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THE DIVISION TRANSFCORMATION FOR MATRIC POLYNOMIALS
WITH SPECIAL REFERENCE TO THE QUARTIC CASE

This thesis is Based on results which were obtained by
Dr. M. M. Flood of Princeton University and reported upon by
him in a paper presented to ﬁhe American Mathematical Society
at its New York meeting, February 25th, 1933, (Cf, Aﬁstract
No, 39-3-92, The Bulletin of the American Mathematical
Societ&f. Profesgor Flood treated the problem for the linear,
quadratic and cubic cases. The present'paper extends the |
theory to the quartic case., ¥or the sake of clarity it has
been found desirablé to outline Professor ¥lood’s treatmentl
for the earlier cases; although in so doing, certain modifi-
cations and elaborations are made. For example, the proofs
of Theorems (4.13), (5.21) and (6.27), as here given, are
original., The entire treatment for the guartic case is

original,

1 Permigsion to do this has been very kindly granted by
- Professor Flood, who gave the author access to his

manuseript.
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I. Introducticn.

A matrix a{)\) whose elements are polynomials in a scalar
.variable A , of which at least one element has the highest
degree n, will be called a matric polynomial of degree n,

and will be expressed in the form

(1.1)  a()) Z_ a A a # 0,
_ Az0
where the ai' are constant_matrices. We shall consgider

these matrices square and of order r. If now

(1.2) b)) = ';Zopix{ . |b,.m'+o,'

igs a gecond such matric polynomial, it is well known that
there exist unique metric polynomials qfA), r(A), q‘fA) and
r'(x) of which ¢(X) and q,(A) are of degree n-m and r(A)

and r (A) are of degree less than m; such that

(1.3)  a(d) = a(A) B(A) + r(A)
= b(A) q, (A) + r, (A).

The scope of this result has been extended by J. H. M.

1

Wedderburn® to include the case in which the leading coeffi-

cient, lga, of the divisor is singular but not not zero.
It will be shown later, moreover, that in this case the guo-

tient and remainder are not of necessity each unique and

l-Cf. J. Hi M. Wedderburn, "Lectures on Matrices," American

Mathematical Society, 1934.



that the degree of the guotient may be greater than n-m
| (Theorem 5.1) .. This paper will consider this latter case
more fully and will give results concerning the nature and
degree of the:quotient and remainder obtained under the

stated conditions.



II. Definitions and Notation.

Small Roman letters with a subscript denote constant
matrices, i.e.; matrices with elements in a given field.
The matrix of order r, all of whose elements are zero

except the one in,%he itk

row and the itA columm which is
1, is denoted by i. It will be called a unit matrix,
Similarly VL ‘represents the unit vector whose r compo-
nents are all zero except the itk ; which is 1., The
identity matrix of order r will be denoted by iﬂ.

If ?k are positive integers such that

. S
(2.1} r = = p »
k=1 4
we define E&by means of the relation
P,
(2.2) E, = 2 XL p+p +---+p +k (i=1,---, 8),
1 k=1 oo A=t

- s _
It follows that i = kzl .

Analogously, we define NL ;
Py | ,
(2.3) Ni = }{2:_1 vV P+ P t---+Dp + k (i=1,---, s).
Having chosen the’ Py go that (2.1) is satisfied, we
may congider the matrix in as a matrix Iy of order s,

‘whose elements Zkij are rectangular matrices with p.
A



TOWS andfcolumns such that
A'i‘j_—-o' 1#:3"
and éxii is the identity matrix of order p . In a simi-
A .

lar manner, the constent metrix a, with elements aJ{', in

4 i

r - gpace may be considered as a constant matrix Ak with
elements Akij in 8 - gpace., Then Ak is a rectangular

‘ «p
matrix with px' rows and pﬁ colums sppearing as a block

of terms in a,. Thus e, and ~ , the unit matrices and:
73 S

unit vectors in® r - sgpace, correspond to B, and N, the
unit matrices and unit vectors in s ~ space. The following

relations are easily proved:

(2.4) £ B = E end  E; E; = 0 ., i+ i.
(2.5) = N, = N. end E N, = 0 , i# j.
1 i 1 1 A
S

