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AR ILLUSCRATIVE PERIODIC ORBIT OF THE SECOND GENUS.

[, | _ S . 1. The P_r_o'blém

The “th»eet ot this paper 15 to Eonstru_ct algebraically and
graphically a period_ic orbit of the second genus . |

In 1772 ngiangel showed that if two finite spheres rev:olve
in ci'reles’ about their commom centre of mass, them there -a:;e;‘ thréé
points on the linaf joining thelr centres 2t which an infi;xitesimal
body would remin if given an initial projection so as te b“ej )
instantaneously fired with respect to the moving bodies..

%hen the 1nf1nitesi§ml body is given an initial displace-
ment from the polnt of equilibrium, it is possidle, by proper choice
of initial conditions, to conatrucf closed orbits relai!ve_ to the
_wmoving system. |

Orbits known as periodic orbits of the first gemms _héve.
been discussed by foinea;re,z. Darwin, Flummer, andwoth.era. inclnding
anl.ton. whose "Oscillating Satell 1te_3" (Chapter V, "Periqdic-Orbits")
is guoted in this paper. |

Second germs periodio orbite are defined by Poincare’
A discussion of such orbits, a proof of their existence, and the

theory for their construction, sre given by Dr. D. Buchanan in

a paper entitled "Periodic Orbits of the Second Gemus Fear the
Straight-Line Equilibrium Polnts."
Our construction is msde following the rethod sugwested

by this latter dissertation.
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2+ The Equations of Iotioms

Let the motion of the infinitesimal body be referred to a

set of rotating rectangular co~ordinates £ N,S of which the origin

is at the centre of mess of the finite bodies, the § axis is the

line joining the finite bodies, a2nd the &-7- plane is the plane of

‘their motion. The units of length, mass, and time will be taken

S0 that the alstance between the fimite bodies, the sum of thei;{

masseg, and the constant of proportionality respectively shall each

be unity.

and (-4, (0<  =4) On denoting the co-ordinmates of the

Let the masses of the finite bodles be denoted by At

infinitesimel body by £,.§ and differentiation with respect to

& by primes, the differentisl equationms of motion are’
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The equilidrium points are given by the solutioms of the

oquziul‘:

du _ du _ QJu

26 on 2§
6f the two sets of points satisfying these equatioms we are comocermed
in this discussion only with those points which lie on the straight
1ine joining the finite bodies. In this set there are three points,
which are denoted dy (a), (bj, (c), where {a) 1ies between + & and
the finite mass m, (b) between m and 1-m, and C between l-m and -
The co-ordinates of these points are represented by § , O, O where

the particular value of £ depends upon the point in question.

3s The First Gemms Periodic Orbdits.
To obtain the first gemms periodic orbits we displace the
infinitesimal body so that

E=& +€X, N=o+ey, f=0+c%, (ED)

where £ 1is an arbitrary parameter, and transform the time by putting
t-t, =(1+8) T,
where { s determined as a funotion of £ 80 that the solutions in
X,y and s shall de periodic with period 2 T in <. On denotimg
differentiation with respect to t by a dot over the variadble, equations
become s
X -2/ H-&)ci =(H~8‘)"{X, +X, € +~-+X E l

G+ 2 (8 x=(1+8) ERARA a+--+ye - f (3)
3= (+5) NZ+2,64--¢2,¢ 4}
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where X , Y , and Z , are homogeneous polynomials of degree K in

x,¥ 2nd z. leze values needed in the practical onnstructions are:5

= (1#24)x, X, =% B(-20y4y")

)(.3—_%02,C(.zx3— 3;43"> 3x3 ™),
Y, (IfA)_t(.f, Y, = 3Bouy,
ys 3¢ (,%1»%.’,}34%1))
2, =-A1, Z, = 3Bxas,
Zy= e (—wrydyy 430,

P o (©)
A = A‘LOJL +}LL)L) /L = + \/(gT—

(I

I

4>

C__.’_f_/f{__l_/‘&

@!‘m upper, mid‘dla or lower signs are takem in B, sccording as the

—-  gquilibriun point s {a), (b), or (c) respectively.

