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i(a)

Man as Predator: Qualitative Behaviour of a

Continuous Deterministic Model of a Fishery System
ABSTRACT

A global portrait.of the phase plane is obtained for any acceptable
values of the parameters. 3 different structures of the phase plane are
recovered. The first predicts an eventual collapse of the fishery. The
second predicts an unstable limit cycle and'an eventual stability of
solutions which start inside the limit cycle. .The last structure predicts
2 possible stable equilibria, one with high catch rate, and the other oﬁe
wffh no catch. Each structure corresponds to a different domain in the
parameter space. The boundaries of these deains are found.by solying the

relevant differential equation for a saddle-to-saddle separatrix in the

phase plane, This procedure utilizes regular perturbation methods.



II.

ITI.

CIv.

VI.

TABLE OF CONTENTS

INTRODUCTION . & & v v 4 v v e v e o e e e e e w ™

THE MODEL  + v v v v o v e e e e e e e e e e e
PRELIMINARIES '+ & v v v v e e v e e e e e e o

THE TRAJECTORIES AFFILIATED WITH THE SADDLE POINTS

A SOLUTION FOR b v v v v e v o e e e e e e e
THE GLOBAL PORTRAIT OF THE PHASE PLANE . . . . . .
INTERPRETATION . .+ v v v o v o oo e v e e o

APPENDIX A: POSSIBLE VALUES OF R AND Q . . .

APPENDIX B: THE NUMERICAL SCHEME ., . . . . . . .

1(b)

PAGE

17
21
31

38
39

41



Figure
Figure
Figure
Figure

Figure

Figure -

Figure
Figufe

Figure

FIGURES

The equilibria in the phase plane . . . . .

A preliminary description of the motions in
T2 and T3 e e e e e e e e e e e e e e e
T2 > T3 e e e e e e e e e e e e e e e e e

The phase piane portrait when b < Xy -

The phase plane portrait for X, <b<b
Division of the phase plane by T2 e
The phase plane portrait for b > b....

The number of roots of g(x) as a function

values for R and Q . . . + « « « + . .

of various

ii

PAGE

15

18

19

32

34

35

36

40



iid
ACKNOWLEDGEMENTS

vI wish to express my appreciation to my supervisor, Dr. D. Ludwig,
- for his original suggestion of my thesis toﬁic és well as for his encour-
agement and guidance during the preparation of this thesis. I would also
like to thank Dr. F. Wan for many hélpful discussions considering the final

draft of this work.



LEAF 1 OMITTED IN PAGE NUMBERING.

2 A



Pa’aej does nel ©3T

INTRODUCTION

Commercial exploitation of animate reseurces is one ofvman's
oldest occupations, already mentioned in Genesis. In recent years an
accelerating decline in the productivity of important fisheries was observed.
Clark {1] mentions the great whale fisheries, Grand Banks fisheries and the
Peruvian anchovy fiehery. |

A model of the dynamics of animal population and human effort to
harvest ir is analysed in this werk. The model is continuous and deterministic.
For a non-harvested'population'it assumes logistic growth perturbed by
predation. This implies that there are two possible equilipria fpr the
population: a very low one and a high one. Harvesting may drive the
population to the low equilibrium,where no harvestiﬂg is worthwhile.

| For a harvested pdpulation we subtract the harvest from the natural
growth, and obtain the equation for the dynamics of the population. For |
the human effort we‘assume that the rate of change in rhe effort is
proportional to the net income. This reflects the fact that the hunted
populariop is a common property. Everybody has free access to commercial
hunting (or fishing) and therefore the total human effort increase is
‘proportional to the total net income (negative net income and‘negative
increase are not excluded). The net income is the difference between the
total revenue (i.e. the harvest) and total cost.

The model is presented in Section I.

Section II is a preliminary discussion of the equations obtained

in Section I. They are scaled and brought to the form



dx '
d_t =X g(X) - XY N
Y - oayx -

dt aY(_x b) ,

g(x) = R(L - % - =X

Q 1+ x2

The quantities x and y are proportional to the population density and the

human effort respectively, and hence x,y > 0. g(x) has three positive zeros X;»

i =1, 2, 3 . The possible equilibria of the system are E0 = (0,0);

Ei = (xi;O) i_= 1, 2, 3, 3 E4 = (b,g(b)). E is asymptotically stable,

1

E and E are saddle points and E is stable if dg (b) <0 .. We
2 3 4 dx :
unstable >0
denote by X the point where %% (x) = 0, and then give a preliminary

description of the motions in the phase plane. They are summarized in -

the following figure:

Figure 1. The equilibria in the phase plane.



Section II concludes with an indication of the main problem of
the work: the completion of the phase plane portrait. The main clue for
this is the information about ‘Tz and T3 - the separatrix which goes to
E2 and the one which leaves E3, respectively. /In Section IIT these
T.i are defined and the.problém érises:‘ for which value of b is a saddle-
to—gaddle separatrix ~obtained, i.e. when do tﬁe Ti intersect?

This b is found in Section IV. Approximate solutions for the
saddle-to-saddle separatrix are obtained,land they imply a unique value

of b (denoted 6). 0f course, ﬁ depends on R, Q, a. This b is found

with two alternative assumptions:

/2
/2

(1) a-Q

is ‘large, or

(ii) a-Q3 is small.

~

The interesting thing is that always b > X - This enables us to draw
only three distinct phase plane portraits and eliminate other possibilities.

