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A b s t r a c t 

N a t u r a l c o n v e c t i o n i n l i q u i d m etals has been 

s t u d i e d by d i r e c t o b s e r v a t i o n o f the f l u i d f l o w , u s i n g 

r a d i o a c t i v e t r a c e r t e c h n i q u e s . The s t u d y i s o f importance 

i n u n d e r s t a n d i n g the s o l i d i f i c a t i o n o f metals s i n c e f l u i d 

f l o w s t r o n g l y i n f l u e n c e s the heat and mass t r a n s f e r i n the 

system which i n t u r n s t r o n g l y i n f l u e n c e s the s t r u c t u r e , 

homogeneity, and m e c h a n i c a l p r o p e r t i e s o f the s o l i d m e t al 

produced. 

The system examined i n t h i s i n v e s t i g a t i o n was 

a r e c t a n g u l a r l i q u i d c e l l o f v a r i a b l e t h i c k n e s s , p o s i t i o n e d 

on edge. A s m a l l d r i v i n g f o r c e f o r n a t u r a l c o n v e c t i o n was 

imposed a c r o s s the l i q u i d c e l l and when s t e a d y s t a t e c o n d i t i o n s 

were reached,-a s m a l l amount o f the same m a t e r i a l c o n t a i n i n g 

a r a d i o a c t i v e i s o t o p e was added t o the top o f the c e l l . 

The t r a c e r m a t e r i a l was p i c k e d up by the f l o w and a f t e r a 

g i v e n time i n t e r v a l the l i q u i d was quenched t o f i x the t r a c e r 

p o s i t i o n . The r e s u l t a n t s o l i d b l o c k was a u t o r a d i o g r a p h e d 

t o determine the d i s t r i b u t i o n o f the added r a d i o a c t i v e 

m a t e r i a l . 

Thermal c o n v e c t i o n was observed i n l i q u i d t i n 

and l i q u i d l e a d u s i n g r a d i o a c t i v e S n 1 1 3 and r a d i o a c t i v e 

T I 2 0 1 * r e s p e c t i v e l y . The r e s u l t s show t h a t the f l o w r a t e s 

i n c r e a s e w i t h i n c r e a s i n g temperature d i f f e r e n c e a c r o s s the 

l i q u i d c e l l , i n c r e a s i n g average t e m p e r a t u r e , and i n c r e a s i n g 



l i q u i d c e l l t h i c k n e s s . Flow r a t e s w i t h Grashof numbers 

from 10 6 t o 10 8 were e x p e r i m e n t a l l y o b s e r v e d . 

A f i n i t e d i f f e r e n c e n u m e r i c a l s o l u t i o n f o r the 

problem o f t h e r m a l c o n v e c t i o n i s p r e s e n t e d f o r P r a n d t l 

numbers o f 1 0 . 0 , 1 .0 , 0 . 1 , and 0.0127 w i t h Grashof numbers 

from 2 x 10 3 t o 2 x 10 7. The e x p e r i m e n t a l r e s u l t s f o r 

l i q u i d t i n ( P r = 0.0127) are found t o approach the t h e o r e t i c a l 

a n a l y s i s f o r l a r g e c e l l t h i c k n e s s e s and l a r g e t e m p e r a t u r e 

d i f f e r e n c e s . The f l o w b e h a v i o r o f v a r i o u s t y p e s o f f l u i d s 

i s compared w i t h l i q u i d m e t a l s t o show t h a t n o n - m e t a l l i c 

a n a l o g i e s t o . m e t a l l i c f l o w problems have v e r y l i m i t e d v a l u e . 

S o l u t e c o n v e c t i o n i s e x p e r i m e n t a l l y c o n s i d e r e d 

from t h r e e d i f f e r e n t v i e w p o i n t s ; a) independent s o l u t e 

c o n v e c t i o n , b) the i n f l u e n c e o f s o l u t e c o n v e c t i o n on t h e r m a l 

c o n v e c t i o n , and c) the t h e r m a l and s o l u t e c o n d i t i o n s f o r 

complete l i q u i d m i x i n g . I t was found t h a t t h e r e must be a 

h o r i z o n t a l d e n s i t y i n v e r s i o n a c r o s s the whole l i q u i d c e l l 

f o r complete m i x i n g t o o c c u r throughout the l i q u i d zone. 

I n t e r d e n d r i t i c l i q u i d f l o w r e s u l t i n g from the 

n a t u r a l c o n v e c t i o n i n the r e s i d u a l l i q u i d p o o l was observed 

i n l e a d - t i n a l l o y s . The f l o w p e n e t r a t e d i n t o the s o l i d -

l i q u i d zone t o a p o i n t o f a p p r o x i m a t e l y 12 - 22 % s o l i d f o r 

pr i m a r y d e n d r i t e s p a c i n g s o f from 700 t o 1000 m i c r o n s . 

S e v e r a l e x p e r i m e n t a l models are p r e s e n t e d f o r i n t e r d e n d r i t i c 

f l o w . A t h r e e - d i m e n s i o n a l w i r e mesh model p r e d i c t s t h a t 



t h e f i n e r t h e d e n d r i t e s t r u c t u r e , t h e g r e a t e r t h e f l o w 

p e n e t r a t i o n i n t o t h e s o l i d - l i q u i d z o n e . The e x p e r i m e n t a l 

r e s u l t s f o r t h e l e a d - t i n a l l o y s c o m p a r e d f a v o r a b l y w i t h 

t h e m o d e l . 

As a n e x t e n s i o n o f t h e f l u i d f l o w c o n s i d e r a t i o n s , 

a n i n v e s t i g a t i o n was c a r r i e d o u t t o d e t e r m i n e m a c r o s e g r e g a t i o n 

i n c a s t i n g s w h i c h h a v e i m p o s e d f l u i d f l o w p a t t e r n s . The 

m a c r o s e g r e g a t i o n p r e s e n t i n s t a t i o n a r y , r o t a t e d , a n d o s c i l l a t e d 

c a s t i n g s o f A l - 3 w t . % Ag was d e t e r m i n e d by m e a s u r i n g t h e 

d i s t r i b u t i o n o f r a d i o a c t i v e s i l v e r a d d e d t o t h e m e l t . I t 

was f o u n d t h a t , no s i g n i f i c a n t m a c r o s e g r e g a t i o n was p r e s e n t 

i n t h e s t a t i o n a r y a n d r o t a t e d c a s t i n g s . E x t e n s i v e m a c r o -

s e g r e g a t i o n was d e t e c t e d i n t h e o s c i l l a t e d c a s t i n g . F o r t h e 

o s c i l l a t e d c a s e t h e m a c r o s e g r e g a t i o n c a n be a c c o u n t e d f o r o n 

t h e b a s i s o f t h e l o n g r a n g e movement o f d e n d r i t e f r a g m e n t s 

w h i c h b r e a k a n d / o r m e l t o f f i n t h e s o l i d - l i q u i d i n t e r f a c e 

r e g i o n . T h i s movement i s a d i r e c t r e s u l t o f t u r b u l e n t w a v e s 

a s s o c i a t e d w i t h t h e o s c i l l a t i o n . The maximum s i l v e r c o n c e n ­

t r a t i o n i s s h o w n t o be r e l a t e d t o t h e c o l u m n a r - t o - e q u i a x e d 

t r a n s i t i o n . 
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1. I n t r o d u c t i o n 

The s t r u c t u r e and p r o p e r t i e s o f c a s t i n g s are 

d e t e r m i n e d , i n p a r t , by n a t u r a l c o n v e c t i o n o f the r e s i d u a l 

l i q u i d metal d u r i n g s o l i d i f i c a t i o n . N a t u r a l o r f r e e 

c o n v e c t i o n , as used i n t h i s t h s i s , can be d e f i n e d as the 

motion o f a f l u i d due t o d e n s i t y changes r e s u l t i n g from any 

temperature o r c o m p o s i t i o n a l d i f f e r e n c e s i n the f l u i d . 

T h i s i n t r o d u c t i o n w i l l d i s c u s s the reasons why the study o f 

n a t u r a l c o n v e c t i o n i s v i t a l t o a t r u e u n d e r s t a n d i n g o f many 

s o l i d i f i c a t i o n phenomena. 

1.1. The importance o f l i q u i d m e t a l f l o w 

The importance o f l i q u i d m e t a l f l o w due t o n a t u r a l 

c o n v e c t i o n has o n l y r e c e n t l y been r e a l i s e d . The f l o w o f . t h e 

l i q u i d m e t al d u r i n g s o l i d i f i c a t i o n a f f e c t s the heat t r a n s f e r , 

the mass t r a n s f e r , , and the f i n a l c a s t , s t r u c t u r e . 

The heat t r a n s f e r r a t e i n a system i n which heat 

t r a n s f e r o c c u r s by c o n v e c t i o n i s g r e a t e r than t h a t which 

would r e s u l t from c o n d u c t i o n a l o n e . With c o n v e c t i o n ' t h e r e 



are two modes o f heat t r a n s f e r ; by the c o n d u c t i o n o f heat 

between two p o i n t s a t d i f f e r e n t t e m p e r a t u r e s , ' a n d by mass 

t r a n s p o r t i n the l i q u i d . The more r a p i d heat removal by 

c o n v e c t i o n i n a c l o s e d system, such as the r e s i d u a l l i q u i d 

m e t a l i n a e a s t i n g , r e s u l t s i n more r a p i d a l o w e r i n g o f 

temperature g r a d i e n t s i n the l i q u i d m e t a l and a more r a p i d 

removal o f superheat from the l i q u i d . The t h e r m a l p r o f i l e 

i n a c o n v e c t i n g system w i l l have a d i f f e r e n t shape than 

t h e ' t h e r m a l p r o f i l e i n a system t r a n s f e r r i n g heat by c o n d u c t i o n 

a l o n e . To i l l u s t r a t e , c o n s i d e r the c l o s e d r e c t a n g u l a r 

f l u i d system shewn i n F i g u r e 1. 

F i g u r e 1. A c l o s e d r e c t a n g u l a r f l u i d 
l e n g t h i n the z d i r e c t i o n . ' 

system o f i n f i n i t e 



One l o n g v e r t i c a l s i d e i s m a i n t a i n e d at a temperature 8 j , 

and the o p p o s i t e v e r t i c a l w a l l i s m a i n t a i n e d at t e m p e r a t u r e 

02, such t h a t B2 i s g r e a t e r than 81. L e t the upper and 

lower h o r i z o n t a l s u r f a c e s be p e r f e c t l y i n s u l a t e d and l e t 

the c e l l be i n f i n i t e l y l o n g i n the z d i r e c t i o n . Thus, i n 

t h i s system, a l l the heat t r a n s f e r i s a c r o s s the c e l l from 

y = 0 t o y = d. I f the f l u i d system i s not a l l o w e d to 

f l o w , the heat t r a n s f e r i s governed by the g e n e r a l t h r e e 

d i m e n s i o n a l heat c o n d u c t i o n e q u a t i o n ( 1 ) : 

3_ . 3_8 
3x1 3x y j azl K3z. + D C o 3 t (1.1) 

where: k = t h e r m a l c o n d u c t i v i t y 

q - heat t r a n s f e r r a t e 

p =. f l u i d d e n s i t y 

C = f l u i d s p e c i f i c heat P 
t = time 

8 = temperature 

Assuming f r o m - F i g u r e l a t h a t a l l the heat t r a n s f e r i s i n 

the y d i r e c t i o n , a l l m a t e r i a l p r o p e r t i e s are c o n s t a n t s 

and the system.has reached s t e a d y - s t a t e c o n d i t i o n s , 

e q u a t i o n (1.1) reduces t o : 

d 28 
dv 7" = 0 (1.2) 

w i t h the boundary c o n d i t i o n s t h a t 

at y = 0:0 = 81 

y = d: 8 = 8 2 



S o l v i n g e q u a t i o n (1.2) f o r the r e s u l t i n g t h e r m a l p r o f i l e 

w i t h the use o f c o n d i t i o n s (1.3) r e s u l t s i n : 

9 = 
(e2 - e x 

y + e x ( i . n ) 

F i g u r e 2a shows the i s o t h e r m a l l i n e s t h a t r e s u l t from 

e q u a t i o n ( 1 . 4 ) . The i s o t h e r m s are v e r t i c a l l i n e s and the 

temperature g r a d i e n t i s l i n e a r i n y a c r o s s the c e l l and i s 

e q u a l t o ( 0 2 - 8 i ) / d. I t s h o u l d be n o t e d t h a t the 

temperature i s not a f u n c t i o n o f the v e r t i c a l x d i r e c t i o n . 

In a system t h a t the f l u i d i s a l l o w e d t o f l o w 

by n a t u r a l t h e r m a l c o n v e c t i o n the system becomes much more 

complex. T h i s i s because the motion o f the f l u i d a l t e r s 

the t h e r m a l p r o f i l e , and s i n c e the f l u i d motion i s d e t e r ­

mined by the t h e r m a l p r o f i l e , the f l o w and the temperature 

i n the c e l l a re c o u p l e d . They must t h e r e f o r e be s o l v e d 

t o g e t h e r f o r .the g e n e r a l t h e r m a l c o n v e c t i o n c a s e . T h i s 

problem has been s o l v e d n u m e r i c a l l y f o r non-metals by 

W i l k e s and C h u r c h i l l ( 2 ) . The d e t a i l s o f t h e i r s o l u t i o n 

w i l l be d i s c u s s e d I n Chapter 3. Q u a l i t a t i v e l y , the i s o ­

t h e r m a l p r o f i l e t h a t r e s u l t s from the f l o w i n g system i s 

shown i n F i g u r e 2b. The i s o t h e r m s are seen t o bend towards 

the hot s i d e a l o n g the bottom o f the c e l l and towards the 

c o l d s i d e a l o n g the top o f the c e l l . T h i s i s caused by the 

f l u i d near the c o l d w a l l b e i n g c o o l e d , becoming more dense, 

and thus f l o w i n g down the c o l d w a l l and a l o n g the bottom 

of the c e l l from l e f t t o r i g h t . S i m i l a r l y the f l u i d r i s e s 



F i g u r e 2. A c r o s s s e c t i o n view o f the system o f F i g u r e 1 
showing (a) the s t e a d y - s t a t e c o n d u c t i o n isotherm's, 
(b) the s t e a d y - s t a t e c o n v e c t i o n i s o t h e r m s , and 
(c) the s o l i d - l i q u i d i n t e r f a c e a d v a n c i n g 
a c r o s s the system. 



on the hot s i d e o f the c e l l as i t s d e n s i t y d e c r e a s e s and 

i t moves a c r o s s the top o f the c e l l from the r i g h t t o the 

l e f t . T h i s f l u i d movement causes the i s o t h e r m s t o bend 

as i n F i g u r e 2 b . 

The shape o f the s o l i d - l i q u i d i n t e r f a c e , d u r i n g 

s o l i d i f i c a t i o n , i s a l t e r e d by the t h e r m a l c o n v e c t i o n i s o ­

therms i n the r e s i d u a l l i q u i d p o o l . I f the v e r t i c a l w a l l 

at temperature 8 1 , i s a s o l i d i f i c a t i o n f r o n t and i t i s 

a l l o w e d t o move i n t o the l i q u i d p o o l the i n t e r f a c e w i l l not 

remain i n a v e r t i c a l p l a n e . I t w i l l t a k e up a shape as 

shown i n F i g u r e 2 c , i f 81 i s below the m e l t i n g p o i n t o f 

the l i q u i d m e t a l . T h i s shape has been observed by S z e k e l y 

and Chhabra ( 3 ) i n a pure l e a d system. The shape i s 

r e a s o n a b l e when c o n s i d e r a t i o n i s g i v e n t o the shape o f the 

is o t h e r m s i n F i g u r e 2 b . A s o l i d - l i q u i d i n t e r f a c e w i l l 

move more r a p i d l y i n t o a l i q u i d w i t h a lower t h e r m a l g r a d i e n t 

s i n c e t h e r e i s l e s s heat t o be conducted away th r o u g h the 

s o l i d i n o r d e r f o r the i n t e r f a c e t o advance. The lower 

r e g i o n s of the c e l l have a lower temperature g r a d i e n t 

near the c o l d w a l l than the upper r e g i o n s o f the c e l l , and 

hence the i n t e r f a c e w i l l advance more q u i c k l y i n the lower 

r e g i o n s r e s u l t i n g i n the i n t e r f a c e shown i n F i g u r e l e i . 

In ;a c o n v e c t i n g system where t h e r e i s a r a p i d 

r a t e o f heat r e m o v a l , t h e r e i s a c o r r e s p o n d i n g r a p i d 

l o w e r i n g o f the temperature g r a d i e n t s ; i n the l i q u i d . I n 

a normal c a s t i n g , i n which no a d d i t i o n a l heat i s added t o 



the system as s o l i d i f i c a t i o n p r o g r e s s e s , the r a t e o f removal 

of the l i q u i d s u p e r heat w i l l depend on the r a t e o f c o n v e c t i o n . 

As the g r a d i e n t s d e c rease the p o s s i b i l i t y o f i n t e r f a c e 

breakdown o c c u r r i n g , c h a n g i n g the s t r u c t u r e , i s enhanced 

by c o n s t i t u t i o n a l s u p e r c o o l i n g o c c u r r i n g s o o n e r. A l s o , 

due t o the d i f f e r e n c e i n the t emperature g r a d i e n t a l o n g 

the c o l d w a l l , i n t e r f a c e breakdown can o c c u r i n some r e g i o n s 

o f the i n t e r f a c e and not o t h e r s . From F i g u r e 2b the l o w e s t 

temperature g r a d i e n t s , and thus the most f a v o u r a b l e p o s i t i o n 

f o r c o n s t i t u t i o n a l s u p e r c o o l i n g , o c c u r s a t the upper and 

lower r e g i o n s o f the v e r t i c a l w a l l . I t would thus be 

e x p e c t e d t h a t the i n t e r f a c e breakdown would o c c u r In t h e s e 

r e g i o n s f i r s t . T h i s phenomenon has been obse r v e d by Weinberg 

(4) who showed e x p e r i m e n t a l l y t h a t a c e l l u l a r s t r u c t u r e 

o c c u r r e d near the upper and lower edges o f the i n t e r f a c e 

i n d i c a t i n g breakdown and a p l a n a r r e g i o n o c c u r r e d i n the 

c e n t r a l a r e a i n d i c a t i n g no breakdown i n u n i d i r e c t i o n a l l y 

s o l i d i f i e d r o d s . 

N a t u r a l c o n v e c t i o n can a f f e c t both the macro-

s e g r e g a t i o n and the m i c r o s e g r e g a t i o n In a c a s t i n g . The 

l o n g i t u d i n a l . m a c r o s e g r e g a t i o n r e s u l t i n g from the u n i ­

d i r e c t i o n a l s o l i d i f i c a t i o n o f a m etal r o d , w i t h a p l a n a r 

i n t e r f a c e , i s v e r y s e n s i t i v e t o f l o w i n the l i q u i d ahead 

of the a d v a n c i n g i n t e r f a c e . The m a c r o s e g r e g a t i o n r e s u l t i n g 

from u n i d i r e c t i o n a l s o l i d i f i c a t i o n w i t h (a) complete con-

v e c t i v e m i x i n g i n the l i q u i d (b) m i x i n g i n the l i q u i d by 



D I S T A N C E 

F i g u r e 3 - The l o n g i t u d i n a l m a c r o s e g r e g a t i o n from 
u n i d i r e c t i o n a l growth w i t h (a) complete c o n v e c t i v e 
m i x i n g i n the l i q u i d , (b) m i x i n g b y . d i f f u s i o n 
o n l y i n the l i q u i d , and (c) i n c o m n i e t e 
c o n v e c t i v e m i x i n g i n the l i q u i d . 

d i f f u s i o n o n l y o r (c) i n c o m p l e t e c o n v e c t i v e m i x i n g i n the 

l i q u i d , i s shown i n F i g u r e 3 . T h i s i s a p l o t o f s o l u t e 

c o n c e n t r a t i o n "'as a f u n c t i o n o f the d i s t a n c e a l o n g the 

s o l i d i f i e d r o d , w i t h an average c o m p o s i t i o n i n the rod 

o f C . The shaoe o f the s o l u t e c o n c e n t r a t i o n c u r v e s are o 
seen t o be g r e a t l y a l t e r e d by the e x t e n t o f the m i x i n g . 

M a c r o s e g r e g a t i o n can a l s o o c c u r i f the s o l i d -

l i q u i d i n t e r f a c e i s o f a d e n d r i t i c n a t u r e . The most 

commonly observed example o f t h i s i s - i n v e r s e s e g r e g a t i o n 

(5). Due t o a volume change on f r e e z i n g o f the m e t a l , 

s o l u t e r i c h l i q u i d i s p u l l e d back i n t o the d e n d r i t i c network 

to cause s o l u t e enrichment i n the i n i t i a l s t a g e s o f the 

c a s t i n g / T h i s i s i n c o n t r a s t t o the s o l u t e d e p l e t i o n 



which would be expected from F i g u r e . 2 . The cause o f t h i s 

f l u i d f l o w , volume c o n t r a c t i o n i n the d e n d r i t i c zone c a u s i n g 

a p r e s s u r e g r a d i e n t and p u l l i n g new f l u i d i n t o the zone,, 

does not f a l l w i t h i n the d e f i n i t i o n o f n a t u r a l c o n v e c t i o n 

c o n s i d e r e d here. D e t a i l e d a n a l y s i s o f t h i s t y p e o f f l o w 

has been d e v e l o p e d by F l e m i n g s and h i s co-workers ( 6 , 7 , 8 , 9 ) . 

T h e i r a n a l y s i s i n c l u d e s t h e r m a l and s o l u t e c o n v e c t i o n i n 

the d e n d r i t i c . z o n e but does not c o n s i d e r the f l o w i n the 

r e s i d u a l l i q u i d o u t s i d e the i n t e r f a c e r e g i o n . 

M a c r o s e g r e g a t i o n can a l s o be caused by the f l o w 

c u t t i n g a c r o s s the d e n d r i t e s and the f o r m a t i o n o f f l o w 

channels at r i g h t a n g l e s to the d e n d r i t e s (10). T h i s f l o w 

causes s e g r e g a t i o n by d i s p l a c i n g i n t e r d e n d r i t i c l i q u i d , 

which i s e n r i c h e d by the s o l u t e r e j e c t i o n on s o l i d i f i c a t i o n . 

The t e m p e r a t u r e . o f the l i q u i d i n the i n t e r d e n d r i t i c r e g i o n 

w i l l be lower -than t h a t o f the l i q u i d i n the c e n t r a l p o o l 

and hence the t h e r m a l c o n v e c t i v e f o r c e s w i l l be i n the 

v e r t i c a l downwards d i r e c t i o n i n the mushy zone. The s o l u t e 

c o n v e c t i v e f o r c e s w i l l depend on the r e l a t i v e d e n s i t y o f 

the elements b e i n g s e g r e g a t e d . I f the r e j e c t e d s o l u t e . i s 

denser than the s o l v e n t the s o l u t e c o n v e c t i o n w i l l be 

downwards and hence enhance the n a t u r a l t h e r m a l c o n v e c t i o n . 

I f the r e j e c t e d s o l u t e i s l e s s dense the s o l u t e c o n v e c t i o n 

w i l l be upwards and c o u n t e r a c t the t h e r m a l c o n v e c t i o n 

f o r c e s . A l t h o u g h the d r i v i n g f o r c e s f o r the i n t e r d e n d r i t i c 

f l u i d f l o w are known, the a n a l y s i s i s g r e a t l y hampered by 



the very complex n a t u r e o f the s o l i d - l i q u i d i n t e r f a c e . 

The phenomena o f s o l u t e b a n d i n g i n a c a s t i n g 

has been shown t o be caused by c o n v e c t i o n i n the l i q u i d 

m e t a l ( 1 1 , 12, 1 3 ) . For v e r y l a r g e t emperature g r a d i e n t s , 

the f l o w r a t e s i n a system w i t h c o n v e c t i v e f l o w can be such 

t h a t the system w i l l become t u r b u l e n t o r o s c i l l a t o r y i n 

n a t u r e . Accompanying t h i s t u r b u l e n t f l o w w i l l be t h e r m a l 

f l u c t u a t i o n s at any p a r t i c u l a r p o i n t i n the l i q u i d . When 

the t h e r m a l f l u c t u a t i o n s o c c u r near a s o l i d - l i q u i d i n t e r f a c e 

a growth r a t e p e r t u r b a t i o n w i l l o c c u r . T h i s w i l l r e s u l t 

i n the e f f e c t i v e s o l u t e d i s t r i b u t i o n c o e f f i c i e n t c h a n g i n g 

and a band o f s o l u t e d i f f e r e n t i n c o m p o s i t i o n b e i n g 

produced. P r e v i o u s workers have shown a d i r e c t c o r r e l a t i o n 

between the r a t e o f temoerature f l u c t u a t i o n s and the r a t e 

of band f o r m a t i o n . 

The manner i n which n a t u r a l c o n v e c t i o n a f f e c t s 

a c a s t s t r u c t u r e i s s t i l l open t o much c o n t r o v e r s y . The 

most w i d e l y i n v e s t i g a t e d a s p e c t o f s t r u c t u r e change i s 

the columnar.to e q u i a x e d t r a n s i t i o n which o c c u r s i n a l l o y 

systems. There have been a number o f t h e o r i e s d e v e l o p e d 

t o account f o r the onset o f the e q u i a x e d s t r u c t u r e , p a r t ­

i c u l a r l y the source o f the n u c l e i r e s u l t i n g i n t h i s 

s t r u c t u r e . These i n c l u d e (a) p a r t i a l r e m e l t i n g o f d e n d r i t e s 

l e a v i n g s o l i d d e n d r i t e fragments (14, 1 5 ) , (b) b r e a k i n g or 

s h e a r i n g o f d e n d r i t e s w i t h o r w i t h o u t r e m e l t i n g producing, 

s o l i d p a r t i c l e s (1.6), (c) s u r v i v a l o f n u c l e i from the 



i n i t i a l c h i l l o f the c a s t i n g ( 1 7 ) , (d) n u c l e a t i o n at the 

upper s u r f a c e o f the c a s t i n g , the n u c l e i s u b s e q u e n t l y 

moving i n t o the c a s t i n g ( 1 8 ) , (e) the b e n d i n g o f d e n d r i t e 

arms c a u s i n g a d i a b a t i c l o c a l m e l t i n g , and p r o d u c i n g s o l i d 

d e n d r i t e fragments ( 19) . Almost a l l o f the above t h e o r i e s 

r e q u i r e some motion o f the l i q u i d m e t a l f o r the t r a n s i t i o n 

t o o c c u r . The r e m e l t i n g and b r e a k i n g o f d e n d r i t e arms i s 

enhanced by t h e r m a l f l u c t u a t i o n s i n the l i q u i d and the 

f l u c t u a t i n g m e c h a n i c a l f o r c e s e x e r t e d on the d e n d r i t e s by 

a t u r b u l e n t f l o w . A l s o , due t o c o n v e c t i o n , the t h e r m a l 

g r a d i e n t s ahead o f the s o l i d - l i q u i d i n t e r f a c e are reduced 

and hence the p r o b a b i l i t y o f n u c l e i s u r v i v i n g and growing 

into an e q u i a x e d g r a i n i s i n c r e a s e d . The l i q u i d m e t a l f l o w 

a l s o f a c i l i t a t e s the movement o f the n u c l e i from the 

p o s i t i o n a t which they are formed t o where they grow as 

e q u i a x e d g r a i n s t o s t o p the f u r t h e r growth o f the 

columnar g r a i n s . 

1.2. The d r i v i n g f o r c e s f o r l i q u i d m e t a l f l o w 

The presence and e x t e n t o f f l u i d f l o w by n a t u r a l 

c o n v e c t i o n i s dependent on the d r i v i n g f o r c e s p r e s e n t and 

the r e s i s t a n c e o f the m e t a l t o f l o w . There are a number 

of d r i v i n g f o r c e s which produce f l u i d m o tion i n l i q u i d 

m e t a l s , i n c l u d i n g t h e r m a l g r a d i e n t s , c o n c e n t r a t i o n g r a d i e n t s , 

m e c h a n i c a l m i x i n g , and imposed magnetic f i e l d s . 

Thermal g r a d i e n t s are perhaps the most common 



d r i v i n g f o r c e f o r l i q u i d motion i n the c a s t i n g o f m e t a l s . 

In a l l s o l i d i f i c a t i o n p r o c e s s e s , some te m p e r a t u r e g r a d i e n t 

i s p r e s e n t i n the l i q u i d at some time d u r i n g the p r o c e s s . 

The temperature d i f f e r e n c e s produce a f o r c e r e s u l t i n g from 

the t e mperature dependence o f the l i q u i d m e t a l d e n s i t y . As 

temperature g r a d i e n t s can r e a d i l y be a l t e r e d e x p e r i m e n t a l l y , 

many o f the e f f e c t s o f f l u i d f l o w a re examined by a l t e r i n g 

the g r a d i e n t and c o r r e s p o n d i n g t h e r m a l c o n v e c t i o n . The 

a c t u a l f l o w v e l o c i t i e s are q u i t e s e n s i t i v e t o the t h e r m a l 

g r a d i e n t s (20, 21). 

There are two i m p o r t a n t d i m e n s i o n l e s s parameters 

which are used when d i s c u s s i n g t h e r m a l c o n v e c t i o n : the 

P r a n d t l number and the Grashof number. The P r a n d t l number 

i s the r a t i o o f the momentum d i f f u s i v i t y t o the t h e r m a l 

d i f f u s i v i t y o f the f l u i d and i s w r i t t e n as: 

P r = y- = v/o = V i /, 
a k/pC k .(1.5) 

P 
where: Pr = P r a n d t l number 

2 
v = k i n e m a t i c v i s c o s i t y , cm. / s e c . 

2 

a : = th e r m a l d i f f u s i v i t y , cm. / s e c . 

u. = a b s o l u t e v i s c o s i t y ,. p o i s e , gm. / cm.-sec. 

P- = d e n s i t y , gm. / cm. 

k = t h e r m a l c o n d u c t i v i t y , c a l . / cm.-sec.-°C 

C^ = s p e c i f i c h e a t , c a l . / gm.-°C 

The magnitude o f the P r a n d t l number f o r a f l u i d r e l a t e s 

the way the f l o w and t h e r m a l p r o f i l e s are r e l a t e d i n n a t u r a l 



c o n v e c t i o n . Table I l i s t s v a r i o u s f l u i d s and t h e i r 

r e s p e c t i v e P r a n d t l numbers. The v a l u e s f o r l i q u i d m etals 

are g e n e r a l l y lower than those f o r o t h e r types o f f l u i d s 

by as much as s e v e r a l o r d e r s o f magnitude and hence the 

t h e r m a l c o n v e c t i o n b e h a v i o u r w i l l be v e r y d i f f e r e n t . 
— ? 

G e n e r a l l y l i q u i d m e t a l s have v a l u e s o f the o r d e r o f 10 , 

gases have v a l u e s c l o s e t o 1, and water has a v a l u e near 10, 

The Grashof number i s a d i m e n s i o n l e s s parameter 

r e l a t i n g the buoyancy f o r c e s i n the f l u i d due t o the 

temperature d i f f e r e n c e s t o the v i s c o u s f o r c e s i n the f l u i d 

and i s w r i t t e n : 

r „ _ gBA9d 3 

Or - *-JT— (1 . 6 ) 

where: Gr = Grashof number 
2 

g = a c c e l e r a t i o n due to g r a v i t y , cm. / s e c . 

8 = c o e f f i c i e n t o f volume e x p a n s i o n , 1 / °C 

AG = 6 2 - 6i= temperature d i f f e r e n c e between 

the hot and the c o l d w a l l s , °C 

d = d i s t a n c e between t h e . h o t and the 

c o l d w a l l s , cm. 

Another d i m e n s i o n l e s s parameter used i n t h e r m a l c o n v e c t i o n 

i s the R a y l e i g h number d e f i n e d a s : 
Ra = Gr • Pr (1.7) 

S o l u t e g r a d i e n t s cause f l u i d motion i n a s i m i l a r 

manner t o t h e r m a l g r a d i e n t s . S o l u t e c o n c e n t r a t i o n 



TABLE I . 

S e l e c t e d F l u i d P r o p e r t i e s 

F l u i d V i s c o s i t y S p e c i f i c Thermal Densi t y K i n e m a t i c P r a n d t l '. G r a s h o f 
Heat Conduct­ V i s c o s i t y Number AT 

i v i t y 
V i s c o s i t y 

- . 

c e n t i p o i s e cal/gm - r°C c a l / 
cm-sec-°C 

gm/crrr . cm /sec 1/°C 

T i n 
(37, 3 8 , 3 9 ) 

1 . 8 8 0.054 0.08 6.95 0.0027 0.013 , 3 . 6 x 1 0 b 

Lead 
(37, 38, 3 9 ) 

2 . 3 9 0.038 0 . 0 3 9 1 0 . 6 2 0 .0022 0 . 024 5 . 8 x 1 0 6 . 

NH 3 (gas) 0.0094 0 . 5 2 0 . 0 0 0 0 5 2 0.0079 0.012 . 0 . 9 0 . 3 2 " x 1 0 6 : 

( 1 ) 

S t e e l 
(40) 

6 . 5 0.12 0.07 6.95 - 0 . 0 0 9 3 0 . 1 1 0 . 6 x 1 0 6 

NaCl ( l i q u i d ) 
(41) 

1.27 0 .27 0.03 1.54 o . 0 0 8 3 0.12 1 . 3 x i d 6 

Water 
( 1 ) 

1.38 1 . 0 0.0014 • 1 . 0 . 0.0138 1 0 . 0 1 . 3 x 1 0 6 

a-

r—' 
- t 



d i f f e r e n c e s may a r i s e from s o l u t e r e j e c t i o n at a s o l i d -

l i q u i d i n t e r f a c e o r any o t h e r i n h o m o g e n e i t i e s p r e s e n t i n 

the l i q u i d m e t a l a l l o y . The r e l a t i v e Importance between 

t h e r m a l and s o l u t e c o n v e c t i o n i n a p a r t i c u l a r system i s 

dependent on the r e l a t i v e d e n s i t y d i f f e r e n c e s produced 

by the t h e r m a l and s o l u t e g r a d i e n t s and a l s o whether the 

e f f e c t s are a d d i t i v e o r s u b t r a c t i v e . Cole and Winegard 

(22) have shown t h a t f o r l a r g e t h e r m a l g r a d i e n t s ( 5 - 3 0 

°C / cm.) and d i l u t e a l l o y s (0 .01 wt. % l e a d - t i n a l l o y s ) 

t h a t the m i x i n g due t o s o l u t e c o n v e c t i o n i s n e g l i g i b l e ' 

compared w i t h the t h e r m a l c o n v e c t i o n . 

E x t e r n a l m e c h a n i c a l m i x i n g t o i n duce f l u i d f l o w 

g i v e s r i s e t o f o r c e d c o n v e c t i o n r a t h e r than n a t u r a l con­

v e c t i o n . M e c h a n i c a l m i x i n g can d e v e l o p f l o w s which can 

go a g a i n s t the f l o w t h a t would r e s u l t from the n a t u r a l 

d r i v i n g forces-. Enhancement of f l o w i s used t o i n t e n s i f y 

the e f f e c t s o f n a t u r a l c o n v e c t i o n t o p roduce, f o r example, 

f i n e r and more c o n t r o l l a b l e g r a i n s i z e s . C o n t r o l o f the 

g r a i n s t r u c t u r e has been e x t e n s i v e l y i n v e s t i g a t e d by v a r i o u s 

o s c i l l a t i o n s and r o t a t i o n s o f the mould t o enhance o r 

suppress the f l u i d motion (15, 16, 2 3 ) . An i n v e s t i g a t i o n 

i n t o the e f f e c t s o f f o r c e d c o n v e c t i o n on the m a c r o s e g r e g a t i o n 

w i l l be d i s c u s s e d i n Chapter 8. 

Magnetic f i e l d s can be used t o e i t h e r enhance 

or suppress the n a t u r a l c o n v e c t i o n i n ; a l i q u i d m e t a l . S i n c e 

metals are e l e c t r i c a l c o n d u c t o r s they can be i n d u c e d t o 



move under a r o t a t i n g magnetic f i e l d ( 2 4 ) , o r a c o n s t a n t 

magnetic f i e l d i f a d i r e c t e l e c t r i c a l c u r r e n t i s passe d 

through the l i q u i d m e t a l at r i g h t a n g l e s t o the magnetic 

f i e l d ( 2 5 ) . A magnetic f i e l d can a l s o be used t o reduce 

the n a t u r a l c o n v e c t i o n as t h e r e i s a r e t a r d i n g f o r c e t o 

motion o f a c o n d u c t o r In a c o n s t a n t magnetic f i e l d . T h i s 

b e h a v i o r can be v i s u a l i z e d as an i n c r e a s e i n the v i s c o s i t y 

o f the l i q u i d . The r e d u c i n g o f n a t u r a l c o n v e c t i o n w i l l 

s u ppress the t h e r m a l o s c i l l a t i o n s ( 1 2 ) , reduce the s o l u t e 

b a n d i n g ( 1 3 ) , change the m a c r o s e g r e g a t i o n a l o n g a u n i -

d i r e c t i o n a l l y s o l i d i f i e d r o d ( 2 6 ) , and suppress the columnar 

to e q u i a x e d t r a n s i t i o n by r e d u c i n g c o n v e c t i o n and i n c r e a s i n g 

the t h e r m a l g r a d i e n t ( 2 7 ) . 

1.3. The d e t e c t i o n o f f l u i d f l o w 

The d e t e c t i o n and a n a l y s i s o f n a t u r a l c o n v e c t i o n _ 

can be d i v i d e d i n t o two g e n e r a l c l a s s e s o f techniques:, 

d i r e c t and i n d i r e c t . The i n d i r e c t methods i n v o l v e the 

a n a l y s i s o f an e f f e c t o f c o n v e c t i o n , t o deduce the f l o w 

t h a t was o c c u r r i n g a t the time the e f f e c t was produced. 

The d i r e c t method i n v o l v e s the a c t u a l measuring o f the 

f l o w o r some p r o p e r t y a s s o c i a t e d w i t h the f l o w , w h i l e the 

f l o w i s o c c u r r i n g . 

The e f f e c t s o f c o n v e c t i o n d i s c u s s e d i n [ s e c t i o n 

1.1., such as s e g r e g a t i o n , can be used t o deduce t|he l i q u i d 
I 

f l o w t h a t o c c u r s d u r i n g the f o r m a t i o n o f the e f f e c i t . 



G e n e r a l l y , t h i s type of a n a l y s i s w i l l only give a r e l a t i v e 

degree of mixing or a very approximate i d e a of the d i r e c t i o n 

of the flow. U n i d i r e c t i o n a l growth experiments can be 

done at v a r i o u s temperature g r a d i e n t s and specimen s i z e s 

and c o n f i g u r a t i o n s to determine t h e i r e f f e c t on the flow 

r a t e s u s i n g the f i n a l s o l u t e d i s t r i b u t i o n f o r the comparison. 

Quenched i n t e r f a c e shapes and d i f f u s i o n boundary l a y e r 

shapes ahead of the i n t e r f a c e can be used to deduce the 

flow i n that r e g i o n . However, q u a n t i t a t i v e values of the 

flow r a t e s are not p o s s i b l e by these methods. 

D i r e c t methods of o b s e r v i n g the f l u i d flow are 

very e a s i l y accomplished i n n o n - m e t a l l i c t r a n s p a r e n t l i q u i d s . 

Ammonium c h l o r i d e - water systems (16, 28, 29, 30), sodium 

c h l o r i d e - water systems (31), and molten sodium c h l o r i d e 

(26) have a l l been s t u d i e d . The main drawbacks of r e l a t i n g 

these o b s e r v a t i o n s to l i q u i d metal s i t u a t i o n s i s the 

d i f f e r e n c e s i n y t h e b a s i c flow behavior between the n o n - m e t a l l i c 

and m e t a l l i c systems or the d i f f e r e n c e s i n the way they 

s o l i d i f y . T h i s s u b j e c t w i l l be d i s c u s s e d f u r t h e r i n Chapter 3. 

Temperature measurements can be used as a d i r e c t 

method to determine the flow r a t e s i n l i q u i d metals. The 

time f o r a thermal o s c i l l a t i o n to t r a v e l between two near 

p o i n t s can be measured with two thermocouples i n the melt 

(26) and hence, the l o c a l v e l o c i t y between the two p o i n t s 

determined. This procedure, however,.requires l a r g e 

temperature f l u c t u a t i o n s and hence has l i m i t e d use at the 



lower f l o w r a t e s w i t h o u t t u r b u l e n t f l o w . . A l s o the l o c a l 

e f f e c t o f the thermocouple on the f l o w i s not known. 

The shape o f the i s o t h e r m a l l i n e s can a l s o be used t o deduce 

the f l u i d f l o w d i r e c t i o n s i n the m e l t . F o r example, the 

p r o f i l e i n F i g u r e 2b i s o b v i o u s l y f o r a one c e l l f l o w 

around the l i q u i d c e l l . 

D i r e c t o b s e r v a t i o n o f f l o w i n l i q u i d m e t a l s 

can a l s o be made u s i n g r a d i o a c t i v e t r a c e r t e c h n i q u e s . 

The f l o w can be obser v e d u s i n g " i n s i t u " m o n i t o r i n g o f 

the movement o f the t r a c e r s i n the melt (21) o r by u s i n g 

a quenching t e c h n i q u e ( 2 0 ) . The quenching t e c h n i q u e has 

been used e x c l u s i v e l y i n the p r e s e n t work and i s f u l l y 

d i s c u s s e d i n the f o l l o w i n g c h a p t e r . 

1.4 Purpose o f the p r e s e n t i n v e s t i g a t i o n 

Many f a c t o r s o f s o l i d i f i c a t i o n a r e g r e a t l y 

a l t e r e d by n a t u r a l c o n v e c t i o n , as d e s c r i b e d i n the p r e v i o u s 

s e c t i o n . F o r a b a s i c u n d e r s t a n d i n g o f the e f f e c t o f l i q u i d 

m e t a l f l o w on c a s t i n g s t r u c t u r e s and p r o p e r t i e s , the d e t a i l s 

o f the f l o w i t s e l f must be known. Very l i t t l e r e s e a r c h , 

e i t h e r e x p e r i m e n t a l o r a n a l y t i c a l , has been done t o d i s c o v e r 

the e x a c t b e h a v i o r o f n a t u r a l c o n v e c t i o n o f l i q u i d m e t a l s 

i n a c l o s e d system. A g r e a t d e a l o f work has been done 

both a n a l y t i c a l l y and e x p e r i m e n t a l l y on n o n - m e t a l l i c n a t u r a l 

c o n v e c t i o n , but g e n e r a l l y t h i s c a n n o t , w i t h any degree o f 

a c c u r a c y , be a p p l i e d t o l i q u i d m e t a l f l o w . The reasons 



f o r t h i s w i l l b e c o m e e v i d e n t i n t h e t h e o r e t i c a l s e c t i o n s 

t o f o l l o w . D i r e c t o b s e r v a t i o n o f t h e c e l l f l o w p a t t e r n s 

i n l i q u i d m e t a l s h a s p r e v i o u s l y n o t b e e n a c h i e v e d . I t I s 

f o r t h e s e r e a s o n s a r e s e a r c h p r o g r a m was u n d e r t a k e n t o 

o b s e r v e e x p e r i m e n t a l l y , a n d c o m p u t e t h e o r e t i c a l l y , t h e 

t h e r m a l c o n v e c t i o n b e h a v i o r o f a l i q u i d m e t a l . 