-~

' The periods of the periodic solutioms of { 3 ) are deterrined

PN . =
from the soluti-m of the lipear terms. These solutions are
-(.o“L"

X = K‘L t—k +K3z +L’41ﬂff C:J:T
= in(Kie kT ) o (gl Mk 27)
3 = Kg¢ cooVa T +K, 4 VAT

n= Tihi+2A M L1224
2 o ’ r
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where K, —------ K/, are constants of integratiom, and 0"~ snd /0“

are the negative and pesitive roots of the guadratie im A _

AP +@-A) A" + (1-AX1+2A) =0

One real period(for which K;5K-=0 ) 1s 2t /ﬁ\_. and orbits with this

period are called orbits of Class 4. Our comstruction concerns this

class only. The periodic solutioms of Class A are

SL‘:OE +‘(a,"f“‘8‘lCn-d.2JXC)£l+ OE~3 '—.u“
€g =o€ + (¢, 4 2/Aa T)E™ Fogdh -, (&)
& ’é' - ('/JXM/X C)E +~a, (BMﬁt_%gﬁz)gjj
(S" - 0€& ""5:(2)8"4} o +6‘:2J£ 1J"
 where 0 — -36 _ 38(i1+3A) : ~
T 4 A (14+24) - T
* HA(-7A+112A™)
— 3B
¢

= ) A, = 3 3B"‘l+3A) A
er (l"'fA"‘lfA’:) ! ‘9‘1’A£ ’—-—7A_+(fA"'-C

o 9 [33’—0— A +14+A7)

T LAY L(+2A)((- TA H15A)

2

The initial conditioms chosen are

€ 3(c)=0, &xl)=c¢.
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4. Periodic Ordits of the Second Oemms.
Pollowing the methed in the "Periedic Ordits of the Second
Gemms,” 5 we return to equations (1) and make the same tramsformetiems

as bdefore with the exception of putting

t-t, = (& 1+y) T, (©

mé’ma/mummnm. w-mt-mutunéofA tor €,
where £, and /are arditrsry parsmeters.  Bquatioms similar te (3)
resuls, exoept that ( [+ & ) 1s replaced by (1+8X14)) ma& vy
(Eo+A )

A displacemsnt of the imfimitesimal body from the periodic ordit
of the first gemus is them gliven, 80 that

1:1.1-'9, Y4=Yotg, F=%+x (»

were £, X, 64, o8 E; 3, define ordits whose solutioms (alemg
with § ) are defimed by (5), where{ +)replaces 8.

Then Jr:.‘ A:o. we odviocusly have equatioms (Z), and comsequently
the equations defiming p,q snd r sre

o —

b-2(ir8)q +0+8) LR+ RogrFyn |
= (1+8)7F +2( 4+SX(4',+% )
+(#8) 2y L1428 X x+p) +(E, +A)3B{ 20,44)"
F g+ (3, ’L)‘j + (6+7) .z(‘{l(l,ﬂb) -
()Y ) =323 n) o
H(+E)A [3 6{-20x,1) % (9,4) +e,.m)‘}

+4EC L 2( L sy = 3(pXy ) [+



+(1+8) AT [2¢ {a(x+p) 2 3(1,@)(9,#%)1;3(3‘1*#)?,*/0}
+ o= d

| Cl' + 2 ( lf&)); +( 1+8) " [Qy o+ Q4+ Qg ]
=Q+5)1&.~2('+5‘)ﬂi.+k) | |
HE (2 ) [(-A) 409 )+ (6,+A) 30 (rp Xyr4)
+ (E'.,M)lg-(? {*‘f(l.ﬂbﬂ ‘jc*%)+(‘3.+fb—)3~(y,+‘?-xS,Pﬂ)j*J

