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Abstract

This thesis will be concerned with application of a cross-validation crite-
rion to the choice and assessment of statistical models, in which observed data
are partitioned, with one part of the data compared to predictions conditional
on the model and the rest of the data.

We develop three methods, gold, silver, and bronze based on the idea
of splitting data in the context of measuring prediction error; however, they
can also be adapted for model checking. The gold method uses analytic cal-
culations for the posterior predictive distribution; however, the silver method
avoids this mathematical intensify, instead simulatihg many posterior sam-
ples, and the bronze method reduces the amount of sampling to speed up
computation.

We also consider the Bayesian p-value in which the posterior distribu-
tion can be used to check model adequacy, in the context of cross-validation
with repeated data splitting. Application to examples is detailed, using the

discussed methodologies of estimation and prediction.
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Chapter 1

Introduction

Statistical procedures can often adequately predict the data that generated
them, however they do not always perform so well when used to predict new
data. Cross-validation is a data oriented method which seeks to improve re-
liability in this context. This thesis is concerned with application of a cross-
validation criterion to the choice and assessment of statistical models. The
concept of such assessment is an old one but nevertheless useful. It consists
of the division of the data sample into two subsamples, the training sample
and the validation sample. The estimation of a statistical model is based on
the training sample, and then the assessment of its performance is made by
measuring its predictions on the the validation sample. Herzberg (1969) made
a; detailed theoretical and numerical study of predictor construction methods,
‘using cross-validatory assessment. Stone (1974) applied a generalized form
of the cross-validation criterion to the choice and assessment of models using

the data-analytic concept. Other examples include variable selection in linear




regression using cross-validated predictive squared error (Hjorth, 1994).

Model selection has attracted the attention of many researchers. Cross-
validation ié one of the most well-known methods. There are other methods
for model selection, such as the Akaike information criterion (AIC) (Akaike
1974; Shibata 1981), the C, (Mallows 1973), the jackknife, and the bootstrap
(Efron 1983, 1986). All these methods are asymptotically equivalent to the
cross-validation with validation sample size n, = 1 (Stone 1977a; Efron 1983),
however, and thus they share the same deficiency; that is they are inconsis-
tent. In the problem of selecting models, this deficiency of the cross-validation
can be rectified by using a cross-validation with a large n, depending on n.
Shao (1993) showed that this inconsistency can be rectified by choosing n,
such that n,/n — 1 as n — oco. Herzberg and Tsukanov (1986) did some
simulation comparisons between thé cross-validation procedures with n, = 1
and n, = 2. They found that the leave-two-out cross-validation is sometimes
better than the leave-one-out cross-validation, although the two procedures are
asymptotically equivalent in theory. See also Geisser (1975), Burman (1989),
and Zhang (1993). |

There are a number of different cross-validation methodologies, and
they largely differ in how the partitions are chosen. Much work has been done
on the ordinary cross-validation, for example Stone (1974, 1977), Bowman
(1984) and Hardle and Marron (1985). The approach taken here is to delete

a single data point (z1,y), fit the model to the reduced data set, and using

the estimated model parameters, obtain a prediction ¢; for the missing ob-




servation. This is repeated for each point (x;,y;). Then the cross-validatory
score C' = Y L(y;, §;)/n is computed where L is an appropriate loss function;
typically L(y,9) = (y — §)%. Clearly for large data sets the computational
requirements may become excessive and alternative strategies are adopted,
rather than omitting points singly. Burman (1989) considered two techniques
in a study of the optimal transformations of variables, “v-fold” cross-validation
and repeatéd learning-testing methods. The v-fold cross-validation uses v dis-
joint validation partitions by dividing the data randomly in v groups so that
their sizes are as nearly equal as possible. This method with v = n is the
leave-one-out cross-validation. For model selection in linear regression, Bur-
man (1989), Shao (1993), and Zhang (1993) have each investigated a particular
cross-validation procedure where M partitions are generated at random inde-
pendently with a fixed fraction B being used as validation samples, and 1 — 3
being used for parameter estimation in each case, Burman calls this repeated-
leaming—testing, and Shao calls it “Monte Carlo cross-validation”. The main
difference between the repeated-learning-testing method and the v-fold method
is that with the former each data point may be used as a validation point more
than once. These methods can be used in the place of ordinary cross-validation
whenever the latter is computationally very expensive and asymptotically in-
consistent. A comparative study of these methods has been carried out in
detail by Burman (1989).

Consider the problem of selecting a model having the best predictive

ability among a class of models. Cross-validation can be a method for model




selection according to the predictive ability of the models (Shao, 1993). Picard
and Cook (1984) examined the cross-validation assessments of the predictive
ability of a fitted multiple-regression model. Smyth (1998) applied the cross-
validation approach to model selection in the sense that models are judged
directly on their out-of-sample predictive performance.

The apprbach and methods we will introduce later are designed to fit
with Bayesian statistics, which uses probability theory to describe uncertainty
about the parameters and the observables. In the Bayesian approach, infor-
mation and beliefs that are available before data are observed contribute to
the specification of a prior distribution. After the data are observed the prior
distribution is updated to the posterior distribution which is proportional to
the product of the likelihood and the prior distribution. Inferences are made
on the basis of the posterior distribution. The recent revolution in Bayesian
statistics is due to Markov Chain Monte Carlo (MCMC) algorithms. These al-
gdrithms allow a user to draw inferences from a complex posterior distribution
on a high-dimensional parameter space, by simulating a Markov chain with
the posterior distribution as the stationary distribution. Then the posterior
quantities are estimated from the simulation output, as the chain converges
to 'its stationary distribution. Review material can be found in Neal (1993),
Smith and Roberts (1994), Tierney (1994), and Besag et al. (1995).

Checking the model is critical in the statistical analysis. Therefore good

Bayesian analysis should check how well the model fits the data and how good

the posterior inferences are. In Bayesian statistics, a model can be checked




in at least three ways: (1) examining sensitivity of inferences to reasonable
changes in the prior distribution and the likelihood; (2) checking that the pos-
terior inferences are reasonable given the substantive context of the model;
and (3) checking that the model fits the data. We address the third of these
concerns using the posterior predictive distribution for a discrepancy, which
extend classical test statistics to allow dependence on unknown parameters.
Posterior predictive assessment was introduced by Guttman (1967), applied
by Rubin (1981), and given a formal Bayesian definition by Rubin (1984).
Gelman, Meng, and Stern (1996), GMS, contributed to further develop Ru-
bin’s (1984) work on posterior predictive assessment, as one possible way of
measuring any discrepancies that may exist between the observables and their
predictive distributions under a given model specification. This methodolog-
ical contribution is the adoption of more general discrepancies, which allows
more direct assessment of the discrepancy between data and the model.

That there is a pressing need to perform such calibrative work with
any model has become clearer at a time when Markov Chain Monte Carlo
(MCMC) methods permit the realization of modeling in much more compli-
cated settings than ever before. In fact, Bayesians are dwelling so much these
days on diagnostics for MCMC convergence-monitoring that a strong reminder
of the value of model-checking is all the more welcome.

The GMS approach appears to be simple conceptually and computa-

tionally, and connected well to the classical goodness-of-fit methods with which

most researchers are familiar. It is also very general, applicable for comparing




observations with model predictions in any form. Their applied work has ben-
efited from the application of this method, as documented in their paper and
also in many examples of application of this method in Gelman, Carlin, Stern
and Rubin (1995) (also see Belin and Rubin (1995) and Upadhyay and Smith
(1993)). Meng (1994) discusses a similar method for testing parameters values
within a model rather than for the entire model. West (1986) and Gelfand,
Dey, and Chang (1992) also present posterior predictive approaches to model
evaluation, in the contexts of sequential data and cross-validation of the exist-
ing data set, respectively, rather than comparing to hypothetical replications
of the entire data set.

We consider the prediction error by randomly splitting the data many
times and averaging the squared prediction errors over the splits. Shao (1993)
also ave\raged the squared prediction errors over the splits. We also consider
the Bayesian p-value in which the posterior distribution can be used to check
a statistical model, in the same context of cross-validation with repeated data
splitting. In Smyth (1998), cross-validated likelihood is investigated as an
appropriate score function for model selection in probabilistic clustering, in
particular for choosing the number of component densities in finite mixture
models. He splits the data x into x*** and x"%", for each split compute the
likelihood f(x%¢*|Gyrair), Where @yqin generated given the train sample. In
our approach, we also split the data into samples, which we call validation

and training samples. Then compute the prediction function, in the sense of

Bayesian approach, f(y"s[x®st y.4:0).