(2.6) A4 N,
k

e
]
M

==
R

o

R
e



III. Existence of Quotient and Remainder,

(3.1) Theorem:- If a()) and b(\) are the polynomials
defined by {1.1) and (1.2) except that]bml=0, but b+ O,
then there exist polynomials q(k), r(\}, qlfk)'and r, (A) of
which r(A) and r,(A) are of degree less than m, such that

afd) = a(x) b(h) + r(A)
= b\ g (N + 1, (A).
Proof:-

Let the rank of Qm'be nl< r., Using the development of

paragraph 2 with s = 2 we have p =zr - Py . By elementary

.1.2'—'

matrix theory bm‘can be expressed in the form

(3.2} Bm = Pl & Ql y |
where Pl and Ql are non-singular matrices., Writing

(5.3) h(A) = (E )+ E)B |

. 1 = @ZA + E& 1

we see that bl(A), defined by

(3.4) b, (A} = hy(A) bOX)
ig a matric polynomial whose degree is not higher than the

-1

degree of DB(A) since the coefficient of knp?l[ EP By

vanishes. Now ;

(3.5 [oy0)] =|m )] - o] = AT [ |mon]
so that the degree of [bl(A)\ exceeds the degree of lb(A)l
by P, If the coefficient of an in.bl(X) ig singular,
this process may be repeated giving Dby(A), bz(A),---,
where the degree of each lbi (A )S exceeds that of

\bi.l () )l . But the degree of each bi(A ) is less than
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or equal to m and the degree of the determinant of a

polynomial of the mtﬁ

degree cannot exceed r m, Hence the
‘process must terminate; yielding a polynomial bj(A ), whose
highest term has a nonesingular’coefficient; axd from the

law of formation (5;4) we have
b (A) = h{A)b()) where h(x)=jhl(X)h2(x)—-— h (A).
J . J

Applying the divigion transformation (1.3) to a()A) and bj(A)

we have

(3.6) ey()x) s()\) bj(x) + r(})
s(A) h(A) DAY+ x())

= q(N)} D()) + ()},

\t

Since Pland Ql in (3.2) are not unique, and since afAr)
and r(A) depend upon the particular polynomial h()) which is
chosen, these latter polynomials are not unigue. The above
method of proof is obviously applicable to the dextro-

lateral case,



IV, Association by a Linear Polynomial.

We shall say that the polynomial h{)) is associated with
the polynomial b(\)} if the degree of the polynomial h(}}b(k)
equals the degree of b()\) and if the coefficient of the
leading term of h()\) b()) is non-singular.

As in section 3, let

m
(4.1) () = = p "

be a matric polynomial for which bIn is singular but not zero,
and suppose h()) in (3.6) is linear and associated with b()),
sa that ’

4,2) h(A) = b A+ h

(4.2) h(X) b, 0
and

(4:.6) hlbm = O.
Since we require the ceoefficient of Aln in the product
h(}) b()) to be non-sihgular, we may set this coefficient
equal to- ir,'without loss of generality,; that is,

(4.4) Bgby + hybpy = i
Using (3.2) we get from (4.3)

r [}

Hl Pl E& 1= 0 o? defining GO and Gl by
(4.5) Gy = @ Hy By, 6, = Q H P
we have

Similarly, if we define
' o - -] - : :
(4.7) B& = P| B, @ (k =0, 1; -——= mjl),

) S



then (3.2) and (4.4) give

E Q + H P B(l) R, = I, ,

O l 1 1 1 1 m1 71 S
whence \
(1)
(4.8) Gy Ey + Gy By ; = I_ .

Multiplying on the right by N, , we obtain

: (1) ¥ = (1)  _
(a.9) ¢ BN W, = o W, B . = N, ,

from which it follows that

(4.10) ‘B 122‘ + 0

If we set
0 G. I = X (B(l) )-l
(4.11) G Ny =0 12 T T2 'm-l22 '
= X N(B(l))l(l) . G N, = O
Go Ny = Ny = No(Bp 199) Bpoisy 3 6o Ng = 0.

we see that (4.3) and (4.4) are satisfied identically.
Although Pl and Ql in (3.2) are not of necessity unique,
(1)

the rank of Bm 122 is independent of the manner in which

they are chosen,

(4.12) Theorem:- If b(A) is the matric polynomial de-
fined by (4.1), the necessary and sufficient condition that
there exist a linear polynomial associated with it is that
the equation (4.10) be satisfied. One such polynomial is

defined by equations (4.11).

(4.13) Theorem:- If b)) is the matric polynomial de-
fined by (4.1), the necessary and sufficient condition

that all polynomials associated with b()) be linear is that
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(4.10) be satisfied. That the condition is necessary fol-

lows from (4.12}).

