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A b s t r a c t 

W e consider Schrodinger Operators w i t h per iodic electric and magnetic field 
w i t h zero flux through a fundamental cel l of the periodic lat t ice w i t h d imens ion 
d. W e show that , for a generic smal l e lectr ic /magnet ic field and a generic smal l 
F e r m i energy, the corresponding F e r m i surface is at most d imension d-2, convex 
and not invariant under inversion at any point . 
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Chapter 1 

P r e l i m i n a r i e s 

Def in i t ion : L e t f(x) be a function i n R d . T h e n the vector 7 is cal led a pe r iod 
of / i f f(x + 7 ) = /(ar) Vx G Rd. If 7 1 , • • • , 7^ G R d are independent vectors 
then r = { n i 7 i + 71272 + • • -ndjd I nj € Z } is called a non-degenerate latt ice. 
L e t T be such a latt ice. Suppose there is a crys ta l lat t ice w i t h ions at T that 
generate electric and magnetic potentials V ( x ) and A ( x ) per iodic w i t h respect 
to r. T h e n the H a m i l t o n i a n for a single electron mov ing i n the crysta l is 

H=^-{iV + A{x))2 + V(x) 

T h i s H a m i l t o n i a n commutes w i t h a l l of the t ransla t ion operators 

(T1<t>){x) = <i>{x + 1) 7 G T 

Suppose for now H and T 7 were matrices, then we could find an o r thonormal 
basis of simultaneous eigenvectors for bo th H and T and these eigenvectors obey 

T~,<j>a = Aa]7</>7 V7 £ r 

A s T 7 is unitary, a l l its eigenvalues must be complex numbers of modulus one. 
So there must exist real numbers /3 Q ) 7 such that A „ i 7 = e1^"^. N o w because 

have 

wh ich gives 

Pa,-y + Pa,y = Pa,i+~i' m o d 2w V7, 7 ' G T 

T h e n given any d numbers (3\, • • • ,/3d the system of linear equations (wi th un­
knowns kd) 

H • k = ft 1 < % < d 

that is J^7t,jfcj = Pi 1 < i < d 
j = i 

(where 7 ^ is the j t h component of 7*) has a unique solut ion because the linear 
independence of 7 i , • • • 7d implies that the m a t r i x [lij}i<i,j<d I S invert ible. So 
for each a, there exists a ka G M d w i t h 

/ 3 Q ) 7 = ka • j m o d 27r V7 G T 
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Not ice that , for each cx,ka is not uniquely determined. Because 

/3 Q 7 = ka • 7 m o d 2ir and f3a<1 = k'a • 7 m o d 27r V7 G T 

- /c'a) • 7 G 2TTZ V7 G T 

•s •-v'/bQ o; G 

where T # = {6 G R d | 6 • 7 G 27rZ V7 G T } , the dual latt ice. For example, 
i f F = Z d then T # = 27rZd. N o w relabel the eigenvalues and eigenvectors, 
replacing the index a by the corresponding value of k G R d / T # and another 
index n . T h e index n is needed because many ka's w i t h different values of a 
can be equal. W i t h the new label l ing, the equations are now 

H4>n,k = e.n{k)4>n,k 

T7<A„,fc = e*^„, f c V 7 G r ( R l ) 

N o w fix any k and observe that "T-y(j>n,k — elfe''Yci>n,fc for a l l 7 G T" means that 

<t>n,k{X + "f) = e '̂1'4>n,k{x) 

for a l l xG R d and 7 G T . If the e l f e ' 7 were not there, this would mean that 
(j>n,k is per iodic w i t h respect to T. W e can make a simple change of variables to 
el iminate the elk'^. Define 

T h e n subbing i t into ( P . l ) gives 

^-(tV + A - fc)2Vyfe + V1>n,k = ^-(iS7 + A - kf e~ik-x ̂  + Ve-ik-x</>n,k 

2m 2m 

= -J-(iV + A - k)(e~ik-x(iV + A)4>n,k) + e-ik-xVct>n,k 
2m 

= e-ik-x^-(iV + 4) Vn,fc + e-ik-xV<t>n,k = en(k, A, V)^k 

2m 

Denote by Nfc the set of values of n that appear i n pairs a — (k, n) and define 

Hk = s p a n { 0 „ ) f c I n G N f c } 

T h e n , formally, ignoring that k runs over an uncountable set, 

L2(Rd) = span{c i n , f e | k G Rd/T*,n€ Nfc} = ®k&*/r#Hk 

Set 

W/c = span{^„,fc I n G Nfc} 

A s mu l t i p l i c a t i on by elk'x is a uni ta ry operator, 7ik is un i t a r i ly equivalent to 
i i k and L 2 ( R d ) is un i t a r i ly equivalent to ®hmd/r#'ri-k- T h e restr ic t ion of the 
Schrodinger operator H to r\k is ( i V + A - k)2 + V appl ied to functions that 
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are per iodic w i t h respect to V. Therefore, at least formally, we know that i n 
order to find the spec t rum of H = ^(iV + A)2 + V act ing on L2(Rd), i t suffices 
to f ind, for each k G Rd/T* the spect rum of Hk =.^{iV + A - k)2 + V. 
T o make this rigorous, we shal l make L2(Rd) un i t a r i ly equivalent to ®K£Rd/r#'rtk 
by cons t ruc t ing a un i ta ry operator U from the space of L2 functions f(x),x G R d 

to the space of L2 functions ip(k,x),k G Rd/T#,x G Rd/T w i t h the proper ty 
that 

(UHU*il>){k,x) = Hki/>{k,x) 

N o w define 

S(Rd/T* x Rd/T) = {il>€ C ° ° ( R d x Rd) I ip(k,x + j) = tp{k, x) V 7 G V 

eib-xip{k + b,x) = il>(k,x) V6 G T*} 

and 

S(Rd) = {/ G C ° ° ( R d ) | sup (l+x2™)(TT ^-r~f{x)) < c o Vn,h,--- ,id£N} 
.i=i dxi 

