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Abstract

We examine the term structure model proposed by Kennedy (1994). The model assumes
that the interest rates can be described as a Gaussian Random Field. We find conditions
that the drift and covariance function of the forward rates have to satisfy. We then try to
calibrate the model using a number of approaches. Finally the proposed covariance function
by Kennedy (1997) is tested. ‘
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1. Introduction

Interest rates and their dynamics provide probably the most computationally difficult part
of the modern financial theory. The modern fixed income market includes not only bonds
but all kinds of derivative securities since they are used in time discounting. Interest rates
are also important at the corporate level since most investment decisions are based on some
expectations regarding alternative opportunities and the cost of capital - both depending on
interest rates.

The classical approach to modelling interest rates and their associated bond prices is
to specify the dynamics of a finite number of underlying processes, typically just the spot
rate or the spot rate together with bond prices or interest rates of various durations. Then,
using no-arbitrage conditions or equilibrium considerations, bond prices of all maturities are
computed in terms of these basic processes.

The interest rate models can be divided into two classes. The first one involves modelling
the short rate, by assuming it follows a stochastic differential equation. Here we can find
three categories:

(i) Simple Gaussian models: In this category we include the models of Vasicek (1977),
Merton (1973) and their generalisations like the Hull & White (1990) model. These models
can be considered “simple” and the log-Gaussian distribution of bond prices makes it very
easy to price derivative securities. The Hull & White model specifically is very flexible,
in that any initial yield curve, and any initial term structure of volatility can be fitted.
However the estimation of these models from data is not practical. The yield curve is not
some nice smooth curve known at all positive real points; in practice, it is only known at
a limited set of maturities, with dubious accuracy of measurement. Any procedure which
requires repeated differentiation of this “curve” (like the procedure followed for these model’s
calibration) cannot be expected to work. Even if one could obtain estimates of the models’
functions from the data, there is no reason why we should get consistent estimates if we
performed the same analysis of the term-structure as it appears one week later. Additionally
the undesirable property of these Gaussian models is that the interest rates may be negative.

(ii) Squared Gaussian models: These models escape the negative interest rates by mod-
ifying the variance structure. Cox, Ingersoll & Ross (1981) introduced such processes as
models for the spot rate. Again a number of generalisations exist like the one proposed
by Hull & White (1990). These models are particularly tractable because, like the Vasicek
model, the yield curve is affine in the spot rate. All of the objections raised to the estimation
of the Gaussian models apply equally here.

(iii) Multi-factor models: The single-factor models discussed so far are often criticised
on the grounds that the long rate is a deterministic function of the spot rate, and that the
prices of bonds of different maturities are perfectly correlated. These assumptions can’t be
verified by empirical evidence which on the contrary suggest that multi-factor models do
significantly better than single-factor models. Models belonging in this class were proposed
by Longstaff & Schwartz (1991), Duffie & Kan (1996), Constantinides (1992), Jamshidian
(1988). By passing to multi-factor models, one should get an improved fit, but there is a
heavy price to pay; if one wants to calculate prices of, say, options on bonds, the PDE to be
solved is higher-dimensional, and will thus take much longer to be solved. Perhaps even more
importantly, the factors used have to correspond to some observable variables. Longstaff &




Schwartz use the spot rate together with the volatility of the spot rate for example. Perhaps
the best known model in this category is the model introduced by Brennan & Schwartz
(1979), which takes as the variables of the (two-factor) model the spot rate and the long
rate. Their pricing equation has to be solved numerically but their analysis of the Canadian
Government Bonds gives impressive results. In this context, it is worth mentioning a result
of Dybvig, Ingersoll & Ross (1996) who prove that the long rate is non-decreasing with
respect to time. This makes one a little wary about a model which supposes that the long
rate moves as a diffusion.

We would like to conclude the review of this class by saying that empirical studies tend
to reject the hypothesis that the short rate is Markovian, let alone a diffusion [Ait-Sahalia
1997]. This is another objection to short-rate based models.

The second class of models, initiated by Ho & Lee (1986) and extended by Heath, Jarrow
& Morton (1992) (HJM), involves modelling directly the forward rate processes for each
maturity T. Specifically the HIM approach has as a starting point the observed yield curve
and leads to the imposing of a relationship between the drifts and volatilities of forward
rates on one hand, and the price volatility functions of discount bond prices on the other.
In other words there is no such thing as the HIM model; rather there exists a whole class of
models, each characterised by a specific functional form for the volatilities.

One important point about the HJM process is that it is intrinsically non-Markovian.
From the implementation point of view this in turn means that a non-trivial HIM process
cannot be mapped onto a recombining tree; therefore bushy trees or Monte Carlo paths are
the tools available to the practitioner for pricing and hedging options.

Generally speaking, the complexity of this approach makes it very difficult to obtain
simultaneously non-negativity of interest rates and a simple formula for bond pricing, prop-
erties desired for a term structure model. On the other hand the ability to input the initial
yield curve directly and to vary the volatilities of the forward rates are attractions. A gener-
alisation of this approach was proposed by Kennedy, whose model allowed the incorporation
of an infinite number of sources of randomness in the evolution of the term structure.

Finally a number of models exist which do not belong in any of the two above classes, like
the one proposed by Heath & Jara (1998) which is based on Futures Prices. These models
though are relatively new and haven’t been examined thoroughly enough so we are not going
to review them.

The organisation of the thesis is as follows. Section 2 presents Kennedy’s approach. In
Section 3 we make some comments on Kennedy’s model. Section 4 presents the data used
for the empirical estimation of the model. In Section 5 we try to estimate the drift and
covariance function and we derive a condition that the covariance function should satisfy.
Section 6 concludes the examination of this model by sumarizing our results.

2. Kennedy’s approach

Heath, Jarrow & Morton (1992) approached the problem of modelling the term structure of
interest rates by specifying the dynamics of all instantaneous forward rates {F;,; : 0 < s < t}
where:

t
(2.1) Py, = e Jo Poude




represents the price at time s of a bond paying one unit at time ¢t > s. Their model assumes
that the F; satisfy stochastic differential equations of the form

(2.2) dF,; = a(s, t)ds + Y, 0i(s, t)dW?!

where W1, ..., W™ are independent Brownian motions and «(s,t) and o;(s,t) are processes
adapted to the natural filtrations of the Brownian motions.

Kennedy (1994) while following the approach of modelling the instantaneous forward
rates, considered the case where {F;; : 0 < s < t} is a Gaussian random field!, so that
all finite dimensional distributions are normal. He dealt with the situation where, under -
the equilibrium or martingale measure, the random field has independent increments in the
s-direction which the direction of the evolution of “real” time. This framework includes the
Heath, Jarrow and Morton model in the case when the coefficients a(s, t) and o;(s, t) in the
underlying stochastic differential equations (2.2) are not random and so the rates {F,} are
Gaussian.

Kennedy assumes that the instantaneous forward interest rate Fy. for date ¢t at time s,
0 < s <t, are given by:

(23) Fs,t = HUspt =+ Xs,t

with 0 < s < t where X, is a centered continuous Gaussian random field and pu,; is the
deterministic and continuous drift function.

He assumes that the initial term structure {po+,t > 0} is specified.

The covariance of X, is specified by :

(24) COU(X31,t17XSQ,t2) = 0(51 A 82,t1,t2)

where 0 < s; < t; and ¢ = 1,2. The function ¢ is given and satisfies ¢(0,t;,%5) = 0. It is
implicit that c(s; A sg,t1,ts) is symmetric in ¢; and t» and is nonnegative definite in (s;,;)
and (81, tl)

3. Comments on Kennedy’s model

Kennedy’s model includes infinite-factor models, such as those based on the Brownian sheet,
but also finite-factor models such as that of Jamshidian (1989) (where bond prices of all
maturities are just functions of the spot rate). It also includes the HIM model when the
drift and volatilities are deterministic.

Kennedy’s model allows the possibility of infinite-dimensional cases, when, for example,
the forward rate surface is generated by a Brownian sheet. This fact has significant empirical
implications. The Gaussian models can be described by their drift and covariance functions.
If we combine this with Kennedy’s Theorem 1.1, then we just need to estimate the covariance
function in order to fully describe the model and price derivatives. We don’t need to specify
from before the number of factors that are driving the term structure, as in most of the
other multi-factor models (like Brennan & Schwartz, Longstaff & Schwartz, etc). Once the

!'We define Gaussian Random Field in Appendix K.




covariance function has been estimated we can easily find the number of factor correlations
that are significantly different from unity.

