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Abstract

Micro-Electromechanical Systems (MEMS) combine electronics with micro-size mechanical de-
vices in the process of designing various types of microscopic machinery, especially those in-
volved in conceiving and building modern sensors. Since their initial development in the 1980s,
MEMS has revolutionized numerous branches of science and industry. Indeed, MEMS-based
devices are now essential components of modern designs in a variety of areas, such as in com-
mercial systems, the biomedical industry, space exploration, telecommunications, and other
fields of applications.

As it is often the case in science and technology, the quest for optimizing the attributes of
MEMS devices according to their various uses, led to the development of mathematical models
that try to capture the importance and the impact of the multitude of parameters involved in
their design and production. This thesis is concerned with one of the simplest mathematical
models for an idealized electrostatic MEMS, which was recently developed and popularized in
a relatively recent monograph by J. Pelesko and D. Bernstein. These models turned out to be
an incredibly rich source of interesting mathematical phenomena.

The subject of this thesis is the mathematical analysis combined with numerical simulations
of a nonlinear parabolic problem u; = Au — (1iu) on a bounded domain of RY with Dirich-
let boundary conditions. This equation models the dynamic deflection of a simple idealized
electrostatic MEMS device, which consists of a thin dielectric elastic membrane with bound-
ary supported at 0 above a rigid ground plate located at —1. When a voltage -represented
here by A- is applied, the membrane deflects towards the ground plate and a snap-through
(touchdown) may occur when it exceeds a certain critical value A* (pull-in voltage). This cre-
ates a so-called pull-in instability which greatly affects the design of many devices. In order
to achieve better MEMS design, the elastic membrane is fabricated with a spatially varying
dielectric permittivity profile f(z).

The first part of this thesis is focussed on the pull-in voltage A* and the quantltatlve
and qualitative description of the steady states of the equation. Applying analytical and
numerical techniques, the existence of A\* is established together with rigorous bounds. We
show the existence of at least one steady state when A < A\* (and when A = A* in dimension
N < 8), while none is possible for A > A*. More refined properties of steady states —such
as regularity, stability, uniqueness, multiplicity, energy estimates and comparison results— are
shown to depend on the dimension of the ambient space and on the permittivity profile.

The second part of this thesis is devoted to the dynamic aspect of the parabolic equation.
We prove that the membrane globally converges to its unique maximal negative steady-state
when A < A*, with a possibility of touchdown at infinite time when A = A* and N > 8.
On the other hand, if A > A* the membrane must touchdown at finite time T°, which cannot
take place at the location where the permittivity profile f(z) vanishes. Both larger pull-
in distance and larger pull-in voltage can be achieved by properly tailoring the permittivity

ii




Abstract

profile. We analyze and compare finite touchdown times by using both analytical and numerical
techniques. When A > \*, some a priori estimates of touchdown behavior are established, based
on which, we can give a refined description of touchdown profiles by adapting recently developed
self-similarity methods as well as center manifold analysis. Applying various analytical and
numerical methods, some properties of the touchdown set ~such as compactness, location and
shape— are also discussed for different classes of varying permittivity profiles f(x).
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Chapter 1

Introduction

The roots of micro-system technology lie in the technological developments accompanying
World War II, and in particular the work around radar stimulated research in the synthesis
of pure semiconducting materials. These materials, especially pure silicon, have become the
main components of integrated and modern technology of Micro-Electromechanical Systems
(MEMS). The advent of MEMS has revolutionized numerous branches of science and industry,
and their applications are continuing to flourish, as they are becoming essential components of
modern sensors in areas as diverse as the biomedical industry, space exploration, and telecom-
munications.

A comprehensive overview of the rapidly developing field of MEMS technology can be
found in the relatively recent monograph by Pelesko and Bernstein [52]. Not only is this book
a rich source of information about the incredibly vast area of applications of MEMS, but also
it contains justifications and derivations of the fundamental partial differential equations that
model such devices. It is the mathematical analysis and the numerical simulations of these
equations that concern us in this thesis.

In this introduction, we shall first briefly recall some of the industrial applications of MEMS
while referring the reader to the book of Pelesko and Bernstein mentioned above for a more
comprehensive survey. For the convenience of the reader, we shall also include a derivation of
the simplest PDE modeling electrostatic MEMS devices, which is by now a well known and
broadly accepted mathematical model.

1.1 Electrostatic MEMS devices

The state of the art is best summarized by the following description of Pelesko and Bernstein in
the book [52]: “Spurred by rapid advances in integrated circuit manufacturing, microsystems
process technology is already well developed. As a result, researchers are increasingly focusing
their attention on device engineering questions. Foremost among these is the question of
how to provide accurate, controlled, stable locomotion for MEMS devices. Just as what has
been recognized for some time by several scientists and engineers, it is neither feasible nor
desirable to attempt to reproduce modes of locomotion used in the macro world. In fact, the
unfavorable scaling of force with device size prohibits this approach in many cases. For example,
magnetic forces, which are often used for actuation in the macro world, scale poorly into the
micro domain, decreasing in strength by a factor of ten thousand when linear dimensions are
reduced by a factor of ten. This unfavorable scaling renders magnetic forces essentially useless.
At the micro level, researchers have proposed a variety of new modes of locomotion based
upon thermal, biological, and electrostatic forces”. The use of electrostatic forces to provide
locomotion for MEMS devices is behind the mathematical model that we address in this thesis.

Experimental work in this area dates back to 1967 and the work of Nathanson et. al. [49].
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In their seminal paper, Nathanson and his coworkers describe the modeling and manufacture
of, experimentation with, a millimeter-sized resonant gate transistor. These early MEMS de-
vices utilized both electrical and mechanical components on the same substrate resulting in
improved efficiency, lowered cost, and reduced system size. Nathanson and his coworkers also
introduced a simple lumped mass-spring model of electrostatic actuation. In an interesting
parallel development, the British scientist, G. I. Taylor [55] investigated electrostatic actuation
at about the same time as Nathanson. While Taylor was concerned with electrostatic deflec-
tion of soap films rather than the development of MEMS devices, his work spawned a small
body of the literature with relevance to MEMS. Since Nathanson and Taylor’s seminal work,
numerous investigators have been continually exploring new uses of electrostatic actuation,
such as Micropumps, Microswitches, Microvalves, Shufle Motor and etc. See [52] for more
details on how these devices use electrostatic forces for their operation.

1.2 PDEs modeling electrostatic MEMS

A key component of some MEMS systems is the simple idealized electrostatic device shown in
Figure 1.1. The upper part of this device consists of a thin and deformable elastic membrane
that is held fixed along its boundary and which lies above a parallel rigid grounded plate. This
elastic membrane is modeled as a dielectric with a small but finite thickness. The upper surface
of the membrane is coated with a negligibly thin metallic conducting film. When a voltage V'
is applied to the conducting film, the thin dielectric membrane deflects towards the bottom
plate. A similar deflection phenomenon, but on a macroscopic length scale, occurs in the field
of electrohydrodynamics. In this context, Taylor [55] studied the electrostatic deflection of two
oppositely charged soap films, and he predicted a critical voltage for which the two soap films
would touch together.

A similar physical limitation on the applied voltage occurs for the MEMS device of Figure
1.1, in that there is a maximum voltage V* —known as pull-in voltage- which can be safely
applied to the system. More specifically, if the applied voltage V is increased beyond the critical
value V*, the steady-state of the elastic membrane is lost, and proceeds to snap through at
a finite time creating the so-called pull-in instability (cf. [29, 30, 32, 50]). The existence of
such a pull-in voltage was first demonstrated for a lumped mass-spring model of electrostatic
actuation in the pioneering study of [49], where the restoring force of the deflected membrane
is modeled by a Hookean spring. In this lumped model the attractive inverse square law
electrostatic force between the membrane and the ground plate dominates the restoring force
of the spring for small gap sizes and large applied voltages. This leads to snap-through behavior
whereby the membrane hits the ground plate when the applied voltage is large enough.

Following closely the analysis in [32, 52], we shall now formulate the partial differential
equations that models the dynamic deflection @ = w(z',y',t') of the membrane shown in
Figure 1.1.

1.2.1 Analysis of the elastic problem

We shall apply Hamilton’s least action principle and minimize the action S of the system.
Here the action consists of the superposition of the kinetic energy, the damping energy and
the potential energy in the system. The pointwise total of these energies is the Lagrangian L
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Dielectric Membrane with Conducting

Supported Boundary Film at Potential V

) z'
D / ’
- > X'
L

Fixed Ground Plate

Figure 1.1: The simple electrostatic MEMS device.

for the system. We then have
t2

S= LdX'dt' = Kinetic Energy + Damping Energy + Potential Energy (1.2.)
1 Q A

=: Ex+ Eq+ Ep,

where @ is the domain of the membrane with respect to (z’,%’). In this subsection, dX’
denotes dz’'dy’, and the gradient V’ (and the Laplace operator A’) denotes the differentiation
only with respect to =’ and y/'. v ’

For the dynamic deflection @ = @w(z',y’,t') of the membrane, the kinetic energy Ey is

A [t |
Ey = %— / / @2dX'dt’ (1.2.2)
t1 (23

where p is the mass density per unit volume of the membrane, and A is the thickness of the
membrane. The damping energy Eg is assumed to be

a [t
Ey=— / / widX'dt’, (1.2.3)
2 )y, Jo
where a is the damping constant.
For this model, the potential energy E, is composed of
E, = Stretching Energy + Bending Energy . (1.2.4)

It is reasonable to assume that the stretching energy in the elastic membrane is proportional to
the changes in the area of the membrane from its un-stretched configuration. Since we assume
the membrane is held fixed at its boundary, we may write the stretching energy as

t2
Stretching Energy := ——,u(/ / V14 |V'DPRdX dt — |€|(t2 — 1)) - (1.2.5)
143 !

Here the proportionality constant yu, is simply the tension in the membrane. We linearize this
expression to obtain

t2
Stretching Energy := —g/ |V'@|2dX dt’ . (1.2.6)
t1 Q
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The bending energy is assumed to be proportional to the linearized curvature of the membrane,

that is
t2

D Py
Bending Energy := -3 |A"D|2dX dt’ . (1.2.7)
ty J
Here the constant D is the flexural rigidity of the membrane. For the total potential energy
E, we now have

t2 m D
—/ / (S|V'D)? + =|A"D*)dX"dt . (1.2.8)
4 Jor 2 2
Combining (1.2.1) - (1.2.3) and (1.2.8) now yields that
A ~ ~ D -~
L= ”2 @> + §|v'w|2 - SlaaP. (1.2.9)

According to Hamilton’s principle, we should minimize
t2 A
/t / p W7 + = 5@ 252 NlV”‘F |A'a|2)dX'dt', (1.2.10)

which implies —via Euler-Lagrange variational calculus— that the elastic membrane’s deflection
W satisfies N .
0w ow

pAatIZ + aa

— uA'D 4+ DA% =0. (1.2.11)

1.2.2 Analysis of electrostatic problem

We now analyze the electrostatic problem of Figure 1.1 and we allow the dielectric permittivity
g9 = go(x’,y’) of the elastic membrane to exhibit a spatial variation reflecting the varying di-
electric permittivity of the membrane. Therefore, in view of (1.2.11) we assume the membrane’s
deflection W satisfying
0% ow
PG oy
where the term on the right hand side of (1.2.12) denotes the force on the elastic membrane,
which is due to the electric field. We suppose that such force is proportional to the norm
squared of the gradient of the potential and couples the solution of the elastic problem to the
solution of the electrostatic problem. A derivation of such source term may be found in [42].
We now apply dimensionless analysis to equation (1.2.12). We scale the electrostatic po-
tential with the applied voltage V, time with a damping timescale of the system, the 2’ and
y' variables with a characteristic length L of the device, and 2z’ @ with the size of the gap d
between the ground plate and the undeflected elastic membrane. So we define

~ uA'G + DAG = —52%|v'¢12 , (1.2.12)

@ ¢ z’ Y z Mi'
—_ — = — — — e = — TX e— 1.2.1
v d’ v Vv’ z L’ y L’ z d’ t al?’ ( 3)

and substitute these into equation (1.2.12) to find

32’11) 8’(1) 2 13) 2 712 a"/) 2 .
Vo + g — Dw+ AW = —/\(—8—0> [e V)| +(E)] in Q, (1.2.14)
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where (2 is the dimensionless domain of the elastic membrane. Here the parameter +y satisfies

VouA
al ’

v = (1.2.15)
and the parameter § measures the relative importance of tension and rigidity and it is defined
by

D

b= —. 2.
L7 (1.2.16)
The parameter ¢ is the aspect ratio of the system
' d
e=7 (1.2.17)

and the parameter \ is a ratio of the reference electrostatic force to the reference elastic force
and it is defined by
_ V2L2€0
= o

In view of equation (1.2.12), and in order to further understand membrane’s deflection, we
need to know more about the electrostatic potential ¢ inside the elastic membrane. In the
actual design of a MEMS device there are several issues that must be considered. Typically,
one of the primary device design goals is to achieve the maximum possible stable steady-state
deflection, referred to as the pull-in distance, with a relatively small applied voltage V. Another
consideration may be to increase the stable operating range of the device by increasing the pull-
in voltage V* subject to the constraint that the range of the applied voltage is limited by the
available power supply. This increase in the stable operating range may be important for the
design of microresonators. For other devices such as micropumps and microvalves, where snap-
through (or called touchdown) behavior is explicitly exploited, it is of interest to decrease the
time for touchdown, thereby increasing the switching speed. One way of achieving larger values
of V* while simultaneously increasing the pull-in distance, is to use a voltage control scheme
imposed by an external circuit in which the device is placed (cf. [53]). This approach leads to
a nonlocal problem for the deflection of the membrane. A different approach is to introduce a
spatial variation in the dielectric permittivity of the membrane, which was theoretically studied
in [29-32, 507 ? .

In the following we discuss the electrostatic potential ¢ by introducing a spatial varying
dielectric permittivity into our simple MEMS model. The idea is to locate the region where
the membrane deflection would normally be largest under a spatially uniform permittivity, and
then make sure that a new dielectric permittivity ¢ is largest —and consequently the profile
f(z,y) smallest— in that region.

We assume that the ground plate, located at 2/ = 0, is a perfect conductor. The elastic
membrane is assumed to be a uniform thickness A = 2¢. The deflection of the membrane at
time t’ is specified by the deflection of its center plane, located at 2’ = @W(z',y/,t'). Hence the
top surface is located at 2z’ = wW(z',y’,t’) + ¢, while the bottom of the membrane is located at
z = w(z',y,t') — . We also assume that the potential between the membrane and ground
plate, ¢, satisfies

(1.2.18)

A1 =0, (1.2.19)
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#$1(z',y,0)=0 in &, (1.2.20)

where we assume that the fixed ground plate is held at zero potential. The potential inside
the membrane, ¢9, satisfies

V (e2Veg) =0, (1.2.21)
do(z',y W +)=V in Q. (1.2.22)
Defining
_% _ %
= =3 (1.2.23) |

together with (1.2.13), and applying dimensionless analysis again, the electrostatic problem
reduces to '

0%y

Py | o0, O

522 " oz T By

2y L0, Oy, 8, O
erg +< (5 (03 + 5, €25,))

)=0, 0<z<w—q; (1.2.24a)

0, w—it<z<w+y; (1.2.24b)

¥ =0, z =0 (ground plate); v =1, z=w+ ¢ (upper membrane surface),  (1.2.25)

together with the continuity of the potential and the displacement fields across z = w—¢. Here
1) is the dimensionless potential scaled with respect to the applied voltage V', and, as before,
€ = d/L is the device aspect ratio.

In general, we note that one has little hope of finding an exact solution ¢ from (1.2.24) and
(1.2.25). However, we can simplify the system by examining a restricted parameter regime. In
particular, we consider the small-aspect ratio limit € = d/L <« 1. Physically, this means that
the lateral dimensions of the device in Figure 1.1 are larger compared to the size of the gap
between the undeflected membrane and ground plate. In the small-aspect ratio limit € « 1,
equation (1.2.24) gives %@ = 0. Further, the asymptotical solution of ¥ which is continuous
across 2 =w — ¢ is

’(,[)={¢sz_1', . OSZS’W—L,

_ 1.2.26
1+ (w), w-i<z<we ( )
To ensure that the displacement field is continuous across z = w — ¢ to leading order in €, we
impose that
o, _, 0¥
09z~ T 29zt
where the plus or minus signs indicate that %f is to be evaluated on the upper or lower side

of the bottom surface z = w — ¢ of the membrane, respectively. This condition determines %y,
in (1.2.26) as

Yr=[1+ in L (Z—;’)]‘1 . (1.2.27)

From (1.2.26) and (1.2.27), we observe that the electric field in the z-direction inside the
membrane is independent of 2, and is given by

ey Bl 0 gy« (1.2.28)

9z  ex(w—1) w— ey gaw




Chapter 1. Introduction

In engineering parlance, this approximation is equivalent to ignoring fringing fields. Therefore,
in the small-aspect ratio limit € < 1, the governing equation (1.2.14) is simplified from (1.2.28)
into & 9 \
w w £0
158 + i Aw + §A%w = T
We now suppose the membrane is undeflected at the initial time, that is w(z,y,0) = 1.
Since the boundary of the membrane is held fixed, we have w(z,y,t) = 1 on the boundary of
Q at any time t > 0. We now also assume that the membrane’s thickness A = 2d. satisfies
A = 2di < 1 which gives v < 1 in view of (1.2.15), and assume that the elastic membrane has
no rigidity which gives § = 0 in view of (1.2.16). Therefore, by using further simplification,
the dynamic deflection w = w(z,t) of the membrane on a bounded domain § in R?, is found
to satisfy the following parabolic problem

in Q. (1.2.29)

ow _ AM(x)

Y Aw = 3 for ze€Q, (1.2.30a)
w(z,t) =1 for «€0Q, (1.2.30b)
w(z,0) =1 for z€Q, (1.2.30c)

where the parameter A > 0 is called the applied voltage in view of relation (1.2.18), and while
the nonnegative continuous function f(z) characterizes the varying dielectric permittivity of
the elastic membrane, in the point of the relation

fz) =

€o

Ty (1.2.31)

Therefore, understanding dynamic deflection of our MEMS model is equivalent to studying
solutions of (1.2.30).
1.3 Overview and some comments

The main contents of this thesis are divided into two major parts, each consisting of two
chapters.

Part I: Pull-In Voltage and Stationary Deflection

The first part of this thesis is focussed on pull-in voltage and stationary deflection of the
elastic membrane satisfying (1.2.30). For convenience, by setting w = 1 — u we study the
following semilinear elliptic problem with a singular nonlinearity

Au=2ME a
(1—u)? (S)
O<uxl in €, A
u=0 on 052,

where A > 0 denotes the applied voltage and the nonnegative continuous function f(z) char-
acterizes the varying dielectric permittivity of the elastic membrane. Mathematically, we
consider the domain © C RY with any dimension N > 1. (S), was firstly studied by Pelesko

7
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in [50], where the author focussed on lower dimension N =1 or 2, and he considered either
f(z) > C >0or f(z) = |z|* In my joint work with Pan and Ward [32], we studied (S), for a
more general profile f(x) which can vanish somewhere. In the past two years, (S) was further
extended and sharpened in our series work [22, 29].

The main results of Chapter 2 can be found in [29]. In §2.2 we mainly show the existence
of a specific pull-in voltage in the sense '

A=A (Q, f) =sup {)\ > 0] (S)x possesses at least one solution} . (1.3.1)
The definition of A\* shows that for A < \*, there exists at least one solution for (S5)y; while for
A > A*, there is no solution for (S). In §2.2 we also study pull-in voltage’s dependence on the
size and shape of the domain, as well as on the permittivity profile. These properties will help
us in §2.3 establish some lower and upper bound estimates on the pull-in voltage, see Theorem
2.1.1. In particular, we shall prove in Theorem 2.1.1(5) that if f(z) = |z|* with @ > 0 and B,
is a unit ball in RY, then we have

2+a)BN+a—4)
9 b
provided N > 8 and 0 < o < a™*(N) := t@ﬂiiﬂﬁ)

In Chapter 2, we also consider issues of uniqueness and multiplicity of solutions for (.S)y
with 0 < X < A*. The bifurcation diagrams in Figure 2.1 of §2.1 show the complexity of
the situation, even in the radially symmetric case. One can observe from Figure 2.1 that the
number of branches —and of solutions- is closely connected to the space dimension, a fact that

we analytically discuss in §2.4, by focussing on the very first branch of solutions considered to
be “minimal” in the following way.

A(By, 1z|*) =

Definition 1.3.1. A solution uy(z) of (S), is said to be minimal if for any other solution u
of (S)x we have uy(z) < u(z) for all z € .

We shall prove that for any 0 < X < \*, there exists a unique minimal solution uy of (5) such
that p1 a(ua) > 0. Moreover, for each z € §, the function A — uy(z) is strictly increasing and
differentiable on (0, A*).

On the other hand, one can introduce for any solution u of (S)y, the linearized operator at
u defined by L,y = —A— (312‘{—%% and its eigenvalues {pg A(u); k£ = 1,2,...}. The first eigenvalue
is then simple and is given by:

:u'l,A(u) = inf {<Lu,/\¢7 ¢>H&(Q); ¢ € 080(9)1 /Q |q§(.’l,‘)|2dl‘ = 1}'

Stable solutions (resp., semi-stable solutions) of (S), are those solutions u such that p z(u) > 0
(resp., p1,(w) > 0). We note that there already exist in the literature many interesting results
concerning the properties of the branch of semi-stable solutions for Dirichlet boundary value
problems of the form —Awu = Ah(u) where h is a regular nonlinearity (for example of the form
¥ or (14 u)P for p > 1). See for example the seminal papers [20, 43, 44] and also [15] for a
survey on the subject and an exhaustive list of related references. The singular situation was
considered in a very general context in [48], and the analysis of Chapter 2 is completed to allow

8
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for a general continuous permittivity profile f(z) > 0. Our main results in this direction are
stated in Theorem 2.1.2, where fine properties of steady states —such as regularity, stability,
uniqueness, multiplicity, energy estimates and comparison results— are shown to depend on the
dimension of the ambient space and on the permittivity profile. More precisely, Theorem 2.1.2
gives that if 1 < N < 7 then —by means of energy estimates— one has supyg(a+) Il ur loo< 1
and consequently, u* = /{ITI}\I‘ uy exists in C>*(Q) with 0 < a < 1 and is a solution for (S)« such

that 1 »+ (u*) = 0. In particular, u* —often referred to as the extremal solution of problem (S)-
is unique. On the other hand, if N > 8, f(z) = |z|* with 0 < a < o™(N) := f‘—_—wﬁl
and ) is the unit ball, then the extremal solution is necessarily u*(z) = 1 — |z|b§_u and is
therefore singular.
In general, the function u* exists in any dimension, does solve (S))+ in a suitable weak
sense, and is the unique solution in an appropriate class. The above result says that it is,
} however, a classical solution in dimensions 1 < N < 7, and this will allow us to start another
‘ branch of non-minimal (unstable) solutions. Indeed, following ideas of Crandall-Rabinowitz
[20], we show in §2.5 that, for 1 < N < 7 and for A close enough to A*, there exists a unique
second branch U), of solutions for (5),, bifurcating from «*, with

,Ltly)\(U,\) < 0 while llfz,)\(U)\) > 0. (1.3.2)

In §2.6 we present some numerical evidences for various conjectures relating to the case
where permittivity profile f(z) = |z|* is defined in a unit ball. The bifurcation diagrams show
four possible regimes ~at least if the domain is a ball:

A. There is exactly one branch of solution for 0 < A < A*. This regime occurs when N > 8§,
and if 0 < a < a®(N) := MN——Q. The results of this section actually show that
in this range, the first branch of solutions “disappears” at A* which happens to be equal

to A(a, N) = Qﬂw_
B. There exists an infinite number of branches of solutions. This regime occurs when

* N=leda>a'=—3+}/2/2
e 2<N<7anda20;
o N28anda>a™(N) = A0,

In this case, A«(@, N) < A* and the multiplicity becomes arbitrarily large as A approaches
—from either side~ A.(c, N) at which there is a touchdown solution u (i.e., || % [|o=1).

C. There exists a finite number of branches of solutions. In this case, we have again that
A(a, N) < X*, but now the branch approaches the value 1 monotonically, and the
number of solutions increase but remains finite as A approaches A.(c, N). This regime
occurs when N=1land 1 <a <a*:= —% +—;— 27/2.

D. There exist exactly two branches of solutions for 0 < A < A* and one solution for A = A*.
The bifurcation diagram vanishes when it returns to A = 0. This regime occurs when
N=1land0<a<l.
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The main results of Chapter 3 are available in [22]. Note from Chapter 2 that the com-
pactness of minimal branch solutions of (S)y holds in 1 < N < 7 for any profile f(z). In §3.3
we extend such compactness to higher dimension N > 8, provided that € is a unit ball and
f(z) = |z|* satisfies @ > o™ (N) := ﬂw. Analytically, this provides a clear dis-
tinction between the case where the permittivity profile f(z) is bounded away from zero, and
where it is allowed to vanish somewhere. Once the compactness of minimal branch solutions
for (S), holds, then the standard Crandall-Rabinowitz theory [20] implies the existence of a
second solution Uy of (S), on the deleted left neighborhood of A*, where Uy, satisfies

pia(Ux) <0 while pup2(Uy) > 0. (1.3.3)

In §3.2 using truncation we shall provide the mountain pass variational characterization of
such branch U,.

In Chapter 3, we are also interested in continuing the second branch till the second bifur-
cation point, by means of the implicit function theorem. Suppose 2 < N < 7 and f € c(Q)

satisfies .

flz) = (H |z _pmi)g(m) , g)>C>0imQ (1.3.4)
i=1
for some points p; € Q and exponents o; > 0. Let (A,)n be a sequence such that A\, — A €

[0, A*] and let u, be an associated solution of (S), such that

Hap i= f2a, (Un) 2> 0. © (1.3.5)

Then in §3.4 we shall use blow-up analysis of elliptic PDE to prove the compactness of u,,. We

expect that such a result should be true for radial solutions on the unit ball for N > 8, a > ay,

and f € C(Q) as in (3.3.1). As far as we know, there are no compactness results of this type in

the case of regular nonlinearities, marking a substantial difference with the singular situation.
We define the second bifurcation point in the following way for (S):

A3 = inf{# > 0: 3 a curve V) € C([B, A*]; C*(R)) of solutions for (S)x
st uaa(Va) 20, Vi =UsVA € (A* = 46,A%)}.

Assume f € C(f) to be of the form (1.3.4). Then for 2 < N < 7 we shall prove in §3.5 that
A3 € (0,)*) and for any A € (A3, \*) there exist at least two solutions uy and Vj for (S),, so
that

p1a(Va) <0 while pza(Va) 2 0.

In particular, for A = A}, there exists a second solution, namely V* := )\hlrl{& V) so that
2

pras(V*) <0 and g (V*) =0.

We note that the second branch cannot approach the value A = 0 as illustrated by the bifur-
cation diagram in Figure 3.1.

Now let Vi, A € (8, \*) be one of the curves appearing in the definition of 5. By (1.3.3),
we have that Ly, ) is invertible for A € (X\* =, A*) and, as long as it remains invertible, we

10
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can use the Implicit Function Theorem to find V), as the unique smooth extension of the curve
Uy (in principle Uy exists only for X close to A*). We now define A** in the following way

A¥ = inf{B > 0: VA € (B, A*) 3V, solution of (S), so that
pea(Va) >0, Vy = Uyford € (A* — 6, 1)}

Then, A5 < A** and there exists a smooth curve V) for A € (A\**,A\*) so that V) is the unique
maximal extension of the curve Uy. This is what the second branch is supposed to be. If now
A5 < A**, then for A € (A3, A**) there is no longer uniqueness for the extension and the “second
branch” is defined only as one of potentially many continuous extensions of Uy.

"~ In dimension 1, we have a stronger but somewhat different compactness result. Recall that
Pk (Un) is the k—th eigenvalue of Ly, », counted with their multiplicity. Let I be a bounded
interval in R and f € C'(I) be such that f > C > 0 in I. Suppose (un)n is a solution sequence
for (8),, on I, where A, — A € (0,A*]. Assume for any n € N and k large enough, we have
Wkn = Pk, (un) = 0. Then in §3.6 we shall prove the compactness of un. Note that the
multiplicity result in dimension 2 < N < 7 holds also in dimension 1 for any A € (A5, A*).-

Part II: Dynamic Deflection and Touchdown Behavior

The second part of this thesis is devoted to the dynamic deflection and touchdown behavior
of (1.2.30). When f(z) = 1, there already exist some results for touchdown (quenching)
behavior of (1.2.30) since 1980s, see [38, 39, 46] and references therein. However, since the
profile f(z) is assumed to be varying and vanish somewhere for MEMS models, the dynamic
behavior of (1.2.30) turns out to be a more rich source of interesting mathematical phenomena.
So far the dynamic behavior of (1.2.30) with varying profile has been investigated in [26, 30-32].

Based on [30, 32], in Chapter 4 we focus on the dynamic problem of (1.2.30) in the form

Ju _ Af(x)
5 Au = 1—w)? for z€Q, (1.3.6a)
u(z,t) =0 for z€9Q, u(z,0)=0 for z€Q. (1.3.6b)

Recall that a point zg € Q is said to be a touchdown point for a solution u(z,t) of (1.3.6), if
for some T € (0, 4+o0], we have tlimT u(Zo,tn) = 1. T is then said to be a —finite or infinite-

touchdown time. For each such solution, we define its corresponding —possibly infinite— “first
touchdown time”:
T\(Q, f,u) = inf {t € (0, +o0]; sup u(z,t) = 1}.
€N

In §4.2, we analyze the relationship between the applied voltage A, the permittivity profile f,
and the solution u of (1.3.6). More precisely, for A\* defined as in (1.3.1), we show in §§4.2.1
& 4.2.3 that if A < X*, then the unique dynamic solution of (1.3.6) must globally converge to
its unique minimal steady-state; while we shall prove in §4.2.2 that if A > A*, then the unique
dynamic solution of (1.3.6) must touchdown at finite time. Note that in the case where the
unique minimal steady-state of (1.3.6) at A = A* is singular, which can happen if N > 8, above
analysis shows the possibility of touchdown at infinite time.

In §4.3 we first compute global convergence or touchdown behavior of (1.3.6) for different
applied voltage A, and we then prove rigorously the following surprising fact exhibited by the

11
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numerical simulations: the permittivity profile f cannot vanish in any isolated set of finite-time
touchdown points.

84.4 is focussed on the analysis and estimate of finite touchdown time, which often translates
into useful information concerning the speed of the operation for many MEMS devices such as
RF switches or micro-valves. .

In §4.5 we discuss touchdown profiles by the method of asymptotic analysis, and our pur-
pose is to look insights into the refined touchdown rate. §4.6 is devoted to the pull-in distance
‘of MEMS devices, referred to as the maximum stable deflection of the elastic membrane before
touchdown occurs. We provide numerical results for pull-in distance with some explicit exam-
ples, from which one can observe that both larger pull-in distance and pull-in voltage can be
achieved by properly tailoring the permittivity profile. Some interesting phenomena are also
observed there.

The purpose of Chapter 5 is to discuss the refined touchdown behavior of (5.1.1) (i.e.,
(1.2.30)) at finite touchdown time. In §5.2 we shall derive some a priori estimates of touchdown
profiles under the assumption that touchdown set of u is a compact subset of 2. Note that
whether the compactness of touchdown set holds for any f(z) satisfying (5.1.2) is a quite
challenging problem. In §5.2 we first prove that the compactness of touchdown set holds for
the case where the domain  is convex and f(z) satisfies the additional condition

%’é <0 on Qf:={zeQ: dist(x,00) <6} for some § > 0. (1.3.7)

where v is the outward unit norm vector to Q2. Whether the assumption (1.3.7) can be removed
is still open. Under the compactness assumption of touchdown set, in §5.2.1 we establish the
lower bound estimate of touchdown profiles and we also prove an interesting phenomenon:
finite-time touchdown point of u is not the zero point of f(z), see Theorem 5.1.1. In §5.2.2
we estimate the derivatives of touchdown solution u, see Lemma 5.2.4; and as a byproduct, an
integral estimate is also given in Theorem 5.2.5 of §5.2.2.

Motivated by Theorem 5.1.1, the key point of studying touchdown profiles is a similarity
variable transformation of (5.1.1). For the touchdown solution u = u(z,t) of (5.1.1) at finite
time T, we use the associated similarity variables

zT—a
Tt

y = . s=—log(T—t), wu(z,t)=(T—1t)wa(y,s), (1.3.8)
where @ is any interior point of Q. Then w,(y, s) is defined in W, := {(y,s) : a +ye /2 €
Q,s > s = —logT}, and it solves

Mpf(a +ye %)

=0
2 ?
wa

1
p(wa)s — V- (pvwa) - §pwa +
where p(y) = e~v/4, Here we(y, ) is always strictly positive in W,. The slice of W, at a
given time s! is denoted by Q4(s!) 1= W, N {s = s’} = e /2(Q — a). Then for any interior

point a of €, there exists so = sp(a) > 0 such that B, := {y : |y| < s} C Q4(s) for s > s9. We
introduce the frozen energy functional

A
Eyfu)(s) = /B oIV dy — /B putdy - | Aei(a) g, (1.3.9)

Wq
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By estimating the energy E,[w,](s) in B, in §5.2.3 we shall prove the upper bound estimate
of w,, see Theorem 5.2.10.

Applying certain a priori estimates of §5.2, we establish refined touchdown profiles in §5.3,
using self-similarity methods and center manifold analysis. We note that for N > 2, we are
only able to apply Theorem 5.3.5 to study the refined touchdown profiles for special touchdown
points —such as z = 0 in the radial case— and the situation is widely open for more general
cases.

Adapting various analytical and numerical techniques, we focus in §5.4 on the set of touch-
down points. In §5.4.1 we discuss the radially symmetric case of (5.1.1), and we prove there
that suppose f(r) = f(|z|) satisfies (5.1.2) and f/(r) <0 in a bounded ball Bg(0) C RY with
N > 1, then r = 0 is the unique touchdown point of u, which is the maximum value point of
f(r) = f(|z|), see Theorem 5.1.4 and Remark 5.1.1. -

~ For the one dimensional case, Theorem 5.1.4 already implies that touchdown points must

be unique when the permittivity profile f(z) is uniform. In §5.4.2 we further discuss the one
dimensional case of (5.1.1) for varying profile f(z), where numerical simulations show that the
touchdown set may consist of a discrete set or a finite compact subsets of the domain.

Finally, a summary of this thesis is given in Chapter 6.
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Chapter 2

Pull-In Voltage and Steady-States

2.1 Introduction

In this Chapter we study pull-in voltage and stationary deflection of the elastic membrane
satisfying (1.2.30), such that our discussion is centered on the following elliptic problem

(1—u)?
O<u <1 in Q, (S)x
u=0 on 0f2,

where A > 0 characterizes the applied voltage, while nonnegative f(z) describes the varying
permittivity profile of the elastic membrane shown in Figure 1.1. We focus on the stable and
semi-stable stationary deflections of the membrane, while the unstable case is considered in
Chapter 3, and the dynamic case in Chapters 4 and 5. Throughout this Chapter and unless
mentioned otherwise, solutions for (), are taken in the classical sense. The permittivity
profile f(z) will be allowed to vanish somewhere, and will be assumed to satisfy '

f € C*(Q) for some a € (0,1],0 < f <1 and

f > 0 on a subset of €2 of positive measure. (2.1.1)

This Chapter is organized as follows. In §2.2 we mainly show the existence of a specific
pull-in voltage in the sense

X*(82, f) = sup{A > 0| (S)x possesses at least one solution},

and we also study its dependence on the size and shape of the domain, as well as on the
permittivity profile. These monotonicity properties will help us establish in §2.3 new lower
and upper bound estimates on the pull-in voltage. We shall write || for the volume of a
domain Q in RY and P(Q) := fan ds for its “perimeter”, with w, referring to the volume of
the unit ball B;(0) in RY. We denote by p, the first eigenvalue of —A on H}(£2) and by ¢,
the corresponding positive eigenfunction normalized with fQ ¢odz =1.

Theorem 2.1.1. Assume f is a function satisfying (2.1.1) on a bounded domain § in RV,
then there exists a finite pull-in voltage \* := X*(Q, f) > 0 such that

1. If 0 < X\ < \*, there exists at least one solution for (S)x.

2. If A > \*, there is no solution for (S)».
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3. The following bounds on A* hold for any bounded domain €.

8N 6N -8 1 (wy\% '
= _— _— < * b
A max{27, 9 }Supgf<|Q|> <A(Q), (2.1.2a)
. f5 g 3 o .
= = D . Al
min {,\1 = iggf(@’” ST dw} >\ (Q) (2.1.2b)

4. If Q is a strictly star-shaped domain, that is if z - v(z) > a > 0 for all z € O, where
v{(z) is the unit outer normal at x € 0Q, and if f =1, then

(N +2)2P(Q)

A 8aN|Q|

IA

X3 = (2.1.3)

In particular, if @ = B1(0) C RY then we have the bound

. N +2)2
@) < T
5. If f(z) = |z|* with & > 0 and Q is a ball of radius R, then we have

424+ a)(N+a) 24+ a)3N+a—4)
27 ’ 9

A (Br, |z|*) > Ae(a) := max{ YR+ (2.1.4)

Moreover, if N > 8 and 0 < a < o (N) 1= ﬂt%\/_ﬁﬁﬂ—_?l, we have

(2+a)3N +a—4)

X (B lal") = 3

(2.1.5)

In §2.3.3 we give some numerical estimates on A* to compare them with the analytic bounds
given in Theorem 1.1 above. Note that the upper bound J; is relevant only when f is bounded
away from 0, while the upper bound ) is valid for all permittivity profiles. However, the order
between these two upper bounds can vary in general. For example, in the case of exponential
permittivity profiles of the form f(z) = ¢(I=1’=1) on the unit disc, one can see that A; is a
better upper bound than Ay for small a, while the reverse holds true for larger values of a.
The lower bounds in (2.1.2) and (2.1.4) can be improved in small dimensions, but they are
optimal —at least for the ball- in dimension larger than 8.