W i t h the inner product on S(Rd/T* x Rd/T) given by 

(tp,4>)r = -W4T / d k I dxi>{k,x)<l>(k,x) 
I1 *H Jw/r# Jw/r 

S(Rd/T* x Rd/T) is almost a Hi lbe r t space. T h e only miss ing a x i o m is com­
pleteness. C a l l the comple t ion L2(Rd/T* x Rd/T) N o w set 

{wl>)(x) = TJL [ ddkeik*i>(k, . . x) 
R r f / r # 

( u / ) ( f c , i ) = X ! e - < M x + 7 ) / ( a : + 7) 

T h e n notice u : S{Rd/T# x Rd/T) -> <S(Rd) 

Proof: L e t a G N d and denote x a = ^ = 1 Ial = EjU Q j - T h e n 

elb'xtb(k, x) is periodic i n k 

<=*-e i 6 - S B V(* + 6 ,x) = ip(k,x) V 6 G T # 

« = ^ e l f c ' a ! — — ib(k,x) is per iodic i n k 
oka 

Therefore using integrat ion by parts w i t h per iodic boundary condit ions, we 
get 

xa Jeik-xi>{k,x)ddk = J(-i)M-^(eik-x)1>(k,x)d*k = J eik-xi^(-^)a^(k,x)ddk 
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A n d also because ip(k,x) and a l l its derivatives are bounded, 

xa f eik-xi;(k,x)ddk]\= f d%(eikx iW^-i){k,x))ddk 
Jw/r* ' JR<l/r# vka 

N o w the operator 

d5

xx»f = x»d5j+ Yl ca,pXPdZf 
l Q l < l * l , a n < 6 i , \ P \ < \ n \ , P i < m ; a,/3eN<< 

So by induc t ion we have the desired result. 

< oo 

u : S(Rd) -> S(Rd/V# x Rd/T), 
Proof: F i x / £ S{Rd) and set 

i>(k,x) = ^ e - i f c ( x + 7 ) / ( ^ + 7 ) 

A s f(x) and a l l of its derivatives are bounded by the series 

^ r t = i d x e d k e 

converges absolutely and uni formly i n k and x (on any compact set) for a l l 
ii,-" ,id,ji,"-jd- Consequently ip(k,x) exists and is C ° ° . A s for the per iod­
ic i ty condit ions, if 7 G V, 

ip(k, x + f)=J2 e-^+^+^fix + 7 + V) 
7 ' e r 

= e - i f e - ( x + 7 " ) / ( a ; - r - 7 " ) ' where 7" = 7 + 7' 
7"er 

= ip{k,x) 

and i f b G T# 

ei(k+b)-x^j, + b*tX) = ^ et(fe+6)-xe-i(fc+6)-(x+7)/(a; + 7 ) = £ e ^ + ^ f i x + 7) 

7€r 7er 

= J2 e-ik-y(x + 7) = eik'x Y, e-ik<x+^f{x + 7) 
7er 7er 

= eik-xi>{k,x) 

So by proofs s imi lar to the lecture notes [FN] we have proposit ions that state: 
Proposition P . l Let A and V be C ° ° functions that are per iodic w i t h respect 
to T and set 

H = (iV + A(x))2 + V(x) 

Hk = (tV + A(x) - kf + V(x) 
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with domains S and S(Rd/T# x Rd/T) respectively. Then, 

(uHutp)(k,x) = (Hkip)(k,x) 

for all ip G S(Rd/T* x Rd/T) 

Proposition P.2 
i) The operators u and u have unique bounded extensions U : L2(Rd/T# x 

Rd/T) -* L2(Rd) and U : L2(Rd) -* L2(Rd/T# x Rd/T) and 

UU = HL2(Rrf/r#xHrf/r) UU = tL2(^,i) U = U* U = U* 

Proof : w i t h s imi lar treatment i n the s tudy of Fourier series, w i t h the per iod ic i ty 
condi t ion , we get 

uuip = ip for a l l V G S(Rd/T* x Rd/T) (P.2) 

uuf = f for a l l / G S(Rd) (P.3) 

(uf, ug) = (/, g) for a l l f,g£ S(Rd) (PA) 

Set f = utp and g = u<p. T h e n by (P.2), uf = ip and ug = <f>, so that by (P.4) 

(utp, u<p) = (/, g) = (uf, ug)r = (ip, <f>)T (P.5) 

N e x t set g = u(j>. T h e n by (P.2), ug = <f> so that by (P.4) 

</, u<P) = (f, g) = (uf, iig)r = (uf, 0) r (P.6) 

So now u and u are bounded by (P.4) and (P.5) respectively. A s S(Rd/T# x 

Rd/T) and S(Rd) is dense i n L2(Rd), u and u have unique bounded extensions 
U and U . T h e remaining claims follow from (P.2), (P.3), (P.6) and (P.6) respec­
t ive ly by continuity. 
i i) The operators H(defined on S(Rd)) and Hk (defined on S(Rd/T* x Rd/T)) 
have some unique self-adjoint extensions to L2(Rd) and L2(Rd/T# x Rd/T). 
Call these extension H and Hk, then they obey U*HU = Hk. [FN] 
T h i s gives the un i ta ry equivalence we needed. 
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Chapter 2 

T h e M a i n R e s u l t 

L e t r be a lat t ice i n Rd, d > 2 and let r > d. Define 

A = {A = (AU---,Ad) G (Lr^R/T))d\ [ A(x)dx = 0} 
JwL/v 

V = {V G L^ / 2 (R/r)| / V(x)dx = 0} 

For (A, V) G A x V set 

#fc(i4, V) = (iV + A{x) - k)2 + V{x) 