U s i n g t h e e x p e r i m e t a l t e c h n i q u e d e v e l o p e d t o 

o b s e r v e t h e f l u i d f l o w , s e v e r a l o t h e r a r e a s o f f l u i d e f f e c t s 

w e r e o b s e r v e d . P l o w s r e s u l t i n g f r o m s o l u t e c o n v e c t i o n 

a n d t h e v o l u m e c h a n g e on f r e e z i n g w e r e o b s e r v e d a s was 

t h e i n t e r d e n d r i t i c f l o w c a u s e d by t h e c o n v e c t i o n i n t h e 

o u t e r l i q u i d p o o l . 

D u r i n g t h e c o u r s e o f t h i s w o r k a n a u x i l i a r y 

r e s e a r c h s t u d y was c o n d u c t e d j o i n t l y w i t h M r . L . C . M a c A u l a y 

u n d e r t h e d i r e c t i o n o f P r o f e s s o r P . W e i n b e r g . T h i s s t u d y 

was on t h e m a c r o s e g r e g a t i o n i n a l u m i n u m - 3 w t . % s i l v e r 

c a s t i n g s r o t a t e d a n d o s c i l l a t e d d u r i n g s o l i d i f i c a t i o n . 

T h i s w o r k i s p r e s e n t e d i n C h a p t e r 7 •• o f t h i s t h e s i s i n a n 

i d e n t i c a l f o r m a s i t i s t o a p p e a r i n t h e f o r t h c o m i n g t h e s i s 

o f M r . M a c A u l a y . T h i s w o r k h a s b e e n a c c e p t e d f o r p u b l i c a t i o n 

i n M e t a l l u r g i c a l T r a n s a c t i o n s a n d w i l l a p p e a r i n t h e same 

f o r m a s p r e s e n t e d h e r e . 



2. G e n e r a l E x p e r i m e n t a l Apparatus and P r o c e d u r e s 

2.1. Apparatus 

The t e c h n i q u e used i n the p r e s e n t i n v e s t i g a t i o n s 

was t h a t o f u s i n g r a d i o a c t i v e elements t o t r a c e b u t the 

f l o w p a t t e r n s i n the l i q u i d m e t a l p o o l under v a r i o u s boundary 

r e s t r i c t i o n s . The e x p e r i m e n t a l a p p a r a t u s i s shown i n 

F i g u r e s 4a and 4b. The molten m e t a l i s c o n t a i n e d i n an 

aluminum o r copper mould t h a t i s assembled as shown i n 

F i g u r e 5. The c e n t r a l U shaped p i e c e i s machined from 

aluminum or copper p l a t e and a number o f v a r i o u s t h i c k n e s s e s 

and c e l l l e n g t h s were produced. The mould i s open on the 

upper s u r f a c e . The s i d e s o f the mould are 1/16 i n c h t h i c k 

s h e e t s o f the same m a t e r i a l as the U shaped p i e c e . A 

number o f s t a i n l e s s s t e e l b o l t s are used t o assemble the 

mould. A l l s u r f a c e s o f the mould are c o a t e d w i t h a c o l l o d i a l 

g r a p h i t e wash t o p r e v e n t any a t t a c k on the mould by the 

l i q u i d m e t a l . The g r a p h i t e l a y e r between the f l a t s i d e 

p l a t e s and the U p i e c e a l s o s t o p s any l e a k a g e o f the l i q u i d 

m e t a l out o f the mould even i f a good c o n t a c t i n the mould 

assembly i s not o b t a i n e d . A f t e r quenching the s o l i d m e t a l 



F i g u r e H. The e x p e r i m e n t a l apparatus f o r o b s e r v i n g n a t u r a l 
c o n v e c t i o n showing (a) the s i d e s e c t i o n view o f the 
o v e r a l l furnace- and -(b) the f r o n t s e c t i o n view o f the 
i n n e r f u r n a c e d e t a i l s . 



F i g u r e 5. Exploded view 
mould used i n 

o f the copper o r aluminum 
o b s e r v i n g n a t u r a l c o n v e c t i o n . 



i s r e m o v e d by d i s a s s e m b l i n g t h e m o u l d . On one e n d o f t h e 

m o u l d a h e a t i n g b l o c k i s a t t a c h e d . A c h r o m e l w i n d i n g i s 

c o n t a i n e d i n a q u a r t z t u b e a n d t h i s i s l o w e r e d i n t o a h o l e 

p a s s i n g t h r o u g h t h e c o p p e r h e a t i n g b l o c k . The p o w e r t o 

t h e h e a t i n g c o i l i s s u p p l i e d f r o m a v a r i a b l e a u t o t r a n s f o r m e r 

c o n n e c t e d t o a S o l a c o n s t a n t v o l t a g e t r a n s f o r m e r g i v i n g a 

s t a b l e a p p l i e d p o w e r up t o 80 w a t t s , d u r i n g t h e e x p e r i m e n t . 

On t h e o p p o s i t e e n d o f t h e m o u l d i s a c o o l i n g b l o c k o f 

s i m i l a r c o n s t r u c t i o n t o t h e h e a t i n g b l o c k . A c o p p e r t u b e 

i s p a s s e d t h r o u g h t h e b l o c k f o r t h e p a s s a g e o f a r g o n o r 

w a t e r t o g i v e a v a r i a b l e r a t e o f h e a t r e m o v a l . B o t h t h e 

b l o c k s a r e b o l t e d t o t h e U s h a p e d p i e c e a n d a t i g h t f i t i s 

m a i n t a i n e d f o r g o o d h e a t t r a n s f e r by t h e u s e o f . 0 0 2 i n c h 

s p a c e r s . 

The c o m p o s i t e m o u l d i s s u s p e n d e d i n a c o v e r e d 

s t a i n l e s s s t e e l c o n t a i n e r 6 x 6 x 2 i n c h e s w i t h s t a i n l e s s 

s t e e l s t r a p s . D u r i n g a n e x p e r i m e n t t h e c o n t a i n e r i s f i l l e d 

w i t h a r g o n t o . r e d u c e o x i d a t i o n , a n d f o r q u e n c h i n g t h e 

c o n t a i n e r i s r a p i d l y f i l l e d w i t h w a t e r . A l a r g e f l a t h e a t i n g 

e l e m e n t i s p l a c e d o n e i t h e r s i d e o f t h e s t e e l c o n t a i n e r 

f o r r a i s i n g a n d m a i n t a i n i n g t h e o v e r a l l f u r n a c e t e m p e r a t u r e . 

A H o n e y w e l l t e m p e r a t u r e c o n t r o l l e r c o n n e c t e d t o t h e p l a t e 

h e a t e r s I s u s e d t o m a i n t a i n a c o n s t a n t f u r n a c e t e m p e r a t u r e . 

The c o n t r o l t h e r m o c o u p l e i s b e t w e e n t h e h e a t i n g p l a t e a n d 

t h e s t a i n l e s s s t e e l t a n k . T h i s c o n t r o l l e r m a i n t a i n s a 

t e m p e r a t u r e w i t h i n ± 1/2 °C a t t h e c o n t r o l t h e r m o c o u p l e . 



The whole assembly I s c o n t a i n e d i n a b r i c k i n s u l a t e d o u t e r 

aluminum c a s e , c o n s t r u c t e d t o a l l o w d i r e c t v i s u a l o b s e r ­

v a t i o n o f the melt from above the f u r n a c e . 

Temperature measurements o f the molten b a t h a re 

made w i t h l o n g thermocouple probes i n s e r t e d i n t o the melt 

from the top o f the f u r n a c e . Two ty p e s o f thermocouples 

are used. F o r s i m p l e t e m p e r a t u r e m o n i t o r i n g o f the b a t h 

i r o n - c o n s t a n t a n t h e r m o c o u p l e s , sheathed by 1.5 mm. d i a m e t e r 

q u a r t z t u b i n g , a re used. The end o f the sheath i s l e f t 

open and the thermocouple bead which i s 0.5 mm. i n d i a m e t e r , 

p o s i t i o n e d o u t s i d e the tube f o r good temperature response 

and a c c u r a c y . F o r a c c u r a t e t e m p e r a t u r e p r o f i l e measurements 

f o r the b a t h , a c o m m e r c i a l l y made i r o n - c o n s t a n t a n thermo­

couple c o n t a i n e d i n a 0.5 mm. s t a i n l e s s s t e e l tube i s used. 

The v e r y s m a l l d i a m e t e r o f the tube causes minimum d i s t u r b a n c e 

i n the m e l t . E i t h e r o f the s e thermocouple probes cap be 

p o s i t i o n e d t o any l o c a t i o n i n the melt w i t h the a i d o f a 

h o r i z o n t a l and v e r t i c a l c a l i b r a t e d t r a v e r s e mechanism on 

top o f the f u r n a c e . The thermocouples are connected v i a an 

i c e water c o l d j u n c t i o n t o a Honeywell E l e c t r o n i c 194 

temperature r e c o r d e r . F u l l s c a l e d e f l e c t i o n s o f between 

20 m i l l i v o l t s (360°C) and 0.1 m i l l i v o l t s (1 .8°C) were used 

i n t h i s work. 

2 . 2 . E x p e r i m e n t a l p r o c e d u r e 

The l i q u i d m etals used i n t h i s s tudy were t i n , 



l e a d , l e a d - t i n a l l o y s and l e a d - b i s m u t h a l l o y s . A l l 

m a t e r i a l s were s p e c i f i e d as 99.999$ pure f o r m e t a l l i c 

i m p u r i t i e s . The r a d i o a c t i v e t r a c e r s used were t i n ( S n 1 1 3 ) 

w i t h K and e~ r a d i a t i o n and t h a l l i u m ( T I 2 0 * * ) a oure b e t a 

e m i t t e r . The t r a c e r s were o b t a i n e d from the Atomic Energy 

o f Canada L i m i t e d . V a r i o u s c o m b i n a t i o n s o f melt m a t e r i a l 

and t r a c e r element were used t o i n v e s t i g a t e v a r i o u s a s o e c t s 

o f n a t u r a l c o n v e c t i o n . 

The g e n e r a l p r o c e d u r e f o r an e x p e r i m e n t a l r u n 

i s as follows:-

(a) The mould i s assembled and the m a t e r i a l t o be 

I n v e s t i g a t e d i s c a s t i n t o the mould. The f i l l e d mould i s 

p l a c e d i n the f u r n a c e and the temp e r a t u r e o f the system 

i s r a i s e d by means o f t h e h e a t i n g p l a t e s . With the use o f 

the h e a t i n g and c o o l i n g b l o c k s a p r e s c r i b e d t emperature 

d i f f e r e n c e i s imposed and m a i n t a i n e d a c r o s s the molten 

or semi-molten r e g i o n . D u r i n g t h i s time an argon atmosphere 

i s m a i n t a i n e d i n the s t e e l c o n t a i n e r . 

(b) A temperature t r a v e r s e i s made o f the molten 

zone when the system has reached e q u i l i b r i u m c o n d i t i o n s . 

The system i s assumed t o be i n e q u i l i b r i u m when the average 

temperature and the temperature d i f f e r e n c e a c r o s s the melt 

are b oth c o n s t a n t f o r a p e r i o d of a p p r o x i m a t e l y o n e - h a l f 

hour. The 0.5 mm. d i a m e t e r thermocouple i s used. 

(c) To observe the f l o w p a t t e r n , a s m a l l sphere 

o f r a d i o a c t i v e m a t e r i a l i s added t o the m e l t . The 



m a t e r i a l added i s a p p r o x i m a t e l y 0.1 gms. For the t i n t r a c e r 
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the p a r t i c l e added i s 25 wt. % Sn J as r e c e i v e d from The 
Atomic Energy o f Canada L t d . For the t h a l l i u m t r a c e r the 
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p a r t i c l e added i s 1 .5 wt. % T l as r e c e i v e d . The t r a c e r 

i s added a t the top o f the melt and i s a l l o w e d t o f l o w 

f o r a c e r t a i n p e r i o d o f t i m e . The whole system i s then 

quenched v e r y r a p i d l y by f i l l i n g the s t a i n l e s s s t e e l con­

t a i n e r w i t h c o l d w a t e r . 

(d) • The r e s u l t a n t s o l i d b l o c k c o n t a i n i n g the r a d i o ­

a c t i v e m a t e r i a l i s removed from the mould and p l a c e d on a 

sheet o f e i t h e r X-Ray o r C o n t r a s t P r o c e s s Ortho f i l m . The 

presence o f r a d i o a c t i v e m a t e r i a l a d j a c e n t t o the f i l m w i l l 

e f f e c t i v e l y expose the f i l m l o c a l l y . An e x a m i n a t i o n of the 

d e v e l o p e d f i l m then r e v e a l s the f l o w p a t t e r n i n the l i q u i d 

p r i o r t o the quench. The p e n e t r a t i o n d i s t a n c e s o f the 

r a d i a t i o n i n the m e t a l c a s t i n g i s r e l a t i v e l y s h o r t (20 microns 

f o r the t h a l l i u m i n t i n ) , so t h a t f o r o b s e r v i n g the i n t e r n a l 

f l o w p a t t e r n the s u r f a c e l a y e r s can be p r o g r e s s i v e l y 

machined o f f and a u t o r a d i o g r a p h e d . 

A l l the a u t o r a d i o g r a p h s p r e s e n t e d i n t h i s t h e s i s are p r i n t e d 

from n e g a t i v e s made from the o r i g i n a l a u t o r a d i o g r a p h s . The 

p o s i t i o n o f the t r a c e r w i l l show as a darkened r e g i o n as 

i n the o r i g i n a l a u t o r a d i o g r a p h . A l l p i c t u r e s w i l l be shown, 

where a p p l i c a b l e , w i t h the f l o w i n the c o u n t e r c l o c k w i s e 

d i r e c t i o n , and are a l s o shown a c t u a l s i z e . 



2 . 3 . V a l i d i t y o f t e c h n i q u e 

The m o s t i m p o r t a n t q u e s t i o n t o be r e s o l v e d i n 

t h i s e x p e r i m e n t a l t e c h n i q u e i s w h e t h e r t h e a u t o r a d i o g r a p h y 

a r e r e p r e s e n t a t i v e o f t h e f l o w t h a t o c c u r s p r i o r t o t h e 

q u e n c h , o r t h e q u e n c h p r o c e s s i t s e l f c a u s e s s i g n i f i c a n t 

f l u i d m o t i o n . 

I t i s r e a s o n a b l e t o a s s u m e t h a t t h e m o r e r a p i d 

t h e q u e n c h , t h e g r e a t e r i s t h e l i k e l i h o o d t h a t t h e t r a c e r 

w i l l be f i x e d i n i t s p o s i t i o n p r i o r t o q u e n c h i n g . To q u e n c h 

t h e s t a i n l e s s s t e e l t a n k i s c o m p l e t e l y f i l l e d w i t h c o l d 

w a t e r i n two s e c o n d s . The q u e n c h r a t e i s e s t i m a t e d f r o m 

t h e t e m p e r a t u r e r e s p o n s e o f a t h e r m o c o u p l e l e f t i n t h e 

m e l t d u r i n g t h e q u e n c h . A t y p i c a l t e m p e r a t u r e v s . t i m e 

c u r v e i s s h o w n i n F i g u r e 6 , f o r a p u r e t i n m e l t w i t h a 

s t a r t i n g t e m p e r a t u r e o f 268°C ( m e l t i n g p o i n t 2 3 1 . 9 ° C ) . 

The t e m p e r a t u r e r e s p o n s e i n d i c a t e s t h a t t h e t i n s t a r t s t o 

s o l i d i f y i n a p p r o x i m a t e l y one s e c o n d a n d t h a t t h e c a s t i n g 

i s c o m p l e t e l y s o l i d a f t e r t h r e e s e c o n d s f r o m t h e s t a r t o f 

t h e q u e n c h . 

A z e r o t e m p e r a t u r e g r a d i e n t i n a m o l t e n b a t h o f 

p u r e t i n s h o u l d p r o d u c e n o f l u i d f l o w . . A t e s t was c o n d u c t e d 

i n w h i c h r a d i o a c t i v e t i n was a d d e d t o : l i q u i d t i n i n w h i c h 

t h e r e was n o d e t e c t a b l e t e m p e r a t u r e g r a d i e n t , t h e n q u e n c h e d 

t h i r t y s e c o n d s - a f t e r t h e a d d i t i o n . The s a m p l e s i z e was 

6 . 4 c m . by 6 . 4 ; c m . by 0 . 3 2 c m . t h i c k . F i g u r e 7 s h o w s t h e 
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F i g u r e 6. The temperature v e r s u s time curve i n the 
l i q u i d t i n d u r i n g r a p i d water quenching. 

F i g u r e 7. The t r a c e r movement i n a l i q u i d t i n melt 
( S n 1 1 3 t r a c e r ) w i t h a 0°C temperature d i f f e r e n c e , 
l e f t 30 seconds b e f o r e quenching. ( A c t u a l s i z e ) 



r e s u l t i n g f l o w as the darkened r e g i o n o f the a u t o r a d i o g r a p h . 

The t r a c e r i s seen t o have remained e s s e n t i a l l y i n the 

r e g i o n i n which i t was added, w i t h some s l i g h t downward 

f l o w due t o the a d d i t i o n c o n t a i n i n g the r a d i o a c t i v e t i n 

b e i n g c o l d e r t h a n the l i q u i d . 

The change i n the f l o w p a t t e r n at d i f f e r e n t 

p o s i t i o n s w i t h i n the c a s t i n g can a l s o be used t o determine 

t o what e x t e n t the a u t o r a d i o g r a p h s are r e p r e s e n t a t i v e o f 

the f l u i d f l o w b e f o r e q u e n c h i n g . The o u t e r s u r f a c e o f the 

l i q u i d c e l l s h o u l d s o l i d i f y e x t r e m e l y r a p i d l y so t h a t l i t t l e 

t r a c e r movement would be a n t i c i p a t e d . In the c e n t r a l r e g i o n 

t h e r e i s a t h r e e second e l a p s e from the s t a r t o f quenching 

to complete s o l i d i f i c a t i o n ; some e x t r a n e o u s f l o w might 

o c c u r d u r i n g t h i s i n t e r v a l . The t r a c e r p r o f i l e at v a r i o u s 

p o s i t i o n s i n the s o l i d b l o c k i s shown i n F i g u r e 8 . T h i s 

sample had a 3°C t emperature d i f f e r e n c e a c r o s s the l i q u i d 

c e l l , an average t e m p e r a t u r e o f 2 6 0°C, and i s pure t i n w i t h 

t i n t r a c e r . The c a s t i n g was made i n the 6 . 4 by 6 . 4 by 0 . 3 2 

cm. mould. I t s h o u l d be noted t h a t a t e m p e r a t u r e d i f f e r e n c e 

i s used t o d e s c r i b e the t h e r m a l c o n d i t i o n s r a t h e r t h a n a 

t e mperature g r a d i e n t . From F i g u r e 2b i t I s e v i d e n t t h a t the 

temperature g r a d i e n t i s not a c o n s t a n t but a f u n c t i o n o f the 

v e r t i c a l p o s i t i o n i n the c e l l and hence i s not a unique 

parameter f o r a c e r t a i n . t h e r m a l c o n d i t i o n . The t h r e e a u t o ­

r a d i o g r a p h s i n F i g u r e 8 a , 8b and 8c r e p r e s e n t the t r a c e r 

p o s i t i o n at the as c a s t s u r f a c e , 13% below the s u r f a c e , and 
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F i g u r e 8. The t r a c e r p r o f i l e i n a t i n melt ( S n 1 1 3 t r a c e r , 
260°C average temperature) w i t h a 3 . 0°C temperature 
d i f f e r e n c e l e f t 30 seconds b e f o r e q u e n c h i n g , 
(a) on the as c a s t s u r f a c e , (b) 13% i n t o the t i n 
b l o c k , and (c) i n t o the t i n b l o c k . 



kH% below the s u r f a c e . I t i s apparent t h a t the l i m i t o f 

f l o w around the l i q u i d c e l l ( p o i n t A) i s n e a r l y the same 

throughout the c a s t i n g which would not be the case i f t h e r e 

were i n t e r n a l f l o w a f t e r the s u r f a c e l a y e r s were s o l i d . 

Prom the o b s e r v a t i o n s p r e s e n t e d i n t h i s s e c t i o n 

i t i s v e r y r e a s o n a b l e t o assume t h a t the que n c h i n g o p e r a t i o n 

does not cause any s i g n i f i c a n t d i s t u r b a n c e o f the o v e r a l l 

f l o w p a t t e r n . 



3. Thermal C o n v e c t i o n 

3.1. E x p e r i m e n t a l i n v e s t i g a t i o n s 

Thermal c o n v e c t i o n i s perhaps the most i m p o r t a n t 

form o f c o n v e c t i o n i n s t a n d a r d c a s t i n g p r o c e s s e s and w i l l 

t h e r e f o r e r e c e i v e the g r e a t e s t study i n t h i s work. The 

e x p e r i m e n t a l r e s u l t s o f the p r e s e n t i n v e s t i g a t i o n w i l l be . 

p r e s e n t e d under the f o l l o w i n g d i v i s i o n s : 

(a) temperature d i f f e r e n c e a c r o s s the l i q u i d and 

average temperature 

(b) l i q u i d m e t al t h i c k n e s s 

(c) t e mperature d i s t r i b u t i o n i n the l i q u i d 

(d) l i q u i d zone h e i g h t 

(e) double c e l l f l o w s 

( f ) l i q u i d m e t al i n v e s t i g a t e d 

(g) t h e r m a l f l u c t u a t i o n s 

•For.:a melt o f pure t i n , r a d i o a c t i v e t i n was used 

as the t r a c e r and f o r m e l t s o f pure l e a d , r a d i o a c t i v e 

t h a l l i u m was used as the t r a c e r - . Both o f t h e s e systems 

w i l l be r e p r e s e n t a t i v e o f t h e r m a l c o n v e c t i o n o n l y . 



3.1.1. V a r i a b l e a p p l i e d t emperature d i f f e r e n c e and 

average temperature 

The t h e r m a l c o n v e c t i v e f l o w i s v e r y dependent 

on the t h e r m a l boundary c o n d i t i o n s p r e s e n t i n the m e l t . 

The l i q u i d c e l l used i n the e x p e r i m e n t s d e s c r i b e d i n t h i s 

s e c t i o n i s 6.4 cm. by 6.4 cm. by 0.32 cm. t h i c k . The e f f e c t 

o f c h a n g i n g the l i q u i d c e l l t h i c k n e s s i s d i s c u s s e d i n the 

next s e c t i o n . The f l o w p a t t e r n as a f u n c t i o n o f temperature 

d i f f e r e n c e a c r o s s the pure t i n melt i s shown i n the a u t o ­

r a d i o g r a p h s i n F i g u r e 9. A l l t h e s e samples had an average 

temperature o f 260 ± 1°C. The e i g h t f l o w p a t t e r n s shown 

have temperature d i f f e r e n c e s from 0.23°C t o 9.1°C a c r o s s 

the l i q u i d zone. Comparing the samples shows t h a t the 

f l o w r a t e i n c r e a s e s g r e a t l y w i t h i n c r e a s i n g t e m p e r a t u r e 

d i f f e r e n c e , but the shape o f the f l o w p a t t e r n remains 

e s s e n t i a l l y c o n s t a n t over the range o f temperature d i f f e r e n c e s 

c o n s i d e r e d h e r e . A l l f l o w o c c u r s i n s i n g l e c e l l u l a r 

p a t t e r n s and appears t o be l a m i n a r i n n a t u r e as no s m a l l 

t u r b u l e n t eddy c u r r e n t s are ap p a r e n t . 

The e f f e c t o f chan g i n g the average temperature 

o f the t i n melt- can be seen i n F i g u r e 10. Three d i f f e r e n t 

average temperatures have been s t u d i e d , 237°C, 260°C and 305°C. 

F i g u r e s 10a and;.10b compare the f l o w r a t e s a t 237°C and 

305°C w i t h a 2°C temperature d i f f e r e n c e and F i g u r e s 10c 

and lOd compare: the f l o w r a t e s f o r a 3°C tempe r a t u r e 

d i f f e r e n c e . I t s h o u l d be noted when comparing t h a t t he 
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F i g u r e 9 . The t r a c e r p r o f i l e i n t i n m e l t s ( S n 1 1 3 t r a c e r , 
?60°C average termoerature, 0.32 cm. t h i c k c e l l ) 
w i t h a temperature d i f f e r e n c e and a time b e f o r e 
quenching o f (a) 0.23°C, 300 seconds, (b) 0.67°C, 
90 seconds, (c) 1.11°C, 120 seconds, (d) 1.9fi°C, 
60 seconds. 

( c o n t i n u e d ) 
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F i g u r e 9 c o n t i n u e d . The t r a c e r p r o f i l e i n t i n m e l t s 
( S n 1 1 3 t r a c e r , 260°C average t e m p e r a t u r e , 0.32 
cm. t h i c k c e l l ) w i t h a temperature d i f f e r e n c e 
and time b e f o r e quenching o f (e) 3.04°C, 30 
seconds, ( f ) 4 .00°C, 30 s e c o n d s , (g) 5 .05°C, 
15 seconds, and (h) 9.1°C, 15 seconds. 
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F i g u r e 10. The t r a c e r p r o f i l e i n t i n melts ( S n 1 1 3 t r a c e r ) 
w i t h an average t e m p e r a t u r e , temnerature d i f f e r e n c e , 
and time b e f o r e quenching o f (a) 236°C, 2 .00°C, 
60 seconds, (b) 305°C, 2.02°C, 30 s e c o n d s , ( c ) 
237°C, 3.00°C, 30 seconds, and (d) 305°C, 
3.02°C, 15 seconds. 



lower superheat f l o w s were l e f t t w i c e as l o n g as the h i g h e r 

superheat f l o w s f o r the same temp e r a t u r e d i f f e r e n c e p r i o r 

t o the quench. From the a u t o r a d i o g r a p h s i t i s e v i d e n t 

t h a t an i n c r e a s e i n the average t e m p e r a t u r e causes an 

i n c r e a s e i n the f l o w r a t e f o r an e q u a l temperature d i f f e r e n c e . 

F o r q u a n t i t a t i v e a n a l y s i s o f the f l o w r a t e s the 

time f o r the f l o w t o complete one c y c l e around the c e l l has 

been chosen as the r e l e v a n t parameter. U s u a l l y two t o f o u r 

experiments w i t h d i f f e r e n c e s i n the times b e f o r e quenching 

are done f o r a p a r t i c u l a r t e mperature d i f f e r e n c e and average; 

temperature t o o b t a i n the time p e r c y c l e . The time p e r c y c l e 

f o r a p a r t i c u l a r c a s t i n g i s o b t a i n e d by measuring the 

a n g u l a r movement o f the t r a c e r f r o n t . a r o u n d the c e l l and 

then u s i n g the time t o quench t o c a l c u l a t e the p e r i o d the 

t r a c e r would t a k e f o r a complete c y c l e o f 360°. The sample 

must, t h e r e f o r e , be quenched b e f o r e the t r a c e r has completed 

one f u l l c y c l e . T h i s parameter has been chosen s i n c e 

i t w i l l a l l o w a s i n g l e v a l u e t o d e s c r i b e the o v e r a l l f l o w 

r a t e . The a c t u a l a u t o r a d i o g r a p h s can be used f o r n o t i n g 

any changes i n the shape o f the f l o w p a t t e r n . The time 

p e r c y c l e f o r oure t i n v e r s u s the temne r a t u r e d i f f e r e n c e 

a c r o s s the c e l l f o r t h r e e d i f f e r e n t degrees o f superheat 

i s p l o t t e d i n F i g u r e 11. I t i s seen from t h i s g r aph, as 

w i t h the a u t o r a d i o g r a p h s , t h a t the f l o w r a t e s i n c r e a s e w i t h 

i n c r e a s i n g temperature d i f f e r e n c e a c r o s s the c e l l and t h a t 

they a l s o i n c r e a s e w i t h i n c r e a s i n g melt s u p e r h e a t . 



-A 

, I U I - L - 1 1 1 1 i i I i • 

0 I 2 3 4 5 6 7 8 9 10 

TEMPERATURE DIFFERENCE, °C 

F i g u r e 11. The time f o r the f l o w i n t i n m e l t s t o complete 
one c y c l e around the c e l l v e r s u s the tem p e r a t u r e 
d i f f e r e n c e , a c r o s s the c e l l f o r average t e m p e r a t u r e s 
of 237°C, 260°C, and 305°C. 



3.1.2. V a r i a b l e l i q u i d m e t a l t h i c k n e s s 

T h r e e d i f f e r e n t m o l t e n z o n e t h i c k n e s s e s w e r e 

i n v e s t i g a t e d : 0.32 c m . (1/8 i n . ) , 0 .48 c m . (3/16 i n . ) 

a n d 0.95 c m . (3/8 i n . ) . A l l t h e l i q u i d c e l l s h a d a m o l t e n 

z o n e l e n g t h o f 6.4 c m . a n d a h e i g h t o f 6 .4 c m . T h e s e 

e x p e r i m e n t s w e r e d o n e t o d e t e r m i n e i f a n y s i g n i f i c a n t 

c h a n g e i n t h e f l o w b e h a v i o u r o c c u r r e d w i t h a t h i c k e r c e l l 

s i z e p o s s i b l y due t o c o n s t r a i n t s b y t h e l a r g e f l a t c e l l 

f a c e s o n t h e f l o w . The c h a n g e i n t h e f l o w p a t t e r n a n d 

f l o w r a t e s w e r e b o t h i n v e s t i g a t e d . 

I t : w a s f o u n d t h a t f o r i n c r e a s i n g c e l l t h i c k n e s s e s 

a n d i n c r e a s i n g t e m p e r a t u r e d i f f e r e n c e s a c o m p l e t e l y d i f f e r e n t 

s t a b l e mode o f t h e r m a l c o n v e c t i o n c a n d e v e l o p i n t h e l i q u i d 

m e t a l . The t w o d i f f e r e n t modes c a n b e r e f e r r e d t o a s t w o -

d i m e n s i o n a l a n d t h r e e - d i m e n s i o n a l f l o w . F i g u r e 12 s h o w s 

t y p i c a l a u t o r a d i o g r a p h s o f a s c a s t s u r f a c e s f o r t w o -

d i m e n s i o n a l a n d t h r e e - d i m e n s i o n a l f l o w s i n l i q u i d t i n . 

F i g u r e 12a i s . - f o r t h e 0.32 c m . c e l l a n d a 5.60°C t e m p e r a t u r e 

d i f f e r e n c e w h i c h s h o w s t h e t w o - d i m e n s i o n a l t y p e o f f l o w 

l i k e a l l t h e f l o w p a t t e r n s s h o w n i n F i g u r e 9. T h i s f l o w i s 

c h a r a c t e r i z e d by t h e s i n g l e l a m i n a r f l o w c e l l w i t h t h e 

t r a c e r f o r m i n g a c o n t i n u o u s c i r c u l a r p a t h a r o u n d t h e l i q u i d 

c e l l . By i n c r e a s i n g t h e t e m p e r a t u r e d i f f e r e n c e a c r o s s t h e 

0.32 c m . c e l l t o 19°C, F i g u r e 12b, o r by i n c r e a s i n g t h e c e l l 

t h i c k n e s s t o 0 .48 c m . , F i g u r e 12c, o r 0.95 c m . , F i g u r e 12d, 

t h e f l o w c h a n g e s t o t h e t h r e e - d i m e n s i o n a l m o d e . The t h r e e -



C d 

F i g u r e 12. The t r a c e r p r o f i l e i n t i n m e l t s ( S n 1 1 3 t r a c e r , 
260°C average temperature) w i t h a tem p e r a t u r e 
d i f f e r e n c e , l i q u i d c e l l t h i c k n e s s , and time 
b e f o r e quenching o f (a) 5 .60°C, 0.32 cm, 60 
seconds, (b) 19.0°C, 0.32 cm., 15 seconds, (c) 
5.0°C, 0 . 4 8 cm., 60 seconds, and (d) 5 .0°C, 
0.95 cm., 90 seconds. 
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d i m e n s i o n a l mode i s c h a r a c t e r i z e d by a s p i r a l p a t t e r n , w i t h 

t r a c e r d e p l e t e d bands coming from t h r e e c o r n e r s o f the 

l i q u i d zone and a t r a c e r r i c h band from the top l e f t - r h a n d 

c o r n e r . The s p i r a l p a t t e r n o b s e r v e d does not change w i t h 

t i m e , the bands r e m a i n i n g f i x e d i n p o s i t i o n w i t h t i m e . The 

p a t t e r n was found t o be i d e n t i c a l on both s i d e s o f the 

c a s t i n g . There are no c o n t i n u o u s f l o w l i n e s c o n n e c t i n g the 

areas where the t r a c e r i s p r e s e n t due t o these d e p l e t e d 

bands. Thus f o r the t r a c e r t o move thro u g h o u t the c e l l , 

as seen i n the a u t o r a d i o g r a p h s , t h e r e must be an i n t e r n a l 

f l o w , i n the molten zone. T h i s complex t h r e e - d i m e n s i o n a l 

f l o w p a t t e r n i s de v e l o p e d f o r h i g h e r g r a d i e n t s and t h i c k e r 

c e l l s . F i g u r e 13 shows q u a n t i t a t i v e l y the d i v i d i n g l i n e 

between the two f l o w modes f o r a v a r i a b l e c e l l t h i c k n e s s 

and temperature g r a d i e n t . A band i s shown s e p a r a t i n g the 

two modes o f f l o w at lo w e r temperature d i f f e r e n c e s s i n c e 

at v e r y low g r a d i e n t s the a u t o r a d i o g r a p h i n t e r p r e t a t i o n 

becomes more d i f f i c u l t . The t h e o r e t i c a l a n a l y s i s o f t h e r m a l 

c o n v e c t i o n i s v e r y complex and i s u s u a l l y o n l y attempted 

f o r t w o - d i m e n s i o n a l f l o w . Thus t o enable t h e o r e t i c a l and 

e x p e r i m e n t a l comparisons t o be made, most o f the p r e s e n t 

o b s e r v a t i o n s - o f t h e r m a l c o n v e c t i o n have been made f o r the 

tw o - d i m e n s i o n a l mode. 

The v a r i a t i o n i n the a c t u a l f l o w r a t e s f o r the 

v a r i o u s l i q u i d c e l l t h i c k n e s s e s was a l s o o b s e r v e d . F o r 

the t h r e e c e l l t h i c k n e s s e s used i n F i g u r e 12 experiments 
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F i g u r e 13. 
The l i q u i d c e l l t h i c k n e s s v e r s u s the temperature 
d i f f e r e n c e a c r o s s the c e l l showing the c o n d i t i o n s f o r 
two d i m e n s i o n a l and t h r e e d i m e n s i o n a l f l o w i n l i q u i d 
t i n at 260°C. 
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TEMPERATURE DIFFERENCE, °C 
F i g u r e 14 . The time f o r the f l o w i n t i n m e l t s t o complete one 

c y c l e v e r s u s the temperature d i f f e r e n c e . a c r o s s the 
c e l l f o r l i q u i d c e l l t h i c k n e s s e s o f 0.32cm., 
0.48 cm., and 0 . 9 5 cm. 



w e r e c o n d u c t e d w i t h p u r e t i n , a t 260°C a v e r a g e t e m p e r a t u r e , 

t o a r r i v e a t a t i m e p e r c y c l e v e r s u s t e m p e r a t u r e d i f f e r e n c e 

c u r v e f o r e a c h c e l l . F o r a t i m e p e r c y c l e v a l u e t o b e 

c a l c u l a t e d , o n l y t w o - d i m e n s i o n a l f l o w s o r t h e v e r y e a r l y 

s t a g e s o f t h r e e - d i m e n s i o n a l f l o w s c a n be u s e d . T h i s i s due 

t o t h e t h r e e - d i m e n s i o n a l f l o w r e s u l t i n g i n t h e t r a c e r 

" s h o r t c i r c u i t i n g " t h r o u g h t h e i n t e r n a l p a r t s o f t h e c e l l 

t o g i v e a f a l s e t i m e p e r c y c l e r e a d i n g , f o r c o m p a r i s o n 

p u r p o s e s . A c y c l e t i m e c a n n o t r e a l l y be d e f i n e d f o r f u l l y 

d e v e l o p e d t h r e e d i m e n s i o n a l f l o w . The f l o w r a t e s v e r s u s 

t h e t e m p e r a t u r e d i f f e r e n c e a c r o s s t h e c e l l f o r t h e t h r e e 

d i f f e r e n t c e l l s i s s h o w n i n F i g u r e 1 4 . I t i s e v i d e n t t h a t 

t h e t h i c k e r c e l l s h a v e m o r e r a p i d f l o w r a t e s . T h i s s h a l l 

be d i s c u s s e d when t h e s e r e s u l t s a r e c o m p a r e d w i t h v a r i o u s 

t h e o r e t i c a l s o l u t i o n s i n s e c t i o n 3 . 4 . 

3 . 1 . 3 . T e m p e r a t u r e d i s t r i b u t i o n i n t h e l i q u i d 

T h e . t e m p e r a t u r e d i s t r i b u t i o n i n t h e l i q u i d t i n 

p r i o r t o t h e q u e n c h i s a f u n c t i o n o f . t h e t e m p e r a t u r e d i f f e r ­

e n c e a c r o s s t h e m o l t e n z o n e a n d a l s o t h e l i q u i d t h i c k n e s s . 

To d e t e r m i n e t h e t e m p e r a t u r e i s o t h e r m s f o r a g i v e n s e t o f 

c o n d i t i o n s , t e m p e r a t u r e s a r e d e t e r m i n e d a t e i g h t p o i n t s 

on e a c h o f f i v e v e r t i c a l t r a v e r s e s o f t h e m e l t t o g i v e a 

t o t a l o f f o r t y . t e m p e r a t u r e r e a d i n g s . The r e s u l t s i n °C a r e 

p l o t t e d i n F i g u r e 1 5 a - 1 5 e n o r m a l i z e d t o a z e r o p o i n t a t 

t h e g e o m e t r i c c e n t r e o f t h e m o l t e n z o n e . The t h e r m a l 



F i g u r e 15. The e x p e r i m e n t a l i s o t h e r m a l p l o t s f o r l i q u i d 
t i n at 260°C f o r an approximate R a y l e i g h 
number and c e l l t h i c k n e s s o f (a) 1.4 x 1 0 s , 
0.32 cm., and (b) 2.4 x 1 0 5 , 0.32 cm. 



(d) 

F i g u r e 15 c o n t i n u e d . The e x p e r i m e n t a l i s o t h e r m a l p l o t s 
f o r l i q u i d t i n at 260°C f o r an approximate 
R a y l e i g h number and c e l l t h i c k n e s s o f (c) 
•8.0 x 1 0 5 , 0 .32 cm., (d) 1.4 x 1 0 s , 0 .95 cm. 



F i g u r e 15 c o n t i n u e d . The e x p e r i m e n t a l i s o t h e r m a l p l o t s 
f o r l i q u i d t i n at 260°C f o r an approximate 
R a y l e i g h number and c e l l t h i c k n e s s o f (e) 
2 x 10* and 0 .95 cm. 

F i g u r e 16. The e x p e r i m e n t a l i s o t h e r m a l p l o t f o r l i q u i d 
t i n a t 260°C i n a 10.8 by 6.4 by 0 .32 cm. 

; l i q u i d c e l l . 



p r o f i l e s f o r v a r i o u s temperature d i f f e r e n c e s f o r the 0 .32 cm. 

and 0 .95 cm. t h i c k c e l l are shown. I t should again be noted 

that v e r t i c a l , e q u a l l y spaced isotherms would re p r e s e n t 

conductive heat transfer.' The r e s u l t s c l e a r l y i n d i c a t e 

that the isotherms i n the l i q u i d are-bent i n a manner 

i n d i c a t i v e o f con v e c t i v e flow. The isotherm shapes i n d i c a t e 

a one c e l l flow p a t t e r n with.the c o o l f l u i d moving to the 

r i g h t across the c e l l bottom while the h o t t e r l e s s dense 

f l u i d moves to the l e f t across the top o f the c e l l . Quant­

i t a t i v e l y , f o r a given l i q u i d at a constant average temp­

e r a t u r e , the g r e a t e r the bending of the isotherms, the 

gr e a t e r the r a t e of f l u i d flow. Comparing F i g u r e s 15a, 

15b and 15c, i n c r e a s i n g the temperature d i f f e r e n c e i n c r e a s e s 

the isotherm bending; comparing F i g u r e s 15a and 15d or 

15b. and 15e, i n c r e a s i n g the c e l l t h i c k n e s s a l s o i n c r e a s e s 

the isotherm bending. The i s o t h e r m a l shape f o r the 0 .32 cm. 

t h i c k c e l l with a 19°C temperature d i f f e r e n c e i s very 

s i m i l a r to the 0.95 cm. t h i c k c e l l with a 3°C temperature 

d i f f e r e n c e as seen by comparing F i g u r e s 15c and 15d. T h i s 

i s - i n agreement with the flow r a t e r e s u l t s presented p r e v i o u s l y . 
j 

• • i 
For. comparison^ a thermal p r o f i l e i n a 10.8 cm. 

t ' -
by 6.4 cm. by .0.32 cm. molten zone c e l l i s shown i n F i g u r e 16. 

