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ABSTRACT

This thesis investigates the accuracy and stability of finite element solutions of the
shallow water equations. The method of investigation is referred to as a dispersion analysts.
It compares numerical phase velocities, group velocities, and wave amplification factors to
their analytic counterparts.
| Chapter 1 discusses the shallow water equations, finite element and finite difference
methods, and reviews previous work. The advantages and disadvantages of a dispersion
analysis are also discussed.

Chapters 2 and 3 are restricted to numerical solutions of the one dimensional lin-
earized shallow water equétions. The phase and group velocities of eight spatial discretiza-
tions are calculated and examined for their relative merits. The most accurate two-step
time-stepping methods are found for three finite element spatial discretizations; the wave
equation model of Gray and Lynch, the Galerkin method with linear basis functions, and
the Galerkin method which combines quadratic basis functions for velocity with linear
functions for elevation. It is also shown that with an appropriate time-stepping method,
lumping the wave equation model need not cause an accuracy loss.
| Chapter 4 extends the aﬁalysis to the linearized two dimensional equations. Finite
element solutions are computed for two configurations of triangular elements. Two finite
element methods, Thacker’s method and the lumped wave equation model, are shown to
be cost competitive and as accurate as the Richardson-Sielecki explicit finite difference
method. The analysis also suggests that finite element meshes comprised of equilateral
triangles most accurately represent phase and group velocity.

Chapter 5 extends the one dimensional dispersion analysis to include boundary con-
ditions. The étability and relative accuracy of several absorbing boundary conditions are
examined. Accuracy is evaluated through the calculation of reflection coefficients. An

unstable boundary condition of the type examined by Trefethen is also found.
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1. INTRODUCTION

1.1 Motivation and Objectives

Waves in the ocean arise from many types of forcing and dynamics, and have a broad
range of wavelengths and periods. LeBlond and Mysak [Le78| classify oceanic waves into
five basic types according to their restoring forces. Sound waves arise from the compress-
ibility of the ocean. Capillary waves are dominated by surface tension acting between two
different fluids, such as air and water. Gravity waves occur through Athe restoring action
of buoyancy on water particles displaced from quilibrium levels. Inertial waves arise from
the Coriolis force which acts at right angles to a velocity vector, and is due to the rotation
of the Earth. Finally, planetary or Rossby waves arise from variations in the equilibrium
potential vorticity due to changes in the Coriolis parameter or the fluid depth.

Detailed studies of waves in the ocean (or the atmosphere) are based on mathematical
descriptions of fluid motion on the surface of a rotating Earth. These motions are governed
by conservation laws for mass and momentum, an equation of state, and the laws of ther-
modynamics. "The shallow water equations are a particular mathematical description for
waves whose amplitudes are much smaller than their wavelengths, and whose waveleﬁgths
are much longer than the depth of fluid over which they are travelling [St57]. They are
frequently encountered in both oceanographic and atmospheric problems. Solutions to the
shallow water equations are of two types; often referred to as waves of the first and second
class [Le78]. These types are characterized by the relative size of w , the wave frequency,
and f, the Coriolis parameter. Waves of the first class are gravity waves, for which w > f,
and for which rotation plays only a modifying role. Waves of the second class are planetary
waves, for which w « f. They would not exist without rotation. |

In most instances there is no hope of obtaining analytic solutions to the shallow water
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equations. Complexities due to the nonlinear terms, bottom topography, and an irregular
coastline mean that one must resort to numerical approximation techniques. Of these,
finite difference methods (FDMs) and finite element methods (FEMs) are the most common.
FDMs have been used for many years to solve the shallow water equations (e.g., Hansen
[Ha62, Ha66], Leendertse {Le67], Heaps [He69], Crean [Cr76], Henry and Heaps [He76)).
However it is only within the last decade that FEMs havé also become popular (e.g., Wang
and Connor [Wa75], Walters and Cheng [Wa79]). A discussion of the principles underlying
each method and their respective advantages and disadvantages will follow in Section 1.3.
Generally, FEMs provide a better resolution of the flow domain but are more costly to
implement and to execute (Weare [We76}). Measures to reduce the FEM cogt have been
investigated, but they are usually accompanied by a loss of accuracy in the numerical
solution (e.g., Strang and Fix [St73], Mullen and Belytschko [Mu82]). One objective of this
thesis will be to investigate such compromises. In particular, it will be shown that FEMs

can be as economic and as accurate as FDMs.

A second objective will be to determine which FEM is best. Many methods are available
since typically, each combines a spatial discretization with a time-stepping or spectral
method. The spatial discretization is determined by the particular finite element approach
(e.g., Galerkin), the approximating basis functions, and the size, shape, and configuration
of the spatial elements. The spatial discretization has the effect of reducing the governing
partial differential equations (PDEs) to a system of ordinary differential equations (ODEs)
in time. These ODEs can then be solved by one of many methods discussed in texts such

as Gear [Ge71] or Lambert [La73].

In this study, the accuracy of a FEM is determined by comparing the amplitudes
and velocities of numerical and analytic plane wave solutions. Although this may seem
to be a natural approach; it does have limited application. The calculation of plane wave
solutions usually requires that the governing PDEs be linear and have constant coefficients.
(Periodic boundary conditions are usually assumed too, but it will be seen in Chapter
5 that this a.ssurription is not necessary.) Since the shallow water equations have both

2



nonlinear terms and nonconstant coefficients, simplifications are required. Solutions similar
to plane waves do exist w_hen ét least one coefficient, the depth, is linear. However, these
solutions are only discussed briefly in Section 2.9. Everywhere else in this thesis, it will be
assumed that the shallow water equations are linearized and all coefficients are constant.
In particular, both the ocean depth, h, and the Coriolis parameter, f, will be assumed
constant. Unfortunately, under these assumptions all planetary wave solutions reduce to
steady currents. In order to have propagating planetary waves, either A or f must be
nonconstant. Neither of these cases will be studied here, but they certainly warrant future
attention.

Since the assumption of constant f/h eliminates propagating Rossby waves, only grav-
ity wave solutions of the shallow water équa.tions are considered in this thesis. Tides,
storm surges, and tsunamis are the most common examples of these waves. Tides are gen-
erated by the simultaneous action of the moon’s gravitational force, the sun’s gravitational
force, and the revolution about one another of the earth and moon, and the earth and
sun [Po78]. Due to the periodic nature of their forcing, astronomical tides are consistent
and prédictable. Both numerical models and time series methods are commonly used to
predict tidal elevations and currents. Storm surges and tsunamis, on the other hand, have
irregular forcing. Storm surges are generated by strong winds and atmospheric pressure
gradients-. Tsul_lamis are usually caused by e‘arthquakes or events connected with them
(e.g., landslides), but they may also arise from ‘man-ma,de nuclear explosions or the explo-
sions of volcanic islands [Mu77]. Both storm surges and tsunamis cause coastal flooding
beyond the normal tidal ranges. In extreme cases, they can result in extensive loss of life
and property. Consequently, their predictability is very important. Numerical models of
the shallow water equations can provide accurate forecasts of the intensity and timing of

these events when accurate forcing and initial conditions are available.

1.2 The Shallow Water Equations
The shallow water equatibns are derived from general dynamic equations which de-
scribe the conservation of mass (continuity) and momentum in an incompreséible, non-
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diffusive fluid (LeBlond and Mysak [Le78, pages 8-10]). Assumptions required for this

derivation include uniform density, hydrostatic presSure, fluid velocities that are vertically

homogeneous, and a fluid depth that is much smaller than the horizontal scale of motion.

Under these conditions, a two dimensional description of fluid flow can be obtained by

integrating the continuity and hydrostatic pressure equations through the fluid depth, and

substituting the integrated pressure into the momentum equations. With bottom friction

and atmospheric forcing specified as in Lynch and Gray [Ly79], the resultant shallow water

equations in Cartesian coordinates are [Le78, page 128]
9z + Ou(z + h) + dv(z+ h)
ot oz dy

0 0 d 0
—E+u—y—+v—£—fv+g£+m=F,

ot or dy
" Ov dv  Ov 0z
-5?+u$+va—y+fu+ga—y+m=Fy
where
2(z,y,t) = elevation above mean sea level,
u(z,y,t) = z component of velocity,
v(z,y,t) = y component of velocity,
f(z,y) = Coriolis parameter,
g = gravity,
7(z,y,t) = bottom friction parameter,
1/2 e
= g(u® +?) / /(C?h) for the Chezy dissipation model,

C = Chezy coefficient,
F,(z,y,t) = z component of force due to wind stress and
atmospheric pfessure gradient,
Fy(z,y,t) = y component of force due to wind stress and

atmospheric pressure gradient.

(1.2.1a)
(1.2.1b)

(1.2.1¢c)

(1.2.1a) is the continuity equation while (1.2.1b) and (1;2.1c) are the momentum equations.

Apart from the bottom friction and forcing terms, the atmospheric shallow water equations

are similar [Ha80,Na79].



In order to solve (1.2.1) for a specific space-time domain, the force components, initial
conditions, and boundary conditions must be specified. Often, the solution is required to
be in dynamic equilibrium. (This is sometimes referred to as a steady state solution.) This
means that provided transient solutions die away, the initial conditions will not influence
the final results. However initial conditions aré important, for a good choice will accelerate
th‘e convergence to equilibrium.

Common boundary conditions for the shallow water equations are:

i) A solid land boundary through which no flow is permitted. Mathematically, this
condition is u -n = 0 where u = (u,v) and n is a unit vector normal to the
shoreline.

ii) A specified or forcing boundary where u and/or z is known.

iii) An open or radiating boundary through which waves are to propagate freely with-

out reflection.

Sometimes ii) and iii) are combined so that inward waves are specified and outward waves
pass freely through the boundary. The analysis in Chapter 5 will consider all these con-

ditions. Analyses in Chapters 2, 3, and 4 assume a periodic domain thereby avoiding the
| need for boundary conditionsj Initial-value problems on unbounded domains are called

Cauchy problems.

1.3 A Review of FDMs and FEMs

In order to solve a system of PDEs such as (1.2.1), FDMs approximate each partial
derivative by a divided difference. The domain of the problem is usually fitted with a
rectangular grid. Approximating values for each of the dependent variables are then ob-
tained at discrete points within the mesh by solving, at each point, the difference equations
corresponding to the original PDEs. The accuracy of the approximating solution depends
on the resolution of the rectangular grid and the order, or truncation error, associated
with the divided differences. )

For most time dependent problems, the FDM solution is found by stepping through
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discrete time levels and at each one calculating the dependent variable values at all the
spatial mesh points. If at a new time level each independent variable can be calculated
individually, that is solely from values at previous time levels, the FDM is said to be
explicit. If however, several new values are linked so that a system of equations must be

solved, the FDM is said to be implicit.

Excellent references for the application of FDMs to initial-value problems and initial
boundary value problems are Richtmyer and Morton [Ri67] and Kreiss and Oliger [Kr73],

respectively.

When applied to solving the shallow water equations, FDMs have several advantages
over most FEMs. They are simple conceptually, easy to program, and depending on their
specific type, usually quick to solve. The rectangular grid also means that the no flow

boundary conditions are easily implemented by setting u(z, y, t) or v(z,y,t) to zero.

However FDMs also have disadvantages. One disadvantage is the coarse 'boundary
approximation that. results from fitting the domain with rectangles. A finer mesh would
reduce the inaccuracy; however, in so doing the number of discrete grid points, and hence
the computational effort, would be increased. Another disadvantage arises from using
uniformly sized rectangles over the entire domain. Although nested rectangles have been
successful in some models (e.g., Greenberg [Gr76]), many problems can develop across
the grid change boundary {Su79] if continuity and momentum conditions are not properly
matched. The desire for a nonuniform grid arises from the fact that gravity waves have
wavelengths that are approximately proportional to the square root of the depth. In order
to maintain the same spatial sampling rate per wavelength in all depths of water, Az

should therefore vary with h'/2,

FEMs avoid both these disadvantages because they are not restricted to rectangular
grid approximations of the domain. They permit elements of any size or shape which, for
ease of computation, are usually chosen to be triangles or quadrilaterals. The sides of these
elements need not be straight lines. Thus the boundary can be fitted much more accurately
and element sizes can be made roughly proportional to h!/2. FEMs also approximate each
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dependent variable in the shallow water equations with a linear combination of continuous
basis functions. This means that unlike the FDM solution, the FEM solution is continuous
throughout the flow domaih.

However, FEMs also have disadvantages. They are more difficult to program, generally
more costly to solve (depending on the solution approach), and pose more difficulties in
implementing the no flow condition. When the normal velocity is specified at a boundary
node, the velocity in the tangential direction must still be calculated [Gr77]. Because the
boundaries of a finite element domain are not, in general, parallel to one of the coordinate
axes, the specified velocity must be resolved into its u(z,y,t) and v(z,y,t) components
and a momentum equation must be solved in the tangential direction. Gra.y' [Gr77], and
Walters and Cheng [Wa80] illustrate this procedure.

FEMs have an entirely different approach than FDMs. Set V= (z, u,v) and rewrite

(1.2.1) in matrix form as

Y oV
LV = —87+A(V)8—+B(V)—+CV+F—0 (1.3.1a)

where L is an operator, and

' u z+h O h
A(V)=(g g 0) B(V)=( ) v (1.3.1b)

(o he hy) (o
' o f 7 F,

Then for some sufficiently differentiable and suitably chosen basis functions {¢.(z, y)}_,,

v z
0
9

e o+

0
v
0

the FEM approach is to approximate V(z,y, t) by

V(z,y,t) E a;(t | (1.3.2a)

The values of {a,(t)}}Y, are chosen so that the residual LV is minimized.

The basis functions could be time dependent and nonseparable, that is,

V(z,y,t) Ea,qS, (z,9,t) : (1.3.2b)

t—-—l
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However there is usually little advantage to this. The time domain is simply ¢ > 0 and in
most applications there is no need for a discretization that has some time intervals larger
than others. In fact, with time dependent and nonseparable basis functions, a huge system
of equations that includes all time levels would have to be solved at considerable expense.
With a separable time dependency, the resultant equations become a system of ODEs that
can be solved much more cheaply and with a variety of techniques.

There are various types of FEMs depending on how LV is minimized. Three common
ones are:

1=1

i) Collocation: The set {a;(t)}}V, is determined by requiring
LV(E)=0  (1.3.30)

for N specified points &; = (z;, ;).
ii) Least squares: 4

— 7\2 T
S = f (LYY dzdy (1.3.3b)

is minimized with respect to the set {a,—(t)}fv=l. D is the spatial domain of the
problem. |

iii) Galerkin: The residual LV is required to be orthogonal to all basis functions; that
is

| f LV¢;dzdy=0 i=1N. (1.3.3¢)
D

Petrov-Galerkin methods are a generalization of type iii) wherein LV is required to be

orthogonal to a set of weighting functions {¢;(z, y)}}_,, rather than the basis functions.
Galerkin FEMs are probably the most common type.

All these approaches lead to a 3N by 3NN system of ODEs of the form

Js :
M—a—t = P(s)s + Q(t)‘ : | (1.3.4)

where
s= (z1,u1,91,...,2N,UN,VUN) = the vector of variable values at IV specified discrete

points in the domain D,



M="a global matrix which, for linear PDEs, is usually a function of only the element
geometry,
P(8) = a nonlinear matrix which is a function of both the element geometry and s,

Q(t) = a vector of time dependent forcing components.

These ODEs can be solved with a wide variety of time-stepping methods. The resultant
system of fully discrete equations will be explicit only when M is diagonal and the time-
stepping method is explicit.

A standard reference for FEMs is Strang and Fix [St73]. Pinder. and Gray [Pi77] is
also most useful for hydrological problems. Lapidus and Pinder [La82] is an excellent new
volume discussing the numerical solution of PDEs with both FDMs and FEM:s.

In these investigations, only Galerkin FEMs and triangular elements will be considered.
Basis functions will be either piecewise linear or piecewise quadratic functions with local
support. Each basis function is associated with a discrete point (node) in the domain and
is defined so that it has the value unity at its associated node, and zero at all other nodes.

This is illustrated for one dimension in Fig. 1.1.

¥ (x) _
¢ai(X) . gy

\_/' ’ \_/ > X

Xa(i-1) X2i-1 X2i X2isl X2(i41)
Fig. 1.1. Linear and quadratic basis functions in one dimension.

The linear basis functions are

d2:(z) = (z — z2i—2)/(T2; — T2i—2) T € [T2i—2, T2
= (T2i42 — T)/(T2i42 — Z2;) T € [29;, Toiyo]
=0 v . elsewhere.


file:///x2i-2

The quadratic basis functions are

Pois1(2) = (z — zoino)(z — 22:)/((z2ir1 — T2:)(Z2i41 — T2042)) 7 € (724, 22040
=0 elsewhere,
Yoi(z) = (T — T2i-1)(Z — T2i-2)/((T2: — T2i-1)(T2i — T2i—2)) T € [ZTi_g, T3]
= (z — zgi+1)(Z — Z2i42)/((T2: — T2i41)(T20 — 22i42)) z € |22i, T2i42]
=0 | elsewhere.

Theoretically, a highér order basis function should yield more accurate results. How-
ever, Cullen [Cu76] shows that for the one dimensional linearized shallow water equations
with constant depth and a uniform mesh, piecewise linear basis functions are fourth order
accurate whereas piecewise quadratics are only second order. Cullen explains this surpris-
ing result by viewing the FEM as a computational medium consisting of a discrete number
of points. If the points are not equally spaced, or if they are different in character (e.g.,
one point is a vertex of a triangular mesh and another is the midpoint of a side), waves will
see non-uniformities in the medium. Spurious reflection and refraction will then occur,
since the problem is physically similar to propagation through a irregular medium. Thus
with linear basis functions and regular spacing, the computational medium is uniform and
more accurate. However, it becomes non-uniform and less accurate with either irregular
spacing or quadratic basis functions.

In practical applications, the spatial grid is seldom regular. Consequently, quadratic
basis functions have higher order accuracy. They élso have other attributes. Walters and
Cheng [Wa79] demonstrate that with this choice, smooth curved-sided elements can be used
at all shoreline boundaries. Such elements reduce the mass conservation and flow problems
ﬁhat result when implementing the u-n = 0 condition for a boundary approximation that
has corners, and hence discontinuities in n.

Finally, it should be mentioned that the same type of basis fﬁnction need not be used
for all variable approximations. Hood and Taylor [Ho74], in their studies of the Navier-
Stokes equations, recommend using basis functions for the pressure variables that are
one order less than those used for the velocities. Their rationale does not extend to the
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shallow water equations unless there are diffusion terms (e.g., 82u/8:r2) in the momentum
equations. Walters and Cheng [Wa79,Wa80] include these terms to approximate molecular
and Reynolds stresses, and have successfully used quadratic basis functions for the velocities

and linear basis functions for the elevations.

1.4 An Analysis Based on Dispersion

An irony of the numerical approximation process is that the detailed behaviour of
the finite difference (or element) formulas is generally a good deal more complicated than
that of the differential equations they model [Tr82b]. For example, spurious numerical
solutions may arise that have no physical basis and, the principal numerical solutions may
not have the same physical properties as their aﬁalytic counterparts. These difficulties
are usually unimportant provided the difference scheme is convergent (i.e., the numerical
solution, everywhere at time ¢, approaches the solution to the differential equation as
the time step size Af approaches zero). For a FDM, such convergence will occur when
the difference model is consistent and stable [Ri67]. This is the Lax Equivalence Theorem.
Consequently, the behaviour of FDMs traditionally reduces to estimating truncation errors
by Taylor expansions, in order to determine consistency and asymptotic accuracy, and to
some kind of investigation of stability. .

A similar analysis can be adopted for Galerkin FEMS since consistency and stability
are equivalent to convergence here also [St73]. However the nature of the finite element
approach and wavelike properties of the solution mean that other analysis techniques can
also be used. Assuming a specific spatial discretization, a traditional analysis of ODE
methods for solving (1.3.3) involves investigating the absolute stability region and calcu-
lating the truncation errors. Stability of a prospective time-stepping method is determined
by insuring that the spectrum of the Jacobian of the ODE system, when scaled by At, lies
in the absolute stability region of the method. Accuracy is determined by evaluating the
local truncation error, or by comparing the principal root of the method’s characteristic
polynomial to the exponential function (which is the analytic result). This approach is dis-
cussed in Gear [Ge71] and used by Praagman [Pr79] for analysing finite element solutions
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of the shallow water equations.

Another popular technique for evaluating numerical methods which solve hyperbolic
PDEs was developed by Leendertse [Le67]. It is based on propagation factors. These are
ratios of the computed wave to the analytic wave after the time it takes for the analytic
wave to propagate one wavelength. Gray and Lynch [Gr77b) Apply this analysis to finite
element solutions of the shallow water equations. In one dimension, théy assess various
time-stepping schemes in combination with a Galerkin FEM and piecewise linear basis

functions.

The analysis technique adopted here basically amounts to measuring the accuracy of
numefical wave amplitudeé, phase vélociti&s, and group velocities. We shall call it a dis-
persion analysis. Hyperbolic equations are said to be dispersive if they have plane wave
solutions whose velocities are wavelength dependent. Consequently, a packet consisting
of several wavelengths will disperse as 1t propagates. Dispersion analyses are simply ex-
tensions of conventional Fourier analyses (e.g., Mesinger and Arakawa [Me76]) to include
group velocity. From the amplification factors [Ri67] of the numerical method, dispersion
relationships, phase velocities, group velocities, and amplitude decay factors are calculated

and used to determine accuracy and stability.

Even though a hyperbolic PDE may be nondispersive, all FDM and FEM approxi-
mations of it are dispersive [He75]. This suggests that FDMs and FEMs may be viewed
as not just mathematical corruptions of an ideal problem, but as media with analysable
properties of their own [Tr82b]. In particular, as disperéive media FEMs and FDMs will

turn out to have many of the same features as solid crystals [Br53].

Dispersion and propagation factor analyses reveal more about numerical inaccuracy
than an examination of truncation errors. As discussed by Trefethen [Tr82], a numerical
“wave may have significant pointwise differences from the correct solution (i.e., have a large
trunctation error), yet still be qualitatively correct. For example, the numerical phase
velocity may simply be too slow. Dispersion analyses, rather than propagation factor
analyses, were chosen for this study because they include an examination of the numerical
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group velocity.

Group ve'locity is important in all wave problems since it describes the speed and
direction of energy propagation. For tsunamis, the group velocity is vital since the wave
packei speed rather than that of an individual wave determines the arrival time [Mu77].
Although shallow water waves have virtually the same phase and group velocity, their
numerical model representations may not. It is therefore important to study the properties
of both in assessing the merits of a numerical scheme. As will bebseen, a method which

most accurately represents phase velocity may not be best for group velocity.

Recent work by Trefethen [Tr83] has also linked group velocity to the stability theory of
Gustafsson, Kreiss, and Sundstrom [Gu72], (henceforth GKS). In particular, he shows that
if a FDM together with its boundary conditions can support a set of waves at the boundary
with group velocities pointing into the domain, then the method is unstable. Since the
GKS normal mode analysis for stability involves substitutions similar to those for plane
wave solutions, it seems likely that some aspects of GKS stability could be investigated if

the dispersion analysisA were extended to include boundaries.

This analysis approach has other advantages. Calculations to determine accuracy and
stability are closely correlated and expressed in terms of amplitude, phase velocity, and
group velocity. These concepts are more familiar to the physical oceanographer than sta-
bility regions, truncation errors, and propagation factors. Furthermore, the same analysis
techn_ique can be used to evaluate a method both before and after the ODE is solved.
That is, the analysis can assess the merits of the spatial discretization as well as the time-

stepping method.

However, as discussed in Section 1.1, the analysis does have limited application. Usually
it requires that the PDEs be linear, and have constant coefficients and périodic boundary
conditions. A constant time step and a regular mesh configuration are usually assumed
as well. Although few problems are this simple, it is important to understand numerical
behaviour in such a setting before introducing the additional complexities of boundary
conditions, nonlinear terms, and varying coefficients. In Chapter 5 it is shown that the
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dispersion analysis can be extended to include boundary conditions, and in Section 2.9,

analyses for non-constant coefficients are discussed.

1.5 Review of Previous Work

Perhaps the earliest finite element shallow water model was developed by Grotkop
[Gr72,Gr73]. ([Gr72] was translated by Henry [He78].) He simulated tides in the North
Sea with triangular elements and space-time linear basis functions.

Norton et al. [No73] followed with a model comprised of triangular elements, implicit
time-stepping, and mixed basis functions; quadratic functions for the velocities and linear
functions for the elevations. However, solving the full nonlinear equations with the Newton-
Raphson method made the scheme uneconomical. A similar model (King et al. [Ki75])
required unrealistically high values of viscosity in order to produce reasonable numerical
solutions.

Connor [Co74] and Wang [Wa75] employed triangles, linear basis functions, and exper-
imented with several time-stepping schemes. A splif scheme which calculated elevations
and velocities at alternating time levels was found to be best. However short wavelength
~ noise was evident in their results.

Taylor and Davis [Ta75] also tested several time-stepping schemes before combining
the trapezoidal rule with cubic quadrilateral elements in a North Sea model. Their results
agreed reasonably well with Leendertse’s [Le67] finite difference model, but their velocities
contained short wavelength noise. |

Adey [Ad74] also found Spurious short Wave oscillations in his linear-triangular model
of the Solent estuary. Severe difficulties with stability were also encountered but overcome
by adding bottom friction and viscous type terms.

Partridge [Pa76] and Brebbia [Br76] also required large friction and smoothing to sta-
bilize their North Sea model. Again short wavelength noise was present.

Gray [Gr77] developed a model which used a leapfrog time scheme and quadratic
quadrilateral elements. With Simpson’s rule quadrature, he obtained time-invariant diag-
onal (easily solved) matrices. He also developed a method for determining an average no
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flow condition at nodes correspoﬁding to discontinuous boundary approximations. How-
ever his solutions, especially with irregular geometry and nonconstant depth, contained

short wavelength noise.

Pinder and Gray [Pi77] further examined trapezoidal time differencing with the one
dimensional linearized shallow water equations. They found that with linear basis func-
tions and no friction, the scheme was neutrally stable (the eigenvalues of the amplification
matrix had modulus exactly equal to one) and had no distortion of wave amplitude, but
did introduce a phase lag. With friction, the scheme became unconditionally stable and
exhibited errors in both amplitude 2nd phaée. The same qualitative results were also found
with quadratic basis functions for velocity and linear functions for elevation. They also
showed that it was possible to produce an inconsistent scheme (i.e., the numericallsolution
does not converge to the analytic solution as At and Az approach 0) if care was not taken

to keep the FEM equations centered in time.

Several spectral and pseudospectral methods (e.g., Kawahara et al [Ka78], Pearson
and Winter [Pe77], Jamart and Winter [Ja80], Le Provost et al. [Le81]) based on a finite
element spatial discretization have also been developed. They assume a Fourier (harmonic)
series time dependent solution and avoid time—stepping. Such methods are computationally
efficient but with nonlinear terms in the equations, they can only be used in periodically-

forced (tidal) problems. They will not be considered here.

Kawahara et al. [Ka78b,Ka80] developed tsunami and storm surge models using linear-
triangle elements and explicit Lax-Wendroff time-stepping. The FEM was made explicit
by mass lumping (summing all row elements and placing them in the diagonal position).
All test results were reported to be in good agreement with either true data, or analytic

or finite difference values.

Walters and Cheng [Wa79,Wa80] modified the King model so that smooth sided ele-
ments could be used at shoreline boundaries. This meant that unique normal vectors could
be defined at allAboundary nodes. Lateral stress terms were approximated as diffusion terms
and their coefficients were given realistic values. They found that the precise specification
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of inflow and outflow boundary conditions was crucial for continuity conservation. They
also found their curve sided boundary elements to be superior to the straight sided ones
with normal vectors calculated using Gray’s method. Their begt results were obtained
with centered implicit time-stepping. A tidal model of San Francisco Bay produced results
which compared favourably with existing data. However small spurious oscillations were

present.

The most thorough investigation of FEMs for the shallow water equations was done by
Gray and Lynch. In [Gr77b], they first examined ten time-stepping methods for solving
the one dimensional equations with constant depth, linear basis functions, and equally
sized elements. By calculating and plotﬁng propagation factors and later distribution
factors [Ly80], they were able to select three relatively efficient schemes that seemed most
likely to avoid small wavelength oscillations and accurately model all other (especially long)
wavelengths. Analytic test problem solutions [Ly78] were calculated for the linearized two
dimensional equations with zero Coriolis force and a power law depth profile (h(z,y) =
hoz" for any real number n). The model domain was either rectangular, or a truncated
conic section, with tidal fbrcing on one side and land boundaries on the others. A spatially
variant wind stress was also permitted. The three selected time-stepping methods were

tested with these problems.

The leap frog scheme and the semi-implicit scheme both ex.hibited short wavelength
noise in'the tests [Gr79]. Their most promising scheme, the so-called wave equation model,
will be discussed in detail in Chapters 3 and 4. Its test results were not only close to the
analytic values, but also free of small wavelength oscillations. However, as yet this method

has not been applied in a real setting.

A pseudo-FEM for the solving the shallow water equations has also been presented by
Thacker [Th78a, Th78b]. He calculated finite differences over triangles and used explicit
time-stepping. Experimental tests showed this technique to be cheaper but less accurate
than a linear FEM defined on the same grid and solved with the same time-stepping.
However, it was claimed that a similar level of accuracy could still be obtained more cheaply
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by refining the grid for the finite difference approach. Thacker’s scheme is investigated

further in Section 4.4.

This literature review is confined to the most significant papers. Many models, too
numerous to mention, have appeared since 1980. Nevertheless, it is still not clear which
finite element spatial discretization is the best for solving the shallow water equations. All
discretizations have both advantages and disadvantages. Rec.ent investigations by Platz-
man |PI81], Walters and Carey [Wa83], and Walters [Wa83b] have examined the spurious
modes generated by FEMs, and the best choices of basis function and triangularization.

However there are still unresolved problems.

The application of dispersive wave theory to difference models does not have many
predecessors. Although many authors .(e.g., [Me76], [Th78b]) have calculated numerical
dispersion relationships, few (apparently) have simultaneously looked at phase velocity,
group velocity, and wave amplitude accuracy. Warming and Hyett [Wa74] analysed the
accuracy and stability of FDMs through modified equations. Aside from roundoff error,
these equations represent the actual PDE solved when a numerical solution is computed
with a FDM. They provide a natural resolution of both amplitude (dissipation) and phase
(dispersion) errors. Chin and Hedstrom [Ch75,He75,Ch78] have also applied wave theory
arguments to analyse many aspects of solution behaviour and stability. In particular,
in [Ch79] they presented a linear wave analysis (including group velocity) of a simplified

Galerkin method for solving hyperbolic equations.

Vichnevetsky and his colleagues have also analysed the wave propagation of both prin-
cipal and parasitic waves, and wave behaviour at boundaries. Vichnevetsky [Vi80] shows
that zero group velocity characterizes a cutoff frequency beyond which wave solutions
exhibit a spurious amplitude decay. Vichnevetsky and Peiffer [Vi75] demonstrate that
spurious 2Az waves (waves of length twice the spatial grid interval), generated by mesh
refinement or near-discontinuities in the exact solution, travel at the group speed. Most of
this work is now summarized in [Vi82]. Schoenstadt [Sc80] and Williams [Wi81] examined
phase velocity, group velocity, and amplitude-related coefficients in their evaluation of sev-
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eral numerical methods for solving the atmospheric shallow water equations. In many of
these studies though, only the effects of the spatial discretization were considered.
Although Trefethen’s work [Tr82, '1‘r82b, Tr83] was only recently available, it has
heavily influenced this thesis. This is particularly evident in Chapter 5 where the dispersion
analysis is extended to include boundary conditions and linked to stability. Ho;vever his
work also provides an excellent survey of the relevance of group velocity in numeric#l

schemes. Among the important points that he discusses are the following:

i) although wave crests travel at the phase velocity, wave packets travel at the group
velocity,
il) energy travels at the group velocity,
iii) group speed is the only meaningful speed for studying parasitic numerical solutions,
iv) instability of an initial boundar}i' value problem is related to the po§sibility that
at a boundary, incoming waves with positive group velocity may be generated
spontaneously rather than from the reflection of outgoing waves with negative
group velocity,
v) zero group velocity defines a cutoff frequency for transmission through an interface.
In brief, he demonstrates that there is more to the inaccuracy of a numerical scheme than

its truncation error.

1.6 Outline and Summary

In Chapter 2 the dispersion analysis technique is developed for the one dimensional
linearized shallow water equations. After specifying their analytic solutions, the terms
dispersion relationship, phase velocity, and group velocity are defined. The analysis then
begins with éalculations of the phase and group velocities arising from eight finite element
and finite difference spatial discretizations, and discussions of their relative merits. The
class of two-step methods for solving an ODE is then introduced and used in combina-
tion with a specific spatial discretization, the Galerkin FEM with linear basis functions.
Dominant phase and group velocities, and d'ominant wavenumbers are also defined and
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illustrated. Accuracy measure or error functions are then used to find the most accu-
rate two-step time-stepping method for this FEM. The same analysis is repeated with the
mixed interpolation FEM which combines quadratic basis functions for velocity with linear
functions for elevation. Numerical tests and truncation errors are used to validate these

accuracy measure functions. Section 2.9 summarizes and briefly discusses the results.

Chapter 3 looks at the one-dimensional linearized version of the wave equation model
developed by Gray and Lynch [Gr77b, Ly79]. Similarities with other spatial discretizations
are discovered, and the proposed time-stepping methods are shown to be a subset of a
much larger class. Using dispersion and asymptotic analyses, particular time-stepping
methods which most accurately represent wave propagation and wave amplitude growth
are determined for both the lumped and unlumped approaches. It is also shown that with
a judicious choice of time-stepping method, no loés in wave propagation accuracy need

occur through lumping. Numerical tests confirm these results.

Chapter 4 extends the dispersion analysis to two dimensions. One FDM, the Richardson-
Sielecki explicit scheme, and four FEMs are examined. The FEMs include Thacker’s
method and the three methods studied in Chapters 2 and 3. Two configurations of tri-
angular elements are assumed for the spatial discretization. All the wave equation model
results of Chapter 3 are seen to extend to two dimensions. Particular emphasis is given to
comparing the relative cost and accuracy of all the methods. Accuracy is determined by
comparing numerical and analytic plane wave solutions. Cost is measured as the number
of computations per unit of real time and per unit of model area. Two of the FEMs, the
lumped wave equation model and Thacker’s method, are shown to be cost competitive and
as accurate as the Richardson-Sielecki ekplicit FDM. Though not extensive, the finite ele-
ment analyses also suggest that meshes consisting of equilateral triangles most accurately

represent phase and group velocity.

Chapter 5 extends the one dimensional analysis to include boundary conditions. Specif-
ically, the problem of a one dimensional channel with periodic forcing at one end and a
closed or radiating boundary at the other is analysed. The chosen boundary conditions
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are first shown to be well-posed. For zero friction, it is also shown that the radiating
conditions are equivalent to the absorption conditions of Engquist and Majda [En77]. The
analysis technique is then developed for the Richardson-Sielecki FDM, and the stability
and relative accuracy of several numerical boundary conditions are studied. Accuracy is
determined by comparing reflection coefficients. The GKS stability of one set of boundary
conditions in combination with the Galerkin FEM with linear basis functions and Crank-
Nicolson time-stepping is analysed next. An example of unstable boundary conditions of
the Trefethen type [Tr83] is also given. Finally, the stability and relative accuracy of five
sets of boundary conditions are studied for that same FEM.

Each chapter has its own introduction, and its own summary and discussion. Hopefully
this format will allow readers to survey highlights without getting lost in the details.

Published accounts corresponding roughly to Chapters 2, 3, and 4 can be found in

[Fo83], [Fo83b], and [Fo84].
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2. ONE DIMENSIONAL DISPERSION ANALYSES

2.1 Introduction

In this chapter, the dispersion analysis is introduced for numerical methods that solve
the one dimensional, linearized, shallow water equations on an infinite channel of constant
depth. Such a problem describes the propagation of long gravity waves in a canal. Al-
though this is a very simple application of the shallow water equations, it is important
to understand numerical behaviour in such a setting before introducing the additional
complexities of boundary conditions and varying depth, and before moving on to more re-
alistic two dimensional problems. Two dimensional dispersion analyses will be considered
in Chapter 4, and the effects of boundary conditions will be examined in Chapter 5. Some
implications of nonconstant depth will be discussed briefly in Section 2.9.