The thesis is organized as follows. Chapter 2 consists of definitions, a
discussion of computational issues, and an analytical illustration of the cross-
validatory methodology for assessing prediction error. Chapter 3 presents a
detailed illustration of measuring the prediction error in two regression models.
Chapter 4 exhibits the posterior predictive assessment of model fit through
the Bayesian p-value, including a brief comparison to other versions of p-

values. Chapter 5 provides discussion of various issues related to the method

of measuring the prediction error and the posterior predictive p-value.




Chapter 2

Methodology for Measuring

Prediction Error

We propose methbds for measuring prediction error in the context of cross-
validation analysis. In this chapter we present our three methods, gold, silver
and bronze, and the basic methodology of our approach in the context of mea-
suring prediction error; however, they can also be adapted for other purposes,
such as model checking, as will be seen in the later chapter on Bayesian p-
values. We introduce the analytical theory of the gold method, basic method-

ology for the silver and the bronze methods, and the theory pertaining to the

silver method.




2.1 Reference Distribution

In this section we introduce definitions and notations which will be used in
the theoretical illustration of the posterior predictive' approaches to prediction
error. We use predictive distributions in a somewhat different way, by cross-
validating the modeling process, in which we set aside some of the data, fit the
current model to the rest, and then locate the observed values of the set-aside

data in their respective predictive distributions given the chosen model.

2.1.1 Notations

Let y be the observed data, and 6 be the vector of parameters. To distinguish
between the observed data y and the replicated data we define 4" as the
replicated data that could have been observed. That is, y™ is the data we
would see if the experiment that produced y were replicated with the sarﬁe
model and the same value of § that produced the observed data. Since the
cross-validation methodology will be used, we introduce a split indicator s.
This splits the data into training and validation sets. Specifically s is a vector
of zeros and ones, the zeros indicating observations that go into training sample
and the ones indicating observations that go into the validation sample. We

consider the joint distribution of ¥y, 6, and the split s,

p(y™, 8, 5) = p(y™|6, 5)p(8]s)p(s), (2.1)

as a reference distribution in our methodological approach. The following ex-

planation may be helpful.




The conditional distribution p(y™|0, s) is the probability distribution
of the replicated data é/’ep given 6 and the training sample indicated by s,
which is equivalent to the distribution of the replicated data set y"" given 6,
expressed as p(y™?|6,s) = p(y"®|6). In our approach we typically use only
‘the validation part of y"“?, which we compare with the realized validation set.
So we denote the distribution of the replicated data in the case of validation
sample by y;/"|s which is distributed as the predictive distribution for the
validation sample given the training sample. And the distribution p(6|s) is
the posterior distribution of § based on the training set yr. The probability
distribution over the split s = (T, V) is p(s). We chose to split the data in
two with half being the training set and half being the validation set. All such
50-50 splits are equally likely under p(s). Via cross-validation, we can estimate
the predicted error. But instead of splitting the data once we split the data
many times. Then by averaging over the splits can estimate the expected sum
of squared predicted error with respect to the joint distribution p(y"®,9, s),
which is given by

W =E{llyy? - o} (2.2)

That is, we view W as a summary of predictive performance. There are
ways to estimate W by using the idea of splitting the data set. In the next

section we introduce the three methods used to estimate W.
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2.2 Description of the Methods

In principle we are interested in various expectations with respect to the joint
distribution p(y™?,8,s). We develop our methodologies based on the idea of
splitting data to estimating the expected prediction error, but they may also be
extended to include other posterior predictive checks. In /this section we briefly
discuss the three methods of estimating W. The gold method uses analytic
calculations for the posterior predictive distribution; this requires computa-
tional effort that most of the time can not be handled by hand. However, the
silver method avoids this mathematical intensity, instead simulating many pos-
terior samples. The bronze method reduces the amount Qf sampling to speed
up computation. In the description of the techniques used for each method,

we show how to conduct these methods, and then one can decide when it is

appropriate to implement one rather than another.

2.2.1 Gold Method

To estimate the expected sum of squared predicted error,

: W =E {34 —w)?},

we do some analytic calculations on W to get,

Te T 2
W = BB {5 (47 - BOIZ1 + BGI710) - )}

1

= E{ZEy| (v3” ~ E(y)s) )} {ZEy,%( reps) — )2}

11




where the cross-term

Eyeris(yy” — Byl

) (E(yy"ls) —yw) =0,

rep

- since Eyrens(yy;” — E(yy;’|s)) can be written as

Eyerjs(yy,") = Eyrents(E(yy;"15))

= Eyrens(yy;") — Eyrens(y1:7)-

Now,

{Z Var(yy?|s } + E, {Z (Ew?ls) - yv,-)2}-
i

To estimate W, we need to perform the following. First, sample inde-

pendent splits sy, S, ..., s, from p(s). Then estimate W by
= R Vertirle) |+ F S {IEGI) - ). 3)
Ti=1 U

To compute W¢ (G stands for Gold) we need to compute the mean
E(y;**|s;) and the variance Var(y;|s;) of the predicted distribution of the
i-th observation in the validation sample, given the training data set based on
split s;.

Computation of the predicted distributions can be performed analyti-
cally for some simple models such as normal linear regression, as will be seen
in the next chapter on examples of measuring prediction error. But in compli-
cated models which may arise in practical applications, such as a hierarchical
mixture model, we can not compute E(yy’|s;) and Var(yy”|s;) by hand.

Therefore it is more easily accomplished via simulation. This is some extra

12




computational burden, but simulation is a standard tool for Bayesian analysis
with complex models, and often it is the only option. The usual Bayesian
simulation provides a set of draws of § from the posterior distribution, p(8|y).
In the normal linear model the posterior distribution can be easily simulated
using exact sampling; However, when the pbsterior distribution cannot be
simulated directly, an indirect simulation method such as the Metropolis algo-
rithm (MA) is often used. On the basis of this fact, we introduce the silver and
" the bronze methods, using simulation methods to sample from the posterior

distribution so that the mathematical computation effort is lessen.

2.2.2 Silver Method

In this method we sample from posterior predictive distributions to estimate
the predicted error. We consider the following algorithm for comparing the

realized validation data vector yy, to y/*:

1. Generate random splits sy, ..., s,, from the p(s) that we introduced be-

fore.

2. For each s, construct a sample of the parameter # from the posterior

distribution p(f|s) based on the training sample.

e Given 6, draw a replication data set y;* from the sampling distri-

bution p(y"®?|f, s) given the training sample.

e Having obtained yi/*, we can estimate the expected squared of pre-

dicted error E(|lyy” — yvl®lsi) by w(si) = 5 T Iy — vy 1%,

13




where m is the number of #’s generated using the i-th split.

3. Averaging over the multiple splits, the silver estimate of the predicted

error is
Ws == w(s;). (2.4)

In the silver method as we have seen, for every split there is a new
simulation from the posterior distribution, since we simulate draws from the
posterior distributions for as many as splits we have. We thought that we
should reduce the number of simulations and that the number of simulations
should not depend on the number of splits, because by simulating every time
we split the data we slow down the estimating procedure, especially when
using complicated models. In the next section we. introduce the method that

reduces the number of simulations.

2.2.3 Bronze Method

In this section, we propose the use of importance sampling to estimate the
predicted error and improve.upon the silver method in terms of computation
time. The bronze method uses a similar concept as the silver method; how-
ever, we try to improve on the idea of drawing samples from the posterior
distribution of § based on one portion or split of the data set. Instead, we
simulate a sequence of draws for 6 based on the entire data set. Using impor-
tance sampling we make a correction so that the draws look as though they
are drawn from the posterior distribution based on one portion of the data set,

the training set. This approach is shown in mathematical terms below.

14



The basic computational strategy

Combining the densities f(y;|¢) with a prior density, p(#), yields the

posterior density

p(6ls) o {H f(yi|o>}p(0),

i€T
which is based on a specific training set. Here we roughly approximate p(6|s)-

by a “squashed” version of the posterior based on all the data,

i)  {TL s} 500)

where n is the size of the data set. It is intuitively sensible to choose o = %
for an effective sample size of 2, to match the training sample size, as we split
the data into two halves.

~ A sample of m > 1 draws for a better approximation of posterior sam-

pling can be simulated as follows.
1. Sample values 61, ..., 0, from ¢(f|y), then sample y3,, . . ., y;, from thef(y|6;).

