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Abstract

A two dimensional model of a jet impinging on a heated wafer is constructed. After neglecting buoyancy,
a Navier-Stokes solver provides the flow velocity such that the energy equation can be used to solve for
the temperature in the gas. Using a coupling condition, a heat conduction solver in the wafer is coupled
to the energy equation solver in the gas, and as such the heat transfer across the surface of the wafer
can be computed. A predictive formula is constructed for the surface heat transfer coefficient in terms
of the Reynolds number and the ratio of the jet height to the nozzle width.
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1 Heat Transfer in a Thin Semi-Conductor Wafer

1.1 Introduction

In the production of micro chips it is necessary to produce semi-conductor wafers in a carefully controlled
manner, such that structural degradation of the material is kept to a minimum. This structural degradation
has a direct impact on the performance of the micro chips. The wafer is subjected to a series of processes
(For a more detailed description of the manufacturing of Silicon Wafers, see [7].) Anealing is the process by
which a wafer is heated to a high temperature (~ 1050°C) so that dopants can be introduced to the wafer,
and thermally activated diffusion can take place. Rapid Thermal Processing (RTP) is the term commonly
used to describe these types of process.

Most of the techniques involved in RTP originate from ideas that arose from experiments conducted in the

field of materials science. The first devices to resemble RTP were developed in the 50s and 60s. These devices
used a convection furnace to heat the wafers in batches. A furnace creates a heat transfer environment that
is difficult to control, due to the convection currents occurring. Although advances in furnace design have
enabled these kinds of RTP device to heat up quickly, the speed is still appreciably slower than an equivalent
device using a radiative influx of heat. The first commercial RTP chamber to use radiation was developed
in 1999; unfortunately it was not a commercial success.
In 1994, scientists at a Vancouver based company, Vortek Industries (www.vortek.com) began to research
RTP as a possible application for their high powered arc lamps. Vortek is world renowned as a leading
manufacturer of extremely high powered lamps that operate between 50 and 300kW. They are now at the
stage in which a prototype RTP chamber has been built and adjustments are being made in order to refine
their patented RTP tool. The key advantages to this process are:

o The wafer can be heated to the peak temperature (= 1050°C) very rapidly. This lowers the thermal
budget (integral of temperature with time) thus makes for a more efficient production line.

o The temperature across the wafer can be accurately controlled and thus superior wafers can be pro-
duced. It is desirable to maintain a uniform temperature throughout the wafer such that structural
abnormalities and surface degradation is kept to a minimum, and thus the tracks which are to be
placed on the wafer can be placed in closer proximity. There are many reasons to produce smaller
micro chips, the most important being increased speed, reduced power consumption, and the advent
of nanotechnology.

A target temperature uniformity has been set at £2°K due to market demand.
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Figure 1: Chamber side view

The configuration of the equipment is depicted in fig. 1. An array of jets are used to cool the wafer with
a flow of inert gas on the top side. The wafer must be held in a horizontal configuration for heating, as
internal stresses within the thin wafer prevent a vertical configuration (which would perhaps be better suited
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to convection cooling). The horizontal configuration also facilitates a smooth production production line, as
machinery to hold and turn the wafer is not necessary and the wafer can simply sit in a recess.

Showerhead Faceplate

Showerhead holes

5___radius=7.50m

Figure 2: Showerhead top down view (Showerhead is the same size as the wafer)

The wafer is housed in a black chamber that serves to absorb unwanted reflected radiation, and the light
shines through a quartz window onto the bottom surface of the wafer. The space in the chamber is occupied
with inert gas. The CCD camera uses the emitted radiation to measure temperature across the wafer surface
and thus experimental data can be obtained.

The top surface of the plate is subjected to a flow of inert gas that passes over the wafer via a showerhead
that sits above the wafer. Fig 2 depicts a schematic diagram of this showerhead; note that the arrangement
of holes shown describes an approximate layout for a typical showerhead configuration. Currently, much
experimentation is underway concerning the placement of the holes. This showerhead can be adjusted from
lem to 2.5¢m above the surface of the wafer. The wafer is about 15¢m in diameter.

When a wafer is in position and ready to be treated, the influx from the lamp is turned on. The influx
from the lamp takes a few seconds to reach its maximum value, and as such the temperature of the wafer
‘ramps’ up to the peak temperature (about 1050°C) in about 5 seconds. The wafer is held at the peak
temperature for a time period of around 15s. The lamp is then switched off and the temperature of the
wafer ramps down, the most dominant method of cooling being the radiative heat loss.

2 Formulation of the Problem

Vortek would like to know how best to arrange the apparatus such that the heat transfer across the surface
of the wafer remains as uniform as possible. Put most simply, for a given flow rate, how high does the shower
head need to be and how close together should the holes in it be placed to get a heat transfer coefficient
that is as uniform as possible. Setting up a full 3D computational model would be the best way to obtain an
accurate answer, but such a model would take a long time to configure, and computations are likely to take
a long time (perhaps 4-5 hours per run, so to obtain the necessary range of data would take months.) As
usual when solving applied mathematics problems the best approach is usually to simplify the problem as
much as possible; this will provide insight into how best to formulate a more complicated model. Proceeding
in this manner, we reduce the problem to that of a single (2D) jet impinging on a flat plate, which is heated
by a constant influx of heat. Since the problem has now been made 2D, the information obtained will be
qualitative rather than quantitative. However, we should hope that the qualitative relationships obtained
will still be applicable to an equivalent axisymmetric 3D jet, since the domain we consider is effectively a
cross section of such a jet. In simplifying the model we have also removed the effects of neighboring jets, and
this probably represents the greatest deviation from the actual physical representation. Appealing to the
pictorial data obtained from Vortek, it would seem that a jet introduces a localized peak to the heat transfer
coefficient on the surface of the wafer. It seems likely that interference between the jets and the corresponding
effect on the heat transfer coefficient is confined to the regions between the jets. We are hopeful then, that
our model of a single jet gives a useful qualitative description of the heat transfer coefficient in the vicinity
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of a single jet. We will be unable to provide quantitative data (with regards to the actual setup) using this
model, but we aim to gain a qualitative understanding of how changing the height of the showerhead (H)
and the jet nozzle width (d) affect the local heat transfer. Some attempt is made, however, to use parameters
that will give variable values in the right kind of range (e.g. the peak temperature on the wafer is kept to
around 1050°C which is around the same temperature used in the annealing process ).

For the purposes of qualitatively describing the local HTC (Heat transfer coefficient) with regard to unifor-
mity, the influx parameter was modeled using its peak value and disregarding the ramping stages. However,
in order to obtain quantitative data when implementing a 3D model, these effects would have to be included.

# Rings

Figure 3: Surface Wafer temperature image for a gas flow of 0.2lmin~'. The lighter the color, the cooler
the surface (Actual temperature data is unavailable due to commercial sensitivity; moreover the actual
temperature values are not important for the purposes of this discussion.)

Figure 4: Surface Wafer temperature image for a gas flow of 0.5/min~!. The rings of jet nozzles create colder
rings on the wafer that are just visible in the image.

Note: The pictures presented above in no way reflect the quality of Silicon wafers produced by Vortek.
The examples shown here are merely plots obtained during testing and are used here to illustrate how the
impinging jets create changes in the heat transfer. The heat transfer patterns from the latest Vortek model
are far superior to the ones presented here.