W h e n d = 2,3, this operator Hk{A, V) describes an electron i n Rd w i t h quasimo-
m e n t u m k moving under the influence of the magnetic field w i t h per iodic vector 
potent ia l A(x) = (Ai(x),--- ,Ad(x)) and electric field w i t h per iodic potent ia l 
V ( x ) . L a t e r we shal l show that 

ei{k,A,V) < e2{k,A,V) < ... 

are the eigenvalues of the operator Hk{A, V) on Lr(Rd/T). T h e res t r ic t ion of 
en(k, A, V) to the first B r i l l o u i n zone B of T is called the n- th band function of 
A . Observe that iffc(0,0) = ( i V — k)2 and so the eigenvalues are (b — k)2, w i t h 
the corresponding eigenvectors e~lb'x,b G T# . In par t icular , 

ei(fc ,0,0) = |fc| 2 

T h e F e r m i surface of ( A , V ) w i t h energy A is defined as 

F\(A, V) = {k G B | en{k, A, V) = A for some n} 

Because H has real eigenvalues, let Hk{A, V)4>n = en(k, A, V)<pn 

en(k, A, Vjfa = en(k,A,V)<t>n = Hk(A,V)4>n = ( ( - tV + A(x) - k)2 + V(x))4>n 

= ((tV - A(x) + k)2 + V{x)Wn = H _ f c ( - A , V)K 

Therefore 

en(-k,-A,V) = en(k,A,V) 

for a l l n > 1. I n par t icular , when A = 0, 

en(-k,Q,V) =en(k,0,V) 
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for a l l n > 1, so that Fx{0,V) = -Fx(0,V) for a l l A and V . For a l l (A,V) G 

A x V , A G R and p G R d , define 

p - F A (A F) = {p - k | k G F A (A V)} 
T h e m a i n result of the paper is: 
T h e o r e m There is a neighbourhood Ao x Vo of the origin in A x V and XQ > 0 

('ij / o r a// (X,A,V) G (— oo,Arj) x x Vo, F\(A,V) is either a strictly convex 
(d-1)-dimensional real anaylytic submanifold of B, or consists of one point, or 
is empty 
(ii)there is an open dense subset S of Ao x Vo of the origin in A x V such that 
for all (A, A, V) G S and all p e l 1 ' 

Fx(A,V)n(p-Fx(A,V)) 

has dimension at most d-2. Furthermore <Sn ((—oo, Ao) x Ao x {0}) is open and 
dense in (—oo,Ao) x _4o x {0} 
T h e theorem shows that for generic smal l per iodic magnetic fields of mean zero 
and generic smal l F e r m i energies, the F e r m i surface is s t r ic t ly convex and does 
not have inversion symmet ry about any point . In par t icular , when d=2, the 
intersect ion of the F e r m i surface and its inversion i n any point is generically a 
finite set of points. S imi la r statements w i l l hold if electric fields are also added 
into the formula. 
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Chapter 3 

A n a l y t i c i t y o f t h e F e r m i 
s u r f a c e s 

L e t 

Ac = {A = (Alt • • • , Ad) e (Lr

R(R/T))d\ [ A(x)dx = 0} 
JHLd/r 

V c = {V G Lr

R

/2(R/T)\ [ V(x)dx = 0} 
Jwid/r 

be the complexif icat ions for A and V 

Theorem : There exists an analytic function F on Cd x C x Ac x s u c ^ 
that for k,A, V real, 

• \£Spec(Hk(A,V))4=*F(k,\,A,V)=0 

Corollary Fix an open ball D in the first Brillouin zone B that contains 0 such 
that D c B°. 
There is a neighbourhood U of the origin in A x V and there is Ao > 0 such that 
i) The map 

DxU—>R, (k,A,V) i — » ei(k,A,V) 

is real analytic 

ii) For all (A, V) G U and all k G D 

ei(k,A,V) <e2(k,A,V) 

iii) For each fixed (A, V) &U the Hessian of the map k \—> e\(k, A, V) is posi­
tive definite. Furthermore infkeD^i{k, A,V) < Ao 

iv) For each (A,V) € U and each A < A 0 the Fermi surface F\(A,V) is ei­
ther empty, or consists of one point only, or is a real analytic smooth strictly 
convex (d-1)-dimensional real analytic manifold that is completely contained in 
D. 
Proof of the Corollary : F i r s t we state the Impl ic i t Func t i on T h e o r e m be­
low. [L] 
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The Implicit Function Theorem let U, V be open sets in complex Banach 
spaces E, F respectively and let 

f:UxV-+G 

be analytic, and let (a,c) £ U x V. If the partial derivative of f at (a,c) with 
respect to c, 

dcf:F-*G 

is a linear isomorphism, then there exists an open neighbourhood A of a and a 
unique analytic map u : A —> V such that 

f(x, u(x)) = f(a, c), u(a) = c 

on A. 

Proof of the Corollary : i) T h i s is the direct appl ica t ion of the Impl ic i t Func­
t i o n T h e o r e m w i t h a = ( k , A , V ) = (k,0,0) and c = A = k2. N o w to check l inear 
i somorphism, w i t h the F(k, A, A, V) and u(k, A) we construct later, we have 