) ' :• 

The m a t e r i a l :is t i n and t{ie p l o t i s • normalized In the same 

manner as the -square c e l l ^ p r o f i l e s . The shape o f the 

p r o f i l e i s very s i m i l a r t q the square c e l l p r o f i l e s , again 

i n d i c a t i n g a one c e l l flow p a t t e r n . : 



3.1.4. V a r i a b l e h e i g h t o f the m o l t e n zone 

The e f f e c t o f the h e i g h t o f the molten zone on 

the f l o w p a t t e r n was i n v e s t i g a t e d i n a 10.8cm. l o n g by 

0.32 cm. t h i c k l i q u i d c e l l . The mould was f i l l e d t o d i f f e r ­

ent l e v e l s t o o b t a i n the v a r i a b l e h e i g h t r e q u i r e d . The 

runs were done w i t h a 9 - 10°C tem p e r a t u r e d i f f e r e n c e 

a c r o s s the c e l l , an average temperature o f 260^C and were 

quenched 120 seconds a f t e r the t r a c e r i n t r o d u c t i o n . F i g u r e 

17 ( a , b, c, d) shows the r e s u l t a n t flows- f o r l e n g t h t o 

h e i g h t r a t i o s ; o f 1.6 : 1, 3.5: 1,1.9 : -1 and 8.3 : 1 

r e s p e c t i v e l y . The t r a c e r was added t o the l e f t - h a n d c o r n e r 

i n each c a s e , the c o l d s i d e b e i n g on the l e f t . I n the 

1.6 : 1, 3.5 : 1 and 4.9 : 1 l e n g t h t o h e i g h t r a t i o s t he 

f l o w i s o f a one f l o w c e l l n a t u r e as was observ e d i n the 

square mould. However, i n the 8.3 : 1 r a t i o l i q u i d c e l l 

the f l o w i s s t a r t i n g t o break i n t o more than one c e l l . T h i s 

i s i n d i c a t e d by the secondary f l o w c e l l f o r m i n g a t the 

l e f t - h a n d end o f the sample. Due t o e x p e r i m e n t a l l i m i t ­

a t i o n s the l e n g t h t o h e i g h t r a t i o c o u l d not be i n c r e a s e d 

f u r t h e r . 

3.1.5. Double c e l l f l o w 

C a s t i n g s n o r m a l l y s o l i d i f y I n a t h r e e - d i m e n s i o n a l 

c o n f i g u r a t i o n , such as i l l u s t r a t e d i n F i g u r e 18a. The heat 

i s e x t r a c t e d from the l i q u i d i n many d i r e c t i o n s a t once 

and t h e r e f o r e - the r e s u l t i n g f l o w i n the l i q u i d p o o l may 
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F i g u r e 17. The t r a c e r p r o f i l e In t i n melts ( S n 1 1 3 t r a c e r , 
260°C average t e m o e r a t u r e , 10°C t e m p e r a t u r e 
d i f f e r e n c e , 0.32 cm. t h i c k c e l l , time b e f o r e 
quench o f 120 seconds) w i t h a l e n g t h t o h e i g h t 
r a t i o o f (a) 1.6 : 1. (b) 3-5 : 1, (c) 4.9 : 1, 
and 8.3 : 1. 
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F i g u r e 18. A sch e m a t i c o f the heat f l o w i n a s t a n d a r d 
c a s t i n g , ( a ) , and the temperature p r o f i l e , 
( b ) , i n the r e s i d u a l l i q u i d p o o l . 

change from s i m p l e one c e l l f l o w p a t t e r n s t o ve r y complex 

forms. 

F i g u r e 18a shows a p a r t i a l l y s o l i d i f i e d c a s t i n g 

w i t h s o l i d - l i q u i d i n t e r f a c e moving towards the c e n t r e from 

each s i d e l e a v i n g a c e n t r a l l i q u i d p o o l . The temperature 

g r a d i e n t a c r o s s t h i s p o o l w i l l be o f the form as shown i n 

F i g u r e 18b such t h a t each s i d e i s a t the l i q u i d u s temper­

a t u r e o f the m e t a l and the c e n t r a l r e g i o n i s a t a somewhat 

h i g h e r t e m p e r a t u r e . The a c t u a l p r o f i l e w i l l depend on the 

v e r t i c a l p o s i t i o n i n the melt and the time e l a p s e d s i n c e 

the c a s t i n g was poured. An experiment was c a r r i e d out 



which would approximate t h i s more g e n e r a l c a s t i n g c o n f i g ­

u r a t i o n . 

In t h i s e xperiment c o o l i n g b l o c k s were used at 

both ends o f the r e c t a n g u l a r c e l l (10.8 cm. by 6.4 cm. by 

0 .32 cm.). The average temperature o f the l i q u i d t i n was 

m a i n t a i n e d by r a i s i n g the o v e r a l l f u r n a c e t emperature 

s u f f i c i e n t l y t o e nable the heat l o s t t h r o u g h the c o o l ends 

to be b a l a n c e d by heat g a i n e d t h r o u g h the f l a t f a c e s o f the 

mould. T h i s c o u l d be done i f the heat l o s t t h r o u g h the 

c o o l i n g b l o c k s was kept s m a l l . F i g u r e 19a shows a t y p i c a l 

f l o w p a t t e r n w i t h two f l o w c e l l s . To show b o t h c e l l s the 

t r a c e r was added a t two p o i n t s s i m u l t a n e o u s l y , one i n each 

h a l f o f the mould. T h i s c a s t i n g was quenched 120 seconds 

a f t e r the t r a c e r i n t r o d u c t i o n , had an average temperature 

o f 267°C and a temperature d i f f e r e n c e from the mould w a l l s 

t o the c e n t r a l r e g i o n o f 1 - 2°C. The f l o w p a t t e r n t h a t 

r e s u l t s has two c e l l s o f a p p r o x i m a t e l y the same s i z e . The 

i n d i v i d u a l f l o w c e l l s t h a t r e s u l t are very s i m i l a r i n form 

t o the one c e l l f l o w s d i s c u s s e d i n an e a r l i e r s e c t i o n . 

F i g u r e 19b shows a s i n g l e c e l l p a t t e r n f o r l i q u i d t i n a t 

260°C w i t h a temperature d i f f e r e n c e o f 1.11°C and a time 

b e f o r e the quench o f 120 seconds. These c o n d i t i o n s are 

s i m i l a r t o the double c e l l c a s t i n g o f F i g u r e 19a. I t can be 

seen t h a t i n d i v i d u a l f l o w c e l l s are the same f o r b o t h 

e x p e r i m e n t a l c o n f i g u r a t i o n s . A l t h o u g h t h e temperature 

d i f f e r e n c e s cannot r e a l l y be compared, the f l o w r a t e s are 



b 

F i g u r e 19. (a) The t r a c e r p r o f i l e i n a t i n melt c o o l e d 
from both ends and l e f t 120 seconds b e f o r e 
quenching w i t h a tem p e r a t u r e d i f f e r e n c e a c r o s s 
o n e - h a l f o f the c e l l o f 1.5°C. 
(b) The t r a c e r p r o f i l e i n a t i n melt c o o l e d 
from one s i d e w i t h a temperature d i f f e r e n c e 
o f 1.11°C and l e f t 120 seconds b e f o r e quenching. 



q u i t e s i m i l a r i n d i c a t i n g t h a t t h e s i n g l e c e l l f l o w r e s u l t s 

c a n be a p p l i e d t o more c o m p l e x t y p e s o f f l o w . 

The r e l a t i v e s i z e s o f t h e t w o f l o w c e l l s c a n be 

m a n i p u l a t e d by h a v i n g t h e t w o c o o l i n g b l o c k s a t s l i g h t l y 

d i f f e r e n t t e m p e r a t u r e s . I n t h e s a m p l e o f F i g u r e 2 0 a t h e 

two w a l l t e m p e r a t u r e s w e r e h e l d a t t h e same t e m p e r a t u r e s 

w h i l e i n F i g u r e 20b t h e l e f t - h a n d w a l l was m a i n t a i n e d a t 

0 . 8 ° C l o w e r t h a n t h e r i g h t - h a n d s i d e w a l l . The t r a c e r was 

o n l y a d d e d t o t h e l e f t - h a n d s i d e o f t h e m o l t e n z o n e i n 

e a c h c a s e . F o r t h e e q u a l t e m p e r a t u r e e n d w a l l s t h e f l o w 

c e l l i s o n e - h a l f t h e w i d t h o f t h e m o l t e n z o n e w h i c h i s t h e 

c a s e i f a m e t a l i s s o l i d i f y i n g f r o m t w o s i d e s s i n c e t h e 

l i q u i d u s t e m p e r a t u r e w i l l be t h e same f o r b o t h i n t e r f a c e s . 

I n t h e s a m p l e w i t h n o n - e q u a l w a l l t e m p e r a t u r e s t h e f l o w c e l l 

on t h e c o l d e s t s i d e i s much l a r g e r t h a n t h e o p p o s i t e c e l l . 

I f t h e t e m p e r a t u r e g r a d i e n t a l o n g a l o n g l i q u i d 

m e t a l s y s t e m i s s u c h t h a t t h e g r a d i e n t i s i n c r e a s i n g f r o m 

b o t h d i r e c t i o n s t h e r e w i l l b e a r e g i o n i n t h e m e l t w h e r e 

t h e t h e r m a l g r a d i e n t i s z e r o w h e r e t h e t w o g r a d i e n t s come 

t o g e t h e r . T h i s p o i n t o f z e r o g r a d i e n t w i l l be t h e p o i n t 

o f t h e maximum t e m p e r a t u r e i n t h e m e l t . D a v i s , a n d F r y z u k 

( 3 2 ) h a v e o b s e r v e d a l a c k o f t h e r m a l c o n v e c t i v e m i x i n g i n 

t h i s r e g i o n o f a maximum i n t h e t h e r m a l p r o f i l e . T h e y 

o b s e r v e d t h e . e f f e c t i n 2 mm. d i a m e t e r r o d s . T h i s p h e n o m e n o n 

c a n be r e f e r r e d t o a s a " t h e r m a l V a l v e " i n t h e l i q u i d 

s i n c e c o n v e c t i o n o c c u r s on e a c h s i d e o f t h e r e g i o n b u t n o t 
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F i g u r e 20. The t r a c e r p r o f i l e i n a t i n melt (a) c o o l e d 
from both ends w i t h e q u a l end w a l l t emperatures 
and l e f t f o r 300 seconds b e f o r e q u e n c h i n g and 
(b) c o o l e d from both ends w i t h the l e f t hand 
w a l l c o o l e r than the r i g h t hand w a l l , and l e f t 
120 seconds b e f o r e q u e n c h i n g . 



i n the r e g i o n i t s e l f . T h i s c o n d i t i o n may a l s o o c c u r n a t u r ­

a l l y i n the c a s t i n g c o n f i g u r a t i o n d e s c r i b e d by F i g u r e 18 

as the t h e r m a l p r o f i l e has a maximum. The double c e l l f l o w 

c o n d i t i o n s o b s e r v e d i n F i g u r e s 19 and 20 a l s o have t h i s 

maximum i n the t h e r m a l g r a d i e n t , thus i t i s p o s s i b l e t hey 

w i l l a l s o e x h i b i t the " t h e r m a l v a l v e " phenomenon. F i g u r e 

20a shows a double c e l l f l o w t h a t had the t r a c e r i n t r o d u c e d 

i n t o o n l y the l e f t c e l l and i t was l e f t f i v e minutes b e f o r e 

the quench. I t i s o b s e r v e d t h a t t h e r e appears t o be l i t t l e 

i f any t r a n s p o r t o f m a t e r i a l between the two f l o w c e l l s . 

T h i s i m p l i e s t h e r e must be some s o r t o f q u i e s c e n t b u f f e r 

zone between the two c e l l s . Such a zone i s e v i d e n t i n 

F i g u r e 19a as the l i g h t r e g i o n between the two c e l l s . I t 

can be c o n c l u d e d from t h i s r e s u l t t h a t the " t h e r m a l v a l v e " 

a l s o e x i s t s i n much l a r g e r systems t h a n those i n v e s t i g a t e d 

by D a v i s and F r y z u k . 

3.1.6. L i q u i d m e t a l i n v e s t i g a t e d 

S e v e r a l e x p e r i m e n t s were conducted w i t h l i q u i d 

l e a d m e l t s f o r comparison w i t h the l i q u i d t i n r e s u l t s . 

These ex p e r i m e n t s were i n t e n d e d t o determine whether the 

r e s u l t s f o r one l i q u i d m e t a l can be a p p l i e d t o o t h e r l i q u i d 

m e t a l s . The d i f f e r e n c e s i n f l u i d p r o p e r t i e s f o r l e a d when 

compared t o t i n are not g r e a t ( T a b l e l ) a l t h o u g h the P r a n d t l 

number f o r l e a d i s almost double t h a t o f pure t i n . F i g u r e s 

21a and 21b show the f l o w p a t t e r n s o b t a i n e d f o r l i q u i d 



The t r a c e r p r o f i l e i n l i q u i d l e a d ( T l 2 0 " t r a c e r , 
357°C average temperature) with a temperature 
d i f f e r e n c e and time to quench of (a) 2.96°C, 
30 seconds and (b) 4.98°C, 15 seconds, and i n 
l i q u i d t i n ( S n 1 1 3 t r a c e r , average temperature 
of 260°C) with a temperature d i f f e r e n c e and time 
to quench o f (c) 3.04°C, 30 seconds and (d) 
5.05°C, 15 seconds. 



l e a d a t 357°C w i t h a 2 . 9 6 ° C a n d a 4 .98°C t e m p e r a t u r e 

d i f f e r e n c e r e s p e c t i v e l y . A g a i n a s i m p l e one c e l l f l o w 

p a t t e r n i s d e v e l o p e d . The t r a c e r u s e d w i t h l e a d i s 
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T h a l l i u m , w i t h 1 . 2 $ t h a l l i u m i n l e a d m a k i n g up t h e 

a d d i t i o n d r o p p e d i n t o t h e l i q u i d l e a d . The d e n s i t y d i f f e r ­

e n c e b e t w e e n l e a d a n d t h a l l i u m i s s m a l l (0.7$) w h i c h when 

c o m b i n e d w i t h t h e l o w a l l o y c o n t e n t o f t h a l l i u m i n t h e 

a d d i t i o n made t o t h e l e a d , w o u l d j u s t i f y t h e a s s u m p t i o n 

t h a t t h e d i f f e r e n c e b e t w e e n t h e m e l t a n d t h e a d d i t i o n i s 

n e g l i g i b l e . T h u s o n l y t h e r m a l c o n v e c t i o n i s o b s e r v e d . 

F o r c o m p a r i s o n , F i g u r e s 2 1 c a n d 2 1 d show t h e f l o w p a t t e r n s 

f o r l i q u i d t i n u n d e r t h e same t h e r m a l c o n d i t i o n s a s t h e l e a d 

i . e . w i t h t h e t e m p e r a t u r e d i f f e r e n c e a n d t h e s u p e r h e a t 

b e i n g t h e s a m e . The f l o w p a t t e r n s a r e q u i t e s i m i l a r w i t h 

a s m a l l d i f f e r e n c e i n t h e f l o w r a t e . The f l o w r a t e s a t a 

3°C t e m p e r a t u r e d i f f e r e n c e a c r o s s t h e c e l l a r e s l i g h t l y 

f a s t e r f o r t h e l i q u i d l e a d w h i l e a t a 5°C d i f f e r e n c e t h e 

f l o w r a t e f o r t h e l i q u i d t i n i s s l i g h t l y h i g h e r . 

3 .1.7. T h e r m a l f l u c t u a t i o n s 

Many r e s e a r c h e r s h a v e b a s e d e x p e r i m e n t s on 

l i q u i d m e t a l c o n v e c t i o n on t h e o b s e r v a t i o n o f t h e r m a l 

o s c i l l a t i o n s i n t h e m e l t ( 1 3 , 2 2 , 2 6 ) . F o r t h e r m a l f l u c t ­

u a t i o n s t o o c c u r t h e r e m u s t b e some d e g r e e o f p e r i o d i c i t y 

o r t u r b u l e n c e i n t h e m e l t . S t e a d y l a m i n a r f l o w by i t s v e r y 

n a t u r e c a n n o t p r o d u c e a n y t h e r m a l f l u c t u a t i o n s . C o l e a n d 



Winegard (22) d e r i v e d an e x p e r i m e n t a l e q u a t i o n which 

p r e d i c t s when temp e r a t u r e f l u c t u a t i o n s s h o u l d o c c u r . They 

found t h a t f l u c t u a t i o n s would s t a r t when 

H 3G L > 3 . 1 (3 .1 ) 

where: H = h e i g h t o f the l i q u i d zone, cm. 

G^ = the temperature g r a d i e n t , °.C / cm. 

For the appara t u s i n the p r e s e n t i n v e s t i g a t i o n the molten 

zone h e i g h t i s 6.4 cm. so t h a t the c r i t i c a l t e m p e r a t u r e 

g r a d i e n t f o r t u r b u l e n t f l o w from e q u a t i o n (3 .1 ) p r e d i c t s 

t h e r m a l o s c i l l a t i o n s at a temperature d i f f e r e n c e o f 

0.076°C. A g r e a t d e a l o f t h e r m a l p r o b i n g has been done i n 

the 6 .4 cm. by 6.4 cm. c e l l f o r v a r i o u s t e m p e r a t u r e d i f f e r ­

ences and v a r i o u s c e l l p o s i t i o n s u s i n g b o t h the sheathed 

0.5 mm. d i a m e t e r thermocouple and the 0 .5 mm. d i a m e t e r 

bare bead thermocouple. The maximum temperature d i f f e r e n c e 

o b s e r v e d was 19°C a c r o s s the melt which i s c l o s e t o the 

l i m i t o f the appara t u s u s i n g c o l d water c o o l i n g . T h i s 

g i v e s a nominal temperature g r a d i e n t a c r o s s the melt o f about 

3°C / cm. At no time were any temperature f l u c t u a t i o n s 

o b s e r v e d at any p o s i t i o n i n the melt o r a t any temp e r a t u r e 

d i f f e r e n c e t h a t c o u l d be a t t r i b u t e d t o f l u i d f l o w i n the 

m e l t . R e f e r r i n g t o F i g u r e 12b f o r l i q u i d t i n w i t h a 19°C 

temperature d i f f e r e n c e , a l t h o u g h the f l o w i s o f a t h r e e 

d i m e n s i o n a l mode, I t i s s t i l l e v i d e n t t h a t the f l o w i s not 

composed o f any t u r b u l e n c e . The f l o w s t i l l appears l a m i n a r 

and does not produce t h e r m a l f l u c t u a t i o n s . 



F l u c t u a t i o n s were obse r v e d i n the upper c e n t i ­

meter o f the l i q u i d zone r e s u l t i n g from t h e r m a l f l u c t u a t i o n s 

i n the argon atmosphere above the m e l t . The f l u c t u a t i o n s 

were g r e a t e s t near the s u r f a c e o f the l i q u i d and d i s a p p e a r e d 

at depths g r e a t e r than one c e n t i m e t e r as o b s e r v e d on a f u l l 

s c a l e d e f l e c t i o n o f 0.1 m i l l i v o l t s o v e r the t e n i n c h wide 

temperature r e c o r d e r c h a r t which i s e q u i v a l e n t t o 0.18°C / 

i n c h o f c h a r t . C o v e r i n g the open s u r f a c e o f the melt 

r e s u l t e d i n the f l u c t u a t i o n s d i s a p p e a r i n g even a t the melt 

s u r f a c e . 

3.2. The t h e o r e t i c a l problem o f t h e r m a l c o n v e c t i o n 

3.2.1. Problem statement 

The t h e o r e t i c a l f l u i d system under c o n s i d e r a t i o n 

i s shown i n F i g u r e 22. T h i s system i s s i m i l a r t o the 

e x p e r i m e n t a l c o n d i t i o n s f o r o b s e r v i n g t h e r m a l c o n v e c t i o n 

i n the p r e v i o u s s e c t i o n s . The l e f t - h a n d v e r t i c a l w a l l 

i s m a i n t a i n e d at 61 and the r i g h t - h a n d v e r t i c a l w a l l i s 

m a i n t a i n e d a t 62, such t h a t 9 i i s l e s s than 82. Both the 

upper and l o w e r s u r f a c e s are assumed t o be p e r f e c t l y i n ­

s u l a t e d . At time t = 0, the f l u i d i s a t temperature 9o 

such t h a t 

9o = 9 2 + 91 £^ 2) 
'•2 

The c e l l w i d t h i s d, and the c e l l h e i g h t i s 1, and i t i s 
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F i g u r e 22. The t h e o r e t i c a l f l u i d system t o be used i n 
the a n a l y s i s o f t h e r m a l c o n v e c t i o n . 

assumed f o r t h e o r e t i c a l c o n s i d e r a t i o n s t h a t the f l u i d i s 

i n f i n i t e i n the z d i r e c t i o n . The c o o r d i n a t e system i s 

s e l e c t e d such t h a t the o r i g i n i s I n the upper l e f t - h a n d 

c o r n e r o f the c e l l . 

s o l v e d f o r l i q u i d t i n a t 237°C, 260°C and 305°C f o r com­

p a r i s o n w i t h the e x p e r i m e n t a l r e s u l t s . T a ble I I l i s t s the 

f l u i d p r o p e r t i e s o f l i q u i d t i n a t thes e t e m p e r a t u r e s . A l s o 

l i s t e d i s the parameter Gr / AT f o r the 6.4 cm. wide c e l l . 

T h i s parameter i s o n l y a f u n c t i o n o f the f l u i d p r o p e r t i e s 

and c e l l s i z e . From the t a b l e i t i s seen t h a t i f temperature 

d i f f e r e n c e s up t o a p p r o x i m a t e l y 5°C a c r o s s the c e l l are t o 

be t h e o r e t i c a l l y c o n s i d e r e d , the s o l u t i o n must h o l d f o r 
_2 

P r a n d t l numbers o f the o r d e r o f 10 and Grashof numbers 
7 

o f the o r d e r o f 10 . P r e v i o u s a n a l y s e s and s o l u t i o n s o f the 

The t h e o r e t i c a l system o f F i g u r e 22 i s t o be 



TABLE I I . 

P r o p e r t i e s o f L i q u i d Lead and T i n 

M e t a l . Temper­
a t u r e 

°C 

V i s c o s ­
i t y 

c e n t i -
p o i s e 

S p e c i f i c 
Heat 

cal/gm-
°C 

Thermal 
Con­
d u c t ­
i v i t y 

c al/cm-
sec-°C 

D e n s i t y 

gm/ cm 

C o e f f i c i e n t 
o f Volume 
E x p a n s i o n 

1/°C 

K i n e m a t i c 
V i s c o s i t y 

2. cm /sec 

P r a n d t l 
Number 

Grashof 
AT 

1/°C 

T i n 237 2.022 0.05^11 0.0798 6.9698 1.0215 

x 10"^ 

0.002901 0.01365 3.115 
x 1 0 6 

260 1.880 0.05431 0.080.6 6.9538 1.0239 
x 10~^ 

0.002704 0.01270 3.601 

x 1 0 6 

305 1.680 0.05463 0.0809 6.9217 1.0287 
x 10'^ 

0.002427 0.01135 4.489 
x 1 0 6 

Lead 357 2.39 . 0.0384 0.0386 10.6231 1.1503 
x 1 0 _ i < 

0.00225 0.02378 5.842 
x 1 0 6 



p r e s e n t p r o b l e m a r e n o t a p p l i c a b l e t o s y s t e m s w i t h s u c h a 

l o w P r a n d t l a n d h i g h G r a s h o f n u m b e r . T a b l e I I a l s o l i s t s 

t h e f l u i d p r o p e r t i e s o f l i q u i d l e a d a t 357°C f o r c o m p a r i s o n 

p u r p o s e s . T h i s t h e o r e t i c a l s y s t e m o f F i g u r e 22 w i l l a l s o 

be s o l v e d f o r o t h e r t y p e s o f f l u i d s s u c h a s g a s e s a n d 

w a t e r . T h e s e r e s u l t s w i l l be c o m p a r e d w i t h t h e l i q u i d 

m e t a l r e s u l t s s o t h a t t h e d i f f e r e n c e i n t h e f l o w b e h a v i o u r 

c a n be a n a l y s e d . 

The g o v e r n i n g e q u a t i o n s o f t h e r m a l c o n v e c t i o n 

t o be a n a l y s e d i n o r d e r t o o b t a i n t h e f l o w r a t e s a n d t h e r m a l 

p r o f i l e s i n t h e c e l l a r e a s f o l l o w s : 

Momentum e q u a t i o n i n t h e x d i r e c t i o n : 

3u 
+ u 

3u 
3x +• v|H. = - g 6 ( e - e 0 ) -

p 3x 
1 3p 

+ v 

( 3 . 3 ) 

Momentum e q u a t i o n i n t h e y d i r e c t i o n : 

3y_ 
3 t 

3v 
9y P 3y 

1 3p* + v f 3 2 v A 3 2 v ] 
[ 3 l F + W37. 

(3.4) 

E n e r g y e q u a t i o n : 



C o n t i n u i t y e q u a t i o n : 

3 x 3 y u 

(3.6) 

A l l the n o t a t i o n i s f u l l y t a b u l a t e d i n Appendix I . The 

most i m p o r t a n t assumptions used i n the d e r i v a t i o n o f the 

above e q u a t i o n s a r e : 

(a) A l l the f l u i d p r o p e r t i e s are c o n s t a n t , except 

d e n s i t y , p, which i s a f u n c t i o n o f t e m p e r a t u r e . 

(b) The temperature d i f f e r e n c e a c r o s s the melt i s 

s m a l l compared w i t h 1 / 8. 

(c) The v i s c o u s d i s s i p a t i o n i s n e g l e c t e d . 

(d) C o m p r e s s i b i l i t y e f f e c t s are n e g l e c t e d . 

The boundary c o n d i t i o n s t o be used as shown 

i n F i g u r e 22 are as fol l o w s - : 

t = 0: 

t > 0: 

0 < x < 1 

0 < y < d 

x = 1, x = 0 ; 

y = 0 ; 

y = d; 

u = v = 0 

e = e 0 

u = v = 0 
39 
3x = 0 

u = v = 0, = 9. 

u = v = 0, 8 = 6, 

(3.7) 

Three t y p e s o f s o l u t i o n s w i l l be p r e s e n t e d f o r t h i s problem 

o f t h e r m a l c o n v e c t i o n i n a c l o s e d system. 

(a) An i n f i n i t e s e r i e s s o l u t i o n which i s l i m i t e d 

by the maximum v a l u e s o f the G r a s h o f number. 



( b ) An i n t e g r a l m e t h o d b a s e d o n t h e b o u n d a r y l a y e r 

t h e o r y w h i c h i s l i m i t e d by a m i n i m u m l e n g t h t o h e i g h t 

r a t i o o f t h e c e l l . 

( c ) A f i n i t e d i f f e r e n c e n u m e r i c a l t e c h n i q u e . 

The N u s s e l t d i m e n s i o n l e s s p a r a m e t e r i s a l s o o f 

i n t e r e s t i n t h e p r o b l e m o f n a t u r a l c o n v e c t i o n a n d w i l l a l s o 

be c a l c u l a t e d . The N u s s e l t n u m b e r i s t h e r a t i o o f t h e h e a t 

r a t e t r a n s f e r r e d b y c o n v e c t i o n i n a s y s t e m t o t h e h e a t r a t e 

t h a t w o u l d be t r a n s f e r r e d by c o n d u c t i o n i n t h e s y s t e m i f no 

c o n v e c t i o n was a l l o w e d t o o c c u r f o r . t h e same t e m p e r a t u r e 

d i f f e r e n c e . T h e r e f o r e , a N u s s e l t n u m b e r o f u n i t y i s e q u i v ­

a l e n t t o c o n d u c t i o n a l o n e . The N u s s e l t i s d e f i n e d a s : 

Nu = hd• ( 3 . 8 ) 

w h e r e Nu i s t h e N u s s e l t n u m b e r a n d h i s t h e l o c a l h e a t 

t r a n s f e r c o e f f i c i e n t d e f i n e d b y : 

h = - q ( 3 . 9 ) 
6 2 - 6 i 

w h e r e t h e h e a t t r a n s f e r r a t e i s 

y = o 
q = -kfae^ 

U y J 
( 3 . 1 0 ) 

3 . 2 . 2 . P r e v i o u s t h e o r e t i c a l s o l u t i o n s 

3 . 2 . 2 . 1 . S o l u t i o n o f B a t c h e l o r ( 3 3 ) 

The s o l u t i o n d e v e l o p e d by B a t c h e l o r t a k e s t h e 

g e n e r a l e q u a t i o n s d e s c r i b e d i n t h e p r e v i o u s s e c t i o n a n d by 



the use o f power s e r i e s , o b t a i n s a s o l u t i o n f o r the f l o w 

r a t e s . The s o l u t i o n uses n o n - d i m e n s i o n a l forms o f the 

g o v e r n i n g e q u a t i o n s by u s i n g the f o l l o w i n g d i m e n s i o n l e s s 

parameters: 

X = x , Y = y_ 
cT d 

k_ d± _ -k 3 ^ 
u " pC^d 3Y ' V " p C p d 3X 

(3.11) 
6 " 91 k 6 1 = 7T- s- , a = 
92 - 61 5 p C p 

f92 - 6 l ] * d 

>1 

3 

R a . J - ~ - ^ , r = 

where i s d e f i n e d as the stream f u n c t i o n and £ i s d e f i n e d 

as the v o r t i c i t y . S u b s t i t u t i n g the r e l a t i o n s i n (3.11) 

i n t o e q u a t ions:(3.3), (3.4), (3.5) and (3.6) and e l i m i n a t i n g 

the p r e s s u r e terms i n the momentum e q u a t i o n by d i f f e r e n t ­

i a t i n g (3.3) w i t h r e s p e c t t o Y and (3.4) w i t h r e s p e c t t o 

X r e s u l t s i n : 

1 | 3 £ d\l> 3<J> 3C 
Pr ^3X 3Y 3X 3Y) "3Y 

= RaH-'+ V 2 C (3.12) 



99' 3^ _ 39J_ 31 _ ; 2 , , 
3X 3Y 3X 3Y ~ v 0 u % i : S J 

A l l the time d e r i v a t i v e s (3 /3 t ) have been equated t o 

zero s i n c e o n l y the stea d y s t a t e s o l u t i o n i s o f i n t e r e s t . 

The boundary c o n d i t i o n s i n d i m e n s i o n l e s s form a r e : 

X = 0 3 X . - I : * - H " 0 
i i i - - o 
3X 

Y = 0 : ' * = | f = 0 , 9' = 0 

Y = l: * - | | - 0 ,, 9 ' = 0 

(3.14) 

The s e r i e s s o l u t i o n f o r 9' and ̂  i s o b t a i n e d by 

expanding these terms i n power s e r i e s o f the R a y l e i g h 

number as f o l l o w s : 

6 f(X,Y) = Y + Ra9J(X,Y) + R a 2 8 ' 2 ( X , Y ) + (3 .15) 

iJ/(X,Y) = Ra^ 1(X,Y) + R a 2 ^ 2 ( X , Y ) + (3 .16) 

S u b s t i t u t i n g e q u a t i o n s (3.15) and (3.16) i n t o e q u a t i o n s 

(3.12) and (3.14) and e q u a t i n g l i k e powers o f R a y l e i g h the 



e q u a t i o n s d e s c r i b i n g 8 ' , 8 ' , i> , and $ can be o b t a i n e d . 

For the geometry under c o n s i d e r a t i o n e x p e r i m e n t a l l y , 1 / d = 1 

T h e r e f o r e the s o l u t i o n f o r the stream f u n c t i o n can be 

w r i t t e n as: 

The f l o w v e l o c i t i e s may be o b t a i n e d d i r e c t l y from e q u a t i o n 

(3.18) w i t h the use o f the v e l o c i t y r e l a t i o n s h i p s i n e q u a t i o n 

(3..11). The s t r e a m l i n e s around the c e l l f o r t h i s a n a l y s i s 

are p l o t t e d i n F i g u r e 23a. The shape o f the s t r e a m l i n e 

f i e l d i s independent o f R a y l e i g h and t h e r e f o r e t h e f u n c t i o n . 

p l o t t e d i s ^/..Ra x 10 . The s t r e a m l i n e s r e p r e s e n t the 

paths o f the p a r t i c l e s moving i n a l a m i n a r f a s h i o n i n the 

c e l l . F i g u r e 23b shows the shape o f the v e l o c i t y p r o f i l e 

i n the X d i r e c t i o n at a p o s i t i o n h a l f way down the c e l l 

(X = 0.5). A g a i n the shape o f the p r o f i l e i s independent 

o f the R a y l e i g h number. The parameter ud i s p l o t t e d 
. aRa 

s i n c e t h i s i s o n l y a f u n c t i o n o f the p o s i t i o n i n the c e l l 

and i s g i v e n by: 

Fo r v a l u e s o f R a y l e i g h l e s s t h a n 10 and f o r a 1 / d r a t i o 

o f c l o s e t o u n i t y the v a l u e o f can be g i v e n by: 

i> = . \ Ra X 2 (1 - X ) 2 Y 2 (1 - Y ) 2 (3.18) 

ud =' X 2 (1 - X ) 2 [ 2Y (1 - Y ) 2 - 2Y 2 (1 - Y) ] aRa (3 



(a) 

F i g u r e 23. The s o l u t i o n o f B a t c h e l o r f o r the problem o f 
n a t u r a l c o n v e c t i o n showing (a) a n o r m a l i z e d 
s t r e a m f u n c t i o n ( 4>/ Ra ) p l o t and (b) a 
n o r m a l i z e d v e l o c i t y i n the X d i r e c t i o n 
( ud / aRa ) at a p o s i t i o n o n e - h a l f way down 
the l i q u i d zone. 



F i g u r e 23b o f the v e l o c i t y p r o f i l e shows t h a t the maximum 

v e l o c i t y i s almost h a l f way between the o u t e r v e r t i c a l 

w a l l and the c e l l c e n t r e . 

The r e s u l t s o f t h i s a n a l y s i s w i l l be compared 

w i t h o t h e r r e s u l t s i n a f o l l o w i n g s e c t i o n . These r e s u l t s 

cannot be compared w i t h the e x p e r i m e n t a l r e s u l t s f o r l i q u i d 

t i n s i n c e the minimum temperature d i f f e r e n c e o b s e r v e d 

e x p e r i m e n t a l l y was 0.23°C. T h i s temperature d i f f e r e n c e 

from the v a l u e o f P r a n d t l and Gr / AT from T a b l e I I 
4 

c o r r e s p o n d s t o a R a y l e i g h number o f 1.1 x 10 which i s an 

o r d e r o f magnitude g r e a t e r t h a n the maximum v a l u e o f R a y l e i g h 

the s o l u t i o n o f B a t c h e l o r i s v a l i d f o r . 

3.2.2.2. S o l u t i o n o f Emery and Chu (3*0 

The- s o l u t i o n d e v e l o p e d by Emery and Chu i s based, 

on a boundary l a y e r development a l o n g each o f the v e r t i c a l > 

w a l l s as shown I n F i g u r e 24. The geometry i s s i m i l a r t o 

the p r e v i o u s a n a l y s i s and i t i s now assumed t h a t t h e r e i s 

a boundary l a y e r o f t h i c k n e s s , 5, f o r the t h e r m a l and 

v e l o c i t y p r o f i l e s a l o n g each c e l l s i d e . The a n a l y s i s w i l l 

o n l y a p p l y when the boundary l a y e r s a re r e l a t i v e l y t h i n and 

they do not meet a l o n g the c e n t r e o f the l i q u i d c e l l . The 

l i q u i d between the boundary l a y e r s i s i s o t h e r m a l at temper­

a t u r e Bm and t h e - l i q u i d v e l o c i t y i s zer o i n t h i s r e g i o n . 

The g e n e r a l boundary l a y e r e q u a t i o n s are devel o p e d from 

e q u a t i o n s (3-3), (3.4), (3.5) and (3.6) by p u t t i n g a l l the 



F i g u r e 25. A n o r m a l i z e d v e l o c i t y [ y/6 (1 - y / 6 ) 2 ] 
versus the p o s i t i o n w i t h i n the boundary l a y e r 
from the s o l u t i o n o f Emery and Chu. 



time d e r i v a t i v e s e q u a l t o zer o and assuming v i s n e g l i g i b l e 

compared w i t h u. The t h e r m a l and v e l o c i t y boundary l a y e r s 

are assumed t o be e q u a l which i s v a l i d f o r a l i q u i d m e t a l 

( 2 2 ) . I n t e g r a t i n g the boundary l a y e r e q u a t i o n s r e s u l t s i n : 

3 _ 
3 * 

u 2 dy (9 - 9 ) dy - v 3u 
3.V. (3.20) 

w a l l 

3 _ 
3x u (6 - 9 J dy -a 3_6 

3.7 
(3.21) 

w a l l 

The v e l o c i t y and t h e r m a l p r o f i l e shape i n the boundary 

l a y e r i s assumed t o be s i m i l a r t o those formed f o r a s i n g l e 

v e r t i c a l f l a t p l a t e i n an i n f i n i t e f l u i d . T h e r e f o r e : 

u = u (x) jr a o 1 - I (3.22) 

8 - 6 ( 8 l - e j I i - y- (3 .23) 

E q u a t i o n s (3.22) and (3.'23) are s u b s t i t u t e d i n e q u a t i o n s 

(3.20) and (3-21) assuming u . (6, - 8 ) and 6 to be 
ct -L 0 0 

e x p o n e n t i a l f u n c t i o n s o f x such t h a t : 

u (x) = C n x n 

a 1 

6 = C 2 x m 

(3.24) 

(3.25) 

Qi ~ e c o = c
3

x Y (3 .26) 

F o r the boundary c o n d i t i o n s under c o n s i d e r a t i o n , 8^ i s a 



c o n s t a n t such t h a t y = 0. E q u a t i n g l i k e powers o f x 

r e s u l t s I n v a l u e s f o r G^, C 2, n and m b e i n g c a l c u l a t e d 

such t h a t 

240a 

„ 720a 
3g3(9! - e j " 

20 
v + (3.27) 

n = 1/2 , m = 1/4 

U s i n g the f l u i d p r o p e r t i e s o f l i q u i d t i n a t 260°C ta k e n 

from Table I I and f o r the 6.4 cm. wide c e l l t h i s r e s u l t s 

i n a v e l o c i t y p r o f i l e one h a l f way up the c e l l o f : 

u = o.7 ( e 1 - e 2 ) 1 / 2 I [ l c m " (3.28) s e c . 

where: 6 = 0.24 . cm. (3.29) 
(e» - e 2 ) 1 / 2 j 

For example, w i t h a 1°C temp e r a t u r e d i f f e r e n c e t he bound­

ary l a y e r i s 0.24 cm. t h i c k at a p o i n t h a l f way up the c e l l 

The shape o f the v e l o c i t y p r o f i l e i s shown i n F i g u r e 2.5. 

The p l o t i s o f y f l - 2 

J i - y ] v e r s u s y / 6 s i n c e a l l t e m p e r a t u r e 

d i f f e r e n c e s w i l l g i v e the same shaped p r o f i l e i n the 

boundary l a y e r a c c o r d i n g t o t h i s a n a l y s i s . 



3 . 3 - N u m e r i c a l a n a l y s i s o f t h e r m a l c o n v e c t i o n 

3 . 3 . 1 . Technique o f s o l u t i o n 

The n u m e r i c a l a n a l y s i s t o be dev e l o p e d i n t h i s 

s e c t i o n w i l l show the t h e r m a l p r o f i l e and the f l o w p a t t e r n 

and f l o w r a t e s f o r t h e r m a l c o n v e c t i o n i n l i q u i d m e t a l s . 

T h i s a n a l y s i s i s based on the r e c e n t works o f W i l k e s (35) 

and Samuels and C h u r c h i l l (36 ) . The s o l u t i o n i s based on 

a f i n i t e d i f f e r e n c e a n a l y s i s o f n a t u r a l c o n v e c t i o n i n the 

c l o s e d system d e s c r i b e d i n F i g u r e 2 2 . The r e s u l t s o b t a i n e d 

by W i l k e s are not a p p l i c a b l e t o the p r e s e n t work s i n c e h i s 

a n a l y s i s becomes u n s t a b l e and bre a k s down a t l a r g e v a l u e s 

of the Grashof number, and h i s r e s u l t s were c o n f i n e d m a i n l y 

to f l u i d s w i t h a P r a n d t l number o f 0 . 7 3 3 . The r e s u l t s o f 

Samuels and C h u r c h i l l do not ap p l y s i n c e t h e i r s o l u t i o n 

i s f o r a system w i t h a v e r t i c a l l y a p p l i e d temperature 

d i f f e r e n c e and not a h o r i z o n t a l d i f f e r e n c e as i n t h e ; 

p r e s e n t work. 

A^condensed v e r s i o n o f the a n a l y s i s w i l l be 

p r e s e n t e d i n - t h i s s e c t i o n so t h a t an u n d e r s t a n d i n g o f the 

t e c h n i q u e s may be o b t a i n e d w i t h o u t the need t o p r e s e n t 

a l l the e q u a t i o n s r e q u i r e d i n the s o l u t i o n . The e q u a t i o n s 

used i n the :computer program a r e a l l p r e s e n t e d i n Appendix I I . 

E q u a t i o n s ( 3 - 3 ) , ( 3 . 4 ) , ( 3 . 5 ) , and (3 .6) are put 

i n t o a d i m e n s i o n l e s s form by the use o f the f o l l o w i n g 



dimensionless parameters. 

X = Y = d > T - T V  

T " d 2" 

u = 
ud 

V = 
vd 

T = 
6 - 90  
92 - 90 

P - P ' D 2 (3.30) 

AS' = e 2 - e Q , L " J 

Gr' g3A9'd 

A l s o , as In .the s o l u t i o n of B a t c h e l o r a stream f u n c t i o n 

and a v o r t i c i t y f u n c t i o n are i n t r o d u c e d . A s l i g h t l y 

m o d i f i e d Grashof i s used i n t h i s c a l c u l a t i o n based on one 

h a l f the temperature d i f f e r e n c e across the c e l l . 

S u b s t i t u t i n g the r e l a t i o n s h i p s of (3-30) i n t o the 

governing equations, again e l i m i n a t i n g the p r e s s u r e terms, 

r e s u l t s i n the f o l l o w i n g equations: 



V o r t i c i t y e q uation: 

»S*+ ' f t . " + V c (3.31) 

Energy equation: 

V21/^ = - C (3.33) 

Stream f u n c t i o n equation: 

V e l o c i t y equation: 

U = M v * (3.34) 
u 9Y ' v 3X 

These equations are to be so l v e d with the f o l l o w i n g 

dimensionless boundary c o n d i t i o n s : 

1 = 0 : 0 < X < L 

• 0 < Y < 1 

T > 0 : X = 0, X = L ; 

T = 0 , c = 0 

(3.35) 

3T 
ax 



T > 0 : Y = 0 ; ^ = ^ . = 0 , T = - l 

( 3 . 3 5 ) 

Y = 1; jji = | | = 0 , T = +1 

The f i n i t e d i f f e r e n c e n u m e r i c a l t e c h n i q u e used 

f o r the s o l u t i o n o f the above e q u a t i o n s I s c a l l e d the 

i m p l i c i t a l t e r n a t i n g d i r e c t i o n t e c h n i q u e . In t h i s method, 

the time s t e p , A T , over which the i t e r a t i o n i s c a r r i e d o u t , 

i s s p l i t i n t o two p a r t s o f d u r a t i o n AT / 2 . For the f i r s t 

h a l f time s t e p , a l l the X d i r e c t i o n d e r i v a t i v e s are i m p l i c i t 

and a l l the Y d i r e c t i o n d e r i v a t i v e s a re e x p l i c i t . F o r the 

second h a l f time s t e p the X d i r e c t i o n d e r i v a t i v e s a r e 

e x p l i c i t and the Y d i r e c t i o n d e r i v a t i v e s a re i m p l i c i t . 