We also consider issues of uniqueness and multiplicity of solutions for () with 0 < A < A*.
The bifurcation diagrams in Figure 2.1 show the complexity of the situation, even in the
radially symmetric case. One can see that the number of branches —and of solutions— is closely
connected to the space dimension, a fact that we establish analytically in §4, by focussing on
the very first branch of solutions considered to be “minimal” in the following way.

Definition 2.1.1. A solution uy(z) of (S), is said to be minimal if for any other solution u
of (S), we have uy(z) < u(zx) for all x € Q.
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1(x) = 1 with difterent ranges of N

u(o)

N=1 : 2SNs7?

N=8

o

e e ettt

o

A A 2" = (8N-BYO

Figure 2.1: Plots of u(0) versus A for the constant permittivity profile f(z) =1 defined in the
unit ball B1(0) C RN with different ranges of N. In the case of N > 8, we have A\* = (6N —8)/9.

One can also consider for any solution u of (S)y, the linearized operator at « defined by
Ly = —A— (2{\4_!’5; and its eigenvalues {uxa(u);k = 1,2,...}. The first eigenvalue is then
simple and is given by

) = 08 { L&) ey 0 € CE(O), [ (@) = 1.

Stable solutions (resp., semi-stable solutions) of (S) are those solutions u such that p; x(u) > 0
(resp., p1,A(u) > 0). Our main results in this direction can be stated as follows.

Theorem 2.1.2. Assume f is a function satisfying (2.1.1) on o bounded domain 2 in RY,
and consider \* := \*(, f) as defined in Theorem 2.1.1. Then the following hold:

1. For any 0 < A < X*, there erists a unique minimal solution uy of (S)x such that
pia(ur) > 0. Moreover, for each xz € Q, the function A — wux(z) is strictly increas-
ing and differentiable on (0, A*).

2. If 1 < N < 7 then -by means of energy estimates~ one has supyg(ox+) || ur [loo< 1 and
consequently, u* = )1‘1T1}1 uy exists in C>*(Q) with 0 < a < 1 and is a solution for (S)x

such that pya-(u*) = 0. In particular, u* —often referred to as the extremal solution of
problem (8))- is unique.

3. On the other hand, if N > 8, f(z) = |z|* with 0 < a < o™(N) := Mﬂf—?l and
Q is the unit ball, then the extremal solution is necessarily u*(z) = 1 — [ac|2i970i and is
therefore singular.

We note that, in general, the function »* exists in any dimension, does solve (S),« in a suitable
weak sense, and is the unique solution in an appropriate class. The above theorem says that
it is, however, a classical solution in dimensions 1 < N < 7, and this will allow us to start
another branch of non-minimal (unstable) solutions. Indeed, we show in §2.5 ~following ideas

16
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of Crandall-Rabinowitz [20]- that, for 1 < N < 7, and for A close enough to A*, there exists a
unique second branch Uy, of solutions for (S),, bifurcating from u*, with

,ul’)\(U)‘) <0 while /,L2,)\(U)‘) > 0. (2.1.6)

In Chapter 3, we shall provide a variational (mountain pass) characterization of these unstable
solutions and more importantly, we establish —under the same dimension restriction as above—
a compactness result along the second branch of unstable solutions leading to a —nonzero-
second bifurcation point.

Issues of uniqueness, multiplicity and other qualitative properties of the solutions for (S),
are still far from being well understood, even in the radially symmetric case which we consider
in §2.6. Some of the classical work of Joseph-Lundgren {43] and many that followed can be
adapted to this situation when the permittivity profile is constant. However, the case of a
power-law permittivity profile f(z) = |z|* defined in a unit ball already presents a much
richer situation. In §2.6 we present some numerical evidence for various conjectures relating
to this case, some of which will be tackled in Chapter 3. A detailed and involved analysis of
compactness along the unstable branches will be discussed there, as well as some information
about the second bifurcation point.

2.2 The pull-in voltage \*

In this section, we first establish the existence and some monotonicity properties for the pull-in
voltage A*, which is defined as

A*(Q, f) = sup{\ >.0 | (S) possesses at least one solution} . (2.2.1)

In other words, A* is called pull-in voltage if there exist uncollapsed states for 0 < A < A*
while there are none for A > A*. We then study how A*(, f) varies with the domain £, the
dimension N and the permittivity profile f.

2.2.1 Existence of the pull-in voltage

For any bounded domain I in RY, we denote by u,. the first eigenvalue of —A on H}(T) and by
;. the corresponding positive eigenfunction normalized with sup,ep 1, = 1. We also associate
with any domain T in RY the following parameter:

v, = sup {p,FH(igpr); I domain of RY, T' 5 Q}, (2.2.2)

where H is the function H(t) = _g_lt(ttrllij_\t/)i .

Theorem 2.2.1. Assume f is a function satisfying (2.1.1) on o bounded domain Q in RV,
then there exists a finite pull-in voltage X\* := \*(Q, f) > 0 such that

1. if X < \*, there exists at least one solution Jor (8)»;

2. if A > \*, there is no solution for (S)x.

17
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Moreover, we have the lower bound
Vo

A (Q,f)Zm

(2.2.3)

Proof: We need to show that (S), has at least one solution when A < v, (supg, f(z)) L. Indeed,
it is clear that u = 0 is a subsolution of (S}, for all A > 0. To construct a supersolution of
(S)», we consider a bounded domain T' D  with smooth boundary, and let (u..,¥,.) be its first
eigenpair normalized in such a way that

suptr(z) =1 and inf ¢¥r(z) :=s1 > 0.
zel €N
We construct a supersolution in the form i = Ay, where A is a scalar to be chosen later.
First, we must have Ay, > 0 on 9Q and 0 < 1 — Ay < 1 in Q, which requires that 0 < A < 1.
We also require '

A (=)

which can be satisfied as long as:
Asupg f(z) .
/.LPA ’(/)F Z m m Q, (225)
or
Asup f(z) < B(A,T) = p.inf {g(sA); s € [s1(T), 1]}, (2.2.6)
0 ,

where g(s) = s(1 — s)2. In other words, A\*sup f(z) > sup{B(4,T);0 <a < 1,T D Q}, and
Q
therefore it remains to show that
vg =sup{B(A,I);0<a<1,T D0} (2.2.7)

For that, we note first that

inf g(As) = min {g(As1),9(A)}.
86[81,1] '
We also have that g(As;) < g(A) if and only if A%(s} —1) — 2A4(s? —1) + (s1 — 1) < 0 which
happens if and only if A?(s? + 51 +1) — 24(s1 +1) + 1 > 0 or if and only if either A < A_ or
A > A, where

_s1+14/61 1 A _s1+l—/51 1
T s24+1+s1 s1+1—./51] T S8 +14 si+1+4./51

Since A_ <1 < a4, we get that

G(A) = inf g(As)=

2.2.8
s€(s1,1) ( )

A

A n

B A

A
i

=
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We now have that % = g'(As1)sy > 0 forall 0 < A < A_. And since A_ > %, we have
48 = y/(A) <O forall A < A < 1. Tt follows that

sup inf g(As)= sup G(A)=G(A-)=g(A-)
0<a<1 5€(s1,1] 0<a<1
1 1

2
sl+1+\/s‘1(1_s1+1+\/§7)
s1(s1+1+42,/s1)

(s1+1+4/51)3
= H(infq yr)),

which proves our lower estimate.
_ Now that we know that A* > 0, pick A € (0, A*) and use the definition of A* to find a
A € (A, A*) such that (S); has a solution uy,

—Auy =—""=, € u3; =0, z€dQ,
bt

and in particular —Auy > %%7 for € Q which then implies that u3 is a supersolution of
" (8)». Since u = 0 is a subsolution of (), then we can conclude again that there is a solution
uy of (S), for every A € (0, N*).

It is also easy to show that A* is finite, since if (S), has at least one solution 0 < u < 1,
then, by integrating against the first (positive) eigenfunction v, we get

+oo>,unZ,uQ/uwn=—/uA¢n=—/wnAu=)\/ wf2d22)\/'¢)nfdz
Q Q Q o (1-u) Q

(2.2.9)
and therefore A* < +c0. The definition of A* implies that there is no solution of (S)y for any
A > A% |

2.2.2 Monotonicity results for the pull-in voltage

In this subsection, we give a more precise characterization of A*, namely as the endpoint for the
branch of minimal solutions. This will allow us to establish various monotonicity properties
for A* that will help in the estimates given in the next subsections. First we give a recursive
scheme for the construction of minimal solutions.

Theorem 2.2.2. Assume f is a function satisfying (2.1.1) on a bounded domain Q in RY,
then for any 0 < X < X*(Q, f) there exists a unique minimal positive solution uy for (S)x. It
is obtained as the limit of the sequence {un(X; )} constructed recursively as follows: uo =0 in
Q and, for eachn > 1,

_ M@
Aun =T, 2
0<u, <1, z€8; u,=0, ze€d.

Q.
TEW (2.2.10)
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Proof: Let u be any positive solution for (S),, and consider the sequence {un(X;z)} defined
n (2.2.10). Clearly u(z) > up = 0 in 2, and whenever u(z) > up—1 in Q, then
1 1

-—A(u—un)=)\f(w)[(1_u)2 - (l—un_1)2] >0, zeQ,

u—u, =0, T € ofN.

The maximum principle and an immediate induction yield that 1 > u(x) > u, in Q for all
n > 0. In a similar way, the maximum principle implies that the sequence {u,(\;z)} is
monotone increasing. Therefore, {u,();z)} converges uniformly to a positive solution uy(z),
satisfying u(z) > ux(z) in ©, which is a minimal positive solution of (5),. It is also clear that
uy, is unique in this class of solutions. .

Remark 2.2.1. Let g(z, £, Q) be the Green’s function of the Laplace operator, with g(z,£,Q) =0
on 0. Then the iteration in (2.2.10) can be replaced by uo = 0 in 2, and for each n > 1,

f(E 235, Q) .
= A T tna (N O 5dE, T €Q;

un(Xjz) =0, z € 0N.

un(3 ) (2.2.11)

The same reasoning as above yields that limy, o un(A;2) = ur(z) for all x € Q.

The above construction of solutions yields the following monotonicity result for the pull-in
voltage.

Proposition 2.2.3. If Q; C Qy and if f is a function satisfying (2.1.1) on Qy, then A*(§1) >
M*(Q2) and the corresponding minimal solutions satisfy ug (A, 2) < ug, (A, x) on Q1 for every
0< A< A ().

Proof: Again the method of sub/supersolutions immediately yields that A*(€1) > A\*(€s).
Now consider, for ¢ = 1,2, the sequences {un(), z,$)} on €; defined by (2.2.11) where
g(z,£,9Q;) are the corresponding Green’s functions on ;. Since Q; C 2, we have that
g(z,€,Q) < g(z,&,Q2) on Q. Hence, it follows that

Ul()\,l‘,92) =A q f(g)g(x,ga Q?)d£ 2 )‘/Q f(g)g(xvg)ﬂl)dg = U]()\,$,Ql)

on §;. By induction we conclude that u, (A, z,Q2) > up(A, z, Q1) on Q for all n. On the other
hand, since un (A, z,Q22) < uny1(N,z, Q) on Q for n, we get that u,(A,z,) < ug, (A, z) on
Q;, and we are done. ]

We also note the following easy comparison results, and we omit the details.

Corollary 2.2.4. Suppose f1, f2 : 8 — R are two functions satisfying (2.1.1) such that f(z) <
fo(x) on Q, then A*(, f1) > M (, f2), and for 0 < X < X*(Q, f2) we have u1 (A, z) < uz(A, z)
on Q, where u1(\, z) (resp., ua(\, x)) are the unique minimal positive solution of

—Ay = (/\1%;)% (resp., —Au = ()‘lf%ui)%) on Q and v =0 on 0.

Moreover, if fa(z) > fi(x) on a subset of positive measure, then uy(\,z) < uz(A,z) for all
z €.
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We shall also need the following result which is adapted from [6] (Theorem 4.10) where it
is proved for regular nonlinearities.

Proposition 2.2.5. For any bounded domain T' in RN and any function f satisfying (2.1.1)
on T', we have
A*(T, f) 2 X(Br, f*)

where Bg = Bg(0) is the Euclidean ball in RN with radius R > 0 and with volume |Bg| = |T|,
and where f* is the Schwarz symmetrization of f.

Proof: For any bounded I' C RY, define its symmetrized domain I'* = Bg to be the ball
{z : |z| < R} with |I'| = |Bg|. If u is a real-valued function on I, we define its symmetrized
function u* : T* = Bg — R by u*(z) = sup{u: =z € Br(u)} where Bg(u) is the symmetrization
of the superlevel set T(u) = {z € Q@ : u < u(z)} (i.e., Br(u) =T'(u)*). If h and g are continuous
functions on T, then the following inequality holds (See Lemma 2.4 of [6])

/hgd:c < h*g*dz . (2.2.12)
r Br ‘
As in Theorem 4.10 of [6], we consider for any A € (0, \*(Bg)) the minimal sequence {un} for

(Sy) in T' as defined in (2.2.10), and let {v,} be the minimal sequence for the corresponding
Schwarz symmetrized problem:

_ A=)
—Av= 0 —v) z € Bg, (2.2.13a)
v=0 z € 8Bp (2.2.13b)

with 0 < v < 1 on Bg = T™*. Since X € (0, \*(Bgr)), we can consider the corresponding minimal
solution v, for (2.2.13b). As in Theorem 2.2.2 we have 0 < v, < v, <1on Bg foralln > 1.
We shall show that {u,} also satisfies 0 < uy <v, <1on Bg foralln > 1.,

We now write f(a = w,|z|N) for f*(z), and Uy(a = wy |z|V) for v%(z). Applying (2.2.12)
and the argument for (4.9) in [6], we obtain that @y = Ty = 0 in (0, R), and for each n > 1,

din, A [° 7 .

- > 2.2,

da T 7 /0 T df >0 in (O,R), (2.2.14)
and -

dvy, A f _ ) _

o + 7@ /0 = ;Jn_l)zdr =0 in (0,R) (2:2.15)

with ¢(a) = [Nu)}V/Na(N‘WN]2 > 0. We claim that for any n > 1, we have
Un(a) <Tp(a) a€(0,R). (2.2.16)
In fact, for n = 1 we have du; /da > dv1/da, and integration yields that
—u1(a) = w1 (R) — ui(a) > 0 (R) — v1(a) = —71(a),

and hence %1(a) < 71(a) on [0, R]. (2.2.16) is now proved by induction. Suppose it holds for
n < k — 1, then one gets from (2.2.14) and (2.2.15) that dux/da > dvg/da, which establishes
(2.2.16) for all n > 1.
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Therefore, the minimal sequence {u,(z)} on I' is bounded by maxzep, v,(z) < 1, and
again as in the proof of Theorem 2.2.2, there exists a minimal solution u, for (S)y on I'. This
means A*(T, f) > X*(Bg, f*). _ u

2.3 Estimates for the pull-in voltage

In this section, analytically and numerically we shall discuss estimates of pull-in voltage \*.
For that we shall write || for the volume of a domain € in RY and P(Q) := [, dS for its
“perimeter”, with w,, referring to the volume of the unit ball B1(0) in RY. We denote by
pg the first eigenvalue of —A on H}(2) and by ¢, the corresponding positive eigenfunction
normalized with [ ¢ dzx = 1.

2.3.1 Lower bounds for \*

While the lower bound in (2.2.3) is useful to prove existence, it is not easy to compute. The
following proposition gives more computationally accessible lower estimates for A*.

Proposition 2.3.1. Assume f is a function satisfying (2.1.1) on a bounded domain Q in RV,
then we have the following lower bound:

8N 6N—-87 1 /[wy\&
* >m —_ (X . 9.
(@, f) 2 max 2779 }supr<|Q|) (2.3.1)

Moreover, if f(z) = |z|* with o > 0 and Q is a ball of radius R, then we have

N(Br, |2[?) > max {4(2 + a)(N + a)’ 2+a)3BN+a—4) }R‘(2+°‘). (23.2)
27 9
Finally, if N >8 and 0 < a < o™ (N) := MM, we have
By, [ofo) = BFABNFa— ) (2.3.3)

9

2j-

Proof: Setting R = (%}QL) , it suffices —in view of Proposition 2.2.5- and since sup f* = sup f,
N BR Q
to show that

8N 6N —8 } (2.3.4)

* *y >
X(Br, ) 2 max{zm? supg f*’ 9R? supq f*

for the case where 2 = Bg. In fact, the function w(z) = %(1 -~ J}%J:-) satisfies on Br

2N  2N(1-3%)2 1
—Aw = = (1-3)

3RE 3R (132
> 8N f(z)
. T 2TR?supq f[1 - 11— I%;_)]z
8N f(=z)

T 27R%supg f (1 —w)?
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So for A < ﬁ%%ﬁé—f’ w is a supersolution of (S)y in Bg. Since on the other hand wy = 0
is a subsolution of (S)) and wp < w in Bpg, then there exists a solution of (S)) in Bg which
proves a part of (2.3.4).
A similar computation applijsdsto the function v(z) = 1 — (U)% shows that v is also a
6

supersolution as long as A < RIsupo ]

In order to prove {2.3.2), it suffices to note that w(x) = %(1 lﬁlﬂ_) is a supersolution for
(S)‘A on Bp provided A < ﬂ%}éﬁ—"% and that v(z) = (J%l)zsa is a supersolution for (S)y
on Bpg, provided A < ﬁ”—agx%ﬁta—_'iz.

In order to complete the proof of Proposition 2.3.1, we need to establish that the function
uz) = 1-— le&g_q is the extremal function as long as N > 8 and 0 < o < o™(N) =
54—:6—%&_—22. This will then yield that for such dimensions and these values of «, the
voltage A = gﬂ—axw is exactly the pull-in voltage A*.

First, it is easy to check that u* is a H(S2)-weak solution of (S)y«. Since [[u*||c =1, and
by the characterization of Theorem 2.5.1 below, we need only to prove that

[werz [ 26 voe @, (235)

However, Hardy’s inequality gives for N > 2:

s (V=22 [ &
/BI'W' 2T /B EE

for any ¢ € H3(B), which means that (2.3.5) holds whenever 2X* < gN—ZZZ or, equivalently,
if N>8and0<a< o =10M+3/E0=2) n

Remark 2.3.1. The above lower bounds can be improved at least in low dimensions. First
note from (2.3.2) that if N > 1352 then X = KH—QM is the better lower bound and
is actually sharp on the ball as soon as N > 8 and a < a**. For lower dimensions, the
best lower bounds are more complicated even when one considers supersolutions of the form
v(z) = a(l — (]}%1)’“) and optimize A(a, k, R) over a and k. For example, in the case where
a =0, N=2and R = 1, one can see that a better lower bound can be obtained via the
supersolution v(z) = 55 (1 — ||*6).

2.3.2 Upper bounds for \*

We note that (2.2.9) already yields a finite upper bound for A*. However, Pohozaev-type
arguments can be used to establish better and more computable upper bounds. For a general
domain €, the following upper bounds on A\*(£2) were established in [50] and [32], respectively.

Proposition 2.3.2. (1) Assume f is a function satisfying (2.1.1) on a bounded domain {2 in
RY such that infq f > 0, then

MO <k = ‘;L;(igf N (2.3.6)
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(2) If we only suppose that f > 0 on a set of positive measure, then

%"(/ﬂf% dz) ™. (2.3.7)

Proof: (1). We multiply the equation (S)) by ¢q, integrate the resulting equation over {2,
and use Green’s identity to obtain

A*(Q, f) S XZ

/n ( — pou 4+ (T/\f_—%)aﬁg dx =0. (2.3.8)

Since C := infq f > 0 and ¢q > 0, the equality in (2.3.8) is impossible when
A
— pau + (—ITCW >0, forallze Q. (2.3.9)

A simple calculation using (2.3.9) shows that (2.3.9) holds when A > X1, where A; is given in-
(2.3.6). This completes the proof of Proposition 2.3.2(1).

As shown below, the bound (2.3.6) on A* is rather good when applied to the constant
permittivity profile f(z) = 1. However, this bound is useless when the minimum of f(z) on Q
is zero, and cannot be used to estimate \* for the power-law permittivity profile f(z) = |z|*
with o > 0. Therefore, it is desirable to obtain a bound on A* that depends more on the global
properties of f. Such a bound was established in [32] and here is a sketch of its proof.

(2). Multiply now (S)x by ¢a(l —u)?, and integrate the resulting equation over Q2 to get

/Af(bgdx:/dm(l——u)zAudz. (2.3.10)
Q Q

Using the identity V - (Hg) = gV - H + H - Vg for any smooth scalar field g and vector field
H, together with the Divergence theorem, we calculate

/,\qugda::/ (1—u)2¢gw-yds+/Vu-v[¢g(1—u)2] dz, (2.3.11)
Q J O Q

where v is the unit outward normal to 8Q. Since ¢q = 0 on 952, the first term on the right-hand
side of (2.3.11) vanishes. By calculating the second term on the right-hand side of (2.3.11) we
get:

/Q/\fqbg dz = —/92(1 — u)¢a|Vu|? dz + /Q(l —u)?Vu - Véq dz (2.3.12a)
< —/Q%wm 'V [1-u)?] dz. (2.3.12b)

The right-hand side of (2.3.12b) is evaluated explicitly by
/Q)\fd)g dz < —% /80(1 —w)3Vgq - vdS — %ﬂ /Q(l — )3 dz. (2.3.13)

For 0 < u < 1, the last term on the right-hand side of (2.3.13) is positive. Moreover, u = 0 on
OQ so that faQ Véa - vdS = —puq since [, ¢podz = 1. Therefore, if (S)) has a solution, then
(2.3.13) yields

po
,\/qusg do < = (2.3.14)

This proves that there is no solution for A > X2, which gives (2.3.7). |
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Remark 2.3.2. The above estimate is not sharp, at least in dimensions 1 < N <7, as one can
show that there exists 1 > a(€, N) > 0 such that

A< %‘2(1 - a(Q,N))(/qusgdx)‘l. (23.15)

Indeed, this follows from inequality (2.3.13) above and Theorem 2.4.5 below where it will be
shown that in these dimensions, there exists 0 < C(f2, N) < 1 independent of A such that
lualloo £ C(R, N) for any minimal solution uy. It is now easy to see that (2, N) can be
taken to be

a(Q,N) = (1-C(Q,N))® /Q padz.

We now consider problem (S), in the case where @ C R is a strictly star-shaped domain
containing 0, meaning that Q satisfies the additional property that there exists a positive
constant a such that

z-v>a>0 forall z€0Q, (2.3.16)

where v is the unit outer normal to 9f.

Proposition 2.3.3. Suppose f = 1 and that the strictly star-shaped smooth domain @ C RY
satisfies (2.3.16). Then the pull-in voltage X\*(Q) satisfies:

N +2)2P(Q)

M) < A3 = ( SaN Tl (2.3.17)

where |Q| s the volume and P(Q) is the perimeter of (2.
In particular, if Q is the Euclidean unit ball in RN then we have the bound

(N +2)?
—

Proof: Recall Pohozaev’s identity: If u is a solution of

A (B1(0)) <

Au+ Ag(u) =0 for z€Q,
u=20 for €09,

then
— ____2 — l oy — 2
N)\/ G(u)dz 5 )\/ ug{u)dz 2/8 (z )(a )°ds, (2.3.18)

where G(u) = [;’ g(s)ds. Applying this with g(u) = ﬁf and G(u) = ¥ ylelds

_)\_/u(N+2——2Nu)
2 Ja

1
(1—u)? =3 /an(x . U)(Efds
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where we have used the Divergence Theorem and Hélder’s inequality

aﬂ%ds (/m( g:/‘) ds)w(/mds)l/z.

Since
u(N+2—2Nu) , "N+2.2 (N+2)?2 1
/Q =y d””‘“/n[ 2N (u- =)+ gy ](1—u)2d$
(N +2)? dx
S TN /9(1-u)2’

we deduce from (2.3.19) that

(N +2)2 > aX / dz > aA|Q|
(

8N T P(Q)Jo(1—u)2 ™ PQ)’
which implies the upper bound (2.3.17) for A*.
Finally, for the special case where Q = B;(0) C RY, we have a = 1 and ﬂM = N and
hence the bound A*(By(0)) < Ag = &+2°, n

2.3.3 Numerical estimates for \*

In this subsection, we apply numerical methods to discussing the bounds of A*. In the com-
putations below we shall consider two choices for the domain €,

Q:[-1/2,1/2] (slab); Q:2%+3? <1 (unit disk). (2.3.20)

(a). X\* versus a (slab) (b). A* versus a (unit disk)

T T T T T T T T

16 -

Figure 2.2: Plots of \* versus o for a power-law profile (heavy solid curve) and the exponential
profile (solid curve). The left figure corresponds to the slab domain, while the right ﬁgure
corresponds to the unit disk.
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Exponential Profiles:

Q a A A A1 A2
slab 0 | 1.185 ] 1.401 | 1.462 | 3.290
slab 1.0 | 1.185 | 1.733 | 1.878 | 4.023
slab 3.0} 1.185 | 2.637 | 3.095 | 5.965
slab 6.0 | 1.185 | 4.848 | 6.553 | 10.50

unit disk | 0 | 0.593 | 0.789 | 0.857 | 1.928
unit disk | 0.5 | 0.593 | 1.153 | 1.413 | 2.706
unit disk | 1.0 | 0.593 | 1.661 | 2.329 | 3.746
unit disk | 3.0 | 0.593 | 6.091 | 17.21 | 11.86

Table 2.1: Numerical values for pull-in voltage A\* with the bounds given in Theorem 2.1.1.
Here the exponential permittivity profile is chosen as (2.8.21).

For the permittivity profile, following [32} we consider

slab:  f(z) = |2z|* (power-law); f(z)= (@ =1/4) (exponential),  (2.3.21a)
unit disk :  f(z) = |z|* = (power-law); f(z)= e(l=*-1) (exponential) , (2.3.21b)

with @ > 0. To compute the bounds A; and )z, we must calculate the first eigenpair u, and
¢, of —A on Q, normalized by fQ ¢, dz = 1, for each of these domains. A simple calculation
yields that

p =72, ¢ = gsin [7r (:c + %)] (Slab) ; (2.3.22a)

g = 28 = 5.783, Jo(zo|z]) (Unit Disk). (2.3.22b)

20
¢n Jl (ZO)
Here Jp and J; are Bessel functions of the first kind, and zp & 2.4048 is the first zero of Jy(z).
The bounds X; and Ay can be evaluated by substituting (2.3.22) into (2.1.2b). Notice that A
is, in general, determined only up to a numerical quadrature.

In Figure 2.2(a) we plot the saddle-node value A\* versus « for the slab domain. A similar
plot is shown in Figure 2.2(b) for the unit disk. The numerical computations are done using
BVP solver COLSYS [2] to solve the boundary value problem (S), and Newton’s method to

- determine the saddle-node point. Theorem 2.1.1 guarantees a finite pull-in voltage for any
o > 0, while \* is seen to increase rapidly with a. Therefore, by increasing a, or equivalently
by increasing the spatial extent where f(z) <« 1, one can increase the stable operating range of
the MEMS capacitor. In Table 2.1 we give numerical results for A*, together with the bounds
given by Theorem 2.1.1, in the case of exponential permittivity profiles, while Table 2.2 deals
with power-law profiles. From Table 2.1, we observe that the bound A1 for \* is better than
Xg for small values of a. However, for o >> 1, we can use Laplace’s method on the integral
defining Ay to obtain for the exponential permittivity profile that

4b% cia

s 4abt Y’
Al = 57 Ay ~ coa” . (2.3.23)
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Power-Law Profiles:

Q a | Ada) A* A1 Az
slab 0 | 1.185 | 1.401 | 1.462 | 3.290
slab 1.0 | 3.556 | 4.388 oo 9.044
slab 3.0(11.851 [ 15.189 { oo | 28.247
slab 6.0 | 33.185 | 43.087 | oo | 76.608

unit disk | 0 | 0.593 | 0.789 | 0.857 | 1.928
unit disk | 1.0 | 1.333 | 1.775 fo's) 3.019
unit disk | 5.0 | 7.259 | 9.676 o0 15.82
unit disk | 20 | 71.70 | 95.66 oo | 161.54

Table 2.2: Numerical values for pull-in voltage A\* with the bounds given in Theorem 2.1.1.
Here the power-law permittivity profile is chosen as (2.3.21).

Here by = 72, ¢; = 1/4, c; = 1/3 for the slab domain, and b; = 22, ¢; = 1, ¢ = 4/3 for the
unit disk, where zp is the first zero of Jy(z) = 0. Therefore, for o >> 1, the bound X2 is better
than A;. A similar calculation can be done for the power-law profile, see Table 2.2. For this
case, it is clear that the lower bound A¢(c) in (2.1.4) is better than A in (2.1.2a), and the upper
bound ), is undefined. However, by using Laplace’s method, we readily obtain for & >> 1 that
A2 ~ &2 /3 for the unit disk and X2 ~ 4a?/3 for the slab domain.

Therefore, what is remarkable is that A\; and Ay are not comparable even when f is bounded
away from 0 and that neither one of them provides the optimal value for A*. This leads us to
conjecture that there should be a better estimate for A*, one involving the distribution of f in
Q, as opposed to the infimum or its average against the first eigenfunction ¢,.

2.4 The branch of minimal solutions

In the rest of this Chapter, we consider issues of uniqueness and multiplicity of solutions for
(S)x with 0 < XA < A*. The bifurcation diagrams in Figure 2.1 show the complexity of the
situation, even in the radially symmetric case. One can see that the number of branches ~and
of solutions— is closely connected to the space dimension. In this section, we focus on the very
first branch of solutions considered to be “minimal”.

The branch of minimal solutions corresponds to the lowest branch in the bifurcation dia-
gram, the one connecting the origin point A = 0 to the first fold at A = A*. To analyze further
the properties of this branch, we consider for each solution u of (S),, the operator

Lu A= —-A 2)\f

, - ﬁ——_—u)—s (2.4.1)

associated with the linearized problem around u. We denote by i1 (), u) the smallest eigenvalue
of Ly, that is, the one corresponding to the following Dirichlet eigenvalue problem

2\ f(x)

~A Ty

dp=up z€Q, ¢=0 ze€Q. (2.4.2a)
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In other words,
Vo2 —20f(1 —u)~3¢?}d
p(\u) = inf Jo {1V fg w7 de
$eH} () Jo #%dx
A solution u for (S)) is said to be stable (resp., semi-stable) if py (A, u) > 0 (resp., u1 (A, w) > 0).

2.4.1 Spectral properties of minimal solutions

We start with the following crucial lemma, which shows among other things that semi-stable
solutions are necessarily minimal solutions.

Lemma 2.4.1. Let f be a function satisfying (2.1.1) on a bounded domain  in RN, and let
X = MR, f) be as in Theorem (2.1.1). Suppose u is a positive solution of (S)y, and consider
any —classical- supersolution v of (S)y, that is,

_ M (z)
Av > =) z €, (2.4.3a)
0<wv(r) <1 z € (2.4.3b)
v =0 x € 0. (2.4.3c)

If ui(\,u) >0, thenv > u on Q, and if py(A,u) =0, thenv =u on Q.

Proof: For a given X and z € ©, use the fact that f(z) > 0 and that ¢t — (’\lj_ti)); is convex on
(0,1}, to obtain

[1—(u iff(fﬁ —W))E = 0 ze, (2.4.4)

for 7 € [0,1]. Note that (2.4.4) is an identity at 7 = 0, which means that the first derivative
of the left-hand side for (2.4.4) with respect to 7 is nonnegative at 7 = 0,

—Alu+7(v—u)) —

—A(v—u)—%i_i%(v—u)zo, ze, (2.4.5a)

v—u=0, x € 0Q. (2.4.5b)

Thus, the maximal principle implies that if u3(A,u) > 0, we have v > u on (2, while if
u1(A,u) = 0, then Lemma 2.16 of [20] gives

2\ f(z)

—A(U—u)—a__—,u)g

(v—u)=0 zeQ. (2.4.6)

In the latter case the second derivative of the left-hand side for (2.4.4) with respect to 7 is
nonnegative a 7 = 0 again,

- (i’\f (5))4 (v-u?20 zeQ, (2.4.7)

From (2.4.7) we deduce that v = u in  \ o, where
Q={zeQ: fz)=0forz € Q}. (2.4.8)
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On the other hand, (2.4.6) reduces to

—Av—u)=0 z€8Q; v—u=0 z€dly,
which implies v = u on Q. Hence if y1(A, u) = 0 then v = u on Q, which completes the proof
of Lemma 2.4.1. ]
Theorem 2.4.2. Assume f is a function satisfying (2.1.1) on a bounded domain 2 in RN,
and consider the branch A — uy of minimal solutions on (0,X*). Then the following hold:

1. Foreachz € Q, the function A — ux(z) is differentiable and strictly increasing on (0, A*).

2. For each X € (0,\*), the minimal solution uy is stable and the function A — py ) =
p1 (A uy) is decreasing on (0, A*).

Proof: Consider \; < Ay < A*, their corresponding minimal positive solutions uy, and uy,
and let u* be a positive solution for (S),,. For the monotone increasing series {un(A1;z)}
defined in (2.2.10), we then have u* > ug(A1;z) =0, and if up_1(A1;z) < u* in Q, then

A A
—A(u* - Un) = f(x)[(l _i*)? - (1 — ul_1)2

u* —u, =0, x € 0Q2.

]ZO, €N

So we have u,(A\1;2) < u* in Q. Therefore, uy, = limp_oo Un(A1;7) < w* in , and in
particular uy, < uy, in . Therefore, d—“ﬁéﬂ >0forall z €.
That A — p1,) is decreasing follows easily from the variational characterization of p1,, the
monotonicity of A — uy, as well as the monotonicity of (1 — u)~3 with respect to u.
Now we define
A* = sup {)\; uy is a stable solution for (S’))\}.

It is clear that A** < A*, and to show the equality, it suffices to prove that there is no minimal
solution for (S), with g > A**. For that, suppose w is a minimal solution of (S)y s with
§ > 0, then we would have for A < A**,
CAw= AT O S M) g
(1-w)? (1—w)?

Since for 0 < A < A** the minimal solutions u) are stable, it follows from Lemma 2.4.1 that
1>w>u, forall 0 < A < A**. Consequently, u = limy »\ u, exists in CY(f) and is a
solution for (S)y+. Now from the definition of \**, we necessarily have u; y+« = 0, hence by
again applying Lemma 2.4.1, we obtain that w = u and § = 0 on 2, which is a contradiction,
and hence A\** = \*.

Since each uy is stable, then by setting F(A,uy) := —A — (1—_’\1;%;, we get that F, (A u,)
is invertible for 0 < A < A*. It then follows from the implicit function theorem that u, (z) is
differentiable with respect to A.

Finally, by differentiating (S), with respect to A, and since A — ux(z) is non-decreasing,

we get

duy  2Mf(z) duy f(z)
_padu _ 2A(2) dus > Q
ADTO-up i (O-wpz¥ *€
duy,

—_ > .
o >0, z€dn
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Applying the strong maximum principle, we conclude that %‘A >0on 2 forall 0 < A < A,
and the theorem is proved. [ ]

Remark 2.4.1. Lemma 3 of [20] yields 41(1,0) as an upper bound for A** — at least in the case
where info f > 0 on . Since A** = A\*, this gives another upper bound for A* in our setting.
It is worth noting that the upper bound in Theorem 2.1.1 gives a better estimate, since in the
case where f = 1, we have u(1,0) = uqn/2, while the estimate in Theorem 2.1.1 gives izfi.,ﬂ for
an upper bound.

2.4.2 Energy estimates and regularity

We start with the following easy observations.
Lemma 2.4.3. Let f be a function satisfying (2.1.1) on a bounded domain 2 in RN, Then,
1. Any (weak) solution u in H}(2) of (S)x then satisfies [, Tl_—%vdx < 0o.

2. Ifinfq f > 0 and N > 3, then any solution u such that f /(1—u) € L3V/2(Q) is a classical
solution.

Proof: (1) Since u € H}(R) is a positive solution of (S),, we have

/Q (1 ifu)2 —-/Q 1/\—fu - /Q (1)21{,‘)2 = /Q |Vul* =: C < +o0,

which implies that

Af Af Af C Af
Lot ser [fser [loeg=g+ nsowoe [ 2

with € > 0. Therefore, by choosing € > 0 small enough, we conclude that f, oy <0

(2) Suppose u is a weak solution such that (—lf:(%))g € LP(Q), which means that I_x) €

u

L¥/2(Q). By Sobolev’s theorem we can already deduce that u € C%*(Q) with o = 2 — 3¥.

To get more regularity, it suffices to show that u < 1 on'Q2, but then if not we consider z¢ € Q
such that u(zo) = |ullg(@) =1, then we have

|1 —u(z)| = Ju(zo) — u(z)] < Clzg —z|* on Q.

This inequality shows that if p > % then we have

0o > / ( /@) 3)pd:1: > CI/ |z — @o| Pz = CI/ |z — 2| Ndz = o0,
o (1-u) Q 2

— U

a contradiction, which implies that we must have ||ullc(q) < 1. [ ]

Note that the above argument cannot be applied to the case where f(x) > 0 vanishes on
Q, and therefore we have to use the iterative scheme outlined in the next theorem.
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Theorem 2.4.4. Let f be a function satisfying (2.1.1) on a bounded domain Q in RYN. Then
for any constant C > 0 there exists 0 < K(C,N) < 1 such that a positive weak solution v of
(S)r (0 <A< X*) is a classical solution and || w ||y, < K(C, N) provided

1. N=1and | gLl <O

LN/2@y =

Proof: We prove this theorem by considering the following three cases separately:
(1) If N = 1, then for any 1 > 0 we write using the Sobolev inequality with constant K (1) > 0,
EMI(1-u)™" -1}«
< [I9la-w -y
Q
1
=—/Vu-v[(1_u)-3_1]
3Ja

A
=2 [ fl-w?1- u)~% — 1]
; /ﬂ (2.4.9)
<CI+C 8f(1 _u)—z
{Q—u)=32>1}
*e I =)+ 20— )2+ 401~ w) " [ - w7 - 1)
{(1—u)y=321} f

<SCI+C+Cl|(1—-u) =123, - /
(1~ w) IZoo ({12211 (=331 (L —W)P

SCI+C+Ce(l) | (1—w)™ =1},

with (1) = / ———, where Lemma 2.4.3(1) is applied in the second inequality.
{1—w)-3>1} (1 =)

From the assumption f/(1—u)® € L}(Q), we have £(I) — 0 as I — co. We now choose I such
that e(I) < Kz—gz, so that the above estimates imply that || (1—u)™ ~1 ||z < K(C). Standard
regularity theory for elliptic problems now implies that 1/(1 — u) € C>*(f2). Therefore, u is
classical, and there exists a constant K (C, N) which can be taken strictly less than 1 such that
v llo@< K(C,N)<1.