3 Modeling

3.1 Geometry

As discussed before, the problem has been reduced that of a 2D jet impinging on a flat plate. It is hoped that
the results obtained will be useful in describing (qualitatively at least) the heat transfer due to an equivalent
3D axially symmetric jet. Please refer to Table 1 for a description of parameters and their values.

3.2 Governing Equations

The temperature T'(z,y) in the wafer is modeled by the 2D heat conduction equation:

oT (62T 8T
=K

E -3? a—yg), O<.’L’<L,! 0<y<h.

The gas flow is modeled using the non-dimensional Navier-Stokes equations in artificial compressibility form.
Artificial compressibility means that we have added an aphysical time derivative of pressure to the continuity
equation. This derivative is scaled by a parameter 8 that sets the pseudo-compressibility of the fluid. With
the addition of this time derivative of pressure, we are able to advance pressure and velocity in time together.
Note that this approach can sometimes affect the time accuracy; care must be taken in computing transient
processes. (Since we are computing steady state solutions this will not be of great concern.)

The aim in the gas flow domain is to compute the flow field using the Navier-Stokes equations, and then
to use the Energy equation to compute the temperature. In decoupling the velocity and pressure from the
temperature we have neglected the effects due to buoyancy that may be of concern near the heated wafer,
where large temperature gradients may be possible, especially during the initial (transient) stages of heating.
Buoyancy is caused by the fact that hot air is less dense and thus a pressure difference exists between the
hot and cold gas, the latter tending to sink under gravity, the former rising upwards. The jets’ function is
to blow away these rising and falling gas currents so that a uniform temperature can be established on the
wafer surface. We hope then that in the actual prototype RTP device, the speed of the gas next to the wafer
is large enough to blow away these unstable gas currents. For the purposes of our model we are convinced
that in the vicinity of the jet any pressure gradients due to temperature differences will be far outweighed
by the pressure gradient caused by the impinging gas. As we move away from the impinging zone, and the
situation can be likened to that of a uniform flow past a heated plate, we may have to pay closer attention
to the effects of buoyancy. Indeed if the flow is slow enough, it may be possible that convection cells are
created in the form of a rolling vortex made up of a flow loop of rising and then falling gas close to the
plate surface. This is the so called Poiseuille-Bénard flow which is studied in the 2D case by [5]. In practice,
it may be possible for the regions between the gas jets to produce flow fields in which convection cells can
exist. However, since our model’s physical significance is limited to the region near a single jet, it will not
be instructive to investigate convection cells in the context of this model. We leave this area of investigation
for future study.

Here then, are the non-dimensional Navier-Stokes equations in artificial compressibility form:
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The equations have been non-dimensionalised via the following:
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U= §|Vmam| is the mean velocity across the inflow,

T* =1°K is a typical temperature fluctuation

Hats were subsequently dropped, and the domain ranges become:

L H
0<$<E, O<y<g

In order to solve for the temperature in the gas flow domain, we use the flow field given by the solution of
the Navier-Stokes equation to compute the energy equation for incompressible flow (i.e. the flow velocity @
satisfies V.7 = 0, at least at steady state. This assumption is valid for the low Reynolds numbers encountered

in this model).
ot Oz 0y = Re-Pr \0z2 0Oy? Re Oz Oy dr Oy

In which

Re — E]_g _inertia pp— Mo _ dissipation cT* _ enthalpy

= T = T c = & T - .
v viscosity’ k conduction’ U? kinetic energy

3.3 Boundary and Initial Conditions

1.(a) Vertical Direction - Wafer

A picture of the geometry, including the boundary conditions imposed is shown in fig. 5. At the top
surface of the wafer we have the coupling condition corresponding to temperature continuity through
the wafer-gas interface. We have also included the radiative heat loss term which is represented by
the fourth power relationship on T. For a better explanation of how this term is derived see [3].
Basically, radiative heat loss occurs due to energy being released from the material in the form of an
electromagnetic wave, usually with a frequency towards the red end of the electromagnetic spectrum.
This is also why objects can appear to glow red when they are hot. This heat is radiated to the chamber
walls which absorb the heat energy. The walls are specially painted black and the material carefully
selected such that the reflected radiation is kept to a minimum. For more information on radiative
heat transfer in the context of RTP see [7]. We hope that the heat radiated to the chamber walls is
quickly dissipated by convection, and that our assumption of room temperature being maintained at
the wall throughout is a realistic one. If an accurate quantitative model were being constructed, this
effect may have to be reconsidered as it may well be expected that the chamber walls will heat up to
some degree during the course of operation.

We observe that since the radiation heat loss term is a fourth power relationship on T, it will be
the dominant mechanism of cooling once the temperature is sufficiently large. At the bottom surface
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Figure 5: The full geometry and boundary conditions for a jet impinging on a flat plate

Parameter Value Unit
Wafer Thermal Conductivity (ks;) 149.0 Wm-1K-1
Gas Thermal Conductivity (kgas) 0.025 Wm-lK~!
Wafer Thermal Diffusivity (kg; = ’;C;) 9.0 x 105 m?s!
Wafer Stefan Boltzman const. (o) 567x 1078 | Wm~—2K~*
Wafer Emissivity (E) 0.7 -
Influx (@) 2.33 x 10° Wm~2
Room Temp. (Troom) 297.0 K
Wafer Length(L) 0.10 m
Wafer Width (b) 0.0007 m
Typical Shower Head Height (H) 0.02 m
Typical Peak Incoming Velocity (|Vinez|) 0.042 ms™1
Typical Peak Outgoing Velocity (V,u:) 0.0105 ms~!
Typical velocity scale (U = 2[Vipaz|) 0.028 ms~!
Typical Reynolds No. (Re = ¥9) 9.33 -

Table 1: Approximate values of parameters used

we have a (constant) influx of radiant heat provided by the lamp, and an outflux of radiant heat.
Since the gas is prevented from circulating around the wafer, and the flow field near the bottom of
the plate is dynamically stable (i.e. the flow will be carried along the plate and then upwards by
natural convection) , convection effects at the underside were ignored. Again, if we were looking for a
quantitative representation, this may have to be reconsidered.

Vertical Direction - Gas

Pressure, velocity and Temperature are prescribéd on all sides of the boundary. At the Wafer-Gas
interface we have a coupling condition based on temperature continuity. At the top of the domain
(showerhead surface) we have prescribed the temperature to be at room temperature. As described
before this neglects the radiant heat exchanged between the showerhead and the wafer surface, see
[7] where this process has been studied. We do, however, include the radiation heat loss to the
surroundings.

Horizontal Direction - Wafer
Since the wafer is so thin, the heat loss through the edges will be minimal, and thus we can use a no
flux boundary condition.
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3.(a)

3.(b)

Horizontal Direction - Gas

At the left hand side of the domain we have a symmetry plane, hence there is no flow across the
boundary (u = 0) and the other quantities have z derivatives zero. At the outlet we assume the flow
is fully developed and take the pressure to be zero (we are free to measure pressure from whatever
reference value we choose.)

Initial Condition - Wafer
The initial temperature distribution in the wafer is taken to be constant (room temperature).

Initial Condition - Gas

The velocity, and pressure are taken to be zero everywhere. The temperature is taken to be room
temperature, as in the wafer. Note that convergence times could probably be reduced by using an
initial velocity field that was more similar to an impinging jet e.g. using data from computation
with similar parameters. This method was not utilized however, to ensure the numerical solution was
correctly converged.

With the conditions as stated we have a well posed problem, and thus the solution to the problem is unique.




