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A B S T R A C T 

Mathematical models of heat flow and elastic stress generation based on the finite-element 

method have been developed and utilized to analyze the Epic-3 Monofrax-S casting process 

(Monofrax-S is primarily composed of 47-57% A1 20 3, 34-41% Zr0 2 and 10-15% Si0 2). The 

results of the mathematical analysis, in conjunction with information obtained from a compre­

hensive industrial study, has led to the development of mechanisms for the formation of the vari­

ous crack types found in this casting process. Thermal stresses have been predicted to be 

generated early in the solidification process in association with rapid cooling of the refractory 

surface as it contacts the initially cool mould and again later in the solidification process in con­

junction with the tetragonal-to-monoclinic phase transformation which occurs in the zirconia 

component of Monofrax-S. The mathematical analysis has also helped to identify indirectly a 

potential mechanism for the generation of mechanical stresses. Based on an understanding of the 

generation of tensile stresses, recommendations have been made for modifications to the mould­

ing and casting procedures in order to reduce the propensity for the formation of cracks. The 

modifications have included changes to the mould construction and geometry to reduce the 

generation of mechanical stresses and changes to the moulding materials to impact on the flow of 

heat at key times during solidification and cooling. With the recommendations in place, the cast­

ing process has been re-examined with the mathematical models to verify the impact of the mod­

ifications. The predictions show that the modifications have acted to reduce tensile stresses 

associated with the formation of Type-A and -B cracks. Preliminary industrial trials with the 

modified mould have yielded blocks free of these defects. 
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CHAPTER 1 

INTRODUCTION AND BACKGROUND 
1.1 Introduction 

As ceramic material are placed in more demanding applications greater emphasis is 

placed on the production of defect free components. The ability to achieve a high level of 

quality control is critical to a wide variety of applications ranging from fused cast refractories 

to sintered silicon nitride engine components. A portion of the blame for the difficulties 

encountered in achieving reproducible quality lies with the manner in which processing prob­

lems have been addressed traditionally. In the past, rule-of-mixture and strength-of-material 

approaches have prevailed. What is required is a fundamental understanding of the factors 

which impact on the ability to produce defect free ceramic materials. 

The Monofrax Plant of the Carborundum Engineered Materials Company, located in 

Falconer, N.Y. , produces a wide range of fused cast ceramic components for various applica­

tions. One class of product, Monofrax-S, which contains primarily alumina (47-57%), zirco-

nia (34-41%) and silica (10-15%), is used extensively in the glass industry for lining 

furnaces. Refractory components of Monofrax-S are made by first melting the raw materials 

in an electric-arc furnace and then pouring the resulting liquid into bonded sand moulds. The 

moulding and casting procedures are analogous in many respects to those used in a typical 

iron/steel foundry. About 5000 tonnes of Monofrax-S was produced at the Falconer plant in 

1989. 

The Monofrax-S3 through S5 (increasing Z r 0 2 / S i 0 2 ratio) class of refractories is adver­

tised to provide exceptional erosion-corrosion resistance to molten glass at elevated tempera­

tures1. This material solidifies into what is described as a complex fine grained composite of 
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crystalline zirconia and alumina in a glassy matrix1. The glassy phase is reported2 to be the 

key to the ability of the refractory to withstand the thermal cycling encountered in service. 

The siliceous matrix softens at temperatures in the vicinity of 650°C helping to dampen ther­

mally induced stresses2 such as those caused by the erratic thermal expansion/contraction 

behaviour of the zirconia phase. (At around 1000°C Zr0 2 undergoes a monoclinic -

tetragonal phase change which is accompanied by a 3% change in volume3"7, see Figure l . l 4 ) . 

Unfortunately, however, the glassy phase is the least resistant component of the Monofrax-S 

structure, dissolving first followed by crystalline alumina and finally crystalline zirconia1. 

Although well suited for use as a lining in glass tanks, the Monofrax-S products are not 

without problems. Most notably, castings of this grade of refractory suffer from cracks which 

occur during the solidification process. Those cracks which reach the surface may occur in a 

variety of locations and orientations. For example, in the Epic-3 castings (described later) 

transverse cracks (Type-A) are often observed near the middle and/or bottom of a face; longi­

tudinal cracks (Type-B) are frequently found running down the mid-face; and tranverse-

corner cracks (Type-E) may form at the corners. Figure 1.2 illustrates schematically the 

orientations and locations of the various crack types. In service, these cracks act to provide a 

larger surface area for chemical attack thus reducing the overall erosion-corrosion resistance 

of Monofrax-S. In addition, the cracks can act as stress raisers which lower the ability of the 

refractory to withstand thermal cycling. Depending on the willingness of the customer to 

accept a cracked product, blocks may have to be recycled at a considerable cost. Hence, there 

is a strong incentive to determine the origin(s) of these cracks and to eliminate them. 
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Figure 1.1. Thermal expansion/contraction of Zirconia in air4. 
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1.2 Background 

483(19) 279(11) 

Note: Not to Scale 

457(18) 254(10) 

Figure 1.2. Schematic illustration of cracks found in 1220 x 254 x 457 mm (48 x 10 x 

18in) Epic-3 Monofrax-S refractory. Note: units are mm (inches). 

Traditionally, at Falconer, casting processes have been designed and optimized by trial 

and error incorporating historical experience whenever possible. Unfortunately, the ability of 

this approach to address specific problems, such as the occurrence of a particular crack, is 

time consuming, costly and often unsuccessful. Thus a knowledge intensive approach, com­

mencing with an in-house study of the Monofrax-S cracking problem was initiated in 1985. 

There were three main objectives to the study: firstly, to attempt to establish links between 
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the types of cracks observed and process variables such as, pour rate, pour composition, 

block dimensions, etc.; secondly, to study the morphology of the crack surface to establish at 

what time(s) during the solidification process the cracking occurred; and thirdly, to examine 

and compare the structure and segregation observed in cracked and uncracked castings. The 

Epic-3 casting technique was selected for the study owing to its high susceptibility to crack 

formation. This casting technique involves an end-pour with a timed re-pour into an over­

sized header - see Figure 1.3 for a typical mould lay up. The re-pour is usually scheduled 

one-half hour after pouring, after which, the top of the casting is then covered with annealing 

(loose) sand. The mould may be stripped from five to ten days later depending on production 

schedules. 

The first two objectives of the Monofrax-S, Epic-3 casting study have essentially been 

met. The analysis of 1,233 castings has indicated no singular cause-and-effect relationship 

correlating crack frequency with a process variable. Instead, several of the process variables 

studied have been found to influence cracking to some extent. The following observations 

were made8: 

(1) Type-A and E crack occurrences tend to coincide; 

(2) Type-A and B crack occurrences tend not to coincide; 

(3) Type-A cracking occurs on the broad-face most often at mid-height in the casting, just 

below the header ledge, and at the base of the casting - see Figure 1.4 which illustrates 

schematically the frequency distribution of Type-A cracks; 

(4) The Z r 0 2 content of the pour stream tends to correlate inversely with Type-A crack fre­

quency; 

(5) Pour rate into the mould correlates weakly with Type-B crack frequency, and; 
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Figure 1.3. Mould/flasking lay-up for 1220 x 254 x 457 mm (48 x 10 x 18in) Epic-3 

Monofrax-S casting. The dimensions are mm(inches). 

(6) Block thickness influences Type-B frequency and to a lesser extent Type-A frequency. 

The results of a study8 of fracture surface morphology with a scanning electron micro­

scope (S.E.M.) have proven to be difficult to interpret. S.E.M. photographs have revealed 

that Type-A and B crack surfaces exhibit both smooth regions and regions of sharply defined 

granular morphology (the former is believed to be associated with the presence of molten 

and/or viscous material during crack formation, whereas the latter is more typical of brittle 
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Figure 1.4. Schematic illustration showing the frequency distribution of Type-A cracks 

in 1220 x 254 x 457 mm (48 x 10 x 18in) Epic-3 refractory. 

low temperature failure - see Figure 1.5, typical cold fracture). Interpretation is further com­

plicated by the fact that all drill core samples of the cracks studied had to be thermally 

shocked open in order to expose the crack surfaces for viewing. The separation procedure 

involved heating the samples to approximately 300°C and then quenching them. This 

obviously added additional low temperature fracture surfaces not associated with the casting 

process. 
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In general, however, the S.E.M. photographs of the Type-A crack surfaces show a 

smooth, less angular fracture morphology near the block surface (see Figure 1.6) which 

changes to a structure indicative of the surface of shrinkage cavities toward the interior of the 

block (see Figure 1.7). Some regions exhibiting brittle failure are also evident in the interior 

photographs. However, these are likely associated with thermal shock separation of the 

cracks as discussed earlier. This evidence suggests that the Type-A cracks initiate at the 

block surface early in the solidification process and continue to propagate inwards through 

the zone of shrinkage porosity as the casting cools. The photographs taken at various loca­

tions on the Type-B crack surface, Figures 1.8 and 1.9, exhibit essentially the same features. 

On the basis of fracture surface morphology it is difficult to resolve which of the two cracks 

is the first to form. The fact that at points where Type-A and B cracks intersect, the Type-B 

cracks are routinely observed to be discontinuous indicates that they were the last to form8. 

The data gathered during the Epic-3 Monofrax-S casting study has produced a compre­

hensive data base. Moreover, the results of the study have revealed several correlations of 

varying strength linking process parameters to the formation of various cracks and has 

tentatively established the timing for the formation of Type-A and B cracks. Unfortunately 

however, no clear picture emerges concerning the cause of the cracks and the remedies to 

eliminate them. A more fundamental approach is required. 
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Figure 1.5. Photomicrograph of cold fracture surface of Monofrax-S taken with an SEM 

at a magnification of SOX for reference. 



Figure 1.6. Photomicrograph of Type-A crack surface taken near the surface of the 

refractory with an SEM at a magnification of 30X showing smooth regions 

indicative of the presence of molten and/or viscous material at time of crack 

formation. 
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Figure 1.7 Photomicrograph of Type-A crack surface taken near the center of the 

refractory with an SEM at a magnification of SOX showing morphology 

indicative of the surface of a shrinkage cavity. 
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Figure 1.8. Photomicrograph of Type-B crack surface taken near the edge of the refrac­

tory with an SEM at a magnification of SOX showing granular morphology 

indicative of brittle failure and smooth surfaces indicative of molten and/or 

viscous material at the time of crack initiation. 
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Figure 1.9. Photomicrograph of Type-B crack surface taken 50.8mm(2in) to 

76.2mm(3in) below the surface of the refractory with an SEM at a magnifi­

cation of 80X showing regions of brittle fracture and smooth morphology 

indicative of the presence molten and/or viscous material at the time of crack 

formation. 
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CHAPTER 2 

LITERATURE REVIEW 

A review of the literature has revealed a paucity of information on the processing of 

fused cast ceramics. A brief review of the literature on the behaviour of ceramic materials in 

transient thermal fields is present below together with some relevant material on metals cast­

ing processes. 

