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Abstract

| Natural convection in 1liguid metals has been
studied by direct observation of the fluid flow, using
radioactive tracer techniquesfi The study 1s of importance
in understonding the solidification of metals since fluid
flow strongly influences the héat and mass.transfer in the
system which in turn strongly infloences the structure,
homogeneity, and mechanical properties of the solid metal

produced.

The system examined in this investigation was
a rectangular liquid cell of variable thickneés, positioned
on edge. A small driving force for natural convection was
imposed écross~the liguid cell and when steady state conditions
wefe reached, -a small amount of the same material containing
a radiocactive isotope was added to the top of the cell.
The tracer material was plcked up by the flow and after a
given time interval the liquid was quenched to fix the tracer
position. The resultant solid block was autoradiographed
to determine the distribution of the added radioactive

material.

Thermal convection was observed in liguid tin

® and radioactive

and liquid lead using radioactive Sn'!
T12°* respectively. The results show that the flow rates
increase with increasing temperature difference across the

liquid cell, increasing average temperature, and increasing



liquid cell thickness. Flow rates with Grashof numbers

from 10® to 10°8 were experimentally observed.

A fipite difference numerical solution‘fér the
-problem of thermal convection is'preéented for Prandfl

numbers of 10.0, 1.0, 0.1, and 0.0127_wi££ Grashof numbers
from 2 x 10° to 2 x 107. The experimental results for

liquid tin (Pr‘= 0.0127) are found to approach the theoretical
analysis forblarge‘cell thicknesses and large ﬁemperature
diffefences. The flow behavior of various typves of fluids

is compared with liguid metals tO»show that noen-metallic

analogies to .metallic flow problems have very limited value.

Solute convection 1s experimentally considered
from ﬁhree different viewpoints; a) independent solute
convection, b) the influence of solute COnvection on thermal
convection, and ¢) the thermal and solute conditions for
complete ligquid mixing. It was found that there must be a.
horizontal density 1nversion across the whole liquid cell

for complete mixing to occur throughout the liguid zone.

Interdendritic liquid flo% resulting from the
natunal convegtion in the residual liquid pool was observed
in lead-tin alloys. The flow penetrated into the solid-
liquid zone to a point of approxiﬁately 12 - 22 % solid for
primary dendrite spaciﬁgs of from 700 to 1000 microns.
Several experimental models are presented for interdendritic

flow. A three. dimensional wire mesh model predicts that
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the finer the dendrite structure, the greater the flow
penetration into the .solid-liquid zone. The experimental
results for the lead-tin alloys compared favorably with

the model.

As an exteﬁsion_of»the fiuid flow considerétions,
an 1nﬁestigation was carried out to deﬁermine macrosegregatiqnf
in castings which have imposed fluid;flovaattérns. vThev
macrosegregation present“in stationary, foﬁated,»and oscillated
castingé of Al - 3 wt. % Ag was determined by measuring the
distribution of radioactive silver added to the melt. . it
waé found that no significant macrosegregation was présent
in the stationary and rotated castings, Extehsive macro-
segregation was detected 1n the oscillated césting. Fbr the
oscillated case the macrosegregation_can be accounted for on
the basis of tﬁe long range’movement'of dendrite fragments
which break aﬁd/or melt off in the édiid—liquid interface
‘region. Thisnﬁovement is a direct result of turbulent waves
assoclated with the oscillation. Thé maximum silver concen-
tration is shéwn to be related to the columnar-to-equiaxed

transition.



‘1.

TABLE OF CONTENTS

Introduction

1.1. The importance ofvliquid.métal flow

1.2. The driving forces for liquid metal flow
1.3. The detection of fluid flow

1.4. Purpose of the present investigation

General Experimental Apparatus and Procedures
2.1. Apparatus
2.2. Experimental procedure

2.3. Validity of technique

Thermal Cbnvection
3.1. Experimental investigationé'

3.1.1. Variable applied temperature
-difference and average temperature

3.1.2. : Variable liquid metal thickness

3.1.3. Temperature distribution in the
~1liquid .

3.1.4, .. Variable height of the molten Zzone
3.1.5.‘fDouble cell flow

3.1.6. .-Liquid metal investigated

Page

11
16

18

20

20

24

27

32
Y

33
39

by
k9
49
56



3.1.7. Thermal fluctuations

3.2  The theoretical problem of thermal
convection ‘

3.2.1. Problem statement
3.2.2. Previous theoretical solutions

3.2.2.1. Solution of Batchelor (33)

3.2.2.2. Solution eof Emery and Chu (34)

3.3. Numerical'analysis of thermal convection

3.3.1. Technique of solution
3.3.2. Results of numerical analysis

3.4, Comparison of theoretical and
experimental results

3.4.1. Thermal profiles

3.4.2. Flow patterns and flow rates

Solute Convection
4.1, Independent solute convection

4,2, The.influence of solute cdhvection
on thermal convection

4,3, Thermal and solute conditions for
complete ligquid mixing

Volume Change on Freezing

Interdendritic Fluid Flow

6.1. Two dimensional model

6.2. Three dimensional wire model
6.3. Wire mesh model

6.4, 1Interdendritic flow in lead-tin alloys

v

65

&

85

108

108

117
118
122
128
136
141
142
145

149
162



7. Macrosegregétion in Castings Rotated and
Oscillated During Solidification

7.1. Introduction
7.2. Expefiment -‘
7.3. Results

7.4. Discussion
7.5. Conclusion

7.6. Appendix to section 7
8. Summary and Conclusions

9. Suggestions for Future Work

Bibliography
Appendix I. .. Notation Used

Appendix II. | The theoretical solution to the
. problem of natural convection in
liquid metals

Appendix IITI. Computer Program

Page

177
177
178
182
190
is
196

198

204

206

209

212

223



10.

List of Figures

A closed rectangular fluid system of infinife
length in the z direction ‘

A cross section view of the system of Figure 1
showing (a) the steady-state conduction isotherms
(b) the steadv-state convection isotherms, and
(¢) the solid-liquid interface advancing

across the system.

The longitudinal macrosegregation from uni-
directional growth with (a) complete convective
mixing in the liquid, (b) mixing by diffusion
only in the liquid, and (c) incomplete
convective mixing in the liquid.

The experimental apparatus for observing natural
convection showing (a) the side section view of
the overall furnace and (b) the front section
view of the inner furnace details-

Exploded view of the copper or aluminum mould
used in observing natural convection.

The temmerature versus time curve in the
liquid tin during rapid water quenching.

The tracer movement in a liquid tin melt
(Snt!? tracer) with a 0°C temperature difference
left 30 seconds before quenching.

The tracer vrofile in a tin melt with a 3.0°C
temperature difference left 30 seconds before
quenching,; (a) on the as cast surface, (b) 13%
into the tin block, and (c¢) 44% into the block.

The tracer profile in tin melts with a temper-
ature differnce and a time before gquenching of

(a) 0.23°C, 300 seconds, (b) 0.67°C, 90 seconds,
(e) 1.11°C, 120 seconds, (d) 1.96°C, 60 seconds,
(e) 3.04°C, 30 seconds, (f) 4.00°C, 30 seconds,
(g) 5.05°C, 15 seconds, and (h) 9.1°C, 15 seconds.

The tracer orofile in tin melts with an average
temperature, temperature difference, and time
before aquenching of (a) 236°C, 2.00°C, 60 seconds,
(b) 305°C; 2.02°C, 30 seconds, (c) 237°C, 3.00°C,
30 seconds, and {(d) 305°C, 3.02°C, 15 seconds.

viii

Pagé

2

21
22

28

28

30

34

36



11.

13.

14,

15.

16.

17.

18.

19.

20.

The time for the flow in tin melts to complete
one cycle around the cell versus the temverature
difference across the cell for average temper-
atures of 237°C, 260°C, and 305°C.

The tracer profile in tin melts with a temper-

ature difference, licquid cell thickness, and time

before quenching of (a) 5.60°C, 0.32 cm., 60

seconds (b) 19.0°C, 0.32 cm. ,,15 seconds, (c¢)
.0°C, 0.48 em., 60° seconds, and (d) 5. 0°c,

O 95 cm,, 90 seconds.

' The ligquid cell thickness versus the 1'erfmer'ature

difference across the cell showing the conditions

for two dimensional and three dlmensional flow in

11quid tin at 260°C.

The time for the flow In tin melts to complete

one cycle versus the temperature difference across
the cell for liquid cell thicknesses of 0.32 cm.,
0.48 em., and 0.95 cm,

The experimental isothermal plots for liquid tin
at 260°C for an approximate Rayleigh number and
cell thickness of (a) 1.4 x 10°, 0.32 em., (b)

2.4 x 10°%, 0.32 cm., (c) 8.0 x 105, 0.32 cm.,

(@) 1.4 x 105, 0.95 em., and (e) 2 x 10%, 0.95 cm.

The experimental isothermal plot for liquid tin
at 260°C in a 10.8 by 6.4 by 0.32 em. liquid cell.

The tracer profile in tin melts with a length to
height ratio of (a) 1.6 : 1, (b) 3.5 : 1, (c)
4,9 : 1, and (d) 8.3 : 1.

A schematic of the heat flow in a standard
casting, (a), and the temperature profile, (b),
in the residual liquid pool.

(a) The tracer profile in a tin melt cooled from
both ends.

(b) The tracer profile in a tin melt cooled from
one side only.

The tracer profile in a tin melt (a) cooled from
both ends with equal end wall temperatures and
left for 300 seconds before quenching and (b)
cooled from both ends with the left hand wall
cooler than the right hand wall, and left 120
seconds before quenching.

38

40

42

. 43

50

51

53

55



21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

The tracer profile in liquid lead with a
temperature difference and time to quench of
(a) 2.96°C, 30 seconds, and (b) 4.98°C, 15
seconds, and in liquid tin with a temperature
difference and time to quench of (c¢) 3.04°C,
30 seconds, and (d) 5.05°C, 15 qeconds

The theoretical fluild system to be used in the
analysis of thermal convpction.

The solution of Batchelor showing (a) a
normalized stream function plot and (b) a
normalized velocity in the X direction at a
position one-half way down the liquid zone.

The boundary laver development along the vertical
walls in the solution of Emery and Chu.

A normalized velocity versus the position within
the boundary layer form the solution of Emery
and Chu.

The finite difference grid system for the fluid
cell used in the numerical analysis.

The theoretical plots of the nondimensional
temperature for a Rayleigh number of (a) 2 x 10,
(b) 2 x 10%, (e¢) 2 x 103, (d4) 2 x 10%, (e) 2 x 105
and (f) 2 x 10°¢,

A plot of the theoretical average Nussult number
versus the Rayleigh number.

A plot of the theoretical average Nusselt number

versus the Grashof number for Prandtl numbers of
10.0, 1.0, 0.1, and 0.0127.

A plot of the local Nusselt number versus the
position along the cold end wall for Rayleigh
numbers of 2 x 10%, 2 x 10%, 2 x 10%, 2 x 105,
and 2 x 10°%.

The theoretical stream function for liguid tin
at 260°C with a Grashof number of (a) 2 x 103%,
(b) 2 x 10%, (c¢) 2 x 10%, (d) 2 x 10, and

(e) 2 x 107,

The theoretical stream function for a Prandtl
number of 0.1 with a Grashof number of (a)
2 x 10%, and (b) 2 x 10°%,

57

61

69

71

71

78

86

91

92

93

94

97



33.

34,

40,

h1.

ho.

43.

by,

The theoretical stream function for avPrandtl

number of 1.0 with a Grashof number of (a)
2x 10* and (b) 2 x 10°%,

2 x 10% and (b) 2 x 10°5.

The theoretical flow velocitv (u and U) at
position ¥ = 0.5 for various values of the

Grashof number for (a) Pr = 0.0127, (b) Pr

0.1, (e¢) Pr = 1.0, and (d) Pr = 10.0.

The flow time per cycle versus the Grashof
and temperature difference across the cell

The theoretical stream function for a Prandtl
‘number of 10.0 with a Grashof number of (a)

a

number
for

the solution of Batchelor, solution of Emery and

Chu, numerical solution, and exnerimental results.

The flow time per cycle versus the ligquid cell
thickness for a temperature difference of 1.0°C
showing the experimental and thecretical curves.

Theoretical flow time per cvcle for liquid
versus the average temperature in the cell

" a temperature difference of (0.555°C.

tin
for

The experimental intilal conditions for observing

indepvendent solute convection.

The tracer profile in the system of Figure
left molten 50 minutes without opening the

The tracer profile in the system of Figure

39

mate.

39

with only oure tin nlus Sn'!'® in the left section
and quenched 30 seconds after the gate is onened.

The tracer profile in the system of Figure
with tin plus 0.1 wt. % lead plus Sn'!? in

30 seconds after the pate 1s opened.

39
the

left section, guenched (a) 15 seconds and (b)

The tracer distribution in samples with various
melt materials, average temperatures, and temper-
ature differences showing the effect of solute

convection on thermal convection.

Tracer profile in lead melts with a temperature

difference and time to quench of (a) 1.07°C

60 seconds, (b) 3.07°C, 30 seconds and (c)
15 seconds with Sn'!? tracer.

bl

5.00°C

101

111

113

114

118

120 .

120

124

127



s,
u6.
b7,
.48;

ig.

51.

53.

The experimental intial conditions for deriving
the thermal and solute conditions for complete
liquid mixing. '

The tracer profile for steady-state flows for
the initial conditions as shown in Figure “5
with various lead contents.

The steady—state nrofile of the tracer resulting

from the lower section of the cell being comnosed

of tin, 1.0 wt. % lead, and T12°%%.

The experimental isothermal profile in a svstem

~initially as in Figure 45 with the lower section

composed of tin plus 10 wt. % lead.

The tracer ovrofile in an isothermal melt of (a)
pure tin at 235°C and (b) 44.5 wt. % lead - 55.5
wt. % bismuth at 127°C, both left 300 seconds
before du@ncbln?

The tracer vprofile in a melt of (a) pure tin and
(b) 4.5 wt. % lead - 55.5 wt. % bismuth allowed
to cool, nucleate, and freeze completely without
guenching. .

(a) The temmerature versus time plot for the

melt temperature during nucleation and freezing of

the lead-bismuth eutectic melt and (b) the
differential temperature versus time plot
between two 0.5 cm. apart points in the lead-
bismuth eutectic during nucleation and freezing.

The two dimensional experimental mode] for
observing interdendritic flow.

" The experimental results of the model of Figure
52 with a pure tin melt with a temrerature differ-

ence across the pool and a time before auenching

of (a) 3.68°C, 60 seconds, (b) 5.02°C, 60 seconds,

and (¢) 5.18°C, 600 seconds.

The three dimensional wire rod model for
cbserving interdendritic flow.

The tracer distribution in the system of Figure
54 with a temperature difference of 5.73°C across
the pool showing (a) the as cast surface and (b)
the profile 0.45 mm. below the surface.

xii

Page

2

128

130

132

132

138

139

142

144

145

147



56.

59,

60.

61,

62.

63.

£5.

67.

xiii

o

oV

]
{®

|

The tracer distribution in the system of Figure

54 with a temperature difference of 5.1°C showing

(a) the as cast surface, (b) the left hand end

of the block with the wire removed, and (c¢) the

left hand end with 3/8 inches of the block

end removed. 147

The three dimensional wire mesh model for
observing interdendritic flow. 150

The qualitative flow lines in the system of
Figure 57 showing the two flow cells and
intermesh flow directions. : 150

A micrograrh of a cross section of a wire mesh
in an actual lead sample that has been mounted
and polished. 152

The tracer profile of the intermesh flow that

occurs in 120 seconds after the tracer intro-

duction with a 6.06°C temperature difference for
samples corresponding to number (a) 5, (b) &,

(¢) 2, and (d) 10 sample of Table VITI. 154

The counting crrangement for moniﬁoring the
activity in the (a) large flow cell and (b) small
flow cell in the intermesh flow samples. ‘155

The boundary layers around the mesh wires showing
the notation used in the analysis. 155

A plot of the fraction flowed versus the ratio of
the hole rize to the wire diameter for the various
mesh sizes - investircated. 158

A plot of the wire spacing versus the ratic of the
hole size to the wire dlameter for the no flow
condition from Figure 6H3. 159

A verrendicular view of the primary dendrite
model used in. the interpretation of the intermesh
floew results. 160

A plot of the fraction solid in the solid-liquid
interface versus the primary dendrite spacing

showing the flow and no flow conditions obtained

from the intermesh flow results. Also shown is

the lead-tin alloy interdendritic .flow results. 161

The experimental conditions used for observing
interdendritic flow in lead-tin allovs showing
the thermocouple and tracer addition nositions. 163



£9.

70. .

73.

Th,

75.

76.

77.

78.

79.

xiv

Page
The relevant portion of the lead-tin phase
diagram showing the four alloys used tc observe
interdendritic fluid flow. 163
The tracer distribution in the residual liguid
pool of a pure tin casting with the experimental
conditions of Fipure 67. 165
4 autoradiogranh showing the cast structure of
a tin - 2 wt. % lead alloy directicnally cast
with T1%%% tracer. 165
The tracer distribution showinp interdendritice
flow in castings of (a) tin - 2 wt. % lead, (b)
tin - 5 wt. % lead, (2) tin - 12.5 wt. % lead,
and (d) tin - 20 wt. % lead with the casting
conditions of Figure 67. 167

A plot of weight percent solid versus degrees
centicrade below the liquidus temperature obtained
from the rhase diagram of Figure 68 for the four
alloys concerned. 170

A vlot of percent solid for no flow versus the
weight percent lead for the lead-tin alloy
interdendritic flow experiments. 171

The tracer profile in a tin - 2 wt. % lead casting
residual liquid pool showing (a) the interdendritic
flow and the overall casting size and (b) the

maximum position reached by the 0.6 mm. diameter

wire into the interface. 173

The tracer profile in a tin - 2 wt. % lead casting
with (a) quenching 30 seconds after the tracer
introduction and (b) complete directional
solidification of the casting without quenching. 176

The experimental apparatus used for producing the
stationary, rotated, and oscillated castings. 179

Representative ingots cast in (a) stationary,
(b) rotating, and (c¢) oscillating moulds. 183

Equiaxed ‘grains in the central region of the
oscillated casting. 184

Representative ingots cast in (a) stationary,
(b) rotating, and (c) oscillating moulds. 184



80.

81.

83.

xv

The radial silver distribution in a stationary
casting: (a) 1/4 inch drill holes in 1/4 inch

steps, (b) 1/4 inch drill holes in 1/8 inch qteno,

(¢) 0.030 inch lathe turnings, and (d) 0.050 -
inch lathe turnings disolved in acid. o . 187

The radial silver distribution in (a) stationary,
(b) rotated, and (c) oqcillated ingots using

method (b) of Figure 30, , _ 189

An autoradiograph of the cross section of the
oscillated ingot showing the silver distribution
in the casting. : 191

‘The develonment of the radial macrosegregation

in an oscillated ingot, (a) prior to the time of
the CET, {b) at the time of the CET, and (c) the
final silver distribution in the casting. 104



II.
ITI,

Iv.

List of Tables”

Selected fluid properties
Properties of liquid lead and tin
Comﬁuter run conducted

Equivalent Rayleigh and Grashof numbhers
corresponding the Filgure 27

The effect on the natural convection of
altering dimensionless parameters

Experimental results for combined thermal
and solute convection

Density of lead-tin allovs as a function
of temperature

Data on wire meshes used in flow exneriments
and fraction flowed results

Lead-tin -alloy interdendritic flow results

xvi

——



1. Introduction

The structure and broperties of castings are
determined, in part, by natural convection of the residual
liquid metal during solidification. Natural or free
convectibn, as used In this thsis, can be defined as the
motion of a fluid due ﬁo'density changes resulting from any
temperature or compositional differences in the fluid.

This introduction will discuss the reasons why the study of
natural convection is vital to a true understandine of many

solidification phenomena.

1.1. The importance of liguid metal flow

The importance of liguid metal flow due to natural
convection has only recently been realised. The flow of the
liquid metal durineg sclidification affects the heat transfer,

the mass transfer, and the final cast structure.

The heat transfer rate in a svstem in which heat
transfer occurs by convectlon is greater than that which

would result from conduction alone. With convection there



are two modes of heat transfer; by the conduction of heat
between two points at different temperatures,:and by mass:
transport in the liquid. The more rapid heat removal by
convection in a closed system, such as the re;idual'liquid
metal In a casting, results in more rapid a lowering of
temperature gradients in the liquid metal and a more rapid
removal of superheat from the liquid. The thermal profile

in a convecting system will have a different shape than

the thermal profile in a system transferring heat by conduction
alone. To illustrate, consider the closed rectangular

fluid system shown in Figure 1.

Figure 1. A closed rectangular fluid system of infinite
length in the z direction.



One long vertical side is maintained at a temperaturé e,;
and the opposite vertical wall is maintained at -temperature
82, such that 62 is greater than 6:1. Let the upper and
‘iéwef horizontal surfaces be perfectly insulatéd_and.let
the cell be infinitely long in the z direction. Thus, in
~this system, all thé heat transfer is across'the cell'from
y =0 toy=d. If the fluid system is not allowed to

" flow, the heat transfer is governed by the general three

dimensional heat conduction equation (1):

--@,_(cz.q a[,.28) , 3 [, 28] _ 36 ,
-axFKax] * ay[‘a I 3 (kaz} = -4 % ol (1.1)

=
>
®
=3
®
~
1

thermal conductivity
q =-heat transfer rate
p = fluid density
C_ = .fluid specific heat
t = time
8 = temperature
Assuming from. Figure la that all the heat transfer is in
the y direction, all material properties are constants
and the system}has reached steady-state conditions,

equation (1.1) reduces to:

ST = 0 ' , (1.2)

P

with the boundary conditions that

at y = 0: 8 = 0,

y = d: 8 82



Solving equation (1.2) for the resulting thermal profile

with the use of conditions (1.3) results in:

8, - 6 .
9, 1 -
8 = (—— 3 ]y + 0, | _(1.11)

Figure 2a shows the isothermal lines that result from
equation (1.4). The isotherms are vertical lines and the
temperature gradient is linear in y across the cell and is
equal to (62 - 61) / d. It should be noted that the

temperature is not a function of the vertical x direction.

In é system that the fluid:is.allowed to flow
by natural thérmal convection the system becomes much.more
complex. This i1s because the motion of the fluld alters
the thermal pfofile, and since the fluid motion is deter-
mined by the thermal profile, the flow and the temperature
iﬁ the cell are coupled. They must therefore be solved
together for the general thermal convection case. This
problem has been solved numerically for non-metals by
wilkes and Churchill (2). The details of their solution
will be discussed in Chapter 3. Qualitatively, the iso-
thermal profilé that results from tHé flowing system 1is
shown in Figu}e 2b. The 1isotherms afe seen to bend towards
the hot side:élong the bottom of the cell and towards the
coid side aléﬁg the top of the cell. This 1is caused by the
fluid near thé.cold wall being cooled, becoming moré dense,
and thus floﬁing down the cold wall and along the bottom

of the cell from left to right. Similarly the fluid rises



‘ | (a) ~ (b)

LIQUID

(c)

Figure 2. A cross section view of the system of Figure 1
showing (a) the steady-state conduction isotherms,
{b} the steadv-state convection isotherms, and
{(c) the solid-liquid interface advancing
across thne system.



on the hot side of the cell as ité density decreasés and
it moves across the top of the cell from the right to the
left. This fluid movement causes the isotherms to bend

‘as in Figure 2b.

The‘shape Qf'thé solid-liquid interféce, during
soiidification, is.éltered by'tbénthérmal conveétion iso-
therms in.the residual liquid pbol. Ifhthe Qertical wéll
at temperature 6,. 1is a solidification front and 1t is‘_‘
allowed to move into the liquid pooi the iﬁterface will not
remain in a vertical plane. It will take up é.shapé aé
shown in Figure 2c¢, if 06 1s below the melting'pointvof
the liquid metai. This shape has heen observed by Székely
and Chhabra (3) in a pure lead system. The shape is -
reasonable when consideration is glven to the shape of the
isotherms in ?igure 2b. A éolid—liquid interface wili
move more rapidly into a liquid with a lower thermal gradient
since there is less heat to be conducted away through'the
solid in ordef for the interface to édvance. The lower
regions of thé cell have a lower femperature gradient
near the coldJWall than the upper regions of the cell, and
hence the intéffacé will advance more quickly in the lower

regions fesuliing in the interface shown in Figure 1d.

In:.a convecting system where there 1is a rapid
rate of heat removal, there 1is a corresponding rapid
lowering of the temperature gradients:in the liquid. 1In

a normal casting, in which no additioenal heat 1is added to



the systémzas so1idifi¢ation'progfe$$és, the raté of remQVal
of thé‘liquid.éuperheat will dépend oh‘the rate of conveétion,
As .the gradien@s degreése the:possibiiity of»interféce ‘
breakdown occurring, changing'tbé.structufe, is enﬁanced

by constitﬁtional superéoolihg oécurring éoohér, 1AlSo;

due ﬁo the difference in fhé temperatﬁre gradiéntalong

the cold wall;‘intérface breakdown can occur in some regions
of the interface and not others. From Flgure 2b the lowest
temperature gradients, and thus the most favourable position
for constitutional supercooling, ocecurs at the'upper‘and
lower regions of the vertical wali.' It would thus be
expectéd thaf the interface breakdown'wéuld occur in these
regions first. This phenomenon has>5een observed by We;nberg
(4) who showed experimentally that é'cellular structure'
occurred near the upper and lower edgés of the interface
‘indicating breakdown and a planar région occurred in'the
central area indicating no_breakdoWn.in unidirectionally

solidified rods.

Natural convection can affect both the macro-
segregation and the microsegregation in a casting. -Tbe
1ongitudina1 macrosegregation resulting from the uni-
directional solidification of a metal rod, With a planar
interface, is very sensitive to flow in the liguid ahead
of thé advancing interface. The madrosegregation resulting
from unidirectional solidification with (a) complete con-

vective mixing in the liquid (b) mixing in the 1iquid‘by
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DISTANCE

Figure 3. The longitudinal macrosegregation from
unidirectional growth with (a) comnlete convective
mixing in the liquid, (b) mixing by. diffusion
only in the liquid, and (c) incomonlete
convective mixing in the 1licuid. '

diffusion only or (e) incomplete convective mixing in the
liquid, is shown in Figure 3. This is a plot of solute
concentration"as a function of the distance along the 
.solidified rod, with an average compqsition in the rod
of CO. The shape of the solute concentration cur#es are

seen to be greatly altered by the extent of the mixiné.