(2) Assuming N = 2, we need to show that
(1—u)~! e LP(Q) for any p > 1. (2.4.10)

Fix p > 1 and let us introduce Tyu = min{u, 1 — k}, the truncated function of u at level 1 —k,
0 < k < 1. For k small, we take (1 — Tyu)™! — 1 € H}(R) as a test function for (S)x:

/Q IV Tiul? :/Q M (z) ((1 Tyl 1) < /QL(”) <C<+4o0  (2411)

1w~

(1 — Tyu)? (1 —u)?
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Note that the classical consequence of the Moser-Trudinger inequality gives: there exists C > 0
so that

. :
pv P2 1
/Qe <Cexp (L lbllym) Yo<HIQ), p>1 (2.4.12)
Since now log (T_—%k—ﬁ) € H} (), (2.4.12) and (2.4.11) now yield that for any p > 1:

2
- P 1 2
— P < —_— e <
/9(1 Tyu) C’lexp(167r/n|V10g(1 Tku)l) Cy

where Cy, Cy denote positive constants depending only on p and C. Taking the limit as k — 0
and using that u < 1, we get the validity of (2.4.10).

(3) The case when N > 2 is more elaborate, and we first show that (1 —u)~! € LI() for all
q € (1,00). Since u € H}(Q) is a solution of (S),, we already have [, (T—'uL)f < C. Now we
proceed by iteration to show that if fn (1—_1‘-)2% < C for some 8 > 0, then fQ m—(m; <C
with 2* = 28

Indeed, for any constant § > 0 and £ > 0 we choose a test function ¢ = [(1 — u)™3 —
1] min{(1 — v)~%, £2}. By applying this test function to both sides of (S),, we have

A [ 10 =07 - 07 = ming(1 - 0, )
Q
= / Vu - V[((1 - u)™% — 1) min{(1 — u) =, ¢%}]
o (2.4.13)
- 3/ IVu2(1 — )4 min{(1 — u)~%, 2}
Q

+26 [Vul?(1 —u) 211 —w) % - 1].
{(1-u)=0<e}

We now suppose [, (1—_u-)L2¢7,; < C. We then obtain from (2.4.13) and the fact that Zl—_1u)5 <

C, i (12 — 1)? whenever (1—u)™ > I > 1 that:
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/Q V(1 = %)™ = 1) min{(1 — ), £}
< 2/ V21 = )~ min{(1 — u)~%, 2}
Q
92 wl?(1 — )—20-2 —w)l o 2
+2 /{(1—u)"958} [Vul*(1 — u) [(1—w) 1]

= ul(1 —u) ™ min{(1 — u)~%, ¢
-2/Q|VI(1 )~ min{(1 — )%, &)

2 201 _y-20-1__1 12
+26 /{(l—u)—"SE} [Vul“(1 — u) [(1 e R a- u)2]

<O [ F1-0((1 — )™ = min{(1 - ), )

2.4.14
<0 [ 50w P min{ w7, &) (2414
Q
<or+c £ =) min{(1 - )%, 2}
{Q-w)=321}
<crsc £ =071 - 0™ 1) min{(1 - w) %, £}
{1-w)—321}

\E
<CI+ C[/{(l_u)_BZI} (m—> ]
L sy, (007 =1 min{(1 =), ) 5]

< CI-{—C’E(I)/Q V(1 = w)™ - 1) min{(1 —w)~, £}]|?

e = [/{(l_u)_sz,} (G —fu)a)?]W '

From the assumption f/(1—u)® € L¥(Q) we have (I) — 0 as I — co. We now choose I such
that () = 55, and the above estimates imply that

with

Joyagg VIO -0 == <,
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where the bound is uniform with respect to £. This estimate leads to

—6-1112 —20— 2

W ficosa V=0 = f o

<CI+C (1 —w)~273|Vu|®

{a-w-r<0)
<cr+ / [Ce(1 — u)~#~* + C/e] |Vu”
{a-w-o<0)
501+0/s+ce/ (1= u)~20~4| V|2
{(1-w)—<e}

with € > 0. This means that for £ > 0 sufficiently small

/ V(1 —u)~0? = / 0+ 121 —w)" 24| vu]* < C.
{a-w)=<e) {1-uw)—0<8}

Thus we can let £ — oo and we get that (1 —u)™%~! € HY(Q) — L?'(Q), which means that
Jo oy < C.

By iterating the above argument for 6; + 1 = %(91-_1 + 1) for ¢ > 1 and starting with
o = 0, we find that 1/(1 — u) € LY(Q) for all g € (1, 0).

Standard regularity theory for elliptic problems applies again to give that 1/(1 — u) €
C?%(Q). Therefore, u is a classical solution and there exists a constant 0 < K(C, N) < 1 such
that || u || 5, < K(C,N) < 1. This completes the proof of Theorem 2.4.4. [ ]

Theorem 2.4.5. For any dimension 1 < N < 7 there exists a constant 0 < C(N) < 1
independent of A such that for any 0 < A < X* the minimal solution uy satisfies || u, ||lg@q <
C(N).

Consequently, u* = }l‘lTI}"l‘ uy exists in the topology of C*%*(Q) with 0 < a < 1. It is the

unique classical solution for (S)x» and satisfies py a=(u*) = 0.

This result will follow from the following uniform energy estimate on the minimal solutions

Uy .

Proposition 2.4.6. There exists a constant C(p) > 0 such that for each A € (0,A*), the
minimal solution u, satisfies “—LQ'HLP(Q) <C(p) aslongasp<1+45+ 2\/7

Proof: Since minimal solutions are stable, we have

2
’\/Q §l f(zi))swzdz = ‘/QwAWdz = /Q |Vw|*dz (2.4.15)

for all 0 < A < A* and nonnegative w € H}(Q). Setting
w=(1-u)—-1>0, where -2-v6<i<0, (2.4.16)

then (2.4.15) becomes

/ (1= u, )% 2|Vu 2dz > A / 20— (L~ w)PIE) ) (2.4.17)

- UA)S
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On the other hand, multiplying (S)) by ii_%[(l — u,)%~! — 1] and applying integration by
parts yield that

) 42 — (1 —u VU f(z
i2/ﬂ(1—uA)2"2|VuA|2dx=)\2i_1/Q[1 (1(1_*11)2 7@) 4 (2.4.18)

Hence (2.4.17) and (2.4.18) reduce to

Ad2 f(z) f(x) f(z)
21—1/(1—u)2dz“”/n(1——)d Y Ry

2i—17" Jq (1 —u,)32%

(2.4.19)

> /\(2+ dz .

From the choice of ¢ in (2.4.16) we have 2 + 5% > 0. So (2.4.19) implies that
/ —f(272~—fd:c < C/ —]c—(—r—tl—vdac
@ =) T
fs 2 -2 =5 / =i = =5
. = 2.4.20
/‘l—u,\Sl dz) (Qfsz d:c) ( )
f(z) =
o fya=ugems)

where Holder’s inequality is applied. From the above we deduce that

|/\

IA

/ (—f(l———d <cC. : (2.4.21)

1—u, )%
y f(z) o _ =2 f
/n’(l—u,\)3 d””‘Lf RN i

Further we have

f (2.4.22)
< ——dzx < C.
< C'/Q a —uA)3—2ld$ <C
Therefore, we get that
f(z)
—_— < 4.
” (1—'114)‘)3 ”L,,_C, : (24233')
where —in view of (2.4.16)-
3—2: 4 2
= <14+=-424/=. 2.4.23b
p=—3=itg® \/; (2.4.230)
[ ]

Proof of Theorem 2.4.5: The existence of u* as a classical solution follows from Proposition
2.4.6 and Theorem 2.4.4, as long as ¥ < 1 + + 2\/;, which happens when N <7.

Since g1, > 0 on the minimal branch for any A < \*, we have the limit y; »» > 0. If now
pa = > 0 the implicit function theorem could be applied to the operator Lu/\”,\*, and would
allow the continuation of the minimal branch A\ — wu, of classical solutions beyond A*, which

is a contradiction, and hence p; x» = 0. The uniqueness in the class of classical solutions then
follows from Lemma 2.4.1. . ]
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2.5 Uniqueness and multiplicity of solutions

The purpose of this section is to discuss uniqueness and multiplicity of solutions for (5)j.

2.5.1 TUniqueness of the solution at A = A*

We first note that in view of the monotonicity in A and the uniform boundedness of the first
branch of solutions, the extremal function defined by u*(z) = )1\1&{ ux(z) always exists, and

can always be considered as a solution for (S)« in a generalized sense. Now if there exists
0 < C <1 such that || u, ||, < C for each A < A* —just like in the case where 1 < N < 7~
then we have seen in Theorem 2.4.5 that u* is unique among the classical solutions. In the
sequel, we tackle the important case when u* is a weak solution (i.e., in H}(f2)) of (S)a~ but
with the possibility that |u*||e = 1. Here and in the sequel, u will be called a Hj(€2)-weak
solution of (S)y if 0 < u < 1 a.e. while u solves (S), in the weak sense of H3 ().

We shall borrow ideas from [10, 14], where the authors deal with the case of regular nonlin-
earities. However, unlike those papers where solutions are considered in a very weak sense, we
consider here a more focussed and much simpler situation. We establish the following useful
characterization of the extremal solution.

Theorem 2.5.1. Assume f is a function satisfying (2.1.1) on a bounded domain S in RY.
For X\ > 0, consider u € HA(Q) to be a weak solution of (S) (in the H}(Q) sense) such that
| w{|Leo(y= 1. Then the following assertions are equivalent:

1. p1x >0, that is u satisfies

/ IVo[? > / 20 (5))3452 Vo € HY(Q), (2.5.1)

2. A= X" and u = u*.

We need the following uniqueness result.

Proposition 2.5.2. Assume [ is a function satisfying (2.1.1) on a bounded domain  in RV,
Let u1, uy be two H(Q)-weak solutions of (S)x so that py x(u;) > 0 fori=1,2. Then uy = up
almost everywhere in (2.

Proof: For any € [0,1] and ¢ € H}(S2), ¢ > 0, we have that

A
Ig’d; / V(0u1 + (1 - )u2)v¢ - A (1 — Buy ;f((j)__ 9)'1,&2)2
1

1-6
—)\/f 1—'“1) +(1—u2)2 B (1—9u1——(1—9)uz)2)¢20

due to the convexity of 1/(1 — u)? with respect to u. Since Ipg = I1 ¢ = 0, the derivative of
Iy at 6 = 0,1 provides

[tamsise- 22
)
)

[rto-vive- [ 2

¢

3( U2)¢ZO»

3 ul—u2)¢<0
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for any ¢ € H}(S2), ¢ > 0. Testing the first inequality on ¢ = (u; — ug)~ and the second one
on (u; — ug)™, we get that

Since p1,3(u1) > 0, we have
1) either gy x(u1) > 0 and then u; < uy a.e.,
2) or py,a(u1) = 0, which then gives

/QV(ul - m)VtE - /Q —(%(ul - uz)qg =0 (2.5.2)

where ¢ = (u1 — up)*. Since Ip 5 > 0 for any 6 € [0,1] and I; g = GpI; g = 0, we get that:

Let Zo = {z € Q: f(z) = 0}. Clearly, (u1 —ug)* =0 a.e. in Q\ Zp and, by (2.5.2) we get:

/ |V(’U.1 — UQ)+|2 =0.
Q

Hence, u; < ug a.e. in Q. The same argument applies to prove the reversed inequality: uz < u
a.e. in Q. Therefore, u; = ug a.e. in Q, and the proof is complete. [ |

Since || uy ||< 1 for any A € (0,A*), we need —in order to prove Theorem 2.5.1- only to show
that (S)y does not have any H}(Q2)-weak solution for A > A*. By the definition of A*, this
is already true for classical solutions. We shall now extend this property to the class of weak
solutions by means of the following result.

Proposition 2.5.3. If w is a H (Q)-weak solution of (S), then for any e € (0,1) there exists
a classic solution we of (S)xq—e)-

Proof: First we prove that for any ¥ € C?([0,1]) concave function so that (0) = 0, we have
that
AS

/Q Vip(w)Vep > /Q T (2.5.3)

for any ¢ € H}(Q), ¢ > 0. Indeed, by concavity of i we get:

[ veve= [ vuve= [ vuv(iwe) - [ iweve?

M(z)
= Qﬁ—:w—)zq’b(w)(p

for any ¢ € C$°(Q2), ¢ > 0. By density, we get (2.5.3).
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Now let € € (0,1), and define

Ye(w) ==1—<€+(1——6)(1—w)3)%, 0<w<1l.

Since 1. € C?([0,1]) is a concave function, 1.(0) = 0 and

: Ye(w)
Ye(w) = (1 - €)g—(g(T)) ,og(s) = (1—9)7%
by (2.5.3) we obtain that for any ¢ € H}(R2), ¢ > 0:

Af(z)
[vuwve> [ 2o =a0-0 [ r@ow)
BYECECICH
o (1= e(w))?

Hence, v¥e(w) is a H}(Q)-weak supersolution of (S)y1—¢) so that 0 < 9he(w) < 1 - €3 < 1.
Since 0 is a subsolution for any A > 0, we get the existence of a HJ(Q2)-weak solution w, of
(8)a(1—e) s0 that 0 < w, <1 - €3, By standard elliptic regularity theory, w, is a classical
solution of (S)x(1—-¢)- n

2.5.2 Uniqueness of low energy solutions for small voltage

In the following we focus on the uniqueness when A is small enough. We first define nonminimal
solutions for (S}, as follows.

Definition 2.5.1. A solution 0 < u < 1 is said to be a nonminimal positive solution of (S)y,
if there exists another positive solution v of (S)) and a point z € Q such that u(z) > v(x).
Lemma 2.5.4. Suppose u is a nonminimal solution of (S) with A € (0,\*). Then p1(A,u) <
(=g

Proof: For a fixed A € (0,\*), let u, be the minimal solution of (S)». We havew =u—u, >0
in Q, and

0, and the function w = u — u) is in the negative space of L,y = —A —

AM2—u—u,)f
(1—u)?(1 - u,)?
Hence the strong maximum principle yields that v, < u in Q.

Let Qo = {x € Q: f(z) =0} and /Q = {z € Q: f(x) > 0}. Direct calculations give that

—Aw —

w=0 in Q.

A=) - (=)
1 1 2 0,z € Q; (2-5'4)
_’\f[(l—u)2 B (1-—u,)? B (l—u)3(u—uk) B {<O,zEQ/Q0.
From this we get
1 1 2 '
(Lypw,w) = )\/Q/Qof[(l e A= a)? ~a _u)3(u——uk)](u—u,\) <0. (2.5.5)
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Now we are able to prove the following uniqueness result.

Theorem 2.5.5. For every M > 0 there exists 0 < A} (M) < X* such that for A € (0, \](M))
the equation () has ¢ unique solution v satisfying

1. “(T—Luvlll < M and the dimension N =1,
2. ”(T—%)?“Hf < M for some e >0 and N =2,

3. ”(T_'%)K”N/z <M and N > 2.

Proof: For any fixed A € (0,\*), let u, be the minimal solution of (S),, and suppose (S)x
has a nonminimal solution u. The preceding lemma then gives

— u)2dx 2)\(u—u,\)2f(x) -
[ 9= < [ Bt

This implies in the case where N > 2 that

C(N)(/Q(u—u,\)%dz)¥ /Q(Tzé(%))—a(u—%)zda:
( Q|(1—u)sigﬁ(/n(“‘“*)%dx)T
2>\M%(/Q(u——u,\)13_fzd )¥

which is a contradiction if A < ——g—} unless u = u,. If N =1, then we write

A
22

<
<
<

8]

ol -t <A [ O w i <)l [ L
o (1-u)? o (1—u)

and the proof follows. A similar proof holds for dimension N = 2. [ |

Remark 2.5.1. The above gives uniqueness for small A among all solutions that either stay
away from 1 or those that approach it slowly. We do not know whether, if A is small enough,
any positive solution v of (S), satisfies [,(1 — v)_a'zudm < M for some uniform bound M
independent of A. Numerical computations do show that we may have uniqueness for small A
—at least for radially symmetric solutions— as long as N > 2.

2.5.3 Second solutions around the bifurcation point
Our next result is quite standard.

Lemma 2.5.6. Suppose there exists 0 < C < 1 such that || u, ||pq, < C for each A < A*.
Then there ezists § > 0 such that the solutions of (S)x near (X*,u,.) form a curve p(s) =
{(A(s),v(s)) : |s| < &}, and the pair (A(s),v(s)) satisfies

X(0) = \*, N(0) =0, \'(0) <0, and v(0) = v (0)(1;) >0in Q. (2.5.6)

A*’
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In particular, if 1 < N < 7, then for A close enough to X\* there exists a unique second branch
Uy, of solutions for (S)y, bifurcating from u*, such that

NI,A(UA) < 0 while NZ,A(UA) > 0. (2.5.7)

Proof: The proof is similar to a related result of Crandall and Rabinowitz (cf. [19, 20]), so
we will be brief. First, the assumed upper bound on u, in C! and standard regularity theory
show that if f € C(2) then || u, ||02,a(m§ C < 1 for some 0 < a < 1 (while if f € L, then

[N ”cl,a(ﬁ)s C < 1). It follows that {(),u,)} is precompact in the space R x C%¢, and
hence we have a limiting point (A\*,,, ) as desired. Since (5‘41’:9%; is nonnegative, Theorem 3.2
)\*

of [19] characterizes the solution set of (S)y near (A*,u,,): A(0) = A*, X'(0) = 0, v(0) = u,.
and v'(0) > 0 in . The same computation as in Theorem 4.8 in [19] gives that A”(0) < 0.
In particular, if 1 < N < 7 then our Theorem 4.5 gives the compactness of v* = u,,, and
the theory of Crandall and Rabinowitz in [20] then implies that, for A close enough to A*,
there exists a unique second branch Uy of solutions for (5),, bifurcating from v*, such that
p1,2(Ux) < 0 while p x(Uy) > 0. n

Remark 2.5.2. A version of these results will be established variationally in next Chapter.
Indeed, we shall give there a variational characterization for both the stable and unstable
solutions uy, Uy in the following sense: For 1 < N < 7, there exists § > 0 such that for any
A € (A — §,)*), the minimal solution uy is a local minimum for some regularized energy
functional J 5 on the space H}(9), while the second solution Uy is a mountain pass for the
functional Jg .

2.6 Radially symmetric case and power-law profiles

In this section, we discuss issues of uniqueness and multiplicity of solutions for (S)) when Q
is a symmetric domain and when f is a radially symmetric permittivity profile. Here, one can
again define the corresponding pull-in voltage A%(f2, f) requiring the solutions to be radially
symmetric, that is

A5, £) = sup {X; (S)» has a radially symmetric solution}.

Proposition 2.6.1. Let Q be a symmetric domain and let f be a nonnegative bounded radially
symmetric permittivity profile on Q). Then the minimal solutions of (S)x are necessarily radially

symmetric and consequently A\ (Q, f) = A*(Q, f). Moreover, if Q is a ball, then any radial
solution of (S), attains its mazimum at 0.

Proof:: It is clear that AX(Q, f) < X*(Q, f), and the reverse will be proved if we establish
that every minimal solution of (S)) with 0 < A < A*(%, f) is radially symmetric. But this is
a straightforward application of the recursive scheme defined in Theorem 2.2.2 which gives a
radially symmetric function at each step and therefore the resulting limiting function —which
is the minimal solution— is radially symmetric.

For any radially symmetric u(r) of (S) defined in the ball of radius R, we have u,(0) =0

and
N-1 Af

—Uppr — r Ur = (1 — u)2 in (O, R) )
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N-1'we get that —d(’Nd_rluf) - ’\({T_IZ)_; > 0, and therefore u, < 0 in (0, R)

since u,(0) = 0. This shows that u(r) attains its maximum at 0. |

Multiplying by r

The bifurcation diagrams shown in the introduction actually reflect the radially symmetric
situation, and our emphasis in this séction is on whether there is a better chance to analyze
mathematically the higher branches of solutions in this case. Now some of the classical work
of Joseph-Lundgren [43] and many that followed can be adapted to this situation when the
permittivity profile is constant. However, the case of a power-law permittivity profile f(z) =
|z|* defined in a unit ball already presents a much richer situation. We now present various
analytical and numerical evidences for various conjectures relating to this case, some of which
will be further discussed in Chapter 3.

Power-law permittivity profiles

Consider the domain © to be a unit ball B;(0) ¢ RN (N > 1), and let f(z) = |z|* (a > 0).
We analyze in this case the branches of radially symmetric solutions of (S)y for A € (0, A*]. In
this case, () reduces to
N-1 Ar
—Urr — = ] S 17
Uy - Uy T=up? O<r (2.6.1)
w(0) =0, u(l)=0.

Herer = |z and 0 <u=u(r)<lfor0<r <1
Looking first for a solution of the form

u(r) =1— Pw(P) with P=~r,
where v, 8 > 0, equation (2.6.1) implies that

N-1 AP 1
2
PR+ ) =

We set w(0) =1 and A = y?>T®33. This yields the following initial value problem:

N-1 pe

w”+Tw'= P>0,

w?’ (2.6.2)
w'(0) =0, w(0)=1.

Since u(1) = 0 we have 8 = 1/w(y). Therefore, we conclude that

1
U(O)Zl—r,
2+ ) (2.6.3)
I

where w(7y) is a solution of (2.6.2).

As was done in [50], one can numerically integrate the initial value problem (2.6.2) and
use the results to compute the complete bifurcation diagram for (2.6.1). We show such a
computation of u(0) versus X defined in (2.6.3) for the slab domain (N = 1) in Figure 2.3. In
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this case, one observes from the numerical results that when N = 1, and 0 < a < 1, there
exist exactly two solutions for (S), whenever A € (0,\*). On the other hand, the situation
becomes more complex for @ > 1 as u(0) — 1. This leads to the question of determining the
asymptotic behavior of w(P) as P — co. Towards this end, we proceed as follows.

N =1 and 1(x) = |x|™ with different ranges of o
1

1u(o)y|

o >G.

1<oamwa”

e

o

0
]
|
'
i
i
)
P
i
'
i
i
i
i
i
P
i
i
1
i
|
N

Figure 2.3: Plots of u(0) versus \ for profile f(z) = |z|* (o > 0) defined in the slab domain
(N =1). The numerical experiments point to a constant a* > 1 (analytically given in (2.6.10))
such that the bifurcation diagrams are greatly different for different ranges of a: 0 € a <1,
l<a<a* and a > a*.

Setting 7 = logP and w(P) = PBV(n) > 0 for some positive constant B, we obtain from
(2.6.2) that

B _ N Pa—2B
PB52y" 4 2B+ N -2)PB~%V' 4+ B(B+ N - 2)P57%V = T (2.6.4)
Choosing B ~ 2 = a — 2B so that B = (2 + «)/3, we get that
3N + 20— 2 2+ a)(3N +a—4) 1 ‘
" ' V=c. 2.6.
Vi+ 3 V' + 5 T (2.6.5)
We can already identify from this equation the following regimes.
Case 1. Assume that
N=1land0<a<l (2.6.6)

In this case, there is no equilibrium point for (2.6.5), which means that the bifurcation
diagram vanishes at A = 0, from which one infers that in this case, there exist exactly two
solutions for A € (0, A*) and just one for A = A\*.-

Case 2. N and « satisfy either one of the following conditions:
N=landa>1, (2.6.7a)

N >2. ' (2.6.7b)
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There exists then an equilibrium point V. of (2.6.5) which must be positive and satisfies

9 . '
V= araeNiase Y (268)

Linearizing around this equilibrium point by writing
V=V, +Ce, 0<C<<]l,

we obtain that

N -2 —
2+3 +2a U+(2+a)(3N+a 4)

o4 3 3 =0.
This reduces to N .
20 — 2
6 6
with
A = —80% — (24N — 16)a + (9N? — 84N + 100).. (2.6.9b)
We note that o+ < 0 whenever A > 0. Now define
. 1 1 [o7 o 4—6N+3V6(N —2)
= = = > 8). .6.
oY 2+2 5 @ ) (N > 8) (2.6.10)
Next, we discuss the ranges of N and a such that A > 0 or A <0.
Case 2.A. N and « satisfy either one of the following:
N=1 with 1<a<a*, (2.6.11a)
N>8 with 0<a<a™. (2.6.11b)
In this case, we have A > 0 and
9 3 _3Nt2a-2-vE,
|4 <(2+a)(3N+a—4)) + Cie § +-.--, as n— 4o00.
Further, we conclude that
24a 9 % _M+.§E
we P ((2+a)(3N+a—4)) FOPTETe A, a5 P oo

In both cases, the branch monotonically approaches the value 1 as 7 — +o0o0. Moreover, since
A = y2¥e Jwd(v), we have

_(24+a)BN+a—-4)
B 9
which is another important critical threshold for the voltage.

In the case (2.6.11a) illustrated by Figure 2.3, we have A, < A*, and the number of solutions
increase but remains finite as A approaches A,. On the other hand, in the case of (2.6.11b)

A~ A as vy — 00, (2.6.12)
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illustrated by Figure 2.4, we have A, = A*, and there seems to be only one branch of solutions.

Case 2.B. N and « satisfy any one of the following three:

N=1 with a>co", (2.6.13a)
2<N<7 with a>0, _ (2.6.13b)
N >8 with a>a™. (2.6.13c)

(@), 2 <= N <= 7 and 1(x) = |x[* for any ot >= O
1

fucol

i
'
'
1
'
'
'
|
)
'
)
'
)
'
]
|
)
]
'
'
'
|
'
]
'

o A Al N
(D). N >= 8 and 1(x) = |x[* wih different ranges of a

luosl

P Oxmawma

B e g

° T
o ac

A’ A

Figure 2.4: Top figure: Plots of u(0) versus A for 2 < N <7, where u(0) oscillates around the
value )\, defined in (2.6.12) and u* is reqular. Bottom figure: Plots of u(0) versus A for N > 8:
when 0 < o < o**, there ezists a unique solution for (S)y with A € (0,X*) and u* is singular;
when a > o**, u(0) oscillates around the value A, defined in (2.6.12) and u* is regular.

In this case, we have A < 0 and

9
2+a)BN+a—4)

1 _ =
)3 -|—Cle_3N 62 277003(Tn+02) ..I._ as rr’_.)+oo

2
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We also have for P — 00,

2fe 9 3 _ V=5
~ P .« . . .
w 3 ((2+a)(3N+a—4)) +CP 532 cos( logP+Cz)+ , (2.6.14)
and from the fact that A = v2+%/w3(y) we get again that
)\N)\*=(2+a)(3N+a—4) as Y — 00.

9
Note the oscillatory behavior of w(P) in (2.6.14) for large P, which means that u(0) is expected

to oscillate around the value A, = Kz"’—ax%ﬂr—o‘;‘g as P — o0o. The diagrams below point to the
existence of a sequence {\;} satisfying

)\020, )\gk/‘)\* as k——>oo;
A=A, A1\ A as k—o o0

and such that exactly 2k + 1 solutions for (S)) exist when A € (Ao, Aog+2), while there
are exactly 2k solutions when A € (Agg41, Azk—1). Furthermore, (S), has infinitely multiple
solutions at A = A,.

The three cases (2.6.13a), (2.6.13b) and (2.6.13c) considered here for N and o are illustrated
by the diagrams in Figure 2.3, Figure 2.4(a) and Figure 2.4(b), respectively.

We now conclude from above that the bifurcation diagrams show four possible reglmes —at
least if the domain is a ball:

A. There is exactly one branch of solution for 0 < A < A*. This regime occurs when N > 8,

and if 0 < a < ™ (N) := ﬂw&a. The results of this section actually show that

in this range, the first branch of solutions “disappears” at A* which happens to be equal
t0 A (o, N) = Qj"_ax'é’é”_ﬂl_

B. There exists an infinite number of branches of solutions. This regime occurs when

. N=1anda2a*:=—%+% 27/2.
e 2<N<T7anda>0;
e N >8and a>a**(N) :=ﬂvj'34—‘/6(i_—22.

In this case, A«(a, N) < A* and the multiplicity becomes arbitrérily large as A approaches
—from either side- A.(a, N) at which there is a touchdown solution u (i.e., || © [o0=1).

C. There exists a finite number of branches of solutions. In this case, we have again that
A(a,N) < A*, but now the branch approaches the value 1 monotonically, and the
number of solutions increase but remains ﬁnite as A approaches A\.(a, N). This regime
occurs when N=1land 1 <a <a*:= —— 27/2.

D. There exist exactly two branches of solutions for 0 < A < A* and one solution for A = A*.
The bifurcation diagram vanishes when it returns to A = 0. This regime occurs when
N=1land0<a<l

Some of these questions will be considered in Chapter 3. A detailed and involved analysis of
compactness along the unstable branches will be discussed there, as well as some information
about the second bifurcation point.
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Chapter 3

Compactness along Lower Branches

3.1 Introduction

In this Chapter we continue the analysis of the problem

—Au = Af(z) in Q,
(1 —u)? (S)
O<u <1 in Q, A
u="0 on 0%,

where A > 0 is a parameter, Q C RY is a bounded smooth domain and f satisfies (2.1.1).
Following the notations and terminology of Chapter 2, the solutions of (S) are considered to
be in the classical sense, and the minimal solution uy of (S), is the classical solution of (S)y .
satisfying uy(z) < u(z) in © for any solution u of (S),.

There already exist in the literature many interesting results concerning the properties of
the branch of semi-stable solutions for Dirichlet boundary value problems of the form —Au =
Ah(u) where h is a regular nonlinearity (for example of the form e* or (1 +u)P for p > 1). See
for example the seminal papers [20, 43, 44] and also [15] for a survey on the subject and an
exhaustive list of related references. The singular situation was considered in a very general
context in [48], and this analysis is completed in Chapter 2 to allow for a general continuous
permittivity profile f(z) > 0. Fine properties of steady states —such as regularity, stability,
uniqueness, multiplicity, energy estimates and comparison results— are shown there to depend
on the dimension of the ambient space and on the permittivity profile.

Now for any solution u of (9), one can introduce the linearized operator at u defined by:

_ 2\ f(z)
Lyy=-A- (Tl—d)_ii’

and its corresponding eigenvalues {u x(u); k£ = 1,2,...}. Note that the first eigenvalue is simple
and is given by:

.Ul,/\(u) = inf {(Lu,/\(ﬁa ¢>H3(Q); ¢ € CSO(Q),/(; |¢($)|2d1' = 1}

with the infimum being attained at a first eigenfunction ¢;, while the second eigenvalue is
given by the formula:

(@) = inf { (Lunds 6y ¢ € OF (@), [ p@)Pe =1, [ s(@n(w)as = o}.

This construction can then be iterated to obtain the k-th eigenvalue p »(u) with the convention
that eigenvalues are repeated according to their multiplicities.
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The usual analysis of the minimal branch (composed of semi-stable solutions) is extended
in Chapter 2 to cover the singular situation (S)) above — best illustrated by the following
bifurcation diagram- is obtained.

1(x) ® 1 with ditterent ranges of N

u(o)

2=N<7

Nza

[
A" = (6N-BVD

E e e

t)mtand2sN=7

Ay a

Figure 3.1: Top figure: plots of u(0) versus A for the case where f(z) = 1 is defined in the
unit ball By(0) C RN with different ranges of dimension N, where we have \* = (6N —8)/9
for dimension N > 8. Bottom figure: plots of u(0) versus X for the case where f(z) =1 is
defined in the unit ball B1(0) C RN with dimension 2 < N <7, where \* (resp. A3) is the first
(resp. second) turning point.

One can recognize from Chapter 2 a clear distinction —in techniques and in the available
results— between the case where the permittivity profile f is bounded away from zero, and where
it is allowed to vanish somewhere. A test case for the latter situation —that has generated much
interest among both mathematicians and engineers— is when we have a power-law permittivity
profile f(z) = |z|* (a > 0) on a ball. Our first goal of this Chapter is the study of the effect of
power-like permittivity profiles f(z) ~ |z|* for the problem (S), on the unit ball B = B;(0).
We extend Theorem 2.1.2 to higher dimensions:

Theorem 3.1.1. Assume N 28 and oo > an = -3N—4“‘J:§\_/4%@. Let f € C(B) be such that:

flz) = |z|%g(z), g(z)>C>0inB. (3.1.1)

48




Chapter 3. Compactness along Lower Branches

Let (An)r be such that A, = X € [0, X*] and uy, be a solution of (S)z, so that 1 = p1 x, (Un) =
0. Then,

sup || un [loo< 1.

neN

In particular, the extremal solution u* = ;ITI?* uy s a solution of (S)ax satisfying p a+(u*) = 0.

As to non-minimal solutions, it is also shown in Chapter 2 —following ideas of Crandall-
Rabinowitz {20]- that, for 1 < N < 7, and for A close enough to A*, there exists a unique
second branch U, of solutions for (S),, bifurcating from u*, such that

p1a(Ux) <0 while ppa(Ux) > 0. (3.1.2)

For N > 8 and a > ay, the same remains true for problem (S), on the unit ball with f(z) as
in (3.3.1) and U, is a radial function.

In the sequel, we try to provide a rigorous analysis for other features of the bifurcation
diagram, in particular the second branch of unstable solutions, as well as the second bifurcation
point. But first, and for the sake of completeness, we shall give a variational characterization
for the unstable solution U} in the following sense:

Theorem 3.1.2. Assume f is a non-negative function in C(2) where Q is a bounded domain
in RN, If1 < N < 7, then there exists § > 0 such that for any A € (A* — §,\*), the second
solution Uy is a Mountain Pass solution for some regularized energy functional J. ) on the
space H(S).
Moreover, the same result is still true for N > 8 provided §2 is a ball, and f(x) is as in (3.8.1)
with a > ay.

We are now interested in continuing the second branch till the second bifurcation point, by
means of the implicit function theorem. For that, we have the following compactness result:

Theorem 3.1.3. Assume 2 < N < 7. Let f € C(Q) be such that:

k
1@ = (IIlz—pil*)g(z), g@)2C>0inQ, (3.1.3)
=1

for some points p; € Q and exponents a; > 0. Let (\n)n be a sequence such that Ay — X € [0, A*]
and let u, be an associated solution such that

H2,n = U2, X, (un) Z 0. (3.1.4)

Then, sup || un [lo< 1. Moreover, if in addition p1 n := p1x, (un) < 0, then necessarily A > 0.
neN

Let us remark that the case @y = --- = ax = 0 in (3.1.3) corresponds to a function f(z)
bounded away from zero.We also mention that Theorem 3.1.3 yields another proof —~based on
a blow-up argument— of the compactness result for minimal solutions established in Chapter
2 by means of some energy estimates, though under the more stringent assumption (3.1.3) on
f(z). We expect that the same result should be true for radial solutions on the unit ball for
N >8, a>ay, and f € C(Q) as in (3.3.1).
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As far as we know, there are no compactness results of this type in the case of regular
nonlinearities, marking a substantial difference with the singular situation. Theorem 3.1.3 is
based on a blow up argument and the knowledge of linear instability for solutions of a limit
problem on RY, a result which is interesting in itself (see for example [16]) and which somehow
explains the special role of dimension 7 and a = ay for this problem.

Theorem 3.1.4. Assume that either 1 < N <7 anda >0 or that N > 8 and o > ay. Let
U be a solution of

AU = WP e
2 ’ (3.1.5)
Uly)>C >0 inRN.
Then, U is linearly unstable in the following sense:
— 2 21yl oy, oo (N 2 _
u1(U) = inf (IVe]* — —5-9¢°)dz; ¢ € C(RY), ¢°=1,<0. (3.1.6)
RN U RN

Moreover, if N > 8 and 0 < a < ay, then there exists at least a solution U of (8.1.5) such
that u(U) > 0, given by the limit as A — A* of suitable rescaling of the minimal solution uy
of (S)x on the unit ball with f(z) = |z|*.

Theorem 3.1.4 is the main tool to control the blow up behavior of a possible non compact
: sequence‘of solutions. The usual asymptotic analysis for equations with Sobolev critical non-
linearity, based on some energy bounds (usually L%(Q)—bounds), does not work in our con-
text. In view of Chapter 2, a possible loss of compactness can be related to the L'azﬂ(Q)-norm
along the sequence. Essentially, the blow up associated to a sequence un (in the sense of the
blowing up of (1 —wu,)™!) corresponds exactly to the blow up of the L% (€)-norm. We replace
these energy bounds by some spectral information and, based on Theorem 3.1.4, we provide
an estimate of the number of blow up points (counted with their “multiplicities”) in terms of
the Morse index along the sequence.
We now define the second bifurcation point in the following way for (S)y:

A3 = inf{8 > 0:3 a curve V) € C([B, \*]; C%()) of solutions for (S)x
st paa(Va) 20, VA =UsVA € (X = 6,1}

We then have the following multiplicity result.

Theorem 3.1.5. Assume f € C(f) to be of the form (3.1.8). Then, for 2 < N <7 we have
that X5 € (0,X*) and for any A € (X5, X*) there exist at least two solutions uy and V) for (S)a,
so that

pia(Va) <0 while g 5(Va) = 0.

In particular, for A\ = N3, there exists a second solution, namely V* := illri}‘ Vy so that
. 2
(V) <0 and  pp s (V*) =0.

One can compare Theorem 3.1.5 with the multiplicity result of [1] for nonlinearities of the form
Mu? +uP (0 < q¢ < 1 < p), where the authors show that for p subcritical, there exists a second
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~Mountain Pass— solution for any A € [0, A*). On the other hand, when p is critical, the second
branch blows up as A — 0 (see also [4] for a related problem). We note that in our situation,
the second branch cannot approach the value A = 0 as illustrated by the bifurcation diagram
above.