E x p l i c i t d e r i v a t i v e s f o r any time s t e p from TI t o T2 mean 

t h a t the d e r i v a t i v e s are c a l c u l a t e d w i t h the v a l u e s o f the 

parameters at the time e q u a l t o T I . I m p l i c i t d e r i v a t i v e s 

f o r t h i s time s t e p means the v a l u e s o f the parameters a r e 

tak e n at the time e q u a l t o T 2 . Thus, f o r an i t e r a t i v e 

t e c h n i q u e i n which the time i s p r o g r e s s e d i n s t e p s and the 

parameters are c a l c u l a t e d from t h e i r d e r i v a t i v e s f o r each 

new time s t e p , the e x p l i c i t d e r i v a t i v e s a re known, whereas 

the i m p l i c i t d e r i v a t i v e s are unknown. 

The g r i d system used i n t h i s a n a l y s i s i s shown 

i n F i g u r e 26. There are m-1 g r i d d i v i s i o n s o f l e n g t h AX 



_^ Y 

I 

2 

3 

Ax 

m 
-I AY k 

n-l n 

I 

F i g u r e 2 6 . The f i n i t e d i f f e r e n c e g r i d system f o r the 
f l u i d c e l l used i n the n u m e r i c a l a n a l y s i s , 

i n the X d i r e c t i o n and n - l g r i d d i v i s i o n s o f l e n g t h AY i n 

the Y d i r e c t i o n . The s u b s c r i p t s i and j denote the p o s i t i o n 

i n the g r i d h a v i n g the c o o r d i n a t e s X = i A X and Y = JAY. 

s u p e r s c r i p t (*) denotes 

o f the f i r s t h a l f time 

In the f o l l o w i n g a n a l y s i s the s t a r 

v a l u e s o f parameters a f t e r the end 

s t e p and the dash s u p e r s c r i p t (') denotes v a l u e s o f parameters 

a f t e r the end o f the second h a l f o r t o t a l time s t e p . The 

f i n i t e d i f f e r e n c e e q u a t i o n s f o r the energy and v o r t i c i t y 

e a u a t i o n s a r e : 



V o r t i c i t y e q u a t i o n f o r t h e f i r s t h a l f t i m e s t e p : 

L J u i _ - I L J L + • u * 1+1,3 * 1-1,3 , 
AT/2 1,3 2AX 

£ _ f rp i _ rp t 
V M J + 1 H . j - l 1,3 + 1 1,3-1 
1,3 2AX = G r ' 2AY 

e * i - l , 3 " 2 ;"*l,3 + S * 1 + 1 , J , 2 * 1 . 3 * C i , 3 + l n . 6 ) TAXT2 C A Y ) * v i . i o ; 

V o r t i c i t y f o r t h e s e c o n d h a l f t i m e s t e p 

r i _ £* r * _ £ * 
^ 1,3 ^ 1,3 . „ ^ 1+1,3 ^ 1-1,3 . 

AT/2 u i , j 2AX + 

V , , ^ 1,3+1 ^ 1,3-1 _ G r , 1,3+1 1,3-1 . 
- L , J 2AY 2AY 

* 1-1,3 ^ 1,3 * 1+1,3 + * i ? J - l ^ l . J + * 1,3+1 
T A X P TAYTI 

( 3 . 3 7 ) 

Energy e q u a t i o n f o r t h e f i r s t h a l f t i m e s t e p : 

r p * _ rp rp# - T * T - T 
1 1,3 1,3 + TT 1+1,3 1-1,3 . v

 x i , 3 + l i , 3 - l _ 
AT/2 + U i,3 2AX + V i,3 2 A Y 

r n * •_• ? T * + T * T - 2T + T 
L _ 1 1 - 1 . 3 1 . 3 1 + 1 . 3 . 1 _ ^ ^ - l 1,3 1,3+1 
P r ( A X ) 2 P r (AY)* 

( 3 . 3 8 ) 



E n e r g y e q u a t i o n f o r t h e s e c o n d h a l f t i m e s t e p 

A T / 2 u i , j 2 A X + V i , j 2 A Y 

- 1 T'i-1..1 • 2 T ' l , J t T V l . . 1 , 1 ^,.1-1 • " j / ^ H 
P r (AX) + P r T A Y P 

( 3 . 3 9 ) 

The v e l o c i t i e s a t p o i n t s n o t a d j a c e n t t o t h e w a l l s a r e 

c a l c u l a t e d by e q u a t i o n s o f t h e f o r m : 

"3V 
U i , j " 13Y 

- ^ i > J - 2 - 8 * i , . 1 - l * 8 » l „ m - * i , j + 2 

i . J " 1 2 A Y 

( 3 . 4 0 ) 

A s l i g h t l y d i f f e r e n t a p p r o x i m a t i o n i s u s e d f o r t h e p o i n t s 

a d j a c e n t t o t h e b o u n d a r y , s u c h a s f o r t h e p o i n t s j u s t 

b e s i d e t h e c o l d w a l l : 

1,2 = 5 A H " ^ ( 3 . 4 1 ) 

To s o l v e f o r t h e s t r e a m f u n c t i o n e q u a t i o n ( 3 . 3 3 ) 

i s c o n v e r t e d f r o m a s t e a d y s t a t e t o a n u n s t e a d y s t a t e 

p r o b l e m a n d t h e i m p l i c i t a l t e r n a t i n g d i r e c t i o n t e c h n i q u e 

i s a p p l i e d . T h i s i s t h e m e t h o d u s e d b y S a m u e l s a n d 

C h u r c h i l l . E q u a t i o n ( 3 . 3 3 ) t h e n b e c o m e s : 

r n + l r ^ . n + l 9 i|> n + 1 

? + V * •• = 3 ? - ( 3 . 4 2 ) 

w h e r e n+1 r e f e r s t o t h e n+1 i t e r a t i o n i n T ' . The n u m e r i c a l 

i n t e g r a t i o n i s c o n t i n u e d u n t i l t h e s t r e a m f u n c t i o n i s 



n e g l i g i b l e . The f i n i t e d i f f e r e n c e f o r m s a r e f o r t h e f i r s t 

h a l f t i m e s t e p 

A T ' / 2 ( A X ) R 

(Afr ( 3 . 4 3 ) 

a n d f o r t h e s e c o n d h a l f t i m e s t e o 

A T ' / 2 ( A X ) 2 

( 3 . 4 4 ) 

The e q u a t i o n s o f v o r t i c i t y o n l y a p p l y t o i n t e r i o r 

g r i d p o i n t s s i n c e i f e q u a t i o n ( 3 . 3 6 ) i s a p p l i e d t o t h e c o l d 

w a l l , f o r e x a m p l e , p a r a m e t e r s s u c h a s ^ a r e i n d e t e r ­

m i n a t e s i n c e t h e y a r e o u t s i d e t h e c e l l . T h u s , e q u a t i o n s 

o f t h e f o r m 

'1,1 
2 % 2 

" rAYT2" ( 3 . 4 5 ) 

a r e u s e d . W i l k e s u s e s a h i g h e r o r d e r a p p r o x i m a t i o n o f 

t h e f o r m 

^ i , 2 - » l l 3 

• i , l ~ [ 2 ( A Y ) Z 
( 3 . 4 6 ) 



but s e r i o u s problems a r i s e w i t h the use o f i t f o r l a r g e 

G r a s h o f numbers. T h i s i s due t o the r a p i d i n c r e a s e i n 

stream f u n c t i o n v a l u e s c a u s i n g a s i g n change i n the v o r t -

i c i t y w i t h e q u a t i o n (3.46). 

I t i s advantageous t o a l s o s o l v e f o r the l o c a l 

N u s s e l t number. N o n - d i m e n s i o n a l i z i n g e q u a t i o n (3.10) g i v e s : 

S u b s t i t u t i n g e q u a t i o n (3.9) and (3-47) i n t o e q u a t i o n .(3.8) 

r e s u l t s i n 

which i s r e a d i l y s o l v e d f o r a f t e r the temperature p r o f i l e 

I s known. 

problem can be summarized as f o l l o w s : 

(a) The new te m p e r a t u r e s are computed f o r the n+1 

time s t e p . 

(b) The new i n t e r i o r v o r t i c i t i e s a r e computed f o r 

the n+1 time s t e p from the new t e m p e r a t u r e s . 

(c) The new stream f u n c t i o n f o r the n+1 time s t e p 

i s c a l c u l a t e d : f r o m the new i n t e r i o r v o r t i c i t i e s . 

(d) The new v e l o c i t i e s a r e computed f o r the n+1 

time s t e p . 

q (3.47) 

(3.48) 

The p r o c e d u r e f o r the s o l u t i o n o f the o v e r a l l 



( e ) The new b o u n d a r y v o r t i c i t i e s a r e c o m p u t e d f o r 

t h e n+1 t i m e s t e p . 

( f ) The new l o c a l N u s s e l t n u m b e r a n d t h e a v e r a g e 

N u s s e l t n u m b e r a r e c a l c u l a t e d f r o m t h e new t e m p e r a t u r e s . 

The a b o v e p r o c e d u r e i s r e p e a t e d u n t i l a s t e a d y s t a t e 

s o l u t i o n i s o b t a i n e d . 

The m e t h o d o f a c t u a l l y s o l v i n g f o r t h e t e m p e r ­

a t u r e , v o r t i c i t y a n d s t r e a m f u n c t i o n s f o r t h e i n d i v i d u a l 

r o w s a n d c o l u m n s i s d e s c r i b e d f u l l y i n t h e a p p e n d i x . The 

m e t h o d e s s e n t i a l l y c o n s i s t s o f w r i t i n g a n e q u a t i o n f o r e a c h 

p o i n t i n t h e c o l u m n o r r o w o f i m m e d i a t e i n t e r e s t f r o m t h e 

e q u a t i o n s d e r i v e d f o r t h e v a r i o u s p a r a m e t e r s , T , £ , a n d ty. 

F o r e a c h r o w o r c o l u m n a s e t o f n - l : e q u a t i o n s a r e o b t a i n e d 

i n t h e f o r m : : 

b^s-^ + " c i s 2 = d i 

a 2 S l * b 2 s 2 + C 2 S 3 = d 2 

a ^ S 2 + b ^ s ^ + c ^ s ^ = d ^ 
( 3 . 4 9 ) 

a n - 2 s n - 3 + b n - 2 s n - 2 + C n - 2 s n - l = d n - 2 

a n - l s n - 2 + b n - l s n ^ l = d n - l 

f o r w h i c h a s o l u t i o n f o r s i s a v a i l a b l e k n o w i n g a l l t h e 

v a l u e s o f t h e a , b , c a n d d c o e f f i c i e n t s . F o r e a c h s e t o f 

e q u a t i o n s s w i l l r e p r e s e n t T , o r The c o m p u t e r 

p r o g r a m u s e d i n t h i s a n a l y s i s i s s h o w n i n A p p e n d i x I I I . 



TABLE I I I . 

Computer Runs Conducted 

Run P r a n d t l G r a shof G r i d Temperature Average 
Number Number Number 

Gr' 
S i z e D i f f e r e n c e Temper­

a t u r e 

1 0 .0127 lojj* 
1 0 5 

11 x 11 0 .000555 260 
2 0.0127 

lojj* 
1 0 5 11 x 11 0.00555 260 

3 0.0127 1 0 l 
1 0 7 

11 x 11 0 .0555 260 
4 0 .0127 

1 0 l 
1 0 7 21 x 21 0.555 260 

5 0.0127 1 0 6 31 x 31 5.55 260 
6 0.01365 1 0 6 21 x 21 0.642 237 
7 0.01365 0.865 x 10° 

1 0 6 
21 x 21 0.555 237 

8 0 .01135 
0.865 x 10° 

1 0 6 21 x 21 0.446 305 
9 0.01135 1.247 x 10° 

1 0 3 
21 x 21 0.555 305 

10 0.733 
1.247 x 10° 

1 0 3 11 x 11 — — 
11 0.1 

1.247 x 10° 
1 0 3 21 x 21 _ _ 

12 0.1 -. 1 0 5 21 x 21 — _ 
13 0.1 1 0 6 21 x 21 _ _ 
14 0.1 10° 21 x 21 _ _ 
15 1.0 i o i 21 x 21 — _ 
16 1.0 

1 0 3 
10 i 

21 x 21 — _ 
17 1.0 1 0 3 

10 i 

21 x 21 — _ 
18 10.0 

1 0 3 
10 i 21 x 21 _ _ 

19 10.0 1 0 5 10° 
21 x 21 — _ 

20 10.0 : 
1 0 5 10° 21 x 21 



The program Is w r i t t e n i n F o r t r a n IV language and was r u n 

on an IBM/360 model 67 computer a t the U n i v e r s i t y o f B r i t i s h 

Columbia. Twenty runs o f the program were conducted f o r 

v a r i o u s v a l u e s o f the Grashof and P r a n d t l numbers. The 

v a r i o u s r u n parameters are l i s t e d i n Ta b l e I I I . The runs 

f o r P r a n d t l e q u a l t o 0 .0127, 0.01365 and 0.01135 c o r r e s p o n d 

to l i q u i d t i n at the t h r e e d i f f e r e n t s u p e r h e a t s and the 

c o r r e s p o n d i n g temperature d i f f e r e n c e s are a l s o l i s t e d f o r 

each Grashof number. The p r i n t o u t o f the computation 

r e s u l t s c o n s i s t s o f f i v e m by n m a t r i c e s f o r each o f T, 

if), U, V and E, and a l s o the l o c a l N u s s e l t number f o r each 

g r i d p o i n t a l o n g the c o l d w a l l p l u s the average N u s s e l t 

number. 

3 . 3 . 2 . R e s u l t s o f n u m e r i c a l a n a l y s i s 

The temperature m a t r i x and the stream f u n c t i o n 

m a t r i x from the computer p r i n t o u t were c o n v e r t e d i n t o 

i s o t h e r m a l p l o t s and s t r e a m l i n e p l o t s f o r v i s u a l i n t e r ­

p r e t a t i o n . The t h e r m a l r e s u l t s w i l l : b e p r e s e n t e d f i r s t . 

The t h e r m a l p r o f i l e r e s u l t s were found t o be 

dependent on the R a y l e i g h number o n l y , and not on the Grashof 

a n d P r a n d t l numbers i n d e p e n d e n t l y . The n o n - d i m e n s i o n a l 

i s o t h e r m a l p l o t s a r e shown i n F i g u r e 27a - 27f f o r R a y l e i g h 

numbers o f 2 x 10, 2 x 1 0 2 , 2 x 1 0 3 , 2 x 10^, 2 x 10 5 and . 

2 x 10^ r e s p e c t i v e l y . Each p l o t c o n s i s t s o f seven i s o t h e r m s 

w i t h i n the l i q u i d c e l l . The v e r t i c a l l e f t s i d e i s the 
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F i g u r e 27. The t h e o r e t i c a l p l o t s of the n o n d i m e n s i o n a l 
temperature T f o r a R a y l e i g h number o f 

2 x 10, (b) 2 x 1 0 2 . (a) 



( d ) 

F i g u r e 27 c o n t i n u e d . The t h e o r e t i c a l p l o t s o f the 
n o n d i m e n s i o n a l t e m p e r a t u r e , T, f o r a R a y l e i g h 
number o f (c) 2 x 10 3, (d) 2 x 10*. 



F i g u r e 27 c o n t i n u e d . The t h e o r e t i c a l p l o t s o f the 
n o n d i m e n s i o n a l t e m p e r a t u r e , T, f o r a R a y l e i g h 
number o f (e) 2 x 10 5, ( f ) 2 x 10 6. 



E q u i v a l e n t R a y l e i g h and Gr a s h o f Numbers 

C o r r e s p o n d i n g t o F i g u r e 27 

R a y l e i g h P r o f i l e P r a n d t l G r ashof 
Number i n Number Number 

F i g u r e 27 

2 x 10 27a 0.01 2 X 1 0 3 

0 . 1 2 X 1 0 2 

1.0 2 X 10 
10.0 2 

2 x 1 0 2 27b 0 .01 2 X 

0 . 1 • 2 X 1 0 3 

1.0 2 X 1 0 2 

10.0 2 X 10 

2 x 1 0 3 27c 0.01 2 X 1 0 l 
0 . 1 2 X 10 ' 
1.0 2 X 10^ 

10.0 2 X 1 0 2 

I) 
2 x 1(T 27d 0.01 2 X 1 0 5 0 . 1 2 X 10? 

1.0 2 X 10* 
10.0 2 X 1 0 3 

2 x 1 0 5 27e 0.01 2 X 
1 0 6 0 . 1 2 X 10° 

1.0 2 X 10? 
10.0 2 X l o " 

2 x 1 0 6 27f 0 .01 2 X 10? 
0 . 1 2 X 

1 0 6 1.0 2 X 

10.0 2 X 1 0 5 



- 1.0 I s o t h e r m and the v e r t i c a l r i g h t s i d e i s the + 1.0 

i s o t h e r m . Table IV t a b u l a t e s the e q u i v a l e n t R a y l e i g h and 

Grashof numbers f o r the v a r i o u s P r a n d t l numbers and g i v e s 

the c o r r e s p o n d i n g p l o t i n F i g u r e 27 . The p r o g r e s s i v e 

i n c r e a s e i n the bend i n g o f the i s o t h e r m s i s obvious as t h e 

R a y l e i g h number i n c r e a s e s . The average N u s s e l t number i s 

p l o t t e d a g a i n s t the R a y l e i g h number i n F i g u r e 28. T h i s 

p l o t shows t h a t up t o a v a l u e o f the R a y l e i g h o f a p p r o x i m a t e l y 

10 , the heat t r a n s f e r i s e s s e n t i a l l y a l l by c o n d u c t i o n , 

w i t h c o n v e c t i o n p l a y i n g a v e r y s m a l l r o l e . T h i s i s a l s o 

seen i n F i g u r e 27 where below a R a y l e i g h o f about 10 the 

i s o t h e r m s are v e r t i c a l l i n e s as i n c o n d u c t i o n heat t r a n s f e r . 

F o r comparison o f the v a r i o u s t y p e s o f f l u i d s , F i g u r e 29 

shows the average N u s s e l t number p l o t t e d a g a i n s t t h e Grashof 

number f o r the v a r i o u s P r a n d t l numbers. I t i s seen t h a t the 

low e r the P r a n d t l number, the h i g h e r the Grashof number 

r e q u i r e d t o cause c o n v e c t i v e heat t r a n s f e r . The change 

i n the l o c a l N u s s e l t number w i t h changing R a y l e i g h number 

i s seen i n F i g u r e 30. F o r low R a y l e i g h numbers the n u s s e l t 

i s f a i r l y c o n s t a n t down the l e n g t h o f the w a l l , w h i l e a t 

l a r g e R a y l e i g h numbers a peak o c c u r s i n the l o c a l N u s s e l t 

number towards the top o f the c e l l . 

The s t r e a m l i n e p l o t s c o r r e s p o n d i n g t o l i q u i d 

t i n at 260°C- are shown i n F i g u r e 31 . The p l o t s c o r r e s p o n d 

t o G rashof numbers o f 2 x 1 0 3 , 2 x lO**, 2 x 1 0 5 , 2 x 1 0 6 

7 
and 2 x 10 and are drawn w i t h the purpose o f showing the 
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R A Y L E I G H N U M B E R 

F i g u r e 28. A p l o t o f the t h e o r e t i c a l average N u s s e l t 
number v e r s u s the R a y l e i g h number. 



2 x I 0 3 2 x l 0 4 2 x l 0 5 2 x l 0 6 2 x 1 0 

GRASHOF NUMBER 

F i g u r e 29. A p l o t o f the t h e o r e t i c a l average N u s s e l t number v e r s u s 
the Grashof number f o r P r a n d t l numbers o f 10.0, 1.0, 
0.1, and 0.0127. 

ro 
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P O S I T I O N , X 

F i g u r e 30. A p l o t o f the l o c a l N u s s e l t number vers u s 
the p o s i t i o n a l o n g the c o l d end w a l l , X, 
f o r R a y l e i g h numbers o f 2 x 1 0 2 , 2 x 10 , 
2 x 10k, 2 x 1 0 5 , and 2 x 1 0 6 . 



(b) 

F i g u r e 31. The t h e o r e t i c a l s t r e a m f u n c t i o n f o r l i q u i d t i n 
at 260°C ( P r a n d t l = 0.0127) w i t h a G r a s h o f 
number o f (a) 2 x 1 0 3 , (b) 2 x 10 1 4. 





F i g u r e 31 c o n t i n u e d . The t h e o r e t i c a l stream f u n c t i o n f o r 
l i q u i d t i n at 260°C (Pr = 0.0127) w i t h a 
Grashof number o f (e) 2 x 1 0 7 . 



F i g u r e 32. The t h e o r e t i c a l stream f u n c t i o n f o r a P r a n d t l 
number o f 0.1 w i t h a Grashof number o f (a) 
2 x 10" and (b) 2 x 1 0 5 . 



F i g u r e 33- The t h e o r e t i c a l stream f u n c t i o n f o r a P r a n d t l 
number o f 1.0 w i t h a Grashof number o f (a) 
2 x 10k and (b) 2 x 10 s. 



F i g u r e 34. The t h e o r e t i c a l stream f u n c t i o n f o r a P r a n d t l 
number o f 10.0 w i t h a Grashof number o f (a) 
2 x 10* and (b) 2 x 1 0 s . 



shape o f the f l o w i n the c e l l . T h e r e f o r e , the i n c r e m e n t s 

between the s t r e a m l i n e s are not e q u a l and the s p a c i n g does 

not r e p r e s e n t v e l o c i t y as i s normal i n p l o t s o f t h i s t y p e . 

F i g u r e s 32, 33 and 34 show the s t r e a m l i n e s f o r the P r a n d t l 

number e q u a l t o 0 . 1 , 1.0 and 10.0 r e s p e c t i v e l y f o r a G rashof 
4 5 

number o f 2 x 10 and 2 x 10 . A comparison o f F i g u r e s 

31 t h r o u g h 34 shows the change i n shape o f the f l o w p a t t e r n 

by c h a n g i n g the P r a n d t l number. F i g u r e 35 shows the shape 

of the v e l o c i t y p r o f i l e , U, at a p o s i t i o n h a l f way down 

the c e l l , X = 0 . 5 , i n the X d i r e c t i o n . Each o f the p l o t s 

i n F i g u r e 35 are f o r a d i f f e r e n t P r a n d t l number and i t 

s h o u l d be noted t h a t the v e r t i c a l s c a l e on each p l o t i s 

v e r y d i f f e r e n t . The s m a l l e r the P r a n d t l number, the g r e a t e r 

i s the d i m e n s i o n l e s s f l o w v e l o c i t i e s f o r a g i v e n G rashof 

number. A l l the v a r i o u s t y p e s o f f l u i d s behave i n the same 

g e n e r a l way as the G r a s h o f number i s i n c r e a s e d . As t h e 

G r ashof number i n c r e a s e s the peak i n the v e l o c i t y p r o f i l e 

s h i f t s towards the c e l l w a l l . 

A s c a l e o f a c t u a l v e l o c i t i e s i s a l s o i n c l u d e d 

on the p l o t s i n F i g u r e 35. From e q u a t i o n (3 .30) the a c t u a l 

v e l o c i t y i s g i v e n by: 

u = Uv •' (3 .30) 
d 

I f a v a l u e o f : t h e k i n e m a t i c v i s c o s i t y , v, and c e l l s i z e , 

d, i s chosen then the d i m e n s i o n a l v e l o c i t y , u, may be 

computed. V a l u e s o f the k i n e m a t i c v i s c o s i t y f o r each v a l u e 
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F i g u r e 35a. The t h e o r e t i c a l f l o w v e l o c i t y (u and U) 
at a p o s i t i o n X = 0.5 f o r v a r i o u s v a l u e s 
o f the Grashof number f o r l i q u i d t i n a t 
260°C ( P r = 0.0127). 



( J 
UJ 
CO 

5 

0.6- ' \ 

0.5 - I 

0.4 

0.3 ' I 

\ - 500 
\ Gr - 2 x 10 
\ 

- 4 0 0 

- 3 0 0 

2 0 0 

3 

r-

O 
O 
_J 
UJ 
> 

100 

-50 

0.2 

D I S T A N C E , Y 

0.3 0 . 4 0.5 

F i g u r e 3 5 b . The t h e o r e t i c a l f l o w v e l o c i t y ( u a n d U) 
a t a p o s i t i o n X = 0 . 5 f o r v a r i o u s v a l u e s 
o f t h e G r a s h o f n u m b e r f o r P r = 0 . 1 a n d 
a s s u m i n g N a C l p r o p e r t i e s t o c a l c u l a t e u . 
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F i g u r e 35c :The t h e o r e t i c a l f l o w v e l o c i t y (u and U) 
at a p o s i t i o n X = 0.5 f o r v a r i o u s v a l u e s 
Of the G r a s h o f number f o r P r =1.0 and 
assuming NH^ p r o p e r t i e s t o c a l c u l a t e u. 



F i g u r e 35d. The t h e o r e t i c a l f l o w v e l o c i t y (u and U) 
at a p o s i t i o n X = 0.5 f o r v a r i o u s v a l u e s 
o f the Grashof number f o r Pr = 10.0 and 
assuming water p r o p e r t i e s t o c a l c u l a t e u. 



o f the P r a n d t l number used I n the com p u t a t i o n can be e s t i m a t e d 

from Table I f o r the v a r i o u s t y p e s o f f l u i d s . A l s o a v a l u e 

o f d e q u a l t o 6 . 4 c e n t i m e t e r s has been chosen f o r the c e l l 

s i z e f o r v e l o c i t y comparisons. 

A d i s c u s s i o n o f the v a r i o u s b e h a v i o r s i n f l o w 

f o r the v a r i o u s P r a n d t l numbers, can be shown b e s t by comparing 

two p a r t i c u l a r f l u i d s . A comparison o f P r a n d t l numbers o f 

0 . 0 1 2 7 and 10 w i l l be done t o i l l u s t r a t e the Important 

t h e r m a l c o n v e c t i o n d i f f e r e n c e s . The P r a n d t l number o f 

0 . 0 1 2 7 can r e p r e s e n t l i q u i d t i n , and the P r a n d t l number o f 

10 can r e p r e s e n t w a t e r . As was p o i n t e d out e a r l i e r , e q u a l 

R a y l e i g h numbers produce e q u a l t h e r m a l c o n d i t i o n s i n the 

me l t . Comparing F i g u r e 31e f o r l i q u i d t i n ( P r = O.OI27) 

w i t h R a y l e i g h e q u a l t o 2 . 5 x 10^ and F i g u r e 3 4 a f o r wa t e r 

( P r = 10.0) w i t h R a y l e i g h e q u a l t o 2 x 10 5 we see t h a t the 

f l o w p a t t e r n s a re not s i m i l a r . The l i q u i d m e t a l f l o w i s 

s t i l l q u i t e c i r c u l a r i n n a t u r e , e s p e c i a l l y i n the c e n t r a l 

r e g i o n s o f the c e l l . The water f l o w i s q u i t e r e c t a n g u l a r 

i n n a t u r e and appears t o conform more t o the shape o f the 

square c e l l t h a n the l i q u i d m e t a l f l o w . The a c t u a l 

v e l o c i t i e s o f the f l o w s can be seen by comparing F i g u r e s 
5 

3 5 a and 3 5 d . F o r a R a y l e i g h number o f near 2 x 10 the 

l i q u i d m e t a l f l o w has a maximum v e l o c i t y a t the X = 0 . 5 

p o s i t i o n o f about 1 . 4 cm. / s e c . w h i l e a t the same p o s i t i o n 

the maximum f l o w i n the water c e l l i s 0.02 cm. / s e c . Thus 

t h e r e i s a f a c t o r o f two o r d e r s o f magnitude d i f f e r e n c e 



i n the f l o w r a t e s f o r the two m a t e r i a l s w i t h an e q u a l t h e r m a l 

p r o f i l e . 

The comparisons between the l i q u i d m e t a l and 

water can be made i n a n o t h e r way, comparing the t h e r m a l 

p r o f i l e s f o r e q u a l f l o w r a t e s . F o r l i q u i d t i n at a G r a s h o f 

o f 2 .5 x 10 the maximum f l o w r a t e i s about 0 .03 cm. / s e c . 

and f o r the water at a G r a s h o f o f 2 x 10 the maximum f l o w 

r a t e i s about 0 .02 cm. / s e c , which are s i m i l a r . However, 

comparing the t h e r m a l p r o f i l e s f o r these two f l o w s , the 

l i q u i d t i n p r o f i l e i s s t i l l i n a c o n d u c t i v e n a t u r e 

(Ra = 2 .5 x 1 0 2 , Nu = 1.0) w h i l e a g r e a t d e a l o f b e n d i n g 

o c c u r s f o r the water i s o t h e r m s (Ra = 2 x 10 , Nu = 5 . 7 ) . 

A comparison o f the o t h e r v a r i o u s t y p e s o f f l u i d s 

can be a c c o m p l i s h e d i n the same manner by comparing the 

v a r i o u s f i g u r e s . The g e n e r a l f l o w b e h a v i o u r and how i t 

r e l a t e s t o the v a r i o u s parameters can be s i m p l y summarized. 

U s i n g the maximum v a l u e o f U a t a p o s i t i o n o f X = 0 . 5 ' f o r 

comparing f l o w r a t e s , and u s i n g the N u s s e l t number t o 

compare the degree o f i s o t h e r m w a r p i n g Table V shows the 

b e h a v i o u r i n t h e r m a l c o n v e c t i o n . 

S e v e r a l i m p o r t a n t comments can be made i n terms 

o f the d i f f e r e n c e s between l i q u i d m e t a l f l o w and o t h e r 

types o f f l u i d f l o w . F o r e q u i v a l e n t t h e r m a l p r o f i l e s i n 

the l i q u i d (Nu = c o n s t a n t ) the f l o w v e l o c i t i e s i n l i q u i d 

m etals are much h i g h e r than i n o t h e r t y p e s o f f l u i d s . F o r 

l i q u i d m e t a l s , l a r g e f l o w r a t e s may be d e v e l o p e d i n a melt 



The e f f e c t on the N a t u r a l C o n v e c t i o n 

o f A l t e r i n g D i m e n s i o n l e s s Parameters 

A l t e r a t i o n A f f e c t on 
N u s s e l t Number 

A f f e c t on 
Plow Rate 

(U at X=0.5) 
max 

Gr Constant 
Pr I n c r e a s i n g 

Gr - - I n c r e a s i n g 
Pr •*• Constant 

Ra •*• I n c r e a s i n g 

I n c r e a s i n g 

I n c r e a s i n g 

I n c r e a s i n g 

D e c r e a s i n g 

I n c r e a s i n g 

Unknown 

w h i l e the t h e r m a l p r o f i l e i s s t i l l u n a l t e r e d from the pure 

c o n d u c t i o n form. F o r example, w i t h an average N u s s e l t 

number o f o n l y . 1 . 2 5 (Gr = 2 x 10 5 ) f l o w v e l o c i t i e s o f 

n e a r l y 0 .2 cm. / s e c . were c a l c u l a t e d f o r the l i q u i d t i n 

i n the 6.4 cm. wide c e l l . F o r e q u a l f l o w r a t e s , the l i q u i d 

m e t a l f l o w i s l e s s dependent on the shape o f the c e l l 

e n c l o s u r e as was seen by the l i q u i d f l o w s i n t i n r e m a i n i n g 

c i r c u l a r w h i l e o t h e r l i q u i d s approach a r e c t a n g u l a r 

shaped f l o w c o r r e s p o n d i n g t o the r e c t a n g u l a r c e l l . 

Phenomena o f m e t a l l u r g i c a l I n t e r e s t t h a t a re 

a f f e c t e d by c o n v e c t i v e f l o w i n the m e l t , as was mentioned 

i n t he i n t r o d u c t i o n t o t h i s t h e s i s , a re dependent on b o t h 

the l i q u i d f l o w r a t e s and f l o w p a t t e r n and a l s o the 

t h e r m a l p r o f i l e i n the l i q u i d p o o l . The n a t u r e o f both 

the f l o w r a t e s ; a n d heat f l o w combine t o g i v e the r e s u l t a n t 

e f f e c t t h a t o c c u r s . I f one o f the c o n t r o l l i n g e f f e c t s i s 

a l t e r e d , e i t h e r f l o w r a t e o r t h e r m a l c o n d i t i o n s , the 



r e s u l t i n g e f f e c t w i l l be d i f f e r e n t . By u s i n g f l u i d s o t h e r 

than l i q u i d m e t a l s t o observe m e t a l l u r g i c a l phenomena, the 

e f f e c t i s t o a l t e r the r e l a t i v e n a t u r e o f the f l o w and 

t h e r m a l c o n d i t i o n s such t h a t the system w i l l not be com­

p a r a b l e t o a l i q u i d m e t a l . The d i f f e r e n c e s produced are 

unknown, and hence the r e s u l t s from n o n - m e t a l l i c a n a l o g s 

a r e a t b e s t o n l y q u a l i t a t i v e i n d i c a t o r s o f m e t a l l u r g i c a l 

e f f e c t s . 

3.4. Comparison o f t h e o r e t i c a l and e x p e r i m e n t a l r e s u l t s 

3.4.1. Thermal p r o f i l e s 

The e x p e r i m e n t a l p r o f i l e s o f l i q u i d t i n .in F i g u r e 

15 can be compared t o the p r o f i l e s o b t a i n e d i n t h e n u m e r i c a l 

s o l u t i o n i n F i g u r e 27. F i g u r e 15b and 15e w i t h a R a y l e i g h 

number near 2 x 10 may be compared w i t h F i g u r e 27e. 

A l t h o u g h the e x p e r i m e n t a l f i g u r e s a re not i n t h e non-

d i m e n s i o n a l form the shapes w i l l be comparable. F or the 

t h i c k l i q u i d c e l l t he p r o f i l e i s v e r y s i m i l a r i n n a t u r e 

t o the computer s o l u t i o n . The t h i n l i q u i d c e l l p r o f i l e , 

however, i s i n d i c a t i v e o f a much lower R a y l e i g h number. 

The good agreement between the t h e o r y and the t h i c k e r 

l i q u i d c e l l i n d i c a t e s the l a r g e f l a t f a c e s o f t h e e x p e r i ­

mental c e l l a r e not c a u s i n g a l a r g e change i n the t h e r m a l 

c o n v e c t i o n . :The d i f f e r e n c e s i n the t h i n l i q u i d c e l l can be 

caused e i t h e r . b y the v i s c o u s d r a g o f the l a r g e w a l l s o r the 

t h e r m a l c o n d u c t i o n o f the s i d e w a l l s . The f l o w c o u l d a l s o 



be i n f l u e n c e d by t h e 0.5 mm. d i a m e t e r thermocouple probe 

by a s l o w i n g o f the f l o w . These e f f e c t s would a l l t e n d 

t o d e c r e ase the f l o w and hence the t h e r m a l p r o f i l e b e n d i n g . 

A r i g o r o u s comparison o f the t h e r m a l p r o f i l e s 

has not been atte m p t e d due t o t h e i n h e r e n t l i m i t a t i o n s 

o f the e x p e r i m e n t a l t e c h n i q u e s o f p u t t i n g a r e l a t i v e l y 

l a r g e f o r e i g n body i n t o the v e r y s e n s i t i v e t h e r m a l con­

v e c t i v e f l o w . I n the t h i c k e r c e l l , where the s e e f f e c t s 

are l e s s i m p o r t a n t , the r e s u l t s seem t o compare much more 

f a v o u r a b l y . • 

3.4.2 Flow p a t t e r n s and f l o w r a t e s 

The f l o w p a t t e r n s t h a t were ob s e r v e d f o r pure 

t i n i n F i g u r e s 9 and 10 a l l have the one f l o w c e l l p a t t e r n . 

T h i s i s i n agreement w i t h the a n a l y t i c a l t r e a t m e n t p r e s e n t e d 

which a l s o g e n e r a t e s a one c e l l f l o w p a t t e r n o f a s i m i l a r 

n a t u r e . The e x p e r i m e n t a l r e s u l t s w i l l be compared w i t h the 

t h e o r e t i c a l r e s u l t s I n a q u a n t i t a t i v e way by comparing 

the time f o r the f l o w t o complete one f u l l c y c l e arouhd the 

l i q u i d c e l l . • The e x p e r i m e n t a l c u r v e s are shown i n F i g u r e 14 

f o r the v a r i o u s c e l l t h i c k n e s s e s w i t h pure t i n a t 260°C 

average t e m p e r a t u r e . F o r the comparison t o be made, the 

computer r e s u l t s must be c o n v e r t e d t o a time p e r c y c l e 

f o r each v a l u e o f the G rashof number f o r the P r a n d t l e q u a l 

t o 0.0127. T h i s i s done by a g r a p h i c a l i n t e g r a t i o n o f the 

v e l o c i t y a l o n g the s t r e a m l i n e s shown i n F i g u r e 31. A 



number o f increments are taken around each s t r e a m l i n e and 

knowing the v e l o c i t y i n each increment from U and V computer 

p r i n t o u t s the t o t a l time f o r the flow to complete one c y c l e 

on each s t r e a m l i n e Is o b t a i n e d . For comparison purposes 

the minimum time per c y c l e i s taken. Thus, the computer 

s o l u t i o n times per c y c l e w i l l be a minimum value which 

should be approached by the experimental r e s u l t s . 

The numerical a n a l y s i s r e s u l t s are shown i n 

Fi g u r e 36, p l o t t e d on a l o g - l o g s c a l e because o f the orders 

o f magnitude changes i n both the time per c y c l e and Grashof 

numbers o f i n t e r e s t . The three curves f o r the t h r e e c e l l 

t h i c k n e s s flow r a t e s are a l s o shown on the curve which are 

taken from F i g u r e 14. I t i s e v i d e n t t h a t the agreement 

between the experiments and theory at low Grashof numbers 

i s very poor.- The exact reasons f o r t h i s poor agreement 

are somewhat u n c l e a r , but are probably r e l a t e d to the 

s i d e w a l l r e s t r i c t i o n s i n the experimental c e l l . At the 

low flow r a t e s and low temperature g r a d i e n t s the hydro-

dynamic r e s i s t a n c e and the heat flow through the s i d e 

p l a t e s must have a g r e a t e r e f f e c t on the flow. The agreement 

between the experiments and theory i s q u i t e good f o r 

hi g h e r temperature d i f f e r e n c e s . A l s o , the t h i c k e r the 

c e l l , the b e t t e r the agreement becomes at a p a r t i c u l a r 

temperature d i f f e r e n c e . For example, with the 0.95:cm. 

t h i c k l i q u i d c e l l the experimental p o i n t at a 3°C temperature 

d i f f e r e n c e i s almost on the t h e o r e t i c a l l i n e , while f o r the 
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Chu, n u m e r i c a l - s o l u t i o n , and e x p e r i m e n t a l r e s u l t s . 



0.32 cm.: c e l l , v e r y good agreement i s not rea c h e d u n t i l 

a p p r o x i m a t e l y 10°C temp e r a t u r e d i f f e r e n c e s . The curve 
• •." \ 

f o r t he i n t e r m e d i a t e t h i c k n e s s c e l l l i e s between.the o t h e r 

two as e x p e c t e d . I t i s e v i d e n t b'y n o t i n g the p r o g r e s s i o n 

o f the e x p e r i m e n t a l c u r v e s as t h e ^ t h i c k n e s s i n c r e a s e s t h a t 

they a r e a p p r o a c h i n g the computer s o l u t i o n i n a s y s t e m a t i c 

and e x p e c t e d manner. The t h e o r e t i c a l l i n e r e p r e s e n t s the 

i n f i n i t e l y t h i c k c e l l and s h o u l d be the a s y m p t o t i c l i m i t . 

T h i s can be shown g r a p h i c a l l y by p l o t t i n g the time p e r 

c y c j e f o r a p a r t i c u l a r t e mperature d i f f e r e n c e a g a i n s t the 

c e l l t h i c k n e s s . F i g u r e 37 shows such a p l o t f o r a 1°C ; 

temperature d i f f e r e n c e . The h o r i z o n t a l dashed l i n e , 

r e p r e s e n t s the t h e o r e t i c a l time p e r c y c l e f o r t h i s 

t e m perature d i f f e r e n c e . T h i s c u r v e s u p p o r t s the p r o p o s a l 

t h a t the e x p e r i m e n t a l r e s u l t s approach t h e t h e o r y and t h a t 

f o r a v e r y t h i c k c e l l g r e a t e r t h a n a p p r o x i m a t e l y 1 .5 Cm. 

t h i c k the t h e o r y and a c t u a l f l o w s s h o u l d be i n complete 

agreement. 

Computer runs were made c o r r e s p o n d i n g t o a l t e r i n g 

the average t e m p e r a t u r e i n the l i q u i d t i n melt from 260?C 

to 305°C and 2 3.7°C. F o r 305°C the P r a n d t l number i s 0.01135 

and f o r 237°C the P r a n d t l number i s 0 .01365. The t h e o r e t ­

i c a l change i n the time p e r c y c l e f o r a c o n s t a n t t e m p e r a t u r e 

d i f f e r e n c e o f 0.55°C f o r the v a r i o u s degrees o f superheat 

i s shown i n F i g u r e 38. These r e s u l t s a r e i n agreement w i t h 

the r e s u l t s o f F i g u r e 11 which a l s o shows t h a t an i n c r e a s e 
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In the average temperature causes a decrease i n the time 

per c y c l e . 

The n u m e r i c a l a n a l y s i s presented,here can be 

compared with the a n a l y t i c a l s o l u t i o n o f B a t c h e l o r . As 

s t a t e d e a r l i e r , the s o l u t i o n o f B a t c h e l o r should be v a l i d 

f o r R a y l e i g h numbers o f l e s s than 10 J. For l i q u i d t i n at 

260°C t h i s corresponds t o a Grashof number of 7.9 x 10** 

o r a temperature d i f f e r e n c e o f 0.022°C. In a s i m i l a r 

manner as f o r the numerical r e s u l t s , the r e s u l t s o f B a t c h e l o r 

s o l u t i o n can be converted i n t o a time p e r c y c l e . F i g u r e 36 

shows the s o l u t i o n of B a t c h e l o r on the same .plot as the 

numerical r e s u l t s . B a t c h e l o r ' s s o l u t i o n appears as a ' 

s t r a i g h t l i n e o f s l o p e equal to u n i t y s i n c e the stream 

f u n c t i o n i s d i r e c t l y p r o p o r t i o n a l to.the R a y l e i g h number, 

andhence Grashof f o r constant P r a n d t l number. The computer 

s o l u t i o n i s asymptotic to B a t c h e l o r ' s s o l u t i o n at the lower 

Grashof numbers, and below the value of 7.9 x 10 mentioned 

above, the agreement becomes q u i t e c l o s e . T h i s i s expected 

i f the numerical s o l u t i o n i s c o r r e c t . 