F(1+8) A [38 (X 9,140+ 36, {4, 14) 14,14
+ (9.+1;)5+( Yy X 3t + - |

+(1+8) A [ e~ 419,94+ (y+9)3
(9 Q)™+ e o e

(8

Ao+ (18T L Rup+ Riq +R); n |
= (I+5) K,

F O (20 45 [FA(3,00) +(541) 36, p)(3)
+( For/\)L.j: C {—- b (ytp) (307 ) +y,+9)7(3,+2)

‘+(3|{'ﬂ‘) 3+‘J' + --—- J

+0+8)"A [38 (1) 3,00)+3&c {0 p) (3,02)
(g ) + (3,02 f4 - ]

+(1+45) LAL[_% C i—‘%(x,rfs)"( 73,1—/:,) +(3,+%)L(3,HL)
| +(}l’”")3+‘ T _] +-’-)




where &

Pu = —1-2A +6BE X, —6CE (2x, 2y, - ’3")—}- -
Pla=Qy=-23B¢ Y +i12Ce) x, G+ -
Pa=Ry=—3 Be 3, +12Cg*x, 3+ S

R, =-1tA-3Bgx+3cCE (42, 3y, e
Qua= Kiz= = 3C& g3, + -,

‘K3 - A-3B %1,+-2§/ C&;‘(%x,hg‘ugglmh =
P = 3 BE(-2p g ) ¢ o

& = 38'&2({7% + ——
K, = 3B& pr + -

Oe The Equatioms of Variation.

3 the lirear terms of {8) only are comsidered we obtain

the "equatiomns of varistion", whose solut!ms are shown to be

q,T 0, T T
+ = K, %' L+ ZP—" .+ K, Q.FQ +I\’*[ﬁ,u.+

+ K¢ g +K (uu—kr‘,ug)

+ Ky g + ke(W#kL Ua)

)
_L(TC

JL= L(k'a&tﬂtw;—* )‘f"K&ﬁ ~ _{0’ .,_

+ Kg Wy + Ky (Wi+ KTwg),




vwhere

=+ (P> -
U= At (D &+ |
Wi= 38 ra-03) Y co VAT - Yim aniAc £ ()65

0, = T+ & [0 0 (1134 )-B+7A-224%)} 5’“(,,4 1+)AJ;--
I6A 0>( ¢ 4-G3)

,,U,, Zldkﬁ-‘é)-UD—éJ\JmLL U_LU_M/CZ(,%% Ptla,

Lﬂ,g): [ + ( )€°+--—-)
U3=h+ ( )foL“‘ T
l.lf3= — 36/‘{-Af )[?aﬂr “J—' AiA t) 5+ ( )€3+~-

_ s %"[{”(« (3A)+3+7A 22Aj 5%(- 5
fi = [+ [ IQA[’sCLfAVo) : A)[H A)J

Ly (T)=ty (-T), U4 (T) =0y(-T), w(c)_w;(%))
»(1;5:( 244 /A e~ JAT)ET + ()g* + -

e = (2¢ ﬁudozlf“c)ci + () g% -
(s va e + () &3+ -,

Wy = 2(a,+4b cog2yAT) G+ ( ) €3+

£

Uy = 2(¢ @i 2VAT) € + ()g3+”)

gy = YVA e VAT +( g ¢ -
K= —Jirgp[2 8%+ (e ]




6+ The Complete Bquations.
In order te solve the complete equatioms we putd

od 7 o0 T ) T P T
‘P-—; i'#‘,A, %: E‘%IA) M= = be/\ , )/-_— E'LA )

I=|

¥e now solve the differential equations obtainedpbyaequating the same
powers of A in eguatioms () after t he above transformation i8 mades
Simce A ocen be taken arbitrardysmall the constructionsarc made for
the first power of A omlyand forthc second (n & . Certain terms,

however, in the equations for A"arc considered in the determimation
of Y‘ .

