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Abstract

Let © be an arbitrary open set in IR3. Let || - | denote the L*(Q}) norm, and let
H}(9) denote the completion of C3°(R) in the Dirichlet norm ||V-||. The pointwise
bound
1
sup |u| < —= || Vul|'/? || Aul||*/?

is established for all functions u € H}(Q) with Au € L2(Q). The constant 1/v/27
is shown to be the best possible.

Previously, inequalities of this type were proven only for bounded smooth domains
or convex domains, with constants depending on the regularity of the boundary.

A new method is employed to obtain this sharp inequality. The key idea is to es-
timate the maximum value of the quotient |u(z)|/||Vu||!/?||Aul|*/?, where the point
z is fixed, and the function u varies in the span of a finite number of eigenfunctions
of the Laplacian. This method admits generalizations to other elliptic operators and
other domains.

The inequality is applied to study the initial-boundary value problem for Burgers’
equation:

Ou

5 TuVu=Au, ue H(Q)?®, »(0)=uo,

in arbitrary domains, with initial data in H}(£2)3. New a priori estimates are ob-
tained. Adapting and refining known theory for Navier-Stokes equations, the exis-
tence and uniqueness of bounded smooth solutions are established.

As corollaries of the inequality and its proof, pointwise bounds are given for eigen-
functions of the Laplacian in terms of the corresponding eigenvalues in two- and

three-dimensional domains.
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Chapter 1

A sharp inequality for Poisson’s equation

1.1 Introduction and the main result

In this chapter we establish the following

Theorem 1 Let Q be an arbitrary open set in IR®. For all u € H}(Q) with Au €
L?*(Q)), there holds
1
< —= IV || Au /2. 1.1
suplul £ —= V][] (L)

The constant 1/+/2m is the best possible.

Throughout this thesis, || - || denotes the L?(f2) norm. The gradient V and the
Laplacian A are understood in the distributional sense. The homogeneous Sobolev
space H1(Q) is defined to be the completion of CS°(€) in the Dirichlet norm ||V - .

Inequalities of this type are used in the study of nonlinear partial differential
equations (see [4, p. 299], [10, p. 12]). For bounded domains with smooth boundaries,
an inequality of the form of (1.1), but with a constant depending on the domain, can

be obtained by combining the Sobolev inequality

sup ful < ¢ ull3fg)lullfa) (1:2)

with the Poincaré inequality

[ull < el[Vell, (1.3)

and the a priori estimate

[ellaz@) < el A (1.4)
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The inequality (1.2) has been proven for domains that satisfy a weak cone condition
[1). The estimate (1.4) has been proven for domains with C'! boundaries or convex
domains (see [6]). However, simple examples given in [2] show that (1.4) fails to hold
for domains with reentrant angles.

For bounded domains with possibly nonsmooth boundaries, the pointwise bound
sup |u] < c||Aull (1.5)
Q

is known [8], with a constant ¢ depending on the domain. In comparison, Inequality
(1.1) has a smaller exponent on ||Aul|. For some applications, it is crucial that this
exponent is less than one (see the remark in Section 2.4). In Section 1.5, as a corollary
of the inequality (1.1), we give a bound for the constant c.

Our proof of the inequality (1.1) is independent of such Sobolev inequalities and
a priori estimates for elliptic equations, and of the various methods that are used in
proving them. The key idea in the proof is to estimate the maximum value of the
quotient |u(z)|/ IIVu-Hl/2 |Au||*/?, where the point z is fixed, and the function u
varies in the span of a finite number of eigenfunctions of the Laplacian. The method
can be generalized to other elliptic operators and to other domains. Some of these
generalizations will be given by the author in separate papers.

That an inequality of the form (1.1) should be valid for arbitrary open sets was
suggested to the author by Professor J. G. Heywood. He conjectured that an anal-
ogous inequality also holds for the Stokes operator, and can be combined with the
methods of [3] and [4] to obtain a regularity theory for the Navier-Stokes equations
in arbitrary open sets. Partial results toward the proof of the analogous inequality
for the Stokes operator have been obtained by the author. An existence theorem for
smooth solutions of Burgers’ equation based on (1.1) and the methods of [4] and (3]

is given in Chapter 2.
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1.2 Proof of the inequality for bounded smooth domains

In this section, we assume that € is bounded, with a C* boundary 0€}. It is well
known that the eigenfunctions of —A can be chosen to form a complete orthonor-
mal basis for L%(). Let ¢, denote the eigenfunctions, and A, the corresponding

eigenvalues. Then ¢, € C*(Q), A, > 0, and they satisfy
“A¢n=An¢n, ¢n|69 :07 ”¢'n” = 1, (n:172,'°'))

| bida=0, (i #3).