2. Draw different splits s, . .., s, from p(s). For each split s; the probability

of sampling each 6; is proportional to the importance weight

w*(ﬁi)

where
w(6;) = plbils) _ Tljer f(y16:)
' q(0:)  TI3= {f(y;10:) 1>

These weights w; ; which depend on 6; and split 7 make the #'s look like

a sample from p(f|s;) based on the training set.

15




3. For every different split, use the split indicator to split the replicated
data into validation and training samples, y;;, and y; . Also using the
same split, the observed data are split into validation yy, and training

yr samples.

Now for each split, we have y}, which is equivalent to Yv.', the replicated
observation of the validation sample with probability w. Therefore, to estimate

the expected sum of squared predicted error

W = E{|lyi" — yv|*},

we should use these weights in our estimator. If n is the number of data points,

then the bronze estimator is

o~

Wp = - Z Z Z I (k yvjc - y%/k)zwi,j (2.5)

T j=1i=1k=1
_ 5 [ 31,0 w} Wi ) 26)

m n

bl
fu

where I, (k) is an indicator, taking the value 1 is yj is in the validation sample

for split s;, and 0 otherwise. Analogously, for each s we calculate the difference

error
m [ 3
=2 Zyvk )’ | wig.
i=1 k=1

Then the bronze estimate of the predicted error is

WB = ; Zesi. (27)

1=1

16




2.3 Theory Pertaining to the Silver Method

In this section we show the theoretical considerations for the silver method,
regarding the number of splits versus the size of the posterior samples for
each split. We discuss the question of whether a few big samples or many
small samples is optimal. We aim to analyze this concept theoretically under
conditions that make our choice of the size of the posterior samples and the

number of splits optimal.

Let z;1, Z;0, . . ., T3 be draws of a posterior quantity for :** split, where
i=1,...,I correspond to different splits. To estimate the value § = F(z) we
may use the estimator

s 1 &1
. 0=-I-Z{72$ij} (2.8)
Now how big should I and J be relative to one another so that 6 is a

good estimator with small variance ?

Suppose that we use Markov Chain Monte Carlo (MCMC) to simulate
draws from the posterior distributions. Then for each split there will be some
burn-in time of say w observations, so we can think of the cost (c) of sampling

as

c=1I1(J+ w). ‘ (2.9)

We may reformulate the problem as one of minimizing the variance of

6 subject to a fixed cost under the following reasonable assumptions.

17




As an ANOVA-style set-up, let
Tij = P + €
where p; ~ N(u,7?), reflects split-to-split variation, and ¢;; ~ N(0,0?).
All z;;’s have the same disﬁribution, with x;;’s independent for different splits,
corr(ej,e) =0, for i #k,
but z;;’s are dependent for the same split,
corr(€ij, €k) = p‘j““, for i #k.

Now to minimize the variance of the estimator (2.8), an analysis proceeds as
follows.

For simplicity let z; = % ZJJ=1 Ti;, so that
11
=7 Z
and

~

var(f) = 2Zvar z;)

since the covariance between different splits is zero, i.e. cov(; ,€;.) = 0 for all

i+ # j. Now,

var(z;) = wvar{p; + Ei }
= T +—j§Z’UCL7‘ €ig +2§%COU eljjezk)
j<

= T +ﬁ{Ja +2sa}

18




where s = (J — 1)p+ (J —2)p* +...+ (1)p’ L.

Using the large J approximation

J-1
s = JY p
=1
p
~ J-
1—=p
gives
Var(z;) = 7’2-|-i Jo? + 202 L
2
2, 9 P
R —142—
T+ J{ + 1—p}

Now

>

Var(

1 &, o 2p
) = ﬁZ{”?(”Tfp

2
-
o |+
e
——
\]M
+
<%
TN
—
+
[y
| ‘g
=)
~——
N——

To find the minimum of the variance we differentiate with respect to J

5 ; 02(1+J21—LL‘_,) e (J+w)a2(1+2ff_p)
ﬁvar( )~ c B cJ?

Thus solving %var(é) = 0, and clearly the second derivative yields

a?w(l + p)
(1= p)
as the optimal posterior sample size, with I then determined by the cost

constraint.

19




In light of these results, we can conclude that the optimal length of the
chain of the parameters drawn from a posterior distribution is proportional to

the square root burn-in time
chain length o< v'burn-in time.

For the silver method we need to draw posterior samples of the param-
eters every time we split the data set. Based on the mathematical results the
optimal length of the chain depends on the square root of the burn-in time.
Whether or not this chain length should be used when using the silver method
is entirely dependent on the user’s confidence, we just want to show how long
the chain should be from a mathematical point of view. For the bronze method
we simulate all the parameters once before splitting the data set, so maybe
people would prefer one long chain at once as in the bronze method and toler-
ate the computational intensity in computing the importance weights for each

split.

20



Chapter 3

Examples of Méasuring

Prediction Error

3.1 Introduction

Prediction errors for a new set of data can be used to assess the quality of
model-based predictions. The approach taken in this chapter is to use standard
output from regression analysis to get the prediction function. We illustrate
the three methods of estimating expected prediction error with examples of
constructing regression models. This chapter introduces Bayesian model build-
ing and inference for normal and Weibull regression models. Using a Bayesian
approach we chose a noninformative prior distribution, with the understanding
that this is no more than a convenient assumption for the purposes of expo-
sition and can be extended to informative prior distributions. The Bayesian

approach to prediction is potentially very rich, as one can focus attention on

21



the whole predictive distribution of unobserved future values, given predictors,
prior data, and information. This can be more informative than just looking
at point predictors. We compute the posterior distributions for these models,
interpret the results, and compare the estimates of the prediction error for the
different methods. |

Throughout, we describe computations used in each of the methods
for estimating expected prediction error. In particular, we show how simple
simulation methods can be used to draw samples from posterior and predictive
distributions, to incorporate uncertainty in the model parameters, and to draw
samples for posterior predictive checks. We also check the sampling variability

of the prediction error estimates of each method.

3.2 Normal Regréssion Model

In this section we investigate the three methods using an example of normal
linear regression with a noninformative prior distribution. It is interesting
both theoretically because of the elegance of the undeﬂying theory, and from
an applied point of view because of the wide variety of uses of linear regression_.
The normal model had been chosen basically to be a test case in which it is

convenient to compare the three methods.
Data set

The data set used in this analysis was obtained from Weisberg (1995,

pp. 144-5). The mammals data contains two variables, the average brain
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weights and the average body weights for 62 species of mammals. These data
were taken from a larger study and were collected for another purpose (Allison
and Cicchetti, 1976). Once the parameters of a regression modellhave been
estimated, they can be used to predict future observations of the brain weight
from the explanatory variable, the body weight. So we thought this was a good
example to test our procedures for estimating the prediction error by splitting
the data into two halves. Given one half we predict the other half. Before
we start, we check if any transformation is needed for the linear fit. We shall
consider the problem of modeling brain weight y as a function of body weight
z. An initial attempt to graph brain weight (in grams) versus body weight
(in kilograms), as given in Figure (3.1), indicates that some transformation
is required. The plot shows that the relationship between the body> weight
and the brain weight is not linear, with most of the points in the plot being
jammed into the lower left corner and only a few stragglers elsewhere. Because
of the wide variation of both variables, an exponential fit seems to be a good
candidate. Assume that the correct functional relationship is of the form
brain weight = ag(body weight)®!. The scatter plot in the log‘ scale given in
Figure (3.1), suggests that there is a strong lingar relationship in the log scale.
The transformation seems to achieve linearity and constant variance. Taking

logarithms will reduce the model to a normal linear model with additive errors,

log(Y) = log(ap) + anlog(X) + e,

2

where e have zero expectation and constant variance o?. To simplify the

notations we consider v = log(y), u = log(z), By = log(ay), and B; = ;. So
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we may rewrite the normal linear model as
V=ﬁ0+ﬂ1U+6. : (31)

The data points v follow a normal distribution with mean p = Gy + f1u
and variance o2. For a vector v = (vy, ..., v,) of iid observations, the likelihood
is

P(U|ﬂo,ﬂ1,02) = 1:[ \/217r_anp <_%ﬂ(vi —Bo— ﬂ1ui)2) . (3.2)

Since we are conducting a Bayesian analysis, we need a prior distribu-
tion in addition to the likelihood based on (3.2). This will yield a posterior
distribution on the unknown parameters 8 = (8o, 51, 0?) of the normal linear
model and enable us to estimate them. The prior distribution on which our

inference will be based is a standard noninformative prior,
1
2
7(B,0°) x ot

Now we illustrate the three methods through this example, and try to
conduct a fair comparison between them. We thought if we could draw a his-
togram of repeated realizations w (the estimate of the expected prediction
error) we would gain some knowledge about the sampling distribution. The
better the estimate the less variability there is in the sampling distribution.
This can be done by repeating the process of getting W’s many times for dif-
ferent splits. Then by drawing histograms of the W’s we can visually compare
the sample variances between them in each method.