Macrosegregation can also occur if the solié—
liguid interface is of a dendritic nature. The most
commonly observed example of this is.inverée segregation
(5). Due to a volume change on freezing of the metal,
solute rich liguid is pulled back into the dendritic network

to cause solute enrichment in the initial stages of the

t
H
o
e
.
r3
jox
r.J
0
r-h
4}

cas in contrast to the solute denletion




which would be expected froﬁ Figure_2,r*Thé;8au§e of this
fluid flow; volume contraction in the dendritic zone causing
a -pressure gradient and pulling new fluid ihto the zone,.
does not fali within the definition of natural-conveqtion
considered here. Detailed analysisbgf this type Qf fiow

has Been'developed'by Flemings and his co-workérs (6,7,8,9).
Their_analysié’includes thermai and soluté.coﬁvection in

the dendritic zone but does not consider tﬁé flcw in the

'residual iiqUid outside the interface region.

Macrosegregation can also be caused by the fléw
cutting across. the dendrites énd the formation of‘flow’ _
chanﬁels at right angles to the dendriteé (10). This flow
causes segregation by displacing iﬁterdehdritic liquid,
which 1s enriched by the solute rejection on solidification.
The tempefature.of-the liquid in the interdendritic région
wi;l be lower :than that of the liquild in the Qentral pool
and hence the thermal convectivé forces will be in the
vertical downwards direction in'the mushy zone. The solute
convective forces will depend on the relative density Qf
the elements béing segregated. If the rejected solute. is
denser than the soclvent the solute convection will be:
downwards and hence enhance the natural thermal convection.
If the rejeéted'solute is less dense fhe solute convection
will be upwardé:and counteract the thermal convection
forces. Althoﬁéh the driving forces for the interdendritic

fluid flow arebknOWn, the analysis 1is greatly hampered by
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‘the very conpiex_naﬁure of the solid—liQuid interface.

The phenomena of solute banding'in a casting
has.been shown‘to_be'caused by conveefion in the liqgquid
meﬁai (11, ié,.iB). For very large'temperature gfadients,
the flow rates_in»a syetem with convective flow can be such
that tne system Willlnecome turbulent or oscillatory in
nature. Accompanying this turbulent flow will be thermal
fluctuations at any particular point in the liguid. When
the thermal fluctuatiens occur near a solid-liquid interface
a growth rate perturbation will occur. This will result
in the effective solute distribution coefficient changing
and a band of solute different in composition being‘
produced. Previous wofkers have shown a direct correlatiocn
between the rate of tempmerature fluctuations and the rate

of band formation.

The manner. in which.natural convection affects
a cast strueture is still open to nuch controversy. The
most widely investigated aspect of structure chenge is
the columnar.to equiaxed transition which occurs in alloy
systems. There have been a number of theories developed
to account for the onset of the equiaxed structure, part-
icularly the source of the nuclei resulting in this
structure. These include (a) partial remelting of dendrites
leaving solid dendrite fragments (14, 15), (b) breaking or
shearing of dendrites with or without remelting vroducing

solid particles (16), (c¢) survival of nuclei from the
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initial chill of the casting (l?),»(d) nucleation at the
upper surface of fhe casting, the nuclei subsequently
moving into the casting (18), (e) the Bending of dendrite
arms causing adiabatic local melting, and producing solid
dendrite fragments (19). Almost all of the above theories
require some motion of the liquid metal for the transition
to occur. The remelting and breaking of dendrite arms is
enhanced by thermal fluctuations in the liquid and the
fluctuating mechanical forces exerted on the dendrites by
a turbulent flow. Also, due to convection, the thermal
gradients ahead of the solid—liquid ihterface are reduced
and hence the pfobability of nuélei surviving and growing
into  an equiaxéd grain is increased. iThe liquid metal flow
also facilitaﬁés the movement of the nuclei from the
position at which they are formed to where they grow as
equlaxed grainé to stop the further growth of the

columnar grains.
1.2. The driving forces for liquid metal flow

Thétpresence and extent ofvfluid flow by natural
convection 1is aependent'on the driving forces present and
the resistanceiof the metal to flow. There are a number
of driving forces which produce fluid motion in liquid
metals, includiﬁg thermal gradients, cbncentration gradients,

mechanical mixing, and imposed magnetic fields.

Thermal gradients are perhaps the most common
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driving force for liqgid motion in the casting of metals.
Invall'solidification processes, some temperature grédient
 is ﬁresent in the liquid at some time during the process.
The temperature differences produce a force resultiné from
the tempefature depéndence of the liquid metal density. As
' temperature gradients can readily be altered experimentally,
many of the effects of fluid flow ére‘examined by altering
the gradient and corresponding thermal convection. Thé
actual flow velocities are quite sensitive to the thermal

gradients (20, 21).

There are two impoftant dimensionless parameters
which are used Qhen discussing thermal convection: the
Prandtl number and the Grashof number. The Prandtl number
is the ratio of the momentum diffusivity to the thermal

diffusivity of the fluid and is written as:

R :
Pro= ¥ = g%; = - (1.5)
where: APr = Prandtl number
v = kinematic viscosity, em.? / sec.
& = thermal diffusivity, cm.2 / sec.
. = abhsolute Qiscosity,_poise, gm. / cm.-sec.
0. = density, gm. / cm.3.

k = thermal conductivity, cal. / cm.-sec.-°C
CD = specific heat, cal. / gm.-°C
The magnitude of the Prandtl number for a fluid relates

the wav the flow and thermal profiles are related in natural



convection. Téble I lists_various.fiuids énd thelir
respective Prandtl nuhbers.' The valués‘for liquid metals
are,generaily lower ﬁhan those.fof other-types of fluids
by as much as several orders of magnitﬁd@ and hence tbe.
thermal convection behaviour will be very different.

: 2

Generally liquid metals have values . of the order of 10 -,

gases have values close to 1, and water has a value near 10.

The Grashof number is a dimensionless parameter
relating the buoyancy forces in the fluid due to the
temperature differences to the viscous forces invthe fluid

and is written:

cr = BRSO (1.6)

where: Gr = Grashof number

1}

g' acceleration due to gravity, em. / sec.2

B = coefficient of voluméAexpansion, 1/ °C

A6 = 82 - 6,= temperature difference between
the hot and the cold walls, °C

d-= distance between the hot and the

cold walls, cm.

Another dimensionless parameter used in thermal convection -

is the Rayleigh number defined as:
Ra = Gr + Pr (1.7)

" Solute gradients cause fluid motion in a similar

manner to thermal gradients. Solute concentration
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Selected Fluid Properties

Fluid Viscosity | Specific| Thermal | Density |Kinematic | Prandtl | Grashof
Heat Conduct-. ~. |Viscosity -| Number AT
ivity _ 1 . L 2 e
centipoise|cal/gm-°C cal/ gm/cmB, cm2/séc 1 1/°c
' : cm-sec-°C. N L . SR
Tin 1.88 0.054 |o0.08 6.95 ©0.0027 | 0.013 | 3.6 x 10°
(37, 38, 39) ' B L o ,
Lead 2.39 0.038 | 0.039 10.62 0.0022 | 0.024 | 5.8 x 10°
(37, 38, 39) g z | co
NH, (gas) 0.0094 0.52 0.000052 0.0079 0.012: | 0.9 0;32ix’1o6_?'
(1) o | , k
Steel 6.5 0.12 0.07 6.95 0.0093 0.11 0.6 x 10° :
NaCl (liquid)| 1.27 0.27 0.03 1.54 0.0083 | ©6.12° | 1.3 x 10°
(41) o o
Watir 1.38 1.0 l10.0014 1.0 0.0138 | 10,0 1.3 x,10%
a

hT



differences may arise from solute rejection aﬁ a solid-
liquid interface or any other inhomogenelties présent in
the liquid metal alloy. The relative importance between
thermal and solute convection in a particular s§stem is
dependent on the relative density differences produced
by the thermal and‘solute gfadients and also whether tbe
effects are additive or subtractive. Cole and Winegard
(22) have shown that for large thermal gradients (5 - 30
°C / em.) and dilute alloys (0.01 wt. % lead-tin alloys)
that the mixing due to solute.convection is negligible

compared with the thermal convection.

External mechanical mixing to induce fiuid flow
gives rise to forced convection rather than natural con-
vection. Mechanical mixing can develop flows which can
go against the flow fhat would result. from the natural
driving forces. - Enhancement of flow is used to intensify
the effects of natural convection to produce, for example,
finer and more controllable grain sizes. Control of the
grain structure has been extenslvely investigated by various
dsCillations aﬁd rotations of the mould to enhance or |
suppress the fluid motion (15, 16, 23). An investigation
into the effecéé of forced convection on the macrosegregation

will be discussed in Chapter 8.

Magnetic flelds can be used to either enhance
or suppress the natural convection in - a liquid metal. Since

metals are electrical conductors they can be induced to
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move under a‘fotating_magnetic field (24),»Qr_éwconstant
magneticvfield if a‘direct'electriéél currenﬁ is passed
tpfough the liquid metal at right angles to thé magnetic
field (25). -A magnetic fiéldvéah-also be used to reduce

tﬁe natural convéction‘aé there 1s a retafding force to
motion of a conductor In a constant magnetic field. This
behavior can be visualized as an increaée in the viséosity
of the 1iquid; The reducing of natural convection Will
suppress the thermal oscillations (12), reduce the solute
banding (13), change the macrosegregation along a uni-
directibnally:éolidified rod (26); and suppress the columnar
to equiaxed tfansition by reducing convéction and increasing

the thermal grédient (27).
1.3. The deteetion of fluid flow

Thé detection and analysis of natural convection
can be divided into two general classes of techniques:
direct and indirect. The indirect'méthods involve the
analysis of an‘effect of convection,'to deduce the fléw
that was occurring at the time the effect was produced.

The direct metﬁod involves thé actuai‘measuring of the
flow or some éroperty assoclated with:the flow, while the

flow 1is ocCurring.

The effects of convection discussed ingsection
1.1., such as<Segregation, can be used to deduce Hhe liquid

flow that occurs during the formation»of the effect.
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Generally, this type of analysis willwoniy give e.felative
degree of mixing or a very appfokimate,idea of the direction
of the f1ow. Unidirectional growth experiments can be

done at various temperature gradients and specimen sizes

and configurétions to determine their effect>on the flow
rates using the final solute distribution for the comcarison.
Quenched inﬁerface shapes and diffusion boundary layer -
shebes ahead of the interface can be ueed to deduce thé

flow in that region. However, quantitative values'of_the

flow rates are not possible by these methods.

Direct methods of observing the fluild floW'afe
very easily accomplished in non-metallic transpafent liquids.
‘Ammonium chloride - water systems (16, 28,v29, 30), sodium |
chloride - water systems (31), and molten sodium chloride
(26) have all been studied. The main drawbacks of relating
theee observations to liquid metal situations 1is the
differences in.: the basic flow behavior between the non-metallic

and -metallic systems or the differences in the way they

solidify. This subject will be discussed further in Chapter 3.

Temperature meesurements can be used as a direct
method to determine the flow rates in liquid metals. The
time for a thermal oscillation to travel between two near
points can be measured with two thermocouples in the melt
(26) and hence the local velocity between the two points
determined. This procedure, however, requires large

temperature fluctuations and hence has limited use at the
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lower fldw rates without turbulént flow. Aisé the local
effect of the ﬁhermocouple on the flow is not.kﬁown.

The shape of the isothefmal lines can also bé usédfto deduce
the fluid flow directions in the melt. ’Foruexample,_the
profile in Figure 2b is obviously for a one cell flow“‘

around the liquid cell.

Direct observation of fldw in ligquid metalsA
can also be made usingfrédioactive tracer techniques.
The flow can be observed using "in situ" monitoring of
the movement of the tracers in the melt (21) or by using
a quenching technique (20). The quenching technique has
been used exclusively in the present work and is fully

discussed in the following chapter.

1.4 Purpose of the present investigation

Many factors of solldification are greatly
altered by natural convection, as described in the previéus
section. For a baslc understanding of the effect of liquid
metal flow on.casting structures and_properties, the details
of the flow 1tself must be known. Very.little research,
either experimental or analytical, has been done to discover
the exact behavior of natural convection of liquid metals
in a closed system. A gréat deal of work has been done
both analytically and experimentally on non-metallic natural
convection, but generally this cannot, with any degree of

accuracy, be applied to liquid metal flow. The reasons
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for this will become evident in the theoretical sections
to follow. Direct observation of the cell flow patterps
in liquid metals has previously not been achiéved. It 1is
for these reasons a research program was undertaken to
observe experimentally, and compute theoreﬁically, the

thermal convection behavior of a liquid metal.

Using the experimetél technidue developed to
observe the fluid flow, several other areas of fluid effects
were observed. Flows resulting from solute convection
ahd the voluﬁeAchange on freezing wére_observed as was
the interdendritic flow caused by the convection in the

outer liquid pool.

During the course of this work an auxiliary
research sfudy was conducted jointly with Mr. L. C. MacAulay
under the direction of Professor F. Wéinberg. This study
was oﬁ the macrosegregation in aluminum - 3 wt. % silver
castings rotated and oscillated during solidification.

This work is presented in Chapter 7: of this thesis in an
identical form as it 1s to appear in the f&rthcoming thesis
of.Mr. MacAulay. This work has been accepted for pubiication
in Metallurgical Transactions and will appear in the same

form as presented here.
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2. General Experimental Apparatus and Procedures.

-2.1. Apparatus

fhe technique used in tﬁe present investigétipns ‘
was that of using radiocactilve eleﬁents to trace out the |
flow patterns in the liquid metal pdol under various boundary
restrictions. The experimental appafatus is shown in
Figures 4a and 4b. The molten metal is contained in an
aluminum or copper mould that is assembled as shown in
Figure 5. The central U shaped piece is machined from
aluminum or copper plate and a number of'various thicknesses
and cell lengths were produced. The mould 1s open on the
upper surface. The sides of the mould are 1/16 inch thick
sheets of the same material as the U shaped pilece. A |
number of stainless steel bolts are ﬁsed to assemble the
mould. All surfaces of the mould aré coated with a collodial
graphite wash to prevent any attack on the mould by the
liquid metal. The graphite layer between the flat side
plates and thé.U piece also stops any leakage of the liquid
metal out of the mould even if a good contact in the mould

assembly 1s not obtained. After quenching the solid metal
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is removed by disassembllng the mould. On one end of ﬁhe
moﬁld a heating block 1is attached. A chromel windiné is:
contained in a quartz tube and this is lowéred into akhole
passing through the copper heatihg block. Thevpower to
the heating coil is supplied from a.variable autotransformer
cbnnected to a Sola constant voltage'transformervgiving a
stable applied power up to 80 watts during the experiment.
Oﬁ the opposite end of the mould is a cooling block of‘
similar éonstruction to the heating block. A copper tube.
is passed thréugh the block for the vnassage of argon ér
water to givé a variable rate of heat removal. Both the
blocks are béited to the U shaped plece and a tight fit is

maintained for good heat transfer by the use of .002 inch

spacers.

The composite mould is suspeﬁded in é covered
stainless steel container 6 x 6 x 2 inches with stainless
steel straps.. During an experiment the container is filled
with argon to reduce oxidation, and for quenching the
céntainer is rapidly filled with water. A large flat heating
element is placed on either side 6f the steel contaiﬁer
for raising éhd maintaining the overall fufnace temperature.
A Honeywell témperature controller connected to the plate
heaters is used to maintain a constant furnace~temperaturef
. The control tﬁermocouple is between the heating plate and
tﬁe stainleséﬁsteel tank. This controller maintains a

temperature within * 1/2 °C at the control thermocouple.
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The whole assembly 1s contalned in,a”brick insulated outer
aluminum case, constructed to allow direct visual obser-

.vation of the melt from above thevfdrnace.

Temperature measurementeeof the molten béth.are
made with long thermocouple probes inserted inte ﬁhe:melt‘
from fhe top of the furnace. Two typeS'of_thermoeouples
ere used. Fpr simple temperature monitering Of'the_bath
iron-constantan thermocouples, sheathed.by ;.5 mm.ediameter
quartz tubing, are used. Thexend of the sheath is left;'
open and the thermocouple bead which is 0.5 mm. in diameter,
positioned outside the tube for good.temperature response
end accuracy. For accurate temperatufe profile measurements
for the bath, a commercially madeviron—QOnstantan thermo-
couple contained in a 0.5 mm. stainless steei tube 1is used.
The very smaii diameter of the tube causes minimum distufbance
in the melt. Eilther of these thermecouple probes can be
positioned te any locatlion in the melt with the aid of a
horizontal a;a vertical calibrated traverse mechanisﬁ on
top of the farnace. The thermocoupies are conneetedtvia an
ice water cold Junction to a Honeywell Electronic 194 -
temperature ;ecorder. Full scale deflections of between
20 millivolts (360°C) and 0.1 milli&blts (1.8°C) were used

in this work.
2.2. Experimental procedure

The 1iquid metals used in this study were tin,
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lead, lead-tin alloys and leéd—bismuth alloys. All
materials were specified as 99.999% pure for metallic
impuritiés. The radioactive tracers uéed were tin (Sn'!?)
with ¥ and e‘»radiation and thallium (T12°%%) aloure beta
emitter. The tracérs were obtained from the»Atémic Energy
of Canada Limitéd. Various combinations of melt material
énd tracer element were used to investigate various aspects

of natural convection.

~ The general procedure for an experimental run
is as follows:

(a) The mould is assembled and the material to be
investigated is cast into the mould. The filled mould is
placed in the. furnace and the temperature of the system
is raised by means of the heating plates, With the use of
the heating and cooling blocks a prescribed temperature
difference is imposed and maintained across the molten
or semi-molten region. During this time an argon athsnhere
is maintained in the steel container.

(b) A témpérature traverse isfmade of the molten
zone when the:syséem has reached equilibrium conditions.
The system isuéssumed to be 1in equilibrium when the average
temperature aﬁd the temperature differénce across the melt
are both constént fof a neriod of approximately one-half
hour. The O.éamm. diameter thermocouple is used.

(e) Tolébserve the flow pattern, a small sphere

of radioactive material is added to the melt. The
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material added 1is approximately 0.1 gms. For the tin tracer

113

the particle added is 25 wt. % Sn as received from The

Atomic Energy of Canada Ltd. For the‘thallium‘tracef the

particle added is 1.5 wt. % T12O“

‘as received. The tradef
is added at the top of the melt and 1is allowed to fldw

for a certain period of time. The whole.system is then
quenched very rapidly by filling the stainless steel eon—
tainer with cold water, »

(d) . The resultant solild block containing the radio-
active material is removed from the mould and placed on a
sheet of either X-Ray or Contrast‘PrdCess‘Ortho film.: The
pnesence of radioactive materlal adjacent to the film will
effectively exoose the film locally.x An examination of the
developed film then reveals the flow pattern in the liquid
prior to the quench. The penetration distances of the
radiation in the metal casting 1is reiatively short (20 microns
for the thallium in tin), so that for observing the internal
flow pattern the surface layers can be progressively
machined off and autoradiographed.

All the autoradiographs presented 1n this thesis are printed
from negatives ‘made from the original autoradiographs. The
position of the tracer will show as a,darkened region'as
in.the originai autoradiograph. All pictures will be shown,
where applicable, with the flow in the counterclockwise

‘direction, and are also shown actual Size.
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2.3. Validity of technique

The most important question to be resolved in
this experimental technique 1s whether the autqradiographs
are representative of the flow that occuré priér fo the
quench, or the quench process itself céuses significant

fluid motion.

It 1s reasonable to assume that the more rapid
the quench, the greater is the likelihood that the tracer
will be fixed in its position prior to quenching. To‘quench
the sﬁainless steel tank is complétely filled with cold
water 1ln two seconds. The guench rate is éstimated from
the temperature response of a thermocouple 1eff in the
melt during the quench. A typical temperature vs. time
curve is shown in Figure 6, for a pure tin melt with é
starting temperature of 268°C (melting point 231.9°C).
‘The temperature response indicates that the tin starts to
solidify in approximately one second and that the casting
is‘completely solid after three seconds from the start of

the quench.

A zero temperature gradient in a molten bath of
pure tin should produce no fluld flow. A test was conducted
in which radioactive tin was added to liquid tin in which
there was no detectable temperature gradient, then quénched
thirty seconds-after ﬁhe addition. .The sample size was

6.4 cm. by 6.4 .cm. by 0.32 ecm. thick. Figure 7 shows the
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Figure 6. The temperature versus time curve in the
liguid tin during rapid water quenching.

Fipure 7. The tracer movement in a liquid tin melt
(Sn'!'?® tracer) with a 0°C temperature difference,

left 30 seconds before quenching. (Actual size)
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resulting flow as the darkened regibn of the‘autoradiograph.
The tracer is seen to have remained essentially in tﬁe
region in which it was added,:with some slight downw;rd
flow due to the addition containing the radioactive tin

beling colder than the liquid.

The change in the flow pattern at different
positions within the casting can also be gsed to determine
to.what extent the autoradiograbhs are representative of
the fluid flow before quenching. The outer surface cf the
1iquid cell should solidify extremely rapidly so’that'little
. tracer movement would'be anticipated. 1In the central region
there is a three second elapse frcm;tﬁe start of quenching
to complete solidification; some extraneous flow might
occur during this interval. The tracer profile et various
positions in the solid block is shown in Figure 8. This
sarple had a 3°C temperature differeﬁce across the liquid
‘ceil, an;averege temperature of 2606C, and 1s pure tin with

tin tracer. fhe casting was made ih'the 6.4 by 6.4 by 0.32
‘cm} mould. It should be noted that a temperature difference
1s used to describe the thermal conditions rather than a
temperature gradlent From Flgure 2b it is evident that the
temperature gradlent is not a constant but a function of the
vertical positidn in the cell and hehce is not a unique
perameter for.a certalin thermal condition. The three auto-
radiographs in Figure 8a, 8b and 80_represent the tracer

position attthe as cast surface, 13% below the surface, and
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Figure 8.

The tracer profile in a tin melt (Sn'!?® tracer,
260°C average temperature) with a 3.0°C temperature
difference left 30 seconds before quenching,

(a) on the as cast surface, (b) 13% into the tin
block, and (e¢) 447 into the tin block.
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447 below the surface. It is apparent that the limit of
flow around the liquid cell (point A) is nearly the same
throughout the casting which would not be the case if there

were internal flow after the surface layers were solid.

From the observations presented in this section
it is very reasonable to assume that the quenching operation
does not cause any slignificant disturbance of the overall

flow pattern.
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3. Thermal Convection

3.1. Experimental investigations

Thefmal convection 1s perhaps the most important
form bf convection in standard caéting processes and will
therefore receive the greatest study in this work. The
experimental results of the present investigation will be
presented under the following divisions:

(a) temperature difference across the liguid and
average temperature

(b) 1liquid metal thickness

(¢) temperature distribution in the liquid

(d) 1liquid zoﬁe height

(e) doﬁﬁie cell flows

() lidﬁid metal investigated>i

(g) thermal fluctuations

‘For:a melt of pure tin, radioactive tin was used
as the tracer and for melts of pure lead, radioactive
thalliumAwas used as the tracer. Both of these systems

will be representative of thermal convection only.
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3.1.1. Variable applied temperature difference and

average temperature

The thermal convective flow 1is very depéndent
on the thermal boundary conditions present in the melt.
The liguid cell used iﬁ the experiments described in this
section is 6.4 em. by 6.4 ecm. by 0.32 cm. thick. The effect
of changing the liquid cell thickness is discussed in the
next sectidn. The flow pattern as a function of temperature
difference across fhe pure tin melt is shown in the auto-
radiographs in‘Figure 9. All these‘sémples had an average
‘temperature of1260 + 1°C. The eight flow patterns shown
ha&e temperature differencés from 0.23°C to 9.1°C across
the liquid zone. Comparing the samples shows that the
fiow rate inéreéses greatly with increasing temperature
difference, bué the shape of the flow pattern remains
essgntialiy conétant over the range of temperature differences
considered here. All flow occurs in single cellular
patterns and appears to be laminar in natﬁre as no smail

turbulent eddyicurrents are apparent.'

Tbefeffect of changing the average temperature
of the tin melt can be seen in Figure -10. Three different
average temperatures have been studied, 237°C, 260°C and 305°C.
Figures 10a andilOb compare the flow rates at 237°C and
30550 with a 26C temperature difference and Figures 10c
and 10d compare;the flow rates for a 3°C temperature

difference. It should be noted when comparing that the
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Figure 9. The tracer profile in tin melts (Sn'!? tracer,
260°C average temperature, 0.32 cm. thick cell)
with a temperature difference and a time before
quenching of (a) 0.23°C, 300 seconds, (b) 0.67°C,
90 seconds, (c¢) 1.11°C, 120 seconds, (d) 1.96°cC,
60 seconds.

(continued)
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Figure 9 continued. The tracer profile in tin melts
(Sn''?® tracer, 260°C average temperature, 0.32
cm. thick cell) with a temperature difference
and time before quenching of (e) 3.04°C, 30
seconds, (f) 4.00°C, 30 seconds, (g) 5.05°C,
15 seconds, and (h) 9.1°C, 15 seconds.
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Figure 10.

The tracer profile in tin melts (Sn!'?® tracer)

with an average temperature, temperature difference,
and time before quenching of (a) 236°C, 2.,00°C,

60 seconds, (b) 305°C, 2.02°C, 30 seconds, (c)
237°C, 3.00°C, 30 seconds; and (d) 305°C,

3.02°C, 15 seconds.
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lower superheat flows were left twice as long as the higher
superheat flows for the same temperature difference prior
;o the quench. From the autoradiogranhs it is evident -
that anvinérease ih the average temperature causes an

increase in the flow rate for an equal tempmerature difference.