2.1 General 

Ceramic materials in general exhibit a high degree of susceptibility to thermal shock 

failure owing to their low thermal conductivity and low strain-to-failure. For example, 

refractory linings used in high temperature industrial furnaces often fail due to thermal 

stresses arising from thermal cycling9"1 5. A number of reported studies have attempted to 

establish design and operating criteria for these components. Early work involved the devel­

opment of various "strength-of-material" type models9"13 to evaluate the thermal shock 

resistance of refractory components. The analytical models of Kingery9, Kienow 1 0, and 

Hasselman10"12 yield useful selection criteria which account for material behaviour albeit to a 

limited extent. Unfortunately, by necessity, their treatment of the thermal and geometric 

aspects of the problem restricts the application of these models to the analysis of furnace lin­

ings. The complex heat transfer and geometric aspects of the Epic-3 casting process dictates 

a more sophisticated approach. 

More recently, the availability of greater computational power has permitted numer­

ical techniques to be employed. Chang et al. 1 4 have investigated thermal stress failure in 

thick-walled refractory structures. Two- and three-dimensional thermoelastic stress analyses 

based on the finite element method were conducted on refractory structures with length in the 
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direction of heat flow larger than height or width. In their analysis heating was assumed to 

occur at a linear rate over the front face defined by the smaller dimensions. For moderate 

heating rates they found that the maximum value of tensile stress occurred along the centre­

line parallel to the longest dimension. Whereas, for high heating rates, the maximum compo­

nent was to occur parallel to the face being heated. Moreover, the magnitude of tensile stress 

was found to be proportional to the heating rate and inversely proportional to the thermal 

diffusivity. Maximum values of stress where found for intermediate values of width. 

A similar investigation of thermal stress fracture in rectangular refractory lining com­

ponents has also, been completed by Bradley et al. 1 5 . A two-dimensional thermoelastic con­

stant heating model1 5 based on the finite element method has been employed in their 

analyses. The results are similar to the findings of Chang et al. 1 4 , and emphasize that the 

orientation and magnitude of tensile stresses are dependent on the geometry, thermal and 

mechanical properties and, heating and cooling rates. 

Despite a more sophisticated treatment of stress, these models remain too restrictive in 

their characterization of heat flow to be of much use in the more complex Epic-3 casting 

problem. Owing to the fact that the temperature profiles are determined analytically, the 

Chang1 4 and Bradley1 5 models are limited to the analysis of problems involving one-

dimensional heat conduction with linear heating rate and constant heating rate boundary con­

ditions, respectively. 

Metal castings also suffer from defects which arise due to thermal stresses16"23. The 

continuous casting processes are particularly susceptible owing to the high heat-extraction 

rates17"19. For example, in the continuous casting of steel, "mid-way" or "half-way" cracks are 

observed in billets17"18 and "longitudinal mid-face" cracks are found in slabs19. Mathematical 
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models of heat transfer, and an understanding of stress generation and the mechanical proper­

ties of steel at elevated temperatures have been brought to bear to elucidate the mechanisms 

of crack formation16"19. These analyses indicate that large thermal strains acting on zones of 

low ductility are responsible for crack formation. 

Thermal processing defects can also occur in static cast steel ingots20"23. One such 

defect, the "mid-face panel crack", is similar in many respects to the Type-B cracks (de­

scribed earlier) found in Epic-3 Monofrax-S castings. Both are longitudinal in orientation, 

located in the mid-face and occur after solidification is complete21. A comprehensive 

investigation of steel ingot thermal processing has recently been completed by Thomas et 

al . 2 2 ' 2 3 The major thrust of their work was to develop a two-dimensional mathematical model 

to predict stress and understand the role of stress generation in the formation of panel cracks. 

Two separate mathematical models of heat flow and stress were formulated and solved using 

variations of the finite-element technique. The models were validated by comparison of 

results to simplified problems for which analytical solutions are available and, in the case of 

the heat transfer model, comparison of predictions to industrial data. Two relevant observa­

tions can be made from the work of Thomas et a l . 2 2 , 2 3 : firstly, it is essential to incorporate the 

effect of phase transformations into the model as it has been shown that major regions of 

tensile and compressive stress generation are linked to the expansion/contraction which 

accompany the y-a phase transformation in steel; and secondly, it is essential to include the 

effects of time-dependent viscoplastic flow, as it has been shown to have a profound influ­

ence on the magnitude and qualitative development of stress. The first point is particularly 

noteworthy in view of the phase transformation which Zr0 2 undergoes at around 1000°C 

(previously described). 
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2.2 Monofrax-S 

Any attempt to formulate mechanisms for the formation of cracks in Monofrax-S 

refractories requires an understanding of the high temperature behaviour of this material. 

Unfortunately, very little information is available in the literature. Some thermophysical and 

thermomechanical data can be obtained from product brochures1. For example, typical data 

for the thermal conductivity and thermal expansion of Monofrax-S3, S4, S5 are presented 

along with their compositions in Figures 2.1-2.31. As illustrated in Figures 2.1-2.3, 

Monofrax-S undergoes an approximately 0.6% volume change at around 1100°C due to the 

monoclinic - tetragonal transformation of Zr0 2 . The magnitude of the volume change is simi­

lar to that of the y-oc transformation in steel23. In Z r 0 2 this transformation exhibits a large 

thermal hysteresis, see Figure l . l 3 . The monoclinic-to-tetragonal (forward) transformation 

occurs at approximately 1170°C3 , 4 on heating and the reverse between 850 and 1000°C on 

cooling. The magnitude of the thermal hysteresis is reported3 to be dependent on the amount 

of strain energy associated with the forward transformation. There is some uncertainty in the 

literature regarding the exact magnitude of the volume change associated with this transfor­

mation. A value of 3% volume change has been determined from linear expansion data4 

which is consistent with the value determined by Patil and Subbarao5'6. In contrast, a value of 

9% volume change results from a comparison of the theoretical densities - 5560 kg/m3 for 

monoclinic and 6100-kg/m3 for tetragonal Zr0 2

7 . 
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Figure 2.1. Thermal conductivity, thermal expansion and typical composition of 

Monofrax-S(AZS-CS3)\ 
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Technical Data 
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Figure 2.2. Thermal conductivity, thermal expansion and typical composition of 

Monofrax-SCAZS-CS^1. 
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Figure 2.3. Thermal conductivity, thermal expansion and typical composition of 

Monofrax-S(AZS-CS5)'. 
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The solidified structure of Monofrax-S has been described earlier as a complex fine­

grained composite of crystalline zirconia and alumina in a glassy matrix1. Hence, the solidifi­

cation sequence for this material is expected to be complex. Nevertheless, from the 

Al 2 0 3 -Zr0 2 -Si02 ternary phase diagram, Figure 2.424, it should be possible to tentatively 

establish the sequence starting with the material in a liquid state. On cooling the first material 

to precipitate is Z r 0 2 at approximately 1810°C - the liquidus temperature - followed by 

A1 2 0 3 , and then finally 3Al 2 0 3 -2S i0 2 would precipitate at the solidus temperature (approxi­

mately 1780°C). Presumably any liquid remaining below the solidus temperature cools to 

form the glassy matrix. (In this sequence of events, the solidus is defined as the point at 

which latent heat ceases to be released on cooling. Strictly speaking glasses maintain a 

liquid-like structure when they are solid and hence do not release any latent heat associated 

with crystallization25. This then, could lead to the presence of liquid material below the so-

called solidus temperature.) As the glassy phase cools its viscosity increases to a point where 

it behaves more like a solid than a liquid. Based on recommended service temperatures, this 

transition would be expected to occur in the vicinity of 1650°C. 

Some aspects of the thermomechanical behaviour of Monofrax-S have been examined 

by Chan and Nicolson2. Effective fracture toughness values for Monofrax-S (AZS) and 

a - A l 2 0 3 fused cast refractories have been determined as a function of temperature and are 

reproduced in Figure 2.52 (constant elastic moduli of 1.29(10u)N/m2 for Monofrax-S and 

2.95(10n)N/m2 for a - A l 2 0 3 have been assumed for the calculation of stress intensity factor). 

For Monofrax-S an increase in the fracture toughness can be seen as the glass phase begins to 

soften around 400°C followed by a maximum at about 650°C At temperatures above 650°C 

the fracture toughness rapidly decreases as the glassy phase loses strength becoming more 



Al203-Si02-Zr02 
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liquid like. Micros true tural examination of a specimen tested at 1000°C is reported to indi­

cate that the fracture occurs entirely by tearing of the glassy phase2. On the basis of this evi­

dence, it is clear that the viscoelastic behaviour of Monofrax-S will have a significant 

influence on the generation of stresses during the solidification process. 

A review of the literature has revealed several potential sources for the tensile stresses 

in Monofrax-S refractories. The elimination of the cracking problem requires an understand­

ing of the development of stress during solidification and throughout the subsequent cooling 

period. This can only be achieved with a mathematical model which simulates the flow of 

heat and generation of stress. 
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C H A P T E R 3 

SCOPE AND OBJECTIVES 

3.1 Scope of the Research Programme 

A major thrust of this research was the development of a mathematical model capable 

of calculating the temperature distribution and stresses generated during the solidification 

and subsequent cooling of Epic-3 Monofrax-S castings. Once developed and properly sup­

ported by industrial measurements, the mathematical model has been employed as a tool for 

both understanding how the cracks form in the castings and prescribing means for production 

of defect-free fused cast blocks. 

Variations of the approach adopted for this work have been applied successfully by 

others in the investigation of crack formation in the direct chill casting of zinc-jumbos16, the 

continuous casting of steel17"19 and the static casting of steel ingots2 0 , 2 3. As previously out­

lined, the principal focus of the work has been to develop a heat-flow/stress generation model 

of the Monofrax-S casting process. The numerical techniques that have been employed in the 

mathematical model are still relatively new and comprise important areas of research in their 

own right. 

The geometric aspects of the problem dictate a three-dimensional analysis in order to 

calculate the stresses which give rise to both longitudinal and transverse cracks - Types-B 

and A respectively: The heat flow analysis has had to be transient in order to be capable of 

predicting the thermal field as a function of time. Moreover, owing to the fact that heat is 

extracted from the exterior surface of the mould the thermal model has had to calculate the 

temperature distribution in the bonded sand mould and annealing sand as well as in the 
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refractory itself - see Figure 1.3 mould/flasking lay-up for Epic-3 casting. A time-

independent elastic formulation has been chosen for the stress model despite evidence2 which 

indicates that Monofrax-S is capable of behaving in a time-dependent, visco-elastic manner 

at elevated temperatures. The simpler elastic analysis has been capable of qualitatively pre­

dicting stresses and meeting the objectives of this research programme as outlined pre­

viously. The stress analysis, in contrast to the thermal analysis, has been limited to the 

Monofrax-S refractory alone. 

Following Thomas et al . 2 2 , 2 3 , versions of the finite element technique (traditionally used 

for the stress analysis of structures) have been adopted for both the heat-flow model and 

uncoupled stress model. (An uncoupled formulation may be employed in this case since cast-

ing processes are dominated by sensible heat evolution. Any heat associated with deforma­

tion is insignificant in comparison.) The choice of the finite element technique over the more 

cost effective finite difference technique26"28 allows for a more direct input of the thermal 

model results into the stress model. In addition, the finite element method is more ̂ general in 

its formulation and hence is more easily applied to different shapes. 