These portraits - as given in Section V - are:

(i) For b < Xq all the trajectories converge to E, -

(ii) For Xy < b < b an asymptotically unstable limit cycle appears.

Its existence is proved by the Poincare-Bendixon theorem. All the solutions
which start inside the limit cycle converge to E4 .. Those which start

outside the limit cycle converge to El .
(iii) For b > b, E4 is the attractor for orbits which start under T2

while .E, 1is the attractor for orbits which start above T2 .

1

From these 3 structurally different portraits we see that given

an initial point (x(0), y(0)), the solution may or may not converge to E

1

What happens will depend upon the parameters. In certain cases, a modification c



the parameters can avoid a collapse of the population (and the harvest).
The analytic approximations were accompanied and verified by a

numerical scheme. It is described in the appendix.



I. THE MODEL

This model. is a detefministic continuous model which describes
an animal population subject to human harvest. A system of two coupled ordinary
differéntiél equations is introduced. One equation desc?ibes population\changesv
‘while the other .describes changes in human effort to cétch the aﬁimals. The
equations.are simple and therefore one should not expect them to fit
reality in every detail. They do not refer to any particular animal
popula;ion, but méinly fish populations were in my mind during the work
on this paper.

The basic equation for the dynamics of the population is

du _ - : :
Fre NgKu) -H . (1.1)

Where u 1is the population density, <t is time, NG is natural growth
rate (i.e;»growth rate of the population with the absence of human harvest)
and H 1is the harvest. This equation has been employed in Clark and
- Munro [2] and Smith [97.

The equation for a population which ié not subject to humén
catch is

2
d
Gr = NG(w) = ru@ -3 - B 5 - (1.2)
u

dT a + u .
The term r u(l - %—) is the right hand side of the logistic:
u .
equation, often used by biologists (cf. McNaughton-Wolf [3]). It describes

a growth which is exponential initially and then decays due to the finiteness

~




of the environment resourbes. Ku is the maximal possible bopulation
density. It is determined by factors such as limited food supply or

spage. 2

u
The term -8 - % describes an effect on the growth rate,
' a +u

due to predation. This particular choice of the predatibn.term represents
a type III S—shaped‘functional response (cf. Holling [4]). According to
Holling, the éffect of predation satﬁrates at fairly low population
densities, i.e. there is an upper limit to the rate of

)
mortality due to predation. This implies.that %— is small. Another
.

feature of predation is a decrease in the effectiveness of predation at

very low densities. This is attributed to searching and learning on
2

1

the predator's part. Fiﬁally, we have to remark that -8 is not

a +u

'the only way to represent a type}III S~shaped response. This particular
form is chosen because of mathematical convenience.
In order to incorporate the effect of human harvest we follow
Clark—Munrd {2] who give H(E,u) - the human harvest -4thebform:
Y1 Y2
E

H(E,u) = y u R (1.3)

where E 1is the human effort and Y > 0 . For reasons of convenience

we set
Yy =Yy < 1. ‘ . (1.4)
Combining (I.1l), (I.2), (I.3), and (I.4) we obtain

- 8y v
Fral u(l m ) B ) > = YUE . (1.5)
o a 4+ u



For the economic part we assume that
(1.6)

where Y is the net income yield. Following Schaeffer [5] we assume

that the total cost is proportional to the effort.
C-—_-pQE N (107)

This is a common assumption among economists (qf. Clark Munro [2]).
In general, p = p(E), but here p is assumed to be independent of E.
The total production has already been given by (I.3), (I.4)

and when we combine this with (I.7) and substitute in (I.6) we obtain

€ _ . vE@ - By .
o ¢ YE(u Y) . ‘ (1.8)

Cémbining (I.5) and (I.8) we get the system

2 .
du _ u u ! ‘
i ruu(l - E—) -8 75 - YEu |, . (1.9)
. u a +u .
dE _ _ P
i ¢ v E(u Y) .

The main aim of this work is to study system (I1.9).



II. PRELIMINARIES

This section is devoted to a simplification of the problem and

to the derivation of some straight forward results. Simplification is

done by scaling the variables and bringing (1.9) to the form

X g(x) - Xy

=
1l

aY(X - b) ’

<
1l

where g(x) = R(1 - 3 - ——"—2 .

Q. 1+ x
found and then used in a discussion on the equilibria and their asymptotic

Zeros and a maximum of g(x) are

stability. The section concludes with a preliminary description of the
motions in the first quadrant of the phase plane. The following sections

complete this description.

IT.1 Scaling

We introduce the following parameters and quantities:

ar

R=—,
B8

KU
Q=a—,

c 2
a:EQ‘Y.a >
b = 2-
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u
X = —
a
= O
= E
y B ’
t='B—T .
a

In terms of these we have

»
It

x g(x) - xy »
, (1I1.1.1)
y' = ay(x - b)

5) _v__§;__

2
Q 1 +x

where = — 3 g(x) = R(l.

Since o 1is the density where predation saturation occurs and
K

Ku is the total capacity, Q = EE- is large. This will be used later.

II1.2 g(x) : its zeros and maximum

g(x) may have either one or three zeros. We are interested
only in the latter case. This implies certain restrictions on R and
Q . They are discussed in the Appendix.