Our proof of (1.1) has three steps.

Step 1. We first consider functions of the form

u(x) = i (),

where ¢,,---, ¢, are real numbers. We have
m m
[Vul]® = Z )\nci, ||Au||2 = Z /\ici .
n=1 n=1

Hence, for any y € 2,

(s cn¢n(y>)2

u2(y) n=1

IVl A] ~ [ m 72 [ m 1z
(ZAncz) (zxzcz)
n=1 n=1

Let y and m be fixed. Then this quotient is a smooth and homogeneous function

(1.6)

of (¢1,-++,¢cm) in IR™\{0}. Hence it attains its maximum value at some point
(é1,+++,&m), 1.e., when the function is & = 37, éé,. This maximum value is

greater than zero, by the well-known fact that ¢;(y) # 0. Differentiating

u?(y) 1 1
log ——~—— = log u*(y) — = log ||Vul||? — = log ||Aul|?
ol e = 108 u(0) = g log [ Vul = 5 log [[Au|
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with respect to ¢, at the critical point, we get

26n(y) _ Aaln Al _ o
ay)  Ivalr  lagr

for n =1,---,m. Letting p = ||Ag||?/||Val||?, we obtain

26u(0) _ 300)
PESR T

g:l (lzjs;_(f:)’ (IIZ(ZI)I?) Zv = ||AE¢||)2'

Therefore the maximum value of the quotient ( 1.6) is

) _||ad| @) _ 4a3)
Tvalaa = val TaaE -V Z(H A) - (1)

Hence

Step 2. To bound the right hand side of (1.7), we use the Green function for the
Helmholtz equation and its eigenfunction expansion. Let y and p be fixed as above,

and let
e_\/ﬁlz"yl

SRR 1.8
4rlz — y| (18)

9(z) =

It is easy to verify that Ag(z) = pg(z) for all z # y. Let h(z) satisfy
Ah=ph,  hlag = gloa.

There is a unique solution h € C®(f), since p > 0 and the domain is bounded
and smooth. The function k(z) attains its minimum value at some point z; € Q.
If z; € 00, then h(zq) = g(z1) > 0. I 2, € @, then Ah(zy) > 0, and hence
h(z1) = (1/p)Ah(z1) > 0. Therefore, we always have A(z) > 0 in . Let G = g—h.
Then

AG = pG in Q\{y}, Glaa =0.

We obtain G(z) > 0 in Q\{y} similarly. Hence we have 0 < G(z) < g(z) for all
z € Q\{y}, and therefore

/G2dx</ gzdac:/oo e V¥ 247rr2dr= L (1.9)
Q — Jms 0 47r 87r\/;7' '
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Let 2 C Q be a ball centered at y with radius €. For any n > 1, we have

0G 0,
(20

/Q o, (B2 = OAG,) dz = /

(N )

by Green’s formula, where v is the outward normal to the boundary. Hence

_ 3G _ 04,
fra e amosade == [ (6~ %) as.

where r = |z — y|. Since G has the same type of singularity as 1/4wr, by letting

€ — 0, we obtain
(h+2) [ Gonde = 6u(y). (1.10)

Therefore, by Parseval’s equality,

/S)szng(/ﬂa%dx)zg(%y.

This, together with (1.9), provide a bound for the maximum value (1.7):

1 1

87r\/ﬁ= 21’

Thus we have proven Inequality (1.1) for all functions of the form u = "7, c ¢y -

U 4\/,7/ G?dr < 4R
|Vl Al a

Step 3. Now, let u be any function in HL(Q) with Au € L*(Q). Since Q is
bounded, we have H}(Q) C L*Q) by virtue of the Poincaré inequality. Hence we
have the expansion v = 32, ¢ ¢, in L?(Q), where ¢, = [qupndz. Let u, =