Forlquahtitative analysis of the flow rates the
time for the flow to comvlete one cycle around the céll-has
been chosen as the relevant parameter; Usually two to four
experiments with differences in the times before guenching
are done for .a particular temperature difference and averaée
témperature to obtain the time ver cvele. The time per cvcle
for.a varticular casting 1is obtained by measuring the
angular movement of the tracer front .around the cell and
then using the time to quench to calculate the period the
tracer would take for a complete cycle of 360°, The sample
must, thefefére, be quenched before ﬁhe tracer has completed'
one full cyclé. This parameter has been chosen since
it will allowia single value to descfibe the overall flow
rate. The aétual autoradiographs can be used for noting
any changes iﬁ:the shape of the flowfpattern. The time
per cycle fofjbure tin versus the tehnerature difference
across the cell for three differentvdegrees of superheat
is plotted iﬁﬁFigure 11, It is seen from this graph, as
with the aut&fadiographs, that the flow rates increase with
increasing teéperature difference acfoss the cell and that

they also increase with increasing melt superheat.
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Figure 11. The time for the flow in tin melts to complete

one cycle around the cell versus the temperature
difference. across. the cell for average temperatures
of 237°C, 260°C, and 305°C.
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3.1.2. Variable liquid metal thickness

Three different molten zone thicknesses were
investigated: 0.32 em. (1/8 in.), 0.48 em. (3/16 in.)
and 0.95 em. (3/8 in.). All the l1iquid cells had a molten
zonelength of 6.4 cm. and a height of 6.4 cm. These
experiments were dqne to determine if any'significant
change in the flow behaviour occurred with a thicker cell
size possibly due to constraints by the large flat cell
faées on the flow. The change in thé fiow pattern and

flow rates were both investigated.

It:was found that for increasing cell thicknesses
and increasing temperature differenées a completely different
stable mode of thermal convection can develop in the 1liquid
mefal.- The two different modes can be referred to as two-
dimensional and three—dimensional flow. 'Figure 12 shows
typical autoradiographs of as cast surfaces for two—
dimensional and three-dimensional flows in liquid tin.
Figure 12a is:for the 0.32 cm. cell and a 5.60°C temperature
difference which shows the two-dimensional type of flow
like all the flow patterns shown in Figure 9. This flow is
characterized:by the single laminar flow cell with the |
trécer formiﬁé a continuous circular‘path around the liquid'
cell. By inéfeasing the temperaturé?difference across theA
0.32 cm., celi‘fo 19°cC, Figure 12b, of by increasing the cell
thickness to 6;48 cm., Figure 12c, of 0.95 em., Figure 124,

the flow changes to the three-dimensional mode. The three-



Figure 12.

4o

The tracer profile in tin melts (Sn!!'? tracer,
260°C average temperature) with a temperature
difference, liquid cell thickness, and time
before quenching of (a) 5.60°C, 0.32 cm, 60
seconds, (b) 19.0°C, 0.32 em., 15 seconds, (c¢)
5.0°C, 0.48 em., 60 seconds, and (d) 5.0°C,
0.95 em., 90 seconds.
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dimensional mode is cheracterized by a spiral pattern, with
trecer depleted bands coming from three corners of the
liquid zone and a tracer rich band_from the top left%hand
corner.. The spiral pattern observed does not change with
time, the bands remaining fixed in position with time.. The
pattern was-found-to be identical on’both sides.of the
casting. ‘There are no continuous flow lines connecting.the
areas where the tracer is present due'to these,depleted
bands. Thus for the tracer to move'throughout the cell;

as seen in the autoradiographs, there must be an internal
flow in the molten zone, This complex three—dimensional
flow pattern is developed for higher gradients and thicker
cells. Figure 13 shows quantitatively the dividing line
between the two flow modes for a variable cell thickness
and temperatdre gradient. A band is shown separeting the
two modes of flow at lower temperature differences since

at very low gradients the autoradiograph interpretation
becomes more:difficult; The theoretical analysis of thermal
oonvection is very complex and is usnally only attempted
for two- dimensional flow. Thus to enable theoretical and
experlmental comparisons to be made, most of the present
observations..of thermal convection have been made for the

two—dimensional mode.,

The variation in the actual flow rates for the
various 1liquid cell thicknesses was also observed. For

the three cell thicknesses used in Figure 12 experiments
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were conducted with»pure tin, at 260°C average temperature,
t§ arrive at a time'per cycle versué temperature différeﬁce
cﬁrve for each cell. For a time per cycle value towbe
calcﬁlated, ohly two-diﬁenSionai flows or the véry'early
stages of three—dimensional flows qan1bé Qsed. tThis'is due
t¢ the three-dimensional flow resuiﬁing in,the‘tfacep
"short circuiting" through the internal.parﬁs of tﬁe cell
to give a false time per cycle reading;fof compérison
pﬁrposes. A cycle time cannot really‘be;defiﬁed for fully
developed three dimensionai flow. Tbe'flow:rétes Veréus
tﬁe temperatu;e difference across thé cell for the thfee
different cells is shown in Figure 14. It is'e§identvthat
the thicker cells have more rapid flow rates. Thié shall
be discussed Qhen‘these résults are compared with various

theoretical solutions in section 3.4,

3.1.3. Temperature distribution in the liquid

The - temperature distribution in the liquidvtin
ﬁfior to the quench is a function of. the temperature differ—
ence across tﬁé molten zone and alsoAthe liguid thickness. .
Td determine the temperature isotherms for a given se£ of
cénditions, temperatures are determined at eight poinfs
oh each of fi&e vertical traverses bf the melt to give a
toﬁal of forti,temperature readings.i The results in °C are
plotted in Fiéure 15a - 15e normalized to a zero point at

the geometric -centre of the molten zone. The thermal
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(a)

25

(b)

The experimental isothermal plots for liquid
tin at 260°C for an approximate Rayleigh
number and cell thickness of (a) 1.4°x 10°%,
0.32 em., and (b) 2.4 x 10%, 0.32 cm.



bé

(c)i'

(d)

Figure 15 continued. The experimental isothermal plots

‘ for liquid tin at 260°C for an approximate
Rayleigh number and cell thickness of (e¢)

8.0 x 10°, 0.32 em., (d) 1.4 x 10°, 0.95 cm.
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(e)

Figure 15 continued. The experimental isothermal plots
for liquid tin at 260°C for an approximate
,Rayleigh number and cell thickness of (e)
2 x 10° and 0.95 cem.

Figure 16. The experimental isothermal plot for liquid
: tin at 260°C in a 10. 8 by 6.4 by 0.32 cm.
liquid cell.
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profiles for various temperature differences for the O 32 cm.
and 0.95 cm. thick cell are shown. It should again be noted
_that vertical, equally spaced isotherms would represent '
conductive heat transfer " The results clearly indicate

that the lisotherms in the liquid are bent in a manner
indicative of convective flow. The isotherm‘shapes indicate
a one cell flow pattern with the cool fluid moving to ‘the
right across the cell bottom while the‘hotter.less dense
fluid moves to the left'across the top‘of the cell. éuant—
1tative1y, for a given liquid at a constant average temp-
erature, the greater the bending of the isotherms, the
greater the rate of fluid flow. Comparing Figures 15a;‘

15b and 15¢, increasing the temperature difference increases
the isotherm bending, comparing Figures 15a and 15d or

15b and 15e, increasing the cell thickness also increases
the isotherm bending. The isothermal shape for the 0. 32 cm
thick cell with a 19°C temperature difference is very
similar to the O 95 em. thick cell with a 3°C temperature
difference as seen by comparing Figures lSc and 154. 3?h1s

is. in agreement with the flow rate results presented previously.
. i )

{
i
;
{

For-comparisonf a thermal profile in a 10. 8 cm,
by 6.4 cm. by: 0 32 cm. molten zone cell 1s shown in Figure l6.
The material is tin and the plot is- normalized in the same
manner as the square cell,profiles. ~The shape of the

profile is Very similar td the square cell profiles, again:;

indicating a one cell ﬂlow*pattern.
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3.1.4. Variable height of the molten zone

The effect of the height of the molten zohe‘on
the flow pattern was investigated in a 10»8cm.‘long b?
0.32 cm. thick'liquid cell The mould was filled to differ—
ent levels to obtain the variable height required The
runs were done with a 9 - 10°C tempereture difference |
across the cell,van average temperature of 26oﬁc'and were
quenched 120 seconds after the trecef 1ntroduction; Fiéure
17 (a, b, ¢, d) shows the resultant flon~forvlength to
height ratios.of 1.6 : 1, 3.5 : 1, 4.9 : 1 and 8,3_: 1
respectively The tracer was added to the leftfhand corner
" 4in each case, the cold side being on the 1eft In'the
1.6 : 1, 3.5‘} 1 and 4.9 : 1 length to helght ratios phé
flow is of a:one flow cell nature as;was observed in the
square mould."However, in the 8.3':il retio l1iquid cell
tﬁe flow is starting to break into more than one cell; This
is'indicated oy the secondary flow cell forming at the
left-hand endiof the sample. Due to experimental limit-
ations the leogth to height ratio codld not be increaeed

further.

3.1.5. Double cell flow

Castings normally solidify in a three-dimensional
configuration, such as illustrated in Figure 18a. The heat
is extracted from the liquid in many directions at once

and therefore>the resulting flow in.the liquid pool may
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Figure 17. The tracer profile in tin melts (Sn!!'?® tracer,
260°C average temperature, 10°C temperature
difference, 0.32 cm. thick cell, time before
quench of 120 seconds) with a length to height
ratio of (a) 1.6 : 1. (b) 3.5 : 1, (e) 4.9 : 1,
and 8.3 : 1.
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Figure 18. A schematic of the heat flow in a standard
casting, (a), and the temperature profile,
(b), in the residual liquid pool.

change from simple one cell flow patterns to very complex

forms.

Figure 18a shows a partially solidified casting
with solid—liquid interface moving towards the centre from
each side leaving a central liquid pool. The temperature
gradient acrdss this pool will be of the form as shown in
Figure 18b such that each side is at the liguidus temper-
ature of the'ﬁetal and the central region is at a somewhat
higher temperature. The actual profile will depend on the
vertical position in the melt and the time elapsed since

the casting was poured. An experiment was carried out



52

which would approximate this more general casting config-

uration.

In this experiment cooling blocks were used at
both ends of the rectangular cell (i0.8 ecm. by 6.4 cm. by
0.32 cm.). The average temperature.of the liquid tin was
maintained by raising the overall furnace temperature
sufficiently to enable the heat lost through the cool ends
to be balanced by heat gained through the flat faces of the
mould. This could be done if the heat lost through the
cooling blocks was kept small., Figure 19a shdws a typical
flow pattern with two flow cells. To show both cells the
tracer was added at two points simultaneously, one iﬁ each
half of the mould. This casting waé quenched 120 seéonds
after the traéer introduction, had'én average temperature
of 267°C and'é temperature differencé from the mould walls
to the centrél region of 1 - 2°C. The flow pattern that
results has two cells of approximatély the same size. The
1hdividual fibw cells that result are very similar in form
to the one cell flows discussed in an earlier section.
Figure 19b shéws a single cell pattéfn for liquid tin at
260°C with a temperature difference bf 1.11°C and a time
before the quench of 120 seconds. These conditions are
similar to tﬁé double cell casting bf Figure_lQa; It can be
seen that individual flow cells areﬁthe same for both
experimental.éonfigurations. Althoﬁgh the temperature

differences cannot really be compared, the flow rates are
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(a) The tracer profile in a tin melt cooled
from both ends and left 120 seconds before
quenching with a temperature difference across
one-half of the cell of 1.5°C.

(b) The tracer profile in a tin melt cooled
from one side with a temperature difference

of 1.11°C and left 120 seconds before quenching.
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quite similar indicating that the single cell flow results

can be applied to more complex types of flow.

The relative sizes of the two flow cells can be
manipulated by having the two cooling blocks at slightly
different temperatures. In the sample of Figure 20a the
two wall temperatures were held at the same temperatures
while in Figure 20b the left-hand wall was maintalned at
0.8°C lower than the right-hand side wall. The tracer was
only added to the left-hand side of the molten zone in
each case. For the equal temperature end walls the flow
cell is one-half the width of the molten zone which 1s the
case if a metal is solidifying from two sides since the
liguidus temperature will be the same for both interfaces.
In the sample with non-equallwall temperatures the flow cell

on the coldest side 1is much larger than the opposite cell.

If the temperature gradient along a long liquid
metal system.is such that the gradient 1s increasing from
both directions there will be a region in the melt where
the thermal gradient is zero where the two gradients come
together. This point of zero gradient will be the point
of the maximum temperature in the melt. Davis and Fryzuk
(32) have observed a lack of thermal convective mixing in
this region of a maximum in the thermal profile. They
observed the effect in 2 mm; diameter rods. This phenomenon
can be referred to as a "thermal Valve" in the liquid

since convectlion occurs on each side of the region but not
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Figure 20.

The tracer profile in a tin melt (a) cooled
from both ends with equal end wall temperatures
and left for 300 seconds before quenching and
(b) cooled from both ends with the left hand
wall cooler than the right hand wall, and left
120 seconds before quenching.
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in the region itself. This condition may also occur natur-
ally in the casting configuration described by Figure 18-
as the thermal profile has a maximum. The double cell flow
conditions observed in Figures 19 and 20 also have this
maximum in the thermal gradient, thus it is possible they

will also exhibit the "thermal valve" phehomenon. Figure

20a shows a double cell flow that had the tracer introduced

into only the left cell and it was left five minutes before
the quench. It 1s observed that there appears to be little
if any transport of material between the two flow cells.
This implies'there must be some sdrt of quiescent buffer
zone betweennthe two cells. Such aHZOne is evident in
Figure 19a aé the light regionvbetweén the two cells. It
can be concluded from this result tﬁat the "thermal valve"
also exists ih much larger systems than those investigated

by Davis and Fryzuk.

3.1.6. Liquid metal investigated

Several experiments were conducted with liquid
lead melts fof comparison with the iiquid tin results.
These experiments were intended to determine§whether the
results for one liquid metal can be applied ﬁo other liquid
metals. The differences in fluid pfoperties for lead when
compared to tin are not great (Tablel) although the Prandtl
number for léad is almost double that of pure tin. Figures

2la and 21b show the flow patterns obtained for liquid
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Figure 21. The tracer profile in liquid lead (T12°* tracer,
357°C average temperature) with a temperature
difference and time to quench of (a) 2.96°C,

30 seconds and (b) 4.98°C, 15 seconds, and in
liquid tin (Sn!!?® tracer, average temperature

of 260°C) with a temperature difference and time
to quench of (e¢) 3.04°C, 30 seconds and (4)
5.05°C, 15 seconds.
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lead at 357°C with av2;96°c and a U4.98°C temperature
difference respectively. Again a simple one cell flow
pattern is developed. The tracer used with lead is -
Thallium®®", with 1.2% thallium in lead making up the
addition dropped into the liquid lead. The.density differ-
ence between lead and thallium is small (0.7%) which when
combined with the low alloy content of thallium in the
addition m;de to the lead, would justify the assumption
that the difference between the melt and the addition is
negligible. Thus only thermal convection is observed.

For comparison; Figures 21c and_2id éhow the flow patterns
for liquid tin under the same thermal conditions as the lead
i.e. with the ﬁemperature difference and the superheat
being the same. The flow patterns afe guite similar with

a small diffefénce4in the flow rate. The flow rates at a
3°C temperatufe difference across thé cell are slightly
faster for the liquid lead while at a 5°C difference the

flow rate for the liquid tin is sligﬁtly higher.

3.1.7. Thermal fluctuations

Maﬁy researchers have based experiments on
liquid metal convection on the observation of thermal
oscillations iﬁ the melt (13, 22, 26). For thermal fluct-
uations to occur there must be some degree of periodicity
or turbulence7in the~me1t. Steady laminar flow by 1ts very

nature cannot produce any thermal fluctuations. Cole and
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Winegard (22) derived an experimental equation which
predicts when temperature fluctuations should occur. They

found that fluctuations would start when

136, > 3.1 (3.1)

height of the liguid zone, cm.

=
jog
D
3
D
ooy
]

Gy = the temperature gradient, °C / cm,
For the apparatus in the present investigation the molten
zone height is 6.4 em. so that the .critical temperature
gradient for turbulent flow froh equation (3.1) predicts
thermal oscillations at a temperature difference of
0.076°C. A great deal of thermal ﬁrobing has been done in
the 6.4 cm. by 6.4 cm. cell for various temperature differ-
ences and various cell positions using both the sheathed
0.5 mm. diameter thermocouple and the 0.5 mm. diameter
bare bead thermocouple. The maximﬁm temperature difference
observed was 19°C across the melt WEich is close to the
1imit of the apparatus using cold WAter cooling. This
gives a nominal temperature gradient across the melt of about
3°C / cm. At no time were any temﬁerature fluctuations
observed at any position in the melt or at any temperature
difference that could be attributed to fluild flow in the
melt.‘ Referring to Figure 12b for ligquid tin with a 19°C
temperaturé difference, although the flow is of a three
dimensionalvmode, it 1is stili'evident that the flow is not
composed of.any turbulence. The flow still appears laminar

and does not produce thermal fluctuations.
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Fluctuations were observed in the upver centi-
meter of the liquid zone resulting from thermal fluctuations
in the argon atﬁosphere above the melt. The fluctuations
were greatest near the surface of the liquid and disappeared
at depths greater than one centimeter as observed on a full
scale deflection of 0.1 millivolts over the ten inch wide
temperature recorder chart which is equivalent to 0.18°C /
inch of chart. Covering the open surface of the melt
resulted in the fluctuations disappearing even at the melt

surface.

3.2. The theoretical problem of thermal convection
3.2.1. Problem statement

Thé'theoretical fluid system under consideration
is shown in Fiéure 22. This system is similar to the
experiméntal éénditions for observinglthermal convection
in the previous sections. The left-hand vertical wall
is maintained ét 61 and the right—haha vertical wall is
maintained at 62, such that 6 is less than 6,. Both the
upper and lower surfaces are assumed to be perfectly in-

- sulated. At time t = 0, the fluid is'at temperature 0y

such that

6o = 0, + 0,
. .:.2'

(3.2)

The cell width is d, and the cell height is 1, and it is
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Figure 22. The theoretical fluid system to be used in
the analysis of thermal convection.

assumed for theoretical considerations that the fluid 1s
infinite in the z direction. The coordinate system is
selected such that the origin is in:the upper left-hand

corner of the cell.

The theoretical system of Figure 22 is to be
solved for liquid tin at 237°C, 26050 and 305°C for com-
parison with the experimental results. Table Ii lists the
fluid properﬁies of liquid tin at thése temperatures. Also
listed is the parameter Gr / AT for the 6.4 cm. wide éell.
This parameter is only a function of the fluid properties
and cell size. From the table it is seen that 1f temperature
differénces up to approximately 5°C across the cell are to
be theoretically considered, the solution must hold for

2

Prandtl numbers of the order of 10 ° and Grashof numbers

of the order of 107. Previous analyses and solutions of the



TABLE ITI.

Properties of Liguid Lead and Tin

Metal |Temper-Viscos-|SpecificdThermal | Density |Coefficient | Kinematic| Prandtl| Grashof
ature Heat Con- of Volume Viscosity| Number AT
duct- Expansion
ivity 3 : 5
°C cal/gm- [cal/cm- gm/cm 1/°C cm”/sec 1/°cC
°C sec-°C
Tin 237 0.05411 j0.0798 6.9698 1.0215 0.002901 0.01365_ 3.115
. 3 X lO—g X 106
260 0.05431 |0.0806 6.9538 1.0239 0.002704 J0.01270 3.601
p' 10-4 X 106
305 0.05463 10.0809 6.9217 1.0287 0.002427 10.01135 4.489'
' x 107" ' x 10°
Lead 357 .}0.0384 J0.0386 [10.6231 1.1503. 0.00225- | 0.02378] 5.842
=1 .
' x 107" x 10°

¢9
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present problem aré not applicable to Systéms with such a
low Prandtl and high Grashof number. Table II also lists
the fluld properties of liquid lead at 357°C for comparison
purposes. This theoretical system of Figure 22 will also
be solved for other types of fluids such as gases and
water. These results will be compared with the liquid
metal results so that the differencevinAthe flow behaviour

can be analysed.

The governing equations of thermal convection
to be analysed in order to obtain the flow rates and thermal
profiles in the cell afe as follows:

Momehtum equation in the x direction:

3u du , _3u 1 3p! 3%u . 3%u
+ Ux— + Ve = = - - = =
3t T Yax Y Vay BB(O - 8y) - Fax ¥ V[EET T
(3.3)
Momentum equation in the y difection:
v v - 3v. _ 1 3p' %v . 3%v] -
> + uax + Vay = —-‘;T"' \)(a—)-(—z-"' -3—\72- (3.4)
Energy equation:
36 .. 36 . 36 _ k ([a3%e , 3%6
ﬁ- + u—3~)-(- + Vay = pcp (axz + ayZ] (3'5)
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Continuity equation:

— 4+ — = » ' | (3.6)

All the notation is fully tabulated in Appendix I. The
most importanf assumptions used in the derivation of the
above equations are: |

(a) All the fluid propertieé are constant, ekcépt
density, p, which 1s a function of temperatgre.

(b) The temperature difference across the melt ié
small compared with 1 / B. | ’

(¢) The viscous dissipation is neglected.

(d) Compressibility effects are neglected.

The boundary conditions to be used as shown

in Figure 22 are as follows:

t = 0: 0 <x <1 ' u=v-=2_0
0 <y <d 6 = 60
£t >0 x =1, x = 0; u=v=20 .
3.7
38 _ (3.7)
9X
vy = 03 u=v=0, 6 =9,
vy = d; u=v-=0, 6 = 62

Three types'of solutions wlll be presented for this problem
of thermal convection in a closed system.
(a) An infinite series solution which is limited

by the maximum values of the Grashof number.
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(b) An integral method based on the boundary layer
theory which 1is limited by a minimum length to height }
ratio of the cell.

(¢) A finite difference numerical technique.

The Nusselt dimensionless parameter is also of
interest in the problem of natural conVéction and will also
be calculaﬁed. The Nusselt number 1is the ratio of the heat
rate transferred by convection in a system to the heat rate
that would be transferred by conducéion'in the system if no
cpnvectién was allowed to occur for the same temperature
- difference. Therefore, a Nusselt number of unity is equiv-
alent to conduction alone. The Nussélt is defined as:

Nu = hd: L (3.8)
K ‘

where Nu is the Nusselt number and h is the local héat

transfer coefficient defined by:

h = - 4a . e (3.9)
8, - 6,

where the heat transfer rate is

k({236 - (3.10)
y)y =0 : : ‘

q

3.2.2. Previous theoretical solutions
3.2.2.1. Solﬁtion of Batchelor (33)

Tﬁé solution developed by Batchelor takes the

general equations described in the previous sectlon and by'



66

the use of power series, obtains a solutlion for the flow
rates. The solution uses non-dimensional forms of the

governing equations by using the following dimensionless

parameters:
X =X Y=l
d ' d
k 3y -k 3P
u: ——— v=_—._—_.__._.
4 d 3X
pcpd Y pCp 9
(3.11)
o - 051 . =
= — s =
62 91 pCp
[e, - 6,]egd’ B
Ra = [’26 avl} R r = -yp%y
1 _

where ¥ 1s defined as the stream function and § is defined
as the vorticity. Substituting the relations in (3.11)

into equatidns:(3.3), (3.4), (3.5) and (3.6) and eliminating
the pressure terms in the momentum equation by different-
iating (3.3) with respect to Y and (3.4) with resnect to

X results in: .

3L 3V
3x 3Y

w;w
e

l - Ra§§f+ V2 (3.12)

*oli—'

3

. Nl“
e
Sl
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39" BY _ 38’ 3 _ g2 . '

A1l the time derivatives (3 f3:t) have been equated to
zero since only the steady state solution is of interest.

The boundary conditions in dimensionless form are:

21 = 9V _
X=O,}(—a‘ ¢' aY 0
30"
97 .= 0
9X | (3.14)
Y =0 b o= %% =0, 8'=0
Y =1 wr__%‘_‘l{)_-;o’ 6' = 0

The series solution for 8' and V¥ is obtained by

expanding these terms in power series of the Rayleigh

number as follows:
Br(X,Y) = Y + RaBi(X,Y)‘+ Raze'Z(X,Y) + ecen (3.15)

Y(X,Y) = Ray,(X,¥Y) + Ra®y,(X,Y) + «-=- (3.16)

Substituting equations (3.15) and (3.16) into equations

(3.12) and (3.14) and equating like powefs of Rayleigh the
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equations describing @' ', , wl’ and wé can be obtained.

1’ 2
For values of Rayleigh less than 103 and for a 1 / 4 ratio

of close to unity the value of ¢1 can be given by:

2 1* -1 2 |1 2 2 . 2 . |
wl = 3 (1 + 57] X [5 - X] Y2 (1 - Y) (3.17)
For the geometry under consideration experimentally, 1 / d =

Therefore the solution for the stream function can be

written as:

<
[}
W

Ra X2 (1 - X)? y?2 (1 -71)? (3.18)

The flow velocities may be obtained qirectly from equation
(3;18) with the use of the veloclity felationships in eguation'
(3.11). The streamlines around the cell for this anal&sis
are plotted 1n.Figure 23a. The shape of the streamlihe
field is independent of Raylelgh and therefore the function:
plotted is ¥/.:Ra k 10“. The streamlines represent the
paths ef the particles moving in a laminar fashion in fhe
cell. Figure 23b shows the shape of the velocity pfofile

in the X direetibn at a position half.way down the celi

(X = 0.5). Again the shape of the profile is indepeﬁdent

- of the Rayleigh number. The parameter ug is plotted

aRa

since this is only a function of the bos1tion in the cell

and is given by

ud

aRa =""x% (1 - L2y (1- V)Z - 2v2 (1-1) ] (3.19)



Figure 23.
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(a)

0.015}
ud  Hoiok
o« Ra '
(b)
0.005}
O ) 1 i | 1
0 0! 02 03 04 05

Y

The solution of Batchelor for the nroblem of
natural convection showing (a) a normalized
streamfunction ( ¥/ Ra ) plot and (b) a
normalized velocity in the X direction

( ud / @Ra ) at a position one-half way down
the liquid zone. :
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Figure 23b of the velocity profile shows that the maximum
velocity is almost half way‘between the outer vertical

wall and the cell centre.

The resulte of this analysis will be compared
with other results in a following section. These results
cennot be compared with the experimental results for iiquid
tin'since the minimum temperature difference obServed
experimentally was 0.23°C. This temperatﬁre difference
fﬁom the value of Prandtl and Gr / AT.from Table II
cefresponds to a Rayleigh number of 1.1 x lO4 which 1is an

order of magnitude greater than the maximum value of Rayleigh

the solution of Batchelor is valid for.

3.2.2.2. Solution of Emery and Chu (34)

The. solution developed by Emery and Chu is based
on a boundary layer development along each of the vertical
walls as shown in Figure 25. The geometry 1s similar to
'tbe previous analysis and it is now assumed that there is
a‘boundary layer of thickness, §, for the thermal and.,
velocity profiles along each cell side. The analysis will
oﬁly'apply when the boundary layers are relatively thin and
they de not meet along the centre of the ligquid cell. The
liquid between'the boundary layers ié-isothermal at temper-
aﬁure 0, and the.liquid velocity is zero in this region.
Tﬁe general behndary layer equatilons ere developed from

equations (3.3), (3.4), (3.5) and (3.6) by putting all the
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Figure 24. The boundary layer development along the
vertical walls in the solution of Emerv and
Chu for thermal convection
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Figure 25.