. We employ.algebra to obtain:

g(x) = R(L - %) - 5 = - 7~ P(x)
where
P(x) = x3 - sz + (1 + %)x -Q

To evaluate xi(i=l,2,3) we set



P(x) = 0
Hence x2 - =X + 1=

x(
1,2 TR *1,2 Q *1,2 7 T1,2

Therefore for 0 < €9 5_R <-% we have*:

%“‘ ;‘7_4 -1
1 = -4
- =+ 2
_ R R -1
X, = 5 + 0(Q M)
Since x, = - Q + —Q + L. . 0 , we obtain

R *« x X 2
3 3. X4

An approximate value of 'XO is found as follows:

_3_8_=_B_+__.£___2_1? , and
X Q (1 + x)
dg
ax (%) =0
Q _ Q/ 8R
. X2 _R 2 + R 1 Q
ence X, 5
. 9_2/3 -1
Thus x, /; 5 /gt 0@
%
~ In general:
(x - x))(x = x,) =¢€3 xlaéx2
£ €
== = + =" =
= X Xl — Xz x1 + - xl +
X - X,

11
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II.3 Equilibria and their asymptotic stability

From the equations:

X'

x g(x) - xy ,

y

ay(x - b) ,

we see that the equilibria in the first quddrant are:

B, = (0,0) ,
B, = (x,,0)
E, = (x,,0) ,
By = (x,0) ,
E, = (b,50)

-3 3

that even if the biomass were at its maximal possible value, it would not be

E4 occurs only if 0 < b < %y or x, <b < x,. The restriction b > x, means

worthwhile to make an effort to harvest it. The restriction b < x2 means that

it is worthwhile to make a harvesting effort in densities below X, = the

collapse threshold. Neither case is realistic. We shall concentrate only

< < .
on the case x2 b x3

In order to compute the asymptotic stability of the equilibria,

we first compute the variational matrix of the system.
x g (x) +8kx) -y -X

M(x,y;b) =
ay ~a(x - b)

Let Mi Be‘ M(x,y;b) evaluated at Ei . Then we obtain
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R 0
M =
0 0 -ab ,
¢ : 3
x) g, (%)) ™
M, =
0 a(x, - b)
\ 1: J
( )
Xy * g (%)) *)
M =
2
0 a(x, - b)
\ ,2 J9
r . .
X3+ 8, (x3) X3
M, = :
3A \ 0 a(x3 - b) ,
b g (b) -b
M =
Y la g 0
A

From the assumptions on g(x) and on 'b (x2 < b < x3) we
can draw the following conclusions:

(L EO is a saddle point which attracts in the y direction and

repels in the x direction.

(2) El is a stable equilibrium (because gx(xl) <0; x, <b)

1

(3) E2 is a saddle point .(because ‘gx(xz) > 0; x, < b) that

2
repels in the x direction.
(4) E3 is a saddle point (because gx(x3) < 03 X3 > b) which

attracts in the' x direction.

(5) E4 is asymptotically stable (unstable) according to:
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1f E% g(b) < 0, then E4 is asymptotically stable.
If E% g(b)'> 0, then }:_‘,.4 is asymptotically unstable.

Graphically, this means that if. b > X, then E4 is asymptotically

stable; if b < x then E4 is asymptotically unstable.

0

I1.4 Phase plane description

We consider again the system

Xg(X) - Xy ,

=
]

y' = ay(x - b) .

Along the axes:

Along the y axis x' 0; y'<0.

I

Along the " x axis y' 0 ; sgn(x') = sgn g(x) .

In the interior of the first quadrant we have 5 distinct regions

to discuss. Considering %ﬁ = ;éé%ﬁj::bi§~ we can immediately tell the

direction of the motion in .each case.

1. When x < X and y < g(x) then

2. When < x <b and g(x) then

<
A

X2

3. When b <-x < Xy and y < g(x) then

Y

4, When X < b and y > g(x) then

sle gl gle 7o 2l
v
o

5. When x > b and y > g(x) then

At the boundaries of these regions we have



(1) vy = g(x) implies x'=0; y' >0 if x>b and y' <0 if x <b .

(2) x =b implies y'=0; x' >0 4if y < g(x) and x' <0 if y > g(x)

The motions in the phase plane ‘can be illustrated by the following figure:

< I

. | .
Figure 2. A preliminary description of the motions
in the phase plane.
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At this stage we are ready to indicate the main problem of the
work - the global picture of the phase plane. Given initial x and vy,
we would like to know where the solution df (I1.1.1) goes as t =+ = ,
Clearly, when E4 is asymptotically stable there are two possible answers -
El and E4 . But even when E4 is asymptotically unstable there is no
reason to believe that all the solutions convergé to El . The answer
depends not only. upon the initial data bﬁt glso on the particular
value of the parameters. In the next sections the asymptotic behaviour

of the solutions will be discussed in the various domains of the parameter

space.



III. THE TRAJECTORIES AFFILIATED WITH THE SADDLE POINTS

Alpossible way to deél with the problem raised at the end of the
last section is a division of the first quadrant info domains bounded by
solution trajectories. A soiution which starts in such a domain is
destined to remain there because two solutions cannot intersect. For
the same reason there are only two possible boundaries of this type:
periodic solutions and orbits which connect critical points. El’ E2 and
E

3 are already known to be connected by one orbit, namely the x axis.

There exists another unique orbit which goes to E2 and another one
which goes from E3 . Motivated by this,one is ied to investigate
properties of these trajectories.
Since the right hand side of the system (II.lql) is twice
continuously differentiable we may use the following theorem, which is
a slightly modified version of a theorem given by Coddingtdn—Levinsoﬂ [6].
Theorem. Consider the system
4 {x] RENS2
de Ly ) | £,(x,5)

b

for which the following conditions hold:

(i) (xO,yO) 'is a saddle point.