The accuracy of a numerical method will be measured by comparing numerical wave
amplitudes, phase velocities, and group velocities to their analytic counterparts. We call
- this approach a dispersson analysis. Hyperbolic PDEs are said to be dispersive if they have
plane wave solutions whose velocities are wavelength dependent. This means that a packet
consisting of several wavelengths will disperse as it propagates. Even though a hyperbolic
PDE may be nondispersive, all FDM and FEM approximations of it are dispersive [He75].
Consequently, measuring the dispersive properties of numerical waves is always a valid
technique for determining the accuracy of a numerical scheme.

Disperéion analyses are simply extensions of conventional Fourier analyses (e.g., [Me76])
to include group velocity. From the amplification factors [Ri67] of the numerical method,
dispersion relationships, phase velocities, group velocities, and amplitude decay factors are
calculated and used to determine accuracy and stability. Phase velocity and amplitude
decay, in the guise of dispersion and dissipation, are often studied in the analysis of a

21



numerical method. However, the recent work of Vichnevetsky [Vi82] and Trefethen [Tr82]
has demonstrated that the numerical group velocity should also be considered. Group
velocity is important in all wave problems since it describes the speed of energy propagation.
For tsunamis, the group velocity is vital since the wave packet speed rather than that of an
individual wave determines the arrival time [Mu77]. Although shallow water waves have
bvirtua,lly the same phase and group velocity, their numerical model representations may
not. It is therefofe important to study the properties of both in assessing the merits of a

numerical scheme.

The primary focus of this chapter is accuracy of the numerical solution. Little atten-
tion is given to program storage requirements for the methods, or the economy of their
numerical calculations. In two dimensions, these are probably the most important criteria
for selecting a numerical method. Therefore a compléte evaluation of a numerical method
should include not only the accuracy considerations studied here but also cost estimates

of its implementation and execution. This will be done in Chapter 4.

This chapter is divided into nine sections. Secﬁion 2.2 specifies the one dimensional
linearized shallow water equations and t.heir analytic solution. It also defines the terms
dispersion relationship, phase velocity, and group velocity. Section 2.3 calculates the phase
and group velocities arising from eight finite element and finite difference spatial discretiza-
tions and discusses their relative merits. Section 2.4 introduces the class of two-step meth-
ods for solving an ODE. Section 2.5 applies these methods to the system of ODEs that arise
from the Galerkin FEM with linear basis functions. Dominant phase and group veloci-
ties, and dominant wavenumbers are also defined and illustrated. Section 2.6 defines three
accuracy measure or error functions and uses them to determine which two-step method
is the most accurate. Section 2.7 then repeats the analysis for the Galerkin FEM with
linear and quadratic basis functions. Section 2.8 verifies the accuracy analysis of Section
2.6 with numerical tests and a truncation error-analysis. Finally, Section 2.9 summarizes
and briefly discusses the results.
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2.2 Analytic Results

The one dimensional linearized shallow water equations are

dz  O(hu)
F + 0z 0 (2.2.1a)
ou 0z
3 + ga +mu=0 (2.2.18)
where .
z(z,t) = elevation above mean sea level,

u(z,t) = velocity,
h(z) = mean sea depth,
g = gravity

7 = linear bottom friction coefficient.

These equations will be solved for some initial conditions

z(;:,O) =s1(z) (2.2.2a)

u(z,0) =s2(z). (2.2.2b)

The spatial domain may be viewed either as the infinite line (—c0,o0), or as a ring. Al-
though such a domain is not realistic, it does simplify the analysis. Realistic boundary
conditions will be included in the dispersion analyses of Chapter 5. An initial-value prob-
lem on a domain without a boundary is called a Cauchy problem.

For linear hyperbolic problems, dispersive waves are usually recognized by the existence

of elementary solutions in the form of travelling waves

(Zg i;) — ( ,i% ) ilkz—wt) (2.2.3)

w is frequency and k is wavenumber. The distance between successive wave crests is the
wavelength

L=2r/k. | (2.2.4)

A complex exponential form for travelling waves can be assumed because only linear homo-
geneous equations are considered thraughout this thesis. Results for computations in real
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arithmetic then follow by taking real parts, or by adding a complex wave to its conjugate.
The use of —wt rather than +wt in the exponential is designed so that the formulas for
. phase and group velocity do not require a minus sign; see (2.2.10) and (2.2.13).

Assume a constant depth. Substituting (2.2.3) into (2.2.1) and removing common

factors yields the system of equations
(G -2 ) (2)=(3): (229
In order that the solutions be nontrivial, the matrix determinant must be zero. This implies
w? + fwr — ghk? = 0. . (2.2.6)
When each root of this polynomial is expressed in the form
- wj = Wj(k,7,g9,h) j=1,2 ' (2.2.7)

for some functions W}, it is said to define a dispersion relationship [Wh74]. For (2.2.1) the

dispersion relationships are

wj = ~i}7 & (ghk? — (37)%)!/?

= —i37+1, | (2.2.8)
and the travelling wave solutions are
oz, 1) =qpe— b+ ilke£0) " (2.2.9a)
o0 = e e 20
where 0 =arctan(ir, (). (2.2.9¢)
From (2.2.3) it is clear that waves with wavenumber k travel at the velocity
C = % | | (2.2.10)

This is called the phase velocity. However the propagation of a wave packet containing
several wavenumbers is more complicated [Tr82]. Assume initial distributions sy, s2 so that
a wave packet propagates rightward according to the dispersion relationship (2.2.8). Also
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assume that Si(k) is the Fourier transform of sj(z). Then at time ¢ > 0, the elevation

(ignoring normalization factors) is

. o
2(z,t) = e 2" / S1(k)e =9 g
-0

2 / Sy(k)etk/t=9) g (2.2.11)

—00
Suppose z/t is held fixed as ¢ — co. This corresponds to a frame of reierence that is
moving rightward at a fixed velocity £/t = constant. After a long time, what is seen? As ¢
increases, the integrand in (2.2.11) oscillates more and more rapidly so that contributions
to the integral from adjacent subintervals nearly cancel. Assuming that Sj(k) is smooth,
which is the case when s; is localized, such cancellation takes place everywhere except

where the phase ¢(kz/t—(1) is stationary. These points of stationary phase are characterized

by
8 (kz
> (T _ Q) —0 (2.2.120)
N T

As t — oo, only wavenumbers that satisfy this equation are seen. Consequently, the energy

associated with a wavenumber k moves asymptotically at the group velocity

a0

G’—gk—.

(2.2.13)

More rigourous derivations of group velocity can be found in [Br60,Wh74,1i78].
Waves whose phase velocity C is not independent of k are said to be dispersive. The

rightward phase and group velocities arising from (2.2.8) are

C =(gh)V*[1 — 172 /(ghk?)'/? | (2.2.14a)

G =(gh)'/?[1 — L7 /(ghk*)) /. - (2.2.14b)

When 7 = 0, C = G and these waves are nondispersive. However when 7 > 0, G > C.
Individual waves will therefore seem to be created at the leading edge of the packet and
disappear at the trailing edge.
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Although analytic waves may be nondispersive, all discrete models of them are dis-
persive [He75,Tr82]. All numerical representations of shallow water waves are dispersive.
However, they may not disperse correctly. As it will be seen, many numerical shallow

water waves have C > G when 7 > 0.

2.3 An Analysis of Spatial Discretizations

Dispersion relationships may also be calculated for the system of ODEs that arise
from spatial discretizations of (2.2.1). For example, with constant grid spacing Az and
z; = 2(jAz,t), the spatially discretized equations for a Galerkin FEM with piecewise

linear basis functions are
10 h
66t(z7 1+ 427+ 2j41) + 5Az (w41 —uj_y) =0 (2.3.1a)
1(0 _
e\ 5 +7 (UJ 1 +4u; + ‘UJ.H) + —— 2A (Zj+l — ZJ'_l) =0. (2.3.1b)
If nontrivial travelling wave solutions of the form

25 0 1(kjAz—wt)
(2)-(2) a2

are now assumed, dispersion relationships can be calculated as they were for the analytic

solution. They are

' ) 2 1/2
_ gh 3sin kAz 1a2]
w= zzri[(Ax)Z (2+coskAx (37) . (2.3.3)

~

A consequence of the spatial discretization is that w is now a function of the number of

grid intervals (i.e., sampling) per wavelength

L _ 2 534
Az~ kAz’ (2.3.4)

rather than the wavelength L.
Phase and group velocities are calculated from (2.3.3) by extending (2.2.10) and (2.2.13)

to

wlAz
C =Re (km) | (2.3.5q)
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Jw
G =Re (6chz) Arz. (2.3.5b)

They may be interpreted as arising from a numerical scheme where the time dependency

can be solved exactly. They thus provide a measurement of inaccuracy solely due to the

spatial discretization. However, this does not mean that a subsequent time discretizaion

will contribute further errors. It is possible that some cancellation may occur and the fully

discretized equations may be more accurate.

Schoenstadt [Sc80] and Williams [Wi81] use a Fourier transform technique to analyse

several discretizations of simplified versions of the two dimensional equations (1.2.1). Ba-

sically, their analyses consist of comparisons of analytic and numerical phase velocities,

group velocities, and amplitude functions. A similar analysis is now performed for the -

following eight discretizations:

D1.

D2.

D3.

D4.

D5.

D6.

D7.

a)

a centred FDM with an unstaggered grid,

a centred FDM with a staggered grid,

a Galerkin FEM with piecewise linear basis functions for both variables and un-
staggered elements,

a Galerkin FEM with piecewise linear basis functions for both variables and stag-
gered elements,

a residual least squares FEM with piecewise linear basis functions for both variables
and unstaggered elements,

a Galerkin FEM with unstaggered elements, piecewise constant basis functions for
one variable and piecewise linear for the other,

a Galerkin FEM with unstaggered elements, piecewise linear basis functions for
one variable, piecewise quadratic for the other and '

Az = distance between adjacent linear variables,

Az = distance between adjacent quadratic variables,

. a Galerkin FEM with unstaggered elements, piecewise quadratic basis functions

for both variables and
Az = distance between nodes. of the same type, (i.e., between mid-element nodes
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or end-element nodes),

b) Az = distance between adjacent nodes.

The dispersion relationships for D6 and D7 are independent of the particular basis
function assignments. D1, D2, D3, and D4 were included in Schoenstadt’s investigations.
Williams used D3 and D4 to compare with three discretizations of the vorticity-divergence
form of the governing equations. ‘This formulation is often preferred when planetary waves,

rather than gravity waves, are the more important solution: Such is generally the case with

atmospheric models.

0 T 1 T
0.00 0.25 0.50 0.75 .00

kAx/mr

Fig. 2.1. Nondimensional phase and group velocities for several spatial discretizations.
Analytic values are identically equal to 1.0 and scarcely distinguishable from those of D8a).

For 7 = 0, the spatially discretized equations and their corresponding dispersion re-
lationships are listed in Tables I and II respectively. Fig. 2.1 plots the non-dimensional
phase and group velocities versus kAz/x. Both analytic velocities are identically equal to
1.0 and are shown with a dotted line. All numerical wave amplitudes are identically equal
to the analytic amplitude. They have not been shown.

The (0, 7] range for kAr reflects grid sampling per wavelength. The upper value corre-
sponds to the shortest resolvable wavelength, namely 2Az, while the lower value represents
infinite sampling. Numerical models are usually designed so that desired wavelengths are
at least 20Az (i.e., kAz/m < 0.’1). Fig. 2.1 shows that most of the selected discretizations
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TABLE I
Spatially Discretized Shallow Water Equations

Continuity Equation(s) Momentum Equation(s)

P noon PR g
Soatial EIS aizj+i+_2;. E—s/z biu;,; =0 : o .}_‘ ciuj+'l+_;1_;A \_‘/ diz;,; =0
patia =1 =T Mot X 2T

Discre-

tization References a_,a_,, a, a,,, a, b_y,b_,b_,,, by b,; b, by, c_,c_\y ¢ ¢y ¢ d_yyd_d_,y d, d,, d d,,

62

DI Sc80Vi7 1 ' — - 1 — —
[sc80,vi7S] 2 2 2 2
D2 - [vi7s] 1 -1 1 1 -1 1
1 - _
D3  [Sc80OViT5] - 3 l -1 ! l E ! -1 !
6 3 6 2 2 6 3 6 2 2
_ 1 I - - ' - - |
D4 virs] 1+ 2 L -3 5 1 2 Ll -3 5 !
6 3 6 8 8 8 6 3 6 8 8 8 8
DS -1 1 1 -2 1 -1 1 1 -2 1
24x 24x Ax Ax Ax 24x 24x ax Ax Ax
2 1 ’
D6 {wisib) 1 -1 1 l - Z -1 1
6 3 6
-1 1 4 1 - 1 I
, 1 2 1 i 1 10 S 5 5 10 2 2
D7a [Pi77] - - - -2 21 105
6 3 6 6 3 36 14T R 1
10 5 10
-1 1 4 1 - 1 —1 11 41 4 1 -1
— - - - — - =2 2 — — - - B pJ—
0 5 5 5 10 2 2 10 5 5 5 10 2 2
D8a [cus2) 1 4 | i 4 |
S — -1 | — - -1 I
10 5 10 10 5 10

Note. Ax=x;, | —x;=X;,,,,— X;_,, is the distance between end-element nodes and mid-element nodes.



TABLE 11

Dispersion Relationships for the Spatial Discretizations of Fig.2.|

Spatial ‘
Discretization wdx/(gh)"?
Dl + sin(k4x)
- . Adx
D2 + 2sin (k ——)
2
3 sin(kd4x)
D3 —_
: (2 + cos(kdx))
ba L3 ( sin(3kdx) + S sin(kAx/Z))
4 2 + cos(kdx)
D5 (1 - cos(kdx))
sin(k4x)
D6 . [ 6(1 — cos(k4x) ] iz
2 + cos(kdx)
. { kAx 2(4 — cos(kdx)) ]”2
7 0, +2
D7a * S'“( 2 ) [ (2 + cos(kdx))(3 — cos(kdx))
Db 0, +sin(kdx) [ 2(4 — cos(2k4x)) ]”2
SR | o 2kAx)) (3 — cos(2kdx))
. kdx\ [ (10 — cos’(k4x/2))'* + 2 cos(kdx/2) ]
Dfa +2sin ( 2 ) [ 2 — cos’(kdx/2)
' , (10 — cos?(kdx))"? + 2 cos(kdx)
D8b | +sin(kdx) ( oo

are quite accurate in this range.

" The interpretation of Az necessitates. two representations for D7 and D8. In both
cases, representation a) is simply the first half of representation b) stretched by a factor
of 2. As was seen in Section 1.3, piecewise quadratic approximation requires two types of
basis function and the introduction of mid-element nodes. Consequently, waves of length
Az may exist in the approximated u(t) variables. In order to represent these waves in Fig.
2.1, either the upper limit for KAz should be extended to 27, or Az should be halved. The

latter approavch is adopted here.

Ideally, the phase and group velocities of a spatial discretization should be close to

30,



their analytic values. Few of the discretizations shown in Fig. 2.1 are close, particularly
for large wavenumbers. Since 2Az waves are frequently troublesome in shallow water
models (see Section 1.5), their behaviour is important. Fig. 2.1 shows that 2Az waves
for D1, D3, D7b), and D8b) have zero phase. velocity and thus do not propagate. Their
corresponding group velocities are negative. Hence the energy associated with these waves
is moving, but in the wrong direction. One might therefore see the same generation of
spurious waves at an interface with these discretizations as was demonstrated by Trefethen
[Tr82)]. Furthermore, an inappropriate choice of boundary condition could also cause the
instability that he mentions. (This is demonstrated in Section 5.4.) Zero group velocities
for discretizations D2, D4, DS, and D7a) indicate that although 2Az waves are propagating,

the associated energy is not.

A numerical model can not support frequencies larger than the cutoff frequency. This is
the largest [wAz/(gh)'/?] permitted by the numerical method. Cutoff frequencies exist for
D1, D3, D7b), and D8b) since they all attain zero group velocity for waves longer than 2Az.
Precise values for these frequencies can be calculated from the dispersion relationships in
Table II. As demonstrated by Trefethen [Tr82], when using one of these discretizations in a
problem containing an interface (e.g., dﬁe to a mesh refinement or a change of coefficient),
it may happen that a wave incident from one side has a frequency which is not sustainable

~on the other. As shown by Vichnevetsky [Vig0], difficulties may also arise with time-

varying boundary conditions which oscillate at frequencies higher than the cutoff.

Graphically it would seem that D8a) is the best spatial discretization. In actual compu-
tations, it may not be. Representation D8a) ignores waves shorter than twice the distance
between end-element nodes. This is valid provided measures such as artificial viscosity can
effectively eliminate these waves. Otherwise, intra-element oscillations can exist and may
contaminate the highly accurate longer waves. An additional complication for D8 is that
only two of its four dispersion rélationships (as given in Table II) have non-dimensional
phase and group velocities whose magnitudes tend to 1.0 as kAz tends to zero. (These
are the ones shown in Fig. 2.1.) The,other two tend to £5. and thus are not consistent
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with the analytic solution. If waves represented by these spurious curves are generated
and sustained in a numerical model, further inaccuracies can be expected. Cullen [Cu&2]

investigates D8 in more detail.

Provided intra-element oscillations can be avoided, D7 is another promising spatial
discretization. Walters and Carey [Wa83] recommend the linear basis functions for z(z, t)
and the quadratic functions for u(z, t)'since this choice generates fewer spurious modes than
vice versa. Consistent with this analysis, they remark that a small amount of dissipation

may be necessary in the nonlinear equations to remove 2Az waves in the velocity field. .

Fig. 2.1 also indicates good accuracy with D4 and D6. In fact D4 is superior to the
three vorticity-divergence formulations investigated by Williams [Wi81]. Unfortunately, a
convenient triangular element analogue in two dimensions is not apparent, especially ’for
the case of irregular geometry. D6 is also difficult to extend to two dimensions since the
piecewise constant variable is discontinuous at the inter-element nodes [Wa83]. However,
the wave equation FEM of Gray and Lynch [Gr77b,Ly79] has the same dispersion relation-
ship (thus phase and group velocity) as D6 in one dimension (this vﬁll be shown in Chapter
3), and has been extended to two dimensions. In some sense it may therefore be viewed as

a two dimensional version of D6.

A realistic non-zero value for 7 would have little effect on the plots of Fig. 2.1. The
analytic non-dimensional phase velocity would become slightly less than 1. for all .wavenﬁm-
bers, and the associated group velocity would become slightly greater than 1. All velocities
for the eight spatial discretizations would also exhibit small shifts in varying degrees. All
velocities would equal zero for small k, since a wave solution to (2.2.1) can not be sup-
ported there. As seen from (2.2.8), this occurs when () is imaginary. However a more
significant change would occur with D7. Its secondary or spurious dispersion relationship
would no longer be zero, thereby permitting the existence of associated spurious waves in

the numerical solution.

The preceding analysis illustrates how phase and group velocity accuracy can aid in the
selection of a spatial discretization. Because of its restrictive nature (i.e., one dimensional
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linearized equations, constant Az and h, 7 = 0.) and the fact that economy of the calcu-
lations has been ignored, an analysis of this type should be only one part of the selection
process. It must also be stressed that implementation of a time-stepping technique can
change the relative accuracy of two spatial discretizations. Analyses of the fully discretized
equations should therefore always accompany analyses of spatial discretizatibns. It will be
seen in Sections 2.5, 2.6, and 2.7, however, that many characteristics of the spatially dis-
cretized solution, such as non-propagating 2Az waves, remain after the introduction of

time-stepping.

2.4 A Class of ODE Methods; Linear Two-Step Methods

The system of ODEs corresponding to spatially discretized versions of (2.2.1) can be
solved by one of many methods discussed in texts such as Gear [Ge71] or Lambert [La73].
In this study, prospective time-stepping methods are restricted to the broad class of linear
two-step methods. (This same class was also used in the stability studies of Beam, Warm-
ing, and Yee [Be82] (see Section 5.1), and Trefethen [Tr82b].) Each method in this class
is uniquely described by six parameters. Consequently, for a specific spatial discretization
it may be possible the to optimize these parameters in order to find the most accurate
time-stepping method. This will be the objective in Sections 2.5, 2.6, and 2.7. In this
section, linear two-step methods are introduced.

For solving the ODE

% = 1tw) (2.4.1)

all two-step methods are characterized by the formula [Ge71,L.a73]
a2y™*? + a1y™t! + aoy” = At(b2 /"2 + by M + boS™) (2.4.2)

where az, aj, ag, b2, b1, by are real numbers. In the sense that both sides of (2.4.2) can
be multiplied by any constant and not alter the relationship, this equation requires a

normalization. Lambert [La73] suggests ag = 1, while Gear [Ge71] recommends

bo+ by + by = 1. (2.4.3)
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The latter convention is adoptedvhere.
For at least second order accuracy (i.e., the truncation error is O(At?)), only two

parameters remain free. Choosing them to be a2 and b2, the others are specified as

ao =a2_17 bo =% -02+b2; '
(2.4.4)
ay; =1 - 2as, b, =% + az — 2bs.

These relationships are derived in [Ge71,La73,La71].

Some familiar second order methods with their (ag, b2) values are: trapezoid or Crank
Nicolson, (1, }); Gear stiffly stable [Ge71], (3, 1); Adams-Bashforth, (1,0); Adams-Moulton,
(1, §); Milne, (4,}); and leapfrog, (3,0). Explicit methods are characterized by b2 = 0.

Third order methods include Adams-Moulton and have the additional constraint
by = Jas — 4. (2.4.5)

Milne’s method is fourth order.‘

A two-step method is stable if and only if the roots of
a2z’ + ajz+ap =0 (2.4.6)

are either inside the unit circle, or simple and on the unit circle. This is known as the
root condition [Ge71]. Multistep methods that satisfy this condition are called zero-stable
[La73]. When a2 > 0.5, all second order two-step methods are zero-stable.

The stability region of a two-step method consists of the set of all complex values of

~At for which the equation
(ag — YAtbo)2z? + (a; — 7Athy)z + (ap — YAth) = 0 (2.4.7)

satisfies the root condition. A two-step method is then said to be A — stable [Da63] if
its stability region contains all of the left half of the complex ~At plane including the
imaginary axis. Beam and Warming [Be79] show that a second order two-step method is

A — stable if and only if

. ag >3 (2.4.8q)
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by >4as. (2.4.8b)

2.5 The Galerkin FEM with Linear Basis Functions

In this section, the effects of combining an ODE from the class of second order two-step
rﬁethods with the particular spatial discretization, D3, are studied. Although Section 2.3
has shown that D3 is not the most accurate discretization, it is commonly used and it does
effectively illustrate the analysis. Similar analyses with D7 and the wave equation approach
of Gray and Lynch [Gr77b,Ly79] will follow in Section 2.7 and Chapter 3 respectively.

Define

- 1
8; =§(8-7"1 +48; + 8;41) (2.5.1a)
ASJ‘ =3j+l - Sj_l (251b)

where s can be either z or u. Solving (2.3.1) with a two-step method produces the following

fully discretized equations:

. . -n . hAt
azz}”z + alz;f’” + a2} + -2-A—z(b2A’u;+2 + blAu?“ + bpAu}) =0 (2.5.2a)

(a2 + TALb2)i7 % + (a1 + 7Athy)a?+! + (ag + rALho )il

J
At
+gAI(b2Az;+2 + blAz;+l + boAz?) —0. (2.5.2b)

If (2.4.4) is satisfied, these equations are second order accurate in time.

Travelling wave solutions to (2.5.2) have the form
| z; 0 \ ijkAz—nwAt
(u’?) = (u(:) ) ef(J z-nwht), (2.5.3)

A = e WAL (2.5.4)

With

the characteristic equation

(a0 + a1 + a2\?)[ag + ar) + a2\ + 1A bo + b)) + ba)Z))

AL\ [ 3sinkAz \? -
+gh(3_r)» (M) (bo +b1Xd +622°)" =0 (2.5.5)
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must now be satisfied for nontrivial solutions. Changes in the numerical solution over

the interval At are now studied through the amplitude and phase of the roots of this

polynomial. These roots are also eigenvalues of the amplification matrix resulting from

a linear stability analysis [Ri67]. Consequently, these roots shall also be referred to as

eigenvalues. Richtmyer and Morton [Ri67] call them amplification factors.
The roots of (2.5.5) are

—Ty + (T} — 4Ty Ty)'/2

A2 = 5T (2.5.6a)
—Ry + (R} — 4RoR,)/?
A3 4= .5.
3,4 R (2.5.6b)
where :
T; =a; +b;S, 71=20,2
R; =a; + b;S- 1=0,2
1/2 '
At\2 [ 3sinkAz \? 2
— 1 ; = —_— 7" ) (1
Sy = gTAb %+ [gh (Ax) (2 v kAx) (rAt) ] . (2.5.6¢)

Complex eigenvalues occur in conjugate pairs corresponding to progressive and retro-
gressive travelling waves. Two progressive waves arise when all four roots have non-zero
imaginary parts. In this case, only the principal root represents the desired solution; the
other is called spurious or parasstsc. Real valued eigenvalues signify a non-propagating
wave and frequently arise for 2Az waves (.when kAz = 7).

Assume the travelling wave solution has no multiple eigenvalues. Then for some func-

‘tions P;j(kAz), the component of z(z,t) (or u(z,?)) with wavenumber sampling kAz has

the following complex valued amplitude at time step n:

4
2n(kAz) =Y Pi(kAz)(\(kAz))" . (2.5.7)

J=1
As n increases this amplitude is dominated by the eigenvalue with the largest modulus.
For stability, it is necessary that the dominant eigenvalue have modulus less than or equal
to 1.0 for all kAz. This is a special case of the von Neumann stability condition for initial
value problems
N < 1+ 0O(AY). (2.5.8)
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The O(At) term is usually omitted (e.g., [Me76], [Ri67]) when the exact solution does not
grow exponentially. Since h(z) is constant and 7 > 0, this is the case here.

Each numerical eigenvalue has its own dispersion relationship, and thus its own phase
and group velocity. Dominant eigenvalues imply dominant dispersion relationships and
dominant velocities. Since the same eigenvalue may not be dominant for all kAz, switch
points may exist. At these points the dominant dispersion relationship is usually multival-
ued. Numerical difficulties can be expected at wavenumbers where the parasitic dispersion
relationship dominates. If through boundary conditions, initial conditions, or an interface,
parasitic waves or wave packéts are generated at such wavenumbers, they will eventually
overshadow principal waves of the same length. |

Associated with each dominant dispersion relationship is a dominant or favoured
wavenubmber. At this kAzx value, the amplitude of the dominant eigenvalue is maximum.
A favoured wavenumber therefore denotes the wave which grows most rapidly, or decays
most slowly, as time advances. Dissipative schemes such as Lax-Wendroff have amplitudes
curves which decrease with increasing wavenumbér [Me76]. Small wavenumbers therefore
dominate and shorter Waves are increasingly damped. Schemes where kAxz = 7 is favoured
can expect problems with 2Az waves.

Fig. 2.2 illustrates the numerical eigenvalués, dispersion curves, and phase and group
velocities for thfee two-step methods. Values for the analytic and spatially discretized
solutions, and the discrete numerical solution (i.e., from the eigenvalues of the matrix
equation solved at each time step) arising from a ring domain test model with 10 grid

points, are also included. Results are parameterized in terms of

TAz :
N =G (2.5.9a)
and  fs =(gh)1/2%:—. . (2.5.9b)

The latter parameter is commonly referred to as the Courant number. Gray and Lynch

[Gr77Db] use
r
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rather than f; for their analyses of various time stepping schemes. For constant depth,
constant f] implies that 7 varies with wavenumber. Consequently, the term 7u is not a
conventional linear friction. However, f; is constant and friction is linear when a constant

Az is assumed. For this reason, f; will be used in these investigations.

The. eigenvalue spectra diagrams show ranges of the four numerical eigenvalues for
kAz in the interval (0,7]. The unit circle is included as a reference for stability. All
eigenvalue paths lie entirely in either the non-négative imaginary half plane and correspond
to progressive wave solutions, or in the non-positive imaginary half plane and correspond
to retrogressive waves. For these examples, paths of the principal numerical solutions lie
almost entirely in either the first or fourth quadrants while the spurious numerical solutions
arein the second and third. As kAr increases from zero, the principal progressive numerical
eigenvalue moves in a counterclockwise direction from the positive real axis. When kAz
is approximately 27/3, this excursion reverses and returns to the real axis along exactly
the same path. Platzman [P181] refers to the k value at this turning point as the folding
wavenumber, k7, and discusses the aliasing problems that result from its existence. At the
folding wavenumber, the real part of the principal progressive dispersion curve is maximum
and the correspbnding group velocity is zero. The associated frequency is therefore a cutoff
frequency. Although the analytic and principal numerical eigenvalue paths are close when
k < kg, it cannot be determined from this diagram if adjacent.points in these paths arise

for the same kAz value.

The second series of diagrams in Fig. 2.2 permits such a comparison by plotting
angular displacement (real part of the dispersion relationship) as a function of kAz. Only
the progressive wave solutions have been shown. Notice that curves arising from the fully
discretized numerical solution are determined to a large extent by those solely due to
the spatial discretization. However the principal numerical dispersion curve in the second
example (leapfrog method) does illustrate that a subsequent time discretization can improve
accuracy for some range of kAz. For larger kAz values, the first and third examples
demonstrate that the spurious numerical solution can provide a better approximation to
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Fig. 2.2. Eigenvalue spectra, dispersion curves, and phase and group velocities for three
Galerkin FEMs with linear basis functions.



the analytic dispérsion curve than the principal numerical solution.

The third series of diagrams permits determination of instability and the dominant
numerical eigenvalue. The first example shows a switch of dominance between the principal
and spurious numerical eigenvalues. Specifically, the principal eigenvalue is only dominant
for .325 < kAz/m < .880. In the second example, the spurious eigenvalue is both dominant
and unstable, while in the third, the principal eigenvalue is dominant and unstable in the
neighbourhood of the folding wavenumber.

In each example the dominant and folding wavenumbers are identical and approxi-
mately equal to 27/3. This is apparent from the eigenvalue spectra plots since the reversal
point in each eigeﬁvalue path corresponds to the maximum amplitude. -

The fourth and fifth diagrams plot the corresponding non-dimensional phase and group
velocities. (Théy do not have a limiting value of 1.0 at k Az = 0 because nonzero friction
does not permit a wave solution there.) i’hase \"elocities for the first example are less than
the analytic values thereby indicating that the numerical wave solutions travel too slowly.
In fact, 2Az waves do not travel at all. Group velocities for these cases are also too small
and are seen to become negative beyond the folding wavenumber. This indicates en;rgy
propagating in the wrong direction. Dominance of the spurious numerical eigenvalue in the
second example results in substantially inaccurate phase and group velocities. Switching
of the dominant eigenvalue in the first example produces double-valued phase and group

velocities at the switch points.

2.6 An Accuracy Analysis of the Galerkin FEM with Linear Basis Functions

The preceding discussion suggests three functions to measure accuracy of the numerical
solution; one for each of the amplitude, phase velocity, and group velocity. Their respective.

definitions are

My = An R (2.6.1a)
Ao
M =C"__§i’. (2.6.15)
_ C,



G,—-G
MG =—16—a' (2616)
a

where A, is the dominant progressive numerical eigenvalue, \, is the analytic progressive
eigenvalue, and C,, C,, G,, G, are the corresponding phase and group ;'elo.cities. These
error functions are similar to the phase error ratios computed by Warming and Hyett
[Wa74].

The velocity accuracy measures are simply relative errors. Negative values denote
waves travelling too slowly while zero values are optimal. For example, —.01 denotes a
numerical velocity which is 1% too slow. The amplitude measure is a ratio denoting the
growth (or decay) factor per time step relative to the analytic solution. Values greater
than the optimum of 1.0 signify a solution which will decay too slowly or grow too rapidly,
whereas values less than 1.0 signify a solution which will decay too rapidly or grow too
slowly. After n time steps, the ratio of the numeric‘al amplitude to the analytic will be
(Ma)™ . |

Fig. 2.3 and 2.4 show accuracy measure contours as functions of the second order
two-step parameters az and by (designated there by A and Bs). In all plots, a dotted
line represents third order methods while asterisks locate the six familiar methods listed
in Section 2.4. The stability region is bounded to the left by a2 = 0.5 and from below
by the heavy solid line. All methods corresponding to (az, b2) values outside this region
have a dominant eigenvalue modulus gfeater than 1.0 for some kAz. They will therefore
be unstable.

Fi.g. 2.3 shows accuracy measure changes as kAzr increases and f; and f2 remain fixed
at 0.1 and 1.0 respectively. Notice that the most accurate methods may not coincide for
all three measures or even lie within the stability region.l Thus a method which is most
accurate for one kAz value may be unstable for others. Also notice that a method which
has more accurate phase velocity may not have more accurate group velocity, and vice
versa. For example, with kAz/r = 0.4 Adams-Bashforth ((az, b2) = (1,0)) has a better
phase velocity than Adams-Moulton ((ag, b2) = (1, f)); but the latter has a better group
velocity. (Since both methods are unstable, this is admittedly a poor example.) High
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Fig. 2.3. Accuracy measure values for the Galerkin FEM with linear basis functions and
(f1, f2) = (0.1,1.0).
accuracy measure values along the lower b axis arise because the parasitic eigenvalue is

dominant.

In most numerical models, desired waves have kAz/r < 0.1 (wavelengths longer than
20Az). Fig. 2.4 illustrates the accuracy measure changes as f; increases with kAz and fo
fixed at 7/10 and 1.0 respectively. The stability region has the lower boundary bs = 0.5a5
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Fig. 2.4. Accuracy measure values for the Galerkin FEM with linear basis functions and
(kAz/x, f2) = (0.1,1.0).

for fi = 0.0 and becomes less restrictive as f; increases. This suggests that for 7 = 0,
the stability region is deﬁned by (2.4.10), the conditions for A-stability of a second order
two-step method. In all cases, the most accurate and stable methods lie on, or very close
to the line be = %ag. With f» = 0.5, the same series of plots reveals similar patterns

but a less restrictive lower boundary for stability. Optimal accuracy now occurs along the
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dotted line or aslclose to it as stability permits.

It is interesting to notice that all stable schemes in Fig. 2.3 and 2.4 have phase velocities
that are slow. This result is not true for all FEMs (it may not even extend to all f;, fo,
and kAz values with this FEM), as is demonstrated in Fig. 3.1.-

Choosing the most accurate two-step method will depend on f;, fo, KAz, and the rel-
ative importance of amplitude and velocity. In most cases, accuracy measure and stability
results indicate that all methods along the line by = %(12 are very good choices. In fact,

the four numerical eigenvalues for all methods in this subset are

1-1s,
AN =—%— 6.
1 1+%S+ (262(1)
1-1S_
A3 =——2"" 2.6.
3 1+§S_. (2.6.2b)
—1 .
g = Ny =2 (2.6.2¢)
a9 :

where S, and S_ are defined in (2.5.6¢). X\; and A3 are principal numerical eigenvalues
and are independent of az. They are identical for all methods. The other two spurious
eigenvalues vary with the two-step method but are constant for all kAz. Hence the asso-
ciated numerical solution will not propagate. Provided A\; and A2 dominate, all accuracy
measures (and numerical solutions after many time steps) for this subset of methods will
be identical. However, for some wavenumbers, A3 may dominate. The accuracy measures
“and nﬁmerical solution will then vary with az. From this perspective, the Crank Nicolson
method (a2 = 1) is optimal within the subset. Both its spurious eigenvalues are zero and
thus can never dominate. Furthermore, being a one-step method it shc;uld also have the
most economical storage requirements. However it is implicit and may be expensive with

regard to computing time. No second order explicit method exists within the subset.

2.7 A Mixed Interpolation Galerkin FEM

In this section, the analysis of Sections 2.5 and 2.6 is repeated for the Galerkin FEM
that approximates z(z,t) with piecewise linear basis functions, and u(z,t) with piecewise
quadratic basis functions. Fig. 1.1 shows that there are two types of quadratic basis
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function. Even numbered functions such as to; are nonzero over a 2Az interval while odd
numbered functions such as ¥9;4+1 are nonzero over a Az interval. This means that discrete
velocity variables must be defined at both mid-element nodes and end-element nodes. For

constant grid spacing Az, the variables are located as shown in Fig. 2.5.

X2(i-1) X2i-1 X2 X2i41 ’_‘2(i+|)
Zy(i-1) Zy; Z3(i41)
Uagi-n Uiy U, Ui Uz (is1)

Fig. 2.5. Discrete variables for the mixed interpolation FEM.