As mentioned earlier, a good understanding of the high-temperature behaviour of this 

ceramic material is necessary to formulate crack formation mechanisms. Owing to a paucity 

of this information in the literature, most of the input parameters for the thermal and stress 

model have had to be evaluated. This was accomplished in a parallel programme for thermo­

physical and thermomechanical property determination initiated at Carborundum. This pro­

gramme has focused on those data necessary for the time-dependent heat flow analysis and 

elastic stress analysis. In order to expedite the evaluation process most of the work has had to 

be contracted to independent research laboratories (this data will be presented later in Chap­

ter 6). 
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The mathematical models described thus far are computationally intensive and expen­

sive to run. Consequently, selection of an accurate and efficient numerical formulation and 

optimization of the resulting computer code were priorities. Thomas et al . 2 6 have compared 

numerical techniques for the solution of complex, two-dimensional, transient heat conduction 

problems involving a phase change. Of the methods tested, the Dupont29 - Matrix 3 0 formula­

tion with a lumped boundary condition coupled with the Lemmon 3 1 latent-heat technique was 

found to have the best accuracy and stability. (Two problems3 2 , 3 3 for which analytical 

solutions are available were analyzed and served as a basis for assessing the accuracy of the 

numerical techniques tested.) Based on their findings, the two and three-dimensional formu­

lations employed for model development have utilized the Dupont29 time-stepping technique 

and the Lemmon latent-heat formulation. The details of the formulation of the heat 

conduction model are presented later in Chapter 5. 

Optimization of the elastic stress formulation also figured importantly in development 

of the stress model described in Chapter 5. In addition, three dimensional stress analysis 

problems can often be reduced to more tractable two dimensional problems by recognizing 

that the essential aspects of the geometry and the loading require only two independent coor­

dinates. For example, a two-dimensional heat-flow/plane stress analysis in a transverse quar­

ter section can be applied to the region where Type-B longitudinal cracks are observed23 - see 

Figure 1.2. Wherever possible, this approach has been adopted to minimize the 

computational severity of the analysis. The application of the mathematical models to the 

Epic-3 casting process is presented in detail in Chapter 6. 

Once formulated, coded and debugged, the models were validated. In this procedure, 

analytical solutions32"34 to simplified problems were employed to validate the basic model 

formulation and coding for the two and three-dimensional heat transfer and stress generation 
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models - details are presented in Chapter 5. In addition, formulation of the heat transfer 

model was validated by comparison to industrial plant data. Thermocouples embedded in the 

mould at key locations - including close to the mould/refractory interface - were used to 

obtain local thermal histories. The temperatures have been recorded commencing with the 

pour and continuing until solidification was completed and the block was ready to be 

removed from the mould. As well as being necessary for model validation, these measure­

ments were vital to check assumptions made in formulating the boundary conditions at the 

mould/refractory interface. The experimental procedure, equipment and results are discussed 

in detail in Chapter 4. The heat transfer model has been validated by comparing the predicted 

and measured thermal histories. Results of the comparison are presented in Chapter 6. 

Having validated the thermal model, computer runs were then made with the stress 

model. The three-dimensional stress distributions predicted have been examined carefully in 

order to link regions of tensile stress with the locations of cracks observed in the actual cast­

ings. By following this procedure for the different crack types (longitudinal and transverse) a 

picture of how stresses are generated has been constructed. These findings have also been 

compared to the statistical correlations between crack type and process variables, and to the 

results of a microstructural examination of crack surface morphology which appear in the 

Epic-3 Monofrax-S crack survey study8 (previously outlined). At this stage, the results of the 

computer analysis and the crack survey report have been combined to formulate mechanisms 

for the formation of the various crack types. Measures to eliminate the cracks have then 

become evident and a modified mould design has been proposed. Finally, a computer run has 

been made to verify the impact of manipulation of mould heat fluxes. The results of the 

three-dimensional stress analysis as well as the model design analysis are presented in Chap­

ter 7. 
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3.2 Objectives of the Research Programme 

. The objectives of this research programme can be summarized as follows: 

[1] To formulate, develop and verify a mathematical computer model capable of com­

puting the transient thermal field and stress field in solidifying Epic-3 Monofrax-S 

blocks. 

[2] To calculate the temperature and stress distributions in solidifying blocks under 

typical process conditions which have led to the formation of the various crack 

types. 

[3] To develop mechanisms for crack formation based on links between the computer 

predictions and the comprehensive crack data base. 

[4] To formulate measures to eliminate the different cracks based on the mechanisms 

of crack formation. 

A l l of the above objectives have been met. 
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CHAPTER 4 

INDUSTRIAL MEASUREMENTS 

As outlined in the Chapter 3, an industrial trial was conducted at the Monofrax Plant in 

Falconer, New York to collect in-mould temperature profiles for an Epic-3 casting commenc­

ing with the pour and continuing through the normal cooling period. Once collected, this data 

was then employed to validate the two- and three-dimensional heat-transfer models. Owing 

to the fact that the in-mould temperature data could also serve as a guide in the numerical 

formulation of boundary conditions (particularly those which describe the refractory/mould 

interface), the in-plant trial was conducted early in the research programme prior to comple­

tion of the mathematical models. 

4.1 Experimental Technique 

As described earlier, the experimental technique was relatively straightforward and 

involved instrumenting a 1220 x 254 x 457 mm (48 x 10 x 18in) Epic-3 mould with thermo­

couples. The thermocouples were strategically placed in key locations bearing in mind the 

following objectives: firstly, to collect a representative sample of the temperature distribution 

in the mould; and secondly, to investigate the heat transfer behaviour of the refractory/mould 

interface. In order to simplify the installation of the thermocouples, the mould was kept free 

of graphite chills which are often placed a various locations in or around the bonded sand 

mould to provide structural strength and suppress bulging in the casting. This difference will 

have to be kept in mind when bringing to bear the results of the statistical crack survey. 

Unfortunately, in the survey, the presence or absence of graphite chills was not documented. 

Based on a review of the literature33, preliminary analysis with a crude heat-transfer 

model and some preliminary thermocouple trials conducted at Carborundum, a combination 



31 

of Type-B, Platinum-6% Rhodium vs. Platinum-30% Rhodium, and Type-K, Nickel-

Chromium vs. Nickel-Aluminum, thermocouples were selected. The Type-B thermocouples 

were chosen for those areas close to the mould/refractory interface owing to their ability to 

withstand brief exposures to temperatures in the vicinity of 1800°C under mildly oxidizing 

conditions33. For locations where the temperature would be lower (distances greater than or 

equal to 51mm(2in), from the refractory face) less expensive Type-K thermocouples were 

selected. These thermocouples are capable of withstanding temperatures up to approximately 

1350°C under slightly oxidizing conditions and have a higher mV output than the Type-B 

thermocouples (0-13.814mV Type-B, -6.458 to 54.875mV Type-K 3 3). 

A total of 60 thermocouples were installed for the purpose of mould instrumentation -

12 Type-B and 48 Type-K. The assembly method essentially involved placing groups of ther­

mocouples at varying heights in between additions of annealing sand - see Figure 4.1. The 

following is a description of the strategy employed for thermocouple placement. 

Referring to Figure 4.1, the two groups of thermocouples inserted in the base of the 

casting were located 89mm(3.5in) and 203mm(8in) below the bottom surface of the refrac­

tory and consisted of two thermocouples each. One of the two thermocouples was located at 

the vertical centre-line of the casting; the second was displaced 102mm(4in) from the 

centre-line in a direction parallel to the broad-face. The remaining transverse groups each 

contained a total of either four or six thermocouples - see plan view in Figure 4.1 which illus­

trates thermocouple positioning for groups containing six thermocouples. The planar groups 

were stacked in a repetitive pattern of first four then six thermocouples in an alternating 

fashion. In those groups containing four thermocouples, one was placed in the mould 

51mm(2.0in) from the narrow-face of the refractory and three were placed in the mould, 
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Figure 4.1. Schematic diagram illustrating thermocouple placement in Epic-3 mould. 

Note: units are mm(inches). 

51(2.0), 89(3.5) and 203mm(8.0in) respectively, from the broad-face. For the groups contain­

ing a total of six thermocouples, two were placed in the mould, 13(0.5) and 51mm(2.0in) 

respectively, from the narrow-face of the refractory and four were placed in the mould 

adjacent to the broad-face (these four thermocouples were placed either, 13(0.5), 51(2.0), 

89(3.5) and 203mm(8.0in) respectively, or 6.4(0.25), 51(2.0), 89(3.5) and 203mm(8.0in) 

respectively, from the refractory face - this pattern repeated itself every four layers). Finally, 

two thermocouples were inserted into the mould at roughly mid-height in order to study heat 
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transfer at the refractory/mould interface. These Type-B thermocouples were placed at the 

inside surface of the bonded sand mould, on the broad-face, displaced approximately 

13mm(0.5in) from the vertical centre-line of the face. 

As a final step, during mould assembly, the location of all mould seams was recorded. 

At Falconer, the silica boards which make up the sides of the bonded sand mould are glued 

together to provide the necessary height. The result is a glue joint which runs in a transverse 

orientation, often at about mid-height. During casting, there can be intrusion of liquid 

Monofrax-S into this joint. 

4.2 Experimental Procedure 

Once fully instrumented, the next step involved recording the voltage output of the 

thermocouples in the mould over the course of the casting sequence. The procedure was 

straightforward. Approximately five minutes prior to pouring, the programmable data logger 

was switched on to begin recording data which was sampled periodically and stored through­

out the first pour, re-pour and subsequent cooling over a period approximately nine days. 

The capability of the programmable data logger to sample and record the thermocouple 

output periodically was critical to reduce the amount of data collected to a manageable vol­

ume (it can take up to 10 days for an Epic-3 casting to fully cool). Initially, the data logger 

was programmed to scan and store the thermocouple data every five seconds to better resolve 

the rapid temperature increase occurring in the mould close to the mould/refractory interface 

when the molten refractory first contacts the mould. The scan interval was latter decreased in 

stages throughout the cooling period- see Table 4.1 for scan frequency and times of shift in 

scan frequency. 



34 

T A B L E 4.1 

Times at which Data Logger Scan Frequency was Shifted 

Data Logger Scan Frequency 

(sec) 

Scan Interval Start Time 

(days:hrs:mins:sec) 

5.0 0:0:0:0 

15.0 0:2:22:14 

30.0 0:8:24:45 

60.0 0:16:36:03 

300.0 1:8:36:19 

600.0 6:6:36:19 

To permit a comparison between the model predictions and the plant data, the initial 

pour temperature and ambient air temperature were measured and recorded for later input to 

the model. Obtaining an accurate value for the pour temperature proved to be difficult owing 

to the high temperatures involved. The only option available at the time was a hand-held, 

single-colour optical pyrometer. An estimate of the pour stream temperature was obtained by 

pointing the optical pyrometer directly at the molten stream as it issued from the furnace. 

In addition to monitoring the initial pour, the re-pour time and temperature also were 

measured and recorded. In the re-pour, the casting is re-positioned under the furnace pour-

spout after it has been permitted to cool for a while in order that the shrinkage cavity may be 

filled with liquid. The top of the casting is normally rammed several times with a steel bar 
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prior to pouring to better access the shrinkage cavity. The re-pour may be scheduled any­

where from one to two hours after the original pour. The technique for recording the re-pour 

temperature was identical to that employed for measuring the initial pour data. 