Now let Vy, A € (8,*) be one of the curves appearing in the definition of A3. By (3.1.2),
we have that Ly, » is invertible for A € (A\* — §,X*) and, as long as it remains invertible, we
can use the implicit function theorem to find V) as the unique smooth extension of the curve
U, (in principle Uy exists only for A close to A*). We now define A** in the following way

A =inf{8 > 0: VA € (5, A*) 3V, solution of (5}, so that
,uz,)\(V)‘) >0, w=Uyfor € ()\* - (5, /\*)}.

Then, A5 < A** and there exists a smooth curve Vj for A € (A**, X*) so that V), is the unique
maximal extension of the curve U,. This is what the second branch is supposed to be. If now
A5 < A**, then for A € (A3, A**) there is no longer uniqueness for the extension and the “second
branch” is defined only as one of potentially many continuous extensions of U,.

It remains open the problem whether A} is the second turning point for the solution diagram
of (S), or if the “second branch” simply disappears at A = Aj. Note that if the “second branch”
does not disappear, then it can continue for A less than A} but only along solutions whose first
two eigenvalues are negative.

In dimension 1, we have a stronger but somewhat different compactness result. Recall that
kA, (Un) is the k—th eigenvalue of Ly, », counted with their multiplicity.

Theorem 3.1.6. Let I be a bounded interval in R and f € C(I) be such that f > C >0 in
I. Let (up)n be a solution sequence for (S)x, on I, where A, — X € [0, \*]. Assume that for
any n € N and k large enough, we have:

Pk = Wi, p (Un) = 0. (3.1.7)

If X > 0, then again sup || un ||eo< 1 and compactness holds.
nEN

Even in dimension 1, we can still define A} but we don’t know when A3 = 0 (this is indeed
the case when f(z) = 1, see [56]) or when A3 > 0. In the latter situation, there would exist a
solution V* for (S)as which could be —in some cases— the second turning point. Let us remark
that the multiplicity result of Theorem 3.1.5 holds also in dimension 1 for any A € (A, A*).

This Chapter is organized as follows. In §3.2 we provide the Mountain Pass variational
characterization of Uy for X close to A* as stated in Theorem 3.1.2. The compactness result of
Theorem 3.1.1 on the unit ball is proved in §3.3. §3.4 is concerned with the compactness of the
second branch of (S), as stated in Theorem 3.1.3. In §3.5 we give the proof of the multiplicity
result in Theorem 3.1.5. §3.6 deals with the dimension 1 of Theorem 3.1.6.

3.2 Mountain Pass solutions

This section is devoted to the variational characterization of the second solution Uy of (S), for
A T A* and in dimension 1 < N < 7. Let us stress that the argument works also for problem
(S)» on the unit ball with f(z) in the form (3.3.1) provided N > 8, a > an.
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Since the nonlinearity g{u) = ﬁ; is singular at u = 1, we need to consider a regularized
C! nonlinearity g.(u), 0 < € < 1, of the following form:

1
—— u<l—e¢
1—u)? T ’
= _ >1—
€2 ped + pB1—ep 1t U= &

where p > 1if N =1,2and 1 < p < %ﬁ—% if 3 < N <7. For A € (0,\), we study the
regularized semilinear elliptic problem:

~Au=A()ge(w) inQ,
{ u=0 on 09. (3.22)

From a variational viewpoint, the action functional associated to (3.2.2) is

Jea(u) = %/Q|Vu|2da: - )\/Qf(x)Gs(u)dac, u € HY(Q), (3.2.3)

U

where G.(u) =/ g.(s)ds.

—00
In view of Theorem 2.4.5, we now fix 0 < € < 1—"“%—“£ For A 7 A*, the minimal solution
uy of (S)y is still a solution of (3.2.2) so that p1( — A — Af(z)gl(ur)) > 0. The proof of
existence of second solutions for (3.2.2) relies on the standard Mountain Pass Theorem [3]. For
selfcontainedness, we include this theorem as follows:
Mountain Pass Theorem: Suppose C!' functional J; x(u) defines on a Banach space E
satisfying (P.S.) conditions and

1. there exists a neighborhood U of uy in E and a constant ¢ > 0 such that J. »(v1) >
Jea(un) + o for all vy € OU;

2. dug & U such that JE,,\(vz) < JE,)\(’U,)\).

Define
= {’yEC’([O,l],H): v(0) = uy, (1) =v2},
then ‘
| o = inf maxe {Jea(y(t): £ € (0,1) }

is a critical value of J; x.

We next briefly sketch the proof of Theorem 3.1.2 as follows. First, we prove that u, is a
local minimum for J; »(u) for X T A*. Then, by Mountain Pass Theorem, we show the existence
of a second solution U y for (3.2.2). Using subcritical growth:

0 < ge(w) < Ce(l + |uf?) (3.2.4)
and applying the inequaiity:
0Ge(u) < uge(u) for u> M, (3.2.5)
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for some C;, M, > 0 large and 6 = 1"{—3 > 2, we obtain that J; ) satisfies the Palais-Smale
condition and, by means of a bootstrap argument, we get the uniform convergence of Uy .
On the other hand, a similar proof as in §2.4.1 shows that the convexity of g.(u) ensures that
problem (3.2.2) has the unique solution «* at A = A*, which then allows us to deduce that
U.x — u* in C(Q) as A T A*, and it implies U, » < 1 —e. Therefore, U ) is a second solution
for (S) bifurcating from w*. But since U, » is a MP solution and since (S)x has exactly two
solutions (cf. Lemma 2.5.6) uy, Uy for A T A*, it finally yields that U, » = U.

In order to complete the details for the proof of Theorem 3.1.2, we first need to show the
following:

Lemma 3.2.1. For A 1 \*, the minimal solution uy of (S)y is a local minimum of J. 5 on
H(Q).

Proof: First, we show that u) is a local minimum of J;  in CY(©). Indeed, since
= pa(— A = Af(x)gi(uwa)) >0,

we have the following inequality:

/|V¢|2da: 2,\/ 3¢2dm>,u A/qs? (3.2.6)

for any ¢ € HO(Q) since Uy < 1—e¢. Now, take any ¢ € H3 () NC(Q) such that ||¢]|cr < 6.
Since uy <1 -3 €, if 6 < £, then uy + ¢ < 1 — ¢ and we have that:

Jea(un + @) = Jea(uy)
1 1
=-2-/le¢|2dz+/nvm.v¢dm—A/Qf(x)(1_uA_QS— 1_W) (3.27)

12319 2 1 1 ¢ _ ¢2
2 _-2—/Q¢ *)\/nf(x)(l—ux—fﬁ— 1—uy  (1-u)? (1—u>\)3)’

where we have applied (3.2.6). Since now

1 1 ¢ ?
1—uy—¢ l-uy (1I-uw)? (1-u)’

| < Clof
for some C > 0, (3.2.7) gives that
Tealun +8) = Jea(un) 2 (22— O | £l ) [ 82> 0

provided &) is small enough. This proves that uy is a local minimum of J¢ » in the C ! topology.
Since (3.2.4) is satisfied, we can then directly apply Theorem 1 in [12] to get that u, is a local
minimum of J; ) in H}(). [ |

Since now f # 0, fix some small ball By, C Q of radius 2r, r > 0, so that [5 f B, z)dz > 0.
Take a cut-off function x so that x = 1 on B, and x = 0 outside Ba,. Let w, = (1 —e)x €
H}(€). We have that:

— )2 A
Je,)\(we) < (1 26) /QlVXPdIL‘ - ?Lr f(z) — —00
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as € — 0, and uniformly for A far away from zero. Since
_1 2, f(z) 1/ X2 */ f(z)
Jea(uy) = 2/Q|\7u)\| dr )\/Q 1_u)‘dz—> 3 Q|Vu |“dz — A A l—u*dx
as A — \*, we can find that for £ > 0 small, the inequality
Jea(we) < Jea(ua) (3.2.8)

holds for any A close to A\*.
Fix now ¢ > 0 small enough so that (3.2.8) holds for A close to A*, and define

Ce = ;relg max Jea(u),
where T' = {vy : [0,1] — HA(£2);~ continuous and (0} = uy, ¥(1) = w.}. We can then use
the Mountain Pass Theorem to get a solution U, ) of (3.2.2) for A close to A*, provided the

Palais-Smale condition holds at level c. We next prove this (PS)-condition in the following
form:

Lemma 3.2.2. Assume that {w,} C H3(Q) satisfies
Jean(wn) < C, (W) =0 in H™ (3.2.9)

for An — A > 0. Then the sequence (wy)n is uniformly bounded in H} () and therefore admits
a convergent subsequence in H}(Q). '

Proof: By (3.2.9) we have that:
[ 9walds = ro [ f@)getwnyunds = o wn )
as n — o0 and then,

1 240 —
C> 2/Q|an] dz /\n/ﬂf(x)Ge(wn)cix
-G /Q IV 2z + A /Q £(2) (gnge(wn) ~ Geluwn))dz + of| wn 11y
1
> (3-3) [ (Vunldat ofl v )~ C.
1
Do [T Gunse(n) = Gelun))ds

1 1
> (5= 7) ] [Vwnlda+ofll wn )~ C:
2 0 Jq 0
in view of (3.2.5). Hence, sup || wy, || 1< +00.
neN 0

Since p is subcritical, the compactness of the embedding H} () — LP*1(Q) provides that,
up to a subsequence, w, — w weakly in H3 () and strongly in LP*(R), for some w € H} ().
By (3.2.9) we get that [, |[Vw[> = A [, f(z)ge(w)w, and then, by (3.2.4), we deduce that

[ 19w —w) = [ 9w~ [ [9uf +o)
= /Q £ (2)ge(wa)wn — A /Q £ (@)ge(w)w + o(1) = 0
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as n — +o0. ‘ [ |

Completion of Theorem 3.1.2: Consider for any A € (A\*—4§, A*) the Mountain Pass solution
Ue, of (3.2.2) at energy level ¢, where § > 0 is small enough. Since ccx < cea+—s for any
X € (A\* =48, *), and applying again Lemma 3.2.2, we get that || Ug » ||H3§ C, for any A close
to A*. Then, by (3.2.4) and elliptic regularity theory, we get that U, » is uniformly bounded
in C%*(Q) for A T A%, for a € (0,1). Hence, we can extract a subsequence Ugx,, An T A,
converging in C?(€)) to some function U*, where U* is a solution for problem (3.2.2) at A = A*.
Also u* is a solution for (3.2.2) at A = A* so that 3 (— A —A*f(z)gi(u*)) = 0. By convexity of
ge(u), similar to §2.4.1 it is classical to show that u* is the unique solution of this equation and
therefore U* = u*. Since along any convergent sequence of Uy » as A T A* the limit is always
u*, we get that limypa+ Ugy = u* in C?(Q). Therefore, since u* < 1 — 2¢, there exists § > 0
so that for any A € (A* —§,2*) U, » < u* +¢e < 1—¢ and hence, Ug  is a solution of (S)..
Since the Mountain Pass energy level ¢, ) satisfies g > Je a(ua), we have that Ug » # uy and
then U, » = U, for any A € (X\* — §,\*). Note that by [20], we know that u,, Uy are the only
solutions of (S)) as A T A% [ ]

Applying the compactness of Theorem 3.3.1 proved in next section, one can note that the
argument of Theorem 3.1.2 works also for problem (S) on the unit ball with f(z) in the form
(3.3.1) provided N > 8, a > an. This leads to the following proposition for higher dimensional
case.

Proposition 3.2.3. Theorem 8.1.2 is still true for N > 8 provided Q is a ball, and f(x) is as
in (8.8.1) with o > ap.

3.3 Minimal branch for power-law profiles

Our goal of this section is to study the effect of power-like permittivity profiles f(z) =~ |z|* on
the problem (S), defined in the unit ball B = B;(0). The following main results of this section
extend Theorem 2.1.2 to higher dimensions N > 8, which give Theorem 3.1.1 concerning the
compactness of minimal branch.

Theorem 3.3.1. Assume N > 8 and oo > ay = %—_1;1—:/%4@. Let f € C(B) be such that:

f(z) = |z|%9(z), g¢(z)>C>0inB. C(33.0)
Let (\)n be such that Ay, — X € [0, X*] and uy be a solution of (S), so that py ., = p1x, (un) 2
0. Then,
sup || un [loo< 1.
neN

In particular, the extremal solution u* = )\hTr)g uy, 15 a solution of (S)x« such that Ni,,\* (u*) = 0.

Proof: Let B be the unit ball, and let (\,), be such that A\, — X € [0,A*] and u, be a
solution of (S),, on B so that

Bin = 12, (Un) > 0. (3.3.2)
By Proposition 2.5.2 uy, coincides with the minimal solution uy, and, by some symmetrization
arguments, it is shown in Proposition 2.6.1 that the minimal solution u, is radial and achieves
its absolute maximum only at zero.
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Given a permittivity profile f(z) as in (3.3.1), in order to get Theorem 3.3.1, we want to

show:
sup || un [Joo< 1, (3.3.3)
neN

provided N > 8 and a > ay = 3—1\'4%5-?@. In particular, since u) is non decreasing in A and
sup || ua [|eo< 1,

A€[0,A*)
the extremal solution u* = ilTT‘ uy would be a solution of (S)x» so that uj x+(u*) > 0. Prop-

erty p1a-(u*) = 0 must hold because otherwise, by implicit function theorem, we could find
solutions of (S), for A > A*, which contradicts the definition of A*.

In order to prove (3.3.3), let us argue by contradiction. Up to a subsequence, assume that
un(0) = Max Uy — 1 as n — +oo. Since A = 0 implies u, — 0 in C?(B), we can assume

that A\, — A > 0. Let g, := 1 — u,(0) — 0 as n — 400 and introduce the following rescaled
function:

3 1
1 —up (el A Ty
Un(y) = n "8n ) , Y€ By = B&:ﬂ%ﬁﬁ (0). (3.3.4)

The function U, satisfies:

3 __1_
o 72;+a)\ 24a
AU, = 9 T Y B, (3.3.5)
Un(y) = Un(0) = 1,

and B, — R" as n — 4o00. This would reduce to a contradiction between (3.3.2) and the
following Proposition 3.3.2. ]

Proposition 3.3.2. There exists a subsequence {Un}n defined in (8.8.4) such that U, — U
in Clloc(RN)’ where U 1is a solution of the problem
AU =g i R,
Uz (3.3.6)
U)>U@©O) =1 in RV,

Moreover, there exzists ¢, € C§°(B) such that:

2)n|z(*g(z)
2 n 2
- 0.
The rest of this section is devoted to the proof of Proposition 3.3.2. First, we establish the
following theorem, which characterizes the instability for solutions of a limit problem (3.3.7)

on RYN.

Theorem 3.3.3. Assume either 1 < N <7 or N > 8 and o > ay. Let U be a solution of the
problem wl
yi© , N
AU = = RY,
U2 " (3.3.7)

Uly)>C >0 in RV,
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Then,

p1(U) = inf {/ (IVe|* — %y—li&); ¢ € CP(RY) and ¢ = 1} <0. (3.3.8)
RV RV

Moreover, if N > 8 and 0 < a < ay, then there erists at least one solution U of (3.8.7)
satisfying ua(U) > 0.

Proof: By contradiction, assume that

m@) =t { [ (vop- 20 6 op@ma [ ras=1} >0
RN RN

By the density of C°(RY) in DV2(RY), we have

/|V¢>I2 >2 !(?’}—lmz, V¢ e DM2(RY). (3.3.9)
In particular, the test function ¢ = 1 € DL2(RY) applied in (3.3.9) gives that

—— N7
4y~ 2

ly|* / 1
<C [ ———p—<+
/(1 +|y|2) T ys T (1+ |y2)z+e >

for any § > 0. Therefore, we have

/ L _ / (1+ |y % / (1+]y)
(L+ ) 500 o (14 )"0 Jes (14 ) T U

1 a
=€ —‘+C/ Wit - (3.3.10)
Bt (1+y[?)™= U3

<C+ C/ lyl®
) L+ ) T+

which gives

1 i 1
SC+C’/———-——<+00. (3.3.11)
/ (14 [y2) == +us (1 +y[2) 7+

Step 1. We want to show that (3.3.9) allows us to perform the following Moser-type iteration
scheme: for any 0 < ¢ < 4+ 2v/6 and 3 there holds

1 1
/(1+ GEP T EUe Cq(”/mm) C (33.12)

(provided the second integral is finite). ‘
Indeed, let R > 0 and consider a smooth radial cut-off function 7 so that: 0 <7 < 1,
2

n=1in Br(0), n = 0 in RY \ Byg(0). Multiplying (3.3.7) by

Ui
Py 47 o
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integrating by parts we get:

@2
e
4q+1) 2 4(g+1) [ 1 2
0 [ () -l ()

_%‘g/v(%w(aﬂfp)ﬁ—l)
4 ) 2 2
- qq‘;l /’v((1+]y|;})‘55_1U%>’ —2/%|V((1+|;2)%—1)l
2(¢+2) [ 1 n A n
¢ /U"(1+|yl2)&5‘1 <(1+|y|2)'62;1),

where the relation A(¢)? = 2|V|2 + 2¢pA¢ is used in the second equality. Then, by (3.3.9)
we deduce that

2
2 ly|*n
Bg+8—gq )/ (1 + [y[>)f-TUe+3

< C v 7 2 n A n ‘
'l ) e (<1+|y|2>%)|)

Assuming |Vn| < % and |An] < 7%, it is straightforward to see that:

V(L) P+ — L | A (— )|

a+lT A+ w27 1+ )T

=C 1+ [y?)P + R2(1 + [y[?)P-1 XB2r(0)\Br(0)

for some constant C independent of R. Then,

(8¢ +8—¢?) / <o / S —
(1+[y2)p-tUets = 70 ] (1+[yP?)PUs

Let ¢4 = 4+ 2+/6. For any 0 < g < ¢+, we have 8¢ + 8 — g® > 0 and therefore:

[t <0, [
(1+[y2)f-tuets = 74 ] Q1+ [yP)PUe’
where C, does not depend on R > 0. Taking the limit as R — +o00, we get that:

/ ly|* <C / 1
(L+[yP)p-tuets = 1) (1+y?)PUs’
and then, the validity of (3.3.12) easily follows from the same argument of (3.3.10).

Step 2. Let either 1 < N <7or N > 8 and a > ay. We want to show that

| T <t (3:3.13)

1+ Jy[?)Ue
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for some 0 < ¢ < g4 = 4+ 2V/6.
Indeed, set Gy = % +4,8 >0, and go = 3. By (3.3.11) we get that

1
/ T+ wPmTs =

Let 8; = Bo —i(1+4 §) and ¢; = qo + 33, i € N. Since go < q1 < g4 =4+ 26 < go, we can
iterate (3.3.12) exactly two times to get that:

1

where [ = W +4,q2=09.
Let 0 < g < g4 =4+ 2v/6 < 9. By (3.3.14) and Hélder inequality we get that:

/ 1
(1+ IyIQ)U"

/(1+|y| )9 —é+2a) 1
B U" (1 + |y2) s o+
1 1 1 o=
=\/) O¥wpev= <
< (/ (1+|y|2)ﬁquz> (/ (1+|y|2)53_q(%—5+%a)+£-;) +o00

provided ——q— P2+ 5o > Nor equivalently

9N — 18
—— 3.3.15
1> 5%+ 3a (3:3.15)
To assure (3.3.15) for some ¢ > 0 small and ¢ < g4 at the same time, it requires 3211;6 < gy

or equivalently

3N —14—-4/6
4+2V6

Our assumptions then provide the existence of some 0 < ¢ < gy =4+ 2v/6 such that (3.3.13)
holds. '

1<N<7 or N2>28,a>any=

Step 3. We are ready to obtain a contradiction. Let 0 < g < 4+ 2v/6 be such that (3.3.13)
holds, and suppose 7 is the cut-off function of Step 1. Using equation (3.3.7) we compute:

7 \|2 2ly|* 7

V(=) - | =5 (=¢
/ VPP - [y
_ / |VU|2 /IVnI2 /v /2lyl"n2
- Ua+2 Ua+3

|Vl
+1 /VU v( Uq+1)+ g
1 2lyl*n®
+3 q+1 /V(" )V(m) - Ua+3
8¢+8-¢ [yI*n® Val>  g+2 [A
4(g+1) Ua+3 Uue  4(q+1) ) U’
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Since 0 < g < 4 + 2v/6, we have 8¢ + 8 — g2 > 0 and
2 2ly|~ 2
V(%
JIvEnr- [ 25 (U%>
_8q+8 ¢ / lyl*n® +o(3—/ ‘ i)
4q+1) Jpo U R? /B, p(o0\BR(®) U*

8q+8—q2/ ly|*n? / 1
_ 40 1
4(g+1) Jpyo U ( wizr (1+ 1y|2)Uq)

1
Since (3.3.13) implies: limp_ 100 / ml—z—)———- =0, we get that for R large
>R (
7 \2
/I Uq/2 I _/ U3 (Uq/z)

8¢ +8 —¢* ly|* / 1
<-——= +0 —_— ) < 0.
4(g+1) Jpyo UTH? ( =k (1 + |y|2)Uq>

A contradiction to (3.3.9). Hence, (3.3.8) holds and the proof of the first part of Theorem 3.3.3
is complete.

We now deal with the second part of Theorem 3.3.3. Consider the minimal solution u, of
(S)a, as An — A* on the unit ball with f(z) = |z|*. Using the density of C§°(2) in Hy(S2),
Theorem 2.5.1 gives

/(|v<z>nl2 %%)d >0 Vo, € CRQ).

U

In view of the rescaled function (3.3.4), we now define
3 1

bul(@) = (372 7) T g(en TOATRL)

Then we have

/(IV(}SIZ 2|y| ¢2>dy—hmn—voo/(|v¢|2 2|yl ¢2)

:limn..,oo/ (|V¢n|2 %¢2)d:§>0

since ¢ has compact support and U, — U in Clloc(RN ). This completes the proof of Theorem
3.3.3. . ‘ , n

Proof of Proposition 3.3.2: Let R > 0. For n large, decompose U, = Ul + U2, where U?

satisfies: _
AU2 = AU, in Bg(0),
UTZL =0 on 3BR(O) .

By (3.3.5) we get that on Br(0):

0< AU, < R® ”9”00,
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and standard elliptic regularity theory gives that U2 is uniformly bounded in C1#(Bg(0)) for
some § € (0,1). Up to a subsequence, we get that U2 — U? in C1(Bg(0)). Since Ul =U, > 1
on 8BR(0), by harmonicity U} > 1 in Bg(0) and then the Harnack inequality gives
sup UL <Cgr inf UL < CrUL(0) = Cr(1—UZ(0)) < Cr(1+sup|UZ(0)]) < 0.
Bg2(0) BRry2(0) neN

Hence, U} is uniformly bounded in C1#(Bpg/4(0)) for some 8 € (0,1). Up to a further subse-
quence, we get that Ul — U? in C*(Bg/4(0)) and then, U, — U' 4+ U? in C!(Bg4(0)) for any
R > 0. By a diagonal process and up to a subsequence, we find that U, — U in C’lloc(lRN ),
where U is a solution of the equation (3.3.6).

If either 1 < N < 7or N > 8 and a > ay, since g(0) > 0 Theorem 3.3.3 shows that
u1(U) < 0 and then, we find ¢ € C*(RY) so that:

[ (vei =2900 oM7) <

Defining now
3 1 N—2 3

3 __1_ -3 _1_
¢n(1') — (5721+a )\n 2+a)‘“‘2“¢(5n 2+a )\721+a m) ,

then we have

[ (9onft - 228D g2y [ (o9 - 2 g(eT 2 g
~ [ (ver - 20025 ) <

as n — +00, since ¢ has compact support and U,, — U in Cloc(RN }. The proof of Proposition
3.3.2 is now complete. ]

3.4 Compactness along the second branch

In this section, we are interested in continuing the second branch till the second bifurcation
point, by means of the implicit function theorem. Our main result of this section is the
compactness of Theorem 3.1.3 for 2< N < 7.

In order to prove Theorem 3.1.3, we now assume that f € C(f2) is in the form (3.1.3), and
let (un)n be a solution sequence for (S),, where A\, — X € [0, A*].

3.4.1 Blow-up analysis

Assume that the sequence (up)y, is not compact, which means that up to passing to a subse-
quence, we may assume that m{zlix un, — 1 as n — oo. Let z, be a maximum point of u, in Q

(i-e., un(zn) = mgxun) and set &, = 1 — up(zn). Let us assume that z, — p as n — +-00. We

have three different situations depending on the location of p and the rate of |z, — p|:

1) blow up outside the zero set {p1,...,px} of f(z), i.e. p & {p1,...,Px};
2) “slow” blow up at some p; in the zero set of f(z), i.e. zn, — p; and &, An |z, —
400 as n — +00;

pil**? —
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Chapter 3. Compactness along Lower Branches

3) “fast” blow at some p; in the zero set of f(z), i.e. T, — p; and limp 100 sUP(€5;3An|Tn —
pila+2) < +00.

Accordingly, for 2 < N < 7 we next discuss each one of these situations.

18t Case Assume that p ¢ {p1,...,px}. In general, we are not able to prove that a blow
up point p is always far away from 052, even though we suspect it to be true. However,
the following weaker estimate is available and —as explained later— will be sufficient for our
purposes.

Lemma 3.4.1. Let hy, be a function on a smooth bounded domain A, in RY. Let W, be a
solution of the problem

AW, = h;:é:;) in Ag,
Wa(y) > C >0 in Ap, (3.4.1)

for some C > 0. Assume that sup || hn ||o< +00 and A, — T, as n — -+oco for some
neN
p € (0,+00), where T, is a hyperspace so that 0 € T, and dist (0,07,) = p. Then for

sufficiently large n, either

inf < 4.2
BAng\rlliz,,(O) WasC (342)
or
inf 8,W, <0, (3.4.3)
3AnﬂBzu(0)

where v is the unit outward normal of A,.

Proof: Assume that 8,W, > 0 on 04, N By,(0). Let

1 |z] .
——log — fN=2
o 8oy !
1 1

CN(|$lN—2 - (QM)N—Z)

G(z) =
ifN2>3

be the Green function of the operator —A in By, (0) with homogeneous Dirichlet boundary
condition, where cy = Zﬂﬂlaﬁtm and | - | stands for the Lebesgue measure.

Here and in the sequel, when there is no ambiguity on the domain, v and dS will denote
the unit outward normal and the boundary integration element of the corresponding domain.
By the representation formula we have that:

Wa(0) = — / AW, (z)G(z)dz — / Wa(2)8,C(z)dS
AnﬁBz,‘(O) 3AnﬂBz,_.(0) (344)

+ 8, Wy (2)G(z)dS — W, (z)0,G(z)dS.
8AnNB2,(0) 8B2,(0)NAn

Note that on 0T}, we have

1 =z H — 9.
Y (N—=2eniw-v>0 ifN2>3.

(3.4.5)
El
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Since 0A,, — 0T, as n — oo, it yields that for sufficiently large n,

9,G(z) <0 on 0A, N By, (0). (3.4.6)
Hence, by (3.4.4), (3.4.6) and the assumptions on Wy, we then get for sufficiently large n,
hn(2) . / |
12—/ G(z)dz — inf Wa 9,G(x)dS ,
AnNBa, (0) WA (z) @) (BAnﬂBzu(O) ) 84N B2, (0) ()

since G(z) > 0 in By,(0) and 8,G(z) < 0 on 0By, (0). On the other hand, we have
[ e <,
A .

aNBa,(0) Wa(z)

and (3.4.5) also implies that for sufficiently large n,

- / 8,G(z)do(z) — — / 8,G(z)dS > 0.
8AnNBy,(0) 8T,NB2,(0)

Then for sufficiently large n, 1 > —C + C_l(aA i1}13f o W,) for some C > 0 large enough.
nN 20

Therefore, we conclude that for sufficiently large n, inf W, is bounded and the proof is
8AnNBz,(0)

complete. [

We are now ready to completely discuss this first case. Introduce the following rescaled
function:

3 _1

1 —up(e iy +z Q-
Uply) = L tnlendn b ) g B I (3.4.7)

En €2 2

then U, satisfies
3 1
fE Mty +zn) |
AU, = — in Qy, (3.4.8)
Un(0) =1 in Q.

In addition, we have that U, > U,(0) = 1 as long as z, is the maximum point of u, in 2.
We would like to prove the following:

Proposition 3.4.2. Let z, € Q and g, := 1 — uy(z,), and assume
Tn—pE P, . 0k}, €A =0 asn— +oo. (3.4.9)
Let U, and Q, be defined as in (3.4.7) satisfying
U, >C >0 inS,NBg,(0) (3.4.10)

for some R, — 400 asn — +oo. Then, there exists a subsequence of (Up)n such that Uy, — U
in Clloc(RN)’ where U is a solution of the problem

_fo)
{ AU=T7 BT, (3.4.11)

Ulr)>C >0 inRN.
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Moreover, there exists a function ¢, € C3° () such that

/(|V¢>nl2 2/\"“ ))3«52) <0, (3.4.12)

and Supp ¢n C BME%/\_% (zn) for some M > 0.

nAn

Proof: We first claim that Lemma 3.4.1 provides us with a stronger estimate:
e3 A (dist (2,,00))2 =0 as n — +oo. (3.4.13)

Indeed, by contradiction and up to a subsequence, assume that e3\-1d-%2 — § > 0 asn — +o0,
where d,, := dist (z,,0(). We get from (3.4.9) that d, — 0 as n — +oo. We introduce the
following rescaling Wp,:

1 — up(dny + Tn)

Wn(y) = € y Y€ An = d
n n

Q—xz,

Since dp, — 0, we get that A, — T, as n — +oo, where T}, is a hyperspace containing 0 so
that dist (0,8T),) = p. The function W, solves problem (3.4.1) with hy(y) = é—gﬁ fldny + )
and C = W, (0) = 1. We have that:

)\d2

[ An lloo< —= 1| oo 3 11 llo

and W, = -6— — 400 on A, as n — co. By Lemma 3.4.1 we get that (3.4.3) must hold, a
contradlctlon to Hopf Lemma, applied to u,. This gives the validity of (3.4.13).

(3.4.13) now implies that £, — R" as n — +o00. Arguing as in the proof of Proposition
3.3.2, we get that U, — U in Cloc(RN) where U is a solution of (3.4. 11) by means of (3.4.8)-
(3.4.10).

If 2 < N <7, since f(p) > 0 by Theorem 3.3.3 we get that x1(U) < 0 and then, we find

¢ € CP(RV) so that:

_3
2

Defining now ¢, (z) = (6,%/\_5)_—'7(1)(5” Aé(m—xn)), then we have
2Mn f 2f(e2day + 7,
[ (96l = 2208y [ (e - 2lEnte bt 2nl gy

—*/(!V¢|2 2f( )¢2) <0

as n — 400, since ¢ has compact support and U, — U in Clloc(R)' The proof of Proposition
3.4.2 is now complete. ]

2" Case Assume that z, — p; and ;3\, |xn p1|°"+2 — 400 as n — +00. For conve-
nience, in the following we denote

k

a=ai, fi@)=( [] lo—nl%)s@), (3.4.14)

j=1,j#
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and we rescale the function u, in a different way:

3 1
1 — up(e2 M 2|z — pi| ™2 Q-
Un(y) = Lo tnlEndn | — T2y Eo) e q, = . (34.5)
n endn?|Tn —pi| 72
In this situation, U, satisfies:
%)\_% S
3 _1 o —p—2
AUn: ‘E%Anzlmn_pil_%gy'l' !afl( — |xn 2pl| 2y+$n) n an
l.’L‘ — D l Un
Un(0) =1 in Qp,
(3.4.16)
and we have the following
Proposition 3.4.3. Let z, € Q and &, := 1 — up(z,), and assunie
T = Pi, € Anl|Tn — pi|*% = 400 as n — +oo. (3.4.17)

Let Uy, and Qy, be defined as in (3.4.15) satisfying (8.4.10). Then, up to a subsequence, U, — U
in Cloc(RN }, where U is a solution of the equation:

{AU:fi((JL;) in RN,

(3.4.18)
Uly)>C>0 inRVN.

Moreover, there holds (8.4.12) for some ¢ € C§(Q) such that

Supp ¢n C (zn) for some M >0.

5n>‘n7|$n—Pi| 2

Proof: Similar to Proposiﬁon 3.4.2 we get from (3.4.17) that @, — RY asn — +oo. As
before, Up, — U in Clloc(RN) and U is a solution of (3.4.18) in view of (3.4.10) and (3.4.16)-
(3.4.17). Since 2 < N < 7 and f;(p;) > 0, Theorem 3.3.3 implies u(U) < 0 and the existence

of some ¢ € CP(RY) so that:
/ (IV¢|2 2fl(pl) ¢2)

3 _1 a\_N=2 -3 1 a
Defining now ¢n(z) = (62Mn 2|n —pi|72) " 2 ¢(en?A2|zn — pil (& — 24)), then we have

[ (vsap - 2L 02y

3 _1 a
3 _1 _at2 2 i, —pil T2yt
:/(|V¢|2"|E%)\n2|$n-pi| 2 y+| |" filendn | "UB”" Y Tn) goy
n
2
—>/|V¢|2 fzpz) )<0
as n — -+o0o0, which completes the proof of Proposition 3.4.3. ‘ ]
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3¢ Case Assume that z,, — p; as n — 400 and 5;3)\n|azn —p;|**2 < C. In the following
we denote o := o, and we rescale the function u, in a still different way:

1 — 2+a)\ 2+a Q _
Un(y) = un (€ n 2"y + Tn) , ye, = _:T’—EnT (3.4.19)

En 5127.+_a )\;m
Then U, satisfies
S M s +")\ T +Zn) .
AUy = [y -+ e ™o AT (@, - po)| BE A0 TUET0) (3.4.20)
U, (0) = 1 " in Q,

where f; is defined in (3.4.14).
In this situation, the result we have is the following

Proposition 3.4.4. Let x, € Q and g, := 1 — uu(z,), and assume
_3_ 1
a+2 )\g+2 (

52)\;1 —0, T, 2D, &n —pi) > Yo as n— +oo. (3.4.21)

Let U, and Q, be defined as in (3.4.19) satisfying either (8.4.10) or

R

Un>C’( “+2)\“+2|xn pil)” 3|y+en“+2)\°‘+2( n—pi)|° in QN Bg,(0) (3.4.22)

for some R, — 400 asn — 400 and C > 0. Then, up to a subsequence, Up, — U in Clloc(RN)
and U satisfies:

Jilp) .
AU = |y + yo _zU2 in RV, (3.4.23)
(y)y=2C>0 in RV,

Moreover, we have (8.4.12) for some function ¢, € C§°(2) such that

Supp ¢n, C BMEP;?_&/\;#(QE”) for some M > 0.

Proof: By (3.4.21) we get again that Q, — R" as n — +o0. If (3.4.10) holds, as before we
have Up, — U in C’1 C(RN) and, by (3.4.10) and (3.4.20)-(3.4.21), U solves (3.4.23).

‘We need to dlscuss the non trivial case when we have the validity of (3.4.22). Arguing as in
the proof of Proposition 3.3.2, fix R > 2|yo| and decompose U,, = U} + U2, where U? satisfies:

AU2 = AU,, in Bg(0),
U2=0 on 8Bg(0).

y (3..4.20) and (3.4.22) we get that on Bgr(0):

0 < AU, = |y+€n 2+a)\2+u T — z)lafz 52+01)\ 2+ay+mn)

U,%l
2a - $
<Clen a+2)\ +2|.’En iI)T|y+6n2+a)\rzu+a(f’3n'pi)lg
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Since €, "*2)\"“( T, — p;) is bounded, we get that 0 < AU, < Cg on Bg(0) for n large, and
then, standard elliptic regularity theory gives that U2 is uniformly bounded in C1#(Bg(0)) for
some G € (0,1). Up to a subsequence, we get that U2 — U? in C1(Bg(0)). Since by (3.4.22)
Ul = U, > C(R—2ly|)5 > 0 on dBg(0), by harmonicity UL > Cg in Bg(0) and hence the
Harnack inequality gives

suPg, ,0) Un < Crinfp, ,(0) Up < CrUL(0) = Cr(1 - U3(0))
< Cr(1+suppren [UZ(0)]) < 0.

Therefore, U} is uniformly bounded in C1#(Bg /4(0)), B € (0,1). Up to a further subsequence,
we get that U1 — U' in CY(Bg/4(0)) and then, Up, — U +U? in C'(Bp/4(0)) for any R > 0.
By a diagonal process and up to a subsequence, by (3.4.22) we find that U, — U in Clloc(lRN ),
where U € CYRY) N C2(RN \ {~yo}) is a solution of the equation

{ — iy + w0l LB R g0,
Uly) > Cly+w|5  inRY,

for some C > 0. In order to prove that U is a solution of (3.4.23), we still need to prove
that U(—yo) > 0. Let B be some ball so that —yo € 0B and assume by contradiction that
U(—yo) = 0. Since

~AU+c(y)U =0in B, U € C¥(B)NC(B), U(y) > U(-yo) in B,

and ¢(y) = fi(pi)Jy—JrUy:{lli > 0 is a bounded function, Hopf Lemma shows that 8,U(—yo) < 0,
where v is the unit outward normal of B at —yp. Hence, U becomes negative in a neighborhood
of —ypo, in contradiction with the positivity of U. Hence, U(—yo) > 0 and U satisfies (3.4.23).

Since 2 < N < 7 and f;(p;) > 0, Theorem 3.3.3 implies y1(U) < 0 and the existence of
some ¢ € C°(RY) so that:

[ vor=1v+ ol 258 g2y

3 1
Let ¢n(z) = (627 A ™)~ = qS( Ta )\2+° (z — zn)), then it reduces to

/ (IVenl® - 2Aﬁ’;( ))3 )

(1
1
_.3 _1 2 2+a>\ 2+a +.’E
— /(|V¢|2—|y+6n2+“ rZLM(In";D)‘a file nU3 Y n)¢2)
n
= [ (968 =+ woie 2P g2) <o
as n — -oo, and Proposition 3.4.4 is established. ]
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3.4.2 Spectral confinement

Let us now assume the validity of (3.1.4), namely pon := po,(un) > 0 for any n € N.
This information will play a crucial role in controlling the number k of “blow up points”
(for (1 — up)™!) in terms of the spectral information on un. Indeed, roughly speaking, we
can estimate k with the number of negative eigenvalues of L,, », (with multiplicities). In
particular, assumption (3.1.4) implies that “blow up” can occur only along the sequence z, of
maximum points of u, in §2.