The spatially discretized shallow water equations for this mixed interpolation Galerkin

FEM are [Pi77]

10 h :
ga(zzj—z + 4295 + 22j42) + ’6'5;[“2142 — ug;j_2 + 4(uzj41 — ug1)] =0 (2.7.1a)

1 (0
10 (5} + T) (—ugj-2 + 2ugj—1 + Bugj + 2ugjy) — ugjye)

g
+oro (2242 — 22-2) =0 (2.7.1h)

1 (0 g
m (-é—t- + r) (ug; + 8Bugjyr + uzje2) + A, (2242 — 22j) =0. (2.7.1¢)

When 7 = 0, these equations reduce to those listed in Table I. For nontrivial travelling

wave solutions of the form

'sz =§oei(jkAa:—wt)

ug; =poe ROz (2.7.2)

Usj+1 =p1 e+ 3)kAz—wt)

the following cubic equation must be satisfied:

(w + i7)[w?(2 + cos kAZ)(3 — cos kAT) + §7w(2 + cos kAT)(3 — cos kAT)

(2.7.3)

(Az)? Sin2(%kAx)(4 — cos kAz)] = 0.

When 7 = 0, the roots of this equation are the dispersion relationships listed in Table II

for D7a).
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Assume that the system of ODEs given by (2.7.1) is solved with a linear two-step
method. The associated characteristic equation can be calculated directly as in Section

2.5, or indirectly as follows. If the §imple ODE given by (2.4.2) has the wave solution
y(t) ) — [ o | -t
(3= (22 o1

—iwyo = fo. (2.7.5)

then

Assuming the similar wave solution

(3) = ()= () 4

for the general two-step equation (2.4.3) yields
yo(ag)\2 +a) +ag) = foAt(b2X2 + b1\ + bo). (2.7.7)

Comparing-(2.7.5) and (2.7.7) reveals that the fully discretized characteristic equation can

be obtained from the spatially discretized characteristic equation through the substitution

a2)\2 + a)\ +ag

T AUbNT+ b + bo)

(2.7.8)

A polynomial of order six arises when this approach is applied to (2.7.3). Two of the

polynomial roots are given by

——(a1 + TAtbl) 4 [(al + TAtbl)2 — 4((12 + TAtbz)(ao + TAtbo)]1/2
2(02 + TAtbz) )

A2 = (2.7.9)

The remaining four roots have the same form as (2.5.6b), but with .Sy in (2.5.6¢) replaced
by

1/2

2
t — cosk
Sy = %-rAt:!:i[&qh(i—) sin(JkAxz) 4~ coskAz

—(LrAt)?
Az (2 4+ cos kAz)(3 — cos kAz) (47a1)

(2.7.10)
For Crank-Nicolson time-stepping, these roots reduce to the values quoted by Pinder and
Gray [Pi77, page 255]. Foﬁr of the six eigenvalues,. including X\ vand A2, are spurious. Only
the remaining two principal eigenvalues approximate analytic gravity waves.
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Because \; and A2 are independent of kAz, they have zero group velocity and do not

propagate energy. For small 7At they are also real valued and have zero phase velocity.

Fig. 2.6 shows the eigenvalues, dispersion curves, phase and group velocities for three
second order two-step methods together with various ( fj, f2) parameter values. In all three
examples, X\; and X2 are real valued. This means that their dispersion curve values are

either 0 or 7, and their amplitude spectra are constant.

For the first example, \; = .904 and A2 = —.268. The former is dominant when

kAz > .787. The dominant phase and group velocities are therefore zero in this range.

The second example uses leapfrog time-stepping. It is unstable for the selected values
of f1 and fz. A} = .951 and Ag = —1.051. X2 is dominant when kAz < .527. Outside
this range, another spurious eigenvalue is dominant. So even if the leapfrog time-stepping

were stable, the numerical solution could be highly contaminated by the spurious roots.

The third example uses Adams-Moulton time-stepping. Instability now arises from the
principal numerical root. The dominant phase and group velocities are very accurate for

kAzx < .57. The constant eigenvalues are .951 and -.004 and are always subdominant.

Figures 2.7 and 2.8 plot My, Mg, and Mg for the same parameter values as Fig.
2.3 and Fig. 2.4 respectively. For kAz/n = 0.05 and 0.10, the contours of Fig. 2.7 are
virtually identical to those of Fig. 2.3. The only apparent difference is a lower stability
boundary that is slightly higher (i.e., a more restrictive stability -conditif)n) for the mixed
interpolation FEM. When kAz /7 = 0.20, slight differences in the contour lines are evident.
For kAz/m = 0.4 they are more pronounced. Large regions of —1.0 values (i.e., 100% error)
also appear in both velocity diagrams when kAz/7 = 0.4. They correspond to the zero
phase and group velocities that arise from a dominant, constant, real-valued eigenvalue.
The corresponding amplitude measure remains approximately constant at .950 for all a2

and bg.

Fig. 2.8 has many of the same features as as Fig. 2.4. For f; = 0, a large highly
inaccurate region results from a constant eigenvalue. However outside this region, and at
higher values of fi, the contour lines are virtually identical. The lower stability limit is
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Fig. 2.6. Eigenvalue spectra, dispersion curves, and phase and group velocities for three
mixed interpolation Galerkin FEMs. :
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seen to become less restrictive as f; increases in Fig. 2.4.
The accuracy measure contours for the FEMs with linear and linear/quadratic basis
functions indicate that second order two-step methods with by = %ag are most accurate.

This result may be explained by re-expressing (2.7.8) as

_ (12)\2 + a3\ +ag

o boX2 + b\ + by
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Fig.2.8. Accuracy measure values for the mixed interpolation Galerkin FEM and (kAz/m, fo) =
1,1.0

(0.1, 1.0).
If az, ay, ao, b2, by, by are then chosen to provide a good Padé approximation to In()\), trav-
elling wave solutions should be accurately represented by the associated time discretization.
~Since In(\) has a branch point at A = 0 and a branch cut along the negative real axis, it

is likely that there will be different best approximants in different neighbourhoods of the

- complex X plane.
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If the two-step method is assumed to be second order accurate, (2.7.11) becomes

) = 0= Dlaalr 1)+ 1]

(A=A =1 +ax] + I +1) (2.7.12)

When Re(z) > 0 and 2z 5% 0, In(2) has the series expansion- [Ab65, page 68]

wo=s|(F) S5 ) ] e

When by = Jas, (2.7.12) reduces to the first term in (2.7.13). Consequently, by = Jag is

the best second order Padé approximant to In(z) when Re(z) > 0.

Unfortunately, numerical eigenvalues are not restricted to the nonnegative half plane
(e.g., see Fig. 2.2 and Fig. 2.6). However, it is more important to represent long waves
accurately. Long waves have small values of KAz and wA¢t, and are thus associated with
eigenvalues near 1.0. Hence for lohg waves, th’e multistep methods suggested by the Padé
approximant should be most accurate.

The accuracy of the mixed interpolation FEM, and the FEM with linear basis functions,
are quite similar when each uses the same second order two-step method, and kAz is small.
This should not be surprising. Fig. 2.1 shows that for long waves, C and G for D3 and D7a)
are quite similar. Hence the choice of a spatial discretization has made little difference to
the numerical accuracy. However, the accuracy measure contour diagrams show that the
choice of a particular time-stepping method can greatly affect the accuracy of the fully
discretized equations. So the accuracy of long waves is much more dependent on the choice
of the time-stepping method than the choice of either D3 or D7.

»Unfortunately, a model can not be restricted to long wavelengths. Short waves can
be generated by roundoff errors and may eventually grow to the extent that they severely
contaminate the longer waves. Both the linear/linear and linear/quadratic spatial dis-
cretizations permit the accumulation of 2Az waves, and both have been reported (see
Section 1.5) to have difficulties with short wave oscillations. Avoiding the growth of short
waves should therefore be a major consideration in choosing a spatial discretization. In
this regard, the wave equation model proposed by Lynch and Gray [Gr77b,Ly79] holds
promise. It will be examined in Chapter 3.
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2.8 Verification of the Accuracy Measures

In this section, the previous accuracy measure analysis is compared with an analysis of
the truncation errors, and validated with several numerical tests. Depth, Az, and At were
constant throughout each test and the additional complication of boundary conditions
was avoided by choosing a ring as the test domain. All tests were initial value problems
where the propagation characteristics of one or two progressive waves were studied as they
travelled around the ring. Numerical solutions were obtained with fhe FEM that combines

D3 with a second order two-step method.

Two series of tests were made. The first was designed for checking only amplitude
and phase velocity. It was characterized by initial conditions which were spatially sam-
pled values of a travelling wave (as given by (2.2.9)) with w_avelengfh equal to the ring
circumference.

Five test problems were selected, each with f, fo, and kAz/7 values corresponding to
one of the plots in Fig. 2.3, 2.4, or the counterpart to Fig. 2.4 with fo = 0.5. Wavelength
and depth were chosen so that the resultant problem would be realistic for semi-diurnal
tides along a one dimensional continental shelf.

Each test problem was run for approximétely ten periods and solved with ten differ-
ent second order two-step methods. If the numerical solution remained stable, a spectral
analysis of the z(z,t) and u(z, t) values over the ring was first used to determine if the
original travelling wave had dispersed into other wavelengths. As expected for linear equa-
tions, this never occurred. The amplitude and phase lag for the wave were then calculated
and compared to the analytic result. The amplitude change per time step and the non-
dimensional phase velocity were also calculated and compared to the values predicted by a
dispersion analysis of the numerical method. From these model values, ratios were formed

as in (2.6.1) and compared to the accuracy measure values.
" The ten second order two-step methods were loosely selected upon the following crite-
ria:
i) representation of most regions in the domain % <az < %, 0< b <3,
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ii) inclusion of some well known methods,‘
iii) inclusion of some expected unstable methods (i.e. those for which by < 1ay),

iv) inclusion of some methods with small truncation errors.
The chosen methods are listed in Table III and shown in Fig. 2.9.

TABLE 111
Second Order Two-Step Methods Used in the Numerical Tests

Method
Name Gear

Parameter Crank- Adams— Stiffly
Value ‘Nicolson Moulton Stable ' Leapfrog
a, 1.0 0.75 1.0 2.0 0.6 25 1.5 1.0 0.5 0.5
b, 0.5 0.75 0417 0917 03 125 1.0 1.25 1.0 0.0
1.5 T T T
° _A
Cd - -
.04 . -~ .
%\|1g7'/ -7
L ° v - 4
b2 e -
P e
0.5 e~ .
7
P
» ”~
o
0.0 N 1 N [| . 1 "
0.5 1.0 1.5 2.0 2.5
az

Fig. 2.9. (a2, be) coordinates of the second order two-step methods used in the numerical
tests.

The truncation error which arises when the continuity equation is solved numerically
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by combining a second order two-step method with D3 is

2 2 92\[18: 1/1
AxAt36—(1+AI )[ +—(——-a2+2b2)ha—q]‘

anz 6 0z2/)|60t  2\2 oz
2a2 — 1Y 83 Az? 92 \[0z du (2.8.1)

4 2 v el 1 e ou

+A:cAt( Y )at3(1+ - 612)[6t+2h6x]

+0(Az%)O(AL) + O(AL%)O(Az),

where z = z(z, t) and u = u(z, ) are the true solutions to (2.2.1). The first term in (2.8.1)
becomes zero for methods whose parameterization satisfies (2.4.5). With Milne’s method,
the second term also becomes zero. The test methods denoted by (ag, b2) = (1.0, .417) and
(2.0,.917) have smaller error coefficients than the others. In the subsequent discussion they
will be referred to as M3 and M4 respectively.

Results for the five test problems are given in Table IV. Initial conditions at times
0 and At were specified exactly. A runAwas judged unstable when the absolute value of
the first elevation point became greater than ten times the initial amplitude, ¢, of 1.0.
Only the Adams-Moulton and leapfrog methods became unstable and only the latter was
unstable for all tests. Instability can occur even though |\| < 1. for the wavelength of
the initial travelling wave. Dufing the numerical computations found-oﬁ' errors £>roduce
signals at all wavelengths. So if |\] > 1. for any kAz, this signal will grow without bound
and eventually dominate the initial wave.

Table IV shows that the dispersion analysis and test model results are very close.
In most cases, differences in the amplitude changes and non-dimensional phase velocities
occurred in the ﬁfth digit. Consequently, accuracy measures calculated from the test
models were virtually the same as those from the dispersion analysis. In fact, only for the

second problem and the method (a2, b2) = (0.5, 1.0) are the discrepancies as large as 1%.

Two sets of analytic solutions are shown in Table IV. In each numerical test, analytic
values were calculated at every time step and the fesultant time series was analysed in the
same manner as the numerical time series. Results are shown in the last row and should be
identical to the purely analytic values in the preceding row. Differences betweén the last
two rows are therefore an indication of inaccuracies arising from the least squares analysis.

The relative performance of M3 and M4 varied with each test. With tests 4 and 5 they -
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TABLE 1V

Results for the First Serfes of Numerical Tests.,

Problea Number and Parameter Vatues

1 2 3 4 S
1 f2 l('-fe! 'l f2 % ] f L,A,—x fi f2 !‘% fi f2 k-,‘,;x
«10 | 1.0 o1 «10 1 1.0 b .00 | 1.0 o1 «05 o5 .1 »20 o5 %]
Two-step Source
Dl:::tgzrs re::lts | A 1 (gﬁh‘)Yz ‘ A | ‘ ,(;c—h)w l X! é:;)'/z ! A | (-gc_h)'/z ‘ » ‘ GCF)‘/z
(2, +by )

analysis «95234 [ 497999 | 96444 | .BBOSS[1.,0000 099184 | J98765 | +9947B| 495148 | .94677
(1:0:0-5) model 295234 | 498000 | .96445 | .B8055/1.0000 «99184 | 9BT76S | +99478 | 495148 | 94677
analysis 095613 | 494836 94865 | 65918 | 99925 | «95831 | 98793 | «98591| 495257 | 94122
(730275 model «95613 | L94B36 | .94906 |.65931] ,99925 | 95831 | 98793 | .98591| 95257 [.94122
analysis 95157 98782 (1.02658 |.951971.0004 99976 | 98760 | +99681| .95124 | .94808
(1:004172 model unstable 1.026589|,95197 unstadble o9B760 | 499681 | 95124 | ,94808
analysis 095234 | +98782(1.01216 |.90152{1.0010 099843 [ 9BT76S5 | «99681 ] 95127 | .94837
(2:0..910) sodel o95234 | L9B782(1.01210%(.90158 {1.00109 ;| 99843 | 98765 | «99681 ] +95127 | 94837
anal;sis f9523b +97999 | .96444 |.BB0SS [{1.0000 2991B4L | «9B765 | «99478 | 95148 | 494677
(0:6:0:3) model 095234 | 498000 | 96480 |.88046|1.0000 299184 [ «9B765 | «99478 | 495148 | 494677
analysis 495234 | .97999 | 96444 |.88055]1.0000 299184 | J9B765 | 499478 | 495148 | 294677
(2:301.25) model 95234 | ,98D00 | .96440 ) .88080)1.0000 +991B4 1 L9BT765 | 99478 95148 .9‘677
analysis 95346 | «95726 | «87190 | 75200 99805 | «97066 | 98773 [ 98875 | 95216 | 94241
(1:31.07 model «95346 .95726 «87191 | 75201 | 99805 [ «97066 | «98B773 | «9BBTS| 495216 | «94241
analysis 95810 | +91886 | .92298 | 56281 99747 | 92954 | 98809 | 97721 .95327 | .93506
(‘.0‘1.25) . model 95810 | «91886 | 492257 | 56259 99747 | 92954 | 98809 | 97721 495327 | .93506
anatysis 296039 | +92224 | .98897 |.56060(1.0000 «92857 | .98829 | +97751| .95365 | .93632
(0:307.02 model 96039 | 92221 498127 | .565C5 [1.0009 092830 | +98829 | «97750 | «95365 | 93632
analysis | 1.05397 8,9977 {1.96666 1.30461{1.0000 1.01717 [1.0127¢ [18.999 [1.,05184 19,0497

(0+5:0.07 model unstable unstable unstable « 9937942 .9&044 unstable
Analytic analysis «95123 | .98725 ) .95123 |.99921(1.0000  [|1.0000 «98758 | «99683| .95123 | .94799
solution mode | 295123 | 98725 95123 |,99921{1.0000 (1.0000 «9B758 | 99683 | 95123 | .94799

aGcoing unstable but does not satisfy instability criterion.

most accurately represented phase velocity and amplitude decay. With tests 2 and 3, they

had accurate velocities but were unstable. With test 1, M4 was most accurate while M3

was unstable. The truncation error analysis therefore predicted the high accuracy, but did

not foresee the potential stability problems. This is to be expected.

Fig. 2.10 shows the z(z, t) and u(z, t) profiles around the ring domain for test problem

1 when solved analytically and with the Gear method. The wave is moving leftward and

the nunierical solution is seen to be too slow (by 3% as calculated from values in Table IV).

After 42 time steps, this translates to a phase discrepancy of 21.9° between the numerical
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Fig. 2.10. Elevation and velocity profiles for problem 1 in the first series of numerical
tests.

and analytic solutious. It is also evident that the numerical amplitude is not decaying as
quickly as it should. An error of 0.234% in |\| (from Table IV) in this case compounds to

an amplitude error of 10% after 42 time steps.

The second series of tests is similar to the first but permits a check of the group velocity
calculatiohs. Two travelling waves of equal amplitude but different wavelength were now
initially épeciﬁed on the ring domain. As time progresses, their combined effect is a short
wavelength carrier wave moving inside and at a different speed than a long wavelength
envelope (e.g., see Fig. 2.12). Algebraically, this is seen [Br60] by-considéring two close
frequency/Wavenumber coordinates, (wy, k1) and (we, k2), on a dispersion curve as shown

in Fig. 2.11.

Defining

Il

wo =4(w1 + w2), ko %(ki + k2),
(2.8.2)

Aw ;%|w2—w1|, Ak —"‘—‘%Ikz——kl',
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Fig. 2.11. A sample dispersion curve.

the combined effect of two equal amplitude progressive waves at these frequencies is then
Acos(wyt — k1) + Acos(wet — koz) = 2A cos(wot — koz) cos(Akz — Awt). (2.8.3)

This represents an envelope with wavenumber Ak and a carrier wave with wavenumber ko.
As k) and ko approach kg, the speeds of the envelope and carrier waves approximate the

group and phase velocity respectively since

_wlko) . wo\
Clko) = b ,ngn—l»ko (ko) (2.8.4a)
: __Ow(ke) . Aw
and  G(ko) = % ok ,ngko (Ak)' | (2.8.4b)

So if ky and ko are sufficiently close, speeds of the envelope and carrier waves are approx-
imately G(ko) and C(ko) respectively.

Numerical tests to measure the group velocity using the preceding approach have an
additional complication. Since the eigenvalue amplitudes for wavenumbers k; and ks are
generally not the same, the two waves do not decay (or grow) at the same rate. So even
though they may have equal amplitudes initially, after one step, there is a slight difference.
In order that (2.8.3) be a reasonable representation of the two waves, all numerical tests
were run for only a few time steps.

In all numerical experiments, wavelengths L; and Ly of the two travelling waves were
chosen so that the ring circumference, L, was one lobe of the envelope (as in Fig. 2.12) and
L/L1 and L/L»s were both integer valued. Consequently, for this series of tests the param-
eter values fy, f2, and kAz/7 for‘the six selected test problems could only approximate

57



those for one of the accuracy measure plots in Fig. 2.3, 2.4, or the counterpart to Fig. 2.4
with fo = 0.5.
Assuming the z(z,!) and u(z,t) profiles around the domain can be approximated at

any time step' by

Acos(koz — ¢1) - Beos(Akz — ¢3), (2.8.5)

where ko and Ak are specified, the parameters A, B, ¢;, and ¢2 then characterize the
wave packet. Specifically, if k) and ko are sufficiently close, then AB is the amplitude
of the envelope and (@;/kot) and (¢2/Akt) respectively approximate the phase and group
velocity. Values for these parameters were calculated from nonlinear least squares fits to
the 2(z, t) and u(z, t) profiles. In all cases, velocities and amplitude changes were the same
for both variables. |

Alll tests were for only ten time steps with the initial conditions at times 0 and At
specified exactly. The same ten second order two-step methods were tested in this series
as before.

Results for these numerical tests are presented in Table V. Dispersion analysis and test
values are not as close as before but due to the several approximations involved, this is
expected. Comparisons between tabulated results with the same fi, f2, and kAz/7 values
(e.g., test 1 in the first series and test 2 in the second) provide an estimate of the error
associated with these approximations. In all cases, increasing the number of grid points
in the domain would decrease kAz and reduce this error. In each numerical test, analytic
values were calculated at every time step and the resultant time series was analysed in the
same manner as the numerical time series. Results are shown in the last row of Table V.
Differences between the last two rows are an indication of inaccuracies arising from the
nonlinear least squares analysis. -

For most tests, discrepancies between the dispersion analysis and test model estimates
of the phase velocity, group velocity, and eigenvalue amplitude were less than 1%. The
two-step method with the pobrest correspondence was (ag, b2) = (0.5,1.0). This was also
poorest for the first series of tests and is because the parasitic eigenvalue is only slightly
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TABLE V

nesﬁlts for the Second Series of Numerical Tests
Problem Number and Parameter Values
1 2 3 4 . b 6
fi | fp (Relr OKAX] ¢ | q [hebn [AKAX] g |, | Kebx JOKAR| g | g ReAR | AKAX| g | g, | Kedx | AKAX| g |y, | ReAx | AkAX
«101.0|4208|4042 |[410|140{¢104.021[.00|1.0|4104[+021 |05 | «5 [+104 ;021 020 | «5]|¢104 (4021 |e10j1.0{e367|.033
Two-step Source

eI I U O Y Y o Y P I .S U I
pa::::;:;s results (gh'z | (gn'4 (ghi'2| (gh)2 (g2 | (gh)2 (gh}2} (gh)”2 (ghl2] (gh)2 (gh)2| (gh)2
analysis 0956 | 2963 | 902 | 952 | 980 | «986[1.000| 4993 o974 | 4988 | +995 | o996 | 4952 [+9S1|1.044 | 963 | .898 | 710
(1+0,0.3) model 6956 | 959 | 901 | 0952 | «979( «98B7[1.000 ! o990 | o973 | o988 | «994 | o996 | «952 [294B|1.047| 963 | «896 | 710
anatysis 0967 | o851 | o632 956 | 946 o883 <999 | o955 | o873 | +9B8 | o985 | 4967 | «953 | 944 [1.018| 952 | +690 | 347
(+750273) mode | 959 | WBLL | 640 | o956 | o941 oBBL| o999 | 951 oB7& | 98B | +984 | o967 | 4953 1.961|1.020 | 946 | «694 | 4365
analysis 0959 | +996 | +991| 952 | .98911,013/1.000 (1,000 | .,999 .985 997 |1.003 | 4959 [.952|1.051{1.,009 | .966 | .825
(1:0,-417 model 960 | +995| 989 .952 | .988(1.014!1.000 |1.,000 | +999 | 988 | 997 [1.003 | .951 |.,950!1.053(1.011 | .963 ,823
analysis 0965 | 2983 | o935 «953 | 4989 (1.009(1.001 | 998 | 992 | «988 | +997 (14002 | «951 [«953|1.051{1,003 | 920 | 725
(2:0,:917) model 0967 1 979 934 | o953 | <988 |1.010(1.001 | 4998 | «992 | «988 | «997 (1,003 | 4951 (4950 |1.054 (1,007 | 916 | 714
analysis 956 | 963 | o902 | o952 | +980| «986[1.000 | «991 | «976 | 988 | ¢995| 996 | «952 |«951 1,064 | 963 | 898 | 710
(0+6:0-33 model 957 | «960 | o902 o952 | +979| o988 [1.000 | «990 | o974 | o988 | ¢995] «996 | «952 [«948 1,047 2968 | 896 | .703
analysis 0956 | 963 | 902 | o952 | 980 986[1.000| <991 | <974 | 4988 | «995| 4996 | «952 {951 |1.0b4| ,963 | .898 | 710
(2050123 model :957 «959 | o896 o953 | 980 <988(1.000( o990 | ¢974 | «9B8 | o995 997 | 4952 |o94811.048| 965 | .891 | 695
analysis o962 ) .892] J743) 953 ] L9056 .916] 998 | .968 | (912 «988 | 4988 977 | 4952 [+94611.024 | (887 | J776 | +510
(1+3:1.9 model 2042 | o884 | 739 o953 | 4953 | 4917 o998 | 986 | 4911 | 4988 | «9B7| 4977 | 4952 |+943[1.,027 ] 887 | 771 | .503
analysis e955 | 7?7 | o499 o958 | o914 o800 o997 | 924 | o795 | 988 | 4976 | 940 | +954 [.937| 990 +929 | +594 | 4239
(1:0:1.25) model 2952 | o765 | o497 2958 | 4907 | 4798 997 | 4918 | 794 .938 o973 4939 | 4954 |.933| .992| 918 | 4590 | 4240
analysis 976 | 778 | L4693 961 .918 f805 1,000 [ 4923 | o791 | .9B8B | «976| o941 | 4954 |.939 ,995| .98B8 | .592 | .235
(0:5:1.0) modet 973 | JT73| o529 J959 | P09 4797| 998 W9V7 | JTTE| 4988 | JOT6| 4946 | 4954 [493S ] 998 972 | L6131 .288
analysis «936%|1.082 {1,307 | +9493/1.005 [1.064{1.0002|1.019 {1,058 | «9872)1,001 {1,013 | <9512 [.955]1.059 |[1.694 1.442 -,311

(0:3:0.0) mode ( «910 (1,073 1,228 949 |1.007 {1.077|1.000 {1,021 [1.059 | «9B7 [1.00% {1.014 | «951 [.952 (1.059 unstable
Analytic analysis «951 | <997 (1,003 951 | .988|1.,012{1.000 |1.000 1,000 | 988 | .997 1;003 951 1.952({1.050| «951 | .999 (1.001
solution mode | «951 1 997 [1.,003| .951 | .988(1.012({1.000 [1.000[1.000| .988 | .997[1.003 | .951 [.950[1.053| .951 | .999 [1.001

@Catculated from the sub-dominant eigenvalue.




smaller than the principal eigenvalue. Many time steps are th}erefore required before the
energy assigned to the parasitic solution by the initial conditions becomes insignificant. In
fact, were it not for round-off errors and initial conditions which are, in varying degrees,
inconsistent with each numerical method:, the results from the first series of tests would be

exactly the same as those predicted by the principal numerical eigenvalue.

Throughout the second series of tests, M3 and M4 most accurately represented the
phase and group velocity. In fact, only for tests 1 and 6 were their amplitude decay factors
not the most accurate. These two tests have the highest kAz values thereby suggesting
that difficulties with these methods arise with shorter wavelengths. Plots similar to those
of Fig. 2.2 confirm this. The |\] values for test 6 indicate future instability. Although
those for test 1 suggest stability, Fig. 2.3 indicates magnitudes greater than 1. at other
wavelengths. Hence eventual instability ;:an be expected here also.

Due to the shortness of the tests, instability (judged as before). occufred only once.
Had the runs been longer, dominant eigenv#lues with magnitudes greater than 1.0 would
have caused other numerical solutions to become unstable.

Fig. 2.12 illustrates the results of solving test problem 6 with the Crank Nicolson
method. Both travelling waves are again moving leftward and decaying at the rate of 4%
per time step. The phase velocity is 19% larger than the group velocity causing the carrier
wave to move leftward inside the envelope. Analytic values are also shown and after 10
time steps have the following features relative to the numefica.l solution:

i) an envelope amplitude which is é.bc)ut 11% smaller,

ii) a carrier wave which is about 61° further advénced,

iii) an envelope which is about 16° further advanced.

Even though the numerical group velocity error is larger than the numerical phase velocity
(29% vs. 10% from Table IV), the envelope has less phase error after 10 time steps because
its frequency is smaller by a factor of 11.

The results of both sets of numerical tests validate the accuracy measure calculations
of Section 2.6. Only for the method (az, b2) = (.5,1.0) were there notable di.screpancies
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Fig. 2.12. Numerical and analytic elevation profiles for problem 6 in the second series of
numerical tests.

between the test results and the accuracy measure calculations. These can be attributed
to the fact that the spurious and principal numerical eigenvalues had virtually the same
magnitude. Hence, over the test period, neither one dominated the other.

The performance of methods M3 and M4 confirms the high accuracy predicted by their
truncation errors. An investigation of their absolute stability regions could be expected to
predict the instability. The relatively good performance of methods in the subset by = faz
is also substantiated by (2.8.1). They all have the same error constant. In fact, for each

constant ¢, all methods related by
bo = %(12 +c (2.8.6)

have the same truncation error. This explains the general tendency toward contour lines

of this slope in Fig. 2.3 and 2.4, and further validates the analysis of Section 2.6.
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2.9 Summary and Conclusions

Here is a summary of some highlights of this chapter.

In Section 2.3, several spatial discretizations were examined for the accuracy of their
phase and group velocities. Each of the four most accurate were shown to have drawbacks

which could affect their performance or implementation in two dimensions.

In Section 2.5, the class of second order two-step methods was combined with the
particular spatial discretization, a Galerkin FEM with piecewise linear basis functions.
The concepts of dominant dispersion relationship, dominant phase and group velocity,
and dominant or favoured wavenumber were defined and illustrated. It was shown that the
same dispersion relationship may not be dominant for all wavenumbers, and the dominant

dispersion relationship may be multivalued at some points.

In Section 2.6, three accuracy measure functions were defined to facilitate the search for
an optimally accurate two-step method. It was shown that the most accurate methods for
wave amplitude, phase velocity, and group velocity may not coincide. In particular, it was
demonstrated that the best method for phase velocity may not be best for group.velocity,
and vice versa. Furthermore, a method which most accurately rebresents either velocity
may be unstable. In general, the choice of an optimally accurate method depends on fj,
f2, kAz, and the relative importance of amplitude, phase velocity, and group velocity.

In Section 2.7 the accuracy analysis was repeated for the Galerkin FEM that approxi-
mates z with piecewise linear basis functions, and u with piecewise quadratics. The higher
order basis functions were seen to result in six numerical solutions, four of which were
spurious. However, the accuracy measure values were found to be very similar to those for
the Galerkin FEM with linear basis functions. The relatively high accuracy of two-step
methods satisfying by = %ag was alsb explained in terms of Padé approximations to In(X).

In Sectioh 2.8, numerical tests validated the phase velocity, group velocity, and ampli-
tude decay factors which were calculated in Section 2.6. Only in cases where the spurious
and principal eigenvalues had approximately the same mggnitude were there significant
discrepancies between the analysis and test results. Truncation errors were also calculated
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and correctly predicted the most accurate methods, when they remained stable.

For a Galerkin FEM with piecewise linear basis functions and a Galerkin FEM with
linear and quadratic basis functions, the most accurate and stable two-step methods are
characterized by b = 1as. Crank Nicolson (ag = 1) is the best among these since it
has no spurious eigenvalues. However it is implicit and may be expensive with respect
to computing time. Crank Nicolson may not be the best time-stepping for all spatial
discretizations. Due to second derivatives in their continuity equation, a variation of the
linear two-step methods introduced in Section 2.4 is required for the Gray and Lynch
wave equation method. As will be seen in Chapter 3, an accuracy measure analysis of this
approach shows that the Crank Nicolson analogue is not the most accurate. Furthermore,
in this case, the most accurate methods are independent of wavenumber.

Again it must be emphasized that in the preqeding analysis, acéuracy was the only
consideration for determining a good method. In two dimensional problems this is no
longer a sufficient criterion. Storage requirements and computatiohal costs ére now at
least as important and may necessitate the use of a method which is less accurate but
more economical.

Travelling wave solutions of the form (2.2.3) do not exist when the depth in (2.2.1a) is

assumed non-constant. With-a forcing frequency w, solutions can now be expected to have

(s)— (2~ o

where ¢o(z) and po(z) are complex functions representing the spatial amplitude and phase

the form

variations. Their precise nature will depend on h(z). For example, in the absence of friction

and with a linear depth, Lamb [La32] shows that

lso(2)| = cJo(2(k2)'/?), (2.9.20)

where
h(z) =hoz (2.9.28)
£ =w’[gho (2.9.20)
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and c is some constant. Lynch and Gray [Ly78b] extend this result to the case h(z) = hoz"

for integer n, and include linear friction as in (2.2.1b).

In general, the depth dependency of the solution will be such that waves of constant
frequency will have their wavelength decrease and their amplitude increase as they enter
shallow water. Phase and group velocity will also become depth dependent. This same
behaviour can be expected in a numerical model, although it may not be accurately rep-
resented. Unfortunately, the model will not differentiate between spurious and principal
waves; all will become shorter and grow. Although it may not be the case analytically, it
is péssible that with particular numerical schemes and depth variations, shorter waves will
grow more quickly. This could be disastrous, for if the short waves are spurious, they may

eventually contaminate the numerical solution.

For some depth variations, it is possible to forecast the rapid growth of short waves with
an analysis similar to that of Section 2.5. Since amplitude is now a function of both space
and time, spatial growth curves (with kAz along the abscissa) are required in addition
to the temporal growth curves of Fig. 2.2. In fact, it may be necessary to produce these
curves for several depth characteristics (e.g., ratios ofbdepth gradient to depth). Numerical
schemes which favour high wavenumbers could then be expected to exhibit rapid growth

of short waves and should be avoided.

In the absence of nonlinear terms, short waves may be generated numerically by bound-
ary conditions, an interface, round-off errors, or arise naturally such as through a transition
from deep to shallow water. Intuitively, this last source can be controlled by maintaining
the same sampling rate per wavelength everywhere in the model. This réquires a constant
kAz for each wave as it moves thbughout the model domain. Therefore any transition from
deep to shallow water would not correspond to a rightward shift on a spatial amplitude
growth curve which has kAz as the abscissa and which may favour short wavenumbers.
Using the dispersion relationship for constant depth (2.2.8), a first approximation to uni-
form sampling is attained by choosing Az proportional to (h(z))i/ 2. This choice has further
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appeal. Stability conditions when they arise are frequently in the form
At < cAz/(h(z))"/? (2.9.3)

for some constant ¢. Therefore a constant value for Az/(h(z))"/? implies that deep regions:
of the model where there may be little variation in the numerical solution, are not dictating
the largest possible time step.

However choosing Az proportional to (h(z))'/2 will not affect the generation of short
waves due to round-off errors, boundary conditions, or an interface. It may only control
their subsequent wayenumber transitions. If an amplitude growth curve shows that these

waves will grow faster than the desired longer waves, numerical difficulties can be expected.
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3. THE ‘WAVE EQUATION’ MODEL

3.1 Introduction

Recently Gray and Lynch [Gr77b,Ly78 Ly79] introduced a FEM for solving the shallow
water equations. Rather than working with the governing equations in conservation form,
their wave equation scheme involves transforming the continuity equation to a second order
PDE. The revised system of equations is then solved with a Galerkin FEM, piecewise linear
basis functions, and centered time-stepping. Through propagation factor analyses they
show that the resultant numerical method is more accurate than several alternatives, and
avoids the troublesome accumulation of 2Az waves which often occurs with ﬁnite element
schemes. Their numerical tests confirm these results.

In this chapter, the one dimensional, linearized version of both the wave equation
method (WEM), and the lumped wave equation method (LWEM) are studied using the
dispersion analysis developed in Chapter 2. Section 3.2 calculates the spatially discretized
equations for both the WEM and LWEM. It also shows that the principal dispersion rela-
tionships for each discretization is identical to one of those listed in Table II. Section 3.3
introduces the time-stepping methods proposed by Gray and Lynch, and specifies the nu-
merical eigenvalues and stability restrictions for both fully discretized schemes. Section 3.4
shows that these time-stepping methods are a subset of the second order two-step methods
associated with the wave equation ODEs. Section 3.5 applies these generalized two-step
methods to both the lumped and unlumped spatial disére_tizations, and determines the
particular methods with the most accurate wave propagation, and wave amplitude growth
(or decay) characteristics. These results are confirmed with asymptotic analyses in Section
3.6, and numerical tests in Section 3.7. Section 3.8 summarizes and briefly discusses the
results.

66



3.2 An Analysis of the Spatial Discretizations

Gray and Lynch [Ly79] calculate their wave equation by differentiating (1.2.1a) with
respect to time. Substitutions from the momentum equations (1.2.1b) and (1.2.1c) are then
used to eliminate the velocity time derivatives. The one dimensional, linearized, constant
depth wave equation is

3%z 0z 3%z

FR T

o
T, 0. (3.2.1a)

This PDE is solved in combination with the momentum equation

ou oz
—+Tru+g—

ey 5. = 0. (3.2.1b)

When nontrivial travelling wave solutions of the form (2.2.3) are assumed, the char-
acteristic equation for (3.2.1) is the product of (2.2.6) and (—tw + 7). Replacing (2.2.1a)
with (3.2.1a) has therefore produced an additional dispersion relationship whose associ-
ated solution is a stationary wave that decays in time when 7 > 0. This solufion will arise
from components within the initial conditions that do not satisfy the continuity equation
(2.2.1a).

