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Abstract

This thesis presents a study of Einstein Randers metrics. Initially in-
troduced within the context of relativity, Randers metrics have a strong
presence in both the theory and applications of Finsler geometry. The start-
ing point is'a new characterization of Einstein metrics of Randers type by
three conditions. The conditions form a coupled, highly non-linear (due to
the presence of a Riemannian Ricci tensor), second order system of partial
differential equations. The equations are polynomial in the unknowns; a
Riemannian metric @ and differential 1-form b.

Recently Z. Shen has generalized Zermelo’s problem of navigation on the
plane to arbitrary Riemannian manifolds. (The goal is to identify the paths
of shortest time on a Riemannian manifold (M, d) under the influence of an
external force W = W'd,:.) In this context, Randers metrics may be viewed
as solutions to Zermelo’s problem. The navigation structure yields the main
result of the thesis, a succinct geometric description of Einstein metrics
of Randers type. Explicitly, the Randers metric arising as the solution to
Zermelo’s problem on (4, W) is Einstein if and only if the Riemannian metric
d is Einstein itself, and W is an infinitesimal homothety of a.

The navigation description quickly yields a Schur lemma for the Ricci
curvature of Randers metrics. It is a testament to the navigation descrip-
tion that this result, the first Schur lemma for Ricci curvature in (non-
Riemannian) Finsler geometry, is obtained with relative ease. An extension
of Matsumoto’s Identity for Randers metrics of constant flag curvature to
the Einstein setting then follows.

Having established these general results, I then explore three scenarios:
Einstein metrics on surfaces of revolution, constant flag curvature metrics,
and Einstein metrics on closed manifolds. The thesis closes with a collection
of open questions.
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CHAPTER 1

Introduction

1. Preliminaries

This thesis is about Finsler metrics. A Finsler space is a manifold M
equipped with a family of smoothly varying Minkowski norms; one on each
tangent space. Riemannian metrics are examples of Finsler norms that arise
from an inner-product. Indeed, when introducing the concept of a manifold
and its structures, Riemann acknowledged that quadratic differentials com-
prise only a special case. Unfortunately, the door closed on Finsler geometry
when Riemann claimed “The study of the metric which is the fourth root
of a quartic differential form is quite time-consuming and does not throw
new light to the problem.” It was not until Paul Finsler’s 1918 thesis under
Carathéodory that the field was resurrected.

Riemann’s comment illuminates the two major obstacles facing the de-
velopment of Finsler geometry. The first is the ubiquitous computational
difficulty associated with the field. As challenging as Riemannian geometry
is, the computations in Finsler geometry are considerably more daunting.
This serves to frustrate and discourage many mathematicians. Nonethe-
less, recent advances have brought the computations of Finsler geometry
to a more accessible level. The geometric description of Einstein Randers
metrics, based on Zermelo’s problem of navigation, I shall present offers a
substantial improvement in this arena. Indeed, it is fair to say the com-
putations of Einstein metrics of Randers type are now comparable to their
Riemannian counterparts.

The computational difficulty contributes directly to the second chal-
lenge to Finsler geometry. This is the lack of meaningful examples. As
evidenced by Riemann’s comment that “The study of the metric ... does
not throw new light to the problem”, the prevailing belief is that Finsler
metrics do not capture geometric phenomena omitted by their Riemannian
counterparts. Until recently this belief has been supported by a dearth of
explicit examples illustrating non-Riemannian behavior. In 2002 D. Bao
and Z. Shen [BS02] constructed a Finsler metric on the 3-sphere that is
of constant flag curvature, but not projectively flat. The example breaks
the rigidity of Beltrami’s theorem which states that a Riemannian metric is
of constant flag (read “sectional”) curvature if and only if it is projectively
flat. Illustrating a distinctly non-Riemannian geometry, the S® example
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shows Finsler geometry may indeed “throw new light to the problem.” The
need for explicit examples motivates me to present several in §4.

2. Brief summary of results

In this short review of the contents I postpone defining terms and nota-
tion to subsequent sections.

Randers metrics are constructed from two familiar objects; a Riemann-
ian metric @;;(z) and a 1-form b;(z) on the manifold M. The norm of a
vector y = 4°0; € T, M in the tangent space at = € M is then defined to be

F(z,y) = a(z,y) + B(z,y),

a(z,y) =/agyiyd  and  B(z,y) = by’

Essentially we alter a Riemannian metric by adding a linear term.

Conceptually the Ricci curvature is the average of the flag curvatures.
(For the moment it suffices to think of flag curvature as the Finslerian analog
of Riemannian sectional curvature.) A Finsler metric is Einstein if the Ricci
curvature is a function of x € M alone, rather than the a priori (z,y) € TM.

Theorem 2.3 provides the foundation for our analysis of Einstein Ran-
ders metrics. The theorem characterizes Einstein metrics of Randers type
as solutions to a system of partial differential equations. The equations are
polynomial in the unknowns: the Riemannian metric @ and its Ricci ten-
sor; the 1-form b and its first and second order covariant derivatives. The
theorem is joint work with David Bao [BR03a].

Recently, Shen [She02a] has shown that Randers metrics arise as solu-
tions to Zermelo’s problem on navigation on a Riemannian manifold (M, &)
under an external force W. The navigation structure is an enormously valu-
able tool for constructing examples of Einstein metrics. This utility is the
motivation to rephrase the characterization of Einstein Randers metrics in
terms of the underlying metric ¢ and vector field W. We are rewarded
by a succinct geometric description of Einstein metrics of Randers type.
Explicitly, the Randers metric F' is Einstein if and only if the underlying
Riemannian metric & is Einstein, and W is an infinitesimal homothety of .

The navigation description yields two elegant results. First a Schur
lemma, which states that the Ricci curvature of an Einstein Randers met-
rics must be constant in dimension greater than two. The second result is
a generalization of Matsumoto’s identity for Randers metrics of constant
flag curvature to the Einstein setting. The identity further illuminates the
relationship between the Ricci scalars of F' and a. '

With the Einstein navigation description in hand I turn to three case
studies. First, Einstein metrics are constructed on surfaces of revolution.
The Ricci scalar of the non-Riemannian metrics is none other than the
Gaussian curvature induced from Euclidean R3. Second, I discuss a recent
classification of constant flag curvature Randers spaces. Lastly, I consider

where
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closed manifolds. The results here include rigidity theorems akin to Akbar-
Zadeh’s for constant flag curvature spaces. For example, I show that any
closed Einstein Randers space with negative Ricci scalar is necessarily Rie-
mannian. : E

3. Outline

The remainder of this chapter is concerned with introducing Finsler
metrics, and their spray and flag curvatures. I then focus on Finsler metrics
of Randers type. The underlying Riemannian metric a of a Randers space
permits an expression, known as Berwald’s formula, of the spray curvature in
terms of a, its curvature, and covariant derivatives of b. Berwald’s formula
is integral to our treatment of the flag curvature. The material of this
chapter is treated briefly, without the detailed derivations that may be found
elsewhere.

Chapter Two is devoted to a characterization theorem for Einstein met-
rics of Randers type. While refining the characterizing equations, I establish
the constancy of an essential scalar. The material of Chapter Two is joint
work with David Bao [BR0O3b].

The heart of the thesis is Chapter Three. Via Zermelo’s problem of
navigation, the characterization result of Chapter T'wo is parlayed into a
breviloquent description of Einstein Randers metrics. At this point the
Schur lemma and Matsumoto’s Identity fall out neatly.

Chapter 4 is devoted to the three case studies outlined above. The
closing chapter details some open questions.

4. Finsler metrics and flag curvature

The material in the remainder of the chapter is but a sketch of the
elements of Finsler geometry I find useful. I shall not attempt a detailed
treatment of this material which has been handled adroitly elsewhere. See,
for example, (BCS00, Run59, She0la, She01b].

Let’s begin with notation and some definitions. The following abbre-
viations are introduced to reduce some of the notational clutter associated
with differential geometry:

¢ The Einstein convention : repeated up-down pairs of indices imply
a summation. For example, yzg% =37, ylﬁ.

e The partial derivatives 6%% and (%é are given by fy: and f;:, respec-
tively.

Throughout the thesis M shall denote a manifold of dimension n. Points
on M are denoted by z, and the tangent space to M at z is T, M. The
canonical coordinates on the tangent bundle TM are given by (z,y), where
y= y’% eT, M.
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A Finsler space (M, F') is a manifold M equipped with a smoothly vary-
ing family of Minkowski norms F' — one on each tangent space - defined in
the following way.

DEFINITION 1.1. A Finsler metric is a continuous function F : TM —
[0, 00) with the following properties,
e Regularity: F is smooth on TM\O := {(z,y) € TM|y # 0} .
e Positive homogeneity: F(x,\y) = AF(z,y) for all A > 0.
o Strong convexity: the fundamental tensor

gii(@,y) = (3F°) i,
is positive definite for all (x,y) € TM\O.

Certainly, Riemannian metrics o = \/d;;34*y’ are Finsler. Notice how-
ever, Riemannian metrics are absolutely homogeneous, while Finsler met-
rics need only be positively homogeneous. Loosening absolute homogene-
ity to positive homogeneity allows such exciting examples as the Finslerian
Poincaré disc [BCS00, Oka83| for which the travel time from the center
to the rim is infinite, while the return trip takes only log(2) seconds.

Also, the fundamental tensor a;; of a Riemannian metric is a function of
z alone. In general the fundamental tensor of a Finsler metric is a function
of (z,y) € TM. Indeed, a Finsler metric is Riemannian if and only if the
the fundamental tensor is a function of z alone.

As in Riemannian geometry, the formal Christoffel symbols of F' are

given by
i 1 s <8gsj agjk + 8glcs)

Vik =29 \ gk T Bz " Bad

where (g%) is the inverse of the fundamental tensor. Similarly, the geodesic
spray coefficients are
G' = 37y 'y"
The spray curvature of F' is then defined by
Ky =2(G") = (G") 5 () e =¥ (G") s +2G7 (G") iy -
The expression above is known as Berwald’s formula [Run59].

Let us take a moment to consider the case of a Riemannian metric.
Note th~at? if F = a = 1/a;y*y/ is Riemannian, then K% = y"R, kY s
where R} kj 18 the Riemann curvature tensor. The sectional curvature of
the plane spanned by 0 # w,y € T, M is given by

wt 'Lk(‘r,y)wk
a’(ya y)a(wa ’U)) - &(y’ 'U))2 ’

where @(+, ) denotes the inner product associated to . Because the Christof-

fel symbols are functions of z alone, the spray curvature K ik(:c,y) is qua-

dratic in y and w* Ky (z, y)w® = y K (z, w)yF.
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. On the other hand, the formal Christoffel symbols of a general Finsler
metric depend on both z and y. So, while Kik(a:,y) is homogeneous of
degree two in y, it is not quadratic. In particular, it will no longer be true
that w* K, (z, y)w* = y* K (z, w)y*. This necessitates the generalization of
sectional curvature to Finslerian flag curvature.

Begin by planting a flag pole y # 0 in T, M. To this flag pole y we
associate the spray curvature K ik =K ik (z,y). The flag — a two-dimensional
subspace of T,,M - is then specified by selecting 0 £ w € T, M transverse
to y. The flag curvature is given by

wi ik (.’L’, y)wk

Klewv) = o atw,w) - o, 0

where K = g;; K jk and g is the fundamental tensor. Explicitly,

9w:y) = (@, 9)y'Y,
gw,w) = gi(z,y)w'v’, and
g(y’w) = Gij (m,y)y’w] .
Notice that both Kj;; and g;; are evaluated at the flag pole y, not the trans-
verse edge w. Allow me to reiterate that in general K (z,y,w) # K(z,w,y).