The equations involving the coefficlents of ) in equatioms (8)

are

- 2(18)q, + (+8) [P+ Pagt fiz ]
= f {& (Sy+Sizems2VAT) + ()&% -]
+ {(5,3- S;13Ce20A T ) + (S,‘f + S,smzﬁt+s,‘wwit)§f+,

;if' +.2(H-J)ﬁ, +(1+6) " [Q, b +&,,% ,+ 4,5 rz_']
= h {(SMA;.ZJ‘A‘C)& +( )g3+--..}
+ { Sop 4mn 2UA T +S_23,4<;..trJ‘4“rj £%% -
)“l‘gl +(l+5>"[£" vh'f‘ Rlz%,"’ RlB )L,]
= Y {33,4—4}& VAT +(S;, 4 VATH 5334,;,“3‘/‘51)&;_.}

+{SMA4L~J?1:+ 53544;._3m"tjé;§. ()£°°+_.)

(o)

b
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where
36

5,|=2(|+2A)a,+}—;,
3g

Si,= 4G A —a+2(l+:m)£—“

3e
137 44 )

§py= SR e&C 9B, 3B G IBG 3BT sba,’,

A 2/A 2A Yy 2

A
)
Sic = (lt_l._&,(:'iC_3Bdl qpds _ 380, CG.,J',G)

_ _3BG* 3B4*
A 2 VA % 2
_ 3 Ce,
Su—— SEDQ.C"‘" ZA ’
Say = Y&UA +a(i-a)c,
SL3 = 3864 3&
2 A’
S31 = -2VA4,

- ¢ Ba, 384 Lng’(‘d
S32=-6Adt waste = "R C
: _ 3¢, 3 8¢
533-:-2ACL' Q—Ai’r ﬁl'

38a, 34 9C
S3Lf= . T = 3
VA 2/A A =
| 34 3C
S3g = — — ——
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The complemertary functions of these differential equations
are similar to (9) with, of cmse’, differemt arbitrary maltipliers.
The particular integrals are obtained by the well known method of the
‘vsﬁatiw of mamters", The steps in the solution for the
particular integrals are explained fully in the "Periodiec Orbits of the
Second Gm;a“s. and therefore the results only are glven in this paper.

As explained in the aforemertioned paper the arbitrary
mltipiiers (demoted by kil - k') can be dealt with 1n patrss

and from each pair there results a part of the particular integral .

xi“nand keu&m,__;
=N [{z Fry z,_,-f_f Cot2JA qq%‘_& ~?~%}:ﬂawm
—~ \QM'ZMZJ;C _ 2 heni+ia E3wemt}§‘+-~
le —0, 3¢—-0,*
+()/{2F' z Ff“"rscwﬂ“r 2k942 Ry yrat e;+]
-5 | T

Nn'—{—-__i,,umz.mr} { F—#Qd” 227 20,70 40, 2/AT

¢~ 7 306—-0“"‘— l N("}Z‘—C}%')‘M
"y f‘*%fr.’%: st 2R SFtag o e,
]6— 0""’

(1)




_ 3NDB rFy  wFe Ry |
M e “(‘Tlr 0, (+-9%) VA (+-}") A~ JAT

Fedi _ tFy ) |
+(ﬁ(%—"7‘) 0 (¢-7,%) A“‘NXC}{ + ----

(2R RotaFs  4F 420 F¢
— 4 21+ S . T
4')/' (dﬁ\ VA (¢-7") (T,(‘f f")) VA

tht 20k, 8 Fs+20, P Fo+4Fe_Foq2Fe
+'(r,(“‘" ) (-G YA (1-G) J’A( ) 4. 3JAT

+(M‘,M‘, s sUAT ;,WJ
0 (16-9%) A (1-6,") 6 ,

(1) (1)
Xy ek, glve-

b= N[ {20 4 St o i 2 Kt S

‘ffﬁ‘* Aar e
+ 391850 uegat + L+ g me (g
Ao A Are36
+m{z@.fgﬁ_i_+_q_& 2WAT+2 5488 e §‘J
( e o £+t
= Nm[{-—__.——tt'f’g j + {‘*'g_x_ﬂ__‘i’ ’9”,.“;._2\}’51:+?__91'£.'5"Wt
A+ At edl
+ 12 900‘1/99'3,44;“7»11} §L+ o
R+ 3¢