™ 1 Cn®n - Integrating by parts, we have

/QVu Vi, do = —/QuAum de =35 /\ncn/ﬂuqﬁn dz = 3" Ac = |[Vum]f?.
n=1 n=1

Hence we get ||Vu,| < ||Vul| by using the Schwarz inequality. Similarly, from

m

/ﬂ AupAudr = —;A"Cn /n b Auds = —;Ancn /Q uAd, dz

= 2 Aen = llAuq|?,

n=1
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we get ||Aun|| < ||Aul|. Therefore, by the result of Step 2, we obtain
up [uml? < 5= [Vuml| | At < o= V] [ A
Q 27 - 27

By a well-known interior regularity theorem for elliptic equations, Au € L?({2)
implies v € HZ (Q), which in turn implies that u € C(Q), by a well-known Sobolev
imbedding theorem. Now, if (1.1) were not true, then there would be some z, €

such that
1
[u(@o)l* > o [IVull | Aull = sup Jum*,
w Q -
which is obviously contradictory to the fact that lim,,—oo ||[um — u|| = 0. This

completes the proof of (1.1) for bounded smooth domains.

1.3 Proof of the inequality for arbitrary domains

Let Q be an arbitrary open set in IR®, and suppose that u € H}(Q) and Au €
L?(Q). We can choose a sequence of bounded domains 2, with smooth boundaries,
such that @, C Q, C -+, and U2, 2 = Q. For each n > 1, there exists a unique
u, € H}(,) such that

A Vu, -Vodz = | Vu-Vvde, Vwve H}D), (1.11)
n Qn

by the Riesz theorem. We get ||Vuy,||12(,) < ||Vul| by letting v = u, and using the

Schwarz inequality. Integrating by parts on the right hand side of (1.11), we obtain
A Vu, - Vvde = — A (Auodz, VYve H{(Q),
and hence Au, = Aulg, . Therefore, by the result of Step 3, we have
sub lunl? < o= [ Vunllzzan) [Aunllran) < 5= IVal[JAu].  (112)
On T 27 " T 2m
Setting u, equal to zero in Q\Q,, we get u, € H}(Q). From (1.11) we have

n—oo

lim/QVun-Vvd:v:/nVu-Vvdx, Ve Cr(Q).
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This and ||Vu,| < ||Vu|| imply that lim,—c u, = u in ﬁ&(Q) Therefore, by the
inequality ||v||zs) < || Vv|| (see [6, p. 10] for a simple proof giving ¢ = v/48), we
have lim, . ||un — u||ze@) = 0. This and (1.12) imply (1.1) by reasoning similarly

as in Step 3 above.

1.4 Proof that the constant in the inequality is optimal

We first consider the case ) = IR®. Define

1, r=20,

, r>0,

where r = |z|. The function u is continuous, with a maximum value u(0) =1. We
notice that u/4r is equal to the difference between the fundamental solution for the
Laplace equation, and that of the Helmholtz equation ((1.8), with x =1). Hence we

immediately obtain Au = —e™"/r in the distributional sense. We have Au € L%(1)

—r\ 2
/ |Auf? dz = / (_e > 4rridr =27 .
R 0 r

Integrating by parts (which is easily justified), we obtain

since

0] —e T T
/ |Vu|2 dxr = —/ uAudzr = / ¢ ¢ drridr = 27 .
IR3 R3 0

r r

Hence, the equality in (1.1) actually occurs for the function u.
To show that u € HE(IR3), we modify the function u to define a sequence of

functions. Let f’ denote df/dr. For each n >1, let

' f(l/n)+L(1—T{—n)-(n2r2—l), 0 <r< 1/n,

2
) = | f(r), I/n <r< n,
e ——fl(n)z n—2—f(—nz—r 2 n r r =n—2f(n)
4f(n)( £1(n) ) ST =Ry

\0, rm <r< oo.
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It is easily seen that u, € C§(IR®) and that u, is piecewise C?. By explicit calcu-
lation, we find that

lim IIV(un - u)"Lz(Rs) =0.

Hence u € HL(IR?). (It is interesting to note that u ¢ H(IR?) since u ¢ L*(IR3)).

By explicit calculation, we also find that
nan;lQ un(O) =1 , JLI& HA(un — u)||L2(R3) =0.