Though it is by no means obvious from the definition, the tensor K;; is
symmetric, '

Kk = Ki; .
The verification is tedious; details may be found in [BCS00].

The flag curvature is invariant under positive re-scaling of y. To see this
first note that the formal Christoffel symbols fy’-jk and the geodesic spray

coefficients G* = -;—*yijkyjy’c are positive homogeneous of degree 0 and 2,

respectively. Hence, the spray curvature K ik is positive homogeneous of
degree 2 in y. Now suppose A > 0. Then

Ki(z,My) = MKgl(z,y),

9w, xy) = Ng(y,y),

gy, w) = Ag(y,w).
Hence

K(z,\y,w) = K(z,y,w),

as claimed. This says the flag curvature depends only on the direction
of the flag pole y, not its length. We would also like to see that K is
determined by the flag alone, and not the transverse edge w. That is, if
both {y, w} and {y,v} determine the same flag (i.e. subspace) of T, M, then
K(z,y,w) = K(z,y,v). Happily, this is the case, as I shall illustrate in the
next section.
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4.1. Euler’s Theorem. Many of the functions and tensors I intro-
duced above are positively homogeneous in y. We may take advantage of
this structure with Euler’s theorem for homogeneous functions.

THEOREM 1.2 (Euler, [BCS00]). Assume the function ® : R® — R
is differentiable away from the origin. The following two statements are
equivalent:

o O is positively homogeneous of degree m. That is,
O(Ay) = A" P(y) YA>0.
o The radial directional derivative of ® is m ®. Ezplicitly,
Y'Pyi(y) = mP(y).
Since F is positively homogeneous of degree 1, Euler’s theorem gives
y'Fu=F,
Also, _
9iy' = FFy and  gyy'y) = F?.

~ Let’s turn to the spray curvature . Recall the geodesic spray coefficients
G'= %'y’j 7 y* are homogeneous of degree two. By Euler’s theorem ,

y'G, = 267,
V(G )ys = 2GYs,
Gy = (G-
These equalities, and the symmetry of Kz, may be used to show that
Ki(z,y)y* = 0 = y' Ky (z,y)

This last equality implies the flag curvature K(z,y,w) depends on the flag
alone, and not the transverse edge w. To see this, suppose both {y,w}
and {y,v} determine the same flag in T, M. Then v = py + Tw, for some
u, 7 € R, and

g(v,v) = p*g(y,y) + 2urg(y, w) + T2g(w, w),
g(y,v) = pg(y,y) +79(y,w),
vV Kp® = TPutKgw®.

It follows that
K(z,y,v) = K(z,y,w).

Let me summarize our discussion by reiterating that the flag curvature de-
pends only on

e the direction of the flag pole y, not its length, and
e the flag, or subspace, determined by the transverse edge w, but not
w itself.
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5. Randers metrics

Randers metrics were introduced by G. Randers [Ran41] in 1941 within
the context of relativity. They offer a smooth transition from Riemannian
to Finsler metrics as they are built from objects well known to the geometer:
a Riemannian metric @ and a drift 1-form b.

DEFINITION 1.3. A Randers metric is a Finsler function
F=a+p0,

a(z,y) = y/ayy'y’ . Bz,y) = by’
and ”6”2 = Bidijl;j < 1. )

Let’s consider the requirements in Definition 1.1 for the norm F' to be
Finsler. First, Hl~)|| < 1 is necessary if F' is to be positive. As it happens,
the condition is also necessary and sufficient for the fundamental tensor g;; .
to be positive definite [BCSO00]. Second, the Randers metric is positively
homogeneous of degree one in y. The metric will be absolutely homogeneous
(and Riemannian) if and only if b = 0. I shall say a Randers metric with
nonzero b is non-Riemannian.

Randers metrics are ubiquitous in Finsler geometry. Recently Mo and
Shen [MS02b] have shown that if a compact Finsler manifold with n > 2
has flag curvature K(z,y) < —1, depending on position z and flag pole y
alone (i.e. no dependence on the flag {y,w}), then F' is Randers.

Randers metrics also describe the solutions to Zermelo’s problem of nav-
igation.

where

5.1. Zermelo’s problem of navigation. Introduced and solved by
Zermelo in 1931 [Zer31, Car99], the problem may be posed in the following
way.

Consider a ship moving with constant speed on the open

sea in calm waters. Imagine a breeze comes up. How must

the ship be steered in order to reach a given destination

in the shortest time?
If the wind is time-independent, then the paths of shortest time are geodesics
of a Randers metric.

Shen [She02a, She02b] has generalized Zermelo’s problem to Riemann-
ian spaces. Consider a manifold M with Riemannian metric & = /d;;y%y7.
If a ball rolls about M with constant speed 1, then any geodesic is a path
of shortest time. Next suppose a ‘wind’ W = W?9,: blows over M. The
wind represents an external force acting on the ball. Assume additionally
that &(W) < 1. Shen has shown [She02a] any path of shortest time for the
ball is a geodesic of the Randers metric F' = a + 3 given by

i [1 — &2 (W) + Wi W; -W;
e e L At w7
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where W; := di;W7. The assumption &(W) < 1 implies that a is indeed
strongly convex and a Riemannian metric. The condition also guarantees
that ||b|| < 1, and F is strongly convex. '

We say the Randers metric F' solves Zermelo’s problem of navigation on
the Riemannian manifold (M, &) under the external force W. As we will see
in Chapter Three, the navigation structure underlying a Randers metric is
ideally suited to the study of Einstein metrics.

5.2. Some special tensors. In this section I define a few important
tensors and establish some notation particular to Randers metrics.

The Christoffel symbols 7 jk Of the Riemannian metric a define a covari-
ant differentiation on M. Covariant derivatives are denoted by a vertical
slash. For instance, the covariant derivative of the drift 1-form b is given by

where Bj,zk means O,b;.
There are three ubiquitous objects in this thesis:

lie;; = 5i|j + Ejli ,
Curlij = B’ll] - EJ|1 y
e, = thurlhi .

Note that lie;; is the Lie derivative of the metric @ along the vector field
Bﬁ = 5’6m1 = dijEjazi y

whereas curl;; is so named because

and

i — bjjs = bygs = bz

Observe lie is symmetric, curl is skew-symmetric, and

lieij + curlij = 2Bilj .
The third tensor © denotes a contraction of curl with b. Indices on l~), lie,
curl and © are lowered and raised by a;; and its inverse @”’. Contraction
of any tensor index with the vector y is indicated by a 0 subscript. For
example:

lieg = lieg; Y’
liegg := lieg; vy’
curlp = curly yj
' curlly := curl’ j Yyl

@0 = @Zyz
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5.3. The spray curvature of a Randers metric. In §1.4 I intro-
duced the spray curvature of a Finsler metric

K% =2(G") 0 = (GY)  (G7) o =4 (G7) gy +2G7 (G7) s -

Following Bao and Shen [BS02, She0la] I make two adjustments to this
formula:

e adapt it to the Randers setting, by expressing the data in terms of
the Riemannian metric @ and- 1-form b, and

e covariantize the expression. As a whole the formula is tensorial.
However, individually the four terms on the right hand side are
not. We want an expression that is manifestly tensorial in each
term on TM.

Recollect G* = %’yijkyj y* are the geodesic spray coefficients of F. Sim-
ilarly, let G := 1’7i +y'y* denote the geodesic spray coefficients of a. The
two geodesic spray coefhc1ents differ by a perturbation term ¢ [BCS00]:

G'=G + ¢,
with
¢t= 2F( liegg — aOg) + 1 acurl’y.
By substituting this decomposition into Berwald’s formula we may express
the spray curvature as K K + B%.. This fulfills our first goal by
expressing K ’k as the Riemannian spray curvature K ik, plus a perturbation.

The perturbation term Bik involves z-partial derivatives of (. These
are the terms we wish to covariantize. (The y-partial derivatives already
transform tensorially. See [BCS00].) Notice ¢* is a tensor over T'M, not

M. In order to covarlantlze the z-partial derivatives on T M we horizontally
lift the vector 577 € TM to

& 0
szt ot
We may now define horizontal covariant differentiation on TM by lifting the

Riemannian covariant derivative operator on M. The action on (* is given
by

0

~ (GM)y aF © T(TM).

. 5 . .
A 7 hz
¢y= _6.’ij + s s
and is tensorial on T'M. The action has two properties worth noting,.

e First, when a tensor on M (e.g. b;) is lifted to TM, the action of
the horizontal covariant derivative on T'M agrees numerically with
the Riemannian covariant differentiation on M. So there is no great
abuse in notation in referring to both actions as “|”.

e Second, y is horizontally covariantly constant. That is, y = =0.In
particular, we may contract a tensor with y either before or after
covariant differentiation, with the same result.
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Substituting the formula
(Cz)mf = CZU + (gi)yh(éh)y-f - Ch(éi)yhyj

into the expression for B’,c we obtaln Berwald’s formula in split and
covariantized form:

Kip = Ko+ {200 = 17(C) e = (@) + 20y }

where K lk is the spray curvature of a. The split and covariantized form of
Berwald’s formula is enormously useful, playing a substantial role in both the
characterization theorem of the next chapter, and the navigation description
of §3.

We now have all the tools necessary to begin the thesis proper.



CHAPTER 2

Einstein metrics of Randers type

The two objects under consideration, the Randers metric and its Ricci
tensor, are related by their histories in physics. The well-known Ricci tensor
was introduced in 1904 by G. Ricci. Nine years later Ricci’s work was used
to formulate Einstein’s theory of gravitation. (Details and references may
be found in [Bou79].)

Almost thirty years later the physicist Gunnar Randers remarked that:

...the Riemannian metric has one property which does
not seem quite appropriate for the application to physi-
cal space-time, and that is the perfect symmetry between
opposite directions for any coordinate interval. Perhaps
the most characteristic property of the physical world is
the uni-direction of time-like intervals [Ran41].

It was Randers aim to introduce asymmetry to the metric while retaining
a quadratic indicatrix (the set of unit vectors in the tangent space). This
is done by displacing the center of a Riemannian indicatrix; the result is a
Randers metric.

It is the aim of this chapter to characterize Einstein metrics of Randers
type. Einstein metrics are defined in the following section. Loosely, though,
we will say a Finsler metric F' is Einstein if the average of its flag curvatures
at a flag pole y is a function of position z alone, rather than the a priori
position z and flag pole y.

After definitions I begin the derivation of a characterization theorem for
Einstein metrics of Randers type. The theorem characterizes Einstein Ran-
ders metrics by three conditions — the Basic, Eo3 and Curvature Equations
— which form a tensorial system of partial differential equations, polynomial
in the unknowns, the Riemannian metric & and the 1-form b, with indepen-
dent variable z. The Curvature Equation is of particular interest because
it describes the Riemannian Ricci tensor Ricy; in terms of &, b and their
derivatives.

The material in this chapter is joint work with David Bao [BRO3b].

1. Ricci curvature and Einstein metrics

Let’s begin with a discussion of the Ricci tensor and Einstein metrics.

11
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The Ricci scalar of F' is given by the function
_ 1
Ric(z,y) == ﬁKss.
In §1.4 we saw that the spray curvature K ik is positive homogeneous of
degree 2 in y. Therefore, the Ricci scalar is positive homogeneous of degree
0 in y. This means Ric(z,y) depends on the direction of the flag pole ¥,
but not its length. The Ricci tensor of a Finsler metric F is defined in
[BCSO00] as
o [1 _ 152 p;
R‘lcij T [ﬁKss]yiyj - [ﬁF ch(x’y)]yiyj *

When F' = a is Riemannian, the curvature tensor depends on z alone and
the definition is equivalent to the familiar Ric;; = R;%;.