We decided to have 100 W’s for each method. However, for comparison

purposes we fix the split indicators that we use to split the data to be the

24




same for the three methods. Before we discuss each method individually we
may roughly explain the procedure of fixing the splits to draw histograms of
100 W'’s.

We agreed on using 50 splits to compute each W, and we have 62 data
points. To generate all split indicators for the 100 W’s, we create an array
with dimensions 100 x 50 x 62. To compute W we need to split the data 50
times and get the same samples of the validation and the training for each
split in each method. Using that array properly we will make sure that each
W in different methods is using the same splits of the data set.

For the gold method, we need to compute the mean and the variance
of the predictive distribution of each observation in the validation sample,
given the training data based on the split. In the ordinary linear model,
working through this mathematical computation is quite easy. The silver
method uses many posterior samples, we should simulate # per split, then
based on f generate the replicated data set. We first try to sample one 6 per
split. But this may lead to some criticism so we decide to sample 100 ’s per
split for a more confident results as sampling one # only is less reliable. Finally,
for the bronze method v§e generate 100 #’s at once and simulate replicated data
for each of them. Then based on the same splits we estimate the 100 predicted
errors W by splitting the replicated data set and estimating the expected sum
of squared error. Also we simulate 50 8’s for the bronze method, so as to have

a fair comparison to the silver method in the case of sampling one @ per split.
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3.2.1 The Gold Method

The gold method is easy to apply for our ordinary linear model because the
full conditional posterior distributions p(y |6, s) and p(f|s) have standard
forms with the noninformative prior distribution, and the mean and variance

of the predictive distribution can be easily computed. (For further details see
Appendix A.)
We computed a set of 100 estimates which estimate the expected sum

of predicted error W by (GOLD W). The simulation is set up as follows.

e For each iteration [ = 1,...,100, we split the data set 50 times by sam-
pling the splits indicator s;, 4 = 1,...,50. For each split we compute a
predictive mean and variance for the validation sample given the training
sample, E(y;|yr;), var (y;e|yr;) using (A.7) and (A.8), so the expected

predicted error is
Wi = |lyv. — B lyn) 1P + D var (v lyn)-
;
o Average over splits W = & >%, ;.

e Repeat this procedure 100 times to obtain 100 W’s, and draw the his-

togram as shown in Figure (3.2).

The histogram shows little variability amongst the 100 estimates.

3.2.2 The Silver Method

We illustrate the silver method in estimating the predictive error with the

mammals example, and we consider the same ordinary linear regression model.
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As with the normal distribution with unknown mean and variance, we sim-
ply use the result derived by Gelman et al. (1995) to determine the posterior
distribution for 3, cohditioning on o2, and then the marginal posterior distri-

bution for o2. That is we factor the joint posterior distribution for # and o2

as
p(B,7*ly) = p(Blo?, y)p(c®|y),

following the factorization of the posterior distribution given by (A.2) and
(A.5). Using exact sampling to estimate the posterior parameters of the linear
regression on the mammals data set, we first draw a random value of o2 ~
Inv—x?(29, s?), as 29s? divided by a random draw from the x?(29) distribution
(see Appendix B). Then given this value of 02, we draw 3 from its conditional
posterior distribution, N (B, Vpo?), where 8 is from (A.3).

Based on 50 simulated values of (3, 02), we estimate the expected sum
of predicted error W. We carried out the idea of splitting the data as follows.

For each iteration [ =1,...,100:
1. Sample multiple splits s;, 1 = 1,..., 50.
2. For a single split, compute i (s;) = Y31, (47 — yy;)2-

3. Having performed the step 50 times, we obtain w by averaging over the
50 w(s)'s
W 1
= —0 ; w Sl
We combine the results from the 100 iterations, and draw a histogram of the

100 W’s as shown in Figure (3.2). The silver standard estimates are more
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spread out than the gold standard estimates, as expected. However, we could
get less sampling variability among the estimates by increasing the number of
simulated values (3, 0?) to 100 for each split as shown in Figure (3.2). Even
though using larger posterior samples takes more computing time, it is worth

trying for better results.

3.2.3 The Bronze Method

In this section we demonstrate the use of importance sampling through the
example of the body. and brain weights of the mammals to check and im-
prove upon the procedure of splitting the data set and generating the poste-
rior parameters for each split. We present the same ordinary linear model on
the mammals with parameters 8 = (3, 81,0%), with the use of ‘importance
weights in drawing the posterior parameters to look as though they were gen-
erated from the posterior distribution given the training set. For the bronze
method we start first by generating the marginal and the conditional posterior
distributions for # and the replicated data set based on the whole data set.

This suggests the following simulation algorithm:

e Simulate a sample of size m = 100 from the flattened posterior distribu-

tion given by

qu>«{j1§;g;mm{_g(%;Jé:fﬁ)}} ERNEE)

Sample 02 ~ Inv — x?(a(62) — 2,s?), and conditioning on o2 sample

B~ N(B,VsZ).
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Given 6;, 1 =1,...,100, generate a sample of m = 100 from p(y|6;).

Sample splits s;, 2 =1, ...,50.

For each split, compute the importance weights w?, ¢ =1,..., 100.

The estimate of the predictive error is

m
@(s) = 3 (197~ wwll"] wy.
i=1
e Average over splits to obtain W = = 300 w(ss).

Repeating the whole procedure 100 times using the same split indica-
tors that the gold and silver methods used, we have 100 #’s shown in the
histogram in Figure (3.2). Also for a fair cornpﬁrison with the silver method
of 50 simulated values of (3, 0?%), one value per split, we generated a sample of
size m = 50 from the flattened posterior distribution before splitting the data
and carrying out the same procedure to draw the histogram of the 100 W as
in Figure (3.2). This is more spread out than the histograms of the W’s from
the 100 €’s generated for the 50 splits.

By looking at the histograms in Figure (3.2), we can conclude that the
gold method has the smallest variance, as expected from the gold estimator
which has the bias correction term, the variances of the replicates, added to
the prediction errors to provide an adequate estimate of W. Therefore the gold
W’s have less sampling variability. By sampling 50 8’s at once for the bronze
method and one 6§ per split for the 50 splits in the silver method, we wanted
to conduct a fair comparison between the two methods. Based on the results

from this example they seem to have the same sample variability. Also, from a
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practical point of view sampling one 6 it is less reliable so we needed to sample
more than one 6 every time for each split. The 100 #’s histogram of the silver
sample estimates shows less spread than the bronze sample estimates, which
was expected. For the silver method for each different split there is a new
sample of the parameter 6, so we expect to have less sample variability than
the bronze. However, we should mention that the silver method takes more
computing time than the bronze for sampling from the posterior distribufion in
each split. On the other hand, for the bronze method we need to calculate the
likelihood for each # and in each split we need to calculate those weights. In this
example, the gold method turned to be the best but for complicated models it
will not be feasible. For us, we see the bronze method works better than the
silver, and takes less computing time. We can not judge these methods based
on one example only, so we decided to try another model, which we discuss in

the next section.
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3.3 Weibull and Extreme' Value Regression Model

Until this point we have dealt exclusively with the ordinary linear model.
In practice many situations involve heterogeneoué populations, and it is im-
portant to consider the relationship between lifetime and other factors. We
thought we would try the methods on regression models, where the depen-
dence of lifetime on regressor variables is explicitly recognized. The methods
for estimating expected prediction error are treated in detail in this section
via a regression method using data on the time to breakdown of a type of elec-
trical insulting fluid subject to a constant voltage stress. The silver and the
bronze methods are implemented for estimating the predictive error, whereas
the gold method is not involved in this example as it is more rﬁathematically
intense to figure out the predictive distribution, and this is not the purpose of

this research.
Data set

The data set used in this analysis were obtained from Lawless (1982).
Nelson (1970a) presents the data, which are breakdown times for seven groups
of specimens, each group involving a different voltage level. The data are
uncensored, and times to breakdown are given in minutes. The results of an
accelerated life test experiment on a type of electrical insulation were pre-
sented. In the experiment, specirﬁens of insulation were subjected to seven
voltage levels, 26, 28, 30, 32, 34, 36, and 38 kilovolts (KV). Engineers thought
the appropriate model was that for a fixed voltage level z;, the lifetime distri-

bution for the items is a Weibull distribution with shape ¢ and scale parameter
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a; = exp{fo + fi1z;}. Note that distributions corresponding to different volt-
age levels are considered to differ only with respect to their scale parameters
a;, the shape parameter § being the same for different levels. It is shown that
there is no evidence against the hypothesis of equality of shape parameters §
(for more details see Lawless (1982)).

