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' THE DETERMINATION OF SETS OF INTEGRAL ELEMENTS
'~ POR CERTAIN RATIONAL DIVISION ALGEBRAS

1, Introduction.

The purpose of this paper is to determine integral
elements of a certain associative division algebral, D, of
order nine over the field of rational numbers. The nine
basal units of D are }f;ZJ'(Ud.= o,1,2) where

AL
with J a rational integer having a rational prime factor of
thé form 9.Ar2 or 9.4 ti that does not ocour to a
power which is & multiple of 3. Also, x satisfies the cubic
0, 2 -3z #1 =0
which is oyclic, i.e., it is irreducible and has roots 'f, ’
fl , §“, of the form?

{

§ tse(f) =¥ -2, $'- o(f) - € -2,

1 This is a special case of the algebra of order n" over
a general field F, discovered by Dickson, and called by
Wedderburn a Dickson Algebra. See Dickson's Algebras and
Their Arithmetics, p. 66.

2 p, S. Nowlan - Bulletin of the American Mathematical
Society, Vol. 32, p. 375 (1926).
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It follows that % = &(%) and x = 6(29291(1) satisfy
() . ead thatze’(z) . . |
Integers of the cubic number field, K(x) , defined by
a root of () are of the form |
@) zZ = ,La+<,L,x+~,,Ll;tl,
with 4, , 4, ; and <, rational integers. Professor F. S,

Nowla.nl

has shown that the norm of a prime of K(x) , not as-
sociated with a rational prime is either 3 , or a rational
prime of the 'form 9.Ati. In case the prime is assocciated
with a rational prime, the norm is the cube of the rational
prime and is thus of the form 9.4 * /., Rational primes other
then 3 , or those of the form 9.4 £/ , are primes of K(x) .
Further, every rational prime 9.4 t [ 4is factorable into
three c'onjugate primes of K(X) , and so is the norm of a prime
of K(x) .

Thus the restriction on J  insures that D is a divi-
gion a.Igebraz.

In future developments, we shall need a corollary to the
above, viz,, the form ¥, given by

Fe 4,24 €L54, =34, 4 ¢34, Loy + 9L, 4"

€ L s d e,

1 p, 3., Nowlen - Bulletin of the American Mathematical
| Society, Vol. 32, p. 379 (1926).

2 flgebras and Their Arithmetics, p. 68.
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of the norm N(z) of the general integer,‘@J , of K(x) repre-
gsents | , 3 , all primes of the form 9.4 * | and all pro-
ducts whose prime factors are 3 and primes 9.A * | , The
form represents nd prime other than these. Other primes are
divisors of the form only when they divide each of /L, , £,
and £, , and then they appear in powers which are multiples
of' 3 .

The general element 2Z of D satisfies a rank equationl
viz., a certain cubic equation having unity for the coeffi-
cient of the term of third degree and having its other co-
efficients rational integral functions of the coordinates of

2z , Moreover, this element does not satisfy a like equa-
tion of lower degree.

The integral elements of an algebra are defined2 as
those elements belonging to some one set possessing the four
following properties:

R (rank): For every element of the set, the coefficients
in the rank equation are rational integers.,

C (closure): The set is clogsed under addition, subtrac-
tion, and multiplication.

U (unity): The set containsg the modulus 1.

M (maximal): The set is maximal, i.e., it is not con-

1 Algebras and Their Arithmetics, p. 111.

& Algebras and Their Arithmetics, p. 141.



tained in a larger set having properties R, C , U.

We restrict the investigation to those sets which contain
the nine basal units 7”'2:; ; We write J= 7 £ where 7 con-
tains only prime factors 3 or those of the form 9 AL/
while £ has only prime factors of the form 9.4 2 or

q/%—I:%’, at least one of which occurs to a power which is
not & multiple of 3 ; and further, £ is of the form 9.4 2/,
This paper considers the problem when d = £ , € having
prime factors only of the forms 9.4 *2 or 9.k * 4 , at
leagt one of which ococurs to a power which is not a multiple
of 3 , but £ itself is of the forms 94 %/ . Hulll consi-
ders, and treats completely, the problem when d = € ig of
the forms 9.4 f2 and 7/& t 4 , and also when J =7%¢E
with & restricted as above.

Hull gives in his thesis a full outline of the problem
ag it pertains to the general algebra G. Certain results and
formulae which he obtained are needed for this paper and will

be listed in the next section.

-—-----’-------—--------------------~-—-——-—----------..------

1 Hull - The Determination of Sets of Integral Elements
for Certain Rational Division Algebras. M. A, Thesig in

Library of the University of British Columbia.



2. Synopsis of Results and Formulae

Obtained by Hull, which are Required in this Paper.

The rank equation of <z for the algebra D is as fol-

lows (Hull, p. 7):
W’ = (34, +64,) w?

t[3, =30 090 #3044, 21200, - (30, -3y,
P+ B F By F By — A )] w

-[oio3+ CAloLL - 34, .,L,1+ 3L L L+ %z,.,(:-,4,3+ 394,,4:+(,4f

) WIB s, 38" 4 3.0 A, + 90 po-f 430,644

+JL(M,3+63{XL~ 33@%‘ FI3Yafiye +940 g/:-)/,gﬂy,plvtyf)

FOL B +CL B 4B +ChB 340y,
-3 .,L,(;.‘)/,‘ ~ 3L By ek By, +Ch Ly +6d 0,y
—3{@{, =3By, 3Ly + 9L 0, LAy,
L B =, By AL By 3 By +3 40,y
34,0, x,)] =0



A congruence of the form
(5) _ Xt ey +14 =20 (rmodd 3)
yields, on manipulation (Hull, pp. 12 - 13):
{ x-Ey 2E€p-F = FoF Crroet 3)

© 2 . 2 *
x-Ey3 3z yiyx 23 EyE 5 G2 (red D),
The coefficients of w” in the rank equations of
7?/‘7_ zJ. (f—‘,j 20,112 yield (Hull, pp. 9 & 14):
( 34, + 6 &y = U‘,:uoj
bd, — 3y = U, =2
(d, =34, +12d, = Uy = u,
FOR. +ep) =V, =€,
@ d(ep -2p) =V, =&V,
S(6pa-2p,+1s8) = V. =Ev,
J(ry. +¢y.) = W, £,
d(6y - 3y.) =W, =g,

- J(é(y‘,—aaf,qul?)a) =\W, :€w,,

On solving equations (7) for the coordinates of z , we

obtain (Hull, p. 9):
9.