Finally, once the casting was fully cooled, the refractory was carefully removed from 

the mould and checked for cracks. The procedure involved removing the mild steel flasking -

refer to Figure 1.3 for mould/flasking lay-up. Any annealing or bonded sand remaining after 

removal of the flasking then was carefully detached from the solidified refractory while 

checking for evidence of fusion between the sand and the refractory. Once removed, an 

autopsy was performed on the refractory to reveal the extent of the cracking. The autopsy 

included recording the location of surface and internal cracks. The location of the internal 

cracks was established by sectioning the refractory. 

4.3 Results 

The results of the industrial trial are presented below in four subsections: initial condi­

tions, re-pour data, temperature responses and post-cast refractory autopsy. 

4.3.1 Initial Conditions 

The ambient air temperatures recorded over the course of the casting sequence are pres­

ented in Table 4.2. The air temperature ranged from a low of 17.8°C to a high of 26.8°C with 

an average value of 22.2°C (standard deviation of 2.8°C). During the pour, an air temperature 

of 24.5°C was recorded and serves as the initial condition for the mould and surrounding air. 

Using the hand-held, single-colour optical pyrometer the pour stream temperature was 

recorded as it issued from the furnace and is presented in Table 4.3. An average value of 

1875°C (standard deviation 7.0°C) serves as an estimate of the initial pour temperature. The 

accuracy of the pyrometer has not been formally assessed and the emissivity of Monofrax-S 



was assumed to be equal to 1 . 

T A B L E 4.2 
Ambient Air Temperature Measurements 

Temperature Elpased Time 
CC) (days:hrs:mins:sec) 
24.5 0:0:0:0 
26.8 0:0:11:0 
24.8 0:0:29:0 
23.4 0:20:42:0 
24.7 1:21:07:0 
17.8 3:0:25:0 
20.4 3:1:27:0 
20.4 3:2:25:0 
20.4 4:4:4:0 
18.5 5:8:11:0 
24.0 5:21:7:0 
20.4 6:8:0:0 

Average 22.2°C 
Standard Deviation 2.8°C 

T A B L E 4.3 
Pour Stream Temperature Measurements (Initial Pour) 

Temperature 
CC) 

Elpased Time • y 
(days:hrs:mins:sec) 

1870 
1880 

0:0:0:0 

Average 1875°C 
Standard Deviation 7.0°C 
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4.3.2 Re-pour Data 

The re-pour was carried out 1 hr: 43 mins after the initial pour was complete. Based on 

the optical pyrometer measurement, the pour stream was estimated to be 1870°C. Only one 

measurement was taken. 

T A B L E 4.4 

Pour Stream Temperature Measurements (Initial Re-pour) 

Temperature 

C Q 

Elpased Time 

(days:hrs:mins:sec) 

1870 0:1:43:0 

4.3.3 In-Mould Temperature Responses 

Once collected and stored, the thermocouple voltage data was processed at U B C to 

yield in-mould temperature responses. Unfortunately, after processing, it was apparent that 

there were problems with a significant amount of the data collected. Of the 60 thermocouples 

installed, 2 failed completely, 7 yielded completely nonsensical output, 18 gave marginal 

output and 33 provided good, or reasonable, output. (Nonsensical output was characterized 

by continuous, rapid fluctuations in mV output clearly unrelated to any physical phenomena. 

Marginal output, in contrast, was characterized by intermittent periods of rapid fluctuations 

in voltage output mixed with periods of more reasonable response). Further investigation 

traced the source of the problem to faulty hook-up of the thermocouple leads to the data log­

ger input boards. Fortunately, from the 33 thermocouples that performed well, it was possible 

to construct an adequate picture of the thermal behaviour of most of an Epic-3 mould with 

the exception of a region directly below the base of the refractory. Problems encountered 



38 

with the thermocouples located in this region resulted in useless data. Nonetheless, overall, 

sufficient data was obtained to permit the two- and three-dimensional heat transfer models to 

be verified. 

A sampling of thermocouple temperature responses is presented in Figures 4.2-4.8. 

From a close inspection of all of the data collected a few key observations have been made: 

[1] In general, the temperature responses show an initial rapid increase in temperature 

associated with the arrival of the heat pulse from the hot refractory casting followed by 

a relatively slow decline in temperature as the entire mould cools - see example of typi­

cal in-mould temperature responses up to 1.6 and 24 hours elapsed time presented in 

Figure 4.2 and 4.3-4.8, respectively. As would be anticipated, the rate of increase in 

temperature and peak temperature attained are both inversely related to distance from 

the refractory/mould interface. 

[2] From a comparison of in-mould temperatures obtained with thermocouples located 

705(27.7) and 1181mm(46.5in) above the base of the refractory (89mm(3.5in) from the 

broad face) it is apparent that there is little or no axial temperature gradient in a zone at 

mid-height in the mould - see Figure 4.4. This indicates that heat flows predominantly 

in the two-dimensional transverse plane over the corresponding mid-height zone in the 

refractory. The extent of this zone has been established by plotting the temperature 

51mm(2in) from the broad-face as a function of vertical distance from the base of the 

refractory at 15 hrs elapsed time. The results, presented in Figure 4.9, indicate that the 

region of two-dimensional heat transfer extends over about the middle two-thirds of the 

refractory. Below 762mm(30in) and above 1397mm(55in) axial heat flow becomes a 

factor. A two-dimensional heat-transfer model orientated in the transverse plane should 

be capable of simulating the thermal behaviour within this zone. 
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[3] There appears to be a significant difference between the in-mould temperature distrib­

utions adjacent to the broad and narrow faces of the refractory. Referring to Figure 4.5, 

within two hours, the in-mould temperature adjacent to the broad face is significantly 

hotter than the equivalent position adjacent to the narrow face (the thermocouples are 

located 50.8mm(2.0in) from each face). The temperature difference increases to a max­

imum value of 100°C at approximately four hours. These measurements indicate a dif­

ference in the rate of supply and/or removal of heat from the mould adjacent to the 

minor and major faces of the refractory. A comparison of the relative thickness of 

annealing sand (mould insulation) adjacent to each of the faces suggests that the oppo­

site behaviour would be expected. (There is 305mm(12in) of annealing sand adjacent to 

the narrow face as compared to 254mm(10in) for the broad-face - see Figure 1.3, 

Chapter 1, mould/flasking lay-up.) However, the fact that this temperature difference 

arises within the first two hours indicates that this behaviour is not related to the rela­

tive amount (thickness) of.insulating material. Plotting the variation in temperature 

with distance from the broad face at various elapsed times, Figure 4.10, reveals that the 

heat-pulse has not reached the exterior surface within 2 hrs elapsed. The difference in 

temperature must therefore be tied to the supply of heat. It is conceivable that a larger 

gap could open up between the narrow-face mould and the refractory. The effect of this 

would be to reduce the supply of heat to the mould adjacent to the narrow-face which 

would result in a lower mould temperature. Alternately, the lower mould temperature 

could be tied to the cross-sectional geometry of the block. This question will be 

addressed later in the thesis in Chapter 6 where model predictions are presented. 

[4] The in-mould temperature response of a thermocouple 51mm(2in) from the header 

1657mm(65in) above the base of the refractory is presented in Figure 4.8. The tempera­

ture response of thermocouples 70mm(2.7in) and 705mm(27.8in) above the refractory 
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base have also been presented to help elucidate the effect of the re-pour on the 

temperature response. The results suggest that the effect of the re-pour is to narrow the 

peak and to increase the peak temperature attained. At slightly over 2hrs elapsed time 

there is a perceptible increase in the slope of the temperature response adjacent to the 

header. This is consistent with the arrival of the heat-pulse from the re-pour at 

lhr:43mins elapsed time. 
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Elapsed Time(hrs) 

Figure 4.2. In-mould temperature response from thermocouples adjacent to the broad 

face located 1181mm(46.5in) above the base of the refractory. Note: dis­

tances are measured from the refractory/mould interface. 
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Figure 4.3 In-mould temperature response from thermocouples adjacent to the broad 

face located 705mm(27.8in) above the base of the refractory. Note: distances 

are measured from the refractory/mould interface. 
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Figure 4.4. In-mould temperature response from thermocouples adjacent to the broad 

face located 705(27.8) and 1181mm(46.5in) above the base of the refractory, 

51mm(2.0in) from the refractory/mould interface. 
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Figure 4.5. In-mould temperature response from thermocouples adjacent to the broad 

and narrow faces located 705mm(27.8in) above the base of the refractory, 

51mm(2.0in) from the refractory/mould interfaces. 
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Figure 4.6. In-mould temperature response from thermocouples adjacent to the broad 

face located 1181mm(46.5in) above the base of the refractory. Note: dis­

tances are measured from the refractory/mould interface. 
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Elapsed Time(hrs) 

Figure 4.7. In-mould temperature response from thermocouples adjacent to broad face 

located 70mm(2.75in) above the base of the refractory. Note: distances are 

measured from the refractory/mould interface. 
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Figure 4.8. In-mould temperature response from thermocouples located 51mm(2in) from 

the broad face. Note: distances are measured from the base of the refractory. 



0 508mm(20in) 1016mm(40in) 1524mm(60in) 2032mm(80in) 

Vertical Distance Above Refractory Base 

Figure 4.9. Temperature 51mm(2in) from broad face at various distances from the base 

of the refractory at 15hrs elapsed time. 
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Figure 4.10. Variation in temperature with distance from broad face at 2, 4 and 8 hrs 

elapsed time. 

4.3.4 Refractory Autopsy 

The results of the casting autopsy are presented schematically in Figure 4.11. Most 

obvious were the three large Type-A transverse cracks in a zone at roughly mid-height of the 

cast block. Two of these cracks are classified as "show-through" (appearing on opposite 

sides) and would warrant rejection of the refractory. The third, revealed by sectioning the 
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block, does not intersect the surface and hence would have been missed by normal inspection 

practices. It is interesting to note that these three Type-A cracks lie in a zone bounded by the 

header ledge at the top and the mould seam at the bottom. A fourth Type-A crack was found 

located near the base of the refractory, Figure 4.11. In contrast to the other three Type-A 

cracks, the lower Type-A is limited to the surface of one face only and is significantly differ­

ent in shape, tending to be more curved in profile (often Type-A cracks occurring in this 

region are referred to as "smiles"). Based on Walrod's study8 a distinction should be made 

between the upper and lower Type-A cracks as they are clearly different. Thus Type-A trans­

verse cracks occurring in a zone at roughly mid-height are referred to as Type-A 1, whereas, 

those located at the base of the refractory are designated as Type-A2. Also found on the test 

casting were four transverse Type-E corner cracks, shown in Figure 4.11. It should be noted 

that no Type-B longitudinal cracks were observed in this casting. 

Finally, as mentioned previously, during refractory excavation, particular attention was 

paid to the material removed from the refractory/mould interface in order seek evidence of 

mould/refractory fusion. Unfortunately, no conclusive evidence was found in that the mould 

material was easily separated from the cast block and generally crumbled away. 