DEFINITION 2.1. (IBCS00]) A Finsler metric is Finstein if the Ricci
scalar Ric is a function of x alone. Equivalently,

Rici; = Ric(x)gi; or, Ricy = Rz’c(m)F2 .

Recollect (§1.5.2) the 0 subscript denotes contraction with y. This means
Ricgo = Ricy;y*y/. When F = o is Riemannian the definition yields R;%;; =
Ric(z)ai;. :

Notice that our Einstein metrics are distinguished from constant Ricci
curvature metrics, characterized by Ricgg = AF?, where ) is a constant.
However, the Schur lemma of §3.7 says the Ricci scalar Ric of an Einstein
metric of Randers type in dimension n > 2 must be constant. So, among
Randers spaces of dimension greater than two, there is no distinction be-
tween Einstein metrics and constant Ricci curvature metrics.

The Ricci scalar Ric(x,y) of a Finsler metric may be realized as the sum
of n — 1 appropriately chosen flag curvatures. To see how this is done, pick
a flag pole 0 # y € T, M. If necessary normalize y to have norm F(y) = 1.
The pole determines an inner product on T, M -via the fundamental tensor
of F, gij(z,y). Recall (§1.4.1), g;;u'y’ = F?(y). This means y has norm
1 with respect to the inner product. Use the inner product to select an
orthonormal basis {e;} € T, M with e, = y. It follows from our discussion
of flag curvature in §1.4.1 that

K(z,y.e) ‘{ 0 ifi=n,

since Knp, = y'Kijy7 = 0 (§1.4.1). With respect to the basis {e;} the
fundamental tensor is given by g;;(x,y) = d;;, the Kronecker delta, at (z,y).
Therefore, the spray curvature K*, = g Kjj is numerically equal to K.

In particular,
n—1
K% =) Ki.
i=1

1

We may conclude that the Ricci scalar Ric(z,y) = 1z K® = K% is the sum
of n — 1 flag curvatures.
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2. The Einstein criterion

With this section I begin to derive necessary conditions for a Randers
metric (§1.5) to be Einstein. The first step is to re-express the Einstein
criterion via Berwald’s split and covariantized formula (§1.5.3). Assume the
Ricci scalar Ric of the Randers metric ' = a + 8 is a function of z alone.
We have F2Ric(z) = K*. With Berwald’s formula this is re-written as

0 = K% — F’Ric(z)
= K+ {200 =1 (¢ = (s + 20 (Oyoys | — F2Ric(a)

— . a 1.
= Ricgo + acurl’y, + 2(n— DﬁGOIO — %(n - 1)Fhe00|0
' o?

+ %(n - 1)%curlioliei0 — %(n — 1) fa O'curlyy + 2curl Ocurlzo

+ %aQCurlijcurlij + 13—6(TL )F2 (heoo) — %(n— )= 72 heo()@o
2
+3(n- 1)“—2(@0)2 — F2Ric(z).

Recollect K ’k is the spray curvature of the Riemannian metric a;;. The

relation K i RICO() is a consequence of the definition of Rlcw and Euler’s
theorem. The 0 subscripts indicate contraction with %*. Since y is hori-
zontally covariantly constant (§1.5.2), those contractions can be carried out
either before or after the covariant differentiations (vertical slash), with the
same result. '

Multiplying the re-expressed Einstein criterion by F? removes y from
the denominators. The criterion for a Randers metric to be Einstein then
takes the form

Rat + alrrat = 0,

where Rat and Irrat are, respectively, degree 4 and degree 3 polynomials in
y, whose coefficients are functions of . We think of Rat as the rational part
of the equation, and Irrat as the irrational part of the equation.

Analogous to complex numbers a + ib, which vanish if and only if both
the real, a, and imaginary, b, parts vanish, we have the following lemma.

LEMMA 2.2. A Randers metric is Einstein if and only if both Rat = 0
and Irrat = 0 hold.

- Proor. In view of homogeneity, it suffices to prove this for all y # 0.
First note that a can never be polynomial in y. Otherwise the quadratic
Aij) ¥’y = o? would have been factored into two (identical) linear terms.

Its zero set would then consist of a hyper-plane, contradicting the positive
definiteness of @;;. Now suppose the polynomial Rat were not zero. The
displayed equation would imply that it is the product of a polynomial Irrat
with a non-polynomial factor «. This is not possible. So Rat must vanish
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and, since « is positive at all y # 0, we see that Irrat must be zero as
well. 0

The formulas for Rat and Irrat are,

Rat = (a2 + ﬁQ) ﬁ\izoo + 2a2,8curli0|i + % (a2 + ﬂQ) curliocurlio
+1a? (a? + %) curl¥curly; — (e + 60?5 + B*) Ric(z) -
+3(n—1){ a®Og — 3Pliego + a’curl’plie;

—a?B0%curlyy + 3(liego)? + 2a*(00)?}
and,
Irrat = Qﬂﬁ\igoo + (cv2 + ,82) curli0|i + ﬂcurliocurlio |
+ 2a?Beurl¥curly; — 48 (a? + B%) Ric(z)
+ %(n - 1){ BOo0 — %lieoom + Bcurliolieio
— a’Ocurlyy — %lieoo@o} .

From these two expressions we will derive the preliminary form of the three
necessary conditions for a Randers metric to be Einstein.

3. Necessary conditions for Einstein: Preliminary form

For convenience I abbreviate Ric(z) by Ric.

3.1. The Basic Equation. Assume F' is Einstein. That is, Rat = 0
and Irrat = 0. Hence,

0 = Rat— Blrrat
= (a2 - Bz){f{\igoo + Bcurlioﬁ + %curliocurlio
+ %azcurlijcurlij — (a? + 36?)Ric
+3(n = 1) [curl’gliesg + 3(00)* + 90[0]}

+3(n — 1) (liego + 2660)° .

Fix z. Considering the above expression as a polynomial in y, we see that
a? — 32 divides (liegy + 2660)?. The polynomial a? — 3? is irreducible. To
see why it can not be factored, recollect that ||b|| < 1, an assumption that
holds for all our Randers metrics. This implies the non-negative o? — (32
is zero only at the origin. Were the polynomial to factor non-trivially, it
must do so as two linear terms. In this case the zero set would contain a
hyper-plane; a contradiction.

Because o2 — 32 is irreducible it must divide, not just the square, but
liegg + 230y itself. Namely, there exists a scalar function o(z) on M such
that

liegg + 28 ©¢ = 0’(!12)(012 - ﬂ2) .
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This is our Basic Equation. Differentiating with respect to y* a,nd‘y’C gives
an equivalent version:

liegs, + b; O, + by ©; = o(x) (@i — biby) -

To recover the original version, just contract this with yy*.

3.2. The Curvature Equation. Return to the expression for 0 =
Rat — B1Irrat. Use the Basic Equation to replace liegy +2860¢ with o(z)(a? —
(%). We may divide off by a uniform factor of a? — 32. The result reads

,R\izoo = (oz2 +3ﬂ2) Ric — ﬁcurlj0|. - %aQCurlhjcurlhj — %curljocurljo
—3(n—-1) {3 2(z)(a? — B%) + curlliejo + 3(60)% + @0|0} :

This is the Curvature Equation, so named because it describes the Ricci
tensor of a. We obtain the indexed form by differentiating with respect to

y* and y*, and making use of the symmetry of RlCzk
Rici;C = (az;c +3b; bk)ch - —(b curl/ kit by curl! zIJ)
— 84 curl Meurly; — §curl]i curl
—3(n— 1){ 30%(2) (@ — bibr) + L(curl, liep, + curl’, lie;;)
+30:0k + (O + 9k|i)} -
3.3. The Ej3 Equation. Here I derive the final characterizing equa-
tion, the Eg3 Equation. (The number 23 is chosen because it is of some
chronological significance in our research notes.) Two pieces of information

from the Basic Equation are required. To reduce clutter, I abbrev1ate o(z)
as 0. First, differentiate to obtain

lie00|0 = 0|0(a2 - ,3 ) - lieoo((fﬁ + @0) - 2ﬂ@0|0.
Next, contract the indexed form of the Basic Equation with yicurlko for
curtgliejo = - & curljo — (89)? — 0 86y.

Return to the expression 0 = Irrat. Replace the term f{?éoo with the ex-
pression given by the Curvature Equation. Then, wherever possible, insert
the expressions for lieg, lieggp and curlglie;o given by the Basic Equation.
After dividing off a factor of o — 32 we have the Ey3 Equation:

curl o = =2Ricf+(n—-1) {513 2B+ 1 3000 + 1(9qurl]o + 010}
Again, differentiating by 4 produces the indexed form of the Eo3 Equation

curl’, i = 2chb +(n—-1) {%0251' + %a@i + —%@jcurlji + %o'i} .
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4. The constancy of o
In this section I will show .

If the Basic, Es3 and Curvature Equations are satisfied,
then o must be constant on each connected component of
the manifold M.

1 do so by deriving a second formula for curli0|i from the Curvature Equation.
A comparison of this expression with that given by the Eq3 Equation will
show ¢ must be constant.

Utilizing Ricci identities and the definition of lie;; we have

bijie = biely = b Risgi
bigkl + bijiy = lieaw;
~iji + Bjge = —b°Rusiy
~bipgli = by = —liexgps
bikli — byl = O°Rjski-

Summing the five equalities above and applying the first Bianchi identity
produces

curlij“c = —QBSR]CSZ']‘ + lieik” - liekj[i.
Contracting with d*y’ we have

The second and third terms on the right are computed with the Basic Equa-
tion. The formulas are

lieto = (n—[b1*) o — o (1= [b]I%) (68 + o),
lieioli = op - Bbzo[, - 50 (n— 2||b|]2 +1)5 + 2U(2||b||2 —n)Og
2ﬁ® 0! + 1(9zcurlzo - BO° i~ bt GOII

The Curvature Equation produces
2l~)rR\iEi0 = O%curly
— (n = 1) (}1Bl1%1 + 35 (40 + Oop))
8 {21 + [BIP)Ric - JeurlTeurl;
~(n=1) [§o*B - 5% + 3¥ioy) } -

At this point it is convenient to compute Ei@ﬂo, BZGOH and @ili.
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Three intermediary computations. In these computations I make
frequent use of the facts
l;i| i= %(lieij +curl;;) and 5i|jcurlij = %curlijcurlij .
Notice that 5’@1 = I;"l;jcurlij = 0, because curl;; is skew-symmetric.
Whence, the first term is given by the Basic Equation as
b'0,0 = 0,08 — 106 — 1O%curlyp.

The computation of the second term 5i@0|i is involved. We require both the
Basic Equation and the expression for curly;; derived at the beginning of

this section. I will make use of the facts ||b|| < 1 and I;hl;ifihijk = 0. (The
last equality is a result of the skew-symmetry of the Riemann curvature
tensor in (h,%).) The result is

b'Og; = $6,0'8 — 1Ocurlyp + 3000 + b2y — b'oyB.
With the Eq3 equation we may express the final term as
o _ eurly; curl? — {2Ric + t(n—1) a2} |bl®
3 (n—1)0;0" — X(n—1)bloy,.

|2

The final maneuver. Substituting the three intermediary computa-
tions into the expressions for b*Ricy, lie*;, and lie*y); produces

curlioﬁ = 2b'Ricip + lieii|O - 1ieio|i

= 2Ricf + | |

(n—1) [%ﬁﬂ + 1&%urly + 1009+ opp — %HBII%m] .