1

o2 VU, -2lVi-n U,

® 9L, = ~2U, +2U, + U, |
94, = ~ul, + V, +2 U,
aFB, = 1V, =»V. —u V,

@) 9dpB = -2V, +2V, + Vi,
adB, : -uV, + V, +2V,

[



| 1y, = W, -2 W, -u W, ;
(10) | 9d y, = —2W, +2 W, +\W,
ad y, = -wW, + W, +2W,

The following combinations simplify the reduction of the
necessary conditions that the rank property holds (Hull, p.l5):

Az Wt W, A VAV, R W, W,
09 /1—‘: —7’(’0+u3_ A‘": —Ut VY, ) /t’: ‘w°+w")
T - A+ II,

p= A+ A o A+ A

Substitution of (11) in the coefficient of «w and in

N(z) as obtained from the rank equation for z , yields the

following as necessary conditlions that Z has the rank pro-
perty (Hull, pp. 15 - 16):

~Pr +3 A 2y —a{"rr +3.04 - 3.0 X'
(v F3w, (4 -2 +-31EL)t } 20 (e 7)

and , 1 s
p> -3AAp 3 AN +9(AAP -pP 2,

'—/1,4'Fm1 t 2 e, b zt,?)
+£{0’3—3A/J/'0' 14 ' pg (a s~y
—~—as'v, fFro v, - v, 3)}
' .2 ‘ 'S
¢ P T3 Ay — 3 A A T (AT - T
—}L'/t'w,_—f-l?’w,n'— w13)}
-36{ Porr +r(Aut AL +Ae L) s(Aat +r' a2t 14 D)
~3( rw, P TV AL W, ratre, + 24",
+A/l/’w,_ “1 T,V = FPV, W, LT W, u/‘,_)

.—? u’_vyw‘_} =0 (/)’}W—&L?/).
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Congruences (12) and (13) yield the following relations

(Bull, pp. 16 - 17):

(w ps 0= T Lot 3)

05 A+ Ea+ L zo0 W‘*))

(te) Al eas t = 0 (preoel 3)
| A+A = D A 4 =

() e+l 2 B4 E 2T

)
o
/‘f,'-!—/f-'l—‘—')/t,'f"% = T



3¢ The Solution of Congruences

(12) (mod 9) and (13) (mod 27).

Using the results of the last section, we de\termin,e the
necegsary and sufficient conditions that Z may have the
rank property.

Substituting (17) in (12), and grouping, we require

/}/n,(/‘l,l-/-EA,.+/f,) FAL, - T +E e

() -y, (264 -2 = EVy(om- %) 20 (rnod ?),

We obtain the coefficient of (W in the rank equation for
zZx from the corresponding coefficient in the rank equation

for z 1., The condition that it be integral is as follows:

~pr+ 38 -3 uy (A-n) —E(-c T +34

& t3alw, —3a ) 20 (meelq).
Substituting (17) in (19), and grouping, we regquire
/m(/L, +€ A4, + /f,) 7‘-/;»(%1—74/‘,,) + A g 24 2y
@9

~EAt tEawy, AV, 20 (anoel3)
On subtracting, (18) — (20), the following is required:
.m(EAL—/C) ~ (U, EV, F W) ~ (A,‘— Eat) zo ol ),
Introducing the notation |

Xz U+ €Ev, + wy Y= £ -4
this last congruence becomes

. D G, T W M e S D Gv0 S e TN B D M S Gy G W S D MR GED VRO G W 406 Gy G AP Gup S M D G G G WP WE SR S G A S Gt W AU e M S A R e S

For the necessary substitutions, see Hull, p. 8.
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(21) o Y =X =Y 20 (ool 9),
Congruence (21) has the following solutions:
(/nvzo,-)/so , X ah Ty ok )
Y z o X 20 (roald) }
msif Y31, X 20 (pmed ),

22) Y 2 -1, X2 1 (sneck?)
Y2 0, Xz20 (oroed ),

M =~ Y 2 —l’ X = 0 W '5)’

. Yz 0, X 2o et 3),

Substitution of (17) in (13)(mod 27) yields a set of so-
lutions, each of which is included in (22),

The following divisions of the problem are suggested by
(22):

Case I. /’m:a, Yzo , X arbitrary (mod 3),
Cage II. »n =/, Y22, X 30 (mod 3),
Case III. »m =/, Y31, X 20 (mod 3),
Cagse IV, m=!(, Y 3 -1 X 2 | (mod 3),
Case V.. on=-~(, Y20, Xz ¢ (mod 3},
Case VI. .m =~ Y s5-1, X 20 (mod 3),
Cagse VII. on = =1, Y2 ( X 5 = (mod 3).

In subsequent work, sub-cases will be denoted by sub-
seripts, e.g., I,_ meaning case I, sub-cage 2; and sets of
elements will be denoted by .Z:-J meaning the set contained in
sub-case J. for which & = j {mod 9).
| Since

5 -t/ (M‘Z)}



fhen

E* 27 Lok 9).

11
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4, Case 1

The conditions characterizing this case are as follows:
29 Pz ET
&5 A

11}

Y =0 (mod 3),

1]]

€4

y (mod 3),
1, +E€V, +w, being arbitrary, (mod 3).
We make the following transformations, satisfying (23)

end (24), on ~ , 4 , At , A" , 4 , and XL':

AT A E Az 34 a0
@5 4= A, FEN als 3 -En
o= 33X, A 23X -,

The % used in (25) corresponds to the 7 used in Hull's

transformations (59), p. 20.

Substitute (25) in (13)(mod 81), obtaining
1 3 A R 12
3[(/",+8/-L,'+/f,’) + 7.,(41 +g4/+;£‘,)

+(A,+£/.LI+/1‘:,)3 + (A + Ea,+ /t‘,)1
- /’w(/i, A, '+/1, A, ’+/t,/1",9 = (A, ’74—3_-{—/1./ ‘v, o+ X, 'w,,)
@e) Fon (A, Uyt o, v+ B ) = (A4, ) (10, - € 1y W)
~e(a,+ 4, ) vt e, wr) - (X, X)) (- £ 1)
—m(EA a, +EA A+ 4,8, vA, X, +Ea,' X + €4, /Z‘,’)
Fomac, (X, -€a) +Emv (A=A ) +mrn (e, ~4,)]

- (7/"4—31’" EVL$+ WJ—'}" 357/‘;1/',,14’},) = 0 (/mxrvl ‘7),

In order that congruence (26) may hold, we require

3 3 3
u:. + 8V, + 2w, = 0 (/")«—p’&(—/b),
or

(17) uL+-£VL+ W, 0 W'ﬁ),



13
since U, = u, (med 3).
From congruence (27), we obﬁain, using (5) and (6_),
@9 W, - w3 Ve, 2 wn S vy, med D)
We use (28), after factoring and regrouping, to give the
following:
u,_3+£1/13+w:‘ 3w, v, w,

= (u,,‘,_-/- €V, + w;_) {(’u/ﬁl— € U3 1) 4(1/2_1-u1_w,,)

29
( +(w;.1" Eu,_‘lf,,)j = 0 (M q) A
Writing
X, = A, +E4 + %, X,'= 4, 'rea, + 2,
(30) ¢ ; ‘ )
X,_.—‘— X,‘f’X‘IJ Y4: Wy -,

2

and meking use of (27) and (29), the congruence (26) reduces
to \ '
. 1 -
X, (13 X, =Y = e ¥)) 20 Onocts),

This yields solutions which suggest the following seven
subdivisions of Case I:

Sub-caseI, . X,z 0 , mand Y, arbitrary, (mod 3),

Sub-case

-
=

I,. XL' b, Y‘ =1, » arbitrary, (mod 3),

Sub-case I,. X, 31, Y 5= (mod 3), =0 |,

() { Sub-case I. X,21 , Y zo0, (mod 3), ~=-
| Sub-case I,. X,=-/ , Y, 5-I, narbitrary, (mod 3), V

Sub-case I,. X, -l , Y = [, (mod 3), m=0

Sub-cage I,. X, 3-/, Y, 20, (mod3), m=1/ .,

We now express the coordinates of z in terms of the

parameters A4 , 4 , X , A, 2, A, U, 1, ,u , W

o ¥
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v , and 1w, , using (7), (8), (9), (10)
then grouping so that the substitution

(32) - R a4, S=/.L,+/.t,'/ 7-=/l‘,v+/f,"