The Weibull distribution can be extended to include regressor variables
in different ways. However, the most commonly used is that for which the

p.d.f. of lifetime, given the vector x of regressor variables, is

05 ) "ol )}

We may often work with log lifetime, Y = log(T"), with the p.d.f. given

X being

o) = seap{ P2 ey (UL o<y <o ()

where u(x) = loga(x) and 0 = 571, So the linear model can be written
as

y=Po+bz+oz (3.5)

with w(z) = Po+Pix, where z has a standard extreme value distribution,

-0 < z < 00.
Prediction

To try out the prediction error in our Weibull regression model, we car-
ried out the procedures from the silver and the bronze methods. In this case it

was not possible to sample directly from the posterior distribution. Therefore,
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random numbers were generated from a Markov chain with the posterior as
the stationary distribution. This method is well known as the Markov Chain
Monte Carlo (MCMC) method. We used the Metropolis-Hastings algorithm

with independent increments. In the next section we give a brief review of the

Metropolis algorithm.

3.3.1 The Metropolis Algorithm

The Metropolis algorithm was originally introduced by Metropolis, Roseen-
buth, Teller and Teller (1953) for computing pr(;perties of substances composed
of interacting individual molecules. This algorithm has been used extensively
in statistical physics. A variety of these kinds of algorithms were proposed by
many researchers in the past.

The Hastings version of the algorithm constructs a Markov chain with
IT as its stationary distribution as follows. In the Bayesian approach II is the
posterior distribution which would be the target distribution. If the chain is
currently at a point X,, = z, then it generates a candidate value Y for the
next location X, from a transition density ¢(z,-). With probability a(z,y) -
this candidate is accepted and the chain moves to X,,;; = y. Otherwise, the
step is rejected and the chain remains at X,;; = = with probability 1- a(z, y),

where

7(y)g(y, x) 1}

az,y) = min {ﬂ(x)q(x, 2

is the acceptance probability. Note that this algorithm depends on 7 only
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through the ratios of the form 7 (y)/n(z); thus 7 only needs to be known up
to a normalizing constant (Hastings, 1970).

If II is a continuous univariate distribution on IR, the random walk
Metropolis algorithm (Tierney, 1994) proceeds as fol.lows. To update from
Xn‘ = Zp t0 Xpy1 = Znt1, we add noise (usually taken to be normal with
mean zero and variance o?) to the current state. As such, y = z, + z, where

z ~ N(0,0%) and

Then,

y  with probability «,
Tpt1 =
z, with probability 1 — a.

Implementing MCMC

We thought we would try out the MCMC algorithms before conducting them
in the methods, so we could make sure the chains converge and have an ap-
propriate acceptance rate. As for the Bayesian approach, we must specify a
prior distribution in addition to the likelihood based (3.4), so that samples of
the unknown parameters 8 = (f, 1, 0) can be simulated from the posterior
distribution. Since we do not have enough information to construct a prior
distribution, we chose a standard noninformative prior, 7(8,0) o %, so that
inferences are unaffected by information external to the current data. We used
the random walk Metropolis algorithm with independent increments for ex-

ploring the posterior distribution. The candidate state is obtained by adding
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noise to the current state. the noise is generated from the normal distribution
Z ~ N(0,7;), where 7; is the tuning parameter set up by trial and error to
adjust how high the acceptance rate of the chain should be.

To run the random walk (RW) algorithm we should start with initial
values for the parameters that we want to sample from their posterior distri-
butions. The simple way to do that is to fit a simple linear model and let the
least squares estimates of the parameters be the initial values for 8y and 5.
And we let o2 equal the variance of the log(lifetime). With these settings RW
chains of length n = 500 are Simulated in Splus. We obtained unsatisfactory
results of chains moving slowly through out of the support of the target dis-
tribution and others having high jumps with high range of acceptance rates
between the parameters as shown iﬁ Figure (3.3), which indicates that the
chains will never converge. So we thought we should use some methods which
are useful for improving lack of convergence or slow convergence due to bad
starting values, or high posterior. correlations. The posterior parameters are
correlated which may slow down the mixing in the chains. A simple remedy
is to work with centered covariates z; = z; — Z (Gilks and Roberts, 1996).
~ Doing that with the same first setfings, and adjusting the tuning parameters,
we achieve adequate mixing of a Markov chain and a range of acceptance rates
for updating the parameters between 50% and 75% which are reasonable rates

based on Gelman et al. (1995). Plots of these are given in Figure (3.4).

In the next section we discuss the silver and the bronze methods through

this same example. And for a fair comparison we generate the whole split
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indicator by creating arrays so we use the same splits for both methods at the
same time. We are using MCMC to sample from the posterior distributions.
Based on some tests done to check how fast the chains converge, we decided
to run the chains for a total of 500 iterations, with 300 burn-in iteration so we

have a sample of size m = 200 of ’s to be our posterior sample.

3.3.2 The Silver Method

We tried out the silver method for estimating the predictive error in the volt-
age data, and we consider the extreme value model. Using the random walk
Metropolis-Hastings algorithm to sample from the posterior distribution of
6 = (Bo, b1, 0), we carried out the procedure for estimating the expected error

as follows.

e Sample splits s;, 1 =1,...,1.
e For each split:

1. Set up the initial value for the MCMC method which are Gy =
E(yr), the mean of the training sample of the independent vari-
ables; 8, = 0. And 0? = var(yr), the variance of the sample of the

independent variables.
2. Run MCMC to estimate a sample of size m = 200 ’s.
rep

3. Based on the 200 #’s, draw a hypothetical replication y;”.

4. Compute the squared predictive error for the 200 sets of the repli-
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cation,

s = |lyy? — yv|*.

5. The estimate of the predictive error would be
w; = mean(s).

e After multiple splits, average over the w;’s to obtain the estimate of the

expected squared error

We first tried the silver method with number of splits # = 50, and
sample size m = 100 €’s using MCMC over 1000 iterations. The estimate of
the expected squared error was W = 212.28, which is a sensible estimate based
on the results of the mean of the squared predictive error which have small
variance for each split. The problem in for this setting was the computing
time that took very long to get one W, which is not practical as we need many
of them so we could compare with the bronze method estimates. Therefore,
we cut down the number of splits to + = 25 and the number of iterations to
500. This time the silver method procedure took less tifne so we could use it
for many estimates of W’s. In the next section we present the bronze method,
then we plot graphs of the estimates for both methods for comparison purposes

and checking the bias of the estimates.
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3.3.3 The Bronze Method |

As we discussed previously for the bronze method, we first sample all 8’s
needed for the replication values, then split the data many times for each to
get the estimate of the predicted error. We tried the following algorithm for

the voltage data.

1. Simulate a sample of m = 200 #’s. By using the random walk Metropolis
MCMC algorithm, with 8y = E(y), /1 = 0, and 0 = var(y) as the initial

settings for the MCMC chain. We use the likelihood function

L(§) = {ﬁ Lezp (yi — G+ Pl <yi — (Bo+ ﬂlxi))) }a,

i=1 o g

where o = % as explained in the previous chapter.

2. Given #’s, compute the log densities for the regressor variables (voltages)
that are needed to figure out the importance weights for each 6, given
by

log(L(6)) = —nlog(o)+3" (yi - (ﬂ(;+ ﬂlzi)) —g; exp (yi - (ﬂ"of ﬁlxi)) .

i=1

3. For each 60, sample replicated data y"®" from the extreme value distribu-

tion.
4. Sample splits 2 = 1,...,I. For each split s

e For each 6;, 71 =1,...,m, compute the importance weight

w; = i (s — a)log (L(6;))) .
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e Compute the squared difference between the replicated validation

sample y;? and the realized validation sample yv ||yi/F — yv )%

e Compute the split-specific estimate of the expected squared pre-

dicted error

m
Wi = (Il — yvlli x wy).