.. 2 .
(ii) fl, f2 e C in the neighbourhood of (xo,yo) .

Then there exist exactly two orbits tending to (xo,yo) as t > ®»
The angle between these two orbits is 180°, and any orbit starting

sufficiently near either of these orbits in the neighbourhood of (xo,yo)
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tends away from them as t =+ o

A corollary of the theorem is that if (i), (ii) hold, there
exist exactly two orbits tendiﬁg to (xo,yo) as. t +v;® . The angle
between the orbits is 180°, and any orbit starting sufficiently'close>'
to either of these orbits and to (xé,yo) tend away from them as t » -» .

At E2 = (x2,0) we already know that the latter orbits lie

on the x-axis. We define T

5 - as the orbit of the former type which lies

above the x-axis.

Figure 3. T2v and T

3

T2 must lie above g(x) near E2 . Indeed, otherwise .x' >0

along T, near Eys and x > x, on T, for T, under g(x) imply

that T

2

does not tend to E2 . Therefore T, lies in region 4 near E2 .

At E3 we define T3'- the trajectory leaving E3 . Ina
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similar way to T2 we can show that T3 lies above g(x) and T3
) ;

lies in region 5 near E3‘.

T, lies in region 4 near E, . Therefore, either it crosses

2

the line x =b or it converges to E4 as t - -, or both happen

(if T, spirals around E4 in a converging fashion).
T3 lies in region 5 near. E3 . Hence, either it crosses the
R

line x = b or it converges to E4 as t » < or both.

If both T2 and T cross x =b we say T

3 2 3 2

crosses "higher" than Ty and T3 > T2 in the opposite case
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If one T, does not cross the line x =b, then T, > T .
o | I 3

At least one of them must cross x = b . Otherwise both converge to E4’

but a simple non saddle equilibrium cannot attract and repel at the same time.

There is another possibility yet: both T2 and T3 Ccross

x = b at the same point. Then - by the uniqueness of the initial value

problem - they are identical. T2 = T3, and this is a saddle-to-saddle

separatrix. This trajectory connects E2 and E3, so it can serve us

in the way described at the beginning of this section. Hence the motivation
to find the value of b for which such a separatrix is obtained. From
here on we shall refer to this as the solution for b, and denote it —

~

by b



21

IV. A SADDLE TO SADDLE SEPARATRIX

IV.1 Introduction

In this section we shall concentrate on the equation

dy _ _ay(x - b) | .
dx  x g(x3Q - xy (1v.1.1)

We shall find the b for which exists a solution y which satisfies
y(x,) =0 1=2,3 (1v.1.1)

i.e., there is a saddle-to-saddle separatrix.
Since (IV.1.1) is too complicated to integrate exactly, we shall use a

perturbation method. The crucial parameter was discovered in two steps:

dy

is. Assumin
dx g

(i) Clearly, the larger a is, the larger

"large a'" we obtained an approximate solution and then compared it with

numerical results. It appeared that the approximation was good also for
fairly small values of a such as lsz .
(ii) Observing that Xq = /-% is where structural changes occur*

we scaled:

* . '
In fact, it will be shown later that a Hopf bifurcation takes place:

near b = XO
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x
u=—=
- (IV.1.3)
o ok
B =2
Q
Now the new form of (IV.1.1) is:
dy _ a/a.(u‘— B) - Y .
da ) . (1v.1.4)

Here Y(u) = y[-31 5 G(u3Q) = R(L - —=) - ——lﬂﬁiji
/6 ’ YQ 1 + Qu

We tried a parameter of the form P = aQ and the following

expansions for the saddle-to-saddle separatrix and B:

For small P,

¢ (u;0) = Yés)(u;Q) + PY{S)(u;Q)'+‘P2Y§S)(u;Q) + ...

(1v.1.5)
3(s) - (S)(Q) + PB(S)(Q) + PZB( Q) + ...
For large P,
v (u;q) = w( @ + PP o + P AP o) + .,
’ (IV.1.6)

g(®) _ (“(Q) + P B(’” Q + P~ B(”(Q) + o

%%k fl . ~
Following this, uj = j=0,1, 2, 3 ; B =

Q
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Bés)(Q) appears to be 0(l) as Q > and m will be chosen
so that also Bis) = 0(1) as Q > « . This will indicate that (IV.1l.5)

is asymptotic. It appears that m = 3/2 is the appropriate m .

IV.2 An approximate solution for small P

We substitute (IV.1.5) in (IV.1.4) and obtain:

dYéS) inS) ) dYés)
m + P au + P Ta + ... (1Iv.2.1)
a Q%(Yés) +_PY§S) + P2Y§S) + o) - Bés) - PBis) - PzBés) -
) u(G(u) - Yés)— Pyis) - szés) - ..

[N

At this point we have to decide if aQ? is "small" or "large". This is

necessary in order to simplify the equation. Certainly, if m > %, aQ?

is small. We assume this, and will show later that m = 3/2 .