Hence

" || Vun| Bl 1Al iy IVulliiipe [Aulliim V27

We now consider an arbitrary open set ). Let |z — zo] < € be a ball contained

(1.13)

in it. For each n > 1, define v,(z) = uy(er;}(z — zo)). Then v, vanishes outside
the ball. Clearly, we have v, € C}(?) and Av, € L*(Q), forall n =1,2,.--. It is
easy to verify that

’l)n(il:()) un(O)

190l P80 ™ [Tl Bty [

Noticing (1.13), we conclude that the constant 1/4/27 in Inequality (1.1) cannot be

improved, for any given domain. This completes the proof of our theorem.

1.5 Corollaries

In this section, we give several immediate corollaries of Theorem 1. Let ! denote
an arbitrary open set in JR®, except in Corollary 4. Note that the constants in the
corollaries are not claimed to be the best possible, except for the special case stated

in Corollary 1.
Corollary 1 If u € H}() and Au € L*(Q), then

sup Ju| < (IVull + | Aw]).

1
22w

The equality occurs for some functions in the case Q = IR®.
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Corollary 2 If u € H}(R?) and Au € L*(Q), then u satisfies
1
< 1/4 || A l1?/4.
supu| < —==[lu" || Au]
Corollary 3 If u € H}(Q) and Au € L?(Q), then

sup |u| < (llull + 3| Aul]) .

1
42w
Corollary 4 Let Q be an open set in IR® such that the Poincar€ inequality

lull <vIIVull, Vue Hy(D) (1.14)

holds. Then, for all u € H}(Q) with Au € L*(Q), there holds
v
<4/ .
sup |u| < /5 - || Awu|

Proof of the corollaries. Corollary 1 follows from Inequality (1.1) directly and the

example given in Section 1.4. Corollary 2 follows from (1.1) by using
1 Vul? = —/QuAudx < lull 1A - (1.15)

Corollary 3 follows from Corollary 2 and Young’s inequality. Corollary 4 follows from
(1.1), since we have ||Vu| < v||Aul|| from (1.15) and (1.14).
It is easy to show that Theorem 1 and the corollaries are also valid for vector-

valued or complex-valued functions.

1.6 Pointwise bounds for eigenfunctions of the Laplacian

As a special case of Corollary 2, we have

Theorem 2 Let ) be an arbitrary open set in IR3. If A >0 and ¢ satisfy

—Ap=2rp, eH;(Q), |4ll=1,

then
/\3/4

< .
Slflzp |¢| > \/’2?
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That is, we have a pointwise bound for any eigenfunction ¢ of the Laplacian,
depending only on the corresponding eigenvalue A. As in Corollary 2, the constant

here is not optimal. We give a better constant in the theorem below.

Theorem 3 Let Q be a bounded open set in IR® with a smooth boundary. If A >0
and ¢ satisfy

then

3/4 '
sup |4| < 2 (%) - (1.16)
Q

s

Proof. For any y € Q and any g > 0, as the equality (1.10), we have

#) = (u+X) [ Godo.

By the Schwarz inequality and (1.9), we have

W) = (u+)|[ Gode

< (i) (/ﬂ szm)ll“z (/Q ¢2dz)1/2

< wen(fre)”

The right hand side attains a minimum value when g = A\/3. Letting p = \/3, we
obtain (1.16).

The following theorem is an analogue of Theorem 3 in two dimensions.

Theorem 4 Let Q be a bounded open set in IR? with a smooth boundary. If A >0
and ¢ satisfy

~Ap=Xp, $€H (), ¢ll=1,

A
sup [¢] < \/; (1.17)

then
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Proof. In two dimensions, the fundamental solution corresponding to (1.8) is

o(2) = 5= Kol /2 ~ ),

where K, is a modified Bessel function. We have
2dx—/o°(iK( r))227rrdr——1—
R? g “Jo \27° v T dmp

Hence, similar to the proof of Theorem 3, we have

sl < ([ otae)"

The right hand side attains a minimum value when g = A. Letting 4 = A, we obtain
(1.17).

Since for special domains, the eigenvalues and eigenfunctions are explicitly known
in terms of special functions, these pointwise bounds can be used to derive inequalities

for the special functions.



Chapter 2

Application to Burgers’ equation

2.1 The main result

In this chapter, we apply the inequality (1.1) to study the following problem for the

three-dimensional Burgers’ equation:

Ou
Ef— +u AVu = Au,
u(t) € Hy(Q), (2.1)

U(O) = Ug -
Here, the spatial domain Q is an arbitrary open set in IR?, and the initial vector field
uo is given in H(Q) = HL(N)3. The Burgers’ equation is studied for its analogy
with the Navier-Stokes equations. We establish the following theorem by methods
which will carry over immediately to the Navier-Stokes equations, if we are successful

in proving the analogue of (1.1) for the Stokes operator. Hereafter, we use D; to

denote the partial derivative with respect to the time variable (¢ or s).