, and (11), and

is advantageous, obtaining

L, = 1, - =R

4 3 )
Lo ER e
L, = 4+ R°4’3'u‘,
po = V. - 53,
p = 2S5 - 1,

3 .
- ! ~ £ n -3
pa. = A + > 3 =

3/0 = we, = ‘13;' T
yoo 7 lT-'aW& )
a”_ = /tli'f' T-%;W"
This substitution for the L', '/3‘/, , and yl , yields
for <
Z s (u, - R)+<1———-————R““‘),r+(4 +@_______""""""),t
+7/{(7/'- )+ (23 va) Vx4 (4 +S-£7; va)x}
+7{@Ma——;v+(lr3w’)z+(ﬁl+________——7—‘”";w’~) 5
:z,+7_l'
where

(uo—R + A, ,,?:j +y(vy,-3 +.2, 2%
+«/“(w‘,—7‘+;t,'2:”)
has integra.l ooordinates, and
z,'s 5(R+S Yt Ty'j(u-a.x +2:)
o § (ot e ()
—Z(lFeypryYx
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Thus the elements of case I which have the rank property

are obtained by annexing to the set J of elements having
integral coordinates, the elements of the form z,', given by

(33), whose parameters satisfy (31).

Theorem 1.

For case I, the necessary and sufficient conditions that
the general element Z of the algebras D with d =& R
and £ of the forms 9.4 t, , shall have the rank pro-
perty, are that the congruences in (31) shall hold simulta-
neously in each sub-case.

Sub-cage I ,

Transformations (32) and relations (31) require
G Rt eSS +T 2 0 fproetn)
and (27) requires

w,+ &V, +w, =0 é7u4~4 3).

Choose
T= 2w, =%=0 , R:%3_=/’ 3:7/_;,-—8}
which satisfy (34), obtaining a particular value of =, ,

Az L (-ep)(iv2) .
Multiply A on the right by the two conjugates of
|+~ , obtaining
€y I+A(-2-x+2Y)

Consider £ = ¢ (mod 9).

Using the above value of &£ , we have
¢3)) Y = /-!-/4-‘(—1.-2:4—2:9
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where
(3¢) A S(-9(1+2)
Multiplying (35) on the left by x and on the right by
2' , and then subtracting, we obtain
3(xh - A XD (+D(x-x),
67) x4 1+ A%
Multiply (37) on the left by =z end substitute for z A,

from (37), obtaining
(%) A, - Gl+x+19 r A2
The remainder of the multiplication table may be com-
puted by similar methods, but the results are not needed here,
Squaring (35), and using relations (37) and (38), we ob-
tain '
(9) Y o+ A(z-rx -xY + AN (-9+3x+32Y)
By means of (35) and (39), we now express z_,v , given
by (33), in terms of A, @and x . We obtain
z,' .R_"'_%.fl@-{» 22 +x*) = SA 1+ +TA (2-3x -22%)
FTA=6+3x+32Y)
"[11&12%i1£5(z+-zf)—‘vl/4,Z1—ld;ﬂyo——lz'—Z?
+w, A(-r+rxt z‘)]
-M[H-A, (1-32)+ A (~w+r2x+ 37;,’9].

/ (mod 9), reference to (34) shows that z_,'

With €
has been expressed, with integral coordinates, in terms of

/4“ and X .
The rank equation for A, , obtained by replacing the

oL'a, ﬂ‘A_ , and )/2_ of (4) by their respective values in
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(35), is
w3~cu3;n€':0)
s being a rational integer.

These results show that in sub-case I, , for €= 9.A+/ ,
we have a set of elements possessing the rank property and
having the basis /4f:lj (v, =0,1,2) | containing the origi-
nal basal units. The existence of the basis shows that the
set is closed under addition, subtraction, and multiplication.
The set is maximal (to be proved later, see section 10). The
set contains the modulus 1. Hence, according to the defini-

tion; we have a set of integral elements,

Congider € = —/ (mod 9).

The conditions that the elements of set I shall have the
rank property are, for this algebra,
{R‘S'f"T .:.0(/)41,0-5[3),

ko U, -V, +w, 20 (ol 3) .

-4

’

taining A removed to the set J since it has an integral

The general element of this set I, , with the term con-
coefficient, is

z,'= 5(R Sy + Ty (1+2x +2%)
) cF (vt vy ) (e 2Y

~Z(1-y+ y) 2 |
If, in (40) and (41), we replace -5 by S, -1; by v;,

and -7/by Y, WE obtain
) z,'= 5(R+S v+ TeY(1+rx+2Y
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) “5 (vt iyt ) (w2
‘%(/+7/+7/‘) x

where
R+ 3+ T 20 (proet Y,
L+ V0 + W 20 (reod 3) |
We now have the general element and the required condi-
tions that we had for €= 7.A+/ , and (42) may be expressed,
with integral coefficients, in terms of the basis elements
obtained there. By making the inverse transformation to the
one above, we have a basis for the set I,("') .
| Thus, for € = 9.4 -1 , we have
Y= =it A, (r+x -2,
/7/ = y+ A (2-2x-x)+ A (-9+34 +'3/’t’),
where
Az 5 (1+9)(1+2),
and
z ' = R;Eﬂ (1+2x+x>) + SA, (HA)+Th(r-3x =223

/
+FTAN ¢ +32 +327)
et
>

+w,/4:‘(—7.+ 2 x +x")]
—‘m[/-rL A (1-2 x) +/4,.1(-H +1x+ 32:')].

(x+2) +v, Asxt2r A (1~22 -2

The rank equation for A, 1is
w:-w '-_h =0,
By reasoning similar to that used for £ = I +{ , we
have, for & = -y -, a set of elements possessing the
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properties of rank, closure, unity, and maximality, and with
the basis ,4,;:bj{?u':0,un) . This set is, thus, a set of
integral elements according to the definition given in the
introduction,

Sub-casgse I, .

Transformations (32) and relations (31) require, for

this sub-case,

ni

R+ed+T 21 (roetn)
W, - wn, =/ enuﬂx-y)

with » ~arbitrary (mod 3).

CE)

The set If is not maximal, being contained in set II?

(see section 6 for proof). From this, the set If” is contain-

ed within the set II®’,

Sub-cage I, .

The conditions required so that the elements of this set
may have the rank property are as follows:
ReeS+T 2 1 (mect 3,

u;_- EV,_E EVL‘W;,EW,,‘I"LE —/W ’5),

i

U, FEV, + 1w, 30 (rredd 3),
h =0
Relation (33), under conditions (44), becomes
pAE -é—(Rf- 37+7-7«L)(/+1x+z’)
w5)

5 (v vyt ey )z
Choose '

S:T=m:0 N R:u,,_:/
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satisfying (44), and substitute them in (45), giving, as a

!

particular value of z, ,

—g—[ I +x +C%(2+x*27.

Congider £ = 4 (mod 9).

Relations (44) become
R+S+T -~/

(46 U m VL E Y m W W m U, S L (el ),

i

0(/)4»(/71?9)

)}

ug,+v3,+w_1_-0 W?).
Also, the above relations become

3C, = 1+ 2+ y(x+2)

from which
Ca)) 3?2 -3+t 2 c,(7— z-—zucﬂl
“3 7L: 24242 - C (142242 4+ C, (12~ 3 2%,

2C = 1+ C, z'}

TS

2°C, (—l+x+k)+c;t
The rank equation for (C, is as follows:

w’e & - A =0
Subgtituting these values of  and in (45), we ob-

tain

z, - R*’S’“T L+ - S(2+ )+ SC (#-2Y
+T(—1+x+)cﬁ—7‘8,(-/+5z+3x)+7'c, (6+3%)

Yea + Uy +
3

+1n C "(1+7_x+xj]

+ L1 e Yo (142) + e,

Y2 (x+2) #1050 -1 C (-1 32 4247

Referring to (46), we see that the coefficients of
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C,sz (¢,020,1,2) are rational integers. Thus C ‘z’(¢s=0,42)
form a basis of the set of integral elements of the division

algebrs D, with J'= € = 9.4 + ¢ .