3.4 Wafer Model

To simplify validation of the model, we break the model into two parts, that of the conduction in the wafer
and the gas flow model. To separate the model we need to specify a new boundary condition at the wafer-gas
interface. The most obvious choice is to use a linear outflux which corresponds to amalgamating the heat
conduction (Newton’s law of cooling) and convection effects into one term by a judicious choice of constant
of proportionality, the surface heat transfer coefficient (h). For the purposes of validating this part of the
model, we can take h as some constant. Later, we will use this boundary condition in comparison with the
full coupled boundary condition to determine the heat transfer coefficient for the full problem.

3.4.1 Governing Equations

The temperature in the wafer is modeled by the 2D heat conduction equation:

T 2 2
9 -—/s(aT 3T> O<z<L, 0<y<b

5t "\az T a2

ksiTy = —h (T ~ Troom) — o E(T* — T}

ODﬂ'L)

kSiTy = —Ot(t) + UE(T4 - éoom)

Figure 6: Boundary conditions on the wafer. We have replaced the coupling condition at the interface with
a simple convection term; this makes it is easier to validate the conduction model

3.4.2 Discretisation of Domain

In order to solve the problem numerically we must divide the space into control volumes by forming a grid
over the domain with spacings Ax and Ay in the z and y directions respectively. In this analysis, each cell
is labeled by a subscript (z,j) which refers to the ¢th column and jth row. A bar over the variable denotes
the average value. It can be shown (see [2]) that the central value of the cell is second order accurate to the
average value over the cell. In this paper we shall simply refer to the variable as, say T;; and implement
this as the central value of the (i,7)th cell, but remember that it actually means the average value of the
(7, 7)th cell. We must also divide the time into steps of size At. Some analysis of the combined space-time
discretisation scheme is necessary to ensure that the time step used is compatible with the space step sizes.

Space
A second order centered flux was used to discretise the Laplacian:

ar . Tiy1,; =215 + Tiq 5 + Tij — 2T + Tij—1
dti Azx? Ay? '

Using Von Neumann analysis (see [2]) it can be shown that the eigenvalues are

1

2K

Al = T Az?

(1 - cos ¢x) — A2_;2 (1 —cos¢y).

!For more information on discretisation, including a proof that this centered discretisation is second order accurate see [2]




Time

A second order centered implicit (Trapezoidal) time advance scheme was employed. It was important that
the scheme be at least 2nd order since we have a transient process with time dependent boundary conditions,
although in this paper we present results only for steady state solutions we anticipate that it may be use-
ful to have a time accurate model. Also, probably more importantly we must not damage the space accuracy.)

Thie amplification factor G of a solution is defined as the growth rate of the solution from time level t = nAt
to time level t + At = (n + 1)At. As an example, consider

dv

E = \v.
The exact solution is
v(t) = AeM,
and thus the amplification factor is given by
v(t+ Aty _ o™t ., (AAL)?Z  (AA#)3
exact = = = = A
G + ’I)(t) on e 1 + AAL + 5 + 6

By comparing a numerical schemes amplification factor with this Ge,a..: We can determine a scheme’s time
accuracy. |G| < 1 gives the condition for stability. Thus when ) is expressed as a function of the space
stepping Az, Ay we can examine the space/time discretisation together.

The trapezoidal scheme is advantageous because of its stability properties:

The amplification factor is

(AAL)? . (AAL)®

G=1+)\At+—‘é— 1
o = 122
- 224

Thus we can see by comparing with the exact amplification factor that the scheme is 2nd order accurate.
Now consider A :

A=A+1B,

A? B? A? B?
T a2 <1- el Sl
I+ A+ =+ <1-A+ -+

= A <0 for stability.

This means that there is no (theoretical) restriction on the time step in order for the scheme to be stable
because the eigenvalues for the space discretisation lie in the stable space of the time advance scheme.

Applying this time advance scheme for each point in the space discretisation (3.4.2) yields, in matrix form,
the following system of equations:

T’n—f—l _Tn T’n-{—l Tn Tn+1 +T’n
85— +15)] =

0,
At “” 2 4 2

where




T

’.’:’21
T3y
f = Ti_——l,j )
T
Titaj
T’l:mazyjma:c
and
2 -1
-1 2 -1
K
[Sz] = Az? -1 2 1 ’
and similarly
2 -1
-1 2 -1
K
[Sy] = Ay? -1 2 1
Hence we obtain
At[S, At[S = 7
(1n+ 2434 208 o7 - i s+ 180 7

= —~At(FluzrIntegral); ;

Approximate Factorisation

In order to solve the resulting matrix problem, broadly speaking we need to separate the problem into its
and ¥y solution components. Then we may apply boundary conditions in one direction and solve that sub-
problem, and then apply boundary conditions in the other direction to fully solve the problem at that time
step. One way of delivering the matrices into the desired form is the method of approximate factorisation
(for more information see [2]). This is demonstrated below; the matrix equation is written as a product. It
may be checked that when this product is expanded out, the extra term is of order (At)? and thus will not
affect the time accuracy. Applying the method of approximate factorisation gives

([1] + S8+ %[sy]) 6T ~ (m + %[sz]) ([I] + %f[sy]) 5T

This introduces an error of O(At®) and does not affect the time accuracy which is O(At?).
Specifically, if we denote the operator E, ; by

Eo 40T ; = 0Tiqa j+b-

We obtain the final result

1 kAt
2Az?

A -
(EI,O -2+ E-—l,o)] [1 - % (EO,I -2+ E(),_l) 0T = At(FluxIntegral)zj.
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In practise this equation can now be solved in two steps (we introduce 5_Qi,j as an intermediate matrix):

n
VRS

2A 2
[1 KAt

A -
[1 _ kAt (Bio -2+ E—1,0)] 0Q; ; = At(FluzIntegral)

4,37

~ AL (Bro -2+ E—1,o)] 6T; ;= 6Q

which gives the information necessary to update the temperature for each time step.

3.4.3 Discretising the Boundary Conditions

A simple way to prescribe boundary conditions on a mesh is to use cells on the exterior side of the boundary,
so called 'ghost’ cells. Thus updating the value of the ghost cell based on a calculation involving the interior
cells provides a quick method of imposing the boundary condition. This means that the same flux calculation
can be used everywhere, which is efficient and can be easily implemented.

Bottom of Wafer

At the bottom of the wafer we have the radiative influx of heat provided by the lamp, and the heat loss
radiated out to the chamber walls. We need to find an equation that will determine how to set the ghost
cells for both the space and the time discretisations.

Space
Restating the boundary condition in continuous form:?
T
On y=0, 6a_y=_a(t)+R(T$_TI‘$oom)’
where

T(z,y,t) is the temperature,

Tw(z,y,t) is the temperature on the bottom surface of the wafer,
TRoom is the (constant) room temperature.

R is the product o F the radiation parameter, used for brevity.

In discrete form this becomes

T, - Tj-
k(#—l) =—a(t)+R(T$_T!4200m)

A
= Tj—l = Tj + Ty (a(t) - R(T';‘) - Téoom)) .