Theorem 5 Let §) be an arbitrary open set in IR3. Let ug € ﬁé(ﬂ) be given. Let

25672

T=—cor———.
27||Vu0||4

Then there exists a unique vector field w such that

u € C*(Qx(0,T)) nC®(0,T), Ls(£2)),
u—u € C([0,T), HYR)) n ¢=((0, T), HX®) ,
Au € C®((0, T), L¥(R)),

12
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and satisfies Problem (2.1). The solution also satisfies the estimates:
lu(t) — wo||* < tF(2),
2| Dful + ¢4 | Diulloo + 8F ||V Dful| + 5412 |ADul| < F(2), k20,
[ (1Dl + lwll, + 1aul?) ds < F(),
[ (1DE w4 572 | Dbz, + 57 [V Dl + [ADFu?) ds S F(2), k21,

forall t € (0, T), where the F(t) denotes appropriate continuous functions on [0, T')

that can be obtained ezplicitly in terms of k and ||Vuo||, independently of 2.

Theorem 5 is an adaptation and refinement of known existence theorems for the
Navier-Stokes equations, based on a differential inequality for ||Vu(¢)||, and its ana-
logue for Galerkin approximations. The method originated with Prodi [9], who used
it to prove the existence of generalized solutions in bounded domains. Heywood [3]
introduced a further infinite sequence of differential inequalities, to obtain classically
smooth solutions. He also extended the method to unbounded domains. Heywood
and Rannacher [4] developed the method further through use of weight functions de-
pendent on the time variable to give more precise estimates as ¢ — 0% . All of these
developments are incorporated into the existence theorems given here.

The principal innovation here is that the nonlinear term is now estimated in a
new way, using the inequality (1.1), to give results that are not only sharper but also
valid in arbitrary domains.

The energy estimate basic to many works on the Navier-Stokes equations is not
valid for the three-dimensional Burgers’ equation. Theorem 5 is independent of it.
Observe that the solution can have an infinite L?(2)-norm in unbounded domains.

We point out that unlike the Navier-Stokes equations, there is a maximum prin-
ciple for solutions of Burgers’ equation. An existence theorem for Burgers’ equation
based on the maximum principle was given by Kiselev and Ladyzhenskaya [5]. Incor-

porating it with Theorem 5, the solution can be continued globally in time.
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2.2 Preliminaries

In this section we list some lemmas that will be used later.

Notations. We use boldface symbols to denote three-dimensional vector-valued
functions and their spaces. We use || - ||, to denote the LP(2) or LP(€}) norm. When
p = 2, we simply use || - || to denote the norm, and use (-,-) to denote the inner
product. We use || - || to denote the supq |- | norm.

The vector version of Theorem 1. Let ) be an arbitrary open set in IR3. If

u e HY(Q) and Au € L¥(Q), then
1 1/2 1/2
[ullo < —=I[IVu|"*||Au]™*. (2.2)
V2r

The constant 1/4/2x is the best possible.

Proof. The inequality (2.2) is obtained by simply applying (1.1) to each component:

3
fullZ, < > luwlli
=1

1 3
< . .
< 5 3 IV A
e 12 , 5 1/2
< o (S 0vul) (3 haw)
=1 =1
= lIVullau].

It is obvious that the constant remains optimal.

Holder’s inequalities. If p,¢g > 1 and 1/p+ 1/¢ = 1, then

l/ fods| < (/ fP da:)llp (/ |g|de)1/q . (2.3)

If pg,r>1and 1/p+1/q+1/r =1, then

< (fisra)” (Jilrae)™ (f1mra)"

These are well known. We will use the case p=6,¢=2,r =3:

Vﬂ fohdz

‘/ fghdzx

< 1flle gl 1Ills - (2.4)
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Sobolev inequalities. For all u € C(IR?), there hold

luls < cl|Vel, (2.3)

lufls < cllull?(IVul'/2. (2.6)

A simple proof of (2.5) can be found in [6, p. 10], with ¢ = /48. Letting
p=4/3,¢g=4 and f =g = |ul*? in (2.3), we obtain

fiaae < ()" (fae)"

Combining this with (2.5), we obtain (2.6).