Consider £ = -/ (mod 9).

Relations (44) become
A R‘S‘/’T“/EO(M’&),
(H‘?) U+ Vy S -V, - W, S W~y ;-/W ’6)}

U, - Vy+ W 30 (ol 3) .
On a change of notation identical with that used in sub-

case I,, the following relations are obtained from the cor-
responding ones for &£ = / (mod 9) of this sub-case:
'\7/ 3-2"-Co(7-2 ~22%)
2 Crrresr)-C(1+2e+2)+ 0, (12 Bz)
where
3C,= j+x -'7/(9:-{- ;:")I
and
| z, = Rh'—s—;j—.—:/—(wz):— S(2+2) - 8C, (n-%?
+T(~2t 242 =T Co(~1+5x+3x) +TC, (6 +3%)
-[%*- Z“Lw‘ (xt2) -v,.C, ~wr G (14324227
+wy C}L(Hu: +z‘)]

_/_'_'_11",;_‘_7:‘_’"-%-(,+Z)L+ oy

+

The rank equation for C, 1is
w?-w+ A =
Referring to (49), we see that z ' is expressed in
terms of C. % (v, /20,1 2) with rational integral
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coefficients. Thus C’;o z’ (b',J' = 0,1, 1—) form a basgis of
the set of integral elements of the division algebras D, with
= &€= 9.4 -/ which are obtained from (33) by putting

=0 and values for parameters satisfying (49).

Sub-case I,.

Consider ¢ = | (mod 9).

The following are necessary and sufficient conditions
that the set I¥) of elements of the algebra D, with
4 =€ = 9 +/ -shall have the rank property:
ReS+T = 1 prod 3),
VotV + W 30 (oreel 3)
L2 VL E Wy (o 3)

9
w = = 0]

We shall show that this set, I, , of elements is con-
tained within the set IS’ of integral elements. Form two
distinct elements of Ig') by choosing two sets of values for
R,SS,ad T ,say R, S , T, anma R,, 5,, 7., and one

set of values for %, , v;, and w,, say u,’, »,', and 1,

where

5) '{:R,+5,+T, 2/ preet 3
Rt S.+T, 2/ Gredd 9 |

and

These two elements of I(.;) are
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D= + (R, +S, %+ T, 33 (1+22 +x>)
-4 (a4 V",."y/+w-;'7f)(2:+x’))
and
D.: §(R.+S, w+Tovw)(1+2x +2?)
5 (sl e ey ),
Subtracting, and replacing R -R, by R° , S -85,
by S', T,-T. by T', we obtain an element p, - D,
which belongs in I(',) by closure:
D,-D, = -%—(R'+S'7/+7'14//’)(/+1/K+2:L)‘
Subtracting the relations (5l) we obtain
(R,-RJJ—(S,‘S,,) + (T,-Ts) 20 (ronedd 3)
or
R'" + S'+ T 20 (rnecd ).
Referring to relations (46), we have
U, T Wt | (med B,
W, — 1 prroct 3) ,

$he

Vs

and therefore
v +14+ 3.4,

"

Uy
Vy s w-1[1 + 3/51.

Substituting these values of ¢, and 7v; in (33), and
transferring the terms containing /Z, and £, to the set &
we obtain

z, = ‘%(R+34/« + Ty (1+2x+4 x*)
3w (1 vy +y’) (x+27) - (1~ ) (r+ =3

Choosing 1w, =0 , we see that

J,;(R.;— ) Ve +T7/’j(/+3.x+,r" ——%(:—17/)(2: -f—z’j
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is an element of I(;) , and then by closure, subtracting this
from z ', we see that L (/ryrv?)(r+x?) is an
element of I(;) .
From (50) we obtain the following:
R-D+S5+T=o )}
w, s 1y + 3.0, )
v, = wy + 3.4, .
Substituting these values in (33), and replacing R -/
by /23 ,» the general element for If,) becomes
z, 'z 13—(&4-57/1—7‘%‘)(# rxtxt) +5(1r2+x%) ,
S (iry e y) (e E) +5 (1 ry )
where |
R, +S+T 20 (ool 3)
end in which the terms containing A , .¢,, and .Z, have been
transferred to the set &
Since
5 (R, +S8ur Ty)(1+2x+2%
S (ke ) (w42,
where
Ry+S3+T 20 (et 3)
1w, is arbitrary (oot 3,
belong in I(;) , the necessary and sufficient condition that
the general element of IY be contained within I?Y is that
—é—-((+1z+z‘) +l3-(/+7/+}¢92:1

be contained within I%) (from the property of closure), or
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that this element be expressible, with rational integral co-
efficients, in terms of €, and = .
(48) in

Substituting (47) and

LS(trrxex) + S (1rpryp)zt
we obtain
(e+ ) +C,(2-x -2+ O (u-x)2?,

Thus the set IY 1s contained within the set I° and so
is not maximal,

Congider € = - (mod 9).

———

The necessary and sufficient conditions that the set I(‘;”
of elements of the algebra D, with J"= € = 9.4 -/ , shall

have the rank property are the following:
R-S+T 21 (roed 3
U, - V3 + W, 20 (e 3))
U, T~V 3 W, (ned 3),

The general element of Iﬁ‘)

the form

, obtained from (33), is of

z,'= %(R + Sy +T ) (1+2x +x%)
- S (Ut iy +wn ‘y/’?(z+ x*)
+5 (1= y+ ) 2",

after the term

Setg-.

containing _#  has been transferred to the

Por the set I‘;D » the general element and the necessary

and sufficient conditions determining the rank property bear
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The same relation to those of .[ j'” as the general element
and necéssary end sufficient conditions of I;U bear to
those of Zf) . Prom this we may show that
<(R, +53, g+ Tu 7‘9(/+1,z + 2
(1= ) 2D,
where
Ry =S4 +Ty 20 bmeel ?)
W, < oakbdiory (mod 7)
are elements of the set I;-D « Thus the necessary and suf-
ficient condition that the set I(;') be contained within the
set 15’ is that
L(r+axrx?) +L (1-y+y)2*
be expréssible, with rational integral coefficients, in terms
of (, and x , the basis elements of I?D . In terms of

C, and x , this latter element becomes

r+x” +C (% -x) 2t G (u -2 2t

Thus the set IS’ 1s contained within the set I(;D and

s0 1s not maximal,

Sub-cases I, , I, , and I,

The necessary and sufficient conditions that the sets
of elements in sub-cases I, , I, , and I, of the algebras
D, with J'= € = 9.A */, ghall have the rank property are

ag follows:

R+eS+T = -1 proet 3),
W,_‘ul = - (/ky\/o—o(f’b))
Y+ eV 4w, = O (/ypw-vl 3)}

>3
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L. - -t

where « and £ are equal to ¢ , / , or 2 .
The necessary and sufficient conditions that the sets of

elements in sub-cases I,, I,, and I,, of the algebras D, with
§=¢=- g ti , shall have the rank property are as
follows:

R+e€S +T =24 o 3)

W, - u, 2 a (med?),

WU, +EV, + W, 20 (anodd B),

s A

where a and _/ have identically the same values as in (52).