+ {;9 RPN I TP T g,]
£+ 16



= 3N,3 [ 25¢ 4y 4~['/9“‘° . 12)
‘tA TP iFI" f(fe) \/E(ﬂ‘w))m‘mc | (
I

_ [ Sy :
(W/’”)Jrf(fw)) w3 VAT fo

28, 8,24 S, R I
RA o

65 425 /”f’l+!+%(,+4/§ 4 €895 o
(\/7\—(/’ 07\"(/0 Fit) ;A f‘l') /;—(7'%(,—) A-SUAT

((’.ﬁ t9e 25, 26&"),44;{\/7*1:}3’;_,,
07\(/”1-!6) 2t eru) °

)M\}WC

_ksm m%m elveim

_ ety Mo eay . H j
“f’,-—N[()/‘{ ')_ “EWF>—2—%§‘,’/‘" Coag 2JAT - (é aa‘hJ”F
y

_ (G s N Hea, | 4
%( 2 qgwm)*(—%(“‘f Sf;rwkglgﬁ‘%,)mzﬂt‘

+ LA B — 7 iy H .e. u (r
( PA 2 ‘ré‘“uﬁ) HIR T (S T nAYe:

Ffnlhebe )i, fTug o]
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N[}-’ _{_ "S{Sh o da ‘h}'it + {( ‘&Sf%ggﬁ)ﬁlﬁt
i
T HsG A |
("‘f'z:‘ 45T A >m~ ‘fﬁt«r(_z‘i‘_c g;wm)AA—éJ“zfn

-+ I’L { 3’((",-# “;4(0“)4- N,Z £°}IU§ 4MJ
° (13)

= "i‘—-‘- ‘f'.gi_ . Wy M ‘
N, = N[h[( ETA %J}ym)%ﬁf—(mfg—i—g}q‘m @aﬁf}

e —J P “ h n,,
__i + 5 4 r 3 _—:L

Hio , Hu e W ) ‘_
) +ls$“'A+ <A ),u-. J—I*(gﬁ, “uﬁ A»»SJZIJL:,.-_

H . "
+ s Awrc+( LISy T2 N A
{‘fﬁ TA 5 apL {S“"A S .

G SIAT ley -
EiA ILS,“"A)’“A L+

- é gh(”rf-"u?‘,l)af H,zfa}rwg+ ___J‘

F‘; E" S,,+ E). 53,’ E,:—ZM(U’hffn))

2
Fo=E. Sy, , Ey=—(onrpmYapc s lmir),
Fsz.-"{'_'{__gg»l, Es;—z(%v—h[o)’



=16 -

FemEisis s B Oomdenshovg /3),
Fs=E S, + 5553 Ey s
2 BT
F = E S = : \
L Lfllsl R E 5= ()n()“— h{f’X:?.')nfﬁ-f-%)n:fa'—‘f(, J7})
F7 = E,Spr""g—z- SSS+ g&jg_t{»
2 2 ?

Fe=E S+ E 53‘5—

5 D

FCI E S‘L"E S&‘f‘ E .55&

F,oz—gi3s) F“ E Sz tbsSse tgs“ EWS”
ey z =z

Fo=¢€ 3134_‘5_&3_&4_ ESS“’, Foz= EgSse

g, ES,+ J‘__g_;%l E, :2-.‘2>\((T7\.1’/0'M)) -

g’z, = Ecagl:a.; €3 = *52_%!} 9+:-EL 913

S = E¢S., +£:3:S£3J_lig,§3" E'7=(<rnf/an)(z<rc;+nfé‘mﬂ),

) C& 2 ( 0'-'7'\(0)’