The Gaussian model with independent increments has the important advantage that it is
quite tractable and yields a simple characterisation of the martingale measure. In addition,
prices of derivatives, such as interest rate caps, have an intuitively appealing form. On the
other hand though, the Gaussian model can’t explain the heavier (than log-normal) tail
behaviour that is exhibited by the observed distributions of market prices. The existence
of these “fat tails” is related to the fact that the coefficients of the model, which are taken
to be constant, are in fact random. This could be considered as an important drawback of
the Kennedy model. For a generalisation of the Kennedy model to include non-Gaussian
random fields we refer to Goldstein (1997).

Finally a drawback of the random field interest rate models is that they allow (but not
necessarily impose) a multi-humped yield curve. This is rarely found empirically.

4. Data

The first, and most important step, in examining this model is to try and estimate the drift
and the covariance function. In order to estimate them we are going to use interest rate
data. Choosing the data though is not as simple a task as it may seem. This is perhaps
not surprising in view of the nature and quality of data on term structure. Prices of coupon
bearing and zero coupon bonds, LIBOR rates, index linked bonds together with options and
futures on such things all provide information on interest rates.

The data that we used were provided by DATASTREAM. As we mentioned above in the
following we are going to try to calibrate the model using interest rate data. The best choice
for interest rate data would be the US Treasury data. The existence though of a large number
of methods to strip the Treasury bonds of their coupons (in order to calculate the zero curve),
providing us with an equally large number of possible zero curves, made us choose another
time series. So we worked with the “Treasury constant maturity” series. The description
of this series, as provided by the Federal Reserve, is : “Yields on Treasury securities at
“constant maturities” are interpolated by the U.S. Treasury from the daily yield curve. This
curve is based on the closing market bid yields on actively traded Treasury securities in the
over-the-counter market. These market yields are calculated from composites of quotations
obtained by the Federal Reserve bank. The constant maturity yield values are read from
the yield curve at fixed maturities, currently 3 and 6 months and 1, 2, 3, 5, 7, 10, 20 and
30 years”. This series offers the advantage of not being dependant on which method we will
use to calculate the yield curve. The only possible objection then is with the method that
the Federal Reserve uses to calculate this zero curve! The above series begins in 01/01/1991
but for the calibration we used data from 01/01/1995 up until 12/10/1999. You can find
the graphs of the treasuries in Appendix A2.

In the following we are going to work with logs of treasury bond prices and not yields.
We should therefore transform the yields into prices. This can be done easily through the

2In the following we will assume that 77 = 63, in other words 3 months inlcude 63 working days.




definition of the yield?:

where T is the maturity of the bond and t the time that has passed since it’s issuing. Since
the yields we have are Y ,,r at each date s for some maturities T', we can easily get the
corresponding prices P 7.

Treasury | Test Statistic | Unit Root | Test Stat. for | Unit Root
price logs for data Rejected differ. data Rejected
3-month -1.6673 No -6.6969 Yes
6-month -1.7918 No -6.7725 Yes
1-year -1.6122 No -5.9662 Yes
2-year -1.9245 No -5.8454 Yes
3-year -1.8749 No -5.7466 Yes
5-year -1.6318 No -5.3576 Yes
7-year -1.5013 No -5.5792 Yes
10-year -1.3089 No -5.6666 Yes
20-year -1.2108 No -5.6015 Yes
30-year -1.1183 No -5.6382 Yes

Table 1 : The critical values for the test are -2.57 at
the 10% level and -2.86 at the 5% level.

Examining the prices of the treasuries we notice two things. First of all their rates seem to
have a big drop around October 1998. This is mainly because of the Asian crisis. The other
thing that we notice is that the bond price series (and their logs) may be non-stationary.
By applying the Dickey-Fuller unit root test to the data, the unit root hypothesis can’t
be rejected and therefore the series can not be assumed stationary. Then by applying the
Dickey-Fuller test to the first differences of the series at the 5% and 10% level, we find that
can reject the hypothesis that the first differences have a unit root with 95% confidence* .
Therefore in the rest of the paper we can safely assume that the first differences of the bond
price series (and their logs) are stationary. ‘

The reader can find the results of the tests in Table 1 (we got the same results performing
the Phillips-Perron test; in the above results we have assumed that there is no trend in the
prices but we get similar results if we assume trend) .

5. Working with Kennedy’s model

From here on we are going to work in discrete time and we are going to try to find a formula
which will help us estimate the drift and covariance functions. So the time s will take one

3We should note here that we treated the yield as annual although we weren’t able to confirm that with
DATASTREAM who didn’t have this information.

4We remind the reader that the finding of a unit root in a time series indicates nonstationarity. The unit
root hypothesis can be rejected if the T-TEST statistic is smaller than the critical value. We used SHAZAM
to do the unit root tests. '




of the (integer) values 0, 1, 2, ..., 986. For convenience let M = 986 be the last “date” of
our data.

5.1 Estimating the drift function
5.1.a Formulating the problem

The price at time s of a bond paying one unit at time ¢ > s is :

t
(5.1.1) Py = e Ji Foudn

The data we have restricts us to knowing just the prices P;,yr where T is one of the
maturities of the bond and s =0, 1, 2, ..., M. Let us pick a specific maturity T. Then, if
we apply equation (2.3) in (5.1.1) we get:

Ps s+T = e f;+T “3‘“du—fss+T Xsudu
and equivalently
(5.1.2) log(Ps s+1) = — f:+T s udUl — [o+T Xsudu

S

Taking expectations:

s+T s+T
Ellog(Posir)] = Bl= [ poudu - / X, udu]
s+T s+T
Bllog(Possr)l == [ Blusaldu= [ BlX,uldu &

s+T
E[log(PS,s'—kT)] = "/ s, udU

The last equivelancy comes from Kennedy’s assumption that X;; is a centered Gaussian
random field (so it has zero mean) and p,; is deterministic.

As we mentioned above the logs of the bond data are not stationary, so the value of
E[log(P; s+1)] will depend on the time s. Therefore we can’t estimate this expectation (for
each s) by a sample mean. The first differences, though, are stationary and therefore we can
work with these:

E[log(Ps+1,s+1+T) - log(Ps,s+T)] = E[log(Ps+1,s+1+T)] - E[log(Ps,erT)]

s+14+T s+T
= _/ ,U's+1,udu+/ s, udU
s+1 s

Working recursively we have :

s+14T s+T
/+1 /J«s+1,udu = / /J's,udu - E[IOQ(P3+1,5+1+T) - log(Ps,s+T)]
s s
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s+24+T s+14+T
/+2 Ms+k,udu = /+1 #s+1,udu - E[ZOQ(PS+1,3+1+T) - log(Ps,éH—T)]
S £ R

s+T
= [ Hondu =2 Bllog(Pest ss147) = log(Prssr)]

and therefore we get the general formula

s+k+T s+T
[ mesadu= [ poudu — k- Bllog(Prunssnsr) = log(Pysir)]

where s=0,1,2, ..., Mand k=0,1, 2, ..., M —s.
We can then estimate E[log(Pst1s+1+1) — (0g(Ps s47)] from :

Ellog(Psy1,64141) — log(Pss41)] =

1 M
> [log(Pit1iv1+7) — log(Piayr)] + €7
M+1%

where €7 is the unbiased random error of the estimate.
Let A(T) = M+1 M [log(Pit1ivi+r) — log(P;s4r)]. By replacing the last equation in
the previous one we get :

s+k+T s+T
/ P - / toudu — k- A(T) + k - ep
s+k K]

and for s = 0 we have :
k+T T
/ it = / poudu — k- A(T) + k- ep
Jk 0

We know that pg, = Fp, and therefore fOT poudu = —log(Pyr). So we conclude that the
drift function must satisfy:

(5.1.3) KT g udu = —log(Por) — k- A(T) + k - €7

where k=0, 1, 2, ..., M.
Notice in (5.1.3) that the right part of the equation is comprised of known parameters,
except of course for the error ey. We can estimate er as follows:

Let pf' = log(Py+1k+14+7) — 10g(Pr 7). Then

Bl = >of +er
So g u 9
1) = 8 [y 3507 - 881 = e 320 - )

- e 3 Bl0F - BRG] - E6D] = {2

1,7=0




M 2 M 1
- Cov(pg,pér)} ke > (M —m+1)- Cov(pg, pr) + 3777000 (pa,Po)
m=0 m=1

We can easily estimate Cov(p!,pL,,,) (we refer the reader to section 5.2.a for that) and
therefore get an estimate of the order of the error by calculating \/E[e%]:

fMaturity | 3m | 6m [ ly | 2y | 3y
B[] O(10-1) [ O(10-1) | O(10-) | O(10-™) | O(107Y)
VE[&] | 0(107%) | 0(107% | 0(107%) | 0(107%) | O(107%)
IAT)] [1.32-10° [2.71-107% [ 5.72-1075 [ 1.67-107° | 2.11-10~°
rMaturity | oy | Ty l 10y | 20y [ 30y |
E[eZ] O(10-%) | O(107%) | O(1078) | O(1078) | O(109)
VE[&] | 0107%) | 0(107%) | 0(107%) | O(10~%) | O(10-%)
A(T) 36-10°[57-10°[52-10°[1.2-107*|8.2-10°
Table 2 : Estimate of the order of er

We notice that the order of the value of er and A(T') are close. One reason could be
that the error in the estimation of Cov(p!, pl,,,) is not small, as we have assumed (this can
actually partially explain the problems we had in estimating the covariance function of the
model), although we can’t be sure about that. Nevertheless in the following we will ignore

er.

5.1.b Estimating the drift function from equation (5.1.3)

We are going to work as following:

e We will fit functions to log(Pyr) and A(T), as presented in figures Bl and B2 respec-
tively.

e We will then differentiate (5.1.3) with respect to the maturity 7' and get the drift
function.

Fitting a function to log(Pyr) proves to be a simple task. Examining the goodness of fit
of polynomials of degrees 1 to 6, we find that the cubic polynomial qT3 + BT? +~T + 6,
presented in figure B3, is our optimal choice °. If we use polynomials of degrees 4 or higher
the fitting doesn’t improve significantly.
Before moving on to the fitting of A(T'), notice that:
1

log ( )

SWe found @ = 1.27-10712, 3= ~-1.55- 1078, vy = -1.92-10* and § = —2.4- 1073,

B 1
M +1

T M+1

Prry mvi4r
Py

M
2
1=0

and therefore A(0) = 0.

A(T) [log(Pi+1,i+1+T) - log(Pi,’H-T)]

8




Examining the plot of A(T) for the 10 maturities we have available, testing a big num-
ber of functions and keeping in mind the above comment we concluded that A(T) is best
described by the function A(T) = a(e!T~9* — e¢*), as shown in figure B4°.

We can then rewrite (5.1.3) in the following way:

k+T
/k pepdu = —aT? — BT* — 4T — 6 — k - a(eb(T“c)2 - ebcz) +en+k-en

where ek is the fitting error of log(Pyr), €& is the fitting error of A(T) and where k =
0,1,2, .., M.

Differentiating this equation with respect to T, and ignoring the errors, we can get an
estimate of the drift function:

Tz = —30T? = 28T — v — k - 2ab(T — ¢)e@ =

with k=0, 1, 2, ..., M.

We should note here that 7y ;.o has the form we expected, since it can be easily shown
that stationarity implies pg g7 = f(T) + k - g(T') for some functions f and g.

We plotted the graphs of 7y 1,7, Ta00,400+7 @0d T1g00,1000+7 i figure B5. We can see that
the maturity T' defines most of the drifts’ behaviour, something perfectly logical, while the
date k changes slightly the value of the drift, depending how far in the future we are looking
(i.e. how big k is)".

Finally, going back to Kennedy (1994) and looking at his Theorem 1.1 we can find a
second equation that the drift function u,; must satisfy in order for the discounted bond
process to be a martingale :

(5.1.4) st = tor + Jy c(s Av, v, t)dv

for all 0 < s < t. If (5.1.4) holds for all s, ¢ then the real measure is the risk neutral
measure. If it does not hold for all s, ¢ then in an arbitrage free market there exists another
measure under which the discounted bond-price process is a martingale.

5.2 Estimating the covariance function
5.2.a Estimating Cou(pZ, ps’)

We are now going to try to estimate the covariance function c. In order to do that we will need
to calculate Couv(py, ps’), where pt = log(Pys1 k+1+7) —109(Pijesr) with & =0,1,2, ..., M—1.
C’ov(p{i, prfj) are the partial autocovariances of all the series corresponding to each pair of
maturities of our differenced-log-bond data.

Remark 1 : k, s can take any values between 0 and M — 1. But the covariance func-
tion is symmetric and therefore Cov(pfi,psTj) = Cou(ps,p) so we should calculate

Cov(pfi,p?) for s > k. It would then be easier if we wrote s in the form s = k +m

6We found a = —1.3-107%, b= —~1.08 - 1077 and ¢ = 5019.
7"The reader shouldn’t be troubled with the value T = 5019 which defines the drifts behaviour, because
we believe it just reflects information extracted from our sample.

9




with k£ = 072 1,2,..., M—land m=0,1,2, ..., M —1—k. Then we want to estimate

 Cov(py, pidm) for k=10,1,2, .., M—land m=0,1, 2, ..., M —1— k. We should
point out that stationarity implies that Cop(pf", pfim) is independent of the value of
k.

Remark 2 : We are going to estimate Cov(py', pr‘,:im) using the (unbiased) estimator C; j m:

T, T
Cov(py', Pem) = Cijm + €ijm

where

1 M~-1-m

1—
T, AOM-1-my (. Tj M—1
Cijm = T ; (' — A ) (Pl — A7)

b
1 T

A‘.l’b:—-
’ b—a+1 n=ap”

withk=0,1,2,..,NNm=0,1,2,.., N—k, N< M —1 and ¢, a random error
which we assume to be small. / ‘

We should make some comments here regarding the estimation:

(a)
(b)

C,,jm is independent of & since the series are stationary.

We placed a restriction on m by not allowing it to become bigger than N — k,
where N < M — 1 (this restriction immediately imposes another restriction on
k to be less or equal than N or m may become negative). The reason is that
the closer m gets to M — 1 — k, the smaller the sample we have for estimating
Cov(py, pﬁm) is. Since we want the errors to be small we need a relatively “big”
sample . Usually by “big” statisticians mean more than 50 — 60 data points,
although this number is relevant to the application. In the following we assumed
N = M —1-100 (and therefore the smallest sample we are going to use is 100).

The way we estimate the covariance, the sample size will differ depending on
m. In one sense someone could argue that this is not consistent, but practically
what we do is exploit as much information as we have available. Therefore the
smaller m and k are the better our estimate is and consequently the smaller €; ;
will be.

The indices 7, j just specify with which series we are working.
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5.2.b Formulating the problem

For k=0,1, 2, ..., N and m=0, 1, 2, ..., N — k we have - using the definition of p},
equation (5.1.2) and the fact that the drift function p,; is deterministic - the following:

T
Cov(pr', Piem) =

k+Ti+1 k+T; k+m+Tj+1 k+m+T;
= C’ov(/ Xe+1,udu — / Xy udu, / Xtmt1,udt — / Xtmudu)
k+1 k ktm+1 k+m

k+Ti+1  pk+m+Ty +1 k+T; k+m~+Tj
/}c 00( X1y Xeprur 1) dzdu + / /k Cov( X, Xiorm.s)dzdu

k+1 +m+1
k+T; k+m+T; +1 k+T;+1 k+m+T;
- / / 00( Xy Xiopmsr,)dzdus — / Cov(Xpstus Xesm.s)dzdu
k+m+1 k+1 k+

k+Ti+1  phtmtTy+1 k+T;  pk+m+T
/ c((k+1)A(k+m+1),u, 2) dzdu+/ / c(kA(k+m),u, z)dzdu
k k+

k+1 +mt1
k+T: phtmtTy+1 E+Ti+1  phtm+T)
—/ / c(kA(k+m~+1),u, z)dzdu— / / c((k+1)A(k+m),u, z)dzdu
k+m+1 k+ k+
k4Tl phtmtTy+1 k+Ti  phtm+T;
/ c(k + 1,u, z)dzdu +/ / c(k,u, z)dzdu
k+1 k4+m+1 k+
k+T;  htm+Ty+1 k+Ti+1  htm+Ty
-/ / c(k, u, z)dzdu— / / c(k+(1Am), u, z)dzdu
k+m+1 k+ k+

withk=0,1,2,.., N,m=0,1,2, ..., N—k. So we end up with the formula :