d e t ( 1 + 7 r a u ( M ) 7 r a ) ! U = f c 2 

d, , A ,2k^b+ k2 - A - 1 , 

»=i ber# 
u i , 2fc-6 + fc2-A-l^, 
11 ( J + TTJfl 1 + b2 

6€r# 

= J - ( J J (1 +
 2k'h\kl~X~l) • e / ^ ' « ) U = f c a 

6er# 
_ d ( 2fc-b + fc2-A-K T T f i x M - b - l , yr ' f(d,k,k\ 

~ J \ \ + I T P )\\=k',b=o 11 ( i + 1 + b2 Ml e 

+ (1 + 2 k b + k , 2

 A — - ) U = f c 2 , f > = o ^ ( fi 5 ( r f , f c , A , 6 ) ) | A = f c 2 ) b = 0 

6er#,b#o 

= - n ( 1 + ^ ^ ) n ^ f e 2 ' b ) ^ ° 
6er#,6^o fe€r# 

Because we are res t r ic t ing ourselves w i t h i n the first B r i l l o u i n zone, 
ii) T h e spec t rum of Hk(0,0) is{|fc + 6| 2 | b £ Hence for k £ D, ei(fe,0,0) = 
\k\2 and e 2 (fc ,0,0) > e i ( fc ,0 ,0) . Since (k,A,V) —> ei(k,A,V) is real analyt ic , 
we just have to choose U sufficiently smal l and by cont inui ty e\(k,A, V) < 
e2{k,A, V)V(A,V) £ U 

b) 
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i i i ) Here we define the Hessian to be the m a t r i x of the 2nd derivatives of the 
the mapp ing k —> e\(k,A, V). For (A, V) = (0 ,0) , the Hess ian at any point is 
given by 2 • 1 and therefore is posit ive definite. Here by continuity, for U sma l l 
enough, the Hessian is posit ive definite for a l l (A, V) G U. 
iv) Fo r U sufficiently smal l the Hessian is posit ive definite and therefore by [M], 

we may wri te e\(k,A,V) as c + ' £ ^ = 1 p 2 ;so if A < c then Fx(A,V) is empty, 
i f A = c then Fx (A, V) is one point and i f A > c then Fx(A,V) is real ana ly t i c 
smooth s t r ic t ly convex (d- l ) -d imens ional real analyt ic manifold that is com­
pletely contained i n D . B u t because the mapp ing is diffeomorphic, we have the 
desired results i n the or ig inal k co-ordinates. 

Before we proceed to prove the theorem, we present some lemmas first. 
L e m m a l . Let \\B\\r = [tr (B*B)r/2)l/r where tr denotes the trace defined on 
trace class operators on L2(M.d/T). If B is a compact operator on L2(M.d/F) and 
r > 2, then 
a) \\B\\ < \\B\\r 

b) \\B\\r = \\B% 
P r o o f o f t h e L e m m a 1: a) Since B is compact , we can wri te 

o o 

B = ^An(V>n,-)<?!>n 
71=1 

,w i th {Xn}^=1 G R + , A n —> 0, {•tpn}^L1 and {(j>n)'^Ll o r thonormal sets being 
the s ingular value decomposi t ion. T h e n B*B — Y^=i ^Wi'Pn, -)4>n, {B*B)r/2 = 

E £ L l A £ ( 0 n , - ) < A n , SO 

OO 

< max{Xn \ n G N } < ( £ Xr

n)1/r = \\B\\r 

71=1 

b) F r o m the singular value decomposi t ion we see that BB* = Y^=i ^ n W ' i 

and so | | B 1 | r = ( E n = i ^ n ) 1 / r = l | 5 | | P 

L e m m a 2 . Write 

[iV + A(x) - k)2 + V{x) - A = 1 - A + u{k, A) + w{k, A, V) 

with 

u(k,X) = -2ik-V + k 2 - X - l 

w(k,A,V) = iV-A + iA-W-2k-A + A2 + V 

Then there is a constant construct such that 

< constr,rA(l + \k\) WAhr + \\A\\2

Lr + \\V\\Lr/2) 

< constr^di1 + \ k \ 2 + lAD 

,) . 1 w{k,A,V) , 1 

b) u(k, A) 



Chapter 3. Analyticity of the Fermi surfaces 12 

c) Let 0 < e < There is a constant constr,r,d,k,\,A,v such that 

\((u(k,\) + w(k,A,V))<l>,il>)\ <constr,r,d,k,\,A,v( (1- A ) \(i-<0/2. 

+ 
for allip,(t>£ L2(Rd/T) 
P r o o f o f t h e L e m m a 2: a) we repeatedly apply the result that , for any r > 2 
and a n y / £ f (r#) and g £ Lr{Rd/T) 

\\f(iV)g(x)\\ < vol{Rd/T) l ' r | | / | | r ( r # ) \\g\\L 
(*)• 

T h i s is proven just as i n [S] Theorem 4.1, except w i t h the per iodic domain . 
One first proves that the Hi lbe r t -Schmid t no rm of f(iS7)g{x) is bounded by 
vol(Rd/T)1/2 | | / | | ^ ( r # ) | |ff|li,2( R<i/ r ) and that the operator n o r m of f(iV)g{x) is 
bounded by | | / | |^o ( r#) | | f f | lL°o ( K , i/ r )- One then interpolate using [S], T h e o r e m 
2 9 

< \k\,\\BB'\\r < \\B\\r\\B% A s the operator norms 

and w i t h l e m m a l b , we have 
V < 1, 

1 1 
zW- < ( 2 + |fc|) 

1 

VT^A 

+ 
l 

l 
< ( 2 + | f c | ) 

1 

+ " \y/T^A 

< (2 + 2|fc|) 

VT=-A 
2 
+ 

-.A 

+ 

1 

VT^A + 

W r i t e 

vT=~A 
= /(»V) with 

A 

-A 

1 
Vt - A 

1 i 
-A ( 

-W 
2 

r 

1 
J 

- A 

f 1 I 

V-

-V • A)* 
1 

+ 
l 

VT^A 

if b = 0 

w 

T h i s / £ T(r#) for a l l r > d because by the integral test 

-ds 

her* 
(1 + s2Y'2 . /solid angle 

/ 
Jsolic 

dQ < oo 

, so the desired result follows from (*) w i t h g = A\, • • • , Ad, VV 
b) W i t h the eigenfunctions eib'x, b £ T#, the spec t rum of y-j-_.M(fc ; \)-^J== is 