A normalized veloecity [ y/6 (1 - y/8§)% ]

versus the position within the boundary layer
from the solution of Emery and Chu
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time derivatives equal to zero and assuming v is negligible
éompared with u. The thermal and velocity boundary layvers
are assumed to be egual which is valid for a liquld metal

(22). Integréting the bouﬁdary layer equations results in:

s ¢ 8 du ‘
% fo u? dy = g8 f (6 - 8,) dy - - Vay ~ (3.20)
: 0 wall :
(8 | 30
5 f u(e - 6 ) dy = —a§7 : - (3.21)
0 Y 'wall : ,

The velocityAand thermal profile shébe in the boundary
layer is assumed to be similar to those formed for a single

vertical flat plate in an infinite fluid Therefore:

u o= uy(x) % [1 - %]2 o ‘ (3.22)
8 -6, = (8, -8, ( - %}2 (3.23)

Equations (3.22) and (3.23) are substituted in equations

(3.20) and (3.21) assuming u (6, - 6 ) and 8§ to be

a’ 1
exponential functions of x such that:

uapf) = C x" . | (3.24)
§ = C, x" - (3.25)
8, - 0, = Cgx' (3.26)

For the boundary conditions under cdnsideration, 81 is a
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constant such that vy = 0. Equating like powers of x

results in values for Cl, 02,n and m being calculated

such that:
c . 240a
1~ 3C,°
v _ 720 20
®2° T 3EEte; - 8 [V * ?T“} (3.27)
n = 1/2 , m = 1/4

Using the fluid properties of liquid tin at 260°C taken
from Table II and for the 6.4 cm. wide cell this results

in a velbcityfprofile one half way up the cell of:

- ' 1/2 y v]? cm.
u = 0.7 (61 "‘ 92) ‘S' (l - 5] S?é—. . (3.28)
where: § = 0.24 174 Cme (3.29)

(8, - 98,)

For example, With a 1°C temperature difference the bound-
ary layer is 0.24 cm. thick at a poiht half way up the cell.
The shape of the veloclity profile is shown in Figure 25.

The plot 1is of y{l-y 2 versus y / § since all temperature

8 §
differences wi;l glve the same shaped profile in the

boundary 1ayef according to this analysis.
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3.3. Numerical analysis of thermal convection
3.3.1. Technique of solution

The numerical analysis to be developed in this
section will show the thermal profile and the flow_nattern
and flow rates for thermal convection in liquidbmetals.
This analysis 1s based on the recent works of‘Wilkes (35)
and Samuels and Churchill (36). The solution is based on
a finite difference analysis of natural-convection in the
closed system described in Fi?ure 22 .The results obcained
by Wilkes are not apolicable to the present work since his
analysis becomes unstable and breaks down at large values
of the Grashof ‘number, ‘and his reeults were confined mainly
to fluids with a Prandtl number of O 733 The results of
Samuels and Churchill do not apply since their solutlon -
is for a system with a vertically applied temperature
difference snd not a horizontal difference as in the.

present work.

A .condensed version of the analysis_will'oe
presented inlthis section so that an understanding of the
techniques may be.obtained without.the need to present
all the equatiions required in the solution. The equations .

used in the;computer program are all presented in Appendix II.

EQuations (3.3), (3.4), (3. 5), and (3.6) are pdt

into a dimensionless form by the use of the following



dimensionless parameters.

X
X = 'a" 3
ud
U = '\')—— )
g -6
T o= - —
82 -
! =
Y 8,
uC
Pr = ___k.p_

v tv
d T = 37
- vd
vo= g
p = Bd%
pv
= 1
L = d
S
op' = BBAS'd
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(3.30)

Also, as inAthe solution of Batchelor a stream function

and a vortiéity function are introduced. A slightly

modified Gréshof is used in this caleculation based on one

half the temperaturé difference across the cell.

Substituting the relationships of (3.30) into the

éoverning equations, again eliminating the pressure terms,

&
results in the following equations:



Vorticity equation:

e SR v - el 4 ez
Energy equation:

viy = -t

Streamvfunction equation:
S—E+Ug—£+v%% = %-I;VZT
Velocity ?qpation:

v o= &, V=-:i:—‘}l(‘i

These equations are to be solved with

dimensionless boundary conditions:

T = 0 0 <X <L
T

0 <Y <1
T > 0 X=0, X=1L; Y =

76

(3.31)
(3.33)
(3.32)
(3.34)
the following
=0, =20
(3.35)
3 _ '
3% T 0
0
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T >0 Y = 0; Y = %% =0, T = -1
(3.35)
= —-3—w= =
Y = 1; Y = Y 0, T +1

The finite difference numerical technique used
for>the solution of the above equations is called the
implicit alternating direction technique. In this method,
the time step, At, over which the iteration is carried out,
is split into two parts of duration At / 2.’ For the first
half time step,-all the X direction derivatives are implicit
and all the Y direction derivatives are explicit. For the -
second half time step the X direction derivatives are
explicit and the Y direction derivatives are implicit.
Explicit derivatives for any time step from 11 to T2 mean
that the deri;atives are calculated‘ﬁith the values of the
parameters at:the time equal to T:. Implicit derivatives
for this time“step means the values éf the parameters are
" taken at the time equal to T,. Thus, for an iterative
téchnique in which the time is progréssed in steps and the
parameters aré calculated from thelr derivatives for each
new time step, the explicit derivatives are known, whereas

the implicit derivatives are unknown.

The grid system used in thls analysis 1s shown

in Figure 26. ' There are m-1 grid divisions of length AX
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Figure 26. The finite difference grid system for the
fluid cell used in the numerical analysis.

in the X direction and n-1 grid divisions of length AY in

the Y direction. The subscripts i and j denote the position
in the grid having the coordinates X = iAX and Y = jaY.

In the following analysis the stargéuperscript (¥) denotes
values of parameters after the endéof the first half time

step and the dash superscript (') denotes values of parameters
after the end of the second half or total time step. The
finite diffefénce eguations for the energy and vorticity

equations are:
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Vorticity equation for the first half time step:

TS T S RO TS U Bl U O

At/2 1,3 A% ¥
v Ei,341 ~ 51,501 Tlage1 — Ty g1,
1,3 55X = Gr 55T
3 - 2&%, + £¥* £ - 28 + £
i-1, , 1+1, 1,3-1 i, 1,1+1
: (A;)g L+ : (AY%z ! (3.36)

Vorticity for the second half time step:

£ - g ' g* - EW '
is'j i:j ' i+1:J 1—13J
XV * Uy 5AX +

' 'v_ ' ' - 1
LPRRE W L5 AR U0 1= RNRDNUIAT B > N W 1

1,J 2hY 2AY

TR TS VS RORLE U0 15 B U BALAE P L
2

(AY)2

8%i1,5 ~ %8,
59

| | (3.37)
Energy equation for the first half time step:

T#* T

- T - T* iy -,
1,4 ~M1,3 g 141, ~ a1, Ly 1,941 = M1 -1 _
AT/2 1,5 " 28X 1, 28Y

Ty,3-1 72T 3% Ty g

(AY)?2

D oma
™1, 72T
(AX) 2

.
TR

1
t Pr

rg|
&

(3.38)



Energy equation for the second halfttime Step:

Kl - T# T

* - ¥ : .o
1.0 3,0 Ly Tasyg -~ Ty o0 Tige - T g0
37~ B UE R 7V S A WY EIN
T*, - 2T#, 4 T# L o) ;
o1 Ty 1,0 P,y 1 Tage1 2T gt T g
= B T (5%) 2 | I O VDX

(3.39)

'~ The velocities at points not adjacent to the walls are

calculated by equations of the form:

. ) (gy] _o Va2 T8y g B g - Yy
1,3 ¥y 1oAY

(3.40)
A slightly different approximation is used for the points

~adjacent to the boundary, sﬁch as for the points just
beside the cold wall:

| S30, o + B, L -
= i,? i 1,4
Usg,o = e (3.41)

To solve for the stream function equation (3.33)
is converted from a steady state to an unsteady state
problem and the implicit alternating direction technique
is applied. This is the method used by Samuels and

Churchill. Equation (3.33) then becomes:

‘n+l

e R N 1

T AT (3.42)

where n+l refers to the n+l iteration in t'. The numerical

integration is. continued until the stream function is
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negligible. The finite difference forms are for the first

half time step

AETE U I RRAEES I Bl IV IMLAFTS Y
ATV]2 = b4y (BX)*
¥ - 2Y + ¢
-1 1, 1,341 .
+ Aadod ool 4 (3.43)
and for the second half time step
AE TS B B RN A ¥ IV Ml A B9 BAAAF LI T
AT'/2 1,3 (AX)?
Paagsl T gt Viagn (3.44)

+ @ 5

The equations of vorticity only apply to interior
grid points since if equation (3.36) i1s applied to the cold
wall, for example, parameters such as Ci,O are indeter-
minate since fhey are outside the cell. Thus, equations

of the form
2y 2

= - 'u
1,1 BN ? (3.45)

are used. Wilkes uses a higher order approximation of

~the form

8y, - | B
= i,2 1,3
= - [ IOk l (3.46)

51,1
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but serious problems arise with the use of it for large
Grashof numbers. This is due to the rapid increase in
stream function values causing a sign change in the vort-

icity with equation (3.46).

It is advantageous to also solve for the lbcal

Nusselt number. Non-dimensionalizing equation (3.10) gives:

3T
(5, - o) (3%

Q=

qa = - (3.47)

e

Substituting -equation (3.9) and (3.47) into equation (3.8)

results in

(3.48)

Nu = (Q'T}
3% y=0

T

which 1s readily solved for after the temperature profile

is known.

The prodedure for the solution of the overall

pfoblem can be summarized as follows:

(a) The new temperatures are computed for the n+l
time step. |

(b) The new interior vorticities are computedvfor
the n+l time étep from the new temperatures. |

(¢) The new stream function for the.n+1 time step
is calculated.from the new interior vorticities.

(d) The new velocities are computed for the n+l

time step.
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(e) The new boundary vorticities are cémputed.for
the ﬁ+1 time step.v
- (f) fhé new}local Nusselt numbér and the a&erage
NuSself number~are:caicdléted from the new temperatﬁres.‘

The above procedure is repeated until a steady state

solution is obtained.

The method of actually salving for the temper-
ature, vorticity and stream functions for the individual
rows and columns is described fully in the appendix. The
methodfessentially cbnsists of Writing an equétion for each
point in the column or row of immedlate interest from the
equations derived for the various parameters, T, £, and V.
For each row. or column a set of n-1. equations are obﬁained

in the form:

blsl +‘-'cls2 = dl
a2s1 + b2s2 + 0253 ' = d2
a,s, + b,s, + ¢,s = d
2 4 :
3 373 3 3 (3.149)
an-2sn—3 t Ph oShe2 t CnoShaa = dp2
8h-1%n-2 + bn—lsn;l = dn-l

for which a solution for s 1is availéble knowing all the
values of tHe a, b, ¢ and d coefficients. For each set of
equations sHWill represent T, &, or-y. The computer

program used in this analysis 1s shown in Appendix III.



TABLE III.

Computer Runs Conducted

gl

I

Run - Prandtl Grashof " Grid Temperature|Average
- Number Number Number Size Difference |Temper-
' ature
Gr
1 0.0127 10} 11 x 11 | 0.000555 260
2 0.0127 105 11 x 11 0.00555 260
3 0.0127 106 11 x 11 0.0555 260
b 0.0127 107 21 x 21 0.555 260
5 0.0127 106 31 x 31 5.55 260
6 0.01365 10 6 2l x 21 0.642 237
7 0.01365 | 0.865 & 10 21 x 21 0.555 237
8 0.01135 10 6 |21 x21 0.4L6 305
9 0.01135 | 1.247 ¥ 10 21l x 21 0.555 305
10 0.733 103 11 x 11 - -
11 0.1 lou 21 x 21 - -
12 0.1 105 21 x 21 - -
13 0.1 106 21 x 21 - -
14 0.1 lO3 21 x 21 - -
15 1.0 10& 21 x 21 - -
16 1.0 ‘10,,3 21 x 21 - -
17 1.0 103 21 x 21 - -
18 10.0 1ou 21 x 21 - -
19 10.0 105 21 x 21 - -
20 10.0 10 21 x 21 - -
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_The‘progfém‘is written‘in‘Fortran IV language and was run
on an IBM/360 model 67 computer at the Univeréity of British
Columbia. Twenty runs of the program were conducted for
vérious values of the Grashof and Prandtl numbers. The
various run parameters are listed 1in Table IIi. The runs
for Prandtl equal to 0.0127, 0.01365 and o.01i35 correspond
to liquid tin at the three different superheats and the
corresponding temperature differences are also listed for
each Grashof number. The printout of the computation
results consists of five m by n matrices for each of T,

Y, U, V and £ and also the local Nusselt number for each
grid point aldng the cold wall plus fhe average Nusselt

number.

3.3.2. Results of numerical analysis

The temperature matrix and the stream function
matrix from the computer printout were converted into
1sothermal plots and streamline plots for visual inter-

pretation. The thermal results will be presented first.

The thermal profile results were found to be
dependent onvﬁhe Rayleigh number only, and not on the Grashof
and Prandtl numbers independently. 'The non-dimensional
isothermal plots are shown in Figure 27a - 27f for Rayleigh

2 5 x 103, 2 x 10", 2 x 10° and

numbers of 2 x 10, 2 x 10
2 X lO6 respectively. Each plot consists of seven isotherms

within the ligquid cell. The vertical left side 1s the
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Figure 27. The theoretical plots of the nondimensional

temperature, T, for a Rayleigh number of
(a) 2 x 10, (b) 2 x 102."



.87

(c)

(d)

Figﬁre 27 continued. The theoretical plots of the
nondimensional temperature, T, for a Rayleigh
riumber of (c) 2 x 10°%, (d) 2 x 10“.
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(f)

Figure 27 continued. The theoretical plots of the
nondimensional temperature, T, for a Rayleigh
number of (e) 2 x 10°%, (f) 2 x 108,



TABLE 1V.

Equivalent Rayleigh and Grashof Numbers

Corresponding to Figure 27

Rayleigh
Number

Profile
in
Figure 27

Prandtl
Number

Grashof
Number

2 x 10
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27b
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- 1.0 isotherm and the vertical rigﬁt side is the + 1.0
isotherm. Table IV tabulates the equivalent Rayleigh and
Gfashof numbers for the various Prandtl numbers and gives

the corresponding plot in Figure 27. The progressive

increase in the bending of the isotherms 1s obvious as the
Rayleigh number increases. The average Nusselt number is
plotted against the Rayleigh number in Figure 28. This

plot shows that up to a value of the Rayleigh of approximately
103, the heat transfer is eésentially éll by conduction,

with convection playing a very small role. This is gléo

3 the

seen in Figufé 27 where below a Rayleigh of about 10
isotherms aré vertical lines as in cohduction heat transfer.
For compariééh.of the various types‘of fluids, Figure 29
shows the avérage Nusselt number piotted against the Grashof
number for tﬁé various Prandtl numﬁérs. It is seen that the
lower the Pféndtl number, the highef the Grashof number
required to ééuée convectlive heat transfer. The change

in the 1oca1?Nusselt number with chénging Rayleigh numberc.
is seen in Figure 30. For low Rayléigh numbers the nusselt
is fairly coﬁétant down the length of the wall, while at

large Rayleigh numbers a peak occurs in the local Nusselt

ﬁumber towards the top of the cell. -

The streamline plots corresponding to liquid

tin at 260°C. are shown in Figure 31. The plots correspond

to Grashof numbers of 2 x 103, 2 x 10, 2 x 10°, 2 x 10°

7

and 2 x 10' and are drawn with the purpose of showing the
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A plot of the theoretical average Nusselt

Figure 28.

"~ " number versus the Rayleigh number.
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A plot of the theoretical average Nusselt number versus
- the Grashof number for Prandtl numbers of 10.0,

0.1, and 0.0127.
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Figure 30. A plot of the local Nusselt number versus

the position along the cold end wall, Xi
for Rayleigh numbers of 2 x 10%, 2 x 10°,
2 x 10*, 2 x 10%, and 2 x 10°.
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(b)

Figure 31. The theoretical stream function for liquid tin
at 260°C (Prandtl = 0.0127) with a Grashof
number of (a) 2 x 10%, (b) 2 x 10“.
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(d)

Figure 31 continued. The theoretical stream function for
liguid tin at 260°C (Pr = 0.0127) with a
Grashof number of (c) 2 x 10°%, (d) 2 x 10°.
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(e)

Figure 31 continued. The theoretical stream function for
liquid tin at 260°C (Pr = 0.0127) with a
Grashof number of (e) 2 x 107.
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{a)

(b}

Figure 32. The theoretical stream function for a Prandtl
number of 0.1 with a Grashof number of (a)
2 x 10* and (b) 2 x 10°.



Figure 33.

(b)

The theoretical stream function for a Prandtl
number of 1.0 with a Grashof number of (a)
2 x 10* and (b) 2 x 10°

98



Figure 34.
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(b)

The theoreticai»stream function for a Prandtl
riumber of 10.0 with a Grashof number of (a)
2 x 10* and (b) 2 x 10°.
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'shape of the flow in the cell. Tnerefore, the.increments
.between the streamlines are not'equal and the spacing does
not represent velocity as is normal in plots of this»type.
Figures 32, 33 and 34 show the streamlines for the Pfandtl
number equal to 0.1, 1.0 and 10.0 respectively for alGrashof
number of 2 k'lou and 2 x 105. A comparison of Figures

31 through 34 shows the change in shape of the flow battern
by changing the Prandtl number. Figure 35 shows the shape
of the velocity profile, U, at a position half way down

the cell, X = 0.5, in the X direction. Each of the plots

in Figure 35 are for a different Prandtl number and it
should be noted that the vertical soele on each plot-is

very different. The smaller the Prandtl number, the greater
is the dimensionless flow velocities for a given Grashof
nnmber. All the various types of fluids behave in the same
general way as the Grashof number is increased As the
Grashof number increases the peak in the velocity profile

shifts towards the cell wall.

A -scale of actual velocities is also included
on the plots in Figure 35. From equation (3.30) the actual

velocity 1is given by:

4= Uy | | C(3.30)
d ) : :

If a value of: the kinematic viscosity, v, and cell size, - -
d, is chosen then the dimensional velocity, u, may be

computed. Values of the kinematic'viscosity for each value
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Figure 35a.
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of the Prandtl number used in the computation éan'be estimated
from Table I for the various types of fluids. Also a value
of d equal to 6.4 centimeters has been chosen for the cell

size for velocity comparisons.

A discussion of the various behaviofs'inbflow
fo} the various Prandtl numbers can be shown best by compafing
two particular fluids. A comparison of Prandtl numberé'of
0.0127 and 10 will be done to illustrate the important
thermal convection differences. The Prandtl number of
0.0127 can represent liquid tin, and the Prandtl number of
10.can represent water. As was pointed out earlier, eéual
Rayleigh numbers produce equal thermal conditions in the -
melt. Comparing Figure 3le for liquid tin (Pr = 0.012?)
with Rayleigh equal to 2.5 x 105 and Figure 34a for‘water
(Pf = 10.0)'wi£h Rayléigh equal to 2 X 105 we see that-the
fléw patterns are not similar. The 1liquid metal flow is
still quite circular in nature,‘espécially in the central
régions of the{cell. The water flow is quite reéténguiar
in nature and éﬁpears to conform morento the shape of the
square cell théﬁ the liquild metal floﬁ.- The actual
velocities éf ége flows can be seen by gomparing Figures
35a and 35d. ﬁbr a Rayleigh number bf near 2 x 105 the
liquid metal fi&w has a maximum velocity at the X = 0.5
poéition of abéﬁt 1.4 em. / sec. while atvthé.same position
the maximum flé& in the water cell is 0.02 cm. /.sec. Thus

there is a factor of two orders of magnitude difference
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in the flow rates for the two materials with an equal thermal

profile.

The comparisons between the liquid metal and
water can be made in another way, comparing thé-thermél
profiles for equal flow rétes. For liquid tin at a Gﬁashof
of 2.5 x 1014 the maximum flow rate is about 0.03 em. / sec.

 the maximum flow

and for the water at a Grashof'bf 2 X iO
réte is about 0.02 cm. / sec., which are Similar; HoWever,
Ctharing the thermal profiles for tﬁese tWo flows, tﬁé
11Quid tin profile is still in a conductive nature

(Ra = 2.5 x 10°, Nu = 1.0) while a great deal of bending

occurs for the water isotherms (Ra = 2 X 105, Nu = 5.7).

A comparison of the other various types of flulds
cén be accomplished in the same manner by comparing the
various figupes. The general flow behaviour and how it
rélates to the various parameters can be simply summqpized.
U$ing the maximum value of U at a position of X = O.S;for'
comparing flow rates, and using the Nusselt number td]
compare the degree of isotherm warping Table V,shows{fhe

pehaviour in thermal convection.

Several important comments can be made in terms
of the differences between liquid metal flow and other
types of fluid flow. For equivalent thermal profiles in

the liquid (Nu = constant) the flow velocities in liquid

"metals are much higher than in other types of fluids. For

liquid metals, large flow rates may be developed in a melt
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TABLE V. |

The effect on the Natural Convectiqng

 of Altering Dimensionless Parameters

Alteration Affect on Affect on

| Nusselt Number Flow Rate ‘

(Umax at X=0.5)

Gr » Constant _ Ihcreasing Decreasing -

Pr + Increasing :
- Gr =+ Increasing Increasing Increasing

Pr » Constant : »
Ra + Increasing Inéreasing Unknown

while the thermal profile is still unaiteréd from the pure
tcohduction form. For example, with an:average_Nusselt
‘ﬁumber of only.1.25 (Gr = 2 x.105) flow velocities of
'néarly 0.2 cm. / sec. were calculated'for.ﬁhe liquid'tin

in the 6.4 cm. wide cell. For equal flow fates, the'iiquid
‘metal flow"isiiess dependent on the shape of the cell';
enélbsure as was seen by the liquid flows in tin remaining
“elrcular while ‘other liquids approach a rectangular

shaped flow cofresponding to the rectangular cell.

Phenomena of metallurgical interest that are
affected by convective flow in the melt, as was mentiqned
in'the introduction to this thesis, are dependent on Soth
the 1liquid flow rates and flow pattern and also the .
thermal profil¢ in the liquid pool. The natufe_of both
'the flow rate§2and heat flow combine to give the resuitant
effect that opéufs. If one of the controlling effects is.

altered, eithér flow rate or thermal conditions, the
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resulting effect will be different. By using fluids cher
than liquid metals to observe metallurgical phenomena; the
effect 1is te alter the relative nature of the flow and
thermal conditions such that the system will'net'be cem--
'parable to a liquid metal. The differences produced ere
unknown, and hence the results from non-metallic analegs
afe at best only qualitative indicators of metallﬁrgieal

effects.

3.4, Comparison of theoretical and experimental results
3.%.1. Thermal profiles

The experimental profiles.of liquid tih.in_Figure
15 can be coﬁgared to the profiles oetained in the numerical
selution in Figure 27. Filgure 15b ehd'15e with a Rayleigh
nﬁmber near 2hx 105 may be compered Qith Figure 27e...
Although the'ekperimenfal figures afe not in the non-
dimensional form the shapes will be comparable. For the
thick'liquid cell the profile is very similar in natu?e
to the compuﬁer solution. The thin liquid cell-profiie,
hoWever, is indicative of a much lower Rayleigh numbef.
The good agreement between the theory and the thicker
vliquid cell iﬁdicates the large flat faces of the experi- |
mental cell efe»not causing a largefehange in the the}mal |
cohvection. ;The differences in the;fhin lfquid cell can be
ceused eithen;by the viscous drag of‘the large walls or the

thermal conduetion of the side walls. The flow could also
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be Influenced by the 0.5 mm. diameter thermocouple probe
by a slowing of the flow. These effects would all tend

to decrease.the flow and hence the thermal'profile bending.

_ A rigorous comparison of the thermal profiles
has not been attempted due to the inherent limitations
of the experimental techniques.of putting‘a relatively_'
large foreign body into the very sensitiue thermal con—
vective flow. In the thicker cell, where these effects
are less important, the results seem.to»oompare much more

favourably.

3.4.2 Flow patterns and flow rates

The flow patterns that were'observed-for‘pure
tin in Figures 9 and 10 all have the one flow cell pattern.
This is in agreement with the analytical treatment presented
which also generates a one cell flow. pattern of a similar
nature. The experimental results will be compared with the
theoretical results in a quantitative way by compariné
the time for the flow to complete one full cycle around the
1iquid cell..;The experimental curVes'are shown in Figure'lu
for the various cell thicknesses with pure tin at 260%0
average temperature. For the comparison to be made, the
computer results must be converted to a time per cycle
for each Value of the Grashof number for the Prandtl equal
to 0.0127. This is done by a graphical integration of thel

velooity along the streamlines shown in Figure 31. A
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number of increments are taken around each streamline)and
knowing ‘the velocity in each increment from U and A computer'
printouts the total time for the flow to complete one- cycle
on each streamline is obtained For comparison purpqses
’the minimum time-per cycle is taken. Thus,'the computer
selution times per cycle'will be avminimum value which

should be approached by the experimental results.

_ The numerical analysis results are shown in
Figure 36, plotted on a log-log scale because of the orders
o§ magnitude changes in both the time per cycle and Grashof
numbers of interest. The three curves for the three ;ell
thickness flow rates are also shown on the curve which are
taken from Figure 14. It is evident that the agreement
between the experiments and theory at low Grashof numbers
is,very poor.- The exact reasons for-this poor agreement
are somewhat~unclear, but are probably related to thei
sidewall restrictions in the experimental cell. At the
low flow rates and low temperature gradients the hydro—
dyhamic resistance and the heat flow:through’the side’:T
plates must have a greater effect on{the flow. The aéreement
between the experiments and theory is quite good for
higher temperature differences. Also, the thicker the
cell, the better the agreement becomes at a particular
temperature difference. For example, with the Q.95:cm;
thick liquidicell the experimental'point at a 3°C temperature

difference is almost on the theoretical line, while for the
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0.32°cm. cell, very good agreemeht is not reached until
1 . .

approximately 10°C temperature differences.' The cufvéf
'for the intermediate thickness cell lies between ‘the other
two as expected It 1s evident by noting the progression
of the experimental curves as the' thickness increases,_that
they are approaching the computer solution in a systematic
andvexpected manner. The theoretical line represents the
infinitely thick cell and should be the asymptotic limit.
This can be shown graphically by plotting the time per.
cycle for a particular temperature difference against the
cell thickness.' FPigure 37 shows such a plot for a l°C ;
temperature difference. The horizontal dashed line
represents the theoretical time per cycle for this
temperature difference. This curve supports the proposal
that the exoerimental results approach the theory and that
for a very thick cell greater than approximately 1.5 Cm."

thick the theory and actual flows should be in complete

agreement.