J=1

5. Average over splits, W = %Zle w;.

Based on the same first settings of the silver method with 7 = 50 splits
and sample size m = 100 §’s, using MCMC over 1000 iterations, for the first
set of splits we obtained W = 214.53 which is approximately the same as the
silver estimate, with much less computing time. Then based on the ultimate
setting of the silver method, we wanted to check if there is any bias in the
estimates of the silver and the bronze. We drew a plot shown in Figure (3.5),
which obtained by repeating the process of computing W 20 times for the
silver and the bronze methods. The plot shows no sign of bias in either of the
methods, which makes us more confident with our results. Also we con'lpute'
50 W’s for each of the silver and the bronze methods to draw histograms and
test the sampling variability for each of them as shown in Figure (3.6). From
this histogram, we see the silver method estimates have less sample variability
than the bronze method estimates. These results would give us an idea which
method to choose, Each of them has some advantage over the other. For
example, the bronze method has less computing time and we do not have to
fit the model for each split to sample 6 as is the case in the silver method.

However, for the bronze method there are a lot of calculations such us the
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log-likelihood for every € and the importance weights. As we will see in the
next chapter, prediction methods, while useful in their own right, can also be

used as a tool in model checking.
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Figure 3.1: Scatterplot of the mammals data for the average brain and body

weights.
Body and brain weight of 62 mammals.
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. Figure 3.2: Histograms of 100 Ws.
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Figure 3.4: MCMC of centered voltage for insulating fluid failure data.
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Figure 3.6: Histograms of 50 Ws.

W.hats silver for 100 thetas

190

200 210 220
w.hats

W.hats bronze for 100 thetas

230

190

200 210 220
w.hatb

46

230



Chapter 4

Bayesian p-Value

4.1 Ihtroduction

The p-value is a statistical notion that has been widely used and yet seri-
ously criticized for a long time. The main controversy is whether a p-value
provides adequate evidence against a null hypothesis. Most criticism leveled
at the p-value has come from the Bayesian school, as mentioned in Hwang,
Casella, Robert, Well and Farrel (1992), because the calculation of a p-value
involves averaging over sample values that have not occurred, which is a clear
violation of the likelihood principle. This has led to several formulations of a
‘;Bayesian p-value.” In particular, Rubin (1984) uses the posterior predictive
distribution of a statistic to calculate the tail-area probability corresponding
to the observed value of the statistic. As Rubin pointed out, such a frequency
calculation is relevant because it helps the process of model diagnosis, a fun-

damental part of any Bayesian analysis.. Meng (1994) intended to illustrate
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the utility of the posterior predictive p-value. The Bayesian formulation, using
posterior predictive replications of the data, allows a test statistic to depend
on both data and unknown parameters and thus permits a direct measure of
the discrepancy between sarﬁple and population quantities. The extension to
include generalized discrepancies D(y; ) rather than just statistics T(y), as in
Rubin (1984), may .be practically quite important because of the potentially
tremendous computational advantages when averaging rather than maximiz-
ing over 6, especially with multi-modal likelihoods. This posterior predictive
p-value can also be viewed as a generalization of a classical p-value, averaging
over the posterior distribution of parameters under the null hypothesis, and
thus it provides a general method for dealing with the unknown parameters.
In Bayesian statistics, a model can be checked in at least fhree ways.
One way is checking that the model fits the data using the posterior pre-
dictive distribution, in the presence of unknown parameters. Gelman, Meng
and Stern (1996), and Gelman, Carlin, Stern and Rubin (1995) discussed the
approach of comparing the posterior predictive distribution of future observa-
tions to the data that have actually occurred. It is simple, both conceptually
and computationally, and is applicable for comparing observations with model
pfedictions in any form, without requiring any more substantive information
than is in the existing data and model. In this chapter our purpose is to in—.
troduce a different notion of Bayesian p-value which includes averaging over

different training/validating splits of the data. We illustrate this notion of

p-value with an example used in Gelman, Carlin, Stern and Rubin (1995).




Draper (1996) also proposed cross-validating in the modeling process as an
alternative to posterior predictive assessment of x? goodness-of-fit measures
described by Gelman, Meng and Stern (1996). Our approach is different in
that we split the data many times rather than once. We compare our approach
to Gelman et al. (1995) and investigate how the idea of splitting the data may
effect the interpretation of the posterior predictive p-value. Also we provide a

formal definition of a posterior predictive p-value.

4.2 Posterior Predictive p-value

The p-value of the test quantity as defined in the Bayesian context can be
used to measure lack of fit of the data with respect to the posterior predictive
distribution. Before we introduce our notion of the p-value, we briefly present
the Gelman et al. notion of the p-value and define the classical p-value. Also we
define Draper’s notion of the p-value, as it is somehow related to our approach
by splitting the data once rather than many times.

Using the same notation as in Chapter 2, the Gelman et al. work wifh
- the joint posterior distribution of y"*" and 6 given the existing data v,

(Y™, 0ly) = p(y"*|0)p(6ly).

Then the posterior predictive distribution is

p(yIy) = [ Py 716)p(6ly)ds.

First we define the classical setting of the p-value for the test statistic T'(y) to

49




be

Cp — value = Pr{T(y"") > T(y)|6},

|
where the probability is over the distribution of y™P with fized 6.
In the Bayesian approach, the test quantity 7'(y,#) is a function of the un-
known parameters and data as it is evaluated over draws from the posterior
distribution of the unknown parameters. So the Gelman et al. definition of the

posterior predictive p-value is the probability that the replicated data could

be more extreme than the observed data,
Bp — value = Pr{T'(y"*,6) > T(y, 0)y},

where the probability is over the posterior predictive distribution of y™P and
the posterior distribution of . The Gelman et al. approach to measuring the

p-value by using posterior simulations of (8, y"%) is as follows.
e Draw 6y,...,60; independently from the posterior distribution of 4.

e For each simulated ¢!, draw a replicated observation, y™®* from the

distribution, y|0 = 6'.

e The estimated p-value is the proportion of the L test quantities for which
the predictive test quantities T'(y"P*, 8*) equal or exceed the realized test

quantity T'(y, 6').

Draper suggested in his comment on The Gelman, Meng and Stern

(1996) paper proposed using predictive distributions in a somewhat different
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way-by cross-validation. Draper’s p-value is “split-specific” which means spe-

cific to one split s. The split-specific p-value is defined as follows.
= Pr{T(yy",0) > T(yv,0)|S = s} (4.1)

Draper thinks that this discrepancy measure can better highlight which part
of the data set fits the model badly, and thus it prevents using the same data
twice problem

We choose to use a different approach for measuring the p-value, follow-
ing the methodology of splitting the data. So we define the “split-averaged”

p-value as
p=Pr{T(yy",0) 2 T(yv,0)}, - (4.2)
with respect to the “reference distribution” (2.1). Note that p = F{p;} with

respect to the reference distribution (2.1). To compute the p-value, the silver

method can be used in the following way.

e Sample 6! from the posterior distribution p(6|yz,),l=1,..., L.

Tep,

e Sample yy,

i)

from the probability distribution p(

o Compare the realized validation test quantities T'(yy;, #!) and the predic-
tive validation test quantities T'(yy.”, 6}), that is, test whether T'(y;%, 6) >

T(yv, 9)
To estimate the p-value (4.2), note that

Pr(T(yy",0) > T(yv,0)lyr) = E {I{T(y”" 0)>T(yv,0)}lyT}

= EE {I {T(y(f”ﬁ)ZT(yv,o)}le, yT} )
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and we sample from the joint distribution on (s, 8) given by

p(s,0) = p(s)p(0lyr).

This suggests the following estimator, for a given split

Ds = L Zl I{T(y””,ei)ZT(yv 0:)} )

v

where 61,...,60; ~ 6|s. And thus

. 1 &
p=— Zpsi
mia
where si,...,5nm ~ p(s). Thus we are averaging over independent splits.

4.3 Example: Comparing speed of light mea-
surements to the posterior predictive dis-
tribution.

We illustrate the split-averaged p-value through the example used by Gelman,
Carlin, Stern and Rubin (1995). We calculate the p-value using the Gelman
et al. approach and ours with two different testing functions. We compare the

adequacy of the two methods for model checking.
Data set

The data set used to illustrate the concept of posterior predictive p-
value is from an experiment set up by Simon Newcomb in 1882 to measure

the speed of light. Newcomb measured the amount of time required for light
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to travel a distance of 7442 meters. The 66 measurements are given in a
histogram as shown in Figure (4.1). The histogram shows that there are two
unusually low measurements and then a cluster of measurements that are
approximately symmetrically distributed. It is inappropriate to assume that
all 66 measurements are independent draws from a normal distri_bution with

2 with a noninformative uniform prior distribution

mean p and variance o
m(u,0?) o ;12— It is obvious that the outlying measurements do not fit the
normal model. We discuss the Bayesian p-value for measuring the lack of
fit for these data by comparing the observed data to what we expect to be

observed under the posterior distribution. Any systematic differences between

the simulations and the data indicate potential failings of the model.

