¢(5,0), X(s) > ds
z/ot < g(s, X(s)) = g(5,0), X(s) > ds

+2 [ llg(s, Ol X (s

IA

Since —g is monotone, the first integral is negative. We can bound the second integral

and rewrite the above inequality as
¢
IX@I* < 2/0 llg(s, 0)I[ll X (s)lids
t
< 2supocue | XN | lg(s, 0)lds.

Thus supgc,<,| X(s)Il < 2[5 llg(s,0)llds. Since supog,gillg(s, 2)ll < (||2]l), the proof is
complete. Q.E.D

Proof of Uniqueness

Let X and Y be two solutions of (2.8). Then we have
X(ty) = Y(t9) = [ lols,5, X(s,)) = g(s,,Y (5,))lds.
By Lemma 2.2 one has
1X(ty) =Y (& )l* = /Ot < 9g(s,9, X(s,9)) — 9(5,9, Y (5,9)), X(s,9) — ¥ (s5,9) > ds.
Since —g is monotone, the right hand side of the above equation is negative, so
X(ty) =Y(,y).

Q.E.D
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2.2 The Measurability of the Solution in Finite-dimensional Space

Consider the integral equation

X(t,y) = [ b9, X(s,0)ds, )

where h(-,-) satisfies the following hypothesis.

Hypothesis 2.2 (a) h satisfies Hypothesis 2.1 (a), (b).

(b) For each t € S and y € G, —h(t,y,-) is continuous and monotone.

Since h is measurable and uniformly bounded in ¢, then h(-,y,z) is integrable. As
h(t,y,-) is continuous, the integral equation (2.9) is a classical deterministic integral
equation in R™ and the existence of its solution is well known. In section 2.1 we proved
that (2.9) has a unique bounded solution, so we only need to prove the measurability of
the solution.

The existence, uniqueness and measurability of the solution of (2.9) is known (see
Krylov and Rozovskii (1979) for a proof in a more general situation). Since the mea-
surability result is easy to prove in our setting, we will include a proof in the following

theorem for the sake of completeness.
Theorem 2.3 The solution of the integral equation (2.9) is measurable.

Proof: For the proof of measurability we are going to construct a sequence of solutions
of other integral equations which converge uniformly to a solution of (2.9).

First: Let ¢(.) be a positive C®-function on H,~R"™ with support {||z]] < T¥(0) +
2}, which is identically equal to one on {|[z]| < T¢(y,0) +1}. Now define h(t,z) =
h(t, 2)b(a).
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—h is semimonotone. This can be seen because. If | X|| > T(0) + 2 and ||Z| >
T(0) + 2,then A(t, X) = k(t, Z) = 0 and so

< h(t,X) —h(t,Z), X — Z >=0.
Let || Z]|| £ T¢(0) 4+ 2. Then

<h(t,X) —h(t,Z), X -Z> = <h(t, X)%(X)—-h(t,2)W(X),X -2 >

+ <h(t,Z2)P(X)—h(t,2)Y(2), X - Z > .
By the Schwarz inequality this is
S P(X) <h(t, X) - h(t,2), X = Z > +[[h(t, Z)|| [¥(X) — H(2)| | X - Z].

Since —h is monotone and ¥ is positive, the first term of the right hand side of the
inequality is negative. Now as Z is bounded and % is C* with compact support, the
second term is < M(y)||X — Z||? for some M(y).

Since by Lemma 2.3 the solution of (2.9) is bounded by T'¢(0), it never leaves the set
{ljz}] £ T¢(0) 4+ 1}, so the unique solution of (2.9) is also the unique solution of the
equation X(t) = [Ih(s, X(s))ds. Thus without loss of generality we can assume A(t, J)
has compact support.

Second: Define k(z) to -be equal to C’exp{”—xn{‘j} on {||z|| < 1} and equal to zero on
{llz|| > 1}. Then k(z) is C* with support in the unit ball {||z|| < 1}. Choose C such

that fgn k(z)dz = 1. Introduce, for € > 0

r—z

Lu(z) = 6”/ k( Yu(z)dz.

n €
This is a C*-function called the mollifier of w.
Now define h.(t,z) = I.h(t,.)(z). Since for any ¢ the first derivatives with respect

‘to z of Jou(z) and also Jou(z) itself are bounded in terms of the maximum of |[u(z)],
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then k. and D;h, are bounded in terms of the maximum of ||(¢,z)||. Thus there exist

Ki(y) and K,(y) independent of € such that

K,(y) > sup |Dzhe(2)|| and Ko(y) > sup |he(2)])-
||=}|I< To(y,0)+2 [1z|€ T (y,0)+2

By the mean value theorem we have

he(tsy, 22) — he(ty, 21)|| < Ka(y)llzz — 2. (2.10)

Now consider the following integral equation :

X = [ ho(s, Xo(s))ds. (2.11)

Equation (2.11) can be solved by the Picard method. Since y — A(%,y, ) is measurable
in (¢,y), y — he(t,y,z) is measurable in (¢,y). Then the solution X, of equation (2.11)
is measurable and so is lim,_oX.. To complete the proof of Theorem 2.3 we need to

prove the following lemma.
Lemma 2.4 The solution X, of (2.11) converges uniformly to a solution X of (2.9).
Proof: From (2.9) and (2.11) we have
¢
X(8) = X(t) = [ (he(s, Xu(5)) = hls, X(s)))ds.
Then
t
[ Xe(8) = Xl < /0 l[he(s, Xe(s)) — he(s, X(s))l|ds
¢

+ [ lhe(s, X(s) = h(s, X(s))llds.
By (2.10) we see this is

t

< K@) [ 1Xe(s) = X(9)llds

+ /Ot |he(s, X(3)) — h(s, X(s))]|ds.
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By Gronwall’s inequality we have

subocecrl| Xe(t) = X()| < exp(TEy) [ lels, X(5)) ~ h(s, X(5))ds.

But k.(s,X(s)) — h(s,X(s)) pointwise and ||k.(t, X(t))|| < K; so by the dominated
convergence theorem,

supog<r| Xe(t) — X(2)[| — 0.

Q.E.D

2.3 The Proof of the Measurability in Theorem 2.2

Now we shall briefly outline the proof of the existence from Vainberg(1973), Th(26.1),
page 322 and give a proof of the measurability of the solution of equation (2.8).

Vainberg constructs a solution of this equation by first solving the finite-dimensional
projections of the equation, afld then taking the limit. Since the solution of the infinite-
dimensional case is constructed as a limit of finite-dimensional solutions, one merely needs
to trace the proof and check thaf the measurability holds at each stage. There is one extra
hypothesis in [Vainberg, Th(26.1) ], namely that ¢ — g¢(¢, ) is demicontinuous, whereas
in our case, we merely assume ¢ is measurable and uniformly bounded in ¢ [Hypothesis
2.1 ( (a) (b))]. However, the demicontinuity of g is not used in showing the existence of
the solution of the integral equation (2.8). It is only used to show the inequality (2.4)
for the finite-dimensional case. We have reproved (2.4) in Lemma 2.3.

Now let (H,) be an increasing sequence of subspaces of H such that U, H, is dense
in H, and let J, be the orthogonal projection of H onto H,, so that J, — I strongly.

Consider the integral equation
i
Xo(t) = / T g5, Xn(s)) ds. (2.12)
0

First let us show that J, g satisfies Hypothesis 2.2.
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e J.g(t,y,-) is continuous .
Since ¢(t,y,-) is demicontinuous, ¢(¢,zx) — g¢(t,z) weakly when [lzx — z|| — 0.
But J, g takes its values in the finite-dimensional space H,, where weak and strong

convergence coincide, therefore
”Jng(t)wk) - ']ng(t,x)” — 0,

and J, ¢g(¢,y,) is continuous.
e J.g(t,y,-) is monotone from H, to H,.

Let X,Z € H,. Then
<9, X)—Jng(t,2), X - Z >=<g(t,X)—9(t,2),J. X — J,. Z > (2.13)

since J, = J;. For X,Z € H,, J,(X — Z) = X — Z so the left hand side of (2.13) is
negative, hence J, ¢(t,y, -) is monotone.
o J,g(t,y) satisfies Hypothesis 2.1(a).
e J,g(t,y) is uniformly bounded by .
Now by Theorem 2.3, equation (2.12) has a unique continuous measurable solution

which satisfies

1%l <2 [ [ ng(s,0)lds < 2 / “llg(s,0)lds < 2T(y,0). (2.14)

Now we are going to prove

Lemma 2.5 For each y, X,(-,y) converges weakly in L*(S, H) to a solution X(-,y) of

(2.8). Furthermore X(-,y) is continuous for each y.

Proof: Let (X,,) be an arbitrary subsequence of (X,). By (2.14) and Hypothesis 2.1
(b) we have

g(t,y, Xne (ys DI < 0(y, 1 X (v, D)) < 0(y,2T0(y,0))
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so0 g(., Xn,(.)) is a bounded sequence in L?(S, H). Then there is a further subsequence
(nk,) such that g(., Xn, (-)) — Z(.) weakly in L?(S,H) as | — oo. Each X, satisfies
(2.12) and it can be proved that Xy, (.) — [;Z(s)ds weakly [see Vainberg]. We define
X to be the weak limit of X,, in L*(S,H) . Vainberg proved that X(y,.) is continuous
and is a solution of (2.8) [ see Vainberg, p 325-326].

Since the solution X (-,y) is unique, every subsequence of (X,) has in turn a subse-
quence which converges to X(y, ) weakly, it follows that the whole sequence X,, converges
weakly to X.

Q.E.D

To complete the proof of Theorem 2.2 we need to show the measurability of X(-,-).

Fixte S, h € H, since by Theorem 2.3 X,, is measurable in (¢,y), then
J¢ < X.(s,y),h > ds is measurable in (¢,y). But f{ < Xn(s,y),h > ds converges to
J¢ < X(s,y),h > ds pointwise, so f§ < X(s,y),h > ds is measurable in (¢,y) .

As the integrand < X(8,¥),h > is continuous in s, then
d rt
;17/0 < X(s,y),h > ds =< X(t,y),h >

and since the integral is measurable in (¢,y), the function < X(¢,y), h > is measurable.
By the separablity of H, X(t,y) is measurable in (¢,y) .
Q.ED
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STOCHASTIC CONVOLUTION INTEGRALS

3.1 Introduction and Preliminaries

Let (Q, F, F:, P) be a complete stochastic basis with a right continuous filtration. This
means that F is complete with respect to P and each F; contains all P-null sets of F
and F, = N>, for all s.

Let L(H) be the space of linear bounded operators on H with norm || ||. Let (X;)wer+
be an H-valued stochastic process. We say that X is a locally square-integrable process
(Ls.i) if there is a sequence of stopping times (7,) with T}, < T4y, T, — 00 a.s. such
that for all n, E{||XtAT,,||21{T,,>o}} is bounded in t. Note that a continuous adapted
process is Ls.i, as is one with bounded jumps.

A process Z; with values in H is a semimartingale if there exists an H-valued local
martingale M; and a process of finite variation V; such that Z, = M, + V.

In this thesis we always assume My = Zg = Vo = 0. We shall say that the
semimartingale Z is a ls.i. semimartingale if M is a l.s.i. local martingale and V is a
process of finite variation such that |V| is Ls.i.

Let M be an H-valued, cadlag local martingale. Let V denote an H-valued, F;-
adapted, cadlag process with total variation |V|. Let Z be an H-valued cadlag semi-

martingale. Let X, be an H-valued Fp -measurable random variable. Consider on H the

25
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linear stochastic evolution equation formally written as

dX, = AX)Xdt+dZ
{ t (£) X, t )

X(0) = Xo,
where {A(t), ¢t € S} is a family of closed linear operators on H whose domain D
is independent of ¢ € S and is dense in H. (Useful background and motivation for
stochastic evolution equations in Hilbert spaces can be found in Curtain and Pritchard
(1978)).

We will define two types of solutions of Eq (3.1).

Definition 3.1 An H-valued process X is a strong solution of (3.1) if and only if
(i) X; € D for almost allt € S, X. € L*(S,H) a.s., and A()X € L'(S,H) a.s..
(ii) X; = Xo + [y A(8)X,ds + Z; a.s. for each t € S.

Suppose that {A(f) : t € S} generates a unique evolution operator {U(t,s): 0 <

s <t < T}, ie, the U(t,s) are bounded linear operators on H such that
Ut,t)y=1, U(t;s)U(s,r)=U(t,r) for 0<r<s<t<T,

and (t,s) — U(t,s) is strongly continuous for 0 < s <t < T, and certain relationships

between A and U hold, which we will introduce later on.

Definition 3.2 An H-valued process X is a mild solution of (3.1) if and only if
(1) X. € LY(S,H) a.s.
(ii) X; = U(¢,0)Xo + S U(t,s)dZ, a.s. for each t € S.

Definition 3.3 We say the evolution operator U(t, s) is an almost strong evolution op-
erator with generator A(t) if it satisfies the following:

(a) For almost all s <t and for each z € D -

U(t,s)z —z = /st U(t,r)A(r)zdr. (3.2)
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(b) Letz € D and s€ S. For almost all t > s

U(t,s)D C D; | (3.3)

/ AU (r, $)edr = (U(,s) — D). (3.4)

If U and A satisfy (3.2), (3.3), and (3.4) for every s € S, u is called a strong evolution

operator.

Remark 3.1 (i) If {A(t) : t € S} is the generator of an almost strong evolution
operator U(t,s), then (3.1) (with Z = 0 and Xo € D) has a unique solution X(t) =
U(t,0)Xo which is differentiable almost everywhere.

(ii) For a.e. 0<s<t<T and each z € D we have

0
0
a_SU(t,s);p = -U(t,s)A(s)z. (3.6)

We say U(t,s) is an ezponentially bounded with parameter X on S if thereis A € R
such that

WU sl < M9 forae 0 <s <t <T. (3.7)

Note that if an almost strong evolution operator U(t,s) is exponentially bounded on

S with parameter A, we have
< Al)z,z>< M|z||), Vz € D. (3.8)

This can be seen because ifz € D and t > s,

Ut 9)2l® = ll=ll® _ (€207 — Djja|f?

t—s t—s
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or

[V s)el? = el _ (i (6 = 1yja]?

— 2,

limt gt

but

U, s)z||* — [|=]|* _ d 2 _
s P = o |U(t, s)z||*|e=s = 2 < A(S)z,2 > a.e..
Let B(t,s) := A(t)[ul—A(s)]™*. By (3.1cl),if g > X then B(t,s) is a bounded operator

[ see Kato (1953) Lemma(2)].

limt —

The following are the relevant hypotheses concerning A and U:

Hypothesis 3.1 (a) The domain D(A(t)) := D is independent of t fort € S and is
dense in H;

(b) {A(¢) : t € S} generates a unique almost strong evolution operator U(t, s);

(c) U(t,s) is exponentially bounded on S with parameter \;

(d) B(t,s) is uniformly bounded in (t,s), that is, for u > X there is a K(p) > 0 such
that || B(, )|l < K(u) for every s,t (this is the case if B(t,s) is continuous in t in the

sense of the norm ||||1 at least for some s).

We refer to Pazy (1983) and Tanabe (1979) for sufficient conditions for the existence
of an evolution operator with the properties 3.1(a)—(d).

These conditions apply to a large class of delay equations, and to parabolic and
hyperbolic equations [see for example Curtain and Pritchard (1978)].