1
%

» Assuming that aQ is small we can balance the two sides of

(Iv;z.l) by:

(i) setting Yés)(u;Q) =0, or

(ii) setting Yés)(u;Q) = G(u;Q)

We know that Y5 (u;Q) _lies above G(u3Q), so we reject (i) and set

Yés)(u;Q) = G(u;Q) . o - (1v.2.2)

Now the equation has the form:

(s) (s)
dy dy
dc 1 2 2 '
WP YP o ¢t e (1v.2.3)
Qe + PYES) + P2Y§S) + .. (u - Bés) - PB£S) )
= - PO (2) 2_(s)
u(Y,; "+ PY,TT + PIYT 4 L)
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Formally, we expand. the right hand side:

_ Q™ (G + PYiS) + PZY(S) + ... -,Bés) - PBiS) - Pznés) - )
u(Y(s) + PYES) + 88 )
| 3
QTG + PYis) + szés) + .. (- B(S) - is) - PZBés) - )
- T +(® NEO) B
(s) ) 2 Y3
a+P NO) rEL® )
)
_ T () () e () 2 (s)
ST (G+PY,"" +P Y2 + ...)(u - By PB,77 - PB,C - ..l)
(s). (s) (s)2 '
(1-7P 2|5 [Yz +...) =
(s) ¢(s) (s) I
¥, ¥, Y
- (), (s)
Q*™6(u - By) %-m Y | .
Q* (s (S) (s) 2 (s)
= - - P [¥,% (u y - B.%6 - 45— G(u - B°)] -
u-Yis) u i s) %o 1 Yi ) 0
_ p2 QEm (Y(S)( (S)) (s) (s) _ g(s)g _ YES) S O N OO
£(S) By By ¢ L 0 1
1 1
Ygs) {Yés)]z .
- G(u -BD)| + ...
w(s) (s) 0
Yy 7
. Y
This expansion is valid only if C is bounded.
1

Now we substitute this in (IV.2.3) and formally equate the
coefficients of the resbective’powers of P .

For P° we have

e



(s)
0 )

%-m

G(u - B

du O

Q™ + Gusq) -

(u - Bés)(Q)]

Yié)(u;Q) =
This (S)(u 3Q) 1is continuous except - maybe - at u =
—E-(u ;Q) = 0 . To avoid a singularity there we set
du 0’
(s) _
By® = up(Q
For P1 we have
(s) 1 : ¢(8)
dy 4
1 _-=Q (s) 5(8) (s) 2
o T Tuyy Mo (@B D - B U6 - oy 6
‘ l
(s),2 m-’ (s),2 (s) A
or: ¢(8) () + Q" Trus(¥y7) . ¥, B(S)Y(S)
: 2 G G du 11
Now to avoid singularity we set
o g {S’cuo,q> av,
B, % (Q) = STag 10 (493Q)

From (IV.2.6) we see that Y(S)(u) = H() - Y S
(S)

( ) (u )

a bounded function on [uz,u3] Therefore

there.

(u )

UO(Q) s
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(Iv.2.4)
where

(1v.2.5)
z(s)
By*)) ]

1
(1v.2.6)

u - B(S)

(IV.2.7)

(u) whereb H(u) 1is

is bounded

This indicates that the geometric expansion was valid.

To get a more explicit form of (IV.2.7) we use 1' Hopltar

ay(s)

‘ o (8) . 71
rule to obtain ‘Yl (uO,Q) and e

to obtain:

(uO;Q) and éubstitute in (IV.2.7)
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(s) _ _ Guy;Q) (2 6" (uy3Q) + uO.G‘"(uO;Q)]

uh (@)’

1

%-m

) . (IV.2.8)

a
LI
where () du

We recall that

Uy = =+ o(1)

b

e

G(uO;Q) = R + o(1) ,
3/2

6" (0 = - B+ 0P,
Q2
' 6R? -3/2
G'"(uy3Q) = —7— + 0(Q )
Q2

Therefore

3/2 -m

(s)(Q) = ———g———-+ o(1)

" This gives us two things

(i) m has to be -% in order that (S)(Q) O(l), Q + «® . This

is required to make the expansion (IV.1l.5) asymptotic.

(s)

(ii) B (Q) > 0, and therefore B(S)(Q) > u, for large Q . -This

will serve us later.

The continuation of the expansion is similar to what was done

for the 0(P) terms. For O(Pn),_ n > 1 we have

(0 T Ta ®,
Q- Y ‘ du - Y(s) "G [u - B0 1 - Bn-l "6+ (u- BO) )
1
(s) (8) (s . ¥
(S) v(s). .. 3 _ n-1 2 - n-1
Hy (Fgs7 e oo Y3 (s) ey T e ) PR e Yo T e Y
1 1 :
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Y
s . .2 " n-1
where Hl’HZ are polynomials in YO, ooy Yn—l’ Yl s eass Yl which
vanish at Ups Ug - From this we calculate the expressions for Yés),
(s) Yis) will automatically satisfy Y£S)(ui) =0, 0=2, 3, and

(S)

n -1 is determined so that Yss)(u) has no singularities in [u2, u3]

IV.3 An approximate solution for large P .