Implicit Time Advance
In discrete form we have (using the notation T™ to represent T' at time level n):

k<1¥l;—51?1‘1):_an+R

4
9 ) - Tl4ioom

<Tf—1 +17

If we denote 4T = T™+! — T™, writing the above equation at time level (n+1) and then subtracting gives

2the influx term «(t) is shown as a function of ¢ to reflect the fact that the model would accommodate such a parameter. In
computing the results for this study however, its peak value was used. (Also note that (z,t) can also be accommodated.)
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8T; — 0T
k (_ J Ay 2 1> - —an+1 +a”+R [((T£+1)2 + (T£)2)(T£+l + Tu"})(T;H'l _ T:ul)] ]

The problem here is that the temperature at the bottom surface of the wafer (T},) is unknown at time level
(n + 1), but we can approximate it by T, at time level n (a more detailed analysis of the error introduced
here is given further down the page)

~a™ — o™ + 2R(T)?(2T7)6Ty,

= (a" - o™) + 4R(T])? (—‘m‘l; 5Tf> :
8T; (k — 2R(T™)3Ay) = 8Ty (k + 2R(T7)*Ay) — (™! — a™)Ay,
where n
" = Ty ‘;‘Ti'ﬁ .

Error Analysis of Approximation used in Radiation Boundary Condition

(Note that this analysis is only pertinent to transient computations, the results obtained during this study
were all obtained for steady state solutions. The analysis included here is to show that the model is capable
of time accurate results should the model be required to simulate transient cases.)

Consider the Taylor series expansion for T7+!

Tl =T+ %At +0(AtY),

(T2 = (T2 4 217 dw At + O(At?),
= (T 4 (TD)? = (T2 + 277 dgf At.
so to second order
Q2T +2(T)? T3 —An(T] + dTg —BAL) ~ (Tpth)? + (T (Tt + )
= 4(TJJ)3 + 6(T")2d LAt~ (Tpt)? + (TO))(T0 +T5). (1)

So in approximating the radiation boundary condition we have introduced an error of size 6(T")2—'¢At
Looking at the left hand side of (1), we must impose the condition

dT“’ —LAt LTy,

The error is largest when the temperature at the wall is varying quickly. As the temperature approaches
steady state, the error will decrease to zero. This suggests that it may be necessary to take smaller time
steps in certain regions where the temperature is varying rapidly. Refining the time step should provide a
simple method to determine whether the error introduced is important. The analysis performed here gives
a good indication of when this error is likely to be largest, and therefore over which time period the time
convergence should be verified.

Top of Wafer

At the top of the wafer we have radiation heat loss as well as the linear outflux corresponding to the
convection cooling provided by the impinging jet. The parameter h is in reality a function of z the distance
along the plate. For the purposes of validating this model we take h to be a constant. We need to find an
equation that will determine how to set the ghost cells for both the space and the time discretisations.

12



Space
In continuous form the boundary condition is

K5 = ~h(&)(Ta = Thoom) ~ R(TS = Thoor),
where
T(z,y,t) is the temperature,
Tw(z,y,t) is the temperature on the top surface of the wafer,
Troom is the (constant) room temperature.
R is the product o E the radiation parameter, used for brevity.

Writing this in discrete form we obtain

T —T;_ T, +T;-
k (]—A?yl—l> =-h ((-J“—#l') - TRoom> - R(Té - Téoom)v
. (Tj_1 (k - %ﬂ) + AyhTroom — AyR(TS — Ti‘zoom))
j =

)

Implicit Time Advance
Using the notation T meaning T, at time level n, and §T = T — T™ , we have:

6T — 8T o~ (5Tj + 5Tj_1 _ 73 51}_1 + (ST]‘)
hA
5T, (k + hTAy + 2R(Tg)3Ay) = 6T5 <k B 2R(T;;)3Ay)

13




3.5 Gas Flow Model

We now consider the gas flow above the wafer. Fig. 7 below depicts a 2D impinging jet on a plane surface.
Using a symmetry boundary condition along the jet axis, only half the jet needs to be considered. The gas
flowing in is assumed to be at room temperature, and has a peak velocity |V,,.z|. Since the inlet channel is
narrow we may assume that the flow is fully developed in the channel and emerges as a quadratic velocity
profile. This profile can be used to compute the pressure gradient at the entrance to the gas flow region.

u=0

Vin (&) = (a° = &) Vi)

u=v=0
Py:%lvmaﬁ y ;jy_:;j
T = Troom \\ Inlet - feom te =0 =0
H-‘}‘—d / ' P=0
U=vy, =0 =0
e i
T,=0 Vo

\'\uzv:O L T
P,=0
kGas
L

Ty = kSiTy —oFE (T4 - Téaom)

Figure 7: Boundary conditions for the gas flow domain

Channel Inlet: Fully developed profile

Jet Inlet

[Ca

Tt

Symmetry Plane vV (x) o (az2 — d) %H/maxl

Figure 8: Boundary conditions on channel inlet

For a fully developed profile one may assume the following velocity in the y direction (see [8] or [1]):

14




V(z) = (z* - d*) = |Vinasls

2
d?

and from the y momentum equation

8y ~ 8z2 ) 42 TN

The mean velocity across the inflow can be related to the maximum of the velocity profile as follows:

_ 1 ¢

U=E/0 Vin{(z)dz

_ ]Vmam[ ¢ 2 2
=5 O(z d*)dz
2

-glvmaz|~

3.5.1 Governing Equations

Under the assumption that the Reynolds number of the flow is large enough such that buoyancy effects can
be ignored, temperature can be decoupled from velocity. Henceforth the problem is modeled by first solving
the Navier-Stokes equations yielding the flow field at steady state and then solving the energy equation. As
discussed in section 3, the non-dimensional Navier-Stokes equations in artificial compressibility form can be
written as

_8_8_}_1@_‘_1@_0
ot  Boz  BOy

‘9_“+3_“2+@£=_3_P+i<?2_“+§2)
8t 8z Oy 8z  Re\8z2  Oy?)’
%+@+%=_3_P+L(@+5_2“)
ot 8r OBy 8y Re\o0z? 0Oy?)’

The incompressible energy equation is
a_T_+_.au_T_|_Q’l£—-__1— 32_T+32_T +@ 2 _8_1_1:2_*_2(@)2.*_(@4_@.)2
8t Oz 0y ~ Re-Pr\0z2 0Oy Re Oz Oy oz Oy '

The equations have been non-dimensionalised via the following:

T u N P . T
T = — 0= — P=—— T = —_,
T da u Ua pU2 ’ T=
. _ Y v
= — Y= =.
Y d’ 0
Thus
Ud  inertia pc,  dissipation e T* enthalpy
1'2(3:—:.—.7 P’I‘=—'=——,, c= = = — - ,
v viscosity k conduction U kinetic energy




where

_ 2 .
U= §|Vm,,z| is the mean velocity across the inflow,
T* =1°K is a typical temperature fluctuation

Hats were subsequently dropped, and the domain ranges become:

L H
0<$<E’ 0<y<g.