Assume now that h{A}, as in (4.2), eand

% k
= 4 £0, (t> 1
£ ™ LN SRR SR Y
are each associated with bf)) and that equation (4.10) is

satisfied. Then we have

O = Lt Bm = Lt Bm—l + Lt—le ¢
Setting : A
Rk = @ Lk Pl (k = 0, 1, -- %)
we have
(1) -
whence
‘ ' " (1) (1)
R N _— = =
$ M1 - Qend R B 4 Eo= ReB oo
Si B . i i lar | |
~1pce =122 is non-gingular,.

giving Lt = 0, which contradicts the hypothesis,
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V. Association by a Quadratic Polynomial,

Ag in section 4, let
m o
(5.1) A= = 1 X
| ERY
be a matric polynomial for which bm is singular but not
Zero, and suppose h()\) is quadratic and associated with

b{)); so that

(5.2) BIA) = By A" + B A +h
(5.3) nb = 0 ,

(6.4) hb . 4 hb = 0,  end

(8.5) hoby o + hyby 5 + hob, = 3, .

Since hf{)\) is not linear, it follows from The orem (4.13) that

(5.6) | B'%)
m-122 (2)

In this section, we shall use pl in the same sense in

= Oo

which earlier we used p_ and suppose that the rank of

(1) . (2) ,
Bm_122 is pa . Hence we have
(2) (2) (2) . (2). (2) (2)
= 1 ¥ pz + p5 where b= P and Po= Do+ Dy

In this new notation we may choose Py and Qz so that

(5.7) Bm = P?. El QZ

and such that if

(2)

(5.8) B = P B Q

. 5 By (k =0, 1, --- , m-1)

2

then the following relations are satisfied:-
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+ B = 0

(B(z') (2)
m-l;z m-121

'Y “m-122

(2)  _(2) (2)
\Bm-lsz = Bizz = Bz = O -

* (2)
(6.9)] B = VAR

This folléws;‘sinoe, as in (3.2), we can find P, and Ql

such that B = P} By Q; .

If, also, ‘
. A1 A1p A3
- -1
B - A.. A A
LB Sy = 21 722 23 g
A A A
51 32 33
then, since/. 22 RS\ ig of rank p; ), we can find non-singu-
Azg Az3 | )
lar matrices X and Y each of order (2) (3)3 h that
] 1 OF Py 4 Py SUCKH
A A ' 0
Xl g2 "23 Yl = (A 2% .
Aza A55 "\ O 0
Now, let
A A 0
X, -_-.( 11 ) and Y =< H :
0 Xl 0 Yi
-1 1 & ) 11 ¢
then X P B 4] Y has the form 12 13
21 22 7
51 0 0
if
All 012 0 All 0 0
ol= 0 Aoy O and G, =|-Cyy 422 o}
O 0 Ay 0 0 Qg

then



- ¢ _C,. 0 ¢
| %117 Y% 9 Y
- -
¢, X B @ YGCr 0 A,y O
Cy 0 o0

Note that X, ¥, C, and C; are each non-singular, and that

1
snnJcie X El = El Yl = Gl ﬁ'l = ﬁ,l (.}2. = El , then
T an - T -1 _ o — -1 -
X ml = ﬁlY = Cl El Elcz = bl .
Place '
| -1 oy o=l -1 -1
Pz» = clx ?1 and Qa = Ql Y CB .
then .
o 2 -l .-l '\-l -l - B -
P2 El Qz = Pl X Gl' El bz Y Ql..Pl ﬁi Ql =

and -
{2)
Py By Qg =

: 2
ag desired in (5.7) and (5.8) where Bé_i has a form such

Bm--l

that conditions (5.9) are satisfied.

Using (5.7), we get from (5.3)

H2 P.2 El Qz = 0 or‘definlng GO , Gl, G2 by

(5.10) G, = Qy H, Py (k=0, 1, 2)
we have
Using (5.8) and (5.10), we get from (5.4)

) . |
(5.12) G, B "y &+ Gy B = O
Multiplication on the right by N, gives
- _(2)
Gy Bp-1 32 0

which yields on application of (2.6) and (5.9)
(5.13) G, Ny, = O

Multiplication of (5.12) on the right by N, gives

13,



(2) " ' ) ]‘.40
G, B S N, 4+ G Ny =0 |
which gives, as a conseqguence of (2.,6), (5.9) and (5.11),

(5.14) G ﬁ '- - G N B(z)
. 1M1 = 2 73 “m-131.