Proposition 3.4.5. Assume 2 < N < 7, and suppose f € C(Q) is as in (3.1.8). Let A, —
X € [0,\*] and u, be an associated solution. Assume that up(zy,) = Max un — 1 as n — 4o00.

Then, there exist constants C > 0 and Nog € N such that
1 a
(1 —un(z)) = CAZd(z)3 |z —2a|3, V2 EQ, n2> Ny, (3.4.24)

where d(z)% = min{|z — Pz|%L : 1 = 1,...,k} is the distance function from the zero set

{pl’ s 7pk} Of f(.’l:)

Proof: Let €, = 1 — u,(z,). Then, &, — 0 as n — 400 and, even more precisely:
X150 as n— 4oo. (3.4.25)

Indeed, otherwise we would have along some subsequence:

o< i@ A

S O—up)? ~ & | fllooc<Cy Ap— 0asn— +oo.
n

But if the right hand side of (S),, is uniformly bounded, then elliptic regularity theory implies
that u,, is uniformly bounded in C1#(Q) for some 3 € (0,1). Hence, up to a further subse-
quence, u, — u in C*(Q), where u is a harmonic function such that « = 0 on 9, and hence
u = 0 on . On the other hand, &, — 0 implies that mgxu =1, a contradiction.

By (3.4.25) we get that e3A;! — 0 as n — +o00, as needed in (3.4.9) and (3.4.21) for
Propositions 3.4.2 and 3.4.4, respectively. Now, depending on the case corresponding to the
blow up sequence z,, we can apply one among Propositions 3.4.2 and 3.4.4 to obtaining the
existence of a function ¢, € C§(f2) such that (3.4.12) holds, together with a specific control
on Supp ¢n. '

By contradiction, assume now that (3.4.24) is false: up to a subsequence, then there exists
a sequence y, € €2 such that

_1 @
A 3 d(Yn) "5 yn — Tnl "3 (1 = un(yn)

1 (3.4.26)
= Ap 2 mingeq (d(m)‘%h: — 2|73 (1- un(x))) -0 as n— +co.
Then, pn := 1 — up(yn) — 0 as n — 0o and (3.4.26) can be rewritten as:
3 _1
ﬂ——w -0 as n— 4oo. (3.4.27)
|Tn — Ynl d(yn)2
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We now want to explain the meaning of the crucial choice (3.4.26).. Let 3, be a sequence of
positive numbers so that

—1
R, := (2 min{d(yn)%, |zn — yn|%} — 400 as n— +oo. (3.4.28)
Let us introduce the following rescaled function:

ﬁn(y) = L= un(ﬁ:y ha yn) Bn

Formula (3.4.26) implies:

tn = d(gn) g — ol mingeq (d(z) o — 2|73 (1 - un()) )
< Nnd(yn)% |yn - znlgd(ﬁny + yn)—% |/3ny +Yn — In|_%Un(y)
Since

Bn
Ie? )Iyl

d(Bny + yn) g1 Yn — D Br
—————— =min + :

d(yn) d(yn) d(yn) yl
in view of |y, — pi| > d(yn), by (3.4.28) we get that:

i=1,...,k} >1—

Uny) > (1 -

1— 2 )5 >
a2 (5)°%
for any y € Q, N Bg, (0). Hence, whenever (3.4.28) holds, we get the validity of (3.4. 10) for
the rescaled function U, at yn with respect to G,.

We need to discuss all the possible types of blow up at yy.
15t Case Assume that y, — ¢ ¢ {pl,.. ,pk} By (3.4.27) we get that pu3A-! — 0 as

n — +o0o. Since d(y,) > C > 0, let 3, = yf,/\ 3 and, by (3.4.27) we get that (3.4.28) holds.
Associated t0 yn, in, define Uy, €, as in (3.4.7). We have from above that (3.4.10) holds
by the validity of (3.4.28) for our choice of 8,. Hence, Proposition 3.4.2 applied to U, gives
the existence of ¥, € C§°(Q?) such that (3.4.12) holds and Supp ¥» C BM 3 _1(yn) for some

BA M 2
M > 0.
In the worst case T, — q, given Uy, be as in (3.4.7) associated to z,, &,, we get by scaling

that for z = 6{‘;)\n Y+ T,
An? (d() "%z — 2o "3 (1~ un(2)))
> ON3 (|2 = 2ol "3 (1 = un(2))) = Cly|~3Un(v) = Cr > 0

uniformly in n and y € Bg(0) for any R > 0. Then,

Hence, in this situation ¢, and 1, have disjoint compact supports and obviously, it remains
true when z, — p # ¢. Hence, p2» < 0 in contradiction with (3.1.4).
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ond Case Assume that Yn — p; in a “slow” way:

3l yn — pi|®T? = oo as n — +oo.

[
-

Let now Bn = p2An 2 |yn — ps| 2. Since d(ys) = |yn — pi in this situation, we get that:

d -3 1 at2
dlom) _ i A lyn — pi| 5 — +oo,
Br
and (3.4.27) exactly gives
I””"ﬁ“ bl __Jon=nl (3.4.29)
" A |y — pi| 72

as n — +oo. Hence, (3.4.28) holds. Associated to fn, Yn, deﬁng now Un, Qn according to

(3.4.15). Since (3.4.10) follows by (3.4.28), Proposition 3.4.3 for U, gives some ¥, € C§(2)

such that (3.4.12) holds and Supp ¢, CB 3 _1 o (Yn) for some M > 0. If z, - p #
Mu2Ag 2 lyn—pi| "2

p;, then clearly ¢n, ¥, have disjoint compact supports leading to 2, < 0 in contradiction
with (3.1.4). If also &, — p;, we can easily show by scaling that:
1) if ;30| zn — pi|*T? — 400 as n — +00, given U, be as in (3.4.15) associated to Zn, €n,
3 _1 a ‘
we get that for £ = g2\, 2|z — il "2y + 2,

1

A ® (d(z) |z — zal 73 (1 — un(2)))

at2

3 _1 —_ 7 _a
= Iy~ Un ) €2 An 2 |2n — pil Ty + 2P| 8 > Cr > 0

X
|zr — pil
uniformly in n and y € Bg(0) for any R > 0. Then,

3 1 _a
€4 An Zlmn _pil z

|Tr — Yn|

—0 as n— 400,

and hence, by (3.4.29) ¢, and 9, have disjoint compact supports leading to uz, < 0, which
contradicts (3.1.4).
2) if e73\n|2n — pi]**2 < C as n — +o0, given Uy be as in (3.4.19) associated to n, €n,
3 1

we get that for £ = e27% A, 7%y + 2y,

323 (@)% o — 20l (1= ua(2))) = W30 )y + 2 7o NT (3 — i) 3
/ > DRly|"5Un(y) > Cr > 0
uniformly in n and y € Bg(0) for any R > 0. Then,
I H
En”"An 7 — 0 as n— +oo,
|Zn — ynl

and hence, by (3.4.29) ¢, and ¥, have disjoint compact supports leading to a contradiction.
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3'd Case Assume that yn, — p; in a “fast” way:
N;{s)\nlyn - pi|a+2 <C.

Since d(yn) = |yn — pi|, by (3.4.27) we get that

3 _1
Yn — Di idn 2 - 1
||xn - y1|| - |z :"| |; pil? (1 Mnlyn = pil°*?)7 > 0 as n— +oo, (3.4.30)
n n n — Yn n — P
and then for n large
lyn —0il = lyn — pil T o —yel T |za— e T2

Since &, < pin, (3.4.27) and (3.4.31) give that

5;3/\niwn - pi|a+2

3 _1 .
( /~L127, An? -2 |xn - pi' a+2
=z |$n - ynl Iynl— pi|7 |mn _ ynl%“ |yn _ pi|a~'_“‘—*_—2— (3432)
232 o

3
2

|Zn — yn| d(yn)

The meaning of (3.4.32) is the following: once y, provides a fast blowing up sequence at p;,
then no other fast blow up at p; can occur as (3.4.32) states for .

3 .1
Let B, = pat* An 2. By (3.4.27) and (3.4.30) we get that
B

3 __1_
|Zn — ynl = pA M | — yal !
" n

2% .| | (3.4.33)
_ Hn An Tie (Y0 — Di
= ( el

The 0 as n— 4oc.
]xn - ynl d(yn) ISL‘n - ynl)

However, since u,, blows up fast at p; along y,, we have 8;7'd(y,) < C and then, (3.4.28) does
not hold. Letting as before

= 1- n + n A Q -
n n

we need to refine the analysis before in order to get some estimate for U, even when only
(3.4.33) does hold. Formula (3.4.26) gives that:

2 _a _2 o 2
Un(¥) = |yn — Dil "3 [yn — Tal731Bny + Yn — 0il 3 |Bny + Yn — Tn|3

.3 1 a -
= (/"L’n2+a/\%+a|'yn—pi|) 3||:E ﬁ:‘ |y+ |yn — nlls
n = Yn Tn = Yn (3.4.34)

3 1

|y + i AT (g — pi)|?

-3 _1_ _a —.3_ 1 a
> C(un A lyn — pil) "3 |y + pin TEART (Y — i) |3
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Chapter 3. Compactness along Lower Branches

for |y| < R, = (le)z and R, — +00 as n — +o00 by (3.4.33). Since (3.4.34) implies that

(3.4.22) holds for pn, yn, U, Proposition 3.4.4 provides some ¥, € C§°(§2) such that (3.4.12)

holds and Supp ¥, CB s e (yn) for some M > 0.
MpZre ), e

Smce Un cannot lie in any ball centered at z, and radius of order of the scale parameter
(e )\n or sn)\ zlmn il %), we get from (3.4.33) that ¢, and ¥, have disjoint compact

supports leading to g, < 0, a contradiction to (3.1.4). This completes the proof of Proposition
3.4.5. m

3.4.3 Compactness issues

We are now in position to give the proof of Theorem 3.1.3. Assume 2 < N < 7, and let
f € C(Q) be as in (3.1.3). Let (A\n)n be a sequence such that A, — X € [0, A"] and let up be
an associated solution such that (3.1.4) holds, namely

Bon = H2 2, (Un) = 0.

The essential ingredient will be the estimate of Proposition 3.4.5 combined with the uniqueness
result of Proposition 2.5.2.

Proof of Theorem 3.1.3: Let z, be the maximum point of u, in © and, up to a
subsequence, assume by contradiction that un(zn) = msz%xun(m) — 1 asn — oco. Then

Proposition 3.4.5 gives that for some C > 0 and Ny € N large,
1 a
un(z) < 1— CAd(z) 5|z — 2,

for any z € Q and n. > Ny, where d(z)5 = min{|x—pi|53i 11 =1,...,k} stands for the distance
function from the zero set of f(z). Thus, we have that:

1

flz) A

2a
3

Anf(z)
U—uﬁzscam

for any z € Q and n > Np. Since by (3.1.3)
| fl=

0< (3.4.35)

4
|z — zn|3

m | <lz—pil§)fillo < C

for x close to p;, f; as in -(3.4.14), we get that f;—'%; is a bounded function on Q and then,
T

(3.4.35) gives that A\, f(z)/(1 — up)? is uniformly bounded in L*(), for any 1 < s < 3
Standard elliptic regularity theory now implies that u,, is uniformly bounded in W24(Q). By
Sobolev’s imbedding theorem, uy, is uniformly bounded in C%#({Q}) for any 0 < 8 < 2/3. Up to
a subsequence, we get that u, — ug weakly in H3(f2) and strongly in C%#(Q), 0 < 8 < 2/3,
where ug is a Holderian function solving weakly in H}(Q) the equation:

—AUO=M in Q,
(1—UO)2

0<yp £1 in 2,

ug =10 on Of1.

(3.4.36)
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Moreover, by uniform convergence

maxug = lim maxu, =1
Q n—+oo £

and, in particular ug > 0 in Q. Clearly, A > 0 since any weak harmonic function in Hg ()

is identically zero. To reach a contradiction, we shall first show that pjx(uo) > 0 and then

deduce from the uniqueness, stated in Proposition 2.5.2, of the semi-stable solution u) that

ug = uy. But maxu) < 1 for any A € [0, A*], contradicting maxup = 1. Hence, the claimed

compactness must hold.

In addition to (3.1.4), assume now that uy, < 0, then A > 0. Indeed, if A, — 0, then
by compactness and standard regularity theory, we get that u, — ug in C?({2), where ug is a
harmonic function so that up = 0 on 090 Then, up = 0 and u,, — 0 in C?(Q). But the only
branch of solutions for (S5), bifurcating from 0 for A small is the branch of minimal solutions
uy and then, u, = uy, for n large contradicting py, < 0.

In order to complete the proof, we need only to show that

m,,\(uo)zinf{ / (VP - (2—AL§3¢2) 6 € C°(Q) and /Q ¢2=1} >0, (3.4.37)

Indeed, first Propositions 3.4.2 ~ 3.4.4 imply the existence of a function ¢, € C§°(£2) so that

/ (IVgal? - 2/\”f( ))3 n) <0. (3.4.38)

Moreover, Supp ¢, C By, (z,) and v, — 0 as n — +o0o. Up to a subsequence, assume that
Tp — pE L asn— +00.
By contradiction, if (3.4.37) were false, then there exist ¢o € C§°(£2) such that

2\
[ (96l - 2L E508) <o (3.439)
We will replace ¢o with a truncated function ¢s with § > 0 small enough, so that (3.4.39)
is still true while ¢s = 0 in Bsz(p) N . In this way, ¢, and ¢s would have disjoint compact
supports in contradiction to ug, > 0.

Let § > 0 and set ¢5 = xs5P0, where s is a cut-off function deﬁned as:

0 ' |z~ p| < 62,
xs(z) = o logle—pl #<lz—p <4,
log é
1 |z —pl246.
By Lebesgue’s theorem, we have:
2Mf(z) / 2)f(z)
—_—5 — as 6 — 0. 3.4.40
/Q (1 _u0)3¢6 (1 _u0)3¢0 ( )

For the gradient term, we have the expansion:

/ Vs = / B2Vl + / Vol +2 / Xs6oVxsV o
Q Q Q Q
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The following estimates hold:

1 C
o 0l Vxsl® < ll¢olls s2<|e—p|<s | — p|?log?é ~ log

and
|2/ X560V xsVo| < w&e €
0 log 5 B1(0) 17|
which provide
/ﬂ]v%'z - /Q [Vol* as 5 0. (3.4.41)

Combining (3.4.39)-(3.4.41), we get that

/ (IVesP - (2” ("“'%3%)

for 6 > 0 sufficiently small. This completes the proof of (3.4.37) and therefore, Theorem 3.1.3
is completely established. n

3.5 The second bifurcation point
In this section, we discuss the second bifurcation point for (S), in the sense

=inf{ 8> 0:3 acurve V) € C([B, \*]; C%(£2)) of solutions for (5)y
such that pz z(Va) 20, VA = UsVA € (A* = 4,\")},

where Uy, and § are as in Theorem 3.1.2, and we prove the multiplicity result of Theorem 3.1.5.
Proof of Theorem 3.1.5: For any A € (A}, X*), the definition of A} gives that there exists

a solution V) such that:
B = Nl,/\(VA) <0 VXe ()\;,)\*). (3.5.1)

In particular, V) # uy provides a second solution different from the minimal one.

Clearly (3.5.1) is true because first 1) < 0 for A close to A*. Moreover, if 3 = 0 for
some A € (A5, \*), then by Proposition 2.5.2 V = u, contradicting the fact that p; x(uy) >0
for any 0 < A < A*.

Since the definition of A} gives pga(Va) > 0 for any A € (A3, \*), we can take a sequence
An | A5 and apply Theorem 3.1.3 that A3 = nBTw An > 0, sxég | ¥a, lloo< 1. By elliptic

K

regularity theory, up to a subsequence Vy, — V* in C%(Q), where V* is a solution for (S) Ay
As before, py x5 (V*) < 0 and by continuity uz,xs(V*) 2 0.

Suppose g, A*(V ) > 0, let us fix some € > 0 so small that 0 < V* < 1 — 2¢ and consider
the truncated nonhnearlty ge(u) as in (3.2.1). Clearly, V* is a solution of (3.2.2) at A = A}
so that —A — A3 f(z)gL(V*) has no zero eigenvalues, since u1xs(V*) < 0 and pg s (V*) > 0.
Namely, V* solves N(A\}, V*) = 0, where N is a map from R x C%%({) into C?*(Q), o € (0,1),
defined as:

N:(AV) — V4AT (A (@)e(V)).
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Moreover,

205 f(z
N3, V*)=1d + A—l(———--_(1 _213*))3)
is an invertible map since —A — A} f(z)gL(V*) has no zero eigenvalues. The implicit function
theorem gives the existence of a curve Wy, A € (A5 — 6, A} + 8), of solution for (3.2.2) so that
limy_s Wy =V"in C?%(€). Up to take § smaller, this convergence implies that pup x(Wy) > 0
and Wy, < 1—¢ for any A € (A5—4, \5+6). Hence, W) is a solution of (S) so that pg x(W)) > 0,
contradicting the definition of Aj. Therefore, po A;(V*) = 0, which completes the proof of
Theorem 3.1.5. ' |

3.6 The one dimensional problem

In this section, we discuss the compactness of solutions for (S), in one dimensional case. Recall
that gz, (un) is the k—th eigenvalue of Ly, », counted with their multiplicity.

Proof of Theorem 3.1.6: Let I = (a,b) be a bounded interval in R. Assume f € C1(I)
so that f > C > 0 in I. We study solutions u,, of (S),, in the form

Ll afl@)
o (1 — Un)2 I’ (361)

Assume that u, satisfy (3.1.7) and A, — A € (0,X*]. Let z, € I be a maximum point:
Un(zy) = MaX Un. If (up)n is not compact, then up to a subsequence, we may assume that

Un(Zpn) — 1 with 2, — zg € I as n — +00. Away from o, u, is uniformly far away from
1. Otherwise, by the maximum principle we would have u; — 1 on an interval of positive
measure, and then py », (u,) < 0 for any k and n large, a contradiction.

Assume, for example, that a < zo < b. By elliptic regularity theory, u,(z) is uniformly
bounded for z far away from zo. Letting ¢ > 0, we multiply (3.6.1) by 4, and integrate on
(Tn, o + €):

@2 (2n) — 12 (20 + €) = / B 20 f ()im(s)

o 0= (o) |
_ Dufleots)  Dufle [ 2l
1-up(zo+e) 1—up(zn) - 1—up(s)

n

Then, for n large:

. CA . f(zo +¢) /“"’“ £(s)
2 — 27 < 2 n———_ZAn d
un(mn)+1_un(%) < 42(zo +€) + 2A T u(eo 1) L TTae®
: To+e—2x :
L Ce+4A “fHool_o-—_m

since un () is the maximum value of u, in I. Choosing € > 0 sufficiently small, we get that

for any n large: m < C., contradicting u,(z,) — 1 as n — +00. [ |
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Chapter 4

Dynamic Deflection

4.1 Introduction

The rest of this thesis is devoted to the dynamic deflection of the elastic membrane satisfying
(1.2.30). Throughout this Chapter and unless mentioned otherwise, for convenience we study
dynamic solutions of (1.2.30) in the form

Ou _ Af(=)
e Au = T for z€Q, (4.1.1a)
u(z,t)=0 for z€0Q, u(z,0)=0 for ze€Q, (4.1.1b)

where nonnegative f € C*(Q) for some « € (0, 1] describes the permittivity profile of the elastic
membrane shown in Figure 1.1, while A > 0 characterizes the applied voltage, see §1.3.2.

In this Chapter we deal with issues of global convergence, finite and infinite time “touch-
down”, and touchdown profiles as well as pull-in distance. Recall that a point zg € Q is said
to be a touchdown point for a solution u(z,t) of (4.1.1), if for some T' € (0, +o0], we have
tlizn'Tu(zo,tn) = 1. T is then said to be a —finite or infinite- touchdown time. For each such

solution, we define its corresponding —possibly infinite— “first touchdown time”:
T\, f,u) = inf {t € (0, +o0]; sup u(z, t) = 1}.
€N

We first analyze the relationship between the applied voltage A, the permittivity profile f, and
the dynamic deflection of the elastic membrane. It is already known that solutions correspond-
ing to large voltages A necessarily touchdown in finite time (see {32]). The following theorem
proved in §4.2 completes the picture.

Theorem 4.1.1. Suppose \* := A\*(Q, f) is the pull-in voltage defined in Theorem 2.1.1, then
the following hold:

1. If A < )*, then there ezists a unique solution u(z,t) for (4.1.1) which globally converges
as t — +oo, monotonically and pointwise to its unique minimal steady-state.

2. If \ > A* and infq f > 0, then the unique solution u(z,t) of (4.1.1) must touchdown at
a finite time.

This “touchdown” phenomenon is referred to sometimes as quenching. Note that in the case
where the unique minimal steady-state of (4.1.1) at A = A\* is non-regular — which can happen
if N > 8 — the above result means that the corresponding dynamic solution must touchdown
but that quenching occurs here in infinite time.

In §4.3 we shall establish that —an isolated- touchdown cannot occur at a point in {2 where
the permittivity profile is zero, a fact that was observed numerically and conjectured to hold
in [32]. More precisely, we prove the following.
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Chapter 4. Dynamic Deflection

Theorem 4.1.2. Suppose u(z,t) is a touchdown solution of (4.1.1) at a finite time T, then
ug > 0 for all 0 <t <T. Furthermore,

1. The permittivity profile f cannot vanish on an isolated set of touchdown points in €.

2. On the other hand, zeroes of the permittivity profile can be locations of touchdown in
infinite time.

In §4.4 we shall provide upper and lower estimates for finite touchdown times. Uniqueness
considerations lead to a first touchdown time T)(€2, f) that only depends on the domain Q2
and on the profile f. These touchdown times translate into useful information concerning the
speed of the operation for many MEMS devices, such as Radio Frequency (RF) switches and
microvalves. Estimates (4.1.4) and (4.1.5) below were already established in [32] for large A.
Considering that \* < min{);, A2}, the estimate (4.1.3) below gives an upper bound on the
first touchdown time as soon as we exceed the pull-in voltage A*.

Theorem 4.1.3. Suppose f is a non-negative continuous function on a bounded domain Q,
and let TA(, f) be the first —possibly infinite— touchdown time corresponding to a voltage A.

1. The following lower estimate then holds for any A > 0:

1
_— < . 1.
2. If infzeq f(z) > 0, then the following upper estimate holds for any A > A*:
. 8(A+ A*)? A+ 3A* \1/2
< = _ . 1.
T £) < Toal® f) = g B = A £ 30 L+ (oxgaw) | @19
8. If infaca f(z) >0, and A > Xy = gy, then
b Xinf z -
D@0 <T@ = [ P o] as (41.4)
s
4. If)\ > )\2 = W, then
13O 1) < Top(@, )=~ log [1 = 52 [ 00d)7) (41.5)

Here p,, and ¢, are the first eigenpair of —A on H}(Q) with normalized fQ ¢odz = 1.

Note that the upper bounds Tp » and Tj, are relevant only when f is bounded away from 0,
while the upper bound T3 y is valid for all permittivity profiles provided of course that A > Ao.

In §4.5 we discuss touchdown profiles by the method of asymptotic analysis, and our purpose
is to provide some information on the refined touchdown rate discussed in next Chapter.

§4.6 is devoted to the pull-in distance of MEMS devices, referred to as the maximum stable
deflection of the elastic membrane before touchdown occurs. We provide numerical results
for pull-in distance with some explicit examples, from which one can observe that both larger
pull-in distance and pull-in voltage can be achieved by properly tailoring the permittivity
profile.

7
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4.2 Global convergence or touchdown

In this section, we analyze the relationship between the applied voltage A, the permittivity
profile f, and the dynamic deflection u of (4.1.1). We first prove in §4.2.1 global convergence
in the case A < A*. In §4.2.2 we study finite-time touchdown for the case A > A*. Finally we
discuss the case A = A* in §4.2.3.

First, we note the following uniqueness result.

Lemma 4.2.1. Suppose u1 and uz are solutions of (4.1.1) on the interval [O,T]‘ such that
lwill Lo (axfo,ryy < 1 fori=1,2, then u1 = ua.

Proof: Indeed, the difference U = u; — uz then satisfies
Ui— AU =aU in (4.2.1)
with initial data U(z,0) = 0 and zero boundary condition. Here

M2 —uy —ug) f(x)
(1 —u1)2(1 —ug)?

The assumption on u, ug implies that a(z,t) € L®(Q x [0,T]). We now fix T} € {0,7] and

consider the solution ¢ of the problem

b +Np+ap=0 z€Q, 0<t<T,
é(z,T1) = 0(z) € Co(9), (4.2.2)
¢(.’L‘,t) =0 T & BQ,

alz,t) =

The standard linear theory (cf. Theorem 8.1 of [47]) gives that the solution of (4.2.2) is unique
and bounded. Now multiplying (4.2.1) by ¢, and integrating it on € x [0,T}], together with

/ Uz, Th)0(z)dz =0
Q

for arbitrary 77 and #(x), which implies that U = 0, and we are done. [ ]

4.2.1 Global convergence when A < \*

Theorem 4.2.2. Suppose X\* := \*(Q, f) is the pull-in voltage defined in Theorem 2.1.1, then
for A < \* there exists a unique global solution u(z,t) for (4.1.1) which monotonically converges
as t — 400 to the unique minimal solution u,(x) of (S).

Proof:: This is standard and follows from the maximum principle combined with the existence
of regular minimal steady-state solutions at this range of A. Indeed, fix 0 < A < A*, and use
Theorem 2.1.2 to obtain the existence of a unique minimal solution u, (z) of (S). It is clear
that the pair @ = 0 and U = u, (z) are sub- and super-solutions of (4.1.1) for all ¢ > 0. This
implies that the unique global solution u(z,t) of (4.1.1) satisfies 1 > u, (z) > u(z,t) > 0 in

Q x (0, c0).
By differentiating in time and setting v = u;, we get for any fixed £ > 0
2Mf(z)
=Av++ —% Q t 4.2,
v v+(1~u)3v e, 0<t<tp, (4.2.3a)
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vz, t)=0 z2€0Q, v(z,00>0 z€. (4.2.3b)
Here (21’\4_{“% is a locally bounded non-negative function, and by the strong maximum principle,
we get that u; = v > 0 for (z,t) € Q x (0,tg) or us = 0. The second case is impossible because
otherwise u(z,t) = up(x) for any t > 0. It follows that u; > 0 holds for all (z,t) € £ x (0, 00),
and since u(x, t) is bounded, this monotonicity property implies that the unique global solution
u(x,t) converges to some function us(z) as t — oo. Hence, 1 > uy(z) > us(x) > 0 in Q.
Next we claim that the limit us(x) is a solution of (S)x. Indeed, consider a solution u; of
the linear stationary boundary problem

Af(z)
- Aup = = . -2
u1 a NE ze, u=0 z € 00 (4.2.4)
Let w(z,t) = u(z,t) — w1 (z), then w satisfies

1 1
(1 —u)? T —us)2]7 (

w(z,t)=0 ze€dNx(0,T); wz,0)=-u(x) z €. (4.2.5b)

wy — Aw = M f(z)[

z,t) € 2 x (0,T); (4.2.5a)

Since the right side of (4.2.5a) converges to zero in L?(f2) as t — oo, a standard eigenfunction
expansion implies that the solution w of (4.2.5) also converges to zero in L%(Q2) as t — oo.
This shows that u(z,t) — uy(z) in L?(2) as t — oo. But since u(z,t) — us(z) pointwise in Q
as t — oo, we deduce that u;(z) = us(z) in L?(2), which implies that us(z) is also a solution
for (S)x. The minimal property of u, (z) then yields that u,(x) = us(x) on Q, which follows
that for every z € Q, we have u(z,t) T u,(z) as t — oo. ]

4.2,2 Touchdown at finite time when X\ > \*

Recall from Theorem 2.1.1 that there is no solution for (S), as soon as A >'A*. Since the
solution u(z,t) of (4.1.1) ~whenever it exists— is strictly increasing in time t ((see preceding
theorem)), then there must be T < oo such that u(z,t) reaches 1 at some point of Qast — T~
Otherwise, a proof similar to Theorem 4.2.2 would imply that u(z,t) would converge to its
steady-state which is then the unique minimal solution uy of (5),, contrary to the hypothesis
that A > A*. Therefore for this case, it only remains to know whether the touchdown time is
finite or infinite. This is exactly what we prove in the following.

Theorem 4.2.3. Suppose \* := X*(Q, f) is the pull-in voltage defined in Theorem 2.1.1. If
infyeq f(z) > 0, then for A > \* there ezists a finite time Tx\(Q, f) at which the unique solution
u(z,t) of (4.1.1) must touchdown. Moreover, we have the bound

8(A + A*)2 [ + ( A+ 3 )1/2]

<Tpy:=
TH(, f) < Ton 3infzeq F(z)(A — A*)2(\ + 3X%) 22 4 22

(4.2.6)

We start by transforming the problem from a touchdown situation (i.e. quenching) into a
blow-up problem where a concavity method can be used. For that, we set V' =1/(1 —u) which
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reduces (1.1) to the following parabolic problem

2
=AV — 2|VVV| + M f(z)V for z€Q, (4.2.7a)
Viz,t) =1 for z €992, (4.2.7b)
V(z,0)=1 for z€Q. (4.2.7¢)

This transformation implies that when A > A*, the solution of (4.2.7) must blow up (in finite
or infinite time) and that there is no solution for the corresponding stationary equation:

2|VV|?
1%

AV — +Af(2)Vi=0, ze€Q; V=1, zed. (4.2.8)

Therefore, proving finite touchdown time of « for (1.1) is equivalent to showing finite blow-up
time of the solution V for (4.2.7).
For the proof, we shall first analyze the following auxiliary parabolic equation

v = Av — 2|Vvv| + a2 f(z)v? for z€Q, (4.2.9a)
v=1 for z € 02, (4.2.9b)
v(z,0) =1 for z€Q, (4.2.9¢)

where a > 0 is a given constant.

Lemma 4.2.4. Suppose v is a solution of (4.2.9) up to a finite time T, then (%), >0 for all
t<T.

Proof: Dividing (4.2.9a) by v*, we obtain

%z%g_?lzvl + 22 f(z).
Setting w = v™3, then direct calculations show that
2|Vuf?
3w
Differentiate (4.2.10) twice with respect to ¢, we obtain

—Aw+ 2= 4+ 3’2 f(z) = 0. (4.2.10)

|2 v |v 2
(@_)tt _ (2 wVw w| wt>t

w w w?
_ 2VwVuy N 2[Vw*  4VwVwaw, |Vw]2wtt 2| Vw|?w?
w w w? w? wd
which means that the function v
Z=Wr = _3<;Z>t (4.2.11)

satisfies

2 12|V |? + 2| Vw|2w? 4V'wthwt]

= —6Xa’f(z) — 5[ ” . "
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after an application of Cauchy-Schwarz inequality. Hence we have
L(z) < —6Xa’f(z) <0. (4.2.12)

Now from (4.2.9) and the definition of z, we have z(z,0) = 0 and z = 0 on 9. Since the
coefficients of L remain bounded as long as v is bounded, we conclude that z(z,t) < 0 holds
for all ¢ < T'. This completes the proof of Lemma 4.2.4. ]

Proof of Theorem 4.2.3: Let A > A*, and set A = A — \* > 0, § = infzeq f(z) > 0, and

. 36)\,(4A* + )\,) 4A* + AI 1/2
ag = 4(2)\* + )\/) [ - (2(2/\* + /\/)) ] ) (4.2.13a)
d .
an o1 8(A + \*)? [1 ( A+ 3)* >1/2] . (w213b)
2T ap T 36— A 2(A+3)7) 2\ + 2)* o0 2.

Consider now a solution v of (4.2.9) corresponding to A = A*+ )\’ and ag as defined in (4.2.13a).
We first establish the following

Claim: There exists zg € 2 such that v(zo,t) — oo ast /" Tpz.
* /2
Indeed, let {5 = % [242):\* oY ] in such a way that

)\'
to <Tpn and a%t%()\* —) =A\* + —

We claim that there exists zo € €2 such that

2 /
—21?@(_:2?2;—?)' F O+ 2 f(eo)lo(eo, o)l > 0. (4.2.14)

Essentially, otherwise we get that for all x €

2|V7E(901,tto)|2 SO+ il)f(zo)w(g;,to)ﬁ <0. (4.2.15)
v(z,to) 4

Since v(z,to) > 1 on © and hence on 2, this means that the function #(z) = v(z,tp) is a
supersolution for the equation

2lVV|?
72
Since v = 1 is obviously a subsolution of (4.2.16), it follows that the latter has a solution which

contradicts the fact that A = A* + )‘TI > M*(f,9). Hence, assertion (4.2.14) is verified.
On the other hand, we do get from (4.2.9) that for t = £y and every z € {2,

Av(.’L‘o,to) —

Av(z, to) —

AV — + A f(z)Vi=0, ze€Q; V=1, ze€dQ. (4.2.16)

2|Vvl|? by
| 'Ul +()\* 4

We then deduce from (4.2.17) and (4.2.14) that at the point (zo,%o), we have

vy =Av— —— ) fxwt + aot 2 f(z)v? (4:2.17)

aotof(xo)
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Applying Lemma 4.2.4, we then get for all (zo,t), to <t < Tp, that:

Ut )\,
2 Eagtg f(zo) > 0. (4.2.18)

Integrating (4.2.18) with respect to ¢ in (¢9,7p,x), we obtain since f(zo) > § that:

1 - by v N 1
§(1 — v ¥(z0,Top)) = Ea%t%f(wo)(To,,\ —to) 2 3a(2)t%5(T0,/\ —to) = 3
It follows that v(zo,t) — o0 ast / Tp,», and the claim is proved.
To complete the proof of Theorem 4.2.3, we note that since a%t2 <1lforallt <Tpy, we

get from (4.2.9) that
2|Vu|?

v < Av — — + A f(z)v?,  (z,t) € Q x (0,Ton)

Setting w = V — v, where V is the solution of (4.2.7), then w satisfies

2V(V +v)

2
wy — Aw — Vw4 [/\(V2 +v?)(V +v)f(z) + %]w >0, (z,t)€Qx(0,Ton).

Here the coefficients of Vw and w are bounded functions as long as V' and v are both bounded.
It is also clear that w = 0 on 9Q and w(z,0) = 0. Applying the maximum principle, we reduce
that w > 0 and thus V > v. Consequently, V must also blow up at some finite time T' < Tj »,
which means that  must touchdown at some finite time prior to Tg . [ ]

Remark 4.2.1. A slightly revised proof of Theorem 4.2.3 can be essentially adopted to prove
finite-time touchdown for the case where A > A* and f(z) > 0 is almost everywhere on 2. The
extension to more general nonnegative profile f(x) is now in progress. :

4.2.3 Global convergence or touchdown in infinite time for A = \*

In order to complete the proof of Theorem 4.1.1, the rest is to discuss the dynamic behavior of
(4.1.1) at A = A*. For this critical case, there exists a unique steady-state w* of (4.1.1) obtained
as a pointwise limit of the minimal solution uy as A T A*. If w* is regular (i.e, if it is a classical
solution such as in the case when N < 7) a similar proof as in the case where A < A*, yields
the existence of a unique solution u*(z,t) which globally converges to the unique steady-state
w* as t — oo. On the other hand, if w* is a non-regular steady-state, i.e. if [|w*||cc = 1, the
situation is complicated as we shall still prove global convergence to the extremal solution,
which then amounts to a touchdown in infinite time.

Throughout this subsection, we shall consider the unique solution 0 < w* = u*(z,t) < 1
for the problem

ul — Au* = % for (z,t) € x [0,t),  (42.19)
uw*(z,t) =0 for ze€dQx[0,t%), (4.2.19b)
u*(z,0) =0 for z€9Q, (4.2.19¢)

where t* is the maximal time for existence. We shall use techniques developed in [10] to
establish the following
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Theorem 4.2.5. If w* is a non-reqular minimal steady-state of (4.2.19), then there exists a
unique global solution u* of (4.2.19) such that u*(z,t) < w*(z) for all t < oo, while u*(z,t) —
w*(z) ast — co. In particular, t1i+m lu*(z,t)||oo = 1.

—400

The proof of Theorem 4.2.5 needs to use the following lemma.

Lemma 4.2.6. Consider the function §(z) := dist(z,0R), then for any 0 < T < oo, there
exists €1 = €1(T) such that for 0 < e < € the solution Z¢ of the problem

Zy— AZ = —¢ef(x) in Qx (0,00),
Z(z,t) =0 on 99 x (0,00),
Z(z,0) = é(z) in Q

satisfies Z¢ > 0 on [0,T) x Q.

Proof: Let (T(t)) be the heat semigroup with Dirichlet boundary condition, and consider

>0
the solution &y of

~Agp =1 in Q; &&=0 on O0NQ.
then we have .
Eo=T(t)& + A T(s)1ads

for all ¢ > 0. Since T(t)& > 0, it follows that
t
/ T(s)lads <& < C§ forall t>0. (4.2.20)
0

On the other hand, we have

Z5(t) = T(£)5 — ef /0 “(s)1ads,

and so we have Z¢(t) > T'(t)6 — eCS. Consider now cg, ¢y > 0 such that cody < 6 < 11,
where ¢1 is the first eigenfunction of —A in H} (), associated to the eigenvalue y;. We have

T(t)d > coT(t)1 = coe Mgy > ?—e“’“td.
1

Therefore, we have Z¢(t) > (£2e™#1* — Ce)d. And hence it follows that Z¢(¢) > 0 on [0,T]
provided g < C—ioc—,e_‘“T. [ ]

Proof of Theorem 4.2.5: We proceed in four steps.