Gray and Lynch solve (3.2.1) with a Galerkin FEM, piecewise linear basis functions,
and centered time-stepping. Applying the Galerkin condition to the (8%22/8z2) term ne-
cessitates an integration by parts. This is called a weak form of the Galerkin condition
[Ly79]. When depth and Azx are assumed cqnstaht, and z;,u; are the time dependent

variable values at any node j away from boundaries, the spatially discretized system of

ODEs for the WEM are

o2 9 Y1 2..41,. gh 9 —0
e T 5 (§2i-1+ 32+ §2i01) — A—x§(~j+1 — 225+ 2z5-1) = (3.2.2a)

0 1 2 1 g
(& + 7) (fuj—1 + Fu; + gujpr) + m("-‘jﬂ —zj1) =0.  (3.2.2b)
Assuming the travelling wave solutions (2.3.2), the associated dispersion relationships are
W= —1r (3.2.3a)

. 6gh {1 — coskAz 1/2
— _ ;1 : (1.2 9.
and w i3T & [ 2 (2 oonk I) (37) ] . (3.2.3b)
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The latter expression is identical to the dispersion relationship for the mixed interpolation
approach recently described by Williams and Zienkiewicz [Wi81b]. They solve (2.2.1) with
a Galerkin FEM, piecewise linear basis functions for approximating u(z, t), and piecewise

constant functions for 2(z,t). In Section 2.3, this FEM is denoted as D6.

The equivalence of these two approaches is révealing. The principal dispersion rela-
tionship has not changed when the order of the continuity equation is increased from 1 to
2, and the order of the approximating basis function for 2(z,t) is increased from 0 to 1.
This suggests that similar relationships may exist between other finite element approaches.
However, equivalence of the principal dispersion relationships does not imply that the nu-
merical solutions will be identical. A secondary or parasitic relationship is present with

the WEM and in some circumstances, it will affect the numerical results.

Relative accuracy of the phase and group velocity associated with (3.2.3b) is shown in
Fig. 2.1 for the case 7 = 0. For the one dimensional equations, this discretization produces
one of the better approximations to the analytic solution. Unfortunately, efforts to extend
the mixed interpolation formulation to triangular elements in two dimensions have proven
difficult because of discontinuities in 2(z,t) at the inter-element nodes [Wa83]. However,
since the WEM has been extended to two dimensions, in some sense it may be regarded as

equivalent to a successful mixed interpolation extension.

In the practical application of FEMs, numerical quadrature must be used to evaluate
the coefficients in equations such as (3.2.2). Traditionally [Ly79], the method of choice has
been Gaussian quadrature. It gives the greatest accuracy for a fixed number of integration
| points [Zi77]. However, Gray and van Genuchten [Gr78] have pointed out that other types
of quadrature formulas, when tailored to specific element types, can provide economical
alternatives to Gaussian quadrature. In particular, any element-quadrature combination
for which the integration points exactly coincide with @he hodes, has the effect of lumping
the WEM [Ly79]. If such a quadrature is used instead of the exact integration which
produced (3.2.2), the coefficient matrices associated with the (8/8¢) and (82/9t?) terms
become diagonal and the result‘ant spatial discretization becomes the LWEM.
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The system of ODEs for the LWEM is

0?2 0 gh -
(57 + 70 ) 5 = Haptesen — 255+ 25-0) =0 (3.2.40)
d g ‘ ‘
-5—t- +7 Uy + m(lj+1 — zj-l) =0. (324b)

The associated dispersion relationships are

W= —1r ‘ (3.2.5a)
90h 1/2
Cw=-—ilrt [ﬁ(l — coskAz) — (51)2]
: agh 1/2
=—ijr+ [ﬁ sin’(3kAz) — (%r)z] : (3.2.5b)

The latter expression is identical to the dispersion relationship for a centered FDM with
spatial staggering of the z(z,t) and u(z,t) variables. In S,éction 2.3, this FDM is denoted
as D2. When 7 = 0, the relative accuracy of its phase and group velocities is shown in
Fig. 2.1. Notice that phase velocities for the LWEM are t0o slow, whereas those for the
WEM are too fast.

3.3 Numerical Eigenvalues for the WEM and LWEM

Lynch and Gray solved their system of ODEs with the following time-stepping approx-

imations which are centred for all values of the parameter 6:

Zr_l+l _ n—1

0 z;
92 z'.‘+l — 22" 4+ z'."—l
gﬁzj(nAt) ~-1 AtJ‘J 1 (3.3.1b)
zj(nAt) 2%0(2;‘“ + z;-"'l) +(1—0)z]. (3.3.1¢)

In order to relax the-stability constraints, the friction term in the momentum equation is
treated as in (3.3.1¢), but with the separate weighting paraﬁleter Q.
Applying these approximations to (3.2.2) and assuming the non-trivial travelling wave

solutions (2.5.3) requires satisfaction of one of the following two quadratics:

A1+ arAt) + 27AH1 — o)\ — (1 — aTAL) = 0, (3.3.2a)

69



or N[1+ J(0E® + 1A + N[—2+ (1 — 0)E?| + 1 + Y(6E? — rAt) =0, (3.3.2b)

A\ (1 —coskAz
(2 — —— ————eee e
where E° = th( x) (2 p— x)' (3.3.2¢)

Constant depth, constant Az and At are also assumed. X is defined in (2.5.4). The product
of these quadratics is the characteristic polynomial for the WEM.
The roots of (3.3.2) are
—7AH1 — o)+ [1 4 (rA1)%(1 — 20)]1/?
1+ arAt

1- 31— 0)E? +4[E? 4+ }(20 — )E* — (37A1)%)1/2
1+ 3(0E2 + 7AY) '

A2 = (3.3.30)

X34 = (3.3.3b)

X1 and Ao are parasitic and arise from the spatially discretized solution (3.2.3a). They
are independent of wavenumber and thus have zero group velocity. If they are real valued
and positive, they also have zero phase velocity. A3 and A4 are the principal numerical
eigenvalues. When their imaginary parts are non-zero, they represent progressive and
retrogressive waves. | |

With constant depth and 7 > 0, a necessary condition for the stability of the WEM is
I\] < 1 for all eigenvalues (3.3.3). This condition translates to the following restrictions
on # and a:

i) for the parasitic roots,

a> g (3.3.4a)
i1) for the propagating principal roots,
—Az?
0> —; 3.
= 6ghAt?’ (3.3.40)

iii) for the non-pi‘opagating principal roots,

1 Az? v

With non-zero friction, (3.3.4b) can be made less restrictive. However, this is not essential
since the constraint imposed by (3.3.4c) dominates. Conditions i) and iii) are given in
[Ly79].
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An analysis of the LWEM yields similar results. With the following substitution for

(3.3.2¢)

R At)?
E* = 2gh Az (1 — coskAxz), ’ (3.3.5)

equations (3.3.2) and (3.3.3) again specify the characteristic polynomial and its roots.
Stability of the parasitic root is again dictated by (3.3.4a) while the counterparts to (3.3.4b)

and (3.3.4c) are

—Ax?
>
2 2ghAL (3.3.64)
1 Az?
respectively. As with the WEM, condition (3.3.6b) overrides (3.3.6a).
3.4 Two-Step Methods for Solving the ODEs
A simple ODE corresponding to (3.2.2a) is
0%y Oy
and a general two-step method which may be used to solve it has the form
c2y"+2+cly"+l +Coyn +At(a2y"+2+a1y"+l +aoyn)
= AP (b2 f" 2+ by " 4 bof). (3.4.2)
When each term is expanded in a Taylor series about y" or f*, (3.4.2) becomes
© .
Y hiAt =0 (3.4.3a)
=0
where
ho =(c2 + ¢1 + co)y : (3.4.3b)
hi =(2¢c2 + ¢1)y + (a2 + a1 + ap)y (3.4.3¢)
he =(2e2 + $er)y" + (202 + ar)y/ = (bz + by + bo)(y" + /) (3.4.3d)
hs =(§02 + %C])]fm +(2a2 + %al)g/' — (262 + b])(‘y"” + y") (3.4.3¢)
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hs =(Fez + gger)y™ + (a2 + gar)y™ — (2b2 + §61)(y"" + ¢") (3.4.3/)

and primed values denote true derivatives of y". For ' order accuracy (i.e., the truncation

error is O(At/*1)) of the two-step method, it is necessary that
h0=h1=h2=---=hj=0. (3,4,4)

Requiring second order accuracy and assuming Gear’s normalization (2.4.4) leaves only

three coefficients to be specified {reely. Choosing them to be as, bs, and by, the others are

co =cop =1, ap =ag — 1, bo =1 — b; — bo,

(3.4.5)
Ci =—-2, ai =1—2(12.
Third order methods have the additional constraints
a2 = 4, bo = bz,  (3.4.8)

while fourth order accuracy is not possible since (3.4.5) and (3.4.6) are inconsistent with
hg = 0.

For sd]ving the’ simple ODE

= =/ +9v) (3.4.7)

with the two-step method

n+2 n+1

a2y"t° + a1y"" + aoy”

= Albo /" + b1 "+ bof" + dag™t? + dig™t! + dog"), (3.4.8)

similar calculations lead to the following constraints for second order accuracy:

ap =az—1, bp=}—ag+by, do=%—as+dy,

» (3.4.9)
ay =1-—2az, by =34+ay—2by, dy=3}+ay—2ds.
In this case, third order methods also require
by =ds = %ag — ]%Z (3.4.10)

and fourth order accuracy occurs with (ag, by, d2) = (3,4, 3).
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The ODEs in (3.2.2) can be solved with the preceding two-step methods. Simulta-
neously requiring at least second order accuracy for both equations, and insisting on a
consistent approximation for the first derivative (i.e., ag, a1, aq, b2, by, bg are the same for
each method) leads to the following combined restrictions:
co=co=1, ap=ar—1, bo=f—az+b:, do=1-as+do,

(3.4.11)
g = —2, ay =1—2as, b ::%+a2—2b2, d; =%+(1-2——2d2.

The particular case
ag == %, b = %0, do = %a, (3.4.12)

makes (3.4.2) third order accurate and is precisely the subset of time-stepping methods
proposed by Lynch and Gray. Fourth order accuracy for (3.4.8) and third order accuracy
for (3.4.2) is obtained with the additional constraint b; = d2 = }. The highest order time-
stepping method for both the WEM and the LWEM therefore occurs with § = a = 1.

However (3.3.4a) indicates that it will be unstable.

3.5 A Dispersion Analysis

Iﬁ Chapter 2 it was seen that the highest order time-stepping method may not be the
one which produces the most accurate phase velocity, group velocity, or wave amplitude. In
order to determine which time-stepping method is the most accurate, a dispersion analysis
is now performed for the two-parameter class of second order two-step methods given by

(3.4.11). The methods proposed by Lynch and Gray are a subset of this class.

Define
8; =§(s5-1 + 48; + 841), (3.5.1a)
éj =8j+l bt 28]‘ + 8]‘—1, (3.5.1b)
As; =8;41 — 81, ' (3.5.1¢)

where s can be either z or u. Application of a second order two-step method to solve

(3.2.2) then produces the following system of equations:

#2237t 4 BT AlaZ] 4 arET + a02))
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A :
=gh (E) (l;zz;?+2 + blz;“ + bo2}), - (3.5.24a)

a2t} *? + 0y}t + a0l = — AUy Y + i}t + doit})
At
+ gK;(bzAz;.‘” +b182H +boAZD),  (3.5.2)

where the restrictions imposed by (3.4.11) are assumed but have not been included.
For non-trivial travelling wave solutions to (3.5.2) one of the following two quadratics

must be satisfied:

ao\? + oy + ag + TAHd2D? + dy\ + do) =0 (3.5.3a)

A2 — 2\ 4+ 1+ 7AHazh? + ok + ap) + E2(b22? + by + bg) =0. (3.5.3b)

For the WEM, E? and X are defined by (3.3.2¢) and (2.5.4) respecfively. For the LWEM,
E? is defined by (3.3.5).

The root A\ = 1 can be troublesome for it represents an undamped non-propagating
wave. If energy is transferred to a Wavenumber which has this eigenvalue as a solution, it
will simply accumulate. Consequently, accuracy of the numerical solution can be severely
affected. The root A\ = —1 is equally undesirable for the associated waves are also un-
damped and flip sign from one time step to the next. Energy can accumulate here as well.
In fact, any short waves with real roots of magnitude slightly less than 1.0 may be equally
troublesome. Provided their magnitudes are larger than those of the desired longer waves,
these short waves will decay more 510wly (or grow more rapidly) and eventually dominate
the calculations.

The occurrence of A = +1 for 2Ar waves (i.e., when kAz = 7) is a common problem
with finite element schemes (e.g., [Wa83]). However it can be avoided in this case. From
(3.4.11) and (3.5.3), it is seen that 2Az waves have the solution X\ = 1 only when 7 = 0
and the parasitic eigenvalue is dominant. And for specified values of 7 and E?2 \= -1 is
a 2Az solution to (3.5.3a) or (3.5.3b) only for certain values of (ag, b2, d2). Therefore with
non-zero friction and a judicious choice of these parameters, the generalized wave equation
method given by (3.5.2) can avoid the troublesome accumulation of 2Az waves.
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Fig. 3.1 illustrates the dispersion curves, eigenvalue amplitudes, and phase and group
velocities for four two-step methods. Values for the analytic and spatially discretized
solutions are also included. Results are parameterized in terms of f1 and f3, as they were

in Chapter 2.
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Fig. 3.1. Dispersion curves, eigenvalue amplitudes, and phase and group velocities for
four wave equation models. :

All four methods are from the subset proposed by Lynch and Gray (i.e., they satisfy
(3.4.11) and (3.4.12)). The first three methods have not been lumped while the fourth
has. Stability of the parasitic eigenvalue is insured for all four methods by choosing

dy = 1a = 1. The first and second methods are the fully implicit and fully explicit cases
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introduced in [Gr77b]. The third method produces fourth order accuracy for (3.4.8) and
second order for (3.4.2). Its principal dispersion curve and phase and group velocities are
seen to closely approximate the analytic values. In fact, wave propagation inaccuracies
which were introduced by the spatial diecretization have been effectively cancelled by the
time stepping method. If for this method dy were also equal to }, (3.4.2) would become
third order accurate but unstable. Specifically, the amplitude of the parasitic eigenvalue

would now exceed 1.0 for all kAz.

The fourth method is the explicit LWEM. It should be more economical in both storage
requirements and computation time, than the other three methods. Surprisingly, this
economy does not correspond to a‘loss in accuracy. Its wave propagation characteristics
are seen to be as accurate as those of the third example, while its eigenvalue amplitude is

more accurate.

Fig. 3.2 shows accuracy measure values for the WEM as functions of the two-step
parameters az and b . da, fo and kAz /7 are fixed at 0.5, 1.0 and 0.1 respectively, while
f1 assumes four increasing values. In all instances, the stability region is bounded from
below by the heavy solid line and to the left by as = 1. Large regions which have
not been contoured have constant accuracy measure values that are due to a dominant
parasitic eigenvalue. In particular, the roots of (3.5.3a) are real valued thereby making
both the phase and group velocity zero and their corresponding accuracy measures —1.

For fi = 0.0, the parasitic eigenvalue A = 1 is dominant everywhere except along the line

ag = . For larger f1, larger values of ag are required before the parasitic roots dominate.

A similar plot with fo = 0.5 exhibits many of the same features. In general, the
stability region becomes less restrictive (i.e. the lower stability boundary drops) and the
parasitic eigenvalue becomes dominant for slightly larger values of as. The most notable
characteristic of both plots is that all lines of optimal accuracy either lie very close to,
or cross the line a2 = % (Recall from Chapter 2 that optimal values for the velocity
and amplitude measures are 0.0 and 1.0 respectively.) This phenomenon seems to be
independent of the value kAz/m = 0.1 for it also occurs with f; = 0.1 and the kAz/7
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Fig. 3.2. Accuracy measure values for the WEM as functions of (az, b2) for fé = 1.0,
dy = 0.5, and kAz/7 = 0.1.

values 0.05, 0.2, and 0.4.

In light of the results in Section 3.4, greater accuracy with as = } is not surprising. It
substantiates the desirability of third order accuracy for (3.4.2). It also suggests that one
can restrict the search for an optimal method to the subset originally proposed by Lynch
and Gray. In subsequent discussions it is therefore assumed that the parameters bs and 6,
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and ds and e, are related through (3.4.12).

f, PHASE VELOCITY GROUP VELOCITY AMPLITUDE
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Fig. 3.3. Accuracy measure values for the WEM as functions of (b2, kAz) for as = d2 =
0.5 and fo = 1.0. '

Fig. 3.3 shows a series of revised accuracy measure contours for the WEM and the case
fo=10and a2 = dy = % Fixing as permits its replacement along the horizontal axis with
kA:r. The accuracy measures are revised in the sense that they are calculated only from the
principal eigenvalue. The small regions where the parasitic eigenvalue dominates have been
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shaded, but the accuracy measure values do not reflect this dominance. A concentration of
contour lines near kAr = 0 has not been shown because non-zero friction does not permit
a wave solution there. The associated accuracy measure values are therefore meaningless.
Constant uncontoured values in the lower right corner of the plot arise because the prineipal
eigenvahie is real valued and unstable.

Two important points are evident from Fig. 3.3. The first is that except for very
small wavenumbers, the single value by = } (6 = }) produces optimal accuracy for both
the phase and group velocity. Moreover, it remains optimal for all kAz a.nd is virtually
independent of f; . The second point is that except for small wavenumbers, by = 0
produces optimal accuracy of wave amplitudes. It is also independent of kAz and f; ,
although for f; = 0.0, it does occur over a large region.

Fig. 3.4 is a similar plot with. f2 = 4. The optimal by value now differs siightly for
the two velocity measures. From the approximate optimum of b3 = 0.42 for f; = 0.0 and
small kAz, the measu‘re values decrease slightly with increasing kAz, and increase slightly
with increasing f;. The amplitude measures however remain optimal with bs = 0.

Fig. 3.5 shows the accuracy measure contours for the LWEM with the same 'parameter
values as Fig. 3.3. Fig. 3.5 and Fig. 3.3 are.remarkably similar. The amplitude measures
are virtually identical while the velocity measures seem only to differ by a vertical shift.
Provided this result extendé to other values of f; and f5, it has two important implications.
The first is that lumping has not affected wave ampiitude accuracy. . The second is that
by simply choosing a different time-stepping method, any wave propagation accuracy with
the WEM is also possible with the LWEM. These hypotheses are confirmed in Section 3.7.-

Combining the restriction ag = } with (3.5.3) and (3.4.11) has the following implica-
tions for 2Az waves. A = 1 does not satisfy (3.5.3b) and only satisfies (3.5.32) when 7 = 0.
X = —1 satisfies (3.5.3a) when either d2 = } or 7A¢ = 0, and satisfies (3.5.3b) when

bp =1(1—(1/3ff))  for the WEM, (3.5.4a)

bo

;l_;(l —(1/£2)) for the LWEM. (3.5.4b)

Therefore with do > § (6 > 1) and 7 7% 0, 2Az waves should accumulate only when the
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Fig. 3.4. Accuracy measure values for the WEM as functions of (b, kAz) for ag = ds =
0.5 and f = 0.5. '

time-stepping method parameter by, and the Courant number, f5, are related by (3.5.4).
Since dy > § is required for stability, and bottom friction is usually included in a model,

these first two restrictions are normally satisfied.
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Fig. 3.5. Accuracy measure values for the LWEM as functions of (b, kAz) for ag = do =
0.5 and fo = 1.0.

3.6 An Asymptotic Analysis

The preceding accuracy measure analysis suggests that for small kAx, it is possible to
choose a value of by or 6 which produces optimal accuracy for phase and group velocity,
or wave amplitude growth. It also implies that an accuracy loss through lumping can be
avoided. In this section, these hypotheses are confirmed with an asymptotic expansion for
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small kAz. Since numerical models are usually designed so that desired wavelengths :.re
at least 20Az (i.e., kAz/m < 0.1), such an expansion is valid. Desired waves which are
significantly shorter in some model regions suggest the need for a mesh refinement. Short
waves (e.g., 2Ar waves) that have been generated by boundary conditions, interfaces, and
round-off errors may exist in a model and may be important insofar as they can contaminate
the desired waves. However it is not important that they be modelled accurately, only that
their growth be controlled.

From the analytic dispersion relationship (2.2.8) it follows that
Re(wAt)? = f3(kAz)® — (JrAb)?. (3.6.1) -

Assuming a non-zero imaginary part for the complex root

\ = re'¢ (3.6.2)
of the general quadratic
aX2+ b\ +c=0 A (3.6.3)
implies
- ¢ =arcsing'/? (3.6.4a)
where B =1—(b%/4ac). (3.6.4b)

Provided 8 < 1, the associated power series expansion [Ab65] is

¢ = 2+ 4% + §8°% + O(57?). (3.6.5)
Therefore
¢* =B+ 187+ £8° + O(8Y). (3.6.6)

Applying these results to the quadratic for the principal eigenvalues arising from the

WEM, (3.3.2b), yields
E? — EY(L - 16) — (LrAn?

P =+ 16522 — (3rap (3.6.7)
Setting € = kAxz, an asymptotic expansion of E? for small ¢ is
E? = 3¢ (14 %€ + gp€') + O(&%) (3.6.8)
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and a similar expansion for E* is
E'= fe'(1+ §€%) + 0(&%). (3.6.9)
Substituting these expansions into {3.6.7) yields
B = f36*+ f1€4-30 + (1/12f5) — §] + O(€°) ~ (§7A0*(1 + O(€%) + O((rA1)%)) (3.6.10)
and substituting (3.6.10) into (3.6.6) produces

¢* =136+ f3€4 30+ S(1+ (1/f3))] + O(€®)

(3.6.11)
— (3781 + O(€2) + O((rAt)%).

But in this case, ¢ = —w,At where w, is the frequency arising from the principal nu-
merical eigenvalue. Matching (3.6.11) with (3.6.1), it then follows that w, will be a good

approximation to Re(w) when

0 = 1 1+ ! 3.6.12
=3 ) (3.6.12)
For the f; values 1 and 1, (3.6.12) predicts that the best approximation to the analytic

dispersion relationship will occur for § = 3‘; and % respectively. These same values should
also produce the most accurate phase and group velocities. This is confirmed by Fig.. 3.3
and 3.4.

An asymptotic analysis of the LWEM follows similarly. The expansion of E2 for small
& now becomes

E? = f3€ (1- €+ gf5€*) + O(€°) (3.6.13)

and the best representation of the analytic dispersion relationship is attained with

0 — % (1 - ?1;2-) (3.6.14)

Denoting the optimal parameter values of (3.6.12) and (3.6.14) by 6*, both the lumped

and unlumped versions of (3.6.11) can be re-expressed as

_ * 6 ¢6 _!‘_ * _ ;2 __1_ — _1.
¢’ = f3E2 + 15640 - 0) + f3¢ [ 4(0 )" + 520 (1 fg)] (3.6.15)
+ O(£8) + O((rAt)%). ‘
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This explains the similar ;:ontour ‘patterns in Fig. 3.3 and 3.5. Around their respective
¢* values, both the WEM and LWEM have the same accuracy deterioration for ¢%. Fur-
thermore, the best time-stepping method for the lumped scheme produces the same wave
propagation ﬁccu;acy (to O((kAz)?)) as the best time-stepping scheme for the unlumped
scheme.

A similar asymptotic analysis reveals the optimal value of # for wave amplitude accu-

racy. In this case, the analytic eigenvalue amplitude for a propagating wave is
N = e~ (3.6.16) -

and its counterpart for a propagating principal numerical eigenvalue is

1+ J0E? — Lran)\'/?
|>\|==(1 e ) . ‘ (3.6.17)
+§0E +§TAt

The time-stepping parameter value
=0 | (3.6.18)

now produces highest accuracy since it matches terms to O((rAt)?). This value has fur-
ther advantages. It denotes an explicit time-stepping method. So when combined with the
lumped approach, it is most economical with regard to storage requirements and computa-
tion time. It also makes (3.5.17) independent of kAz, and identical for both the WEM and
LWEM. Consequently, the optimal accuracy associated with # = 0 is not lost in switching
from the WEM to the LWEM. These results are substantiated by Fig. 3.3, 3.4, and 3.5.
Fig. 3.6 illustrates the stability regions and the most accurate time-stepping methods
for both the WEM and LWEM. Values for f; and 0 should be chosen so that the resultant
numerical method is stable. The particular choice will be a compromise between accuracy
and time step size. Large values of At (or f2) result in less computation cost but are
usually less accurate. (6, fo) = (31;, 1) provides the largest stable A¢ with optimal wave
propagation accuracy for the WEM. The similar choice for the LWEM, (6, f2) = (0,1), is

also most accurate for wave amplitude.

3.7 Numerical Tests

The analysis of Section 3.5 is now confirmed with numerical tests similar to the first
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LWEM

Fig. 3.6. Stability regions and lines of optimal accuracy for the LWEM and WEM.
Asterisks denote methods used in the test problems, shaded areas denote stability, and the
most accurate methods for wave propagation and wave amplitude decay are shown with
solid and dotted lines lines respectively.

series reported in Section 2.8. Depth, Az, and At were constant through each test and
the additional complication of boundary conditions was avoided by choosing a ring as the
test domain. The test conditions therefore correspond to the assumptions underlying the
dispersion analysis. All tests were initial value problems where a single progressive wave
was studied as it travelled around the ring. Such tests permit validation of the amplitude
and phase velocity accuracy measure functions. Further experiments with two progressive
waves were not performed but could be expected to produce a validation of group velocity
accuracy similar to the demonstration in Section 2.8.

Six test problems were selected, each with f;, f2, and kAz/x values corresponding to
one of the plots in Fig. 3.3 or 3.4. Wavelength and depth were chosen so that the resultant
problem would be realistic for semi-diurnal tides along a one dimensional continental shelf.

Each test problem was run for approximately ten periods and solved with seven different
second order two-step methods. Analytic values for 2(z, t) and u(z, t) at times 0 and At were
used as initial conditions. All methods had as and ds fixed at % and so were characterized
solely by their by values. (6, f2) pairs for the test problems are shown with asterisks in
Fig. 3.6. In each test, the amplitude and phase lag of the wave were calculated at the end
of each period and compared to the analytic results. The amplitude change per time step

85



and the non-dimensional phase velocity were also calculated and compared to the values
predicted by a dispersion analysis of the numerical method.

Results of the WEM tests are given in Table VI. A run was judged unstable when
the absolute value of the first elevation point became greater than ten times the initial
amplitude. All unstable methods are predicted by (3.3.4). Methods which produce the
most accurate representations of wave amplitude decay and phase velocity are designated.
For all tests, they confirm the predictions in Fig. 3.3 and 3.4.

All discrepancies between the analysis and model results were less than 1%. Relatively
large values can be traced to the initial conditions. For all test methods, the z(z,t) and
u(z, t) values specified.at time At are inconsistent, in varying degrees, with the numerical
behaviour of the progressive wave. Consequently, energy is assigned to the other numerical
waves. Interference of these waves then causes the numerical fesults to differ from those
predicted by the dispersion analysis. For example, .in test 1 with by = %, the retrogressive
wave is in'itially assigned an amplitude which is 13% that of the progressive wave. The
stationary para;sitic waves receive no energy.

These same six probiems were also solved with the LWEM. by values for the time-
stepping methods were now chosen as —.375, —.25, —.125, 0., .125, .25, and .375. They
are illﬁstrated in Fig. 3.6. As predicted by (3.3.6b), thg first three methods were unstable
when solving the first three problems. Of the remaining stable methods, b2 = 0 was most
accurate for both wave amplitude and phase velocity. For problems 4, 5 and 6, by = 0
was most accurate for amplitude while b = —.25 was most accurate for phase velocity.
These results validate (3.6.18) and (3.6.14). As with the results in Table VI, the maximum

discrepancy between the analysis and model results was less than 1%.

3.8 Summary and Conclusions

. The preceding analysié has determined the following features of the one dimensional
wave equation FEM:
i) a similarity of the WEM to the mixed interpolation approach discussed by Williams
and Zienkiewicz;
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TABLE VI

Numerical Test Results for the WEM

Problem number and parameter values

1 2 3 4 5 6

f fa ‘% f fa k_;sx_ f f2 'k‘,;ﬁ fi fa Aox fi f kﬁx fi fa k—‘.?,l

«10 | 1,0 ob «10 | 1.0 o1 «00 (1.0 o2 «05 o5 obh 1,05 5 o1 20 o5 ol

Two-step Source

method . of lkl £ |A| £ ‘Al < ]\‘ < Ik! £ |xl L
pa;:n:ter. results (gh)yz (gh)te (gh (gh)¥e {gh)¥2 (gh)¥2
analysis <9511 1.16840 [.95119° .99610 [1.00000° 1.03464 |.98758°(1.08719 |.98758711.00203 |.95119°1.00882
OfO model unstable unsiable unstable «98681 /1,08811 [.98756 1.00205 [.95118 [1.00876
analysis +95741 1.,07407 [.95158 .99205 [1.00000° 1.01688 |.98802 [1.06663 |.98760 1.00100 |.95159 [1.00462
0.083}3 model unstable unstable unstable «98771 (1.06613 [.98759 1.00101 [.95159 [1.00463
analysis 096223 | 999817 [,95197 | .98806%|1.00000°{1.00000% |.98844 [1.04719 [.98763 | .99997 [.95199 1.00048
g.16667 model 096223 | «99981 |.95197 | .98810 [1.00000 [1.00000 [.,98832 {1.04754 [.98762 | «99997 [.95199 [1.00054
analysis 096607 | 093929 1.95235 |.98411 [1.00000°% .98394 [.98882 (1.02878 |.98765 | .99894 |.95238 | .99638
0:23 model +96638 | +93961 |.95237 |.98415 |1,00015 | .98397 [.98849 |[1.,02870 |.98765 | .99895 [.95238 | .99646
analysis +96920 | +B8870 [495272 |+98022 [1.00000°] +96862 |.98919 [1.01131 |.98768 | +99792 |.95276 | .99233
0:33333 model 096921 | 488872 1495276 | .98028 [1.00013 | .96917 [.98916 [1.01119 |,98768 | «99793 [.95276 | 99242
analysis «97180 | .B4555 [.95309 |.97636 [1.00000°] +95400 [+98952 | +99470% |.98270 | .996907 |.95313 | .98834
0-41667 mode 297009 | «84379 [.95314 [ 97649 | «99982 | 95437 [98955 | 99470 |«98770 | «99691 (95315 | 98842
analysis +97399 | ,80818 [.95345 |.97256 (1.00000% .94003 |.98984 | 97889 |.98773 | .99588 [.95351 | 98439
0-3 model +96840 | «80720 |.95350 | 97276 [1.00018 | «94004 |e99002 [ «97913 98273 | «99590 [.95353 | 98448
Analytic analysis 95123 | 99921 [.95123 [..98725 [1.00000 [1.00000 [.98758 | .99980 |.98758 | .99683 |.95123 | .98725
solution mode l 095123 | 499921 .95123' «98725 [1.00000 [1.00000 [.98758 | «99980 |.98758 | 499683 |.95123 | .98725

2 Most accurate value.




ii) a similarity of the LWEM to the FDM with spatial staggering of the variables;

iii) a superset for the second order time-stepping methods proposed by Lynch and
Gray, |

iv) the time-stepping methods which most accurately approximate the analytic dis-
persion relationship, and the analytic wave amplitude decay factor, for both the

WEM and LWEM;

v) a choice of time-stepping methods which avoids loss of accuracy through lumping.

In particular the analysis indicates that an explicit (b = 6 = 0) LWEM with fo =1

is the best wave equation method since:

i) it is the stable LWEM which combines the largest At with optimal accuracy,

ii) it produces a diagonal matrix for the matrix equations which must be solved at
each time step V[Ly79], and is thus the most economical with respect to cdmputation
time and storage requirements,

iii) it combines in one method, the same accuracy as the best unlumped meth(;ds for

wave propagation and wave amplitude growth.

Unfortunately, the explicit LWEM with f2 = 1 also has a major disadvantage; it may have
problems with 2Az waves. This is evident from (3.5.4).- With f, = 1.0 and the optimal
values given by (3.6.12) or (3.6.14), A = —1 is a 2Az eigenvalue for both the WEM and
LWEM. Therefore.any 2Az waves introduced into the model will accumulate rather than
decay, and flip sign from one time step to the next.

The third example of Fig. 3.1 shows that an extension of this same problem can exist
for all short waves. Its amplitude curve for the principal eigenvalue incfeases monotonically
with increasing kAz. (When kAz = 7, both the progressive and retrogressive principal
roots are real valued. One of them equals —1.) This implies that short waves decay
more slowly (or grow more fapidly) in time than long waves. Short waves are therefore
f:;voured by the numerical method. The relative energy in short waves can thus be expected
to increase with each time step and may éventually contaminate the numerical solution.
The fourth example in Fig. 3.1 avoids a monotonically increasing amplitude curve but
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unfortunately still permits the 2Az solution A = —1. In order to avoid 2Az problems
with the LWEM and still retain the economy of an explicit method, fo must be chosen less
than 1. This will increase the number of time steps in a run and reduce the phase and

group velocity accuracy of all waves.

Since f2 usually varies throughout a numerical model, choosing a time-stepping method
which depends on this parameter may seem impractical. However f can be made constant

by designing the spatial mesh so t.hat
Az = ch!/? (3.8.1)

for some constant c. Intuitively, this is not an unreasonable strategy. Constant frequency
(e.g., tidal) waves have their wavenumbers increase as they enter shallow water. If kAz
were maintained constant throughout such transitions then the same wave sampling rate
would exist everywhere in the model. Using the analytic dispersion relationship for constant
depth (2.2.8), a first approximation to uniform sampling is attained through (3.8.1). Such
a choice also implies that the stability constraints (3.3.4¢) and (3.3.6b‘) are not determined
by spatial elements in deep regions of the model where there may be little variation in the

numerical solution. Such would be the case if Az were constant throughout.

Apart from stability considerations, parasitic eigenvalues have been ignored in the pre-
ceding analysis. They can pose problems when for some wavenumbers, their magnitudes
are greater than those of the principal eigenvalues. In such cases, they grow more rapidly,
or decay more slowly, and eventually dominate their principal counterparts. Ideally we
~ would like to choose a value of da such that the parasitic eigenvalues are always subdomi-
nant. This is not possible in general since the magnitudes depend on 7TA¢L. As demoﬁstrated
in Fig. 3.3, 3.4, and 3.5, with small values of 7At and d; = %, parasitic eigenvalues are
generally subdominant. When considered as functions of a positive 7Af, minimal parasitic |

eigenvalue amplitudes occur when

dy = da = L1+ 1/(1A8)?) (3.8.2)
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and have the valug
' 1—-7At
14 7AL

I\ =

: (3.8.3)

These da values coincide with the switchover from a real to a complex eigenvalue. For small
7At, amplitudes vary only slightly with d2. So an optimal choice is not crucial. Provided
7At < 1, do = } is a reasonable compromise. When 6 > 0, this'choice'guarante% a
smaller parasitic eigenvalue for both the WEM and LWEM. And the same dominance is

insured for negative § provided

-1

0 >——— 8.
Z 12,2 (3.8.44a)
-1
and 0>— 3.8.4b
- T4f? ( )

for the unlumped and lumped approaches respectively. In fact, Fig. 3.3, 3.4, and 3.5
suggest that these conditions may be overly restrictive.

In summary, »t‘he best wave equation method is the LWEM with § = 0 and (in most
cases) a = 1. The spatial discretization should be chosen so that everywhere in the model

domain, f2 equals, or is slightly less than 1.

90



4. TWO DIMENSIONAL DISPERSION ANALYSES

4.1 Introduction

The préceding two chapters analyzed finite element (and finite diﬂ'erencé) solutions to
the one dimensional shallow water equations. This chapter extends the analysis to two
dimensions, whére the advantages and disadvantages of FEMs are more apparent. Since
FEMs permit grids of variable size, shape, and orientation, they are usually able to provide
a better approximation of the spatial domain than FDM:s. Speciﬁcally, better coastline fits
are possible at model boundaries ana grid size can be reduced in regions where the solution
is expected to require greater resolution. However most FEMs are. not cost competitive
with explicit FDMs. Their initialization costs and bookkeeping are more extensive, and
more computations are usually required at each time step. For many applications this
extra cost outweighs the advantages.

Some FEMs are able to significantly reduce their computations by lumping the matrix
involved in the equation to be solved at each time step. Lumping refers to the procedure of
replacing a matrix row with a new row whose diagonal entry is the sum of all entries in the
old row, and whose other entries are all zero. Although lumping is sometimes applied with
little justiﬁc'ation, it can result from the numerical quadrature that is used to calculate
matrix entries [Gr78,Zi77]. When a lumped matrix is combined with explicit time-stepping,
the matrix equation at each time step is diagonal and trivially solved. Generally, lumping
also reduces accuracy [Mu82,5t73]. However in Chapter 3, it was shown that the explicit
LWEM need not be less accurate than the WEM. In this chapter, the same result is shown
to extend to two dimensions for a particular configuration of triangular elements.