4 . 4 Summary 

Of the observations made from the industrial trial, there are several which are notewor­

thy. In particular, the asymmetry observed in the rates of heat removal from the broad and 

narrow faces, and the occurrence of three Type-A 1 cracks in a zone between the header ledge 

and mould seam. Unfortunately, on their own, these observations are not sufficient to 

develop mechanisms for crack formation. However, when examined in conjunction with a 

mathematical analysis of stress generation, these observations will help to establish potential 

mechanisms for the generation of tensile stresses and hence cracks. 
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Figure 4.11. Schematic illustration of the results of the autopsy performed on the instrum­

ented Epic-3, Monofrax-S refractory. Note: units are mm(inches). 
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CHAPTER 5 

MATHEMATICAL MODELS 

As outlined in the Chapter 3 , one of the major thrusts of this research programme was 

to develop a heat-flow/stress generation model of the Monofrax-S casting process in order to 

solve the cracking problem. For the reasons outlined in the Chapter 3 , the approach to be 

taken involves the formulation of separate, uncoupled mathematical models of heat-transfer 

and stress generation in two and three dimensions. The following Chapter discusses in detail 

the formulation of these models. 

5.1 Development of Mathematical Model of Heat Flow 

The finite-element technique - traditionally employed for stress analysis - has been 

adopted for formulation of the mathematical model of heat flow. The reasons for choosing 

the finite-element formulation over the more cost-effective finite-difference formulation26"28, 

are two-fold: firstly, employing the same numerical technique for heat-transfer as for the 

stress analysis permits a more direct input of the temperature distribution into the model of 

stress generation - the same mesh/grid may be used in both models; and secondly, it allows 

for a more general handling of different shapes/geometries (in an industrial setting the ability 

to easily handle different shapes is critical). Owing to the basic geometry of the problem, a 

three-dimensional heat-transfer model has been required in order to investigate the stresses 

which give rise to both longitudinal and transverse cracks in Monofrax-S refractories. Where 

appropriate, a two-dimensional analysis also has been employed in order to reduce the com­

putational size of the problem. For example, based on the results of the industrial measure­

ments Figures 4.4 and 4.9, a two-dimensional heat-transfer analysis would appear to be 

adequate for the zone at roughly mid-height in the mould. 
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Owing to the time-dependent nature of the process, the mathematical model has had to 

be transient in order to predict the temperature distribution as a function of time. Moreover, 

the heat-flow model has had to calculate the temperature distribution in the moulding mate­

rial as well as in the refractory casting. The moulding material includes both the bonded sand 

mould and the surrounding annealing sand. The mild steel flasking has been neglected 

because its thermal resistance is negligible in comparison to the sand moulding - see Figure 

1.3 mould/flasking lay-up. 

5.1.1 Formulat ion 

Based on the above description of the problem, the governing equations for two- and 

three-dimensional heat-flow in the refractory and surrounding mould fall into the general 

category of time-dependent field problems, or more precisely, "quasi-harmonic" equations 

with a time derivative 3 5 , 3 6 - 3 7. For the general three-dimensional case, the governing differen­

tial equation is then: 

dT 
y'dxj dy{ydy j +dz 

f dT^ 
dz V U l J 

rfT 
+ Q-pCp — = 0 (5.1) dx 

with the boundary conditions of the form; 

T —§(x,y,z,t) on surface Sv for t > 0 (5.2) 

and 

dT dT dT 
kx — nx + ky — ny + kz-n2 + q(x,y,z,t) + h(x,y,z,t)T = 0 

on surface S2, for t > 0 (5.3) 

and initial conditions; 
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T = Ta(x,y,z) in domain £l,t=0 (5.4) 

where, S, and S 2 represent surfaces of an arbitrary domain Q on which the boundary condi­

tions are imposed. The terms nx, n y and n z represent the directional cosines of the normal to 

the surface. For the case where the material is isotropic and the thermal conductivity is 

independent of direction, the directional subscripts on the thermal conductivity, k, can be 

dropped. The approach that has been taken for solution of the problem described by equation 

(5.1) employs a finite-element discretization of the spatial derivatives only. The resulting sys­

tem of ordinary differential equations is non-linear and is then solved by a step-by-step recur­

rence scheme. 

5.1.1.1 Finite Element Discretization of Spatial Derivatives 

The procedure for finite element discretization of the spatial derivatives is based on the 

assumption that within a typical element the temperature may be expressed as: 

T'(x,y,z)=£Ni(x,y,z)Ti(t) (5.5) 
i = i 

where, N s are the nodal interpolation functions and n is the total number of nodes per ele­

ment. In general, the interpolation or shape functions are polynomials of a degree which is 

dependent on the number of nodes per element (element type). (For the purposes of 

discussion the form of the shape functions is left general at this time. Discussion on the selec­

tion of a specific type of element is left until the generalities have been covered.) Based on 

the trial expansion function, Equation (5.5), the finite element solution111 of Equation (5.1) 

1 For a detailed discussion on the derivation of the finite element solution (application of the 
Galerkin criterion to the heat conduction equation) the reader is referred to a good text on the 
subject35'36'37. 
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yields the following system of differential equations at the elemental level: 

C—- + KeT+f=0 
dt 

(5.6) 

where, 

K'.= | B;kBjdV + hMNjdAt (5.7) 

= \ NfiCpNjdV 

/. = JQNtdV + j Njg,dS2 + j Njh^dS, 

(5.8) 

(5.9) 

In Equation (5.6), the K matrix is recognized as the temperature stiffness or temperature 

influence matrix which is, in turn, dependent on the B matrix, defined by Equations 

(5.10)-(5.11), and the k or thermal conductivity matrix, Equation (5.12). 

Bj = VTNt (5.10) 

( 5 . 1 1 ) 

k = 
K o o 
0 K 0 
0 0*. 

( 5 . 1 2 ) 

Note also the dependence or "stiffness increase" on those boundaries where a heat-transfer 

coefficient h is specified. Also in Equation (5.6), the heat capacitance matrix C, Equation 

(5.8), is recognized as the "dampening" matrix as it acts to dampen the response of the sys-
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tem. Finally, the force vector/, Equation, (5.9), includes those terms which drive the system 

such as internal sources of heat, Q, and/or external sources of heat, q, and/or heat-transfer 

coefficients, h, applied to boundaries. 

5.1.1.2 Solution 

Assembly of the elemental system of Equations (5.6) results in a global system of ordi­

nary differential equations of the following form: 

Since these equations are non-linear they must be solved by a step-by-step recurrence scheme 

similar to finite-difference or Runge-Kutta procedures. Based on a review 2 6of time-marching 

schemes for complex two-dimensional heat-conduction problems, the following three-point 

recurrence scheme, originally proposed by Dupont et al. 2 9 , was adopted for model formula­

tion: 

K(3T,. + I + T,_,) C(T, + 1 - T , ) 
4 Ar, 

where, T, represents the temperature at the ith time step. Of the schemes tested, the Dupont 

time-stepping technique was reported26 to produce the best accuracy and stability. 

Since Equation (5.14) requires the temperature to be known at two successive time 

steps, a two-point recurrence scheme must be employed initially to start the process of time 

integration. Following Thomas et al 2 6 , the Crank-Nicolson3 9 technique, Equation (5.15), was 

utilized for the first time-step: 

+ KT + f = 0 (5.13) 

K(T, + T,_,) C (T , -T ,_ , ) 
= f (5.15) + 
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Equation (5.14) then can be manipulated into the form: 

AT,. + 1 = B (5.16) 

which can be solved explicitly. The A matrix is dimensioned n x n, where n is the total num­

ber of nodes in the system, and is generally banded and symmetric about its diagonal. 

Numerous banded, symmetric matrix solvers are available and can be employed to solve the 

system of Equations (5.15) efficiently. Owing to the computational severity of the 

Monofrax-S casting problem - three-dimensional, large geometry - a compact in-core profile 

solver was employed for solution. This algorithm, taken from Bathe38, stores and manipulates 

only those numbers interior to the leading edge or profile of the band thus further reducing 

the computational size of the problem over the banded solvers. 

5.1.1.3 Selection of Element Type. 

The element types chosen for the heat flow model were selected based on their overall 

accuracy and their ability to easily handle different shapes/geometries. In addition, suitability 

for application to a stress analysis also figured importantly in selection of the temperature 

element since both the temperature and stress analyses would employ the same element (as 

mentioned previously this would permit the output from the thermal model to be input into 

the stress model in a straightforward manner). Based on a review of the element types availa-

ble ' ' , the curve-sided, isoparametric, quadratic temperature element was selected. Eight-

node (Figure 5.1) and twenty-node (Figure 5.2) versions were chosen for the two and 

three-dimensional analyses, respectively. This class of element provides C 0 compatibility 

(continuity of temperature across element boundaries), gives good accuracy with a minimum 

number of elements and is capable of easily handling geometries of arbitrary shape. 
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The key to this element being able to handle curved shapes easily lies in its isoparamet­

ric formulation. In essence this formulation employs the interpolation functions used for 

approximating the temperature distribution to also carry out a coordinate transformation from 

a local system (u, v, w) to a global system35 (x, y, z) such that, for an element of arbitary 

shape in the global system, the element is always rectilinear and of dimension (u,v,w), u = 

-1,0,1, v = -1,0,1 and w = -1,0,1 in the local system - refer to Figures 5.1 and 5.2. The ele­

ment interpolation functions employed in the formulation are for the local rectilinear coordi­

nate system only. Their mathematical formulation is therefore relatively simple and easily 

coded and while being general in its applicability. There is a slight computational penalty for 

this procedure since numerical integration must be used for evaluation of Equations (5.7) -

(5.9). However, in general, the increase in utility will outweigh the added computational 

costs. 

4 3 

8 0 

4 

5 

v 

7 

t 

2 t 

5 

Figure 5.1. Eight-node isoparametric quadratic element depicted in rectilinear form in 

local coordinate system (u,v,w) and in global coordinate system (x,y,z). 
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Figure 5.2. Twenty-node isoparametric quadratic element depicted in rectilinear form in 

local coordinate system (u,v,w) and in global coordinate system (x,y,z). 

For a detailed discussion on the mathematical formulation of the eight- and twenty-

node quadratic isoparametric elements, the reader is referred to a good text on the subject35"37. 

5.1.1.4 Numerical Integration 

Various procedures for numerical integration of Equations (5.7) - (5.9) over the domain 

of the element exist and are well documented35"37. Of these, the Gaussian Quadrature or 

Legendre-Gauss procedures are particularly well suited to the finite-element technique since 

they require the least number of evaluations of the functions. Thus the overall computational 

effort is kept to a minimum. For numerical integration of a function in two- and three-

dimensions the expressions are then: 

r1 r i 
f(u,v)dudv= Z 1 ^ , ^ ) 

-1 J-l j = 11 = 1 
(5.17) 
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r 1 r  1 f ' m m m 
f(u,v,w)dudvdw= I I I WWW/(u,.,V: ,w 4 ) (5.18) 

J - i J - i J - i * = i > = i ,• = i 

where, Wj, Wj and W k are the weighting coefficients at locations i , j and k, respectively, and 

m is the number of integration points (gauss points) within the domain of the element. For 

most applications involving quadratic temperature elements, 2 x 2 (two-dimensional) or 2 x 2 

x 2 (three-dimensional) Gauss points are adequate35 for integration of the interpolation func­

tions. 