3.5.2 Navier Stokes Discretisation: Centered flux evaluations, Implicit Euler time advance

In matrix form we have

U OF oG
8t  dr Oy ’
where
P % 5
U=|u|, F=[w+P-g|, G= w— g3 |,
v uv—%% U2+P—ﬁg—;

Integrating over a computational cell, applying Gauss’s theorem and dividing by the cell volume gives
Uiy Firgi=Fiys  CGigey =G
dt Az Ay

Using centered flux evaluations and a functional notation

E+%,j =F (Ui,j$ Ui+11j)

ii—3 _ 0

Uijtuity
2 28
= ijtUitr,; + Pij+Piyr; 1 Wigl,j—Uij
2 2 Re Az ’
wigtuigrg Vi tviery 1 Vig1j—Uij
2 2 Re Az
and
Gijry =G Ui, Uijt1)
Vi tUig41

28
Wit Wig4n Vijtvi41 1 Wil Ui
= 2 2 2 Re Ay ‘
Vijtvig41 + Pii+Pi 41 ol V41—V
2 2 Re Ay -

Using an implicit Euler time advance, the fully-discrete formulation is
n+l _ pn+l n+l _ rndl
e e 1 R T R S G R G
At At Az Ay
In order to evaluate the fluxes at time level (n + 1), a Taylor series expansion is used to express these fluxes
in terms of data at time level n.

n+1 __ n-+1 n+1
LMW ACHARN Y

=F(U}; +6Ui;, Uy j + 0Uit5)

ST, SFT,
n n +3» +3,
= PO Uk ) + 5280+ gt +0 (6vy?).
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The derivative terms are flux Jacobians:

r 1 -
AF™ | 0 2 0
1+2,] — |1 wiituigr; 0
— ]2 2 A R
aUly] 0 Vi j+vig1,; wie Ui jtUit1,j + 1
L 4 Az Re-
- 1 -
OF" , 0 35 0
H’zv] — |1 uijtuitij 1 0
. ) 2 Az R
aUH-l,J 0 Vi J+v;+1 i ¥ e Uigtvipr; 1
- 4 4 Az Re-
1 _
g, |© 0 2
Lity 0 Vi, jtvig41 + 1 Ui, jtui 41
ol . - 4 Ay Re 4
4,9 1 0 Vi, i+ j+1 +
2 2 Ay Re |
1 -
Wity _ | mtvias 1 Wit e1
o, - 4 Ay Re 4
i,j+1 1 0 Vijtvii4r 1
2 2 Ay Re |

If we substitute the expanded fluxes into the fully-discrete equation, we obtain:

i+ 1 OF 1+1 1 OF l__]+ 1 8G,+1 B 1 3G’]___ P
At ' Az 8U;; Az 9U;; Ay 0OU;; Ay 8U;; I
OF" OF | oG? oG? .
1 1,+2,] 6U+1] 1 1—5,] JUZ 1] 1 ,]+2 il — 1 i,J— 2 5U 1 i1
Az Uiy, ' Az OU;—1 ’ Ay OU; j4+1 ’ A OU; 51 '
_ _FzT—ll—z,J Fi"—%,j _ < h.i+3 Grt]—-
Az Ay

Multiplying by At and relabeling terms we obtain

(I + AtB, + AtBy)8U; ; + AtCo8Ui41 ; + AtA U1 ; + AtCL8U; j11 + AALSU; i1
F'}'_ LT Fr, . GT
3

= At i Y

n ™
1]+2 i:j"‘%

Ay

Approximate Factorisation and Block Tri-diagonal Solution
Applying an approximate factorisation (see section 3.4.2) we get

I+ AtA,E_y o + AtB, + AtC, B o]x
_ G"

,]——

GTL
7]+2

Ay.

Fr, . —F",

i+3,j -5,

[I + AtAyEO!_l + AtBy + AtCyEoyl](SUi,]’ = - Az

where Ey ¢0U; ; = 0U;41,;. As described at the end of section 3.4.2, this equation can be solved in two steps,
using the Thomas algorithm to solve in each direction.




3.5.3 Energy Equation Discretisation: Centered flux evaluations, Trapezoidal time advance

Applying Gauss’s theorem over a control volume we arrive at:

dT; ; ity 1 ig+t 1 1 T*d 1 Ttz 1
— T) 3" — "'z — = el — 4= -
dt + (u )z—%u Az +(v )w—% Ay Re -Pr \0zi-i;Az + Oy ig) Ay

o Be (0w _ov), . 3_v+8_u) v)i’H% )
PrAzAy o Oy “ 8z Oy

1
LT3

o B ((0v, 0w\, @_6_“)@)’””%
PrAzAy or Oy Jy Oz 1

hl—3

Using the notation T} ; to mean the central value of the (i,j)th cell and defining S; ; as

sy = Be((fu_ov) | (ov, duy NV Ee((ov o +?g_a_u),,)f’f+%
T Pr\\oz oy " \oz " By v.'% 5275 ) T \5 e g

15— hLi—g
we can apply a Trapezoidal time advance scheme (centered implicit) to obtain
(5_Ti’j 1 = - 1 5_Ti+1,j — 25_Ti,j + 5Ti_17j
1 = = 1 5_Tiy i1 — 2(57‘1', ;4 (S—TiY i1
+ m (vi,jéTi,j — ;100551 — R Pr ( J Ay] J >>
__1 £ fn 1 Tha,; =200 + T
= ——A—-a—: <ui,jTi,j - Ui—l,jTi—l,j - Re - Pr ( Az »
1 _ n 1 TP — 200+ T
+ 8
So we can rewrite this in matrix form as
At At = o ~
([1] + 5 D+ 5 [Dy]> 0T = (= D] T = [Dy] T + Si,5) At 3)

The right hand side of eqn. 3 is the flux integral at time level n. The left hand side can be approximately
factorised as per section 3.4.2 to give

(n+ 501+ 500) o7 = (n+ 50 (10+ 51D ) o

And thus we can solve separately in each direction using the Thomas algorithm as described at the end of
section 3.4.2.
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3.6 Coupling the Two Models

We are now in a position to put the two models together by coupling them at the interface using a temperature
continuity condition. This gives us the boundary condition at the interface as seen in Fig. 5 :

oT or
kGas (2= ) =ksi(=—) -oE(T*-T}
G (8y)Gas ks’(ay>5i g (T TRoom)

This equation is in dimensional form, so we must be a little careful in the implementation to ensure that the
correct scaling is used as we move from the wafer domain (unscaled) to the gas domain (scaled). In practice
this condition gives us a relationship to update the ghost cells at each time step, as follows:

1. Compute the heat conduction in the wafer using an initial condition in the wafer and gas domain of
room temperature everywhere. This means the boundary condition for the top of the wafer is just a
Dirichlet boundary condition, with the value as given by room temperature.

2. Once the conduction in the wafer is computed, we can compute the new surface wafer temperature using
the old gas temperature data above the wafer (assuming temperature continuity across the interface
we can just use 1—’-%1—1 = T wan). We can now use this wafer surface temperature as a boundary
condition to advance the energy equation.

3. Once we know the new temperature distribution in the gas flow domain, we can use the coupling
equation to obtain the new ghost cells such that the heat equation can be advanced. Steps 2-3 can
now be repeated until the solution is within a tolerance value of steady state.

For the purposes of this study, we only wish to know the heat transfer at steady state as this will enable us
to extract the heat transfer coefficient by comparing with the boundary condition we assumed in section 3.4
for the heat loss through the wafer,

kSi (B_T) =h (Tw - TRoom) -0k (T4 - Tl%oam) :
Oy ) s
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4 Results

With the volume flux through the domain held constant, and the jet radius d fixed, results were obtained for
a range of H. This was repeated for varying Reynolds numbers (Rey = %) corresponding to differing rates
of flow. The values used for the parameters are tabulated below. A mesh size of 80 x 80 was found to give

a reasonable accuracy / computation time trade off, the time taken for each test case was about 40mins on
a P4 1.8GHz system.