2fc • b + fe2 - A - 1 

1 + 6 2 
b£T* 
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For any r >d, the f (r#)-norm of 2 f c , 6 ^ 2

i , I A ~ 1 , wh ich is also the | | - | | r n o r m of 

7i=^ w (M)7I=A> i s b o u n d e d b y 

2k • b + k2 - A - 1 

1 + b2 
< 2\k\ l + b2 (|fc| 2 + |A | + l ) l + b2 

< constr^d(l + \k\2 + |A | ) 

rsdds 

c) Denote D = y/TT^A. T h e condi t ion on e implies that r(l - e) > d +^ > d 
so that 1 

( l + h 2 ) ' * 1 — ) / 2 

1 

is s t i l l summable. So as i n part a), 

1 

D 1 _ e D 

D 

< 

< 
1 

-A 

D1-

< constr>r{l + \k\2 + |A|) 

< constrir \\A\\Lr 

< COnstr,r \\V\\L,./2 

Consequently, 

\((i\7A)<j>,iP)\ = \((WA)<f>,D-lDi>)\ = \(D-\WA)<j>,Di>)\ 

< HD-^iV^II ||JDV|| = \\D-1{iS/A)D-1+W1-^ 
< | | D - 1 ( i V i 4 ) £ > - 1 + £ | | | | £ 1 _ £ 0 | | \\Dil>\\ 

< IJD-̂ VH | |ylD- 1 + £ | | IIZ)1-̂ !! HDVII 
< 1 • constv,r \\A\\Lr | | £ > 1 _ ^ | | \\D%p\\ 

| < ( A i V ) < ^ ) l = \({Ai^)D-lD4>,D-l^Dl-^)\ 

< l l D - ^ ^ A t V ) ! ? - 1 ! ! | |D^| | H^1" !̂! 
^ c o n s t r . r P H i . l l ^ H l l ^ - ^ l l 

\{(2k • A)<f>,i>)\ < constT,r\k\ \\A\\Lr \\Dl-*4>\\ H\\ 

\((A • A)4>,^)\ < constr,r \\A\\2

Lr {{D1-^ {{D^W 

\({V<j>^)\ < constv,r \\V\\L,n \\Dl~^\\ \\Dtp\\ 

\({ucf>^)\ < constVtr(\ + \k\2 + |A | ) ll̂ ll | |Z ty | | 

P u t t i n g a l l these together we get the desired expression for part c). 

Proof of the Theorem: Because Ls{Rd/T) D L3'(R/T) for a l l 1 < s < 5', 

we m a y assume wi thou t loss of generali ty that r < d + 1. T h e n the l e m m a 
implies that 

1 . 1 
F(k,X,A, V) = detd+i (1+ 1 

y/I^A 
u(k, A) w(k,A,V) ) 
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is a well-defined analy t ic function on Cd x C x Ac x V c - Here, d e t d + i ( l + B) 
is the regularised determinant which , for matrices , is defined by 

d (—lY 
d e t a i l + B) = exp(YJ ^-^trB1) det(l + B) 

i = i 1 

T h i s regularised determinant is defined for B w i t h finite. See [S], The ­
orem 9.2. It is analyt ic since one can take l imi t s of finite rank approximat ions 
of B . 
L e t V be the domain of %/H - A . A n d let q : V x V -> C , q{<f>, 4>) = {(f), {H - \)<j>) 
be the form, then by the lemma, 

( t A + A{x) - If + V(x) - A = 1 - A + u(k, A) + w(k, A, V) 

gives a well-defined quadrat ic form on V x V. Fur thermore , for <f> e V, by 
l e m m a c) 

((11 - A + u(k, A) + w(k, A, V))<j>, </>)) = ((B - £)</>, 4>) - ((u(k, A) + w(k, A, V))</>, </>)} 

> const (]1_ A ) ( i - 0 / 2 ^ V / F T A ^ , 

For any 5 > 0 there is a constant cs such that 

T h i s is so because 

( I - A ) 

(H - A) ( 1 _ E ) / 2 </> < S y/T^&t +cs\\<t>\\ 

5:(i+^) ( i- e ) / ai^)i a 

ber# 

< < 5 2 ^ ( l + 6 2 ) | ^ ) | 2 + c ^ | ^ ) | 2 

6er# t>er# 

= 52 IvT^V^ I + c\ Uf < (5 | | v T ^ V ^ I + c5 \\<P\\)2 

Choos ing 5 = then 

((J-A+u(k,X)+w{k,A,V))<t>,4>)) > V I - -const c<s ||</>|| V l - A4> 

However notice ( a ± (3)2 > 0, so \et(3\ < \(a2 + /? 2) and so 

constc<511| VT^A> < i c o n s t 2 c ^ M 2 + i V f ^ A ^ 

Therefore 

((1-A + u(k,X) + w(k,A,V))4>,4>)) > - - ( c o n s t c g " ^ 2 
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A n d the form is semibounded. A g a i n since 

\[2 const c$ 
1 

72 
W e have 

1 

4 
-const 

v / T^~A> < 2 c o n s t 2 c 2 ||</>||2 + J y/1 - Acf> 

< \{{l-A+u(k,\)+w(k,A,V))<f>,<t>))\ < const 

I n order to show that t - A + u(k, A) + A , V) is closed, we must show it 
is complete under the no rm \\<l>\\2

+1 = ((11 - A + u(k,X) + w(k,A,V))4>,<p)) + 

const\ ". F r o m above we then have 

Vl- Acf> < \\cp\\+1 < const2 V1-A& 

N o w if 4>n are Cauchy w i t h respect to ||</>||+1 then 

\\4>n n,m—*oo 0 : 

Vl^A^n - <t>) 

y/i - A((pn - 4>m] 