G

The general element =z, 6' is given by (33) for all sub-
cases.,
If we replace
Ry R sty
G S %7-8') v, Ay Ve e,
T Ay -T, w Ay -wy

in (52), we obtain the conditions (53).

Since this substitution replaces any basis element, such

0]
3 9

as C, of sub-case I by its negative, we will have

Y = %(x,) -C,) and 71; ¢ (x, —C) for these sub-cases,
where < = 74(2:} C,) and ¥ ¢(x,C) are the sub-
gtitutions used in I(;’ « Any general element zll which may
be expressed in terms of * and (,, with integral coeffi-

cients; may be so expressed in terms of x and - @, + Thus

the sets of elements obtained in these sub-cases are coinci-
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dent with those obtained in sub-cases I, ,}I, , and I ..

Theorem II.

In case I there exist two gets of integral elements for

each of the algebras D, defined by S= €2 GA 4y and

S=¢€= 9.4 ~ . Por € 94 £1 , the elements
of the two sets are formed by amnexing elements of the form
(33), and linear combinations of these elements, where the
parameters satisfy (34) and (46) respectively, to elements of
the set éL . For €= 94 -4 , the elements of the two
sets are obtained by annexing elements of the form (33) and
linear combinations of these elements, where the parameters

satisfy (40) and (49) respectively, to elements of the set
+ .
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5. Case II

The conditions characterizing this case are the follow-
ing:
U, + EV, + w, =0 é*”“d 1%
(55) A X Gﬂkad-%>}
pe T 2 proetn)
and as a consgsequence of the last two
Alz e’z £ (rredd 3)

Choose the following transformations on the parameters

£ 4

]
]

[}]]
Hy

€ o

Ay Ay Ay 1y 4, and _A', so that conditions (55) are
satisfied:

Az 3/‘L,+71« ) /L(: 3/§—//+(/-/h,>’
5¢) 4= BAAEER L'z 3.4, ve(1-%),
A2 3, F A = 3 X (1-2)

These transformations give for 2 o, and 1,
p = 3(a,+ 4, ) +1 = 3R+
) o = 3(4,+A,)+£ = 35+¢
T =3 () = 3T 4
Substitute (56) and (57) in (13) (mod 81), using (30) anad
(32), thus obtaining

1R+ €5+T) # w (R 8™+ TYs ('t 5,1)
+(AIA'1‘*/11 /L/I ’f/t, /r,')-/-lm(&’/l-, I‘—ff/‘-l /4»,

A, FEa, A+ E A, g 4, FE AL

)

)

69 + A A A, A e A, X e o a2
‘ ] J 1
~2(ea, X+ ena, pe a4, a2 e, )

1
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- (e 4, %"+ SA,'A-,/+/L,'/'C“,’)

+@1’—1)(%7-/£‘ +VL/“"/ +W"- /—C!) —h(u A I-fvl/‘/’"fwl—xl’

ton(ws X, FEv, A vy 4 ) e (1) (Ew, 4 460, X, 41y 4,)

+2.(R+£S+T)(w—b-uk)1] |
4_1[(1‘_11_ £V, w3) +(V4l‘ U, W) + (W -, 7-"9—)]
= (u,.‘bf EV:-/- W;_3 -3€ w, vy w,_) =0 (/nw—otcl)

From %, +E&v,+ 2w,

oprnod 3) we obtain

(0, £ 1) + (5 20, ) + (v €260 )
L

=, + eVt w,) —3(Evi £ u, Wy F £, 1)

3(w3_-

(59

(1))

%,) (et 9)

Using (29), (30), and (59), congruence (58) becomes
X, +n X:+X,'l + X, X, =~ Y. X,

4o FaX Y H 2 Y, 20 el )

Substituting (56) and (57) in (12), and using (30), we

obtain as a necessary and sufficient condition that the co-
efficient of w in the rank equation of z be integral,
@)

X:_ = \l/, (/)m«o-—v( 3)
Subgtituting

(61) in 4(60), congruence (60) becomes
X,

FX X 42X 20 (e D),
or

Ve
(62) X,X150W3).

The solutions of (62) are as follows:

XLEO)X,MMM/?]W3),
X, =t X, 20 (rnod ?).
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fs—serbitrery,

This suggests the following division into sub-cases:
20 2 Y, (pred B,

L2 Y, pred 9,
=~ =z Y‘ ok 2.

Sub-cage II, .

1

X

X
Sub-case II, . X,
X.

Sub-case II, .

Theorem III.

For case II, the necessary and sufficient conditions
that elements of the algebras D, with 4 = €+ 9.4 %/
shall have the rank property are given by the congruences

characterizing the above sub-cases,

Using (8), (9), and (10), with (11) and (32), we expreas
the A'a, @'~ , and y's in terms of the parameters R

5 ’ T y Uy, Vi, w, , and *rn , as follows:

L= - FR-F,

1,2 B 2

<’La.= /‘,’+ R—V:;-‘)\r#_%,
ﬁo = 1/_"_%5— }_‘ié-)
o= RS 4 2E

ﬁn. = ‘A_/’+S-V;3‘5%_/;£f77§_)
o 7 W”_%T-%)

)(' = :LT;W:- +%1
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The substitution-v of the above in the expression for =z
yields
Z:u,-R +Rx+4,'2"
+7{’V‘,— S +Sx +.4,'zY
+Vf{ur,-7' +Tx + X, 'z
+5(R+8w +Ty)(1-x+2"
-’%(us + Vaiy + W»‘fﬁ("“"z’j
+L(1+eys w(-rtax+ wx?) - Z(1+5y+ y)xt
=Z,+ Z-,‘
where

z,' = ‘»!5 (R+5 Y +Tyﬂ(/-2: +x%)
L (v vy + ) (et Y
_+“£7 (H—Eﬂ//+ *7*)(-—1+1x+w;:‘) - 2;—(14-517/1479 z*

Thus the sets of integral elements of case II are formed
by annexing to the sget d  of elements with integral coef-
ficients, the elements given by (63), where the parameters
obey the conditions required in each sub-case, and linear

comhinations of such elements.

Sub-cage II, .

The necessary and sufficient conditions that a set of
elements, given by (63), of the algebras D, with
d= €= 94t , shall have the renk property are
as follows:
R+ €5 +T =o0 (o 3)
) U, + EV, +w; =0 W’&),
U, T EV I W, (ot B)
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Consider £ =z 1| (mod 9).

With € = 9.4 +/ , the conditions (64) become
R+ S +T 30 (rred )
€5 Uyt V3 + W3 3 0 (1ot 3)
U, 3 Vy 3 Wy (noed )
- being arbitrary (sned 2) |
and the }general element z,' , given by (63), after the terms
containing _A have been removed to J , becomes
| Z,'s S(R+Sy+Ty)(1~x+27)
@, 5 (et vy rwa ) (2 2
| +g (1t yp+y)(-2+20+ux) - F(1rpr y)at
Prom (65) we obtain ,
VT upt 3 A, S=R=~A 1.4,
{ wyz e+ A, T=R+A 434,
the expressions for S and 7T following from
R-8 2 §-T=T7T-R= A,
which, in turn, follows from the first congruence of (65).