Computer runs were made corresponding to altering
the average temperature in the liquid, tin melt from 260°C
to 305°C and 237°C. For 305°C the Prandtl number is 0.91135
andffor 237°C the Prandtl number is 0.01365. The theoret-
ical change intthe time per cycle for.a constant temperature
difference of 6:55°C for the various degrees of superheat
is shown in Figure 38. These resultsfare in agreement;mith

the results of Figure 11 which also shows that an increase
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~in the average‘temperature causes a decrease 1in the time

Péf bycle:'h’

o » The numerical analysis‘presented ‘here. can be
‘compared with the analytical solution of Batchelor. iés.
'stated earlier, the solution of Batchelor should be valid
for Rayleigh numbers of less than lO3 .For 1iquid tin at
260°C this corresponds to a Grashof number of 7 9. x 104
or a temperature difference of 0.022°C; In a similar
manner as for the numerical results,_the results of Batchelor S
solution can be converted into a time. . ‘per cycle; Figure 36
shows the‘solution of Batchelor on the same‘plot as the
numerical results. Batchelor s solution appears as aa

straight line of slope equal to unity since the stream

function is directly proportional to. the Rayleigh number,
andhence Grashof for constant Prandtl number The computer
solution is asymptotic to Batchelor s solution at the 1ower
Grashof numbers, and below the value of 7.9 X 10” mentioned
above, the agreement becomes quite'cloSe. This'is expected

if the numerical solution is correct.

, The.-theory of Emery and Chu is also shown on
Figure 36. The time per cycle was taken assuming theli
Velocity profile at X = 0.5 is taken around the cell in a
ciroular manner'at a radius equal to the distance from the
cell‘centre toiposition of the maximum"velocity in the
boundary layer;i This is very approximate but will befused

in this qualitative discussion. The times are very much
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longer due to the larger distances around the cell at the
position of maximum flow. The time-perbcycle curve is

again a straight line with a slope of one-half since u

is proportional to (Ae) /2 in this theory. From the numerical
results, the higher the ‘Grashof number, the closer to- the
outside wall is the peak in the velocity curve.‘ ‘This means
also that the analysis of Emery and Chu should become closer
to the actual case at very large Grashof numbers where
the_flow is similar to a narrow boundary layer on each~
’yertical wall. The solution of Emery and Chu will approach
the numerical solution at very large Grashof numbers of the
order of lO9 to 1010. .This is out of the range of experi-
mental interest but does qualitatively support the j

numerical results.

In summary, several points~can be made‘concerning
the theoretical numerical solution developed , |
| (a) The solution agrees with the infinite series
analytical solution at low values of the Grashof number.
(b) The solution approaches that of an integral

boundary layerjmodel for very large values of the Grashof
number; ' | - f
| (e¢) Theﬂsolution corresponds to the experimental

results, when projected to a very thick cell.

Thus.:it 1s very reasonable to conclude that the. .
numerical analysis presented here 1s a good and proper

solution to the.problem of thermal convection.



117

4, Solute Convection

‘The problem of separating solute-convectioni
from other types of fluid flow and observing the solute‘
convection directly is very difficult. :Solute gradients
are set up during the solidificationvofganv multicomponent
system uhere the solute-distributiOn coefficient is other
than unity. If the components are of aidifferent density
the:solute gradients willralso be'densitvfgradientS'and a
potential driving force for natural convection exists.i
Generally during freezing or melting thermal gradients of
some sort exist and hence both thermal and solute convection
Will occur. The thermal convection can be reduced or i
eliminated by solidifying verticallyﬁuith the warmerlless
dense liquiad in the upper part of the system. If thermal
gradients are stabilizing the system then in order for
solute convection to be observed, there must first be a
sufficient driving force from the solute to overcome the
stability in the system due to the thermal gradients
retarding liquid motion. Several experimental investigations

were conducted to observe the efifect of solute convection
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alone, the combined effect of thermal and solute cbnvéction,
and also to observe quantitatively the felative strengths.

of thermal and solute convection.

h;}. Independent solute convection

An experiment was conductéa to Qbsérvé the
gxtent of mixing in a molten pool cauéed by an ipifial
;olute gradient. Schémétically'a systeﬁ ﬁas set up as
sthn in Figure 39. A coppér sheet divider:was_placed
1n‘$lots on thg large flat‘faces of theimoﬁldvto separate
tpe 1iguid into;two distinct regions.’ The compgsitibh7of
thélliquid in each of the two regionsvvaried depénding on -

thé experiment. The experiment consiétéd'of holding the

—GATE
| SYSTEM
sn | byuRe |~ ISOTHERMAL
.+ Pb Sn ‘

|
,-,+Sr{'3

Figure 39. The experimental initial conditions for observing
iridependent solute convection.
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entire system isothermally, then removing the copper sheet

gate by pulling it upwards'out

.the resulting flow.

of the mould and observing

To establish that the observed fluid

flow was due solely to solute convection it was necessary

Vv

to establish that no premature

leakage of: material occurred

past the gate and that the action of opening the gate did

not itself produce significant
if-leakage occurred across the
right—hand liquid cell and tin
radioactive tin was put in the

cell If leakage occurred the

hand cell would flow past the gate.

in the molten state for 50 minutes and quenched

shows the resultant casting.

fluid flow To determine
gate pure tin was put in the
plus. 0'15wt 7'lead'plus
smaller left hand liquid
denser liquid in the left-
The system was 1eft

Figune Lo

" The very slight leakage

observed is considered negligible considering the longi'

period of time involved.

To determine to what extent fluid

flow was induced by removing the gate ‘a test was carried

(

out with pure tin on the large

right hand side liquid cell

and pure tin plus radioactive tin on the left-hand side,

i.e. no density-difference across the‘gate.

The gate was

rapidly removedtand the syStem quenched thirty seconds

later,

Figure 41 shows the resultant flow.

The bulk of the

active material;has remained in its original position.frA_

small flow is observed along the bottom of the cell and

along the top of the cell.

This small_flow is thought;to

result from the,motion of the gate as 1t is pulled upwards

'and;also‘the movement of the liguid tin to fill the_void
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Figure 40. The tracer profile in the system described
in Figure 39 left molten 50 minutes without
opening the gate.

Figure 41. The tracer profile in the s¥stem of Figure 39
with only pure tin plus Sn!!?® in the left
section and the system is quenched 30 seconds
after the gate is opened.
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Figure 42, The tracer profile in the system of Fi%ure 39
with tin plus 0.1 wt. % lead plus Sn!!?® in the

left section, quenched (a) 15 seconds and (b)
30 seconds after the gate 1is opened.



122

left by the gate as it is removed, The flow, however;
isinot‘extensive.'_ | '

Experiments to determine fluid flow resulting
from a solute density effect were carried out with the
right -hand section containing pure tin and the left hand
section containing tin plus O 1 wt. % lead plus radioactive
tin; The gate was opened and the svstem quenched at |
variable times. Figures 42a and 42b show tw0‘resultant
castings quenched fifteen and thirty seconds respectively
after removal ‘of the gate. It is-observed‘that the<denser
liquid falls rapidly to the 1ower region of the cell in
both cases, Therelappears to be no tracer rising on the
right ~hand’ side of the liquid cell indicating that extensive
mixing in the right-hand section is not occurring " The
‘tin-lead allov appears to displace the pure tin "en masse"
with very little mixing occurring. The stability of such
a dense layer of liquid below a less dense region will be

discussed in a following section.

4.2. The influence of solute conVection on thermal
convection
A series of experiments was.carried out in.
which small amounts of tin containing‘o.l wt.‘% leoqvwere
addedrto purestin melts subject to different degrees of“
thérmal convection. Initially there is a small density

difference between the added material and the melt which
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progressively decreases as the addition spreads. Figure N3
shows the results of these experiments. The autoradiographs
on the left-hand side are pure tin with tin tracer for a
given temperature difference and those on the right hand
side are pure tin with thallium tracer for the same temp-
erature difference .across the cell For the case of a zero
temperature difference, Figures 43a and U3b fluid flow
results only from solute convection.f The heavier tracer

.is -observed to- drop very rapidly to the lower regions of

the cell and in doing so induces additional fluid motion

in the cell This is evidenced by the swirling action

in the lower regions and the rapidly formed band of tracer
at the bottom.' With an increase in the temperature gradient
to 1°C, Figures M3c and U3d the two flow patterns are still
very dissimilar. The thallium tracer drops down the cell
much more quicklv than the tracer under thermal convection
only. There is still an accumulation of tracer in the

lower regions of the cell. The pattern, however, shows a -
counterclockwise swirl similar to the thermal convective
flow This flow is in effect a composite of the flows of
Figures 43b and 43e. For Figures 43e and 43f the temperature
difference has been increased to 3°C and the two patterns
are becoming similar. There is still an accumulationqof _
thallium in the lower regions of the mould and a single

cell flow pattern is now readily apparent For a temperature

difference of 5°C Figures 43g and 43h the flow patterns

are very similar, apparently dominated.by thermal convection,
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Figure 43.

The effect of solute convection on thermal
convection; the tracer distribution in samples
with melt material, average temperature,
temperature difference, and time to quench

of (a) Sn - Sn!!?®, 260°C, 0°C, 60 seconds,

(b) Pb - T12%%, 357°C, 0°C, 60 seconds,

(¢) Sn - Sn!!?®, 260°C, 1.11°C, 30 seconds,

(d) Pb - T12°*, 357°C, 0.98°C, 30 seconds.
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Figure 43 continued. The effect of solute convection on
thermal convection; the tracer distribution
in samples with melt material, average temperature,
temperature difference,and time to quench of
(e) Sn - Sn!!®  260°C, 3.04°C, 30 seconds,
(f) Pb - T12°%*  357°C, 3.00°C, 30 seconds,
(g) Sn - Sn'!®, 260°Cc, 4.80°C, 30 seconds,
(h) Pb - T12°*, 357°C, 5.00°C, 30 seconds.
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%
. Any accumulation in the lower regions appears to be swept

fup the right hand side of the 1iquid cell

In the previous experiments more dense material

,..L

was added to the melt 7 Alternative experiments were carried
,
out in which less dense material was added to a melt,‘ This
was done by using a pure leaﬁ melt and adding lead plds
19awt, % radioactive‘tin in which case the.addition should
tend to float_in the liquid lead melt. Figure'uu shows the
pesults. For a'temperatUre difference of l°C and 3°C;_
(Figures 44a and 44b respectively), the tracer spreadsﬁ
across the topﬁof;the cell and does'not significantly.enter
the bulk of the melt. : With a larger temperature differ—
ence of.5°C (Figure Nﬂc) the flow resulting from thermal

convection completely overshadows solute convection producing

a normal thermal convection flow pattern

The: results of the.above two sets of experiments
show that a certain temperature'difference is reqqiredi
for the less dense solute to enter the bulk of the liquid
melt or the more dense solute to be swept from the bottom
of the liquid»melt The following section will investigate
the conditions: required for complete mixing with both solute

~and thermal gradients.
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Figure 44,

Tracer profile in lead melts (Sn'!? tracer,
357°C average temperature) with a temperature
difference and time to quench of (a) 1.07°C,
60 seconds, (b) 3.07°C, 30 seconds, and (c)
5.00°C, 15 seconds.
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PURE Sn

b Sn+ x wt. /on d

Figure U45. Thé experimental initial conditions for
L deriving the thermal and solute conditions_
for complete liquid mixing

4,3. Thermal and solute conditions for complete liquid

mixing

_ The thermal and solute conditions required for
complete mixing in the cell can be observed using the initial
conditions shown in Figure 45. The upper layer of the:
liquid zone 1is pure tin and the 1ower layer is. composed
of‘a lead-tin alloy of known.composition, A temperature
difference is applied across the celliand the flow pattern
in the liquid cell is observed A simple theory can be
developed to determine when the temperature gradient will
be sufficiently high to cause complete mixing in the cell

For the cell shown in Figure 45, B _ ;
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let 68, > 9 1 (4.1)
and let the density at position a be py, at b be.og_etcgl
Since p. < p SR :
(4.2)
and since the -alloy is of tin + x wt. % lead where X £~0

E

and the vertical walls are isothermal
(4.3)

The hypothesis of this analysis is that for
complete mixing to occur for a certaln temperature differ-

ence and solute difference, p. > This will cause the

ra = Pq.
pure tin to enter the lower region of the liquid cell on the
left hand side. by displacing the alloy on the right—hand
side. Once the mixing begins the svstem will become com—
pletely mixed since the temperatures are fixed and the
soiute difference is diminished. When there is a vertical
soiute,difference stabillizing a ligquid system by preventing‘
.fluid flow between adjacent liquid layers, even 1in the
presence of aitemperature gradient,zthen a condition ewists
which can be referred to as a "solUte valve". This condition
.is similar to the thermal valve discussed earlier. |
.Figure b6 shows several experiments done to test the above'
hypothesis, with approximately the same thermal conditions

and with a variable lead content in the lower regions of

the mould. The samples with incomplete mixing show a small
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Figure 46. The tracer profile for steady-state flows
for the initial conditions as shown in Figure
5 with lead content x, temperature difference,
and time to quench of (a) 10 wt. %, 3.02°C,
60 seconds, (b) 0.2 wt. %, 2.64°C, 60 seconds,
(¢) 0.1 wt. %, 2.91°C, 60 seconds, and (4d)
0.05 wt. %, 2.89°C, 60 seconds.
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ceil‘in.thevupper left-hand corner on the.cold side of the
Acell ‘Pigures 46a and 46b The samples that have mixed
completely show a single cell pattern throughout the liquid
zone, Figures M6c and N6d To help account for the odd
shape of the incompletely mixed region another experiment
was carried out in'which pure tin was used in the upperv;
: layer and tin nlus 1% lead plus radioactive thallium in the
lower layer. The system was left molten for 60 minutes
under a 2. 82°C temperature gradient to allow the system to
reach complete steady state. The resultant pattern is
shown in Figure 47 and is very similar in nature to the
incomplete mixing patterns. The same curved demarcat%on
‘line between the upper and lower regions is evident iThis:
could be due to the thermal convection in the lower cell
forcing a small amount of solute up the hot side of the cell.
Some sort of complex density gradient is set up which is

stable as shown in the figure and allows no mixing between

the two regions.

The -results for the full set of experiments‘are
listed in Table VI including the temperature difference
and the initial solute difference for each experimental
'run.' The calculated values of pa and,pd are also included.
The densitiesfof pure tin and tin-lead alloys as a function'
of’ temperature were obtained in the form p = a ¥ bT from -
the work of Thresh (37). Table VII lists the values of

a and b used. ;It is evident from Figure 46 and Table VI
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Figure 47. The steady-state tracer profile resulting from
the lower section of the cell being composed
of tin, 1.0 wt. % lead, and T12°“ and with a
temperature difference of 2.82°C.

Figure U48. The experimental isothermal profile in a
system initially as in Figure 45 with the
lower section composed of tin plus 10 wt.
% lead.



TABLE VI.

Experimental Results for Combined

Thermal and Solute Convection
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Complete

.9650

e I I B T P ] Rl R 42
1 [e75.49 |278.51| 10 [6.9427 [7.1978| mo |o.2551 wo
2 |282.43 |285.58| 10 6.9378 7.1925 Nb 0.2547 f No
3 279.6u 282.37 2 6.9398 6;9893 No 0.0495] No
y 273.37 | 276.64 | 0.5 |6.9442 | 6.9548| No |0.0106| No
5 1275.5 |278.5 0.1 |6.9427 [6.9431 | Equal | 0.0004 | Yes
6 |276.56 |279.45 | 0.05 |6.9420 6.9411 Yes | -.0009 | Yes
7 |274.55 277.46 | 0.1 6.9434 6.943§ Equal | 0.0005 | Yes
8 1é76.96 274.32'| 0.2 |6.9417 6.9513 Nq 0.0096 ;No
9 |[278.41 | 281.60 | 0.5 6.9406 |6.9512 No Q.0106 ‘No
io 27?.59 280.41.f 1.0 |6.9412 |6 No 6.0238  No

T e e TR L a2 4
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TABLE VII.
Density of Lead-Tin Alloys as a
Function of Temperature (37)

p=a+ bT (T°C)

wt. % Pb . a b x 104
10 7.4083 7.5583
2 7.1929 | 7.2117
1 7.1659 7.1683'
0.5 7.1525 T.1467
0.2 7.1471 . 7.1380
0.1 . 7.1417 7.1293
0.05 |  7.1403 7.1272

that the chané% to complete mixing occﬁrs‘whén pa‘i Pgq as
predicted. Thé actual change occurs'neaf 0.1 wt. % lead
for the temperétﬁre difference of approximately 3°C.
Cofreéponding ﬁo the incomplete mixing.autOradiographsfof
Figéres 46 and§U7 is the temperature traverse shown in
Figﬁ;e 48, Thfs casting had a 9°C temperature difference
acroés the ce1¥‘and a 10 wt. % lead cdntent ih the alloy
region. Thesefponditions will not ailow complete mixiﬁg
throughout the;iiqﬁid cell. The température profile shows
a s;ﬁgle flow cell in the upper part of the mould as |
evidenced by é&e bending of the iéothérms in the figure.
The - lower regién appears to be relatively still as the

isotherms are vertical and evenly spaced.
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The results obtaiﬁed in this section clearly
show that complete mixing will hot occur in a liquid con;
taining a vertical.density gradient. Complete mixing can
be obtained by imposing a thermal gradient on the system
of sufficient magnitude to develop a horilizontal density

inversion leading to fluid flow.
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5. Volume Change on Freezing

The volume change on freezing in liquid metals
may be a driving force leading to fluid flow during solid-
ification. This volume change is'small and may be an
excansion or contraction depending on the liquid metal
being considered.‘ The small volume change would produce
a corresponding small fluid flow which would be difficult
to isolate from normal thermal convecticn. a comparative
technique was attempted to determine if the volume change did
result in fluid flowf This consisted of compering flow
in pUre tin which contracts 2.6% on freezing and a 44.5
wt. % lead 55.5 wt. % bismuth eutectic alloy which has no
volume change on freezing. Both systems were initially
stabilized at about 2°C above the melcing point (232°C for
tin, 125°C for fhe lead-bismuth alloy) and a small amount
of tracer introduced into each melt. :The systems were then
ccoled until nucleation occurred and they solidified com-
pletely. The differences in the movement of .the tracer
between the- pure tin sample and the allov sample should

be attributable to the volume change on freezing. The
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pure tin Sample had radioactive tin added and the lead-
bismuth alloy had radioactive thallium added in order that

solute effects should not contribute to fluid flow.

In order to assure that the tracer did‘not move
prior to nucleation, the tracer addition was'added in,a
molten state at the same temperature as the melt; thermal
gradients were eliminated and no premature nucleation
ocecurs. Figure 49 shows a tin casting and an eutectic
casting which were left five minutes in the molten state
after the tracer was introduced before quenching. The
tracer has not.moved significantly. Figure 50 shows the
flow that has resulted when the two systems are alloWed to
nucleate and freeze. Both Figure 50a for pure tin, and
Figure 50b for:the lead-bismuth eutectic show extensive
mixing in the liquid cell. The two flow patterns are very
dissimilar but ‘the degree of mixing appears to be equivalent
It 1s evident from the eutectic flow pattern that the flow
must be a result of somethling other than the volume change
on freezing as the volume change 1is zero for this system.
Since the system is isothermal before nucleation, the flow

must occur after nucleation has occurred The feathery
nature of the tracer profile edges indicate that some

solid was present in the form of dendrites-before the tracer
moved around tne liguid cell. The only reasonable explan-
ation is that_large thermal gradients:are set up in the

melt during the recalescence of the liquid Just after the



Figure 49,

Figure 50.
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d b

The tracer profile in an isothermal melt of
(a) pure tin at 235°C (Sn'!? tracer) and
(b) 44,5 wt, % Pb - 55.5 wt. % Bi at 127°C

(T12°% tracer), both left 300 seconds before
quenching;.

u b

The tracer profile in a melt of (a) pure
tin (Sn!!?® tracer) and (b) 44.5 wt. % Pb -
55.5 wt. % Bi (T12°* tracer) allowed to cool,

nucleate, and freeze completely without
quenching.
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initial nucleation.

Two temperature recorders were used to monitor
the system during the nucleation process. Two bare thermo—
couples were placed one-half centimeter apart, one centimeter
below the liquid surface at the middle of the cell,. 'One |
recorder monitored the temperature of the melt from one of
the thermocouples and the other recorded the’temperature
difference between the two thermocouples. The eutectic
syspem was allowed to cool at.approximately 1/2°C per'

minute and nucleate. Figure 51 shows the resulting temperature

1o

' 2 MINUTES

RECALESCENCE ' .* F___;7_4

S Torec |

(b)

Figure 51. (a) The temperature versus time plot for the
melt. temperature during nucleation and freezing
of the lead-bismuth eutectic melt and
(b) the differential temperature versus time plot
between two 0.5 cm. apart points in the lead-
bismuth eutectic during nucleation and freezing.
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time curves. Figure 5la shows the overall temperaturé
cooling rate with thé supercooling and recalescencé readily
evident; The differential thermal curve, Figure 51b,vén
the same time}scale as.the overall‘temperature curve bﬁt
avten times expansion on the temperature scale, shoWs-#he
peﬁturbation caused by a local température f‘luctuétidnt
beéween the two thermocouples. The maghitude of the temp-
erature perturbation is about One—tenth~of a degrge over
the small distance and persists for almost two minutes: |
It‘is not unreasonable to'assume that'témperaturé gfadientsﬁ
are'set up thrbughoué the melt dufing'the redalesqence.
pefiod, and thét these cause thermal éonveqtion which results
in:the flow obéerved in Figure 50. Tﬁis also'accounts;for

some solid beiﬁg present prior to the tracer movement.

The.results obtalned in an attempt to isolate
the flow due to volume change on freezing have proven in-
conclusive. The flow observed is dependent more on thé
degree of supercooling before the nucleation than the volume
éhange. However, it should be noted,vthat slgnificant
flﬁid movementaresulted from very shallow temperature
grédients oVer;relatively short time periods; when there

was also solid<particles present in the melt.
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6. Interdendritic Fluid Flow

There has been a great deal of interést recently
in the importance of the interdendritic flow in matals‘:
during solidification (9, 10, 3o,f31).' Direct observation
of this flow has been made in ammonium chloride cells (10)
but not in liquid metals. The driving forces for inter-
deﬁdritic flow are the volume change on freezing pulling
the;liquid into the mushy zone, the‘thermal contraction in
thé mushy zone -pulling liquid back, thermal convection,
soiute convection and the fluid motion in the residual;
liauid pool. The problem of interdendritic flow 1s basic-
ally‘a problem”cf flow through a very comp1ex network of
channels. Thewﬁetwork is a function cf the growth conditions
at the interfacé such as growth rate, temperature gradient,_
composition and position in the mushy zone. An investi—
gation was conducted to observe the interdendritic flow
airectly. Due to the complexity of thé problem several
éxoerimental mcdels were constructed with the aim of simpli—
fying the complex geometry. This allows the various

parameters to be controlled and analyzed 1ndividua11y
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A two dimensional model and two three dimensional models
were used. Also lead-tin alloys were directionally cast

for direct observation of an actual growing interface.

6.1. Two dimensional model

The two dimensional médel is as shown in
Figure 52. This consists of a 0.31 cm. thick block inserted
into the cold end of the 0.31 c¢m. thick mould. The copper
block has large slots cut back into 1t to represent the
interdendriticuspaces,‘and the metal remaiﬁing represents
thé dendrites. .-This is a very crude approximation' as ﬁhere
is no continuous vertical channels and hence thé flow into

each of the interdendritic regions will be independent,

TWO DIMENSIONAL
DENDRITE MODEL

.

.~ MOULD

Figure 52. The two dimensional experimental model
’ for observing interdendritic flow.
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to a largé degrée,'of the regions above and below it.
Figure 53 shows three runs with this model. Figure 53a |
was quenched>60 seconds after the tracer was iﬁtroduged

and had a temperature difference of 3.68°C across thé molten
pool. Figure 53b was also quenched 60>seconds after'tﬁe
tracer was introduced but had a 5.02°C temperature differ-
epcé. Figure 53¢ shows a. casting quenched ten minUtés"
after the tracer introduction and had a 5.18°C temperature
difference. All the castings are pure tin with radidactive
tin tracer. The autofadiograph film was exposed to ; liéht
with the casfing on the film and the dendrite block removed.
This causes éhe interdendritic regions to appear light
“since they wefe shielded and the areas where the dend;ite
block was, no% appear dark in the autoradiograph. It is
evident that'fhere is very 1little penetration’into the
iﬁterdendritié region. There is a slight increase in the
pénetration by increasing the gradient from 3.68°C to
5%02°C but ve}y little increase in penetration is shown

by leaving thévsystem for an additional nine minutes. From
this simpie mddel, i1f the assumptions for its use are
.cdrrect, it ﬁ;St be concluded that there 1is no significant
interdendriticfflow resulting from the residual_liquid

pool convection.



Figure 53.
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The experimental results of the model of

. Figure 52 with a pure tin melt (Sn'!?® tracer)
with a temperature difference across the pool
and a time before quenching of (a) 3.68°C,

60 seconds, (b) 5.02°C, 60 seconds, and (c)
5.18°C, 600 seconds.
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WIRE DENDRITE
MODEL

Nl

a— MOULD

L’

Figure 54. The three dimensional wire rod model for
observing interdendritic flow.

6.2. Three dimensional wire model

The experimental configuration for the three
dimensional model is shown in Figure 54. A copper blo¢k,
the same thickness as the cell, with twenty-six stainless’
steel wires of 0.035 inch (0.89mm.) diameter protruding
approximately two centimeters from the block, is placed
in the cold end of the cell. The evenly spaced steel‘wires
represent the‘aendrite interface in this experimentai ﬁodel.
This model is more realistic than the two dimensional one
as this allows:-vertical flow channels for the liquid metal
flow. The main approximations in this system are that
there 1s no décrease in the liquid téisolid ratio backv
from the moltéﬁ pool into the mushy zbne and that the

numbef of wiréé that could be equally spaced 1n the block
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was limited. The wires tend to bend and several wires‘

‘could come into contact which would change the geometry
significantly. For the case studied here the mushy ZOne

was 17% solid with a 1.9 mm. dendrite spacing.. This' ‘dendrite
model does not take into account dendrite side branching

which may possibly affect the resulting flow.