. 0 = J - | | ^ „ - ^ | | + 1 

Here we used the fact that \/t — A is complete. Hence there is a unique asso­
ciated self-adjoint semibounded operator Hk(A,V) 
T h e resolvent of (A — A ) - 1 at i is given by s _ ^ + i , which is compact because the 

eigenvalues { \ b G r#} converges to zero. T h e n by the resolvent ident i ty 

1 1 1 1 

(u + w) 
Hk{A,V) - X + i 1 - A + i + u + k 1 1 - A + i 1 - A + i + u + w 

and l e m m a 2 a), b) , the resolvent of Hk{A,V) at i is also compact . Hence the 
spec t rum of Hk(A, V) is discrete. T h e n A e Spec(Hk{A, V)) i f and on ly i f there 
exists tj) e VHk(A,v) C V such that 

11 - A + i 

(Hk(A,V)-X) 
VT^A 

VI^~AiJ} = 0 

T h i s is the case if and only if -y==(Hk{A, V)-X)^=K has a non- t r iv ia l kernel. 

B y [S] T h e o r e m 9.2e), this is the case if and only if F(k, A, A, V) = 0 
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Chapter 4 

P r o o f o f t h e Main T h e o r e m 

For s impl i c i ty we wri te e ( k , A , V ) = ex(k,A, V). B y part (iii) of the corol lary 
i n secion II , for each ( A , V ) G U the function e ( - , A , V ) has a unique ex t r emum 
fcmtn(A,V). T h i s ex t remum is a non-degenerate m i n i m u m . F r o m the imp l i c i t 
funct ion we know that fcm,„(A,V) depends ana ly t ica l ly on ( A , V ) . T h e same is 
true for the corresponding value A m i „ ( A , V ) = e ( / c m i n ( A , V ) , A , V ) . F r o m part 
(iii) of the corol lary i n section II we have A m , „ ( A , V ) < Ao- N o w let P = {(A, 
A , V ) G K x U | A m i n ( A , V ) < A < A 0 } . T h e n for each (A, A , V ) G P the F e r m i 
surface F\(A,V) is a smooth , real analyt ic , s t r ic t ly convex (d- l ) -d imens iona l 
mani fo ld w h i c h is not empty. For k G F\ ( A , V ) denote the outward uni t no rma l 
vector to F\(A,V) at k by n(k) . If ( A , A , V ) G P then for each £ on the uni t sphere 

there is a unique point k\(£,A,V) G Fx ( A , V ) s u c h that n(fc.\(f , A , V ) ) = 

A g a i n it follows from the impl i c i t funct ion theorem that 

5 ^ - i x P —• D, (£, A, A, V) H - > fcA(£, A,V)' 

is a real analyt ic map . 

T o prove the theorem stated i n the In t roduct ion we have to show that for 
(A, A, V) i n an open dense subset of P and a l l p G M d the intersection Fx(A, V ) n 
(p—F\(A, V) has dimension at most d-2. Since for a l l (A, A,V) e P the mani fo ld 
is real ana ly t ic smooth and s t r ic t ly convex, one has either 

dim(Fx(A, V)n(p- Fx(A, V)) < d-2 or FX(A, V) = (p - FX(A, V) 

If the first case is true then we're done. If Fx(A, V) = (p - Fx{A, V)) then the 
inversion i n the point p/2 maps the point of Fx{A, V) w i t h n o r m l vector £ to 
the point w i t h —£. i.e. 

FX(A, V) = (p-Fx(A, V)) => kx(Z, A, V)+kx(^, A, V)+kx(-Z, A, V) = p V £ G Sd 

Therefore the set of a l l (A, A,) G P for which there is a point p GRd such that 
dim(Fx{A, V)n(p- F\{A, V))) > d-2 is contained i n the set 

S' = { (A,A,V) G P | V€(M£, A,V) + kx{-Z,A,V)) = 0VZ£ S^1} 

Observe that S' is the interect ion of the analyt ic hypersurfaces 

S'= p| {(X,A,V)eP\ Vt(kx(t,A,V) + kx(-t;,A,V))=0} 
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Hence to show that the complement of S' is open and dense it suffices to find 
one (A, A, V) G P that does not lie i n S'. W e can do this by choosing V = 0 
and a par t icular vector potent ia l A which is on ly 2 dimensional , and showing 
that for sma l l t a n d some A the t r ip le (A, t • A, 0) does not i n S'. T h i s then also 
shows that the complement of S' D {(A, A, V) G P \ V = 0} is open and dense 
m{(\,A,V)eP\V = 0} 
Hence i n the fol lowing ca lcula t ion we w i l l on ly consider the points (A,r; • ^4,0) 
of P w i t h a su i tab ly choosen two dimensional vector potent ia l A . Therefore we 
restrict ourselves to the case d = 2 and delete the V-var iab le i n the nota t ion . 
W e begin by comput ing the first 3 derivatives of e(k, t • A) at the or ig in for 
a rb i t ra ry A . W e use nota t ion f(k) = •^f(k,t)\t=o 

L e m m a . L e t A £ A- Denote e(k,t) = e(k,t-A). T h e n there exists a constant 
C such that for a l l k G D 

e(k) =0 

e(k)=C-2 £ l j r T | ( 2 f c + 6).i(6)| 
faer#\{o} 

e(k) =12Re £ ^ 1 [A(-c) • A(c- b)[(2k + b) • A(b)\ 
6 ,cer#\{o} 

Here A{x) = £ b e r # A(b)eibx w i t h A{b) = {Ax(b), A2(b)) being its Fourier co­

efficients. A l s o , for each A G (0, Ao) and every £ G S1 

jtkx(U • A)\t=0 = 0 

2%/A£ • ̂ pkx&t- A)\t=0 - ~e(V\0 

2 v / A £ - ^ f c A ( £ , i - A ) | t = 0 = - e ( v / A £ ) 