A comparison of this expression with that given by the Eg3 equation indicates

%(1 - ||b||2)a|0 = 0. Since the norm of b is strictly less than 1, we must have

ojo = 0. In particular, all covariant derivatives o}; vanish. Since o is a scalar

(i.e. a function of z), this means all the partial derivatives of o are zero.
Therefore ¢ is constant on each connected component of M.

5. Necessary conditions for Einstein: Final form

We may now state the final form of the three necessary conditions for a
Randers metric to be Einstein.

5.1. The Basic Equation. The Basic Equation undergoes little cos-
metic alteration. I emphasize below the constancy of o:

liegg + 28 0¢ = (const.o)(a? — 5%).
Equivalently,
lie;, + i)z O + Ek ©; = (const.o) (G — Bli)k) .
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5.2. The Curvature Equation. To derive the final form of the Ricci
Curvature Equation we replace all appearances of liego, liegg)p and curlliejo
with the formulas given by the Basic Equation in §2.3.1 and §2.3.3; and
curl]OU with the expression given by the Eq3 equation of §2.5.3.

ﬁ\izoo = (a2 + ;62) Ric — i—oﬂcurlhj curly; — %curljocurljo
—(n—1){&0? (3c® — %) + 1(00)% + 1O¢)0} -
The indexed form of the final version of the Curvature Equation is

— ~ - _ L y ) .
Ricy = (aik + b; bk)ch — 3G curl™curly; — §cur13icur1j1c

—(n—1) {%02 (3aiuk — bi bi) + 30,0k + 1 (O, + ®k|i)} -

5.3. The Ey3 Equation. The constancy of ¢ updates the Eo3 Equation
to
curljou =2Ricf+(n—1) {%02,5 + 2000 + 07 curl o }
or , :
curljilj = 2Rich; + (n—1) {%a%i + %UGi + %@jcurlﬁ} .

6. Characterization of Einstein metrics of Randers type

I have shown that the Basic, Es3 and Curvature Equations are necessary
for a Randers metric to be Einstein. The are also sufficient, as we shall see
in the following section.

6.1. The three necessary conditions are also sufficient. Recollect
the Randers metric F' is Einstein if and only if both Rat and Irrat vanish
(§2.2). Assume the Basic, Eg3 and Curvature Equations hold as given in
§2.5.1-2.5.3. 1 will show these three conditions imply Rat = 0 = Irrat.

First, note that the preliminary (§2.3) and final (§2.5) forms of the three
equations are equivalent. To see this, it suffices to show the final forms of
the Basic, Es3 and Curvature Equations imply the preliminary forms.

e Thanks to the constancy of ¢ the final forms of the Basic and Eqg
Equations are immediately equivalent to their preliminary forms.

e The final form of the Curvature Equation was deduced from the
preliminary form by replacing the terms liego, liegg|o, curl’lie;o and
cur1j0|j with the expressions given by the Basic and Eq3 Equations.
Certainly, we may reverse this algebraic substitution to resurrect
the preliminary form of the Curvature Equation from its final form.

Having seen that the preliminary and final forms of the necessary equa-
tions are equivalent, it remains to show that the preliminary forms imply
Rat = 0 = Irrat. To that end, assume the preliminary forms of the Basic,
E3 and Curvature equations hold. Recall, from §2.3.3, that we deduced the
preliminary Eq3 Equation from Irrat = 0 by:
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e replacing Ricgp with the expression given by the preliminary form
of the Curvature Equation (§2.3.2),
e substituting the three terms liegy, lieggp and curl/gliejo with the
formulas given by the Basic Equation,
e and dividing by a uniform factor of o — 32.
By reversing the three algebraic steps above we may derive Irrat = 0 from
the Eq3 Equation.

Similarly, we derived the preliminary form of Curvature Equation from

Rat — SBlrrat = 0 by:
e using the Basic Equation to replace liegy + 26809 with o(a? — 52),
e and dividing by o? — 2.
Again, reversing the two step above will give us Rat — Slrrat = 0. Hence,
Rat = 0 since Irrat = 0.

It follows that the Basic, Eo3 and Curvature Equations of §2.5.1-2.5.3
are necessary and sufficient conditions for Rat = 0 = Irrat. The vanishing
of Rat and Irrat characterizes Einstein metrics, allowing us to formalize the
previous three sections in the following theorem.

6.2. The theorem.

THEOREM 2.3 (Einstein Characterization). Let F' = o+ 8 be a Randers
metric on a smooth manifold M of dimension n > 2, with o = 4/;; (z)y*y?

and B =b; @)y’ Then (M, F) is Einstein with Ricci curvature Ric(z) if and
only if the Basic Equation, the Curvature Equation, and the Fs3 Equation
of 82.5.1-2.5.3 are satisfied.

Explicitly, a Randers metric is Einstein with Ricci curvature Ric(z) if
and only if there exists a constant o, such that the following three equations
are satisfied: '

lieg + b; O + by, ©; = o (G — bib)
ﬁi&k = (dik + l;i l;;c)Ric - ledik: curl? curlp; — %curljicurljk

—(n-1) {%02 (3du, — b; i)k) + %@iek + %(Gﬁk + 9k|i)}

curljﬂj = 2Rich; + (n—1) {%0251- + %0’@1' + %@jcurlﬁ} .
Tracing the Basic Equation tells us o takes the geometrically significant
value B
g = —~2 .
, n — |bll
(Recall, Bil ; 1s the divergence of the vector field b9,:.)

I would like to emphasize a few properties of the Basic, Curvature, and
Eqo3 Equations. ~ '
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e The equations are tensorial and highly non-linear (see ﬁlzzk) second
order partial differential equations.

e They are polynomial in the tangent space coordinates y*, whereas
the Einstein criterion is not (unless b = 0). The polynomial struc-
ture of the three characterizing equations substantially réduces the
computational complexity. Recall the Einstein criterion (§2.2) is
K! = F?Ric(z). While testing Einstein examples we found cases
in which Maple (the mathematical software) was unable to com-
plete computations of K ’z So for these examples we could not
verify the Einstein criterion. Maple was able, however, to verify
the three characterizing equations.

e The E93 Equation is redundant. That is, given the Basic and Cur—
vature Equations, the Eo3 Equation necessarily holds. The redun-
dancy is almost evident from the proof that ¢ is constant. In §2.4
we derive a second expression for curlioli which, with the constancy
of o, is identical to the Eo3 Equation.

During the computation we use the Eo3 Equation only to com-
pute (-)ih.. Now that we know ¢ is constant, it is possible to re-
compute @i|i via the formula I;ioﬁ = 2I~)i§i_6io + lieii]0 — lieio'i,
introduced at the beginning of §2.4, and requiring only the Basic
and Curvature Equations. With this alteration, the argument that

“illustrates the constancy of o, now shows the Basic and Curvature
Equations imply the Eq3 Equation.

Although superfluous, the Ey3 Equation is enormously useful
in computations. For this reason it is included in the Einstein
characterization theorem.

e A similar characterization for those special Einstein Randers met-
rics of constant flag curvature has also been derived. The interested
reader might consult [BR03a, MS02a).

The next step is to parley the characterization into an explicit geometric
description of Einstein metrics of Randers type. This is done in Chapter
Three, where we re-express the characterizing equations within the context
of the perturbation technique based on Zermelo’s problem of navigation. It
happens that this is the ideal setting to discuss Einstein metrics of Randers

type.




CHAPTER 3

The Einstein navigation description

Given the straightforward construction of a Randers metric as the sum of
a Riemannian metric @ and a linear term b, it seems most natural to derive
an Einstein characterization based on & and b. Such reasoning motivates
the characterization theorem of Chapter 2. However, an overwhelming ma-
jority of the Einstein examples known today are constructed as solutions to
Zermelo’s problem of navigation (§1.5.1). This suggests the structure under-
lying the perturbation technique may be well-suited to a study of Einstein
metrics of Randers type. So guided, I rewrite the characterizing equations
of §2 in terms of the Zermelo data (@, W). I find that a Randers metric is
Einstein with Ricci curvature Ric = (n — 1)K if and only if the Riemannian
d is Einstein with Ricci scalar (n — 1)(K + $50?), and the Lie derivative of
a by W is —aoa.

With the navigation description in hand a Schur lemma and Matsumoto’s
Identity follow quickly. The Schur lemma constrains the geometry in dimen-
sions three and higher by declaring the Ricci scalar of an Einstein Randers
metric to be constant. The Matsumoto Identity, describing the constant
o, generalizes a result of Matsumoto for Randers metrics of constant flag
curvature [Mat01], to the Einstein setting.

1. Randers metrics as solutions to Zermelo’s problem

We know solutions to Zermelo’s problem are given by Randers metrics
(§1.5.1). The converse must be checked before deriving a classification based
on ¢ and W: can every Randers metric F' = a + 3 be realized as a solution
to Zermelo’s problem of navigation on a Riemannian manifold (M, &) under
an external force W7 Happily, the answer is ’yes’. The desired Riemannian
metric & and vector field W may be constructed as follows.

Given o? = @;;5'y’ and 8 = byt let A == 1 — (B]|2. Consider the
Riemannian metric and vector field defined by

&ij = A(di]‘ - B,EJ) s Wz = -

Recall ||b|| < 1 is required of all our Randers metrics. This means A > 0,
and W is well-defined. ~
Also a consequence of ||b]] < 1, we have

diy'y’ = Ae® - 6%) 20,

21
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with equality only when y = 0. Hence & is positive definite, and is therefore
a genuine Riemannian metric. 5 .

After checking Wig;;W7 =: IW |2 = ||b]|?, a straightforward computa-
tion confirms F' = o + 3 solves Zermelo’s problem for (&, W). Explicitly,

G = &ij [1 - d2(W)] + Wz Wj B = —Wi
“ [1— &2(W)]2 T 1-&2(W)°

where W; = 4;;W7. Equivalently,

()

_ W
1—-a2(W)’

& (y) [1 ~ & (W) + W,y
[1-ax W) ’

o(y) = B=

with &2(y) := dijyiyj. In particular, F' solves Zermelo’s problem for @ and
w.

Finally, with some linear algebra, the inverse 4% of & is given by
GIA LB
= A

a*

Again, ||b]| < 1 guarantees &% is well-defined.

2. Covariant differentiation with respect to d

This section is the first of four containing the computations to express
the characterizing Basic, Eog and Curvature Equations in terms of the Rie-
mannian metric d, the vector field W, and covariant derivatives of W with
respect to a. .

Let the colon denote covariant differentiation with respect to a. For
example, the covariant derivative of W is given by

Wi =W+ W5,

Here, '“yijk denotes the Christoffel symbols of 4. Indices on W?, W, and their
covariant derivatives are lowered and raised by the metric d;; and its inverse
a4,

Because the covariant derivatives of the characterizing equations are with
respect to & we need to understand the relationship between the Christoffel

symbols of a and G. To wit, the connection coefficients of & and & are related
by

’~)’ijlc = ’UYijk + nijlc ;
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with

nijk = X ((VkW WSJ + 8¢ WSWS k) + —%W’ (Wj;k +Wk:j>
" (Zi_gi +2Wizvk) {Wz WsWth;t _ st[“/s:i}
+ LAWinWS (Wk:s + Ws-k) + iWiWkWs (V\ijs + Ws;j)
b =+ )

3. The Basic Equation

In this section I shall re-express the Basic Equation of §2.5.1
liegy + 26809 = 0(042 - 52) )

in terms of & and W. The expressions for a and 3 are given in §3.1; we need

only compute liegg and Og. .
First, consider liegg = 2bgjg. With the formula for b; in §3.1 we have

by Bi,zj - i’s:ﬁj
= l~) ij T Bs'f]sij
1+ A 1- A
=~ A VVZ] 3 A Wiii
2 W + ~ay ) WOWIWL,
A2 A
1 y
- sz Wi (W Wy +W3Wj;s)
A—A_ o 1o \ oy
+ < W W — Q—AWSWZ-:S) W, .