The ; theory o f Emery and Chu i s a l s o shown on 

Figu r e 36. The time per c y c l e was taken assuming the . • 

v e l o c i t y p r o f i l e at X = 0.5 i s taken around the c e l l i n a 

c i r c u l a r manner at a r a d i u s equal to the d i s t a n c e from the 

c e l l c e n t r e to p o s i t i o n o f the maximum v e l o c i t y i n the 

boundary layer.- T h i s i s very approximate but w i l l be used 

i n t h i s q u a l i t a t i v e d i s c u s s i o n . The times are very much 



ionger due to the larger distances around the c e l l at the 

position of maximum flow. The time•per cycle curve i s 

again a straight l i n e with a slope of one-half since u 

i s proportional to (A9) i n this theory.. From the numerical 

r e s u l t s , the higher the Grashof number, the closer to the 

outside wall i s the peak i n the ve l o c i t y curve. This means 

also that the analysis of Emery and Chu should become closer 

to the actual case at very large Grashof numbers where 

the flow i s s i m i l a r to a narrow boundary layer on each 

v e r t i c a l wall. The solution of Emery and Chu w i l l approach 

the. numerical solution at very large iGrashof numbers of the 
o in 

order of lCr to 10 . This i s out of the range of experi­

mental i n t e r e s t , but does q u a l i t a t i v e l y support the 

numerical r e s u l t s . 

In summary, several points can be made concerning 

the' t h e o r e t i c a l numerical solution developed: 

; (a) The solution agrees with the i n f i n i t e series 

a n a l y t i c a l solution at low values of the Grashof number. 

(b) The solution approaches that of an i n t e g r a l 

boundary layer-model for very large values of the Grashof 

number. 

(c) The solution corresponds to the experimental 

r e s u l t s , when projected to a very thick c e l l . 

Thus-.it i s very reasonable to conclude that the 

numerical analysis presented here Is a good and proper 

solution to the;;problem of thermal convection. 



4 . S o l u t e C o n v e c t i o n 

The p r o b l e m o f s e p a r a t i n g s o l u t e c o n v e c t i o n 1 

f r q m o t h e r t y p e s o f f l u i d f l o w a n d o b s e r v i n g t h e s o l u t e 

c o n v e c t i o n d i r e c t l y i s v e r y d i f f i c u l t . S o l u t e g r a d i e n t s 

a r e s e t up d u r i n g t h e s o l i d i f i c a t i o n o f a n y m u l t i c o m p o n e n t 

s y s t e m w h e r e t h e s o l u t e d i s t r i b u t i o n c o e f f i c i e n t i s o t h e r 

t h a n u n i t y . I f t h e c o m p o n e n t s a r e o f a d i f f e r e n t d e n s i t y 

t h e s o l u t e g r a d i e n t s w i l l a l s o b e d e n s i t y g r a d i e n t s a n d a 

p o t e n t i a l d r i v i n g f o r c e f o r n a t u r a l c o n v e c t i o n e x i s t s . 

G e n e r a l l y d u r i n g f r e e z i n g o r m e l t i n g t h e r m a l g r a d i e n t s ,of 

some s o r t e x i s t a n d h e n c e b o t h t h e r m a l a n d s o l u t e c o n v e c t i o n 

w i l l o c c u r . The t h e r m a l c o n v e c t i o n c a n b e r e d u c e d o r 

e l i m i n a t e d b y s o l i d i f y i n g v e r t i c a l l y w i t h t h e w a r m e r l e s s 

d e n s e l i q u i d i n t h e u p p e r p a r t o f t h e s y s t e m . I f t h e r m a l 

g r a d i e n t s a r e s t a b i l i z i n g t h e s y s t e m t h e n i n o r d e r f o r 

s o l u t e c o n v e c t i o n t o be o b s e r v e d , t h e r e m u s t f i r s t be a 

s u f f i c i e n t d r i v i n g f o r c e f r o m t h e s o l u t e t o o v e r c o m e t h e 

s t a b i l i t y i n t h e s y s t e m d u e t o t h e t h e r m a l g r a d i e n t s 

r e t a r d i n g l i q u i d m o t i o n . S e v e r a l e x p e r i m e n t a l i n v e s t i g a t i o n s 

w e r e c o n d u c t e d t o o b s e r v e t h e e f - f e c t o f s o l u t e c o n v e c t i o n 



alone, the combined e f f e c t of thermal and s o l u t e c o n v e c t i o n , 

and a l s o to observe q u a n t i t a t i v e l y the r e l a t i v e s t r e n g t h s . 

of thermal and s o l u t e c o n v e c t i o n . 

k.l. Independent s o l u t e c o n v e c t i o n 

An experiment was conducted t-o observe the 

extent o f mixing i n a molten p o o l caused by an i n i t i a l 

s o l u t e g r a d i e n t . S c h e m a t i c a l l y a system was set up as 

shown i n F i g u r e 39. A copper sheet d i v i d e r was p l a c e d 

i n s l o t s on the l a r g e f l a t faces o f the mould t o separate 

the l i q u i d i n t o two d i s t i n c t r e g i o n s . The composition o f 

the l i q u i d i n each o f the two re g i o n s v a r i e d depending on 

the experiment. The experiment c o n s i s t e d of h o l d i n g the 

SYSTEM 
ISOTHERMAL 

F i g u r e 39. The experimental i n i t i a l c o n d i t i o n s f o r o b s e r v i n g 
independent s o l u t e c o n v e c t i o n . 



e n t i r e system i s o t h e r m a l l y , then removing the copper sheet 

gate by p u l l i n g i t upwards out o f the mould and o b s e r v i n g 

the r e s u l t i n g flow. To e s t a b l i s h t h a t the observed f l u i d 

flow was due s o l e l y to s o l u t e c o n v e c t i o n i t was necessary 

to e s t a b l i s h t h a t no premature leakage o f : m a t e r i a l o c c u r r e d 

past the gate and that the a c t i o n o f opening the gate d i d 

not i t s e l f produce s i g n i f i c a n t f l u i d flow. To determine 

i f leakage o c c u r r e d across the gate pure t i n was put i n the 

r i g h t - h a n d l i q u i d c e l l and t i n plus.0.1 wt. % l e a d p l u s 

r a d i o a c t i v e t i n was put i n the s m a l l e r l e f t - h a n d l i q u i d 

c e l l . I f leakage o c c u r r e d the denser l i q u i d i n the l e f t -

hand c e l l would flow past the gate. The system was l e f t 

i n the molten s t a t e f o r 50 minutes and quenched. F i g u r e 40 

shows the r e s u l t a n t c a s t i n g . The very s l i g h t leakage 

observed i s c o n s i d e r e d n e g l i g i b l e c o n s i d e r i n g the long •. 

p e r i o d o f time i n v o l v e d . To determine to what extent f l u i d 

flow was induced by removing the gate a t e s t was c a r r i e d 

out'with pure t i n on the l a r g e r i g h t - h a n d s i d e l i q u i d c e l l 

and'pure t i n p l u s r a d i o a c t i v e t i n on the l e f t - h a n d s i d e , 

i . e . no d e n s i t y d i f f e r e n c e across the gate. The gate was 

r a p i d l y removed and the system quenched t h i r t y seconds 

l a t e r . F i g u r e 41 shows the r e s u l t a n t flow. The bulk of the 

a c t i v e m a t e r i a l : h a s remained i n i t s o r i g i n a l p o s i t i o n . A 

s m a l l - f l o w i s observed a l o n g the bottom of the c e l l and 

along the top of the c e l l . T h i s s m a l l flow i s thought -to 

r e s u l t from the .motion of the gate as i t i s p u l l e d upwards 

and a l s o the movement of the l i q u i d t i n to f i l l the v o i d 



F i g u r e itf). The t r a c e r p r o f i l e I n the system d e s c r i b e d 
i n F i g u r e 39 l e f t molten 50 minutes w i t h o u t 
o p e ning the g a t e . 

F i g u r e 4 l . The t r a c e r p r o f i l e i n the system o f F i g u r e 39 
w i t h o n l y pure t i n p l u s S n l i 3 i n t h e l e f t 
s e c t i o n and the system i s quenched 30 seconds 
a f t e r the gate i s opened. 
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F i g u r e 42. The t r a c e r p r o f i l e i n the system o f F i g u r e 39 
w i t h t i n p l u s 0.1 wt. % l e a d p l u s S n l l S i n the 
l e f t s e c t i o n , quenched (a) 15 seconds and (b) 
30 seconds a f t e r the gate i s opened. 



l e f t by the gate as i t i s removed. The flow, however, 

i s not e x t e n s i v e . 

Experiments to determine f l u i d flow r e s u l t i n g 

from a s o l u t e d e n s i t y e f f e c t were c a r r i e d out with the 

r i g h t - h a n d s e c t i o n c o n t a i n i n g pure t i n , a n d the l e f t - h a n d 

s e c t i o n c o n t a i n i n g t i n p l u s 0.1 wt. % l e a d p l u s r a d i o a c t i v e 

tin'. The gate was opened and the system quenched at , 

v a r i a b l e times. F i g u r e s 42a and 42b show two r e s u l t a n t 

c a s t i n g s quenched f i f t e e n and t h i r t y seconds r e s p e c t i v e l y 

a f t e r removal .of the gate. I t i s observed t h a t the denser 

l i q u i d f a l l s r a p i d l y to the lower r e g i o n of the c e l l i n 

both cases. There appears to be no t r a c e r r i s i n g on the 

r i g h t - h a n d s i d e o f the l i q u i d c e l l i n d i c a t i n g t h a t e x t e n s i v e 

mixing In the r i g h t - h a n d s e c t i o n i s not o c c u r r i n g . The 

t i n - l e a d a l l o y appears to d i s p l a c e the; pure t i n Ven masse" 

with very l i t t l e mixing o c c u r r i n g . > The s t a b i l i t y o f such 

a ;dense l a y e r of l i q u i d below a l e s s dense r e g i o n w i l l be 

d i s c u s s e d i n a f o l l o w i n g s e c t i o n . 

4.2. The i n f l u e n c e of s o l u t e c o n v e c t i o n on thermal 

c o n v e c t i o n 

A s e r i e s of experiments w a s . c a r r i e d out i n 
204 

which sma l l amounts o f t i n containing' 0.1 wt. % TI • were 

added to pure- t i n melts s u b j e c t to d i f f e r e n t degrees of 

thermal c o n v e c t i o n . I n i t i a l l y there i s a s m a l l d e n s i t y 

d i f f e r e n c e between the added m a t e r i a l and the melt which 



progressively decreases as the addition spreads. Figure 4 3 

shows the results of these experiments. The autoradiographs 

on the left-hand side are pure t i n with t i n tracer for a 

given temperature difference and those on the right-hand 

side are pure t i n with thallium tracer for the same temp­

erature difference across the c e l l . For the case of a zero 

temperature difference, Figures 43a and 43b, f l u i d flow 

results only from solute conyection.; The heavier tracer 

i s observed to drop very rapidly to the lower regions of 

the c e l l and i n doing so induces additional f l u i d motion 

in the c e l l . This i s evidenced by the swirling action 

in the lower regions and the rapidly formed band of tracer 

at the bottom. With an increase i n the temperature gradient 

to 1°C, Figures 43c and 43d, the two' flow patterns are s t i l l 

very d i s s i m i l a r . The thallium tracer drops down the c e l l 

much more quickly than the tracer under thermal convection 

only. There i s s t i l l an accumulation of tracer i n the 

lower regions of the c e l l . The pattern, however, shows a 

counterclockwise swirl s i m i l a r to the thermal convective 

flow. This flow i s i n e f f e c t a composite of the flows, of 

Figures 43b and 43c. For Figures 43e and 43f the temperature 

difference has-.been increased to 3°Cand the two. patterns 
; ' 't 

are becoming s i m i l a r . There i s s t i l l an accumulation'of 

thallium i n the lower regions of the mould and a single 

c e l l flow pattern i s now readily apparent. For a temperature 

difference of.5°C, Figures 43g and 43h, the flow patterns 

are very s i m i l a r , apparently dominated by thermal convection. 



c d 

F i g u r e 43. The e f f e c t of s o l u t e c o n v e c t i o n on thermal 
c o n v e c t i o n ; the t r a c e r d i s t r i b u t i o n i n samples 
with melt m a t e r i a l , average temperature, 
temperature d i f f e r e n c e , and time to quench 
o f (a) Sn - S n 1 1 3 , 260°C, 0°C, 60 seconds, 
(b) Pb - T I 2 0 1*, 357°C, 0°C, 60 seconds, 
(c) Sn - S n 1 1 3 , 260°C, 1.11°C, 30 seconds, 
(d) Pb - T I 2 0 " , 357°C, 0.98°C, 30 seconds. 



g h 

F i g u r e 43 c o n t i n u e d . The e f f e c t o f s o l u t e c o n v e c t i o n on 
t h e r m a l c o n v e c t i o n ; the t r a c e r d i s t r i b u t i o n 
i n samples w i t h melt m a t e r i a l , average t e m p e r a t u r e , 
temperature d i f f e r e n c e , a n d time t o quench o f 
(e) Sn - S n 1 1 3 , 260°C, 3.04°C, 30 seconds, 
( f ) Pb - T l 2 0 " , 357°C, 3 .00°C, 30 seconds, 
(g) Sn - S n 1 1 3 , 260°C, 4 .80°C, 30 seconds, 
(h) Pb - T l 2 0 " , 357°C, 5 .00°C, 30 seconds. 



( 
I 
i 

Any a c c u m u l a t i o n i n the lower r e g i o n s appears t o be swept 
j 

up the r i g h t - h a n d s i d e o f the [ l i q u i d c e l l . 

I n the p r e v i o u s experiments more dense m a t e r i a l 

was added t o the m e l t . A l t e r / n a t i v e e x p e r i m e n t s were c a r r i e d 

out i n which l e s s dense m a t e r i a l was added t o a m e l t . T h i s 

was done by u s i n g a pure l e a d melt and a d d i n g l e a d p l u s 

19 wt. % r a d i o a c t i v e t i n i n which case the a d d i t i o n s h o u l d 

tend t o f l o a t i n the l i q u i d l e a d m e l t . F i g u r e 44 shows the 

r e s u l t s . F o r a temperature d i f f e r e n c e o f 1°C and 3°C, 

( F i g u r e s 44a and 44b r e s p e c t i v e l y ) , the t r a c e r spreads 

a c r o s s the top...of the c e l l and does not s i g n i f i c a n t l y e n t e r 

the b u l k o f the m e l t . With a l a r g e r t e mperature d i f f e r ­

ence o f 5°C ( F i g u r e 44c) the f l o w r e s u l t i n g from t h e r m a l 

c o n v e c t i o n c o m p l e t e l y overshadows s o l u t e c o n v e c t i o n p r o d u c i n g 

a normal t h e r m a l c o n v e c t i o n f l o w p a t t e r n . 

T h e ; r e s u l t s o f the above two s e t s o f e x p e r i m e n t s 

show t h a t a c e r t a i n t e m p e r a t u r e d i f f e r e n c e i s r e q u i r e d 

f o r the l e s s dense s o l u t e t o e n t e r the b u l k o f the l i q u i d 

melt o r the more dense s o l u t e t o be swept from the bottom 

o f the l i q u i d m e l t . The f o l l o w i n g s e c t i o n w i l l I n v e s t i g a t e 

the c o n d i t i o n s . r e q u i r e d f o r complete m i x i n g w i t h both s o l u t e 

and t h e r m a l g r a d i e n t s . 



F i g u r e 44. T r a c e r p r o f i l e i n l e a d melts ( S n 1 1 3 t r a c e r , 
357°C average temperature) with a temperature 
d i f f e r e n c e and time to quench of (a) 1.07°C, 
60 seconds, (b) 3.07°C, 30 seconds, and (c) 
5.00°C, 15 seconds. 
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F i g u r e 45. The experimental i n i t i a l c o n d i t i o n s f o r 
»• d e r i v i n g the thermal and s o l u t e c o n d i t i o n s 

f o r complete l i q u i d mixing. 

4 . 3 . Thermal and s o l u t e c o n d i t i o n s f o r : complete l i q u i d 

mixing 

The thermal and s o l u t e c o n d i t i o n s r e q u i r e d f o r 

complete mixing i n the c e l l can be observed u s i n g the i n i t i a l 

c o n d i t i o n s shown i n F i g u r e 45 . The upper l a y e r o f the 

l i q u i d zone i s pure t i n and the lower l a y e r i s composed 

of a l e a d - t i n a l l o y o f known composition. A temperature 

d i f f e r e n c e i s a p p l i e d across the c e l l and the flow p a t t e r n 

i n the l i q u i d c e l l i s observed. A simple theory can be 

developed to determine when the temperature g r a d i e n t w i l l 

b e . s u f f i c i e n t l y high to cause complete mixing i n the c e l l . 

For the c e l l shown i n F i g u r e 4 5 , 



l e t e2 > e x (4.i) 
and l e t the d e n s i t y at p o s i t i o n a be p^, at b be e t c . 

Since p c < p a 

P d < P b . (^.2) ; 

and s i n c e the a l l o y i s o f t i n + x wt. % l e a d where x ? 0 

and the v e r t i c a l w a l l s are Isothermal 

P < p, M a H b 

K c K d 
(4.3) 

The hypothesis o f t h i s a n a l y s i s i s t h a t f o r 

complete mixing to occur f o r a c e r t a i n temperature d i f f e r ­

ence and s o l u t e d i f f e r e n c e , p„ > p. T h i s w i l l cause the 
a — d. ; 

pure t i n to e n t e r the lower r e g i o n of the l i q u i d c e l l on the 

l e f t - h a n d side.by d i s p l a c i n g the a l l o y on the r i g h t - h a n d 

s i d e . Once the mixing begins the system w i l l become com­

p l e t e l y mixed s i n c e the temperatures are f i x e d and the 

s o l u t e d i f f e r e n c e i s d i m i n i s h e d . When there i s a v e r t i c a l 

s o l u t e d i f f e r e n c e s t a b i l i z i n g a l i q u i d system by p r e v e n t i n g 

f l u i d flow between adjacent l i q u i d l a y e r s , even i n the: 

presence o f a temperature g r a d i e n t , then a c o n d i t i o n e x i s t s 

which can be r e f e r r e d to as a " s o l u t e v a l v e " . T h i s c o n d i t i o n 

i s s i m i l a r t o the thermal v a l v e d i s c u s s e d e a r l i e r . 

F i g u r e 46 shows s e v e r a l experiments done to t e s t the above 

h y p o t h e s i s , with approximately the same thermal c o n d i t i o n s 

and with a v a r i a b l e l e a d content i n the lower regions o f 

the mould. The samples with incomplete mixing show a sma l l 



F i g u r e 4 6 . The t r a c e r p r o f i l e f o r s t e a d y - s t a t e f l o w s 
f o r t h e i n i t i a l c o n d i t i o n s a s s h o w n i n F i g u r e 
45 w i t h l e a d c o n t e n t x , t e m p e r a t u r e d i f f e r e n c e , 
a n d t i m e t o q u e n c h o f ( a ) 10 w t . %, 3 . 0 2 ° C , 
60 s e c o n d s , ( b ) 0 .2 w t . %, 2 . 6 4 ° C , 60 s e c o n d s , 
( c ) 0 . 1 w t . %, 2 . 9 1 ° C , 60 s e c o n d s , a n d ( d ) 
0.05 w t . %t 2 . 8 9 ° C , 60 s e c o n d s . 



c e l l i n . t h e upper l e f t - h a n d corner on the c o l d s i d e of the 

c e l l , F i g u r e s 46a and 46b. The samples t h a t have mixed ' 

completely show a s i n g l e c e l l p a t t e r n throughout the l i q u i d 

zone, F i g u r e s 46c and 46d. To help account f o r the odd 

shape o f the i n c o m p l e t e l y mixed region:another experiment 

was c a r r i e d out ±n'which pure t i n was used i n the upper 

l a y e r and t i n p l u s 1% l e a d p l u s r a d i o a c t i v e t h a l l i u m i n the 

lower l a y e r . The system was l e f t molten, f o r 60 minutes 

under a 2.82°C temperature g r a d i e n t to allow the system to 

reach complete steady s t a t e . The r e s u l t a n t p a t t e r n i s 

shown i n F i g u r e 47 and i s very s i m i l a r i n nature to the 

incomplete mixing p a t t e r n s . The same curved demarcation 

l i n e between the upper and lower regions i s e v i d e n t . /This 

could be due to the thermal c o n v e c t i o n i n the lower c e l l 

f o r c i n g - a s m a l l amount of s o l u t e up the hot s i d e of the c e l l . 

Some s o r t of complex d e n s i t y g r a d i e n t i s set'up which i s 

s t a b l e as shown'in the f i g u r e and allows no mixing between 

the two r e g i o n s . 

The.-results f o r the f u l l s et o f experiments;, are 

l i s t e d i n Table VI i n c l u d i n g the temperature d i f f e r e n c e 

and the i n i t i a l s o l u t e d i f f e r e n c e for. each experimental 

run. The c a l c u l a t e d values o f p and p , are a l s o i n c l u d e d . 

The d e n s i t i e s :of pure t i n and t i n - l e a d a l l o y s as a f u n c t i o n 

o f :temperature ; .were o b t a i n e d i n the form ,p = a + bT from 

the work o f Thresh (37). Table VII l i s t s the values of 

a and b used. : l t i s evident from F i g u r e 46 and Table VI 



F i g u r e 47. The s t e a d y - s t a t e t r a c e r p r o f i l e r e s u l t i n g from 
the l o w e r s e c t i o n o f the c e l l b e i n g comoosed 
o f t i n , 1.0 wt. % l e a d , and T l 2 0 " and w i t h a 
tem p e r a t u r e d i f f e r e n c e o f 2.82°C. 

F i g u r e 48. The e x p e r i m e n t a l i s o t h e r m a l p r o f i l e i n a 
system i n i t i a l l y as i n F i g u r e 45 w i t h t h e 
lo w e r s e c t i o n composed o f t i n p l u s 10 wt. 
% l e a d . 



TABLE V I . 

E x p e r i m e n t a l R e s u l t s f o r Combined 

Thermal and S o l u t e C o n v e c t i o n 

Run 
Num­
b e r 

6 i 
°C 

02 
°C 

wt. % 
Pb S 

gm/cm 
P a 3 

gm/cm 

p a > p d p d " p a Complete 
M i x i n g 

1 2 7 5 . 4 9 2 7 8 . 5 1 10 6 . 9 4 2 7 7 . 1 9 7 8 No 0 . 2 5 5 1 ' No 

2 2 8 2 . 4 3 2 8 5 . 5 8 10 6 . 9 3 7 8 7 . 1 9 2 5 No 0 . 2 5 4 7 No 

3 2 7 9 - 6 4 2 8 2 . 3 7 2 6 .9398 6 . 9 8 9 3 No 0 . 0 4 9 5 No 

4 273.37 2 7 6 . 6 4 0 .5 6 . 9 4 4 2 6 . 9 5 4 8 No 0 . 0 1 0 6 No " 

5 2 7 5 . 5 2 7 8 . 5 0 . 1 6 . 9 4 2 7 6 . 9 4 3 1 E q u a l 0 . 0 0 0 4 Yes 

6 276.56 2 7 9 . 4 5 0 . 0 5 6 . 9 4 2 0 6 . 9 4 1 1 Yes - . 0 0 0 9 Yes 

7 274.55 2 7 7 . 4 6 0 . 1 6 . 9 4 3 4 6 .9439 E q u a l 0 . 0 0 0 5 Yes 

8 .276.96 2 7 4 . 3 2 0 .2 6.9417 6 . 9 5 1 3 No 0.0096 No 

9 2 7 8 . 4 1 2 8 1 . 6 0 0 . 5 6.9406 6 . 9 5 1 2 No 0 . 0 1 0 6 No 

10 2 7 7 . 5 9 2 8 0 . 4 1 - 1.0 6 . 9 4 1 2 6.9650 No 0 . 0 2 3 8 No 



TABLE V I I . 

Density of Lead-Tin A l l o y s as a 

F u n c t i o n o f Temperature (37) 

p = a + bT (T°C) 

wt. % Pb a b x 10 

10 7.4083 7.5583 

2 7.1929 7.2117 

1 7.1659 7.1683 

0.5 7.1525 7.1467 

0.2 7.1471 7.1380 

0.1 7.1417 7.1293 

0.05 7.1403 7.1272 

t h a t the change to complete mixing occurs when p > p , as 

p r e d i c t e d . The a c t u a l change occurs near 0.1 wt. % l e a d 

f o r the temperature d i f f e r e n c e of approximately 3°C. 

Corresponding to the incomplete mixing autoradiographs o f 

Fi g u r e s 46 and ;47 i s the temperature t r a v e r s e shown i n 

Fi g u r e 48. This c a s t i n g had a 9°C temperature d i f f e r e n c e 

across the c e l l and a 10 wt. % l e a d content i n the a l l o y 

r e g i o n . These ^conditions w i l l not allow complete mixing 

throughout t h e . l i q u i d c e l l . The temperature p r o f i l e shows 

a s i n g l e flow c e l l i n the upper p a r t o f the mould as 

evidenced by the bending of the isotherms i n the f i g u r e . 

The lower r e g i o n appears to be r e l a t i v e l y s t i l l as the 

isotherms are v e r t i c a l and evenly spaced. 



The r e s u l t s o b t a i n e d i n t h i s s e c t i o n c l e a r l y 

show t h a t complete m i x i n g w i l l not o c c u r i n a l i q u i d con­

t a i n i n g a v e r t i c a l d e n s i t y g r a d i e n t . Complete m i x i n g can 

be o b t a i n e d by i m p o s i n g a t h e r m a l g r a d i e n t on the system 

o f s u f f i c i e n t magnitude t o d e v e l o p a h o r i z o n t a l d e n s i t y 

i n v e r s i o n l e a d i n g t o f l u i d f l o w . 



5. Volume Change on F r e e z i n g 

The volume change on f r e e z i n g i n l i q u i d metals 

may be a d r i v i n g f o r c e l e a d i n g to f l u i d flow d u r i n g s o l i d ­

i f i c a t i o n . T h i s volume change i s small and may be an 

expansion or c o n t r a c t i o n depending on the l i q u i d metal 

being c o n s i d e r e d . The s m a l l volume change would produce 

a corresponding s m a l l f l u i d flow which would be d i f f i c u l t 

to i s o l a t e from normal thermal c o n v e c t i o n . A comparative 

technique was attempted to determine i f the volume change d i d 

r e s u l t i n f l u i d flow. T h i s c o n s i s t e d of comparing flow 

i n pure t i n which c o n t r a c t s 2.6% on f r e e z i n g and a 44 .5 

wt. % l e a d 55.5 wt. % bismuth e u t e c t i c a l l o y which has no 

volume change on f r e e z i n g . Both systems were I n i t i a l l y 

s t a b i l i z e d at about 2°C above the m e l t i n g p o i n t (232°C f o r 

t i n , 125°C f o r the lead-bismuth a l l o y ) and a s m a l l amount 

of t r a c e r i n t r o d u c e d i n t o each melt. The systems were then 

cooled u n t i l n u c l e a t i o n occurred and they s o l i d i f i e d com­

p l e t e l y . The d i f f e r e n c e s i n the movement of the t r a c e r 

between the pure t i n sample and the' a l l o y sample should 

be a t t r i b u t a b l e to the volume change on f r e e z i n g . The 



pure t i n sample had r a d i o a c t i v e t i n added and the l e a d -

bismuth a l l o y had r a d i o a c t i v e t h a l l i u m added i n order that 

s o l u t e e f f e c t s should not c o n t r i b u t e to f l u i d flow. 

In o r d e r to assure t h a t the t r a c e r d i d not move 

p r i o r to n u c l e a t i o n , the t r a c e r a d d i t i o n was added i n a 

molten s t a t e at the same temperature as the melt; thermal 

g r a d i e n t s were e l i m i n a t e d and no premature n u c l e a t i o n 

o c c u r s . F i g u r e 49 shows a t i n c a s t i n g and an e u t e c t i c 

c a s t i n g which were l e f t f i v e minutes i n the molten s t a t e 

a f t e r the t r a c e r was i n t r o d u c e d b e f o r e quenching. The 

t r a c e r has not moved s i g n i f i c a n t l y . F i g u r e 50 shows the 

flow t h a t has r e s u l t e d when the two systems are allowed to 

n u c l e a t e and f r e e z e . Both F i g u r e 50a f o r pure t i n , and 

F i g u r e 50b f o r the lead-bismuth e u t e c t i c show ex t e n s i v e 

mixing i n the l i q u i d c e l l . The two flow p a t t e r n s are very 

d i s s i m i l a r but the degree of mixing appears to be e q u i v a l e n t . 

I t i s evident from the e u t e c t i c flow p a t t e r n t h a t the flow 

must be a r e s u l t of something other than the volume change 

on f r e e z i n g as the volume change i s zero f o r t h i s system. 

Since the system i s i s o t h e r m a l before n u c l e a t i o n , the flow 

must occur a f t e r n u c l e a t i o n has o c c u r r e d . The f e a t h e r y 

nature of the t r a c e r p r o f i l e edges i n d i c a t e that some 

s o l i d was present i n the form of d e n d r i t e s before the t r a c e r 

moved around the l i q u i d c e l l . The only reasonable e x p l a n ­

a t i o n i s that l a r g e thermal g r a d i e n t s . a r e set up i n the 

melt d u r i n g the r e c a l e s c e n c e o f the l i q u i d j u s t a f t e r the 



F i g u r e 49 . The t r a c e r p r o f i l e i n an I s o t h e r m a l melt o f 
(a) pure t i n at 235°C ( S n 1 1 3 t r a c e r ) and 
(b) 44 .5 wt. % Pb - 55 .5 wt. % B i a t 127°C 
( T l 2 0 * t r a c e r ) , both l e f t 300 seconds b e f o r e 
quenching. 

u b 

F i g u r e 50 . The t r a c e r p r o f i l e i n a melt o f (a) pure 
t i n ( S n 1 1 3 t r a c e r ) and (b) 44 .5 wt. % Pb -
55.5 wt. % B i ( T l 2 0 1 * t r a c e r ) a l l o w e d t o c o o l , 
n u c l e a t e , and f r e e z e c o m p l e t e l y w i t h o u t 
quenching. 



i n i t i a l n u c l e a t i o n . 

Two temperature r e c o r d e r s were used to monitor 

the system d u r i n g the n u c l e a t i o n p r o c e s s . Two bare thermo­

couples were p l a c e d one-half centimeter a p a r t , one centimeter 

below the l i q u i d s u r f a c e at the middle of the c e l l . One 

r e c o r d e r monitored the temperature of the melt from one o f 

the thermocouples and the other recorded the temperature 

d i f f e r e n c e between the two thermocouples. The e u t e c t i c 

system was allowed to c o o l at approximately 1/2°C per 

minute and n u c l e a t e . F i g u r e 51 shows the r e s u l t i n g temperature 

2 M I N U T E S 
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F i g u r e 51 . (a) The temperature versus time p l o t f o r the 
melt temperature d u r i n g n u c l e a t i o n and f r e e z i n g 
of the lead-bismuth e u t e c t i c melt and 
(b) the d i f f e r e n t i a l temperature versus time p l o t 
between two 0.5 cm. apart p o i n t s i n the l e a d -
bismuth e u t e c t i c d u r i n g n u c l e a t i o n and f r e e z i n g . 



time c u r v e s . F i g u r e 51a shows the o v e r a l l t e m p e r a t u r e 

c o o l i n g r a t e w i t h the s u p e r c o o l i n g and r e c a l e s c e n c e r e a d i l y 

e v i d e n t . The d i f f e r e n t i a l t h e r m a l c u r v e , F i g u r e 51b, on 

the same time s c a l e as the o v e r a l l t e m p e r a t u r e c u r v e but 

a t e n t i m e s e x p a n s i o n on the te m p e r a t u r e s c a l e , shows the 

p e r t u r b a t i o n caused by a l o c a l t e m p e r a t u r e f l u c t u a t i o n 

between the two t h e r m o c o u p l e s . The magnitude o f the temp­

e r a t u r e p e r t u r b a t i o n i s about o n e - t e n t h o f a degree o v e r 

the s m a l l d i s t a n c e and p e r s i s t s f o r almost two m i n u t e s . 

I t i s not un r e a s o n a b l e t o assume t h a t t e m p e r a t u r e g r a d i e n t s 
i ' 

are s e t up throughout the melt d u r i n g the r e c a l e s c e n c e 

p e r i o d , and t h a t t h e s e cause t h e r m a l c o n v e c t i o n which r e s u l t s 

i n t he f l o w o b s e r v e d i n F i g u r e 50. T h i s a l s o a c c o u n t s , f o r 

some s o l i d b e i n g p r e s e n t p r i o r t o the t r a c e r movement. 

T h e , r e s u l t s o b t a i n e d i n an attempt t o i s o l a t e 

the f l o w due t p volume change on f r e e z i n g have proven i n ­

c o n c l u s i v e . The f l o w o b s e r v e d I s dependent more on the 

degree o f s u p e r c o o l i n g b e f o r e the n u c l e a t i o n t h a n the volume 

change. However, i t s h o u l d be n o t e d , t h a t s i g n i f i c a n t 

f l u i d movement . r e s u l t e d from v e r y s h a l l o w temperature 

g r a d i e n t s o v e r r e l a t i v e l y s h o r t time p e r i o d s , when t h e r e 

was a l s o s o l i d p a r t i c l e s p r e s e n t i n the m e l t . 



6. I n t e r d e n d r i t i c F l u i d Flow 

There has been a g r e a t d e a l o f i n t e r e s t r e c e n t l y 

i n t he importance o f the i n t e r d e n d r i t i c f l o w I n m e t a l s 

d u r i n g s o l i d i f i c a t i o n ( 9 , 1 0 , 3 0 , 3 D . D i r e c t o b s e r v a t i o n 

o f t h i s f l o w has been made i n ammonium c h l o r i d e c e l l s ( 1 0 ) 

but not I n l i q u i d m e t a l s . The d r i v i n g f o r c e s f o r i n t e r ­

d e n d r i t i c f l o w a r e the volume change on f r e e z i n g p u l l i n g 

the l i q u i d i n t o the mushy zone, the t h e r m a l c o n t r a c t i o n I n 

the mushy zone p u l l i n g l i q u i d back, t h e r m a l c o n v e c t i o n , 

s o l u t e c o n v e c t i o n and the f l u i d motion i n the r e s i d u a l 

l i q u i d p o o l . The problem o f i n t e r d e n d r i t i c f l o w i s b a s i c ­

a l l y a problem o f f l o w t h rough a ve r y complex network o f 

c h a n n e l s . The network i s a f u n c t i o n o f the growth c o n d i t i o n s 

a t the i n t e r f a c e such as growth r a t e , t emperature g r a d i e n t , 

c o m p o s i t i o n and p o s i t i o n i n the mushy zone. An i n v e s t i ­

g a t i o n was conducted t o observe the i n t e r d e n d r i t i c f l o w 

d i r e c t l y . Due t o the c o m p l e x i t y o f the problem s e v e r a l 

e x p e r i m e n t a l models were c o n s t r u c t e d w i t h the aim o f s i m p l i ­

f y i n g the complex geometry. T h i s a l l o w s the v a r i o u s 

parameters t o be c o n t r o l l e d and a n a l y z e d i n d i v i d u a l l y . 



A two dimensional model and two three dimensional models 

were used. Also l e a d - t i n a l l o y s were d i r e c t i o n a l l y c a s t 

f o r d i r e c t o b s e r v a t i o n o f an a c t u a l growing i n t e r f a c e , 

6.1. Two dimensional model 

The two dimensional model i s as shown i n 

F i g u r e 52. T h i s c o n s i s t s o f a 0.31 cm. t h i c k b l o c k i n s e r t e d 

Into the c o l d end of the 0.31 cm. t h i c k mould. The copper 

block has l a r g e s l o t s cut back i n t o i t to represent the 

i n t e r d e n d r i t i c . s p a c e s , and the metal remaining r e p r e s e n t s 

the dendrites.;. T h i s i s a very crude approximation as there 

i s no continuous v e r t i c a l channels and hence the flow i n t o 

each of the i n t e r d e n d r i t i c r e g i o ns w i l l be independent, 

F i g u r e 52. The. two dimensional experimental model 
f o r o b s e r v i n g I n t e r d e n d r i t i c flow. 



t o a l a r g e d egree, o f the r e g i o n s above and below i t . 

F i g u r e 53 shows t h r e e runs w i t h t h i s model. F i g u r e 53a 

was quenched 60 seconds a f t e r t he t r a c e r was i n t r o d u c e d 

and had a temp e r a t u r e d i f f e r e n c e o f 3.68°C a c r o s s t h e molten 

p o o l . F i g u r e 53b was a l s o quenched 60 seconds a f t e r the 

t r a c e r was i n t r o d u c e d but had a 5.02°C te m p e r a t u r e d i f f e r ­

ence. F i g u r e 53c shows a, c a s t i n g quenched t e n minutes 

a f t e r the t r a c e r i n t r o d u c t i o n and had a 5.l8°C t e m p e r a t u r e 

d i f f e r e n c e . A l l the c a s t i n g s a re pure t i n w i t h r a d i o a c t i v e 

t i n t r a c e r . The a u t o r a d i o g r a p h f i l m was exposed t o a l i g h t 

w i t h the c a s t i n g on the f i l m and the d e n d r i t e b l o c k removed. 

T h i s causes the i n t e r d e n d r i t i c r e g i o n s t o appear l i g h t 

s i n c e they were s h i e l d e d and the areas where the d e n d r i t e 

b l o c k was, now appear dark i n the a u t o r a d i o g r a p h . I t i s 

e v i d e n t t h a t t h e r e i s v e r y l i t t l e p e n e t r a t i o n i n t o the 

i n t e r d e n d r i t i c r e g i o n . There i s a s l i g h t i n c r e a s e i n t h e 

p e n e t r a t i o n by i n c r e a s i n g t h e g r a d i e n t from 3.68°C t o 

5 T02°C but very l i t t l e i n c r e a s e i n p e n e t r a t i o n i s shown 

by l e a v i n g the system f o r an a d d i t i o n a l n i n e m i n u t e s . From 

t h i s s i m p l e model, i f the assumptions f o r i t s use are 

c o r r e c t , i t must be c o n c l u d e d t h a t t h e r e i s no s i g n i f i c a n t 

i n t e r d e n d r i t i c f l o w r e s u l t i n g from the r e s i d u a l l i q u i d 

p o o l c o n v e c t i o n . 



F i g u r e 53. The e x p e r i m e n t a l r e s u l t s o f the model o f 
F i g u r e 52 w i t h a pure t i n melt ( S n 1 1 3 t r a c e r ) 
w i t h a temperature d i f f e r e n c e a c r o s s the p o o l 
and a time b e f o r e q u e n c h i n g o f (a) 3.68°C, 
60 seconds, (b) 5 .02°C, 60 seconds, and (c) 
5.18°C, 600 seconds. 



- — M O U L D 

F i g u r e 54. The t h r e e d i m e n s i o n a l w i r e r o d m o d e l f o r 
o b s e r v i n g I n t e r d e n d r i t i c f l o w . 

6 . 2 . T h r e e d i m e n s i o n a l w i r e m o d e l 

The e x p e r i m e n t a l c o n f i g u r a t i o n f o r t h e t h r e e 

d i m e n s i o n a l m o d e l i s s h o w n i n F i g u r e 54. A c o p p e r b l o c k , 

t h e same t h i c k n e s s a s t h e c e l l , w i t h t w e n t y - s i x s t a i n l e s s 

s t e e l w i r e s o f 0.035 i n c h (0.89mm.) d i a m e t e r p r o t r u d i n g 

a p p r o x i m a t e l y t w o c e n t i m e t e r s f r o m t h e b l o c k , i s p l a c e d 

i n t h e c o l d e n d o f t h e c e l l . The e v e n l y s p a c e d s t e e l w i r e s 

r e p r e s e n t t h e d e n d r i t e i n t e r f a c e i n t h i s e x p e r i m e n t a l m o d e l . 

T h i s m o d e l i s more r e a l i s t i c t h a n t h e t w o d i m e n s i o n a l o n e 

a s t h i s a l l o w s , v e r t i c a l f l o w c h a n n e l s f o r t h e l i q u i d m e t a l 

f l o w . The m a i n a p p r o x i m a t i o n s i n t h i s s y s t e m a r e t h a t 

t h e r e i s n o d e c r e a s e i n t h e l i q u i d t o s o l i d r a t i o b a c k 

f r o m t h e m o l t e n p o o l i n t o t h e mushy z o n e a n d t h a t t h e 

n u m b e r o f w i r e s t h a t c o u l d be e q u a l l y s p a c e d i n t h e b l o c k 



was l i m i t e d . The w i r e s t e n d t o bend and s e v e r a l w i r e s 1 

c o u l d come i n t o c o n t a c t which would change the geometry ' 

s i g n i f i c a n t l y . F o r the case s t u d i e d here the mushy zone 

was 17% s o l i d w i t h a 1.9 mm. d e n d r i t e s p a c i n g . T h i s d e n d r i t e 

model does not t a k e i n t o a ccount d e n d r i t e s i d e b r a n c h i n g 

which may p o s s i b l y a f f e c t the r e s u l t i n g f l o w . 

The i n t e r d e n d r i t i c f l o w t h r o u g h t h i s , model w i t h 

a pure t i n melt and a 5.73°C te m p e r a t u r e d i f f e r e n c e i n the 

molten p o o l i s shown i n F i g u r e 55. The w i r e s are i n t h e 

c o o l e r l e f t - h a n d s i d e o f the c e l l . a s f o r a c t u a l growing 

i n t e r f a c e s . F i g u r e 55a shows the f l o w p a t t e r n on the 

sample s u r f a c e and F i g u r e 55b shows the f l o w p a t t e r n 0.45 

mm. below the s u r f a c e o f the 3.1 mm...thick sample. The 

end o f the w i r e d e n d r i t e zone i s marked by the arrows on 

the f i g u r e . The f l o w i s seen t o p e n e t r a t e the mushy zone 

a l l the way t o the copper base b l o c k w i t h a one c e l l f l o w 

p a t t e r n i n the b u l k f l u i d . The i n t e r i o r v i e w , F i g u r e 55b, 

shows a v e r y s i m i l a r f l o w p e n e t r a t i o n t h r o u g h t h e mushy 

zone and the p o o l f l o w i s a l s o s i m i l a r t o the s u r f a c e . 

p a t t e r n . I t i s e v i d e n t from the i n t e r i o r view t h a t the f l o w 

r a t e t h r o u g h the w i r e d e n d r i t e zone i s s l o w e r t h a n i n t h e 

f l u i d b u l k . The b u l k f l o w has completed o v e r one c y c l e 

w h i l e the main p a r t o f the i n t e r d e n d r i t i c f l o w has o n l y 

p r o g r e s s e d t h r e e - q u a r t e r s o f the way down the mushy zone, 

as seen by the t r a c e r f r o n t i n the mushy zone i n F i g u r e 55b. 