Rey U H/m | d/m | H/d
9.33 | 0.02800 | 0.017 | 0.005 | 3.4
9.77 | 0.02933 | 0.018 3.6
10.22 | 0.03066 | 0.019 3.8
10.66 | 0.03200 | 0.020 4.0
11.11 | 0.03333 | 0.021 4.2
11.55 | 0.03466 | 0.022 4.4
11.99 | 0.03600 | 0.023 4.6
12.44 | 0.03733 | 0.024 4.8
12.88 | 0.03866 | 0.025 5.0
13.33 | 0.04000 | 0.026 5.2
13.77 | 0.04133 | 0.027 5.4
14.22 | 0.04266 | 0.028 5.6
14.66 | 0.04400 | 0.029 5.8
15.11 | 0.04533 | 0.030 6.0
15.55 | 0.04666 | 0.031 6.2
15.99 | 0.04800 | 0.032 6.4
16.44 | 0.04933 | 0.033 6.6
16.88 | 0.05066 | 0.034 6.8
17.33 | 0.05200 | 0.035 7.0
17.77 | 0.05333 | 0.036 7.2
18.22 | 0.05466 | 0.037 7.4
18.66 | 0.05600 | 0.038 7.6
19.11 | 0.05733 | 0.039 7.8
19.55 | 0.05866 | 0.040 8.0
19.99 | 0.06000

20.44 | 0.06133

20.88 | 0.06266

21.33 | 0.06400

Table 2: Ranges of parameters used for obtaining results
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The figure below shows the streamline pattern for a domain with H = 17mm, d = 5mm, Rey; = 9.33. The
Jet inlet is at the top left of the figure. The darker color shading corresponds to larger velocity magnitude.
(Note that the vertical is exaggerated by ~ 5L.)

171
U
0.985
0.930
0.876
0.821
0.766
0.711
0.657
0.602
0.547
- 0493
— 0.438
- 0.383

Figure 9: Gas Vector Field Characteristics
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08
I
Figure 10: The heat transfer coefficient for H = 17mm, d = 5mm, Req = 9.33

The following figures (figs. 11 and 12) show how the temperature varies in the gas flow and wafer, for the

same domain (H = 17mm, d = 5mm, Req = 9.33). However these figures probably do not represent the
actual temperature observed experimentally, due to the limitations outlined in section 2. It may be noted

qualitative behaviour of h in order to asses its uniformity.

that a change of 1Wm 'K ~! in h produces a temperature deflection of approximately 0.6° K. This estimate
is not refined further however due to the qualitative nature of the study, i.e. we are really investigating the
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T/°K Y

1333.78 H —
1275.83 - = i
1217.88 ; 7 TR
1159.94
1101.99
1044.04
986.10
928.15
870.20
812.25
754.30
696.35
s 63841
= 580.46
522.51
464.56
406.62
348.67
290.72

L Z

Figure 11: The temperature in the gas above the wafer with the jet inlet at the top left of the figure
(H =1Tmm, d = 5mm, Re; = 9.33)

1305.76
1305.53
1305.29
1305.04
1304.81
1304.58

L z

Figure 12: The temperature in the wafer with the jet impinging at the top left of the figure (H = 17mm,
d = 5mm, Rey = 9.33)
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We aim to relate the heat transfer coefficient (HTC) to the Reynolds number (Re) and the ratio (&). Firstly
suitable scalings were chosen to represent the data:

for the vertical scale

(h - hoo)
(th - hoo)7
and for the horizontal scale
x
z*’

where
h is the heat transfer coefficient,
heo is the value far from the jet (for each Re),
hpy, is the peak value (for each Re),

z is the distance along the plate, (non-dimensionalised with respect to L, the plate length)
z* is the z value where Ugﬁ:—f‘;&; = ; (for each Re).

Providing that we can find suitable relationships for the parameters that depend on Re, we are hopeful that
a generalized formula for the HT'C can be postulated.
A sech? ("—z) curve seemed to be the most obvious choice of profile to fit the data, matching the curves at

por
Tz =z*ie.

__—(f(zh — h;")) = sech? (%\;) with A = cosh™' (\/5) ~ 0.88137...
Pk — oo

The two plots below show the scaled HTC data along with the sech? (22) for Re = 9.33 and Re = 21.33.
The fit is still pretty good for the larger Reynolds number. Larger values of H (corresponding to larger %)
give profiles that spread out a little further, the effect being more pronounced for larger Re, as one would
expect.
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(h - hoo)

(hpk — ho)

(h - hoo)

(th - hoo)

61

1

H =0017—"

1

1 2 3 4 5 6

Figure 13: (a) Scaled HTC for Re = 9.33

Figure 14: (b) Scaled HTC for Re = 21.33
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In order to correlate these plots we need to find relationships for hpg,heo, £* in terms of Re. By assuming
relationships of the form

’

H apr(Re)
hpy = Apr (Re) [g]

we can plot

loghpr v apr(Re)log [%}+10gﬁlpk,

and thus obtain apy as the gradient, and log(Apk) as the y intercept of the best fit line for each Re. This
gives data for apy and Ap; with Re so that plotting best fit lines to quadratic order through these curves
gives us our relationships. This process can be repeated for hy, and z* and the resulting plots are given in
appendix B.

Putting all this together, we obtain the following formula for the (dimensional) HTC:

h = sech? (2—15) (hpk = hoo) + hoo,

where
A =cosh™! (\/5) ~ 0.88137...,
hpr = Apy [%} b )
i
. = As [%] )
with

apr = —0.6940 + 0.02337Re — 0.0003527Re?,
App = exp (1.7406 + 0.08516Re — 0.0016294 Re?),
Qoo = —1.1799 + 0.02651Re — 0.0008423 Re?,
Ay = exp (1.8876 — 0.04313Re + 0.001608 Re?),
. = 0.89427 — 0.0159963Re + 0.4722 x 107°Re?,
A, = exp (=5.66657 + 0.029919Re — 0.0002652Re?).

In order to assess the accuracy of the formula in comparison to the computed HTC the difference between
the computed value and the formulated value are plotted for increasing Re (figs. 15 to 19). In these plots =
is the (dimensional) distance along the wafer (in meters).
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Figure 15: (a) Error for Re = 9.33
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Figure 16: (b) Error for Re = 11.99
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Figure 17: (c) Error for Re = 15.11

Figure 18: (d) Error for Re = 18.22
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Figure 19: (e) Error for Re = 21.33
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If we now plot the maximum error (E,,,,) for each Re we obtain fig. 20

MaxError .21

8
6
4
2
|
10 15 20 25 30
Re

Figure 20: Maximum absolute error in predictive formula

The least squares approximafion to the curve is given by
Emae = 0.2224 — 0.04273Re + 0.002700Re?.

This relationship is useful for estimating the error introduced when extrapolating the formula to obtain
results outside the range of the computed data. Looking at figs. 15 to 19 it appears that increasing % is not
going to change the error behaviour substantially. For low Reynolds number, low values of —"di are perhaps
prone to error when using the formulated result.
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5 Conclusion and Proposed Future Study

A 2D second order accurate computational model of the heat transfer processes occurring in a jet cooled
Silicon wafer was constructed. The model was used to find a relationship between the surface heat transfer
coefficient, the Reynolds number and the ratio of the jet height to the nozzie width. The formula was
compared against the computed data and found to be in good agreement with the computational model.
This provides a very useful relationship for calculating the heat transfer distribution. However, the validity of
this result in the light of experimental data has not been investigated, which is perhaps the most significant
failing of this paper. Most experimental data that was encountered catered only for high Reynolds numbers.
Given more time for the study this is obviously something worth checking. Another point of contention that
remains is whether the model created is actually of any use to engineers at Vortek. If we look at an enlarged
overhead view of one jet from a row of jets (the neighbors having the same flow patterns), we may expect
the following picture, fig. 21

Impinging Jet

Y

-
L

Figure 21: Overhead view of one jet from a row of impinging axisymmetric jets

In the vicinity of the jet it would seem that the flow radiating out from the jet in any particular direction
is an analogue of the 2d flow described by the model. The velocity will be different, however, as the flow is
spreading out radially. Further investigation of the flow field due to an impinging axisymmetric jet would
be instructive here.