The interdendritic flow throughithis,modeitwith,
a pure tin melt and a 5.73°C temperature difference in the
molten pool is shown in Figure 55. iThe‘wires are ‘in the
cooler left-hand side of the cell as for actual growing
interfaces. Figure 55a shows the flow pattern‘on the
sample surface and Figure 55b shows the flow pattern Q.45
mm; below the surface of the 3.1 mm..thick sample. The
end of the wire dendrite zone 1s marked by the arrows-on
thé figure. The flow is seen to penetrate the mushy Zone
all the way to the copper base block with a one cell glow
pattern in the bulk fluid. The interior view, Figure 55b,
shows a very similar flow penetration through the mushy
zone and the pool flow is also similar to the surface
pattern. It is evident from the interior view that the flow
rate through the wire dendrite 2zone is slower than in the
fluid bulk. The bulk flow has completed over one cycle
while the main part of the interdendritic flow has only
progressed three -quarters of the way down the mushy 2zone,
as seen by the tracer front in the mushy zone 1in Figure 55b.

Figure 56a shows another run that is experimentally similar
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1 a
Figure 55. The tracer distribution in the system of Figure

54 (tin melt, Sn!'!® tracer) with a temperature

difference of 5.73°C across the pool showing

(a) the as cast surface and (b) the profile
0.45 mm. below the surface.

= > X

Q b c

Figure 56. The tracer distribution in the system of Figure
54 (tin melt, Sn!!?® tracer) with a temperature
difference of 5.1°C across the pool showing
(a) the as cast surface, (b) the left hand
end of the block with the wires removed, and
(¢) the left hand end with 3/8 inches of the
block end removed.
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to the‘eemple_of Figure~55.i The outer flow and the inter-
dendritic flow are very similar to the flow of Figure'SSQ
Figure 56b and Figure S6¢ show the end view of the sample
loeking at the dendrite end and the end view with 3/8:inch
maehined off the sample, respectively. The wire dendrites
haVe been rembved‘from the sample fer Figures'Béb‘and'SGe‘
by,simply mechanically pulling them nutfof'the‘soft'tin
bleck. No distortion results from removing‘the5wires.

The as cast end view shows little tracer in thegeasting
except for small trails of tracer'down frem thevwine dendrite
positions in tne'upper regions. ‘The holes where the wires
were pulled out appear dark due to thé nadiation coming
frem fhe more active interior of the.caSting:dOWn‘the nole
left by the wire. The wire distribution can be feadily
seén in this picture. Figure 56c further into the end of
thelcasting shens that the flow 1s quite complexvaronnd the

wires.

The :retarding force due tb,these artificial
dendrites seems significantly large considering the low
pencent solid and the large dendrite spacing of 1.9 mm,
Also the very smooth nature of the wires and their regular
epacing should allow greater flow than an actual interface
of equal average spacling and percent SOIid since side
branching will undoubtedly retard flow. This model in-
dieaﬁes that an‘actual dendritic interface will very greatly
retard fluid mdtion as even this modei‘with its many less

restrictive properties reduces the flow substantially._
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6.3. Wire mesh model

All the conditions of an actual dendrite interface
are-impossibie to meet with an experiﬁentél[model. ﬁfom |
the twblpreceeding models it is evidentfthatia;ﬁhree:dimen_
sibnal modél must be used to get anyicérﬁelafion;=lother
dééirable?features are a change in.tﬁefS6lid—iiquid ﬁércentage
ana the dendrite spacing. Also the\liquid-métai-ShOula wet |
the artificlal dendrites as in é reaivintérface.but nét
d}ssolve the artificial déndrites significant1§ dhring
a test. After-considering all these:cdnditiéng thg médel
sHown in Figure 57 was choseﬁ for exfegsive experimenﬁal
_adalysis. A wire mesh 1s placéd verﬁically in the 0.31 em.
wide mould. The mesh slides into slots on the two large
wéil faces and into a slot in the U-shéped piece of the
mOﬁld to preveﬁé any 1eakage around thé'édges ofbthe'mésh.
A temperature éfadient is‘then'placed écrossfthe éélliés
shbwn schematicélly in Figure 58 and a flow develops g%

‘shbwn in this figure. Due to the flow coming across fhe_
boﬁtom of the liéuid cell towards the mesh thefé will;ée a
flq& through thé:mesh from the largé fiow‘cell to the -

small flow cell; Similarly there will be a flow out of the
éméll flow celliinto the large flow cell at‘the'top of the
ceil. The vertiéal mesh represents'a position in a depdritic

inferface of an equal solid-liquid ratio and dendrite spacing.

A sefies of meshes are used with a range of’

wire size and wire spacing. Table VIII lists the properties



Figure 57.

Figuf;_gé.

PLATE
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The three dimensional wire mesh model for
observing 1nterdendritic flow.

A
:

92>e|

The qualitative flow lines in the system of
Figure 57 showlng the two flow cells and
intermesh flow directions.
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Data on Wire Meshes Used.in Flow Experiments

TABLE VIII.

and Fraction Flowed Results

Mesh Properties

Experimental Results

0.254

0.592

‘| "sample’ -|' Mesh-. - Wire ) Wire. - Hole - Counts, Counts, Fraction
Number Number Diameter | Spacing. Size .large small Flowed
wires/inch dw’ mm. { Sa’ mm. ha’ mm. cell cell
100 0.114 0.254 0.140 9559 1692 0.1073
100 0.102 0.254 0.152 7368 662 0.0824
3 80 0.165 0.317 0.152 11374 266 0.0229
Y 80 0.127 0;317 0.191 8Lys 409 0.0462
5 60 . | o.2m o.424. | 0.183 7384 259 0.0339
6 60 0.178 0.424 0.246 7348 720 0.0892
7 40 0.279 0.635 0.356 6934 311 0.0429
8 40 0.216 0.635 0.419 10330 1149 0.1001
9 30 0.330 0.8L6 0.516 6569 279 0.0407
10 30 0.846 7121 - | . 2410

- 0.2529

16T
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of the specific wire meshes used. All the meshes studied
were square woven and were either of copper or phosphor:
bronze. For the experiments pure liquid lead was used with
radioactive thallium tracer. The mesh was coated with a
soldering type flux and then dipped in a bath of molten lead
before being inserted into the slots in the mould. This
gave a thin layer of lead on the wire mesh so that there

was a good wetted surface for the experiment. All the
experiments were conducted with a temperature difference
across the cell of 6.05 * 0.05°C so the driving forces

present for the intermesh flow was constant for all tests.

Figure 59 shows a section view of the casting

Figure 59. A micrograph of a cross section of a wire
mesh in an actual lead sample that has been
mounted and polished.
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showing the view of a number 40 mesh embedded in the‘casting.
The mesh is seen to be perpendicular across the mould'so'
that the lead has no path around the mesh. By the regular
nature of the wires it would appear that there is little

dissolution of the mesh. by the molten lead

Figure 60 shows the flow patterns-that result

for the various mesh sizes. The tracer'is introduced ‘at
point A on Figure 58 At least two runsﬂwere done with

each particular mesh and the sample that showed the least
flow from the large to the small flow cell was used in the
analysis to follow. This method was used as any deviation
such as flow past the 'side of the mesh, a large degree
of.dissolutionaor the mesh by the molten lead or‘an’irregularly
wowen mesh'would all cause an increase in the observed

flow. Thus if the minimum flow is used it would'hetter
correspond to the original dimensions'of the mesh.' The

four castings of Figure 60 correspond'to samples 2, M,fS

and 10 of Table VIII. For quantitative analysis of the flow
through the wire mesh in these samples a radioactive oounting'
technique was:used The counting apparatus used 1is shown

in Figure 61 ' A two inch scintillation tube was used |
connected to a Hamner modular amplifier, timer and scaler.
_The activity of the large flow cell‘and of the small flow
cell of the solid block were counted}separately.as shown
in:%igure 61.;;The block was countedistill intact by

sheilding oneﬁpart of the sample with a lead shield. All
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The tracer profile of the intermesh flow
that occurs in 120 seconds after the tracer

introduction with a 6.05°C temperature difference
for samples corresponding to number (a) 5,

(b) 4, (e) 2, and (d) 10 sample of Table VIII..
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Figure 61. The" counting arrangement for monitoring the
activity in the (a) large flow cell and (b)
small flow cell in the intermesh flow samples

BOUNDARY

Figure 62. The boundary layers around the mesh wires
' showing the notation used in the analysis.
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'counts were corrected for background The degree ofiinter-
mesh flow is taken as a ratio of the number of counts from
the small flow cell over the sum of the counts from the lb
large flow cell plus the small flow cell ' This is essent—
ially the fraction of the tracer that has gone through the
mesh Table VIII lists this information for each sample

as fraction flowed f.

L

The interpretation of these results has proven
quite complex. Various plots of flow versus some of the :
relevant variables such as wire size, wire spacing, percent
solid or ratios of wire diameter to. wire spacing givel
scattered arrays of individual points without any indication

of a simple functional relationship between the variables.

The flow through the mesh can be taken as equiv-
alent to flow past a series of cylinders placed horizontally
and vertically. Figure 62 shows a sketch of the boundary
léyer type ofnflow‘around a portion of such a system.?
Sé.is the wire spacing, dw the wire diameter and ha the
distance between the wires. Due to.a boundary‘layer build—
ing up around- the wires resulting from the intermesh flow,
the flow itself will be reduced. A parameter, h_, the
effective flow width between the wires can be taken as the
'distance between the boundary layers_of two adjacent wires.
For this analvsis it will be assumed that'the effective

hole size and hence the flow, is a function of the geometric

shape of the mesh and also the actual ‘physical size of the
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mesh. Figure 63 i1s a plot of the fraction of tracer that
flowed through the mesh, f, versus the'ratioxofvthe inter—
wire spa01ng to the Wire diameter, h /d ; a'geometric;

non dimensional factor The number on each point is the
normal mesh s1ze in numbers of wires ‘per . inch ‘ It should

be noted that a single line throuyh all the ooints is .
impossible. Thils shows that the flow is not related to this
geometric factor alone The relevant information that is
desired from this analvsis is the conditions for no flow
throuph the mesh Therefore, for each wire spacin? (i e.
mesh size) a. line is drawn back to the abscissa for the value
of h /d for no flow. The results are ‘not comoletelv
consistant esﬁecially the 80 mesh results, but are reproduc-
ible _The zero flow values from Fipure 63 are now Dlotted :
against the actual wire spacing in Figure 6” This olot pives
the experimental conditions for no flow throuph a mesh 'I‘heﬁ~
straight line produced is ‘- _‘ |
s, = 0. 06l(h /d, ) + 0.0102 - <§.1)

whe:fre'Sa 1s in{centimeters. With a suitable intérpretation
of;equation (6.1) it is possible to predict for an actual
interface the function between the fraction solid and the
dendrite spacing for no interdendritic flow to occur. Figure
65;shows a model of a dendritic interface perpendicular
to:the‘primaryistalks. Only a very simple model is chosen,
as_the results;from the mesh experiments are at best very
limited. For ‘this model: |

Eraction‘solid = FS = (7wd,*) / (QSa ) | (§.2)
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Figure 63. A plot of the fraction flowed, f, versus the
ratio of the hole size to the wire diameter,
ha / dw, for the various mesh sizes investigated.
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A plot of the wire spacing, S_, versus the
ratio of the hole size to the wire diameter,
h. / d for the no flow condition (f = 0)
téom Figure 63.
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‘Figure 65. A perpendicular view of the primary dendrite
- : model used in the interpretation of the '
intermesh flow results.'

Also from the geomeﬁry:
s " h |
8o 4 2 | | L (6.3)

dW : dW

Combiniﬁg equations (6.1), (6.2) andr(6.3):

F= [ _0.054 )2 o | (6.4)
: S, + 0.051 a
a .
where Sa is 1nfcentimeters. Therefore, there should be

no flow through the mushy zone when
Fg 2 (__5’49__]2 - - (6.5)
. Sa + 510
where S_ 1is in microns. Figure 66 shows equation (6.5)
plctted out. The region above the curve represents con-
ditions for noAinterdendrite flow and the area below the
curve represents. conditions for interdendritic flow. From

the plot it 1s seen that for decreasing dendrite spacings

the flow will penetrate deeper into a mushy zone since the
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Figure 66. A plot of the fraction solid in the solid- liquid interface,\{QfQ ;ab,=, »

Fg, versus the primary dendrite.spacing- showing ‘the

.- flow.and-no- flow conditions obtained. from the- intermesh
flow results. _Also shown 1is the lead tin alloy
interdendritic flow results.
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fraction solid for no flow conditions is higher. From
equation (6. 5) and Figure 66 it 1s seen that for a dendrite
spacing of less than 30 microns the flow will completely
penetrate‘the mushy zone, that is until Fy = 1, "Fromgthese
results it 1s reasonable to'aSsume‘that‘the effects of
interdendritic flou,'such as dendrite remelting,"channel
bformation and solute movement will be more pronounced the:
finer the dendritic structure, due to the depth of pene-
'tration of the flow. 1t should be noted.that this theory
does not include any dependence on the temperature gradient

and hence the depth of the mushy zone, but is only a function

of the fraction solid and dendrite spacing.

6.4. Interdendritic flow in lead-tin alloys

To;observe interdendritic,flow directly;and to
test the hypothesis presentedfbased on a.theoretical mesh
model several~experiments were conducted to obserye the
interdendritic flow in lead tin alloys The experimental
conditions aregshown in Figure 67. The 10.8 cm. by 6. H cm.
by 0.31 cm. mould’was used in_the experiments. Solid?was
nucleated at,the cold end and solidificatlion was alloued
to;progress across the mould. Three thermocouples were
placed inythe'upper regions of the cell for measuring\the
temperature gradients and monitoringAthe solidification
process. Whenmthe solid had progresSed to approximately

the'half way point, a radioactive master alloy:of an
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equivalent density as the bulk fluid was introduced and
allowed to flow for a short period before being quenched.
dFour different alloys of” lead-tin were used 2; 55 12 5
Aand 20 wt % lead in tin and also pure tin The phase

] diagram for the lead tin system for the relevant alloys

,is shown in Figure 68 with the various alloys shown on the‘

diagram

3 The casting produced by using a pure tin melt
v‘is shown in Figure 69 : The solidification front is easily

seen and appears to be planar The solid region is on the
left and the flow in the remaining liquid is readily seen.
The shape of the interface s in agreement with the shape
described in the Introduction and is caused by the thermal:
convection altering the heat flow conditions In this run
~as’ in all others in this section the' solidification rate
is of the order of 2 - 5 cm. /hour and the tracer is left
30 seconds before quenching S0 that very little interface
movement occurs while the tracer 1is ‘in the melt. Thus the
tracer represents the interface at an instant in time- due
to the relatively large differences in the rate of the

tracer and interfacial movements.

For.all the alloy castings.a dendritic type
growth mode was observed. Abcasting of tin plus 2 Wt; %
’lead plus radioactive thallium was directionally solid-_
ified the complete width of the mould The thallium seg-

regates with the lead to show the dendritic Structure;in
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Figure 69. The tracer distribution in the residual liquid
pool of a pure tin casting (Sn'!?® tracer) with
the experimental conditions of Figure 67.

Figure 70. An autoradiograph showing the cast structure
of a tin - 2 wt. % lead alloy directionally
cast with T12°% tracer.
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the‘autoradiograph -Figure 70 ‘shows a typical cast structure.'
The left hand side is very irregular as this area 1is where

the nucleation occurs at the start of the run and it requires

a certain distance for the directional dendritic growté
to stabilize.' The growth direction is seen to be towards
the upper right and this is controlled by the fluid motion

_in the liquid pool

The resultant directional castings showing the
interdendritic flow for the lead tin allovs are shown int
Figure 71 Table IX lists all the various casting con-
ditions and results for the castings.g The temperature
gradient in the - solid is obtained by assuming a linear
gradient between the temperature at thermocouple #l in
Figure 67 and the temperature at the front of the mushy
zone taken to be the 1iquidus temperature of the alloy:
in question. The flow ‘penetration distance into the mushy
zone is taken as an average penetration distance alongP
the entire interface length from the- original autoradio—
graphs. To correct thls distance to a fraction solid, the
temperature difference between the outer edge of the mushy
zone and the point of penetration is calculated With'the
use of Figure 72 this temperature difference is converted
to a weight percent solid. Figure 72 of welght percent
solid versus the temperature below the'liquidus temper-

ature, is derived from the phase diagram in Figure 68

plot of fraction solld at the penetration distance versus
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Figure 71. The tracer distribution showing interdendritic
flow in castings of (a) tin - 2 wt. % lead_and

(b) tin - 5 wt. % lead with the casting
conditions of Figure 67.
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Figure 71 continued. The tracer distribution showing
interdendritic flow in castings of (e¢) tin -
12.5 wt. % lead and (d) tin - 20 wt. % lead
with the casting conditions of Figure 67.




TABLE IX.

Lead-Tin "Alloy Interdendritic Flow Results

wt. % Temperature| Liquidus Temperature| . Flow | Percent Solid
Pb at T/C #1 |Temperdture | Gradient- |Penetration| for No Flow
' °cC °c °C/cm mm.
_ (Average)
2 212.5 229 ' 3.69 2.0 22.5
5 206 224.5 3.08 3.7 16.0
12.5 192 213.5 5.20 4.0 11.8
20 186 203.5 3.50 8.9 12.5
' , 11.3
20 186.5 203.5 h,o7. - . 6.1 .10{0

69T
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liquidus temperature obtained from the phase diagram -
. of Figure 68 for the four -alloys considered.
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the percent lead in the alloy is shown in Figure 73. The
penetration distance appears quite insensitive to the lead

content.

All castings had a very similar dehdrite spacing.

Exact measurements were quite difficult to accomplish but
they were all in the range of 700 to 1000 microns. The
lead-tin alloy interdendritic flow results are.plotted

on Figure 66. Due to the many limitations énd approximat-
ions the results are remarkably consistent with the mesh
quel theory. - Unfortunately, finer dendrites were not
gfoWn due to experimental limitations so that the whole

range of Figure 66 could not be compared with actual inter-

dendritic flow results.

A direct experiment can be conducted in which
it is experimentally shown that the mushy zone 1s still
very open and .the fraction solid is still iow past thé
depth of the tracer penetration. To do this an interden—
dritic flow experiment is done exactly as described above
except that immediately prior to the quench a stainless
steel wire, 0.6 mm. in diameter, is plunged into the liquid
and pushed intoe the mushy zone. The diameter of the wire
is‘about the same as the dendrite spacing so it should
have no difficulty in penetrating the mushy zone to a
considerable dépth. This experimental casting is shown

in Figure 7la. The casting is of 2 wt. % lead in tin and
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Figure 74. The tracer profile in a tin - 2 wt. % lead
casting residual liquid pool showing the
(a) interdendritic flow and the overall casting
size and (b) the maximum position reached by the
0.6 mm. diameter wire into the interface.
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is yefy'similar>tovthe césting of Figure 7la of the same
alloy composition. The castinglwas machined down from the
left-hand side at an angle the same as the observed 1nter—
face until the top 6f the stainless steel Wire was méﬁ.
Figure 74b shows the outline of the casting remaining'
with the obéerved interdendritic flow stopping well before
tﬁe renetration distance of the wire. This qualitati&ely
shows that the mushy zone is still quite.open aﬁd the
ffaction solid 1is low past the penetration distances ob-

served for interdendritic flow.

Much has been said in the literature recently
concerning the interdendritic flow caused by thelpullihg
of liquid into the mushy zone by volume contraction. This
should result in the pulling of 1iquid into the upper regions
of the mushy zone and the.rejection of liquid out of the

lower fegions of the mushy zone.

Thé case considered here is.when the rejected
solute 1is denser than the solvent as in the tin rich lead-
tin alloys. Iﬁ‘the experiments done to show the inter-
dendritic.flow;in Figure 71 the mushy zone extended back
to the left-hand end of the cell from:thermal consider-
ations so the whole left-hand region is a mushy 2zone. It
is possible that the backflow from the. shrinkage requires
a longer time to occur than the 30 seconds before the’
gquench 6f the previous experiments presented, such that the

backflow will not be observed. If this 1s so by leaving
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the tracer a longer period of’time before quenching, the
tracer will be allowed to.flow into the upper regions of
the mushy zone and the non-tracer material Qill be.puehed
oﬁt of the lower regions. Figure 75 shows a eomparieen
between twobidentical runs of lead-tin alioy except the
cesting in Figure 75a was quenched after 30 seconds and the
casting in Figure 75b was not quenched at all but was left
to solidify completely. Radioactive ﬁin was used.so that
there would not be any'observed segregation of the trecer
on solidification. No flow pattern is visible in Figure
75b since the tfacer has a long‘perioa of time in which to
be evenly mixed throﬁghout the melt. It is easily seen
that the shapes of the interfaces are almost identical.
This shows theé if there was any flow 1nto the mushy Zone
as solidifica£ion progressed due to Volume change on freezing
or density di}%erence in the inner regions of the mushy
zone it does ﬁet cause any long range‘movement of liquid
aéd the flow fates in the mushy zone must be extremely

small.



Figure 75.

The tracer profile in a tin - 2 wt.

% lead
casting residual liquid pool with (a) quenching

30 seconds after the tracer introduction and

(b) complete directional solidification of
the casting without quenching.
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7. Macrosegregation in Castings Rotated

and Oscillated During Solidification

7.1. Introduction

Castings which have a small equiaxed grain
structure are consldered to be more homogeneous and to have
better mechanical properties than equivalent castings with
a partially columnar structure. One way of cbntrolling '
the grain structure is by mechanically mixing the residual
liquid during solidification. This can be done by moving
the mould. Csﬁstant rqtation of a cylindrical mould,
radically cooled, will suppress the columnar to eqguiaxed
transition (CET);‘oscillation of the mould will promota
an earlier CET; and a stationary mould will have a |
structure bet&éen the rotation and oscillation cases.

(16, 42y, Tha'control of grain structure by mechaﬁicai
mixing of the iiquid during casting may cause macrosegre-
gation -- (a function of the kind and extent of liquid
mixing). In addition, rotational fofces might influence
solute transport in the liquid if there.is a large density

difference betWeen solute and solvent. If macrosegregation
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1s enhanced by liquid mixing this could be detrimental to

casting quality.

The purpose of the present 1nvestigation is to
determine the extent of macrosegregation in st?tionary,
rotated, and oscillated castings, and relate the results

to the cast structure.

7.2. Experiment

The macrosegregation in the castings was deter-
mined by arradioactive tracer tecﬁnique. The alloy used
was Al-3 wt. %'Ag,made up of 99.99% Al and 99.8% Ag. The
ingots Were cylindrical, 3 1/4 incheé in diameter. and
approximately 6 inches high. The casting apparatus used,
Figure 76, enabled the casting of Al-Ag alloys to be méde
in stationary, rotating, or oscillating moulds. Meltiﬁg
was done in a graphite crucible in a resistance furnace.
The alloy was -superheated to approximately 800°C and |
immediately prior to casting, a small amount of radioactive
Agllo'was addéd info the melt. The ééstings were all poured
at 750°C (90°C superheat) into stainless steel moulds,
water cooled before and during castiﬂg. A graphite'hot
top was used fé keep the heat transfer from the upper
surface to a minimum. Three casting éonditions were used:
staéionary moﬁid, rotated mould at 126 rpm, and an oscillated

mould. The oscillation was a rotation of 126 rpm with the

direction of rotation being reversed every five seconds.
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Figure 76, Tﬁé experimental apparatus used for producing
' the stationary, rotated, and oscillated
castings of Al - 3 wt. % Ag.
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-Tﬁescasfiﬁg ﬁierosﬁructure Was determined by
sectioning and etching of the castings parallel and per-’
pendicular to the cylindrical axis.  Etching was done:in
3» HF, and H,0 in a

-a Modified Tucker etch (HC1, HNO
2:2:1:15 ratio) and the etching products were washed off:

immediately with concentrated nitric acid.

To measure the macrosegregation in the ingot,
phe most expedlent procedure, as commoﬁly used,‘is to
measure the solute concentration of cuttings taken at
various points-in the ingot by drilling. This is satis-
factory 1if there 1s no microsegregation and no short range
variations in the macrosegregation, which is rarely the
case. To improve the averaging process, more drillings
and-analyses could be made, or alternatively a layer of the
casting can be machined off and samples taken from this,.
Finaliy, the entire casting can be machined and the con-
centration of 511 the casting by sections can be measured
The time and effort involved increases very greatly from
the first to final process listed above Accordingly,
all four procedures were used initially to determine their
accuracy and reoroducibility for the present casﬁings.‘
Four methods of sampling were employed to determine the
degree of radial macrosegregation.

(a) Holes of 1/i inch diameter were drilled through
the casting inii/ﬂ inch steps in the radial direction. A

fixed weilght of .solid turnings was packed into a standard
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container. The activity.of the radioactive silver.prééent
in each sample was then measured with a scintillation
well counter.

(b) Holes of 1/4 inch diameter were drilled as in
method (a) except 1/8 inch steps were used. The analysis
was the same as method (a).

(¢) The castings were mounted in a lathe and 0.030
inch thick concentric cylinders one inch long were progres-
sivelyrremoved. From each cut a random five gram sémple
was taken and the activity of the sample measured in a
scintillation ﬁell counter under éonditions of fixed geometry.

(d) The éastings were machined as in (e) except
the cut was 0.050 inches thick. All the material removed
in each cut waé'dissolved in a concentrated solution of
nitric acid containing a small amount of mercury in solution.
The solutions wére then made up to eiﬁher 250 or 500 ml.
by adding water. A 10 ml. sample wasttaken from each

solution and the activity of each sample measured.

In evaluating the results the concentration of
silver isvtakeﬁito be proportional to the measured activity. .
Agllo is a strong.gamma emitter and aluminum a weak
absorber. As a result, small geometrical differences in
samples countedfinv(a), (b) and (c¢) techniques should be

negligible.

Autoradiography was used to:show qualitatively

the macrosegregation in the ingots. Since the energy of
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the radiation is high'and the sample absorption is low

the autoradiogréph willlrepresent the activity of a iargé
distahce into the ingot. ‘Therefore to obtain reasonable
resolution thin sections are-required. Thin discs pér—
pendicular to the cylindrical axis were prepared by machining

and polishing the discs to a thickness of 0.020 inches.