Using (5.7), (5.8} and (5.10), we get from (5.5)

5 m- s

Multiplication on the right by N, gives

(2) L(2) _
m-1 Nz = Nz

GZ Bm_2 N5 + Gl B

Applying (2.6), (5.9); (5.11), (5.13) and (5.14), we get

(2) " glz)  gla)
(5.15) G, Ny [ Bno2zs - Bpoiz1-Bnciiz| = Ns

Setting

_ (2) (2) _(2)
(5.16) Vyz = By 235 - Bn-1z1%m113
we have '

(5917) G‘2 I\TB v:;')z 3 NS °

It necegsarily follows that

(2) (2) (2)
55, = |Bu-2s5 - Bu-131 Bm-11s| F O

If we set arbitrarily

(5;18) v

G Wy = Gy N, = 0 Gy Ny = Ny 7,
. -1 _(2) -1 _(2)
: - - , e G Ne = New-
Gy By = - Ny Vgz By 137 + G Ng = No= Ny Vg By oz9
o o=1]n(2) (2) (2)
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we see that (5.3), (5.4) and (5.5) are satisfied identically.
Again;.although Pg and Qa are not of necessity unique, the
.rank of VBZ is independent of the menner in which they are
chosen.,

(5.20) Theorem:- If b(\) is the matric polynomial de-
fined by (5.1), the nécessary and sufficient condition that
there exist a quadratid polynomial associated with it is .
that (5.18) be satisfied., One such polynomial is defined

by equations (5.19).

(5.21} Theorem:- If'b(A) is the matric polynomial de-
fined by (5.1), the necessary and sufficient conditions that
all polyﬁomials associsted with it be guadratic is that
(5.18) be satisfied.,

That this conditidn,is'neoessary follows from (5.20).

Assume now that_h(A), as in (5.2), and )
t A
‘ . .
I(A): I{Z:O Ek AT, ﬂt#‘O, (t > 2)

are each associated with b(A). Then we have

' = L, B =1L +L B =1L + T
° t m t Bm-l t-1 1 " Bm—ZLt-le~l+ LB

Setting |
sz Qplsk_}?z- (k = 0, 1, ~=- 1)

we have

5 (2 ()
0 = Rﬁ1=f%%&l+ﬁ B, =r3 5 #R_ B L+ R

p-18 =RyB o FRy B+ Ry oE)

R, N

Y = 0



_ « (2)
Ry Mp =0 Ry g Ny = =Ry By Bpam

(2) (2) (2) ,
RN | B* - B B = 0 vhence N = O,
t 5[: m-233 m-131 m-113 raene Rt 3 ©

It follows that

& L., P. =R, = 0

Hence

which contradicts the hypothesis,


http://m-l.il
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VI. Association by a Cubic Polynomial,

As previously,; let
2 o
(6.1) Db(A) = Z Db X
<=0

be a matric polynomial for which bm is gingular but not

zero, and suppose h(A) is cubic and associated with .Db(A),

S0 that
(6.2) nll) = h. A4+ h A+ A+ n
o & = n5 + o A+ 1 0
{(6.3) hb =0
o m
{(6.4) hzbm_l-p— hzbm = 0

(6.5) hgb o + hoby 3 + hyb, = O

+hb .+ h ‘+ h

(6.6) hgbm_5 . 1

bm-l Obm = lI'_ .

Since h{A)} is neither linear nor guadratic; we see by
Theorems (4.13) snd (5.21) that neither {4,10) nor (5.18)

can be gatisfied. o
(3) (3)
In this section; we shall use Py and p2 in the game

(2) (2

sense as, in section 5, we used pl and p respectively,

(3)

and suppose that the rank of ¥ is p5 . Hence we have

33
' (3)  (2) (3) (2

3)-1' pé?’)_hpézl piZ)where Py = Py and Py, = DBy ) and
3

(3) p( ) péz)

i

In this new notation we may choose }E':5 and Qz so that

(6.7) Bm_= PSEIQS
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and such that if

(6..'8) Bl\. = PZ;B]QZ) QS (k = o, l,‘ - ,‘m—-l).

then the following relations are satisfied:-

Bi?ilz = Bé?121; B;%;25= 34?124 = 0
(6.9) pld) = B2 =0 (k=254
Brg?-)izz =8,
Béégzz B Bé?iSI _Bé%ilg = szz
5151254 - Bxiﬂzl anf:)uz; = 0
sa0) | 8, - Bé%;41 Bé?llz =0
B;§;44 B 34?141 B;?il4 =0