The results obtained in this paper indicate that a 3D model using a similar coupling condition would be
effective in describing the flow due to one or more impinging jets. Using a fully 3D model would allow
experiments in jet configuration and should provide information on how best to arrange the jets on the
shower head to obtain a uniform heat transfer coefficient. Results obtained in this study would be very
useful when validating the model. Depending on how accurate the results turn out to be (after comparing
with experimental and 3d numerical data) it may be useful to investigate interference between jets e.g.
by modifying the boundary conditions to include, say, two neighboring jets. It is a little uncertain as to
what the flow field would look like, and it is likely that the different ranges of Reynolds numbers will cause
qualitatively different flow fields. As long as the gas flow can be computed, it should be a straight forward
task to repeat the method used to postulate a predictive formula for the heat transfer due to two neighboring
jets. This may provide much needed insight on how close the jets should be placed together in any particular
configuration.

In order to present some results that might be useful to the actual setup used at Vortek, an example
showerhead was converted to an equivalent row of slot nozzles. The results are intended to be used to asses
how the temperature is offset by a varying heat transfer coefficient. The example showerhead has holes
placed in concentric rings across the 10em disc. By taking a line drawn from the centre outwards, the rings
were translated to slots (the radial distance is now just the distance along the 2D plate). The speed of the
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Figure 22: Sketch of the flow due to two neighboring jets as a possible future investigation

gas through each hole was assumed to be the same, and this gives the same effective Reynolds number for
each jet. Thus using the predictive model, the heat transfer coefficient may be formed via a juxtaposition
of single (slot®) jets. This of course neglects effects due to cross flow, which would probably offset the data
by a constant amount across the plate. The data pertinent to the example is tabulated in table 3

The jets on the example showerhead disc were placed as follows:

1 hole at the centre
8 holes at 0.5em
12 holes at 1em
16 holes at 2cm
32 holes at 4em
72 holes at 8cm
This conﬁgufation was converted to a slot nozzle configuration by having
1 slot jet at the centre
1 slot jet at 0.5em
1 slot jet at 1em
1 slot jet at 2em
1 slot jet at 4dem
1 slot jet at 8&m

The total volume flux through the example showerhead is

QT = 0.5 1/min = 8.33 cm®s™ L.

3the word ‘slot’ is used to verify the fact that the jet is now 2D
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Parameter Value Unit
Wafer Thermal Conductivity (ks;) 149.0 Wm- K1
Wafer Thermal Diffusivity (xg; = %ﬁ) 9.0 x107° m?s~1
Wafer Stefan Boltzman const. (o) 5.67x 1078 | Wm—2K—4
Wafer Emissivity (F) 0.7 -
Influx (a) _ 2.33 x 10° Wm™2
Air kinematic viscosity (v) 1.5 x 1075 m2s~!
Room Temp. (Troom) 297.0 K
Wafer Length(L) 0.10 m
Wafer Width (b) 0.0007 m
Shower Head Height (H) 0.01 m
Slot Jet radius (d) 0.00075 m
Peak Jet Incoming Velocity (|Vinaz|) 0.049 ms~!
Jet velocity scale (U = 2|Vinas|) 0.0327 ms™!
Jet Reynolds No. (Re = Y4) 3.27 -

Table 3: Values of parameters used for example calculation

The total area of holes is
Ar =145 x 7 x 0.0752 em?® = 2.56 cm?.

Thus assuming the flow through each hole is the same, the average jet velocity is

& QT —1
====32 .
U Ar 3.25 ems

This gives the jet Reynolds number ~
Re=Y4 _ 163
v

Based on this data (Re = 1.63, H = 0.01 m, d = 0.00075 m, thus —I;—[ = 13.33), the model predicts that the
heat transfer coefficient is

h = .865395 sech? (25.617484z) + .323462.

and the maximum error in this is predicted as
E ez = £0.165
Thus the composite heat transfer function is

h = (.865395sech?(25.617484z) + .3120719659) +
(.865395sech? (25.617484(z — 0.005)) + .312072) +
(.865305sech? (25.617484(z — 0.01)) + .312072) +
(.865395sech? (25.617484(z — 0.02)) + .312072) +
(.865395sech? (25.617484(z — 0.04)) + .312072) +
(.865395sech? (25.617484(z — 0.08)) + .312072).
With an error?
E, o = £0.99

Thus by computing the conduction in the wafer using the uncoupled wafer model (sec. 3.4), the temperature
in the wafer can be computed at any time. For this example the temperature on the surface of the wafer at
steady state along with the corresponding heat transfer function is plotted in figs. 23 and 24.

4This error is just a theoretical value formed from a sum of the errors in the composed heat transfer functions. The error
due to the cross flow now introduced is likely to make this error estimate physically unrealistic.
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Figure 23: (a) Composite heat transfer function for example showerhead calculation.
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Figure 24: (b) Steady state temperature on wafer surface for example showerhead calculation.
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Figure 24 shows the deflection in heat transfer coefficient predicted by the model for the arrangement of slot
jets as described. It would be interesting here to compare the results found with the data obtained from
experiment, unfortunately at the time of writing this information was not available to the author. Using
the method described here, any arrangement of slot nozzles (and with differing Reynolds numbers) can be
investigated. It is also worth noting that the spread of the jet (which is likely to be smaller for a round jet)
could most easily be adjusted by raising the exponent, of the sech function. There is also more tweaking that
could be done in the light of experimental results e.g. changing the Reynolds number for each slot nozzle
to better represent the flow. It is expected that neighboring jets will aid each other creating lower pressure
areas where the holes in the showerhead are concentrated.




A Validation

To ensure that the results obtained from the computations were correct, some exact solutions were formu-
lated and the L2Norm of the difference between the exact and computed meshes was calculated. We expect
this L2Norm to decrease by a factor of 4 as the mesh is doubled in size for second order accuracy. Unless
specified otherwise, the following data was used for the various physical parameters. The actual values of
the parameters are not required to be exact (in fact the parameters will vary with temperature) but the
values were chosen to be of the same order of magnitude so as best to validate the numerical scheme. The
values used for the parameters are as tabulated in table 1. The temperature scale is in Kelvin.

A.1 Conduction in Wafer
A.1.1 Test Casel

[ This test case is designed to check the validity of the solution in the z direction.]

In the interior of the rectangle we have

o7 _ (8T &7
gt~ "\8z2 T 5

Subject to the initial condition T (z,y,0) = Ty (const) and the following boundary conditions

or or _

/)
()

Figure 25: The boundary conditions for the temperature problem 1.

Firstly we decompose T into the sum of a steady state component and a transient component.