Consider the stochastic convolution integral X, = [{U(t,s)dM,. Notice that because
the integrand depends on t as well as on s, X; is not necessarily a local martingale.
However, it is possible to prove some results analogous to the well-known martingale
inequalities. Kotelenez (1982, 1984) proved submartingale type and stopped-Doob in-
equalities for this object.

In this chapter we are going to prove an [to-type inequality and a Burkholder-type

inequality. For the definition and properties of stochastic integrals with respect to a
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semimartingale see Métivier (1982), and for the properties of stochastic convolution in-

tegrals see Kotelenez (1982, 1984).

Proposition 3.1 (Kotelenez (1982)) Suppose U and A satisfy Hypothesis 3.1 (b)-
(¢c). If the ls.i. semimartingale Z is continuous (respectively cadlag), then X; :=
Rfu(t,s)dz, := J0,qU(t,8)dZ; has a version X with continuous (respectively cadlag)

sample paths.

Note that Kotelenez (1982) has proved the above theorem for martingales, but the
extension to semimartingales is immediate.

Thus, in dealing with fj U(#, s)dZ, we may always assume that f} U(t,s)dZ, is cadlag
(or continuous if Z is continuous).

Let A be an unbounded operator on H with dense domain D. Let || ||p be the norm
defined on D by

leli} = ll4al” + 12, = € D.

This norm is called the graph norm on D. Note that it generated by the inner product

<z,y >p=< Az, Ay >+ < z,y >

Remark 3.2 (i) An operator A is closed if and only if its domain D is complete under
the graph norm [see Reed and Simon(1972),problem 15(a), p314.]

(i1) Suppose A is a closed linear operator with dense domain D. Then D is a Hilbert
space with graph norm || ||p. Let Z be an H-valued semimartingale. Suppose F(.) is an

L(H, D)-valued measurable function on S with
sup,es|| F(2)]| < oo. (3.9)

Then f3 F(s)dZ, is a D-valued semimartingale [see Métivier(1982) page 156 ,157]. More-
over

A /0 " F(s)dZ, = /0 AF(s)dZ, w.p.1 (3.10)
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(3.10) can be seen by approximating F'(s) by step functions in L(H, D), and then taking
limits. ‘

Now we are going to prove our version of Ito’s inequality.

3.2 Ito-Type Inequality

Theorem 3.1 (Ito’s inequality) Let {Z;,t € S} be an H-valued cadlag l.s.i. semi-
martingale. Suppose U and A satisfy Hypothesis 3.1(a)-(c). If

X, = U(4, 0)X0+/0t U(t, $)dZ, (3.11)
then
X2 < 62“||X0||2+2/;e“<t-8><X(s—),dzs >
+62*f[/()e-*3dzs]t, tes, (3.12)
where [Z), is the real quadratic variation of Z.

Before proving Theorem (3.1) we are going to prove two lemmas. Suppose U(t,s)

satisfies (3.1c¢) for some A € R. Define
t
Ui(t,s) = e 270U, s), Ay(t) = A(t) — M, Z!= / edZ,
0
and th = C—AtXt,

Lemma 3.1 If U and A satisfy Hypothesis 3.1, then U; and A, satisfy Hypothesis 3.1
with A = 0. Moreover, X, satisfies (3.11) if and only if X} satisfies

i
X! = Uy(t,0)Xo + /0 Ui (t, s)dZ2. (3.13)

Proof: |Us(t,s)|lr = e *E|U(t,s)||L < 1 a.e. By the definition of U; we can rewrite
(3.11) as X; = MUy(t,0)Xo + e [§ e Uy (¢, s)dZs.
Using the definition of X} and Z} we can rewrite the above as (3.13). Q.E.D
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Lemma 3.2 If inequality (3.12) is satisfied when
(1) M is globally square integrable,
(ii) the total variation |V|; of V satisfies

E{[VIs} < oo,

(ii1) and || Xol|| s bounded,

then (8.12) is also satisfied without these restrictions.

Proof: Since Z is l.s.i. then by definition there is a sequence of stopping times (7,) with

Tn < Typt1, Tn — oo such that
M} := Miat,, V" :=Vianr, and Z] := Zi,
satisfy the above conditions. Let
Xo = Xolixolign}-
Now consider the integral equation
Xp=U(t0X5 + | ‘U, s)dzn.

Since X' is bounded in norm, then X', M™, and V" satisfy the above conditions, so we

have

t
IXEE S UXFIE +2 [ < Xa(s7), d27 > +127)s. (3.14)

Define

Sn = Tn 1{j|xo||<n}-

Note that X2? = X3t = X and ZP = Z*' = Z; on [0, S,). Then by uniqueness

X'=X"'=X, on [0,5,],
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so X; = lim,, X*. Then we can rewrite (3.14) as
9 ) tAT,
1XdlLigs, < 1 XolPLigs, +2 [ < X(s7),d2, > +(2),

Since P{S, = T} — 1 this implies (3.12).
QE.D
Proof of Theorem 3.1 : By Lemma (3.1) we can assume A = 0 in Hypothesis 3.1(c).
Then for all z € D, < A(t)z,z >< 0 for a.e. t.
Define a map R,(t) : H — D by R,(t) = n(nl — A(t))~!. Then R,(t) is defined on
all of H. Since < A(t)z,z >< 0 for a.e. ¢, then < X(n] — A(t))z,z >> ||z||* for a.e.

te S ,Vz € D. By the Schwarz inequality we have for all z € D that
1
1=l — A®)z]| >l

so [[Ru(t)l|z < 1forae t..

We proceed as in Kotelenez (1984) and approximate X; by Yosida’s method. Define
a semimartingale Z,(t) := [; R.(s)dZ(s), a martingale M,(t) := [§ R.(s)dM(s) and
a process V,(t) := [§ R.(s)dV(s). Note that since R,(t) : H — D,then Z,(t) €
D, M,(t) € D and V,(t) € D. Let {X}} be a sequence in D which converges almost
surely to a limit Xp such that || X7|| < || Xo|| for all n.

Define

Xa(t) : = U(t,0)XD + /0 “U(t, $)dZn(s). (3.15)

We are going to prove that || X, — X||lec — 0 in L.
Note that by Doob’s inequality for convolution integrals [ see Kotelenez (1984)], we
have

2

E{“ /0 U(,8)d(M,(s) — M(s))

} < B{[M, - Mz}

o0
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while [M, — M]r — 0 in L' [ see Kotelenez (1984)]. Then

— 0 in L?

[ UG s)d(aa(s) — ()

‘OO

and
(., 0)(thn) — Xo)|lo £ ||X§ — Xo|| = 0 boundedly.

so that it is enough to show that

swbocecrll [ Ult,)d(Va(s) = V() = 0 in L2 (3.16)

But since H is a separable Hilbert space then by the Radon-Nikodym property [see:
Chatterji (1976)], we can write dV (¢) = QV(¢)d|V|(t) for a.e. t, where |V|(#) is the total
variation of V on [0,¢] and {QV(¢) ,0 < t < T} is an integrable H-valued process with
QY] < 1 ae.
Now
¢
Va(t) = V(8) = /0 [Ra(s) — I}V (s).
Then we have

d(Va(s) — V(s)) = (Ru(s) = D)QV (s)d[V|(s).

Now |U(t,s)||r. £ 1 so we have

. T
| [[UC9)d0Vals) = Vo < [ I(Rals) = DRUONIVIGs).  (317)

Since R,(s) — I strongly then ||[(R.(s) — I)QV(s)]] — O for a.e. s € S, and since
|R.(s) — I||z < 2 then the integrand is < 2 a.e. Then by the dominated convergence
theorem, the right hand side of (3.17) approaches zero almost surely, and since it is
bounded by square integrable process |V|(T'), we get (3.16 ). This can be seen by using

dominated convergence theorem. Hence || X, — X|leoc — 0 in L.
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Let us first prove Ito’s inequality (3.12) for
_ _ t _
X, = U(t,0)Xo + / U(t, s)dZ,, (3.18)
0
where Z satisfies the following.

Hypothesis 3.2 (a) N is a D-valued square integrable martingale;

(b) V is a D-valued process of bounded variation with
E{|VI*} < oo;
(c) Xy is a D-valued bounded random variable;
(d) Z=N+V.
Lemma 3.3 If X, and Z satisfy Hypothesis 3.2 and if X is a solution of (3.18), then
IXJ? < UKol + [ < X(s7),d2, > +12]e (3.19)

Proof: Define

_ t _
Y, := U(t,0) %o + / U(t,s)dv,
1]
and
t
= N,.
Y, /0 U(t,s)d

Since dV, = QV(s)d|V|, a.e. and because V and X, satisfy Hypothesis 3.2, so by |
Theorem 2.38 page 45 Curtain and Pritchard (1978)], Y; satisfies

_ _ t _ _
Yi=Xo+ [ A+ (3.20)
0
Let {e; : ¢ = 1,2,...} be a basis for the Hilbert space D. Let J; be the projection
operator on the manifold generated by {ei, ey, ..., ex}. Let N} =< Ny e; >p, 1 =1,...,k

be real-valued square integrable martingales such that

Nt = Z N:ei.
=1
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Define Yi(t) by
ko ot . t
Yi(t) =3 /0 U(t, s)e:dN} = /0 U(t, $)d(JiN,).

=1

Define X; := Y, +Y and Zi := JtN + V. Since [(I — Jx)N] converges to zero in L*, then
by Doob inequality
I X = X|loo =0 in L%

Y (t) satisfies
vi(t) = | " A(s)Yi(s)ds + JuN.. (3.21)

This can be seen by (3.4) and Fubini’s theorem :
/tA Yi(r)dr = i/tA "U(r, s)e:dN)d
[ AY)r = 3 [FACY [ Ul s)eidNdr
kot pt )
= A «dr)dN;
> [ () AU s)eidr)an;

E oo .
=3 / [U(t,s) — I]edN:
=170
= }/tk b Jth.
Now Y} and Y} satisfy (3.20) and (3.21) and A is linear so

%) = x5+ [ C A(s) K(s)ds + Za (). (3.22)

Since A(.)Xk(.) € L(S, H), we can apply the usual Hilbert space form of Ito’s formula
[see Métivier (1982), page 184, Theorem (26.5)] to see that

_ _ t _ _
IRll? = IR + 2 [ < Al)Xuls), Ruls) > ds

t _ _
+2 /0 < Xi(s7),dZ(s) > +[ 2] (3.23)
But [Zi); < [Z];. Moreover, < A(s)Xi(s), Xi(s) ><0. a.e., so (3.23) implies that

I < WXl +2 [ < Xu(s7),dZs) > +(2)e (324
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To complete the proof of the Lemma, we only need to show that

/Ot < Xi(s7),dZi(s) > — /Ot < X(s7),dZ(s) > in probability. (3.25)
Now
|/0t < Xu(s™),dZu(s) > — /ot < X(s7),dZ(s)]
< |/Ot < Xu(s™) — X(s7),dJeN(s) > | + |/0t < X(s7),d({T = T} Ne(s)) > |

+ |/0t < Xi(s7) = X(s57),dV(s) > |

= IBOI+ IO+ E)
o] & is a local martingale and its quadratic variation process satisfies
o t _ _ _
RS [ 1%(s) = X(OPANL < 1K - XN (326

Since [JyN]r < [N]r and || X — X||o converges to zero in L%. It follows from (3.26)
and boundedness of E{[N]r} that [I}]'/? converges to zero in L!. and so by inequality
of Burkholder-Gundy-Davis supOStSTII}(t)[ — 0in L.

e I} is also a local martingale, and its quadratic variation process satisfies

- T _
e < [ IXEOIU - TN,
< IXN&IT = J) Nz (3.27)

but [(I — J;)N]z — 0in L* and E{|| X||%,} is finite, then (3.27) implies that [I?]'/2 con-
verges to zero in L!, and so by inequality of Burkholder-Gundy-Davis supOStST|I_,f(t)| —
0in L.

e Since dV(s) = QV(s)d|V|(s) a.e. s € S, then

supocicr R (H)] < 1 Xk — Xlloo|VI(T).
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Since
| X: = X|loo = 0 in probability
then
SUPogthljg(t)l — 0  in probability.

Q.ED
‘Now since X, M,(s), Va(s), and Z,(s) satisfy Hypothesis 3.2 then by Lemma 3.3 we

have

IXPI = 1517 + 2 [ < A(9)Xals), Xals) > ds
2 "< Xa(57), dZn(s) > +[Zn)e  (3.28)

But [Z,): < JEIIRA(8)||2d[Z),. (See Métivier, Pellaumail (1980), 4.2, page (52)). Since
IR.()l £ 1 ae, so [Z,]: £ [Z];. Moreover, < A(s)X,(s),X,(s) >< 0 a.e. and

I1X3| < || Xol|, so that (3.28) implies that

X0 < Xl +2 [ < Xals7),dZus) > +12). (3.29)

To complete the proof of the theorem, we only need to show that

/0 "< Xo(s7),dZa(s) > — /0 " < X(s7),dZ(s) > in probability. (3.30)
Now
|/0t < Xo(s7),dZn(s) > — /Ot < X(s7),dZ(s) > |
< [ < Xals) = X()dM() > |+ | [ < X(7), d(M(5) = Mas)) > |

P < Xa(s7) = X, dValo) > 141 [ < X(57), d(V(s) = Vals)) > |
= LW+ IO + 01+ 1)
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e I! is a local martingale and its quadratic variation process satisfies
IO [ 1%7) = XEPAML < (X - XL M. (331
But [M,]r < [M]r. We have seen that
| Xn— X|joo — 0 in L2

So (3.31) implies that [I}] converges to zero in L! and by inequality of Burkholder-Gundy-
Davis

supogtglli(t)l -0 in L
e I? is also a local martingale, and its quadratic variation process satisfies

2 < [ IXGOIPAM - M,
< X% IM — My]r. (3.32)

Since [M — M,]7 — 0 in L. It follows from (3.32) that [I,’f:]:5 — 0 in L' and so by

inequality of Burkholder-Gundy-Davis
supoc;<7|I2(t)] — 0  in probability.

e Since dV,(s) = Ra(s) QY (s)d|V|(s) for a.e. s and [[R.(s)QV(s)[| < 1 for ae. s,
then
suPogicr [ a(t)] < [ Xn = X|loo|VI(T).
Since || X, — X|lcc — 0, in probability, supoc,<7|I3(t)| — 0 in probability.
o Since d(V(s) — Vu(s)) = (I — Ra(3))QV(s)d|V|(s) a.e. s, then

ubogrerl 0] < Xl [ 1(An(s) = DQY(IVI(S).

But (A,(s) — I)QV(s) converges to zero a.e. and its norm is bounded by 2, so by the

bounded convergence theorem supgc,<7|I5(t)| tends to zero. Q.E.D
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Remark 3.3 In the proof of Theorem 3.1 we have used the local square integrability of
[V]: only to prove that supoc,cr|In(t)| and supocicr|I2(t)| tend to zero in probability, so

if M =1 = I? = 0, we don’t need this restriction.

3.3 Burkholder-Type Inequality

Before proving Burkholder’s inequality for convolutions, we are going to prove the fol-
p g gomg

lowing lemma which we will need in Chapters 7 and 8.

Lemma 3.4 Let p > 1 and let C, be the constant in inequality of Burkholder-Gundy-

Davis for real-valued martingales. Then for K > 0 we have

[4 r
B{supocsal [[ < XM > P < G (0700

< e (™) + CEpoa, 68

where X} = supOSsSt”X-‘J”‘
Proof: By Burkholder’s inequality, we have
8 .
B{supogocel [ < Xoe\dM, > P} < CoB{( [ < X,-,dM, >)f).