For large P we expect y(z)(u) to be large, so we scale it:
. (2)(u) :
Let z(u) = L—22 (1v.3.1)

P
Then we assume the following expansions:

)

z(u;B ") = zo(u B(z)) + P Z ( Béz), ig))
(2) () (1)
+ P Z (u B0 Bl ,B2 } + ...,
. (IV.3.2)
) _ () -1_(2) -2_(2)
B = BO + P Bl + P B2 +
We denote the solution which corresponds to- Ti by Z(i) . Substituting
(Iv.3.1), (IV.3.2), (IV.1.3) in (IV.1.1) yields:
dzéi) 1 dzii) (z(l) ,*lz(i) S YR CORE SO
- 0 -1
qw tPoTa@ ot T D . -1 D -1
: -Qu(zyl +P Tz + ... =P T6)
(1v.3.3)

Using the geometric series expansion we obtain:
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(2) o

az{d az (u - B")
0o L1 . _"T%
du du T -Qu :
) (Iv.3.4)
a8 6. (u - B(Q))
P 1 0
+‘6 3 - ) + ...
’ u e Z (u)
0
This expansion is valid only if —%%%l—— is bounded. It will be shown
Zy " (W)
G . . (2) .
later that is bounded in [u,,B ] and is bounded in
Re) 2°%0 ©)
[B(z) a] 0 0
0 ’°3
Along with (IV.3.4) we must satify
Z§1)(ui) =0 §=0,1, ... i=1,2. (IV.3.5)

Formally, we equate the coefficients of equal powers of P and solve term

by term.

Hence

Zéi)(u;BéQ)) =

é— [Béi) In S - (u-u)] i=2,3  (IV.3.6)

i

Now we can show that %2) is bounded in [u2 él)] . At u = u,
G (u ) 0
we have lim G(u) = o (we assume B( ) > u,)
o 2D @ (z) .
2 O 2
. 'QU : ‘ dz(z)
Therefore G(w) 'is bounded for u ¢ [u,,8] for some & > 0 . 0 >0
(2) 2 du
Zy (W)
for u € [u2 él)] and (2)( 2) = 0 implies ( )(u) > € for ue [6, B(l)]
‘and therefore —%éyl—— is bounded for u e [G,Bél)] . The final conclusion

(u)
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is that %é;) is bounded for u € [ué él)] . In a similar way we can
treat ( S)(u) to show that _Glw) is bounded in [B(Q),u ]
(3) 0 3
Zy (W A
Now to find Bég) we equate (2)(B(2) éz% = 2(3)(Bél);Bé£))
and obtain the unique solution of this algebraic equation
(2) Y3 "% -
B = (1v.3.7)
0 1In uy In u, :
The next thing to be shown is that B(Q) > ug . This was done

0

numerically and for large Q we have

YQ + 0(1), Q> e

ug - u, =
u
In — = 1n 9—-+ 0(1), Q » =, where x, = 0(1)

u, X, 2
Therefore ,B(Z) = —l§*—'+ 0(1), Q > o

0 Q

In
*2
While ' uy = 0(1) Q=+
(2) C

Hence B0 > ug for Q sufficiently large..

In order to continue this procedure one has to equate the

higher order terms. In general, from (Iv;3.4) we shall have:

(1) () (1) L) (@) () ' (2)
dz _ B . H(G, Z, 217 ey 275 By eees Bn_l)
du Qu : QUZO(U)

Z

Where H is a polynomial such that 8 is continuous in [u2,u3]
: 0
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Since Z;i)(ui) =0 1i=2, 3 we shall have
u B(SL) H(G(s), Z ()(s), e _,(); B (2)’ .. B (n))
(i) _ n ‘ ’ n-1
o Q sZ, (s)
i ,
: i
Now we require ( )( Y = Z(3)(v) for some v ¢ [u2,u3] and
obtain the expression for Bé ) from
(2)
1 Bn + H ds =0
Q S s Zo(s)

IV.4 Summary

Approximate solutions for the saddle-to-saddle separatrix were

obtained in this section. One solution is based on the assumption that

3/2 3/2

aQ is large.

is a small parameter and the other assumes that aQ
A unique value of b for which the existence of a saddle-to-saddle

separatrix is possible was recovered in each case. In the former case

this b has the expansion b(s) X + Pbis) + ... . The expression for
(s) -
(s) _ P1. | -
Bl = —— 1is given in (IV.2.8). In the latter case we have
ﬂi | X, — X,
B(£> = (2) + P b( 2 + ... where b(l) = 3 2 .
1 0 In x, - 1In x
3 2
The importént conclusion is that in both cases, b > x, . This

0

will serve us as the main tool in the next section.

* : .
In fact at this stage we already know that Z;z)(u) = Z§3)(u) 0<j<n
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V. THE GLOBAL PORTRAIT OF THE PHASE PLANE

At this stage we are ready to answer the question which was
asked at the end of Section II, We use the ideas suggested at the beginning
of Section III.

1° As

When T2 < T3, T3 (which starts at E3) must go to E
a result we have a domain bounded by solution trajectories. The boundaries

are the x-axis and T and any solution which starts inside this domain

3
cannot léave its boundaries.

When T2 > T3, T2 serves as a part of the boundary, and similar
conclusions will be drawn.

Throughout this section we assume g > x5 - This has been
shown for "large P" and "small P" . For intermediate values of P it
was verified by a numerical scheme. The defails of the numerical scheme

are given in the appendix.

~

V.l T, >T In this case X

3 T, 9 < b j_xo or X, < b<b.
For X, <b < Xq there is only one asymptotically stable
equilibrium in the phase plane, namely El . El is on the boundary of

K - the compact set bounded by ’T3 and the x-axis. Therefore every
solution (except those starting exactly at the equilibria or on T2)
will converge to El . This conclusion holds for solutions which start

inside K or outside it in the first quadrant.