Young’s inequality. If a,b,p,¢ > 0 and 1/p+1/¢g = 1, then

P q
<2 (2.7)
P q

2.3 Galerkin approximations

Similar to Section 1.2, we first assume that £ is a bounded open set in IR3, with a
C* boundary 0. The vector-valued eigenfunctions of —A can be chosen to form
a complete orthonormal basis for L*(2). Let ¢, denote the eigenfunctions, and A,

- the corresponding eigenvalues. Then ¢, € C*(Q)), A, > 0, and they satisfy
_A¢n;An¢n7 ¢n|39:0, ”¢n” = 1) (n: 1a27"'),

(¢i,¢j):0a (Z#])
These eigenfunctions and eigenvalues can be obtained immediately from their scalar

counterparts.

We seek Galerkin approximations in the form
um(xvt) = Z CT(t)q’)n(x)
n=1

where the ¢*(t) are smooth functions of ¢. The advantage of using this form is that

Ou™ /3t and Au™ are also linear combinations of the first m eigenfunctions. Let
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u™ satisfy
aum m m m _
(W—Au +u™ - -Vu ,(;bn) = 0, (2.8)
(v™(-,0)—ug, 9,) = 0, (n=12,---,m), (2.9)
le.,
d m
T (@) = —deR() = 30 (di - Vo b))} (1)
1,7=1 (210)
c™(0) = (uo, @,), (n=1,2,---,m).

To find a time interval on which the solution exists, we need a priori estimates.

Hereafter we suppress the superscript m. From (2.8) we obtain
(DF'u — ADfu+ Df(u-Vu),v) =0, VY€ span{,, -, d,}. (211)

In particular, we can take v = DiA’u. Here 4,5,k > 0.

2.4 Main estimates

Let ¥ =0 andlet v = Awu in (2.11). We get
1d

§%||Vu||2+||Au[|2 = (u-Vu,Au) (2.12)
<l [Vul JAu] (2.13)
< V—;_;||w||3/2|muns” (2.14)
< 4}2? (= [Vull’ + 3 [Aul?)  (2.15)
= C.||Vul® + || Aul?. (2.16)

We obtain (2.12) by integration by parts; (2.13) by using the Schwarz inequality;
(2.14) by using (2.2); (2.15) for any a > 0, by using Young’s inequality (2.7); and

(2.16) by letting
_ 3a? -6 27

o
CC = = -
4or’ 4vor  102472ed

Hence
1d

2 _ 2< 6
L4 Il + (1 - 9wl < G Tul.
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Let
t
o(t) = [[Vu()|* +2(1 - 6)/0 [|Awu(s)|f* ds.

Then, when 0 < € <1, we have
d
Lo(t) <2045°0),  0(0) = [Vu()?.
Comparing this with

d

Lo(1) = 20.8°(),  2(0) = [Vuol?,

and noticing that we have ||V (0)|? < ||[Vuo||? from (2.9), we obtain

o(t) < (1) = ([ Vuol| ™ — 4Cct) ™2,

1e.,
¢ |Vuo?
Va(t)|? + 2(1 - e)/ Au(s)|?ds < 2 (9 <t < ST,

| *+2( |l m

where
25672
T=——.
27”V'U,0”4
Letting ¢ =1 we obtain
2
Va2 < A% o<y <. (2.17)

J1—-¢/T°
Letting ¢ = {/t/T, we obtain
[Vl |?

2 (1 i) i iIT

Since ||Vu(t)||? = ™, Aulc™()]?, the a priori estimate (2.17) ensures that the
n=1 n

t
/ ||A'u,||2d.s <
0

0<t<T). (2.18)

solution of the o.d.e. system (2.10), hence the Galerkin approximation, exists on the

interval [0, T'), with T independent of m and .

Remark. If the inéquality (1.5) is used instead of (1.1), one would obtain

1d

33 IVl + lau)” < c|[Vu] [Au|?,
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which does not lead to a bound for ||Vu||, unless one restricts the initial values to

those satisfying c||Vuo| < 1.