Conditions (6.9) correspond to conmditions (5.9) and are
derived by methods which are identical with those following
(5,9). In order to derive (6.,10), consider

_ nl2) _ w(2) (2)
sz = Bylass Bm-lzl Bm-llz- ’

which is of rank p(g) and of order pl2) _ (5)+ (3)

5 ;.5 — pg p4 .
When we pass to the notation of this section, V55~becomes

(3) (3) (3) (3) (3)
Bm~255 m-234 ‘ Bm-lzsl 0 Bm-llz m-114
5(3) B(S) : B(z) o o 0

m-243 m-244 m-141
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(5) _ (3)  _(3) (3) _ .(3) _(3)

Bm-255 Bm'--l?jl Bm-llZ Bm_35,4 Bm—l’Z)l Bm-—ll4=
or (3) (3)  .(3) (3) (3) .(3)

Booas  Bm-1a1 Puo113 Pme2ea Pao14n Bnoa14

We can find nen-singular matrices H; and K1 of order

3 3
pé l+ p( ) such that
1y 1555 C))

K =
1 33 71 0 0

whencé conditions (6.,10) arise. If now, we write

A, O 0 | All 0 0
H=|oO Azg 0 and K=| 0 B8, 0
0 0 By 0 o) Ky

it will be noted that the H and K can be absorbed by the P5
and 02 in the last section,

thus leaving the forms of B(B; and Béa): E waltered.
m-—

and QS’ ag were the X, Y, Cl

Using (6.7}, we get from (6.3)
H P B Q = 0 or defining GO R Gl , Gz i Gz by

331 3
(6.11} Gy, = Qg Hy Pg (k = 0, 1, 2, 3)
we have
(6.12) G, B, = 0, Gz M; = 0.

Using (6.7}, (6.8) and (é.ll), the relation (6.4) gives

e ,(3) T B =
(6.13) G, B . + G, B = O



Multiplication on. the right by No gives

5(3)

GZ m-1

N 0

2 =

which gives, on application of (2.6) and (6.9},

(6.14) G, N, = 0,

Multiplication of (6.13) on the right by Nl yields

(3) . , _
G Bé_} Ny + G2 Nj; = O
whence _
, (3) (3)
(6.15) G, N, = [GZ Ny Bm 151% G5 g B 0,q

Using (6.7), (6.8) and (6.11), we get from (6.5)

(5) (3) ® =
(6.16) G, B "5 + 6, B + G B = 0.
Multiplication on the right by NZ yields
¢, 33 w4+ 8% n = o

3 m-2 3 & m~-1l 3

which; on application of (2.6), (6.9), (6.15) and (6.10),

gives

(6017) G Nr _— O °

3 73
Multiplication of (6.16) on the right by Nz yields

‘which, on application of (2.6), (6.9}, (6.15), (6.17), (6.12),
(6.,14) and (6.,10), gives

’ (3)
(6.18) Go Ny = = Gz Ny B o545 o



Multiplicetion of (6.16) on the right by N;

similar manner

: : o (3 - 53
(6.19) G, Ny = &3 1‘4[ m- 141 3211 - Buzag

5(5) (3)

= Gz Vz Byo131 ~ G Mg Bplig

Using (6.7), (6.8) and (6.11), we get from (6.6)

(5)1-@ B() +6 38 L e B =1

(6.20) G5 B "5+ Gy B~ 1 Bael o By 5

gives; in a

21.

Multiplication on the right by l\I4 gives, upon simplifica-

6.81 G N
( ) 54

—

tion B(z) B(z) B(B)
m=-344. mn-141" m-214

= By _o4s Bnezoat Bpo141 Bnoi11 Bu-114

- Bp-pa1 Bm-llék] = N4
Setting
b 5(3) L(3) L (3) 5(3) (3)
(6.22) V=8 ~., = B 141 Bme214 ~ Busas Bpossa
(3) (3} (3) - (3) (3)
+Bp-141 Bmo111 Bmolia - Bao241 Bnoi1a
we have
(6.23) G5 1\4 VM: = I\T4 .
It necessarily follows that
(6.,24) IV44 :;& 0 .