But [f; < X,—,dM, >]; < (X})?*[M], so this is < C,,E{(X;‘)”[M]tg}. But since ab <
% _1_1‘7a2 + Kb?), the proof of the lemma is complete. Q.E.D
Theorem 3.2 Let A and U satisfy Hypothesis 3.1 with A = 0. If p > 1, then

Bl [ U(.,5)dM, |12 < K,E[IMI),

where

K, = 2*°C} + 27,
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Proof: Without loss of generality we can assume that M; is a cadlag globally square-

integrable martingale. Let
X = [ Ut s)AM,,  X.(t) = / “U(t, s)AM,(s),
where
M) = [ “Ro(s)dM(s).
We will prove that for all n
E{I X2} < K,E{[M]%}. (3.34)
Note that this implies the theorem, since by the proof of Theorem (3.1)
| Xn - Xl|loo = 0 in probability,
and we can apply Fatou’s Lemma (using, if necessary, a subsequence) to obtain
E{IX|Z} < K,E{[M]}.
It remains to prove (3.34). Now by (3.12) we have
IXa@IF < [ < Xals™), dMa(s) > +[Mole
Then
IXa(IP” < 2 [ < Xals™),dMa(s) > P+ (M2},
S0 |
BUXAZY < PE( [ < Xols7), dMa(s) > |2} + PE{M.J5).
Now [M,]; < [M];, so by Lemma 3.4 this is

2°C, C,K

< S22 B{IXE) + 2(Z2= + DE{[M]r},

- 2K
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Choose K = 2P(C,; then we have
1 2°PC,)?2
(x2) < SEQxE) + (E2 o) p(ag).

To complete the proof of the Theorem we need to show that if E{{M]}} < oo, then

E{]| X.]|22} < oo. By the stochastic version of integration by parts we have
, -
Xo(t) = My(t) — / =(U(t,5)) Ma(s)ds.
0

Since M,(s) € D, by (3.6) we have

%(U(t,s))Mn(S) = —U(t,s)A(s)Mn(s), ae.s€S.

Then
X,(t) = M(0)+ [ U, 5) A(s) M, (s)ds. (3.35)

Define a martingale
Na(t) i= (T = AO)MA(®) = [[(T = A©)Ra(s)IM(s).
Now we can rewrite (3.35) as
Xalt) = Mal®) + [ Ult,9)A()(T - A(0)) No(s)ds
and so
1%l < 22 {Ia @7 + [ 10 )AGT - AO) M IFINa(s)|ds} . (3.36)

But by (3.1d) there exists K such that ||A(s)(I — A(0))7!|lz < K a.e, and since

IU(t,s)||lc <1 a.e. wecan write (3.36) as
E{| X2} < 22 {E (|M.|) + K*TE (|N.|2)} .

But [M,]; < [M]; and by (3.1d) there exists K, > 0 such that [|(I—A(0))R.(s)||z <
K,. Then [N,]r < K?[M]r. Since E([M]}) < oo we are done. ‘
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Q.E.D
We have proved the theorem when A = 0 in (3.1c). We can easily generalize to the

case when A > 0 by the following corollary.

Corollary 3.1 IfX > 0 and p > 1 we have
. 2p

E [“ / U(.,s)dM, } < K,eTE ([M');), (3.37)
0 (e

where M} := [{e™?*dM,.

Proof: Define X; = [qU(t,s)dM,. Then by Lemma 3.1 X} = [} Uy(t,s)dM,, and by
Theorem 3.2 one has E{||X!||%?} < K,E{[M']%}. By substituting X! = e X, we get
(3.37). ' : Q.ED

Theorem 3.2 also gives us Burkholder’s inequality for H-valued local martingales by
setting A(t) = 0and U(¢,s) = I. To complete the proof of the inequality of Burkholder-

Gundy-Davis for H-valued martingales we need to prove:

Theorem 3.3
- B([M]) < 2(1 + CHE((M})™). (3.38)

Proof: By Ito’s formula we have [M], = ||M,||? - f¢ < M,_,dM, >. Then
¢
[M]f < 2p“Mt”2p + 237'/ < Ms—>dMs > Ip,
0
S0
8
E(IME) < 22B((M;)? + 2E(supogee] || < M7, dM, > P).

By Lemma 3.4 this is

92?C,

< 9P *\2p

E((M?)™) +

2oL B,
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Choose K = To complete the proof of the theorem we need to show that if

2°Cp "

E((M})??) is finite , then E([M]?}) is finite. Define the stopping time
T, = inf{t: [M]; > n}

then
[Mlr.a: <n+ sgp ||AM3||2 <n+ 4(Mt*)2.
s<t

So [M]r,a: € L? and we have
E([M7n) < 2%(1 + CPE((M7,00)™)-

Now let n — co.

Q.E.D
Remark 3.4 Combining Theorem 3.2 and Theorem 3.8 we have
) R ' 2
p|| [ vt omn]”] < xE@m < KB (IMIZ) (3.39)




Chapter 4

A SEMILINEAR EQUATION

4.1 Introduction

Let (Q, F, F:, P) be a complete stochastic basis with a right continuous filtration. Let
Z be an H-valued cadlag semimartingale. Consider the initial value problem of the

semilinear stochastic evolution equation of the form:

{ dX, = A@)X.dt+ fi(X,)dt + dZ, (4.1)

X(O) = XO,

where A = {A(t),t € S} is a family of operators satisfying the following hypothesis.

Hypothesis 4.1 (a) There exists A\ € R such that for all s > 0, (A(s) — Al) is a
generator of a contraction semigroup;

(b) the operator-valued function (—A(t)+pul)™! is strongly continuously differentiable
with respect tot for t > 0 and p > A;

(c) there ezists a fundamental solution U(t,s) of the linear equation u(t) = A(t)u(t).
Moreover, if ug € H and f € C(S, H), then the equation

{ () = A@Du()+ (1) w2
u(0) = wug
has a strong solution u given by

u(t) = U(t,0)uo + [ “U(t, s) f(s)ds. (4.3)

Ifug € D(A(0)) and f € CY(S,H), then (4.83) is also a strong solution of (4.2).

44
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Note that an evolution operator which satisfies the above condition is a strong evolution

operator [see Curtain (1977)] which satisfies Hypothesis 3.1(b) and (c).

Remark 4.1 Note that Hypothesis 4.1 holds, for example, if {A(2),t € Rt} is a family of
closed operators in H with domain D independent of t, satisfying the following conditions:

(i) considered as a mapping of D (with graph norm ) into H, A(t) is C! int on R*
in the strong operator topology;

(ii) if A(2)* is the adjoint of A(t), then D(A(t)*) C D for all t;

(iii) 3\ € R such that

< A(Y)z,z >< N|z|?, Vz € D(A®t), VteS.

Proof: See Browder (1964)

We say X; is a mild solution of (4.1) if it is a strong solution of the integral equation
t ¢
X; = U(,0)Xo + /0 U(t, 8)fo(X,)ds + /0 U(t, s)dZ,. (4.4)

Since Z is a cadlag semimartingale the stochastic convolution integral [ U(t,s)dZ, is
known to be a cadlag adapted process (see Chapter 3). More generally, instead of (4.4)

we are going to study
t
X, = U(t,0) X, +/ U, s)f.(X,)ds + Vi, (4.5)
0

where V; is a cadlag adapted process.
In Theorem 4.1 we will study the integral equation (4.5) in a more abstract setting,

where V = V(t,y) and f = f(¢,y, z) satisfy the hypotheses of Theorem 2.1.

4.2 The Measurability of the Solution of the Semilinear Equation

Theorem 4.1 Let Xo(.) be G-measurable. Suppose that f and V satisfy Hypothesis 2.1
and suppose that A(t) and U(t,s) satisfy Hypothesis 4.1. Then for each y € G, (4.5) has
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a unique cadlag solution X(.,y), and X(.,.) is § X G-measurable. Furthermore
t
X < | Xoll + V(@) +/0 ePHME=9)| f(s,U(s,0) Xo + V(5)) || ds, (4.6)

1 Xlloo < 1 Xoll + IV]leo + Creo(|| Xoll + [V ||oo), (4.7)
where

Cr=

e M i M+ X #0
1 otherwise.

If X; and X, are solutions corresponding to different initial values Xy, and Xy, then
| X2(t) — X1 (8)|| < e(A"'M)tHXm — Xo2l], te€S. (4.8)

Proof: By using the transformations (2.6), and (2.7) we can assume by Lemma 2.1 that
Xo=0,M =0and V = 0 in (4.5). By Lemma 3.1 we can also suppose A = 0 in
Hypothesis 4.1(a). Thus we consider

X(t,y) = /0 Uty 9) f(s,y, X(s,9))ds, t€S, yeG. (4.9)

y serves only as nuisance parameter. It only enters in the measurability part of
conclusion. The proof of Theorem 4.1 in the case in which f is independent of y is a
well-known theorem of Browder (1964) and Kato (1964).

The existence and uniqueness are therefore known. To establish the measurability
and inequeﬂities (4.6)—(4.8) we follow the proof of Vainberg (1973), Th (26.2) page 331.
Let A,(t) := A(t)(I —n'A(¢))™?, and consider the equation

Xa(ty) = [ (Ans)Xa(5,9) + 15,3 Xa(s,9)ds. (4.10)

A, is a bounded operator with ||A,(t)|]|r < 2n which converges strongly to A(t).

Vainberg shows that (4.10) has a unique solution X,, and moreover that there is a
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subsequence (X, ) of X, which converges weakly in L?(S, H) to a limit X, which is a
solution of (4.9); and for each y X(.,y) is continuous.

But now by Lemma 2.5 X,, converges weakly to X in L*(S, H). Moreover f,(z) :=
A,z + f(z) satisfies the hypotheses of Theorem 2.2 so that X,(+,-) is B X G-measurable.
It follows by the proof of Theorem 2.2 that X(.,.) is # x G-measurable.

The proof of the inequalities (4.6)—(4.8) in case M = 0, A = 0 and V = 0 are in
Vainberg (1973), and the extension to the general case of Theorem 4.1 follows immediately
from transformation (2.6) and (2.7).

Note that discontinuity of the solution in general comes from discontinuity of V.

Q.E.D

As an application of Theorem 4.1 we can show the existence and uniqueness of the

solution of (4.5) when Xy , f and V satisfy the following conditions.

Hypothesis 4.2 (a) X, € Fo.

(b) f = f(t,w,z) and V = V(t,w) are optional;

(c) There exists a set G C Q such that P(G) = 1, and if w € G, then f and V satisfy
Hypothesis 2.1.

Corollary 4.1 Suppose that Xy, f and V satisfy Hypothesis 4.2. Suppose A and U
satisfy Hypothesis 4.1. Then (4.5) has a unique adapted cadlag (continuous, if V; is

continuous) solution.

Proof: The existence and uniqueness of a cadlag solution is immediate from Theorem
4.1. We need only prove that it is adapted. To see this, fix s < ¢, take S = [0, s], and
take G = Fi|¢ in Theorem 4.1, where G is the set of Hypothesis 4.2. Now 2 — G has

measure 0 so it is in Fo C F;.
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Theorem 4.1 implies X(s,.)|g is G-measurable; as all subsets of 2 — G are in F; by

completeness, X(s,.) itself is Fi-measurable. By right continuity of the filtration,
X(37 ) €F, = ﬂt>sf't-

Thus {X(¢,.),t € S} is adapted.
Q.ED

4.3 Some Examples

Example (4.1)

Let A be a closed, self-adjoint, negative definite unbounded operator such that A~!
is nuclear. Let U(t) = ¢ be a séfnigroup generated by A. Since A is self-adjoint then
U satisfies Hypotheses 3.1 and 4.1, so it satisfies all the conditions we impose on U.

Let W (¢) be a cylindrical Brownian motion on H. Consider the initial-value problem:

dX, = AXdt+ fi(X)dt +dW (), w1
X(0) = Xo, '
where Xp,and f satisfy Hypothesis 4.2 .
Let X be a mild solution of (4.11), i.e. a solution of the integral equation:
t t
X = U X(0) + /0 Ut — 8)fo(X.)ds + /0 Ut — s)dW(s). (4.12)

The existence and uniqueness of the solution of (4.12) have been studied in Marcus
(1978). He assumed that f is independent of w € Q and t € S and that there are M > 0,
and p > 1 for which

< f(w) = flv),u —v>< —Mlju —of?

and

1)l < CA+ [lufP™).
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He proved that this integral equation has a unique solution in L?(Q, L?(S, H)).

As a consequence of Corollary 4.1 we can extend Marcus’ result to more general f
and we can show the existence of a strong solution of (4.12) which is continuous instead
of merely being in LP(Q, LP(S, H)).

The Ornstein—-Uhlenbeck process V; = fg U(t — s)dW (s) has been well-studied e.g. in
[Iscoe et. al (1989)] where they show that V; has a continuous version. We can rewrite

(4.12) as
X, = U)X () + [ Ut - 9)f(X)ds +V,

where V; is an adapted continuous process. Then by Corollary 4.1 the equation (4.12)
has a unique continuous adapted solution.

Example (4.2) Let D be a bounded domain with a smooth boundary in R?. Let —A be
a uniformly strongly elliptic second order differential operator with smooth coefficients
on D. Let B be the operator B = d(z)Dy + e(z), where Dy is the normal derivative
on 8D, and d and e are in C*(0D). Let A (with the boundary condition Bf = 0) be
self-adjoint.

Consider the initial-boundary-value problem

4 Au = filu)+ W on D x[0,00)
Bu = 0 on 4D x [0, 00) (4.13)
u(0,z) = 0 on D,

where W = W(t,z) is a white noise in space-time [for the definition and properties of
white noise see J.B Walsh (1986)], and f; is a non-linear function that will be defined
below. Let p > g—. W can be considered as a Brownian motion W, on the Sobolov space
H_, [see Walsh (1986), Chapter 4. Page 4.11]. There is a complete orthonormal basis
{ex} for H,.

The operator A (plus boundary conditions) has eigenvalues {Ax} with respect to {ex}
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i.e. Aep = Apex, Vk. The eigenvalues satisfy £;(14+X;”) < oo if p > £ [see Walsh (1986),
Chapter 4, page 4.9]. Then [A~!]? is nuclear and — A generates a contraction semigroup
U(t) = e~*4. This semigroup satisfies Hypotheses 3.1 and 4.1.

Now consider the initial-boundary-value problem (4.13) as a semilinear stochastic

evolution equation

dut + Autdt = ft(ut)dt + th (4.14)

with initial condition u(0) = 0, where f : SxQ x H_, — H_, satisfies Hypotheses (4.2b)
and (4.2c) relative to the separable Hilbert space H = H_,. Now we can define the mild

solution of (4.14) (which is also a mild solution of (4.13)), as the solution of

Uy = /Ot Ut — s)fs(us)ds + /Ot U(t — s)dW,. (4.15)

Since W, is a continuous local martingale on the separable Hilbert space H_,, then

fEU(t — s)dW, has an adapted continuous version [see Chapter 3]. If we define

t
v :=/ Ut — s)dW,,
0

then by Corollary 4.1, equation (4.15) has a unique continuous solution with values in

H_,.