P r o o f : L e t ibk(t) be the eigenfunction w i t h eigenvalue e(k,t) for the operator 
Hk(t • A) normalised by 

Vfc(0) = and < Vfe(0), Mt) >= 1 
Vvol 

, where vo l is the volume of R 2 / r . T h e constant function is an acceptable 
eigenfunction since at t = 0, i?fc(0 • ̂ 4) = (zV — k)2. T h e n for smal l t and k G 
D , tpk(t) is an analyt ic function of t and k, so we may differentiate 

Hip = e 
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and get 

Hip + Hip = eip + eip (4.1) 

Hip + 2Hip + Hip = lip + 2eip + eip (4.2) 

Hip + 3Hip + 3Hip + H'ip= eip + 3eip + 3eip + eip (4.3) 

N e x t we can take the inner product of these w i t h ip(0) to get 

i=<HiP,iP> (4.4) 

e =< Hip, ip>+2< Hip, iP > (4.5) 

e =<Hip,ip > +3 < Hip,tp > +3 < Hip\ip > (4.6) 

Since we have < ipk(0),ipk(t) >= 1, differentiate and we w i l l get ^ < ipk{t),ipk(0) > 

= < ipk{t),ipk(0) >= 0- So s imi la r ly < ^ f e ( t ) , Vfc(0) > = < # f c ( t ) ,^ f c (0) > = 0 
and < Hip\{t),ipk(0) > = < Hipk(t),ipk(0) > = < H'ijk(t),ipk{0) > = 0. 
B u t now 

4-HM • A) — A - (i\7 + t- A — k) + (iV + t- A — k) • A 
dt 

= 2A-(W + t-A-k) + i ( ^ + ^ ) (4.7) 

So at t = 0, we have 

* ^ ^ 1 = ̂ s(-24-4+!(^+^)) <48) 

N o w form the inner product w i t h ip(0) = • 1 we w i l l get 

e=<HiP,iP>=^-<(-2k-A + i ( ^ + ^ ) ) , l > 
vol dxi ox2 

B u t recal l i n the beginning of the paper we specified A = {A = (Ai, • •'• , Ad) 6 
(Lr

&(Rd/T))d 

I /R ( J / r A{x)dx = 0}, so 

< k-A, 1 > = < hAi(x), 1 > + < k2A2{x), 1 > = / kxAi(x)dx+ / k2A2(x)dx 

JWl/T JWLd/T 

N o w < ^^")1 > = < 75J^)1 Jw1/r^X2^'X ~ A2{x)\evaluated at boundaries — 0 

because A(x) is per iodic . Hence we have 

e = 0 

F r o m (4) we have 
iP = -(H - e)-lHip (4.9) 



Chapter 4. Proof of the Main Theorem 19 

Here we define (H — e) 1 to be 0 on ^ (0 ) and the inverse of (H - e) on the 
or thogonal complement of ip(0). P lugg ing into (8) 

e = < Hip, i>>-2< H(H - e ) - 1 ^ , V> > 

F r o m (7) 
H = 2{A\ + A2

2) 

so that < Hip,ip > is a constant C = ^ • < (A\ + A2), 1 > independent of k. 
U s i n g (8) we get 

Since we can wri te A ( x ) as 2^6er# A(b)elbx, w e n a v e 

A l s o because Hk(0,0) = ( i V - k)2, Hk(0,0) 1 = e(0) 1, e(0) = k2. So 

(Hk(0,0) - e(Q))eibx = (b2 + 2k • b)eib-x 

W e finally get 

e " = c - ^ £ w T 2 k — b { { 2 k + b ) • A { h ) e i b x ' £ ( ( 2 f c + b ) • A { b ) ) e i b X ) 

6er#\{o} 6er# 

= C ' 2 £ ^ ^ 1 ( 2 * + 6) - ^ (6) |» 
t e r # \ { 0 } 

N o w , from (2) we get 

iP^ ~(H-e)-\Hip-e^-2eip + 2Hip) 

= -{H - e^Hip + e ( # - c ) " V(0) -2-0-ip-2(H- e^HiH - t)~lHip 

= ~(H - t)-lHiP + 2(H - e)-lH(H - e)~lHiP (4.10) 

N o w combine (6),(9),(10) and the fact that H — 0, we get 

e = -3< H(H -e)-xHib,i)>-3< H(H - e ) " 1 ^ , V> > 

+ &<H{H-e)-lH{H-t)-1Hip,tp> 

= -%Re <{H- e^Hip, #i/> > +6 < H(H - e ) " 1 ^ ^ - e ) - 1 j f y , V > 
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Since 

(H - e)~lHiP = —^={H - e)"1 £ (2k + b) • A(b)eibx 

vol 6 g r # 

b-x 
y/vol ^ b2 + 2k-b 
v U U i ber#\{o} 

Hip = -?=(A\ + Al) = £ E • A ( c ) e ^ x 

V v d ber* c e r # 

2 Y, Mb~ c) • A(c)eibx 

v°l u - r .* 

and 

^ - < H e i b x , e i c x > = - ! - < f - 2 A • (6 + k) + t V • A ] e i b x , e i c : c > 
wo/ no/ 

= j [-2A -(b+k) + iV- A]ei{b-C)xdx 
vol J R d / r 

= —, i - 2 ( 6 + k)-A(c-b) + ii(c- b)A(c - b)dx 
vol J R d / r 

= -(2k + b + c)-A(c-b) 

we get 

1 =12Re E b 2 +

1

2 f c , 6 [ ( 2 f c + 6) • - c) • i ( c ) ] 
6,cer#\{0} 

(>,cer#\{0} 

T h e above completes the statement about the derivatives of e. 
W e now prove the statement about the derivatives of t —> k\(£,t • A) for 

fixed A G (0, Ao) and £ G S 1 . To simplify nota t ion put 

= 4) 