7.3 Results

Vertical séctions of castings which were station-
ary, rotating,-and'oscillating during solidification are
shown in Figures 77a, 77b, and 77c respectively. The
stationary casting has a small equliaxed region in the
centre, the rotated casting has a columnar zone to the
centre of the casting, and the oécillatéd casting has a
large equiaxed region, in agreement with previous obser-
vations.. The equiaxed grains in the oscillated ingot are
clearly shown to have grown dendritically in Filgure 78,

taken at higher magnification.

The .structures obtained on etched cross sections
of the ingots -(Figures 79a, 79b, 79c¢) show the effect of the
applied fluid:motion on the columnar zone. In Figure 795
of the stationary cast ingot the columnar region is in a
radial direction with all the grains growing perpendicular
to the mould wall. The columnar region for the rotated ingot
(Figure 79b) shows a spiral shape with the initial columnar

grains growing non-perpendicular to the mould walls.
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Figure 77. Representative ingots cast in (a) stationary,
(b) rotating, and (c) oscillating moulds.
Approximately 2/3 magnification.
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Figure 78. Equiaxed grains in the central region of the
oscillated casting, magnification 40 times.

Figure 79. Representative ingot cast in a (a) stationary
mould, actual size.
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Figure 79 continued. Representative ingots cast in (b)

rotating and (c) oscillating moulds, actual
size.
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. L

These grains ére growing towards the oncdming fluld in the
11§u1d pool, 'In the oscillated ingot (Figure 79c) the
diréction of'thé columnar zone changes when the mould
rétation 1s reversed so that they always grow info thé flow.
A similar observation has been made by Roth and Scﬁippen
(M3). In both the rotated and oscillated ingot there is a
renucleation of the columnar grains to achieve the curyed
effects. There were no grains observed which curved or had
a kink, indicating that the crystéllographic'growth orient-

ation was always maintailned.

The .solute concentration of Ag in a stétionary
casting using the four sampling technidues described is
shown in Figure 80. ‘Comparing the foﬁr sets of points.
it is evident that the different techniques have various
degrees of scatter associated with them. For the drilled
holes with 1/4 inch steps (Figure 80a) the macrosegregation
appears cyclic from the outer mould wall to the centreline.
The experimental accuracy of the points plotted 1is sucﬁ
ﬁhat they are a true representation of thé concentration
of the sample measured in the scintillation counter. Thus
the scatter mué% be due to a change in:the concentration
along the drili“hole. To test if this cyclic behavior 1s
genuine the l/é”inch step hole method 1s shown in Figure 80b.
Again the poinﬁé show a cyclic behaviour, but the éycle
period is diffé;ent for the two cases. Thus microsegregation

along the drill hole must be the cause of the cycling. The
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plot for the solid lathe turhings (Figure 80c) shows an
extensive scatter between points. This large scatter could
be caused by the microsegregation, by the selection ofvthe
material taken from the whole sample, or by hot haviné a
sufficiéntly constant sample geométry due to‘the nature

of the lathe turnings. The final method of dissolving thé
turnings of the entire sample gave the results of Figﬁre 80d,
which shows much less scatter than the other methods. In
this case the counting geometry is not a problem aé the
liquid is contained in a standard tube and the iiquid
counted is a tfue average of the sampie composition. - This.
method gavé reproducible results and'Qas used for all the

subsequent macrosegregation measurements.

The: radial macrosegregation in the three types of
ingots 1is shown in Figure 81l. Three sets of data were
obtained for the radial maérosegregation, one from the central
region of one -group of caétings, and the other tWo from
neér the top and bottom of a second similar group of castings.
Ali the results far a particular type.-of casting were very

similar.

The silver concentrétion iﬁ the stationary and
rotated ingots; shown in Figures 81a‘and 8lb, is essentially
constant indicating little macrosegregation, except for a
small drop in .concentration at the centreline of the casting.
There is no effect on the macrosegregation due to the

difference in.density of the silver and aluminum in the
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rotated casting. In the oscillated case maérosegregation

is present, with an initial rise(in thebsilver concengration
upvto a peak. The concentratioh then decreases to thé
centreline of the casting to a value over 0.25%'Ag below
th¢VCo value. The position of the CET is shown oﬁ thé
gufve; this position corresponds to the CET in Figure T7c.
The results show that the CET corresponds to the maximum

silver concentration.

An autoradiograph of the'oscilléted ingot
(Figure 82) shows the macrosegregation qualitatively. The
lighter areas towards the centre of the ingot fepresent'
silver depleted areas whipﬁ.correspoqd to the Quantitative
méésurements (Figure 8lc). Due to this mottled effect in
thg silver distribution it cén easily be seen that thejdrill
hole methods of analysié coﬁld give-spurious results, as
can any analysis that does not include the total radial
sample.

.

7.4, Discussibn

The. cast structure associated with stationary,
rotated, and oscillated castings are similar to those
reﬁorted by Cole and Bolling (16) and:others and will not
be discussed here. Two points will be considered.

(1) The'relation of the observed macrosegregation
with the cast structure.

(2) The shape of the solute curves.
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Figure 82. An autoradiograph of the cross-section of
the oscillated ingot showing the silver
distribution in the casting, actual size.
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Conditions for the CET.éré’met much earlier‘in
the oscillated casting than in either thé rotated or stat-
f_19nary_casting; This'is-bélieved due to the lowering of the
temperature gradient iﬁ the molten region (oscillation 
causes extensive mixing)'ﬁhus a110wing "nuclei", produced
by.large shear forces at the interface, to survive and grow.
During rotation reversal these large shear forces wiil
cause remelting and/or breaking off of dendrite fragments
(14, 15) which can act as "nuclei”. These can easily be
swept into the central region of the liquid ﬁool by the
violent turbuient flow occurring as.é reéult of oscillation.
Observation of this flow in_a rheoscébic liquid shows the
existence of a turbulent wave generaﬁéd at the interface
and rapidly m8§ing to the centre. If the mould is rogated
at a constantzépeed the temperature gradient will remain
high (16) and”no shear forces will'bé present at the inter—
face. Thereféée, no nuclei will be prdduced and the CET will
be suppressed,:as observed. For the.stétionary ingot .
natural conveétion will yield low shear forces at fhe
interface and?fhe temperature gradient will be of some

intermediate value.

The lack of macrosegregatibn in the rotated and .
stationary inébts can be attributed to the lack of signif-
icant fluid fiow in the inferdendritic region. Without
fluid flow there will be no net soluté flux from the inter;

face region, and therefore, no macrosegregation.
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'For'ﬁheFQSCillaﬁed casting high shear ferces
in the ricinity'of-the seiid—liquid iﬁterface will produce
more extensive interdendritic flow. This flow will sweep
solute rich 1iquid out of the mushy zone.' The solute’
disﬁributioe near the‘moﬁid‘wail wili then tend to coﬁform

to the equation for complete mixing:

c, = kCo(1-g)*t

where Cs is the solid solute eomposition, k the distri-
bution coefficient, Co thebaverage initiallsolute composition
ahd g the fraction solidified.  When the rotaﬁion is re-~
versed a turbulent wave is produced which will transpert

this solute towards the centre of the solidifying ingot.

Duriﬁg columnar growth thelsolute distribution
will therefore be as shown 1in Figure 83a. When the CET is
immenent the distribution will be that shown in Figure .83b.
The initial part of the curve corresponds to a complete
mixing situation up to the peak. Beyond the peak the com-
position gradually decreases towards the centre due to the
incomplete mixing of the solute rich liguid generated at
the interface.: Concurrent with this solute movement is the
reduction of the temperature gradient whieh, until the CET
occurs, does net allow survival of nuclei. (At erery
rotation revereel high shear forces and temperature fluct-
uations, due to turbulence, will produce a large number of

dendrite frapments ) When the temperature gradient is
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Figure 83. The development of the radial macrosegregation
in an oscillated ingot, (a) prior to the time of
the CET, (b) at the time of the CET, and (c)
the final silver distribution in the casting.
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sufficiently lew.these fragments will be able to survive
and grow and be swept by the turbulent wave-throughoup
the remainingrliquid; “Since these fragments'are'of com-
poeition less than Co the overall composition in thise
fegion will be reduced as shown in'Figere 83@. Also;'due
to the lowering of fhe temperature gradient‘the’mushy zone
will be increased in lehgth. The maes and comﬁosition of
dendrite fragments necessery to cause this redﬁction in
eempositien (Figure 83b ~ Figure 83c) is:caleulated ie the
| Appendix, Seetion 7.6. The solute disfribution erofile of
Figure 83c will be that of an 1ngot oscillated during

solidificatlon. The macrosegregation pred1cted above was

obgerved in the oscillated ingot, Figure 810.

7;5 Conclusion

The present 1nVest1gation:has shown that no'
eignificant macrosegregation accompanies solidification
in-stationary or rotated moulds for the system examined.
This implies that the large density difference between;the
solvent (Al) and solute (Ag) has no effect on the radial
SOlute'distribﬁtion. -However, apprecliable macrosegregation
1is associafed with the oscillation mode of solidification. -
The initial rise is attributed to solute mixing in the
liquid interfacial region due to the turbulent flow. ?he
maiimum concentration is associated Wifh the columnar to

equiexed transition. The solute depletion in the centre



196

of the casting 1s caused by small grains of low solute
concentration being swept, by the turbulent waves, from the

mushy zone to the ingot centre.

7.6 Appendix to section 7.

The model proposed for macrosegregation'in the
osclillated ingot assumes sufficient dendrite fragments‘
are swept into the central liquid zone, to give the change
in the distribution between Figure 83b and 83c. The following
analysis 1is an approximate calculation for the'maes of:

fragments which.is required.

Assume.VE 1s the volume of the central liquid
region just prior to the CET. The average composition in
this volume after total solidification assuming a 1inear
distribution profile in this region and Co = 3.0 wt.% Ag,
is given by}

/;R 2% r C(r)dr

f;R 2m rdr

where c(r) is cbmposition as a function of radius and R

is radius of CET. From Figure 8lc, C(r) = —“ﬁ r + 2.70,
therefore C = 3.02 wt. % Ag.‘ Comparing Figures 83b and
83¢ an estimate of the average composition in VE jgst prior
to the CET can be made (C(r) = L%i,r i 3.00) and is equal to

3.10 wt. % Ag.
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Assumingvthe composition of dendrite fragments
swept into the central region is aKOCO, whereva is a factor
to account for the increase in solute concentration in the
dendrite branches as solidification progresses, assumed
to bé 1.5. KO is 0.25 for the alloy under.consideration;
(1.5)(0.25)(3.0)

1.12 wt. % Ag.

Therefore: aKoCo

Let v be the volume of dehdrite fragments swept into the
central molten region (VE) at the time of the CET. The
resulting bhange in the average concentration in VE can then
be used to sol;e for v. | .

Therefore: 3.10 Vg + 1.12 v = 3.02 (V, + v)

E

Therefore: v = 0.04 VE

This calculation shows that a small amount of
solld fragments is required relative to the total liquid
volume to cause the decrease in concentration observed.
The large mushy zone,bdue to the low thermal gradient; and
the large interdendritic flow, due to the turbulence pro-
duced during ﬁhe rotation>reversal,bshould result in ?his
small volume of fragments being made available to cauée

the observed effect.
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8. Summary and Conclusions

Natural conveCtiloin liguid tin and liquid
lgad has been observed in a small closed system by a
radiocactive tracer technique. It has been demonstrated
that the distribution of radicactive material in the quenéhed
metal corresponds to the distribution in the liquid prior

to quenching.

To examine thermal convection, experiments were
carried out in pure liquid tin and lead under a variety of
conditions. It was observed that the flow rates in the
liquid increase:with

(a) 1ncreasing temperature difference across the cell
(b) increasing avérage temperature |
and (¢) 1increasing thickness of the.liquid éone.
For a temperature différence across the cell ranging from
0.23°C_to 19°C (corresponding to Grashof numbers from 106
to 108 for a 6.4 cm. wide cell) the time for a complete
cycle around thé:cell varied between 78d‘and 12 seconds.

When either the ﬁemperature difference dr the cell thickness

was increased beyond a certain point thé flow rate increased
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and the mede of flow changed from a simple cell to a more
complex three dimensional flow pattern. No thermal
oscillations were detected iﬁ fhe liquid for the entire
-range of temperature differences and cell thicknesses

examined.

The flow pattern in the thin cell was found
to be a function of the length to height retio. For ratilos
of L.9g : 1 or lese the flow pattern is a single cell,
while for a ratio of 8.3 : 1 the flow becomes multicellular
in nature. The pattern also changes 1f the temperature
distribution is changed. If both sides of the cell are
cooled with respect to the centre, a double flow cell
pattern 1s obtained, each cell corresponding to the simple
cell described previously. The width of the cells are
determined by the position of the maximum temperature in
the liquid. A buffer zone exists between the two celis
1ﬁhibiting mass transfer from one celi to the other. LIn
larger castings with many solidification directions and
complex thermei conditions, the present results would:
suggest that ﬁéhy cells are set in moéion with no inter-
action, or at'feast very little interéction between these
cells. Thus ieng range transport-ef solute or solid parti-
cles in the lfeﬁid may be severly restricted by the multi-

cellular beha#ior.

An enalysis of the thermal convection problem
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hgs been made for this systém using a finite difference
numerical procedure. The analysis has been sélved fof
Pfandtl numbers of 10.0, 1.0, 0.1 and 0.0127 with Qrashof
nqmbers of 2 x 103 to é X 107. The thermal profile has

been found to be a function of only the Rayleigh number
while the flow velocities are a function of both the Prandtl
and Grashof numbers indevendently. The numerical sol@tion
agrees with an analytical series solution fof low val@es

of the Grashof number.

In ah attempt to determine fluid flow in metals,
obgervations have been reported in the litérature of fiow
in transparent  liquid systems which have been extended
to liquid metals. The present results show that there are
serious limitations in extrapolating non-metallic fluid
flow behaviour to liquid metals. The thermal and flow
profiles 1in different types of fluids cahhot be matched
simultaneously and hence phenomena depending on both

parameters must be altered for various types of fluids.

Measurements of temperature'gradients in castings
have been used to estimate fluid flow during solidification.
Often no temperature differences are observed in the centre
of the casting :from which it is concluded that there is no
thermal convection. This can be entirely erroneous, as
shown by the theoretical solution in Fipgure 27f where #he

central region has essentially a zero horizontal temperature
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T

éradient However, there is extensive flow associated

’“with significant temperature gradients near the cell walls
Accordingly to predict thermal convection a- complete thermal_
.profile in the 1iquid pool is required , The relevant para-v

vi‘meter in thermal convection is the temperature difference

between the flow cell boundaries and not the temnerature

‘z”gradients in the cell

The "experimental thermal convection results_in._
liquid tin tend towards the theOretical solution for iarge
- temperature differences and large cell thicknesses. It is
seen that for a liquid cell thickness of 1.5 cm., or greater,
the»experinentaliand theoretical results should correspond.
The thermal profiles in the 0.95 ecm. thick cell are in .

close agreement with the theoretical results.

Solute convection 1is observed by three differ-

ent series of experimentS'

(a) 1independent solute convection

(b) the. influence of solute convection on thermal
convection, and

(¢) the.thermal and solute conditions for complete
mixing. It is.shown that 1f a vertical stable solute
vdifferenCe is-imposed on a system, the horizontal thermal
condition reouired to cause completelmixing in the liquid
zone must be sufficient to cause a horizontal density |
inversion. _If,the tenperature difference 1is not great

enough, a multicell flow pattern will result with a buffer
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zone between the flow cells.

The interdendritic fluid flow in lead—tin’alloys
due to the residual liquid pool convectioh has been examined.
The flow penetrates to a distance of from 12 to 22% solid
in the solid-liquid zone. The alloy castings have a
primary dendrite spacing of approximately 700 to 1000

microns.

Three experimental models to analyse interden-

‘dritic flow are presented,

(a) a two dimensional channel model

(b) a three dimensional wire rod model, and

(¢) a wire mesh model. |
The wire mesh- model predicts that as the primary dendriﬁe
spacing decreases, the extent of }nterdendritic liquid
flow will increase. Although lead-tin alloy growth
experiments were not conducfed over a wide range of dendrite
spacings, the experiments conducted did agree with the

results predicted by the wilre mesh model.

As én extension of the fluid flow considerations,
an investigation was carried out to determine the macro-
segregation in.castings which have imposed fluid flow patterns.
The macrosegregation in Al1-3%Ag alloys subjected to oscil-
lation énd rotation during solidification shows that ex-
ﬁensive macrosegregation occurs in oscillated castings;

but little segregation occurs in stationary and rotated
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castings; A concentration peak occurs at the columnarvto
equiaxed transition and a géneral depleﬁion occurs in the
centrai equlaxed zone. The segregation in the oscillated
casting 1is accounted for by long range movement of dendrite
fragments which break and/or melﬁ off in the solid-liquid

interface region..
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9. Suggestions for Future Work

(a) Using the tracer techniques developed in this
work, observations on natural and forced convection could
be made on much more complex systéms, consideriﬁg both
thermal and soiute driving forces. Also fhe effects of an
advancing solid-liquid interface on the natural convection
could be investigated. This could be applied to specific
geometric configurations such as bbtained in continuous |

casting.

(b) The interdendfitic flow experiments could be
continued for large rangesbof dendrite spacings and differ-
ent alloy systems. Systems which have the rejected solﬁte
less dense than the bulk liquid could be analysed to observe

flow differences between this and more dense solutes.

(e) Thelfheoretical numerical sblution could be
applied to a gréét variety of geometric shapes and thermal
conditions which occur in casting sitgations. This |
anaiysis could be used in a more exact solution to a growing

interface rate analysis.
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(a) More extensive experiments are required in order
to establish the theory that a mass of dendrite fragmenté
are swept out of the interface in oscillated castings to

produce the observed macrosegregation.
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Appendix I

Notatlion Used

Specific heat
Width of liquid zone
Diameter of the wire mesh wires

Fractioh of the tracer that has
flowed through the mesh

Fraction soclid in the solid-liquid
interface region ‘

Acceleratioh due to gravity
Temperature gradient

Grashof number, based on total
temperature difference

Grashof number, based on one-half

~the temperature difference

Convective heat transfer coefficient
Height of a moltén metal pool
Actual hole size. in the wire mesh

The effective hole size in the wire
mesh ’

Thermal conductivity

Height to length ratio of the liguid
zone '

Height of the 1liquid cell
Nusselt number
Dimensionless pressure

Pressure deviation from initial
static value

Prandtl number
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Heat flux at the cold wall
Rayleigh number

Spacing distance of the wire mesh
wires *

Dimensionless temperature
Time
Velocity'in the x direction

Dimensionless velocity in the X
direction '

Velocity in the y direction

DimenSionless velocity in the Y
direction

Vertical coordinate
Vertical dimensionless coordinate
Horizontal coordinate

Horizontal dimensionless coordinate

Superscript denoting values of the
parameters after a one-half time step

Superscript denoting values of the
parameters after a full time step

Thermal diffusivity

Coefficient of volure expansion
Boundéry layer ghickness
Vbrticity function

Temperature )

Temperature of the cold wall

Temperature of the hot wall
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Absolute viscosity
Kinematic viscosity
Density

Dimensionless time

Dimensioniess time for the stream
function iteration

Stream function
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Appendix II

The Theoretical Solution to the Problem
of Natural Convection in Liquid Metals

The governing equations and the boundary
conditidns to be solved are given by equations (3.31),
(3.32), (3.33), (3.34), and (3.35). Also equations |
(3.36), (3.37), (3.38), and (3.39) give the vorticity
and enérgy_finite difference equations for the governing
equations for the first‘and second half time step; The
general finite difference apﬁroximations used are the
'centfal difference forms such as
au _ Yi+1,3 " Yioa g | | (L)
X 240X

for the first derivatives and

- 2 + U
v Ui:J )

. 32U 1-1,3 i+1,]
2 - i = 3
%Y1, 7 3% NG * (2)

for the second derivatives. The forward difference

approximation 1s used for the time derivatives such as

v Yy~ Yy - (3)

T ‘ AT

Q

The general procedure of the solution is
given in Section 3 of the thesis, and this appendix wili

state all the equations used in the computer program.
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1. Computation of the new temperature

For the boundary values of the second derivative

a series expansion is used such as:

_ 3T AX2 (32T
T2 T Tyt “('ﬁ]u * T(W]I,J )

From the boundary condition of no heat transfer through the

upper and lower wall the finite difference becomes:
21 I ST T - (5)
aX 153 AX 2,3 1,]
,.,

For the first half time step the following simultaneous

equations are solved for columns j = 2, 3, ... n-1 1h turn
with |

i=1:

2 2 ow _ 2 o = Z2.mp - L 2

(AT * PF(ijT]T 1,5 ~ Pr(AX) T 2, atl1,3 Y Fr % yT1,g

(6)

i = 2,3, L m_l:

U1, - 1 T * + (2 ; 2 ¥ +

~"2aX T Pr(aX)7)" 1-1,} At ¢ PR (07} 1,3

. - T
U, 1 oy _ 2. vy g Tigel
2AX Pr(AX)* 1i+1,] At7i,] 1,3 2AY
1 52 |
*5r 8 yTi,J A7)
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-2 o 2_ 2 ¥ . =2p 4 lezanpo
FE(AX)Z T om-1,3 * (Ar * Pr(AXSZIT md = Etim,g *BF yTm,y
| (8)

For the second half time step the following simultaneous

equations are solved for row i = 1 with

J = 2:

'2__ 2 1 - 1 t . >= _2__ *
(AT.+ ?rZAYsZ]T-l,z PP(AY)ZT 1,3 Ati1,2 *

2 «  _ oma 1 -

a0z (T2 = ™12 * sraor T11 ' (9)

J = 33’4 ) n-2

) U ¢ S 2 P R
Pran)® 1,31 \ar Y AR ?T L,y T BRI T 1,441

= 2.4 o (TH - TH. ) (10)

= mela,y toeranT (Thayg 1, ‘

J = n._‘—"l

|2 2 ' 2
- 1 i 1 = —¥ +
Pr(AY)ZY 1,n-2 * (Ar YD T 1,1 T AT 1,n-1

2 . | 1
pr(a0? (T2 no1 = Ti,n-1) f PE(AT)? T1,n (11)

Solve for rows 1 = 2,3, ... n-1 with
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J =2
' v
2_ 2 , 1,2 1 o
(AT RECY ]T 1,27 (2A§ TP 71,3 T AT T2t
[Vi’2 v sk ]T o, M2 - ™0 0
. Z .- v y -1, 1 .2 g
Y PriANT) L1 2 28X *Erd kT 2
(12)

2

1, 1 : 2 2 JREPRE ¥ 5E
('faAY - Pr(AY)‘]T 1,3-1 1 (5_ * Pr(AY5z]T 1,37 (.2A i

| ¥

1 | _ 2 T*, . . - TH
Pr(Ay52]T'1,j+1- RIS TR O = LER S SR
+ 152 T 5 o ' ; (13)
J = n-1

\
__i,n-1 _ 1 m + 2 ., 2 T -
- 2AY Pr(AY)“)~“i,n-2 At Pr(AY)? i,n-1

\

2 Vin-1 1 T - TR,
At  i,n-1 T ( 2aY * Pr(AY)‘]Ti,n - Uy Atdensl o dol.nod
4+ L“SZ T# (1“).

Pr- x i,n-1

Solve for row i = m with

j = 2:
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2 2 ' _ 1 = 2 e
(Ar * Pf(AYS’]T m,2 ~ Pe(A)Z *'m,3 = AT Tom,2*t

+

2 # % 1 |
Fr(an? (Tao1,2 = ™n,2) + 573077 Tyl (15)
j =3, 4, n-2
- 1 ! + g__ + 2 Tt - 1 T '

Pr(AY)? m,j-1 ~ \AT Pr(AYSz m,J Pr(AY)? m,Jj+1
= x4 2o (qw -T* L) (16)

At m,J Pr(AX)? m-1,J Tom,J ‘ ;

J =n-1
- 1 ' R 2 2 - = 2 mx ,
Pr(AY T m,n-2 + (AT + PrZAY5z]T'm,n—l = 377 m,n-1
2 (o T Y G (17)
Pr(aX) 2 m-1,n-1 m,n-1 Pr(AY m,n

2. Computation of the new interior vorticity

For the first half time step the following
simultaneous equations are solved for columns J = 2,3, ... n-1

in turn with

i ?:

Tt2,J+l - T

2AY

, .
Gr ?’J-l

———
>
A
+
>
A
e
(e
N
N
+ .
o p———
(e
A% EAV)
P4
1
>
>
N
s
Y
w
>
s
[}

fover)
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v
2,4, 1 5 2 2,1 . 1
* ( oay t AYZ]CZ,J—I * (AT - AYZ}E2,J * (‘ 20yt ORYT) %2541

U
2. 2.3 1
( 20X T BX%)%1,3 | -~ (18)
1 = 3,4, m=2
Y 2 2 2 Y19 2
- — * e . # - #*
“2AX T AX%) % i-1,3 F (A: ¥ sz]c 1,5 * \7oaX T BXT)C 141,y
T, - T v
) 1,341 - 71,341 1,1, 1 2 2
Or gy + [ 26y T EYF)R1,5-1 Y (BT T AYT)C1,5
1,5 . 1
* (“ ooyt AYZ]Ci,j+1 (19)

v
n-1,3 1 | 4 2 L, 2., _
(‘ 24X AX‘]C n=2,j * {AT * Kf?]c.n—l,J =

' -
T n-1,3+41 T

Gr 2AY

' |
n-1,j-1 , |n-1,4 , 1 |, A
SAY AYZ|%n-1,3-1 AT

v U

2 Vn-1,3 . 2 {%-1, 1]

AYZ]Cn—l,J * ( 2ay <t AY‘]Cn—l,j+l_v ( 28X~ BX?)°n,3
: (20)

For the Second:half time step'the following simultaneous

equations are solved for rows i = 2,3, ... n-1 in turn with
J =2
1 - mt
2, 200 e o1y, s e 1,3° "1
AT AY? 71,2 2AY AY* i,3 2AY

(continued over)
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U I A%
1,2 1 i,2 1 :
— ———3 * — —_——2
( oax 1 szJc i+41,2 ( 2AY AYZJCi,l (21)

v v
1,4 1|, 2, 2 1,3 1
(‘ SAY AYZ]C 1,5-1 % (AT + AYZ}"i,J + ( 207 T BT %1, 41
T, T U
. op o ditl 1.d-1 4 |24,0 , 1|, .
58Y 2AX T BXZ| % 1-1,3