= E,S B}
Sy = *—‘e%w 57850 BxS35 Eq= tt (nenpYooa, +c/AeTh)
g’gm = EGSI;* 57__53&,) E’b: %(MG—)\/XJZC‘,L 7\0_3,))

o2
9q = E(,Su" EySav _ E7 Sae 3;o:~‘gl§3~\’
2 2 >
‘ﬁ” = Eg S:z + Eﬂ ggq. EIOS34+ Eg 535
H‘ = E“ Ssj R E“ = H—(O“hf/ml(hf—r\/o)
> VA
Hy = £ 1S3“ . 5‘7_ = — 35\ U(erfh)(%f—h/o)

3
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Hlf E]gt ‘IL E"iBJ El‘ SJ, . E.L,.,.S3’

us, E'1534+ E‘)_S}J “L— E,l,'. 1 ,3 ,3 EM 33‘4 E S
—-1..1
Hy = E

3

Hq = EIP-S32+ Ej 533

2. 2
Hy = E"-;“ = Ep, 134‘!;“ S3¢ [:1‘1:___"
Hay = EIB S,ll"’El?S.Zl-f- Ens.h.*_ E.SSII E,-,;Sn_

Yo n A
E3=6 BCO'h'TM){f((‘.A'r‘) o(¥4-0%) A-(IM?*)+ A(whr‘ﬁj

t"f" ‘ée(ﬁr/ah>{klwff“) ,o(tm a")j

(anfh)f 74 nJA +407, g&xﬁi—wﬂ,}
- = 2 L +
Eis h t pLyA+r) o (wA-77)

+ (a,-dn) (ondpn) pa-om)

| ( &) J‘ﬁ(ll-Arf")

~(pn-om) {W}i(:f\q‘*) n 0)“ AG- /”“‘u/m%}]

E = 2% b[o”hr m{gmr‘ ?@m}"wﬂrc,j
L) (A -G+)

+ 4 (Jhrfh)(n/*ﬁ")
2 UA (eAPY)

R .
+(’v"*f'">{-’—"1 qu-f%"}

VA(+A1F) A (eA-Y)



_ 12083 (O"nlf »\)((11-0"’)
(A (%4 10 A -gv)
|

N = o s
L (77\//°+)\ & )(m G‘—'\!f)

Eyq=

i

Tims the particular integrals of the equatioms in pj.q4, omd T,
sre found by swming the various p,'s, g,'s, or r,'s, in {11}, (12),
(13) The complementary functioms are similar to the solutim (9},
where we denote the arbitrary comstants by K; (1) 2“1 - - 25‘1)

It will be noticed that the particular 1ntegr§1s of the complete
Py, §. and 3, equations are made wp of periodic terms, soms of which
are multiplied ¥y}, and alos mon-periodic terms {1.0. terms mltiplied
_.by tl, both with amd without ), o Let us write tke particulsr

!neegrah of the B . 4 end r,. emtiwu
4/-r 'C .\ (!J
L,

b b €y (o eyt ey e

e

O ~>

S + S+ (Ly +2,) € U“S)
1 S5 + Sy + (25 +2,)T g,

respectively. ¢, ,C2 , 87,82 ,8s =nd S5, denote simply cosine or
sine series, as the letter indicates, while the subscript means the
particular series, determined from (11}, (12) and (18l.

Combining the particular integral and the complementary functien

we can now write the complete snratim fm- P7. qy.20d Ty, a8

+,= KLLLWEufke,L@EuZﬂl—KLﬁ L, + K* PN Wy




-19 -
; w (v
+ Kg g + R (UMHCHS)*()':'Q*C:*(*’-Wr“’“z)tas
(( KO LGT_ - iaT aa @ AT
g, = L( Ky " op )+ K T - K

(R
+ K¢ Uy + k¢ (lf(,f kT U})+y5,+5‘ t(2 )y +2,)TUs

)