5.1.1.5 Temperature-Dependent Material Properties 

Based on the information available at the time of model formulation, it was recognized 

that temperature dependencies in thermophysical properties would have to be accounted for 

in the model in order to predict the thermal behaviour of the Monofrax-S casting process cor­

rectly, particularly in view of the large temperature range involved (25 - 1800°C). Therefore, 

in addition to the fact that the basic heat-transfer formulation is non-linear, a further 

non-linearity is introduced by the temperature dependent behaviour of the material proper­

ties. The standard procedure40 is to incorporate this temperature dependency by simply evalu­

ating the thermophysical properties at the gauss-point temperatures within each element 

during the assembly procedure - refer to Equations (5.6)-(5.15). Various numerical 

procedures for handling time-independent problems with material non-linearities have been 

discussed in the literature35'37. In general, the procedures involve some type of iteration 

scheme whereby successively better approximations are obtained until a residual error is 

reduced to an acceptable level. The Newton-Raphson method35 is a good example of this type 

of procedure. Unfortunately, due to the computational size of the Monofrax-S problem, 

incorporation of this type of iterative technique into the time-stepping scheme was deemed 

impractical. 
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In an attempt to address both material non-linearities and the non-linear nature of the 

transient heat-flow formulation, an algorithm was developed which dynamically sets the 

time-step , At (see Equation 5.14), dependent on the rate of change of temperature in the pre­

vious two time-steps such that the temperature change within a time-step will not exceed a 

user specified maximum. For highly non-linear material problems this maximum temperature 

change is set to a relatively small value. Hence the material properties are updated over small 

temperature intervals. This procedure also lends itself to highly non-linear transient problems 

with rapidly changing temperatures. For this class of problem, a small user specified maxi­

mum change in temperature ensures an accurate integration in time. Finally, in order to better 

resolve temperature-dependent variations over the domain of an element, a three-point 

Gauss-Quadrature integration scheme was adopted. 

Note: the results of the programme (previously described) for thermophysical property evalu­

ation together with the application of these results to the Monofrax-S casting process are 

presented in Chapter 6. 

5.1.1.6 Latent Heat Evolution 

Owing to the fact that Monofrax-S undergoes solidification in the process under study, 

accounting for the latent heat of fusion (heat of crystallization) must also figure importantly 

in model formulation. Numerical methods, in general, tend to have difficulty handling latent 

heat evolution, particularly in those cases where the heat is released at a unique temperatu­

re/or over small temperature intervals41. Consequently, the topic has received considerable 

attention in the literature41"50. For example, in problems dominated by latent heat removal, 

sophisticated finite-element techniques have been developed employing dynamically deform­

ing grids which track the solidification front in order to ensure a fine mesh in the zone under­

going solidification42. 
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For those problems not dominated by latent heat evolution, such as casting processes, 

fixed grid techniques43"50 are adequate and avoid the added computation involved in deform­

ing the grid. In the fixed grid techniques the location of the solidification front is not explic­

itly tracked and may lie between nodes at any given time. Generally, these techniques may be 

grouped into two categories. In the first group, the latent heat is treated as a heat source term 

<2 - see Equation (5.9). Overall, these methods tend to be more prone to stability problems as 

the latent heat appears in the driving term, / , of Equation (5.6). In the other category, a dif­

ferent approach is adopted that accounts for the latent heat by artificially raising the heat 

capacity over the liquidus-solidus temperature range in the material undergoing solidification 

according the following equation: 

ff A / / , 
Cf = + CB (5.19) 

P T — T p 

1 liquidus 1 solidus 

where A H f represents the latent heat per unit mass. In this method, the effect of latent heat 

evolution is added to the dampening term, C, of Equation (5.6) and hence is inherently more 

stable. Unfortunately, although more stable, this method is not without its own problems. The 

difficulty lies in the shape of the modified heat capacity function which approximates the 

evolution of latent heat by a rapid increase in heat capacity over what is often a small 

liquidus-solidus temperature range. As the phase change zone passes through a particular ele­

ment, accurate values for the modified heat capacity are required for input at the integration 

points. For conditions where the temperature change in a given time step is large in 

comparison to the liquidus-solidus temperature interval, individual integration points can 

miss the peak in the heat capacity curve associated with the phase change. The latent heat is 

then unaccounted for. 
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Based on a review of the literature26 the so-called enthalpy techniques45"50 seem to be 

best suited to deal with this problem. The approach, originally adopted by Comini et al 4 5 , 

employes enthalpy, which is the integral of heat capacity with respect to temperature, thus 

yielding a smooth function even over the phase change interval. A version of this technique 

adopted by Lemmon 4 1 and originally proposed by Morgan et al . 4 6 has been employed in 

model formulation. In this method, an average of the enthalpy and temperature gradients is 

taken over the domain of the element to yield an expression for the effective heat capaci­

tance. This averaging process gives a representative value of the heat capacity while preserv­

ing the heat balance by avoiding the possibility of missing the peak in the modified 

heat-capacity function. The resulting expressions for the effective heat capacitance per unit 

volume in two and three-dimensions, employing the enthalpy method are then: 

(dHldxf + {dHldyf 
\2 

J (dT/dxY + (dT/dyy 

(dH/dxf + jdHldyf + (dH/dzf 

(dTldxf + (dTldyf + (dTldz) 2 
J 

(5.20) 

(5.21) 

This technique lends itself easily to the iso-parameteric formulation with the above expres­

sions evaluated at the appropriate Gauss integration points. 

5.1.1.7 Boundary Conditions. 

To this point, the description of the formulation of the mathematical model, including 

boundary conditions, has been kept general. To a large extent this is a consequence of the 

nature of the finite-element method. As formulated, the model is capable of being applied to 

a whole host of transient heat-transfer problems including the Monofrax-S casting process. 
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The finite element-method lends itself particularly well to this type of approach. The specif­

ics of the application of this model to the Monofrax-S casting process, including a detailed 

description of the boundary conditions employed, will be left until Chapter 6. 

5.1.2 Verification of Basic Model Formulation and Computer Code. 

Once formulated, coded and debugged the next task was to verify the basic mathemat­

ical formulation and computer code. The technique employed was straightforward in princi­

ple and involved comparison of model predictions to exact mathematical solutions for 

specific cases. For this purpose, a problem must be selected for analysis for which an 

analytical or exact solution is available. Owing to the restrictive nature of the problems suit­

able for this task, more than one problem must be utilized to verify the basic components of 

the model. 

The accuracy or performance of finite-element techniques, in general, is problem 

dependent and can be influenced by parameters such as boundary conditions, material prop­

erties, mesh density (whether a fine or course discretization of space is employed), and, for 

transient analysis, size of the time step26. For the purpose of verification the problems have 

been chosen on the basis of their similarity to aspects of the Monofrax-S casting problem. 

Moreover, to assess the performance of the model further, the mesh densities used in the ver­

ification are typical of those employed for the full-scale Monofrax-S analysis. In this manner, 

the problems employed for comparison will examine aspects of the model which are relevant 

to its eventual application to the casting problem. 
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5.1.2.1 One-Dimensional Heat Conduction with Heat-Transfer Coefficient 

Boundary Condition. 

The first problem examines transient heat conduction in a solid convectively or radia-

tively cooled from the surface. In the analysis of the casting problem, this type of boundary 

condition will be applied to describe heat transfer both at the refractory/mould interface and 

at the mould/ambient-air interface (a full description of the boundary conditions is presented 

in Chapter 6). An analytical solution from Kreith and Black 5 1 was selected for the purpose of 

comparison. The basic geometry of the problem is illustrated schematically in Figure 5.3. 

The finite-element representation of this problem employing four, eight-node two-

dimensional elements is presented in Figure 5.4. The appropriate boundary condition for this 

type of problem is then 

where, h c is the convective and/or "radiative" heat-transfer coefficient. 

The analytical solution to the one-dimensional, transient heat conduction problem illus­

trated in Figure 5.3, subject to the initial condition T(x,0) = T 0 and boundary condition, Equa­

tion (5.22), is given5 1 by 

(5.22) 

T(x,t)-T0 

= 1 - erfX - {expfflz + r\) (1 - erf^ + Vfj))} (5.23) 
amb 1 0 

where 
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Figure 5.3. Schematic illustration of one-dimensional, semi-infinite, transient heat-

conduction problem. 

For the analytical solution, the thermophysical properties are constant (independent of 

temperature), and heat conduction is one-dimensional. The problem parameters, initial condi-
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Figure 5.4. Schematic illustration of finite element representation of one-dimensional, 

semi-infinite, transient heat-conduction problem. 

tions and heat-transfer coefficient are presented in Table 5.1. For the mathematical model, 

the time-step optimization algorithm described earlier was implemented. A maximum 

temperature change per time step of 10°C was input for this procedure. The duration of the 

analysis was limited to 300 s in order to maintain a portion of the grid at T 0 , consistent with 

the semi-infinite constraint of the analytical solution. 

The results of a comparison of the model predictions to the exact solution for the one-

dimensional transient heat conduction problem are presented in Figure 5.5. The numerical 

output from three nodes located at 0mm (Oin), 6.4mm (0.25in) and 12.7mm (0.5in) from the 

heat-transfer coefficient boundary were selected for the purpose of comparison. As can be 

seen, there is good agreement between the model predictions and the exact solution. The spa­

tial discretization employed for this analysis, Figure 5.4, is fully capable of resolving the 

transient behaviour of the solid described in Table 5.1 subject to the conditions outlined 

above. To investigate any directional dependencies in the computer code, the problem was 
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analyzed with heat conduction in the x and y direction, separately, for the two-dimensional 

elements, and in the x, y, and z directions, separately, for the three-dimensional elements. In 

all cases, the results were identical to those presented in Figure 5.5. 

T A B L E 5.1 
Model Input Parameters and Initial Conditions 

Parameter Value 

k, thermal conductivity (Monofrax-S) l .OW/m-'C 

p, density (Monofrax-S) 3650.0 kg/m3 

C p , heat capacity (Monofrax-S) 0.879 kJ/kg-C 

h c, heat transfer coeff. 100.0 W/m2-°C 

T 0 1000.0 °C 
T 
amb 

25.0 °C 
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Figure 5 .5 Comparison of model-predicted temperature response to the exact solution 

for one-dimensional transient heat conduction with a specified heat transfer 

coefficient boundary condition. 

5.1.2.2 One-Dimensional Heat Conduction with Phase Change. 

The second problem examines transient heat conduction in a solid undergoing a phase 

change with release of latent heat. The ability to analyze this problem accurately will assess 
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the capability of the model to simulate the casting process during the early stages of solidifi­

cation. An analytical solution to a one-dimensional heat conduction problem with phase 

change from Szekely and Themils5 2 was selected for comparison. The basic geometry is 

illustrated schematically in Figure 5.6. The finite-element representation of this problem 

employing four, eight-node elements is presented in Figure 5.7. The boundary conditions and 

initial condition subject to which the analytical solution has been developed are 

Ts = Ts0atx =0, t>0 (5.28) 

Tuquid = TmP

 a t a l 1 values ofx, t=0 (5.29) 

The analytical solution to the one-dimensional, heat conduction problem with phase 

change illustrated in Figure 5.6, subject to boundary condition, Equation (5.28), and initial 

condition, Equation (5.28), is given5 2 as 

erfk 
T(x,t) = TSt0 + ^ - ^ e r f \ 

r v \ 
(5.30) 

where 

1 ^ 2 Ts,o) / C O I N 

7t Art J u s i o n 

For the analytical solution, the thermal conductivity, density and heat capacity are con­

stant (independent of temperature), and the latent heat of fusion is released at a fixed melting 

point temperature, T m p . The problem parameters, initial conditions and latent heat of fusion 

are presented in Table 5.2. 
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Figure 5.6. Schematic illustration of one-dimensional transient heat conduction problem. 