Now liegg is given by contracting this expression with 2y’y7.
- Moving on to &y, a quick calculation yields

= —% (Wi:j - szi)

ZQ (Wiw*Wy; — WoWoiW;) .
Whence ©¢ = bicurly is given by
g = L IWIE +£W”2WSVVVS:0 — WeWo.s — %WsWth:t Wo.
It follows now, that the Basic Equation is equivalent to a preliminary
expression
—2Woo — §d2wswtﬁfs:t = <&
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2

‘This formula may be refined. First differentiate by y* and 3’ for

g

v ) o s - o
—Wij — Wi — N W W Wy = —dy5 .

A

Contract this with WWJ to obtain
WWW,., = —%HW[P :

Substituting this equality into the preliminary expression yields

v} 0u2
WO:O = ~—§a .

The indexed form, obtained via differentiation by %* and y7, describes the
Lie derivative of d;; by W

Wi;j + Wj;i = —Udij .

This the Liew Equation, so named because Wi;j-i'Wj;i is the Lie derivative
of & by W. It says W is an infinitesimal homothety of G. When ¢ vanishes,
W is Killing (an infinitesimal isometry).

A quick calculation shows the Liey Equation is equivalent to the pre-
liminary expression above. This means,

The Liew Equation is equivalent to the Basic Equation.

The Liew Equation provides a number of useful identities that I shall
apply to the derivation of the perturbation versions of Eg3 and Curvature
Equations. These include '

W, = —ino
WWW,, = —ia|W|?
WtW,.s + Ws:tWt:s = ino?
w# (Wo;s + WS:O) = —oWp

WS:O (WS:O + WOZS) = %02&2
I/T/vO:sVT/O; S — WS;OWS:O =0

WSWS;t (Wt:O + WO: t) = —G'WSWS;()
WsWt:s (Wt:O + I/TIO:t) = _UWSWO:S
we (Ws:t + Wt:s) Wt;o = “O'WSWS:O

Wi:j:k+Wj:i:k =0
WsWth:t:lc = 0.
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4. The E23 Equation

Next we turn our attention to the Eoz Equation of the Einstein charac-
terization (§2.5.3)

curlj0|j = 2RicB+ (n—1) {%02,3 + %0@0 + %@jcurljo} .
Two terms require consideration: curleI ; and ©curljp. Let’s start with
cur1j0|j =ag¥ curlyp; = a" (curlio;; — curlgon®; — curlign’y;) -

The tensors @ and curl;; are evaluated in §3.1 and §3.3, respectively. After
simplifying with the identities derived from the Liey Equation we have

2
A
(= 3P IWIEWo + Ao W Wi

Curljolj = I/T/vO: fs - Ws:O:s + I/\VOVVS.v\f/vs: t:t
(n—-1)

AZ

+ 2 A WsWt:SWt;O + 2 WO WsWtWT;SWTIt) .

Much of the work for the second term ©7 curljo = ©,;a4 curljp has been
done: @¥ is given in §3.1; ©; and curljg are computed in §3.3. The Liew
Equation identities imply :

©curljp = (417[/0 WoW W Wy + 4AWSWE Weo — 0217[/0) .

1
A2
Now the Es3 Equation is expressed in the preliminary form

A (W.S:O:s - IX/O: Ss) = (’l’l - 1) (2K + %02) WO + 2I/\VO WSWS; t;t,

where
' K := - Ric.
The algebraic derivation may be reversed to recover the Eq3 Equation from
the Liey Equation and the preliminary form above.
As was in the case in the computation of the Liey Equation, the pre-
liminary expression may be refined. To do so differentiate by y* and contract
with W* to obtain

—2WW,.t = (n — 1) 2K + §o?) |[W]%.
Then, a straightforward computation shows the preliminary form is equiva-
lent to y y ' y

Ws:O:s - WO: S:s = (n - 1) (2K + %02) Wo.
This is the 1:323 Equation , the navigation version of the Eq3 Equation.

To ensure the navigation description we are deriving is both necessary

and sufficient for a Randers metric to be Einstein, it is important that we
keep track of the relationships between the characterizing equations (which
are necessary and sufficient by Theorem 2.3) and their navigation forms.
Assume the Liey Equation holds. Above I mentioned that the Eq3 Equation
and the preliminary form are equivalent. Since the preliminary form holds
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if and only if the Eos Equation does, we see the Eq3 Equation is equivalent
to its navigation version.
At the end of §3.3 T observed that the Basic and Lieyy Equations are
equivalent conditions. Taken together these remarks imply
The Basic and Eq3 Equations hold if and only if the Liey
and E(23) Equations do.

I close the section with an identity derived from the Liey and E(23)
Equations :
Weos = (n—1) (K + 3507) Wo.

This formula will come in handy during our computation of the Curvature
Equation. -

5. The Curvature Equation

In this section I turn to the characterizing Curvature Equation of §2.5.2

R _ 2 2\ prn_ L2000 1) N DR .
Ricgpy = (& + %) Ric — ja*curl¥curly; — zeurlgeurljo

2 (g 2 2 2
—(n—1) {{0” (3a® — B%) + 60 + §O0p} -
Four terms of the term above require our attention. They are curl¥ curlyj,

curljocurljo, Ool0, and R\izoo. Throughout these computations I assume that

the Liew Equation, .E23 Equation, and related identities hold (§3.3, 3.4).
Let’s begin with curl?curl;;. In §3.1 and §3.3 we computed @¥ and curl;,
respectively. We have

curl?V = @™ a*curlyy
5771 Y719
A (WJ W J) ,

and
ij 1 2 2 s 11/t ST 1X
curleurl;; = < {(n+2)0%8 - 202 —4A W, + 8WW W Wrt
Similarly,
; 1 o v
curlyeurljg = E{ —a?(Wy? + A%8%) + 4A (WSWSZ())2

+AAT W Weo + 40 AW WeW,0
AW WWEWT W,y + 8 AW WsWt:vaVt:o} .
This takes care of the curl terms. Next ﬁp is the covariant derivative of
©. With the expression for © computed in §3.3 we have
Ooo = ©00 — Osn’y
1

- B{%(4WSWtVT/’ZSWT;t — 02) (A&% + 2W,?)

QAL Wi + A A Wo WOWE, Wio + mz'wswmo}.
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The fourth and final term of the Curvature Equation is more involved:
to compute Ricgp with respect to @ and W'l return to Berwald’s formula (in
split and covariantized form) of §1.5.3. Recall, Berwald’s formula allowed
us to compare the spray-curvature K ik of F' to the spray curvature K ik of
the ’background’ metric a. This is but one case of a more general compar-
ison formula (see [BR0O3b]). The general comparison formula allows us to
compare the spray curvature K% of a to the spray curvature K ik of the
'background’ metric &. First define

& = 31 "
Then the geodesic spray coefficients are related by
G=GF+¢.
Berwald’s formula tells us the Ricci tensor ﬁzz] of a is related to the Ricci
tensor Ruicij of 4 by
Ricgp =. R\'JiCOO + {2§i:i - yj (gi:j)yi - (&i)yj (gj)yz + 2§j(§i)y1yi}
= Ricg

1 Voo Ly
+B< { (n—1)A%2(1-A)K + A2WS,W?,
—(n+ 1) AWSWW W,

+ [;11-(’n+1) - %(7N—3)A — Tlg(nﬁ 1)A2]U2A}é2
+ {2(n ~-1)AK - 2(n+1) WsWtWT;sWr:t

+AWSWE, + [A(n+1) - L A(Bn+1)] az}WO?

—(n+1) e AW W Wao — (n+1) A (WoTW,y0)

— Q(n + 1) A WO WSWt:sWt;Q - (TL -+ 1) A? WS:OWS;O
et (n et 1) A2 WSWS:0:0> .

Taken together, the four expressions computed above allow us to mirac-
ulously rewrite the the Curvature Equation as

Ricgg = (n —1) (K + %02) &2,

Call this the Einstein Equation, because it says the Riemannian metric d
is Einstein, with Ricci scalar (n — 1)(K + $502).

Let’s take a moment to review. We assumed the Liey and Egg Equa-
tions hold, and then algebraically derived the Einstein Equation from the
Curvature Equation. We may reverse the process and resurrect the Curva-
ture Equation from Einstein Equation. In particular, given the Lieyy and
Eq3 Equations, the Curvature and Einstein Equations are equivalent.
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At the end of §3.4 we remarked that the Liey and Egs Equations hold
if and only if the Basic and Eq3 Equations do. Therefore, the Lieyw, E(23)
and Einstein Equations are equivalent to the characterizing Basic, E93 and
Curvature Equations. The characterization theorem (Theorem 2.3) implies
The Randers metric given by perturbing a by W is Ein-
stein with Ricci scalar Ric = (n — 1)K is if and only if the
Liew, E(23) and Einstein Equations are satisfied.

6. The theorem

We have just seen that a Randers metric with underlying & and W is
Einstein if and only if the Liey,, E(23) and Einstein Equations hold. The
Eog Equation is redundant. (This is not a surprise. I remarked, in §2.6, that
the Basic and Curvature Equations imply the Eo3 Equation.)

LEMMA 3.1. The Liew and Einstein Equations imply the Eng FEquation.

ProoOF. The implication may be seen in the following way. With the
Ricci identities for W, and the Liew Equation identity Wi .z + Wj.i. = 0,
we have the following 5 equations

Wik — Wik = WoRige
Wi:k:j + Wk:i:j = (
—Wk:i:j + Wk:j;z’ = —WSRksij '
"'Wk:j:i - Wj:k:i =0
Wiki— Wik = W Rjeh,

which sum to produce

Wi:j:k - Wj:i:k = _2W5ék:sij
with a little help from the first Bianchi identity. Trace on (i, k) and apply
the Einstein Equation to derive

)

WS, — W, 5 = 2W°Ricy
= W (n—1)2K + 30%)d,;
= (n—-1)(2K + $o)W;.

This is the indexed form of the Eyg Equation. Contracting with 3/ produces
the Eoz Equation. ' O

We are now ready to state the navigation description for Einstein metrics
of Randers type. Before I do so, recall the perturbing vector field W must
satisfy &(W) < 1, if the resulting Randers metric is to be strongly convex.

THEOREM 3.2 (Einstein navigation description). Suppose the Randers
metric F' solves Zermelo’s problem of navigation on the Riemannian mani-
fold (M, &) under the external force W, &(W) < 1. Then (M, F) is Einstein
with Ricci scalar Ric =: (n — 1)K if and only if
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e The Finstein Equation
Ricoo = (n — 1)(K + £0%)&?

holds. That is, the Riemannian metric i is Finstein with Ricci
scalar (n — 1)(K + 7507).

o The vector field W is an infinitesimal homothety of @. To be precise,
the Liew Equation

Wi+ Wiy = —0ody;
is satisfied.