If we set arbitrarily
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(6.25) €, N =6, Ny = Gy Ny = O Gy Ny, = Ny V,,
o =1 _(3) (3)
O, M= By Vg Baa G e iy Vit Baoges
G N_ =N, + N ovVT oy GN 0
2 "3 03 4 V44 Va3 2 4 T
5(3) (3)
Gp My =Ty V44 Bm 141 Buo111 - Bpezal
-1 (3)
"[Nz + Ty Vg Vzw] Bp-131
(3) =1 L (3)
r W o] - - B
Gy Moo=ty = Ny B oze = Ny Vyu m-%542
(3) . (3) o (3) (3) (3)
- 3B 3 - B B +V,. B .
m-141 m-212 m-242 n-222 4% "m-232
G N =G N = 0
13 14
. (3) (3) (3)
y = N -
C‘O Nl hl+ "3 [: Bm—lSl Bm-lll _Bm_zgl
-1 g(3)  3(3) () (3)
v 3 B B
+ My Vag [ w141 Pme211 T Pnleaz Pnogel
~(3) (3) (3) {3)
= Bma1¥ Vuz Bpoisy Bpe111 - Vaz Bposm:
m-l4l m-111 m-=111 m-241 m-111
GO Nz_ - GO N5 = GO N4 = 0, where
(3) (5) (3) (5) _ L(3)
| B B B
43 - m-141 m—BlZ m-242 m-220 m-343
(5) B}g) _ 5(3) 5(3) 5(3)
t Bp2a1 Bnol1z =141 “m-111 ‘=113

22,



. B3, -

- we see that (6.3), (6.4), (6,5) and (6.6) are satisfied

identically. Again, although P3 and & are not of necessity
. ) O .

unique, the rank of V4 is independent of the manner in

_ 4
which they are chosen.

{6.26) Theorem;- It b(\) is the matric polynomial
defined by (6.1), the necessary and sufficient condition
thaf there exist a cubic polynomial associated with it is
that eguation (6.24) be satisfied. One such polynomial is

defined by equations (6.25).

(6.27) Theorem:- If b()) is the matric polynomial
definéd by (6;1), the necessary and sufficient condition
that all polynomials associated with it be cubic is that
the equation (6.24) be satisfied. The‘proof of this is
aﬁalogous to the proofs of The orems (5.21) and (4.13), and‘

o will not be given.,
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VII., Association by a Quartic Polynomial,

As previously, let

‘ m K2
(7.1) bA) = S b A
KL=0

be a metric polynomial for which bm. is singular but not
zero, and supposét p(k) is quartic and associated with b)),
so that ;

-4 3 .
(7.2) h()\) = h, A+ by A+ By AT 4D

1 /\+ho,

(7.4) h b . +h,b = 0,

(7.5) b, b o4 hy b l+h2bm= o,

(7.6) b by x4 by b h, b = 0,

m-2 * hZ bm-l'+ 1l m

7.7 h b h b h b h b h b = i ,
(7.7) 4m-4+5m-5+2m-2*1m-l'+0m r

Since h())} is not linear, quadratic or cubic we sée by
.~ Theorems (4.13), (5.21) and (6.27) that none of (4.10),
(5.,18) and (6.,24) can be satisfied,
. (4) () (4)
In this section, we shall use pl » Py and Py in
the same sense as, in section 6, we used p(é) oéz) and péz),
respeotively, and suppose that the rank of V44 is pi ) .

Hence we have

(4) _(4)  (4) (4) H(4) (4) (4) (4)

rs pl + P2 + 5 “+ P4 “+ 5 where pl } o P5
(8 8 _(3) Cona o(4) o (4) (5)
-pl f pz , p5 ; respectively, and Py*+ Py = P, .

vIn'this new notation, we may choose P, and Q4 so that
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(7.8} B = Py E

and such that if

(7.9) B = B, B Q (k =0, 1, =--- , m-1)

4 'k 4
then the following relations are satisfied:-

S R N 71 D U B

' .(4)
f7°10) B m-124 m-125

m-112 m-=121 m-123

(4) _ qla)  _ of4)  _ _ z ,
Bi-15k = Pm-14x m-15k Q (k = 2, 3, 4, B)
3(4) = 4
m-122 . 22
(4) (4) (4) )
= = =3 .
(7.11) Bm—ij Bm—ljl P11k 0 (3, & = 2 4, 5)

except when j= k = 3 , in which case

(4) (4) (¢)
3m-255 - Sp-131 Bm—llz = A 33
(4) _ gl4) R4y (4) (4)
(7.12) Bm—%jk Bm-ljl Bm-zlk Bm—ZjZ Bm-32k
B{4) (4) B(4) o {4) (4) o