In this chapter, three FEMs for solving the two dimensional shallow water equations
are conipared with a traditional explicit FDM. The comparison is based on accuracy and
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cost. Accuracy is measured by comparing numerical and analytic plane wave solutions, as
was done in Chapters 2 and 3. Cost is measured as the number of computations per unit
of real time and per unit of model area. It ignores the model initialization. Using these
measures, two of the FEMs are found to be cost competitive, and as accurate as the chosen
explicit FDM.

This chapter is divided into nine sections. Section 4.2 specifies the two dimensional
linearized shallow water equations and their plane wave solutions. It also redefines the
concepts of phase and group velocity for two dimensions.

Section 4.3 investigates the Richardson-Sielecki [He69,He76] finite difference scheme.
"1t is a popular and successful explicit technique whose dispersion relationship has been
previously calculated [Me76,He81].

Section 4.4 studies the Galerkin FEM with piecewise linear basis functions and Crank-
Nicolson time—steppiing. The analysis is restricted to two combinations of six triangular
elements. Since accuracy is dependent on the shape and configuration of the elements, this
examination is meant to be illustrative rather than comprehensive. Nevertheless, one of
the configurations is found to be more accurate and may well be optimal.

Section 4.5 studies Thacker’s srregular grid finite-difference technique [Th77,Th78b].
For the chosen element conﬁguarations; it is simply a lumped version of the FEM in Section
44.

Section 4.6 studies the mixed interpolation FEM with piecewise linear basis functions
for approximating elevation, and piecewise quadratic functions for the velocity components.

Section 4.7 studies the WEM and LWEM. It extends maﬂy of the results in Chapter 3.

Section 4.8 assesses the cost and accuracy of the Richardson-Sielecki, Thacker, and
lumped wave equation methods.

Finally Section 4.9 summarizes and briefly discusses the results.



4.2 Analytic Results

The two dimensional linearized shallow water equations are

0z + O(hu) = O(hv) _

at oz | dy 0
% + g% —fo+mu=0
%’f + g-g% + fu+ 1w =0
where z(z,y,t) = elevation above mean sea level,
u(z,y,t) = z component of the velocity,

v(z,y,t) = y component of the velocity,
h(z,y) = mean sea depth,
g = gravity,
f(z,y) = Coriolis coefficent,

7 = linear bottom friction coefficient.

(4.2.1a)

(4.2.1b)

(4.2.1¢)

Assuming constant values for the depth and Coriolis coefficient, plane wave solutions

of the form

t
; z: Z:t — S'(()) ei(k1x+k2y—g}t)
ulzr, y, ¢ o

can be found for (4.2.1). w is frequency and
k = (ki1,k2)
are the (z,y) components of wavenumber. The wavelength is nbw defined as
L=2r/k

where
k= (ki + k3)'/2.
For nontrivial solutions, the following cubic characteristic equation

w3 + 2irw? — w(r? + f2 + ghk®) — irghk® =0
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(4.2.3a)

(4.2.3b)

(4.2.3¢c)

(4.2.4)



must be satisfied. Dispersion relationships are obtained from its roots.
Two cases are possible; either all three roots are purely imaginary, or one is purely
imaginary and the other two, when multiplied by ¢, are complex conjugates. For the latter

case, the roots are [Se65)

wy =i[A+ B — &7] (4.2.5a)
wy =~ (A - B3/ —i[}(A+ B) + }1] (4.2.5b)
ws =HA— B)3"/2 —i[{(A+ B) + 1] (4.2.5¢)
where
A=(=}b+ a1/ . (4.25d)
B =(—1b—d)'/3 (4.2.5¢)
d? =1b% + Fa° (4.2.5f)
a =f2 4 ghk® — }7? , (4.2.50)
b =g 7[9(ghk? — 2f%) — 27%]. (4.2.5h)
This case arises when
d* > o. (4.2.5¢)

The first root corresponds to a steady current that will decay in time when 7 > 0. The
other two roots correspond to gravity waves (or inertial waves when 7 = k = 0) that travel
at the same speed in opposite directions, and have the same rate of amplitude decay (or
growth). |

The second case arises when

2 <0 (4.2.59)

and produces three nonpropagating, decaying waves. It only occurs for relatively large 7.
When 7 = 0, all wave amplitudes are constant in time. The dispersion relationships

now become [Le78]

w1 =0 (4.2.6(1)
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way =+ (f? +ghk2)l/2.
In two dimensions, phase and group velocity are defined as [Le78]
C =Re(w)k/k?
G =Re (31: g}‘;)
For (4.2.6), the nontfivia] velocities are

C =+ (2 + ghk?) 2k /k?

G = + ghk(f? + ghk?)~1/2,

(4.2.6b)

(4.2.74a)

(4.2.7b)

(4.2.8q)

(4.2.8b)

Waves whose propagation speed C varies with the wavelength are said to be dispersive.

If C is independent of direction, these waves are also said to be fsotropic [L178]. The waves

described by (4.2.8) are isotropic, and nondispersive only when f = 0.

4.3 The Richardson-Sielecki FDM

A FDM which has been used successfully in many tide and storm surge problems.

[He69,He76,Cr76] is the Richardson-Sielecki (henceforth RS) scheme. It invblves calculating

variables on a Richardson grid [Ri22,P163] (also known as Arakawa’s lattice C grid [Me76))

using a particular method of handling the Coriolis terms introduced by Sielecki [Si68)].

Assuming a constant depth and Coriolis coefficient, its difference equations for solving

(4.3.1a)

(4.2.1) are
n+1 n+i n+l n+l
z;ls-H Z?G +h r+l§s Ure 2 vf‘,s-fl Urs : =0
At Az Ay

u?jf re 2 + it =2,

At g Az

1
—é( ff{",, + ot + o e o ,,H) +7 (0un P4(1-0)u "*7) =0 (4.3.1b)

or T onth N 2 — 20

At g Ay
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3 3 3 3 3 1
+£— (u'r’:"’ + u',':fl + u::l’,, + u::{‘:,_l) +7 (01):?2 +(1- 0)1)::"’) =0. (4.3.1¢)

0 is a frictional Weighting 'parameter and Az, Ay, and At are the space and time step
sizes. The elevation and velocity components are seen to be staggered by a half time stép.
The spatial placement of the variables is also staggered, as shown in Fig. 4.1. The scheme
is explicit. When restricted to one dimension, the RS scheme has the spatial discretization

D2 studied in Section 2.3.

———————A X ———>< AX b‘

r-l,s+1 v vr,s+|

ur—l,s Zr_,'s ur,s zr,s ur+|,s Ay
y
vr-l,s Vrvs A
X

ur—|,8—| Zr-l,s—l l"r,s-l : Zr,s-| ur+|,s-l Ay
v A |

r-l,s-1 r,s-|

Fig. 4.1. Spatially discretized variables in the RS or lattice C grid

The dispersion relationship for (4.3.1) can be found by assuming plane wave solutions

of the form
2t ==¢gel(rk1 Azteky Ay—nwAl) (4.3.2q)
ultE —ppellr— Dk BztokeAy—(n+}load] | (4.3.2b)
v:‘j% .__erlfkl Az+(s—F)k2 Ay—(n+3)wAt] (4.3.2¢)
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A nontrivial solution requires
A= 1) {[N = 1+ 7ALON + (1 — 0))]% + X[ fAt cos(} k1 Az) cos(S k2 Ay)]%}
sin®(k1Ax) + sinz(%kgAy))

+4ANGRALZ [N — 1 + 7AHON + (1 — 6))] (

Az? Ay? (4.3.3)

2

At
~\(\ — 1)fAtgh ( AzAp

)sin kiAzsin koAy =0,
where X is again defined by (2.5.4).

For specific values of f, h, Az, Ay, At, and 7, the roots of (4.3.3) are functions of
wavenumber. For 7 = 0, these roots and the resultant dispersion relationship can be
expressed algebraically [He81]. For nonzero 7, the results can be found numerically. In

particular, with Ay = Az, wAt can be expressed in terms of the wavenumber sampling

coordinates (kjAz, k2Az) and the three parameters

A
fi =(—;—’;ﬁ% , (4.3.4a)
fa =(gh)!/ 2% (4.3.4b)
__fAz |
3 —W- (4.3.4¢)

/1 and f2 were also defined in (2.5.9), while f3 is a nondimensional inverse of the radius of -
deformation parameter used in [Me76).
Nondimensional phase and group velocities for the RS scheme are calculated from the

roots of (4.3.3) as

C Re(wAt) (k1 Az, ko Ax)

G2~ fo  (kAzp | (4.3.50)
G I O |
Gz =~ ((WqA:c’ Bsz:c) /()‘f2)) :  (4.3.5h)

An exhaustive comparison of the RS and analytic solutions will not be attempted
here. Two roots of (4.3.3) are associated with gravity waves. They will be studied in
some detail. The third root will be considered only for its stability and its potential
contamination of the gravity wave solution. Whereas kjAz and ko Az will vary over their
complete domain (—m, 7] only a small portion of the (fi, f2, f3,0) parameter space will
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be examined. Subsequent figures for the RS scheme and the FEMs will be shown for
(f1,fs) = (.05,.10). These are typical values for shallow water models at mid-latitudes.

f2 and time-stepping parameters such as § will have order unity (O(1)) or less, and will

generally be chosen for high accuracy of the gravity wave solutions.

ANALYTIC . RS

Fig. 4.2. Analytic and RS dispersion surfaces (Jw|Az/(n(gh)'/?)) for the parameter values
fi = .05, fo = .7071, and f3 = .10. § = 0.5 and Az = Ay for the RS scheme. Dotted
line contours are in increments of .10.

The RS dispersion surface for Ay = Az and (f, fo, f3, ) =(.05,.7071,.10,.5) is shown
in Fig. 4.2. From (4.3.3) it is seen that (k;Az, koAz) and —(k; Az, ke Az) produce the same
values. (This will be referred to as symmetry through the origin.) Hence only positive
koAz need be displayed. The progressive wave (positive w) surface has been shown. A
corresponding retrogressivé surface (negative w) exists and is simply the mirror image
about the (kjAz, koAz) plane of the progressive surface. fo = 271/2 is the maximum
permitted for stability when Ay = Az [He81]. It is also the most accurate value for wave
propagation in the z = 4y direction when f=7=0.

The analytic dispersion surface has been included in Fig. 4.2 for comparison. As seen
- from (4.2.4), it is symmetric about both planes k; = 0 and k2 = 0, and through the

origin. Both the analytic and RS surfaces have a maximum values of approximately 91/2

at (kjAz/m, koAz/m) = (£1,1). If f were equal zero, the analytic dispersion surface would
be a cone with straight sides. With nonzero f, these sides develop a slight curvature.
Mesinger and Arakawa [Me76] show |w|/f contours for the spatially discretized RS
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scheme (the lattice C grid) with f3 = 0.5. It has the same basic characteristics as Fig. 4.2.
Notice that for small wavenumbers and ky =~ ko, RS surface values closely approximate
the analytic.

Fig. 4.3 displays the accuracy .of the RS scheme. It plots the two accuracy measure

functions
An
My=|— (4.3.6a)
|Cnl = |C4|
Mg =20l — el 4.3.6b
Cal (4.3.60)

where X\, 1s the priﬁcipal progressi\-/e numerical eigenvalue, X\,is the analytic progressive
eigenvalue, and C,,, C, are the corresponding p‘hase velocities. v(4.3.6a) is identical to
(2.6.1a) when the principal eigenvalue is dominant. (4.3.6b) is a two dimensional extension
of (2.6.1b). Normalized group velocity vectors for both the analytic and RS solutions are
also shown in Fig. 4.3.

Mo is the relative error in phase velocity magnitude. Since it is calculated as a function
of k, it also equals the relative error in frequency . Negative values denote waves travelling
too slowly while zero values are optimal. For example,‘ —.01 denotes a numerical wave
speed which is 1% too slow. The amplitude measure, M4, is a ratio denoting the growth
(or decay) factor per time step relative to the analytic solution. Vf'xlues greater than the
optimum of 1. signify a solution which decays too slowly or grows too ‘ra,pidly. After n
time steps, the ratio of the numerical amplitude to the analytic is (My4)".

Wave amplitudes are seen to be accurately represented by the RS scheme. However
waves tra.velling to the north-east will be slightly too large while those to the north-west
will be slightly too small. This effect is solely due to the asymmetric treatment of the
Coriolis terms in (4.3.1). -Speciﬁcally, when f3 = 0, both M4 and M become symmetric
about k; = 0. Henry [He8l] discusses alternative treatments of the Coriolis term which
improve aécurécy. | , |

Comparing (4.3.5a) with (4.2.7a) it is evident that all phase velocity directions are
correct. (This may not be true when Az 5% Ay.) There is however some error in |C|. As
with M4, there is an asymmetry about ky = 0 which disappears when f3 = 0. Since the
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M contours are not concentric circles about (k;Az, keAz) = (0,0), the numerical waves
are anisotropic. They remain so when f3 = 0.

The RS group velocity vectors display errors in both magnitude and direction. Analytic
and RS values have not been shown for the case (kjAz, ksAz) = (0,0), which represents
infinite sampling per wavelength. Consistency of the numerical solution however indicates
that for this limit, the RS values approach the analytic. Except for one dimensional
motion (i.e., kyAz = 0 or keAr = 0) directions err toward the diagonal. This suggests
that wave energy, which travels at the group velocity, tends to favour this direction. The
one dimensional 2Az waves denoted by (kjAz, k2Az) = (m,0), (—,0), (0, 7) are seen to
have zero group velocity. This is to be expected since they correspond to saddle points
in the dispersion surface. Zero group velocity has also been calculated for the diagonal
waves of lengthl2l/2A1: which are associated with (kjAz, koAz) = (7, 7) or (—, w). When
7 = 0, calculations based on the dispersion relationship in [He81] show this to occur when

fo < 2712,

4.4 The Galerkin FEM with Piecewise Linear Basis Functions

This section extends the one dimensional analysis of the Galerkin FEM with piecewise
linear basis functions (henceforth GLFEM) to two dimensions. Two simple configurations
of triangle elements are assumed. As might be expected, the particular shape and config-
uration of the triangles affect the accuracy of a FEM implementation. Platzman [PI81]
examines two triangular meshes in his study of FEM tidal models, while Mullen and Be-
lytschko [Mu82] study the effects of four meshes on spatial discretizations of the wave
equation. Both investigations assume linear basis functions.

The two configurations studied here are meant to be illustrative rather than compre-
hensive. They are shown in Fig. 4.4. Both consist of six equal triangles with the three
variables 2(z,y,t), u(z,y,t), and v(z,y,t) defined at each vertex or node. The first mesh
involves right triangles. A mirror image of the particular case Az = Ay is examined in
Mus2.
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Fig. 4.4. Triangular element configurations for the FEM analyses.

The second mesh consists of isoceles triangles and is considered in [PI81]. The special
case of equilateral triangles is studied in [Mu82]. Because of its symmetry, one would in-
tuitively expect equilateral triangles to be more accurate. Indeed, Mullen and Belytschko
conclude that for their problem, this arrangement almost removes the directional depen-
dence of phase velocity. Numerical experiménts [Hi82] have also demonstrated that equi-
lateral triangles are more accurate than right triangles.

Imposing the Galerkin condition with the basis function corresponding to node Ny in

element 1, the spatially discretized versions of (4.2.1) become

9 1 1
a[fzo'*'ﬁ(Z]+22+23+z4+25+26)]
2 uy — uy 1/ ug— us 1 /[ ug— us
UHEIEH G EH =
2 vy — v 1/ve— v 1 fvg—v5
h|- - - =0 4.2.1
[3( 24y )+6( Ay )+6( Ay )] (4.2.1a)
d 1,4 1 |
=+ 7 ) [3uo+ f5(ur + uz + ug + ug + us + ug)]

ot
2(z1— 24 129 —23 1(25— 2z
+g-[§( 2Az )+6( Azx )+§( Az )]

———f[%vo+1!2(v1 +v2+v3+v4+v5+v5)] =0 (4.4.1b)
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2+1' [’v+1(v.+v+v+v+v+ ]
3 30 + 13(v1 + ve + v3 + vg + v5 + vg)

2(z3— 2z 1/290—2 1 (24— 24
+"[3( 2Ry )+6( Ay )+6( Ay )]

+f[Juo+ flur +uz +us +ug +us + ug)] = 0. (4.4.1c)

The algebra required to derive these ODEs is facilitated by the triangular area coordinates
described by Pinder and Gray [Pi77]. |

The analogous result for element 2 is

9 1y 1
a[zZo+rg(21+22+23+24+25+26)]
2 (u; — uy 1 [ us — us3 1 [ ug— us
+h[3( 2Ar )+6(-Ax )+§( Az )]
| 1{v9— vg 1{vs—uvs i _
h[2( Thy )+§( 2hy )]_0  (4.4.20)

0 1 . .
E-}-T [2u0+1—2(u1+u2+u3+U4+u5+u5)]

221 — 24 1f20—23 1/(25— 25
+g[ (2A:c )+6( Az )+§( Az )]

—f [%vo + T‘g(vl + vy + vz + vy + v5 + vs)] =0 (4.4.2b)

Wi

4 1 1
+7 ) [3vo + F5(v1 + v2 + v3 + vg + v5 + v5)]

ot
1 (29— 2z 1 (23— 25
+g[2( 24y )+5( 24y )]

+f [%UO + jli(ul + ug + uz + ug + us + u(;)] = 0. (4.4.2¢)

Assuming plane wave solutions of the form

z(rAz,sAy,t .
( . y ) _ (;}:) ) ez(rkl Az+eks Ay—wt)’ (443)
v

rAz, sAy,t
Vo
dispersion relationships solely due to these spatial discretizations can be found. They are

rAz,sAy,t

calculated from the cubic polynomials which result when requiring nonzero values for ¢,

fto, and vg. For element 1, the cubic is

Az? T Ay?

. Gt G
_zrgh(sz + A_;?') =0
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where

A=} + }cos k1 Az + cos k2 Ay + cos(k; Az + k2 Ay)) (4.4.5q)
G, =%sink;Az — }sinkoAy + %sin(kle + k2 Ay) (4.4.5b)
Gy =%sinksAy — }sink) Az + }sin(k1Az + ko Ay). (4.4.5¢)

Walters and Carey {Wa83] obtain this result for the particular case f = 7 = 0 and
Az = Ay. With f = 7 = 0 and either k; or k2 ~qual to zero, the nontrivial dispersion
relationships arising from (4.4.4) and (4.4.5) reduce to the one dimensional result (2.3.3).

For element 2, the cubic polynomial is unchanged but

A=1+}cos kle + 4 cos(3k1Az) cos ko Ay (4.4.64a)
G, = %[sm k1Az + sin(3ky Az) cos kp Ayl (4.4.6b)
Gy = sin n koAy cos(1k1Axz). _ | (4.4.6¢)

Again, with f = 7 = 0 and k; = 0, the nontrivial dispersion relationships simplify to the
one dimensional result (2.3.3). With equilatefal triangles, this simplification also occurs
when k; = 3!/2k,.

Phase velocities, group velocities, and wave amplitude decay factors can be calculated
from the roots of (4.4.4). However, as was seen in Chapters 2 and 3, their accuracy does
not always indicate the accuracy of the fully discretized numerical solution. In some cases,
a subsequent time discretization may partially cancel the errors arising from the spatial
discretization, thereby making the fully discfetized equations more accurate. It is therefore
best to continue the analysis by introducihg a particular time-stepping method for solving
the system of ODEs given by (4.4.1) or (4.4.2). |

The one dimensional analysis in Chapter 2 suggests that Crank Nicolson (CN) is the
best time-stepping method. to use in combination with a Galerkin FEM and piecewise lin-
ear basis functions. Although CN time-stepping may not be most accurate for all two
dimensional wave directions, it will be more efficient than other implicit two-step methods
and it should avoid problems with spurious numerical solutions. In fact, combining any
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other linear two-step method with this spatial discretization leads to six numerical disper-
sion relationships; three of which are spurious and not present with the CN method. For
these reasons, the subsequent analysis will assume CN time-stepping. However, the same
approach can also be followed with any other two-step method.

Dispersion relationships for the fully discretized equations are calculated by assuming

the plane wave solutions

Z S0\ ks Arteks Ay—nwA
u = po |eilrkrAz+ekzdy—nuwAl) (4.4.7)
v 1241

Assuming nontrivial solutions then leads to a characteristic equation whose roots are the

rAz, sAy, nAt
rAz,sAy, nAt
rAz,sAy, nAt

numerical eigenvalues X. With CN time-stepping, these values may also be calculated as

1:
- iTz:%E%j (4.4.8)
where wyg is a root of (444) This result follows from (2.7.8). Dispersion surfaces, phase
and group velocities, and wave amplitude decay factors can now be calculated from the
Xs.

In order to compare the relative accuracy of elements 1 and 2 in Fig. 4.4, the total
area of the elements should be considered. Since both elements have the same storage
requirements for the nodal variables, equal area implies equal storage costs for a model of
pre-specified spatial dimensions. Accuracy can then be compared on an equal-cost basis.

In particular, consider Az = Ay in element 1, and equilateral triangles with sides of length

d in element 2. Equal area then requires
d=(4/3)/4Az. (4.4.9)

In order that the accuracy of these two FEMs might also be compared to the RS results,

the parameters of (4.3.4) should be re-defined for triangular elements. Specifically

2Ar 1/2
N =r( T ) (4.4.10a)
1/2
fo= (2”/’1’_ ) At (4.4.100)
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1/2 -
2A’) (4.4.10c)

fi=f (_g—h_
where A, is the area of each triangle in the respective element. With Az = Ay in element
1, (4.4.10) and (4.3.4) become equal.
With equilateral triangles, it is convenient to re-define Gy in (4.4.6¢). In particular,
setting
G, = [2sin k2 Ay cos(Lk  Az)]/3!/2 (4.4.11)

with Az = d and Ay = 3'/2d/2 permits the replacement of G,/Ay with G,/d in (4.4.4).

ELEMENT -1: - ELEMENT 2:
RIGHT TRIANGLES. BX=0DY EQUILATERAL TRIANGLES

LN
720
772N

<7
N
<>\\

SPATIALLY DISCRETIZED
SOLUTION

FULLY DISCRETIZED
SBLUTIOGN

Fig. 4.5. Dispersion surfaces (Jw|Az/(7(gh)'/?)) for the GLFEM with CN time-stepping.
Parameter values are fi = .05, fo = .7071, f3 = .10. Dotted line contours are in
increments of .10.

Fig. 4.5 shows dispersion surfaces for the same parameter values as in Fig. 4.2,
namely (fi, fo, f3) =(.05,.7071,.10). It also has the same scale and is viewed from the
same perspective. Surfaces are shown for both elements of Fig. 4.4 and both the spatially

discretized and fully discretized equations. Again, only positive k3 Az need be displayed
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since (4.4.4) is symmetric through the origin for element 1, and both through the origin
and about the kod axis for element 2.

Fig. 4.5 has several notable points. The first is that there is little difference between
the spatially discretized and fully discretized surfaces. This implies that virtually all the
inaccuracy of the fully discretized equations is due to the spatial discretization. Hence CN
has scarcely affected the accuracy. This may not be true for all time-stepping schemes.

Each of the dispersion surfaces in Fig. 4.5 is symmetric. Considering the symmetries in
the elements themselves, these are to be expected. The surface for element 1 is symmetric
about the planes ko = k; and k2 = —k;. The element 2 surface is symmetric about
ko = kytan @, where ¢ = 30°,60°,90°, 120°, or 150°.

- The most striking feature of both surfaces is their poor accuracy for higher values of
wavenumber sampling. Accuracy is reasonable for small wavenumbers (i.e., kAz/7m < 0.1)
but it deteriorates as kAz increases. This is consistent with the one dimensional analysis
of Chapter 2. Particularly disturbing are the frequency valleys. For the case 7 = 0, the

nontrivial roots of (4.4.4) are

1/2
G2 G2
W=+ [f2 + /g_lf (A—;z + A_;%)] . (4'4'12)

Assuming Az = Ay, minimal values of |w| occur when

Gi=Gl=0. (4.4.13)

In particular, for element 1 they occur at the following seven values of (kjAz/w, koAz/7):
(0,0, (1,1), (-1,1), (0,1), (1,0), (-1,0), (2, %). The latter corresponds to a diagonal wave of
length (4.5)!/2Az, while the fourth, fifth, and sixth minimal values are associated with one
dimensional 2Az waves. The second and third minima correspond to diagonal waves of
length 2!/2Az. (In a two dimensional grid, plane waves shorter than 2Az are possible.) All
these waves have the inertial frequehcy f. In the particular case when f = 0, w = |C| =0
“at these seven points. Hence the progressive and retrogressive surfaces touch. These seven
minimal values for |w| are perturbed slightly by the nonzero values of f in Fig. 4.5.
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For element 2, the surface minima occur only for the (kid/m, kod/7) values of (0,0),
(1,37%/2), and (=1,37Y/2). The latter two correspond to waves of length 3!/2. A similar
minimum also exists at (0, 2(3)~!/2) but is not shown.

Comparing accuracy on the basis of equal area now means that kyAz £ k)d. That is,
even though waves may have the same lengths on the element 1 and element 2 meshes, their
sampling rates per wavelength will differ. The shortest one dimensional wave supported
by element 1 is 2Az while for element 2 it is the slightly longer value of 2d. In order to
permit accuracy comparisons on the basis of wavelength, the kjd and kod axes should be
scaled. This is done in Fig. 4.6.

Fig. 4.6 shows My, Mc, and G/(gh)'/? values associated with the fully discretized
dispersion surfaces of Fig. 4.5. Both elements configurations produce wave amplitudes
which are too large and phase velocities which are too small. However for both M, and M,
when kjAz/m < 0.5 the element 2 contour levels are further away from (ky, k2) = (0, 0)
than those of element 1. This irﬁplies that element 2 is more accurate for longer waves.

Comparing Fig. 4.6 with Fig. 4.3, one cannot conclude that either numerical scheme is
consistently more accurate. Generally the RS scheme is more accurate, however there are
some regions near (k;Ax, keAz) = (0,0) where the GLFEM schemes are better for both
wave amplitude and phase velocity.

The accuracy of the GLFEM numerical group velocity deteriorates significantly as the
wavenumber increases. Errors exist in both magnitude and directioh. In fact, for some
short waves, G is not only much too large but also in virtually the opposite direction from
what it should be. Group and phase velocities which are not co-directional signify energy
propagating in a different direction than the wave crests. Although this should not occur

for shallow water wavés, it is clearly seen to do so for both the RS and GLFEM schemes.

4.5 Thacker’s Irregular Grid FDM

Thacker [Th77,Th78,Th78b] has recently presented a technique for defining FDMs over
irregular grids of triangular elements. The underlying concept is that in the vicinity of
a triangle, the partial derivatives of a function can be approximated by the slopes of a .

-
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plane determined by the values of the function at the vertices. At a vertex, the partial
derivatives are then approximated by a weighted average of the approximations in each of
the triangles which contain that vertex. For equal area triangles such as those of Fig. 4.4,
the resultant spatial derivative approximations are equivalent to those for the GLFEM.
In fact, for elements 1 and 2 respectively, the spatially discretized equations are simply
found by replacing all terms of the form 3zo + {5(z1 + 22 + 23 + 24 + 25 + 2) in (4.4.1)
and (4.4.2) with zp. As Wang [Wa78] points out, this means that the spatial discretization
for Thacker’s method is simply a lumped mass matrix version of the Galerkin FEM with
piecewise linear basis functions.

Thacker employs an explicit léapfrog time-stepping similar to the RS scheme of Section

4.3. For solving (4.2.1), his fully discretized equations may be generalized to

Zn+l n n+1/2 n+l/2 A
<7 (j ‘ ) ) (4.5.1a)

; —u; 0z
J J A g1 r_x+1/2 _ n—1/2
- +g(62 R GRS RN
+r{0ul 2 4 (1 )] 1/"’]_0 (4.5.1b)
n+1/2 n—1/2 n
v, — v 0z _
J J o=z n+1/2 _ n—1/2
A7 +g 3y J_+f[0u'1 +(1-0)u; ]
+7l00] P (1— 0} =0 . (45.1¢)
where ‘
0 0
(5‘; and 5&

denote the spatial derivative approximations. For elements 1 and 2, these approximations
are identical to those in (4.4.1) and (4.4.2). The particular scheme discussed by Thacker
has 7 =0 and 6 = 1.

Assuming a uniform grid of equilateral triangles and f = 0, Thacker [Th78b] calculates
dispersion relationships for his scheme. ‘These results can be extended to include the
element 1 grid with Az = Ay, and to allow for nonzero friction and Coriolis. For both
grids, the spatially discretized relationships are simply found by setting A =1 in (4.4.4).
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Assuming plane wave solutions, the characteristic equation arising from (4.5.1) is

A= 1) {ML+ 07AL) — 1+ (1 — O)r AL + (fAENO + (1 — )}

2 o2 4.5.2
+gh AN 1 + 67AL) — 1+ (1 — O)r Al (f:z + A—;;) =0 . (45.2)

with G, Gy defined as in (4.4.5), or (4.4.6) and (4.4.11). With 7 = 0, the respective

dispersion relationships for elements 1 and 2 are

1— (fA126(1 — 0) — Lgh(At/A2)2G,,

v .

cos wA | T (07 ALP (4.5.3a)
_1=(fAH%0(1 — 8) — gh(At/d)’G., '

coswAt = T+ (0/Al) (4.5.3b)

where Gy =G2 + Gz. ' (4.5.3¢)

With f = 0, (4.5.3b) simplifies to Thacker’s relationship.
For comparison, when Thacker’s time-stepping method is combined with the GLFEM, -
the dispersion relationships are still expressed by (4.5.3a) and (4.5.3b) but have

G+ G?
Ty — —21'42—"—11- (4.5.4)
Necessary conditions for stability can be determined from (4.5.3) by requiring
—1 < coswAt < 1. ' (4.5.5)

" For equilateral triangles, Thacker obtains the following conditions for his scheme and the

FEM with similar time-stepping

(gh)‘/z% = f} <1.70437 | (4.5.6a)

and f3 <0.90288. (4.5.6b)

These conditions assume f = 0 and § = 1. For element 1 with Az = Ay, the analogous

conditions are

(gh)l/zg = f, <1.4142 (4.5.7a)
and J2 <0.79830. (4.5.7b)
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. On the basis of equal area, element 2 has less restrictive stability constraints than
element 1. Furthermore, for both grids Thacker’s scheme is less restrictive than its GLFEM
counterpart. This implies that Thacker’s scheme can use a larger time step. Increased
stability with lumping is also noted by Strang and Fix [St73].

Thacker claims that his scheme is most accurate with the maximum possible time step.
This can be verified with an asymptotic analysis.

With 7 = 0, the analytic dispersion relationship for the configuration of equilateral
triangles is

»1/2

WAL= £ [(AY? + (BPE +n?)] (1.5.8)

where £ = k;d and 5 = kod. When f} is O(1) and f3 and kd are is small, Taylor expansions

then give

coswAl = 1 — §{(FA° + (F5(E2 + 0P+ KISAN + (BAE + 0 (459)

to powers of order 4.

With equilateral triangles and small values of € and ¢
G2+ G2~ €+ 07— L + %) (4.5.10)
Substitution into (4.5.3b), and matching terms with (4.5.9) then shows that

f =3'/* (4.5.11a)

and 0 =3 : (4.5.11b)

produce the best approximation of the analytic dispersion relationship. It also shows that
accuracy increases as f approaches 3!/2 from below. This verifies Thacker’s remarks.
Notice that the optimal value of f} is slightly larger than the st:ibility limit given in
(4.5.6a).

For right triangles with Ar = Ay, a similar analysis is less conclusive. Accuracy of
the numerical method is now dependent on wave direction as well as f;. In particular, the

1/2
f2= 2(1 + ) (4.5.12)

optimal fs value is
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where £ = k;Az and § = k;Az. This implies a minimal optimal value of 2!/2 when

€ = —n. As seen from (4.5.7) this is also the maximum stable value. § = } still provides

the most accurate representation of the Coriolis terms.
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SOLUTIOBN

Fig. 4.7. Dispersion surfaces (|w]Az/(n(gh)'/2)) for Thacker’s method. Parameter values
are fiy = .05, fo = .7071, f3 = .10, § = 1. Dotted line contours are in increments of .10.

Fig. 4.7 shows the dispersion surfaces for the spatially and fully discretized versions
of Thacker’s scheme. It has the same parameter values, scale, and perspective as Fig. 4.2
and Fig. 4.5. The spatially discretized surfaces are simply lumped versions of those in Fig.
4.5. They have the same characteristic shape but, as seen from the dotted line contour
levels, have smaller values. Again, the time-stepping method has little effect on the fully
discretized surface values. The symmetries and location of the surface minima are the
same for Fig. 4.7 as for Fig. 4.5. This irhplies that as with the GLFEM, problems with |
short waves can also be expected with Thacker’s scheme.

Fig. 4.8 displays the two accuracy measure functions and group velocity vectors corre-
sponding to the surfaces of Fig. 4.7. As with the GLFEM, the element 2 mesh is generally
more accurate than the element 1. Fig. 4.9 is similar but has the near optimal parameter
values f = 1, and fo = 1.40, fo = 1.826 (f} = 1.70) for the right triangle and equilateral
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triangle cases respectively. As thepry predicts, Fig. 4.9 does display more accurate phase
velocity magnitude and group velocity for small wavenumbers. The amplitude ratios are
also more accurate, though they are too large in Fig. 4.9 and too small in Fig. 4.8. No-
tice that for small increasing wavenumbers, Fig. 4.9 shows an improvement in amplitude
accuracy.

A comparison of Fig. 4.8 and Fig. 4.6 demonstrates that mass lumping can cause an
accuracy loss. However, to some extent, the different time-stepping methods for the two
techniques has influenced the accuracy measure values. Replacing the CN time-stepping
used with the GLFEM of Fig. 4.6 with Thacker’s time-stepping, actually improves, for
the same parameter values, the element 2 accuracy. However, Thacker’s scheme remains
less accurate for bothvelements. | |

A comparison of Fig. 4.9 with Fig. 4.6 is also revealing. It illustates that an optimal
Thacker scheme can be more accurate for long waves than the GLFEM. Considering the
much smaller costs of running Thacker’s scheme, this is a significant result. However,
the most accurate Thacker scheme is not more accurate than the most accurate GLFEM,
since the latter improves as f; decreases. But a less accurate implementation of Thacker’s
scheme can always be made as accurate a GLFEM by increasing its spatial resolution.
Thacker claims that even with the associated cost of this refinement, his scheme will
be cheaper because of its explicit nature. Further cost and accuracy comparisons with

Thacker’s method are given.in Section 4.8.

4.6 A Mixed Interpolation FEM

In this section, the mixed interpolation FEM (henceforth GMFEM) studied in Section
2.7 is extended to two dimensions. Piecewise linear basis functions are used for the spatial
approximations to z(z, y,t) while piecewise quadratic functions are used for both u(z, y, ¢)
and v(z,y,t). Walters and Cheng [Wa79,Wa80] have successfuly used this FEM for their
tidai models of San Francisco Bay. |

As in one dimension, two types of quadratic basis function are required. In addition to
" basis functions associated with the corner nodes illustratéd in Fig. 4.4, there are also basis
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Fig. 4.10. Nodes for the mixed interpolation FEM.
functions associated with midpoint nodes. All midpoint and corner nodes for element 1
are shown in Fig. 4.10. Approximations to 2(z,y,t), u(z,y,t), and v(z,y, t) now have the

form

2? yv ZSH ¢,(:L' y) (4.6.1(1)
=1 .
i(z, v, 1) Em (i, v) +Zu,(t)¢, (z,5) (4.6.18)
1=1 J=1
N¢ .
Wz, y,t) = vi(t)pilz, y) + Zu, {z,9) (4.6.1¢)
=1 J=l1

where N, and N,, are the number of corner and midpoint nodes respectively, ¢; is the
piecewise linear basis function associated with corner node ¢, ¢; is the piecewise quadratic
basis function associated with corner node ¢, 17)1- is the piecewise quadratic basis function
associated with midpoint node j, and ¢;, p;, v, fi;, U; are the time dependent coefficients
for these basis functions. Residual continuity and momentum equations are formed by
substituting these approximations into (4.2.1).