4.3.1 The Gelman et al. Approach

The Gelman et al. approach uses graphical comparisons of summaries of the
data to summaries from posterior predictive simulations, and the notion of
posterior predictive p-value to measure the statistical significance of the lack
of fit. They use the sample variance as the test quantity. The histogram of the
observed sample variance and the 200 simulated variances frorh the posterior
predictive distribution, and the estimated p-value close to %, indicate that the
model fit the data well, which is not true. They justify this result by noting
that the sample variance is not a good test statistic because it is a sufficient

statistic of the model, which will be well fit in the posterior distribution.
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4.3.2 The Split-Averaged p-value

We tried our approach of splitting the data with the speed of light measure-
ments using the sample variance as a test quantity. We adapt the silver method

to estimate the posterior predictive p-value as follows.

e Sample s;, 7 = 1,...,50, to be used for splitting the data into equal

halves.

e Given the training sample yr, we first draw a random value of 02 ~ Inv—
x*(32, s?) as 32s? divided by a random draw from the x2, distribution
(see Appendix B). Having obtained o2, we draw y from the conditional

posterior distribution, N(yr,c?/33).

e Simulate a sample of posterior predictive observations 4" from the pos-

terior predictive distribution N(u,o?).

e Compute the sample variance of the validation predictive observations

rep

Yy

For each split we have the sample variances of the actual validation
sample and the replicated validation sample. The scatterplot in Figure (4.2)
for the two test quantities shows two clusters, but the estimated p-value is
close to %, similar to the Gelman et al. result. However, the scatterplot implies
that the model is inadequate for the data, so we should try to justify this. To
investigate further, for each split we sampled 200 replicated validation samples,
leading to 200 réplicated validation variances. These are compared to the

sample variance of the actual validation sample. In particular, for each split
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we can locate the actual validation variance in the histogram of the replicated
variances. The histograms show the actual validation variance is either to the
far right or the far left of the distribution of the simulated variances, which
was expected in the way that the outliers may be split between the training
and the validation samples. And this implies that the model is inadequate
for the data. Rather than looking over all those histograms, we could try to
summarize them in one plot and then in a single number corresponding to the
posterior predictive p-value. For each split s, we estimate the split-specific
p-value p; (4.1) by ps(4.3). In this example, p, is either zero or one.

The histogram of p,’s shown in Figure (4.3) should look uniformly dis-
tributed between zero and one if the model is adequate. For comparison pur-
poses, we generate 66 data points from the standard normal and use the silver
method of measuring the split-specific p-value. Based on 50 splits each with
200 simulated validation sample variances, the split-specific p-values look uni-
formly distributed between zero and one as the histogram shows in Figure
(4.3).

For the sake of a single p-value which people always look for, we used
the x? test to check how uniform the p,’s are. To conduct the x? test, we set

up the null hypothesis to be
H() . ]55 ~ U(O, ].)

Each histogram is divided into bins (for our purposes, 5 bins to match
the histograms), then we compute the frequency in each cell and the expected

frequency. For the speed light measurements the p-value was less than 0.01
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which means reject the null hypothesis, as expected. For the generated stan-
dard normal, the p-value was 0.9384 which implies that the p-values follow a
uniform distribution. So we could get a single p-value to present the fit of the
model. Based on results from this example we showed that the model is inad-
equate for the data; however, the Gelman et al. could not prove that without
data splitting from the same test quantity that we used.

The Gelman et al. approach for calculating the p-value has been criti-
cized for using the data twice, once to determine the posterior distribution of 8,
and then again for replication. For the split-specific p-value, we overcome this
problem by splitting the data into two, so that one part is used in determining
the posterior distribution and the other for prediction. The point of model
checking is to see if the current model is good enough. How do you know if
a particular predictive p-value is precise and correct? The satisfying answer
to this question must certainly include an attempt to quantify the utility of
the p-value. The speed of light is a simple example so the model inadequacy
was obvious, but in more complex models things may not be so clear. In
particular, the Ge_lman et al. method may be very sensitive to how close the
test quantity 7T'(:) is to a sufficient statistic. Our method to model checking
does not have that problem. It might be best applying this interesting notion
of p-value with more complex models where its message fits into the overall
picture of Bayesian model checking, by comparing the observed data to what

we expect to be observed under the specified posterior distribution.
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In the next section we discuss the same example with different test
function that depends on the parameter . Gelman et al. could demonstrate
the poor fit of the normal model to the speed of light data. using min(y;) as
the test quantity. They suggested that the model can be inadequate for some
purposes but adequate for others. They assessed the adequacy of the model
except for the extreme tails, as the normal model clearly does not capture the
variation that Newcomb observed. Using the same test quantity, we want to

see how our method works and compare with the Gelman et al. result.

4.3.3 A Model Check Based on a Test Quantity Sensi-
tive to Asymmetry in the Centre of the Distribu-
tion

Since the model looks adequate except for the extreme tails, Gelman et al.

chose a test quantity sensitive to asymmetry in the centre of the distribution,

T(y,0) = |lyer) — 0| — |ye) — 61,

where y(61) and y) are the 61st and 6th order statistics representing approxi-
mately the 90% and 10% points of the distribution. We tried the Gelman et al.
method, and the resulting scatterplot in Figure (4.4) shows the test quantity
for the observed data and the test quantity evaluated for the simulated data
for 200 simulations from the posterior distribution of (#,0?%). The estimated
p-value is 0.24 which is computed as the proportion of points in the upper-

left half of the plot. The test quantity should be scattered about zero for a
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symmetric distribution. As shown in Figure (4.4), the test quantities are more
skewed to the positive side. Gelman et al. explain any observed asymmetry in

the middle of the distribution by sampling variability.
The Split-Averaged p-Value

Next, we tried the split-averaged p-value. We chose to split the data 200
times, for each split sampling a replicated validation sample from the posterior

distribution of (6, 0?), and calculating the test quantity

T(yV,G) = |yV(31) - 9] - lyV(;;) o Hl,

for the actual observed validation sample and the replicated validation sample.
Figure (4.5) shows the scatterplot and the estimated p-value is 0.38, implying
the symmetry in the middle of the distribution. We expected to get clusters
in the scatterplot to show the inadequacy of the model, as in the case of the
sample variance test quantity. We interpreted the results as follows. There
are clusters but they may not be visible. While splitting the data the outliers
either go into the validation sample or into the training sample. When the
outliers are in the training samples, then the test quantities are more positive
as in the Gelman et al. case. This is because the posterior distribution is
more effected by the outliers to the left. However, when the outliers are in
the validation sample the test quantities are more about zero, since the pos-
terior distribution is more in the middle. We tried for each split sampling 200 -
replicated validation samples, leading to 200 replicated validation and actual
validation test quantities. We did not see any clusters in the scatterplots of

10 splits. We thought also that test quantity is quite sensitive to asymmetry
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in the middle of the distribution which was obvious from the histogram of the
speed of light data. The split-averaged p-value shows the symmetry in the

centre of the data.
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Figure 4.1: Histogram of Simon Newcomb’s measurements for estimating the
speed of light.
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Figure 4.2: Scatterplot showing the sample variances of the actual validation
sample and the replicated validation sample.
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Figure 4.3: Histograms of the estimate split-specific p-values for 50 splits.
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Figure 4.4: Scatterplot showing prior and posterior simulations of a test quan-

tity T(y, 0) = |ye1) — 0| — |y) — 0|, based on 200 simulations from the posterior
distribution of (0,y"P).
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Figure 4.5: Scatterplot showing a test quantity T (yv,0) = |yv,, — 0| — |y, — 0|
for the actual observed validation sample and the replicated validation sample,
based on 200 splits.
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Chapter 5

Discussion and Concluding

Remarks

In principle cross-validation can be used in a great variety of situations, be-
cause of the lack of assumpti(;ns behind the cross-validation method. How-
ever, it seems to work best for unstructured data, or for insufficiently specified
models. . Cross-validation appears to have disadvantages in some classical sit-
uations. Data from designed experiments are usually highly structured. Dele-
tion of a single observation destroys that structure, and therefore increases
the computing effort. The use of cross-validation in regression is perhaps
mofe dangerous. For simple models, the values of y corresponding to extreme
values of z have disproportionate influence on the fitted parameters (Atkin-
son, 1985). When the data point (z;,3;) is omitted, the difference between
rep

the predicted value y;”* and the actual value y; is at least as big as the i-th

residual from the model fitted to the full data set. For extreme values z; the
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predictions y;? are extrapolations, and so the difference can be expected to
be larger than those for interior points z;. Thus the disproportionate influence
of the extreme data is increased by cross-validation.