(5.2.1)

k+m~+1 +1 k

T T k+m+Tj+41 k+T;+1 k4T
Cov(pi', Pilom) = / (/k c(k+1,u,z)du — / c(k,u,z)du | dz

ktm+T; [ pk+Ti+1 k+T;
—/k (/ c(k +1,u,z)du — / c(k, u, z)du) dz
k

+m +1 k

(clk + 1,u,2) — c(k,u, z))dudz

k+T; k4T +1
+ bmo | /
k+

withk=0,1,2,..,N,m=0,1,2, ..., N —k.
Let

o Ki(2) = [ETH e(k + 1, u, 2)du — [T c(k, u, 2)du

o Fi(m)= fiim*h Ki(z)dz ifm>1
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o FUI(0) = [T (fkkff“ clk,u, z)du — [F7 c(k, u, z)du) dz
We can then rewrite (5.2.1) as
Cov(p, Dism) = F (m +1) = F (m)
Working recursively we have :
(5.22)  F(m+1) = T Cov(pi', nika) + Fe (0)

Let Gi(2) = Ji*" c(k,u, 2)du . Then
. . . . k - .
Kj(2) = Giaa(2) — Gi(2) © Gipi(2) = 3 Ki(2) + Go(2)
b=0
But Gi(z) = 0 since ¢(0,u,2) =0 Vu, z and therefore we have :

(5.2.3) G (2) = Tim Ki(2)

with k=1, 2, ..., N. So for these k£ we have :

k+T:  phtm+1+T; kAmAl4T; k+m+14T; &
/ /k c(k,u, z)dzdu ——/ Gy (z)dz =/k Z

+m+1 k+m+1 +m+1 b=
k-1 E4+m414T; ; k-1 i j m T k-1 i
=3 [T Kz = X R m 1) = k- S Conlel L) + 3 Y (0)
p=0 JhTm+1 b=0 a=0 b=0

Remark 3 : Above we used the fact that the series is stationary and therefore

k—1 m
ZZCOU pb 7pb+a )=Fk- ZCOU PE’ ’pk+a)
b=0 a=0 a=0 .

So far we have:

(5.2.4)
k+T;  ph+m+14T; k-1
/ / c(k,u, z)dzdu =k - Z Cov(pF,pp.e) + 3. FP (0
k k+m+1 a=0 ‘ b=0

for k=1,2, ..., Nandm=0,1,2, ..., N -k

Remark 4 : We shouldn’t be concerned with the fact that (5.2.4) holds for k =1, 2, ..., N
and not for £ = 0. We didn’t lose any information in the calculations. It is just that
the left hand side of (5.2.4) contains ¢(k, u, z), which is equal to 0 for k¥ = 0.

Let
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k+T; pk+m+T;
o fimig=Jk ’fk+,7,7 Tk, u, z)dzdu

o Biij =Yt F7(0) = (1= 0k1) - Thzt (o — fo0,i)

fork=1,2..,N,m=0,1,2,.., N—-kandi j=1,2,..,10. In the above we
kept in mind that Fg?(0) = 0. Notice that V,,;; does not depend on k since the series are
stationary. Then by replacing the above variables in (5.2.4) and keeping in mind Remark 4
we get:

(5.2.5) Temig =k Vingg + Brij

k=0,1,2, ..., Nandm=0, 1, 2, ..., N—k+ 1. The very interesting thing about (5.2.5)
is that m, k are separated. Now working recursively with (5.2.5) we have :

fimij; = Vi
fomi =2 Vi +Baij =2 Vi + (fiige — f1,050) = 2 Vi + (Viig — Vous)
Famig =3 Vi + (Viig — Vous) +2- Vieg — Voug) = 3 Vi + 3 (Viig — Vouj)

Fomoig = b Vinij + 2 (Vi 5 — Vo)

withk=0,1,2, ..., Nandm=20,1,2, .., N—k+1. Let:

1
vig = 5 (Viig = Voig)

Then we have the main result of this paragraph, the equation:
(5:26)  femig=vig -kt Vimig —vig) -k

fork=0,1,2,.., Nand m=0,1,2, ..., N=k.

Equation (5.2.6) gives us a very interesting result. For each pair of maturities (3, j) we
can see exactly how fim; is dependant on k& and on m. Moreover, through V. ;, we have
an explicit formula for f ,,;; which we can use to estimate the covariance function c(k, u, z).
We should remind the reader here that V,,;; can be estimated by An;; = Y grg Cija for
m=20, 1, 2, ..., N —k; we refer the reader to section 5.2.a.
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5.2.c Estimating the covariance function from equation (5.2.6)

At first glance equation (5.2.8) gives us a clear way of how to estimate the covariance
function c¢(k, u, z). The unknown covariance function is on the left hand side while a certain
transformation of the observed bond prices lies on the right hand side.

If we examine the problem closer though we can see that it can’t be solved that easily.
The limits of the double integral are such that most numerical schemes will never work or
even if they work the estimation errors will be huge. The main problem is that we have
to look at the problem for each k separately. By picking specific k, 7, j we get to solve a
system where the number of unknowns and equations varies greatly depending on the choice
of k, 4, 5, but with the unknowns being always more than the equations. We can increase the
number of equations we have in our disposal by keeping constant two of the three parameters
k, i, j and changing the third one but even then we won’t get enough equations to solve
our system. We should add here that this system is really hard to manipulate because of
it’s specific form. Moreover all the numerical schemes and optimization algorithms we used
failed.

After seeing that we couldn’t attack the problem directly, we thought of combining this
problem with the drift function problem, that is with equations (5.1.3) and (5.1.4). This
way we get a few more equations from some restrictions we can impose to our system.
Unfortunately on one hand the problem becomes much more complicated and on the other
hand the size of it becomes “too big” (at least for the computers we were using). Moreover
the equations we had still weren’t enough for a big number of k¥ so we had to stop.

Since we didn’t manage to solve the problem using a direct numerical approach we tried
two different approaches:

(A) One approach is to fit a function to V;,;;, or more precisely to A ;;. Then
the right hand part of equation (5.2.6), namely f m ;, will become a continuous
function of k, m for each 7, j. At that point we will have two options on how to
continue. Either work numerically (now it will be easier to do so than before) or
work backwards the algebra and try to find which function’s double integral can
give us the function fitted to fim ;-

(B) The other approach consists of making assumptions about the form of ¢(k, u, 2)
and working through the algebra to find fgm;;. We can then compare the left
with the right hand side of (5.2.6) and try to calibrate the parameters so that
fe.mi; will have a form like (5.2.6) and -at the same time - give the best possible
fit to the data.

The better approach of the two is (A) using some kind of numerical algorithm after fitting a
function to fgm. ;- If we don’t want to do that, but want to work some more with the algebra
then both approaches have their advantages and disadvantages. The algebraic (A) will most
probably lead us to a covariance function that doesn’t satisfy the necessary conditions for
c(k,u,z) (like the symmetry condition). Approach (B) on the other hand will lead us to
a game of guesses regarding the form of c(k,u, z) without knowing anything about it and
hoping that we will get an equation like (5.2.6). On the other hand the advantage of these
two algebraic approaches over the numerical (A) is that if we manage to solve the problem
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using one of them, it’s solution will probably be a more accurate one since it won’t have an
approximation error (or if it has it should be relatively small).

5.2.d Approach A

The reader can find graphs of A,,;; in Appendix C form =0, 1, 2, ..., N and for various
values of 4, 7. The reader can notice in the presented graphs that A,,;; can have different
forms for the various values of 7, j. At the same time most of these graphs have some specific
patterns:

e When 7 # 1 we have a sudden drop around k£ = 650.

e There is an upward spike around k£ = 550 for all 7, j.