+%0-1j1 Tm-111 m-llk | m-2jl m-llk

(j’ k = 41) 5)

K\except when Jj = k =4, in which case the

above expression,equals Z& 44 *

Conditions (7.10) and (7.11) correspond to comnditions
(6.9) and (6.,10) and are derived by methods which sre identbi-

cal with those used in the last section, In order to obtain

(4)
4

(7.12), consider 'V, ,, which is of rank p and of order

44
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3 4 .
Pia)" Pi4)' pé‘) ; in the same menner as V65 was consi-

dered in the previous section, remembering, however, that

V44 reduces to

Qs 0
0 0

upon multiplication right and left by suifable non-singular
matriceé. |

Due to the complexity.of the above and followinglrela-
tions, it is gxPedient to introduce further notation.
Henceforth, the matrix B;f;jk will be designated by (ijk).

Thus the relations (7.10}, (7.11) and (7.12) are written

(7.13)/(112) = (121) = (123) = (124) = (125)

i
(@)

(13k} = (14k) = (15k) = © (k =2, 3, 4, 5) .
(122) = A, .
(23k) - (131)(11k) = O (j, k =3, 4, 5)

except when j = k = 3, in which case (233)-(131) (113)

=A .

53 | _ , -

(3ik)-(131) (21k)~(232) (22Kk)+ (151} (111} (11k)-(2351) (11k)
-= 0

except when J = k= 4, in which case the above expres-

sion equalsz A’M .

Using (7.8) we get, from (7.3},
H4‘P4 El Qg = 0, or defining GOJ Gy, Go, Gg, Gg, by

(7.14) . 'Gk= Q Hy Py (k =0, 1, 2, 3, 4) ,
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we have
(7.15) G4El = 0 E G41\El= 0 .
Similarly, (7.4) gives
{7.16) G H G, E = O
‘ 4 -1 St Ml *

Multiplication on the right by NZ vields

5(4)

G4 m-1

No

which gives, on application of (2.6) and (7.13),

(7.17) G, Ny = O .

4

Imltiplication of (7.16) on the right by N, yields

1
(7.18) Gy Ny=- [GA__ l\T.5(l.’51) + G, Ny(341) + Gy ;xt'5(151)]
Again, (7.5) gives

| (4) (4) L
{7.19) G4B2+GSBml+G2Ll = 0.,

Multiplication on the right by NZ’

cation of (7.13), (7.15), (7.17) and (7.18) gives

together with an appli-

(7.20) G W = 0

3
Multlnllcatlon of (7.19) on the right by Ny ylelds
(7.21) G, Ny = [G4 Ny (242) + G N (252)]

Multiplication of (7.19) on the rlght by Nl produces

(7.228) Gy Ny = =~ Gy Nz(131) - Gy Ngp(141) - Gz Ng(151}

4 N, [(241) - (141){111)]
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- ¢, NE’I_(%” - (151)(111)} :

Lgain (7.6) transforms into

C_(4) (4) - (4) _
(7.23) G, Bm‘_:5 + 6, B, + G B+ G E = 0.

Multiplication on the right by N4 gsimplifies this into
Multiplication of (7.23) on the right by N, yields
(7.25) G, N, = G, g [ (161) (212)+ (262) (222) - (552)]

2

- G5 N,(232) - G5 N4(242) - G:3 N5(85Z) .

3
Multiplication of (7,23) on the right by N, gives
(7.26) G N =GN 5‘{2,51)(111) + (252) (221} + (151)(211)
- (151)(111)(111) - (551)]
*6, Nz[(;l.ﬁ.})(lll) - (251)] - Gy Nz(181)
+6, I, [(141)(112) - (241)] - Gy W, (141)

+6, I, [(151) (121) - (25‘1)] - 6, N_(151) .

3
Multiplication of (7.23) on the right by N, yields
(7.27) 6N, = GQN& (353) + (252) (225) + (151) (215) + (251) (115)

- (151)(111) (113) | .
Designating the coefficient of G,Ng above by V54 we have
Pinally, (7.7) gives

(4) (4) (4) - (4)

meq * GzBp gt 6B 4+ GB L+ GE =I .