()

Substitute (67) in (66); we obtain
z,'s L[R(t4ps+y?) - A, (y - 3O -x+x?)
©9 L, (1+yry)(x+ )
‘ tL(1+ aa 47/’)(——L+1K+L{'2:L)"2;—(/+%+7/*);ti,
after the terms with integral coefficients have been removed
to 3 .
Substitute in (66) the following values of the i:ara-

meters;



R=SV=T'—'/}L—:01 W, = v, = w, =/,
These values satisfy (65). We then obtain as a special value
of z,, |

©9 H, = ‘fi‘(/+7/+y/9(—l-;k+xl),

Multiplying #, on the right by the conjugates of
-2-x+x" we obtain
(79) gyt 3, (- %)

Squaring 4# from (69), and using =2 € we obtain

17 H % -D(1-8) + 7/(~/+a:*)(/ ~-£).

We may take € =/0 , since (0 4is of the form 9.4 +/
end has prime factors of the form 7.4 +2  and 9.4 + & -,
neither of Whidh occurs to a vpower which is a multiple of 3 .
With € =10 , 17 H,* becomes

3H, s —rrx 4 (- 2Y,
which, on right-handed multiplication by the conjugates of
[-x" , yields .
@ Y = Loxt o+ M (u -2 —2x?)

Substitute (71) in (70), obtaining
72 s ~3+xtt 3 H (=1-2) + B (-t ot ax

Substitution of (70), (71), and (72) in (68) yields,

for the general element,
z,'=3RH, x At ) 13K 2+ 2 (- 22Y)]
—[u,h‘, (1-wx-2xY) + (A4 >+ /Z;yz’)(zf-r")]
A -wx-22) + ~H ((rx)x’,

Thus 2z, 1is expressible, with rational integral co-

ordinates, in terms of H, and t
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The rank equation of /, 1is

w? s hw -Azo.
We have, now, a set of elements, given by (66) where
the parameters satisfy (65), of the algebra D with
S=6 =9 A+ , which have the properties of rank,
clo~sure, wity, and maximality (to be proved later, see
section 10), By definition, this set is a set of integral

elements with the basis M, x’ (¢, z0,,2) .

Congider € -t (mod 9).
With € = 9.4 -1 , the conditions (64) become

R-§5+ T 20 (prod 3)

) .

o being arbitrary (s,.od ).
The general element Z, , given by (63), after the terms

containing _A have been removed to g , becomes
z,'s= SR+Sy+T ) (1-2+xY
G -3 (wrt oy vy (2t 2
+% (1= + %) (~2+ 22 +ux?) - Z(1-y+ 392"
Replacing :
Oy -3, vi My -vi, y Ap -y,
(73) and (74) become (65) and (66) respectively. Making
these replacements in (69), v
oz GU-pry)(-2-x+x)
will serve as a basis element for the set of elements in this

sub-cage.,
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We have, then, a set of elements, given by (74) where the
parameters satisfy (73), of the al'gebra, D with J=€ =94~ .
which have the properties of rank, closure, unity, and maxi-
mality (to be proved later, see section 10). By definition
this is a set of integral elements with the basis /3/;4":”'(5,,;0/ 1, %),

Sub-case II. .

The necegsary and sufficient conditions that a set of
elements of the algebras D, with J°'= ¢ = 9.4 = ¢ , Shall
have the rank property are as follows:

R+ €S +T 2/ prod ?),
U, + £V, + Wy 20 (rnoel 3)

(72)
U-EV,Z 8V, -~y 2wy, 5 [ (rodl 3)
~m  being arbitrary (rod3) .
Consider £ = (mod 9).
With &€ = 9.A+1 , congruences (75) become

R+S +T =21 (proet 3)

(7¢) Ut Yyt Wy 2 0 (nodd 2)
Usm N2 Yy~ Wy 2 Wy Uy 2 1 (onoed B)

and the general element is given by (66).
Brom (76), with R-1=R' we obtain the following:
R'=S 25-TzT-R 2. A (et 2)
and therefore
S = R'- A, +’>//z¢)

T = R‘ +/i, +3/ﬂt,,)
and also
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VoS wy + 1 +3/€,)

w, = wWy,-I1+ 3.4, .
Substituting these in the general element snd transfer-
ring the terms containing 4, , A, ./ , and _£ to the set
4 , relation (66) becomes
. z, 'z ’é"(R‘f‘S’?/?"T’?/’)(/—}:f-R;’)
(72 5[ttt ) # (1o )] (x4 %)
tL (1 ry)(-2+2x +ux?) - T (14ypry)x?
In the same manner, the general element for the set II,('}

may be written in the form:

{

Z, = '%(R+57+T«/’)(l-x+z*)
4w, (1ry+ y)(xr+2)

t5(1ry+y)(~rrrx+ruz) -5 (1tyry)z?
the parameters satisfying (65).

Taking 1w, =0 in (78), and any set of values satis-
fying {65) for the remaining parameters, we obtain an element
of ITY . Taking 1w, variable and the same set of values for
the remaining parameters, we obtain another element of II ,@ .
On subtracting these two elements, the element

3‘%-(1-# Y+ 1/‘)(2:-# x*)
is determined a3 being in the set IIY ., With
R=S5=7T = 1w, =»=0 in (78), the element
‘a‘;‘(/+7/+ Vg‘)(—lflz +u x?)
is in the set 11 . Using en argument similar to that used

for 2%.(/,._17,4.7’j(x+z*) , We see that

(e ypry)®
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ig also in the set IIY ., With R =8:T =0 and then

R=5=T-=1 , determine two elements of IIY whioch,

on subtraction, yield |

S (R+Sy+Ty)(I-x+x?)
where R+ S +7 30 (o3 | as an element of IIY .,

Since the term

‘13‘ (R+—S '7/+T"7L) ({~x+z’j

with R+S+T = ( (meet 3 , of (77), may be written as
T (R+S y+TyWi~xtx) +L(1-x+x9

where R+S5+7T 20 (3neel®) | 1% ig obvious, using the re-
sults of the last paragraph, that the necessary and sufficient
condition that the set IIY be contained within the set II(,” ,
is that this latter element be contained within IIY . Using
(71), this element becomes

2 FH (- +x?)
and so is an element of II{d . _
Thus the set II¥ is contained within the set II“” and

so is not maximal,

Congider ¢ = -/ (mod 9).

With € = 9.4 -1 relations (75) become
( R - S +7T = / (/hvrrvé 3)}
U, -~V 4w, 20 (rrod ),

U, 4V, 3 =V, - W, 2 W ~U, 2 [ (el )

g m being arbitrary (rreetl 7),
The general element is given by (74).
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The replacement of
Ay =S, Ny, g Ap -y,
transforms (79) into (76), (73) into (65), and (74) into (66).
Thus the discussion of the sets IIS") and II(,'9 may be redu-
ced to the discugssion of sets II.(') and II‘;’ regpectively.
As a result the set IT’ is contained within the set 1T and

80 is not maximal,

Sub-case II, .

The'neoessa.ry and sufficient conditions that a set of
elements of the algebras D, with d=€:= 2.4 £ / , shall
have ‘the rank property are that the following congruences
shall hold simultaneously:

R+eS+T = =/ (proel 3),

Wy, +EV,+ Wy 2 0 (moel D)
(80). Uy~ EVLIEV, ~WL 3 W~ U, 2~ podd 3)

m being arbitrary (sred 3) .
The general element is given by (63).
Employing reasoning similar to that used in sub-case
II, , the necessary and sufficient condition that the set
11 be cmteined within the set II® 1is that

ot (a2 s (-G 2]

be expressible, With rational integral coordinates, in terms
of # and X ., As seen in sub-case II, , this is possible.
Therefore the set II(zis not meximal.