2 _ 2 ).« + _Ui,J + 1|z (22)
AT T AXZ|%Ti,3 26Xt EXE ST 141,
j = n-1
Vin1 2 o e (2. 2]

SAY Y% % i,n-2 (&7 Y 57 %1 01

2
¥* pundG
2ax * AXT]C i-1,n-1 * (AT

' _ mt :
Tin " Tinoa (Ui,n—l 1

U \Y
2 L% +{--1,n-1 _ erc* . i,n-1 1 r
AX? i,n-1 2AX AX i+l,n-1 - 2AY AY*}>i,n

3. Computation of the new stream function

For the first half time step the following
simultaneous eqdatiohs are solved for columns jJ = 2,3,

n-1 in turn with
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1=2
2 2 | 1 } 2 2
(K?'* KYT]w*2,j BTy CAME T B Y B (K?" ZY’sz,J
+ e (U + Y ) (24)
AYZ *72,5-1 2,3+1
i = 3,4, m-2
1 2 2 1 o
oS CAMETC I B (K?T * Z??Jw*l,j RS CAMEVS U B B
2 2 1 ‘ ‘
(K?T - KYT]wi,j *ayr Wy ge1 ¥y 500) (25)
i=m-1
1 2 2 =
- XV o2,y * (K?T * Kf’]w*m-l,J = fme1,3 *
2 2 1
(zﬁ"‘ - m‘f]‘”m-l,J *avr Wiy go1 * Vo1, gen) (26)

For the second half time step the followlng simultaneous

equations are solved for rows 1 = 2,3, ... m-1 in turn with

2 2 ).
—_— - 1 = . - *
(AT' * AYZ]wi,Z S EAME I b1t [AT' sz]* 1,2

1
*pxr Wy o F V¥4 0) (27)



220

J = 3,4, n-2
1., 2 2 1., 1 o

BV CARE I I (AT' ¥ AYZ]w 1,5 7 AY?V 1,541 1,07

R UL e Sy + oy ) (28)

At! AX i,J AX i-1,3 i+1,J
J = n-1:

{
1 2 2 .

vVt (Ar' * AY21w'i,n—l = %yna1t

- + e (Y + oyt ) (29)

At AX i,n-1 AX i-1,n-1 i+l,n-1
4y, Computation of the velocities
For column j = 2, row 1 = 2,3, ... m-1:

-3V, + 6y - v
- i,?2 i,3 i,4
Ui, = ey * (30)
For column J = n¥l,vrow i=2,3, ... m=-1:
-3y + 6y -y
i,m-1 i,m-2 i,m-3
Ut no1 = ’ NG (31)
For row 1 = 2,3, ... m-1, column j = 3,4, m-2
. - 8 + 8 -

. R R T S B e TR L N I L (32)

i,J

12AY
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For row 1 ' = 2, column J = 2,3, ... n-1:

35 " :Zi,J t Uy

Vv =
2,3 (33)
For row i = m~1, column j = 2,3, ... n-1:
m-1,j ' 6AX
For row 1 = 3,4, ... m-2, column §J = 2,3, ... n-1:
-y, + 8y, . - 8v, . +
v RS RIS B 5 0F Bide t > PE A E 23 (35)
i,J 12AX
5. Computation of the new boundary vorticities
Expanding the stream function into a Taylor
series results in:
oy 2 3%y ,
= 1.] AX 1,3
bo,5 = V1,5t X YTt T e | (36)

From the bogndary conditions of:

3y 22y |
- 1,4 - 1, -
L7 Ry & 0 and  —yz*= 0

equation (36) can be reduced to:

3%y 2y 8 |
Vzwl,j = “gi%Ll = (K%%é = _Cl,j (37)
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Thus the equation used to solve for the wall vorticity

are as follows for

1 =1 J=1
Vo 3 ¥y 2
0, ¢~ Exes 3% TN -
i = m: J=n
29 - 29, _ .
= m-1,J = i,n-1
tm,3 T T TTAX (40) S4on = " TBY?
6. Computation of the Nusselt number
aT ) —llTi,l + 18Ti,2 - 9':[‘1’3 + QTizu
Y 1.1 6AY

- (39)

(41)

(42)

7. The solution of the tridiagonal coefflcient matrix

of the set of linear eauations giveh by equation (3.49)

S = Yn—l
¢, S
+
S T Yy - 1 Bi 1 s i =n-2,n-3, 1
. i
where: ‘ d
B,. .= b Y = —l
1 1° 1 Bl
a. €
B, = by - -1 i-1 1=2,3, ... n-1
i=1 :
d, - a, vy
i "i-1
Y, = = 5 , 1= 2,3, n-1
i

(43)

(44)



Appendix III

Computer Program

1. Flow chart of the computer progfam

C St?r't J

<

.

Read Fluid . :
Parameters

Set Initial’
Conditions

223

Compute
Temperature

|

Interior Vorticlty

Compute

Compute
Stream Function

Test Stream

Function Convéfgenc;:> No

Yes

Compute
Velocities

—

Boundary Vorticity

Compute

r

Compute
Nusselt Number

Test Overallv‘\\\
Convergence ///r

Yes

\

Subroutine
TRIMA

\

Print

T’w,U’V’C’N-u /

..

No



A,B,C,D

AN
AVNU
DT

DT1
DX, DY
GR

I,J

M,N

PR

SS

SFC

TS

TD
TRIMA
u,v

V1

ZS

ZD
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Notation used in the computer program

Arrays used in the tridiagonal
coefficient matrix

Local Nusselt number
Average Nusselt ﬁumber-
Time incerement, AT
Time increment, At!
Grid spacing, AX, AY
Grashof number, Gr'
Grid positions, 1,3

Number of iterations the program
is to complete

Maximum valué of?i and J respectiveiy
Prandtle number, Pr

Stream function, ¢

Stream functioﬁ, P*

Convergence 1limit on stream function
Temperature, T

Temperature, T¥

Temperature; T

Tridiagonal maérix solution subroutine
Velocities, u,v

Solution of tridiégonal matrix
Vorticity, & : |
Vorticity, g¥

Vorticity, ¢’



EORTEAN [V 6 COMPILER VAIN c3-12-7C 12:563:05 PAGE 0001

DIMENSION T{21,21) 47502192105 TD€21,210020214210425(21,42110,
1 22021, 20) 95021 4210955121,213,U(21421)9VI(210201)9ANE21),B(21),

2 AU210,C0210,0021),v1021) B

770 FORMAT [1HD4® M = *,15,% N = ¥,]5," NUM = *,15,* GR = *,1PEl2.3,

1 " PR = ',1PF12.3,' DX = *,1PE12,3," OY '+ 1PEL2.3,
2 ' 0T = ',1PF12.,3) )
K = (o0
401 K = ¥ & ] R
T CAULCULATE NFW TEMPERATURES FOR FIRST HALF TIMF STEP

T T(I,0Y = ) )
vy St1,d) =
11 I(l4d) =
~12 Jlled) =
213 VIIsd) = 2.8
(L14 SS{T,J) = U.0
) 15 &7 Vi{iV = ~.C
S B SN0 851 1 o= 1le2l
17 T(l,1) = -1.0
NS 51 TUILNY = 1.0
“r1a DTl = velé
o2 SFC = 7,02
" 21 S1 = 2.0 7 DIL ¥ 2.0 7 ( DX%%2 )
NP 52 = 2,C 7 OTL = 2.0 /7 { OX%%2 )
1123 §3 = 1.0 /7 ( NDX%x2 ) N
~C24 Nl = N -1
~n2s N2 =N -2
2C2¢6 ML =M - 1
TS M2 = M ~ 2
[V KS =
n329 170 CONTINUE
Ty K5 = K5 & 1
aGEP! READ (5,200) GR, PR, OT
RRY 20C  FORMAT ( F2Ceb / F20.6 / F20.6 )
333 TF T GR T, 10.3 ¥ GO 10 603 T
" Y34 Fl = 2,0 /7 DT + 2.0 /7 { PR * DX**2 )
07 an EZ = 2.0 /7 (.PREDX¥%2 )
£2 = 2,0 / OT
Fa = €2 / 2.9
. E6 = 2.7/ 0T & 2.0 / DX*%2 B
B E7 = 1. 7 ( DX%x¥2 )
EB = 1.9 /7 12.,0%=0X )
€9 = 2.0 / DT = 2.0 / DX%=%2 :
AR CIn = DX%#&2
R E1l = 1.7 / { 6.0%DY )
D oadk F12 = 1,2/ ( 12.0 % DY )
T 23 13 = 2,3 7/ DY®*7
S ES = GR / (2.0%DY ) -
Ta WRITE (6470001 MeNyNUM,GRePR,DXy DY, DT
oM

€

weadoad AI UBJI3J404 Sy

gee
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12:56:05

FORTRAN COMPLLER MAIN OB-12-7TC PAGE 0002
5461 NN 100 J = 24N1

1R B8G1) = El

RBLEE! C(l) = -E2

[ARLYA AtM) = -£2

Ti85 BiM) = El

arna LY = E3%T(1lyd) ¢ EG¥(T(19J-11-2,0%¥T(1,4) ¢ I(I'Jolbl

SOLY MY = E36T(MyJ) ¢ EGR(TI{MyI=1)=2.0%T{MeJ) + T(MyJe1))

SUS8 el I o= 24M1

7759 AL} = =ULT,J)*E8 - E4

N6 (1) = E1

ohet CLIY = UlT,J)%E8 - E4

N DAY = F3=T{I4J)-VII,JI*ES*{T(LyJ¢1)-T(lyd- llltht(T(l'J 1y -

12.%T119J) ¢ T{IyJ¢1})
S0nes CUNTINUE

T ok

CALL TRIMA (A+8+CyDsV1ieM,l)

D0 1C2 1 = 14,M
TSUI,J) = VIH(D)
CONTINUE
. CUNT INUE

¢ CALCULATE NEW TEMPERATURES FOR SECOND HALF TiMe srep T
C FOR ROW 1

= 1 -
Ri2) = E1

t(2) = -Fa

Dt2) = E35TS(1,2} +52t(13(2.2t tS(x.z»r 0 EA‘T(loll

A(N-1) = -E& . : s e
E(N-1) = F1 r ’

DIN-1} = EI*TS(lyN- 1)4E2*(TS(2.N-1) tstl.u-l)l054tr(1.ul

NN 103 J = 3,NZ

A(d) = -Ea T il

BeJd) = £l : S S ~

ctJ) = -E4 e e e e
NEY) = E3xTS(1,d) ¢ E2%(TS(2,) -TS(1,d)) ’

CONTINUE

CALL TRIMA (A,B,4C, D.VlvN—quD

DN 184 J = 24N1
AR TS T = Vit
CONTINUE . -
ROWS T = 29aeM-1
nEns e o165 1 = 2,M1
o SHA . B2y = E1
A0RT C(2) = V(I,2)%F8 - E&
fTRY 002) = E3=TS(142) ¢ (V(I,2)%EB+ESI®T(1,1)-U(1,2)%EB*(TS(Le1,2)~
1 TSOI=142))4E4%n{TS(1-1y2) = 2,0%TS(1,2)¢ TS(I¢1,2)) N
OCB S AIN=1) = (=V(I,N-1)%E8~E4)
Goaw BIN-1) = €1
5o91 DIN=1) = F3I*TS(I,N=1)+(=VII,N=1)*EB+E4L)*TLI,N)=UlI,N-1)%EB%{(
T TSIT+1yN=1)=TS{I~T N-11I+E&*(TS({I-1LsN-11-2.0%TS{TN-1)
) 2 ¢ TSCI+1.N~1))
€292 NO 106 J = 3,N2 o . .
IR B(J) = El i
1604 CLIN = VL, J1%EB - E4 .
B foes Ald) = =ViI,J)*EB ~E4 : SR
(%o DUJY = E38TS(IoJI-U(T,J1%EB®  (TS{1e1eJ)=-TSCI=1 o JI)*ER*(TS{I-T1,
1 J) = 2.0%TS(14d1¢TS{141,41) we ey,
XN ¢ CONTINUE ;

9ce



e

TFYRTEAN IV 5 LOMPILER MATN CR=12-1C 12:56:C5 PAGE 00U3
~gR CALL TOIMA (AyBsCoDeVighN=1,2)
ey DO 137 J = 24N
10 ™ J) = V1(Jd)
! 107 CONTINUE _
P i72 175 CONTINUFE o a
C FOR ROW [ = M
s B(2) = Fl
A LX) C(2) = -F& . :
ol DE2) = E3xTSUIMy 20 4E2={TS(M=1,2)-TS(M2) ) +E4=T(M,1)
T17s A(N-1) = -E4
T 3IN-11 = F1 - -
1mn DIN=1) = E3rTS{M,N-1)+E2%(TSIM-1,N-1}=TSUMyN=-1) )} +EG*T (M,N)
NG D0 LGR 4 = 3,N2?
1y ALJ) = ~F4
211 Bl = 71
“1é ClJ)Y = -F4 )
117 N{JT = F3RTS{M, IVFE2R(TSII=1,d7 - T3(M,J1) )
“114 1R CONTINYUFE .
s CALL TRIMA (A,4ByCyDyV1gN=-1,42)
Clle G100 3 = 2,N1
M7 I0U{MyI) = V1Y)
11w 127 CONTINUF ’
- T THICK FGP TEMP, CONVERGENCE (OVERALL CONVERGENCED
116 AMAX = (,) '
12, NA 30C [ = 1M _
c121 N0 300 J = 2,N1 :
~12? DIFF = ABS( T(l,J) - TO(I,4)).
123 IF (DIFF .LT. AMAX) GO TO 300
174 AMAX = DIFF T
RPN 30 CONTINUE
a6 IF ( AMAX +LTe 0.09221 ) GO TO 400
~127 IF ( K LEQ. 81 LAND. K5 .EQ. 1 } GO TO 400
~124 IF [ K «EQs 50 <AND. K5 oGT. 1 )} GO 'TD 400
s129 IF { K .FQ. 10C) GO TO. 490
) C CALCULATE Nibw INTFRIQR VORTICITIES -
C FIARST HALF TIME STEP :
A NNOLI0C J o= 2,N1
2131 AL2) = Eo ) )
w12 CL2) = Ul2,J)%E8 -E7
(133 D(2) = ES(TD{2,J41)=TD(2,3=1))4{V(2,J)REB4ET)I*Z(2,J-1)+E9%2(2,J)
“’ T4 (V2 JVFERIFTIRIA2,J¢1 ) -(-U( 2+ JVREB-ETI*1(1,4J] o o
AR A(M=1} = ~UiM~1,J)%E8 ~ E7
7135 3(M-1) = E6 ) ) : -
2136 DIM=1) = ES*(TD(M=14J¢1)=TD(M=1,J~1))#(V(M~1,J}I*EB+ETI®Z(N-1,J-1)
L 46922 M-1,3 314+ (-V(M=1JI*REBHETI*Z(M=] o J41 )~ (U(M-1,J)%EB-ETI*Z (M, )
vt BN 111 1 = 3,M2 )
- TT3R AT = (-U{T,JY*t86 - ET) B
n13e 8(1) = E6
clac ctn = U(lsJ)*E8 - ET L )
G114l CDUIY = ES®(TDAI 241 )=TDU o d=1) )4 (VII4JIREBHETI®Z(1,0-1)
1 SEORZ( Iy 904 {-VI 1, JIREBSETIHLI1,J+1)
N142 111 CONTINUE i :
71472 CALL TRIMA (A¢B,CsD,VIgM~],2) -
Ol4s DO 112 1 = 2,M
0145 IstIeJd) = Vit
\. .

Lee



f FORTRAN [V & COMPILER MALN 08-12-7¢ 12:56:05 PAGE 0004

~146 112 CONTINUE
G147 11G  CONTINUE
C SECOND HALF TIME STEP
L t148 DO 113 1 = 2,m
~ T149 3(21 = E6
I15e Ct2) = VE1,2)%E8 - E7 ‘
2151 NE2) = ESRLTDUT,3)-TDIT,1))+ (UTI,2)%EB4ETI*ZSIT-1,2)+E0R2S(142)¢
1 (=Ul1y 2V EB+ETI®ZSIIo1,2)=(-V(1,Z)%EB-ETI*Z(1,41)
r152 . AIN-1) = =V(I,N-11%EB - ET7
(153 HIN-11 = E6
T154 DIN-1) = ESE(TD(I,NI-TD(I,N-217+(U(T,N- 11X EBFETISISII-T,N-11¢EO%
1 ISUT N=1140=ULT,N~1)%EB+ETI*ZS(T+] +N-1 )= (VI N-1 ) *EB-ET) #Z2 (1 4N)
5155 N0 114 J = 3,N2 : N
“156 ALY = -vII,J)%E8 - ET
(157 3041 = £6
c158 Cld) = VII1,J)%E8 - E7 -
c159 511 = ES*(TDII1,Jd%1)=TD(T,J-11V+{UT 1,1 %EBFETI* IS (I=T+ )
v L +FORZS(I4J)4(-Ul I, JIRES4ETI*ISI+1,0)
C160 114  COMTINUE , -
161 CALL TRIMA (AyRBeCoDyVIgN=-1,42}
9162 DO 115 J = 2,N1
f163 70(1,9) = VIt
T164 115 CONTINUE
165 113 CONT INUE
C CONVERT NEW T AND VORT TO STANDARD NOTATION L
o166 D0 116 1 = 14M
r167 DO 116 J = 24Nl
0168 T(1.J) = TO(L,0)
C1%o 116 CONTINGE . -
C17¢ DO 11T 1 = 2,M
171 L A0 117 J = 2,N1 )
r172 Z01,d) = ZD(1.J)9
2173 117  CONTINUE .
) ‘C_COMPUTE NEW STREAM FUNCTION
174 Kl = C h
o C FIHST HALF OF TIME STEP FOR STM FCN
2175 12 K1 = K1 + 1
s17e IF { K1 .GT. NUM ) GO TO 403
r177 365 DD 32 J = 2,N)
r178 B(2) = sl
SRE] T2 = -53
€132 AlM-1) = =53
£1a) AtM-11-= Si
(182 DI21 = S2%S(24d) + SI*(S(2,4-11 ¢ S(2,J¢111 + 1(2,4)
c1a3 D(M=1) = Z(M=14J) + S2%S(M-1,4) + SIC(S(M-1,J=1) + S(M=1,d¢1))
flod NO-3C3 I = 3,M2
TSR ACD) = =53
“1en BtI) = S1
r157 Cl1) = =53 ,
o1es 393 DUI) = ZC1,d) & SZeSEI,d) ¢ S38(S(I4J¢l) + S(I1,4=1))
S1%e CALL TRIMA (AsB+CrDoVIeM-1,2)
IRE DN 364 1 = 2,M1
Sy SS(1,37 = VI(T] T
ey 134 CCNTINUE
et 312 CONTINUE

gcc



BRI MATN 0B-12-TC 12:56:05 PAGE 0005

£OSECHMD HALF TIME STFP FOR STM FCN
NG e T3 24

SRTR I w21 = Sl
& B €12y = =53 .
i T 7 ATR=T) = -5 o
~yos Fin=1) = S .
re (2) = TU142) ¢ S2¥SSU1,42) + S3.(SS{I-1,2) # SS(I1¢1,2))
oo DIN=1) = ZU1eN=1) + S2#SSUI,N-1) ¢ S3«(SSUE=1,N-1) + SS{I+1,N-1))
N AT g o= 3,N2 .
100 ALYy = -S3
- BN B7J) = S1
P A Clyy = -S3 \
con 30T D) = 2UT,d) + S29SS(14J) ¢ S3R(SS{I-14J) ¢+ S5S(I+1,J))
nple U CALL TRIMA (ALH,C Ny V1eN=-1,2)
T 7 0 30R J = 2,N1
S 2E S{I.J) = V1ILY)
- TG S CTIRTINTE ] e
¢ CHECK FUR STRM FCN CONVERGENCE
T2t 722 = $3%( 4.0%S(2,2) - S(3,2) - S{2,3))
21 CHECK = ABSU (122 = 2(2+2)) 7 2(2,2) )
fo12 If t ¥k .GT. 4 ) GO TO 311 ) :
217 WAITE (643121 K1y CHECK : :
i ~2l% 312  FLRPAT (IW ¢ 7 KL = ¥, T4, ¥ CHECK = ¥V, IPEI&.6T i
~21% 211 CONTINUF i
2214 If ( CHECK .GT. SFC ) GO TO 120 :
217 CONTINUE i
C COMPUTE NEW VELOCIT IES
C COMPUTE U : :
213 N0 123 1 = 2901
Lo UE142) = (~3.5%5([+2)¢6.0%25(1+43)-S(1,4))%E1]
222 T ULLN=1) ==0=3,2%S{I,N-1)#6,0%S{I,N-2)-S{I,N~-3))2E]1]
t 921 DI 126 4 = 3,N? ’
D222 UT1pd) = ASUT4J=20=B.0%(S{TyJ=1)=S{14J¢1))=S{1,J42))%EL2
%223 124  CONTINUE .
. R 127 CONTIRUFE
. C COMPUTE v
n22% DN 125 J = 24N1
LE2k VI2,J) = (3.0%S(2,J)~6e0%513,J145(4,d))*E11
227 VIM=19d) ==(3,0k5(M=],J1-6+0%S(M~2,J)45(M-3,J))*E1l
1225 D126 1 = 3,M2
T ToUT VIT Jd) = (=S(I-2,J01#8.0%(S{T-1,J1=S(I+1,JV14S(T+Z,JV1*E12
n2ac 126 CONTINUE . . i
n23y 125  CGNTINUE ) ) ;
C CO¥PUTE NEW BOUNDARY VORTICITIES :
n2132 00 127 1 = 24M1 :
7233 I(141) = =E13 * $(1,2) i
VR Y Z({T NJ = -E13 % S{I+N-1} ;
~24n 127  CDNTINUE ’ :
T3¢ LMD 128 3 = 24N . , :
237 141,3) = =E13 = S(2,J4) !
T 254 Z(MyJ) = —E13 * S(M-1,J})
) rz3o 128  CRNTINUE i
""" - t74n EYNU = 0.0 T
" C COMPUTE NEW NUSSELT NUMBER .
c241 !

90 129 1 = 1,M

6ee



C 264 . ) Gt T 63

(T FARTRAY 1V 6 COMPILTF AN Ga-12-7¢ 12:56:05 PAGE 0006
ro6? . ARCT) = (=11a0¢T (1, 10418, 0%T(1,20-9.0%T([,3)42.0%T(1,4))%E12
G2a IF (1 N%. 1.8MP,1 JNB. M) GO TG SCC
Do6s . F = ANII) ¥ AX / 2.0 N
\_ (245 7 BT 7Y
' rean eELe F o= AN(T) = DX
T267 531 AVNU = AVAU + F
£269 129 CONTINMUE :
f2464 AFPITE (5.50C) K, AVMNU, AMAX
25 &0 FORMAT (LH 4 'K = ¢ 4[4e?  AVG.NU = *,E16.6,% AMAX = ¢,E16.6)
~251 501N 40 - . : -
} w5 %72 WEITE (L4001 X, AMAX
VLS 671 EORMAT (IHT,'K = ' .14, AMAX = *,E16.6," HAS NOT CONVERGED®)

DPLE 453 wWHITE (Ay6"2) K1, CHECK

285 L 0 A2 . FARMAT-{1HCIAK] = T ,144% CHECK= *,E16.6+* STM FCN UNCONVERGED?®) h
~2%7 G0 TQ K03 I
r253 &nC WFITF (5,605) A
£2%9 6C5  FOEMAT (1H1, *TEMPERATURE MATRIX!)

269 ARTTE (A 6040 (0 TUIed)y J=1eNDol=l4M)

nrel TWEITE (6,656) y

~262 636 FORYAT (1M1, SSTREAM FUNCTION MATRIX®)

263 ARITE (6,604 ) (U S{Iyd)y J=1leN)el=1,4M)

264 WRITE (646070

T 265 0L7 - FCRMAT (1HLl, 4 VELOCITY MATRIX!)

r266 WRITE (6460240 U1 UlTIod)y J=1yNbel=1,M)

D2RT WR1TE {#%,6C8)

1268 608 FORMAT. (1Hly *V' VELOCITY MATRIX?®)

260 WEITE (64674) ({ VilyJly J=14N)eInly M) \

PR WRITE (6+61C1 i

sl 610 FORMAT (1H1,* VORTICITY MATRIX®) ; :
272 ~  ARITE {6,674) (( ZLIsJd)y J=1sN}sl=1,M) _ e :
213 674 FORMAT { 1KWC,1P11E11.3 / 1P10E11.3 ) :
274 WRITE (646791 { ANCI),E=1,M)

2715 . 609  FARMAT (iHJ,"LOCAL NUSSFLT NUMBER'/ 1P11E11.3 7/ IP10Ell.3 }
n2vE K = ¢ <

n277 GO 10 17¢

n2Ty . © 623 CONTINUE

€279 TosTOP

228G END

TRTAL MEMDRY REQUIREMENTS NC6EDS BYTES

o€
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FORTRAN IV G COMPILER . TRIMA G8-12-T¢ 12:56:58 PAGE 0CI1 T
3ar] SURBEOUT INE TRIMA (A4B,CeDeV1sL,K)
62 DIMENSTON RU21) yAl21),C(21)4DI2114VLE21)4BAC22),GAL2L) "
P} K1 = K ¢ 1
NG LK = L - K
TS (Ir=tr-1
"ok BA(K) = 8(K)
67 GA(K) = DI(K) / BAIK)
IAND I SEELS WY ) .
BACT) = BUI) —(A(D)=CUI=-1)}7 BAtI-1)
54400 = (DCIY-ACTI*GALI-10) / BA(T)
1 CONTINUE ) -
VI{L} = GA{LL)
DO2 1 = 1,LK
J=L-1 -
VI(IY = GAGJ) - (CLIIRVI(I+1))/ BA(Y)
g ? CONTINUF -
17 TETUAN
TR END -
FOTAL MEMORY REQUIREMENTS DCL3AE QYTES
I

18X
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Errata

Position:

Figure 25
Line 1
Table IV
Line 4

5 lines from
‘bottom

2 lines from
bottom

Line 11

Caption

Caption

Qriginal

form
intial
the
thsis
1d

g

g

(b) Pb
(d) Pb

(f) Pb
(h) PDb

Corrected

from
initial
to
thesis

2c

g

g

sn -
Sn -
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NN

wm
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