F i g u r e 56a shows a n o t h e r r u n t h a t i s e x p e r i m e n t a l l y s i m i l a r 



F i g u r e 55 . The t r a c e r d i s t r i b u t i o n i n the system o f F i g u r e 
54 ( t i n m e l t , S n 1 1 3 t r a c e r ) w i t h a t emperature 
d i f f e r e n c e o f 5.73°C a c r o s s t h e p o o l showing 
(a) the as c a s t s u r f a c e and (b) the p r o f i l e 
0.45 mm. below the s u r f a c e . 

F i g u r e 56. The t r a c e r d i s t r i b u t i o n i n the system o f F i g u r e 
54 ( t i n m e l t , S n 1 1 3 t r a c e r ) w i t h a t e m p e r a t u r e 
d i f f e r e n c e o f 5.1°C a c r o s s t h e p o o l showing 
(a) the as c a s t s u r f a c e , (b) the l e f t hand 
end o f the b l o c k w i t h the w i r e s removed, and 
(c) the l e f t hand end w i t h 3/8 i n c h e s o f the 
b l o c k end removed. 



t o the sample o f F i g u r e 55. The o u t e r f l o w and the i n t e r ­

d e n d r i t i c f l o w are v e r y s i m i l a r t o the f l o w o f F i g u r e 55. 

F i g u r e 56b and F i g u r e 56c show the end view o f the sample 

l o o k i n g a t the d e n d r i t e end and the end view w i t h 3/8 i n c h 

machined o f f the sample, r e s p e c t i v e l y . The w i r e d e n d r i t e s 

have been removed from the sample f o r F i g u r e s 56b and 56c 

by s i m p l y m e c h a n i c a l l y p u l l i n g them out o f the s o f t t i n 

b l o c k . No d i s t o r t i o n r e s u l t s from removing the w i r e s . 

The as c a s t end view shows l i t t l e t r a c e r i n the c a s t i n g 

e x c e p t f o r s m a l l t r a i l s o f t r a c e r down from the w i r e d e n d r i t e 

p o s i t i o n s i n the upper r e g i o n s . The h o l e s where the w i r e s 

were p u l l e d out appear dark due t o the r a d i a t i o n coming 

from the more a c t i v e i n t e r i o r o f the c a s t i n g down the h o l e 

l e f t by the w i r e . The w i r e d i s t r i b u t i o n can be r e a d i l y 

seen i n t h i s p i c t u r e . F i g u r e 56c f u r t h e r i n t o the end o f 

the c a s t i n g shows t h a t the f l o w i s q u i t e complex around the 

w i r e s . 

The . r e t a r d i n g f o r c e due t o t h e s e a r t i f i c i a l 

d e n d r i t e s seems s i g n i f i c a n t l y l a r g e c o n s i d e r i n g the low-

p e r c e n t s o l i d and the l a r g e d e n d r i t e s p a c i n g o f 1.9 mm. 

A l s o the very smooth n a t u r e o f the w i r e s and t h e i r r e g u l a r 

s p a c i n g s h o u l d : a l l o w g r e a t e r f l o w t h a n an a c t u a l i n t e r f a c e 

o f e q u a l average s p a c i n g and p e r c e n t s o l i d s i n c e s i d e 

b r a n c h i n g w i l l u ndoubtedly r e t a r d f l o w . T h i s model i n ­

d i c a t e s t h a t an a c t u a l d e n d r i t i c i n t e r f a c e w i l l v e r y g r e a t l y 

r e t a r d f l u i d m otion as even t h i s model w i t h i t s many l e s s 

r e s t r i c t i v e p r o p e r t i e s reduces the f l o w s u b s t a n t i a l l y . 



A l l the c o n d i t i o n s o f an a c t u a l d e n d r i t e i n t e r f a c e 

are i m p o s s i b l e t o meet w i t h an e x p e r i m e n t a l model. From 

the two p r e c e e d i n g models i t i s e v i d e n t t h a t a t h r e e dimen­

s i o n a l model must be used t o get any c o r r e l a t i o n . Other 

d e s i r a b l e f e a t u r e s are a change i n the s o l i d - l i q u i d p e r c e n t a g e 

and the d e n d r i t e s p a c i n g . A l s o the l i q u i d m e t a l s h o u l d wet 

the a r t i f i c i a l d e n d r i t e s as i n a r e a l i n t e r f a c e but not 

d i s s o l v e the a r t i f i c i a l d e n d r i t e s s i g n i f i c a n t l y d u r i n g 

a t e s t . A f t e r - c o n s i d e r i n g a l l t h e s e : c o n d i t i o n s the model 

shown i n F i g u r e 57 was chosen f o r e x t e n s i v e e x p e r i m e n t a l 

a n a l y s i s . A w i r e mesh i s p l a c e d v e r t i c a l l y i n t h e 0.31 cm. 

wide mould. The mesh s l i d e s i n t o s l o t s on the two l a r g e 

w a l l f a c e s and i n t o a s l o t i n the U shaped p i e c e o f the 

mould t o p r e v e n t any l e a k a g e around the edges o f the mesh. 

A temperature g r a d i e n t i s ' t h e n p l a c e d a c r o s s t h e c e l l as 

shown s c h e m a t i c a l l y i n F i g u r e 58 and a f l o w d e v e l o p s as 

shown i n t h i s f i g u r e . Due t o the f l o w coming a c r o s s t h e 

bottom o f the l i q u i d c e l l towards th e mesh t h e r e w i l l be a 

f l o w t h r o u g h the mesh from the l a r g e f l o w c e l l t o the 

s m a l l f l o w c e l l * S i m i l a r l y t h e r e w i l l be a f l o w out o f the 

s m a l l f l o w c e l l . i n t o the l a r g e f l o w c e l l at the top o f the 

c e l l . The v e r t i c a l mesh r e p r e s e n t s a p o s i t i o n i n a d e n d r i t i c 

i n t e r f a c e o f an e q u a l s o l i d - l i q u i d r a t i o and d e n d r i t e s p a c i n g . 

A s e r i e s o f meshes are used w i t h a range o f 

w i r e s i z e and w i r e s p a c i n g . T a b l e V I I I l i s t s the p r o p e r t i e s 
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Figure 57. The three dimensional wire:mesh model for 
observing i n t e r d e n d r i t i c flow,. 

0, 

Figure 58. The qu a l i t a t i v e flow lines In the system of 
Figure 57 showing the two flow c e l l s and 
intermesh flow dir e c t i o n s . 



Data on Wire Meshes Used i n Plow Experiments 

and F r a c t i o n Flowed R e s u l t s 

Mesh P r o p e r t i e s E xperimental R e s u l t s 

Sample' •• 
Number 

•Mesh-
Number 

w i r e s / i n c h 

Wire 
Diameter 

d , mm. 
w' 

: Wire-' 
Spacing 

S , mm. 
a 

• Hole 
S i z e 
h , mm. 
a 

Counts, 
l a r g e 
c e l l 

Counts, 
s m a l l 
c e l l 

F r a c t i o n 
Flowed 

1 100 0.114 0.254 0.140 9559 1692 0.1073 

2 100 0.102 0 .254 0.152 7368 662 0.0824 

3 80 0.165 0.317 0.152 11374 266 0.0229 

4 80 0.127 0 .317 0.191 8445 409 0 .0462 

5 60 0.241 0.424 . 0.183 7384 259 0.0339 

6 60 0.178 0.424 0.246 7348 '720 0.0892 

7 40 0.279 0 .635 0.356 6934 311 0.0429 

8 40 0 .216 0 .635 ... 0.419 10330 1149 0.1001 

9 30 0 .330 0.846 0.516 6569 279 0.0407 

10 30 0.254 0.846 0.592 7121, - 2410 .... 0.2529 



o f the s p e c i f i c w i r e meshes used. A l l t h e meshes s t u d i e d 

were square woven and were e i t h e r o f copper o r phosphor-

b r o n z e . F o r the e x p e r i m e n t s pure l i q u i d l e a d was used w i t h 

r a d i o a c t i v e t h a l l i u m t r a c e r . The mesh was c o a t e d w i t h a 

s o l d e r i n g t y pe f l u x and t h e n d i p p e d i n a b a t h o f m o l t e n l e a d 

b e f o r e b e i n g i n s e r t e d i n t o the s l o t s i n the mould. T h i s 

gave a t h i n l a y e r o f l e a d on the w i r e mesh so t h a t t h e r e 

was a good w e t t e d s u r f a c e f o r the e x p e r i m e n t . A l l the 

experiments were conducted w i t h a t e m p e r a t u r e d i f f e r e n c e 

a c r o s s the c e l l o f 6 .05 ± 0.05°C so the d r i v i n g f o r c e s 

p r e s e n t f o r the i n t e r m e s h f l o w was c o n s t a n t f o r a l l t e s t s . 

F i g u r e 59 shows a s e c t i o n view o f the c a s t i n g 

F i g u r e 59. A m i c r o g r a p h o f a c r o s s s e c t i o n o f a w i r e 
mesh i n an a c t u a l l e a d sample t h a t has been 
mounted and p o l i s h e d . 



showing the view o f a number 40 mesh embedded i n the c a s t i n g . 

The mesh i s seen to be p e r p e n d i c u l a r across the mould so 

th a t the l e a d has no path around the mesh. By the r e g u l a r 

nature o f the wires i t would appear t h a t there i s l i t t l e 

d i s s o l u t i o n o f the mesh by the molten l e a d . 

F i g u r e 60 shows the flow p a t t e r n s t h a t r e s u l t 

f o r the v a r i o u s mesh s i z e s . The t r a c e r i s i n t r o d u c e d at 

p o i n t A on F i g u r e 5 8 . At l e a s t two runs were done with 

each p a r t i c u l a r mesh and the sample t h a t showed the l e a s t 

flow from t h e : l a r g e to the s m a l l flow, c e l l was used i n the 

a n a l y s i s to f o l l o w . T h i s method was used as any d e v i a t i o n 

such as flow past the s i d e o f the mesh, a l a r g e degree , 

of d i s s o l u t i o n o f the mesh by the molten l e a d or an i r r e g u l a r l y 

woven mesh would a l l cause an i n c r e a s e i n the observed 

flow. Thus i f the minimum flow i s used i t would b e t t e r 

correspond to the o r i g i n a l dimensions of the mesh. The 

f o u r c a s t i n g s o f F i g u r e 60 correspond to samples 2 , 4,.'. 5 

and 10 of Table V I I I . For q u a n t i t a t i v e a n a l y s i s o f the flow 

through the wire mesh i n these samples a r a d i o a c t i v e c o u n t i n g 

technique was used. The counting apparatus used i s shown 

i n F i g u r e 6 1 . A two i n c h s c i n t i l l a t i o n tube was used, 

connected to a Hamner modular a m p l i f i e r , timer and s c a l e r . 

The a c t i v i t y o f the l a r g e flow c e l l ' and o f the smal l flow 

c e l l o f the s o l i d b l o c k were counted s e p a r a t e l y as shown 

i n F i g u r e 6 l . ; : T h e block was counted . s t i l l i n t a c t by 

s h e i l d i n g one p a r t o f the sample with a l e a d s h i e l d . A l l 



F i g u r e 60. The t r a c e r p r o f i l e o f t h e i n t e r m e s h f l o w 
t h a t o c c u r s i n 120 seconds a f t e r t h e t r a c e r 
i n t r o d u c t i o n w i t h a 6.05°C t e m p e r a t u r e d i f f e r e n c e 
f o r samples c o r r e s p o n d i n g t o number (a) 5, 
(b) «», (c) 2, and (d) 10 sample o f Table V I I I . 
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The. c o u n t i n g arrangement for- m o n i t o r i n g the 
a c t i v i t y i n the (a) l a r g e - f l o w c e l l and (b) 
s m a l l f l o w c e l l i n the i n t e r m e s h f l o w samples 

B O U N D A R Y 
L A Y E R 

62. The! boundary l a y e r s around the mesh w i r e s 
showing the n o t a t i o n used i n the a n a l y s i s . 



counts were c o r r e c t e d f o r background. The degree o f i n t e r ­

mesh f l o w i s t a k e n as a r a t i o o f the number o f counts- from 

the s m a l l f l o w c e l l o v e r the sum o f the counts from the 

l a r g e f l o w c e l l p l u s the s m a l l f l o w c e l l . T h i s i s e s s e n t ­

i a l l y the f r a c t i o n o f the t r a c e r t h a t has gone, th r o u g h the 

mesh. Ta b l e V I I I l i s t s t h i s i n f o r m a t i o n f o r each sample 

as f r a c t i o n f l o w e d , f . 

The i n t e r p r e t a t i o n o f t h e s e r e s u l t s has proven 

q u i t e complex. V a r i o u s p l o t s o f f l o w v e r s u s some o f the 

r e l e v a n t v a r i a b l e s such as w i r e s i z e , w i r e s p a c i n g , p e r c e n t 

s o l i d o r r a t i o s o f w i r e d i a m e t e r t o . w i r e s p a c i n g g i v e ; 

s c a t t e r e d a r r a y s o f i n d i v i d u a l p o i n t s w i t h o u t any i n d i c a t i o n 

o f a s i m p l e f u n c t i o n a l r e l a t i o n s h i p between the v a r i a b l e s . 

The f l o w t h r o u g h the mesh can be t a k e n as e q u i v ­

a l e n t t o f l o w p a s t a s e r i e s o f c y l i n d e r s p l a c e d h o r i z o n t a l l y 

and v e r t i c a l l y . F i g u r e 62 shows a s k e t c h o f the boundary 

l a y e r t ype of. f l o w around a p o r t i o n o f such a system. 

S i s the w i r e sDacing, d the w i r e d i a m e t e r and h„ the a -' w a 
d i s t a n c e between the w i r e s . Due t o a boundary l a y e r b u i l d ­

i n g up around the w i r e s r e s u l t i n g from the i n t e r m e s h f l o w , 

the f l o w i t s e l f w i l l be r e d u c e d . A p a rameter, h g , the 

e f f e c t i v e f l o w w i d t h between th e w i r e s can be t a k e n as the 

d i s t a n c e between the boundary l a y e r s o f two a d j a c e n t w i r e s . 

F o r t h i s a n a l y s i s i t w i l l be assumed t h a t the e f f e c t i v e 

h o l e s i z e and.hence the f l o w , i s a f u n c t i o n o f the g e o m e t r i c 

shape o f the mesh and a l s o the a c t u a l p h y s i c a l s i z e o f the 



mesh. F i g u r e 63 i s a p l o t o f the f r a c t i o n o f t r a c e r t h a t 

f l o w e d through the mesh, f , v e r s u s the r a t i o ,of the i n t e r -

w i r e s p a c i n g t o the w i r e "diameter, h V d , a geo m e t r i c 
a w 

n o n - d i m e n s i o n a l f a c t o r . The number on each p o i n t i s the 

normal mesh s i z e in-numbers o f ' w i r e s p e r i n c h . . I t s h o u l d 

be noted t h a t a s i n g l e l i n e t h r ough a l l the p o i n t s i s -

i m p o s s i b l e . T h i s shows t h a t the f l o w i s not r e l a t e d t o t h i s 

g e o m e t r i c f a c t o r a l o n e . The r e l e v a n t i n f o r m a t i o n t h a t i s 

d e s i r e d from t h i s a n a l y s i s i s the c o n d i t i o n s f o r no f l o w 

through the mesh. T h e r e f o r e , f o r each w i r e s p a c i n g ( I . e . 

mesh s i z e ) a l i n e i s drawn back t o the a b s c i s s a f o r the v a l u e 

o f ; h /d f o r no f l o w . The r e s u l t s are not c o m p l e t e l v 
a w .* ••.< . " 

c o n s i s t a n t , e s p e c i a l l y the 80 mesh r e s u l t s , but are r e p r o d u c ­

i b l e . The z e r o f l o w v a l u e s from F i g u r e 63 are now p l o t t e d 

a g a i n s t the a c t u a l w i r e s p a c i n g i n F i g u r e 64. T h i s p l o t g i v e s 

the e x p e r i m e n t a l c o n d i t i o n s f o r no f l o w t h r o u g h a;mesh. The 

s t r a i g h t l i n e produced i s : S, = 0.06l('h / d.) + 0.0102 (6 .1 ) a a w 
where S & i s i n c e n t i m e t e r s . With a s u i t a b l e i n t e r p r e t a t i o n 

o f ^ e q u a t i o n (6 .1 ) I t i s p o s s i b l e t o p r e d i c t f o r an a c t u a l 

i n t e r f a c e the f u n c t i o n between the f r a c t i o n s o l i d and the 

d e n d r i t e s p a c i n g f o r no i n t e r d e n d r i t i c f l o w t o o c c u r . F i g u r e 

65 .shows a model o f a d e n d r i t i c i n t e r f a c e p e r p e n d i c u l a r 

t o the p r i m a r y s t a l k s . Only a v e r y s i m p l e model i s chosen, 

as the r e s u l t s from the mesh e x p e r i m e n t s are a t b e s t v e r y 

l i m i t e d . F o r t h i s model: 

F r a c t i o n s o l i d = F s = Ud w
2) / ( 4 S a

2 ) (6 .2 ) 
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F i g u r e 6 3 . A p l o t o f the f r a c t i o n f l o w e d , f , v e r s u s the 
r a t i o o f the h o l e s i z e to the w i r e d i a m e t e r , 
h a / d^, f o r the v a r i o u s mesh s i z e s i n v e s t i g a t e d . 
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Figure 64. A plot of the wire spacing, S , versus the 
r a t i o of the hole size to the wire diameter, 
h=;. / d , for the no flow condition (f = 0) 
from w Figure 6 3 . 
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F i g u r e 65 . A p e r p e n d i c u l a r view o f the p r i m a r y d e n d r i t e 
model used i n the i n t e r p r e t a t i o n o f the 
in t e r m e s h f l o w r e s u l t s . 

A l s o from th e geometry: 

S h 
d ^ = 1 + dT («-3> 
w w 

Combining e q u a t i o n s ( 6 . 1 ) , (6 .2 ) and ( 6 . 3 ) : 

f 0.054 ) 2 (.6.4) 
(sa + 0 .051. 

F = s 

where S & i s i n c e n t i m e t e r s . T h e r e f o r e , t h e r e s h o u l d be 

no f l o w through the mushy zone when 

P S > ( 540 12 (6 .5 ) 
S a + 510 

where S i s i n mi c r o n s . F i g u r e 66 shows e q u a t i o n (6 .5 ) 
CI 

p l o t t e d o u t . The r e g i o n above the curve r e p r e s e n t s con­

d i t i o n s f o r no i n t e r d e n d r i t e f l o w and the a r e a below the 

curve r e p r e s e n t s c o n d i t i o n s f o r i n t e r d e n d r i t i c f l o w . From 

the p l o t i t i s seen t h a t f o r d e c r e a s i n g d e n d r i t e s p a c i n g s 

the f l o w w i l l p e n e t r a t e deeper i n t o a mushy zone s i n c e the 



LEAD-TIN ALLOY 
INTERDENDRITIC FLOW 
RESULTS 

200 400 600 800 

D E N D R I T E S P A C I N G S Q , M I C R O N S 

1 0 0 0 

Figure 66. plot of the fra c t i o n s o l i d i n the s o l i d - l i q u i d , i n t e r f a c e , 
s , versus the primary dendrite spacing showing the 
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f r a c t i o n s o l i d f o r no f l o w c o n d i t i o n s i s h i g h e r . Prom 

e q u a t i o n (6.5) and F i g u r e 66 i t i s seen t h a t f o r a d e n d r i t e 

s p a c i n g o f l e s s t h a n 30 microns the f l o w w i l l c o m p l e t e l y 

p e n e t r a t e the mushy zone, t h a t i s u n t i l F =1, From the s e 

r e s u l t s i t i s r e a s o n a b l e t o assume t h a t the e f f e c t s o f 

i n t e r d e n d r i t i c f l o w , such as d e n d r i t e r e m e l t i n g , c h a n n e l 

f o r m a t i o n and s o l u t e movement, w i l l be more pronounced the 

f i n e r the d e n d r i t i c s t r u c t u r e , due t o the depth o f pene­

t r a t i o n o f the f l o w . I t s h o u l d be n o t e d t h a t t h i s t h e o r y 

does not i n c l u d e any dependence on the t e m p e r a t u r e g r a d i e n t 

and hence the depth o f the mushy zone, but i s o n l y a f u n c t i o n 

o f the f r a c t i o n ; s o l i d and d e n d r i t e s p a c i n g . 

6.4. I n t e r d e n d r i t i c f l o w i n l e a d - t i n a l l o y s 

To observe i n t e r d e n d r i t i c f l o w d i r e c t l y and t o 

t e s t the h y p o t h e s i s p r e s e n t e d based pn a t h e o r e t i c a l mesh 

model s e v e r a l e x p e r i m e n t s were conducted t o observe the 

i n t e r d e n d r i t i c f l o w i n l e a d - t i n a l l o y s . The e x p e r i m e n t a l 

c o n d i t i o n s are ;shown i n F i g u r e 67. The 10.8 cm. by 6.:4 cm. 

by 0.31 cm. mould was used i n the e x p e r i m e n t s . S o l i d was 

n u c l e a t e d at the c o l d end and s o l i d i f i c a t i o n was a l l o w e d 

t o , p r o g r e s s a c r o s s the mould. Three thermocouples were 

p l a c e d i n the upper r e g i o n s o f the c e l l f o r measuring the 

temperature g r a d i e n t s and m o n i t o r i n g the s o l i d i f i c a t i o n 

p r o c e s s . When the s o l i d had p r o g r e s s e d t o a p p r o x i m a t e l y 

the h a l f way p o i n t , a r a d i o a c t i v e master a l l o y o f an 
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Figure 67. The: experimental conditions used for observing 
Interdendritic flow i n lead-tin alloys showing 
the thermocouple and tracer addition positions. 

W E I G H T P E R C E N T L E A D 

12.5 , 

- 2 4 0 

6 0 7 0 8 0 9 0 

WEIGHT PERCENT TIN 
1 0 0 

o 
o 

Figure 68. The relevant portion of the lead-tin phase 
diagram showing the four alloys used to 
observe i n t e r d e n d r i t i c f l u i d flow. 



equivalent density as the bulk f l u i d was introduced and 

allowed to flow for a short period before being quenched. 

Pour d i f f e r e n t alloys of l e a d - t i n were used, 2, 5, 12.5 

and 20 wt. % lead in t i n and also pure t i n . The phase 

diagram for the le a d - t i n system for the relevant alloys 

i s shown i n Figure 68 with the various alloys shown on the 

diagram./ 

The casting produced by using a pure t i n melt 

i s shown i n Figure 69. The s o l i d i f i c a t i o n . f r o n t i s e a s i l y 

seen and appears to be planar. The s o l i d region i s ori the 

l e f t and the flow i n the remaining l i q u i d i s re a d i l y seen. 

The shape of the interface i s i n agreement with the shape 

described in the Introduction and i s caused by the thermal 

convection a l t e r i n g the heat flow conditions. In this run 

as i n a l l others i n t h i s section the s o l i d i f i c a t i o n rate 

i s of the order of 2 - 5 cm./hour and the tracer i s l e f t 

3Q seconds before quenching so that very l i t t l e interface 

movement occurs while the tracer i s i n the melt. Thus; the 

tracer represents the interface at an instant i n time due 

to the r e l a t i v e l y large differences i n the rate of the 

tracer and i n t e r f a c i a l movements. 

For: a l l the allo y castings a dendritic type 

growth mode was. observed. A casting of t i n plus 2 wt. % 

lead plus radioactive thallium was d i r e c t i o n a l l y s o l i d ­

i f i e d the complete width of the mould. The thallium seg­

regates with the lead to show the dendritic structure i n 



F i g u r e 6 9 . The t r a c e r d i s t r i b u t i o n i n the r e s i d u a l l i q u i d 
p o o l o f a pure t i n c a s t i n g ( S n 1 1 3 t r a c e r ) w i t h 
the e x p e r i m e n t a l c o n d i t i o n s o f F i g u r e 6 7 . 

F i g u r e 70. An a u t o r a d i o g r a p h showing the c a s t s t r u c t u r e 
o f a t i n - 2 wt. % l e a d a l l o y d i r e c t i o n a l l y 
c a s t w i t h T I 2 0 1 * t r a c e r . 



t h e a u t o r a d i o g r a p h y F i g u r e 70 s h o w s a t y p i c a l c a s t s t r u c t u r e . 

The; l e f t - h a n d s i d e i s v e r y i r r e g u l a r a s t h i s a r e a i s w h e r e 

t h e n u c l e a t i o n o c c u r s a t t h e s t a r t o f t h e r u n a n d i t r e q u i r e s 

a c e r t a i n d i s t a n c e f o r t h e d i r e c t i o n a l d e n d r i t i c g r o w t h , 

t o s t a b i l i z e . The g r o w t h d i r e c t i o n i s s e e n t o b e t o w a r d s 

t h e u p p e r , r i g h t a n d t h i s i s c o n t r o l l e d b y t h e f l u i d m o t i o n 

i n ' t h e l i q u i d p o o l . 1 

The r e s u l t a n t d i r e c t i o n a l c a s t i n g s s h o w i n g t h e 

i n t e r d e n d r i t i c f l o w f o r t h e l e a d - t i n a l l o y s a r e s h o w n i n 

F i g u r e 71. T a b l e IX l i s t s a i l t h e v a r i o u s c a s t i n g c o n ­

d i t i o n s a n d r e s u l t s f o r t h e c a s t i n g s . ; The t e m p e r a t u r e , 

g r a d i e n t i n t h e s o l i d i s o b t a i n e d by a s s u m i n g a l i n e a r ' 

g r a d i e n t b e t w e e n t h e t e m p e r a t u r e a t t h e r m o c o u p l e #1 i n 

F i g u r e 67 a n d t h e t e m p e r a t u r e a t t h e f r o n t o f t h e mushy 

z o n e t a k e n t o b e t h e l i q u i d u s t e m p e r a t u r e o f t h e a l l o y 

i n q u e s t i o n . The f l o w p e n e t r a t i o n d i s t a n c e i n t o t h e mushy 

z o n e i s t a k e n a s a n a v e r a g e p e n e t r a t i o n d i s t a n c e a l o n g 

the", e n t i r e i n t e r f a c e l e n g t h f r o m t h e o r i g i n a l a u t o r a d i o ­

g r a p h s . To c o r r e c t t h i s d i s t a n c e t o a f r a c t i o n s o l i d , ; t h e 

t e m p e r a t u r e d i f f e r e n c e b e t w e e n t h e o u t e r e d g e o f t h e mushy 

z o n e a n d t h e p o i n t o f p e n e t r a t i o n i s ' c a l c u l a t e d . W i t h t h e 

u s e o f F i g u r e 72 t h i s t e m p e r a t u r e d i f f e r e n c e i s c o n v e r t e d 

t o a w e i g h t p e r c e n t s o l i d . F i g u r e 72, o f w e i g h t p e r c e n t 

s o l i d v e r s u s t h e t e m p e r a t u r e b e l o w t h e l i q u i d u s t e m p e r - ? 

a t u r e , i s d e r i v e d f r o m t h e p h a s e d i a g r a m i n F i g u r e 68. A 

p l o t o f f r a c t i o n s o l i d a t t h e p e n e t r a t i o n d i s t a n c e v e r s u s 
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F i g u r e 71. The t r a c e r d i s t r i b u t i o n showing i n t e r d e n d r i t i c 
f l o w i n c a s t i n g s o f (a) t i n - 2 wt. % l e a d and 
(b) t i n - 5 wt. % l e a d w i t h the c a s t i n g 
c o n d i t i o n s o f F i g u r e 6 7 . 



F i g u r e 71 c o n t i n u e d . The t r a c e r d i s t r i b u t i o n showing 
i n t e r d e n d r i t i c f l o w i n c a s t i n g s o f (c) t i n -
12.5 wt. % l e a d and (d) t i n - 20 wt. % l e a d 
w i t h the c a s t i n g c o n d i t i o n s o f F i g u r e 67. 



TABLE I X . 

Lead-Tin A l l o y I n t e r d e n d r i t i c Plow R e s u l t s 

wt. % 
Pb 

Temperature 
at T/C #1 

°C 
L i q u i d u s 

Temperature 
°C 

Temperature 
.Gradient -
°C/cm 

Plow 
P e n e t r a t i o n 

mm. 
(Average) 

P e r c e n t S o l i d 
f o r No Plow -

2 212.5 229 3.69 2.0 22.5 

' "5 206 224 . 5 3.08 3.7 16.0 

12.5 192 213.5 5.20 4.0 11.8 

20 186 203.5 3.50 ..• 8.9 12.5") 

186.5 
V 11.3 

20 186.5 203.5 4 .07 . 6.. 1 . 1 0 . o J 



F i g u r e 72. A p l o t o f w e i g h t p e r c e n t s o l i d v e r s u s °C b e l o w t h e 
l i q u i d u s t e m p e r a t u r e o b t a i n e d f r o m t h e p h a s e d i a g r a m 
o f F i g u r e 68 f o r t h e f o u r a l l o y s c o n s i d e r e d . 

o 
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W E I G H T P E R C E N T L E A D 

A p l o t o f p e r c e n t s o l i d f o r no f l o w v e r s u s th«* 
weight p e r c e n t ' l e a d f o r the l e a d - t i n a l l o y 
i n t e r d e n d r i t i c f l o w e x p e r i m e n t s . 



the p e r c e n t l e a d i n the a l l o y i s shown i n F i g u r e 7 3 . The 

p e n e t r a t i o n d i s t a n c e appears q u i t e i n s e n s i t i v e t o the l e a d 

c o n t e n t . 

A l l c a s t i n g s had a v e r y s i m i l a r d e n d r i t e s p a c i n g . 

Exact measurements were q u i t e d i f f i c u l t t o a c c o m p l i s h but 

they were a l l i n the range o f 7 0 0 t o 1 0 0 0 m i c r o n s . The 

l e a d - t i n a l l o y i n t e r d e n d r i t i c f l o w r e s u l t s are p l o t t e d 

on F i g u r e 6 6 . Due t o the many l i m i t a t i o n s and a p p r o x i m a t ­

i o n s the r e s u l t s are r e m a r k a b l y c o n s i s t e n t w i t h the mesh 

model t h e o r y . . U n f o r t u n a t e l y , f i n e r d e n d r i t e s were not 

grown due t o e x p e r i m e n t a l l i m i t a t i o n s so t h a t the whole 

range o f F i g u r e 6 6 c o u l d not be compared w i t h a c t u a l i n t e r ­

d e n d r i t i c f l o w r e s u l t s . 

A d i r e c t experiment can be conducted i n which 

i t i s e x p e r i m e n t a l l y shown t h a t the mushy zone I s s t i l l 

v e r y open and t h e f r a c t i o n s o l i d i s s t i l l low p a s t the 

depth o f the t r a c e r p e n e t r a t i o n . To do t h i s an i n t e r d e n ­

d r i t i c f l o w experiment i s done e x a c t l y as d e s c r i b e d above 

except t h a t i m m e d i a t e l y p r i o r t o the quench a s t a i n l e s s 

s t e e l w i r e , 0 . 6 mm. i n d i a m e t e r , i s p l u n g e d i n t o the l i q u i d 

and pushed i n t o the mushy zone. The d i a m e t e r o f the w i r e 

i s about the same as the d e n d r i t e s p a c i n g so i t s h o u l d 

have no d i f f i c u l t y i n p e n e t r a t i n g the mushy zone t o a 

c o n s i d e r a b l e depth. T h i s e x p e r i m e n t a l c a s t i n g i s shown 

i n F i g u r e 7 ^ a . The c a s t i n g i s o f 2 wt. % l e a d i n t i n and 
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F i g u r e 74. The t r a c e r p r o f i l e i n a t i n - 2 wt. % l e a d 
c a s t i n g r e s i d u a l l i q u i d p o o l showing the 
(a) i n t e r d e n d r i t i c f l o w and the o v e r a l l c a s t i n g 
s i z e and (b) the maximum p o s i t i o n r e ached by the 
0.6 mm. d i a m e t e r w i r e i n t o the i n t e r f a c e . 



i s v e r y s i m i l a r t o the c a s t i n g o f F i g u r e 71a o f the same 

a l l o y c o m p o s i t i o n . The c a s t i n g was machined down from the 

l e f t - h a n d s i d e at an angl e the same as the obser v e d i n t e r ­

f a c e u n t i l the top o f the s t a i n l e s s s t e e l w i r e was met. 

F i g u r e 74b shows the o u t l i n e o f the c a s t i n g r e m a i n i n g 

w i t h the o b s e r v e d i n t e r d e n d r i t i c f l o w s t o p p i n g w e l l b e f o r e . 

the p e n e t r a t i o n d i s t a n c e o f the w i r e . T h i s q u a l i t a t i v e l y 

shows t h a t the mushy zone i s s t i l l q u i t e open and the 

f r a c t i o n s o l i d i s low p a s t the p e n e t r a t i o n d i s t a n c e s ob­

s e r v e d f o r i n t e r d e n d r i t i c f l o w . 

Much has been s a i d i n the l i t e r a t u r e r e c e n t l y 

c o n c e r n i n g the i n t e r d e n d r i t i c f l o w caused by the p u l l i n g 

o f l i q u i d i n t o the mushy zone by volume c o n t r a c t i o n . T h i s 

s h o u l d r e s u l t i n the p u l l i n g o f l i q u i d i n t o the upper r e g i o n s 

o f the mushy zone and the r e j e c t i o n o f l i q u i d out o f the 

lower r e g i o n s o f the mushy zone. 

The case c o n s i d e r e d here i s when the r e j e c t e d 

s o l u t e i s denser t h a n the s o l v e n t as i n the t i n r i c h l e a d -

t i n a l l o y s . In the exp e r i m e n t s done t o show the i n t e r ­

d e n d r i t i c f l o w . i n F i g u r e 71 the mushy zone extended back 

t o the l e f t - h a n d end o f the c e l l from, t h e r m a l c o n s i d e r ­

a t i o n s so the whole l e f t - h a n d r e g i o n i s a mushy zone. I t 

i s p o s s i b l e t h a t the b a c k f l o w from the- s h r i n k a g e r e q u i r e s 

a l o n g e r time t o o c c u r than t h e 30 seconds b e f o r e the 

quench o f the p r e v i o u s e x p e r i m e n t s p r e s e n t e d , such t h a t the 

b a c k f l o w w i l l not be o b s e r v e d . I f t h i s i s so by l e a v i n g 



the t r a c e r a l o n g e r p e r i o d o f time b e f o r e q u e n c h i n g , the 

t r a c e r w i l l be a l l o w e d t o f l o w i n t o the upper r e g i o n s o f 

the mushy zone and the n o n - t r a c e r m a t e r i a l w i l l be pushed 

out o f the l o w e r r e g i o n s . F i g u r e 75 shows a comparison 

between two i d e n t i c a l runs o f l e a d - t i n a l l o y e x c e p t the 

c a s t i n g i n F i g u r e 75a was quenched a f t e r 30 seconds and the 

c a s t i n g i n F i g u r e 75b was not quenched a t a l l but was l e f t 

t o s o l i d i f y c o m p l e t e l y . R a d i o a c t i v e t i n was used so t h a t 

t h e r e would not be any ob s e r v e d s e g r e g a t i o n o f the t r a c e r 

on s o l i d i f i c a t i o n . No f l o w p a t t e r n i s v i s i b l e i n F i g u r e 

75b s i n c e the t r a c e r has a l o n g p e r i o d o f time i n which t o 

be e v e n l y mixed th r o u g h o u t t h e m e l t . I t i s e a s i l y seen 

t h a t the shapes o f the i n t e r f a c e s a re almost i d e n t i c a l . 

T h i s shows t h a t i f t h e r e was any f l o w I n t o the mushy zone 

as s o l i d i f i c a t i o n p r o g r e s s e d due t o volume change on f r e e z i n g 

o r d e n s i t y d i f f e r e n c e i n the i n n e r r e g i o n s o f the mushy 

zone i t does not cause any l o n g range movement o f l i q u i d 

arid the f l o w r a t e s i n the mushy zone must be e x t r e m e l y 

s m a l l . 
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F i g u r e 7 5 . The t r a c e r p r o f i l e i n a t i n - 2 wt. % l e a d 
c a s t i n g r e s i d u a l l i q u i d p o o l w i t h (a) quenching 
30 seconds a f t e r the t r a c e r i n t r o d u c t i o n and 
(b) complete d i r e c t i o n a l s o l i d i f i c a t i o n of 
the c a s t i n g w i t h o u t q u e n c h i n g . 



7. M a c r o s e g r e g a t i o n i n C a s t i n g s R o t a t e d 

and O s c i l l a t e d D u r i n g S o l i d i f i c a t i o n 

7.1. I n t r o d u c t i o n 

C a s t i n g s which have a s m a l l e q u i a x e d g r a i n 

s t r u c t u r e are c o n s i d e r e d t o be more homogeneous and t o have 

b e t t e r m e c h a n i c a l p r o p e r t i e s t h a n e q u i v a l e n t c a s t i n g s w i t h 

a p a r t i a l l y columnar s t r u c t u r e . One way o f c o n t r o l l i n g 

the g r a i n s t r u c t u r e i s by m e c h a n i c a l l y m i x i n g the r e s i d u a l 

l i q u i d d u r i n g s o l i d i f i c a t i o n . T h i s can be done by moving 

the mould. Constant r o t a t i o n o f a c y l i n d r i c a l mould, 

r a d i c a l l y c o o l e d , w i l l s u ppress the columnar t o e q u i a x e d 

t r a n s i t i o n (CET); o s c i l l a t i o n o f the mould w i l l promote 

an e a r l i e r CET; and a s t a t i o n a r y mould w i l l have a 

s t r u c t u r e between the r o t a t i o n and o s c i l l a t i o n cases 

( l 6 } 42). The c o n t r o l o f g r a i n s t r u c t u r e by m e c h a n i c a l 

m i x i n g o f the l i q u i d d u r i n g c a s t i n g may cause macrosegre­

g a t i o n — (a f u n c t i o n o f the k i n d and e x t e n t o f l i q u i d 

m i x i n g ) . In a d d i t i o n , r o t a t i o n a l f o r c e s might i n f l u e n c e 

s o l u t e t r a n s p o r t i n the l i q u i d i f t h e r e i s a l a r g e d e n s i t y 

d i f f e r e n c e between s o l u t e and s o l v e n t . I f m a c r o s e g r e g a t i o n 



i s enhanced by l i q u i d m i x i n g t h i s c o u l d be d e t r i m e n t a l t o 

c a s t i n g q u a l i t y . 

The purpose o f the p r e s e n t i n v e s t i g a t i o n i s t o 

determine the e x t e n t o f m a c r o s e g r e g a t i o n i n s t a t i o n a r y , 

r o t a t e d , and o s c i l l a t e d c a s t i n g s , and r e l a t e the r e s u l t s 

t o the c a s t s t r u c t u r e . 

7 . 2 . Experiment 

The m a c r o s e g r e g a t i o n i n the c a s t i n g s was d e t e r ­

mined by a r a d i o a c t i v e t r a c e r t e c h n i q u e . The a l l o y used 

was A l - 3 wt. % Ag made up o f 99.99% A l and 99.8% Ag. The 

i n g o t s were c y l i n d r i c a l , 3 1/4 i n c h e s i n d i a m e t e r and 

a p p r o x i m a t e l y 6 i n c h e s h i g h . The c a s t i n g a p p a r a t u s used, 

F i g u r e 76 f e n a b l e d the c a s t i n g o f A l - A g a l l o y s t o be made 

i n s t a t i o n a r y , . r o t a t i n g , o r o s c i l l a t i n g moulds. M e l t i n g 

was done i n a g r a p h i t e c r u c i b l e i n a r e s i s t a n c e f u r n a c e . 

The a l l o y was s u p e r h e a t e d t o a p p r o x i m a t e l y 800°C and \ 

i m m e d i a t e l y p r i o r t o c a s t i n g , a s m a l l amount o f r a d i o a c t i v e 

Ag1"'"0 was added i n t o the m e l t . The c a s t i n g s were a l l poured 

at 750°C (90°C s u p e r h e a t ) i n t o s t a i n l e s s s t e e l moulds, 

water c o o l e d b e f o r e and d u r i n g c a s t i n g . A g r a p h i t e hot 

top was used t o keep the heat t r a n s f e r from the upper 

s u r f a c e t o a minimum. Three c a s t i n g c o n d i t i o n s were used: 

s t a t i o n a r y mould, r o t a t e d mould at 126 rpm, and an o s c i l l a t e d 

mould. The o s c i l l a t i o n was a r o t a t i o n o f 126 rpm w i t h the 

d i r e c t i o n o f r o t a t i o n b e i n g r e v e r s e d every f i v e seconds. 
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F i g u r e 76. The e x p e r i m e n t a l apparatus used f o r p r o d u c i n g 
the s t a t i o n a r y , r o t a t e d , and o s c i l l a t e d 
c a s t i n g s o f A l - 3 wt. % Ag. 



The c a s t i n g m i c r o s t r u c t u r e was d e t e r m i n e d by 

s e c t i o n i n g and e t c h i n g o f the c a s t i n g s p a r a l l e l and p e r ­

p e n d i c u l a r t o the c y l i n d r i c a l a x i s . E t c h i n g was done i n 

a M o d i f i e d T u c k e r e t c h (HC1, HNO^, HP, and H 20 i n a 

2:2:1:15 r a t i o ) and the e t c h i n g p r o d u c t s were washed o f f 

i m m e d i a t e l y w i t h c o n c e n t r a t e d n i t r i c a c i d . 

To measure the m a c r o s e g r e g a t i o n i n t h e i n g o t , 

the most e x p e d i e n t p r o c e d u r e , as commonly used, i s t o 

measure the s o l u t e c o n c e n t r a t i o n o f c u t t i n g s t a k e n a t 

v a r i o u s p o i n t s - i n the i n g o t by d r i l l i n g . T h i s i s s a t i s ­

f a c t o r y i f t h e r e i s no m i c r o s e g r e g a t i o n and no s h o r t range 

v a r i a t i o n s i n the m a c r o s e g r e g a t i o n , which i s r a r e l y the 

case. To improve the a v e r a g i n g p r o c e s s , more d r i l l i n g s 

a n d - a n a l y s e s c o u l d be made, o r a l t e r n a t i v e l y a l a y e r o f the 

c a s t i n g can be- machined o f f and samples t a k e n from t h i s . 

F i n a l l y , the e n t i r e c a s t i n g can be machined and the con­

c e n t r a t i o n o f a l l the c a s t i n g by s e c t i o n s can be measured. 

The time and e f f o r t i n v o l v e d i n c r e a s e s v e r y g r e a t l y from 

the f i r s t t o f i n a l p r o c e s s l i s t e d above. A c c o r d i n g l y , 

a l l f o u r p r o c e d u r e s were used i n i t i a l l y t o determine t h e i r 

a c c u r a c y and r e p r o d u c i b i l i t y f o r the p r e s e n t c a s t i n g s . 