4.4 A Second Order Equation
Let Z; be a cadlag semimartingale on H. Let A satisfy the following:

Hypothesis 4.3 A is a closed strictly positive definite self-adjoint operator on H with
dense domain D(A), so that there is a K > 0 such that < Az,z >> K||z|?, Vz €
D(A).
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Consider the Cauchy problem, written formally as

2y . 5

%2+Az = Z
z(0) = =z, (4.16)
%—f(O) = Yo-

Following Curtain and Pritchard (1978), we may write (4.16) formally as a first-order

system

{dX(t) = AX(t)dt +dZz, (4.17)

X(O) = X(_),
.’l'(t) o 0 Lo 0 I
where X (t) = y Ly = , Xo = ,and 4 = .
y() Z; Yo —A 0
Introduce a Hilbert space K = D(A'/?) x H with inner product
<X, X >x=< AV?2,AV?z > + <y, 5 >,

and norm

IX1I% = | A2 + |ly|I?,

T _ T
where X = ( ), X = ( ) [see Chapter 4, page, 93, Vilenkin (1972)].

Y ]

Now for X € D(A) = D(A) x D(A'?), we have
< X, AX >x=< Az,y >+ <y,—Az >=0
Thus -
<(A=ADX,X >x=< AX, X > - X||Z = =)\|| X||%.

Since

| < (A=ADX, X >c | < (A= ADX[Icll X]lx,
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we have
(A= A Xl = M| Xk

The adjoint of A* of A is easily shown to be —A. With the same logic

I(A* = AD) Xl 2 Al X][x.

Then A generates a contraction semigroup U(t) = e*4 on K. [see Curtain and Pritichard
(1978), Th (2.14), Page 22]. Moreover A and U(t) satisfy Hypothesis 3.1 with A = 0,
and they also satisfy Hypothesis 4.1.

Now consider the mild solution of (4.17):
. ‘ t )
Vi = U(t) Xo + /0 Ut — s)dZ,. (4.18)

Since Z, is a cadlag semimartingale on K, the stochastic convolution integral ff U(t —
s)dZs has a cadlag version (see Chapter 3), so V; is a cadlag adapted process on K.

Now let us consider the semilinear Cauchy problem, written formally as

T+ Az(t) = f(a(t),%59) + Z,
2(0) = 2o, (4.19)
%It:o = VYo,

where f : D(AY?) x H — H satisfies the following conditions:

Hypothesis 4.4 (a) —f(z,.): H — H is semimonotone i.e. IM > 0 such that for all
z € D(AY?) and all y,,y, € H
< f(z,92) — f(2,91), 92 — 41 >< Mllyz — wl%;

(b) for all z € D(AY?), f(z,.) is demicontinuous and there is a continuous increasing
function ¢ : RY — Rt such that || f(0,y)]| < (||lyl);
(c) f(.,y): D(AY?) — H is uniformly Lipschitz i.e AM > 0 such that Vy € H

I f(z2,9) — f(z1,y)]| < M||A* (25 — z1)].
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[The completeness of D(A/?) under the norm ||AY2z|| follows from the strict positivity
of A2, ]

Note that any uniformly Lipschitz function f : D(AY?)x H — H satisfies Hypothesis
4.4 .

Proposition 4.1 If f satisfies Hypothesis 4.4, then the Cauchy problem (4.19) has a
unique mild adapted cadlag solution x(t) with values in D(AY?). Moreover 28 is an

H-valued cadlag process. If Z; is continuous, (z, %) is continuous tn K.

0

Proof: Define a mapping F' from K to K by F(z,y) = (
f(z,y)

). We are going to

show that F' satisfies the hypotheses of Corollary 4.1.

e F'is semimonotone.

I T3
Let X; = ( ) and X, = ( ) Then
Y1 Ya

< F(X3) — F(X1),X; = X1 > = < flx2,92) — f(z1, 1), 92 — 1 >
= < f(22,92) — f(22,91),92 — 1 >

+ < f(z2, 1) — flz1, 1), 02 — 41 > .

By Hypothesis 4.4(a) and the Schwartz inequality this is

< Mlly; - y1||2 + 1 f(z2,91) = flz1, y0)llly2 — wall-

By Hypothesis 4.4(c) this is

< Mllys — will® + M| A2 (22 - 21)lllye — il
< Mlly: = wll® + M/2)| A (22 — 22)|I* + M/2]ly2 — ya]?
< 3M/2(|| A (w2 — @)l + lly2 — )

3M/2|| X, — X[k
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Thus —F : K — K is semimonotone.
e [ is demicontinuous in the pair (z,y) because it is demicontinuous in y and uniformly
continuous in z.

e F'is bounded since

1E (@)l = lf(z, )l < [ f(2,3) = FO,9)ll + 117(0,)Il;

by Hypotheses(4.4b) and (4.4c) this is
< M|IA 22| + o (llyll),
and since [|A%z| < || X||x and ||ly]] < || X]||c then
IF(X)e < MIX Ik + eI X]1x)-

Thus F' is bounded by the function ¥(r) = Mr + ¢(r). Then F satisfies the hypotheses
of Corollary 4.1 on K.
Now as in the linear case we may Write (4.19) as a first order initial value problem:
dX: = A(t)Xdt+ F(X(t))dt+ dZ,,
{ X(0) = Xo.
Since A generates a contraction semigroup U(t) we can write the above initial value

problem as
t t ~
X()=U()X(0)+ /0 U(t — s)F(X(s))ds + /0 U(t — s)dZ,.
By (4.18) we can rewrite this as
t
X(t) = / Ut — 8)F(X,)ds + V.
0

Since V; is cadlag and adapted then F,U and V satisfy all the conditions of Corollary
4.1. then there is an adapfed cadlag solution on K. If Z; is continuous, V; is continuous

too and X; is a continuous solution of (4.19) on K. Q.ED
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Remark 4.2 We assume f: D(AY?) x H — H. We could let f depend on w € Q and

t€ S as well. This would not involve aﬁy essential modification of the proof.

Example (4.3): Let D, A, B, and W be as in Example (4.2). Let p > d/2 and consider

a mixed problem of the form:

4

-aa—i—;‘—+Au = f(u,%t‘-)-i-W onD x [0,00)
Bu = 0 ondD x [0, c0)
< (4.20)
u(z,0) = 0 onD
| 54(z,0) = 0 on D,

where f: H_py x H_, — H_,,.
As in Example (4.2) we consider W as a Brownian motion W; on the Sobolev space
H_,. Now A is a strictly positive definite self-adjoint operator on H_,, and [A7!]? is

nuclear. Since all of the eigenvalues of A are strictly positive, then
< Az,x>p_,> /\0||a:||§{_p, (4.21)

for all X € D(A) = H_p4s.

Then we can write (4.20) as the following Cauchy problem on the Sobolev space H_,:

4

dut = utdt
du, = —Audt+ f(ug,u,)dt+ dW,

) t t f(t t) t (4.22)
u(0) = 0

\u(O) = 0.

Now A satisfies (4.21) and it is a positive definite self-adjoint operator on H_,. Note
that if f € H,, then AY2f € H,_, [see, Walsh (1986), Example 3, Page 4.10]. Then
D(AY?) = H_,,,. Since W, is continuous then by Proposition 4.1, (4.22) has a continuous
mild solution u; € C(S, H_py1) and, moreover, u; € C'(S, H_,) i.e., the mild solution of
(4.20) is continuous process in H., for any p > d/2 — 1, and it is a differentiable process

in H_, for any p > d/2.
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4.5 A Semilinear Integral Equation on the Whole Real Line

Recall the integral equation (4.12) of Example (4.1). Marcus (1974) has studied the
existence of the solution of (4.12) where the parameter set of the processes extended to

the whole real line, i.e. the integral equation
t t
X, = / U(t — )f(X,)ds + / U(t — s)dW(s). (4.23)

This motivated us to study the existence of the solution of (4.23) when —f is only
monotone rather than being Lipschitz. We are going to use this in Chapter 6 to prove
that the solution X; of (4.23) is stationary.

Instead of (4.23) we are going to study the slightly more general equation
14
X, = / Ut - s)f(X,)ds + Vi (4.24)

We will impose the following conditions on f,V and the generator A of the semigroup

U.

Hypothésis 4.5 (a) U(t) is a semigroup generated by a strictly negative definite, self-
adjoint unbounded operator A such that A=' is compact. Then there is A > O such that
U@ < e

(b) Let p(t) = K(1 4 t?) for somep>0, K > 0. —f is a monotone demicontinuous
mapping from H to H such that || f(z)|| < ¢(||z|]) for all z € H.

c) Let r = 2p?. V; is cadlag adapted process such that sup,.g E{||Vi||"} < oo.
eR

Let us first study the integral equation:

X, = /t U(t — $)f(X, + V,)ds. (4.25)

)
The following theorem translates Corollary 4.1 to the case when parameter set of the

process is the whole real line.
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Theorem 4.2 If A, f and V satisfy Hypotheses 4.5, then the integral equation (4.25)

has a unique continuous solution X such that

t .
1 < [ eV, )ds;

1
E{[| X1} < 5 sup E{e(IVsl)} := K.
sER
Proof: Consider a sequence of solutions (X,) of the integral equation

X () = /t U(t — 8)f(Xa(s) + V,)ds.

-n

The solution of (4.28) exists by Corollary 4.1. It satisfies

(4.26)

(4.27)

(4.28)

t t
1Xall < [ e (Vs < [ e (Vi |)ds for t> —n.

Since by Hypothesis 4.5 sup,cp E{e(||V;]|)} < oo, then by Fubini’s theorem

B[ N p(Vilds) = [ e Blp(IVal) s,

Then
E|X.(®)|] £ K1 for t> —n.

But

t

Xonr(®)= [ Ut = )f(Xasa(s) + Vi)ds,
so by using the semigroup property of U(t) we can rewrite this as

X1 () = U(t 4 1) Xng1(=n) + [ U(t = 8)f(Xns1(s) + Va)ds.

-n

But (4.30) is the same equation as (4.28) with different initial conditions.

Corollary 4.1 we have

141 () = Xa(Oll < €4 Xpa (—n) - 0],

(4.29)

(4.30)

Then by
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or
[ Xns1 = Xallz < e X (—n)l,
where [ X||7 = sup_r¢icr || Xil|. Then
E{|| Xn1 = Xallz} < e E{]| Xnp (—n)ll}-

But by (429) E{||Xn+1(—n)||} S I(l, SO

Y E{|| Xns1 — Xullr} S K1Y e < 0
k=0

k=0
Thus (X,) is a convergent sequence in L}(Q, C([=T,T], H) for each T > 0. Define
X = lim,00 Xn. Since X, (¢) satisfies (4.26) and(4.27) and since E[|| X.(¢) — X(¢)||]] — 0
then X also satisfies (4.26) and (4.27) .
To complete the proof of the theorem one needs to show that X satisfies (4.25). Now

we can rewrite equation (4.28) as
Xo(t) = U(t + T)X +/ (t = 8) f(Xa(s) + V,)ds. (4.31)
Consider the integral equation
Y(t)= Ut + T)X(-T) + [ tT U(t — $)f(Y(s) + V,)ds. (4.32)

By Corollary 4.1 this equation has a unique solution. Comparing (4.32) with (4.31), we
have by Corollary 4.1 that

1 Xa(t) = Y ()]} < e D)X, (=T) — X(=T))\.
Now

E[Y() - XMl < E[IX(®) - Xa(d)l] + E| Xa(t) = Y(O)I]
E[|X(2) - Xa(Oll) + e N DE(X(=T) = X (=),

N
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and since E[|| X(t) — X,(t)||]] = 0 as » — oo then we have X(t) = Y (¢) a.s., i.e., X(¢) is
a solution of (4.32). We can rewrite (4.32) as
¢
X(t) = Ut + n)X(=n) + / Ut — 8) (X, + V,)ds. (4.33)
By (4.26), (4.27) and Hypothesis 4.5(b) we have

UG- ) F(Xa+ Vi)l € e 90(| X, + Vill)
s Y4
< 2R 1 ([T ey ) + Vil }

N

Then by hypothesis 4.5(c) and Fubini’s theorem it is easy to see that
t
/ 1U(t = 8)F(X, + V,)||ds < oo.
Then by the dominated convergence theorem we have

Jim _tn Ut - s)f(X, +Vi)ds = [ ; U(t — s)f(X, + V,)ds.
Since X satisfies (4.27) then E[||X(—n)||]] £ K, so

E[IX (¢t + m)X(=n)[] € e MK,
which implies that U(t + n)X(—n) — 0 and so (4.33) implies

X, = /_t Ut — ) f(X, + V,)ds.

Q.E.D.
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THE CONTINUITY OF THE SOLUTION

5.1 | Introduction

Consider the integral equation

X(t,y) = U(t,0)Xo(y) + /ot U(t,s)f(s,y, X(s,y))ds + V(t,y), tesS, yeS (51)

Faris and Jona-Lasinio (1982) have proved that the solution X of (5.1) is a continuous
function of V in the special case when the generator of U is ddx—zz and f(z) = —Az% — pz.
Da Prato and Zabczyk (1988) generalized this result to the case where U is a general
analytic semigroup and f isv a locally Lipschitz function on a Banach space.

We are going to generalize the previous result by proving that the solution of (5.1)
changes continuously when any or all of V, f, A and X, are varied. As a corollary
we will prove a generalization of Faris and Jona-Lasino’s theorem for semimonotone f
and more general U; this was open after Faris and Jona-Lasinio (1982) [see for example
Smolenski et al (1986), page 230]. We will also prove the strong convergence of the finite

dimensional Galerkin approximation to the solution of (5.1).

5.2 The Main Theorem and its Corollary

Theorem 5.1 Let f! and f? be two mappings satisfying Hypothesis 2.1 with parameters
M;(y) and M(y) respectively and bounded by functions ¢y and @, respectively.
Suppose V1 and V? satisfy Hypothesis 2.1. Suppose A and U satisfy Hypotheses 4.1

60
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and 3.1. Let X'(t), 1 = 1,2 be solutions of the integral equations:
. . t . . ,
X'(t,y) = U(¢,0)X; +/0 U(t,8)f*(s,9, X*(s,9))ds + V' (¢, y). (5.2)
Then we have

IX2(@) - X'l < 20V - Vi)

+ 2e(2A+4Ma+1)t {||X§ _ Xéllz
t 1/

[ e - viras)

+ /Ote‘“” f”(Xl(s))—fl(Xl(s))|’2ds}, © (5.3)

T
I = 2{/ g2
0

+4M, { /0 T e v(s) - V1(3)112d5}1/2

Note that, since by Theorem 4.1 X; and X; are bounded by V; and V,, then I is

where

) 1/2
PO - P s}

bounded by function of V; and V; .
Proof: Since U satisfies Hypothesis 4.1, then by Theorem 4.1 the solution of (5.2) exists.
Define Y(t) = X'(t) — V*(t), ¢ = 1,2. Then we can write (5.2) in the form

Yi(t) = Ult, 0)X3+/(:U(t,s)f"(xi(s)ds, i=1,2,
so that
Y1) = YX(t) = U(6,0)(X3 — X3) + [ UGt )[H(X%(s)) ~ (X (s)}ds.
Since U satisfies Hypothesis 3.1(a)—(d), then by Remark 3.3 we have
V20 - VIO < €22 — X3P (5.4)
+2 [[ D09 < ¥3(e) — YH(s), KYS)) = FX(s)) > ds

To complete the proof of this theorem we need the following lemma.
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Lemma 5.1 Let K > 0. Then

2 [ < ¥2(s) = ¥I(5), FHXAs)) - F1(X(s)) > ds
< (K +4M) [ ePYs) - Vi)l
41 (/Ot V(s) = Vi(s)Pds)

t [ e - reae) s (5.5)

Note that because Y’ and X' are cadlag and the f are bounded by ¢;, then the

integrands are dominated by cadlag functions and hence are integrable.