In contrast to the analytical solution which specifies a unique solidification tempera­

ture, the mathematical model requires that the latent heat of solidification be released over a 

finite temperature range (this is a requirement of the enthalpy method for latent heat 

evolution). In order to permit a valid comparison to be made, a small liquidus/solidus temper­

ature range must be used in the numerical analysis. Consequently, a reduced liquidus/solidus 

solidification range and proportionally scaled heat of fusion for Monofrax-S were adopted. In 

essence, an attempt has been made to maintain the same heat released per unit temperature 

change in both the moving boundary problem and Monofrax-S casting problem. Monofrax-S 

nominally undergoes solidification over a temperature range estimated to be approximately 

30°C, from 1810-1780°C (based on the Alumina-Zirconia^Silica ternary phase diagram24 
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Figure 5.7. Schematic illustration of finite-element representation of one-dimensional 

transient heat conduction problem. 

presented in Chapter 2), releasing an estimated 760 kJ/kg of heat (based on weighted average 

of heats of crystallization of A l 2 0 3

5 3 a n d Z r 0 2

5 4 neglecting the S i 0 2 component which was 

assumed to remain in a glassy state). For the sake of this comparison, the solidification tem­

perature range is reduced from 30 to 1°C by effectively increasing the solidus temperature to 

1809°C and the latent heat of fusion proportionally scaled from 760 to 25 kJ/kg. These values 

appear in Table 5.2. 

In addition, the time-step optimization algorithm described earlier was implemented. A 

maximum temperature change per time step of 0.25°C was employed. The duration of the 

analysis was limited to 1200 seconds in order to maintain a portion of the grid at T 0 consis­

tent with the semi-infinite constraint of the analytical solution. 

The results of a comparison of the model predictions to the exact solution for the 

one-dimensional moving boundary problem are presented in two stages. First, a comparison 

is made between the model predictions and the exact solution for the case where the material 

undergoing solidification does not release any latent heat. This provides a means of assessing 
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TABLE 5.2 
Model Input Parameters and Initial Conditions 

Parameter Value 

k, thermal conductivity (Monofrax-S) l.OW/m-'C 

p, density (Monofrax-S) 3650.0 kg/m3 

C p^ heat capacity (Monofrax-S) 0.879 kJ/kg-°C 

A H f u s i o n , Heat of Fusion (Monofrax-S scaled) 25.0 kJ/kg 

Ti i q U i d u s , (Monofrax-S) 1810.0°C 

T m p = T s o l i d u s , (Monofrax-S increased) 1809.0°C 

T 0 
1810.0°C 

Ts,o 1700.0°C 

the ability of the model to handle the fixed temperature boundary condition. The numerical 

output from three nodes located at 6.4mm (0.25in), 12.7mm (0.5in) and 25.4mm (l.Oin) from 

the fixed temperature boundary were selected for the purpose of comparison. The results are 

presented in Figure 5.8. As can be seen, there is good agreement between the model 

predictions and the exact solution apart from an initial, minor, short-term oscillation which 

occurs in one of the nodes. This is associated with the introduction of the fixed temperature 

boundary condition which initially gives a rapid step change in temperature across the first 

element resulting in some numerical error. For the most part, however, the spatial discretiza­

tion employed for this analysis, Figure 5.7, is fully capable of resolving the transient 

behaviour of the solid described in Table 5.2 (with heat of fusion set to zero) subject to the 

conditions outlined above. To investigate any directional dependencies in the computer code, 

the problem was analyzed with heat conduction in the x and y directions, separately, for the 

two-dimensional elements, and in the x, y, and z directions, separately, for the three-

dimensional elements. In all cases, the results were identical to those presented in Figure 5.8. 
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Figure 5.8. Comparison of model-predicted temperature response to exact solution52 for 

one-dimensional transient heat conduction problem with fixed temperature 

boundary condition. 

Second, a comparison was made between the model predictions and the exact solution 

for the case where the material undergoing solidification releases latent heat - the moving 

boundary problem. The numerical output from three nodes located at 6.4mm (0.25in), 

12.7mm (0.5in) and 25.4mm (l.Oin) from the fixed temperature boundary were again 

selected for the purpose of comparison. The results are presented in Figure 5.9. As can be 

seen from this comparison the incorporation of latent heat evolution into the problem has a 

negative impact on the accuracy of the model which is significantly reduced over the pre­

vious conduction only case. At a distance of 6.4mm(0.25in) from the fixed temperature 

boundary the model first underpredicts the temperature by as much as 20°C, at approximately 
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50s elapsed time, then later, slightly over predicts the temperature by 2°C at roughly 350s 

elapsed time. The reason for this reduction in predictive capability is directly related to the 

way in which latent heat is accounted for in the numerical formulation. The enthalpy method 

adopted in the formulation employs an integral averaging technique over the domain of the 

element to determine a value for the modified heat capacity without explicitly tracking the 

location of the solidification front. As a result of this, in problems utilizing a relatively coarse 

grid, there is a "smearing out" of the effects of solidification. The model is incapable of accu­

rately resolving the location where the heat of solidification should be released. This inaccu­

racy is particularly acute in those instances where the material releases its latent heat over a 

narrow temperature range as is the case in the example problem. 

Based on the above argument, it can be anticipated that the results would be sensitive 

to the spatial discretization employed. To test this hypotheses, the problem was re-analyzed 

with a finer mesh. A regular grid with an element size of 6.4mm(0.25in) was selected for the 

finer mesh. This represents a factor of two increase in mesh density over element 1 in the 

original mesh - see Figure 5.7 for original mesh. The results are present in Figure 5.10. As 

suspected, these results clearly show a significant improvement in the accuracy of the model 

predictions. The maximum error is now down to approximately 5°C. On the basis of this 

comparison, it may be concluded that the original mesh, Figure 5.7, is barely adequate to 

resolve this problem, particularly i f a priority were to be placed on accurately tracking the 

solidification front. 

Finally, to investigate any directional dependencies in the computer code, this problem 

was also analyzed separately with heat conduction in the x and y directions for the two-

dimensional elements, and in the x, y, and z directions for the three-dimensional elements. In 

all cases, results were identical to those presented in Figures 5.9 and 5.10. 
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Figure 5.9. Comparison of model-predicted temperature response to exact solution for 

one-dimensional transient heat conduction problem with phase change and 

fixed temperature boundary condition. 

Q 
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Figure 5.10. Comparison of model predicted temperature response to exact solution for 

one-dimensional transient heat conduction problem with phase change and 

fixed temperature boundary condition. Note: for this analysis the mesh den­

sity has been increased over the standard case. 
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5.1.2.3 Two-Dimensional Heat Conduction with Fixed-Temperature 

Boundary Condition. 

The third and final problem analyzed examines heat conduction in two-dimensions in 

the comer of a transverse section of the Monofrax-S casting. An analytical solution from 

Rathjen and Jiji 3 1 was selected for the purpose of comparison. The basic geometry of the 

problem is illustrated schematically in Figure 5.11. The finite element representation of this 

problem employing 24, eight-node two-dimensional elements is presented in Figure 5.12. 

The appropriate boundary conditions and initial conditions for which the analytical solution31 

has been developed are 

Ts=Ts0atx=0, y = 0,228.6mm(9in),r>0 (5.32) 

Ts = T s , o a t x =0,127mm(5in), y =0,r>0 (5.33) 

T = T 0 atx = 127mm (5in) and y - 0,228.6mm (9in),r>0 (5.34) 

T = T0 at x = 0,127mm(5in) and y = 228.6mm(9in), t > 0 (5.35) 

T = T0 at all values of x and y, t = 0 (5.36) 

The analytical solution to the two-dimensional, transient heat conduction problem illus­

trated in Figure 5.11, subject to boundary conditions (5.32) - (5.35) and initial conditions 

(5.36) is given3 1 as 

T(x,y,t) = TQ + (T0-T0)erf 
f x W 

V 2 W j 
erf _y (5.37) 

For the analytical solution, the thermal conductivity, density and heat capacity are con­

stant (independent of temperature). The problem parameters and initial conditions are pres­

ented in Table 5.3. 
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Figure 5.11. Schematic illustration of two-dimensional, transient heat conduction prob­

lem with fixed-temperature boundary conditions. 

In addition, the time-step optimization algorithm described earlier was implemented. A 

maximum temperature change per time-step of 1.0°C was input for this procedure. The dura­

tion of the analysis was limited to 600 seconds in order to maintain a portion of the grid at T 0 

consistent with the conditions of the analytical solution. 
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Figure 5.12. Schematic illustration of finite-element representation of two-dimensional 

transient heat-conduction problem with fixed-temperature boundary condi­

tions. 

The results of a comparison of the model predictions to the exact solution for the 

two-dimensional transient heat conduction problem are presented in Figure 5.13. The numer­

ical output from three nodes located at x = 12.7mm (0.5in), y = 12.7mm (0.5in); x = 12.7mm 
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T A B L E 5.3 
Model Input Parameters and Initial Conditions 

Parameter Value 

k, thermal conductivity (Monofrax-S) 1.0 W/m- °C 

p, density (Monofrax-S) 3650.0 kg/m3 

C p , heat capacity (Monofrax-S) 0.879 kJ7kg-°C 

T 0 
1810.0°C 

Ts,o 1700.0°C 

(0.5in), y = 38.1mm (1.5in); and, x = 38.1mm (1.5in), y = 12.7mm (0.5in) - refer to Figure 

5.12 - were selected for the purpose of comparison. As can be seen from Figure 5.13, there is 

good agreement between the model predictions and the exact solution. The maximum error is 

about 1°C. The spatial discretization employed for this analysis, Figure 5.12, is fully cable of 

resolving the transient behaviour of the solid described in Table 5.3 subject to the conditions 

outlined above. To investigate any directional dependencies in the computer code, this 

problem was also used to investigate conduction in the x/y, x/z and y/z directions, separately, 

for the three-dimensional elements. The results were identical to those presented in Figure 

5.13. 

5.1.2.4 Summary of Basic Heat-Flow Code Verification 

Generally these analyses verify that the mathematical model is capable of simulating 

transient heat flow behaviour in a series of problems which comprise some of the basic 

aspects of the Monofrax-S casting process. Comparisons between model predictions and the 

exact solution for transient conduction problems without liberation of latent heat, indicate 

that a relatively coarse mesh is capable of accurately solving this class of problem under the 

conditions examined. For problems involving latent heat evolution over a small temperature 

interval, finer meshes than those utilized for the Epic-3 casting problem are required. It 

remains to be determined if the coarse mesh, Figure 5.12, is adequate for problems involving 
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latent heat evolution in materials, such as Monofrax-S, which exhibit a broader phase change 

temperature interval. Unfortunately, no exact mathematical solutions are available as a basis 

for comparison for this class of problem. A sensitivity analysis conducted on the model, as 

applied to the Monofrax-S casting process, will help to address this question. The results of 

this sensitivity analysis will be presented in Chapter 6. 