We can also get some interesting insight by examining the changes of the values of A, ;; in
one or two of the three indices while keeping the rest constant. For example we notice that
if we keep 4 or j constant and examine the graphs of A, ;; for various values of m and j,
we can see similar patterns. This could help in understanding the behaviour of A, ;; and
therefore to realize which function would best fit A, ; ;.

Unfortunately the dimensionality of the problem combined with the unusual behaviour
of the A,,;; curves for the different 4, j's make the problem really difficult. For the esti-
mation we used a number of algorithms, mainly least-square based. The final results were
derived though using the “Isqcurvefit” script of MATLAB 5.3 (which is based on a non-linear
optimisation algorithm). We used this script despite the fact that during the course of the
estimation we wrote some routines which performed better than “Isqcurvefit”, because the
difficulties we had in the estimation weren’t so much in the algorithms used for it but more
in the nature of the data.

We tried to fit a large number of functions to the data A, ;;, with the ones giving the
best results being of the form:

gij(m) = aij - (m+ B ;)" + 655 - cos(wij - m ~+ @ij) + Mg
pij(m) = au;-m'+ By - m® 4y m? 405 - m A b cos(wig - m+ @ig) + i

hz"](m) = O«’i,j . eai,j'(m—ﬁi,j)z -+ »71,] . e’l'i,j’(7771—(51',.1')2 + 91’] . COS(L&)i’j -m -+ (Pi,j) + 771,]

Of the above functions only h; ; with 0,;,7;; < 0 can give a realistic covariance function.
The covariance function should give smaller values as m increases (i.e. when you examine the
covariance of bonds priced at dates further apart) which is a property that the polynomials
won’t have. Therefore p;;® is rejected since this polynomial suggests that the covariance
function is a second degree polynomial in m. The first function, g;;, will be rejected for
the same reason if +y; ; is bigger than two, which is the case for most (4, j). Therefore g, ; is
rejected too.

The reader can find in Appendix D, for comparison reasons, the graphs of h;; for the
same values of 4, j as the ones plotted in Appendix C. It can be seen that h;; can in general

8Picking a higher order polynomial improves only slightly our results.
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replicate most of the patterns that A,,;; follows. Unfortunately we weren’t able to achieve
a better fit than the one presented. We should also not that in some cases the errors are
very big. The fitting could possibly be improved by adding some more terms in h;; like
another trigonometric function or an exponential, but it is our view that this would lead on
one hand to a much more complex problem and on the other hand to over fitting.

Generally speaking we noticed that we had the biggest errors for m > 650 while the
errors for small m were quite satisfactory - although almost never approaching (except in
very few cases) the 5% (or even the 10%) statistical benchmark. The errors actually tended
to be bigger than 30% of the actual values which suggests that the fitting - although being
the best we managed to get - was still bad. The only relatively satisfactory fit was made
for 1 < m < 300 where the number of data points with errors less than 15% is “small”. In
Appendix E the reader can find the number of data points whose error exceeded the 5%, 10%,
15%, 20%, 25% and 30% benchmarks. The reader can also find there two statistical values
we examined. These numbers, although they don’t mean much in a non-linear optimisation
procedure, can help us compare the goodness of the fit across the various values of ¢, j.

After having fitted the function h; ;(m) to the data we can use (5.2.6) to get an estimate
of fimy;- Recall that fems; = [T fkk:$+Tj c(k,u, z)dzdu. So now we have to figure a way
to estimate the covariance functlon from this equation.

One way would be to work as we did with the drift function, by differentiating with
respect to T; and T;. Unfortunately we can’t do that here because we don’t know how
fe.m,ij depends on T; and T;. This information is built in the coefficients of h; ;. Another
way would be to work numericaly. Once again though we can’t proceed any further in the
estimation of the covariance function since in whatever numerical scheme we apply, we have
to work for each k separately, which reduces greatly the amount of information we have
(notice that we don’t necessarily have c(k,u,2) = c(l,u,2) if k¥ # [). For this to work
numerically we need more maturities, i.e. not 10 mauturities but N maturities!

After seeing that we can't go any further in the estimation of the covariance function
if we try to fit functions h; j(m) to the An;; data, we decided to work the other way i.e.
fitting functions h,, (T}, T;) to A ;. This method though proves to be even more difficult.

Plotting A, ; ; for various values of m we found it very difficult to find a function that
could describe A, ; ;’s behaviour. The plots A, ;; are very similar for m up to 400, but for
m bigger than that there are continuous changes in their form. The reader can find some of
these graphs in Appendix F.

Even if we assume though that we can fit a function h.,(7;,T}) to Any,j, it would still
be difficult to get the covariance function. Specifically we would have:

k(k

ME=D (T, 1) - ho(T TY))

k+T; k+m+T;
/ / (b, u, 2)dzdu = hn (T3, ) -k + =
k4

and after taking the partial derivatives with respect to T; and Tj:

k(k—-1
olh, b+ Tk +m+ T,) = DyDih(T,T,) - b+ SO DD (T, 1) ~ (T, T)

From this equation we will get the values of ¢(u Av,u,v) foru, v =0, 1, 2, ..., N +Tj,. So
fitting a function to this surface will give us the covariance function. All this depends on the
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fitting of hp,(T;, T;), i-e. if the fitting errors are smalls and hp, (T3, T;) being smooth (since
we have to estimate D;D;h.,(T;,T;)). Unfortunately it is questionable how well we can fit
hm(T;, Tj) to A when we have just 100 sample points for each m (which basically means
that from 100 points we will get estimates for 8862 points) and especially by examining the
plots of A,,;;, which despite their smoothness for m up to 400, for larger m they become
very coarse. Moreover the reader should keep in mind that the fitting should result in a
symmetric covariance function, something that is not guaranteed by the above procedure.

5.2.e Approach B

The results of Approach A weren’t satisfying so we decided to proceed with Approach B.
The first step with this approach is to make an assumption on the form of the covariance
function and then compare it with equation (5.2.6) to see if this assumption can hold. We
list five of the functions we used in Appendix G, along with the calculation of their double
integrals. As it can be seen none of these function satisfy (5.2.6).

The next thing we did was to see if any of those functions can approximately satisfy
(5.2.6). Indeed we can find conditions so that two of the aforementioned funct1ons can,
approximately, satisfy (5.2.6). These are:

cr(k,u, 2) = kae =2l 350

colk,u,2) =k -a- [e_ﬁ(ﬁy'“”“d“‘s)2 + e‘ﬁ(w_““s)z] +k-C, >0

This can be seen in the following way (we are going to show that for ¢;(k,u, z) although it
can be similarly shown for the various approximations of cy(k,u, z)). We show in Appendix
G that:

k+T; pktm+T; ok, P

PTim] — e=FT[1 — e=FT]

itm2>1;,

k+T; ph+mtT;
/ / c(k,u, z)dzdu = ko { B-(T; —m) —[1—ePli(1 —ePT)) - ePm 4 T eﬂm}
k+

32
if T; - T; <m < T; and

k+T; k+m+T
/ / k,u,z)dzdu =
k+

ifm <T; - 1Tj.
Now let:

@ P4 —pm —pPiy —pT; m
5 (20T, — (1= e7¥P) 7 4 P ) o)

Gi(m,i,7) = P T [1—=FT|[1—e 7))




if T; —T; <m < T; and
e
2
ifm <T;-1Tj.

Then femij = k- Gi(m,i,5). Let T; > T;. For equation (5.2.6) to hold approximately,
we need:

Gi(m,1,J) = {Qﬁ Ty — (1 - e PT) e 4 e PTi(1 — 7Py . eﬂm}

femii = vij k®+ (Vi —vij) - k=k(k—1) v; +k Vini;
ie. Vinij > (k — 1) - v;; or equivelantly femij; > k(k—1) - v ;.
e femg > k(k—1)-3(fiiis = froeis)
k- Gi(m,i,5) > 3k(k — 1) - (G1(1,,7) — G1(0,1, 1))

Gi(m,i,j) > Lk —1)- S {-20+[1 -1 - )] (1—eP) + % (¢ — 1)}
If T; < T; we will use the third form of G1(m,4,7) (i.e. Gi(m,1,j) for m < T; —T;) and
working similarly we get:
Gi(m,4,5) > 2k —1) - (1 — D) (1 + e PTN) . (1 - e7F)

Now we have to calibrate the coefficients «, 3 in a such a way so that G1(m,1,7) ~ A ;
(where A,,;; is the estimator of V},;;) and at the same time the above equation to hold
for k =1, 2, ..., N. If we can find such coefficients we will have estimated the covariance
function.