232

|
E 2 B ?‘O

Figure 5. The phase plane portrait when b < X5 -

Another possiblity, still in case (1), is that Xy < b<b.
Following the formulation of Coddington-Levinson [6] we define L(Té)

as the negative limit set of T2’ and T; as a negative semi-orbit of

%
T

2 -
| " Theorem. 'L(T;) is a limit cycle.
Proof. We use Poincaré-Benedixon theorem as given by
Coddington~Levinson. There i; refers to positive semi-orbits but it can
be applied also to negative semi-orbits, which is our case.
L(T;)<: K which is a bounded set. The singular points in K
are Ei s, 1=1, 2, 3, 4.
El’ E4 ¢ L(T;) because they are asymptotically stable.
E2 ¢ L(TE) bécause there.are only two trajectories wh;ch converge
as t > -», and they are on the x-axis.

'to E3

E3 i L(T;) because E3 = L(T;) by definition of T3 and there

* ' o
i.e. T, 1is obtained by starting somewhere on TZ’ and following the solution

trajectory as time goes bagkwards‘
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is only one trajectory in the first quadrant which converges to E3- as

t > —»

The conclusion is that L(T;) contains only regular pdints

and hence either

(i). T2 is a periodic orbit, or
(ii) L(T;) is a periodic orbit (a limit cycle).

2 is periodic then T is

2

periodic. But we know that T, » Eé as t -+ o and T, # E, . Therefore

(i) 1is excluded because if T

T2 is not periodic, and hence a limit cycle exists inside KX .

E4 is asymptotically stable so the limit cycle is asymptotically
unstable. Every solution which starts in the domain bounded by the limit
‘cycle will remain there, and cénverge té E4 . Outside the closed set

bounded-by the limit cycle, all the solutions converge to El .

The existence of a limit cjcle for b near x can be shown

0

also by noticing that at b = Xg @ Hopf bifurcation takes place. We
shall show this by using the Hopf bifurcation theorem as given by Howard-
Koppel [7].

Theorem. TFor b ﬁéar x the system (I1.1.1) has a one

0

parameter family of solutions which lie in the neighbourhood of E&’ and
there are no other periodic solutions wholly in thisAneighbourhood.

Proof. Near b = x the eigenvalues at E4 are Al(b) + ilz(b)

0

where
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b gx(b)
2

A (B)

/4 ag) - big (b)
A, (b) = T

At b = X gx(b).= 0 and therefore Ai(b) = 0; Az(b) # 0 .

i>:_. =M<O
db b= 2
*0

We also have

Another condition which is automatically satisfied is that the other
eigenvalues are bounded away from the imaginary axis.

We see that all the conditions of the theorem hold and hence
the conclusion.

As we can see, a structural change takes place as b becomes
bigger than Xg - One. feature of this change is the appearance of a

‘limit cycle. By numerical methods it was observed that its amplitude is

small near b = X and increases as b gets larger. This increase takes

place until T, = T, and the limit cycle disappears.

- Figure'6. The phase plane portrait for Xq <b < b
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. In this case T2 divides the first quadrant to two connected

sets, . Kl and K2 . Kl is the set of points above

T, and K2 is the set under T2 .

and on the left of

,
y
/\‘

N
/

Figure 7. Division of the phase

El is the only asymptotically stable eqil
E4 is the-only asymptotically stable equilibrium in
solution ﬁhich starts in K1 will converge to El

starts in K, "will converge to E4 .

plane by T2 .

ibrium in EI and

Eé . Therefore a

and a solution which
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Figure 8. The bhase plane portrait for b > b

Summary. We pointéd at 3 structurally different portraits of the phase"
plane.in the interior of the first quadrant.
The first portrait was obtained for b < X - Solutions which

start at an equilibrium or on T2 stay there, while all the other solutions

converge to El .

The second pbrtrait was obtained for b ¢ (xo,b) . An unstable
limit cycle appears. Solutions which. start on it, on T2 or at an
‘equilibrium stay there. Solutions which start in the interior of the

domain bounded by the limit cycle converge to E4 . All the other



solutions converge to El .

The last portrait was obtained for b > b ; i.e. when T2 > T3 .

Then solutions which start at an equilibrium or on T, , remain there.

2

Solutions which start under T2 converge to E4, and all the other

solutions converge to El .

A fourth poftrait that might have occurred would have E4 as

an asymptotically unstable equilibrium and an asymptotocally stable

limit cycle surrounding E4. It does not occur because b > Xq

The structural changes were derived from global considerations.
However, at b = X, .a Hopf bifurcation - a local phenomenon exists.

Its significance is consistent with the portrait derived from a global

considerations.
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VI. INTERPRETATION

As we could see, thére is a dgnger of driving the harvested
populétion to ,El . Cleariy, this is an undesirable equilibrium, an
equilibrium of a graveyafd: -iow animal density and no harvesting activity.-

Another feature is the possibility of fluétuations both in the
effort and in the population. With b ¢ (xé,G) these fluctuations may
be undesirable but not fatai if they are inside the limit cycle. But if
they are outside the limit cycle they end up at E1 - a disaster.

If the situation is no£ tod béd a‘collapse can be avoided by
regulating the fishery, i.e. by controlling either a .or b . The
~higher b 1is the smaller the attraction domain of El is . Given

(x(0),y(0)) we can determine b such that (x(0),y(0)) are in the

interior of the limit cycle (in the second portrait) or under T (in

2
the third portrait), or we need b >_x3 to achieve one of those. Then
a collapse is inevitable.