Claim 1. We have that u*(z,t) < w*(z) for all (z,t) € Q x [0,t*). Indeed, fix any T' < t* and
let £ be the solution of the backward heat equation:
& — A& = h(z,t) in Qx(0,7),
€loan =0, §(T) =0,
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where h(z,t) > 0 is in @ x (0, 7). Multiplying (4.2.19) by £ and integrating on Q x (0,T") we

find that
/ / w*hdadt = / / NE@) oy
1—u*)?
On the other hand,

—/()T/Qw*ﬁtdxdt:/ﬂw*g(o)da: and / / w* AL dadt = / / i*ff;:f) dadt.

Therefore, we have

/ /(u —w)hd:zdt</ dx+/ /u — w*)h dzdt
=/0 /Q (1 —u*)2 e _lw*)z)/\*éf(a:) dadt
T
= C/ /u‘>w g\ —1u*)2 - a _lw*)2>€dxdt
<C/ / w*)*€ dedt,

since ||u*|lo < 1 for ¢ € [0,T).- Therefore, we have

/ /u —w* hda:dt<0 / /[u —w* +]2da:dt / /fzdmdt

On the other hand, &(x,t) ft (s = t)h(z, s)ds, where T'(t) is the heat semigroup with
Dirichlet boundary condltlon and hence

HEDIE /tTllh(w,s)Hdes <(T-1) / / h? dzdt.

T T2 T
/ / 2 ddt < — / / h? dzdt,
o Ja 2 Jo Ja
and so,
T 2 T 1/2
/’ /(u*—w* dxdt< - / /[ +]2 da:dt Y (/ /h2 da:dt)
0 Ja 0o Ja

Letting h converge to (u* — w*)* in L?, and since u* —w* € L*(Q2) we have
g g

/0 ) /Q [(u* — w*) ] dadt < 2= / / [ wf)+]2dxdt,

which gives that u* < w* provided C?T? < 2, and our first claim follows.

Therefore,
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Claim 2. There exist 0 < 7y < t*, and Cy, ¢g > 0 such that for all z €
u*(z,71) < min{Copd(z); w*(z) — cod(z)} . (4.2.21)

Fix 0 < 7 < t* sufficiently small, and let v be the solution of

_ A=) =
v — Av = L for (z,t)e @ x[0,T), (4.2.22a)
v(z,t) =0 ~ for z€0Qx[0,T), (4.2.22b)
v(z,0) = vy = u*(z,7) for z€Q, (4.2.22¢)

where [0, T) is the maximal interval of existence for v. Similarly to Claim 1, we can show that
0 < v < w*. Choose now K > 1 sufficiently large such that the path z(z,t) := u*(z,t) +
£ T (t)vo satisfies ||2(z,t)[lo <1 for 0 <t < T. We then have

z—Az= (1)\?1(:22 < ();*f(:))z in Qx (0, T),
z(z,t) =0 on 0Qx(0,T),
z(z,0) = % in Q,

and the maximum principle gives that z < v. Consider now a function 7 : [0,00) — R such
that v(¢t) > 0 and
T(t)vg > K~(t)d on . (4.2.23)

We then get
1 1 "
uw<v— ET(t)vo <w' - —R,-T(t)vo <w' —~(t)d for 0<t<T. (4.2.24)

On the other hand, for any 0 < t < T < t*, u* is bounded by some constant M < 1 on
Q1 x [0, 7] such that :

C t
* < | T .
u* < MT(t)1g + g "M)z/o (s)lads
Consider now a function C : [0,00) — R such that T'(t)1q < C(¢)d for ¢t > 0, which means that
u* < MC(t)6 + C(M)C6

for any 0 < t < T, where (4.2.20) is applied. This combined with (4.2.24) conclude the proof
of Claim (4.2.21).

Claim 3. For 0 < € < 1 there exists w, satisfying ||wellco < 1 and

1 , '
/Q VweVe > /Q ((1——w€)2 —&)Nof(z) (4.2.25)

for all p € H}(Q) with ¢ > 0 on Q. Moreover, there exists 0 < €1 < 1 such that for 0 < <e¢y,
we also have c
0 < we(x) - ?06(:1:) for z€Q (4.2.26)
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¢p being as in (4.2.21).
To prove (4.2.25), we set

*y 1 w*= w___d_‘g_ w*
o) = g ) /O o o<t <l, (4.2.27)

For any € € (0,1) we also set
~ 1 ~ v ds
§w) = ————¢, hu* =/ X o<w <1, 4.2.28
WI=tmwy e M e (4.228)

and ¢¢(w*) :=h! (h(w*)). It is easy to check that ¢¢(0) = 0 and 0 < ¢¢(s) < s for s > 0, and
¢e is increasing and concave with

9(9c(s)) —

90s) >0.

¢L(s) =
Setting we = ¢.(w*), we have for any ¢ € H} () with ¢ >0 on Q,

ot [ stiroaao- | e g [stmoet
2/ (1_1(1?)2@( ") —/(m—s))\*cpf(z),

which gives (4.2.25) for any € € (0, &).
In order to prove (4.2.26), we set

n(z) = min{w*(z), (Co + co)é(z)} and 7. = ¢c o1,

where ¢, (-) is defined above, and Cj and ¢ are as in (4.2.21). Since n < w* and ¢ is increasing,
we have 1. < ¢e(w*) = we. Applying (4.2.21) we get that

0 <n(z) —cod(z) on Q. (4.2.29)

We also note that 7, = ¢e(n) < n < M with M = (Co + ¢0)d(z), and ¢.(s) - 1lase — 0
uniformly in [0, 1]. Therefore, for some 6 € (0,1) we have

n—1ne =n— (¢e(n) — ¢(0)) =n(1 —¢L(6n)) <n sup (1 - (s))

{0<s<1}
c
< (Co+co)s sup (1—¢L(s) < 6
{0<s<1}) 2
provided € small enough, which gives
n<7e+ %06. (4.2.30)

We now conclude from (4.2.29) and (4.2.30) that

0_<_7)—006§775—%05§w5—%06
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for small £ > 0, and (4.2.26) is therefore proved.

To complete the proof of Theorem 4.2.5, we assume that t* < co and we shall work towards
a contradiction. In view of Claim 3), we let € > 0 be small enough so that 0 < we — §4. Use
Lemma 4.2.6 and choose K > 2 large enough such that the solution Z of the problem

Zy — AZ = —eX*f(z) in Qx(0,t),
Z(z,t) =0 on 0Q x (0,t%),
Z(z,0) = 6—135 in Q

satisfies 0 < Z < 1 —u* on Q x (0,#*). Let v be the solution of

1
v — Av = (m—e))\*f(w) in Qx(0,s%),
v(x’t) =0 on 99 x (0,s*),
v(z,0) = w, in Q,

where [0, s*) is the maximal interval of existence for v. Setting z(z,t) = Z(z,t) + u*(z,t) for
0 <t<t* wethen have 0 < u* <z <1 and ’
1 B

z— Az = (-(—1—%*)2- ——5))\*f(:1: < ((—1—_—z—)2 ——s))\*f(z) in Qx(0,t*),
on 00 x (0,t*),

0
Qs

z(z,0) = X

(z) < w(x) in Q.

Now the maximum principle gives that z < v on Q x (0, min{s*,¢*}), and in particular we have
0 < v on Q x (0,min{s* ¢*}). Furthermore, the maximum principle and (4.2.25) also yield
that v < we. Since ||welloo < 1 we necessarily have t* < s* = co. Therefore, u* < z < v < we
on [0,t*), which implies that ||u*|lc < 1 at ¢t = t*, which contradicts to our initial assumption
that u* is not a regular solution. ]

4.3 Location of touchdown points

~ In this section, we first present a couple of numerical simulations for different domains, different
permittivity profiles, and various values of A, by applying an implicit Crank-Nicholson scheme
(see [32] for details) on (4.1.1). For the connection with the involved figures below, we discuss
(4.1.1) in the form of

ou M=)
ey Ay = — L for z€Q, (4.3.1a)
u(z,t)=0 for z€9Q; u(z,00=0 for z€Q, (4.3.1b)

with the following two choices for the domain Q

Q:[-1/2,1/2] (slab); Q:2?+3y* <1 (unit disk). (4.3.2)
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(@), Wx) = |2x} aNd A = 4.38 ). 1(x) = |2x| and & = 4.30

converpe to the Maximal negative steady-atate

~0.5 o2 ) 0.25 o8 -05 .25 B

Figure 4.1: Left Figure: u versus x for A = 4.38. Right Figure: v versus z for A\ = 4.50. Here
we consider (4.3.1) with f(x) = |2z| in the slab domain.

Simulation 1: We consider f(z) = |2z] for a permittivity profile in the slab domain
—1/2 < z < 1/2. Here the number of the meshpoints is chosen as N = 2000 for the plots u
versus z at different times. Figure 4.1(a) shows, for A = 4.38, a typical sequence of solutions
u for (4.3.1) approaching to the maximal negative steady-state. In Figure 4.1(b) we take
A = 4.50 and plot u versus x at different times ¢ = 0, 0.1880, 0.3760, 0.5639, 0.7519, 0.9399,
1.1279, 1.3159, 1.5039, 1.6918, 1.879818, and a touchdown behavior is observed at two different
nonzero points z = #0.14132. These numerical results and Remark 4.2.1 point to a pull-in
voltage 4.38 < A* < 4.50.

(a). %N = rand = 1.70 {B). 1) = r and A = 1.80

-02

0.3
—.a|

converge 1o the maximal negative steady-stais

-1
) 0.2 0.4 0.6 o0 1

0.4
o 0.2 0.4 0.6 0.4 1

Tl - ix|

Figure 4.2: Left Figure: u versus v for A = 1.70. Right Figure: u versus r for A = 1.80. Here
we consider (4.3.1) with f(r) =1 in the unit disk domain.

Simulation 2: Here we consider f(r) = r for a permittivity profile in the unit disk domain.
The number of meshpoints is again chosen to be N = 2000 for the plots u versus r at different
times. Figure 4.2(a) shows how for A\ = 1.70, a typical sequence of solutions u for (4.3.1)
approach to the maximal negative steady-state. In Figure 4.2(b) we take A = 1.80 and plot u
versus 7 at different times ¢ = 0, 0.4475, 0.8950, 1.3426, 1.7901, 2.2376, 2.6851, 3.1326, 3.5802,
4.0277, 4.4751942, and a touchdown behavior is observed at the nonzero points r = 0.21361.
Again these numerical results point to a pull-in voltage 1.70 < A* < 1.80.
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One can observe from above that touchdown points at finite time are not the zero points
of the varying permittivity profile f, a fact firstly observed and conjectured in [32]. The main
purpose of this section is to analyze this phenomena.

Theorem 4.3.1. Suppose u(z,t) is a touchdown solution of (4.1.1) at a finite time T, then
we have

1. The permittivity profile f cannot vanish on an isolated set of touchdown points in Q.

2. On the other hand, zeroes of the permittivity profile can be locations of touchdown in
mfinite time.

Note that Theorem 4.3.1 holds for any bounded domain. The proof of Theorem 4.3.1 is
based on the following Harnack-type estimate.

Lemma 4.3.2. For any compact subset K of  and any m > 0, there exists a constant
C = C(K,m) > 0 such that supgeg ju(z)| < C < 1 whenever u satisfies

ﬁa z€Q; 0<u<l z€Q. (4.3.3)

Proof: Setting v =1/(1 — u), then (4.3.3) gives that v satisfies
Av  2|Vul?

v2 v3

>mv? inQ,

which means that v is a subsolution of the “linear” equation Av = 0 in Q. In order to apply
the Harnack inequality on v, we need to show that for balls B, C €2, we have that v € L3(B;)
with an L3-norm that only depends on m and the radius r.

Without loss of generality, we may assume 0 € K C Q. Let B, = B,(0) C K be the ball
centered at = = 0 and radius r. For 0 <1 <7 < 4ry, let n(z) € C§°(B,,) be such that n =1
inB, ,0<7n<1inB, \B, and|Vn| < 2/(ra—m1). Multiplying (4.3.3) by #?/(1—u), where
¢ =n% and a > 1 is to be determined later, and integrating by parts we have

2 2 A2 2
/ me S/ ¢Au=_/ &*|Vu| _/ 2¢V¢-Vu. (4.3.4)
B,, (1—u)d B,, 1-u B,, (1 —wu)? B,, 1—u

From the fact,

20V - Vu Vo2 S|V V42
L. 5/3,2 ¢2'V“'2+4/B,2 (1—u)2§/3,2 Tt Ao

me? Vo2
/B,z T-wd = 4/3,2 a—up

Now choose ¢ = 728 with 8 = % Then Holder’s inequality implies that

(4.3.4) gives that

4 n4ﬂ 28-1

B 2 2
m o, —(17l_u)3 < 16ﬂ2[/Br2 |V77|4ﬁ] ’ [/Brz 1 —u)3] ’
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This shows that

| s s <cmn) (435)
—3 S — < C(m,n)}. 4.3.5
B, (1—u)® 7 Jp, (1-u)?
By virtue of the one-sided Harnack inequality, we have
1
[ — ||L°°(B:21)=|| U llzeo(Bry)< C(r) Il v llzecs,,)< C(ri,m).
The rest follows from a standard compactness argument. ]

Proof of Theorem 4.3.1: Set v = ug, then we have for any ¢t; < T that

v = Av+ Mv (z,t) € 2x (0,t1); (4.3.6a)

(1—wu)?
v(z,t)=0 (z,t) €90 x(0,t;) ; v(z,00>0 zeQ. (4.3.6b)

Note that the term ui_)‘%g is locally bounded in £ x (0,%1), so that by the strong maximum
principle, we may conclude

u = v > 0 for (z,t) € Q x (0,t1) (4.3.7)

and therefore, u; > 0 holds for all (z,t) € Q x (0,7). Since K is an isolated set of touchdown
points, there exists an open set U such that K C U C U C Q with no touchdown points in
U\ K. Consider now 0 < tg < T such that inf cg us(x,t0) = C1 > 0. We claim that there
exists € > 0 such that

Jé(xz,t) = up — 520 forall (z,t) €U x(t,T), (4.3.8)

&
(1-wu)
Indeed, there exists C3 > 0 such that u¢(z,T) > C2 > 0 on U, and since OU has no touchdown
points, there exists € > 0 such that J¢ > 0 on the parabolic boundary of U x (to,T). Also,
direct calculations imply that :

i age= 2 gey

6e|Vul? 2\ f
>
(1-w)

T—wf 2w

Since (1—_5—1-55 is locally bounded on U x (¢g, T'), we can apply the maximum principle to obtaining
(4.3.8). |

If now infzex f(z) = 0, then we may combine (4.3.8) and (4.1.1), to deduce that for a
small neighborhood B C U of some point g € K where f(z) < €/2, we have

€

1
>s_ -
Auz ooz

for (z,t) € B x (to,T).
In view of Lemma 4.3.2, this contradicts the assumption that zo is a touchdown point.

For the second part, recall from Theorem 2.1.2 that the unique extremal solution for the
stationary problem on the ball in the case N > 8 and for a permittivity profile f(z) = |z|?, is
u(z)=1- |w[2$ as long as a is small enough. Theorem 4.1.1 then implies that the origin 0
is a touchdown point of the solution even though it is also a root for the permittivity profile
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(i.e., f(0) = 0). This complements the statement of Theorem 4.3.1 above. In other words, zero
points of f in £ cannot be on the isolated set of touchdown points in finite time (which occur
when A > \*) but can very well be touchdown points in infinite time of (4.1.1), which can only
happen when A = A*. The proof of Theorem 4.3.1 fails for touchdowns in infinite time, simply
because the maximum principle cannot be applied in the infinite cylinder Q x (0, 00). ]

4.4 Estimates for finite touchdown times

In this section we give comparison results and explicit estimates on finite touchdown times of
dynamic deflections u = u{z,t). This often translates into useful information concerning the
speed of the operation for many MEMS devices such as RF switches or micro-valves.

4.4.1 Comparison results for finite touchdown time

We start by comparing the effect on finite touchdown time of two different but comparable
permittivity profiles f(z), at a given voltage A.

Theorem 4.4.1. Suppose u1 = ui(z,t) (resp., us = uz(z,t)) is a touchdown solution for
(4.1.1) associated to a fized voltage A and permittivity profiles fi (resp., fa) with a corresponding
finite touchdown time T\(Q, f1) (resp., T\(Q, f2)). If fi(z) > fa(z) on Q and if fi(z) > fa(x)
on a set of positive measure, then necessarily Th(Q, f1) < TA (%, f2).

Proof: By making a change of variable v = 1 —u, we can assume to be working with solutions
of the following equation:

ov _ Af(z)

5 Av = 2 for ze€Q, (4.4.1a)
v(z,t) =1 for = €09, (4.4.1b)
v(z,0) =1 for z€Q, (4.4.1¢)

where f is either f; or fo. Suppose now that Th(£, f1) > Tx (£, f2) and let o C Q be the set
of touchdown points of us at finite time T3 (€2, f2). Setting w = ug — 43, we get that

_ Mbwi + fiwg) A1 - fo)

2,,2

wy — Aw
U UG Ui1u2

>0 (2,0)eQx (0,15 f).  (44.2)

Since w = 0 at t = 0 as well as on 30 x (0, T (€, f2)), we get from the maximum principle that w
cannot attain a negative minimum in Qx (0, 75 (€, f2)), and therefore w > 01in Q% (0, 75 (£, f2)).
Since ug — 0 in g as t — T (Q, f2), and since our assumption is that T\(, f1) > Ta(%, f2),
we then have u; > 0 in Qg as t — Tx(Q, f2). Therefore, w < 0 in Qp as t — T5(%, f2), which
is a contradiction and therefore Tx(£, f1) < Ta(Q, f2).

To prove the strict inequality, we note that the above proof shows that w > 0 in £ x
(0, 75(£, f2)), which once combined with (4.4.2) gives that

wy—Aw >0, in Qx(t1,TN(Q,f2)),
where t; > 0 is chosen so that w(z,t;) # 0 in Q. Now we compare w with the solution z of

2z—NAz=0 in Qx(t1,Ta(, f2))
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subject to z(z,t1) = w(z,t;) and z(z,t) = 0 on 9 x (t1,TA(Q, f2)). Clearly, w > z in
Q x (t1,T7(Q, f2)). On the other hand, for any to > ¢; we have z > 0 in Q x (to, TA(2, f2))-
Consequently, w > 0 which means that us > u3 in Q x (to, TA(€, f2)) and therefore T)(£, f1) <
T/\(Q) f?) L

The second comparison result deals with different applied voltages but identical permittivity
profiles.

Theorem 4.4.2. Suppose u; = uy(z,t) (resp., ug = uz(x,t)) is a solution for (4.1.1) associated
to a voltage Ay (resp., \2) and which has a finite touchdown time Tx,(Q, f) (resp., T, (2, f)).
If A1 > Ao then necessarily Th, (22, f) < T, (€, f).

Proof: It is similar to the proof of Theorem 4.4.1, except that for w = ug — w1, (4.4.2) is
replaced by

A1(ur +ug)f (M =) f

wy — Aw — B w= ) >0 (z,t)eQx(0,T).
The details are left for the interested reader. ]

Remark 4.4.1. A reasoning similar to the one found in Proposition 2.5 of [29], gives some
information on the dependence on the shape of the domain. Indeed, for any bounded domain
T in RY and any non-negative continuous function f on I, we have

)‘*(Fa f) Z A*(BR’ f*) and T)\(Fa f) Z T/\(BRv f*))

where Bg = Bg(0) is the Euclidean ball in RY with radius R > 0 and with volume |Bg| = |T,
where f* is the Schwarz symmetrization of f.

We now present numerical results comparing finite touchdown times in a slab domain.

(0. & = 8 with ditterent Hx) (B), I(x) = |2x] With difterent &

T~ ' A, =10

Figure 4.3: Left Figure: plots of u versus z for different f(z) at A = 8 and t = 0.185736. Right
Figure: plots of u versus = for different A with f(z) = |2z| and t = 0.1254864.

Figure 4.3(a): Dependence on the dielectric permittivity profiles f
We consider (4.3.1) for the cases where

|2z if |z| < %,

(4.4.3)
1/4 + 2sin(|z| — 1/8) otherwise.

fi(z) =12z and fo(z) = {
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Using N = 1000 meshpoints, we plot v versus z with A = 8 at the time ¢ = 0.185736 in Figure
4.3(a). The numerical results show that the finite touchdown time T)(f, f1) for the case fi(z)
and T)(, f2) for the case fa(z) are 0.185736 and 0.186688, respectively.

Figure 4.3(b): Dependence on the applied voltage A

Using N = 1000 meshpoints and the profile f(z) = |2z|, we plot u of (4.3.1) versus z with
different values of A at the time t = 0.1254864. The numerical results show that finite touch-
down time T}, (S, f) for applied voltage Ay = 10 and T),(, f) for applied voltage A\a = 8 are
0.1254864 and 0.185736, respectively.

4.4.2 Explicit bounds on touchdown times

We now establish claims 1), 3) and 4) in Theorem 1.3 of the introduction. Note that here
A1 > A* and Ay > A* are as in Theorem 2.1.1.

Proposition 4.4.3. Suppose f is a non-negative continuous function on a bounded domain
Q, and let  be a solution of (4.1.1) corresponding to a voltage A. Then, '

1. For any A > 0, we have T)\(Q, f) > T, := m.

2. Itinfq f >0, and if A > Xy 1= grmed e, then

oy
D@7 < T [ PRl

~lds. (4.4.4)

3. If f > 0 on a set of positive measure, and if A > g 1= Wﬁ%ﬁ’ then
Ty, f) < Top = ",T log [ / Fbodz) ™ (4.4.5)

Here p, and ¢,, are the first eigenpair of —A on H}(Q) with normalized [ ¢odz = 1.

Proof: 1) Consider the initial value problem:

dn(t) AM
dt — (1-=n@)?’ (4.4.6)
77(0) =0,
where M = sup,eq f(z). From (4.4.6) one has /\M f"(t) )2ds = t. If T, is the time

where lim;_,7, 7(t) = 1, then we have T\ = &7 fo (1 — s5)2ds = 3357. Obviously, 7(t) is now a
super-function of u(z,t) near touchdown, and thus we have

1 1
> * = = 3
=1 3AM  3)Asupgeq f(z)

which completes the proof of 1).
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The following analytic upper bounds of finite touchdown time T" were established in The-
orem 3.1 and 3.2 of [32].

2) Without loss of generality we assume that ¢, > 0 in Q. Multiplying (4.1.1a) by ¢,
and integrating over the domain, we obtain

/qﬁnud:c—/(j)ﬂAud + )(\f‘lfi)z) dr. (4.4.7)

Using Green’s theorem, together with the lower bound Cj of f, we get
i/qb udr > —p /qb ud:v+)\C’o/—¢‘l—daz. : (448)
dt Jo " T T 7" q(1—u)?
Next, we define an energy-like variable E(t) by E(t) = [, ¢qudz so that
E(t) = / poudr < supu/ ¢, dx =supu. (4.4.9)
Q Q Q Q

Moreover, E(0) = 0 since u = 0 at t = 0. Then, using Jensen’s inequality on the second term
on the right-hand side of (4.4.8), we obtain

dE ACo

— > — =0. 4.

B2 T E(0) =0 (4.4.10)
We then compare E(t) with the solution F(t) of

dF ACo

— F e ————— == . . .

7 T F = T F(0)=0 (4.4.11)

Standard comparison principles yield that E(t) > F(t) on their domains of existence. There-
fore,
supu > E(t) > F(t). (4.4.12)
Q

Next, we separate variables in (4.4.11) to determine ¢ in terms of F'. The touchdown time T
for F is obtained by setting F' = 1 in the resulting formula. In this way, we get

— 1 /\C() V -1
= e — ds. 4.4.13
= ) i ) (4413
The touchdown time T is finite when the 1ntegral in (4.4.13) converges. A simple calculation
shows that this occurs when A\ > A\; = 270 Hence if Ti is finite, then (4.4. 12) implies that
the touchdown time T of (4.1.1) must also be finite. Therefore, when A > A; = -2765?-, we have

that T satisfies
ACo

1
T<T) = —_—
= Tl /[; [(1 — 3)2 lu‘ﬂs]
(3) Multiply now (4.1.1a) by @, (1 —u)?, and integrate the resulting equation over § to get

~ds. (4.4.14)

4 [ %0 Pde=— )2 _
dt/n 3(1 u)® dz /9‘159(1 u)*Audz /ﬂ)\fd)nda:. (4.4.15)
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We calculate the first term on the right-hand side of (4.4.15) to get

d ¢n 3
& )o3 (1—uw)ydz | (4.4.16a)
= / Vu- Vg, (1~ u)2] dz + / (1 —u)2paVu - 1 dS — / A, dz (4.4.16b)
Q an Q
1
. / 21 — w)o, |Vul? de — / 1V, V[ - ) de - / Mo, do (4.4.16¢)
Q Q3 Q
1
< ——/ Vo, vds—Ea / (1 - u)3¢,, dz —/ Afé, dz, (4.4.16d)
3 Joq 3 Ja Q
where v is the unit outward normal to dQ. Since [, Vo, - vdS = —pu,, we further estimate
from (4.4.16d) that
dE Ko
S 4u,E<R, R=E2_)[ 5o, dz, (4.4.17)
dt 3 Q
where E(t) is defined by
1 . 1 '
E@t)=< [ ¢,(1 —uw)’dz, E@0)=. (4.4.18)
3 Ja 3
Next, we compare E(t) with the solution F(t) of
dF 1
Et-+uQF—R, F(0) =3 - (4.4.19)
Again, comparison principles and the definition of E yield
1
3 inf(1 - u)® < E(t) < F(t). (4.4.20)

For A > )\ we have that R < 0 in (4.4.17) and (4.4.19). For R < 0, we have that FF = 0 at
some finite time ¢t = T5. From (4.4.20), this implies that E = 0 at finite time. Thus, u has
touchdown at some finite-time T < T5. By calculating T5 explicitly, and by using (4.4.20), the
touchdown time T for (4.1.1) is found to satisfy

T<Thh= —Nilog [1- “—“(/qusn dz)™']. (4.4.21)

[ |
Remark 4.4.2. Tt follows from the above that if A > max {1, Az}, then
T S min {TO’)\,TL)\,TQ’)\} . (4.4.22)

where Tp » is given by Theorem 4.2.3. We note that the three estimates on the touchdown
times are not comparable. Indeed, it is clear that Tj y is the better estimate when A* < A <
min {5\1 ,5\2} since Ty, and Ty are not finite. On the other hand, our numerical simulations
show that Tp » can be much worse than the others, for A > max {A1, Az}
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Here are now some numerical estimates of touchdown times for several choices of the domain
2 given by (4.3.2) and the exponential profile f(z) satisfying

flz) = (@ -1/4) (exponential) ,

f(z) = e2l=*-1)

(slab) :
(unit disk) :

(4.4.23a)

(exponential) , (4.4.23b)

where o 2> 0.

[htb]

Q

T

T

To,»

1)

Ty 0

slab
slab
slab
slab
unit disk
unit disk
unit disk
unit disk

a
0
1.0
3.0
6.0
0
0.5
1.0
3.0

1760
1/60
1/60
1/60
1/60
1/60
1/60
1/60

0.01668
0.02096
0.03239
0.06312
0.01667
0.02241
0.02927
0.09563

0.2555
< 0.3383
< 0.6121
< 1.7033

0.2420
< 0.4103
< 0.7123
< 8.9847

0.0175
0.0229
0.0395

0.0973

0.0172
0.0289
0.0492
1.1614

0.01825
0.02275
0.03588
0.07544
0.01745
0.02507
0.03579
0.15544

Table 4.1: Computations for finite touchdown time T with the bounds T, Tox, T1,x and T3
given in Proposition 4.4.3. Here the applied voltage A = 20 and the profile is chosen as (4.4.23).

[htb)
0 [T =5)[T(A=10) | T(A =15) | (A = 20)
slab | 0.07495 | 0.03403 | 0.02239 | 0.01668
unit disk | 0.06699 0.03342 0.02235 0.01667

Table 4.2: Numerical values for finite touchdown time T at different applied voltages A = 5,
10, 15 and 20, respectively. Here the constant permittivity profile f(x) =1 is chosen.

In Table 2.1 of §2.2 we give numerical results for the saddle-node value \* with the bounds
A, A1 and X, given in Theorem 2.1.1, for the exponential permittivity profile chosen as (4.4.23).
Following the numerical results of Table 2.1 of §2.2, here we can compute in Table 4.1 the values
of finite touchdown time T at A\ = 20, with the bounds Ty, Tp x, T1,» and T3 » given in Theorem
4.2.3 and Proposition 4.4.3. Using the meshpoints N = 800 we compute finite touchdown time
T with error less than 0.00001. The numerical results in Table 4.1 show that the bounds 17
and T3 y for T are much better than Ty . Further the bound 71y is better than 75, for smaller
values of , and however the bound T ) is better than T ) for larger values of . In fact, for
a > 1 and X large enough we can deduce from (2.3.23) that
Here dy = 1/4, dy = 1/372 for the slab domain, and d; = 1, dp = 4/32§ for the unit disk, where
2o is the first zero of Jo(z) = 0. Therefore, for & > 1 and fixed A large enough, the bound T5,»

dia
)

1
Tin ~ 33e Ipx ~
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is better than Ty . Table 4.1 also shows that for fixed applied voltage A, the touchdown time
is seen to increase once « is increased or equivalently the spatial extent where f(z) < 1 is
increased. However, Theorem 4.4.2 tells us that for fixed permittivity profile f, by increasing
the applied voltage A within the available power supply, the touchdown time can be decreased
and consequently the operating speed of MEMS devices can be improved. In Table 4.2 we give
numerical values for finite touchdown time T with error less than 0.00001, at different applied
voltages A = 5, 10, 15 and 20, respectively. Here the constant permittivity profile f(z) =1is
chosen and the meshpoints N = 800 again.

4.5 Asymptotic analysis of touchdown profiles

In this section, we discuss touchdown profiles by the method of asymptotic analysis, which
provide some information on the refined touchdown rate studied in next Chapter.

4.5.1 Touchdown profile: f(z)=1

We first construct a local expansion of the solution near the touchdown time and touchdown
location by adapting the method of [45] used for blow-up behavior. In the analysis of this
subsection we assume that f(z) = 1 and touchdown occurs at £ =0 and ¢t = T'. In the absence
of diffusion, the time-dependent behavior of (4.1.1) is given by us = A(1 — u)~2. Integrating
this differential equation and setting u(T") = 1, we get (1 — u)® = —3A(t — T'). This solution
motivates the introduction of a new variable v(z,t) defined in terms of u(z,t) by

1

=51~ u)®. (4.5.1)

v

A simple calculation shows that (4.1.1) transforms exactly to the following problem for v:

2
v = Av— 3—U|Vv|2 -1, z€Q, (4.5.2a)
1 1
_ 1 S = — t=0. 4.5.
V=g €N, wv T t=20 (4.5.2b)

Notice that u = 1 maps to v = 0. We will find a formal power series solution to (4.5.2a) near
v=0.
As in [45] we look for a locally radially symmetric solution to (4.5.2) in the form

v(z,t) = vo(t) + gvz(t) + gv.‘i(t) +ooey (4.5.3)

where © = |z|]. We then substitute (4.5.3) into (4.5.2a) and collect coefficients in 7. In this -
way, we obtain the following coupled ordinary differential equations for vg and vs:

4 'U2+(_N_—+__2)

_ . 4.5.4
300 2 3 Vg ( 5.4)

! !
vg = =1+ Nuvg, vy =

We are interested in the solution to this system for which vo(T) = 0, with vz) <0and vy >0
for T —t > 0 with T — ¢t « 1. The system (4.5.4) has a closure problem in that v, depends
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on v4. However, we will assume that v4 < v% /vo near the singularity. With this assumption,
(4.5.4) reduces to
’ ! 4
vg=—1+ Nvg, Vg = ——3. (4.5.5)
3vo
We now solve the system (4.5.5) asymptotically ast — T~ in a similar manner as was done
in [45). We first assume that Nvy < 1 near t = T. This leads to vo ~ T'— ¢, and the following
differential equation for wvy: ’

’ "4 2

U2N3(T—t)v2’ ast—T7. (4.5.6)
By integrating (4.5.6), we obtain that
3 By

Vg ~ +---, ast—oT, (4.5.7)

“1leg@ —0)] [log(T - 1)]*

for some unknown constant Bg. From (4.5.7), we observe that the consistency condition that
Nuy <« 1 ast — T is indeed satisfied. Substituting (4.5.7) into the equation (4.5.5) for vy,
we obtain for ¢ — T~ that

3 N By
[log(T —1)] [log(T —¢)

vp=-1+N(- ]2+~->. (4.5.8)

Using the method of dominant balance, we look for a solution to (4.5.8) ast — T~ in the form

Co Ch
vo~ (T —t) + (T —t + 4], 4.5.9
o~ =0+ =95 * g ) (459)
for some Cp and C; to be found. A simple calculation yields that
—3N(T—t) —N(Bo—3/4)(T -t) _
~ (T — . t—T7. 4.5.1
W =0+ g =g T Mog@-oF T 0T (4510

The local form for v near touchdown is v ~ vg + r2vp/2. Using the leading term in vy from
(4.5.7) and the first two terms in vg from (4.5.10), we obtain the local form

3N 3r?
v (T=t)[1- Hog(T =0 " 8T —Dlee@ -9 3k (45.11)

for r < 1 and t — T <« 1. Finally, using the nonlinear mapping (4.5.1) relating u and v, we
conclude that

3N 3r2 _“)1/3.

1/3
w1 [T -] (1 iog(T—0)] " BT —DlogT -] T

(4.5.12)

We note, as in [45], that if we use the local behavior v ~ (T' —t) + 3r?/[8|log(T — t)|], we
get that '

1)2 —_ o _ 2,
EJI__N [%Ilog(T—t)I-{-w(T t)|log(T —t)| ] 1'

= (4.5.13)
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Hence, the term |Vv|?/v in (4.5.2a) is bounded for any r, even as t — T~. This allows us
to use a simple finite-difference scheme to compute numerical solutions to (4.5.2). With this
observation, we now perform a few numerical experiments on the transformed problem (4.5.2).
For the slab domain, we define i for j = 1,...,N + 2 to be the discrete approximation to
v(mAt, —1/2+(j—1)h), where h = 1/(N + 1) and At are the spatial and temporal mesh sizes,
respectively. A second order accurate in space, and first order accurate in time, discretization
of (4.5.2) is

(=2 o) (- v;"-l)2>

m+l _ . .m
o = o4 A h2 6urh2

j=2,...,N+1, (45.14)

-1 -1
with o[ = v, = (3)\) for m > 0. The initial condition is v? = (3/\) forj=1,...,N+2.

The time-step At is chosen to satisfy At < h2/4 for the stability of the discrete scheme. Using
this argument, one can compute numerical results of dynamic deflection u, see Figures 4143
of this Chapter.

4.5.2 Touchdown profile: variable permittivity

In this subsection we obtain some formal asymptotic results for touchdown behavior associated
with a spatially variable permittivity profile in a slab domain. Suppose u is a touchdown
solution of (4.1.1) at finite time T, and let z = x¢ be a touchdown point of u. With the

transformation 1

=—(1—u) 5.

v 3)\( u)”, (4.5.15)
the problem (4.1.1) for u in the slab domain transforms exactly to
2
vtzvm—é-;vg—f(x), ~-1/2<2<1/2, (4.5.16a)
1 1

= = : = — = 4.5.1

V=ay, T +1/2; V= gy t=0, (4.5.16b)

where f(z) is the permittivity profile.

In order to discuss the touchdown profile of u near (zo,T), we use the formal power series
method of §4.5.1 to locally construct a power series solution to (4.5.16) near touchdown point
1o and touchdown time 7'. For this purpose, we look for a touchdown profile for (4.5.16), near
T = xp, in the form

3

(z — zo)? (z — o) ualt) + (z — zo)*

2! 3! 4!

In order for v to be a touchdown profile, it is clear that we must require that

v(z,t) = vo(t) + va(t) + va(t) +--- . (4.5.17)

lir:lr} vp=0, wvo>0, for t<T; v;>0, for t—T<1. (4.5.18)
t—-T~

We first discuss the case where f(z) is analytic at z = o with f(zo) > 0. Therefore, for
z —xzp < 1, f(z) has the convergent power series expansion

fo (& — zo)?

45.1
e, (45.19)

F(&) = fo+ folz — zo) +
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where fo = f(zo), f(’) = f'(z¢), and f(;’ = f"(zo). Substituting (4.5.17) and (4.5.19) into
(4.5.16), we equate powers of z — xo to obtain

v =—fo+va, (4.5.20a)
' 4'1)2 "

vy = —5)% +va—fo, (4.5.20b)

vy = fo- (4.5.20c)

We now assume that v, < 1 and v4 < 1 as t — T'~. This yields that vo ~ fo(T —t}, and

UI _ 4'()% f// (4 5 21)
2 3f0(T _ t) 0 . . .
For t — T, we obtain from a simple dominant balance argument that
Ug ~ 3Jo +---, as t—T". (4.5.22)

_4[log(T —t)]
Substituting (4.5.22) into (4.5.20a), and integrating, we obtain that

—3f0(T — t)

v~ ol =0+ fiog(m )]

+--, as t—=T7, (4.5.23)
Next, we substitute (4.5.22), (4.5.23) and (4.5.20c) into (4.5.17), to obtain the local touchdown
behavior

3 3 + 3(z — z0)? folz = 20)®
4 log(T —t)|  8(T —t)|log(T —¢t)| = 6fo(T —1t)

v~ fo(T=1)[1 +oe], (a529)

for (x — z9) < 1 and t — T < 1. Finally, using the nonlinear mapping (4.5.15) relating v and
v, we conclude that :

B 3 + 3(z — z0)? folz — z0)® o )1/3
4log(T —t)| ~ 8(T —t)|log(T —t)| ~ 6fo(T 1) '

wnl— [BfoA(T—t)]l/3<1
(4.5.25)
Here fo = f(z0) and fé = f (z0).