Proof: The left hand side of (5.4) is

< 2 [P < ¥2() = YA(9), X)) - FX(S)) > ds
+ 2/(: e < Y2(s) = Yi(s), FAX(s)) — FHXN(s)) > ds
since Y* = X* — V* and —f? is semimonotone. By the Schwartz inequality this is
< 2 [[PVA(s) = VI (X)) — £ ) lds
+ou, [ "2 X2(s) — X1(s)||ds
+2 [ ePYYs) — Vi) (XA s) - (X (9)) lds.
Apply the Schwartz inequality to the first integral, use the inequality 2ab < Ka® + +b*

in the third, and write X = Y + V* and use the inequality again in the second to see
that this is

1/2

< 2{/; 6_2,\5”‘/2(3) _ Vl(s)llz)ds}llz {/: e‘”s]lfz(Xz(S)) _ fZ(Xl(s)szs}
+au, | "2 Y2(s) - Y(s)[Pds
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t
+ 4M, /0 e~ V2(s) — Vi(s)|?ds
t
+K / e Y2(s) — Y(s)||?ds
0

2 [P0 - POXC)) s,

This proves the lemma.

Q.E.D
To finish the proof of Theorem 5.1, let us define g(t) := e=2*||Y%(¢) — Y!(¢)||>. By

Lemma 5.1 one has

i
gt) < IX3 - X3+ (1 +4M2) [ g(s)ds

+([e“ww@r4ﬂwW@fﬂf
+ [P UPS) - X (5) P

By Gronwall’s inequality

g(t) < UMt [x2 _ X112
41 (/Ot eV (s) — Vl(s)||2ds) :
+ [P ) - £ 0E)Ias).

Substituting for ¢g(¢) and using the following inéquality

IX*(#) = XTON* < 20Y2(@) = YOI + 2V2() — V()%

to get inequality (5.3). - Q.ED
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Remark 5.1 We can extend Theorem 5.1 to the case where the evolution operator U(t, s)

varies too, but unfortunately the inequality becomes more complicated.

Let Ui(t,s), i = 1,2 be an evolution operator satisfying the hypotheses of Theorem

5.1. Let X'(t), ¢ = 1,2 be the solutions of the integral equations
Xi(t) = UL 0)X5 + [ Ut 9)fi(X(3))ds + V(D).

Define

VEE) = (UA(,0) = UL ODXS + [ (U (1) — UM (e, )X (),

and define

Io= ([ emireee - f1<xl<s)>||2ds)1/21
wanty [TV 4 V6 - VI %

Then we have

1X*@) - XT@I* < 4V - VI + 4V

+ 9e(2A+K+4Mz)t [“Xg _ XéHQ
_/ [t 5
+T( [ evis) - vi(s)lids )
0
t z
I_ —2Xs 3 2d )
+ ([ eevis)ds
t
+ [ epX) - XS]
Proof: From (5.6) and the definition of V3(¢) we have
t
X1(t) = U*(t,0) X2 + /0 U (4, 5) fH(X(s))ds + V(1) + V3(2).

Compare this equation with (5.6) for ¢ = 1 to get (5.7).

(5.6)

(5.7)

Q.ED
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Corollary 5.1 Consider equations (5.6). There is a constant dy such that on the set
where maxi=1 2(|| X§|l, M2(¥), |Vi]leo) < N one has

IX* = XL < dy (X5 = XA+ IV = Vo4 IV
. T
b RO - O] 69

Proof: From the definition of V3(¢) and inequality (4.7) there is a constant d% > 0 such
that ||V3|e < di. From inequality (4.7) and the definition of I there is d% > 0 such
that I < d% and ||f3(X?(s))| < d%. Define d3; = max(dy;, d%). Using (5.7) we have

1X2 = X% < 4lVE = VL + 4 VOS2 HNT{)XE - X7
T
F UV = Voo + 1V llldl [ e7ds]
T
b [ PP - P I

Using the facts that ||[V]je < N, [[V¥|eo € N, ||Vle < d3 and the above inequality,

we get (5.8). Q.E.D
Remark 5.2 Let D(S, H) be the set of H-valued cadlag functions on S with norm

| flleo = SuPteS”f(t)”-

By Corollary 5.1 there is a continuous mapping ¢ : SXD(S, H) — D(S, H) such that if
X(t) is a solution of

X(t) = [ U(t,9)5(X(s))ds + V@),

then X(t) = ¥(¢,V)(t). Moreover there is a constant dy such that on the set where
max;=1 2(M2(y), |Villw) < N, we have

1905 V) = (Voo < dn[V? = VY&,

so v is Holder continuous with exponent 1/2.
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5.3 Application to the Large Deviation Principles

Da Prato and Zabczyk (1988) have studied large-deviation principles for the Ornstein -
Uhlenbeck process V; = f§ U(t — s)dW(s). In the case when f is locally Lipschitz, they

also studied large-deviation principles for the solution of

X(0) = =,
where € > 0. As a consequence of Remark 5.2 we can generalize their result to the case
when f is semimonotone.
Suppose A, U, f, and W are as in Example (4.1). Then we can write the mild solution
of (5.9) as
X, =U(t)z + /ot U(t— s)f(s, X(s))ds + €V,. (5.10)

Let n € L*(S, H). Consider a system of the form

{ €= AL(t) + f(t, E(D) + A”n(t) (5.11)

£0) = =z

Note that A~! is a nuclear operator. We can write the mild solution of (5.11) as
t
£ = Ult)e + [ Ult=)f(s,&(s))ds + €70), (5.12)

where £7(t) = f[fU(t — s)A~p(s)ds.
By Remark 5.2 we can write the solutions of (5.10) and (5.12) as

XP¢ = (8, U( ) + eV.)(b),
and
=9, U( )z +E")(2).

Then we have the following proposition.
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Proposition 5.1 (i) For arbitrary é >0, « > 0, 3 > 0 and C > 0 there exists ¢g > 0
such that for n,z satisfying fy ||In(s)||?ds < C, ||z|| < B and € € (0, €),

X4 7% 1 -2 T 2
PR = € <6) 2 exp =3[ In(o)*as +)].

(ii) For arbitrary 6 >0, a >0, 8> 0 and

ro > 0 there exists ¢ > 0 such that for arbitrary r € (0,79) and € € (0,¢) and

lz|| < B
P(distanceyg(X™¢, K(z,r)) > é) < exp[— %6—2(7,2 — a)]
where K(z,r) stands for the set for all £"* for which fOT In(s)||2ds < 2.

Proof: The continuity of ¢ in Remark 5.2 allows us to reduce the problem to the linear
case (f = 0) and zero initial condition [see Freidlin and Wentzell (1984), Theorem 3.1,
Page (81)]. But when f = 0, the theorem has been proved by Da Prato and Zabczyk
[Da Prato and Zabczyk (1988), Theorem 5].

Q.ED

5.4 Galerkin Approximations

Let U(t) be a semigroup generated by a strictly negative definite closed unbounded self-
adjoinf operator A such that A™! is compact.

Then there is a complete orthonormal basis ($,) and eigenvalues 0 < Mg < A < Ap <
.. with A\, — oo, such that A¢, = =\, ¢,.

Let H, be the subspace of H generated by {¢o, ¢1, ..., #n—1} and let J, be the projec-
tion operator on H,.

Define f, = J.f, Va(t) = J,V(t) and U,(t) = J,U(t)J,, where f and V satisfy

Hypothesis 4.1.
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Let X,(t) be the solution of

Xa(t,9) = [ Un(t = 9)falo,4, Xals,))ds + Valt,y), 20

and let X (¢) be the solution of

t

X(ty) = [ U(t—s)f(u8,X(s,9))ds + V(ty).
We will prove
Proposition 5.2 For all y € G, we have
[ Xn(-y) = X(5,9)lle0 — 0.

Proof
By Corollary 5.1 we have

1% = XI% < dn [IVa = Vo + I Valloo

[ e LX) - FX(e))IPds|
where

V= [0t = ) = UGt = 9)lf(s, X($))ds.

68

(5.13)

(5.14)

(5.15)

Since f, = J,f and V,, = J,V, then the first and 3th term in the right hand side of

(5.15) approach zero, so to complete the proof we need to show that
[Vallo — 0.
But

17O < (X le) [ WU(s) = U,
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SO

_ T
1Valleo < @I XNle) [ 1Un(s) = U(s)l]zds. (5.16)

Since |Un(t) — U(%)|| equals e~*t for t > 0 and equals zero for ¢ = 0, then by the
bounded convergence theorem the left hand side of (5.16) approaches zero.

Q.E.D

5.5 Galerkin Approximations for the Integral Equation on the Whole Real

Line

We can prove the convergence of similar Galerkin approximations to the solution of
equation (4.24) of Chapter 4. Define
fa=duf, Va(t) = L,V({), U.t) = J,V(t)J,

and define X,,(t) and X(t) as solutions of

X0 = [ ; Un(t — 8)fa(Xon(s))ds + Va(8). (5.17)
and
Xt = [ ; U(t — $)f(X(s))ds + V(2) (5.18)

Now we can prove

Theorem 5.2 If A,U, f and V satisfy Hypotheses 4.5, then one has
E([| Xa(t) — X)) — ©.

Proof:
Define

X4(t) = [ Ualt = s)ful XE(s))ds + Va(0),
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X4t = [ U= 9)f(XHs))ds + V(1)

and
Vaalt) = [ (Ualt = 5) = U(t = 5)F(X*(3))ds.

By Remark 5.1 we havg
1X:(8) = X*@IF < 4|Va() = VI + 4l Vs ()] 1
+1( /tk P Va(s) ~ Vi(s)|Pds )

_ ([t _ 3
+T([ P Vas(s)lds)”

+ /_tk 22| £, (X (s)) — F(X(s))]|%ds. (5.19)

Taking expectations and using the Schwartz inequality and Fubini’s theorem, (5.19)

implies that
B{IXS) - XFOIF} < 4B{VA0 - VOI} +4BQVu®F}
+ (BN ([P B(IVa(s) - V()I)ds)”

@t ([ B Tao)as)
[ PUB(IfX(6) - FXEIPs. (5:20)

We first show
E{| X5(t) = X*()||*)} — 0 uniformly in k. (5.21)

Since V,, = J,V and f, = J,.f, the first,third, and 5th term of the right hand side of
inequality (5.20) converge to zero. Then to prove (5.21) it is enough to show E(||V,,x(2)]|?)

converges to zero uniformly in k and ¢t € (—o0, T.

By using [[f(z)|| £ C(1 + ||z||?) and inequality (4.6), we see that

supee pE(|[V(£)]|"7) < o0,
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and, using Fubini’s theorem, one has
supierE (Vi (DI7) < supienB{1 + [VOIP) [ IU(=s5) = Ur(=s)l s
Since ||{U(—s) — Up(—$)||z — 0 for s < 0 and
1U(=s) = Un(=9)llL < e,
then by the dominated convergence theorem
sup,e pE(|Vae()||?) = 0 uniformly in k.

Then E(|| X.x(t) — X*(?)||?) — 0 uniformly in k. By Theorem 4.2, then E(|| X, s(t) —
X, (?)]]) — 0 as k — oo, hence E(|| X*(t)~ X (¢)||) — 0 and we have E(|| X,.(t)-X(t)|) —
0 Q.ED
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STATIONARY PROCESSES

6.1 Introduction

Consider an integral equation of the form:

t

X(t) = / Ut — 8)f(X(s))ds + V(2), (6.1)

—00

where U and f satisfy Hypothesis 4.5 and V satisfies the following condition:

Hypothesis 6.1 V is a cadlag adapted stationary processes on H, such that
E(IVO)|") < oo for r = 2p%, (6.2)

where p > 1.

In the special case when f(z) = —1VF(z) is the Fréchet derivative of a potential
F(z) on H and V; is the stationary Ornstein-Uhlenbeck processes [f_ U(t — s)dW (s),
we may consider the integral equation (6.1) as a mild solution of the infinite dimensional

Einstein-Smoluchowski equation:
1
dX(t) = —AX(t)dt — §VF(wt)dt + dW(¢). (6.3)

In finite-dimensions, the solutions are diffusion processes and the stationary measures
of these diffusion processes were studied by Kolmogorov (1937).
Infinite-dimensional Einstein-Smoluchowski equations have been studied by many au-

thors, e.g. Marcus (1974, 1978, 1979), Funaki (1983) and Iwata (1987). The stationary

72
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measure associated to this equation has important applications in stochastic quantization
[see Marcus (1979), Jona-Lasinio and Mitter (1985), Albeverio and Réckner (1989) and
Iwata (1987)].

Marcus (1974) studied (6.1) when f is Lipschitz, V is an Ornstein-Uhlenbeck process,
and A™' is nuclear. He proved that the solution of (6.1) is a stationary process; when
f(z) = 1VF(z), he characterized its stationary measures explicitly. This result was
generalized somewhat in Marcus (1978) to the case where f : B — B*, where BC H C
B* is a Gelfand triple and f satisfies

< f(z) = f(y),z —y >pxB< —Cllz — y||B and

lf(z)ls < C(1 + ||z||%") forsomeC >0, and p2>1

Unfortunately we were unable to follow his proof of the stationarity of the solution of
(6.1).

In this chapter we extend his setting to a slightly more general case in which f, U
and V satisfy Hypothesis 4.5 (a), (b) and Hypothesis 6.1 on a Hilbert space H. Our
method of proof is different from that of Marcus (1978). We are going to use the results
of Chapter 4 and Chapters 5. We will give the stationary distribution of (6.3) when
V F(z) is monotone.

Since V satisfies Hypothesis 6.1, it also satisfies Hypothesis 4.5(c), so by Theorem 4.2
a solution of (6.1) exists. By Theorem 5.3 this solution is the L'-limit of the solutions of

the finite-dimensional equations:

t

Xa(t) = [ Un(t=s)fa(Xa(s))ds + Va(t), (6.4)
where U,(t) = J,U(t)Jn, fo = Jof,and V, = J, V.
Thus to prove that the solution of (6.1) is stationary, it is enough to prove that the

solution of (6.4) is stationary.
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Let f : R — Y, where Y is a topological space. Define (6,f)(t) = f(t+ s).

Definition 6.1 A process X = {X(t) : .t € R}, taking values in a topological space
Y, is called strongly stationary if for each h and real numbers ty,t,,...,t, the families

(X(t1), X(t2), ..., X(tn)) and ((HhX)(ti), ooy (0, X)(tr)) have the same joint distribution.

Let D(R, H) be the space of H-valued cadlag functions on R with the metric of

uniform convergence on compacts

ST
459 = 2 ST 7 =gl

where
|l f1lx = sup_g<eci I F(E)]]-

Let H, be a finite dimensional subspace of H. If f € D(R, H,), 6.f is a function
from R to D(R, H,).

Now we are going to prove the following lemma:

Lemma 6.1 If V = {V(t), t € R} is an H,-valued cadlag stationary process on R
then 0.V, = {0,V s € R} is a D(R, H,)-valued stationary process on R.

Proof: To prove this, it is enough to prove that for all real t; < ¢, < ... < {,, all real

81 < 82 < ... < Sp, and all real A,

{05 V) (1), (0,V)(51)5- - -5 (0, V)(81)s -+, (05, V)(Sm)5 - - -5 (61, V) (sm) }
and
{(8:, + KV)(51), (04, + BV )(81),. .., (01, + RV )(81)s ..oy (B4, + AV )(Sm)s .- s (04, + AV )(3m)}

have the same joint distribution. But by definition (84+V)(s;) = V(ti+h+s;) and since
V is an H,-valued stationary process, then we have equality of the joint distributions,

and the proof is complete. Q.E.D



Chapter 6. STATIONARY PROCESSES ‘ 75

6.2 The Continuity of the Solution with Respect to V,

Let K be D (R, H,), with metric

& I f — gllx
dk(f,9) = kZ=:12’°(1+”f"g”k)

+ </°° e_lsl)‘()”f(s) - g(s)”'d3> - , Ao > 0.