 In calculating a numerical dispersion relationship, it is assumed that the solution in
each region of the domain is obtained in an identical manner to the solution in every other
region [Pi77]. This assumption means that the calculation of plane wave solutions can be
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restricted to a small representative region of the domain. Inspection of Fig. ;1.10 reveals
that all eighteen nodes can be grouped into four classes: corner nodes, and midpoint nodes
along vertical, horizontal, and diagonal sides. Three types of midpoint node are required
because each has a different afrangement of other nodes around it. This means that each
will then have different approximations to the (8/dz) and (3/3y) terms in (4.2.1).
Assume that Np, N7, Ny, and Nj; are representative nodes of each of the four types.
(All other nodes can be obtained through one of the following basic shifts: (+Axz,0),
(0, +Ay), +(Az,Ay).) It is sufficient to consider only the Galerkin conditions that arise
from the basis functions associated with these four nodes. With reference to Section 1.3,
these Galerkin conditions are formed by using
i) the linear basis function associated with Ny as the weight function for the continuity
equation residual, |
ii) the quadratic basis function associated with Ny as the weight function for each of
the two momentum equations residuals,
iii) the quadratic basis functions associated with N7, Ng, and Nj; as the weight func-
tions for each of the two momentum equation residuals.

The spatially discretized equations that arise when following this procedure are:

3 1 1 '
a—t[§Zo + -ﬁ(zl + 29 + 23 + 24 + 25 + 25)]

h
+§—A—[u7 — w13 + §(us — unr + ug — upz + ugg — wys + w17 — 1)) (4.6.2a)

3A ——[v11 — v17 + §(vg — vig + V1o — V7 + V12 — V15 + V13 — V1) = O

5 .
5t 7)[uo — fFolu1 + ua + us + ug + us + ug) — §(us + uro + urz + w14 + uge + uss)]
—flvo — fg(v1 + vo + v3 + vg + v5 + vg)
(4.6.2b)
-—;l;(vs + v10 + V12 + V14 4 U1s + vlg)] =0

(Bt + 7)[vo — Fg(v1 + ve +vs+ v+ s + v) — §(vs + vio + vi2 + V14 + V15 + Vys))

f[‘uO—Tg(’ul+U2+U3+U4+U5+us)
_ (4.6.2¢)
—3(ug + w10 + w12 + ug + ugs + ugg)) =0
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o 2¢9
= + 7)[—Fs(uz + ug) + Fur + Flug +ug + uir + 1118)]+3A (21 — 20)

ot
—fl—25(ve + v) + LBor + F(vg +vg + Un +vig)] =0 (4.6.2d)
0
(6t +7)[— 7{5(”2 +vg)+ Bor+ Flos+ v +vir + vxs)]+ (22 — 21+ 20 — 25)
+f[—Fs(uz + us) + ur + Flus + g + w7 + uss)] = 0 (4.6.2¢)
(8t +7)[—F5(us + u1) + LBug + Flur +ug +ugo + Uu)]+3A (21 — 20 + 22 — 23)
— fl=5(vs + v1) + Yoo + A(vr + v5 + vio + v11)] =0 (4.6.2f)
d
(57 + l=as(vs +v1) + Foo + Flor + v +vio + v11)+-—3A (22— 21 + 23 — 20)
+fl—5(us + 1) + $fuo + A(ur + ug + uro + up) =0 (4.6.2g)
0
(at + 7)[— 25 (u2 + ug) + o + F(ug + uro + iz + u13)1+3A (22 — 23 + 20 — 24)
—fl=25(v2 + vg) + Lo + F(ve + vio+ viz + v13)] =0 (4.6.2h)
d
(at +7)[- —5(02 + vg) + —5011 + -5(09 + vi0 + V12 + v13)]+3A (23 — 20)

+ Sl (w2 + ug) + Bunn + F(ug + uro + urz + ui3)] = 0. (4.6.24)

All these equations were calculated using friangular area coordinates described and illus-
trated in Pinder and Gray [Pi77, pg. 96-101]. Notice that the momentum equations arising
from the basis function associated with Np have no (0z/0z) or (9z/dy) approximations. At
first glance, this is somewhat disconcerting. However upon reflection, it suggests that these
equations serve the purpose of linking the four types of velocity, rather than approximating
the momentum equations per se. Since all nine equations must be solved simultaneously,
approximations to the (9z/dz) and (3z/0y) terms in (4.6.2b) and (4.6.2¢) actually arise
through coupling with the other equations.

Plane wave solutions to (4.6.2) have the same form as (4.4.3) but the complex constants
1o and vg must each be replaced with a sum of four constants, one for each type of velocity
approximant. In order to have nontrivial plane wave solutions to (4.6.2), the determinant

of a 9 by 9 matrix must now be zero. This matrix is

—10)(% + %A) . 2ht PT 2ht PT
%%Pl (—tw+7)M -—fM (4.6.34a)
ZP, M (—iw+1)M
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where .
g(l—%A) —Cg —C4 =—Cp

—_ —Cg 8 4co  4c3
M T e 4 8  dor (4.6.3b)
—Cs "4c3  4c¢y 8
0 0
P =g ! Py = s, | © 4.6.3
1==381] ., 2= 82| o (4.6.3¢)
c3 1
and
sy =sin(1k1Az) sg =sin(}keAy)
¢1 = cos(Lk1Az) co = cos(3k2Ay)
(4.6.3d)

c3 = cos(1k1Az + LkaAy) ¢y =cos(Lk1Az — LkoAy)
cs = cos(k1Az + L ke Ay) cg = cos(%,klAz + koAy)
A = cos ki Az + cos ko Ay + cos(k1 Az + ka2 Ay).

One check of these algebraic calculations is to confirm that the matfix reduceé to the
one dimensional result whose determinant is (2.7.3). This can be done by projecting the
configuration of triangles in Fig. 4.10 ont6 the z-axis. Applying this projection to (4.6.3)
requires setting f = koAy = 0, and dropping the momentum equations and the matrix
columns associated with the velocity component v(z, y,t). As Ay — 0, Ny coalesces with
N7, and Ny coalesces with Np. The four u(z,y,t) approximants therefore reduce to two,
as they should for one dimension. Adding the momentum equations associated with the
coalescing nodes now produces a 3 by 3 matrix that is identical to the one dimensional
matrix in Section 2.7.

Despite the structure of the 9 by 9 matrix, manual calculation of its determinant is a
huge undertaking, prone to many errors. In order to avoid these difficulties, the algebraic
manipulation package REDUCE was used instead. This package was able to calculate
the determinant, but the resultant expression was so long and complicated that it was
essentially useless. Even with the simplification f = 0, the algebraic expression for the
determinant required 600 lines of computer output!

Were the result not so complicated, the next step would be to re-arrange the deter-
minant expression into a polynomial of order 9 in w. Then with the aid of a numerical
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routine for finding polynomial roots (e.g., from the NAG or IMSL libraries), nine values
of w could be calculated for specific values of (kjAz,k2Az). Of these nine values, two
would be principal roots and the other seven would be spurioﬁs. Assuming Crank Nicol-
son time-stepping, numerical eigenvalues for the fully discretized equations could then be
calculated with (4.4.8). From these Xs, frequencies, phase velocities, and amplitude decay
factors, could be calculated as they were for the GLFEM. Group velocity calculations,
however, would require differentiation of the polynomial and could be quite messy, even
with REDUCE. Approximations to G through the use of difference approximations to the
partial derivatives would be much easier. |

An analysis of the GMFEM with the equilateral triangles of element 2 would encounter
the same difficulties. Three distinct midpoint nodes would again be required for velocities
in the 0°, 60°, and 120° directions, and the determinant of a 9 by 9 matrix would also be
required to calculate the spatially discretized dispersion relationships.

In short, the GMFEM can be analysed in a similar manner to the GLFEM. However,
mﬁch more work is involved. It was felt that the effort would not justify the results, so no

further calculations were made.

4.7 The WEM and LWEM

This section extends the results of Chapter 3 to the two dimensional triangular elements
of Fig. 4.4.
The linearized, two dimensional, constant depth version of the continuity equation

solved by Lynch and Gray [Ly79] is

9%z 0z 9%z 9%z v Ou

It is solved in combination with the momentum equations (4.2.1b) and (4.2.1c). The char-
acteristic equation for this system of PDEs is simply the product of (4.2.4) and (—iw + 7).
Consequently, replacing (4.2.1a) with (4.7.1) produces an additional dispersion relationship
whose associated solution is a stationary wave that decéys in time when 7 > 0. This same
effect was noted in .one dimension.
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Since Lynch and Gray employ piecewise linear approximating functions, imposing the
Galerkin conditions to the Laplacian term in (4.7.1) necessitates an integration by parts.
For the basis function associated with node Ny in element 1, the spatially discretized

Galerkin equation arising from (4.7.1) is

6—2+T—-8— [20 + f5(21 + 22+ 23 + 24 + 25 +
o2 T | Etnlatatatats zg)|
2{vy— vy 1/fv—vs 1/{vs—uvs
+hf[§( 2Ax\)+g( Az )+§( Azx )]
2 [ us— ug 1/ us—uy 1 /[ ugy—us »
+1[5(m) s () s (M )

21—2204+ 24  23—22 4 2
—gh = 0.
! [ AzZ T Ay ]

(4.7.2)

The analogous result for element 2 is
92 0\ 1
5{54‘7& [520+T§(21+22+23+24+25+25)]
2 V1 — V4 1 Vo — Us 1 Vg — Us |
+hf{3( 24z )+6( Az )+5( Az (47.3)
1/ us— ug 1 /[ ug— us 21— 220 + 24
—hfl=( =222 - — ol e
)2 () - (2

h 3
—A%g[%(zz — 21— 20+ 2z6) + §(23 — 20 — 24 + 25) + (322 + 23 + 25 + 25) — 220)] = 0.

The associated spatially discretized momentum equations are given by (4.4.1b), (4.4.1c), .
and (4.4.2b), (4.4.2¢) respectively.

Assuming plane wave solutions of the form (4.4.3), dispersion relationships can be
found for these spatial discretizations. In both cases they are derived from the roots of

the polynomial

wt + 3irwd — (372 + f2 + 2ghB/A) — irw'(r2 + 2+ 4ghB/A)

B fi{a: G2 (4.7.4)
h 2 0 4 T Yy = 0.
+gh |2(7 +f)A A2(Ax2+Ay2 0
For element 1, A, G, and G, are defined by (4.4.5) while
1—coskjAzx 1—cosksAy
B = - A2 + Ay . (4.7.54)
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For element 2, A, G, and G are defined by (4.4.6) while

__1—cosk)Az + %(3 + cos k1 Az) — cos(a‘jklA:c) cos ko Ay

B
Az? Ay?

(4.7.5b)

The .fully discretized wave equations are dbtained by applying the time-stepping ap-
proximations (3.3.1) to the spatially discretized system of ODEs. Again 6 is the weighting
parameter for the gravity terms, and e, is the weighting parameter for the friction terms
in the momentum equations. All Coriolis terms are evaluated directly at time level n.
Consequently, the fully discretized continuity equation does not involve velocities at time
level n + 1, although the momentum equations do require elevations at that level. This
permits a computational time saving since the continuity and momentum equations may
now be solved sequentially rather than simultaneously.

The two dimensional dispersion relationéhips for the fully discretized equations are
calculated by assuming plane wave solutions of the form (4.4.7). With G, G, A, and B

defined appropriately for elements 1 and 2, the characteristic equation is

[T1 + §7AET2 + 2gh(AL)* Y4B/ A|[T5 + 4T AT To + 4(AP (P2 T2 + f227)]

_AghNf2re(Ant [ GE N G2 o (4.7.6a)
A? Azz T Ayt |

where

Ty =(h—-1)?° (4.7.6b)
To =X\ —1 (4.7.6¢)
Ty =30(0% + 1) + (1L — O))\ | (4.7.6d)
To =1a(Z2+1)+ (1 — )\ (4.7.6¢)

Two roots of (4.7.6) approximate the gravity wave solutions (4.2.5b) and (4.2.5¢). They are
the principal roots. The remaining four roots are either approximations to the stationary
modes w = —i7 and (4.2.5a), or spurious roots.

A linear stability analysis of the WEM is difficult when f is nonzero. However, neces-
sary stability conditions with realistic nohzero values of f should only be perturbations of
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the conditions derived by assuming f = 0. Therefore, the restrictions obtained by assum-
ing f=20 should be close to those required with nonzero Coriolis. Numerical computations

confirm this.

When f =0, (4.7.6) reduces to

Q195 =0 | (4.7.7a)
where Q=T+ %TAtTg + 2gh(At)2TgB/A (4.7.70)
and Q2 =Ta2+ 27AtT,. (4.7.7¢)

This result is similar to the one dimensional characteristic equation , Q;Q2 = 0, specified
by (3.3.2). Specifically, @2 is identical to (3.3.2a), and @; can be expressed as (3.3.2b)
when E? is defined as '

E? = 2gh(At)’B/A. (4.7.8)
- This similarity implies that the one dimensional stability analysis can be followed here.

The roots of Q9 are parasitic. In one dimension, they are stable when [Ly79]
a >4 (4.7.9)

In two dimensions, each of the parasitic roots has multiplicity 2, thereby requiring the
more restrictive condition o > % As discussed in Section 3.8, & = 1 is a good choice since
it generally ensures that the spurious root magnitudes are less than those of the principal
roots.

The propagating principal roots of @; are stable when
2 1
6> _ﬁ(l + 37At) (4.7.10a)
for all E? and 7At. The nonpropagating principal roots are stable when

1 4 |
0> 2 (1 - ﬁ) . (4.7.100)

for all E2. Assuming positive 7At, the second condition is more restrictive. For element 1

with Az = Ay, it reduces to

1 1 |
o>L(1- L 4711
= 2( 6.4641 fg) (47.11a)
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while for the equilateral triangles of element 2, it becomes

1 1

- With ky A= 0, E? is identical to its one dimensional counterpart. Hence all the roots
and the stability constraints reduce to those in (3.3.3) and (3.3.4). Setting k; = 0 is
equivalent to projecting both elements of Fig. 4.4 onto the y-axis. The six nodes coalesce
to three nodes which are uniformly separated by Ay. Consequently, it is not surprising
that the two dimensional characteristic equation is closely related to its one dimensional
counterpart.

In one dimension it was possible to choose a value of # which produces the most
accurate WEM dispersion relationship. This is also possible in two dimensions. Assuming

f=1=0, the-principal numerical eigenvalues are the roots of the quadratic
(A = 1)2 + 2gh(A?[26032 + 1) + (1 — 0))B/A =.0. (4.7.12)

With element 1 and Az = Ay, substitution for A\ leads to the dispersion relationshipl

1-(1—6)D
cos wAt ='l—+é-5— (4713(1)
. 20 _
where D= f3(2 — cos € — cosm) (4.7.13b)

3 + 3(cos € + cosn + cos(€ + 1))
and as before, § = k1Az, n = koAz. This dispersion relationship can be compared with
the analytic result for small £ and 7. |

An asymptotic expansion for D is
D =~ fF[3(€* + n*) + (8 + %) + Hén(E8 + %) — K(€* + n*)). (4.7.14)
Assuming |#D| < 1, substitution in (4.7.13a) then gives

coswAt ~1— %f22(£2 +n%) + (% + '72)2(%0f24 - Tlff22)

(4.7.15)
— & 5 1En(€% + %) — §(€* + 1Y),
Matching this expansion with the corresponding analytic result
coswAt oz 1 - f3(€2 + n°) + 41 f(€% + n*)? (4.7.16)
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does not yield one value of # which is best for all wave directions. In particular with

n = s, matching terms in (4.7.15) and (4.7.16) requires

1 1 2 14 84

1
0= - — )
6+3f22+6f22 1+s82 (14 8%)2

(4.7.17)

With s = 0 or s == 00, (4.7.17) reduces to the one dimensional result (3.6.12). This value
produces the most accurate representétion of wave propagation along either axis of element
1 in Fig. 4.4. However for waves propagating along the diagonal (i.e., s = 1), the optimal

time-stepping parameter is
M
123

% (4.7.18)
With fo = 2712 these two optimal values are appreciably different, namely 1 and 1.

Accuracy which varies with wave direction is clearly undesirable. It implies that grid
orientation can affect the model accuracy and that by simply changing direction, a wave
may be less accurately represented. Fortunately, with the preceding simplifying assump-
tions this directional dependence can be avoided with equil.ateral triangles.

With & = kid, n = kod, and rd = Ay, the dispersion relationship for element 2 is
again given by (4.7.13a), but

D= (/1) (1 —cos € + (3 + § cos € — cos(1€) cos(m))/rz). (4.7.10)

3+ % cos &+ 1 cos(1€) cos(rn)

Its asymptotic expansion for small £ and 9 is

D = (f3)? [%(62 +19%) + ¢ (% + 12;2) + 2ty L2ery ] : (4.7.20)

24 12
The associated dispersion relationship expansion is
coswAt =2 1= H(f5)2(€2 +1%) + LO(MH(E2 + n?)?

T.
_(fé)z [64 (Zlg + 1 ) + 2_14,-2,)4'+ -1—7'21]262] ) (4.7.21)

128r2 12

For equilateral triangles, r = 3'/2/2 and (4.7.21) becomes

coswt 1= HAHE +4%)+ (WHE + 1 (§ - g5 ): (47.22)
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Matching with the analytic expansion then yields

1
8(/3)*

as the time-stepping parameter value which most accurately approximates analytic wave

1
b= - 7.
£+ (4.7.23)

propagation. Unlike (4.7.17), it is not directionally dependent. Furthermore, with the
substitution Ay = (31/2/2)d, (4.7.23) is identical to the one dimensional result (3.6.12).

Again this substitution is equivalent to projecting element 2 onto the ko axis.

ELEMENT 1: ) ELEMENT 2: .
RIGHT TRIANGLES. DX=DY EQUILATERAL TRIRNGLES

SPATIALLY DISCRETIZED
SOBLUTIGN

FULLY DISCRETIZED
SOLUTIAN

Fig. 4.11. Dispersion surfaces (|w|Az/(7(gh)!/?)) for the WEM. Parameter values are
fi = .05, fo = .7071, f3 = .10, and a = 1. 6 = 0.5 for element 1 and 6§ = .45534 for
element 2. Dotted line contours are in increments of .10.

Fig. 4.11 shows the prinéipal dispersion surfaces .for the spatially and fully discretized
versions of the WEM. It has the same paraméter values, scale, and perspective as Fig. 4.2,
4.5, and 4.7. The time-stepping parameters for the fully discretized equations are § = 0.5
for element 1 and § = .45534 for element 2. The former is optimal for one dimensional
wave propagation along the £ or n axis, while the latter is optimal for all directions. Both
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values satisfy the principal eigenvalue stability. conditions (4.7.11). For both elements,
choosing a = 1 ensures stability of the parasitic eigenvalues. |

Unlike the GLFEM and Thacker’s scheme, these surfaces do not have local minima at
large wavenumbers. This implies that short waves do not have the small inertial phase ve-
locities discussed in Sections 4.4 and 4.5. Provided the parasitic waves do not contaminate
the numerical solution, the WEM (with these fy, f2, f3 values) should therefore not have
the same short wave problems as the GLFEM and Thacker’s method.

The M4 and Mg contours and group velocity vectors corresponding to the dispersion
surface plots of Fig. 4.11 are shown in Fig. 4.12. High phase velocity accuracy along
the axes of element 1 is evident but seems to occur at the expense of accuracy in other
directions. For virtually all wavenumbers, element 2 more accurately approximates wave
propagation than element 1. And for small wavenumbers, its wave amplitude approxima-
tions are also slightly more accurate.

The numerical quadrature employed by Lynch and Gray [Ly79] has the effect of lump-
ing their equations. As with Thacker’é scheme, this lumping causes all terms of the form
320 + f5(21 + 22 + 23 + 24 + 25 + 26) in the spatially discretized equations to be replaced
by 2. The associated dispersion equation (4.7.4) then requires the re-definition A = 1.
The fully discretized lumped equations, and their associated characteristic equation (4.7.6)
require these same substitutions. When § = 0, the LWEM is explicit.

Necessary stability restrictions for the LWEM can also be found when f = 0. The
parasitic eigenvalues are identical to those for the WEM and are thus governed by the same
stability conditions. Similarly, with A = 1 substituted in (4.7.8), the principal eigenvalues

are stable when (4.7.10b) is satisfied. These conditions reduce to

1 1
0> 2 (1 — Ef—g) | (4.7.24a)

for Az = Ay and element 1, and

1 1 |

for the equilateral triangles of element 2.
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Fig. 4.12. My, M¢, and G/(gh)‘/2 for the WEM with the parameter values of Fig. 4.11.
Each full shaft of multi-shafted vectors denotes 1 unit (i.e., |G| = (gh)'/?).



The two dimensional LWEM also has values of  that are most accurate for wave
propagation. Assume f = 7 = 0. With element 1 and Az = Ay, the LWEM dispersion

relationship is again given by (4.7.13a), but
D= f22(2 — cos € — cos n). (4.7.25)
The asymptotic dispersion relationship for small £ and 5 then becomes
coswAt = 1 — (€8 + )+ R FHE + ")+ J07HER + PP (47.26)

~ Matching with (4.7.16) and setting n = s€ then requires

1 1+ st
0= —-|l— 5—5= T.
6[ f§(1+s2)2]’ (47.27)
which again varies with wave direction. As with the WEM, s = 0 or s = oo produces the
one dimensional result (3.6.14).

With £ = k1d, n = kod, and rd = Ay, the LWEM dispersion relationship for element
2 is also given by (4.7.13a) but ‘ |

D = (f3)*[1—cos € + (3 + L cos & — cos(1 €) cos(rn)) /7). (4.7.28)

The asymptotic dispersion relationship for small £ and # becomes

1
cos wAt =~ 1+ (f})? —5(62 +9%) - 54( 1 1 ) + i1'2174 + 1—1662712]

128r2 24/ 24 (47.20)
p 7.
+5(€ + ()"
For equilateral triangles, (4.7.26) becomes
coswAt =~ 1 — L(H2(E2 + 9%) + (H)(E + n?)? [50- + ;,2] . ~ (4.7.30)
' K 32(f2)
Matching with the analytic expansion then yields
1 1
0= - — —F=. q.
6 3P (4.7.51)

Again, this optimal value is not directionally dependent. And with the substitution Ay =
(31/2/2)d, it is identical to the one dimensional result (3.6.14).
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In one dimension, § = 0 was seen to produce the most accurate approximation of
gravity wave amplitudes for both the WEM and LIWEM. The same is true in two dimensions
when f = 0 and 7 > 0. In fact, it is true for both element 1 when Az = Ay, and the
equilateral triangles of element 2. Furthermore, when f = 7 = 0, all stable values of

produce exact amplitudes.

WEM _ ' LWEM
o o
o o
o] N
o o
o o
-t-oi“ '-.'- _ui“ ""
o o
S S
“1.00  0.00 1.00  “-1.00  0.00 1.00

THETA - THETA

Fig. 4.13. Stability and accuracy for the WEM and LWEM over equilateral triangles.
Shaded regions denote stability. Solid lines designate the most accurate values of ¢ and fj
for wave propagation.

Fig. 4.13 illustrates the stability regions and the most accurate time-stepping parame-
ter values of 4 for the WEM and LWEM over a configuration of equilateral triangles. Values
for f} and 6 should be chosen so that the resultant numerical method is stable. The par-
ticular choice may be a compromise between accuracy and time step size. Lafge values of
At (or f}) result in less computation cost but may be less accurate. Computationally, the
explicit LWEM (6 = 0) should be most economical. Unfortunately, the associated f} value
which yields optimal accuracy (f; = .866025) is outside the stability region. f} = .824175
is the most accurate and stable choice.

Fig. 4.14 shows the principal dispersion surfaces for the spatially and fully discretized
versions of the LWEM. It has the same parameter values, scale, and perspective as Fig.
4.2, 45, 4.7, and 4.11. The time-stepping barameters for the fully discretized equations
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ELEMENT 1: ELEMENT 23
RIGHT TRIANGLES. DX=DY EQUILATERAL TRIANGLES

AT

SPATIALLY DISCRETIZED
SALUTIGN

FULLY DISCRETIZED
SOLUTION

Fig. 4.14. Dispersion surfaces (Jw|Az/(n(gh)!/?)) for the LWEM. Parameter values are
fi = .05, fo = .7071, f3 = .10, and @ = 1. @ = O for element 1 and § = —.122 for
element 2. Dotted line contours are in increments of .10.

are § = 0 for element 1 and § = —.122 for element 2. The former is optimal for wave
propagation along the directions n = +¢, and as seen from (4.7.24a), lies just within the
stability limit. (Choosing § = —}, the optimal value for wave propagation along the € or
n axis, would be unstable.) The value for element 2 is optimal for all wave directions and

satisfies the stability constraint (4.7.24b).

Comparing the spatially discretized surfaces in Fig. 4.11 and Fig. 4.13, it is evident
that lumping has reduced the w values. However the chosen time-stepping methods are
seen to lower the WEM values and raise the LWEM values so that the fully discretized

surfaces are more similar.

Fig. 4.15 shows the M4 and M contours and the group velocity vectors associated
with the dispersion surfaces of Fig. 4.14. Accurate wave propagation along the lines
n = +£ for element 1 is evident, but appears to be at the expense of accuracy in other
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directions. For small wavenumbers, element 2 displays the same accuracy in all directions
and is generally more accurate than element 1. Wave amplitude accuracy also seems to
be independent of direction for element 2. However it is slightly less accurate than the
amplitudes associated with element 1.

The Mg values for element 2 are virtually identical in Fig. 4.12 and Fig. 4.15. In fact,
with fi = f3 = 0, they would be equal. Denoting the optimal parameter values of (4.7.23).
and (4.7.’31) by 6*, both (4.7.22) and (4.7.30) when expanded to terms of order 6 can be
expressed as

cos wAl =1 — §( ) (€* + n*) + HHE +n)’[§ + 0— 0]

—HAE PO+ BE - (473Y)

— (B + 30 + ' + 16407,
This implies that around their respective * values, both the WEM and LWEM have the
same accuracy deterioration for coswAt. As was found in one dimension, the b‘est time-
stepping method for the lumped scheme produces the same propagation accuracy (to order
8 in (k1d, k2d)) as the best time-stepping method for the unlumped method. Notice that
the associated M4 values indicate amplitudes which are too small for the LWEM and too
large for the WEM.

The fully discretized LWEM principal dispersion surface shown in Fig. 4.14 for element
1 is remarkably similar to the RS dispersion surface in Fig. 4.2. In fact, when f =7=0
and 6 = 0 for the LWEM, not only are the principal dispersion surfaces identical, but the
principal characteristic equations are also identical, even when Az 7 Ay. This is seen as

follows. Set

in2r1 in201
2 o[ sin“(5k1Az) sin“(5k2Ay)
Q. = (A — 1)* + 4xgh(Al) ( (Az) + By)? : (4.7.33)
Then with f = 7 = 0, the RS characteristic equation becomes (from (4.3.3))
(A —1)Q. =0, (4.7.34a)

and the LWEM characteristic equation with § = 0 becomes (from (4.7.7) and (4.7.52) with
A=1)
(\?-1)2Q,=0. (4.7.34b)
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This implies that the two principal numerical solutions not only propagate identically (i.e.,
have the same dispersion relationship), but their wave amplitudes also decay or grow at the
same rate. (The LWEM does however have three spurious modes which may contaminate
the numerical solution.) Since the ac¢uracy measure and asymptotic analyses indicate that
the LWEM is more accurate for wave propagation when combined with equilateral rather
than right triangles, it seems that the LWEM can be more accurate than the RS scheme.
Moreover, since both schemes are explicit, they should be comparable economically. These

points are examined further in the next section.

4.8 Comparisons of Accuracy and Economy

Most FEMs are more expensive than explicit FDMs. This is the case with the GLFEM
and the RS scheme. This disadvantage is primarily due to the nondiagonal matrix equation
which must be solved at each time step. In Sections 4.5 and 4.7, it was seen that with
explicit time-stepping, both Thacker’s scheme and the LWEM produce diagonal métrices.
Hence they should be much cheaper than the GLFEM. In this section, cost and accuracy
comparisons are given for the RS scheme over a square grid, and Thacker’s method and
the LWEM over a configuration of equilateral triangles.

Unfortunately both Thacker’s scheme and the explicit LWEM are unstable at the f}
values which produce their best wave propagation accuracy. Furthermore, their most
accurate and stable f} values are significantly diﬂ'erent.A Fof identical configurations of
equilateral triangles, the associated At values therefore differ. This means that for an
arbitrary frequency w, dispersion relationships such as those expressed in the form cos wAt
can not be used to compare accuracy.

Nondimensional phase and group velocities are independent of At (assuming f} is
speciﬁed) and thus provide a better basis for comparison. Asymptotic expansions for small
(k1d, kod) can be obtained from (4.5.3) and (4.7.22). The phase velocities when f =7 =10

are

ICI/(gh)/? =1 + (KdJE(& () — b) (48.1a)
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ICI/(gh)"/? =1 + (kd)*(&(f5)* — &) (4.8.1b)

for Thacker's scheme and the LWEM respecti?ely. k is defined by (4'.2.3c). The associated

respective group velocities are

G/(gh)'/* = [k™! + 3d°K*(44(f3) — })] k (4.8.2a)

G/(gh V2 o [k 4 3d2 K3 (4 (f5)° — )] k. (4.8.2b)

Notice that for high wave resolution, both phase velocities are isotropic and both group
velocities have no directional error.

Assuming the optimal stable values for f3, specifically f} = 1.70437 for Thacker and
f3 = 0.824175 for the LWEM, (4.8.1) becomes

|C|/(gh)'/? ~1 — .00396345(kd)? (4.8.3q)

|C|/(gh)'/? ~1 — .00294732(kd)?. (4.8.3b)

Since the corresponding analytic values are 1.0, the second term in each case is thelpha.-se
velocity error. Both errors in the group velocity magnitude are larger by a factor of three.
(4.8.3) indicates that for identical configurations of equilateral triangles, the best ex-
plicit LWEM is more accuratevvthan the best Thacker scheme. However Thacker’s scheme
is cheaper since it uses a much larger time step. By reducing both d and At with Thacker’s
scheme, it is possible to attain the LWEM accuracy and retain the cost advantage.

If the same accuracy is assufned for both methods, Thacker’s At becomes larger by the
factor 1.78329. However his smaller d requires 1.34476 more nodes per unit area, and thus
more calculations over one time step. The net result is that Thacker’s scheme can have the
same wave propagation accuracy for small wavenumbers as the LWEM, yet require only
.75409 the number of calculations per unit area and unit of time.

Despite this cost advantage, Thacker’s method may not be preferable to the LWEM.
Boundary conditions often introduce short waves into a numerical model. Their accumu-
lation can contaminate the desired longer wave solutions. Problemé of this type have been
reported with the GLFEM (see Section 1.5). Since both Thacker’s scheme and the GLFEM
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do not represent short waves accurately, similar problems may also arise with Thacker’s

scheme. They should not exist with the LWEM.
With Az = Ay and f = 7 = 0, the RS dispersion relationship is

sin?(JwAt) = fZ[sin®(3k1Az) + sin®(Sk2Az)). (4.8.4)

For small values of (ki Az, koAz), the asymptotic expansion for the associated nondimen-

sional phase velocity magnitude is

(4.8.5)

Clghy 2 = 1+ 5 (7 - 1)k + Lrbellhsasl)

(kAz)?
Since it is anisotropic, comparisons with (4.8.1) are not straightforward.
Let us compare the RS scheme with the LWEM. One grid square of the RS has three
unique variables and area Az?. One triangular element of the LWEM has area (3!/2/4)d?
and has the equivalent of 3/2 variables, since each node shares its variables with five other
triangles. For a comparison based on equal density of the variables, set Az = .930605d.
Assume the optimal fo value (from (4.8.5)) when k; = kg, namely fo = 2~1/2_ Then, if A¥
is the optimal time step for the LWEM, At = .79842A¢ is the.optimal time step for the
RS. The LWEM is therefore more economical. Its relative accuracy depends on the wave

direction. When k; = kg, the RS more accurately approximates wave speed. However

when k; = 0 or k2 = 0, the LWEM is more accurate.

4.9 Summary and Conclusions

The preceding analysis has demonstrated that FEMs can be cost competitive and as
accurate as explicit FDMs. In particular, Thacker’s scheme and the explicit LWEM were
found to be cheaper and generally more accurate than the RS finite difference method.

Of the two configurations of triangular elements, the preceding analysis indicates that
equilateral triangles are the better choice. Their phase and group velocities are independent
of direction, and more accurate for long waves. Numerical tests [Hi82| substantiate this
result. In fact, because equilateral triangles seem to produce isotropic waves when the
wave resolution is high, they may be the optimal triangular discretization.
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Optimal accuracy for Thacker’s scheme, the WEM, and the LWEM depends on the
| parameter fj. As discussed in Section 3.8, it is both possible and reasonable to keep this
parameter approximately constant throughout a model. Consequently, an ideal triangular
discretization should employ equilateral triangles whose side length is proportional to h!/2.

In practice, this strategy may be difficult to implement.

Specific results from the preceding analysis are now summarized by section. The RS
scheme studied in Section 4.3 was found to be quite accurate for small wavenumbers, and
for waves travelling at 45° to the grid axes. However the numerical phase velocity was seen
to be anisotropic. Asymmetric treatment of the Coriolis terms was also seen to affect the

accuracy.

The GLFEM studied in Section 4.4 displayed accuracy comparable to the RS for small
wavenumbers but became very inaccurate at larger wavenumbers. The numerical dispersion
surface was seen to have peaks and valleys, implying waves with zero group velocity. Some
short waves were calculated to have small inertial speeds while others had group velocities
whose directions were incorrect by almost 180° . The configuration of equilateral triangles

was found to be more accurate at small wavenumbers, than the grid of right triangles.

Thacker’s scheme, studied in Section 4.5, was found to have the same short wave
problems as the GLFEM. Stability conditions were calculated for both elements and the
f2 value which most accurately approximates wave propagation was also calculated. Phase

velocities were isotropic with the equilateral grid.

Section 4.6 attempted a two dimensional analysis of the Galerkin FEM with piecewise
linear basis functions for z(z, y, t) and piecewise quadratics for u(z, y, t) and v(z, y, t). The
spatially discretized version.of this scheme has nine numerical solutions, only two of which
approximate gravity waves. In order to calculate the numerical dispersion relationships,
the determinant of a 9 by 9 matrix had to be calculated. This was done with the computer
routine REDUCE, but the resultant expression was too complicated and long to warr%mt

further analysis.

Section 4.7 extended many of the results from Chapter 3 to two dimensions. Stability
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conditions when f = 0 were determined for both the WEM and the LWEM. An asymptotic
analysis for small wavenumbers was also used to determine the most accurate time-stepping
method for each scheme. Accuracy was again seen to _be directionally dependent with
element 1, but independent for the equilateral triangles of element 2. It was also shown
that with an appropriate time-stepping method and a grid of equilateral triangles, wave
propagation accuracy can be preserved in going from the WEM to the LWEM. It was also
shown that with f = 7 = 0, the explicit LWEM when applied to the right triangles of
element 1 has the same principal characteristic equation as the RS finite difference scheme.

Section 4.8 found that for small wavenumbers, the most accurate version of Thacker's
scheme can more cheaply attain the same accuracy as the most accurate version of the
LWEM. However it is less accurate and may experiénce difficulties with short waves. The
RS scheme Was seen to be more expensive per unit of real time than the WLEM. However
its accuracy is directionally dependent. For some directions it more accurately models

wave propagation, while for others it is less accurate.
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5. A DISPERSION ANALYSIS WITH BOUNDARY CONDITIONS

5.1 Introduction

The dispersion analyses in previous chapters assumed a periodic domain. This meant
that the accuracy of various numerical methods could be studied without the additional
complexities introduced by boundary conditions. However, boundary conditions are re-
~ quired for most oceanographic models of the shallow water equations, so it is important to
study their effects on the numerical solution.

Boundary conditions for a hyperbolic problem can affect both accuracy and stability.
They may introduce instabilities to a numerical method which is stable on a periodic
domain (i.e., Cauchy stable). They may also affect the accuracy of a stable solution directly,
by changing wave amplitudes, and indirectly, by generating undesirable short waves which
contaminate the solution. Consequéntly, some of the accurate and stable methods studied
in previous chapters may be less attractive when combined with inappropriate boundary
conditions. In this chapter, it is shown that dispersion analyses can be extended to study
both the accuracy and stability of initial boundary value (IBV) problems.

Most stability theory for finite difference models of hyperbolic IBV problems is based
on a classic yet complex paper by Gustafsson, Kreiss, and Sundstrdm [Gu72], henceforth
GKS. Their normal mode analysis for stability [Gu72, Definition 3.3] involves substitutions
similar to those in our previous dispersion analyses, and checks for nontrivial solutions
associated with eigenvalues whose magnitudes are not less than unity. Trefethen [Tr83)
has recently shown that the GKS criterion has physical interpretation in terms of group
velocity. This interpretation does not provide an alternative to the algebraic GKS stability
test, which is often difficult to carry out, but it does clarify the algebra. In particular, he
shows that GKS instability amounts to spontaneous radiation of energy from the boundary
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into the problem domain. His main result is a necessary condition for stability which
involves checking thé signs of the group velocities corr&sponding to eigenvalue solutions
with modulus unity. With a dispersion analysis that is extended to include boundary
conditions, it should therefore be possible to investigate some aspects of GKS stability.