In the following, we exclude the possibility of f(zo) = 0 by using a formal power series
analysis. We discuss the case where f(z) is analytic at « = o, with f(zo) = 0 and f (o) =0,
so that f(z) = fo(z — z0)? + O((z — z0)®) as © — xp with fo > 0. We then look for a power
series solution to (4.5.16) as in (4.5.17). In place of (4.5.20) for v3, we get v3 = 0, and

4v2 '
vo=va, U= —-3:’)—§ +va—2fo. (4.5.26)

Assuming that v4 < 1 as before, we can combine the equations in (4.5.26) to get

—2fo. (4.5.27)
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By solving (4.5.27) with vg(T") = 0, we obtain the exact solution

_31_J;o(T_t)z <0, wm=r_y. (4.5.28)

vo = 11

Since the criteria (4.5.18) are not satisfied, the form (4.5.28) does not represent a touchdown
profile centered at z = zo. Therefore, the above asymptotical analysis also shows that the
point T = zo satisfying f(zo) = 0 is not a touchdown point- of u.

4.6 Pull-in distance

One of the primary goals in the design of MEMS devices is to maximize the pull-in distance
over a certain allowable voltage range that is set by the power supply. Here pull-in distance
refers to as the maximum stable deflection of the elastic membrane before touchdown occurs.
In this section, we provide numerical results of pull-in distance with some explicit examples,
from which one can observe that both larger pull-in distance and pull-in voltage can be achieved
by properly tailoring the permittivity profile.

Following from [32], we focus on the dynamic solution u satisfying

ou M=)
5 Ay = e for z€Q, (4.6.1a)
u(z,t)=0 for z€dR; u(z,0)=0 for z€Q, (4.6.1b)

One can apply Theorem 4.1.1 that for A < A*, the dynamic solution u(z,t) of (4.6.1) globally
converges to its unique maximal negative steady-state ux(z). On the other hand, Theorem
2.1.2 implies that the unique maximal negative steady-state uy(z) is strictly increasing in A.
Therefore, we can deduce that pull-in distance of (4.6.1) is achieved exactly at A = A*. Since
the space dimension N of MEMS devices is 1 or 2, Theorems 2.1.2 & 4.1.1 give that the pull-in
distance D of MEMS devices exactly satisfies

D= lim || w'(,8) o=l (@) L@ < C(N) <1, N=1,2, (4.6.2)

where u*(x, ) is the unique global solution of (4.6.1) at A = X*, and while u*(z) is the unique
extremal steady-state of (4.6.1).

In order to understand the relationship between pull-in distance D and permittivity profile
f(z), we first consider the steady-state of (4.6.1) satisfying

Au = (I\i(z))z in Q,
_1<u<0 inQ (4.6.3)
uw=0 on 0%,

where the domain Q is considered to be a slab or an unit disk defined by (4.3.2). Here we still
choose the following permittivity profile f{z) as before: :

slab:  f(z) =|2z|* (power-law); f(z)= e(@*=1/4)  (exponential), (4.6.4a)
unit disk :  f(z) = |z|* (power-law); f(z)= e(==1)  (exponential) (4.6.4b)
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(a). Exponential Profiles: (b). Power-Law Profiles:
Q o A* Q «a A*
slab 0 1.401 slab 0 | 1.401
slab 3 | 2.637 slab 1| 4.388
slab 6 | 4.848 slab 3 | 15.189
slab 10 | 10.40 slab 6 | 43.087
unit disk | 0 0.789 unit disk | 0 | 0.789
unit disk | 3 6.096 unit disk | 1 | 1.775
unit disk | 4.8 | 15.114 unit disk | 5 | 9.676
unit disk | 5.6 | 20.942 unit disk | 20 | 95.66

Table 4.3: Numerical values for pull-in voltage \*: Table (a) corresponds to exponential profiles,
while Table (b) corresponds to power-law profiles.

\

0.45
0.43
0.41

|r(O)}

0.39
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Figure 4.4: Plots of the pull-in distance |u(0)| = |u*(0)| versus a for the power-law profile
(heavy solid curve) and the ezponential profile (solid curve). Left figure: the slab domain.
Right figure: the unit disk. :

with a > 0. For above choices of domain §2 and profile f(z), since the extremal solution u*(z)
of (4.6.3) is unique, Lemma 2.6.1 shows that u*(z) must be radially symmetric. Therefore, the
pull-in distance D of (4.6.3) satisfies D = |u*(0)].

As in §2.2, using Newton’s method and COLSYS {2] to solve the boundary value problem
(4.6.3), we first numerically calculate A\* of (4.6.3) as the saddle-node point. We give numerical
values of A* in Table 4.3(a) for exponential profiles and in Table 4.3(b) for power-law profiles,
respectively. For the slab domain, in Figure 4.4(a) we plot D = |u(0)| = |u*(0)| versus « for
both the power-law and the exponential conductivity profile f(z) in the slab domain, which
show that the pull-in distance D can be increased by increasing the value of a (and hence by
increasing the range of f(z) < 1). A similar plot of D = |u(0)| = |u*(0)| versus « is shown
in Figure 4.4(b) for the unit disk. For the power-law profile in the unit disk we observe that

|u(0)] = 0.444 for any @ > 0. Therefore, rather curiously, the power-law profile does not
increase the pull-in distance for the unit disk. For the exponential profile we observe from
. Figure 4.4(b) that the pull-in distance is not a monotonic function of o. The maximum value
occurs at o ~ 4.8 where \* ~ 15.11 (see Figure 2.1(b)) and D = |u(0)| = 0.485. For a = 0,
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we have \* ~ 0.789 and |u(0)| = 0.444. Therefore, since A* is proportional to V2 (cf. §1.1.2)
we conclude that the exponential permittivity profile for the unit disk can increase the pull-in
distance by roughly 9% if the voltage is increased by roughly a factor of four.

00 y T . T y 0.0 i : . .
-0l 5 -01 i
—02} 1 02 |

" u
~03} | o |
—0af ] y |

T e e e
N TITU IR C AU
-5 L L 1 1 _o.p b X , )
0.0 0.2 0.4 0.6 08 10 0.0 0.2 0.4 0.6 0.8 0
e e

Figure 4.5: Left figure: plots of u versus |z| at A= A* fora=0,a=1,a=3, anda =10, in
the unit disk for the power-law profile. Right figure: plots of u versus |z| at A = A* for a =0,
a =2, a=4, and o = 10, in the unit disk for the exponential profile. In both figures the
solution develops a boundary-layer structure near |z| =1 as « is increased.

For the unit disk, in Figure 4.5(a) we plot u versus |z] at A = X\* with four values of a for
the power-law profile. Notice that u(0) is the same for each of these values of o. A similar
plot is shown in Figure 4.5(b) for the exponential permittivity profile. From these figures, we
observe that « has a boundary-layer structure when « > 1. In this limit, f(z) < 1 except in a
narrow zone near the boundary of the domain. For o > 1 the pull-in distance D = |u(0)| also
reaches some limiting value (see Figure 4.4 & 4.5). For the slab domain with an exponential
permittivity profile, we remark that the limiting asymptotic behavior of |u(0)| for o > 1 is
beyond the range shown in Figure 4.4(a).

0.4 T T T T

03 .

0.1} .

0.0 1 1 1 L
0.00 0.05 0.10 0.15 0.20 0.25

Ao

Figure 4.6: Bifurcation diagram of w'(0) = —v versus Ao from the numerical solution of (4.6.6).

For o > 1, we now use a boundary-layer analysis to determine a scaling law of A* for both
types of permittivity profiles and for either a slab domain or the unit disk. We illustrate the
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analysis for a power-law permittivity profile in the unit disk. For o > 1, there is an outer
region defined by 0 < r < 1—0(a™!), and an inner region where 7 —1 = O(1/a). In the outer
region, where Ar* < 1, (4.6.3) reduces asymptotically to Au = 0. Therefore, the leading-order
outer solution is a constant u = A. In the inner region, we introduce new variables w and p by

w(p) =u(l-p/a), p=call-71). (4.6.5)
Substituting (4.6.5) into (4.6.3) with f(r) = r®, using the limiting behavior (1 — p/a)* — e?
as o — 00, and defining A = a?)\g, we obtain the leading-order boundary-layer problem
"o )\oe"’
T (1 +w)?’

/

0<p<oo; w0)=0, w(o)=0, A=aX. (4.6.6)

In terms of the solution to (4.6.6), the leading-order outer solution is u = 4 = w(00).
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Figure 4.7: Comparison of numerically computed X\* (heavy solid curve) with the asymptotic
result (dotted curve) from (4.6.7) for the unit disk. Left figure: the exponential profile. Right
figure: the power-law profile.

We define y by w'(0) = — for v > 0, and we solve (4.6.6) numerically using COLSYS [2] to
determine A\p = Ag(y). In Figure 4.6 we plot Ag(y) and show that this curve has a saddle-node
point at Ao = A} = 0.1973. At this value, we compute w(oco) = 0.445, which sets the limiting
membrane deflection for @ > 1. Therefore, (4.6.6) shows that for a > 1, the saddle-node
value has the scaling law behavior \* ~ 0.1973a? for a power-law profile in the unit disk. A
similar boundary-layer analysis can be done to determine the scaling law of \* when o > 1
for. other cases. In each case we can relate A* to the saddle-node value of the boundary-layer
problem (4.6.6). In this way, for a > 1, we obtain

2

A~ 4(0.1973)a?, g~ fl%—, (power-law, slab), (exponential, unit disk), (4.6.7a)

2
A~ (0.1973)a?, g~ * . (power-law, unit disk), (exponential, slab), (4.6.7b)

3
Notice that Ay = O(a?), with a factor that is about 5/3 times as large as the multiplier of o?
in the asymptotic formula for A*. In Figure 4.7, we compare the computed A* as a saddle-node
point with the asymptotic result of A* from (4.6.7).
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Next we present a few of numerical results for pull-in distance of dynamic problem (4.3.1)
by applying the implicit Crank-Nicholson scheme again. Here we always consider the domain
and the profile defined by (4.3.2) and (4.6.4), respectively. We choose the meshpoints N = 4000
and the applied voltage A = A* given in Table 4.3:

Figure 4.8: Case of exponential profiles

We consider pull-in distance of (4.3.1) for exponential profiles in the slab or unit disk domain.
In Figure 4.8(a) we plot u versus z at the time ¢ = 80 in the slab domain, with a = 0 (solid
line), o = 3 (dashed line), @ = 6 (dotted line) and o = 10 (dash-dot line), respectively. This
figure and Figure 4.4(a) show that pull-in distance is increasing in . In Figure 4.8(b) we
plot u versus |z| at the time ¢ = 80 in the unit disk domain, with oo = 0 (dash-dot line),
a'= 3 (dashed line), o = 4.8 (dotted line) and a = 5.6 (solid line), respectively. In this figure
we observe that the solution develops a boundary-layer structure near the boundary of the
domain as o is increased, and pull-in distance is not a monotonic function of .. Actually from
Figure 4.4(b) we know that pull-in distance is first increasing and then decreasing in . The
maximum value of pull-in distance occurs at a =~ 4.8 and A\* =~ 15.114.

(a). Siab Domain (). U Disk Domain

ullx}, 80)

© 0z 0.4 0.8 0.8 1

Figure 4.8: Left figure: plots of u versus x at A = A* in the slab domain. Right figure: plots
of u versus |z| at A = A* in the unit disk domain.

Figure 4.9: Case of power-law profiles
We consider pull-in distance of the membrane for power-law profiles in the slab or unit disk
domain. In Figure 4.9(a) we plot u versus z at the time ¢ = 80 in the slab domain, with o =0
(solid line), o = 1 (dashed line), & = 3 (dash-dot line) and o = 6 (dotted line), respectively.
This figure and Figure 4.4(a) show that pull-in distance is increasing in . In Figure 4.9(b) we
plot u versus |z} at the time ¢ = 80 in the unit disk domain, with o = 0 (dotted line), a =1
(dash-dot line), @ = 5 (dashed line) and a = 20 (solid line), respectively. For the power-law
profiles in the unit disk domain, we observe that pull-in distance is a constant for any o > 0.
Therefore, with Figure 4.4(b), it is rather curious that power-law profile does not change pull-
in distance in the unit disk domain. In both figures, the solution develops a boundary-layer
structure near the boundary of the domain as « in increased.

Since one of the primary goals of MEMS design is to maximize the pull-in distance over
a certain allowable voltage range that is set by the power supply, it would be interesting to
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(8). Biab Domain
°

(B), Unit Disk Domain
°

-2}

uibxl. 80)

-3}

02

04 0.8

Figure 4.9: Left figure: plots of u versus  at A = A* in the slab domain. Right figure: plots
of u versus |z| at A = A* in the unit disk domain.

formulate an optimization problem that computes a dielectric permittivity f(z) that maximizes
the pull-in distance for a prescribed range of the saddle-node threshold A*.
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Chapter 5

Refined Touchdown Behavior

5.1 Introduction

In this Chapter, we continue the study of dynamic solutions of (1.2.30) in the form

ug — Au = _)\];(211) for =€, (5.1.1a)
u(z,t) =1 for x €09, (5.1.1b)
u(z,0) =1 for z€Q, (6.1.1c)

where the permittivity profile f(z) is allowed to vanish somewhere, and will be assumed to
satisfy _
f e Q) for some a € (0,1],0< f <1 and

f > 0 on a subset of 2 of positive measure. (5.1.2)

We focus on the case where a unique solution u of (5.1.1) must touchdown at finite time
T =T()\Q, f) in the sense

Definition 5.1.1. A solution u(z,t) of (5.1.1) is said to touchdown at finite time T =
T(X,Q, f) if the minimum value of u reaches 0 at the time T < oo.

We shall give a refined description of finite-time touchdown behavior for u satisfying (5.1.1),
including some touchdown estimates, touchdown rates, as well as some information on the
properties of touchdown set —such as compactness, location and shape.

This Chapter is organized as follows. The purpose of §5.2 is mainly to derive some a priori
estimates of touchdown profiles under the assumption that touchdown set of u is a compact
subset of Q. In §5.2.1, we establish the following lower bound estimate of touchdown profiles.

Theorem 5.1.1. Assume f satisfies (5.1.2) on a bounded domain S, and suppose u is a
touchdown solution of (5.1.1) at finite time T. If touchdown set of u is a compact subset of €,
then

1. any point a € Q satisfying f(a) = 0 is not a touchdown point for u(z,t);
2. there exists a bounded positive constant M such that

M(T-t)% <u(z,t) in Qx(0,T). (5.1.3)

Note that whether the compactness of touchdown set holds for any f(z) satisfying (5.1.2) is a
quite challenging problem. We shall prove in Proposition 5.2.1 of §5.2 that the compactness of
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touchdown set holds for the case where the domain 2 is convex and f(z) satisfies the additional
condition
%5 <0 on Qf:={z€Q: dist(x,00) < 6} for some § > 0. (5.1.4)

Here v is the outward unit norm vector to Q. On the other hand, when f(z) does not satisfy
(5.1.4), the compactness of touchdown set is numerically observed, see Chapter 4 or §5.4.
Therefore, it is our conjecture that under the convexity of §2, the compactness of touchdown
set may hold for any f(z) satisfying (5.1.2). In §5.2.2 we estimate the derivatives of touchdown
solution u, see Lemma 5.2.4; and as a byproduct, an integral estimate is also given in §5.2.2,
see Theorem 5.2.5.

Motivated by Theorem 5.1.1, the key point of studying touchdown profiles is a similarity
variable transformation of (5.1.1). For the touchdown solution u = u(z,t) of (5.1.1) at finite
time T', we use the associated similarity variables

r—a

—, s=—log(T—1), Wz, t) = (T — t)3we(y, 5), (5.1.5)

y:

where a is any interior point of Q. Then wa(y, s) is defined in W, := {(y,s) : a + ye™%/2 €
Q,s > s = —logT}, and it solves

Mof(a+ye?)

=0
w2 !

1
p(wa)s -V. (pvwa) - §p1”a +
where p(y) = e~WI*/4. Here w,(y, s) is always strictly positive in W,. The slice of W, at a
given time s! is denoted by Qu(s!) := W, N {s = s'} = %' /2(Q — a). Then for any interior
point a of §, there exists sp = so(a) > 0 such that B, := {y: |y| < s} C Qa(s) for s > s0. We
now introduce the frozen energy functional

Bufuwal(s) = %/B prwalzdy—%/B pwﬁdy—/ Aof(a) (5.1.6)

Wq
By estimating the energy Es[w,](s) in Bs, one can establish the following upper bound estimate.

Theorem 5.1.2. Assume f satisfies (5.1.2) on a bounded domain 2 in RY, suppose u is
a touchdown solution of (5.1.1) at finite time T and we(y,s) is defined by (5.1.5). Assume
touchdown set of u is a compact subset of Q. If we(y,s) — oo as s — oo uniformly for
ly| < C, where C is any positive constant, then a is not a touchdown point for u.

Based on a prior estimates of §5.2, we shall establish refined touchdown profiles in §5.3,
where self-similar method and center manifold analysis will be applied. Here is the statement
of refined touchdown profiles:

Theorem 5.1.3. Assume f satisfies (5.1.2) on a bounded domain Q in RY, and suppose u
is a touchdown solution of (5.1.1) at finite time T. Assume touchdown set of u is a compact
subset of Q, then,

1. If N =1 and z = a is a touchdown point of u, then we have

W=

lim u(z,t)(T —t)73 = (3)\f(a)) (5.1.7)

t—=T—
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uniformly on |z — a| < Cv/T —t for any bounded constant C. Moveover, whent — T,

1 + lz — al?
4llog(T —t)] ~ 8(T —t)|log(T —t)|

u~[3)\f(a)(T—t)]1/3(1— +) N=1.

(5.1.8)

2. IfQ = Bgr(0) C RY is a bounded ball with N > 2, and f(r) = f(|z|) is radially symmetric.
Suppose r = 0 is a touchdown point of u, then we have

1
3

Jim a(r, (T ~ £)75 = (3A£(0)) (5.1.9)

uniformly on r < CVT —t for any bounded constant C. Moveover, whent — T,

1 r2
A Toa(T —0)] T AT —)log(T —1)]

u ~ [BAF(0)(T — t))*/3 (1 +) N=2,

(5.1.10)

Note that the uniqueness of solutions for (5.1.1) gives the radial symmetry of v in Theorem
5.1.3(2). When dimension N > 2, it should remark from Theorem 5.1.3(2) that we are only
able to discuss the refined touchdown profiles for special touchdown point = 0 in the radial
situation, and it seems unknown for the general case.

Adapting various analytical and numerical techniques, §5.4 will be focused on the set of
touchdown points. This may provide useful information on the design of MEMS devices. In
§5.4.1 we discuss the radially symmetric case of (5.1.1) as follows:

Theorem 5.1.4. Assume f(r) = f(|z|) satisfies (5.1.2) and f'(r) < 0 in a bounded ball
Bgr(0) € RN with N > 1, and suppose u is a touchdown solution of (5.1.1) at finite time T.
Then, r = 0 is the unique touchdown point of u.

Remark 5.1.1. Assume f(r) = f(|z|) satisfies (5.1.2) and f'(r) < 0 in a bounded ball Br(0) C
RY with N > 1. Together with Proposition 5.2.1 below, Theorems 5.1.1 and 5.1.4 show an
interesting phenomenon: finite-time touchdown point is not the zero point of f(z), but the
maximum value point of f(z).

Remark 5.1.2. Numerical simulations in §5.4.1 show that the assumption f'(r) < 0 in Theorem
5.1.4 is sufficient, but not necessary. This gives that Theorem 5.1.3(2) does hold for a larger
class of profiles f(r) = f(|z|).

For one dimensional case, Theorem 5.1.4 already implies that touchdown points must be
unique when permittivity profile f(z) is uniform. In §5.4.2 we further discuss one dimensional
case of (5.1.1) for varying profile f(zx), where numerical simulations show that touchdown
points may be composed of finite points or finite compact subsets of the domain.

5.2 A priori estimates of touchdown behavior

Under the assumption that touchdown set of u is a compact subset of €, in this section we study
some a priori estimates of touchdown behavior, and establish the claims in Theorems 5.1.1 and
5.1.2. In §5.2.1 we establish a lower bound estimate, from which we complete the proof of
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Theorem 5.1.1. Using the lower bound estimate, in §5.2.2 we shall prove some estimates for
the derivatives of touchdown solution u, and an integration estimate will be also obtained as a
byproduct. In §5.2.3 we shall study the upper bound estimate by energy methods, which gives
Theorem 5.1.2.
We first prove the following compactness result for a large class of profiles f(z) satisfying
(5.1.2) and
%‘é <0 on Qf:={ze€N: dist(z,00) < §} for some ¢ > 0. (5.2.1)

Proposition 5.2.1. Assume f satisfies (5.1.2) and (5.2.1) on a bounded conver domain {2,
and suppose u is a touchdown solution of (5.1.1) at finite time T. Then, the set of touchdown
points for u is a compact subset of ).

Proof: We prove Proposition 5.2.1 by adapting moving plane method from Theorem 3.3 in

[27], where it is used to deal with blow-up problems. Take any point yo € 0f2, and assume for

simplicity that g = 0 and that the half space {z1 > 0} (z = (z1,2')) is tangent to  at yo. Let

QF = Qn{z; > a} where a < 0 and || is small, and also define Q} = {(x1,2') : 2a—z1,2') €

01}, the reflection of 0} with respect to the plane {z; = a}, where z’ = (2, - ,Zn)-
Consider the function

w(z,t) = u(2a — z1,2',t) — u(z1,2',t)
for z € Q, then w satisfies

Mu(z1, 7', t) + u(2a — 21,2, 1)) f(2)
w.
u?(zy, 2, t)u? (20 — 21,2, t)

wt——Aw=

‘Tt is clear that w = 0 on {z; = a}. Since u(z,t) = 1 along 9 and since the maximum principle
gives u; < 0 for 0 < t < T, we may choose a small tg > 0 such that

Ou(zx, to)

5 >0 along 069, (5.2.2)

where v is the outward unit norm vector to 8S2. Then for sufficiently small |a], (5.2.2) implies
that w(z, to) > 0in Q and also w = 1—u(z1,z',t) > 0 on (8Q; N{z1 < a})x(to, T). Applying

the maximal principle we now conclude that w > 0 in Q x (to,T) and Bazﬂl = ——23‘% < 0 on
{z1 = a}. Since « is arbitrary, it follows by varying o that
3u +
87 >0, (:E,t) € an X (to,T) (523)
1

provided |ag| = |ao(to)| > 0 is sufficiently small.
Fix 0 < |ag| < d, where § is as in (5.2.1), we now consider the function

J=1uy —e(z1 —ap) in QF x (6, T),
where €1 = e1(ao,t0) > 0 is a constant to be determined later. The direct calculations show
that

2)\f M. 2\ f A Of Ov :
Ji— AT = ey — ugl = U T 25, e >0 in QF x(t,T) (5.2.4)
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due to (5.2.1). Therefore, J can not attain negative minimum in Qf x (to, T). Next, J >0 on
{z1 = ap} by (5.2.3). Since (5.2.2) gives a—“éilﬂz > C > 0 along (092t N Q) for some C > 0,
we have J > 0 on {t = tg} provided &, = &1(ap,to) > 0 is sufficiently small. We now claim
that for small £; > 0,

J>0 on (0Qf NOQ) x (t,T). (5.2.5)

To prove (5.2.5), we compare the solution U := 1 — u satisfying

U, — AU = (TAf_—(i"U-))E (z,t) € Q x (o, T),

U(z,to) =1 —u(z,to); Uz, t)=0 z&df
with the solution v of the heat equation
v = Av, ((L‘,t)EQX(to,T),

where 0 < v(z,t9) = U(z,t0) < 1 and v = 0 on Q. Then we have U > v in & x (to,T).
Consequently, '

Z—(If S%ﬁ- <-Cp <0 on (6920 N 39) X (to,T),
and hence % >Cg>0o0n (3Q¢‘1"0089)x (o, T). It then follows that J > CO%—al(Il—ao) >0
provided &; = &1 (av, to) is small enough, which gives (5.2.5).
The maximum principle now yields that there exists €1 = £1(ap, tg) > 0 so small that J > 0
in QF x (to,T), .e.,
Ugy 2 51(3:1 - aO)v (526)

ifz’ = 0and ag < 71 < 0. Integrating (5.2.6) with respect to 1 on [ap, ¥1], where ap < y1 < 0,
yields that
€
u(yl) Oa t) - U(ao,O,t) Z Ellyl - a0]2'

It follows that
lim, ,pu(0,t) = lim, - lir% u(yy,0,t) > e103/2 > 0,
y1—0"

which shows that yo = 0 can not be a touchdown point of u(z,t).

The proof of (5.2.3) can be slightly modified to show that ‘?T’; > 0in QF x (t,T) for any
direction v close enough to the z;-direction. Together with (5.2.1), this enables us to deduce
that any point in {z’ = 0,09 < z1 < 0} can not be a touchdown point. Since above proof
shows that ag can be chosen independently of initial point yo on 89, by varying yo along 02
we deduce that there is an Q—Neighborhood ' of 6Q such that each point z € ' can not be

a touchdown point. This completes the proof of Proposition 5.2.1. ]

Remark 5.2.1. When f(z) does not satisfy (5.2.1), the compactness of touchdown set is nu-
merically observed, see numerical simulations in Chapter 4 or in §5.4 of the present paper.
Therefore, it is our conjecture that under the convexity of 2, the compactness of touchdown
set may hold for any f(z) satisfying (5.1.2).

111



Chapter 5. Refined Touchdown Behavior

5.2.1 Lower bound estimate

Define for n > 0,
Q,:={z € Q: dist(z,0Q) >n}, Q:={xecQ: dist(z,00Q) <n}. (6.2.7)

Since touchdown set of u is assumed to be a compact subset of £2, in the rest of this section
we may choose a small 7 > 0 such that any touchdown point of » must lie in ©,. Our first
aim of this subsection is to prove that any point zgp € Q,, satisfying f(zo) = 0 can not be a
touchdown point of u at finite time T, which then leads to the following proposition.

Proposition 5.2.2. Assume f satisfies (5.1.2) on a bounded domain 2, and suppose u(z,t)
is a touchdown solution of (5.1.1) at finite time T'. If touchdown set of u is a compact subset
of Q, then any point Ty € Q satisfying f(xo) = 0 cannot be a touchdown point of u(z,t).

Proof: Since touchdown set of u is assumed to be a compact subset of €, it now suffices to
discuss the point zo lying in the interior domain €, for some small n > 0, such that there is
no touchdown point on 7.

For any t; < T, we first recall that the maximum principle gives u; < 0 for all (z,t) €
Q x (0,t1). Further, the boundary point lemma shows that the outward normal derivative
of v = u; on 89 is positive for ¢ > 0. This implies that for taking small 0 < tg < T, there
exists a positive constant C' = C(to,n) such that u(z,to) < —C < 0 for all z € Q. For any
0 <ty < t; < T, we next claim that there exists £ = €(to,t1,7) > 0 such that

Tz, t) = u + % <0 forall (z,t) € Qy x (to,t1). (5.2.8)

Indeed, it is now clear that there exists C;, = Cy(to,t1,7) > 0 such that u(x,t) < —C; on the
parabolic boundary of Q, x (fo,¢1). And further, we can choose € = €(to,t1,7) > 0 so small
that J¢ < 0 on the parabolic boundary of Q, x (to,t1), due to the local boundedness of ;lg on
0Qy x (to,t1). Also, direct calculations imply that '
JE— AJE = %Jf _ ___—6612“12 < 2 ge
u

u ud

Now (5.2.8) follows again from the maximum principle.
Combining (5.2.8) and (5.1.1) we deduce that for a small neighborhood B of zo where
M(z) <€/2is in B C Q,, we have for v:=1—u,

1

3
> -
A1’—2(1~v)2’

(z,t) € B x (to,tl) .

Now Proposition 5.2.2 is a direct result of Lemma 4.3.2, since t; < T is arbitrary. ‘ ]

Proof of Theorem 5.1.1: In view of Proposition 5.2.2, it now needs only to prove the lower
bound estimate (5.1.3).

Given any small > 0, applying the same argument used for (5.2.8) yields that for any
0 < tg < t; < T, there exists € = &(to,t1,7) > 0 such that

£
U < 2 in Qn X (to,tl).
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This inequality shows that u; — —oo0 as u touchdown, and there exists M > 0 such that
M(T - t)3 <u(z,t) in Q,x(0,T) (5.2.9)

" due to the arbitrary of ty and ¢;, where M) depends only on A, f and n. Furthermore, one can
obtain (5.1.3) because of the boundedness of u on €27., and the theorem is proved. n

5.2.2 Gradient estimates

As a preliminary of next section, it is now important to know a priori estimates for the
derivatives of touchdown solution u, which are the contents of this subsection. Following the
analysis in [27], our first lemma is about the derivatives of first order without the compactness
assumption of touchdown set.

Lemma 5.2.3. Assume f satisfies (5.1.2) on a bounded convex domain 0, and suppose u is a
touchdown solution of (5.1.1) at finite time T. Then for any 0 < to < T, there exists a bounded
constant C > 0 such that

4WM§ in Qx(0,t), (5.2.10)

|¢|C)
ﬁlQ

where u = u(to) = mingeq u(z,t), and C depends only on X\, f and Q.

Proof: Fix any 0 < tg < T and treat u(to) as a fixed constant. Let w = « —u, then w satisfies

__ M@
_Aw__(w—l—g)z Q x (0,t0),
w=1l-u in 99 x (0,to),
w(z,0)=1—uy in Q.
We introduce the functi
e introduce the function P_1|Vw|2+ ¢ ¢ 211
T2 wt+uy u’ -
where the bounded constant C > 2Asup_cq f will be determined later. Then we have
CAf(z) AVf(@)Vw 2(Af(z)— le2
_AP= -
h wrw  (wrw? (w+u)? 1]2:1 i
N
ACsupgeq f . —2AVw|?sup,eq f + A Vw|sup,eq [V /] 2
< - 2 (5.2,
S Twrwt T (w P ;él vy (B212)
N
MCsupgeq f+C1) Z )
(w+u)? =l
where C : —S—ug—p:fp‘:lZ—ffl) > 0 is bounded. Since (5.2.11) gives
N c N .
2
; (Pi + m‘)—z Z: wjwij) 2 < |V ;1 wz] ! (5.2.13)
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we now take

ASUp,eq S7E+ 4
C = max {2)\ sup f, SUPseq f + AV/(sUpreq £)? + 4C1 } > 2Asup f
zeN 2 €S

so that C? > A(C'supgeq f + C1), where C clearly depends only on A, f and Q. From the
choice of C, a combination of (5.2.12) and (5.2.13) gives that

P,—AP<b -VP,

where b = —|Vw|~3(VP + g—fﬁ‘fg) is a locally bounded when Vw # 0. Therefore, P can only
attain positive maximum either at the point where Vw = 0, or on the parabolic boundary of
Q x (0,t0). But when Vw = 0, we have P <0.

On the initial boundary, P = % -~ -2— < 0. Let (y, s) be any point on 9Q x (0, tp), if we

U
can prove that

oP

it then follows from the maximum principle that P < 0 in Q x (0,%5). And therefore, the
assertion (5.2.10) is reduced from (5.2.11) together with w = u — u.
To prove (5.2.14), we recall the fact that since w = const. on 9Q (for t = s), we have

Aw = w,, + (N - 1)’“”1/ at (yv S) y

where « is the non-negative mean curvature of 99 at y. It then follows that

oP Cw, Af(z)
i -V < _ —_ AL Sl
5 Wy, Wy Wk S w, [Aw (N — 1)kw, w+ E)Z]
= w,[w; — (N — 1)kw,] = —(N — 1)kw? <0
at (y, s), and we are done. a

The following lemma is dealt with the derivatives of higher order, and the idea of its proof
is similar to Proposition 1 of [35].

Lemma 5.2.4. Assume f satisfies (5.1.2) on a bounded domain Q, and suppose u is a touch-
down solution of (5.1.1) at finite time T. Assume touchdown set of u is a compact subset of
Q, and z = a is any point of Q, for some small n > 0. Then there exists a positive constant
M’ such that .
|V™u(z, )|(T —t)"3t2 <M, m=1,2 (5.2.15)

‘holds for |z —a| < R.
Proof: It suffices to consider the case a = 0 by translation, and we may focus on %R2 <rt<
R? and denote @, = B, x (T[1 — (%)%, T).

Our first task is to show that |Vu| and |V2u| are uniformly bounded on compact subsets of

Qr. Indeed, since f(z)/u? is bounded on any compact subset D of Qr, standard L? estimates
for heat equations (cf. [47]) gives

//(|V2u|”+|ut|p)dzdt<0, 1<p<oo.
D
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Choosing p to be large enough, we then conclude from Sobolev’s inequality that f(z)/u? is
Hélder continuous on D. Therefore, Schauder’s estimates for heat equations (cf. [47]) show
that |Vu| and |V2u| are uniformly bounded on compact subsets of D. In particular, there
exists My such that

|Vu| + |V2u| < My for (z,t) € By x (T[1 - (%)2],T[1 - %(1 - %)2]) , (5.2.16)
where M depends only on R, N and M given in (5.1.3).
We next prove (5.2.15) for |z| < r and T[1 — 3(1 — %)?] <t < T. Fix such a point (z,1),

let = (2(T - t)]% and consider

v(z,7) = ;f%u(x + uz, T — pX(T ~ 7). (5.2.17)

For above given point (z,t), we now define O := {z: (z+ uz) € Q} and g(z) := f(x+pz) >0
on O. One can verify that v(z,7) is a solution of
Ag(2)
v? .
v(2,0) =wvo(2) >0; vz, 7)=p"3 2€00,

’U-,-'“Az'l):"‘ ZEO,

(5.2.18)

where A, denotes the Laplacian operator with respect to z, and vo(z) = ,u"%u(x + uz, T —
p?T) > 0 satisfies A,vp — A—igﬂ < 0 on O. The formula (5.2.17) implies that 7" is also the
finite touchdown time of v, ar;)d the domain of v includes @y, for some rg = ro(R) > 0. Since
touchdown set of u is assumed to be a compact subset of {2, one can observe that touchdown
set of v is also a compact subset of O. Therefore, the argument of Theorem 5.1.1(2) can be
applied to (5.2.18), yielding that there exists a constant Ms > 0 such that

v{z,7) > Mp(T — —r)%
where M, depends only on R, A, f and § again. The argument used for (5.2.16) then yields
that there exists M| > 0, depending on R, N and M, such that

Vol + V20| < M for (z,7) € B, x (T[1 - (Tl)z],:ru - %(1 - Tl)ﬂ) . (5.219)
0 0

where we assume ir2 < 2 < r2. Applying (5.2.17) and taking (z,7) = (0, T, this estimate
270 0 2
reduces to ) )
pm 3 V| 4 pm3 T2 V2| < M.

Therefore, (5.2.15) follows since p = (T — t)]% ]

Before concluding this subsection, we now apply gradient estimates to establishing integral
estimates.

Theorem 5.2.5. Assume f satisfies (5.1.2) on a bounded domain Q, and suppose u is a
touchdown solution of (5.1.1) at finite time T'. Assume touchdown set of u is a compact subset
of Q, then for v > %N we have

lim, - /Qf(z)u“7(z,t)dz =+00.
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Proof: For any given tg € (0,T) close to T, Lemma 5.2.3 implies that
' 1
VP < %(u —w) in Qx(0,t) (5.2.20)

for some bounded constant C' > 0, where u = u(zo,tp) = mingequ(z,to). Considering any ¢
sufficiently close to tg, we now introduce polar coordinates (r,8) about the point zg. Then in
any direction @, there is a smallest value of ro = ro(#,t) such that u(ro,t) = 2u. Note that ro
is very small as t < to sufficiently approach to T'. Furthermore, since zo approaches to one of
touchdown points of v as ¢ — T, Proposition 5.2.2 shows that as ¢ < ¢y sufficiently approach
to T, we have f(z) > Co > 0 in {r < ro} for some Cp > 0. Since (5.2.20) and the definition

of u imply that — < @, which is 2,4 —u < @r, we attain / Zu®?2 < ro by taking

r = rg. Therefore, for v > %N we have

/ uVdz > C/ f@)u™"dz > C'Co/ uVdzx > C’/ng/ uw N 1dr
Q Q2 {r<ro} 0 {r<ro}

>C / dSy / (2w) "N gy
0 {r<ro}

>C [[asu ' 2 € [ asu Y = oo
6 /]

as t — T, which completes the proof of Theorem 5.2.5. [ ]

5.2.3 Upper bound estimate

In this subsection, we discuss the upper bound estimate of touchdown solution u by applying
energy methods.
First, we note the following local upper bound estimate.

Proposition 5.2.6. Suppose u is a touchdown solution of (5.1.1) at finite time T. Then, there
erists a bounded constant C = C(A, f,2) > 0 such that

minu(z,t) < C(T — t)5 for 0<t<T. (5.2.21)
T€
Proof: Set

U(t) = minu(z,t), 0<t<T,
zeQ

and let U(t;) = u(z;, &) (1 = 1,2) with h =t —¢; > 0. Then,
Ul(te) — U(ty) < u(z1,t2) — u(z1,t1) = hwg(z1, 1) + o(h),
Ulte) —U(t1) 2 u(ze,t2) — u(zo,t1) = hug(zg,t2) + o(h).
It follows that U(t) is lipschitz continuous. Hence, for 5 > ¢; we have

Ults) = U(t)

> ug(z2, t2) +o(1).
to — 1)
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On the other hand, since Au(zs,t3) > 0 we obtain,

Mz2) | AM(z2) C

_ = — > — f t T.
(22, 12) 02 = or 0<ty <

>
ut(z2,t2) 2 72 (5)

Consequently, at any point of differentiability of U(t), it deduces from above inequalities that
U?U; > -C ae te(0,T). (5.2.22)

Integrating (5.2.22) from ¢ to T' we obtain (5.2.21). ‘ |

For the touchdown solution u = u(z,t) of (5.1.1) at finite time T, we now introduce the
associated similarity variables

T—a
Tt

y= , s=-log(T-t), u(z,t)=(T- t)%wa(y, s), (5.2.23)

where a is any point of ,, for some small 77 > 0. Then wq(y, s) is defined in
Woi={(y,s): a+ye 2 € Qs> = ~logT},

and it solves .
9 1 1 Af(a+ye™2
-a—swa—Awa+§y~Vwa—§wa+—-f(#2 =
Here w,(y, s) is always strictly positive in W,. Note that the form of w, defined by (5.2.23) is
motivated by Theorem 5.1.1 and Proposition 5.2.6. The slice of W, at a given time s! will be
denoted by Q,(s!):

0. (5.2.24)

Qa(sH) :=Won{s=s'} = esl/z(Q —a).