2.5 Further estimates

To prove the smoothness of the solution, we need further a priori estimates. We first
prove some differential inequalities.
We use ¢ to denote a constant that does not depend on m or 2, but possibly

depends on k. The actual value of ¢ may change at each occurrence.
Lemma 1 For 0 <t < oo, there hold

IDful? < c|AD; uf?

k-1
+e ) 1Dl IVDF ™~ w?,  k>1, (2.19)
=0

d
Z 1Diul® + [VDiul® < (|| Vul* + 1) || D u|f®

k—1
+c Y ||VDw|?||VDi "t uli?, k>1, (2.20)

=1
d
VDbl + JaDsul? < c(IVull + Jull%) |V Dl
k-1
+ed o IDw|% VD ul?, k21, (221)
=1

IDfulls, < cllVDfu| |ADfull, & >0. (2.22)

Proof of (2.19). Letting v = Df*'u in (2.11) and using the Schwarz inequality,

we get
| Df* ]| < [|ADfu — Df(u - V)|
Hence
D¢ u|? < 2[|ADFul® + 2 || Df (u - V). (2:23)
We have
k
Df(u-Vu)=Y cDiu- VDI u, (2.24)

=0
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by the Leibniz formula, hence

k
1D (w - Vu)l| < ¢} | Djwslloo |V D7 ] (2.25)

1=0

Using this in (2.23) and replacing ¥ by k¥ — 1, (2.19) is obtained.

Proof of (2.20). Letting v = Dfu in (2.11) we get
1d

5 I1Dfull” + IVDful? = — (Df(u- Vu), Dfu) (2:26)
< ©3 1DjulsVDE"ul 1 Dtuls 22)
< ¢S VDl [V D}u] | Dbul VDR (228
=0
< SIVDFul? + e (IVul* + 1) [Dbul?
+c§ IV Diu|® || VD u|). (2.29)

We obtain (2.26) by integration by parts; (2.27) by using Leibniz’s formula (2.24) and
Holder’s inequality (2.4); (2.28) by using Sobolev inequalities (2.5) and (2.6); (2.29)

by using Young’s inequalities. Hence (2.20) is proved.

Proof of (2.21). Letting v = ADu in (2.11) we get

Ld

57 IVDiull” + |ADfu|* = (Df(u-Vu), AD}u)

(A

1
7 1ADsw|” + c|Df(u - Vu)|®.  (2.30)
From (2.25), we have

D¢ (w - Vu)®

IA

1

S I1ADEl? + [ Vull* |9 Dl
k-1

+c Y |1 Dju|l?, VD ulf?, (2.31)
=0

since

1
IDFulle, IVul® < o IV Dyul |A D] [Vl

IA

-

2 :
7 1ADw|* + e[| Vul* |V Dy u|f”
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by using (2.2) and (2.7). The inequality (2.21) follows from (2.30) and (2.31).

Proof of (2.22). This is directly obtained by applying (2.2) to the function Dfu.
Now, differential inequalities (2.20) and (2.21) cannot be integrated directly, be-
cause we do not have initial values at ¢t = 0. To overcome this difficulty, we will

follow the method of Heywood and Rannacher [4], introducing the weight functions
tk.

Lemma 2 Suppose ¢, ¥, o, B € CY0,T) are all non-negative and satisfy

dp

= +yp<op+p, 0<t<T).

Suppose also that

/Ot s"lp(s)ds < Fa(t), /0 “a(s)ds < Falt), /0 " B(s) ds < Fu(t),

where n is a positive integer and Fy, F,, F3 € C[0,T). Then we have
t
1o (t) + /0 shp(s)ds < Fy(t), (0<t<T),

where Fy = (F3+nFy)exp Fy, € C[0,T).

Proof. We have

d
E(t"cp) + " < at™o +t"B + nt" .

t
For 0<e<t< T, let ®(t) =1t"p(2) +/ s™p(s)ds . Then

dd.
dt

<ad +t"B+nt"lp, B () = "p(e).

=
=
A

[e"cp(e) + /: exp (— /: a dr) (s"ﬂ + ns"'lgo) ds] exp /: ads
[e"tp(e) + /ct (s"ﬁ + ns"'lgo) ds] exp /: ads
< [€"p(e) + F3(t) + nFi(t)] exp Fy(t)

IN
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t
for e <t < T. The existence of / " 'p(s)ds implies that
0
hfﬂ&ffe e(e) =0,

completing the proof of the lemma.

Now, corresponding to Lemma 1, we prove the following estimates.