I refer to this theorem as a ’description’ and distinguish it from the
‘characterization’ theorem of §2.6.2 because it provides a concise description
of Einstein metrics of Randers type, in which the underlying geometry is
explicit. .

One consequence of the theorem is that the Ricci scalars of the Einstein
F and @ agree when W is Killing. Matsumoto’s Identity of §3.8 describes in
greater detail the values o may take, and allows us to refine the relationship
between the Ricci scalars.

Constant flag curvature and 3-D rigidity. We say a Finsler metric
is of constant flag curvature if the flag curvature K (z,y,w) = K is constant
(§1.4). Since the Ricci scalar is the sum of n — 1 flag curvatures, we see
that constant flag curvature metrics are Einstein with Ricci scalar (n—1)K.
These metrics are the Finslerian analogs of Riemannian metrics of constant
sectional curvature.

Recollect that a three-dimensional Riemannian metric is Einstein if and
only if it is of constant sectional curvature. It is not known if this rigidity
holds for arbitrary Finsler metrics.

However, the rigidity does hold for Randers metrics. The proof rests
on a navigation description for Randers metrics of constant flag curvature
similar to the Einstein description above [BRS03].

THEOREM 3.3 (Constant flag curvature navigation description). Sup-
pose the Randers metric F' solves Zermelo’s problem of navigation on the
Riemannian manifold (M,d) under the external force W. Then (M, F) is
of constant flag curvature K if and only if

o The Riemannian metric G is of constant sectional curvature (K +
+0?). That is,
5 _ 1 2 [V VY]
Rpijk = (K + 50°) (Gs58hk — Giking) - |
o The vector field W is an infinitesimal homothety of a. To be precise,
the Liew FEquation

Wi;j + Wj;i = —Udij

is satisfied.
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As in the Einstein sefting, the derivation begins with a characterization
of Randers metrics of constant flag curvature in terms of @ and b. The de-
scription is then produced by re-writing the characterizing equations within
the context of Zermelo navigation. This is joint work with David Bao. Z.
Shen has solved the Liey Equation and obtained a list of W for each of the
three standard Riemannian space forms d; see also §4.2. The detailed clas-
sification of constant flag curvature Randers metrics is derived in [BRS03].

The three dimensional rigidity is immediate. A Randers metric is Ein-
stein if and only if the Liey Equation holds, and & is Einstein with Ricci
scalar (n — 1)(K + %02). In three dimensions, all Riemannian Einstein
metrics are of constant sectional curvature. Hence d is of constant sectional
curvature K + %02, and the conditions of Theorem 3.3 are met.

Interestingly, the two navigation descriptions also tell us any Einstein
Randers metric arising as a solution to Zermelo’s problem of navigation on
a Riemannian space form is necessarily of constant flag curvature.

7. A Schur lemma

It is my goal in this section to prove a Schur lemma for the Ricci scalar
of a Randers metric. Essentially, the lemma constrains the geometry of
Einstein metrics in dimension greater than two, insisting that the Ricci
scalar be constant.

Historically, this is the second Schur lemma in (non-Riemannian) Finsler

~ geometry. In 1973 del Riego [dR73] proved a Schur lemma for the flag

curvature of Finsler metrics. Matsumoto [Mat86] presented a second proof
in 1986.

In two dimensions, the Ricci scalar Ric of a Riemannian metric is the
Gaussian curvature of the surface. That is, all Riemannian surfaces are
Einstein. Since the Gaussian curvature is not constant in general, we see
the Schur lemma fails for Riemannian, and therefore Randers, metrics in
two dimensions.

At this point it is natural to ask if the Schur lemma must also fail for
non-Riemannian (b # 0) Randers surfaces. The answer is ‘yes’. Section
4.1 develops a class of non-Riemannian Randers metrics with Ricci scalar
a non-constant function of x alone. In particular, these non-Riemannian
metrics are Einstein, but fail the Schur lemma.

LEMMA 3.4 (Schur). The Ricci scalar Ric(x) of any Einstein Randers
metric in dimension greater than two is necessarily constant.

Proor. The lemma follows immediately from the Riemannian Schur
lemma. To see this, suppose F' is an Einstein metric of Randers type, solv-
ing Zermelo’s problem on the Riemannian manifold (M, d). The Einstein
Equation says d is Einstein with Ricci scalar (n—1)(K + %602). By the Rie-
mannian Schur lemma (see Appendix B), K + %02 is constant when n > 2.
Since o is constant (see §2.4), we see K = —L5 Ric must be as well. a
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Discussion. One proof of the Riemannian Schur lemma is based on
the second Bianchi Identity. Unfortunately, the Finslerian second Bianchi
Identity does not yield itself to a similar argument. This has led geometers
to expect the Schur lemma to fail in general. However, the establishement
here of a Randers Schur lemma permits some optimism for arbitrary Finsler
metrics.

The interested reader may find a discussion of these issues in the second
appendix. There I include

e a proof of the Riemannian Schur lemma,

e a discussion of the obstacle presented by the Finslerian second
Bianchi identity, and

e a second proof of the Randers Schur lemma based on the charac-
terization theorem of §2.6.2.

8. The Matsumoto Identity

Matsumoto has shown [Mat01] that any Randers metric of constant flag
curvature K satisfies

0(K—+— %02)=0.

The identity may be extended to Einstein metrics. (Recall, constant flag
curvature metrics are Einstein, with Ricci scalar Ric = (n — 1)K.)

I will show any Einstein metric of Randers type, with Ricci scalar Ric =:
(n—1)K, satisfies the Matsumoto Identity for Einstein Randers met-
rics :

o(K + 1—1602) =W'K;, whenn=2
U(K+T1-602)=0 when n > 2.
The proof rests on the Ricci Identity for Wi:j - Wj:i

(WM - Wj:i)k:h - (Wi:j - Wj:i>h:k

v

= (Ws;j — Wj;s> Riskh + (Wz‘:s - Ws:i) stk;u

where Rhi jk is the curvature tensor of d. Trace the Ricci Identity on (¢, k)
and (h, j) to obtain

(Wi, = W3%,) = (W7 <) By,

The Ricci tensor IVZz'cij of 4 is symmetric. Since Wei_Witis skew-symmetric
the right hand side must vanish. With the help of the E23 Equation this
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implies
0 = (W -wi)
= {(n-1)2K + o)W’}

= 2n—1) {WJ‘K:j + (K + %H)W{j}

2(n—1) {WjK:j — ga(K + %02)} :

The identity now follows from the Schur lemma.
A second proof of the Matsumoto Identity, based on the Einstein char-
acterization theorem of §2.6.2, may be found in Appendix A.

8.1. The refined description for constant Ric. The navigation de-
scription tells us that every Einstein Randers metric arises as the solution
to Zermelo’s problem of navigation on an Einstein Riemannian manifold
(M, &) under an infinitesimal homothety W. Matsumoto’s identity further
refines this description when Ric is constant. To see how this is so, suppose
the Ricci scalar Ric = (n — 1)K of F' is constant. The Matsumoto Identity
reads

o(K + 1—1602) =0.
Recollecting that (n — 1) (K + %02) is the Ricci scalar of the Einstein d,
consider the following three cases:

(+) If Ric > 0, then ¢ = 0. In particular, the Ricci scalar of & is Ric,
and W is Killing. (Equivalently, W is an infinitesimal isometry.)
(0) If Ric = 0, then 0 = 0, and F solves Zermelo’s problem of nav-
igation on a Ricci-flat Riemannian metric under an infinitesimal
isometry.
(-) When Ric < 0, either 0 = 0 or 0 = +4+/|K].
o If o = 0, the Ricci scalar of @ is Ric and W is an infinitesimal
isometry.
olfo= :1:4\/|—K—| , then a is Ricci-flat, and W is not Killing. Al-
ternatively, any solution of Zermelo’s problem of navigation on
a Ricci-flat Riemannian manifold under a infinitesimal homo-
thety with o # 0, is an Einstein Randers metric with negative

Ricci scalar Ric = —1s(n — 1)o2.
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CHAPTER 4

Case Studies

In this chapter I apply the Einstein navigation description of Theorem
3.2 to examine some special classes of Einstein metrics of Randers type.

I begin in dimension two, constructing non-trivial Randers metrics with
Ricci scalar a non-constant function of position z alone. The metrics are
Einstein, and provide non-Riemannian counter-examples to the Schur lemma,
in two dimensions.

Next, in Section 4.2, I discuss a recent classification of constant flag
curvature Randers spaces. The result is analogous to the Hopf classification

~ of Riemannian geometry.

Last, Section 4.3 investigates closed Einstein manifolds. I will demon-
strate that any Einstein Randers metric of negative Ricci scalar on a closed
manifold is necessarily Riemannian. Also, any Ricci-flat Einstein Randers
metric on a closed manifold must be Berwald.

1. Randers metrics with K = K(z) in dimension 2

The first case study is of surfaces of rotation in R3. We shall see that
solutions to Zermelo’s problem of navigation under infinitesimal rotations
are Einstein with a non-constant Ricci scalar Ric = Ric(xz). These met-
rics, constructed jointly with D. Bao [BR03a], are non-Riemannian counter
examples to Shur’s lemma in dimension 2.

To begin take any surface of revolution M, obtained by revolving a

e (0, flp), 9(p))

in the right half of the yz-plane around the z axis. The ambient Euclidean
space induces a Riemannian metric ¢ on M. Parameterize M as follows:

(0,90) = (f(p)cos(9), f(p)sin(8), g()).

Now consider an external force acting on M represented by the infinitesimal
isometry W := €0y. Here € is a constant to be specified momentarily. By
limiting the size of our profile curve if necessary, there is no loss of generality
in assuming that f is bounded. Choose € so that €|f| < 1 for all ¢. Then
the solution to Zermelo’s problem is the following Randers metric on M:

et -e ) (2 @)

—eu f2

* 1—e&f

8=

1—ef2 ’
33 ‘
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Here, u 0y + v 0, represents an arbitrary tangent vector on M, and f, g
abbreviate the derivative of f, g with respect to .

Because the vector field W is Killing o vanishes, and the Einstein naviga-
tion description says the Ricci curvature K of F is identical to the Gaussian
curvature of the Riemannian metric &

Ko 90a-19)
F(f2+40)2 7

where the dots indicate derivatives by ¢.

A Randers metric on the elliptic paraboloid. Specialize to the
surface of revolution z = 2%+ y? in R®, and set the multiple € in W to be 1.
The resulting Randers metric lives on the 2% 4+ y? < 1 portion of the elliptic
paraboloid, and has Ricci curvature 4/(1 + 4z% + 4y?)2. It reads:

V (—yui+ zv)2 + {(1 + 422?) u? + 8zy uv + (1 + 4y?) v?} D
D )
, 1Bl = 22 + 42, where D:=1—2% -2,

O =

Uu—xv
g yu—av

D

A Randers metric on the torus of revolution. Specialize to a torus
of revolution with parameterization

(9, ) — ( [2+ cos(p)] cos(D), [2+ cos(p)]sin(F), sin(yp) ).
Set the multiple € in W to be %. The resulting Randers metric on the torus
has Ricci curvature cos(p)/[2 + cos(p)]. It is given by:
4 \/16[2 + cos()]? u? + {16 — [2 + cos(y)]?} v?
16 — [2 + cos(yp)]? ’
—4(2 + cos(p)]? u
16 — [2 + cos(p)]? ’

B = with ||b]|* = & [2 + cos(p)]?.