Similarly II(;') is not maximal.
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Theorem IV,

Por case II, there exist two sets, II and II , of
integral elements, one in each of the algebras D, defined by
S=¢&=2 ah 4 and = €=9A -~ respectively,



4]
6. The Non-Maximality of

Sets 1Y ama 14’ .

We deduced in the last section that the following ele-
ments were contained in the set II f')
+ CR'+S«/ FT N1~ x+2?)
and go, adding a multiple of 3 ,
5 (R4 Sy +TyY)(1+22+27),
(e +y) (2+ %9,
F(1+yev)x,
where
R4S +T 20 (roet )
w, and 7 being arbitrary (reel ).
Since the general element for thé set I(;} may be writ-
| ten in the form
z, 'z —%(R F S+ Ty’)(lflx +2:‘) +‘%-(/+z,r+2:’j
'_'fjj_wz.(/“‘y« +y)(xr ) +L(-y)(z+ Y
=S (1+y s 1//‘) "
and since the above elements are contained in II,M , 1t is
necessary and sufficient to prove that
L[Grre+2)+ (- Y(x+27)
is an element of the get II{" in order to prove that the get
II(,') contains the set I(;) .
Using (71), this latter element becomes
| vx+x - #(1-x -x)

Thus the set I i” is contained within the set II,(') .
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Since both ISU and IIf” are obtained from If) and IIF
respectively by replacing S by -S, vy by -vy , 0% by
-y , the set 1<’ 1s contained within the set II?U and so

is not maximal,
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7. Case III.

This case is characterized by
W, + EV,+ W, T 0 (rodl 3)
! A—EazEa-A A S] prod),
Pz €0 2= T =1 (rrod 3),
Satisfying (8l1), choose the following transformations on

the parameters 4 , 4, £, A’ &', and A :

A= BA, + N , Al YA = (=)
®2) 4 = 34, + E(-1) ' 234, — (D),
A =y X, + () A =3t -

The substitution of (82) in (13)(mod 81) yields, after
uging (29) and
=gy wn) # (-2 4 wum) + (- £164,04) 20 reel D),
and the substitutions (30):
X+ w XS AX Y F e X, 2 X Y
Lo A ) (ra - e )5 (A~ 4)
€ +e(a A+, 2 + A2 - A 4 a2,
FEAX e, X -t ) 20 bnad).
Substitution of (82) in (12) yields
Ew Xy 20 (rnod 3)
as the only solution, and as a conseguence
R-€52€e5-Tz2T-R (et ».
Combining (84) with (83), we obtain
€5 ;Xxl;nu+nv)<1-—n@\ﬁ +-£1q_+.1YfL+7~—R] 5(7é?n41(})’

all of the solutions being included in (84).
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Theorem V,

A comparison of (84) end (85) reveals that the necessary
and sufficient conditionsg that the elements of the algebras
D, with S= €= a9.Ah T , whose parameters, given by (82),
satisfy (8l), have the rank property are as follows:

R+eS5+T 20 prod )
(?‘) U, + EV, + Wy 2 0 (prodd 3)
w;éuz and 71, being arbitrary(/,,m,.,,( 3).
Employing (7) - (11) eand (82), we obtain for the co-

ordinates of the general element =z in this case:

by = u"”%R—%)

A, = A,'+_R_____.__-—‘“’; e
R L

oo B - 4R

fos 4+ Ssgeckes - T4
for et 5T -7,

y, . Hl=an o, %

o < ]t,“'r'w*-% +‘L'_

3 9

The general element is 2z = z,+ z, , where 2z, , has

{ /

rational integral coordinates, and

z's - (R+$§ 7,1-7'7/*)(1-1: +x%)
St vy r Y ) (xr 2

87)

+Jc.[_([-3_517/+— 7,L)(-—L+1x+wz‘)+%€y/zl

“E(treyprydaT- Syt
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Thus the elements belonging in this case and having the
rank.property are obtained by annexing elements of the form
(87) whose parameters satisfy conditions (86) to the set &

of elements having integral coordinates,

Congider &€ = / (mod 9).

With €= 2.A+/ , the conditions (86) become
R+ S+T =2 0 @noet ),

. Ut Vet W 2 0 (pnoel )
&8
Up-; 23 wh 2 -2 5 A (anoek )
~n- being arbitrary (rno<el?),
where A is o , 1+ 4 0 2
The general element Z, ' , after transferring the terms
with integral coefficients to & , becomes
z,'> £(R+ 5 7«7‘—7"7/‘)(1—2:1%:‘)
Sty r ey (e +x?)
+& (1+y +y)(-2+2x2+ux? ‘:hfb—(l+17v+y/’)1:L
Fy(-rran) 4yt |

It may easily be shown by the methods used in former

€9

cages that the following elements, whose parameters satisfy

the conditions noted, are contained in set I,('J :

F(R+Sy+Ty ) 1-2+2%), R+5+T 2 0(mect 9,
(e orsd, e s ued 3,

Q;_.(H_ Y+ 1//’) 2", .m  arbitrary (sreel Y,
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From this it is necessary and sufficient to show that
—f,—(lf—y ty)(~rtrx +uz?) ~Ly (-2r1x) -5 *
is an element of set I (,') in order to show that the set IIIY
is contained in I” . Substitute (35) in this element; ob-
taining
A (-1+x) + :4,1.

Since the general element for the set of elements 111
having the rank property is expressible, with rational inte-
gral coordinates, in terms of the basis elements of set I,(') ’

the set ITIIY is contained within the set IY , and so is not

maximal.,

Consider € = -t (mod 9).

With &

1"

g A -1 , the conditions (86) become
R=-5+T 20 rodd )
)
e, - »t Wi S0 (noet Y

",

and the general element becomes
z,': $(R +Oy+ Ty )(1-x+2z7)

4 (st vy ¢ Wy (m e 2

+‘$' (1- Vs ‘7/’)(—47.4-1/( 1‘—1»(2:’) —13— 17/",1:"

ty(~x+2x) - B (1-y+y?) 2"

Replacing
S/g?’/_s) 7/',_ /57/_2/-"/ /?//ﬂy/-%’

the discussion of sets I(,") and IIIM may be reduced to the -
discussion of sets I,(') and III" regpectively. Thus the set

ITI"” is contained within the set If") and so is not maximal.
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Theorem VI.

There exist no sets of integral elements in either alge-
bra D in case III. The elements, belonging in this case, which
have the rank property occur in the integral sets I?) and 1%,
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8. Case IV,

The conditions characterizing this case are as follows:
U, + EVL T W, 2/ (rod 3)
A a2 A~ Z Tons — (el 3),

(49 -
: - PI Eoc 2 T 21 (owed ?) .

Choose the following transformations on the variables
and ¢, such that conditions (90)

A ,/_L,/f‘,/{,',_ALI',/‘L",
are gatisfied: . _
Az BA FR A2 34, = (=)

’54,+£(%+1), - £

= 34,

ai) S
O = 3)¢,+~@»—9} 2= B/t/-—(vufd,
U, s« Uy +1 .
Substituting ¢, - 2, + Ainlzg,+€vl+1ui5/@mmxz&
we obtain
| U, +EV, + 20y 0 (aned 3)
These transformations (91) necessitate the following:
p=3(A+A) +1 = IR+,
(ql) o= d(a, 4" )F £ = 3S+£)
=37 -2,

T 23(x,+4,")-2 =

Subgtitute (91) and (92) in (13)(mod 81), using (29),
and replacing

w, - U,

(30), and (32),
= Y.,

we obtain
X;-hnX}+lX YL-Yﬁ+Xl+X”Y;—ALY +Y,
FY, (8S-T) HT~R) +n(-X,+e5~T) - X, Ya X, X,

= [+ n (/Mw—*&L'b)

@
+ XJ,(&S T) =
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The substitution of (91) and (92) in (12) yields as a
necesgary and sufficient condition that.the coefficient of w
in the rank equation of z ©be integral:
& Xy + Yo 3 —l=n (rodd 3) .