Different iat ing the ident i ty 

C(K(£, t), t) = A 

we get 

V f c e ( K ( £ , *),*) • ̂ ( £ , t) + *), t) = 0 (4.11) 

Since e = 0 and Vfce(/s(£, 0), 0) = 2k = 2 \ /A£ , sett ing t = 0 gives 

£ • « ( 0 = 0 (12.a) 
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L e t denote the vector (—&2,£i) perpendicular to £ = (£1,62), then by the 
defini t ion of k\ we have • \7ke(K(£,t),t) = 0. Differentiat ing this ident i ty we 
get 

^ • (Hessian(e) • + V f e e ) = 0 

Since for t = 0, we have Hessian(e) = Hessian(2fc) = 2 x 1 and e = 0, we get 

£ x - « ( O = 0 (12.b) 

C o m b i n i n g (12a) and (12b) gives 

k = 0 (4.12) 

Differentiat ing (11) again and le t t ing t = 0 gives 

A(0 • Hessiank (e) • K(£) + 2 V f c e ( * ( £ , 0)) • « (£ ) + V f c e ( r < £ , 0)) • K(£) + <?(«(£, 0)) = 0 

U s i n g (12) we have 

2 v ^ • K(0 = -£(«(£, 0)) = -c(VA£) 

Different iat ing (11) twice, we w i l l get 

( - 7 ; ' Hessiank(e) • K(£) + «;(£) • (^-Hessiank(e) • «(£))+ 
o r a t 

2(/i(0 • ffessianfc(e) • A(£) + V f c e ( * ( £ , « ) ) • + V f c e ( / c ( £ , i ) ) • « ( £ ) ) + 

K(0 • Hessiank(e) • + V f c e ( / t ( £ , i ) ) • K(0 + V f c e ( « ( £ , t ) ) • K(0+ 

V f c e (K^, t ) ) -K(0 + c ( « ( ^ t ) ) = 0 

Set t ing t = 0 and using k — 0 we get 

3V f ec(K(£, 0)) • )t(0 + 2 ^ • K(0 + e («(£, 0)) = 0 

Since e = 0 

2 ^ • K(0 = -?(«(£ , 0)) = - e ( v / A £ ) 

W e now proceed to prove the m a i n theorem and consider a fixed vector 
poten t ia l a and a fixed A G (0, Ao). If 

Fx(t • A) = (p(A, t) -Fx{t- A)) for a l l smal l t 

then 
kx(t,t-A) + kx(-t;,t-A)=p(\,t) 

for a l l £ G 5 1 a n d al l smal l t. M u l t i p l y i n g this equal i ty w i t h 2y/\{, and take the 
t h i r d derivat ive w i t h respect to t and evaluat ing at t = 0 gives 

2VA£ • (^kx(Z,t- A)\t=0 + §;kx(-Z,t- A)\t=0) = 2yfa- • p (A) 
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B y the previous l emma, this becomes 

e(-fc) - e(k) = 2k • p(X) for a l l k w i t h \k\2 = A 

or, since en(—k, —A, V) = en(k, A, V) as mentioned earlier, e(—k) = — e(k), we 
have 

e(k) = -k • p(X) for a l l k w i t h |fc| 2 = A (4.13) 

A s ment ioned above, it suffices to find one vector potent ia l A and one A G (0, Ao) 
such that (13) fails. Since we have the freedom to l imi t the size of Ao, we may 
also choose i t to be less than 3/4 and proceed to present one specific A such 
that (13) fails for a l l A G ( 0 , A 0 ) F i x a non-zero vector d G T*. W i t h o u t loss of 
generali ty up to scal ing we may set d = (1,0). L e t 

e=12Re £ 1 [(2k + b) - A(b)[A(b - c) • A(c)] 
6 , c e r # \ { o } 

- E ^ m . , . * - ^ 
& , c e r # \ { o } 

b,ce{±d,±2d},b-c<Z{±d,±2d} 

-«(*-*L)3 E c 2

+

l 2 k . c b 2 + 2k.b 
b,ce{±d,±2d},b-ce{±d,±2d} 

2 2 1 1 
2 ( 1 + 2fci + 1 - 2h + 4(1 + h) + 4(1 - ki)' 

3 1 , 2 1 

" 2 ( 2 ( l + 2fci)( l + fci) + ( l + 2 f c i ) ( l - 2 f c i ) + 2 ( l - 2 f c i ) ( l ^ f c 1 ) ) 

If (13) were true, i.e. i f the above quant i ty were of the form — k • p (A) for a l l k 
w i t h \k\2 = A then one must have p(\) = p,(X)d± because the right hand side 
vanishes for k2 = 0. Hence 

2 2 1 1 
M ( A ) = " 2 4 ( T + 2 i f e i ' + 1 ^ 2 ^ + 4 ( l + fci) + 4(1 - fci) 

&2 ^ 2 — ) (4 14) 
(1 + 2fci)( l + fci) ( l + 2 f c 1 ) ( l - 2 f e 1 ) ( l - 2 f c 1 ) ( l - f c 1 ) ; V ; 

If (13) were true, then the right hand side of (14) would have to be constant on 
the circle {(ki,k2) G R 2 | f c 2 + f c 2 = A } . Since the right hand side is a meromorphic 
funct ion of f(k\,k2), it should also be constant on the complex quadr ic 

QA = {(h,k2) G C | k \ \ k 2 = A } 

O n the other hand, f(k\,k2) has a pole w i t h residue 24(1 — 2k2) a long the 

complex l ine L = {(ki,k2) G C 2 | k\ = | } . Consequently J\QX is infinite on 

the points of Q\ f) L different f rom ( | , ± - ^ ) - T h i s shows that /|Qa cannot be 

constant unless Q\C\ L C { ( | , ± ^ ) } . B u t since earlier we chose A < | , this is 

not the case and (13) is not true. 
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