Lemma 3 For 0 <t < T, there hold

/Ots”-2 |Diul®ds < F(t), i>1, (2.32)

21 || Diul? + /;32”-1 |VDiu|?ds < F(t), i>1, (2.33)
£ |V Diu|]? + /Ots%”AD;'un?ds < Ft), i>0, (2.34)
/Ots%uD;'ungods < Flt), i>0, (2.35)

where the F(t) denotes generically a continuous and increasing function on [0, T)

depending only on i and ||Vu,|, independent of Q and m .

Proof. We obtain (2.34-0) from (2.17) and (2.18), and then obtain (2.35-0) by using
(2.22-0).

From (2.34-0) and (2.35-0), we see that the coeflicients in the differential inequal-
ities (2.20) and (2.21) are integrable, i.e., they satisfy the condition set for a in
Lemma 2.

We proceed by mathematical induction. Let & > 1 and assume that (2.32)-(2.35)
aretrue for : <k —1.

From the assumption and (2.19) we have
t t
/ s%=2 || DFul?ds < ¢ / %2 || ADF 1| ds
0 0

+c§ /0 " (52273 |9 D1t ?) (5% || Diu|?) ds

1=0

< F(b).
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Hence we obtain (2.32-k). This technique of appropriately distributing the weight
functions will be repeatedly used below without further comment.

With (2.32-k) and the assumption, we can apply Lemma 2 to the differential
inequality (2.20) to obtain (2.33-k), which in turn enables us to apply Lemma 2 again
to the differential inequality (2.21) and obtain (2.34-k). Finally, we obtain (2.35-k)
from (2.22). This completes the proof.

Lemma 4 For 0 <t < T, there holds

t®+ | AD||? < F(t), i>0, (2.36)
22| Diu|2, < F(¢), >0, (2.37)
Proof. Letting v = ADfu in (2.11) we get
IADful|? < 2|| Dy ull® + 2| D (w - Va)|*.
Using (2.31) we obtain
IADful> < c||Df ul? + c||Vul* |V DEul)®
k-1
+e 3 | Dyulll, IV Dy ull?. (2.38)

=0
Using the estimates obtained in Lemma 3, by mathematical induction on (2.38)

and (2.22), the proof is completed.

2.6 Proof of the theorem

With the estimates given in Lemma 3 and Lemma 4, we can follow the argument in
[3] to prove the existence and regularity of the solution of Problem (2.1), as asserted
in Theorem 5. The solution in the bounded smooth domain is obtained as a limit
of a subsequence of the Galerkin approximations. Given an arbitrary domain, we

can choose a sequence of bounded smooth subdomains expanding to the domain, and
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solve the problem in each subdomain with properly chosen initial data, and take a
subsequence of these solutions which converge to the solution in the given domain.
The estimates carry over in the above mentioned processes of taking limits.

Thus, we need only prove the uniqueness of the solution.

Suppose v is another solution. Let w = v — u. Then

%+u-Vw+w-Vu+w-Vw=Aw, (2.39)

and

lim ||V (2)]| = 0. (2.40)

Multiplying (2.39) with Aw and integrating over 2, we get

%%||Vw||2+||Aw||2:(u-V'w+'w-Vu+w-Vw,Aw).
We have

(u-Vw, Aw) < Julle Vol Aw]

< slAwl? + cllul, [Tl
(wVu, Aw) < [wll |Vl Au|

< clIVul [Vl | aw]P?

< 3lawl + e[Vl Vall?,
(wVw, Aw) < [wll | Vel |Aw]

< clVwl |AwlP?

< 3lAw] +efVul?,

using the inequality (2.2) and Young’s inequality. Hence
d
I1Vell? <c(lulll, + [Vull*) [Vl + of Ve

Since

1
L (Ireliz, + 19wlit) ds < Fe),
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and we have (2.40), it is easy to prove that |Vw(t)|| =0 for all 0 < ¢ < T . Hence
w(t)=0.

Remark 1: If a bounded portion of the boundary of Q is C™, then Dfu(z,1) is

uniformly C™ up to that portion of the boundary, for all %.

Remark 2: If we consider Burgers’ equation with a “viscosity coefficient” v:

ou
?37+u-Vu—vAu,

then T should be multiplied by 3. If we consider nonhomogeneous boundary values
and an external force term, then we can prove a similar theorem of local existence

and uniqueness of the solution, with T' depending on the given data.
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