Combining this expression with (93), we obtain
@5) X al-vi-o-vitrv.T =z oo (o 3)

The set of solutions of (94), which contains all the

solutiong of (95), is as follows:

X.‘_E - ) N 4 Y:L = 0 (M'&)}
(‘ié) X;_: ] , My Y, 2o @wa—a”é)}
X,z 0 | ot Yo = =l (amed 3)

Theorem VII.

For case IV, the necessary and sufficient conditions
that elements of the algebras D, with dJ' = €= 24 £ ,
shall have the rank property are given by (96).

The coordinates of the general element =z for this

case are the following:

> )
J = LR~y 1 FS
{ ,3 f‘ .7,
- / -, .
‘[L‘ /”/ L R 39 +%1
2 [
ﬁé: v"ATS 9
. 15 - 7, zE
ﬁc - 3 L+ 1
. 4y S-vi-€n &
ﬁ,_ A, + > + 7,
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And in terms of these, the part of the general element which
has fractional coefficients becomes |
2, '= —g—(R +S5y ¢+ Ty‘)(/—zm&z‘)
S (Ut vy 1wy ) (% + %)
@y tg(t+ey -2 y)(-r+2x+2) -5 2"
~Z(1+eywrylet- Lx,

By substituting for va and . 47/‘ the relations express-
ing them in terms of (, , the basis element of set I,f’) , We
may express z ', given by (97) with € = ?% / , in

terms of C, and x with integral coefficients, for each
of the sub-cases defined by (96).

Theorem VIII.

With €= 9.4 + 1/ » 8ll the elements in case IV
having the rank property, given by (97) where the parameters
satisfy conditions (96), are to be found in the set of inte-
gral elements I,(') o As a result, case IV conté.ins no sets of
integral elements for € = 9 A+ . Similarly it may be
shown that it contains no such sets for € = 7.4 —/ .
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9, Cages V, VI, and VII.

The conditions characterizing cases V, VI, and VII, and

the logical substitutions to be used in each case may be gen-

eralized as follows:
W, + EV, 20y, = - A (nosl )
@9 A-EAZEL-X 3 f-435 —a (prod )
P = &0 = T 3 -~ Q¢mAnJ.a) ;
Az 34 ~n ‘ A2 3, ) ,
@ A= 3/.1,—2(/)\—-@)) 4 s 3A,/+€(/>L—/—a,),
A =230~ (nra) ﬁ'c%f/+@»w+@,
a , A4, and » bveing o, s, Or 2 ,

The conditions characterizing cases II, III, and IV, and

the substitutions used in each case may be generalized as

follows:
W, + EVy, + Wy 3 b (el 3)
(loo) A-tazts-A XA Sa Gaod )
2 [ (rmed B

Pz o = 7T

AT 3A A+ N ’ Az 34, £ (/—7.,)}

([01) A = 34, +€(/n-— a.) , ‘s 3/!.,./1‘—{(/—7\.1-&) ;
A = 3A F+a)

where « , _{-, and 7 have the same values as above.

A
;t’::z,tff-(/—at-a))

The conditions (100) become conditions (98), and the
substitutions (101) become (99) if we make the following

replacements in (100) and (10l1) respectively:



which obviously necessitate that the following replacements
be made:
()/4?/-[)‘ R/f‘f-R‘
0’/5‘;«—0“ 8/6‘%"8,
r A T, T Ay -T.
The same substitutions reduce the general element in each

of the cases V, VI, and VII to the general elements of II,

IIT, and IV respectively,

‘Theorem IX.
The sets of integral elements contained in cases Vv, VI,

and VII are identical with the sets obtained in cases II, III,

and IV,
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10. The Maximality of Sets

1Y, 10, 1¢ | 19, 119, aema 11¢Y .

The maximality of each of the sets mentioned in the
heading is not obvious. This is due to the fact that the
parameters, in terms of which the necessary and sufficient
conditions that the elementé have the rank property are ex-
pressed, are not independent, since 4, , 4 ; £, 4y 43 L
are functions of the ¢4, 2% , and 202

We determine the meximality of the above mentioned sets
by expressing the basis element of each set in terms of the
basis elements of each of the other sets. Substitute {(47)
in (36), obtaining
S -/3[5‘+z—x1+ C,('?—’bx‘)] )

Thus A, is not in the set I(,‘) o Similarly A, is not in the

i

gset ITY , and so the set IY is maximal,

In like manner each of the sets I and ITI! may be
shown to be maximal,

Similarly, for € = 9.4 -1 , Wwe may prove that the

sets 1Y | I ¢) | ana 11¢” , are meximal,



11. General Case, J = %¢ .

Hull shows in his paper (Hull, pp. 28 - 31) that the
necessary énd sufficient conditions that the elements of the
algebras D, with d'= 7¢ , where % 1is the product of
positive integral powers of 3 and like powers o:f.’_ra:tiona.l
primes of the form gh + , shall have the rank property
are the same as for the algebras D with d'= & | but with

respect to & new set of basal units given by ¥ x’ (<\y'= 9,1,2)

where
/‘7’: ’%‘E)
E = ¢,+8,% + e, 2"
being a number of K(®» , and . = € , In terms of

these new basal units
r AR VN T . +(B, +ﬁ,'f%,t + ﬂ’_’—y,,xx)
'y r e+ p g tx)
the 3% and y'4 being rational integral functions of the
original coordinates of <= .
Since Hull does this without taking into consideration
the form of £ , his result holds when £ is of the forms
9.4 */ , as in this paper.

Theorem X,

Por the algebras D, with = 7 e » 7 being the
product of integral powers of 3 and like powers of ration-
al primes of the forms 94 */ , and £ is the product of
rational primes of the forms 9.4 * 2 and 9.4 o

»
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at least one of which occurs to a power not a multiple of 3 ,
but £ itself is of the forms 94 * /! , there exist sets
of integral elements each of which corresponds to a set ob-
tained for d =& , &  YDeing restricted as above; In

each cage the set contains the original basal units

y'x (4=20,13) .
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12, Conclusion.

The following theorems sum up the results obtained in
this peaper:

Theorem XI,

~ For the algebra D with d = € = g b+ , £

having rational prime factors of the forms 9.4 * 2 , and
9 A t , at least one of which occurs to a power not

e multiple of 3 , there exist three sets of integral elements,

19 ’ I? y and II? « The elements in each of thege sets

are given by (32) for 1Y and 1Y , and by (66) for II? ,

the parameters satisfying the conditions (34) with € =/(2rocl 9)

tmo8—oF, (46), and (65), respectively.,

Theorem XI1X,

For the algebra Dwith J'= £ = 94 -/ , £ being
restricted as in Theorem XI, there exist three sets of inte=
gral elements, IY, I¢ | and II€’, The elements in each of
these sets are given by (41) for the first two sets, and by
(74) for the third set, the parameters satisfying the condi-

tions (40}, (49), and (73) respectively,
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