Four methods o f s a m p l i n g were employed t o determine the 

degree o f r a d i a l m a c r o s e g r e g a t i o n . 

(a) Holes o f 1/4 Inch d i a m e t e r were d r i l l e d t h r ough 

the c a s t i n g i n 1/4 i n c h s t e p s i n the r a d i a l d i r e c t i o n . A 

f i x e d w e i g ht o f s o l i d t u r n i n g s was packed i n t o a s t a n d a r d 



c o n t a i n e r . The a c t i v i t y o f t h e r a d i o a c t i v e s i l v e r p r e s e n t 

i n e a c h s a m p l e was t h e n m e a s u r e d w i t h a s c i n t i l l a t i o n 

w e l l c o u n t e r . 

( b ) H o l e s o f 1/4 i n c h d i a m e t e r w e r e d r i l l e d a s i n 

m e t h o d ( a ) e x c e p t 1/8 i n c h s t e p s w e r e u s e d . The a n a l y s i s 

was t h e same a s m e t h o d ( a ) . 

( c ) The c a s t i n g s w e r e m o u n t e d i n a l a t h e a n d 0 . 0 3 0 

i n c h t h i c k c o n c e n t r i c c y l i n d e r s one i n c h l o n g w e r e p r o g r e s - -

s i v e l y v - r e m o v e d . F r o m e a c h c u t a r a n d o m f i v e g r a m s a m p l e 

was t a k e n a n d t h e a c t i v i t y o f t h e s a m p l e m e a s u r e d i n a 

s c i n t i l l a t i o n w e l l c o u n t e r u n d e r c o n d i t i o n s o f f i x e d g e o m e t r y . 

( d ) The c a s t i n g s w e r e m a c h i n e d a s i n ( c ) e x c e p t 

t h e c u t was 0 . 0 5 0 I n c h e s t h i c k . A l l t h e m a t e r i a l r e m o v e d 

i n e a c h c u t was d i s s o l v e d i n a c o n c e n t r a t e d s o l u t i o n o f 

n i t r i c a c i d c o n t a i n i n g a s m a l l a m o u n t o f m e r c u r y i n s o l u t i o n . 

The s o l u t i o n s w e r e t h e n made up t o e i t h e r 2 5 0 o r 5 0 0 m l . 

by a d d i n g w a t e r . A 10 m l . s a m p l e was t a k e n f r o m e a c h 

s o l u t i o n a n d t h e a c t i v i t y o f e a c h s a m p l e m e a s u r e d . 

I n e v a l u a t i n g t h e r e s u l t s t h e c o n c e n t r a t i o n o f 

s i l v e r i s t a k e n t o b e p r o p o r t i o n a l t o t h e m e a s u r e d a c t i v i t y . 

Ag^""^ i s a s t r o n g gamma e m i t t e r a n d a l u m i n u m a weak 

a b s o r b e r . As a r e s u l t , s m a l l g e o m e t r i c a l d i f f e r e n c e s i n 

s a m p l e s c o u n t e d i n ( a ) , ( b ) a n d ( c ) t e c h n i q u e s s h o u l d b e 

n e g l i g i b l e . 

A u t o r a d i o g r a p h y was u s e d t o show q u a l i t a t i v e l y 

t h e m a c r o s e g r e g a t i o n i n t h e i n g o t s . S i n c e t h e e n e r g y o f 



t h e r a d i a t i o n i s h i g h a n d t h e s a m p l e a b s o r p t i o n i s l o w 

t h e a u t o r a d i o g r a p h w i l l r e p r e s e n t t h e a c t i v i t y o f a l a r g e 

d i s t a n c e i n t o t h e i n g o t . T h e r e f o r e t o o b t a i n r e a s o n a b l e 

r e s o l u t i o n t h i n s e c t i o n s a r e r e q u i r e d . T h i n d i s c s p e r ­

p e n d i c u l a r t o t h e c y l i n d r i c a l a x i s w e r e p r e p a r e d by m a c h i n i n g 

a n d p o l i s h i n g t h e d i s c s t o a t h i c k n e s s o f 0 . 0 2 0 i n c h e s . 

7.3 R e s u l t s 

V e r t i c a l s e c t i o n s o f c a s t i n g s w h i c h w e r e s t a t i o n ­

a r y , r o t a t i n g , a n d o s c i l l a t i n g d u r i n g s o l i d i f i c a t i o n a r e 

s h o w n i n F i g u r e s 77a, 77b, a n d 77c r e s p e c t i v e l y . The 

s t a t i o n a r y c a s t i n g h a s a s m a l l e q u i a x e d r e g i o n i n t h e 

c e n t r e , t h e r o t a t e d c a s t i n g h a s a c o l u m n a r z o n e t o t h e 

c e n t r e o f t h e c a s t i n g , a n d t h e o s c i l l a t e d c a s t i n g h a s a 

l a r g e e q u i a x e d : r e g i o n , i n a g r e e m e n t w i t h p r e v i o u s o b s e r ­

v a t i o n s . The e q u i a x e d g r a i n s i n t h e o s c i l l a t e d i n g o t a r e 

c l e a r l y s h o w n t o h a v e g r o w n d e n d r i t i c a l l y i n F i g u r e 78, 

t a k e n a t h i g h e r m a g n i f i c a t i o n . 

The s t r u c t u r e s o b t a i n e d o n e t c h e d c r o s s s e c t i o n s 

o f t h e i n g o t s - . ( F i g u r e s 79a, 79b, 79c) show t h e e f f e c t o f t h e 

a p p l i e d f l u i d - m o t i o n o n t h e c o l u m n a r z o n e . I n F i g u r e 79a 

o f t h e s t a t i o n a r y c a s t i n g o t t h e c o l u m n a r r e g i o n i s i n a 

r a d i a l d i r e c t i o n w i t h a l l t h e g r a i n s g r o w i n g p e r p e n d i c u l a r 

t o t h e m o u l d w a l l . The c o l u m n a r r e g i o n f o r t h e r o t a t e d i n g o t 

( F i g u r e 79b) s h o w s a s p i r a l s h a p e w i t h t h e i n i t i a l c o l u m n a r 

g r a i n s g r o w i n g n o n - p e r p e n d i c u l a r t o t h e m o u l d w a l l s . 



F i g u r e 77. R e p r e s e n t a t i v e i n g o t s c a s t i n (a) s t a t i o n a r y , 
(b) r o t a t i n g , and ( c ) o s c i l l a t i n g moulds. 
A p p r o x i m a t e l y 2 / 3 m a g n i f i c a t i o n . 



F i g u r e 7 9 . R e p r e s e n t a t i v e i n g o t 
m o u l d , a c t u a l s i z e . 

c a s t i n a ( a ) s t a t i o n a r y 



F i g u r e 79 c o n t i n u e d . R e p r e s e n t a t i v e i n g o t s c a s t i n (b) 
r o t a t i n g and (c) o s c i l l a t i n g moulds, a c t u a l 
s i z e . 



These g r a i n s a r e growing towards the oncoming f l u i d i n the 

l i q u i d p o o l . I n t h e o s c i l l a t e d i n g o t ( F i g u r e 79c) the 

d i r e c t i o n o f the columnar zone changes when the mould 

r o t a t i o n i s r e v e r s e d so t h a t they always grow i n t o the f l o w . 

A s i m i l a r o b s e r v a t i o n has been made by Roth and S c h i p p e n 

(43). I n b o t h the r o t a t e d and o s c i l l a t e d i n g o t t h e r e i s a 

^ e n u c l e a t i o n o f the columnar g r a i n s t o a c h i e v e the c u r v e d 

e f f e c t s . There were no g r a i n s observed which c u r v e d or had 

a k i n k , i n d i c a t i n g t h a t the c r y s t a l l o g r a p h i c growth o r i e n t ­

a t i o n was always m a i n t a i n e d . 

T h e ; s o l u t e c o n c e n t r a t i o n o f Ag i n a s t a t i o n a r y 

c a s t i n g u s i n g the f o u r s a m p l i n g t e c h n i q u e s d e s c r i b e d i s 

shown i n F i g u r e 80. Comparing the f o u r s e t s o f p o i n t s 

i t i s e v i d e n t t h a t the d i f f e r e n t t e c h n i q u e s have v a r i o u s 

degrees o f s c a t t e r a s s o c i a t e d w i t h them. F o r the d r i l l e d 

h o l e s w i t h 1/4 i n c h s t e p s ( F i g u r e 80a) the m a c r o s e g r e g a t i o n 

appears c y c l i c from the o u t e r mould w a l l t o the c e n t r e l i n e . 

The e x p e r i m e n t a l a c c u r a c y o f the p o i n t s p l o t t e d i s such 

t h a t they are a t r u e r e p r e s e n t a t i o n o f the c o n c e n t r a t i o n 

o f the sample measured i n t h e s c i n t i l l a t i o n c o u n t e r . Thus 

the s c a t t e r must be due t o a change i n the c o n c e n t r a t i o n 

a l o n g the d r i l l h o l e . To t e s t i f t h i s c y c l i c b e h a v i o r i s 

genuine the 1/8 i n c h s t e p h o l e method i s shown i n F i g u r e 80b. 

Again the p o i n t s show a c y c l i c b e h a v i o u r , but the c y c l e 

p e r i o d i s d i f f e r e n t f o r the two c a s e s . Thus m i c r o s e g r e g a t i o n 

a l o n g the d r i l l h o l e must be the cause o f the c y c l i n g . The 
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F i g u r e 80. The r a d i a l s i l v e r d i s t r i b u t i o n i n a s t a t i o n a r y 
c a s t i n g ; (a) 1/4 i n c h d r i l l h o l e s i n 1/4 i n c h 
s t e p s , (b) 1/4 i n c h d r i l l h o l e s i n 1/8 i n c h 
s t e p s , (c) 0.030 i n c h l a t h e t u r n i n g s , and (d) 
0.050 i n c h l a t h e t u r n i n g s d i s s o l v e d i n a c i d . 



p l o t f o r the s o l i d l a t h e t u r n i n g s ( F i g u r e 80c) shows an 

e x t e n s i v e s c a t t e r between p o i n t s . T h i s l a r g e s c a t t e r c o u l d 

be caused by the m i c r o s e g r e g a t i o n , by t h e s e l e c t i o n o f the 

m a t e r i a l t a k e n from the whole sample, o r by not h a v i n g a 

s u f f i c i e n t l y c o n s t a n t sample geometry due t o the n a t u r e 

o f the l a t h e t u r n i n g s . The f i n a l method o f d i s s o l v i n g the 

t u r n i n g s o f the e n t i r e sample gave the r e s u l t s o f F i g u r e 80d, 

which shows much l e s s s c a t t e r t h a n the o t h e r methods. I n 

t h i s case the c o u n t i n g geometry i s not a p r oblem as t h e 

l i q u i d i s c o n t a i n e d i n a s t a n d a r d tube and the l i q u i d 

counted i s a t r u e average o f the sample c o m p o s i t i o n . T h i s 

method gave r e p r o d u c i b l e r e s u l t s and was used f o r a l l the 

subsequent m a c r o s e g r e g a t i o n measurements. 

The. r a d i a l m a c r o s e g r e g a t i o n i n the t h r e e t y p e s o f 

i n g o t s I s shown i n F i g u r e 8l. Three s e t s o f d a t a were 

o b t a i n e d f o r the r a d i a l m a c r o s e g r e g a t i o n , one from the c e n t r a l 

r e g i o n o f one :group o f c a s t i n g s , and the o t h e r two from 

near the top and bottom o f a second s i m i l a r group o f c a s t i n g s . 

A l l the r e s u l t s f o r a p a r t i c u l a r t y p e - o f c a s t i n g were v e r y 

s i m i l a r . 

The s i l v e r c o n c e n t r a t i o n i n the s t a t i o n a r y and 

r o t a t e d i n g o t s , shown i n F i g u r e s 8la and 8lb, i s e s s e n t i a l l y 

c o n s t a n t i n d i c a t i n g l i t t l e m a c r o s e g r e g a t i o n , e x c e p t f o r a 

s m a l l drop i n c o n c e n t r a t i o n at the c e n t r e l i n e o f the c a s t i n g . 

There i s no e f f e c t on the m a c r o s e g r e g a t i o n due t o the 

d i f f e r e n c e i n . d e n s i t y o f the s i l v e r and aluminum i n the 
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F i g u r e 81. T h e ' r a d i a l s i l v e r d i s t r i b u t i o n i n (a) s t a t i o n a r y , 
(b) r o t a t e d , and (c) o s c i l l a t e d i n g o t s u s i n g 
method (d) o f F i g u r e 80. 



i g o 

r o t a t e d c a s t i n g . I n the o s c i l l a t e d case m a c r o s e g r e g a t i o n 

i s p r e s e n t , w i t h an i n i t i a l r i s e i n the s i l v e r c o n c e n t r a t i o n 

up t o a peak. The c o n c e n t r a t i o n t h e n d e c r e a s e s t o the 

c e n t r e l i n e o f the c a s t i n g t o a v a l u e o v e r 0.25% Ag below 

the Co v a l u e . The p o s i t i o n o f the CET i s shown on the 

c u r v e ; t h i s p o s i t i o n c o r r e s p o n d s t o the CET i n F i g u r e 77c. 

The r e s u l t s show t h a t the CET c o r r e s p o n d s t o the maximum 

s i l v e r c o n c e n t r a t i o n . 

An a u t o r a d i o g r a p h o f the o s c i l l a t e d I n g o t 

( F i g u r e 82) shows the m a c r o s e g r e g a t i o n q u a l i t a t i v e l y . The 

l i g h t e r a r e a s towards the c e n t r e o f the i n g o t r e p r e s e n t 

s i l v e r d e p l e t e d areas w h i c h c o r r e s p o n d t o the q u a n t i t a t i v e 

measurements ( F i g u r e 8 l c ) . Due t o t h i s m o t t l e d e f f e c t i n 

the s i l v e r d i s t r i b u t i o n i t can e a s i l y be seen t h a t the d r i l l 

h o l e methods o f a n a l y s i s c o u l d g i v e s p u r i o u s r e s u l t s , as 

can any a n a l y s i s t h a t does not i n c l u d e the t o t a l r a d i a l 

sample. 

7.4 . D i s c u s s i o n 

The, c a s t s t r u c t u r e a s s o c i a t e d w i t h s t a t i o n a r y , 

r o t a t e d , and o s c i l l a t e d c a s t i n g s are s i m i l a r t o those 

r e p o r t e d by Cole and B o i l i n g (16) a n d : o t h e r s and w i l l not 

be d i s c u s s e d h e r e . Two p o i n t s w i l l be c o n s i d e r e d . 

(1) The-; r e l a t i o n o f the o b s e r v e d m a c r o s e g r e g a t i o n 

w i t h the c a s t s t r u c t u r e . 

(2) The shape o f the s o l u t e c u r v e s . 



F i g u r e 8 2 . An a u t o r a d i o g r a p h o f t h e c r o s s - s e c t i o n o f 
t h e o s c i l l a t e d i n g o t s h o w i n g t h e s i l v e r 
d i s t r i b u t i o n i n t h e c a s t i n g , a c t u a l s i z e . 



C o n d i t i o n s f o r the CET are met much e a r l i e r i n 

the o s c i l l a t e d c a s t i n g t h a n i n e i t h e r the r o t a t e d o r s t a t ­

i o n a r y c a s t i n g . T h i s i s b e l i e v e d due t o the l o w e r i n g o f the 

temperature g r a d i e n t i n the molten r e g i o n ( o s c i l l a t i o n 

causes e x t e n s i v e m i x i n g ) thus a l l o w i n g " n u c l e i " , produced 

by l a r g e s hear f o r c e s at the i n t e r f a c e , t o s u r v i v e and grow. 

D u r i n g r o t a t i o n r e v e r s a l t h e s e l a r g e s h e a r f o r c e s w i l l 

cause r e m e l t i n g and/or b r e a k i n g o f f o f d e n d r i t e fragments 

( l 4 , 15) which can a c t as " n u c l e i " . These can e a s i l y be 

swept i n t o the c e n t r a l r e g i o n o f the l i q u i d p o o l by the 

v i o l e n t t u r b u l e n t f l o w o c c u r r i n g as a r e s u l t o f o s c i l l a t i o n . 

O b s e r v a t i o n o f t h i s f l o w i n a r h e o s c o p i c l i q u i d shows t h e 

e x i s t e n c e o f a t u r b u l e n t wave g e n e r a t e d a t the i n t e r f a c e 

and r a p i d l y moving t o the c e n t r e . I f the mould i s r o t a t e d 

a t a c o n s t a n t speed the temperature g r a d i e n t w i l l remain 

h i g h (16) and no shear f o r c e s w i l l be p r e s e n t a t the i n t e r ­

f a c e . T h e r e f o r e , no n u c l e i w i l l be produced and the CET w i l l 

be s u p p r e s s e d , as o b s e r v e d . F o r the s t a t i o n a r y i n g o t . 

n a t u r a l c o n v e c t i o n w i l l y i e l d low sh e a r f o r c e s a t the 

i n t e r f a c e and the temperature g r a d i e n t w i l l be o f some 

i n t e r m e d i a t e v a l u e . 

The l a c k o f m a c r o s e g r e g a t i o n i n the r o t a t e d and 

s t a t i o n a r y i n g o t s can be a t t r i b u t e d t o the l a c k o f s i g n i f ­

i c a n t f l u i d f l o w i n the i n t e r d e n d r i t i c r e g i o n . Without 

f l u i d f l o w t h e r e w i l l be no net s o l u t e f l u x from the i n t e r ­

f a c e r e g i o n , and t h e r e f o r e , no m a c r o s e g r e g a t i o n . 



F o r the o s c i l l a t e d c a s t i n g h i g h s h e a r f o r c e s 

i n t he v i c i n i t y o f the s o l i d - l i q u i d i n t e r f a c e w i l l produce 

more e x t e n s i v e i n t e r d e n d r i t i c f l o w . T h i s f l o w w i l l sweep 

s o l u t e r i c h l i q u i d out o f the mushy zone. The s o l u t e 

d i s t r i b u t i o n near the mould w a l l w i l l t h e n t e n d t o conform 

t o the e q u a t i o n f o r complete m i x i n g : 

C s = k C o C l - g ) 1 " - 1 

where C i s the s o l i d s o l u t e c o m p o s i t i o n , k the d i s t r i -
s 

b u t i o n c o e f f i c i e n t , Co the average i n i t i a l s o l u t e c o m p o s i t i o n 

and g the f r a c t i o n s o l i d i f i e d . When the r o t a t i o n i s r e ­

v e r s e d a t u r b u l e n t wave i s produced which w i l l t r a n s p o r t 

t h i s s o l u t e towards the c e n t r e o f the s o l i d i f y i n g i n g o t . 

D u r i n g columnar growth the s o l u t e d i s t r i b u t i o n 

w i l l t h e r e f o r e be as shown i n F i g u r e 83a. When the CET i s 

immenent the d i s t r i b u t i o n w i l l be t h a t shown i n F i g u r e . 83b. 

The i n i t i a l p a r t o f the curve c o r r e s p o n d s t o a complete 

m i x i n g s i t u a t i o n up t o the peak. Beyond the peak the com­

p o s i t i o n g r a d u a l l y d e c r e a s e s towards the c e n t r e due t o the 

in c o m p l e t e m i x i n g o f the s o l u t e r i c h l i q u i d g e n e r a t e d a t 

the i n t e r f a c e . - ' C o n c u r r e n t w i t h t h i s s o l u t e movement i s the 

r e d u c t i o n o f the temperature g r a d i e n t w h i c h , u n t i l the CET 

o c c u r s , does not a l l o w s u r v i v a l o f n u c l e i . (At every 

r o t a t i o n r e v e r s a l h i g h shear f o r c e s and temperature f l u c t ­

u a t i o n s , due t o t u r b u l e n c e , w i l l produce a l a r g e number o f 

d e n d r i t e fragments.) When t h e i temperature g r a d i e n t i s 
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F i g u r e 83. The development o f the r a d i a l m a c r o s e g r e g a t i o n 
i n an o s c i l l a t e d i n g o t , (a) p r i o r t o the time o f 
the CET, (b) a t the time o f the CET, and (c) 
the f i n a l s i l v e r d i s t r i b u t i o n i n the c a s t i n g . 



s u f f i c i e n t l y low the s e fragments w i l l be a b l e t o s u r v i v e 

and grow and be swept by the t u r b u l e n t wave thr o u g h o u t 

the r e m a i n i n g l i q u i d . S i n c e t h e s e fragments are o f com­

p o s i t i o n l e s s t h a n Co the o v e r a l l c o m p o s i t i o n i n t h i s 

r e g i o n w i l l be reduced as shown i n F i g u r e 83c. A l s o , due 

t o the l o w e r i n g o f the temperature g r a d i e n t the mushy zone 

w i l l be i n c r e a s e d i n l e n g t h . The mass and c o m p o s i t i o n o f 

d e n d r i t e fragments n e c e s s a r y t o cause t h i s r e d u c t i o n I n 

c o m p o s i t i o n ( F i g u r e 83b - F i g u r e 83c). i s c a l c u l a t e d i n the 

Appendix, S e c t i o n 7 . 6 . The s o l u t e d i s t r i b u t i o n p r o f i l e o f 

F i g u r e 83c w i l l be t h a t o f an i n g o t o s c i l l a t e d d u r i n g 

s o l i d i f i c a t i o n . The m a c r o s e g r e g a t i o n p r e d i c t e d above was 

observed i n the o s c i l l a t e d i n g o t , F i g u r e 8 l c . 

7.5 C o n c l u s i o n 

The p r e s e n t i n v e s t i g a t i o n has shown t h a t no 

s i g n i f i c a n t m a c r o s e g r e g a t i o n accompanies s o l i d i f i c a t i o n 

i n s t a t i o n a r y :or r o t a t e d moulds f o r the system examined. 

T h i s i m p l i e s t h a t the l a r g e d e n s i t y d i f f e r e n c e between t h e 

s o l v e n t ( A l ) and s o l u t e (Ag) has no e f f e c t on the r a d i a l 

s o l u t e d i s t r i b u t i o n . However, a p p r e c i a b l e m a c r o s e g r e g a t i o n 

i s a s s o c i a t e d w i t h the o s c i l l a t i o n mode o f s o l i d i f i c a t i o n . 

The i n i t i a l r i s e i s a t t r i b u t e d t o s o l u t e m i x i n g i n the 

l i q u i d i n t e r f a c i a l r e g i o n due t o the t u r b u l e n t f l o w . The 

maximum c o n c e n t r a t i o n i s a s s o c i a t e d w i t h the columnar t o 

e q u i a x e d t r a n s i t i o n . The s o l u t e d e p l e t i o n I n t h e c e n t r e 



o f the c a s t i n g i s caused by s m a l l g r a i n s o f low s o l u t e 

c o n c e n t r a t i o n b e i n g swept, by the t u r b u l e n t waves, from the 

mushy zone t o the i n g o t c e n t r e . 

7.6. Appendix t o s e c t i o n 7. 

The model proposed f o r m a c r o s e g r e g a t i o n i n the 

o s c i l l a t e d i n g o t assumes s u f f i c i e n t d e n d r i t e fragments 

a r e swept i n t o t h e c e n t r a l l i q u i d zone, t o g i v e the change 

i n the d i s t r i b u t i o n between F i g u r e 83b and 83c. The f o l l o w i n g 

a n a l y s i s i s an approximate c a l c u l a t i o n f o r the mass o f 

fragments w h i c h . i s r e q u i r e d . 

Assume Vg i s the volume o f the c e n t r a l l i q u i d 

r e g i o n j u s t p r i o r t o the CET. The average c o m p o s i t i o n i n 

t h i s volume a f t e r t o t a l s o l i d i f i c a t i o n assuming a l i n e a r 

d i s t r i b u t i o n p r o f i l e In t h i s r e g i o n and Co = 3.0 wt.% Ag, 

i s g i v e n by: 

/* R 2tr r C ( r ) d r 
C = 

/ 2TT r d r o 

where C ( r ) i s c o m p o s i t i o n as a f u n c t i o n o f r a d i u s and R 

i s r a d i u s o f CET. From F i g u r e 8 l c , C ( r ) » -^P- r + 2.70, 

t h e r e f o r e C = 3.02 wt. % Ag. Comparing F i g u r e s 83b and 

83c an e s t i m a t e o f the average c o m p o s i t i o n i n V"E j u s t p r i o r 

t o the CET can be made ( C ( r ) = -^-jjp r + 3.00) and i s e q u a l t o 

3.10 wt. % Ag. 



Assuming the c o m p o s i t i o n o f d e n d r i t e fragments 

swept i n t o the c e n t r a l r e g i o n i s cxK C , where a i s a f a c t o r 
r • ° o o 

t o account f o r the i n c r e a s e i n s o l u t e c o n c e n t r a t i o n i n the 

d e n d r i t e branches as s o l i d i f i c a t i o n p r o g r e s s e s , assumed 

to be 1.5. K Q i s 0.25 f o r the a l l o y under c o n s i d e r a t i o n . 

T h e r e f o r e : a K
0

C o = < 1 • 5) (0 . 25) ( 3.0) 

= 1.12 wt. % Ag. 

L e t v be the volume o f d e n d r i t e fragments swept i n t o the 

c e n t r a l m olten r e g i o n (Vg) a t the time o f the CET. The 

r e s u l t i n g change i n the average c o n c e n t r a t i o n i n Vg can t h e n 

be used t o s o l v e f o r v. 

T h e r e f o r e : 3.10 V E + 1.12 v = 3.02 ( V E + v) 

T h e r e f o r e : v = 0.04 V"E 

T h i s c a l c u l a t i o n shows t h a t a s m a l l amount o f 

s o l i d fragments i s r e q u i r e d r e l a t i v e t o the t o t a l l i q u i d 

volume t o cause the decrease i n c o n c e n t r a t i o n o b s e r v e d . 

The l a r g e mushy zone, due t o the low t h e r m a l g r a d i e n t , and 

the l a r g e i n t e r d e n d r i t i c f l o w , due t o the t u r b u l e n c e p r o ­

duced d u r i n g the r o t a t i o n r e v e r s a l , s h o u l d r e s u l t i n t h i s 

s m a l l volume o f fragments b e i n g made a v a i l a b l e t o cause 

the o b s e r v e d e f f e c t . 



8. Summary and C o n c l u s i o n s 

N a t u r a l c o n v e c t i o n ' . i n l i q u i d t i n and l i q u i d 

l e a d has been obse r v e d i n a s m a l l c l o s e d system by a 

r a d i o a c t i v e t r a c e r t e c h n i q u e . I t has been demonstrated 

t h a t the d i s t r i b u t i o n o f r a d i o a c t i v e m a t e r i a l i n the quenched 

m e t a l c o r r e s p o n d s t o the d i s t r i b u t i o n i n the l i q u i d p r i o r 

t o q uenching. 

To examine t h e r m a l c o n v e c t i o n , e x p e r i m e n t s were 

c a r r i e d out i n pure l i q u i d t i n and l e a d under a v a r i e t y o f 

c o n d i t i o n s . I t was observed t h a t the f l o w r a t e s i n the 

l i q u i d i n c r e a s e . : w i t h 

(a) i n c r e a s i n g t emperature d i f f e r e n c e a c r o s s the c e l l 

(b) I n c r e a s i n g average t e m p e r a t u r e 

and ( c ) i n c r e a s i n g t h i c k n e s s o f the l i q u i d zone. 

For a tem p e r a t u r e d i f f e r e n c e a c r o s s the c e l l r a n g i n g from 

0.23°C.to 19°C ( c o r r e s p o n d i n g t o Grashof numbers from 10^ 
g 

t o 10 f o r a 6.4 cm. wide c e l l ) the time f o r a complete 

c y c l e around the c e l l v a r i e d between 780 and 12 seconds. 

When e i t h e r the temp e r a t u r e d i f f e r e n c e o r the c e l l t h i c k n e s s 

was i n c r e a s e d beyond a c e r t a i n p o i n t the f l o w r a t e i n c r e a s e d 



and the mode o f f l o w changed from a s i m p l e c e l l t o a more 

complex t h r e e d i m e n s i o n a l f l o w p a t t e r n . No t h e r m a l 

o s c i l l a t i o n s were d e t e c t e d i n the l i q u i d f o r the e n t i r e 

range o f te m p e r a t u r e d i f f e r e n c e s and c e l l t h i c k n e s s e s 

examined. 

The f l o w p a t t e r n i n the t h i n c e l l was found 

t o be a f u n c t i o n o f the l e n g t h t o h e i g h t r a t i o . F o r r a t i o s 

o f 4.9 : 1 o r l e s s the f l o w p a t t e r n i s a s i n g l e c e l l , 

w h i l e f o r a r a t i o o f 8.3 : 1 the f l o w becomes m u l t i c e l l u l a r 

i n n a t u r e . The p a t t e r n a l s o changes i f the te m p e r a t u r e 

d i s t r i b u t i o n i s changed. I f both s i d e s o f the c e l l a r e 

c o o l e d w i t h r e s p e c t t o the c e n t r e , a double f l o w c e l l 

p a t t e r n i s o b t a i n e d , each c e l l c o r r e s p o n d i n g t o the s i m p l e 

c e l l d e s c r i b e d o r e v i o u s l y . The w i d t h o f the c e l l s a r e 

det e r m i n e d by the p o s i t i o n o f the maximum temp e r a t u r e i n 

the l i q u i d . A b u f f e r zone e x i s t s between the two c e l l s 

i n h i b i t i n g mass t r a n s f e r from one c e l l t o the o t h e r . I n 

l a r g e r c a s t i n g s w i t h many s o l i d i f i c a t i o n d i r e c t i o n s and 

complex t h e r m a l c o n d i t i o n s , the p r e s e n t r e s u l t s would 

suggest t h a t many c e l l s are s e t i n motion w i t h no i n t e r ­

a c t i o n , o r at l e a s t v e r y l i t t l e i n t e r a c t i o n between the s e 

c e l l s . Thus l o n g range t r a n s p o r t o f s o l u t e o r s o l i d p a r t i ­

c l e s i n the l i q u i d may be s e v e r l y r e s t r i c t e d by the m u l t i ­

c e l l u l a r b e h a v i o r . 

An a n a l y s i s o f the t h e r m a l c o n v e c t i o n problem 



has been made f o r t h i s system u s i n g a f i n i t e d i f f e r e n c e 

n u m e r i c a l p r o c e d u r e . The a n a l y s i s has been s o l v e d f o r 

P r a n d t l numbers o f 10.0, 1.0, 0.1 and 0.0127 w i t h G rashof 
3 ' 7 • numbers o f 2 x 1 0 J t o 2 x 10'. The t h e r m a l p r o f i l e has 

been found t o be a f u n c t i o n o f o n l y the R a y l e i g h number 

w h i l e the f l o w v e l o c i t i e s a re a f u n c t i o n o f b o t h the P r a n d t l 

and G r a s h o f numbers i n d e p e n d e n t l y . The n u m e r i c a l s o l u t i o n 

agrees w i t h an a n a l y t i c a l s e r i e s s o l u t i o n f o r low v a l u e s 

o f the G r a s h o f number. 

In an attempt t o determine f l u i d f l o w i n m e t a l s , 

o b s e r v a t i o n s have been r e p o r t e d I n the l i t e r a t u r e o f f l o w 

i n t r a n s p a r e n t - l i q u i d systems which have been extended 

t o l i q u i d m e t a l s . The p r e s e n t r e s u l t s show t h a t t h e r e are 

s e r i o u s l i m i t a t i o n s i n e x t r a p o l a t i n g n o n - m e t a l l i c f l u i d 

f l o w b e h a v i o u r t o l i q u i d m e t a l s . The t h e r m a l and f l o w 

p r o f i l e s i n d i f f e r e n t t y p e s o f f l u i d s cannot be matched 

s i m u l t a n e o u s l y and hence phenomena depending on both 

parameters must be a l t e r e d f o r v a r i o u s t y p e s o f f l u i d s . 

Measurements o f temperature g r a d i e n t s i n c a s t i n g s 

have been used t o e s t i m a t e f l u i d f l o w d u r i n g s o l i d i f i c a t i o n . 

O f t e n no te m p e r a t u r e d i f f e r e n c e s are o b s e r v e d i n the c e n t r e 

o f the c a s t i n g ;from which i t i s c o n c l u d e d t h a t t h e r e i s no 

t h e r m a l c o n v e c t i o n . T h i s can be e n t i r e l y e r r o n e o u s , as 

shown by the t h e o r e t i c a l s o l u t i o n i n F i g u r e 27f where the 

c e n t r a l r e g i o n has e s s e n t i a l l y a z e r o h o r i z o n t a l temperature 
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g r a d i e n t . However, t h e r e i s e x t e n s i v e f l o w a s s o c i a t e d 

w i t h s i g n i f i c a n t temperature' g r a d i e n t s n e a r the c e l l w a l l s . 

A c c o r d i n g l y t o p r e d i c t t h e r m a l c o n v e c t i o n a complete t h e r m a l 

p r o f i l e i n the l i q u i d p o o l i s r e q u i r e d . The r e l e v a n t p a r a ­

meter i n t h e r m a l c o n v e c t i o n i s t h e - t e m p e r a t u r e d i f f e r e n c e 

between the f l o w c e l l b o u n d a r i e s and not the temperature 

g r a d i e n t s i n the c e l l . 

The e x p e r i m e n t a l t h e r m a l c o n v e c t i o n r e s u l t s i n 

l i q u i d t i n t e n d towards the t h e o r e t i c a l s o l u t i o n f o r l a r g e 

temperature d i f f e r e n c e s and l a r g e c e l l t h i c k n e s s e s . I t i s 

seen t h a t f o r a l i q u i d c e l l t h i c k n e s s o f 1.5 cm., o r g r e a t e r , 

the e x p e r i m e n t a l and t h e o r e t i c a l r e s u l t s s h o u l d c o r r e s p o n d . 

The t h e r m a l p r o f i l e s i n the 0.95 cm. t h i c k c e l l are i n 

c l o s e agreement w i t h the t h e o r e t i c a l r e s u l t s . 

S o l u t e c o n v e c t i o n I s o b s e r v e d by t h r e e d i f f e r ­

ent s e r i e s o f e x p e r i m e n t s : 

(a) independent s o l u t e c o n v e c t i o n 

(b) the. I n f l u e n c e o f s o l u t e c o n v e c t i o n on t h e r m a l 

c o n v e c t i o n , and 

(c) the t h e r m a l and s o l u t e c o n d i t i o n s f o r complete 

m i x i n g . I t i s . shown t h a t i f a v e r t i c a l s t a b l e s o l u t e 

d i f f e r e n c e i s Imposed on a system, the h o r i z o n t a l t h e r m a l 

c o n d i t i o n r e q u i r e d t o cause complete m i x i n g i n the l i q u i d 

zone must be s u f f i c i e n t t o cause a h o r i z o n t a l d e n s i t y 

i n v e r s i o n . I f . the temperature d i f f e r e n c e i s not g r e a t 

enough, a m u l t i c e l l f l o w p a t t e r n w i l l r e s u l t w i t h a b u f f e r 



zone between the flow c e l l s . 

The i n t e r d e n d r i t i c f l u i d flow i n l e a d - t i n a l l o y s 

due to the r e s i d u a l l i q u i d p ool c o n v e c t i o n has been examined. 

The flow penetrates to a d i s t a n c e of from 12 to 22% s o l i d 

i n the s o l i d - l i q u i d zone. The a l l o y c a s t i n g s have a 

primary, d e n d r i t e s p a c i n g of approximately 700 to 1000 

microns. 

Three experimental models to analyse i n t e r d e n ­

d r i t i c flow are presented, 

(a) a two dimensional channel model 

(b) a three dimensional wire rod model, and 

(c) a wire mesh model. 

The wire mesh-model p r e d i c t s t h at as the primary d e n d r i t e 

s p a c i n g decreases, the 1 extent of i n t e r d e n d r i t i c l i q u i d 

flow w i l l i n c r e a s e . Although l e a d - t i n a l l o y growth 

experiments were not conducted over a wide range o f d e n d r i t e 

s p a c i n g s , the experiments conducted d i d agree with the 

r e s u l t s p r e d i c t e d by the wire mesh model. 

As an e x t e n s i o n of the f l u i d flow c o n s i d e r a t i o n s , 

an i n v e s t i g a t i o n was c a r r i e d out to determine the macro-

s e g r e g a t i o n i n . c a s t i n g s which have Imposed f l u i d flow p a t t e r n s . 

The macrosegregation i n A l - 3 % A g a l l o y s s u b j e c t e d to o s c i l ­

l a t i o n and r o t a t i o n d u r i n g s o l i d i f i c a t i o n shows t h a t ex­

t e n s i v e macrosegregation occurs i n o s c i l l a t e d c a s t i n g s , 

but l i t t l e s e g r e g a t i o n occurs i n s t a t i o n a r y and r o t a t e d 



castings. A concentration peak occurs at the columnar to 
equiaxed transition and a general depletion occurs in the 
central equiaxed zone. The segregation in the oscillated 
casting is accounted for by long range movement of dendrite 
fragments which break and/or melt off in the solid-liquid 
interface region. 



9. Suggestions f o r Future Work 

(a) Using the t r a c e r techniques developed i n t h i s 

work, ob s e r v a t i o n s on n a t u r a l and f o r c e d c o n v e c t i o n c o u l d 

be made on much more complex systems, c o n s i d e r i n g both 

thermal and s o l u t e d r i v i n g f o r c e s . A l s o the e f f e c t s o f an 

advancing s o l i d - l i q u i d i n t e r f a c e on the n a t u r a l c o n v e c t i o n 

could be i n v e s t i g a t e d . T h i s c o u l d be a p p l i e d to s p e c i f i c 

geometric c o n f i g u r a t i o n s such as obtained i n continuous 

c a s t i n g . 

(b) The i n t e r d e n d r i t i c flow experiments c o u l d be 

continued f o r l a r g e ranges o f d e n d r i t e spacings and d i f f e r ­

ent a l l o y systems. Systems which have the r e j e c t e d s o l u t e 

l e s s dense than- the bulk l i q u i d c ould be analysed to observe 

flow d i f f e r e n c e s between t h i s and more dense s o l u t e s . 

(c) The t h e o r e t i c a l numerical s o l u t i o n c o u l d be 

a p p l i e d to a great v a r i e t y o f geometric shapes and thermal 

c o n d i t i o n s which occur i n c a s t i n g s i t u a t i o n s . T h i s 

a n a l y s i s could be used i n a more exact s o l u t i o n to a growing 

i n t e r f a c e r a t e a n a l y s i s . 



(d) More e x t e n s i v e e x p e r i m e n t s a r e r e q u i r e d i n o r d e r 

t o e s t a b l i s h the t h e o r y t h a t a mass o f d e n d r i t e fragments 

a r e swept out o f the i n t e r f a c e i n o s c i l l a t e d c a s t i n g s t o 

produce the o b s e r v e d m a c r o s e g r e g a t i o n . 
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Appendix I 

N o t a t i o n Used 

Cp = S p e c i f i c heat 

d = Width o f l i q u i d zone 

d = Diameter o f the w i r e mesh w i r e s w 
f = F r a c t i o n o f the t r a c e r t h a t has 

f l o w e d t h r o u g h the mesh 

F„' = F r a c t i o n s o l i d i n the s o l i d - l i q u i d 
° i n t e r f a c e r e g i o n 

g = A c c e l e r a t i o n due t o g r a v i t y 

G L = Temperature g r a d i e n t 

Gr = G r a s h o f number, based on t o t a l 
t e m perature d i f f e r e n c e 

Gr' = Gr a s h o f number, based on o n e - h a l f 
the t e m p e r a t u r e d i f f e r e n c e 

h = C o n v e c t i v e heat t r a n s f e r c o e f f i c i e n t 

H ; = He i g h t o f a molten m e t a l p o o l 

h = A c t u a l h o l e s i z e i n the w i r e mesh a 
h .= The e f f e c t i v e h o l e s i z e i n the w i r e 

e mesh 

k = Thermal c o n d u c t i v i t y 

L = H e i g h t t o l e n g t h r a t i o o f the l i q u i d 
zone 

1 = He i g h t o f the l i q u i d c e l l 

N u : = N u s s e l t number 

P = D i m e n s i o n l e s s p r e s s u r e 

p» = P r e s s u r e d e v i a t i o n from i n i t i a l 
s t a t i c v a l u e 

P r = P r a n d t l number 



q = Heat f l u x a t the c o l d w a l l 

Ra = R a y l e i g h number 

S a = S p a c i n g d i s t a n c e o f the w i r e mesh 
w i r e s > 

T = D i m e n s i o n l e s s t e m p e r a t u r e 

t = Time 

u = V e l o c i t y i n the x d i r e c t i o n 

U = D i m e n s i o n l e s s v e l o c i t y i n the X 
d i r e c t i o n 

v = V e l o c i t y i n the y d i r e c t i o n 

V = D i m e n s i o n l e s s v e l o c i t y i n the Y 
d i r e c t i o n 

x' = V e r t i c a l c o o r d i n a t e 

X : = V e r t i c a l d i m e n s i o n l e s s c o o r d i n a t e 
y = H o r i z o n t a l c o o r d i n a t e 

Y = H o r i z o n t a l d i m e n s i o n l e s s c o o r d i n a t e 

= S u p e r s c r i p t d e n o t i n g v a l u e s o f the 
parameters a f t e r a o n e - h a l f time s t e p 

= S u p e r s c r i p t d e n o t i n g v a l u e s o f the 
parameters a f t e r , a f u l l time s t e p 

a = Thermal d i f f u s i v i t y 

8 = C o e f f i c i e n t o f volume e x p a n s i o n 

6 = Boundary l a y e r t h i c k n e s s 

C = V o r t i c i t y f u n c t i o n 

0 * Temperature 

6 i : = Temperature o f the c o l d w a l l 

6 2. = Temperature o f the hot w a l l 



v = K i n e m a t i c v i s c o s i t y 

p = D e n s i t y 

T = D i m e n s i o n l e s s t i m e 

T' = D i m e n s i o n l e s s time f o r the s t r e a m 
f u n c t i o n i t e r a t i o n 

= Stream f u n c t i o n 



Appendix I I 

The T h e o r e t i c a l S o l u t i o n t o t h e Problem 
o f N a t u r a l C o n v e c t i o n i n L i q u i d M e t a l s 

The g o v e r n i n g e q u a t i o n s and the boundary 

c o n d i t i o n s t o be s o l v e d a re g i v e n by e q u a t i o n s (3.31), 

(3-32), (3.33), (3.34), and (3.35). A l s o e q u a t i o n s 

(3.36), (3.37), (3.38), and (3.39) g i v e the v o r t i c i t y 

and energy f i n i t e d i f f e r e n c e e q u a t i o n s f o r the g o v e r n i n g 

e q u a t i o n s f o r the f i r s t and second h a l f time s t e p . The 

g e n e r a l f i n i t e d i f f e r e n c e a p p r o x i m a t i o n s used are the 

c e n t r a l d i f f e r e n c e forms such as 

M _ U i + l , J " U i - l , J m 

3X 2AX Y ± ) 

f o r t he f i r s t d e r i v a t i v e s and 

a* u - i l y - U1-1,J " 2 U i , J * U i + U ( ? ) 
6 x U i , j 3X2"" ~ A X 2 ^ ( 2 ) 

f o r the second d e r i v a t i v e s . The f o r w a r d d i f f e r e n c e 

a p p r o x i m a t i o n i s : used f o r the time d e r i v a t i v e s such as 

U' - u 
i H - i,,1 i , J f ^ 
8T " AT ° ' 

The g e n e r a l p r o c e d u r e o f the s o l u t i o n i s 

g i v e n i n S e c t i o n 3 o f the t h e s i s , and t h i s appendix w i l l 

s t a t e a l l the e q u a t i o n s used i n the computer program. 