B
1 m-1 01 s

(7.28) G,

Multipkication on the right by W5 yields
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in which |
Ve, = (455) - (151) (315) = (252)(325) - (251)(215)
= (151)(111)(215)+ (151)(212)(225) + (252) (222) (225)
- (B52)(225)+ (251)(111)(115) + (252)(221)(115)
+(151) (211) (115)=(151) (111) (111)(1156) - (351)(115)

and

'V53=(555)-(131)(215)-(252)(225)ﬂ+(151)(111)(115)-(251)(115).

Substituting for G.N, from (7.27), we obtain

53
(7.29) 6, N_ V.. = N
in which ’
V. .=V V., V..

55~ '62 + 54 ' 5%
= (455)-(252)(325)-(151) (315)-(352) (225)

+(252) (222) (225)+ (151) (212) (225)+4 (151) (111) (215)
-(151) {111) (111) (115)+(251) (111) (115)+(252) (221) (115)
+(151) (211) (115)~(351) (115) + (151) (215) (335)
~ (151)(213) (232) (225)~(151) (213) (131) (215) -
. (151)(213) (231) (115)
+ (151) (213) (131) (111) (115)~(151) (111) (113) (335)
+ (151) (111) (113) (232) (225) + (151) (111) (113} (131) (215)
+(151) (111)(113) (231) (115)~(151) (111} (113} (131} (111) (115)
+(252) (223) {355)-(252) (223) (232) (225)-(252) (223) {1531) (215)
~(252) (223) (231) (115) + (252) (223) (131)(111) (115)
+(251)(115)(555)-(251)(113)(252)(225)-(251)(115)(1513(215)
-(281) (113)(231) (115)+(251) (113) (131) {(111) (115) -(353) (335)
4-(353)(252)(225)f(555)(151)(215)+(555)(251)(115)
-@555)(151)(111)(115) .



It necessarily follows from (7.29) that

V55\% 0 -

If we set arbitrarily

(7.30)

(7.31) G4N1=G4N27=G4N5=G4N4 = 0

GN =N VL.,

45 5 55
G. N, = }- v (151) = G.N N v~l (252
gy = -NgVgg (1 gt = Hp¥ps )

¢ _ w vl . ' I‘ - . _
6N, = 1§5v55 Ves | OGN, = G 0 .

i -1 -1[‘ ]
GN =-NV -V (131)- N_V 251} -(151) (111
= gTgg Vg, (1810 TgVgg | (260)-(151) (1)

GN, = N.V__ L(lﬁl)(mz) +(25.2)(222)—(352)]

) 5'55
N, =GN, = GN. = 0.
e = WVTL v GN =N -DN. V- ¥
1 5'55 '51 s =N 5 ‘55 50
6Ny =GN, = GNg = 0
-1 -1
G N = N,- NVpp (451) + NV (151} (311)

o1 = "17 “5'55
+ N'v"l (252) (321}~ K vty (331
5 55 T Y5'55 54 )

- N5‘V5'2?) [(151)(212)+(252.)(222)-(552)] (2231)

+ nyt [V54(151) +(251)-(151)(111)] (211)

5 565

r1 R
- NgVgp Vgq(111) -}:Ng— NgVer V5o] (121)

30.
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G =GN =GN = GN = 0,

0 2 0 5 0 4 O b
in which '
V51 = (251)(lll)+(252)(221)+(151)(911)-(151)6111)(lll)-(Zﬁl)

[ (131)(111 ~(23 1)] .

and _
Ve, = (452)-(151) (312)-(252) (322) + V_ (352)
0 " ba
+ Vg, (131)(212) & [(2501)-(151) 111) | (212)
- [(asr)(212) + (252) (222)-(s52) ] (222)

we see that (7.3}, (7.4), (7.5}, (7.6) and (7.7) are satis-

fied identically. Again, although P4 end @, are not of ne-

4

eessiﬁy unique; the rank Of'V55 is independent of the manner

in which they are chosen,

(7.32) Theorem:- If b{)\) is the matric polynomial
defined by (7.1), the necessary and sufficient condition that
there exi;t a guartic polynomial associated with it is that
- equation (7.30) be satisfied. One such polynomial is defined
by equations (7.31).

(7.33) Theorem:- If b(A) is the matric polynomial de-
fined by (7.1), the necessary and sufficient condition that
"all polynomials associated with it be quartic is that egua-
tion £7.30) be satisfied. The proof of this is analogous to
the proofs of Theorems (5.,21) and (4.13) and so will not be

given,