To overcome this problem of cross-validation we implemented the re-
peated learnihg—testing methods shown by Burman (1989) to work very well
for model selection purposes. We repeatedly split the data randomly into two
parts. For each split, estimates are developed based on the data in the training
set and then these are tested on the data in the validation set. So the extreme
values, if any, are split between the two sets.

It seems to be more natural to use predictive distributions by Cross-
validating the modeling process (for an example see Draper (1995b)). This
prescription uses a non-omnibus discrepancy measure that can better highlight
which parts of the data set are badly fit by the current model. And it avoids
the inherent diagnostic overfitting problem.

Chapter 2 presented the methodology for measuring the prediction error
and called for the Bayesian approach in the context of cross-validation, which
was revealed to be a fairly natural way to investigate the prediction error.

The examples and comparisons between the proposed methods carried
out in Chapter 3 found the bronze method to perform reasonably, in terms of
computing and the posterior sampling comparing to the silver method. How-
ever, the gold method gives the best estimates with the least sampling variabil-
ity. To use the gold standard, the user must be able to compute the posterior

expectation E(y"®P|s) and variance var(y"®|s) with respect to the reference
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distribution analytically, and that is not always possible depending on the
complexity of data set. As for more realistic application, the silver method
becomes more practical with the rapid computing developments. Therefore
the reliability of the simulated result is important and requires much atten-
tion. When the posterior distribution cannot be simulated directly by exact
sampling, an indirect simulation method (Markov Chain Monte Carlo) such
as the Metropolis algorithm is often used. In the silver methodology, we sam-
ple from the posterior distribution and then sample the replicated data set
from the posterior replicated distribution given the training set to compute
the squared prediction error ||y™? — y||. We could try fhe silver method to es-
timate the expectation E(y"|s) and the 7@ (y™?|s) by sampling many times
from the posterior distribution. We thought we may try this procedure in the
future. However, this methodology apparently will not differ much from the
current silver method in terms of posterior sampling for each split which we
try to reduce by implementing the bronze method.

The recent rapid development of Bayesian computation allows us to
fit more realistic and sophisticated models than previously possible, and thus
there is a corresponding need for general methods to assess the fit of these
model when classical tests are not applicable.v An example is demonstrated by
Gelman, Meng, and Stern (1996). Model checking is always a vital compo-
nent of model building. The frequentist approach relies on the clever choice
of discrepancy measures that are pivotal and whose distribution under the

hypothesized model is known, at least approximately. The Bayesian approach

67




described by Gelman, Meng, and Stern (1996) is more general. The discrep-
ancy measures used do not have to be pivotal or to have a known distribution,
and so can be chosen to check aspects of the model that cause concern.

Gelman, Carli.n, Stern, and Rubin (1995) introduced the posterior p-
value method to check goodness-of-fit for parameteric Bayesian models. In a
sense their method can be criticized for using the data twice, as their method
checks how well the data predict themselves under the model. In Chapter
4 we introduced the cross-validation methodology with the split-averaged p-
value using the silver method. This involves seeing how one portion of the data
predicts another portion, which avoids using the data set twice. In Chapter 4
we illustrated the split-averaged p-value with the example used by Gelman et
al., showing our procedure is simple yet efficient. Gelman et al. used the sample
variance to be the discrepancy function, and thus they could not show the
poor fit of the model. They accounted for this by noting that this discrepancy
function is a sufficient statistic of the model and thus is automatically fitted in
the posterior distribﬁtion. However, using the same discrepancy function, the
split-averaged p-value could succeed in proving the inadequacy of the model,
as was obvious from the histogram of the data showing the two clusters in
Figure (4.2), resulting from the two outliers. In light of these encouraging
results, we would like to try the split-averaged p-value on a more complicated
data structures, such as hierarchical models.

Finally, although we could not try it in the scope of this theéis, the idea

of implementing the Markov Chain Monte Carlo methods (MCMC) in the
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procedure of splitting the data for each posterior sampling seems promising in
the silver method. Referring to the same reference distribution in Chapter 2,

we have s = (T, V), y™P, and 0, then the joint distribution
p(y"*,6,T,V) = p(y"*|0,T,V)p(6|T, V)p(T, V),
where p(y™?|0,T, V) = p(y"P|0) in principle. And
p(OIT, V) ~ (T, V)L(O|T, V)p(6),

where ¢(T,V) is a normalizing constant.
To update (7, V), the target distribution is proportional to ¢(T, V)p(T, V).
Then we face the problem of calculating the constant that normalize the tafget

distribution, making this approach difficult to apply.
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Appendix A

Bayesian Analysis of the

Classical Regression Model

The normal linear model is simple enough that we can determine the poste-
rior predictive distribution analytically. In the ordinary linear regression, the

observation errors are independgnt and have equal variance;
ylB,o* ~ N(XB,0°I),
where X is the n x k£ matrix of explanatory variables and I is the n xn identity
matrix.
Prior distribution.

It is convenient in the normal regression model, to choose the noninfor-

mative prior distribution to be uniform on (B,logo) or, equivalently,

p(B,0%) xo72.
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It gives acceptable results and requires less effort than specifying prior infor-
mation in probabilistic terms. However, this is only true when we have a large
sample size and a few parameters, but if we have a small sample size or a
large number of parameters, then it is important to specify prior knowledge

or perhaps use hierarchical models.
The posterior distribution

To characterize the joint posterior distribution for 8 and o2 as

p(B,0%ly) = p(Blo®, y)p(c®|y), (A1)

it is convenient to draw simulations of o and then B|o%. First we introduce

the conditional distribution of the (vector) parameter 3 given o?

Blo®,y ~ N(B, Vp). (A.2)

By completing the square we have

io= (X)X, (A.3)
Vs = (X'X)% (A.4)

The posterior distribution of ¢ from (A.1) can be written as

. p(B,0%|y)
p(o’ly) = =75—=,
( 'y) p(ﬁlUQa y)
which has a scaled inverse-y?
o?ly ~ Inv — x}(n — k, s?), ' (A.5)




The density function of o2 is p(0?) = Inv — x*(¢?n — k, s%), which
is useful for variance parameters in normal models. Note that the scaled
Inverse-x? is a special case of the inverse-gamma distribution with o = ”2;'°
and § = kg2,

The posterior predictive distribution

Based on the standard results by Gelman et al. (1995), we determine
the posterior predictive distribution for the linear regression model. Their
approach is to consider first the conditional posterior predictive distribution
p(§|o?,y) where § is the future observable, then to average over the posterior
o?ly. The predicted outcome § has a normal distribution given ¢ and by

averaging over (3 its mean is given by
E(jly) = E(E(ilB,0%y)lo* y)
= E(Xflo%y)
= X§
where X is the matrix of explanatory variables.

Similarly, the variance of the future observation ¥ is

Var(glo®,y) = Elvar(§l8,0°, y)|o% y] +var[E(|8, 0% y)lo?, y]
= E[0’Il0%y] +var[Xf|o*, y]
= (I+XV,3XI)U2.
We determine the posterior predictive distribution by averaging over

the posterior predictive distribution of o2. Then the posterior predictive dis-

tribution p(§|y) is multivariate ¢ with center 8, n—k degrees of freedom, mean
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E(g|y), and variance var(g|o?,y). We may extend these results to fit into the
case of splitting the data into training and validation samples‘. Based on the
training sample we first compute B and V3, which in practice is easy using any
standard linear regression software. Then we derive the mean and the vari-
ance of the predictive distribution of the validation sample given the training

sample by

E(y™lyr) = Xvb, (A7)

Var(ylyr) = E(o®lyr){I + XvVsXy}, (A.8)

where E(o?|yr) based on the training set is equal to s? (A.6).
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Appendix B

Inverse Chi-square

The inverse-x? is a special case of the gamma distribution, with a = ’v/2
and g = %, where v is the degrees of freedom. In addition to the standard
parameterization, we also define the scaled inverse chi-square distribution. To
obtain a simulation draw 6 from the Inv-x?(v, s?) distribution, first draw X

from the x2 distribution and then let § = vs?/X.
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