Then for any a € £, there exists so = so(7, @) > 0 such that
Bs:={y: |yl <s} CQs) for s>sp. (5.2.25)

From now on, we often suppress the subscript a, writing w for w,, etc.
In view of (5.2.23), one can combine Theorem 5.1.1 and Lemma 5.2.4 to reaching the
following estimates on w = wy:

Corollary 5.2.7. Assume f satisfies (5.1.2) on a bounded domain Q, and suppose u is a
touchdown solution of (5.1.1) at finite time T. Assume touchdown set of u is a compact subset
of , then the rescaled solution w = w, satisfies

M<w<es, |[Vw|+ |Aw| < M' in W,

where M is a constant as in Theorem 5.1.1 and while M’ is a constant as in Lemma 5.2.4.
Moreover, it satisfies
M < w(yy,s) < w(ye,s) + My — uil

for any (y;,s) e W,i=1, 2.
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We now rewrite (5.2.24) in divergence form:

Mpf(a +ye™%)

- =0, (5.2.26)

1
pws =V - (pVw) = zpw +

where p(y) = e~19*/4. We also introduce the frozen energy functional

Boful(s) = 5 /B plVwPdy ~ ¢ /B pwidy — /B Aila) (5.2.27)

w
which is defined in the compact set By of Q,(s) for s > s.

Lemma 5.2.8. Assume f satisfies (5.1.2) on a bounded domain Q, and suppose u is a touch-
down solution of (5.1.1) at finite time T. Assume touchdown set of u is a compact subset of
0, then the rescaled solution w = w, satisfies

%/Bs plws|?dy < —disEs[w](s) +gn(s) for s> sp, (5.2.28)

where gn(s) is positive and satisfies f:oo gn(s)ds < co.

Proof: Multiply (5.2.26) by ws and use integration by parts to get
L A a+ye 2
/B plws[*dy = /B w3V(pr)dy+§/ stdy—/ puwsflaty )

w2
1 d d (1, M@
=73 /B [Vl ”dyJ“/a G

n pws@v_ds+/ Apws|f(a) — 2(a+ye“§)]dy
8B, 1s] o w

_d Ow 1 9
= L Bpul) + /a | pugdS o /a ATl v)as

1 1 A Apws _ +ye?
T e R R

d Ow |
< _EES[W](S)-i_/ p’wsa ds + 5/{)38 p]Vw\z(y-V)dS

/ Apws(f(a) — f(a+ye 2)]

8

+ o2
d
= -—EES[’LU](S) + L+ 1+ 13,

(5.2.29)
where v is the exterior unit norm vector to 9 and dS is the surface area element. The
following formula is applied in the third equality of (5.2.29): if g(y,s) : W +— R is a smooth
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function, then

d Y
%/Bagy,s y-—d—/ (sz,8)s" dz
N/ (sz,8)sN~ ldz—i—/ gs(sz,s)sNdz-I-/ (Vyg-z)sNdz
B; d B
/ XX, dy+N/ ﬁ+/ (Vo Lydy
S B, S

- / 9oy, )iy + / 9(y,5)(y - v)dS.
By 0B

For s > sg, we next estimate integration terms I;, I and I3 as follows:
Considering |y| < S in Bs, Corollary 5.2.7 gives

M(a+ye 2 1 1.
MOV < o +lyl) + 3w < Crs + gt

1 1
|w3|=]Aw——§y-Vw+—w— 3

3

which implies
+

=%
Who

1 s
L <CsVN e T (Cls—i— 363) < CysMNe™® (5.2.30)

It is easy to observe that
.92
I, < C’3$N—16-—T . (5.2.31)

As for I3, since w has a lower bound and since f(z) € C*(Q) for some a € (0,1], we apply
Young’s inequality to deduce

Iy < Ce‘%s/ ply|*wsdy < Ce‘%s[E/B p'wfdy+0(6)/ pIyIQ"dy] ,

8

where the constant € > 0 is arbltrary Because e~ 2% < 0o, one can take sufficiently small €
such that -

I < % / pwldy + Cae™%°. (5.2.32)
B,

Combining (5.2.29) — (5.2.32) then yields

1 = 32 s =, [¢3
= / plws|?dy < —iEs[w](s) +C1sNe T3 4 Che™ 2"
2 B, ds

d
= —EEs[w](s) + gn(s),
where g,(s) is positive and satisfies [, sc:’ gn(s)ds < oo, and we are done. [ |

Remark 5.2.2. Supposing the convexity of (2, one can establish an energy estimate in the whole
domain Q4(s):

d
/ plwaPdy <~ Eg, o lul(s) + Kn(s) for 52 0, (5.2.33)
als
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where K, (s) is positive and satisfies fsc;o Ky (s)ds < oo, and Eq, (s)[w](s) is defined by

w

' 1 1 Aof(a
Eq,(»[w)(s) = —/ p|Vw|Pdy — —/ pw2dy—/  2eila) g, (5.2.34)
2 Jau(s) 6 Jag(s) Qa(s)

However, by estimating the energy functional F;[w](s) in Bs, instead of Q,(s), it is sufficient
to obtain the desirable upper bound estimate of w, see Theorem 5.2.10 below.

The following lemma is also necessary for establishing the desirable upper bound estimate.

Lemma 5.2.9. Assume f satisfies (5.1.2) on a bounded domain Q, and suppose u is a touch-
down solution of (5.1.1) at finite time T. Assume touchdown set of u is a compact subset of
Q, and a is any point of Qy, for some n > 0. Then there exists a constant € > 0, depending
only on A, f and Q, such that if

wz, )T —t)"3 > ¢ (5.2.35)

for all (z,t) € Qs := {(z,t) : |[r —a| < 6§, T — & <t < T}, then a is not a touchdown point for
u. Here 6 > 0 is an arbitrary constant.

Proof: Setting v(zx,t) = 7(%5’ then v(z,t) blows up at finite time T', and v satisfies

2 :
v — Av = —vav—'— +Afzv < KQ+vY) in Qs, (5.2.36)

where K := Asupgeq f(z) > 0. We now apply Theorem 2.1 of [37] to (5.2.36), which gives
that there exists a constant % > 0, depending only on A, f and §2, such that if

1

v(z,t)ﬁE(T;t)_é in Qs,

then a is not a blow-up point for v, and hence (5.2.35) follows. |

Theorem 5.2.10. Assume f satisfies (5.1.2) on a bounded domain Q, and suppose u is a
touchdown solution of (5.1.1) at finite time T'. Assume touchdown set of u is a compact subset
of Q, and a is any point of Qy for some n > 0. If we(y,s) — oo as s — oo uniformly for
ly| < C, where C is any positive constant, then a is not a touchdown point for u.

Proof: We first claim that if w,(y, s) — 0o as s — 0o uniformly for |y| < C, then
Ejlwgl(s) » —0 as s— 0. (5.2.37)

Indeed, it is obvious from Corollary 5.2.7 that the first term and the third term in Esfw,](s)
are uniformly bounded. As for the second term, we can write

/ pwzdy=/ pwzdy—l—/ pw2dy2/ pwidy .
B, B¢ Bs\Bc¢ Bo

Since w, — o0 as § — oo uniformly on B¢, we have ch pw?dy — 0o as s — oo, which gives
—¢ Jp, pw?dy — —o0 as s — oo, and hence (5.2.37) follows. ‘
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Let K be a large positive constant to be determined later. Then (5.2.37) implies that there
exists an 5 such that E5[w,](5) < —4K. Using the same argument as in [36], it is easy to show
that for any fixed s, Fs[w](s) varies smoothly with a € Q. Therefore, there exists an 79 > 0
such that

Eslwy)(3) < 3K for |b—a|<rg.

Since touchdown set of u is assumed to be a compact subset of §2, we have dist(a, 0Q) > 7 for
some 77 > 0. Therefore, it now follows from Lemma 5.2.8 that

Eglwp)(s) < ~2K for |b—al<ryg, s>3
provided K > M := f:)o gn(s)ds, where gy(s) is as in Lemma 5.2.8. Since the first term and
the third term in Es{w,|(s) are uniformly bounded, we have

/ pwidy > 6K for |b—a|l<ro, s>5. (5.2.38)
Bs

Recalling from Corollary 5.2.7,
wh(y, 8) < 2(wp (0, 8) + M?[yl?)
we obtain from (5.2.38) that

3K < w30, 5) / pdy + M™ / plydy < CLuR(0,5) + Cs.
B,

g

We now choose K > maz{Mi, 20,1} so large that
3

3K
2 A== =E. 2.
wp(0,8) > 4/ 5C, € (5.2.39)

Setting £ := T — e, it reduces from (5.2.39) that
u(b,t)(T—t)_% >e for |b—a|l<rp, t<t<T.

Applying Lemma 5.2.9 with a small g, we finally conclude that a is not a touchdown point
for u, and the theorem is proved. - B

5.3 Refined touchdown profiles

In this section we first establish touchdown rates by applying self-similar method [35]. Then
the refined touchdown profiles for N = 1 and N = 2 will be separately derived by using
center manifold analysis of a PDE [25], which will be discussed for N = 1 in §5.3.1 and for
N > 2 in §5.3.2, respectively. It should be pointed out that for N = 1 we may establish the
refined touchdown profiles for any touchdown point, see Theorem 5.3.3; while for N > 2, we
are only able to deal with the refined touchdown profiles in the radial situation for the special
touchdown point r = 0, see Theorem 5.3.5. Throughout this section and unless mentioned
otherwise, touchdown set for u is assumed to be a compact subset of {2, and a is always
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assumed to be any touchdown point of u. Therefore, all a priori estimates of last section can
be adapted here.

Our starting point of studying touchdown profiles is a similarity variable transformation of
(5.1.1). For the touchdown solution u = u(z,t) of (5.1.1) at finite time T', as before we use the
associated similarity variables

T—a
T—1t

y = , s=—log(T —t), u(z,t)=(T~t)3w(y,s), (5.3.1)
where a is any touchdown point of u. Then w(y, s) is defined in W = {(y,s) : |y| < Re*/?,s >
s’ = —logT}, where R = max{|z — a| : € 2}, and it solves

1 1 Af(a+ye %)
—Z - = AL Sl A A 3.2
W, pV(pr) 3'w+ " 0 (5.3.2)

with p(y) = e~1W*/4 where f(a) > 0 since a is assumed to be a touchdown point. Therefore,
studying touchdown behavior of u is equivalent to studying large time behavior of w.

Lemma 5.3.1. Suppose w is a solution of (5.3.2). Then, w(y, s) — W (y) as s — oo uniformly
on |ly| < C, where C > 0 is any bounded constant, and we(y) is a bounded positive solution of
1 Af(a)

1
Aw—ay-Vw+§w—- >

=0 in RV, (5.3.3)

where f(a) > 0.

Proof: We adapt the arguments from the proofs of Propositions 6 and 7 in [35]: let {s;} be a
sequence such that s; — oo and sj41 — s; — 00 as j — 0o. We define w;(y, s) = w(y, s + s;).
According to Theorem 5.1.1, Corollary 5.2.7 and Arzela-Ascoli theorem, there is a subsequence
of {w;}, still denoted by wj, such that

wj(y7 S) - wOO(y’ S)
uniformly on compact subsets of W, and
Vw](yvm) - Vwoo(y,m)

for almost all y and for each integer m. We obtain from Corollary 5.2.7 that either wey, = 00
Or Weo < 00 in RY*L. Since a is a touchdown point for u, the case we = 00 is ruled out by
Theorem 5.2.10, and hence we < 0o in R¥*1, Therefore, we conclude again from Corollary
5.2.7 that

w < Ci(1+yl) (5.3.4)

for some constant Cy > 0.
Define the associated energy of w at time s,

Brlule) =5 [ olvulay—g [ outay- [ 2o/ (@) g, (5.3.5)

B W
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Taking R(s) = s, the same calculations as in (5.2.29) give

~ 2 Buful(s) = / oy~ K (o) (5.3.6)

_ 1, M)
K(s) = /83 pws—dS+ —/ pIVwl*(y - v)dS — < /83,, P(sz + T>(y -v)dS
+A / pus[16) = 1o +ye™")] dy

w2

"We note that the expression K(s) can be estimated as s > 1. Essentially, since f(z) € C*(Q2)
for some « € (0, 1], using (5.3.4) and applying the same estimates as in Lemma 5.2.8 one can
deduce that

1 32 a
K(s) - §/B pwidy < G(s) :=C1sVe T + Cre™2° for s> 1. (5.3.7)

Together with (5.3.7), integrating (5.3.6) in time yields an energy inequality

b b
%/a /B plws|®dyds < E,[w](a) — Ey[w](b) +/ G(s)ds, (5.3.8)

whenever a < b.
We now use (5.3.8) to prove that wy is independent of s. Weset a = sj+mand b= s;11+m
n (5.3.8) to obtain

Sj41tMm

1 m+s]+1—s] 2
5/ [ phuaPdyds < Eupsnfusl(m) = Bupmbugal(m) + [ s
8;+s

m sjtm
(5.3.9)
for any integer m, where we use w;(y,s) = w(y,s + s;). Since Vw;(y,m) is bounded and
independent of 7, and since we have assumed that Vw;(y,m) — Vwe(y,m) a.e. as j — oo,
the dominated convergence theorem shows that

[ @1t mdy — [ @) TulumPdy as oo
Arguing similarly for the other terms we can deduce that
i ey mfus](m) = 1 Eoyyomliyaa)(m) = Blue). (5.3.10)
On the other hand, because m + s; — oo as j — 00, (5.3.7) assures that the term involving G

in (5.3.9) tends to zero as j — oo. Therefore, the right 51de of (5.3.9) tends to zero as j — oo.
It now follows from s;41 — s; — oo that

lim / / plwis|*dyds = 0 (5.3.11)
]—'oo Bs i 48
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for each pair of integers m < M. Further, since (5.3.4) implies |wjs(y, s)| < C(1 + ly]) with
C independently of j, one can deduce that w;s converges weakly to weos. Because p decreases
exponentially as |y| — oo, the integral of (5.3.11) is lower semi-continuous, and hence

M
/ / plweos|?dyds = 0,
m JRN

where m and M are arbitrary, which shows that we is independent of the choice of s.
We now notice from (5.3.5) that (5.3.10) defines Efws] by

1 1 Aofla
Bl=3 [ AValay—3 [ oy [ 20y,

v

We claim that Elwe] is independent of the choice of the sequence {s;}. If this is not the
case, then there is another {5;} such that Elws] # Eltie], Where W = limj oo w; with
w;(y,s) = w(y,s + §;). Relabeling and passing to a sequence if necessary, we may suppose
that Ewe] < Efthe) with s; < 5;. Now the energy inequality (5.3.8), with a = s; and b= §;,
gives that ) )
1 55 . 83
1 / / plws|2dyds < Eo,fuw;](0) — Es, [@5](0) + / Gls)ds.  (5.312)
2 sj J By 85
Since Es;[w;](0) — Es;[w;](0) = Elweo] — Egy, [Weo] < 0 and f;;j G(s)ds — 0 as j — oo, the
right side of (5.3.12) is negative for sufficiently large j. This leads to a contradiction, because
the left side of (5.3.12) is non-negative. Hence E[ws] = E[Woo), which implies that Elwy) is
independent of the choice of the sequence {s;}.
Therefore, we conclude that w(y, s) — weo(y) as s — oo uniformly on |y| < C, where C is
any bounded constant, and we(y) is a bounded positive solution of (5.3.3). n

5.3.1 Refined touchdown profiles for N =1

In this subsection, we establish refined touchdown profiles for the deflection u = u(zx,t) in
one dimensional case. We begin with the discussions on the solution we(y) of (5.3.3). For
- one dimensional case, Fila and Hulshof proved in Theorem 2.1 of [23] that every non-constant

solution w(y) of
1 1 1 .
Wyy ~ FYWy + W = 0 in (—00,00)
must be strictly increasing for all |y| sufficiently large, and w(y) tends to oo as |y| — 0. So
it reduces from Lemma 5.3.1 that it must have weo(y) = const.. Therefore, by scaling we

conclude that .
lim w(y,s) = (3M(e)’

uniformly on |y| < C for any bounded constant C. This gives the following touchdown rate.

Lemma 5.3.2. Assume f satisfies (5.1.2) on a bounded domain Q C RY, and suppose u is
a unique touchdown solution of (5.1.1) at finite time T. Assume touchdown set for u is a
compact subset of Q. If x = a is a touchdown point of u, then we have
1
lir%x w(z,t)(T —t)73 = (3)\f(a))?®
t—-T—
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uniformly on |z — a| < Cv/T —t for any bounded constant C.

We next determine the refined touchdown profiles for one dimensional case. Our method
is based on the center manifold analysis of a PDE that results from a similarity group trans-
formation of (5.1.1). Such an approach was used in [32] for the uniform permittivity profile
f(z) = 1. A closely related approach was used in [25] to determine the refined blow-up profile
“for a semilinear heat equation. We now briefly outline this method and the results that can
be extended to the varying permittivity profile f(z):

Continuing from (5.3.2) with touchdown point z = a, for s > 1 and |y| bounded we have.
W ~ Weo + v, where v K 1 and wee = (3)\f(a))1/3
obtain for N =1 that

> 0. Keeping the quadratic terms in v, we

~s ~s/2y _
”s_”yy+%vy—v=w%[1_f(a4j—c(yae) /2)] 2[f(a+y;f(a;) f(a)]v
@) | o) (5.3.13)
w, .

~ ;(3)\f(a))_%vz +0(v® +e7%),

for s > 1 and bounded |y|, due to the assumption (5.1.2) that f(z) € C%(f2) for some
0 < @ < 1. As shown in [25] (see also [32]), the linearized operator in (5.3.13) has a one-
dimensional nullspace when N = 1. By projecting the nonlinear term in (5.3.13) against the
nullspace of the linearized operator, the following far-field behavior of v for s — +o0 and |y|

bounded is obtained (see (1.7) of [25]):

v~—%@)—5(1—%ﬁ), N=1. (5.3.14)

The refined touchdown profile is then obtained from w ~ weo + v, (5.3.1) and (5.3.14), which

isfort - T,

3 1 + |z — al?
4flog(T —t)| = 8(T —t)[log(T —1t)|

Combining Lemma 5.3.2 and (5.3.15) directly gives the following refined touchdown profile.

w~ BAf(a)(T - t)/* (1 +) , N=1.(53.15)

Theorem 5.3.3. Assume f satisfies (5.1.2) on a bounded domain Q in RN, and suppose u
is a touchdown solution of (5.1.1) at finite time T. Assume touchdown set of u is a compact
subset of Q, and suppose N =1 and = = a is a touchdown point of u. Then we have

1
3

lim u(z,t)(T )3 = (37\f(a)) (5.3.16)

t—T—

uniformly on |z — a| < C/T —t for any bounded constant C. Moveover, whent — T,
1 + |z — a)?

4llog(T —t)| = 8(T —t)|log(T —t)|

u~ [BAf(a)(T — )]/ (1 +> N=1.

(5.3.17)

We finally remark that applying formal asymptotic methods, when N = 1 the refined touch-
down profile of (5.1.1) is also established in (4.5.12). By making a binomial approximation, it
is easy to compare that (5.3.15) agrees asymptotically with (4.5.12).
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5.3.2 Refined touchdown profiles for NV > 2

For obtaining refined touchdown profiles in higher dimension, in this subsection we assume that
f(r) = f(|z|) is radially symmetric and Q = Bg(0) is a bounded ball in RY with N > 2. Then
the uniqueness of solutions for (5.1.1) implies that the solution w of (5.1.1) must be radially
symmetric. We study the refined touchdown profile for the special touchdown point r = 0 of u
at finite time 7. In this situation, the fact that the solution u of (5.1.1) is radially symmetric
implies the radial symmetry of w(y, s) in y, and hence the radial symmetry of woeo(y) (cf. [34]).
Note that woo(y) is a radially symmetric solution of '
N-1 1 Af(0
wy+ (= = Pt gw- f,,(z) =
where wy(0) = 0 and f(0) > 0. For this case, applying Theorem 1.6 of [39] yields that every
non-constant radial solution w(y) of (5.3.18) must be strictly increasing for all y sufficiently
large, and w(y) tends to co as y — co. It now reduces again from Lemma 5.3.1 that

0 for y>0, (5.3.18)

lim w(y,s) = (3)\f(0))é

§—00
uniformly on |y| < C for any bounded constant C. This gives the following touchdown rate.
Lemma 5.3.4. Assume f(r) = f(|z|) satisfies (5.1.2) on a bounded ball BR(0) C RN with

N > 2, and suppose u is a unique touchdown solution of (5.1.1) at finite time T'. Assume
touchdown set for u is a compact subset of Q. If r = 0 is a touchdown point of u, then we have

tli'rqr}_ w(r, )(T —t)73 = (3)\f(0))%

uniformly for r < C/T —t for any bounded constant C.

We next derive a refined touchdown profile (5.3.20). Similar to one dimensional case, indeed
we can establish the refined touchdown profiles for varying permittivity profile f(|z|) defined in
higher dimension N > 2. Specially, applying a result from [25], the refined touchdown profile
for N = 2 is given by

B 1 N |z — al?
2|log(T —t)| ~ AT —1)|1og(T —t)|

u~[3>\f(0)(T—t)]1/3(1 +> N=2.

This leads to the following refined touchdown profile for higher dimensional case.

Theorem 5.3.5. Assume f satisfies (5.1.2) on a bounded domain  in RY, and suppose u
is a touchdown solution of (5.1.1) at finite time T. Assume touchdown set of u is a compact
subset of Q, and suppose Q = Br(0) C RY is a bounded ball with N > 2 and f(r) = f(|z]) is
radially symmetric. If r = 0 is a touchdown point of u, then we have

tEr%l_u(r,t)(T—t)_%E(BAf(O))% o (5.3.19)

uniformly on r < C/T —t for any bounded constant C. Moveover, whent — T,

1 r?
u~ BAFO)T - t)/® (1 "~ 2[log(T — 1) + 4T —t)| log(T —t)|

+> , N=2.(53.20)
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Remark 5.3.1. Applying analytical and numerical techniques, next section we shall show that
Theorem 5.3.5 does hold for a larger class of profiles f(r) = f(|z]).

Before concluding this section, it is interesting to compare the solution of (5.1.1) with
that of the ordinary differential equation obtained by omitting Au. For that we focus on one
dimensional case, and we compare the solutions of

Af(z)

Ut — Usg = == 3 in (—a,a), (5.3.21a)
u(xa,t)=1; wu(z,0)=1, (5.3.21b)
and
vy = _/\];(217) in (—a,a), (5.3.22a)
v(xa,t)=1; v(z,0)=1, (65.3.22b)

where f is assumed to satisfy (5.1.2) and (5.2.1). The ordinary differential equation (5.3.22) is
explicitly solvable, and the solution touches down at finite time

o(z,t) = (1 - 3Mf(z)t)¥ (5.3.23)

which shows that touchdown point of v is the maximum value point of f(z). In the partial
differential equation (5.3.21), there is a contest between the dissipating effect of the Laplacian
uze and the singularizing effect of the nonlinearity f(z)/u?; when u touches down at z = g in
finite time T", then the nonlinear term dominates (essentially, for some special cases, touchdown
point zg of u is also the maximum value point of f(z), see Theorem 5.1.4 for details).
However, we claim that a smoothing effect of the Laplacian can be still observed in the
different character of touchdown. Indeed, letting f(yo) = max{f(z) : = € (—a,a)}, then
f'(yo) = 0 and f"(yo) < 0. And (5.3.23) gives the finite touchdown time Tp for v satisfying
To = 1/[3\f(yo)]. Furthermore, we can get from (5.3.23), together with the Taylor series of

f(w)’

1 " 1 1
fim (T — ) 3o (yo+ (To—)w.8) = (337 w0))} [1 - 222w > (3f(eo))E - (5:3.29)
t—Ty f2(vo)
And our Theorem 5.3.3 says that for such u we have
lim (T — t)~$u(zo + (T — t)4y,t) = (37 f(z0)) - (5.3.25)

t—-T-

Comparing (5.3.24) with (5.3.25), we see that the touchdown of the partial differential equation
(5.3.21) is “flatter” than that of the ordinary differential equation (5.3.22).

5.4 Set of touchdown points

This section is focussed on the set of touchdown points for (5.1.1), which may provide useful
information on the design of MEMS devices. In §5.4.1, we consider the radially symmetric case
where f(r) = f(|z|) with r = |z| is a radial function and Q is a ball Bg = {|z| < R} C RV
with N > 1. In §5.4.2, numerically we compute some simulations for one dimensional case,
from which we discuss the compose of touchdown points for some explicit permittivity profiles

f(z).
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5.4.1 Radially symmetric case

In this subsection, f(r) = f(]z|) is assumed to be a radial function and {2 is assumed to be a
ball Bg = {|z| < R} C R¥ with any N > 1. For this radially symmetric case, the uniqueness of
solutions for (5.1.1) implies that the solution u = u(z,t) of (5.1.1) must be radially symmetric.
We begin with the following lemma for proving Theorem 5.1.4:

Lemma 5.4.1. Suppose f(r) satisfies (5.1.2) and f'(r) < 0 in Bg, and let v = u(r,t) be a
touchdown solution of (5.1.1) at finite time T. Then u, > 0 in {0 <r < R} X (to,T) for some
O<to<T.

Proof: Setting w = ¥V ~lu,, then (5.1.1) gives

Af(r)

1
ut_T_N:Twr:_ 2 O<t<T. (541)
Differentiating (5.4.1) with respect to r, we obtain
N-1 2) AfirN-1
wt~wrr+—wr———3w=—f—7‘2——20, 0<t<T, (5.4.2)
T U U ‘

since f'(r) < 0 in Bg. Therefore, w can not attain negative minimum in {0 < r < R} x (0, T).
Since w(0,t) = w(r,0) = 0 and u; < 0 for all t € (0,T), we have w = "1y, > 0 on
O0Br x (0,T). So the maximum principle shows that w > 0 in {0 < r < R} x (0,T). This gives

N -1

Wi — Wer + wp>0 in {0<r < R}x (t1,T),

where ¢; > 0 is chosen so that w(r,¢;) #0in {0 <r < R}.
Now compare w with the solution z of

-1

2t — Zrr + z=0 in {0<r<R}x(t,T)

subject to z(r,t1) = w(r,t1) for 0 < r < R, 2(R,t) = w(R,t) > 0and 2(0,t) =0fort; <t <T.
The comparison principle yields w > z in {0 <7 < R} X (t1,T). On the other hand, for any
to > t1 we have z > 0 in {0 < r < R} x (t0,T). Consequently we conclude that w > 0, i.e
ur > 0in {0 <7 < R} X (to, T). [ ]

Proof of Theorem 5.1.4: For w = rVN~lu,, we set J(r,t) = w — eforg f(s)ds, where § > N
and € = €(f) > 0 are constants to be determined. We calculate from (5.4.1) and (5.4.2) that

+ Qerf1f!

‘]

N-1 2ef [T f(s)ds  AfirN-1

Jt—Jrr+—Jr=b1J+ ff03f() - f7'2
r u u

> b J — VYA = er® M) f' > by J,

provided ¢ is sufficiently small, where b; is a locally bounded function. Here we have applied

the assumption f/(r) <0 and the relations u, = w/r¥ ! and w=J +¢ foro f(s)ds. Note that
J(0,t) = 0, and hence it follows that J can not obtain negative minimum in Bg x (0, T).
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We next observe that J can not obtain negative minimum on {r = R} provided € is
sufficiently small, which comes from the fact

I(R,1) = wy — 6RO 5(R) = 2 I)

—0eRIf(R) > RN IF(R) [N - 0eR*N] >0
for sufficiently small € > 0, where (5.4.1) is applied. We now choose some 0 < tg < T such
that w(r,tp) > 0 for 0 < r < R in view of Lemma 5.4.1. This gives u,(r,to) > 0for 0 <r < R.
Since u,(0,%p) = 0, there exists some « > 0 such that

ur{(7, t0) ~ lim w(r, to)

ro r—0 rN+a—1 >0.

u7‘1‘(07 tO) = }g%

We now choose § = max{N, N + a — 1}, from which one can further deduce that J(r,to) >0
for 0 < r < R provided ¢ = ¢(tg,8) > 0 is sufficiently small.

(8). tx)=1-x% nnd A =8 (B). k=1~ and A =8
1

'

osf 08

o8}
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o4l
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-
05 —0.28. C) 026 °.6 ° 0.2 a4 0.8 0.8
x ]

Figure 5.1: Left figure: plots of u versus z at different times with f(z) = 1 — z% in the slab
domain, where the unique touchdown point is x = 0. Right figure: plots of u versus v = |z| at
different times with f(r) = 1 —r? in the unit disk domain, where the unique touchdown point
is 7 =0 too.

It now concludes from the maximum principle that J > 0 in Bgr X (to,T")} provided ¢ =
g(tp) > 0 is sufficiently small. This leads to

u(r, t) > u(r,t) —u(0,t) > E/OT E;s{v(—“lﬂds' (5.4.3)

Given small Cy > 0, then the éssumption of f(r) implies that there exists 0 < rg = r0(Co) < R
such that f(r) > Co on [0,70]. Denote rp, = min{ro,7}, and then (5.4.3) gives

m fso f(p)du m Cos? 1
0 08 f—N+2
u(r,t) > € ; TN ds > 6/0 N1 ds = TN 2600rm , where 6-N+22> 2,

which implies that r = 0 must be the unique touchdown point of w. | |

Before ending this subsection, we now present a few numerical simulations on Theorem
5.1.4. Here we apply the implicit Crank-Nicholson scheme. In the following simulations 1 ~ 3,
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Figure 5.2: Left figure: plots of u versus = ot different times with f(z) = e~=" in the slab
domain, where the unique touchdown point.is x = 0. Right figure: plots of u versus r = |z| at
different times with f(r) = e~ in the unit disk domain, where the unique touchdown point is

r =0 too.
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Figure 5.3: Left figure: plots of u versus z at different times with f(z) = e=*=1 in the slab
domain, where the unique touchdown point is still at x = 0. Right figure: plots of u versus
r = |z| at different times with f(r) = e ~1 in the unit disk domain, where the touchdown

points satisfy r = 0.51952.
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we always take A = 8 and the number of meshpoints N = 1000, and consider (5.1.1) in the
following symmetric slab or unit disk domains:

Q:]-1/2,1/2] (Slab); Q:z®+y* <1 (Unit Disk). (5.4.4)

Simulation 1: f(Jz|) = 1 — |z|? is chosen as a permittivity profile. In Figure 5.1(a),
u versus x is plotted at different times for (5.1.1) in the symmetric slab domain. For this
touchdown behavior, touchdown time is T' = 0.044727 and the unique touchdown point is
z = 0. In Figure 5.1(b), u versus r = |z| is plotted at different times for (5.1.1) in the unit
disk domain. For this touchdown behavior, touchdown time is 7" = 0.0455037 and the unique
touchdown point is r = 0.

Simulation 2: f(|z|) = e~1#!" is chosen as a permittivity profile. In Figure 5.2(a), u versus
z is plotted at different times for (5.1.1) in the symmetric slab domain. For this touchdown
behavior, touchdown time is T = 0.044675 and the unique touchdown point is z = 0. In Figure
5.2(b), u versus r = |z| is plotted at different times for (5.1.1) in the unit disk domain. For
this touchdown behavior, touchdown time is 7' = 0.0450226 and the unique touchdown point
is r = 0 too. ' :

Simulation 3: f(|z|) = el#l’=1 is chosen as a permittivity profile. In Figure 5.3(a), u versus
z is plotted at different times for (5.1.1) in the symmetric slab domain. For this touchdown
behavior, touchdown time is T = 0.147223 and touchdown point is still uniquely at z = 0. In
Figure 5.3(b), u versus r = |z| is plotted at different times for (5.1.1) in the unit disk domain.
For this touchdown behavior, touchdown time is 7' = 0.09065363, but touchdown points are
at 7o = 0.51952, which compose into the surface of By,(0). This simulation shows that the
assumption f'{r) <0 in Theorem 5.1.4 is just sufficient, not necessary.

(@), 1(x) = /2-x/2 and A = 8 (b). 1x) = e 172 BrKIA = 8

1 1
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Figure 5.4: Left figure: plots of u versus z at different times with f(z) =1/2—x/2 in the slab
domain, where the unique touchdown point is x = —0.10761. Right figure: plots of u versus
r = |z| at different times with f(z) = x +1/2 in the slab domain, where the unique touchdown
point is x = 0.17467.

5.4.2 One dimensional case

For one dimensional case, Theorem 5.1.4 already gives that touchdown points must be unique
if the permittivity profile f(z) is uniform. In the following, we choose some explicit varying
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permittivity profiles f(z) to perform two numerical simulations. Here we apply the implicit
Crank-Nicholson scheme again. '
Simulation 4: Monotone Function f(x):

We take A = 8 and the number of meshpoints N = 1000, and we consider (5.1.1) in the slab
domain Q defined in (5.4.4). In Figure 5.4(a), the monotonically decreasing profile f(x) =
1/2—x/2 is chosen, and u versus z is plotted for (5.1.1) at different times. For this touchdown
behavior, the touchdown time is T' = 0.09491808 and the unique touchdown point is z =
—0.10761. In Figure 5.4(b), the monotonically increasing profile f(z) = z +1/2 is chosen, and
u versus T is plotted for (5.1.1) at different times. For this touchdown behavior, the touchdown
time is 7" = 0.0838265 and the unique touchdown point is & = 0.17467. For the general case
where f(z) is monotone in a slab domain, it is interesting to look insights into whether the
touchdown points must be unique.

(8).a=0.6 and A= a (rawtandres

x x
{c).am0.788 and L= 8 (d). looa) amphfied piots of ()

0.08]

0.0ef

—os -o.28 ° o.28 o8 -Gos ~0.025 © o028 006
x

Figure 5.5: Plots of u versus z at different times in the slab domain, for different permittivity
profiles fla](z) given by (5.4.5). Top left (a): when o = 0.5, two touchdown points are at
z = +0.12631. Top right (b): when a = 1, the unique touchdown point is at = 0. Bot-
tom Left (c): when a = 0.785, touchdown points are observed to consist of a closed interval
[—0.0021255,0.0021255]. Bottom right (d): local amplified plots of (c).

Simulation 5: “M”-Form Function f(z):
In this simulation, we consider (5.1.1) in the slab domain Q defined in (5.4.4). Here we take
A = 8 and the number of the meshpoints N = 2000, and the varying dielectric permittivity
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profiles satisfies

1—16(z + 1/4)2, if z<-1/4;
flal(z) = ¢ a+ (1 -a)|sin(2rz)|, if |z|<1/4; (5.4.5)
1—16(x —1/4)%, if x>1/4

with a € [0,1], which has “M”-form. In Figure 5.5, u versus z is plotted at different times
for (5.1.1) for different a, i.e for different permittivity profiles fo](x). In Figure 5.5(a): when
a = 0.5, the touchdown time is T = 0.05627054 and two touchdown points are at z = £0.12631.
In Figure 5.5(b): when o = 1, the touchdown time is T’ = 0.0443323 and the unique touchdown
point is at £ = 0. In Figure 5.5(c): when o = 0.785, the touchdown time is T = 0.04925421
and touchdown points are observed to compose into a closed interval [—0.0021255, 0.0021255].
In Figure 5.5(d): local amplified plots of (c) at touchdown time ¢ = T'. This simulation shows
for dimension N = 1 that the set of touchdown points may be composed of finite points or
finite compact subsets of the domain, if the permittivity profile is ununiform.
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Chapter 6

Thesis Summary

In this thesis, we have used both analytical and numerical methods to analyze the most basic
mathematical model describing the dynamics of an elastic membrane in an electrostatic MEMS.
We have answered mathematical questions dealing with existence, uniqueness and regularity
of solutions. We have also addressed problems of more applicable nature such as stability, as
well as estimates on pull-in voltages and touchdown times in terms of the shape of the domain
and the permittivity profile of the membrane. The thesis consists of two main parts:

6.1 Stationary Case

This reflects the state of the membrane at equilibrium when the voltage is below the critical
threshold. We have given a detailed and rigorous analysis of the pull-in voltage and the deflec-
tion profile, as described by the solutions of the equation that models Electrostatic MEMS.

By applying various numerical and analytic methods, we have given several useful upper
and lower bounds for the pull-in voltage A*, by using modern mathematical tools such as
Pohozaev-type estimates and Bandle’s Schwarz symmetrization techniques. We do believe
however that our estimates are not optimal and better ones, depending on the distribution of
the permittivity profile and the shape of the domain, can still be obtained.

We have studied the branch of stable and semi-stable solutions by using energy estimates
and have shown how the problem is dependent on the dimension, the shape of the membrane
and the permittivity profile. We have also used sophisticated blow-up analysis to give a rigorous
analysis of the unstable solutions. We also established partial results about uniqueness and
multiplicity of solutions at various voltage ranges. The case where we have a power law
permittivity profile on a round ball is however completely understood.

6.2 Dynamic Case

Here we analyze the evolution of the membrane’s deflection with time. The system exhibits
three types of behavior. We have global convergence to a stable stationary state whenever the
voltage is below the critical threshold. We have touchdown in finite time when we are beyond,
and we have possible touchdown in infinite time at the critical pull-in voltage.

We give several useful estimates for the touchdown time in terms of the domain, the per-
mittivity profile and the applied voltage. A detailed analysis of the geometry and “size” of
the touchdown set is given, showing in particular how the permittivity profile and the shape
of the membrane can be used to affect both the duration and the functioning of the MEMS.
It is shown for example that the zero points of the profile f cannot be touchdown points.

The pull-in distance is also discussed and several interesting phenomena are observed nu-
merically and established mathematically. For example, for the case of a power law profile
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Chapter 6. Thesis Summary

(f(z) = |z|*) on a 2-dimensional disk, one can show that the pull-in distance is independent
of the voltage, while numerical estimates show that the membrane develops a boundary-layer
structure near the boundary of the domain as the power « is increased.
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