The accuracy of boundary conditions is often determined by ex.amining truncation er-
rors. Gustafsson [Gu75] has shown that boundary and initial approximations may be one
order of accuracy lower than the interior approximations without decreasing the overall
accuracy. Skollermo [Sk75,5k79] extends this result by developing a technique for the to-
tal error analysis of a finite difference scheme, taking into account initial approximations,
boundary conditions, and the interior approximation. Since a small truncation error con-
stant may, for some waves, make a boundary scheme competitive which is formally not of
the right order, she studies boundary condition accuracy indirectly. In particular, she mea-
sures the number of meshpoints per wavelength that are needed to compute each Fourier
component of the solution to some pre-assigned relative accuracy. In keeping with the
general theme of this thesis, it is shown in this chapter that accuracy can also be examined
through physical concepts such as wave amplitude proiiles and reflection coefficents.

The analysis technique will be demonstrated for the one dimensional linearized shallow
water equations with constant depfh. Such a problem has two boundaries, one at either
end of a channel. Periodic forcing will be assumed at one of the boundaries while the other .
will be either closed or radiating. Boundaries such as these are common in tidal models.
An accurate steady state solution over the channel is the desired result.

‘At this point, it is important to differentiate between the terms steady state and stable.
A numerical method which for a fixed step size gives solutions which converge to a steady

state may not be GKS stable. Consider the numerical scheme
ut! = Qu” . - (5.1.1)

for some matrix operator Q. For a fixed spatial discretization, this scheme will converge
to a steady state if all eigenvalues of @ are strictly inside the unit circle. However this
does not imply that the scheme is GKS stable, since stability is defined in terms of a
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norm of @ rather than the maximum eigenvalue modulus. Indeed, Gustafsson [Gu82] gives
an example where this case occurs. Given a GKS stable method of the form (5.1.1), he -
then presents sufficient conditions which ensure that all the eigenvalues of Q lie strictly
inside the unit circle. In that way, both convergence to a steady state and stability are
guaranteed. |

Beam, Warming, and Yee [Be82] (henceforth BWY) adopt a similar approach. They

define the concept of P-stability as follows:

A difference scheme for an inital-boundary value problem is said to be P-stable if
it is GKS-stable and all eigenvalues (corresponding to nontrivial eigenvectors) of the
resolvent equations for a finite number of spatial mesh intervals have modulus less than

or equal to unity.

The resolvent equations are obtained by substituting u} = 2"’ into the difference
equations for the domain interior and for the homogeneous boundary conditions. This
same substitution is made in the GKS normal mode analysis. It is clearly similar to the
substitutions used in Chapters 2 and 3 when forming the dispersion relationship.

Gustafsson {Gu 82| notes that since all eigenvalues with modulus equal to unity are
permitted, P-stability does not exclude all growing modes. (This is discussed further in
Section 5.3.) Hence a P-stable method may not converge to a steady state.

BWY generalize some of the specific boundary conditions that Gustafsson and Oliger
[Gu80] show to be stable. Other aspects of the BWY paper link it closely to Chapter 2.
BWY present necessary conditions for the P-stability of specific difference methods when
combined with space and space-time extrapolation boundary conditions. Space and space-

time extrapolation of order ¢ — 1 are respectively defined as

(F—1)7u} =0 : (5.1.2a)
(FE~!' —1)%u} =0. (5.1.2b)

F is the spatial shift operator
Fuj = u},,, (5.1.2¢)

142



and F is the temporal shift operator

Fu? = u"*1, | (5.1.2d)

E—c£=0 0<z<L (5.1.3a)
u(L, t) = g(t) t>0 ’ (5.1.3b)
u(z,0) = f(z) (5.1.3¢)

with a centred three-point spatial difference approximation to du/dz, and linear multistep
time stepping (as in Chapter 2). For example, their two step difference method would be

n+l

n+2 ’
J

asu
2%

+ aju +aou;?

cAt 2 (5.1.4)

. +2 +1 1
=5z [P2(u5fT — D) + bauf) — wh) + bo(ufyy — uly)

for real numbers ag, a;, ao, b2, by, bo. Except for the spatial spreading of the du/dt
approximation introduced by a GFEM with piecewise linear basis functions, (5.1.4) is
identical to the general difference formulas studied in Chapter 2. In fact, (5.1.4) describes
the general time stepping formulas that would arise from lumping the GFEM.

BWY give necessary and sufficient conditions for.a linear twb-step method to be A-
stable [Da63] (see Section 2.4). In particular, a second order linear two-step method is

A-stable when, in addition to the conditions (2.4.5),

by > 1ao (5.1.5a)
az > 1 (5.1.5b)

It is therefore not surprising that these conditions define (fairly closely) the stability regions
seen in the accuracy measure figures of Chapter 2.

The major BWY results are sufficient conditions for P-stability. Specifically, they prove
that if the linear multistep method is A-stable, then their difference formula (e.g., (5.1.4)),
when combined with space extrapolation condition at the left boundary and a spéciﬁed
right boundary, is P-stable. They also prove a similar result for strongly A-stable methods
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and space-time extrapolation. The close relationship between the BWY difference method
and the GFEMs in Chapter 2 suggest that we may be able to extend their stability results
to our methods. This will not be investigated in this thesis, but certainly warrants further
attention.

The five subsequent sections within Chapter 5 have the following contents. Section 5.2
defines the mathematical problem and confirms that the chosen boundary conditions are
well-posed. For 7 = 0, our radiating boundary conditions are also shown to be equivalent to
the absorption conditions of Engquist and Majda [En77]. Section 5.3 devélops the analysis
for the Richardson-Sielecki FDM and studies the stability and relative accuracy of several
numerical boundarj conditions. Section 5.4 performs a GKS stability analysis for one set
of boundary conditions in combination with the GFEM which uses piecewise linear basis
functions and Crank-Nicolson time stepping. An example of unstable boundary conditions
of the Trefethen type is also given. Section 5.5 studies the stability and relativé accuracy
of five sets of boundary conditions with that same GFEM. Finally, Section 5.6 summarizes

. the results.

5.2 Boundary Conditions for the Shallow Water Equations
Let us begin with a mathematical definition of the problem and a confirmation that
our boundary conditions are well-posed. Assuming constant depth and linear friction, the

governing equations (2.2.1) can be expressed in matrix form as

ow ow
W = AE + BW (5.2.10)
w}here
w = (u) (5.2.1b)
and '

a=(2 ) =3 %) (5.2.10)

These equations are to be solvéd on the interval z € [0, L} for ¢t > 0. Initial conditions are
assumed to be

w(z,0)=1f(z). (5.2.1d)
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for some function f.

In order to determine proper boundary conditions for this hyperbolic problem, we fol-
low Chapter 15 in Kreiss and Oliger [Kr73]. The eigenvalues of A are +(gh)!/%. Since the
number of boundary conditions at £ = 0 must equal the number of negative eigenvalues,
and the number of conditions at £ = L must correspond to the number of positive eigen-
values, our problem requires one condition at each boundary. The precise form of these
conditions is expressable in terms of the characteristic variables.

The characteristic variables for (5.2.1) are defined as

v = (vl ) =T 'w= (&)1/42 * (a%)l“u (5.2.2)

where the nonsingular matrix

FIRNC e

transforms A to a real diagonal matrix. Specifically

Pl (5.2.4)

T = (%)l/4 '"(*4"? 1/4) (5.2.3)

T~'AT = (gh)'/? (—1

The characteristic variable v; is associated with the negative eigenvalue —(gh)l/ 2 and must
be specified at the left boundary. It is an incoming variable there. The .characteristic

variable vy is associated with the positive eigenvalue (gh)l/ 2

and must be specified at the
right boundary where it is the incoming variable. The precise form of these boundary

conditions is [Kr73]

v1(0, t) = Syv9(0, t) + gl(t) (5.2.5(1)

va(L, t) = Savi(L, t) + go(t) (5.2.5b)

where, in this case, S; and Sz are scalars. Our boundary conditions will be well-posed if
they can be expressed in this form.
Assume that the left boundary is either closed or radiating. Closed boundaries are
usually expressed as
u(0, {) = 0. (5.2.6)
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With S} = —1 and g)(¢) = 0, this condition is seen to conform to (5.2.5a).

Radiating boundaries for the shallow water equations are often [He76] represented as

u(0,t) = — (%)1/2 2(0, 1). (5.2.7)

This is the expected relationship (when 7 = 0) between elevation and velocity for a leftward
travelling wave. At the left boundary, (5.2.7) should therefore transmit leftward waves
without any reflection. Setting S; = g1(t) = 0, (5.2.7) is also seen to conform to (5.2.5a).

Re-writing (5.2.7) as
v1(0,) = 0, (5.2.8)

it is apparent that our radiating condition ensures no reflection at the left boundary by
setting the ingoing characteristic variable to zero. Gustafsson and Kreiss [Gu79] note that
this is the underlying principle behind the absorbing boundary conditions of Engquist and
Majda [En77]. In particular, when 7 = 0, (5.2.1) can be re-expressed in terms of the

characteristic variables as

ov
s Vv (5.2.9a)
where
' _ 9
V= (gh)"l/z( o 9 ) (5.2.98)
0 =

is a pseudo-differential operatbr. From Section 2 in [En77}, it then follows that the perfectly
absorbing boundary condition for our problem is given by (5.2.7). :

At the right boundary we wish to impose a driving condition or a combination driving-
radiating condition. The combined condition is designed to generate leftward waves and
radiate rightward waves. We would also like the option of expressing such conditions in

terms of either z or u. Pure driving conditions for 2, and u are attained by setting S; =1

and Sy = —1 respectively. The driving-radiating condition -
1/2
(L, t) = (%) (L, t) + ga(t) (5.2.10)

is possible with S; = 0.
Therefore, all our boundary conditions are well-posed.

146



5.3 The Richardson-Sielecki Scheme

In the previous section it was seen that ohly one boundary condition is required at
each end of the one dimensional channel. Many numerical methods for solving. the shallow
water equations have their elevation and velocity variables located at the same spatial
point. This means that one additional condition is required at each bouhdary in order to
completely specify the numerical problem. Numerical methods such as the Richardson-
Sieleckischeme (henceforth RS) stagger 2 and u spatially. Only one variable is then located
at each boundary, and the need for extra boundary conditions is avoidéd. We therefore
introduce the boundary condition analysis with an application to the RS scheme. Section

5.4 ‘will examine a more complicated unstaggered scheme.

/L
n+y Ty, e n+3y,
I' 2 Z2 2 ZN 2
2 Yy
‘tnd (! 7 :fnq»l x
I U, N Uns
At ’/,1
[}
1 ‘ 27 23t Zth
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“———, AX—>| l

Fig. 5.1 One dimensional RS grid.

The one dimensional RS grid is illustrated in Fig. 5.1. Notice that the z and u variables

are staggefed in both space and time. Velocity variables are assumed at both boundaries.

In particular, it is assumed that the left boundary is either open or closed, while the right
boundary is forced.

In the domain interior, the finite difference equations are

_12 hAt
g = 7V 2o - ) (5.3.10)
n gAl at1/2 1/2 .
(1+ %rAt)uj“ = (1—4rAtu} - KE(zi+ /2 _ z?fn/ ). o (5.3.18)
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Initial conditions are assumed to be

u?- = g1(7) (5.3.1¢)

7" = galj) (5.3.1d)

for some functions g; and gs.

Closed and driving boundaries are easily implemented with the RS scheme. Specifically,

unp =fln) . (5.3.2b)

respectively_ simulate a closed left boundary, and a driving right -bouhdary. However,
temporal and spatial staggering of z and u give rise to many implementations of the

radiation condition (5.2.7). The most common implementation [He76] is

n g\!/2 e
uft! = —(E) a7 / (5.3.3a)

whereby zeroth order space-time extrapolation (5.1.2b)

Al = ot - (5.3.30)

is used to calculate the 2 value coincident with u’l‘“ .

A GKS stability analysis of the RS scheme is quite complicated due to the spatial
and temporal staggering of the variables. It will not be attempted here. However the
scheme has been widely used and its stability restrictions are well-known. In particular, it

is Cauchy stable [He81] when

(gh)lﬂﬁ—: <1 (5.3.4)

We now develop the dispersion analysis. Define the vector X as

n+l __ +1 _n+1/2 p41 _n+1/2 n+1/2 +1
X" = (ul", 2, /,u2 ) 29 yeo 2N />_“'11V+'1)' (5.3.5)

Then equations (5.3.1) and (5.3.2) can be expressed in matrix form as

X" = AX"™ + Xpf(n + 1). ~ (5.3.6a)
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A is the finite difference matrix operator and
Xp =(0,0,0,...,1) (5.3.6b)
is the vector which locates the driving conditions. Assume a driving condition
f(n) = Refaenvat=9)] (5.3.6¢)

for some frequency, amplitude, and phase, w, a, and ¢ respectively.

Repeated substitution into (5.3.6a) gives

getln+)wat—g| (E ei(e‘")‘”AtA"_e) XD] (5.3.7)

=0

Xn+1 =An+lxo+Re

where X? is the vector of initial conditions. But

(E ef(f—")wA'A"-f) B=1I— (A" (5.3.80)
€=0
where » .

B =[I —ewA4]. ’ (5.3.8b)
So provided B is invertible

n+l

E eHe—n)wAt gn—€ __ - (e—iwAtA) ]B—l_ (5.3.9)
£=0

Under what conditions is B invertible? Assume that B is singular. Then for some

vector x 7% 0,
Bx = 0. (5.3.10)
This implies
Ax = WAy (5.3.11a)
and
 MwAt) = @At (5.3.11b)

is an eigenvalue of the matrix A. Therefore, provided X is not an eigenvalue of A, B is
invertible.
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When the driving frequency and time step are chosen so that A(wAt) is not an eigen-

value of A, (5.3.7) can be re-written as

X — A0 4 Re {aei[(n+l)wAt—¢] (]__ (e—iwAtA)"+l)Y} (5.3.12)

where Y = B~ 1X). (5.3.13)
X"*t! converges to a steédy state when A"*! converges. But [Pu76]

' lim A" = L (a definable matrix) iff

n-—+oo
i) |A\] < 1 for all eigenvalues of A,
ii) if [\| = 1 then A =1,
iit) the Jordan block associated with each eigenvalue A = 1 has dimension 1 by 1.
Furthermore [Pu76],
lim A" =0
n—oo
iff |\] < 1 for all eigenvalues of A.
The steady state solution for X"*! is complicated when A has at least one eigenvalue

equal to unity. We therefore adopt the Gustafsson [{Gu82] approach and assume that all

eigenvalues are strictly inside the unit circle. This implies
X"+ = Re[aelln+wbt-dly), (5.3.14)

Y then contains the spatial profile of the steady state solution.
The general form of Y can be found by extending the dispersion analyses of the previous

chapters. Assume that solutions to (5.3.1), (5.3.2) have the separable form

2;_1+1/2 — A" H/2id (5.3.15a)

ult = poA"t1xi=1/2 (5.3.15)
for complex numbers X and k. (This same substitution is made in the normal mode analysis

[Gu72,Be82,Tr83] to form the resolvent equations.) A nontrivial solution (¢ 7% 0 or go 74 0)

for (5.3.1) then requires
K2 — 2k {l + 3N =24 1/x+ JrAlHN — I/X)]/gh(At/Ax)z} +1=0. (5.3.16)
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For a specific value of

A = ewAt (5.3.17)
there are two values of k, namely k; and k2. Since their product is 1.0
k1 = 1/k3. . - (5.3.18q)
Set
K = Kg = re'FA® (5.3.18b)
for éome values of r and kAz. The general numerical solution for z is then
z;z+1/2 _ ei(n+l/2)wAt[S.1r—je-—ijkAz 1 5.2'4'61‘,'1:4:] (5.3.19)

for some complex coefficients ¢; and ¢2. A similar solution will exist for u;-'“. The precise
values of ¢; and ¢ are determined by the boundary conditions.

Notice that the first term in (5.3.19) is a rightward wave with a spatially variant
amplitude profile. In particular, if » > 1 the wave amplitude decreases as the wave moves
rightwérd. The second term in (5.3.19) is a leftward wave. Again, if r > 1 the wave
amplitude decreases with propagation.

(5.3.19) can be generalized to allow for the case |\| £ 1 and the case when k1 and Ky
+1/2

. . n
coalesce. The general numerical solution for z;

; is then identical to the form given by

Trefethen [Tr83, equation (2.7)] when he is investigating resolvent solutions with |z| > 1.
Comparing (5.3.19) with (5.3.14), it appears that the component of Y representing z;
should have the form

—ijkAz S,27,1'61'_7‘kA:z¢ (5.3.20)

Y, = qr e
for specific values of ¢; and ¢. In fact ¢; and ¢z should be constant for all values of j.

Algebraic solutions for ¢; and ¢z will be messy. However they can be found numerically

without much difficulty. Assume that N and

_ TAzx
fi= N (5.3.21a)
A
fa=(gh)" 2A—i (5.3.21b)
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are constant, and check that all eigenvalues of A are inside the unit circle. This ensures
that (5.3.14) is valid and that AM(wAt) is not an eigenvalue of A for any (real) values of wA(.
The steady state numerical solution for the driving frequency wAt is then found through
the following steps:
i) using (5.3.16), solve for «;
ii) re-arrange (5.3.13) to
BY =X)p . (5.3.22)

and solve for Y
iti) do a least squares fit on the 2 (and u) components within Y (i.e., the vector compo-
nents located in the same positions as the z components in X) to find the complex

coefficients ¢; and ¢ in (5.3.20).

Reflection coefficients for each boundary can be found from ¢; and ¢3. Specifically, if

J = j1 at the left boundary, then the ratio of the rightward to the leftward wave,

R, = (Z—l) r2Lg=2tLkAz (5.3.23)
p)

is a measure of the reflection characteristics of the boundary. It will be referred to as the
reflection coefficient for the left boundary. An accurate radiating boundary should have
small |Rp|, while an accurate closed boundary should have |R;| = 1.

At the right boundary, where j = jg, the driving component of the leftward wave

must be removed before calculating the reflection coefficient. If the driving component is

z;;+1 /2 _ doeln+1/2)wat—g| ' (5.3.24)

then
B (S.erRetJRkAz _ doe—td;)
- 61 r—Jre—tirkAz

Rr

(5.3.25)

This ratio will be referred to as the reflection coefficient for.the right boundary.

The analysis technique is now illustrated for several boundary conditions and parameter
values. The first problem of study has parameter values (fi, f2, N) = (0.,.95,10) and
boundary conditions (5.3.3a), and (5.3.2b) with (5.3.6¢). The analysis results are shown in
Fig. 5.2.
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Fig. 5.2 Dispersion analysis of RS scheme with f; = 0., fo = .95, N = 10 and boundary
conditions (5.3.3a), and (5.3.2b) with (5.3.6¢). See text for symbol definitions.

- The two lowest diagrams display the relationships between the eigenvalues and eigen-
vectors of the matrix A. Such information describes the behaviour of transient and random
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signals in the numerical model. Transient signals are generated by the initial conditions,
while random signals are generated by roundoff errors interacting with the boundary con-
ditions. Provided all |\| < 1, neither of these signals will affect the steady state solution.

The diagram on the lower left is a dispersion relationship. The dotted line is the
analytic relationship while the solid line is the numerical dispersion relationship for a ring
domain. Asterisks plot wAt versus kAz (i.e., the arguments of X versus those for k). Only
positive values of wAt and kAz are shown. Notice that all the asterisks lie along the solid
line. This implies that the phase and group velocities of all transient and random signals
are the same as they would be for some ring domain. |

The diagrarﬁ on the lower right plots [\| and || versus kAz. The |\| values are shown
as circles while the || values are asterisks. All the eigenvalue amplitudes are strictly less
than unity so a steady state soiution does exist. All |k| values are also strictly less than
unity. This means that the spatial amplitude profile for these leftward (positive kAx) waves
increases to the left. Both [\| and || increase monotonically with kAz. However this does
not necessarily mean that short wavelengths are favoured by the numerical scheme, as
was the case in Chapter 2. In order to determine which waves grow most quickly or decay
least quickly, it is now necessary to introduce the concept of Lagfangian amplitudes. These
values are designated by crosses and are calculated as follows.

In one time step, At, each wave travels

At
CAt = -"f;— (5.3.28q)
where C is the phase velocity. As a fraction of the spatial grid size Az, this distance is
At
d= CE' | (5.3.28b)

So, in one time step, the amplitude change for each rightwar.d wave is

Ag = |\||1/|%. ' | (5.3.28¢)
This is a Lagrangian amplitude change since our perspective is moving with the wave.
‘Lagrangian amplitudes for leftward waves are defined as |

Ap = k¢ | | (5.3.284)
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and are thus identical to the Lagrangian amplitudes for rightward waves.

The concept of Lagrangian amplitudes was not required in Chapter 2 because, on a
periodic domain, wave amplitude growth (or decay) is not spatially dependent. In particu-
lar, when |k| = 1, AL, = |\|. So the amplitude changes per time step that were calculated

in Chapter 2 are a special case of the Lagrangian amplitudes studied here.

Notice that short waves have Lagrangian amplitudes which are slightly larger than
unity. Although this means that these waves grow as they propagate, it does not necessafily
mean that they cause instability. Since all waves are absorbed (in varying degrees) at
the left boundary, wave growth is counteracted there. In fa,c.t, net wave growth must be
bounded since from any perspective that is fixed spatially, wave amplitudes do not increase

in time.

The middle row of diagrams shows model response to various driving frequencies. Again
the left diagram is a dispersion curve with the same solid and dotted lines as the diagram
below it. Asterisks now denote the numerical values obtained when twenty equally spaced
values of wAt are assumed in (5.3.17) and substituted into (5.3.16). Again these asterisks
lie along the num4erical dispersion curve for a ring domain. Notice that when wAt > 2.5,
kAzr = m. This means that driving frequencies larger than the cutoff value generate 2Az
waves. Such waves are similar in origin to the 4Az waves that Vichnevetsky [Vi&0] predicts

for an unstaggered finite difference grid.

The diagram on the right plots || versus wA¢. Notice that beyond the cutoff fre-
quency, the amplitude of k increases dramatically. In particular, |«| is a negative real with
magnitude greater than unity. Since kAz = 4, the direction in which 2Az waves are
travelling cannot be determined. So we can no longer assume that ko is associated with
the leftward wave and k; with the rightward. The amplitude profile due to k2 decreases as
one moves inward from the right boundary, while the profile due to k; increases. However
the complex coefficient for k2 , namely ¢z, is much lafger than the coeflicient for x;, so
the resultant amplitude profile does decrease toward the left. Vichnevetsky [Vi80] also
observes this phenomenon. He comments that ‘the amplitude decays in space at a rate
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which increases monotonically with the excess of frequency above the cutoff’.

The top two diagrams show the amplitude and phase of the reflection coefficients for
both boundaries. These coefficents were calculated for the u variable. Values for z have
identical amplitudes and phases which differ by 180°. Reflection coefficient amplitudes
and phases for the right boundary are shown as circles. Amplitudes equal 1.0 when wAt
is less than the cutoff frequency. This is to be expected since the homogeneous condition,
un4+1 = 0, simulates a closed boﬁndary. Beyond the cutoff frequency, the amplitudes

decrease monotonically. The associated phases are +180°.

Reflection coefficient amplitudes and phases for the left boundary are shown as asterisks
and illustrate the accuracy of condition (5.3.32). Long waves have coefficient amplitudes
that are very close to zero. This means that they are almost compietely absorbed by
the boundary. These amplitudes increase with wAl, indicating less absorption (or greater
reflection) as the wavelength decreases. (5.3.3a) is therefore an accurate open boundary
condition for long waves. Reflection coeflicients also increase beyond the cutoff frequency
and have amplitudes larger than 1. This means that the reflected wave is larger than the
incident wave. Such behaviour could conceivably cause instability if the reflected wave did
not decrease in amplitude as it moved away from the boundary. However in this instance,
test model runs confirm stability. The reflection coefficient phases for the left boundary
indicate the relative phase relationship of the reflected wave to the incoming wave. They

are seen to exhibit a smooth transition with wAt.

Fig. 5.3 illustrates the analysis results for a second test problem whose only difference
from the first problem is that f; = 0.05. 'Although the wAt versus kAz plot of eigenval-
ues and eigenvectors may seem unchanged, the asterisks have shifted along the solid-line
dispersion curve. Values of |k| and |\| differ noticeably from Fig. 5.2, particularly for
small values of kAz. Although both the A and ¥ amplitudes have minima at kAz ~ 3,
the Lagrangian amplitude curve has retained a similar shape. It has however been shifted

downward so that all values are less than 1.0.

Phases and amplitudes of « differ slightly from those in Fig. 5.2. Although it is not
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Fig. 5.3 Dispersion analysis of RS scheme with f; = .05, fo = .95, N = 10 and boundary
conditions (5.3.3a), and (5.3.2b) with (5.3.6¢).

clear from the diagrams, wAt values greater than the cutoff now give rise to kAz values
which are slightly less than 7 . The |k| values are now slightly greater than 1.0, denoting
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a spatial wave amplitude decrease. This is an expected consequence of positive friction.

The reflection coefficient diagrams do display a noteworthy change. Specifically, the left
boundary condition is no longer most effective with long waves. The reflection coefficient
amplitudes have a minimum at about wAt = 0.37 and seem to increase symmetrically on
either side of this value. The reflection coefficients for the right boundary are unchanged
from those of Fig. 5.2. This implies that friction does not affect the accuracy of the closed
boundary condition “?v++11 =0.

In order to assess the accuracy of boundary condition (5.3.3a), three other implemen-
tations have also been analysed. Fig. 5.4 shows the first of these analyses. First order
space-time extrapolation is now used to approximate the absorption condition of Engquist

and Majda. The left boundary condition is

1/2
Wit = 9 (%) 2 _yp (5.3.29)

All other parameter values and boundary conditions are the same as for Fig. 5.3.

The eigenvalué—eigenvector plots now illustrate an important point. Specifically, it is
not necessary that all modes of the boundary value problem satisfy the dispersion relation-
ship for a ring domain. As can be seen from the lower left diagram, the mode associated
with kAz /7 = .793 does not lie on the solid line. This means that the phase and group
velocity of transient or random signals at this wavenumber have been changed by the
boundary conditions. The associated amplitudes |\|,|k|, and |Af| also stand out for this
eigensolution. However this anomalous mode should not affect the numerical results. All
eigenvalue amplitudes are less than unity so all transient and random signals should decay.

Plots of the phase and amplitude of x are virtually identical to those of Fig 5.3. In
particular, all the driving frequencies produce waves that propagate as predicted by the
ring domain dispersion relationship. |

Reflection coefficient amplitudes for the left boundary are less than those i"or Fig.
5.3 when wAt is in the interval [1.2,2.6] and slightly higher when wAt < 1.2. So for the
parameter values (f1, f2, N) = (.05, .95, 1.0}, boundary condition (5.3.29) is not consistently

more accurate than (5.3.3a).
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Fig. 5.4 Dispersion analysis of RS scheme with f; = .05, fo = .95, N = 10 and boundary
conditions (5.3.29), and (5.3.2b) with (5.3.6¢).

However with zero friction (f; = 0), (5.3.29) is more accurate. Provided wAt is less
than the cutoff frequency, the reflection coefficent amplitudes are smaller, by at least a
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factor of 2.5 than those in Fig. 5.2. The anomolous mode also disappears when f; = 0.
Specifically, the eigenvalue-eigenvector plots now show that all (wAt, kAz) pairs satisfy

the numerical dispersion relationship for a ring domain.

Fig. 5.5 shows the analysis results for a third implementation of the absorbing left
boundary. Linear extrapolation in time followed by linear extrapolation in space is used

to obtain a z value coincident with u}*!. The resultant boundary condition is

n g\!/2 1/2 n—1/2 n+1/2 4 _n—1/2
it = () {g[gz;”/ S A D 1 Pl W%, /1} (5.3.30)

Parameter values and other boundary conditions are identical to those of Fig. 5.3.

The eigenvalue-eigenvector anaiysis of this problem shows that it is unstable. A =
—2.5142, k = —.314048 satisfy both (5.3.16) and the boundary conditions. This eigenso-
lution is a 2Az (and 2At) wave whose magnitude increases by 2.5142 each time step. Due
to the scale of the amplitude diagram, |\| and || for this point seem to be part of the

reflection coefficient phase diagram.

Our analysis of the model response to a driving frequency must be modified when
there are eigenvalues outside the unit circle. In particular, (5.3.12) no longer converges to
(5.3.14). With zero initial conditions, it is seen from .(5.3.12) that the numerical solution
consists of two components, one of which converges to (5.3.14). The other component causes
instability. The two top diagrams of Fig. 5.5 show reflection coefficients of the convergent
component. Notfce that the left boundary amplitudes are considerably larger than those
in Fig. 5.3 and Fig. 5.4. In any event, reflections at the boundary are inconsequential due
to the model instability. The problem remains unstable when 7 = 0.

A fourth implementation of the absorbing boundary condition combines linear extrap-
olation with phase velocity. Its development is illustrated in Fig. 5.6. Assume that a
numerical wave travels at the phase speed C*(< 1). Then in the time §At, the elevation
value_z:'“/2 will have travelled %C"At and will be coincident with u'l'“. Setting

Az = 1Az - L1C*At, (5.3.31a)
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n+1/2

linear extrapolation for z, gives
Az Az
A2 = (1 + ZZ) A2 (E) Parts (5.3.31b)
The associated radiation condition is therefore
n+1 g\M2 pi1pe
ult = — (E) AR (5.3.31¢)

Fig. 5.7 shows the analysis results with this boundary condition and C* = (gh)1/2.
Parameter values and other boundary conditions are identical to those of Fig. 5.3. In
fact, all plots are quite similar to those in Fig, 5.3. Notable exceptions are one anomblous
-eigenmode which has magnitude considerably less than the others, yet seems to lie on the
dispersion curve for a ring domain. Compared to the values of Fig. 5.3, the reflection
coefficient amplitudes here are slightly lower when 1.64 < wAt < 2.28. Hence (5.3.31c¢) is
not a significant improvement on (5.3.3a) when f; = .05. However when wA¢ is less than
the cutoff frequency and 7 = 0, (5.3.31c) is slightly more accurate than (5.3.3a), but nét
as accurate as (5.3.29).

The relative accuracy of the preceding four absorbing boundary conditions is illustrated
in Fig. 5.8 for (fl,f2,N) = (0.,.95,1.0). Reflection coefficient ampliﬁudes are plotted
against wA¢. Listed in terms of decreasing accuracy, these methods and their symbol
representations in Fig. 5.8 are:
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i) first order space-time extrapolation (5.3.29), x;
ii) linear spatial extrapolation with phase velocity (5.3.31¢c), X;

163



Coo

+
3 +
° +
= +
= +
- +
.y -} +
= N .
N +
&4 +
o +
+ Q*
+ QQ
S laha o @@ @R R »
9.00 0.25 0.50 L =

WxDT/P1

Fig. 5.8 Relative accuracy of radiating boundary conditions for the RS scheme with
fi =0, fo= .95 N = 10. See text for symbol definitions.

iii) zeroth order space-time extrapolation (5.3.3a), ;

iv)’ linear time extrapolation followed by linear spatial extrapolation (5.3.30), +.

The last of these methods is unstable.

In Chapter 2 it was seen that when 7 > 0, the velocity and elevation of a travelling
~wave are no longer in phase. This means that a boundary condition which specifies a
scalar relationship between z and u (such as the Engquist and Majda condition) cannot
be expected to effectively absorb waves at a boundary. This conclusion is confirmed by
the four previous irn;lementations of (5.2.7). With f; = .05, none of them accurately
absorbed long waves.

Is it possible to generalize the absorbing boundary condition for the case 7 > 0? Let
us follow the Engquist and Majda approach. For a perfectly absorbing left boundary, we
want bbth zf“/ 2 and u'l'+1 to consist of only leftward waves. That is, we do not want a

reflected right wave. Consistent with (5.3.15), assume
zf“/z =g A"/ (5.3.32a)
uf ! =p At Y/2 (5.3.32b)
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where X is given by (5.3.17) and wA¢ > 0 is a driving frequency. Then

e\ (32
uitl = (—L) (—) 42 (5.3.33)
L/ \K

Substituting (5.3.32) into (5.3.1a) implies
nr - g- 1/2 )‘1/2_)\—1/2
( S'L) - (h) (fz('cl/2 — &2 7 (6:3:34)

n 12 N—1
’urlH’l == “Zl+l/2 (%) [fz(fc - 1)] ' (5.3.35)

Consequently

is perfectly radiating boundary condition for the driving frequency wAt. (It is interesting to
note that (5.3.35) is also obtained when (5.3.32) is substituted into the continuity equation
(5.3.1a) for z;'+3/2.) _

Unfortunately, there are two difficulties with boundary condition (5.3.35). The first is
a dependency on wAt. This means that the condition will not be perfect for all driving
frequencies. The second difficulty is that the condition is'complex valued. (This is to be
expected since complex scalars permit the phase changes that are required.) Since the finite
difference equations are real valued, this boundary condition cannot be applied directly.
Two alternatives exist: either we approximate (5.3.35) with a real valued condition; or
we solve all the finite difference equations in complex arithmetic. The latter involves
substantially more computations and storage, so the former is usually adopted.

(5.3.3a) is a real valued approximation of (5.3.35). It approximates (A — 1)/(fa(x — 1))
with 1. As seen by the minima in the previous reflection coefficient amplitude curves, this
is a good estimate when f; = .05 and wAt = .37. However better estimates for small wA¢
should exist and would be expected to improve long wave absorption. |

A variation of (5.3.31) might be expected to improve boundary absbrption when 7 > 0.

‘Analytically the velocity leads the elevation by the angle (see (2.2.9¢))

f = arctan(}7At, wAt). (5.3.36)
So in equation (5.3.31c) we actually want the elevation value which is 6 behind zf+l/2,

rather than z:'+l/2 itself. In terms of grid intervals, this lagis £ = 6/kAz. So the elevation
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to use is z;, where j, = 1—(Az/Az)+¢. Linear interpolation between neighbouring discrete
z values could then be used to estimate z;fl/z.

Notice that this condition is also dependent on wAt and 7At. In fact, a sample trial
with this approach suggests that the accuracy improvement is quite localized. When

(f1, fo, wAt) = (.05, .95, .08), the preceding argument indicates that

n g 1/2 1/2
»ul“:—-(ﬁ) ekl (5.3.37)

should be more accurate than (5.3.32) and (5.3.31¢). An analysis confirms that the reflection
coefficient amplitude is about 40% lower. However this improvement has a high price. At
the other nineteen discrete wAt values in the same analysis, the coefficients are considerably
higher. And, there are ﬁow several eigenvalues with modulus greater than unity. So" the
acéuracy improvement for particular values of wAt and 7At has not only reduced accuracy
elsewhere, it has also made the method unstable.

Throughout these investigations we have assumed a pure driving condition at the right
boundary. As was seen, this condition acts as a closed boundary for rightward waves which
have been generated by an imperfect absorbing left boundary. This fact was confirmed
when the left absorbing boundary was replaced with the closed condition (5.3.2a). With
parameter values and a driving right boundary as in Fig. 5.2, both boundaries had the
same reflection coefficients.

If we wish to minimize the reflection of waves at the righf boundary, we can prescribe
a condition which not iny specifies an inward wave but also attempts to radiate rightward
waves. The following condition used by Flather [F176] does this.

n+1/2

K;H/ 2 and u N+1  into their leftward and rightward components.