T =u(z,y) +v(z,yt)

With u (the steady component) satisfying Laplace’s equation with the same boundary conditions as for T
but with no initial condition (there is no ¢ dependence, and v satisfying the full heat conduction equation
with homogeneous boundary conditions and the initial condition v (z,y,0) = Ty — u (z,y)

We obtain

u(z,y) = m oS (27%6) cosh ((y —b) 2%)

For v we try the following expansion
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’U"Z ZAnmcos(

) sin (oY) e"N(°3‘+ﬂ’f_ﬁﬁ)t
n=0m=0
which satisfies the boundary conditions at the left, right and bottom of the domain
Then the boundary condition at y = b yields

gcos{o,b) =0= 0, = @Gntlm

5% n=20,12..
. ((2n+ )7y —n(o24+mig )t
iv—ZZAnmcos( )s (T
n=0 m=0
The constants are determined by

mzy . ((2n+1) 7y
"m—L/ / (Ty uzy)cos(L)sm( 5 )dydz
_ 2 mrzy\ . ((2n+1)wy
= L/o 5 Tocos( sm( )

mrzy , {(2n+1)7y
| 17 % L/ / (z,y) cos i3 ) ( 5 )dydac
@ @
With . ) )
T T
u(z,y) = ——=——cos { —— | cosh —b) —
@) cosh (222) ( L ) ((y ) L)
Now .
4Ty : _
o R ifm =0,
0 ifm#0
And
L .
mnz 2nz\ )0 ifm#2,
/0 cos (=) cos (T) N {g if m=2
® = 412 (2n +1)
((2n +1)2 02+ 16b2) 7r
And so
o0
_ 4T, . (Cn+1)my —s(o2)t
”‘g(znﬂ)wm( 2 ¢
ad 2 an?
# 3 I o (202 g (Gt D) ool )
= (en+1)7 L2+ 16b2) 7r L 2b
The steady state is reached very quickly, due to the high thermal conductivity and the very small thickness
of the wafer.

For the steady state case, the values for the Lo Norms were as follows
Mesh Size | Lo Norm
20 x 20 | 1.648e-006 -
40 x 40 | 4.129¢-007 | 3.991
80 x 80 | 1.033e-007 | 3.997

Factor

For the transient case the L, Norms obtained were

Time Step | Time Level | Mesh Size { Ly Norm | Factor
0.0025 0.5 20 x 20 0.1589 -
0.00125 0.5s 40 x 40 0.03961 | 4.012
0.000625 0.5s 80 x 80 | 0.009896 | 4.003
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A.1.2 Test Case 2

Again we are solving the heat conduction equation, this time with a prescribed flux on the bottom of the
wafer, and Newton cooling (convection) at the top surface:

g—g (z,0,t) = a(=z)

oT
% (z) b, t) - ﬂ (T - TRoom)

Firstly, we can scale the temperature to simplify the convection term slightly by letting T = T = Troom and
dropping the hat, remembering to rescale the temperature at the end.

v or

a =T

6T=0 or

E\\ //E

Figure 26: The boundary conditions for the temperature problem 2.

For steady state problem, the eigenfunctions are given by:

Xn = cos (n%)
Y, = A, cosh (%) + B, sinh (%)

The bottom boundary condition gives

a(z) = iBncos (%) %
n=1

So as long as a(z) is sufficiently smooth, we have

niw 0
Ony=
orT
il
> . nmw nm nw nntx s . n nre
= ;::1 (An sinh <—> + B, cosh (—)) T cos (T) = [3; (An cosh (—) + B, sinh <—)) (T)




In particular if o () = a cos ( 2—2“—), for the steady state problem we obtain (after rescaling the temperature

by TRoom-)

La

u (1,', y) = TRoom + —

21

i 27by _ 2mbY 2m
(Bsinh (%) — cosh (%) %) (222) + sy (27?/)] oos (222)

(sinh (2£2) 2= — Bcosh (22b))

For the steady state case with 8 = 2 x 10°, the values for the L, Norms were as follows:

A.1.3 Test Case 3

Time Step | Time Level | Mesh Size | Lo, Norm | Factor
0.005 1.0s 20 x 20 1.795e-005 -
0.0025 1.0s 40 x 40 | 4.499¢-006 | 3.990

0.00125 1.0s 80 x 80 1.125e-006 | 3.999

The transient solutions obtained so far have boundary conditions that are discontinuous across ¢t = 0, and
therefore very small time steps were réquired near ¢t = 0 in order to get an accurate computation. To better
validate the time accuracy, another solution was obtained that had zero influx at time £ = 0 and then
increased linearly.
The boundary conditions are shown below.

Y

Figure 27: The boundary conditions for the temperature problem 3

Since the boundary conditions are 1D, (a(t) does not depend on z) the solution will not vary in the z
direction. Letting T'(y,t) = u(y, ) + v(y,t) we obtain two problems to solve for u(y,t) and v(y,t).

Su 8u
o _ gt b
5 K,ay2 0<y<
U(y, 0) = TRoom
un(0,t) = u,(b,t) =0
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v v
E_Ea_yz O<y<b

v(y,O) =0
kva(0,t) = —af(t) vn(b,t) =0

Clearly, with a constant initial temperature and insulated sides,

For v(y,t) we try the expansion

dan(t) 2k [° 8%

nm
0 a——z-wcos(T" .

t nm\ 2 2K
7 + K (T) an(t) = Ea(t)

an(t) = 2F / SRl rdr

If we suppose a(t) is linear
at) =ct

xn2n2$: )
= an(t) = 2“/ Tdr

2([ et bor ]f=t_ [
0 0

bk Kn2m2 Pz

2ch b? _xna2,
— T2 b —
" kn2n? [t T (e ’ 1)]

nnzwz t—71
w d’T)

ket?
ao(t) = E
rct? kad nwy
v(y,t) = 5t 2 an(t) cos (T)
n=1

2b n2m? kn2m?
n=1

P T S 3 2 o s () o (1)
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For the transient solution, with a ramp up time of 5.0s, the following L, Norms were obtained:

Time Step | Time Level | Mesh Size | Ly Norm | Factor
0.01 1.0s 20 x 20 | 1.144e-005 -
0.005 1.0s 40 x 40 | 2.874e-006 | 3.980

0.0025 1.0s 80 x 80 | 6.933e-007 | 4.145
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A.2 Energy Equation
A.2.1 Test Case 1

The boundary conditions are shown below.

T=0
u=20
v=0_0
Y
1
T = sin(ny) B_T_O
u=up \/\ Oz
v=0 U= Uy
v=20
L z
T=0
u=20
v=0

Figure 28: The boundary conditions for the energy problem 1

roexp (1 + rol) — ryexp (r L + raz)

@y =sn () [ o ral) — i exp (n L)

where

2
) i HE
"2 4K2 o
and the velocity was simply specified by
Uy = 10 v=0

A Reynolds number of 666.666 was used, and the following L2Norms of the difference between the exact and
computed solutions were obtained:

Time Step | Mesh Size Lo Norm Factor
0.005 20 x 20 1.738e-005 -
0.0025 40 x 40 4.343e-006 | 4.0017

0.00125 80 x 80 1.0669¢-006 | 4.0710
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B Data Plots

The following plots show how the various parameter relationships were found. The trends for Apy, apg and
A, , a, show the best correlation (These parameters are related to the peak heat transfer and the spread in the
heat transfer respectively) . The trends for A, @ (related to the heat transfer far from the impingement
point) are more sensitive to the convergence of the gas flow. In order to get a better trend here it may be
necessary to converge the gas velocity next to the wall to within a smaller tolerance.
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Figure 29: (a) apr = —0.6940 + 0.02337Re — 0.0003527 Re?
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