2. Spaces of constant flag curvature

Constant flag curvature spaces form a distinguished subclass of Einstein
spaces. As indicated in Section 3.6, all Randers metrics of constant flag
curvature arise as solutions to Zermelo’s problem on an Riemannian space of
constant curvature under an infinitesimal homothety. This result, along with
the Hopf classification of constant curvature Riemannian spaces, allows a
complete classification of constant flag curvature Randers metrics. The work
is joint with D. Bao and Z. Shen; the details and additional results may be
found in [BRS03]. My primary goal in presenting the classification theorem
here is to provide the reader with an explicit recipe for the construction of
these special Einstein Randers metrics. First, some notation

e Q = (Qy;) is a skew-symmetric matrix and C = (C?) a vector, both
constant; o '
e Qz denotes (Q*; z7), and z := (z*);
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e all indices on Q, C, z are manipulated by the Kronecker deltas ;;
and 6%;
e “” ig the standard Euclidean dot product.

THEOREM 4.1 (Classification [BRS03|). Let F(z,y) be a Randers met-
ric on a smooth manifold M of dimension n > 2, solving Zermelo’s problem
of navigation for the Riemannian metric & and vector field W. Then F' is of
constant flag curvature K if and only if 4 is of constant curvature, and W is
an infinitesimal homothety. Moreover, up to local isometry, the Riemannian
space form d and the vector field W must belong to one of the following four
families. ,

(+) When K > 0: & is the standard metric on the n-sphere of radius

\/L? and W = Qz + C + (z - C) z, with
) ,
1+ (z-x)

(Here W is given with respect to the projective coordinates param-

eterizing a hemisphere. See [BRS03].)

(0) When K = 0: & is the Euclidean metric on R™ and W = Qz + C,
with

{(Qz+C)-(Qz+C)+(z-C)?} < K.

Qx+C)-(Qz+C) < 1.
(=) When K < 0:
(=)e either & is the Buclidean metric on R", and W = —ioz +
Qz + C satisfies

(Qz+C) - (Qr+C)+oz-(30z-C) < 1

with o = +4/ |K]|; .
(—)k or & is the Klein model of sectional curvature K on the unit
ball in R™, and W = Qz + C — (z - C)x satisfies

1
—————— . C)—(z-C)? K]|.
o (@2 40) (@ +0) ~ (2O} < IK]
Furthermore, if M is simply-connected and d is complete, then the said local
isometry is in fact a global isometry.

The perhaps mysterious inequalities for () and C' are determined by
the restraint that |[W|| < 1. Often times W will satisfy this restraint only
on an open subset U of M. In these cases the Randers metric solving
Zermelo’s problem is defined only on U. In fact, the Klein model admits no
non-trivial globally defined W satisfying the necessary inequality. It does
however admit many locally defined Killing fields of norm less than one.
In constrast, both Euclidean space and the sphere admit non-trival global
infinitesimal isometries with ||W| < 1 ((BRS03)).

In addition to describing the Randers metrics of constant flag curvature,
the classification may be used to construct Einstein metrics of non-constant
flag curvature. To do so, I recall the familiar fact that the product of two




3. CLOSED EINSTEIN SPACES 36

Einstein Riemannian spaces with a common Ricci scalar A is itself Einstein
with Ricci scalar A. Fix A. Let M; be an n;-dimensional Riemannian mani-

fold of constant curvature 2, i = 1,2. Then M,; is Einstein with Ricci scalar

ng
A. Let W; be an infinitesimal homothety on M;. Modulo local isometry,
W; must correspond to one of the four families listed in the classification
theorem.

The product space M = My x M, is Einstein, with infinitesimal homo-
thety W = (W;,W3). Theorem 3.2 tells us the Randers metric F on M
solving Zermelo’s problem of navigation under W is Einstein.

Note that when X is nonzero, the Riemannian metric on M is not of
constant sectional curvature. In particular F, though Einstein, is not of
constant flag curvature (Theorem 3.3).

3. Closed Einstein spaces
In the final case study, I restrict attention to closed (compact and bound-
aryless) manifolds. Assume throughout the present section that

F is an Einstein Randers metric, with Ricci scalar
Ric, on a connected, closed manifold M.

In particular, F' solves Zermelo’s problem of navigation for a Einstein Rie-
mannian metric ¢ on M under an infinitesimal homothety W. It is my goal
in this discussion to determine the constraints placed on W, and therefore
F, by the hypothesis that M is closed.

I begin by observing that W must be an infinitesimal isometry. (Equiv-
alently, W is a Killing vector field.) This is easily seen with the following
divergence lemma. .

LEMMA 4.2 ([BCS00]). Let V be any globally defined vector field on a
closed Riemannian manifold (M, g). Let V denote the Riemannian connec-
tion. Then

/ ViVidV, =0.
M
Setting g = @ and V = W establishes the following lemma.

LEMMA 4.3. The infinitesimal homothety W is Killing. Equivalently, o
vanishes.

Proor. By the divergence lemma we have

'o=/ Win-dV=/ ~ingdv.
M M

Hence o is zero, and W is Killing. il

It follows now, from the Einstein navigation description,
that the Ricci scalar of d is Ric.

The following result of Bochner addresses the case Ric < 0.
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THEOREM 4.4 (Bochner [Boc46, KN96]). Let M be a connected Rie-
mannian manifold whose Ricci tensor is negative definite everywhere on M.
If the length of an infinitesimal isometry V attains a relative marimum at
some point of M, then V wvanishes identically on M.

Because d is Einstein, the Ricci tensor of & is negative definite when
Ric < 0. By Lemma 4.3 W is an infinitesimal isometry. The norm [|W/||
must attain a maximum as M is compact. Hence W = 0, and F = & is
Riemannian. I have proven the following

PROPOSITION 4.5. Let F' be an Einstein Randers metric with negative
Ricci scalar on a closed manifold M. Then F is Riemannian.

Let’s now turn our attention to the 1-form w = Widxi dual to W. The
Laplacian of w is given by the Weitzenbock formula [BCSO00]

Aw= (Rvicij Wj — Wi;j;j)dxi.

By the Einstein navigation description

Ric// = Ricé .
Similarly, the Liew and E(23) equations of Sections 3.3 and 3.4 impiy

Wi;j;j = —Ric Wi.
Whence we compute

Aw=—-2Ricw.
(I have made use of the fact that 0 =0 in these computations.)

Assume Ric = 0. Then the Ricci tensor of ¢ vanishes and w is harmonic.
Another well-known result of Bochner implies w is parallel.

THEOREM 4.6 (Bochner [BCS00)). Let § be a globally defined 1-form
on a closed Riemannian manifold (M,g). Suppose the Ricci tensor of g

is non-negative. Then 8 is harmonic if and only if it is parallel, that is,
Vo =0.

The 1-form w is parallel precisely when W is. In particular, W is
parallel whenever Ric = 0. The converse holds as well, so long as F' is
non-Riemannian (ie. W # 0). (To see why we need to assume F is non-
Riemannian, notice that F' is Riemannian precisely when W = 0. In which
case W is certainly parallel, but the Ricci tensor of F' = ¢ may assume any
value.)

To prove the converse assume that W is parallel, and not identically
zero. Since ¢ vanishes the E(23) Equation reads

0=2RicW.

Because W is not identically zero on M, the Ricci scalar Ric must be zero.
We have established the following

PROPOSITION 4.7. Assume F is a non-Riemannian- Einstein Randers
metric on a closed manifold M. Then Ric =0 if and only if W is parallel.
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It now follows as a corollary that a non-Riemannian Einstein Randers
metric is Berwald if and only if Ric = 0. Assume (M, F) is an arbitrary
Finsler space. Let G¢ denote the geodesic spray coefficients of F (cf. §1.4).
Then (M, F) is said to be a Berwald space if the quantities (G*),s,+ do not
depend on y [BCSO00].

For the moment, let us consider an arbitrary Randers metric F' = o +
B, solving Zermelo’s problem for (&, W). In particular, M need not be
closed, nor F' Einstein. It is known that F' is Berwald if and only if b is
parallel [BCS00]. Look back at the expression for 5i|j in §3.3. Recollect
our computation of this formula involves no assumptions on F. Notice
that VuVi;j = 0 implies Eiu = 0. Conversely, if we assume b is parallel, and -
successively contract the right-hand side of the expression for l~)i|j in §3.3
with WiWJ, W and W/, we may deduce that W;.; = 0. In particular,

Let F be any Randers metric. Then b is parallel with
respect to d if and only if W is parallel with respect to a.

Now return to the realm of Einstein Randers metrics on closed manifolds.

Proposition 4.7 and the discussion above imply

COROLLARY 4.8. Assume F is a non-Riemannian Einstein Randers
metric on a closed manifold M. Then Ric = 0 if and only if F' is Berwald.

Finally, let me close this section by observing that the rigidity of Propo-
sition 4.5 does not hold when Ric = 0.

PROPOSITION 4.9. The flat torus admits non-Riemannian Randers met-
rics of constant flag curvdture K = 0.

PROOF. A flat torus is simply Euclidean R™ modulo n linearly indepen-
dent translations. The parallel vector fields on R™ are the constant vector
fields. A constant vector field on R"™ is certainly invariant under transla-
tion, and therefore defines a global, parallel vector field W on the torus. In
particular, Zermelo navigation on the torus under W defines a non-trivial
Randers metric. . O




CHAPTER 5
Open Questions

It is natural to wonder which of the results established here, among
Randers metrics, may be extended to Finsler spaces in general. To that end
I have selected a few problems to discuss. g

1. A Schur lemma

Does the Einstein Schur lemma hold for arbitrary Finsler metrics? One
proof of the lemma for Riemannian spaces rests on the second Bianchi iden-
tity. As I mention in §3.7 (and discuss in Appendix B), the Finslerian second
Bianchi identity does not lend itself to an analogous proof. The intractable
nature of the identity has led geometers to doubt the existence of a Schur
lemma for Finsler metrics. However, my success in the Randers setting
encourages a sanguine speculation.

2. Chern’s conjecture

S.S. Chern has conjectured that
Every manifold admits a Finslerian Einstein metric.

It is known that topological obstructions prevent some manifolds from
admitting Einstein Riemannian metrics [Hit74, LeB99]. According to the
* navigation description (Theorem 3.2) any manifold that admits an Einstein
Randers metric must also admit a Einstein Riemannian metric. Hence the
same topological obstructions restrict Einstein metrics of Randers type.

To understand why the conjecture fails among Randers metrics, yet may
still be expected to hold in the larger class of Finsler metrics, it is helpful
to consider the indicatrix. The indicatriz of a Finsler manifold (M, F) is
the set of points in the tangent space T, M of norm 1, S,(F) := {y €
T, M : F(y) = 1}. Given the Randers metric F' solving Zermelo’s problem
of navigation for (&, W) the indicatrices are related by Sy (F) = Sy(¢&t) + W,
In particular, the Randers indicatrix is simply an ellipse centered at W,.

In this context, it seems asking a metric to be both Einstein and elliptical
(ie. Randers) restricts the topology of M. In pursuing Chern’s conjecture
we are asking if relaxing the elliptical assumption on the indicatrix to strict
convexity (this is, moving from Randers to Finsler metrics) is sufficient to
lift the topological restraints.
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3. Einstein rigidity

Consider closed Einstein manifolds and, in particular, Proposition 4.5
and Corollary 4.8 of §4.3. Together the results imply the following rigidity
theorem.

THEOREM 5.1 (Ricci rigidity). Suppose (M, F) is a connected compact
boundaryless Finstein Randers manifold with Ricci scalar Ric. ‘
e If Ric < 0, then (M, F) is Riemannian.
e If Ric=0, then (M, F) is Berwald.