Decompose 2

. Z;zv+1/2 =2;1?+1/2 + zz+1/2 (5.3.38a)
unN++ll =u%+1 + u2+l. (5.3.38b)

Then a radiating condition for the right boundary which is analogous to (5.3.3a) is

| g 1/2 n+1/2 n
(u"N";_ll—uZ“):(z) VT _ 2 (5.3.39)
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(Of course, conditions consistent with the other three absorbing boundary implementations

n+1 "+l/

could also be used.) u7*" and = are the velocity and elevation for the leftward specified

wave. When possible, Flather specifies these individually. However for a travelling wave,
they should be related.
Can we find a perfect driving-radiating condition? For a particular value of X\, assume

that the leftward wave components are

z+1/2 = AP/ N (5.3.40q)

ultl = AN/ (5.3.40b)

for some coefficients zy, ur. (5.3.34) then implies

n+1/2 __ 1/2 1—-&71Y 4 _
G = _p N A (5.3.41)

The associated rightward wave components

z;l?+l/2 S,R>\n+l/2,€—N (5.3.42(1)

ukt! =ppAntl = (V+1/2) (5.3.42b)

yield
n+1/2

n+l __ _g_ 12 A—-1
wit' = (5) [/2(n-1) °r
Substituting (5.3:38) into (5.3.43), and using (5.3.41) yields
n+l "t 4 (2)1/2 A—1 "+1/2 + h V21— n+l 5.3 44
U1 T YL h f2('€_1) f \—1 ur, ( )

as the perfect driving-radiating boundary condition. Approximating (A —1)/(f2(x — 1)) by

(5.3.43)

unity (this approximation reduces (5.3.35) to (5.3.3a)), this condition can be expressed . in

real variables as

1/2 _ =1
uitl = (%) 72 0102 | pe {u"“ [1 + fo (1)\ fl )}} . (5.3.45)

The complex multiplier for u'i“ simply alters the amplitude and phase of this speciﬁed'

function. It does not mean that we require complex variable calculations.
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The first test problem (illustrated in Fig. 5.2) was rerun with the purely specified
boundary condition replaced by (5.3.45). Not surprisingly, the reflection coefficients for
both boundaries were now identical.

Brief investigations with other driving-radiating boundary conditions suggest that the

absorption properties of the right boundary are highly sensitive to the consistency of “Zﬂ

and 22“/ 2 In fact, with the reasonable approximation
p\1/2
AR (3) upt! (5.3.46)

substituted in (5.3.39), it was found that the reflection coeflicient amplitudes were close to
unity. Hence this particular driving-radiating condition is not a significant improvement
over a purely specified condition.

The effects of changing parameters fg and N were also briefly investigated. With the
same boundary conditions and f, N values as in Fig. 5.2, raising fo to its limiting stable
value of 1.0 made the left boundary condition more accurate. The numerical dispersion
relationships also became more accurate. Again using Fig. 5.2 as a reference, N was
increased to 16 with the other parameters and boundary conditions left unchanged. All
the new eigenvalues and eigenvectors were different, but the top four diagrams were un-
changed. This is to be expected. The relationship between X\ and wAt as given by (5.3.17)
is independent of N. The value of N determines only a specific point on the reflection
coefficient curves, not the shape of the curves themselves. Increasing N while keeping fo
constant causes a smaller value of wAt. So for the same driving frequency w, a larger N
results in a leftward shift on both reflection coefficient curves.

The preceding analysis results were partially confirmed with numerical model tests.
Boundary conditions (5.3.3a), (5.3.29), (5.3.30) and (5.3.31) were tested with the driving

frequency wAt = .70685835. This is the fifth discrete forcing frequency shown in all the
analysis plots. Parameter values for the model runs were identical to those in the analysis,
and the model computations were done in double precision. Each run lasted for 270 time
steps so that the solution would be reasonably close to a steady state (if it did indeed
converge). Least squares analyses of the model results were then used to calculate the
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coefficients of the leftward and rightward waves, as predicted by (5.3.19).

In order to determine if the coefficients were converging to the values predicted by the
analysis, four least squares fits were made over the successive time step ranges [135,167],
(168,201}, [202,235], [236,270]. As predicted by the analysis, condition (5.3.30) caused
model instability. In all other cases, residuals decreased with each successive fit, and the
fitted values seemed to be converging. The coefficient values z;, 22 obtained from the

fourth fit were identical to at least 4 digits, with the analysis results.

5.4 A GKS Stability Analysis

In this section we perform a GKS stability analysis of a Galerkin FEM (GFEM) with
selected boundary conditions. Since the GKS analysis assumes that matrix A in (5.2.1a)
is Hermitian, we must re-express the governing equations (5.2.1) in terms of characteristic

variables. Assuming 7 = 0, they are

4%(3)___(%)1/2(—01 (1))%(3)) (5.4.1)

The characteristic variables (v, w) are equal to (v;, v2) in (5.2.2).
The selected GFEM has piecewise linear basis functions and Crank-Nicolson (CN) time

stepping. Its difference equations are

HmH — ol + 40 — o) + (0] — o)
=~ A (AL Az) v}y, — Vi +olH =0t (5.4.20)
Bl(wf) — wiy) + 4(wf T — wf) + (il — wiy)]
= L(gh)'*(At/Az)[w}y, — wi_y + Wi — wlH]. (5.2.4b)
Unlike the RS scheme,notice that there is no staggering of the variables in either space or
time. ' '

It was seen in Section 5.2 that well-posed boundary conditions for (5.4.1) require speci-

fying v at the left boundary and w at the right boundary. Assume the well-posed conditions

vy =0 (5.4.3a)
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wy =f(n) | (5.4.3b)

for some specified function f. These represent an absorbing left boundary, and a combined
speciﬁed-absorbing right boundary. The homogeneous right boundary condition, w}, = 0,
is actually used in place of (5.4.3b) in the stability analysis.

In order to solve (5.4.2), additional boundary conditions are required for vy and wy.
These conditions are obtained through constant spatial extrapolation; that is, (5.1.2a) with

g = 1. The complete set of boundary conditions is then

vg =0 (5.4.4a)
vy =VN_; | (5.4.4b)
wh =0 (5.4.4c)
wy =wy. (5.4.4d)

Stability of the two-boundary problem is guaranteed if each of the associated quarter-
plane problems with one boundary is stable [Gu72, Theorem 5.4]. In addition to satisfying
one boundary condition, the solution of these quarter-plane problems must be spatially
bounded. For a right quarter-plane problem this means

o0
Z va:z: < 0. (5.4.5)
J=0

Since our boundary conditions do not couple the two characteristic variables, (5.4.2a) and

(5.4.2b) can be studied separately. This means that for the stability of (5.4.2) with (5.4.4),

it is sufficient that each of the following four quarter-plane problems be stable:

i) (5.4.2a) with (5.4.4a),
ii) (5.4.2a) with (5.4.4b),
iii)  (5.4.2b) with (5.4.4¢),
iv)  (5.4.2b) with (5.4.4d).

Traditionally, quarter-plane problems are analysed with their boundaries on the left.
Those with boundaries on the right can be transformed to an equivalent left boundary
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problem (e.g., [Gu82]). In our case, the left quarter-plane problems ii) and iii) are respec-
tively equivalent to the right quarter-plane problems iv) and i). Consequently, we need
only confirm the stability of problems i) and iv) to have stability of all four quarter-plane
problems.

We begin with a GKS stability analysis of problem i) using Trefethen [Tr83) as a guide.

Assuming resolvent solutions of the form

v} = ag\" K7, (5.4.6)

(5.4.2a) becomes

(A= 1)1+ 4k + £%) + 3 oA + 1)(k2 — 1) = 0. (5.4.7)

This is the resolvent equation. For a particular value of A\, (5.4.7) has two roots. The

general numeri§al solution is therefore
v} = )\"(aln{ + agng). : (5.4.8)
Boundary condition (5.4.4a) then requires that
ay +az =0. (5.4.9)

The first step in a GKS stability analysis is to confirm that there are no nontrivial
solutions of the form (5.4.8) with || < 1 when |A\| >"1. Nontrivial solutions with |x| < 1
are called eigensolutions and cause an instability of the Godunov-Ryabenkii (GR) type.

The spatial stencil for (5.4.2a) extends one point to both the left and right of v;.
Trefethen’s proposition [Tr83, page 206] (which is based on [Gu72, Lemma 5.2]), then
implies that any solution with |A\| > 1 has exactly one « value with modulus greater than
unity, and one with modulus less than unity. Assume |k2| > 1 and |«k;| < 1. Then
ag = 0, otherwise (5.4.5) is not satisfied. (5.4.9) implies that oy = 0 also. So only the
trivial solution can exist when |x\| > 1.

The GR check is only necessary for stability. In order to obtain a condition that is
also sufficient (or nearly so [Tr83}), we must also investigate the case |\| = 1.
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The second step in a GKS stability analysis is to look for nontrivial solutions with

|| < 1 when || = 1. When |\| = 1, the roots of (5.4.7) satisfy'

1+ 3if2 cot(AwAt)

KiKo = - ] 5.4.10
- $if2 cot(dwAt) ( )
Since this product has magnitude unity, two cases are possible:
either i) |k1] < 1and |kg| > 1,
or ii) |k1|=|ke|=1.
The dispersion relationship for (5.4.2a) is obtained when
A =eWAt (5.4.11a)
Kk =e kb2 (5.4.11b)

are substituted into (5.4.7). In particular,k; and ko are associated with wavenumbers k;
and ko. When |wAt] < w, (the cutoff frequency), both kiand ko are real valued and case
ii) applies. The resultant dispersion curve is shown in Fig. 5.9. When |wAt| > w,, both
ki and ko are complex valued and case i) applies. Following the same argument as with

I\] > 1, (5.4.5) and (5.4.9) imply that only a trivial solution can exist for case i).

i\

R

0.6 B0 0.5 1.0
OxX/P1

WxDT/PI
8.0
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o
0
Fig. 5.9 Dispersion relationship for (5.4.2a).

Case ii) arises when (wAt, kAz) lie on the dispersion curve shown in Fig. 5.9. Nontrivial

solutions satisfying (5.4.8) now exist and have the form

,U;_l — aleinwAt(e—ijklAz _ e—i_?'kgAz). (5.4.12)
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In particular, notice that such solutions consist of two wavenumbers when |wAt| < w,.
The existence of nontrivial solutions when |\| =1 necessitates a further test. Specifi-
cally, we must perturb X to \’, where |\’| > 1, and observe the behaviour of all the values
in the nontrivial solution. In our case, assume that k; and k2 are respectively perturbed
to k4 and k4. The quarter-plane problem is then unstable iff both |k}| < 1 and |«%]| < 1.

Nontrivial solutions which perturb in this manner, and which have [\| =1 and |¢| =1

for at least one k, are called generalized etgensolutions.

From the GKS point of view, the perturbation determines whether certain resolvent
solutions for [A\| > 1 extend continuously to |[\| = 1. Since roundoff errors can perturb A

values,it is important to determine if such perturbations could cause instability.

In our case, Trefethen’s proposition predicts the beha_viour of k1 and k2 when X is
perturbed. Since |\’| > 1, we must have ||| < 1 and |k}| > 1. (The perturbation
.behavic')ur of X\ and « was confirmed numerically by substituting (5.4.11a) and M’ = 1.001)
into (5.4.7) for 100 values of wAt in the range (—,7].) The nontrivial solutions (5.4.12)
are therefore stable.

Since quarter-plane problem i) admits no eigensolutions or generalized eigensolutions
with [A\| > 1, it is GKS stable.

Trefethen interprets the perturbation condition in terms of group velocity. However, he
only presents a necessary condition for stability [Tr83, Theorem 1]. His theory is developed

for the hyperbolic equation

gu O (5.4.13)
ot 0z

over a righ\t-Quarter-plane. It is therefore directly applicable to our characteristic variable
w. In particular, he proves that with |\| = |k1| = |k2] = 1, if the group velocities associ-
ated with ky Az and ko Az are noﬁ-nega-tive and one is strictly positive, then the difference
scheme is unstable. Intuitively this makes sense since the analytic solution to (5.4.13) is a
leftward wave with negative phase (and group) velocity. Positive numerical group velocity |
then corresponds to spontaneous radiation of energy at the left boundary into the problem

domain. Conceivably, this will cause growth and instability of the numerical solution.
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It would seem that Trefethen’s theory still applies when the governing equation for the

right quarter-plane problem is

Ou Ou

3t = 32" (5.4.14)
Presumably this is because we do not Want any energy radiating into the domain from
a homogeneous boundary condition, regardless of whether the characteristic variable is
incoming or outgoing there. This theory extension is confirmed by the numerical pertur-
bations performed when analysing the stability of (5.4.2a) with (5.4.4a). It was always
the k value associated with the smaller |kAz| which was perturbed inside the unit circle.
This is the k which might cause GKS instability. Fig. 5.9 shows that the gréup velocities
(=dispersion curve slopes) for the smaller [kAz| values are positive.

In any event, Fig. 5.9 shows that the group velocities associated with kjAzx and ko Az
have opposite signs when IwAtI < we, and equal zero when wAt = Fw.. So Trefethen’s
theory cannot be applied. His theorem would indicate instability if only one k¥ were present
in the nontrivial solution (5.4.12); and the aséoéiated group velocity were positive.

We now proceed to a GKS stability analysis of quarter-plane problem iv). The resolvent

equation for (5.4.2b) is
A =11+ 4+ k) =3 (M + 1)(k* —1) =0. (5.4.15)
The general numerical solution is
wh = \"(a1k] + a2k), (5.4.16)
and boundary condition (5.4.4d) irﬁplies
ai(l — k1) + az(l — k2) = 0. (5.4.17)

We first look for nontrivial solutions with || < 1 when |\] > 1. Trefethen’s propo-
sition again implies that |ky| < 1 and |k2] > 1 when |X\| > 1. In order to satisfy the w;
analogue to (5.4.5), we must have ag = 0. This implies either a; = 0 or K = 1. Since
|k1| < 1, @1 = 0. Therefore only trivial solutions exist when |\| > 1.
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We next look for nontrivial solutions with |k| < 1 when |\| = 1. When |\| = 1, the

roots of (5.4.15) satisfy
1— 3ifs cot(wAl)
1+ 3ifs cot(FwAt)

This product also has magnitude unity, so the same two cases arise:

K1Kg = (5.4.18)

either i) |&i] <1 and |k2| > 1,

or ii) k1| =|ke|=1.

‘The dispersion relationship for (5.4.2b) is calculated by substituting (5.4.11) into (5.4.15).
It is shown in Fig. 5.10. As before, the first case arises when |wA¢t| > w,. Applying the
same argument as we did for |\| > 1, it follows that &y = a3 = 0. So only trivial solutions

occur when |\| =1 and |k1| < 1, |k2| > 1.
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Fig. 5.10 Dispersion relationship for (5.4.2b).

The second case arises when (wAt, kAz) lie on the dispersion curve. Nontrivial solu-

tions now exist and have the form

inwat [ —ijki A 1—e WhAzy A
w;‘ = aletnw (e URIAT [TW} e Rz .’t) . (5419(1)
Notice that these solutions need not contain two wavenumbers. (X, k), k2) = (1,1,~—1)

satisfies both (5.4.15) and (5.4.17) when a2 = 0. Consequently, the constant nontrivial

solution

Wi = a; ' (5.4.19b)

may exist.
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We now perform a perturbation analysis. When the nontrivial solution involves both
k1 and kg, Trefethen's proposition can be applied. Specifically, since [\ > 1, |k}] < 1
and |k5| > 1. So nontrivial solutions of the form (5.4.19a) which contain two wavenumbers
cannot cause instability.

The nontrivial solution (5.4.19b) requires Special consideration. Set \' = 1 + ¢, where

the complex valued ¢ is such that |\'| > 1. Then k = 1 is perturbed to

o2+ +8e+ 9

%f2(2+6)-—€

(5.4.20)

Assuming fa >> ¢, it can be shown that |[«’| > 1. This was also confirmed numerically
by setting € = .01¢* for 100 values of 0 such that |\'| > 1. In all instances, k = 1 was
perturbed outside the unit circle. So (5.4.19b) is not a genéralized'eigensolution. This
result is consistent with Trefethen’s theory since the group velocity at kAz =0 (k =11)
is negative.

The quarter-plane problem iv) has no eigensolutions or generalized eigensolutions when
[\] > 1, and is therefore GKS stable. Consequently, the system of equations (5.4.2) with
boundary conditions (5.4.4) is GKS stable.

It would be interesting to find boundary conditions that cause an instability of the
Trefethen type. Consider the characteristic variable w. When |A\| = 1 and |wA{| < w,,
it is seen from Fig. 5.10 that 2Az wa\;es‘,have positive group velocity. Trefethen’s theory
then implies that any boundary conditions which support these waves will be unstable.

One such pair of conditions is

wh +wh_; =0 (5.4.21q)

n

The former condition overspecifies the right boundary (it is not well-posed), while the
latter is a form of constant extrapolation. Assuming the general solution (5.4.16), (5.4.21a)
implies

o1k N1+ k1) + 0ok N1+ k) =0, (5.4.22a)
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while (5.4.21b) implies

a1(k? — 1)+ ag(ki—1) =0. (5.4.22b)

2Az waves arise when A = 1 and £ = —1 in the characteristic equation (5.4.15). K = 1 is
also a solution when A\ = 1. Set k; = 1 and k2 = —1. Then (5.4.22b) is satisfied for all

a; and ag, whereas (5.4.22a) requires a3 = 0.
wl = ag(~1) (5.4.23)

is therefore a nontrivial solution to (5.4.15) and (5.4.21). Since its group velocity is positive,
the model will be unstable.

It can be shown that no other eigensolutions or generalized eigensolutions (nontrividl
solutions with |X| > 1) are supported by boundary conditions (5.4.21). Therefore, model
instability arises solely from the generalized eigensolution (5.4.23). This instability has
been confirmed with a test model which accelerated the accumulation of rounding errors
by rounding all newly calculated w;-‘ values to three decimal places. A similar trick was

also used by Gustafsson [Gu82].

5.5 A Galerkin Fin'ite Element Method

This section examines the accuracy of several boundary conditions for the GFEM which
combines piecewise linear basis functions with'Crank-Nicolson time stepping. Although
this GFEM will be applied to the primitive equation variables z and u, the simple trans-
formation (5.1.4) can be used to re-express results in terms of the characteristic variables.
As in Section 5.3, the test problem is a one dimensional channel with an absorbing left
boundary, and a combination driving-absorbing right boundary. A closed left boundary
will not be investigated here, but the same analysis techniques could certainly be applied.

In the domain interior, the GFEM difference equations are

BN — ) + 467 = ) + (7 - )l

hAt
* (4Ax) uif) — ) + uf —ufy] =0 (5.5.1a)
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1 1 '
gl — w40 - )+ (] - o))
gAl +1 _ _n+l
+ (4—5;) Z;‘lﬂ - ~;—1 + z?+l - Z?—-x]
AL+ ul 4+ ul) + ot =0 (5.5.1b)

Initial conditions are assumed to be

u? =g1() (5.5.20)

20 =ga(j) (5.5.26)

for some functions g; and go, while the boundary conditions are

ul =— (%)1/2 27 (5.5.3a)

ulfy = (%)1/2 zy + f(n) (5.5.3b)

~(@) g =-(2)" 5+ u (5.530)
o2 . g\, .

(E) R+ uy = (Z) Zy_1 +uN_- (5.5.3d)

f(n) is driving function such as (5.2.5c). These boundary conditions are equivalent to
(5.4.4).

(5.5.3a) and (5.5.3b) approximate the absorbing left and driving-absorbing right bound-
aries respectively. They are called physical conditions. The other two conditions are re-
quired so that the system of equations which determines the numerical solution at each
time step, has full rank. They are called artificial conditions.

(5.5.3¢) and (5.5.3d) are obtained through zeroth order spatial extrapolation of the left-
ward characteristic variable at the left boundary, and the rightward characteristic variable
at the right boundary. They are by no means the only pair of artificial conditions. Many
other possibilities exist. In this section, we demonstrate that a dispersion analysis can be
used to choose the pair that is both stable and most accurate.

The accuracy analysis is similar to that for the RS scheme. Defining

X" = (uf, 2%,. .., uR, 2%), (5.5.4)
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(5.5.1) and (5.5.3) can be expressed in matrix form as
AX"H = BX" + Xpf(n + 1), (5.5.5)

where .the matrices A and B define the finite element operations, and X is the vector which
locates the driving conditions. Since a system of equations must be solved at each time step,
the GFEM is implicit. The matrix A is nonsingular, otherwise some of the row equations
would be redundant and the system of equations would not have full rank.Consequently,
A1 exists and the steady state calculation will proceed as with the RS scheme.

Assume the forcing condition (5.2.5¢). Provided e™4! is not an eigenvalue of A™!B,

the numerical solution after n 4+ 1 time steps is
X" = (A71B)"X? + Re{aelntDwht=dl[f _ (g=iwdt g1 g™+ )y (5.5.6a)

where

= [I— e wAta=1g " 471X, (5.5.6b)

When all eigenvalues of A™'B are strictly inside the unit circle, (5.5.6a) becomes
X"+! = Re{ael+)wAt-dly} (5.5.7)

As with the RS scheme, Y contains the spatial profile of the steady state solution.

The precise form of Y is found by assuming that (5.5.1) and (5.5.3) have separable

(£)=(£)vﬂ. (5.5.8)

This is essentially the same substitution that was used to form the resolvent solutions in

solutions of the form

the GKS stability analysis of Section 5.4. (5.5.1) has nontrivial solutions of the form (5.5.8)

when
(A — 1)2(IC2 + 4k + 1) LrANE — 1)(k% + 4c + l)

5.5.9
gh(ii) (x+1) 2k?2-1)" =o. (5:5:9)

This dispersion relationship (or resolvent equation) has four roots for each value of

A = ™At (5.5.10)
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‘The numerical solution is therefore
(i):x"f:(“)nf (5.5.11)
i oi\re) -
where precise values of the coefficients ¢, p¢ are determined by the boundary conditions
(5.5.3).

The dispersion curve for (5.5.9) illustrates the relationship between A\ and k. When
T=0, this curve is the composite of Fig. 5.9 and Fig. 5.10. Positive values of wAt less
than the cutoff frequency are associated with four wavenumbers. Two of these wavenum-
bers are positive and correspond to rightward waves, while the other two are negative and
correspond to leftward waves. As Platzman [PI81] points out, this means that forced pe-
riodic motion will generate a short wavelength noise component in addition to the longer
wavelength appropriate to the forcing frequency. The energy in these four waves is deter-
mined by the boundary condifions. Since energy may be transferred from one wavelength
to another at each reflection, the calculation of reflection coefficients is much more com-
plicated here than with the RS scheme. However an indication of boundary condition
accuracy cén be obtained by calculating the steady state values of the coefficients ¢, and
e in (5.5.11).

The calculation of these coeflicients is similar to that for the RS scheme. Assume N,
f1, f2 are constant, and check that all the eigenvalues of A™!B are inside the unit circle.
This ensures that the stead); state numerical solution is given by (5.5.7). For any driving
frequency wAt, the spatial profile of the steady state solution is then found through the
following steps:

i) using (5.5.9) solve for k1, K2, K3, K4;

i) re-arrange (5.5.6b) to

[A — e WABlY = X, (5.5.12)

and solve for Y,
iii) do a least squares fit on the z (and u) components of Y to find the complex coeffi-
cients ¢, and pp in (5.5.11).
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The analysis technique is now illustrated with five pairs of artificial boundary condi-
tions. These conditions are used in combination with the physicdl conditions (5.3.3a), and
(5.3.3b) with f(n) specified as in (5.3.6¢c). Initial conditions are assumed to be zero, and
the parameters (fi, fo, N) are fixed at (0.,1.,10). Analysis results are presented in figures

similar to those of Section 5.3.

The first pair of artificial conditions is (5.5.3c) and (5.5.3d). Fig. 5.11 displays the

analysis results.

The two lowest diagrams show the relationships between the eigenvalues and eigen-
vectors of matrix A"!B. The diagram on the lower left is a dispersion relationship. The
dotted line is the analytic relationship while the solid line is the numerical dispersion rela-
tionship for a ring domain. Asterisks plot wAt versus kAz (i.e., the arguments of \ versus
those for k). Only positive values of wAt and kAz are shown. Notice that all the‘asterisks
lie along the solid line. This implies that the phase and group velocities of all transient

and random signals are the same as they would be for some ring domain.

The diagram on the lower right plots |\| and |«| versus kAz. The |\| values are shown
as circles while the |«| values are asterisks. All the eigenvalue amplitudes are strictly less
than unity so a steady state solution does exist. Lagrangian amplitudes are designated by
crosses. Denote the kAz value when wAt = w, as the folding wavenumber k; [P181]. Then
the Lagrangian amplitudes are close to unity when kAz < ky, and decrease monotonically
when kAz > k;. Consequently, short transient waves decrease in amplitude as they

propagate, while longer transient waves propagate with little amplitude change.

The middle row of diagrams shows model response to various driving frequencies. Again
the left diagram is a dispersion curve with the same solid and dotted lines as the diagram
below it. Asterisks now denote the numerical values obtained when twenty equally spaced
values of wAt are assumed in (5.5.10) and substituted into (5.5.9). Again these asterisks

lie along the numerical dispersion curve for a ring domain.

Notice that when wAt < w,, two wavenumbers are generated by the driving frequency.

One is larger than k; and one is smaller. Both associated k values have amplitude unity.
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Fig. 5.11. Dispersion analysis for the GFEM with fi = 0, fo = 1., N = 10; physical
boundary conditions (5.5.3a), (5.5.3b); and artificial conditions (5.5.3¢), (5.5.3d).

(This is no longer true when 7 > 0.) When wAt > w,, the two k values have the same
wavenumbers but different amplitudes. The least squares analysis for the coefficients ¢,
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and p, indicates that the x value with the larger magnitude dominates. Consequent]y, an
evanescent signal emanating from the iight boundary will decay as it propagates leftward.
This is predicted by Vichnevetsky [Vi80], and was also seen with the RS scheme. However,
unlike the fixed wavenumbers associated with the RS and Vichnevetsky evanescent signals,

these wavenumbers vary with wAt.

The top diagrams show the amplitudes of the two rightwai'd waves at the left boundary,
and the two leftward waves at the right boundary. When wAt < w,, circles denote the
longer wave and asterisks the shorter wave. When wAt > w. , both waves have the same
wavelength with circles denote the wave with the larger |«|. Conditions (5.5.3a) and (5.5.3¢)
are seen to produce rightward wave amplitudes that are very close to zero. Since the left
boundary is absorbing, there should not be any reflected rightward waves. Therefore, the
left boundary conditions are very accurate.

The right boundary condition determines how energy at the forced boundary is dis-
tributed between the two leftward waves. Since the driving frequency was assumed to
have amplitude 1.0, an ideal boundary condition should assign all this energy to the longer
wavelength. Clearly (5.5.3b) and (5.5.3d) are not ideal. For small wA¢, the amplitude of
the short wave is close to zero and the amplitude of the long wave is close to 1. This means
that the short wave has only a small amount of energy. However, as wAt increases, so do
the amplitudes of the short wave. For example, when wA¢ = .2257, amplitudes of the
short and long waves are .50 and 1.37 respectively. Notice that both arﬁplitude patterns
seem to oscillate as wA¢ increases. When wAt > w,, both waves have the same length. All
the energy is now assigned to the wave associated with || > 1. This is further confirma-
tion that the forced oscillation has a spatial decay of the type discussed by Vichnevetsky
[Vig0].

The second set of artificial conditions is also obtained through zeroth order spatial
extra.polé,tion. However, in this case the extrapolation is applied to z rather than the

characteristic variables. The conditions are

2] =2y (5.5.13a)
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2 =2N_y- (5.5.13b)

Fig. 5.12 shows the analysis results.

Although these results seem quite similar to those of Fig. 5.11, there is one major
difference. The artificial conditions have made the GFEM unstable. Close examination of
the lower right diagram reveals that the eigenvalue amplitudes associated with kAz/m =
.5339 and .7739 are larger than unity. The eigenvalues are A\ = 1.00576e%*1-33441  Although
these values will cause only slow growth, a numerical model run has confirmed that it does
occur.

The lower right diagram also reveals that A\ = 1is an eigenvalue. It may also contribute
toward instability since its associated e_zigenvector has a spatial profile that is constant in
z aﬁd a 2Az wave in u. The group velocity of this 2Az wave is positive when we consider
the leftward dispersion curve (e.g., I'ig. 5.10). So Trefethen’s theory implies that there
should be an instability arising from the left boundary. This is difficult to confirm with a
numerical mod.el since the eigenvalue with modulus 1.00576 dominates the unstable growth.

Instability invalidates our analysis of model response to a driving frequency. In par-
ticular, we cannot assume that the numerical solution (5.5.6) converges to (5.5.7). Wave
~ amplitudes at the two boundaries now consist of two components, only one of which arises
from the steady state solution given by (5.5.7). The top diagrams only show wave ampli-
tudes of this convergent component. As might be expected, they are less accurate than
those of Fig. 5.11. Amplitudes of the leftward waves at the right boundary indicate that
more energy is assigned to the shorter wave. Furthemore, rightward waves are seen to be
generatedA by reflections at the left boundary.

The third set of artificial conditions arises from zeroth order space-time extrapolation

of the characteristic variables. The conditions are

1/2 1/2
_ (%) 2 gt = (%) 25 +ul | (5.5.14a)
1/2 1/2 '
(%) A+ = (%) SR (5.5.14b)

Fig. 5.13 shows the analysis results.
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Fig. 5.12 Dispersion analysis for the GFEM with f; = 0, fo = 1., N = 10; physical
boundary conditions (5.5.3a), (5.5.3b); and artificial conditions (5.5.13).

All eigenvalues are inside the unit circle so this pair of boundary conditions is stable.
The lower left, upper left, and two middle diagrams are quite similar to those of Fig. 5.11.
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Fig. 5.13 Dispersion analysis for the GFEM with fi = 0, fo = 1., N = 10; physical
boundary conditions (5.5.3a), (5.5.3b); and artificial conditions (5.5.14).

All comments arising from those earlier diagrams can be repeated here. The upper right

diagram, however, is significantly different. Long wave amplitudes are closer to 1.0, and
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short wave amplitudes are closer to zero. Since less energy is assigned to short waves at
the right boundary, we conclude that artificial condition (5.5.14b) is more accurate than
(5.5.3d).

The previous three sets of artificial boundary conditions are simple mathematical ex-
trapolations. Intuitively, we would expect that conditions which retain some of the problem
physics should be more accurate. The fourth set of artificial conditions tests this intuition

by applying the Box scheme to the continuity equation. The artificial conditions are now

hAt
(7! = 20) + (25 = 28) + o [(uf — u}) + (5™ — u}*!)] =0 (5.5.150)
hAt |
(2p! = 2R) + (et — 2Rm) + s [(uy — ul_y) + (it — ut))] =0.(5.5.15b)

Fig. 5.14 shows the analysis results. They are very similar to those of Fig. 5.13. The
method is stable, a.nd has an accurate right'boundary condition. In fact, for some values of
wAl < we, condition (5.5.15b) is slightly more accurate than (5.5.14b). Waves at the left
boundary are now seen to be greater than zero for some wA¢. This implies that condition
(5.5.15a) causes some reflection at the left boundary and is less accurate than (5.5.3¢) and
(5.5.14a).

The final set of artificial boundary conditions arise from first order spatial extrapolation

of the characteristic variables. The conditions are

1/2 :
- (%) (27 — 223 + 23) + uf — 2u3 + uz =0 (5.5.16a)

1/2
(%) (2N — 221 + 2v—2) + Uy — 2uly_ +ufy_p =0. (5.5.16b)

The analysis results, as shown in Fig. 5.15, are seen to be quite similar to those in Fig.
5.11. In fact, it is insfructive to observe if higher order spatial ektrapolation has increased
the boundary condition accuracy. The diagram in the top right shows that it has. The
longer leftward wave has an amplitude closer to 1.0 and the shorter leftward wave has
~amplitude closer to zero. However, (5.5.16b) is not as accurate as (5.5.14b) or (5.5.15b).
The method is again stable.

The preceding analysis results were partially confirmed with numerical tests similar to
those for the RS scheme. Each of the five pairs of artificial boundary conditions were used
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Fig. 5.14 Dispersion analysis for the GFEM with f; = 0, fo = 1., N = 10; physical
boundary conditions (5.5.3a), (5.5.3b); and artificial conditions (5.5.15). '

in conjunction with (5.5.1), (5.5.3a), and (5.5.3b). The driving frequency wA¢ = 70685835

was assumed. Parameter values for the model runs were identical to those in the analysis.-

188



WAVE RAMPLITUDES

RIGHTWARD AT LEFT BDY LEFTHARD T RIGHT BDY
o o
o] o]
S S °
-o o
=9 =2 “o-------00000000080
£ £ ®
< <
*
< MONSOSSNSNSERRRERRENN e an?
.0 0.5 1.0 .0 0.5 1.0
NmDT/PI WeDT/P1

PHASE AND AMPLITUDE OF KAPPA

27 3
co.b-o 0 .'5 1.0 g <0 l:S :0
KuDX/P1 WuDT/P1
EIGENVRLUE/EIGENVECTBR ANALYSIS
Q_ = - *
- - »
_ --x»---x-----x-----E--------;--t-----
%2“ P 52“ " R
T e ®
Sh.o 0.5 1.0 g;.o 0.6 1.0
KuDX/P1 KuDX/P1

Fig. 5.15 Dispersion analysis for the GFEM with f; = 0, fo = 1., N = 10; physical
boundary conditions (5.5.3a), (5.5.3b); and artificial conditions (5.5.16).

Each test was run for 270 time steps. Least squares analyses over the successive time
step ranges [135,167], [168,201], [202,235], [236,270) were used to calculate coefficients of
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the leftward and rightward waves. As predicted by the analysis, the artificial conditions
- (5.5.13) caused a slow unstable growth. This growth is evident through residual errors
which increased with successive fits. In all other cases, residuals decreased with each
successive fit, and the fitted coefficients seemed to be converging. The coefficients ¢, ¢2, ¢3,
¢4 obtained from the fourth fit were identical, to at least 2 digits, with the analysis results.
Had the model calculations been done in double precision, as they were with the RS tests,
analysis and model results would have been closer. |

Thé relative accuracy of the preceding five pairs of artificial boundary conditions can
be summarized as follows. For the absorbing left boundary, (5.5.3¢), (5.5.14a) and (5.5.16a)
were all very accurate when combined with (5.5.3a). (5.5.15a) became considerably less
accurate as wAt increased and (5.5.13a) contributed toward model instability. At the
absorbing-driving right boundary, conditions (5.5.14b) and (5.5.15b) were the most accu-
rate when combined with (5..5.3b). There was little difference between the two. Listed
in terms of decreasing accuracy, the other three conditions are (5.5.16b), (5.5.3d) and
(5.5.13b). Again, the last of these contributed toward model instability.

Since no attempt has been made to generalize these accuracy results, they may be
problem and parameter specific. As with the RS scheme, analyses with f; > 0, and with

a closed left boundary should also be considered. However, they will not be done here.

5.6 Summary

This chapter has demonstrated that dispersion analyses can be extended to include
boundary conditions. It has been shown that the accuracy of boundary conditions can
be examined through physical concepts such as wave amplitude profiles and reflection
coefficients. By applying Trefethen’s [Tr83] theory, it has also been shown that a dispersion
analysis can be used to indicate the GKS instability of an IBV problem.

Here is a summary of the highlights of thi§ chapter.

In Section 5.1, the importance of boundary conditions was discussed and previous

work was reviewed. In particular, the recent work of Beam, Warming, and Yee [Be82)
~ was summarized because of its close relationship to the analysis of two-step methods in
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Chapter 2.

In Section 5.2, the one dimensional channel problem was defined mathematically and
the boundary conditions were shown to be well-posed. It was also shown that with 7 = 0,
our radiation conditions are identical to the absorbing boundary conditions proposed by
Engquist and Majda [En77].

In Section 5.3, the boundary condition analysis was developed for the Richardson-
Sielecki FDM. Time-space staggering of the z and u variables means that several implé—
mentations of the radiating conditions are possible. Four implementations were analysed.
Listed in terms of decreasing accuracy, they are:

i) first order space-time extrapolation,

ii) linear spatial extrapolation with phase velocity,

N
i11) zeroth order space-time extrapolation,

)
iv) linear time extrapolation followed by linear spatial extrapolation.

The last implementation causes instability. Implementations for nonzero 7 were also dis-
cussed, and the analysis results were partially confirmed with numerical tests.

In Section 5.4, the GKS stability of a Galerkin FEM with selected boundary conditions
was analysed. Trefethen's interpretation of GKS theory was also discussed and illustrated
with a pair of unstable boundary conditions.

In Section 5.5, the dispersio'n analysis was appliéd to a Galerkin FEM. Five pairs of
artificial boundary conditions were examined in combination with physical conditions that
approximate an absorbing left boundary, and a driving-absorbing right boundary. Listed
in terms of decreasing accuracy, the best conditions for the right boundary are:

i) zeroth order space-time extrapolation of the outgoing characteristic variables,

i) thé Box scheme applied to the continuity equation,

| iii) first order spatial extrapolation of the outgoing characteristic variables,
iv) zeroth order spatial extrapolation of the outgoing characteristic variables,
)

zeroth order spatial extrapolation of z.

Actually, there was little difference between implementations i) and ii). Implementation
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v) caused instability. At the left boundary, implementations i), iii), and iv) were all very
accurate whereas implementation ii) became considerably less accurate as wAf increased.

Implementation v) again caused instability.
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