1. Computation o f the new temperature 

F o r the boundary v a l u e s o f the second d e r i v a t i v e 

a s e r i e s e x p a n s i o n i s used such a s : 

(4) 
1,J 

From the boundary c o n d i t i o n o f no heat t r a n s f e r t h r o u g h the 

upper and lower w a l l the f i n i t e d i f f e r e n c e becomes: 

3 ZT 
US 

AX7" ( T 2 , J " T 1 , J ) (5) 

F o r the f i r s t h a l f t ime s t e p the f o l l o w i n g s i m u l t a n e o u s 

e q u a t i o n s a r e s o l v e d f o r columns j = 2, 3, .... n-1 i n t u r n 

w i t h 

1 * 1 : 

2_ * 2 

.AT r P r ( A X ) ' T * 1 , J " Pr(AX) T * 2 , j A T T 1 , J + P r fi2yTl,J 

(6) 

1 = 2,3> ... m-1: 

2AX P r ( A X ) * T V i , j • [h* Pr(AX) T* + i,J 

U 1,J _ 1 
2AX P r ( A X ) * 1 i + l , j AT i j j V i , j 

T i„j+1 ~ T1 ,J-1 
2AY 



1 = m: 

P r ( A X r T * m - l , j + (AT + P r ( A X ) < ) T * m J = ATTm,,1 + F r 6 2 y T m , < 

(8) 
For the second h a l f time s t e p the f o l l o w i n g s i m u l t a n e o u s 

e q u a t i o n s a re s o l v e d f o r row i = 1 w i t h 

j - 2: 

2_ , 2 
AT • P r ( A Y ) * T ' l , 2 ~ P r ( A Y ) 2 T ' l 5 3 — T * + 

AT 1,2 

P H A I T - ( T*2,2 " T * l , 2 ) + P 1 T A T P - T l , l (9) 

j = 3,4, ... n-2: 

1 , (2 2 
P r ( A Y ) ' T ' l , j - 1 + [AT + P r ( A Y ) * 1,J P r ( A Y ) ' 1 1,J+1 

A T 1 l , j + P r ( A X ) < { i 2,J 1 1 , J ; (10) 

P r ( A Y ) * T ' l , n - 2 + 
2_ 
AT P r ( A Y ) * l , n - l A T 1 l , n - l 

Pr(AX)1 ( T * 2 , n - l ~ ^ . n - l 5 + P r ( A Y ) 1 4 T l ,n 

S o l v e f o r rows i = 2,3, ... n - l w i t h 



J = 2: 

2 2 
A T + PFTAYT2" 

1 1,2 
1,2 1 

2AY " P r ( A Y ) ' 1,3 AT 1,2 ^ 

V . 1,2 , 1  
w2AY Pr (AY) ' T l t l - " i / * 1 * 1 ' 2 " T * 1 - 1 ' 2 + > r» 2AX P r " x 1,2 

(12) 

j = 3 , 4 , n-2: 

2AY Pr(AY) T , i , j - i + [h+ PTTIYT- . 
T 1 + 
1 i , J 

V 1,J 
2AY 

Pr(AY) i , j + l 

Pr 0 x 1 i , J (13) 

j = n-1: 

1 , n - l 1 
~~ 2AY ~ P r ( A Y ) * i ; i , n - 2 i— + , 2  

kAT Pr(AY)'_ i , h - l 

AT i , n - l 
• V i , n - 1 . 1  
k" 2AY P r ( A Y ) " T. - U. / 1+1,n-1 1-1,11-1 l , n l , n - l 

+ P r 6 x 1 i , n - l (14) 

S o l v e f o r row i = m w i t h 

J = 2: 



( 2_ + 2 
AT + P r ( A Y ) * in,2 P r ( A Y ) * 1 m,3 " AT 1 m,2 

P r ( A X ) * ( T * m - l , 2 " T*m,2 ) + P r ( A Y ) * T m , l ( 1 5 ) 

j = 3, 4, ... n-2 

1 f 2 2 ) 1 
P r ( A Y ) i T ' m , j - l + (A? + Pr(A Y ) 2 J T'm,j " P r ( A Y ) 2 T'm,J+l 

A T T * m , J + PHfxT- < TVl,J - T #m,J ) (16) 

J - n-1: 

1 , (2 2 
Pr ( A Y)' T'm,n-2 + [ A? + P r ( A Y ) < m,n-l AT m,n-l 

+ ¥Fmr ( T V l , n - l - T*m,n-1> + P T T W Tm,n ( 1 7 ) 

2. Computation o f the new i n t e r i o r v o r t i c i t y 

F o r the f i r s t h a l f time s t e p the f o l l o w i n g 

s i m u l t a n e o u s e q u a t i o n s are s o l v e d f o r columns j = 2,3, . 

i n t u r n w i t h 

i = 2: 

n-

2 + 2 
AT AX' 

r* + 2 X A X 7 3 , j 
rp I rn t 

u r 2AY 

(o v e r ) 



2^1 + 

2AY AY" 1_AT A I T 52„t + 2AY A Y ' '2,3+1 

U 2,3 
2AX 

1 
A X ' '1,3 (18) 

i = 3 , 4 , ... m-2 

( U 
2AX Ix* 5 i - l , J (AT 

2 
A X 2 " C i>3 

U 
2AX A X 7 1+1,3 

rp t _ rp | 
' 2AY + 

V.. 
I l l + 2AY A Y ' ? i , j - l + |AT A Y ' '1,3 

V 1,3 • 1 
2AY AY 7 " '1,3+1 (19) 

1 = m-1 

f U n-l,3 J L , 
2AX A X ' C V 2 , j + i f ? + AT2" n - l , 3 

m t rp t 
- 1 n - l , j + l n - l , J-1  
u r 2AY 

V n-l,3 . 1 
2AY AY 7 " 

C n - l , j - l + ( 
2_ 
AT 

AY" ? n - l , 3 + 

' V. 
2AY v 1 AY*. 'n-l,3+1 

n - l , J _1. 
2AX ~ A X 4 'n,3 

(20) 

F o r the second, h a l f time s t e p the f o l l o w i n g s i m u l t a n e o u s 

e q u a t i o n s are s o l v e d f o r rows i = 2,3, ... n - l i n t u r n w i t h 

3 = 2: 

2 . 2 
AT A T 7 

(V 
C ' l , 2 + 

i , 2 
2AY 

1 
AY 7 " V 1,3 = Gr 

rp » _ rp l 
i , 3 1,1 

2AY 

( c o n t i n u e d o v e r ) 



+ 
2AX 

1 
AX 2" + 

^ 1-1,2 + AT AX" c* + 
Q 1,2 

2AX AX' 1+1,2 2AY 
1 

AY7" '1,1 (21) 

J = 3,4,... n-2 

2AY A Y 7 + f 2 -i , j - l + [AT 
2 

AY 7" 

(V 
5 ' i , J + 2AY 

1 
AT 2" 1,3+1 

rp » _ rp i 
G r — i - i i l i i , J - l + 

r 2AY + 

U 1,3 + { 2AX AX' c* + 

AT AX' i,3 i 2AX A X ^ 1+1,3 (22) 

3 = n - l : 

V i , n - l 1 
2AY ~ AY 7" C» + f 2 — + 2 ^ i , n - 2 IAT AY 7" 1 , n - l 

T' . - T' 
2AY 

i , n - l + 1 
2AX AX 7" ^ 1 - 1 , n - l r IAT 

2 
AX 7" c* + Q i , n - l 

U 
2AX A X 7 

fv 
1+1,n-l 

i , n - l 
2AY 

1 
AY 7" 

(23) 

3. Computation o f the new s t r e a m f u n c t i o n 

F o r the f i r s t h a l f time s t e p the f o l l o w i n g 

s i m u l t a n e o u s e q u a t i o n s are s o l v e d f o r columns j = 2,3, 

n - l i n t u r n w i t h 



IAT 
2 

AX 2 " 2,4 AX ̂ * 3 , 4 2,j [AT' AY' 2,4 

+ AT2" ( * 2 , 4 - 1 + ^ 2 , 4 + l ) 
(24) 

i = 3 , 4 , m-2 

A J F ^ ' i - l . j + U T ' T AX 
2 + 2 

i , 4 A X " T 1+1,4 C i , 4 + 

' A T ' AY' '1 ,4 + A Y 2 " + n . j - ^ (25) 

i = m -1: 

AT^*m - 2 , 4 + ( s f r + A T 7 m -1,4 " ? m - l , j + 

,AT' 
2 

AY2" m-1,4 + AT 2 " ( V l , 4 - l + ^m-l,4+l) (26) 

For the second h a l f time s t e p the f o l l o w i n g s i m u l t a n e o u s 

e q u a t i o n s are s o l v e d f o r rows i = 2 , 3 , ... m-1 i n t u r n w i t h 

4 = 2 : 

2 . 2 
A T ' AT2" 1,2 A Y ^ 1 ,3 h,2 + [ A T ! A X ' 1,2 

+ AT7" <*Vl , 2 + * V l , 2 ) 
(27) 



j = 3,4, ... n-2 

AY R I A T ' AY i , J A Y ^ ' i j + i = ? i j + 

A T ' AX' ^ i , j AX 2^ k V i - l , j + v i+i,y (28) 

j = n-1:. 

AY**'i,n - 2 
2 , 2 

A T ' AY-2" i , n - l 5 i , n - l + 

AT' 
2 

AT 2 " * * i , n - l + A Y 2 " + 1-1,n-1 ^ 1+1,n-1 ) (29) 

4. Computation o f the v e l o c i t i e s 

F o r column j = 2, row i = 2,3, ... m-1 

U 1,2 
~ 3 * i , 2 + 6 * i , 3 ~ * i , 4 

~6"AY (30) 

For column j = n-1, row i = 2,3, ... m-1 

U i , n - l 
-3*l,m-l + 6*i,m-2 - »l,m-3 

6TY ( 3 D 

For row i = 2,3, ... m-1, column j = 3,4, ... m-2 

U i , j 
»l,j_2 - 8 * i „ 1 - l + 8 * i , J + l - »lt,1+2 

12AY (32) 



F o r row I = 2, column j = 2,3, ... n-1 

v - 3*2„1 - 6*3,.1 + 

2 J 6AX 

For row 1 = m-1, column j = 2,3, ... n-1: 

v - . 3 V l , J " 6 V 2 l 3 + V-3.J 
m - l j " 6AX 

Fo r row i = 3,4, ... m-2, column j = 2,3, ... n-1: 

v - 1-2,1 + 8^i-l„1 " 8 ^ 1 , J + * i + 2 , J 
V i , j " 12AX 

5. Computation o f the new boundary v o r t i c i t i e s 

E x p anding the stream f u n c t i o n i n t o a T a y l o r 

s e r i e s r e s u l t s i n : 

From the boundary c o n d i t i o n s o f : 

94, d2^> , 

e q u a t i o n (36) can be reduced t o : 

92<K , 2<|, 



Thus the e q u a t i o n used t o s o l v e f o r the w a l l v o r t i c i t y 

a r e as f o l l o w s f o r 

1 = 1: J = 1 

• l , j 
2i> 

AX ( 3 8 ) '1,1 
2* 
AY ( 3 9 ) 

i = m: .1 = n: 

2 ^ 
m ~ l ?J- (ijn) AX< V 4 U ; • i , n 

2<J> 

AY 
1*11=1 ( i n ) 

6. Computation o f the N u s s e l t number 

9T? 
8Y 1,1 

-11T, n + 18T, 2 - 9T, 0 + 2T, 
"r5AY 

1 >1 i , 2 y i , 3 i j . 4 ^ 2 j 

7. The s o l u t i o n o f the t r i d i a g o n a l c o e f f i c i e n t m a t r i x 

o f the s e t o f l i n e a r e q u a t i o n s g i v e n by e q u a t i o n ( 3 - 4 9 ) 

s n - l ~ Y n - 1 
c s ( 4 3 ) 

s ± = y± $± »• 1 = n - 2 , n - 3 , . . . 1 

where: ^ 

h = b l ' Y l - 6 ^ 

6 , = b. - "* 1 " 1 , I = 2 , 3 , ... n - l ( 4 4 ) 
1 1 p i - l 

d i - a i y i - l • o , Y 1 = g , i = 2 , 3 , ... n - l 



Appendix I I I 

Computer Program 

1. Flow c h a r t o f the computer program 

C S t a r t ) 

Read F l u i d 
Parameters 

I 
7 

Set I n i t i a l 
C o n d i t i o n s 

Compute 
Temperature 

< 

Compute 
I n t e r i o r V o r t i c i t y 

Compute 
Stream F u n c t i o n 

Test Stream \ 
F u n c t i o n Convergence No 

Yes 
Compute 

V e l o c i t i e s 
I 

Compute 
Boundary V o r t i c i t y 

I 
Compute 

N u s s e l t Number 

Tes t O v e r a l l 
Convergence 

S u b r o u t i n e 
TRIMA 

No 
Yes 

P r i n t 
T,t|/,U,V,C,Nu 

C s t o p ~y 

7 



2. N o t a t i o n used i n the computer program 

A,B,C,D A r r a y s used i n the t r i d i a g o n a l 
c o e f f i c i e n t m a t r i x 

AN L o c a l N u s s e l t number 

AVNU Average N u s s e l t number 

DT Time i n c r e m e n t , AT 

DTI Time i n c r e m e n t , A T 1 

DX, DY G r i d s p a c i n g , AX, AY 

GR Grashof number, Gr' 

I , J G r i d p o s i t i o n s , i , j 

K Number o f i t e r a t i o n s the program 

i s t o complete 

M,N Maximum v a l u e o f I and J r e s p e c t i v e l y 

PR P r a n d t l e number, P r 

S Stream f u n c t i o n , 

SS Stream f u n c t i o n , \p* 

SPC Convergence l i m i t on strea m f u n c t i o n 

T Temperature, T 

TS Temperature, T* 

TD Temperature, T 1 

TRIMA T r i d i a g o n a l m a t r i x s o l u t i o n s u b r o u t i n e 

U,V V e l o c i t i e s , u,v 

VI S o l u t i o n o f t r i d i a g o n a l m a t r i x 

Z V o r t i c i t y , C 

ZS V o r t i c i t y , C* 

ZD V o r t i c i t y , V 



H 1 « T C A N IV G C ! l « I M t ER VAIN C B - 1 2 - 7 C 1 2 : 5 6 : 0 5 P A G E 0 0 0 1 

O C 1 O i l ENS ION T ( 2 1 , 2 1 ) , TS ( 2 1 , 211 ,TD( 2 1 , 2 1 1 , 2 1 2 1 , 2 1 1 , Z S C 2 1 , 2 1 1 . 
1 2 -K21 , 2 1 I , S ( ? 1 , 2 1 I ,SS121 ,21 t ,U ( 2 1 , 2 1 ) , V I 2 1 , 2 1 1 , A N C 2 1 I . B l 2 1 ) , , 
2 Al 21 ) , r ( 21) ,D( 21) , VII 211 ;"•'•>'.'?« 

<•'."••? - 1 = 2 1  
< _ _ . N - ? j : 

0 •'•<••<, NUM = 50C 
0005 OX = r . 0 5 

0 0 0 7 nn 5f. i = i , 2 i 
ooos o r &f j - 1 , 2 1  r--.-"'J T ( I , J I = >.<-• 

: ' ' ! ' ' S( I,J I = 0.<~. 
: 11 n i , j ) = •:•.<'• 
. "12 U( I , J ) = r ' . 0 
; o n v 1 1 , j i = o . c 
r > H SSI I , J) = O.1'- 
^ ^ ^ r ? 50 v i i i i - a , c 
•'.•"if. 0 0 5 1 1 = 1 ,21 

17 T C I , 1 ) = - 1 . 0 
19 SI T ( I , N I = 1 . C 

v r i " O T I = u.-t, 
SFC = 0 . 0 2  

•:• : ? i s i = 2 . o / n T i • 2 . 0 / c D X * * 2 I 
, r ? 2 S2 = 2 . C / DTI - 2 . 0 / C 0 X * * 2 » 

002 3 S3 = 1 . 0 / ( nx**2 I 
" C ? 4 N l = N - 1 
r n ? 5 N ? = N - 2 
OC?*- Ml = M — 1 

T V ? M2 = M - 2 
'•'"26 K5 = C 
"'/?<3 170 CONTINUE 
0V3C K 5 - K 5 • I 
•'•'U READ (5 , 2 0 0 ) GR, PR, OT 

','•"»•<2 2 0 C FORMAT ( F 2 C . 6 / F 2 C . 6 / F 2 0 . 6 I 
:< r?3 IF ( GR . L T . 1 0 . 0 I GO TO 603 

E l = 2 . 0 / F-T + 2 . 0 / 1 P R * DX**2 I 
>:?r> F2 = 2 . 0 / (. P 3 * 0 X * * 2 ) 

..'•:•?6 • E? = 2 . 0 / DT >i* f» - E 2 / 2 . 0 
'.•""< E6 = 2 . 0 / (IT * 2 . 0 / 0X**2 

! 0 ? o E7 = l.f. / ( D X « » 2 I 
' E 8 = 1 .0 / ( 2 . 0 * 0 X I 

. ' • 1 E" = 2 . 0 / DT - 2 . 0 / D X * » 2 '-"'.2 n o = 0X**2 
'<• < E 1 1 = 1 . 0 / 1 6 . 0 * 0 Y I 
"•*'> E12 = 1 .0 / C 1 2 . 0 * OY I _ 

• ''-1 ' =13 = 2 . 0 / OY**? 
1 £5 = GR / (2 .C*0Y I 
' ^ 7 WRITE ( 6 , 7 0 0 ) M , N , N U M , G R , P R , O X , O Y . D T 

7 0 c. FORMAT ( 1 H 0 , ' v; = • , I 5 , • N - • • . I 5 , » N U M - ' , 1 5 , • GR = ' . 1 P E 1 2 . 3 , 
• PR = ' , 1 P F 1 2 . 1 , ' OX = • . I P E 1 2 . 3 , ' OY = • f l P E 1 2 . 3 t 

2 • OT = ' , 1 P E 1 2 . 3 ) - 
; ."/.--• < = 0 . 0 

" 1 K = K. «• 1 
C CALCULATE NFw TEMPERATURE S FtlP FIRST HALE TIM F STFP 



( U K T i ' J M IV G COMPILER MAIN 0 8 - 1 2 - 7 0 1 2 : 5 6 : 0 5 P A G E 0 0 0 2 

OC-51 r»n IOC J = 2.N1 
8 (1 ) = E l 

0053 C ( l ) = - E 2 
f ;5<. A(M) = - C Z  

81M ) = E1 
Cf5f> 3111 = E 3 * T ( 1 , J | • E 4 * ( T 1 1 , J - 1 I - 2 . 0 * T I 1 , J I • /T(l,J»n) 
v'0S7 niMI = F.3*T(M,J1 • E 4 * < T ( M , J - 1 1 - 2 . 0 * T « H , J > • T ( M , J - H > ) 
-•058 D P H ; l I = 2 , M l 
V~5<5 5(1) = - U ( I , J I * E 8 - E 4 

H I D - E l  
'I ! CI I I = U( l , J ) * E 8 - E4 

0 2 D i l l = F 3 - T I I i J l - V I I, J I * E 8 * ( T I 11 J * l l - T ( I . J - l I I * E 4 * ( T ( I , J - l l -
12. ' .*T( I,J I • T( I , J*1I ) 

.r-•.'••(• J l ' . l CONTINUE 
r-Zb<> CALL TRIMA ( A , 3 . C t 0 , V 1 , M , 11 
; ;• >•'. DO 10? I = 1 , M  
-:.e.6 I S l l . j l = v i l l i 
:^if•^ 10? CONTINUE 
CO*.? I Of1 . CUNT INUE 

C CALCULATE NEW T E M P E R A T U R E S FOR SECOND H A L F T I M E S T E P 
C FOR ROW 1 = 1 ' ' 

: n(21 = E l 
C-.7.- C ( 2 I = -E<V 
!• • 7 1 0 (2) = E3*TS<1,21 + E 2 * ( T S ( 2 , 2 » - T S ( l , 2 » » • E 4 * T » l . l l 
' VTZ A ( N - l I = - E 4 ' . • . .'. ' 
1,07 3 F ( N - l ) = E l r V - : V ~ 
1-74 01 N - l » = E 3 * T S ( l . N - l l * E 2 * ( T S ( 2 , N - l l - t S ( l , N - l » l * £ * * T l l , N I 
'••07s D O 1 0 3 J = 3.N2 
•)'-7fr A( J I - E < » 
"',77 » U ) = E l 
•;^7M cui = - E * 

"••"> n ( J I = E 3 « T S ( 1 , J J • E 2 » ( T S < 2 , J I - T S I l . J I I 
("OHr 1C-3 CONTINUE 
OCR 1 CALL TRIMA 1A,B .C , D, V U N - 1 , 21  
"H-H2 on 104 J = 2 i N l 

f-i»•< 1 rni I , J I = V K J I 

1?'< CONTINUE . 
C. F O R R O W S I = 2 , . . M - 1 

»»r> HO 105 I = 2 , M l 
' " . ' . ' B * 0 (2 ) = E l 1CS7 C(2 ) = V( 1,2 )*E8 - E 4 : : 1 '. 
^ : P H 0 ( 2 1 = E 3 » T S ( I . 2 I • ( V ( I , 2 l * E 8 * E 4 1 * T « l , l l - U ( l , 2 l * E 8 * < T S I l * l t 2 » -

1 T S ( I - 1 , 2 ) ) + E 4 * ( T S ( I - 1 , 2 > - 2 . 0 * T S ( I . 2 I * T S ( I * 1 , 2 I 1 
OCB'-i M N - 1 ) = ( -VI 1 1 N - l l * E 8 - E 4 I 
C ' C < K B (N -1 I = FI 
" o p I DIN-11 = F 3 » T S ( I , N - 1 ) * I - V ( 1 , N - 1 ) » E 8 * E « I « T ( I . N I - U I 1 , N - 1 ) » £ 8 * (  

1 TSI I+ 1 , N - l I -TSI t - l , N - l ) l + E 4 * < T S < I - l i N - l l - 2 . 0 * T S U , N - l ) '. 
2 • T S I 1 * 1 , N - l 1 1 

C092 HO 106 J = 3 t N 2 
•'••""> 3 B U I = E l ~ ." " ' " 
I t 0 "! C U I = V ( I , J I * E 8 - EA W 
'•^°5 Al JI = -V I I t J ) » E 8 - E « •  
''""a ' f)(Ti = E 3 * T S ( I t J I - U ( I t J ) * E 8 * < T S « l * l . J I - T S C I - l , J I I » E 4 * « T S C I - l , ' " ° ^ 

1 JI - 2 . 0 * T S I I , J I * T S U + l t J l l 
1C6 CONTINUE 



! 1" Tf- A ",' 1 V r.npPI I E K MAIN C 8 - 1 2 - 7 C 1 2 : 5 6 : 0 5 PAGE 0003 

C 1 : 

" ! ' 2 

0 1! 5 

.0 1 0 4 

CI ' . 5 

: l : t> 

'107" 
' l o i 
c i .-n 
' i i r ; 
r m 
" 1 1 2 

107 

CALL T° IMA ( A , 8 , C O . V I , N - 1 , 2 1 
0 0 107 J = 2.N1 
TD( I , J l - VI ( J) 
CONTINUE 

~TT5 CONT INUF 
C FOR ROW I = M 

B(21 = E l 
C ( 2 ) = - F 4 
0 ( 2 ) = E 3 » T 5 ( « . 2 ) + E 2 « « T S ( M - 1 , 2 | -
A ( N - 1 I = - E 4 

<• 11 ? 

•••114 

' 1 1 5 

C I 1 6 

01 1 7 

'" 1 1 8 

TS(M,2)> + E 4 » T ( M , l ) 

• 3 I N - 1 ) = E l 

O ( N - l ) = E 3 « TS( M , N - D + E 2 " ( TS( t»-
)•: luP J = 3 , N ? 

A I J I = - E 4 
b( J ) = E l 
C ( J ) = -ft. 

1 , N - 1 I - T S I M , N - l I > + E 4 * T I M , N ) 

" ^ T J l = E3*TSO, J ) + E 2 * ( T S ( M-1 , J | - T S C M . J ) ) 
CONTINUE 
CALL TRIM* ( A , S , C , 0 , V I , N - 1 , 2 1 
00 1 0 9 J = 2 .N1 
1 0 ( M , J ) = V K J ) 
CONTINUE 

1 - * 

1 J O 

C H J C K F O R T E M P . C O N V E R G E N C E — ( O V E R A L L C O N V E R G E N C E ! 
AMAX = 0 . 0 
00 30C I = l , H 
00 30C J = 2,N1 
OIFF = ABSl T I 1 , J ) - T 0 ( I , J ) t 
IE (OIFF , L T . AMAX) G O T O 300 

•'•• 1 1 <= 

0 1 2 ' , 

C 1 ' 1 

' • 1 2 ? 

'/! 2 3 
* l ? 4 
•M2 5 

' ' 1 2 6 
" 1 2 7 
~ 1 2 H 
: i 2 1 

AM A X = OIFF 
CONTINUE 
IF ( A M 4 X . L T . O.COOl I GO TO 400 
IF ( K . E Q . 81 . A N D . K5 . E O . 1 i GO TO 400 
IF 1 K . E O . 50 . A N D . K5 . GT . 1 ) GO -TO 400 
IF ( K . E U . 100) GO TO 400 

0 1 •* .-

0 1 3 1 

0 1 3 2 
v" 1 H 

'.: 1 3 4 
•'. 135 
•". 1 36 

11 37 
' ISP. 
0 1 3 ° 
014C 
0141 

0142 

C CALCULATE NEW INTERIOR VORTIC IT IES 

c r if ST HALF 
OP 1 U 

H ( ? ) = 

C( 2) = 
'Jl 21 

TIME STEP 
J = 2 .N1 
E6 
U ( 2 , J ) * E 8 - E 7 
E5*( TD( 2 , J +1)• T D I 2 , J - l > ) • ! V I 2 , J ) * E 8 * E 7 ) * Z ( 2 , J - l I • E 9 * Z I 2 , J I 

1 • I - V I 2 , J I * E 8 + F 7 ) * Z ( 2 . J + 1 l - l - U ( 2 , J l * E 8 - E 7 ) * 2 ( 1 , J ) 
A I M - 1 ) = - U « M - 1 , J ) * E 8 - E7 
6 IM-1) = E6 
OIM-1) = E 5 * l T O ( M - 1 , J * l I - T 0 ( M - 1 , J - 1 ) I •< V I M - 1 , J »•£ 8+E7 I « 2 ( N- 1, J - 1 ) 

1 + F9*Z< M - 1 , J l + I - V I M - 1 , J I * E 8 * £ 7 ) * Z I M - 1 , J + 1 I - 1 Ul M-1 , J I » . E B - E 7 ) *Z IM, J I 
00 111 I = 3.M2 
5TT! = f - U l ! , J ) * E 8 - E7) 
B< I > = E6 
C( I ) = U l I , J ) * E 8 - E7 
DI I I . « E5*(TD( I , J * l l - T D I I , J - 1 I ) * t V l I , J 1*E8 + E7 I *Z I I . J - l ) 

1 •EQ'ZI I, J ) • ! - V ( l , J ) * E 8 + E 7 ) * 2 I I , J * l > 
CONTINUE 111 
CALL TRIMA I A , B , C 0 , V 1 , N-1, 2 » 
DO 112 I * 2 , M l 
Z SI I , JI » VII I ) 

0 143 
0144 
0145 



' F O R T R A N IV G COMPILER MAIN 0 8 - 1 2 - 7 . ' 12: 5 6 : 0 5 P A G E 0 0 0 * 

- 1 * 6 112 CONTINUE 
0 1*7 11C CONTINUE 

C SECOND HALF TIME STEP 
0148 

00 113 I = 2 , M l 0140 3 (2 ) = E6 
015C C(2I = V I 1 , 2 >*E8 - E7 
0151 01?) = E5*(TDlI ,31-TDII , 1 ) ) • 1U11.2)*E8*E7)*ZS11-1 ,2)*E9*ZS1 I,2 ) • 

1 l-UIIt 2I*E8 + E7 > « Z S ( 1 * 1 , 2 1 - 1 - V I I , 2 ) * F 8 - E 7 ) * Z I I,1) 
0152 

A 1 N - l 1 = -VII , N - l )*E8 - E7 f 153 H l N - 1 1 = E6 
C154 D IN -1 ) = E 5 * I T D < 1 , N ) - T D I I , N - 2 ) l + IU II ,N -11«E8+E7l*ZSII - l ,N - l l*E9» 

1 ZS I I ,N -1 l+ l -U I I , N - 1 ) * E 8 « - E 7 ) * Z S < I + l . N - l l - ( VI I , N - l 1 * E 8 - E 7 I * l 1 1 , N ) 
0155 DO 114 J = 3 .N2 
C-156 A l J I = - V I I , J ) * E 8 - E7 
0 157 d ( J ) = 5 6 
01 59 C ( J I = V I l , J I * E 8 - E7 
o i 5 < » OIJ) = E5*(T0 ( I , J+1) -TD ( I , J -1 ) »+1UI I , J ) »E8*E7 ) *ZS (1 -1 , J I 

1 • F 9 « Z S ( I « J I + ( - U ( I» J)»E8*E7I*ZS(I*-1.JI 
JM6C 114 CONTINUE 
' .161 CALL TRIMA ( A , B , C , D , V 1 . N - 1 , 2 I 
0162 00 115 J = 2 . N 1 
0163 

ZD I I,J) = V I I J I r 164 115 CONTINUE 
'"165 113 CONTINUE 

C CONVERT NEW T AND VORT TO STANDARD NOTATION 
C 166 

00 116 I = 1,M 0167 DO 116 J » 2 ,N1 
0168 T I I . J ) = T D I I . J I 
L'16Q 1 16 CONT INUE 
01 7C 00 117 I = 2 , M l 
r 171 00 117 J = 2.N1 
0 172 Z I I . J I = Z D ( l . J ) 
0173 117 CONTINUE 

C COMPUTE NEW STREAM FUNCTION 
01 74 Kl » 0 

C F IRST HALF OF TIME STEP FOR STM FCN 0 175 12C K l - K l » 1 
"176 IF ( K l . G T . NUM I GO TO 403 0 177 3C5 00 3C? J = 2.N1 
0 17? BI2I = SI 
CM 7-1 CI2I = - S 3 
0 1 8 3 A ( M - l ) = - S 3 
f I ' M HIM-1I = SI 
c 1 :> D(2I = S 2 * S 1 2 . J I • S 3 * ( S ( 2 , J - 1 I • S 1 2 . J * 1 ) > • Z I 2 . J I 
CM 0 3 : i ( M - l | = Z ( M - l , j | • S 2 * S I M - 1 , J ) • S 3 * ( S ( M - 1 , J - 1 ) • S I M - l . J + l ) ) 
o 1 p<. 

00 3C3 I = 3 ,M? 01 3* A l l ) = - S 3 
" I P ' . 

B( I ) = si 01 6 7 C( 1) •= - S 3 
\ u H 

303 O i l ) = Z I I . J ) «• S 2 » S I I , J I • S3*IS(I,J*1I • S(I . J - l l ) , 1 ^ CALL TRIMA I A , 3 . C D . V I , M - 1 , 2 ) 
' 1 ' J 

DD 304 I = 2 , M l " 1 >\ 
SSI I, JI = VII I I 3C4 CONTINUE 

. : 1 c . 312 CONTINUE 



"r~;.-T"n*'""|v'"'-» P I L R P '•'AIM O R - 1 2 - 70 1 2 : 5 6 : 0 5 PAGE 0005 ~ " 

0 S f C ' - i H H t l F TIME STEP FnR STM FCN O 
r ; oii 3r* I = 2 , « i 
- 1 "> 5 " ( 2 1 = SI 

\ CI 2> = - S 3 - . . 
f • ! ' - 7 U K - l l * - S 3 " ' • 

r i ' M I * SI 
l->. 0 ( ^ 1 = 711,21 • S 2 * S S ( I , 2 I • S3* (SS ( 1 - 1 »2 I • S S t l * l , 2 ) t 

•:•>•• C! IN-1 > = M I . S - l l • S 2 * S S ( I , N - 1 ) • S 3 « l S S I 1 - 1 , N - 1 ) • S S I I + l . N - l ) ) 
• V 1 0 0 3? 7 J = 3 ,N? 
0 J V 7 M J ) = - S 3 ; ; '  

' . ' * ' P (JI = si 
f 1" '• ('. I J I = - S 3 

>?..•> , 3 . 7 !.i(JI = M I , J ) • S ? » S S I I , J ( • S3*( S S I I - l t J I • S S I I * 1 , J ) I 
> 2 ' 6 " ••" ' ' ' C A L L ' T 3 1 A ( A , < < , C D , V I , N - l , 2 1 ^ ', 
- • > 7 on 3c>• J = 2 , N I '< 

'j:. K- SI 1 , J ) = V I I J I ' •'• 
<• p••• o T -" ; ; c ; , T l v JF : ; 

C C H E C K FL'R ST3M FCN CONVERGENCE 
?1 722 = S 3 M 4 . 0 * S ( 2 , ? I - S I 3 . 2 I - S < 2 , 3 ) l 

V I ! CHFCK - ABSI IZ22 - Z < 2 , 2 ) ) / Z < 2 , 2 ) ) 
IF ( K . O T . 4 ) GO TO 311 ' 

02 n -/RITE ( 6 . 3 1 2 ) K l , CHECK ' ' , 

nrz 3 T 2 — F O R M A T I I H , ' KI = • , i4, •—CHECK =* ', I P E H . 6 ) ; : 

0 215 311 CONTINUE I 
:-?16 IF ( CHECK . G T . SFC I GO TO 1 2 0 ! 
L 7 ! 7 CONTINUE " j 

C COMPUTE NEW VELOCIT IES I 
C COMPUTE U • \ 

r ,77 

"21-3 on 123 I = 2 , M l 
:..'!'< 0 ( 1 , 2 ) = l - 3 . C ; * S ( I , 2 ) * 6 . 0 * S ( I , 3 ) - S I I » 4 ) ) * E 1 1 

~ J I I . N - l ) = - l - 3 . 0 * S ( I , N - l l » 6 . 0 » S I I , N - 2 ) - S I I ,N -3I)*E11 
'. ??1 OH 124 J = 3,N2 
C Z 2 2 J 1 I . J ) = ISI I, J - 2 ) - 8 . 0 * ( S ( I , J - 1 ) - S ( I , J * l l » - S ( I , J * 2 ) ) * E 1 2 
* ? ? 3 1 2 4 CONTINUE . ; ; j 
c 2 ? T J 3 C D N T K . i i F ' : ~ : : : | 

c C O M P U T E v 

0225 on 125 J = 2 .N1 i 
26 V I 2 . J ) = (3 .0*S 12. J ) - 6 . 0 * S I 3 , J I+S I4 . J I » * E 1 1 

V I M - l . J I = - ( 3 . 0 * S ( M - l f J ) - 6 . 0 * S I M - 2 . J ) + S ( M - 3 , J I ) * E l l 
" ? '-' 00 126 I = 3.M2 . . - : 
' > ? " « V ( I , J ) = ( - S ( I - 2 , J I + 8 . 0 * ( S ( I - 1 , J ) - S ( I * 1 , J I I * S ( I * 2 , J » » * E 1 2 ~- j 
0 2 3 / 126 CONTINUE , j 
•'?U 125 CONTINUE j 

C C O " P U T ! NF W BOUNDARY VORTICIT IES " 
V V OC 127 I = 2 . M l 
C ? 3 3 Z ( 1 ,1) = - E 1 3 « S 1 I . 2 ) i 

-7TJ-T4 : z i i , N I = - E i 3 * so.N-n : ; 
~?<5 127 CONTINUE 
0-736 00 12B J = 2 . N 1 
02 37 Z . l l . J ) = - E 1 3 * S I 2 . J ) - . , 
<">.'>*• Z I M . J ) = - E 1 3 * S I M - l . J I i CO 

J0230 129 CONTINUE . . . . ' j. r\J 
0 2 4 O AVNU = 0 . 0 : ' ! VO 

C COMPUTE NEW NUSSELT NUMBER 
C24I on 129 I = 1,M 1 



f r'T<T = A » IV 0 C i v i l 
•r ->A1N 03-12-70 1 2 : 5 6 : 0 5 P A G E 0 0 0 6 

02<.2 A M I ) = ( - 1 1 . 0 * T ( 1 , 1 ) + 1 8 . 0 * T C 1 , 2 ) - 9 . 0 * T ( I, 3 1 * 2 . 0 * T ( I . 4 1 ) * E 1 2 
0 2* ? IF (I . N r . l . A M O . i . N E . M ) G O TO 5 0 0 

,->;>4 4 F = A N I I ) * nx / 2 .0 

? 4 5 J <>f TO 5 0 1 
r -cUh 5 0 0 F = A M I 1 * OX 

5 01 AVNU = A.VMJ . • F 
0 ? 4 1 1 2 9 C O N T I N U E 

0 2 40 

WP IT E ( 6 . < > 0 C I K, A V N U , A M A X 

' 2 5 6 .0 
F O R M A T ( 1 H , 'K . = ' , 1 4 , ' A V & . N U = ',E16.fe,« AMAX = ' , E 1 6 . 6 » 

' 2'>1 0 0 TO 4 0 1 

02 5' 4 0 2 

w<MTh ( 6 , 6 0 1 ) K, AMAX •-•253 6'. 1 t-r.PYUT" ( l M t . ' K = ' , 1 4 , ' A M A X = • . E 1 6 . 6 , ' H A S NOT C O N V E R G E D 1 1 

•"2 5 4 r,n TO 6 ( , 3 

;-"i5 4 0 3 nU I T E ( 6 , 6 ^ 2 ) K l , CHI -CK. 
. .: ? <= -s . 6 0 2 rriRMAl ( l H O i ' . K l = ' . 1 4 , ' CHEC IC= ' , E 1 6 . 6 , ' S T M F C N U N C O N V E R G E O ' ) 

2̂57 GO To 6 0 3 

r 253 4~C 
wPITF ( 6 , 6 0 5 ) 

r ? 5 o 6 0 5 F O R M A T U U l i ' T E M P E R A T U R E M A T R I X ' » -
' ? » • ) W R I T E ( 6 , 6 0 4 1 ( ( T ( I . J ) , J = l , N ) , I = l , M I 

0 2 M Wkt TF ( 6 , 6 0 6 ) 

•'26? 6 0 6 F O R M A T ( 1 H 1 , ' S T R E A M F U N C T I O N M A T R I X ' ) 

02 6 3 W H I T E ( b , 6 0 4 ) ( ( S I I . J ) , J « 1 , N ) . I - 1 , M I 

"2e>4 
W R I T E ( 6 , 6 0 7 ) 

- 2 6 5 

0 0 7 F O R M A T ( l H l , "J V E L O C I T Y M A T R I X ' ! 
R 2 6 6 W R I T E ( 6 , 6 0 4 ) ( ( U U . J ) , J = l , N ) , 1 = 1 , M ) 

0 2 6 7 W R I T E ( 6 . 6 C 8 ) 

'•: 2 6 ? 6 0 8 F O R M A T ( 1 H 1 , 'V V E L O C I T Y M A T R I X ' ) 
0 ? 6 9 

W R I T E ( 6 , 6 0 4 ) ( ( V ( I , J ) , J=1,N) , I=1 ,NI i. 0 2 7,-. W R I T E ( 6 . 6 1 C I 

0 2 7 1 6 1 0 F O R M A T ( 1 H 1 , ' V O R T I C I T Y M A T R I X ' ) 
0 2 7 2 - W R I T E ( 6 , 6 0 4 ) ( ( Z ( I , J ) , J = l , N ) , 1 = 1 , M 1 

r 2 7 3 

614 F O R M A T 1 1 H 0 , I P 1 1 E 1 1 . 3 / 1 P 1 0 E 1 1 . 3 ) 
0 2 7 4 W R I T F ( 6 , 6 0 9 ~ ) ( A N ( I ) , I = 1 , M I 
0 2 7 5 .. 6 0 . 9 F O R M A T ( I H O , ' L O C A L N U S S F L T N U M B E R ' / l P U E l l . 3 / 1 P 1 0 E 1 1 . 3 ) 
r. 2 7 6 K * f• - . 
0 2 7 7 

GO TO 17u 0 2TII • 6 0 3 C O N T I N U E -
0 2 7 9 S T 0 » * 

0 2 « 0 E N D 

T 0 1 A L M E » 0 R V R E U U I P E M E N T S O 0 6 E D 4 B Y T E S 

\ 

• • - , -• - — — - - . 
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f-r-^TWAi'J i v (i C C M P I L E P TP I MA 0 8 - 1 2 - 7 1 , 1 2 : 5 6 : 5 8 P A G E O c O l 
0 0 r - l S IWTUT IME TP I MA ( A ,B , C , D , V 1, L , K I 
•y.-r? 01 "FNSICN B(21) , A I? 11 , C ( 2 1 ) , 0 ( 2 1 1 , V I ( 21 ). BA(21 ) ,GA( 211 
CCC3 K l = K • 1 
r.r-o.i, LK = L - K . 

LI - I - 1 
OCOf. HA(K) = 3 ( K ) 
0 1 C 7 i i M K I » OIKI / BAIKI 
c q c « or* i i ~K i , L 
- J C O B M I I = BI I 1 - ( A( I l*C( I — 1» ) / B A d - l l 
~ \/_ 5 M I M (PI I ) - A ( I I*GAI 1-1 I) / BA( I I _ 

y \ \ i CONTINUE 
. 1 ? V11L) = GA(L I 

r " 1 ? on 2 I = 1 » L K 
' : 14 J = L - I 
' . I S V K J I = GA1JI - ( C ( J ) * V l ( J + l » l / BA(J I 
'••:!'. ? CONTINUE  
T P : HE TUPN 

' •'.! -•• END 
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bottom 

L i n e 11 

C a p t i o n 
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(b) Pb -
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( f ) Pb -
(h) Pb -
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(b) Sn -
(d) Sn -

( f ) Sn -
(h) Sn -