So now we are going to try to estimate the coefficients of G1(m, 1, ) for ¢1(k, u, 2) (for all
cases) and G3(m, 1, 7) for ¢cy(k, u, z) (for all approximations) and check if we can fit them to
Apij. The functions Gi(m,1,7) and Go(m,1,j) can be easily found by taking in mind the
results in Appendix G (just go to the double integral of the appropriate covariance function
and take k = 1). Now as far as the fitting is concerned:

e ¢ (k,u,2) : The plots of G1(m,i,j)can be found in Appendix H. If we look at the
second plot in Appendix H, and specifically G;1(m, 3, 1), we can see the three different
behaviours of Gy(m,1,7) (in general). When m < T; — T} (so in our case when m <
T, — T; = 189) the element 23 - T; — (1 — e7#T) - e#™ =2 28 . T; — e7#™ dominates.
Then for T; — T; < m < T; (in our graph 189 < m < 252) 283 - (T; — m) takes over and
finally, when m > T; the values of Gy(m, i, j) are too small compared to it’s values for
smaller m, so it appears as if G1(m,1,7) = 0. It is obvious that G,(m, 4, j) can not be
used to fit Am,i,j-.

e cy(k,u,z), approx. (i) : While calibrating this function we notice that we get the best
results when § take values in the interval [5 1077, 8 x 107¢]. These values however
don’t satisfy the restriction 8 < 5-1078 so this approximation has to be rejected. The
plots of Go(m, 1, j)using this approximation can be found in Appendix I.

e cy(k,u,z), approx. (ii)/(iv) : These approximations are not going to work since they
will be either exponentially decaying or exponentially increasing in m.
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e ¢y(k,u,2), approx. (iii) : This approximation won’t work either since in both I and
I2 the two highest powers of the polynomial do not depend on the parameters we pick
so the solution will soon blow up.

Theoretically speaking c;(k, u, z) has the desired property that at each date k the covariance
between two bonds maturing at dates v and z will decay exponentially. It is obvious that the
covariance function is not stationary. One other property of the above covariance function is
that as time passes and k increases the covariance between bonds of different maturities will
also increase. We don’t find this very logical in general, but if we take two specific maturity
dates u and z then cy(k, u, 2) tells us that as we get closer to the maturity of the bonds the
covariances between their prices (of those two specific bonds) increases, which sounds fairly
logical.

As the reader can see, we weren’t successful using this approach either. It seems that
(5.2.6) is very hard to be solved. Although it does provide a useful condition that the
covariance function of this model should satisfy, the actual estimation of the covariance
function is still very hard. Something encouraging is that in both Approach A and B we
found out that the best functions are of a similar form. Therefore maybe we should search
for the covariance function in a set of functions similar to & - g(u — 2z, e~/ (“‘z))2).

5.2.f Approach B assuming that the covariance function has the form mentioned
by Kennedy (1997).

In 1997 Kennedy wrote another paper in the Mathematical Finance journal extending his
previous work from 1994. There he demonstrates that if further Markovian and stationarity
assumptions are made, there is a unique covariance structure describing the equilibrium
measure which depends on just three parameters, namely :

03(k7 u, Z) =g?. e)\(k—u/\z)_u.m_z]

for some constants o, A > 0 and u > %

We tested this function and found out that it neither gives good empirical results nor
satisfies equation (5.2.6) (notice that it’s double integral has no k dependence). Specifically
if we take it’s double integral we get:

kAT k+m+T
/ / s(k, u, 2)dzdu = —
k+

2
e—um(e(u—/\)Ti _ 1)(e—uTj —-1)

ITR(TEDN
itm>T1T;,
k+T; k+m+T 0.2
s(k,u, 2)dzdu = ———— - e gmhmY(1 — e HTi)  gh=Nm . (gmk T
L Jdzdu = )( ) (

— emHm) — gHT L (g NT _ glk=Nmy e—um}

o 1 1 —xm _ ATy
+7 (m + ;) (6 —e )
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ifm <T; <m+7T; and

k+T; rk+m+T; 02
k,u,z)dzdyu = ————-{e*™(e i — 1) — (b=Nm | o=hTi | (ob=NT; _ 1
/Ic /k+m sk, u, 2)dzdu PRTES) {em(e )—e € (e )}
+_0-_2 L_*_ 1 e—)\m(l e—ATj)
A\p—XA U
iftm+T; <T;.

As we said c3(k, u, z) can’t even approximately satisfy (5.2.6). But even empirically, if
we examine it’s graphs, some of which are presented in Appendix J, we can see that this
function doesn’t perform well. This can be seen clearly in the last graph of Appendix J.

We should remind the reader that the only assumption we made in the derivation of
(5.2.6) was that the first differences of the log-bond prices are stationary. Therefore, com-
bining the above with Kennedy’s (1997) Theorem 3.3, leads us to the following result:

If the first differences of the (log) bond prices are stationary, the forward rates
won’t satisfy both the Markov and stationarity conditions.

This leads us to a very practical result. If somebody is using either Kennedy’s model or a
model which is included in Kennedy’s, he should first check if the first differences of (log)
bond prices he is using are stationary. If they are this means that the forward rates won’t
satisfy both the Markov and stationarity conditions. Therefore a certain number of these
models will not perform well with this dataset, either because they may assume the forward
rates being Markov and stationary or because they may lead to such forward rates after the
calibration. In order to calibrate the model then, one suggestion would be to use Kennedy’s
model and estimate the unknown coefficients from the formulas presented in the previous
sections.

6. Conclusion

In our days, finding a model which can describe the movements of interest rates satisfactory
is a neccesity for a big number of financial institutions and corporations. The model, apart
from being able to reproduce the observed patterns, should be easy and fast to calibrate.
Although Kennedy’s model is very general, and therefore it should be able to reproduce the
observed data, it’s calibration seems to be more than a time consuming exercise. Our efforts
to calibrate the model, presented in section 5, weren’t successful. Assuming that the logs of
the bond prices are a stationary series we showed that the covariance can be found as the
solution of the following system of equations:

Foomig = Gij - K+ (Amij — aig) - k

c(k,u, z) = c(k, z,u)

fork=0,1,2,..,N,m=0,1,2, ..., N—k, i, =1, 2, ..., 10 where:
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k+T; pk+m+T;
fkmz,g / /k: k u, Z)dZd'LL

mz,] Z COU pk 7pk+a,)
a=0

vy = 10g(Pet1k4141) — L0g(Pr i)

a5 = 5 (Avij = Aoiy)

where c(k, u, z) is the covariance function of the forward rates and Py is the the price at
time s of a bond paying one unit at time ¢ > s. This was the main result of the thesis.
We believe that the solution to the above problem will belong in a set of functions of the
form k - g(u — z,e=U(®=2)*), This is where all our estimation efforts seem to point at.
Apart from the above a second result was derived from ours and Kennedy’s (1997) results
regarding how appropriate is the choice of a model included in Kennedy’s framework, based
on the stationarity of the first differences of bond data.
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Appendix A
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e l-year Treasury yields
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e 7-year Treasury yields
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e 20-year Treasury yields

7.5

6.5 -

Yields
in %

55 ’ 1

4.5 -
Jangé Jan9g7 Jan9gs Jan99 Oct99

e 30-year Treasury yields

Jan99 Oct99




Appendix B

Estimation of the drift function.
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e Figure B3

Polynomial fitting to the log—prices of bonds
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e Figure B5
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Appendix C

Indicative plots of A,,;; for certain ¢, j. On the x-axis we present the values of m while on
the y-axis the values of A,,;; for those m.
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Appendix D

|

: |
Indicative plots of h;;(m) and A, ;for certain i,j. On the x-axis we present the values of 1
m while on the y-axis the values of h; ;(m) and A, ;; for those m. You can easily tell apart |
the graph of h; j(m) from it’s smoothness.
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Appendix E
In this Appendix we present some (statistical) properties of the fitting error of h; ;j(m).

e Let N(p,i,j) be a function which measures the number of data-points whose fitting
error is less than p %, where as fitting error we consider the quotient M—’”'Ii;{_—h@
Then we can plot the following surfaces in order to see the levels at which thg"ﬁtting
errors fluctuate (we remind the reader that the total number of datapoints is 886). We
can see from the plots that we have “good” fit for j > 8 and for 5 <4 < 7 and 7 = 10.
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Let St1(3,j) = 2 I%TZ—% ™l he the quotient of the sum of the absolute values of the
m,t,]

fitting errors over the sum of the absolute values of A, ;; for each pair of maturities
i, 7.