The main conclusion is that even from such a simple model it

can be seen that nature is not always forgiving; there is a danger of_depleting

this type of resource.
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Appendix A: Possible Values of R and  Q

g(x) can have either one or three roots. The number of roots
is a function of R and Q . To find the domain in the R-Q plain

where g(x) has 3 roots we solve simultaneously:

g(x) =0,
dg _
dx 0.

Then we obtain R = R(x); Q = Q(x). This is a parametric representation

of the curves bn which g(x) has one double roots and one simple roots.
- : d2 - .
At x where ——% (x) = 0 we have one triple root. These curves are the
- dx

boundary which confines the domain where g(x) has 3'roots.

The equation g(x) = 0 implies R(1 - %) - ;_5__5 =0
1+ x
2
. d _
The equation i< 8~ 0 implies - g-_ _l——_§§~§ =0 .
1+ x)
Hence
3 3
2% 2
R(x) = __——3£7f_§ ;0 Qx) = _E_li__
1+ x7) x -1

By the nature of the problem R and Q are positive. The

-following properties can be derived from these forms:
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+
x > 1 implies Q >« and R + %' ,
: . +
X > +® implies Q > and R +0 .

To find x we consider:

2 2, 2,2 )
/ %&=£x_&2_x_3l; %%=2§_§_x__§_)%g_§=%=o at = =3
T a+x (" - 1) -
. ar
Q(/3) = 3/3 ; R(/§)=§l/—§; R B = 1im E - oL
8 dQ ~— dQ 16
>vV3 —
dx .
From these features we can draw the follqwing plot:

[ aad fd

33" : Q

- Figure 9. The number of roots of g(x) as a function
of various values for R and Q .
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Appendix B: The Numerical Scheme

A numerical scheme was used in order to verify the results
which utilized asymptotic techniques. The main part of the scheme was
an integration routine which used a predictor-corrector formula of fourth

order. The routine also measured a quantity proportional to the relative

predicted value - corrected value

error (namel
( Y corrected value

), and changes the time

step so that this quantity will be smaller than 10_3. When the time step

was decreased (or to start the solution) a fourth order Runge-Kutta method
was used to generate the next three terms.

The system was integrated with initial (x,y) near Ez' or

E3, as ‘the case required. Near Ei the slopes of Ti are

X, - b
i

X,
1

m, = g'(xi) - a (i = 2, 3) . This observation was used to make

i
the integration slightly faster. The initial y was 10—3 and the
initial x was taken to be on the line which goes through Ei and has
tbe'slope mi_(i =2, 3)

To obtain T2 the system (II.1.l) was integrated with.time

going backwards. This was done until the solution crossed the line

Xx =b . The value of T2 at x = b was not necessarily given by the
routine because the integration was done with respect to time (rather

than integrating gi-z §é§%§$::X%§ ) . Therefore, the routine took the

value at the closest point to x = b, say at x = x Incidentally,

B

the value -at xB was either the last or the one next to the last value

of T, to be computed.

The next step was integration of T3 . Now time went forwards
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and the routine stopped integrating when the solution crossed the line

X = xﬁ . This time we were interested in the value of T3 at x = Xps

and used a third order Lagrangian interpolation formula to obtain it.

At this point comparison could be made between T2 and T3 .

then F=Y,6 - Y was the

If Yi is the y-value of Ti at Xps 2 3

interesting quantity. As it was shown in the work, for any (R, Q, a)-

fixed we had F = F(b) . To find b we had to find the zero of F .

This was done by the method of bisection until IF| < 10_l . Then the

method of false position was used until |F| < 10_3 . Obviously, each

iteration involves an integration of T2 and T3 .

The program was run for R values ranging from 0.014 to 0.5,

Q wvalues from 50 to 5000 and -a from lO-5 to 103 . For P > 10,

the numerical solutions for g was not more than 5% away from ﬁhe
asymptotic 'large P'" approximation. For P < 1 the numerical solution
was not more than 7% away from the asymptotic '"small P" approximation.

For P betweeﬁ 1 and 10 tﬁe results varied. Sometimes they were close

to the "large P'" approximation, sometimes to the‘"small P" approximation,
sometimes to both and sometimes to none. Yét even in the latter case,

~

the computed b was larger than Xq -

The formulas which were used in the scheme were based on

Ralston [8].




3/2 R R "small P" R "large P"
R Q P = aQ computed b |'small P" b |relative error | "large P" b | relative error
' (%) (%)
"small P" is 0.5 50 17.67 12.57 27.37 117 1 12.8 1.8
- good for 0.5 50 1.77 11.06 11.6 4.8 12.8 15
P=1.77 0.5 50 0.177 10.04 10.02 0.1 12.8 27
none is good 0.3 50 | 17.67 15.87 37.08 133 16.25 2.3
for P = 1.77 0.3 50 1.77 14.03 15.22 8.5 16.25 15
0.3 50 0.117 13.045 13.035 0.08 16.25 15
both are good 0.108 50 17.67 22.57 41.58 84 22.58 0.04
for P = 1.77 0.108 50 1.77 22.35 23.48 5 22,58 1
' 0.108 50 0.117 21.74 21.67 0.3 22.58 3.9
"large P" is 0.0389 500 55.90 155.80 2308.6 1381 155.99 0.1
‘good for 0.0389 500 5.59 150.78 332.91 120.8 155.99 3.5
P = 5.59 0.0389 500 -0.56 131.21 135.35 3.2 155.99 18.9
Table: A sample of the computer results.

1584
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