. w L0, T , ~teT , ¢ ) _
= ¢ (ke T - K, us Ko § by~ ke /'L—w‘f
| i |

+ K¢" i + ’((, (UJZ—H(L‘ w4)+d753+54+(£,,y,+g)[ug<

In order to obtain periodlc solutionms it is necessary to
(1) (1) ’

choose K3 =H4 =0, and conditions for symmetrical orbits
{pl fod=q; (ol=r, (oi ! demamd that Ksm 0y and K'lm = K,m
!!;e salﬁ!m are avt y&t pmwia unless
. @ .
k(; K—}-,Ql X,'f"eg, =0 - (('-l—)

The solutions at this step becoms

') L0 T g, C w |
= K5 (2 e, )R 0 HhG G,

% '((c(L l)"— _(,O'L‘ )f‘k} "‘)1%*‘%,

()
)+ k4% S, ‘i'Sq

_ (, k(‘)( qutwv‘ _LTC

where C; 4C2 , S 85 Sa and 84 are the pericdic terms
of equatioms (11}, (12} ama (13l.
' At this step we have the cordition (14] whish leaves Klu)

arbitrary and gives one rel tiom commecting K and ()/, « In order to rind




a second rekh tion we proceed to consider the terms in AL

Soattictents ot A~
The complememtary functioms of this set of eguatioms are similar
to those for P, » 9 P with different ardbitrary oonstants 11(2,'-—{6(2)
Ve comsider the particular integrals, which are again found Yy
the "variation of parameters”. According to this method we suppose

31(2) o téz) J:) t0 de the arditrary maltipliers. The

! 2
differential oqu-timsflr the multipliers iy 2] and n_( , are of the

e g
( = |
“i?,.@)--— L,;_éo”,CL DJ'

2 2,

where D; and Py denote the totality of terms in the equations.

fm

Since the differential equatioms for B» , qo and rp inmvolve

Pl e+ Q3.and ™ mmlrmlt tom!bmt&thmtam

LT

ftm«mm /51. .m/@hncommt.ﬁmmlythe

integration for n(:l”‘“. non~periodioc terms. | These terms, which

involve J/I and l’eul mst be equated to zero in order to have

———— (1)
periodic solutiomns, snd we have a seoond relation in K ~ and 3/, R

namely | -
- ‘('U)[K‘Z’(i’ 2_:;1*"’ 31 'dz_ _"‘d;}) (_(‘o J =0 ('é)

K{” , which is arbitrary is taken different from zero, |n (16)

1284, | £~ Loy skl
A= [ 2A(H “ey LL'JE banis LJAJ




= L{‘(( l+z./#>-;w;‘ n.j E‘

N R
t (l A) _'U}jl?;,‘

2N Sy 2NF
[LB( N 9y _ O{f ;,B(a'hi?io) AfE

{33’1(”{&* INFr) (Bha.+hc f%

/, 0
+38E]

!

The equation 1n X, %! gives the same comdition with the sign of
(1)

-"l changed.
Then equatioms (14) and (16) are solved we have "(llu
dotermined.

An sppreximation higher than the first pewer in £, twls(”
mh.mummmmzuxmu-mmmam
higher vowers of £, in all the equatioms. This wonld make an
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exceadingly large amount 0f computation which would be unmecessary on
acecount of the value of £, and )\ .

The complete solutions of the second gems orbits involve two
poriuds=2ﬂ/m,amlfr/ﬂ’]. The vzlue of ¢ !sgiven'bys

P [q B-{0*(1-13A)—(3+7A- 2242} 54 142A) |,
! 16 AT (A -T™) T

It is possible, by the choice of £  , to make U, very nearly equal
%0 0 , MEoulton states 5 that there are infinitely many values of
B R for which JA =nd (" are commensurable.
We can thus construct solutions iﬁ which the above pseriods

are commensurable, Or very nearly so.

7. Bumerical Example for Equilibrium Point {al.
Ths following is a numerical examvle of second gems orbits.
The comstruction is carried out to the second power of &, for the
first gems orbit, amd to the first power in £ and )\ for the second
genus .

Table 1 gives the values of the comstants ocomputed in this

 or other paperss’C  Tables IT and IV give the values for T of the

p—— o

T firet gemus and second germs orbite respectivelys

(1}
K

» the arditrary constanmt, is chosen equsl to unity, while
tae vaim;& €, and /\ are chosen as O.1 and 0,01 respectively.