Let also St2(%,7) = E[Af{[’?ﬁgm”z be the quotient of the sum of the squared absolute
m,1,7

values of the fitting errors over the sum of the squared absolute values of A, ; ; for each

pair of maturities i, j (this statistic is similar to the R? statistic of the least squares

methodology).

Stl and St2 can be used to give us an idea of how big the fitting errors are and for
which pair of maturities we have the best and worst fitting. Plotting them we can get
the following graphs:
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Appendix F

Indicative plots of A, ; for certain m.
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Appendix G

Calculation of the integral [F*% ,f:fn" 1 c(k,u,z)dzdu = fgm;; for various forms of the

covariance function c(k, u, z). Let:
(A) clk,u,2) = a- (u+z+ f)?
Then
k+T, rk+m+T;
/ /k clk,u, 2)dzdu= o T; - T; - {4k + (4m + 4B+ 2- T, +2-T}) - k

o9T2 + 2T2 + T, - T}
+(m + B)° + (T + T) (m + B) + —————}

which definetely doesn’t satisfy (5.2.6) since the highest order k term is k* and not k? as we
are supposed to have and also there is a big number of terms not mulitplied with .

(B) c(k,u, z) = kae Pl
Then:

/k+T /kk+m+T (k,u, z)dzdu = kﬂ (HLmm] _ =T _ =BT3)
fm>T;,

k+T, ph+mtT;
/ / c(k,u, z)dzdu = k@ { B-(T,—m)—[1—ePh(1 —efh)] . e™m 4 e AT, eﬁm}
k+

i T, — Ty <m < T, and
k+T3  ph+m+T)
/ / c(k,u, z)dzdu = % {QB Ty — (1 —ePl) . e7m 4 e FTi(1 — ¢7FT5) - eﬁm}
k+

iftm <T; -1

Again this covariance function doesn’t satisfy (5.2.6) because the k* term doesn’t appear
in the right hand side. Notice also that the double integral is continuous at the points
m =T; —T; and m = T;.

(C) clkyu,2) =k-a- (e“ﬁ“ + e‘ﬂz)
Then
/k+T /k+m+TJ k u, z)dzdu _ k%[ B(k+m~+T};) _ —-ﬂ(k-ﬁ-m)_'_e—ﬁ(k—f-'ﬂ')_e—ﬂk‘]
k+
which again doesn’t satisfy (5.2.6), since k appears in the exponent of the exponential.
(D) clk,u,2) = k- o - [e POru=2+0 e=Plre—utd’) 4 . ¢ B> 0
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We have:

k+T; ph+m+T;
I= /k+ /k+m+ Blyu—z+6)® +e_ﬂ(7'z_“+5)2)dzdu

k+T; k+m+T k+T; pk+m+T;
[ [ s [ [P )
k k+ k+

() = B e de)du L R e dy)du
where we did the following substitutions:

The limits of the integrals then are:
alz(fy-u—-k—m—i—é)\/g ) a2=(’)’-u—k——m—Tj+5)\/B

a3:(7-k+7m—u+6)\/B , a4:(7-k+7m+7-Tj—u+6)\/ﬁ

In order to calculate (¥*) we have to use some approximation of the integral ff e~ dz. We
used 4 different approximation for this integral, found in Squire (1970):

6 ffe—zzdm:e“bz{b+§b3+f15b5+ J—e? {a+2a®+ £a% + ...}
(ii) Pede~ —eP{L -+ +te {E -t — -}
(iii) Pe?dr~{b— 13+ L0 — ..} —{a—3a® + 5a° — ..}

(iv) fPe®dr ~ 6;52 - 6;—22

approximation (i)

() = %{— /kk:+Ti e[y + §a2 %% Jdu+ /lc+T %[91 + %a? + 14—5a? +..]du
+ %/kHTi e [ay + %ai + %ai + .. )du — %/:Jrn e~ %8[ag + %ag + 145 . |du}
= ﬂl’y{ ’ e_az[a—*- ga‘o’ + {%a‘r’ +...]da — /b:4 e *la+ gas + 14—5a5 +...]da
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where

bs = [(y = Dk +ym+~-T; +3\/8 bs = [(v = )k +ym+v-Tj — Ts + 8)/B

br=[(y=1)-k+ym+3\/B , bs=[(y—1) k+ym—T,+3\/p

Notice here that unless v = 1, k will be in the exponent of the exponential and therefore
equation (5.2.6) won’t be satisfied. Therefore we must have v = 1. Then the limits of the
integrals become:

by =[-m—Tj+8l\/B , by=[-m+T,—T;+3/B
=[-m+6l/B , bi=[-m+Ti+dl/B

bs=[m+T;+3/B , be=Im+T;—T+3\/B
br=[m+38\/B , bs=[m—T+6/B

Moreover we can place the restriction § > 0 from the symmetry of the integrals and the
restriction we just derived: v = 1. A final remark is that if we assume T; = 63 (based on

the fact that 7} ranges around 60 to 65 depending on the number of non-working days in
this period) we can find that:

mln{b } = m1n by = [6 + min(—m) + min(-T})] - \/7 (0 —8.5- 103)\/5

rrrlnazx{bi} = maxbs = [6 + max(m) + max(T})] - [ (0+8.5- 103)\/E

We can easily find that:

b 1
I = / “ea-da = ——[e“bg - e"b%]
b1 2

bo 1
I, = / e e da=1 — —[e”bgbg - e'bfbf]
by 2
Now let’s make the assumption:

(D1) la + 2a®%| > |5a®]
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Then keeping in mind that:

1

5 —b2 Zle~b3p2 — obip?
3[ 2 1]

b 2
/ ’ e (a+=a®)da=—=|e

b 3 6 ]

we finally find:

5 P I 2
In=k-(a I+¢-T;-Ty) =~ k%{g[e—b% —e M+ g[e"”bg _ e‘bfbf] _ g[e—bi — et

—%[e‘bﬁbi — e_bgbg] + %[e‘bg — e—bg] + %[e‘bgbg _ e—bﬁbg] _ g[e—bg _ e—bg] _

+k-C T Ty

A couple of points about approximation (D1):

e The infinite series a + §a3 + %aﬁ + ... is absolutely convergent since

2

n . 2
lim |22 = lim ——— =0< 1
n—=oo |y, n-—)002n+3

e Since 6 > 0 we have a > —8.5-10% - \/B. Moreover the inequality (D1) can be written
as |a| + 2|a®| > ]a’| since a is raised only in odd powers. We can then solve this
inequality: ) A ) A

3 5 2 4
!a|+3|a|>15|a| & |a|(1+3a 15a)>0
and find that we must have |a| < 1.88544 ~ 1.9. Since we also have a > —8.5-10° /B
we should then have 8 < 51078

e The above solution satisfies the inequality |a| + £|a®| > ;t|a®| but not necessarily the
one we are actually interested in: |a| + £|a®] > |a®|. For this we should solve an
inequality of the form |a| + 2|a®| > {|a®| where ¢ is a number specifying the accuracy
of our approximation. If we pick ¢ = 20 ( which can be interpreted as having around
5% error in our approximation) we get |a| < 0.7 and therefore 8 < 7-107°.

e Now we can proceed to the estimation of the parameters keeping in mind the restric-
tions:

0<Bx5-10% , v=1, 6§>0

Note: The above restriction for 3 doesn’t ensure small errors but only that the two first
terms of the series will be larger than the third one. For small errors we should
either make sure that § satisfies the more strict: 8 < 7-107° or add more terms
to our approximation (which increases greatly the difficulty of our problem).




approximation (ii)

Working the same way we get:

—b3 —b? —b2 —b? —b3 —b2
e e 2 e 1 e e
Ig ~ k— 2 3 -3 2 -2
prhgpi=y iy Ty Ty iy g
b3 b3 b3 b2 o1 b2
-3 3 -2 2 -
d T T T T T
et et e e
2 -2 -3 3 k-C-T;-T;
Ti iy Ay Ay R oL
where we used the fact that
b2 _ 5 1 1 1. 21
-a“ = T d __ b2 d / _a
/bl ¢ (2a 2a3) ¢ 4[6 a2] gl t { }da
and made the assumption:
(D2) b;#0 ,i=1,.,8
(D3) |2a 4a3| > |8a5

In order for (D3) to be valid (in th 5% error sense - as above ) we must have |a| > 2.985
and therefore 8 > 1.234-10~7. We should note here that again the sum of the approximated
series converges. In order for (D2) to be true we need to have

§ > maxm + max{T;} = 8446
J

If § < 8446 then we can always find some values (m, i, j) so that the denominator will be
equal to 0. For the above number we used that m =1, ..., 886 and assumed, as before, that
T, = 63.