—00

To prove that the solution X,(t) of (6.4) is a stationary process, we need to prove a

result similar to Remark 5.2 for equation (6.4), i.e., that there is a continuous mapping
¥ : R x K — D(R,H,) such that X, (t) = ¥ (¢, VL.(-))(2).

To prove this we first need to prove the existence of a solution of (6.4) when V,, € K.

Then instead of equation (6.4) we consider the following integral equation:

Y(t) = [ Ult—s)f(Y(s)+g(s))ds, (6.5)

under the following hypothesis.

Hypothesis 6.2 (a) U(t) =: Un(t) = JoU(t)Jn, and U satisfies Hypothesis 4.5;
(b) —f : H, — H, is a continuous monotone function such that ||f(z)|| < C(1 +
lzll™), for r = 2p?;

(c)ge K.

Note that because H, is a finite-dimensional space, the (t) form a group and %(t)
is well-defined for all ¢t € R and U(—t)U(t) = 1.

Now we are going to prove two purely deterministic lemmas:

Lemma 6.2 If f, U, and g satisfy Hypothesis 6.2, then (6.5) has a unique continuous

solution.
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Proof: As in Theorem 4.2, define

Vi) = [ U(t— )f(Vals) + o(s))ds. (6.6)

Then we have

b xolt-s9)
OIS [ e+ g,

and by Hypothesis 6.2(c) there are C(T) > 0 and Cy(T) > 0 such that for all t €
(—OO,T], | |
IYe(t)ll < C(T)e™" < Cu(T). (6.7)

Let a <t; <ty <T. By (6.6) one has

U(—t) Yelt) — U(=1) Yelt) = [ U(=5)F(¥i(s) + o(s))ds.

1

Now it is easy to see from (6.7) and Hypothesis 6.2(c) that there is C(T,a) > 0 such that

lU(—12) Yi(t2) — U(—t1) Yi(t1)|l < C(T,a)ltz — tl.

Then U(—t) Yi(¢) is uniformly equicontinuous on [a, T'] so Yx(?) is uniformly equicon-
tinuous on [a,T]. Since Yi(t) is uniformly bounded by (6.7), then by the Arzela-Ascoli
theorem there is a subsequence (k;) such that Y, converges uniformly to a continuous
function Y on [a,T] .

To complete the proof of the Lemma we need to prove that Y'(2) is a solution of (6.5).

As in the proof of Theorem 4.2 we can show that Y'(¢) is a solution of the equation
t
Y() =Uit+T)Y(-T) +/TU(t—s)f(Y(s) + g(s))ds, t > —T.

Then it is enough to prove that

Y(~T) = / CU=T = (Y (5) + o(s))ds. (6.8)

—00
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But
-T
Yi(=T) = [ UCT = s)f(¥i(s) + g(s))ds
= [ UT ~ )F((5) + gl)1on-mi(5)ds.

By Hypothesis 6.1(c)

1U(=T — $)F(Ye(s) + 9(8))1{-k,-11(s)|l

is dominated by an integrable function. Since Y, (s) — Y(s) and since f is continuous,

then by the dominated convergence theorem we get (6.8). Q.E.D

Lemma 6.3 Suppose U, f, and g; satisfy the conditions of Lemma 6.2. If X;, 1 = 1,2

are solutions of

Yi(t) = [ at = )f(¥ils) + 9(5))ds,

then there is a constant C(T) > 0 such that

¥ = il < OT,01,9) ([ e llants) = au(s)lPds ) (69)

Proof: Define

t .
YA = [ U= (V) +g(s))ds, i = 1,2
By Theorem 5.1 we have

¢ 3
) = YO < 2620 ([ () - ae)lPas) s (020

where

1
2

1=2( [ AfVE6) + 0a(s) = FEGS) + an(s))IPds)
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First we show that I is uniformly bounded in k. Because ||f(z)| < C(1 + ||z||?) and
ST €207 gi(s)[|2*"ds < oo, it is enough to show that [T, €2*0||Y}*(s)||?"ds is uniformly

bounded in k. But by (4.7)
14
IVE@I S et [ e (1 + llgs)lP)ds, i=1,2
By using Fubini’s Theorem we can show that
T T g ) T
| elvEs)rds < [ o1+ lgiw)) | [ ePe0-ds ) du.
—00 —c0 u

Then [T, e2*°||Y(s)||?"ds is uniformly bounded in k, so there is C;(T) such that I <

C1(T), and we can rewrite (6.10) as

—

2

t
Y50 = YOI < 20D [ [ lgn(s) — u()ds]

Since by the proof of Lemma 6.2 Y,-k‘(t) — Yi(t), then by taking the limit over the

subsequence (k;) and taking the supremum on [T, T] we get (6.9). Q.ED

Remark 6.1 Let ¢(g) := [T e**||g(s)||"ds for g € K. Then:
(i) if ¢(g:;) < N, ¢ = 1,2, there is a constant Cn > 0 such that

T 2
I¥: - ¥l < x| [ P lants) - (@) 6.11)

(i1) By Theorem 5.2 equation (6.4) has a unique cadlag adapted solution, and by (i)

there is a constant Cy > 0 such that on the set where ¢(V;) < N, i = 1,2,

W=

1X: — Xll% < On (dx(Va, W), (6.12)

where dg(-,+) is a metric on K.
(iii) There is a continuous mapping Yn : R x K — D(R, H,) such that if X,(t) is
the solution of (6.4), then X,(t) = ¥(t, Va(-))(t) on the set {#(V,) < N}.
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6.3 The Main Theorem

Theorem 6.1 If f and V satisfy Hypothesis 4.5 and if V satisfies Hypothesis 6.1, then

the solution of (6.1) is a stationary processes.

Proof: Since V; is an H-valued stationary process then V,(t) := J,V(t) is also an

H,-valued stationary process. From (6.4) we have
t+h
Xa(t+h) = [ Un(t+h =) f(Xa(s))ds + Va(t + h);

by changing variables we see this is

/_; Un(t = 5)f(Xa(s + h))ds + 6xVa(2).

Then by Remark 6.1 we have X,,(t+ k) = ¥n(¢,(0,(0.Vo))(2) on the set {¢(v) < N}, and
in particular X, (k) = ¥n(0,(0,V,))(0) on the set {¢(v) < N}. But by Lemma 6.1 6,V is
a D(R, H,)-valued stationary process; since ¢(f) = ¥n(0, f)(0) is a continuous function
from K to H, then X,(t) = ¥(6;V,) = ¥n(0,(0:V»)(0) is an H,-valued stationary
process. Since X (%) is the limit of X, (¢) by Lemma 6.3, then {X(¢) : ¢ € R} is also a
stationary process.

Q.E.D

6.4 The Einstein-Smoluchowski Equation

Now consider (6.3) where —V F(z) satisfies Hypothesis 4.5. The stationary solution of

(6.3) satisfies the following integral equation:
X(t) = / U(t - s)VF(X(s))ds + / U(t — s)dW(s). (6.13)

By Theorem 5.3 the solution of (6.13) is a limit of solutions of the finite dimensional

equations



Chapter 6. STATIONARY PROCESSES 80

X.(t) = 221 _;U (t — )V F(Xa(s))ds + / (= )W (s). (6.14)

The stationary distribution of (6.14) is well-known from Kolmogorov (1937) and can be
given explicitly [ see Marcus (1974), (1978)]. But instead of (6.14) we are interested in a

slightly different equation. Consider

Ya(t) = 71 Un(t — )V P(JYa(s))ds + [ ; Un(t - )dW(s) (6.15)

-0

It is clear that J,Y,(t) = X,(t). Since Y, (t) = J,Y,(t) + (Y,.(t) — J,.Y.(t)) and
Ya(t) — JoYa(t) = /_ S (L= Tt = s)(I = J2)dW(s)

and X,(t) — X(t), then we have Y,(t) — X(t). By Theorem 6.1 Y,(¢) is a stationary
process. Let M be the stationary Gaussian measure of f*__ U(t — s)dW(s) on H. Then

Lemma 6.4 If U and -V F(x) satisfy Hypothesis 4.5, the stationary distribution of Y, (t)
has a Radon-Nikodym derivative exp(—F(J,.)) [y exp(—F(.))dM(.) with respect to M on
H.

Proof: See Marcus (1978), Lemma (10).

Now we can prove

Theorem 6.2 IfU and -V F(z) satisfy Hypothesis 4.5, then the distribution of the solu-
tion X(t) of (6.13) has the Radon-Nikodym derivative exp(—F((.)) [y exp(—F(.))dM(.)
with respect to M on H.

Proof: Since E(||Y.(t) — X(¢)l) — 0 it is sufficient to show that

lim [ |exp(~F(2)) = exp(—F(Jo2))|dM(z) = 0
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since this implies weak convergence. Note that lim, ., F(J,.) = F(.) on the set with
M -measure equal to 1.

Without loss of generality let V(0) = 0. Then the monotonicity of VF(z) ensures
that F is nonnegative and exp(—F(.)) < 1. The Lebesgue bounded convergence theorem

can now be applied to show that the limit of the integral is equal to 0.

Q.ED
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THE GENERAL SEMILINEAR EQUATION

7.1 Introduction

Let H and K be two real separable Hilbert spaces. Let Ly(K, H) be the space of Hilbert-
Schmidt operators from K to H with Hilbert-Schmidt norm || ||;. Let (R, F, F;, P) be
a complete stochastic basis with a right continuous filtration. Let W, be cylindrical
Brownian motion on K with respect to (Q,F,F;, P). Let g : R* x Q@ x C(R*, H) —
L,(K, H) be a predictable functional on the H-valued continuous adapted processes. We
say g is a predictable functional if, whenever X and Y are H-valued continuous adapted
processes and 7 is a stopping time such that X1y, = Yl), then 1 9(.,.,X) =
1io,n19(.,-,Y). See Métivier and Pellaumail (1980b).

Consider a semilinear stochastic evolution equation of the form

with initial condition X(0) = Xo.

In the case when f and g are Lipschitz, the existence and uniqueness of the solution
of (7.1) has been studied using semigroup theory [see for example Kotelenz (1982, 1984)].
In this chapter we will use semigroup theory to prove the existence and uniqueness of
the solution of (7.1), when — f is semimonotone.

Let us write the mild form of (7.1) as the integral equation:
' t t
X, = Ut,0)Xo + [ Ut )fu(X)ds + [ U(t,8)g,(X)aW..

82
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We are going to study a slightly more general equation:

X = Ut0)Xo + [ Ut ) £(X.)ds + / Ut )g(X)AW, + Vi, (7.2)

where V; is a continuous adapted process.

The following are the relevant hypotheses concerning Xo, f,9,A,U and V:

Hypothesis 7.1 There exists a set G C Q of probability one and constants ¢ > 1 and
C > 0 with the following properties:

(a) f satisfies Hypothesis 4.2, with p(z) = C(1 + z9), z € R* and the constant M
is independent of win();

(b) g : Rt xQx DR*,H) — Ly(K, H) is a predictable functional on the H-valued

continuous adapted processes.

(c)
llg(s,w, X) = g(s,0,Y)|l2 < Csupog,e || Xe — Vil = C(X - Y,

forallt € S, we G, X,Y € C(S,H);

(d) A, and U satisfy Hypotheses 4.1 and Hypotheses 3.1;

(e) V. ={V, : t € S} is an H-valued continuous adapted process.
(f) Xo is an H-valued Fo-measurable random variable ;

(g) forall p > 1 and all t € S E{||Xo|?}, E{(V?*)*} and E{supoc,c,llg.(0)[5} are
finite.

From this chapter and the following chapter C will denote a positive constant whose

exact value is unimportant and may change from line to line.

7.2 The Main Theorem

Theorem 7.1 If Hypothesis 7.1 is satisfied, then the integral equation (7.2) has a unique
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continuous strong adapted solution X with
E{(X7)P} < oo forall p>1 and teS.
Before proving Theorem 7.1 we are going to prove

Lemma 7.1 Suppose that there is a unique solution to (7.2) in the case where X = 0,
g9(s,w,0) = 0 and A\ = 0 in Hypothesis 3.1(c). Then there is a unique solution in the

general case.
Proof: We will prove this in two stages. First define g;(z) = g,(z) — g¢,(0) and set

_ t

7, = U(t,0)Xo + / U(t, ) (0)dW, + Vi

0
Then we can rewrite equation (7.2) as
¢ t _
Xe= [[Ut ) Xo)ds + [ U(t,9)3.(X)dW, + T, (7.3)

Note that g(s,0) = 0 and that there is no X term on the right hand side of equation
(7.3). We claim that f, § and V satisfy Hypothesis 7.1. Indeed, f, A, U have not changed
so (a) and (d) still hold; ¢,(0) is predictable and

g(saz) - 5(373/) = g(s,:z:) - g(s,y)

so (b) and (c) still hold. (f) is trivial since there is no X, term. We need only check V
to verify (e) and (g).

Since ¢,(0) is an L,(K, H)-valued predictable process which satisfies Hypothesis 7.1(b),
and W, is a K-valued cylindrical Brownian motion, then J g,(0)dW, is an H-valued con-
tinuous local martingale with quadratic variation [{||g,(0)||?ds [see Yor (1974)]. By

Proposition 3.1 the stochastic convolution integral

[ vt s)a. 0w,
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is adapted and continuous in ¢. By Burkholder’s inequality (Theorem 3.2) we have

/ U, )g,(0)dW s p} <K,

E { SUPo<i<T

Then

t P
E{( [ 19,03 ds) } < TIGE {supogoer 9(0)17} < oo

for all p > 1 by Hypothesis 7.1(g).

Thus the stochastic convolution integral is L? bounded for all p > 1. Next, U(¢,0)X,
is adapted, continuous and LP-bounded by (f), (g) and Hypothesis 3.1(c). Finally, V; is
continuous and LP-bounded by (e) and (g), hence V also satisfies (e) and (g). Since (7.3)
and (7.2) are the same equation — only the notation has been changed— then (7.2) has
a unique solution iff (7.3) does. Finally, by Lemma 3.1, the map X — X, reduces (7.3)
to an equivalent equation which A = 0 in Hypothesis 3.1(c).

Q.ED
Proof of Theorem
eUniqueness:
By Lemma 7.1 we may assume Xy, g(s,w,0) and XA are zero. Let X and Y be two

adapted continuous solutions of (7.2). Then we have

X=Ye = [Ut9(AX) - flw)ds
+ [V =)0 (X) - g, (Y)W,
By Theorem 3.1 ( Ito’s inequality)
1X - Yl < 2 [ < X Yo f(X0) ~ fi¥a) > ds
+2 [ <X, =Y, (0(X) — 0, (V))dW, >

+ [ 100 = 0. (V)s. (7.4
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Since — f is semimonotone,the first term of the right hand side is bounded by |
t t
2M/ I1X, — Y|[%ds < 2M/ (X = Y)5)2ds,
0 0
and the second term is bounded by

28up0§r$t|/0 < Xs - 1/.9 ’ (gs(X) - gs(Y))dWs > |,

and by Hypothesis 7.1(c) the third term is bounded by C [3((X — Y)*)2ds. Define the
stopping time
T, :=inf{t: | Xe]| + |Y2]] > n}AT.