This value of €, makes the ratie 07/.)'5'1'61-3 nearly equal $0 3 ’/2.8 .




The illustration plctures the first gemus orbit in dotted

1ines, and the second gemus in full lines. The second gemis orbit

mkes several revolutions before re-entering, owing to the oorplexity
of 1ts reriod. Our computation is carried omt for one revolution.
Stroke lines, however, indicate the path of the infinitesimal body

as its period approaches the close.




AN ILLUSTR2TIVE PERIODIC ORBIT OF THE SECORD GENUS

TABLE I,
Constant Value Constant Value
A 24548 N 0,849 X £,
g+ 2.811 K> | owsmaxve,
4 54359 . Gy A 31.604
r 2.657 Fy 3.885
m - 0,747 H-, 75.561
3 6.548 H 2 - 44,902
C 18,283 Hs 39,661
Q, - 6.516 H be 29.242
6—' 0.151 Hy 67.746
G - 0,112 Hq - ,44.38p
a, ~ 0,037 H 1o 58,504
8 0.18¢ A, - 260,728
N - 0,018 d .. - 131,070
0, 1.767 A 5 129,467
e 1.830 A 1/11




AN ILLUSTRATIVE PERIODIC ORBIT OF THE SECORD GEWOS

TARIE 11.
g =.1
€ &8 x, &7, Bz, t  BX  BJ, 8,2,
0 | =.00165| -00000 | 400000 1.6 |-.00288 .oomsl «0347
a1 | =.00178 | =.00036 .oossd 1.8 | -.00186| .00067 .0166
2 | =.00195| = 00067| .01962] 2.0 | -.00166| -.00011| ~,0032
o5 | =.00229 | -,00092| <02881| 2.4 |-.00287| -.00110 - 0398
b | ~e00272 | =,00107| 0373 | 2.8 |-.00449| «T00062| ~.0607
o5 | =o00820 | =.00112| .0448 | 3.2 |=-.00422| 00080 -.0677
o6 | =s00367 | -.00105| 0811 | 3.4 |-.00587( .00111| -.0473
o7 | =e00409 | =,00088 | +0562 | 3.6 |=~.00244 -.oooej -.0820
8 | =e00442 | =,00062 | +0599 | 3.8 |=.00179| .00047 -.0136
49 | =.00462 | ~ 00030| 0620 | 4.0 |- 00168| -.00022 0063
k‘,l,p =200467 00006 | 40625 | 4.2 |=.00215| -.00088 +0266
1.2 | =.00438 | 00071 | +0569 | 4.4 |=.00802| - 00113 .0421
1.4 | -00362 | 00109| +7492

oo TR St e el S e B DT bt R gl b S




«0
a2
-2
.3
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5
.
K
.8
.9
1.0
[ 1.2
1.4
1.6
| 1.8
2.0

2.4

© A¥ ILLUSTRATIVE PERIODIC ORBIT OF THE SECOND GENUS.

-+00031
= 400040
-+00066
~00106
~00158
-00218

K}. (;)1 % &03-1'

~400000
- 00095
- 00189
-00275
-00352
-00418
~00470
-00508
~00629
00533
-00520
-00449

=003222

~00158
00024
.00203

«00466

TABLE I1I.

A=.01, 71 /A =31/28.
2.8 |-.00293|  .00514
3.2 | -.00258| 00318
3.4 |- 00165] 00152
346 | =.00090| =-,00034

| 348 | =.00060| -.00219
4.0 -.oéesz - 00376
4.2 | =.00184 - 00487

- 00316| =.00537

| - 00304| 400486

.§ - 00178| 00378
g -.00077  .00221
2 -.00032 400036
W -.oocm] ~400155

~.0666 /
-.0632
-40519
*.0353
-.oisg
+0065
.02?5

0457

-,0576
- 0433
| -,0246
- 0033

0182
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