This statement generalizes a theorem of Akbar-Zadeh’s for Finsler met-
rics of constant flag curvature [AZ88].

THEOREM 5.2 (Akbar-Zadeh). Suppose (M, F) is a connected compact
boundaryless Finsler manifold of constant flag curvature A.
o If A <0, then (M, F) is Riemannian.
e IfA\=0, then (M, F) is locally Minkowski.

The Ricci rigidity theorem is a straightforward extension of Akbar-
Zadeh’s result when Ric < 0. To appreciate the generalization when Ric =
0, it is helpful to note that locally Minkowski spaces are the Berwald spaces
with constant flag curvature K = 0 [BCS00].

Notice though, that Akbar-Zadeh’s theorem holds for arbitrary Finsler
metrics, while the Ricci rigidity theorem above is restricted to the Randers
setting. So, towards a complete generalization of Akbar-Zadeh’s result: may
we replace ‘Randers’ with ‘Finsler’ in the Ricci rigidity theorem?

4. A generalized navigation problem

The Zermelo navigation structure of a Randers space is the sine qua
non of this thesis. As such I am indebted to Z. Shen for realizing Randers
metrics as solutions to Zermelo’s problem of navigation [She02a, She02b].

The pivotal role of the navigation structure is made clear by the Einstein
navigation description of §3.6. The concise, geometrically transparent na-
ture of Theorem 3.2 is in stark contrast with the unintuitive characterization
of Theorem 2.3. The sleek format of the navigation description is ideally
suited to the theory of Einstein metrics. This is nowhere more evident than
in the Schur lemma, in which an unexpected result is realized as a corollary
to Riemannian geometry.

It is desirable then, to extend Zermelo’s problem of navigation as a means
of parameterizing Finsler metrics in general. Given the integral role of the
_navigation structure in the study of Randers metrics, we may reasonably
hope that such a parameterization will provide an arena to approach the
questions outlined above.




APPENDIX A

The Matsumoto Identity: Preliminary Form

Here I present a second proof of Matsumoto’s identity. The argument is
based on the characterization of §2.6.2. Unlike the proof of the Matsumoto
Identity in §3.8 the following computation is considerably more involved. It
is my hope that the juxtaposition of the two proofs, one straightforward,
the second abstruse, illuminates the merit of the navigation description over
the characterization of §2.6.2. '

The final form of the Matsumoto Identity requires the Schur lemma. For
now, I show any Randers metric, for which the Basic Equation (§2.5.1) and
the Eo3 Equation (§2.5.3) hold, with n > 2, satisfies the following prelimi-
nary identity:

0=nao{l—[b*} (K + %02) + 251K|i
Here K = ﬁRic, and Ric is given by the Eq3 Equation.

In Appendix B, I will show, via the Einstein characterization theorem
of §2.6.2 and the preliminary identity above, that the Ricci scalar Ric(z)
must be constant when n > 2. Once we see Ric is constant the identity is
updated to its final form,

o{l — [blI*} (K + &0?) + B'K;; =0  whenn =2,
oK +Ld?) =0 when n > 2.
To obtain the preliminary version 1 begin with the Ricci identity for
curlij,
curlyjppn — curljp = curls; R;%, + curlis Ry .
Contract this expression with @& and apply the skew-symmetry of curl;
to generate
curl” il = —curl¥Ric;; .
Since curl? is skew-symmetric, and f{\l_(j‘z] is symmetric, the right-hand side
of this equation is zero. Hence,

curl,. . =0.

[l
Let us compute curl? il Virtue of the Eg3 Equation we have

curl ). = 28'Ri; + {2Ric+ §(n —1) o},

4J

+1in- 1){curlij@i|j + curlijlj@i + U@ili}‘
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We need to address the terms
Bi[i’ curl” ;91 @iﬁ and curlij®i|j
above. - ‘
Note that b’| ;= —%lie’i, and the Basic Equation implies
b = Lo (n—[BI).
Next, we compute the terms curl¥ |j6,~ and O li with the Eq3 Equation.

In these computations I make frequent use of the factsl;ﬂ i= —%(lieij +curl;;)
and b1| ]curl” zcurllj curl”. The two terms are given by

. curl’lj(aiz —i(n-1)0©;0", and
o Giii = leurly; curl? — {2Ric + §(n—1)0?} 16112 + 3(n—1)6;0°.
The calculation of the fourth term, curl¥ ©;);, is more involved. Notice,
by the skew-symmetry of curlij that
curlV©y; = Leurl” (0, — ©;) .

While it is difficult to compute ©;);, the computation of ©; — ©;); is rel-
atively straightforward. The calculation proceeds as follows. In §2.4 I pre-
sented a formula for curl;;

curljjy = —2b° Rigij + lieyyy; — lieg;); -

With this expression we have

62“ — @]h (l;hcurlhi)u — (thurlhj)“
= (b" jeurly; + b curlp; ;) — (" icurlp; + b curlpi)
= 5(he + curlh-)curlhi — L(lie” + curl®)curly;

Bh{ - 2b° ( jshi — sthj)

+ (liehﬂi — lieji|h) — (liehilj - lieij’h)}
= —0 curlz-j .
The third equality follows from the expression for curly;; above. It can be
sho~wn, via the symmetries of the Riemann curvature tensor, that bps (Rj shi
— Rysnj) = 0. So the curvature tensors to not contribute to the computation.

The last equality is then a result of the Basic Equation.
It follows now that

curlij@ﬂj = %curlij (eilj - @j|i) = - %acurlij curl¥ .

Recollect curl? ©,); is the fourth, and final expression computed for curl?

J4l5°
We may now obtain the identity by substituting the derived formulas for b*

, curl? ;191 o

g lé
and curl?©,; into curl”l. =0.

lé ilj




. APPENDIX B

A Schur Lemma

In §3.7 the proof of the Schur lemma is based on the Einstein navigation
description of §3.6. This appendix contains a proof of the Schur lemma
based on the Einstein characterization of §2.6.2. Two purposes are served
by the appendix. First, to confirm the first proof of §3.7. As in the case
of the Matsumoto Identity in Appendix A, the reader will find this proof
considerably more complex than the one based on the navigation description.
The dichotomy serves the second purpose — to illustrate the strength of the
navigation description over the characterization.

1. The Riemannian Schur Lemma

Before addressing the Randers case, it is helpful to review the proof of
the Riemannian Schur lemma.

LEeMMA B.1. Schur Suppose n > 3 and that the Ricci scalar Ric of a is
a function of x alone. Then Ric is constant. ‘

PROOF. Since Ric is independent of z, the Riemannian metric « is
Einstein. In particular, Ric;; = Ric(zx)@a;;. Tracing on (4,7) we have

S:= ﬁi?i = Ric(z)n. Now rewrite the Einstein condition as
Ric;j = + Say; .
Recollect the second Bianchi identity for «,
0= Rhijlcﬂ +R) ki R Lilk *
Contract the identity with 5ji a" to obtain
0 = 2Ric ;- Sk
= 2(13¢%) o= S
= 283
= 0 = (n——2)§|k.

Hence, when n > 2, 5'|k = nRiqk = 0. Since Ric is a scalar, Ricy, = Ricgk,
and the partial derivatives of Ric vanish. Hence, Ric is constant. O
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2. A Finslerian obstacle

Above we saw that the Riemannian Schur lemma relies on the second
Bianchi identity. It is reasonable then to consider the Finslerian second
Bianchi identity

Ry skt + By g + By gy = By s B + Pulps B + Pyl R

where R®, := %yi ;%;k- Here R and P are respectively the hh- and hv- cur-
vature tensors of the Chern connection for F'; and the colon ‘:’ denotes the
horizontal covariant derivative generated by the Chern connection. Details
may be found in [BCSO00].

When F is Riemannian, the identity reduces to the Riemannian second
Bianchi identity. For general Finsler metrics however, the right hand side is
non-zero. In particular, we cannot mimic the Riemannian proof. We shall
see in the following section that the Einstein characterization allows us a
way around this obstacle.

3. The Randers Schur Lemma

Given the intractable nature of the Finslerian second Bianchi identity
we can not hope to mimic the Riemannian proof with the Finsler Ricci
tensor Ric;;. Instead we turn to the Curvature Equation of the Einstein
characterization (§2.6.2), and apply the Riemannian second Bianchi identity
- to the given expression for ﬁ\lgu

In our discussion of the Riemannian Schur lemma we saw, via the second
Bianchi identity for o, 0 = Ric’ ik — 2Ric kji- With the Curvature Equation
(§2.5.2) we have

0 = fﬁ?dk - 2’in(;ik:ﬁ
= (20y —lie‘; b) Ric + (n+ Bl — 2) Ricy, — 2b°Rici; by
—curl? curlie — : ncurl” curliﬂ , + curl? Curlikl i
D) {7 201 - )+ 107,00t
104 (O — Oy) + 50 + 9k" i @ililk)}

We shall refer to this as the second Bianchi equation. Many of the terms
above we may directly evaluate with the Einstein characterization or the
(preliminary) Matsumoto Identity (§A). A few of them, however, require
special attention: :

o ——% n curl curl,, + curl” curlyy;
o O'(Ok; ~Oy) , and

i I '
o 3(© ki 9% i~ k) -
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The first term. In the computation of the first term we will make use
of the formula ‘

curly;), = —QI;SR;CSZ-J' + lieg; — lieg;);
initially presented in §2.4. With this expression for curl;;; and the skew-
symmetry of curl;; it is straightforward to check that
curl? curly); = %curlij curlyix -
Whence we may' rewrite the first term as
—% ncurlijcurlij“c + curlijcurliklj = —% (n—1) curl? curlyik -
The second term. In Appendix A we computed
Okjs — Oy = —ocurly; .
It is now easy to see that the second term is given by
@i(@k|i - O =0 O curly, .
The third term. We begin with two observations.
o First, the Ricci identity for © implies @i| ki = @ilil p T+ O Ricy.
¢ The second observation, @kli W= @ilil k+@iﬁ6ik +ocurl® ki follows
from the first as a consequence of ©;; — Oy); = —o curly.

Now we see the last term may be re-expressed as

} (O + 04 — O'i) = $ O + O'Ricix + Jocurliy,.
Notice we have a good understanding of the right-hand side of this equa-
tion. We computed @zli in Appendix A. The computation of @’l ik is then
straightforward. The quantity ©"Ricy, may be computed with the Curvature
Equation. Similarly, curl® ki is given by the Ey3 Equation.

The finale. We have reached the final step in the proof of the Randers
Schur lemma. Substitute our expressions for the three terms computed
above into the second Bianchi equation. Simplify the result with

e the Basic, Curvature and Es3 Equations of the Einstein character-
ization (§2.5),
e the preliminary form of the Matsumoto Identity in Appendix A,
® by; = 3(lieg; + curl;), a tautology, and
® O — Oy, = —ocurly, computed in §A.
The result is

= (n—2)(1 — [1b]1*) Ricy-

We have proven the following

LEMMA B.2 (Schur). The Ricci scalar Ric(z) of any Einstein Randers
metric in dimension greater than two is necessarily constant.




4. THE MATSUMOTO IDENTITY: FINAL FORM 46

4. The Matsumoto Identity: Final Form

In light of this result, we may update the Matsumoto Identity, as com-
puted in Appendix A, for Einstein Randers metrics to

{1 — |[b}|*} (K + —1%02) + i)iKﬁ =0 when n = 2,
co(K + -1%02) =0 when n > 2.

The identity now agrees with the navigation version computed in §3.8.
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