Then from (7.4) and the above

E{((X - V)iz)’}
< 2M+C)E [ /0 t (X =Y)ing,)" ds]

+2E [SupogrStATnl/o < Xs - Y.n (gs(X) - gs(Y))dWs > |} . (75)

The expectations are all finite since || X¢|| and ||Y;|| are bounded on [0,7},]. By using
Fubini’s theorem on the first term, and Lemma 3.2 with p = 1 and K = 2C} on the

second term we have
E {((X _ Y);‘,\Tn)z} < C/Ot E { (X = V)ia,)’ ds}
+ 5 E(((X = V)ing,))
ve ‘E { (X =V)tz,)” ds} , (7.6)
SB(((X ~Y)ing s < [ B{((X = V)iag,)} s

By Gronwall’s inequality,

E{(X-Y),7,}’) =0, Vn.
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But P{T, = T} - 1lso X; = Y, as.
Q.E.D
¢ Existence:
By Lemma 7.1 we can assume that X,, ¢g(s,w,0) and A are zero. We proceed as in
Pardoux (1975). Define X? = 0 and define X! by induction.
Suppose for k = 0,...,n that X} is an adapted continuous process such that (X*)* €
Lp for all p > 0. Define

t t .
VE =V, + /0 U(t, 8)go(X*)dW, + M /0 U(t,s) X ds. (7.7)

Lemma 7.2 For k < n, V¥ is an adapted continuous process, and (V¥)* € L? for all
t

p = 0.

Proof: The stochastic integral exists since g,(X*) is predictable and
lgs(X5)l2 < C(X*);

by Hypothesis 7.1(c) and the fact that g,(0) = 0. But (X*)* € L? so ||g,(X*)||. € L.
Set
t
MF = / g5 (X®)dW,.
()

This is a continuous H-valued martingale with quadratic variation [M*],. By Proposition
3.1, the stochastic convolution integral in (7.7) is adapted and continuous in ¢, and since

(X*)r € LP for all p > 0 then by Theorem 3.2

Bisup, |l [ Ulr,s)dM}|} < oo,

for all p > 0, and E{sup,,|| fo U(r, s)XFds||??} < oo. Since V satisfies Hypothesis 7.1(e)

and (g) the lemma is proved.
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Q.E.D
Now consider

t _
X+ = /0 U(t, s)f(X™)ds + VP, (7.8)

where for all z € H f,(z) := f,(x) — Mz. Note that f and V" satisfy the hypotheses
of Corollary 4.1 and —f is monotone, so (7.8) has a unique cotinuous adapted solution

which satisfies
t o
Il < v+ IR vilds. (7.9)

Since f is dominated by ¢(z) = C(1 + z9), then f is dominated by 2C(1 + z9), so
(X™); < (V7 + 260+ (VM)Y).
Since (V™)* € L? for all n, p and ¢ € S then
(X™* € L?, forall n, p and ¢ (7.10)

Let
¢ 1
Nr = [(a(X™) - g,(X™1)aW,
0

and note that

Xp = xp = [ UG = F(Xds

t t
+M [U@s)(X2 = Xpds + [ U s)aNy. (711)
4] 0
Moreover

d[N"],

IA

g:(X™) — gu (X" at

< o((xm-x~1)) at,

so by the Ito inequality of Chapter 3,
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et - xe|” <2 [ < Xmt - Xp BT - TUXD) > ds
+2M/0t < XM XP X X7 s ds
| +2/0t<xg+1 — X*dN" >
+o [{(xm-x)Y as
= L(t) + L(t) + Is(2)
+C /0 {(xm - x1)"} ds. (7.12)
Now — f is monotone, so I,(t) < 0. We can bound I:
I oM [ X - XX - X s
< % {(xm+ —x")"} + oM /0 t{(X" - x~ )"} ds.
By Lemma 3.2, for any K > 0,
B{BOP) < pE{((x - x7))7)
+KCE {/Ot ((xm = x=1)) ds} .
Using the bounds of I, (t) and L(f) we can rewrite (7.12) as
(= x) Y <o [{(xr - xm)7} ds +21300).
Using the above and the bound of I3(), there is C > 0 such that
E {((X"“ - X"):)z”} < C [(K +1) [ ‘B {((X" - X)) 2‘”} ds
+ e B{ (e - x) Y.

Set
halt) = B{ (X741 = x7)2) "}
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and choose K = C. The h,(t) are finite by (7.10), so we can subtract:

%hn(t) <o+ “hos(s)ds.

Then from (7.10) there exists Do > 0 such that

ho(t) < Dy if t<T,
and if D = 2C(C + 1), then

hait) <D [ he(s)ds.
By induction

(Dy)"

ha(t) < Do~
n. .

Thus

1

2 (ha(1))% < oo,

and we conclude that (X™) is a Cauchy sequence in L*(Q,C(S, H)) for all p > 1. Take

p =1 : there exists a process {X;, 0 <t < T} such that
lim,— o E{sup,esl| X — X7||*} = 0.

Then ¢ — X, is continuous (it is the uniform limit of continuous functions) and

adapted. Moreover
E{(X})?} < o0, Vp > 1.
We must show it satisfies the equation (7.3). Consider

R(t) =X, - [ U, $) f(X,)ds — / U2, $)g,(X)dW, — Vi,
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R is well-defined, for both integrals make sense. It is continuous in . Let us also consider
Ra(t) = X - [ U, s) fo(X7)ds
+M /0 U, ) (X — XT)ds
- [Vt g (X)W, - V.
(Rn(t) = 0, of course). Let z € H. We claim that < z, R(t) >= 0 a.s. This will do it
since then for all 2 € H, < z, R(t) >= 0 a.s., which implies R(t) = 0 a.s. Let ¢ range

over all rationals and use the continuity of R to see that R(t) = 0, for all ¢t w.p.1.

First
E{ XM = X|*} - 0 = E{< X, X! - X'>%} - 0
or < X, X7 > < X, X; > in L%
Next:
<s [ Ut ) f(XT)ds > = / <z, U 8)fo(XP) > ds

/Ot < U*(t,s)z, fo(X7) > ds

Let y, = U*(¢,8)x (U* is the adjoint of U, not the sup, here).
Now f,(2) is demicontinuous in 2, hence z — < y,, fs(2) > is continuous. Since

X™ — X, in L2, it also converges in probability, so that
< Ys, [s(X7) >—= < ys, fs(X5) >  in probability.
Since X — X, in L*(Q,C(S, H)), then there is a subsequence (n;) such that
(X™); = X; w.pl
Then for large enough £,

(X™)* < XF+1< oo.
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The convergence is bounded, since

< Yoy fo(X¥) >

IN

lyslle (X1
< lgslle((X™)7)

< uslle(X: +1).
We can go to the limit under the integral to see
<z, /Ot Ult,s)fs(X*)ds >— < :1:,/: U(t,s)fs(Xs)ds > .
Since X" converges to X, in L*(Q,C(S, H)),
/ :U(t,s)(Xs”“ —XMds = 0 in L

The third integral also converges in L?, since

IA

E{ [ la.(X™) — g(X)li3ds}
< CLE{((X" - X))} — 0.

B{Il [ U(t,9) (9:(x™) = 9(x)) aw, |1}

The last term doesn’t depend on n. Thus
<z,R(t) >= lim, < z, R,(t) >= 0.

Q.ED

Note: the proof above gives L?-bounds on X;:
[Xellze < D2MX™T = X7z
0

< V)
(DT)"/?

< 7

Lo
2
—_ DO ano \/ﬁ!
Remark 7.1 Theorem 7.1 remains valid if we replace the cylindrical Brownian motion

W by a K-valued Brownian motion W,, and if we let the predictable functional g be in
L(K, H) instead of Ly(IK, H).
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Proof: This comes from the fact that a K-valued Brownian motion W, has a covariance
@ which is nuclear [see Métivier (1982)], so we can write W, = QzW,, where W, is
a cylindrical Brownian motion on K. Now Qli is a Hilbert-Schmidt operator on K so
if g,(z) is L(K, H)-valued then g,(-)Q% is a Ly(K, H)-valued predictable functional of

Hypothesis 7.1, so we can apply Theorem 7.1. Q.E.D

7.3 Some Examples

Example (7.1): Let D, A, B, 0D, and W be as in Example (4.2). Consider the initial-

boundary-value problem

8 4 Au = fi(u)+g(u)W on D x [0,00)
Bu = 0 on 9D x [0, 00) (7.13)
U0,X) =0 on D.

Since W can be considered as a Brownian motion W, on a Sobolev space H,, p > g—l [See

Walsh (1986), Chapter 4, Page 4.11], we can let K = H,,, for some p > % and let H be
the Sobolev space H, for a fixed n € Z.
Let g,(.) : D(S, H,) — L(H,, H,) satisfy Hypothesis 7.1(b), (c), and (g). Let f,(.) :

H, — H, satisfy Hypothesis 7.1(a) and rewrite (7.13) as
du; = —Aus + fi(u)dt + g(u)dW,.

Since — A, and U satisfy Hypothesis 7.1(d) then by Remark 7.1 there is a unique contin-

uous solution with values in H,.

Definition 7.1 An R™-valued function f(z,u) of two variablesz € DCR?, u € RV is
said to satisfy the Caratheodory condition if it is continuous with respect to u for almost

all z € D and measurable with respect to x for all values of u.
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Example 7.2 (Zakai Equation) Let D, A, B, and D be as in Example (7.1). Let
Wi, t=1,...,1 be independent standard scalar Brownian motions.

Now consider the initial-boundary-value problem
%—’t‘ +Au = f(z,u(t,z)) + Tl0:(z, ult, m))VV,(t) on D x [0, 00),
‘ Bu = 0 on 0D x [0, 00), (7.14)
u(0,z) = 0 on D,
where f and g; satisfy the following;:

Hypothesis 7.2 (a) f,¢: : D xR — R, i =1,...,1 satisfy the Caratheodory condi-
tion,

(b) there exists a function a € L?(D) and a constant C > 0 such that

[f(z,u)] < a(z)+Clul, u€R, =€ DCR’,

lg(z,u)| < a(z) +Clul, i=1,...,1;
(c) the gi(z,.), 1 =1,...,1 are uniformly Lipschitz i.e. there is a constant C > 0 such
that
Igi(x7u2)_gi(‘r’u1)l S CIU2—-U1|, V:EED) Uz, Uy € R’ Z=1,7l,

(d) —f(z,.) is semimonotone i.e. AM > 0 such that

(f(z,u2) — f(@,u1))(u2 — 1) < M(uz —uy)*.

Define H = L*(D) and let | || be the L?norm. By Example 4.1, the operator A
(with boundary conditions) generates a contraction semigroup U(t) on H. Define g; and
f : L*(D) — L*(D) by:
(f(w)(z) = f(u(z))
(g:(u))(z) = gi(u(z)),
weL}D), ze DCR* and i=1,...,L
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Since f and g; satisfy Hypothesis 7.2(a) and (b), then by Theorem (2.1) of Kras-

noel’skii (1964), f and §; i=1,...,! are continuous and there is C > 0 such that
[f)l < CQ+lul) and |lg(u)| < CQ+ [u).

and since g;, 1 = 1,...,[ satisfy Hypothesis 7.2(c), then

|gi(uz) — Gi(wa)|* = /D [9:(z, ua(2)) — g1 (2, us(2)))*dz
< CZ/D(W(CB) — uy(z))%dz

= C%luz — w*.
Since f satisfies Hypothesis 7.2(d), then

< Jw) = fw)o = > = [ (f(eus(a)) - f(z,0(@) (usle) — ur(z)) do
M /D (ua() — wi(2))? dz
= Mu; - U1||2-

IA

Define a map § = (g1, .,q) from H = L*(D) to (L*(D))' ~ L(R!, L*(D)). Then K = R/

and we can write (7.14) as

{ du(t) = —Au(t)dt+ flu(?))dt + T, g:i(u(t))dWi(t) (7.15)

u(0) = 0.

Since —A, U, f,and g satisfy the conditions of Remark 7.1, there is a unique mild
continuous adapted solution of (7.15) with values in H = L?(D) i.e. the SPDE (7.14)

has a unique continuous mild solution with values in L?(D).

7.4  Initial-Value Problem of the Semilinear Hyperbolic System

Example (7.3) Consider the following initial-value problem of the system of semilinear

stochastic partial differential equations


file:////9iM
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{ Bu ;P=1aj(:c)§f; + b(z)u + f(z,u) + g(z,u)W, (7.16)

u(0,7) = uo(z), wu(z) € L*(RMY, z € R%,
where W is an m-dimensional Brownian motion, u = (u1, ., un)® (the superscript t denotes
a transpose) is the set of unknowns, and for each j and z, aj(z) and b(z) are square

matrices of order N. We will assume the following:

Hypothesis 7.3 (a) The matrices aj(z), for j =1,.,n, and z € R"™ are symmetric;
(b) each component of aj, j =1,...,n and its first order derivatives are continuous and
bounded, and b is continuous and bounded;

(c) f : R* x RN — R satisfies the Caratheodory conditions;

(d) —~f is semimonotone in the second variable i.e. AM > 0 such that forallz € D =R

and for all uy,u; € RN one has
< f(z,uz) — fz,u1),uz — ug >< Mluz — uq|?;
(e) there ezist a function a € L*(R"™) and a constant C > 0 such that

[f(z, u)ll < a(z) +Clull, z€R", ueRY,

lg(z, W)llzmrm < alz) + cflul);
(f) ¢ : R" x RV — L(R™,R") satisfies the Caratheodory condition and is uniformly

Lipschitz in the second variable.

Let H = L?*(R")V, K = R™ and define a closed unbounded operator A on H by

Au = Z:ﬂ%(iﬂ)% +b(z)u, u € D(A)C H.

By Theorem (3.51), page 75 of Tanabe (1979), A generates a semigroup U(t) on H which

satisfies all of the conditions of Theorem 7.1.
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Now define
f:H—> H

f(u)(z) = f(z,u(z)), v € H, z € R",
and
g: H- LK, H), g(u)(z) = g(z,u(z)).

As in Example 7.2, f and g are continuous and there is C > 0 such that

IF@Il < CQ+lul),

gl < CLA+[ul]).

Moreover, —f is semimonotone on H and § is uniformly Lipschitz. Then f and g,

satisfy the conditions of Remark 7.1 and we can write (7.16) as

{ du(t) = Au(t)dt+ f(u(t))dt + g(u(t))dW; (7.17)

u(0) = wuo.
Since A, f, g, uo, and W satisfy the conditions of Remark 7.1, then equation (7.17)

has a continuous adapted mild solution with values in H = L*(R"™)N. Thus problem

(7.16) has a unique mild continuous adapted solution with values in LZ(R"™)".