If we keep in mind the above restrictions they would lead to:

aeb

1 .
Ip =~ k4ﬂ{ b2}+k C-T-T; ,if by>1

3a e”
Ig ~
B kSﬂ{

since the other functions would have much smaller values compared to the above ones.

2
1}+k C-T, T if bi<1
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approximation (iii)
Working the same way we get:

!
6

1
6

1
b3 + =b3

b + b2 — b2
1 +0g — b3 6

1

Ié:k%{—bg+b§+5bg—
2 2 14
_b6+b5+6b6_

1

1 1
6b§+b§—b$——b§+6b‘$}+k-g-7}-7}

6
TJ?_{.Tf _T]TZ
3 2

=—k-— T.T; [m? + (T; - T)m + A + |+k-¢-T,-T

20
where A = ¢* — § and we made the assumption:
03  la-ia* > |5

In order for this to be valid (in th 5% error sense - as above ) we must have |a| < 0.8 and
therefore 8 < 9-107%. It is easy to see that again the sum of the series converges.

For a more accurate result we can also keep in our approximations the third term of the
series which would then lead us to the following result:

(67

3
7 T [m* 4+ 2(T; — To)ym® + 2(B+T7 + T7 + =T - T; )m®

12~k
¢ 2

2 2
HIG = T)RB+T}+ T} =T, Tj)m+ C + BGT! + 317 = T, T)

T}+T T; T,
_+_ -
5 2
where B = 36% — § and C = (8* - 3)* + 5.

2
3

2 2 2 2
(T2 + 1)) + 5T T+ k¢ T T

approximation (iv)

Finally working with this approximation we end up to:

—b2 —b? _p2 —b2 —p? _p2? —»2 —p?
(0% e "2 e "1 e 2 e "1 e "4 e "3 e "4 e Y3
Ip ~k={— + -2 + 2 + - + 2 -2
pEkgl-g iyt g T i
—b2 —b2 —p2 —p2 b2 b2 —p2 _p2
e”% e’ % e % e’ e e" e % e "

- + -2 +2 + - + 2 -2 +k-C- T, T;
| T ittt T i T twithe
where we used that:

b3 —b2 e~

2
ba 2 1 e e e
/ e —da ~ - + 2
b1




and made the assumption (D2). The above formula is very similar to 'the one for approxi-
mation (ii) which leads us to the following result:

Ip = k2 { 1}+k-C-Ti-Tj Gf bi>1

2o e~
ID:/@FO‘{%}M-C.TZ--J} Jif b <1
1

The reader can see that all the above approximations don’t satisfy (5.2.6), since we do not
get the k% term.

(E) C(k, u, Z) =k -o- [e—ﬁ(u—ﬁ)z + e_ﬁ(z_5)2] , /6 >0

Working similarly to (D) we end up to a solution which doesn’t satisfy (5.2.6),since k appears
in the exponent of the exponential:

2

k+T;  pk+m+T; T 2 9 4 T. o
L L el 2) \/Be Haa o goi + gped ) — = gte e+ gad
e 2 4
— e %{az + §a§+ 15a3 + ..}
where
m=(k-8)/8 , ag=(k+T—8)/B

as=(k+m—08)\B , ar=(k+m+T;—8)\/8

Note: The solution above is derived by using approximation (i). Using the other ap-

proximations lead to similar results - all of which are rejected.
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Appendix H

Plots of the function G(m, 1, 7), the estimator of A,,;; when using ¢, (k,u, 2) as the covari-

ance function where
ek, u,z) = kae P71 g >0

Using a non-linear optimization algorithm we found @ = 1.32- 107 and 3 = 0.08 as the
optimal values for the coefficients. When looking at the plots keep in mind that G1(m, 1, j)
is continuous. The jumps we see on the plots are not the caused because of discontinuities
but because of a rapid change in the values of Gy(m,i,j). The last three graphs of this
section show the behaviour of G1(m, 1, j) for non-optimal values of § (o doesn’t concern us
that much since it just a scaler) - we added them so that the reader can get a better view
of this functions behaviour.
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Plots of G1(m,i,j) fori,j=1,2, 3
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4 Plots of G1(m,i,j) for alpha = 100"} beta=10® and i,j=1,2, 3
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s Plots of G1(m,i,j) for alpha = 10C'" beta=1and i,j=1,2,3
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Appendix 1

Plots of the function G5(m, 1, 7), the estimator of A,,;; when using c,(k,u, z) as the covari-
ance function where

ok, u, 2) = k- a - [e Pzt o= Blramukd) L B> 0

For the calculation of Go(m, 1, ;) we used approximation (i).

The first two graphs present the form of Go(m,i,7) if § is given a value close to the
constraints mentioned in Appendix F. In the third graph we have Go(m, i, 7) with the coef-
ficients which make it fit best to A,,; ;. In each graph there are 16 functions, the G3(m, 1, j)
fori, j=1, 2, 3, 4.

We should note that in the first graph (where 8 = 107%, § = 300) each spike appears at
one of the (fixed) bond maturities 7;. Moreover all 4 functions Go(m, 4, j) which correspond
to that specific 4+ have exactly the same behaviour. In other words if Gy(m,1,j) has the
coefficients of the first graph then for each ¢ the functions that correspond to the various j
and this fixed 7 will be almost equal to 0 at all times except from m = T;, where they will
all have a spike (of the same height).
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coefficient values : alpha = 2.5™1 o-12 , beta = 1009
gamma =1, delta =300, zeta=0
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Plots of the function G(m, i, ), the estimator of A, ;, when using cs(k,u, z) as the covari-
ance function where

Appendix J

Cs(ka Uu, Z) = 02 . e)‘(k—U/\z)—u.lu_zl

Using a non-linear optimization algorithm we found ¢ = 1.35-107% , p = 0.0034 and
A =2.17-10"" as the optimal values for the coefficients. We then got the following plots:
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Appendix K
Definition of Gaussian Random Field, taken from ADLER (1981).

“Let G! denotes the set of all R!-valued functions on R?and p>! the o-field
containing all sets of the form { ge G*': g(¢;) ¢ B;, 7 =1,. .., m } where m
is an arbitrary integer, the ¢; are points of %, and the B; are open sets in R

Then we define a 2-dimensional random field to be a measurable mapping X
from (Q, F) into (G?!, p>'). We use the notation X (¢,w) to denote the value
the function in G?*' corresponding to w takes at the point ¢. for convenience we
usually supress the w. '

Given the existence of the probability measure P on p we can immediately obtain
from the definition a collection of measures F3, ;. on B™ defined by

Ftl,...,tn{B} = P{(X(tl)a )X(tn)) € B}

for any B € B™. The collection of all such measures, or, equivelantly, the cor-
responding distribution functions, is known as the family of finite-dimensional
distributions for the field X.

We define Gaussian random field to be a random field possessing finite dimen-
sional distributions all of which are multivariate Gaussian. From this definition
and the above comments it is clear that all the finite dimensional distributions
of a real valued Gaussian process, and hence the measures they induce on p*!
are completely determined once we specify the following two functions, known,
respectively, as the mean and covariance functions:

pu(t) = E[X(2)]

R(s,t) = E[(X(s) — p())T (X () — u(1))]
It can be easily seen from the form of the multivariate normal density that if a

real valued Gaussian field has a constant mean and a covariance function that is
dependant on s — t only, then the field is homogeneous.” \
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