Remark 7.2 We assumed in FExamples 7.2 and 7.3 that f,g and g; did not depend on
w€Qort € S. In fact we could have let them depend on w and t; this would not have

involved any essential modification of the proof.
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7.5 Second Order Equations

Let us consider the semilinear Cauchy problem on the Hilbert space H, written formally

P4 An(t) = f (2(t), 20) + g (=(1), 222) W,
U(0.2) = ug(a), (7.18)
thlt_ = Yo,

where W, is a cylindrical Brownian motion on K. Let A, f, and g satisfy the following:

Hypothesis 7.4 (a) A satisfies Hypothesis 4.3;
(b) there are p > 0 and C > 0 such that f : D(A%) x H — H satisfies Hypotheses 4.4
with o(z) = C(1 + z?), = € R*;
(c) g : D(A%) x H — L*(K, H) is uniformly Lipschitz i.e 3C > 0 such that

lo(z3) = s(2, 9l < € 144z = DI + 1y = 517)

z
As in Chapter 4 we define X, = ( at ) and
3t

0 I
A= ( ) on the Hilbert space K = D(Az) x H. We can rewrite (7.18) as
-A 0

dX, = AXdt+ F(X,)dt + G(X,)dW,, (7.19)
X(O) = XO) |

. 0 ) . ( 0 )
where X, = , Flz,y) = and G(z,y) = . Note that
( Yo ) ( f(z,y) 9(zsy)

G : K — Ly(K,K). W, is still a cylindrical Brownian motion on K. Now A satisfies
Hypothesis 4.3 and by Chapter 4 it also satisfies Hypothesis 4.1 and Hypothesis 3.1, so
it satisfies Hypothesis 7.3(d). Since F' is bounded by a polynomial, then by Proposition
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4.1 it satisfies Hypothesis 7.3(a). Since G is a uniformly Lipschitz operator, it satisfies
Hypothesis 7.3(b), (c) and (g). Then all conditions of Theorem 7.1 are satisfied and we

have

Proposition 7.1 If A, f, and g satisfy Hypothesis 7.4, then the equation (7.19) has a
unique mild solution so that z, € C(S,D(A?)) N CY(S, H), i.e., the mild solution of

(7.19) is a continuous process in D(A?) and it is a differentiable process in H.

Example 7.4: Let D, A, B and W be as in Examples 4.2 and 4.3. Consider a mixed

problem of the form

( 2, u wnch
aatzt + Au = f(u, ‘Z,—t) + g(u, g—t)W on D x [0, 00)
Bu =0 on 8D x [0, 00)
‘ (7.20)
u(:z:,O) =0 . onD
\ %%(.’E, 0) = 0 on D,

where n € Z and g : Hpyy x H, — L(K,H,41 X H,) is uniformly Lipschitz and
f:Hy 1 xH, —» H,.

As in Example 4.2, we consider W as a Brownian motion W, on the Sobolev space
H_,, for some p > %. Now A is a strictly positive definite self-adjoint operator on H,,.

As in Example (4.3) we can write (7.20) as the following Cauchy problem on the Sobolev

space H,:
du, = u.dt
) i = —Audt flunidn)dt + glu d)dWy (7.21)
u(0) = 0
| a(0) = o0

Now f,g and A satisfy the conditions of Proposition 7.1. Then (7.21) has a unique

continuous mild solution u; € C(S, H,+1) and, moreover, u; € CY(S, H,). Q.ED



Chapter 8

GENERALIZATION AND THE CONTINUITY

8.1 Introduction

In this chapter we first generalize Theorem 7.1 by relaxing the L?-boundedness Hypoth-
esis 7.1(g). Then we prove a theorem about the continuity of the solution of the integral
equation (7.2) with respect to a parameter. We also give a bound for the pth moments
of the solution of (7.2).

The continuity and smoothness of the solution of a stochastic equation depending on
a parameter have been well-studied by several authors. [see e.g. Emery (1978)].

Métivier (1982) has proved continuity and smoothness of the solution of an H-valued
stochastic differential equation of Lipschitz type with respect to a parameter. We will
generalize his result for evolution equations, i.e., we will prove that the solution of (7.2)
changes continuously when any or all of V, f, g and X, are varied. This is also a gener-

alization of Theorem 5.1.

8.2 Boundedness of the Solutions

Lemma 8.1 Let p > 1. If X, is a solution of (7.2) and if Hypothesis 7.1 is satisfied,

then
E{(x)*} < c{1+E(IX*)
+ 8 ([ a1 ds) + B (V™) } . (1)
In particular X} € L? for all p > 1.
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Proof: Without loss of generality we can assume that A = 0 in Hypothesis 3.1(c) and

that g;(0) =0 (by Lemma 7.1). Define Y; = X; — V;. Then we can rewrite (7.2) as

¢ t
Y; = U(4,0) Xo + /0 U(t, s)fo(X,)ds + /0 U (%, 8)go(X)dW,.
By the Ito’s inequality of Chapter 3 one has

t
IY? < f1 Xl +2 /0 <Y, fo(X)) > ds

t
+2 [ <¥,dN, > +[N],
0
where N; = 3 g,(X)dW, is an H-valued martingale. Now

2 [ <Y, 1(X)>ds = 2 [ <Y, £V, 4 Vo) = £.(V,) > ds

t
+2/0 <Y, fo(V,) > ds.

Since f, is semimonotone with parameter M and since it is bounded by ¢(z) = C(1+ z9)

for some ¢ > 1, the right hand side of the above equation is

i
< oM [ |[Yi|Pds +2CTYy (1 + (V7))

< 2M Lt(m*)zds -+ %(Y;*)Z + 2(2CT)2 (1 + {‘/t*}zq) ,

so we can rewrite (8.2) as

1 t
SO < Xl +2M [ (¥2)ds

+C (14 (V) + Bsupogrd [ < YoydNy > |+ [V,

Using

(a1 +az+...+as5)? < 5°(af + ...+ ab)
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for p > 1, taking expectations and using Fatou’s lemma, we can see that there is C' > 0
p g €Xp g

such that

e{wn} < c{i+E(1Xl™) + [ B{(v)*}ds
+E ({7}™) + E(IVIID) -

r p
+ E (SUPogrgt /0 <Y,,dN, >’ )} .

Using Lemma 3.2 on the last term of the above inequality to see that for for all K > 0

this is

< clivB(Ixl™) + [ B{()}as

+E {(Vt*)2pq} + 2CTZE {(}/;*)21)}
ra+2hE vy}

Choose K = CC, and note that E{(¥;*)??} < co. Then

-;-E (™} < ¢ {1 +E{Xl) + [ CE{(v7)*}ds

+E{(V;)""} + (1 + Cf£) E ([N]f)} : (8.3)

But [N), = E(J Ilg:(X)l13ds), so

2NE) < B{ [ a0l ds}
< C{ /otE((Y;)”) ds
+E((v)7)}

by Hypothesis 7.1(c) and the fact that g,(0) = 0. Since there is C' > 0 such that

E{7} <0 1+ B{V)™)),
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we can rewrite (8.3) as

E{)”} < c{1+E{|X%|*}
# [ B {0} s+ B {2},
By Gronwall’s inequality we have
E{(Yt*)w} < €T [1 +E {”X0”2p} + E{(Vt*)2m}] )

But now
(X" < @) {(v) + (v}
so there is C' > 0 such that
E{(xn"} <cT {1+ E{IX|} + E{(V;)™}}.

Q.E.D

8.3 Generalization of Theorem 7.1

In this section we are going to relax Hypothesis 7.1(g) as follows.

Hypothesis 8.1 (a) Let Xo, f, g, A, U and V satisfy Hypothesis 7.1(a)-(f);
®) Bl PO B{sup 0O are bounded.

Theorem 8.1 If Hypothesis 8.1 is satisfied, then the integral equation (7.2) has a unique

continuous adapted strong solution with E{(X})?} < co. Moreover it satisfies (8.1).

Proof: Uniqueness is trivial from Theorem 7.1.
Existence

Just as in Theorem 7.1 we can assume without loss of generality that ¢g,(0) = 0.
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Define the stopping time
T, :=inf{t : |Vi|| > n} AT
and define
Vi':=Viar, and  X§ := Xol{u:||Xo|l<n}
Now consider the integral equation
t
Xp = UOXE+ [ Ut s)f(X7)ds
0
t
+ /0 U(t, 8)gs(X™)dW, + V™. (8.4)
Since X§ and V;* are bounded in norm by n, then X§ and V;* satisfy Hypothesis 7.1(g),
so that all of the conditions of Theorem 7.1 are satisfied, and there is a unique continuous
solution on S = [0,T].
Define
Sn = Talgu:|ixoll<n}-
Note that V* = V;**! and X2 = X3*! on [0, S,], so by uniqueness X! = X if t < S,,.
Now by Lemma 8.1 we have
E{(x)°} < c{i+E{Ix:1%}
+E {071}
But (V*)* < V* and || XF|| < || Xo|| so we have
E{(xp*} < c{1+E{|1X%}
+E{(V))*}} < oo,
by Hypothesis 8.1(b). Define X; := lim,X;. Since X; = X} for 0 < t < S,

Xy=(Xp) for0<t< S, and

E{logiesy (X0} = B {Ljogeesny [(XP)T }
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< B{l(xmMI}
< c[i+E{Ixal} + E{(v))]
< o0.

Since P{S, = T'} — 1 this implies that

E{(x?} < c{1+ E{| %I} + E{(vi")*}}.
Now since X}* is the solution of (8.4) we have
t
Xrlgssy = Lugsn [U0)XE + [ UGt )f(XD)ds
t
+ [[U g xmaw, + v (55)
Since X; = X7, V; = X}* and X = Xj on [0,.5,,], then we can write (8.5) as
13
Xilugsy = Lugsn [U60)Xo+ [ Ults)f(X,)ds
t
+ [ Ut 9)ax)aw, + v

Since P{S, = T} — 1 this proves that X, is a solution of (7.2) on [0, T"]. To complete
the proof of the theorem we need to prove (8.1). .
First we show without loss of generality we can assume ¢,(0) = 0. If g,(0) # 0 we

can define g,(z) = g;(z) — g,(0) and
_ ¢
7, = / U(t, s)g,(0)dW's + V..
0
Then

(7))} < CB(swpogrse | [ Ulr )@ )+ B}, (86)

By Theorem 3.2 (Burkholder’s inequality) there is C' > 0 such that the first term on
the right hand side of (8.6) is bounded by CE[f![|g,(0)||3?°ds]. Then X satisfies (8.1)
without ¢,(0) = 0. '
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Then let g,(0) = 0. By Lemma 8.1 we have

E{((X))*} < c{1+ E{|Xz]"}

+E{((V™);)™}.
But || X3]| < [| Xol| and (V,); < V;* so

E{lucs (XD} = E{lpcsy (X))}
< E{((X™);)*} < C{1+ E{||Xo|I**} + E{(V;*)*™}}.

Since P{S, =T} — 1 we have
E{(X7)} < C{1+ E{[IXol*"} + E{(V;")*™}}.
Q.E.D
Remark 8.1 Let p > 1. It follows from (8.1) that if
2 *\2 T 2
B{|Xol} < 00, E{(V)™}<oo and E{[ llg(If"} < oo,

then X} € L2,

8.4 The Continuity of the Solution with Respect to the Parameter

Theorem 8.2 If i, ¢', V', and X}, i = 1,2 satisfy the conditions of Theorem 7.1 and if
X}, 1= 1,2 are solutions of the integral equations
: : t -
X; = U®LOXi+ [ Uts)fi(Xi)ds (8.7)
0

i . . .
+ [ U s)g(X)aWs + Vi, i =1,2,
0
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then there is a constant C > 0 such that
E{((X? - X))} < C[E{|X? - X}|*"}
T
+B{ [ llg3(X") - gh(XV)|I3"ds)

T
+ B{ [ 172X = FA(X})|Prds)
+ K(B{|V* - V'|Z})?), (8.8)

where

K < C(1+E{IX31P) + E(I 3]}

+ E{[V2I27Y + B{IV12}) (8.9)

Proof: By Lemma 3.1 we can assume A = 0 without loss of generality. Define Y; =

Xi -V} i=1,2. Then
Vi = U0 Xe+ [ Us)fi(Xi)ds + [ Ut 9)gi(X)aw,,
hence
YVI-Y] = U0 - X3+ [ UG SIXE) - f1(XD)lds
+ [ @) - g oxnjaw,, (5.10)
Define an H-valued local martingale N, by
Nei= [ GX7) - gl (X)W,
This has quadratic variation
V= [ 162X ~ g} (X" 3ds,
Define

Y,:=Y2-Y}!, Vi=VE-Y}! Xo:=X2-X}, and X;:=X?-X|
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Using Ito’s inequality of Chapter 3, (8.10) implies

By Lemma 5.1

where

t
IV < Xl +2 [ < Y, fH(X2) = f3(X2) > ds

t
+2 [ <¥,dN, > +{N],

= || Xoll* + Iu(t) + Ln(t) + [N]..

t
h(t) < (U+4d) [¥]ds + IV

+ [ 17706) - £ (x|

T
1=2{ [ I72(X3) = F(XD)|ds}y +AMT |V loo.

But since the f* are bounded by ¢(z) = C(1 + z?) then

and

Now by taking the supremum over ¢ € S in (8.11) and using the inequality

we get

By Lemma 3.2

1F5(X5) = FAEXDI < CA+[IX2E,) + CO+ 1 XM|Z,),

I<TC{2+ || X*|1% + I XM 1%} + 4MT||V]|co.

(a1 + a2+ az + a4)? < 4P(af + ... + af),

E{(¥)"} < {E{|Xo|"} + E{(5;(1))"}

E{I;(t)?} <

Gy
K

+ E{(I;(1))"} + E{[N]:}}.

E{(Y7)*"} + C,KE{[N]F}.

108

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)
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Choose K = 276;,% in (8.15). Since E{(Y*)?? < oo , (8.14) implies that there is C > 0
such that

E{(Y7)"} < C{E{||IXo|*}

+ E{(1;(1))"} + E([N]))}- (8.16)
But

[N]:

IA

gz(XZ) — gt (XY ds

(X2 A (XY ds

/t

IA

20 — g O s,

and by Hypothesis 7.1(c)

GHX?) = g2(XM)|, < LXF < LY+ L]V ]|oo.
Then there is C > 0 such that

t 2

B{NEy < c{ [ E(wn™)ds+E{Iviz}
T
5 { [ 10 - soeyiras 817

Using the Schwartz inequality in (8.12) we can see there is C > 0 such that

¢ 2

E(0)r} < o[ B{on*}as
0

+ (B{r))E (B {Iviz))?
+E { INTEoE f:<X:>||2pds}] . (8.18)

Combining (8.16), (8.17) and (8.18) we can see that there is C > 0 such that

e{on} < o[p{ixl}+ [ B{m>}as
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+(E {7 (B {viz))
w2 [T1700 - ol + B {11z}
v { [Tz - doeas}.
By Gronwall’s inequality
E{(y"} < c[B{Ix|™}
w2 [ 12 - fHxDias
w2 { [0 - s
+(E{IVIZ))* (£ ()’
+ (E {IIVllié’})%] (8.19)
Since X} < Y* + |[V|loo, (8.19) implies that there is C > 0 such that
E{x*} < C[E{IX]%}
B{ [ 1200 - s
w2 { [T100) - o)
+ K (E{IviEz))*,

where

K = B(I*)} + E{||V|2}*.

To complete the proof of Theorem 8.2 we need to show that K satisfies (8.9). Indeed
(8.13) implies that

(1) sc{u+ B{IxIz} + B{1x" 12t} + E{Ivize}}


file:////ftX1
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By (8.1) we have
B{IxiE} < o L e {1x) + B{Ivie”)]
S0

E{I*} < ci+E{|x2*} + E{|x3]*}
+ E{|IV?||2*} + B {|v*|&}].
But
B{IVIZ}* < c{1+E{Iv?)zr) + E{pv )},

so K satisfies (8.9).

Q.E.D
Remark 8.2 (i) If V2 = V! then (8.8) implies
E{x*- X"} < ClE{IX - X}
T
v { [TI200) - 2001
T
ve{[l1Een - paora)]. e

By localization this inequality holds without Hypothesis 7.1(g).
(ii) By the localization method we can generalize inequality (8.8) by replacingthe con-
dition
E{IIX3[""} < o0, B{IV|Z"} < oo

instead Hypothesis 7.1(h).
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