1.82 - i 1 

0 200 400 600 
Time (s) 

Figure 5.13. Comparison of model-predicted temperature response to exact solution for 

two-dimensional transient heat conduction problem with fixed temperature 

boundary conditions. Note: distances are measured from x = 0, y = 0. 

5.2 Development of Mathematical Model of Stress Generation 

The second distinct module of the overall heat-flow/stress model is the model of stress 

generation. For reasons outlined previously, a time-independent, elastic formulation was cho-
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sen for the stress model despite evidence2 that Monofrax-S behaves more in a time-

dependent, visco-elastic manner at elevated temperatures. It is accepted that this approach 

will result in a reduction in the overall ability of the model to predict stresses quantitatively. 

At elevated temperatures the model will tend to over-predict stress and therefore will calcu­

late a maximum stress. On the positive side, the model formulation is simplified and the 

computational severity of the problem is reduced. In contrast to the thermal analysis, only the 

refractory is considered in the stress analysis. The generation of stress in the moulding mate­

rial is assumed to be of no consequence and interaction with the surrounding moulding mate­

rial is ignored. 

As indicated in the development of the mathematical model of heat-flow, where appro­

priate a two-dimensional analysis has been employed. Following Thomas et al. 2 3 , a state of 

plane-stress, usually applied to thin plates, was assumed for the two-dimensional elastic 

analysis of the transverse quarter-section. At mid-height in the casting, the stresses that form 

the longitudinal mid-face cracks, such as the Type-B, will act parallel to the transverse plane 

and be independent of height. The plane stress-approximation is applicable to this situation 

with the exception that there are o z stresses acting normal to the plane in the refractory. How­

ever, as a first approximation, the impact of the o~z stresses on the transverse stress distribu­

tion can be neglected. 

5.2.1 Formulat ion 

The governing differential equations of equilibrium for an elastic solid in a state of 

stress can be derived by conducting a force balance on an elemental volume. In two- and 

three-dimensions the resulting Equations are 3 5 3 7 
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d<Jx dx„ 

doy dx„ 

dcx dx„ dx^ 

^ + t + ^ + F ' = 0 ( 1 4 0 ) 

3av dx„ 9xw 

3 7 + a f + 3 f + f ' = ° ( 5 ' 4 1 ) 

3o\ dx„ dxvz 

3 7 + & + 3 7 + F ' = ° ( 5 - 4 2 ) 

where, ax, o y and 0"z are the stresses (force per unit area) acting on planes with normals in the 

x, y, and z directions, respectively; the x-^, are the shear stresses acting on planes with nor­

mals i in direction j , and the F x , F y and F z are body forces acting in the x, y, and z directions, 

respectively. Boundary conditions for the equilibrium equations may be found by considering 

the surface forces acting on the body in question. 

The resulting equilibrium equations for the general three-dimensional case, Equations 

(5.40)-(5.42), cannot be solved alone as there are six unknown components of stress and only 

three independent equations36. In order to solve this system of equations subject to the sur­

face force boundary conditions, the displacement field and its relationship to strain in the 

body also must be taken into account. These are the so-called "compatibility conditions" 

which must be satisfied. Combined, these equations make up the differential statements for 

equilibrium and compatibility for linear elastic bodies in a state of stress. The finite-element 

solution instead relies on the integral statements which must also hold for these bodies. In 

essence, focus is shifted from the relationships that must hold at any point in the system to 
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those that hold for the entire system. These integral relationships are the variational princi­

ples which apply to solid mechanics problems. For solution of the Monofrax-S problem, the 

"minimum potential energy principle" or "principle of virtual displacement" is adopted. 

5.2.1.1 Finite-Element Solution by Displacement Method 

In the displacement technique, the potential energy of an elastic body of general shape 

deformed by the action of body forces and surface tractions is defined as the energy of defor­

mation of the body (strain energy) minus the work done on the body by the external forces36. 

The theorem of minimum potential energy states that36: 

"The displacement (u, v, w) which satisfies the differential equations of equilibrium, as 

well as the conditions at the bounding surface, yields a smaller value for the potential 

energy than any other displacement which satisfies the same conditions at the bounding 

surface" 

Expressing this mathematically, at equilibrium we have 

where, ri(u, v, w) is the potential energy, U p(u, v, w) is the strain energy and V p(u, v, w) is 

the work done by applied loads during displacement changes. For equilibrium to prevail, the 

same expression must also hold for individual components or elements of the discretized 

solid. Therefore, the focus can be shifted to the level of an individual element. 

For the general case, the strain energy of an individual element e of a linear elastic 

solid is then 

8ri(w,v,w) = bUp(u,v,w)-Wp(u,v,w) = 0 (5.43) 

u; = m f {£}TD{e}dv+ f {E}TD{e}0dv- f {e}T{o}0dv (5.44) 
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where, {e} is the strain vector, D is the elasticity matrix containing the appropriate material 

properties, {EQ} is the initial strain vector and {o"0} is the initial stress vector. 

The second component of the right hand side of Equation (5.43) is the work done by 

the external forces. This is given by 

where F is the body force vector containing the x, y, and z components of the distributed 

body force acting on the element and T is the surface traction force vector containing the x, 

y, and z components of the traction forces acting on the surface of boundary elements. 

Substituting the differentiated expressions for the strain energy and the work done by 

external forces into the equation for potential energy, Equation (5.43), and rearranging yields 

the following expression which can be applied to each element individually: 

The individual components of this equation must now be evaluated within the context of the 

finite-element approximation - ie. an assumed variation in the field variable over the domain 

of the element. 

In the displacement formulation, the potential energy of each element is evaluated in 

terms of the individual nodal displacements - Uj, v h w ; - based on an assumed variation of the 

displacement over the domain of the element. The same polynomial interpolation (shape) 

functions used in the thermal analysis are employed to describe the spatial variation in dis­

placement, as follows 

(5.44) 

Ke{S}e+f=0 (5.46) 
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Vw(x,y,z)) 
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X JV,-(x,;y,z)v,-

lLNi(x,y,z)wi 

1 = 1 

(5.47) 

Based on these relationships the terms of Equation (5.46) now be expressed as 

Jut 
(5.48) 

and for the general case 

f = - f NjTidA - f ArfodV - f BjD{e}0idV + f 2*f{a}0dl/ (5.49) 

where, /?, the matrix of differential operators is defined by 

B] = VTN; 

BJ = VNJ 

(5.50) 

(5.51) 

and Ni are the nodal interpolation shape functions. For one node / of element e the displace­

ment vector {8} is then 

{8>; v.- (5.52) 
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In Equation (5.46), the matrix, K, is usually referred to as the elemental stiffness matrix and 

is of dimension (ne)(n.d.o.f.) x (ne)(n.d.o.f.), where n e is the number of nodes per element and 

n.d.o.f. is the number of degrees of freedom per node (the number of degrees of freedom per 

node is equal to the dimension of the analysis i.e. 2-D -> n.d.o.f = 2). The force or load vec­

tor,/, is dimensioned (ne)(n.d.o.f.). 

As illustrated in Equation (5.49), the overall force vector may be comprised of several 

components/loads dependent on the nature of the problem. These include, the effects of sur­

face tractions, body forces, initial strains and initial stresses, respectively. For problems 

involving thermal stresses, such as the Monofrax-S casting analysis, an additional load must 

be considered which accounts for the effect of differential thermal strains on the body. The 

expression for the thermal load vector is identical to that for the load due to an initial strain, 

{e}0, except that the strain is now associated with the temperature field. For node i , the ther­

mal load is then 

FT= f BjD{e}TidV (5.53) 

where, FT is the thermal load vector and {e}T is the strain associated with the thermal field. 

In Equation (5.53), the thermal strain vector for the general three-dimensional case is then 

X' aAT 
aAT 

. e * • •> 
aAT 

0 
0 

-'Yyz. . 0 . 

(5.54) 

where, a is the thermal linear expansion coefficient and AT is the change in temperature rela-

tive to some datum. 
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5.2.1.2 Solution 

Assembling the elemental system of equations, Equation (5.46), results in a global sys­

tem of equations of the form of Equation (5.55) which can then be solved for the nodal dis­

placements 5. The global K or "stiffness" matrix is dimensioned (n)(n.d.o.f.) x (n)(n.d.o.f.), 

where n is the total number of nodes in the system, and is banded and symmetric about its 

diagonal. As in the case of the thermal model, to minimize the computational size of the 

problem, a profile solver38 is employed to solve the system of equations. 

K { 5 } + f = 0 (5.55) 

Once the nodal displacements have been determined, the associated stress distribution 

can be calculated in a straightforward manner with Hooke's law 

{a}1. = (JB,.{5},.-{e}r.)D (5.56) 

Note that for problems involving thermal stress, the thermal strain, {e}T, is removed from the 

total strain prior to multiplication by the elasticity matrix D. 

5.2.1.3 Selection of Element Type 

For reasons outlined in the Chapter 3, the equivalent element types (same number of 

nodes) are employed in both the heat-flow and stress analyses. These are the eight and 

twenty-node isoparametric, quadratic, temperature and displacement elements for two- and 

three-dimensional heat-flow and stress analyses, respectively. For the stress analysis, this ele­

ment type results in a linear variation in stress over the domain of the element since stress is 

proportional to the first derivative of displacement. For a general discussion of the reasons 

for selecting this element type the reader is referred to the original treatment - see Section 

5.1.1.3. 
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As indicated in Section 5.1.1.3, numerical integration must be employed with this ele­

ment for evaluation of Equations (5.48) and (5.49). This procedure is described in the next 

section. 

5.2.1.4 Numerical Integration 

The technique for integration of the quadratic displacement elements is identical to that 

employed in the heat transfer analysis for the quadratic temperature elements (Gaussian 

Quadrature procedure - see Section 5.1.1.4). However, the procedure for implementation of 

this technique is slightly different. 

According to Zienkiewicz3 5, a two-point Gauss Quadrature integration yields more 

accurate results for stress than the three-point scheme when applied in the formation of the 

elemental matrices - Equations (5.48)-(5.49). Moreover, once the displacements have been 

determined, further gains in accuracy are realized if the stresses are evaluated at the Gauss 

points. If evaluation at the nodes is desired, a simple bilinear extrapolation from the Gauss-

point values should be employed. Based on these recommendations, reduced or two-point 

integration is adopted for formation of the matrices in the model for stress analysis. 

Furthermore, the procedure for evaluation of nodal stress values suggested by Zienkiewicz3 5 

is also utilized. (By comparison, for reasons outlined in Section 5.1.1.4, a three-point scheme 

is employed for integration in the thermal analysis.) 

5.2.1.5 Temperature-Dependent Mater ia l Properties 

Material property temperature dependencies are incorporated into the model of stress 

generation by evaluating the relevant mechanical properties at the Gauss point temperatures 

within each element during formation of the elemental matrices. The procedure40 is identical 
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to that utilized in the heat-flow model - see Section 5.1.1.5. for details. The specifics of the 

application of this model to the Epic-3 Monofrax-S casting process, including a description 

of the thermomechanical properties employed in the analysis, are presented in Chapter 6. 

5.2.1.6 Boundary Conditions 

In an manner analogous to the heat-flow model, the mathematical formulation of the 

elastic-stress model, including boundary conditions, has been kept general. As formulated, 

the model can be applied to the analysis of numerous elastic thermal stress problems includ­

ing the Monofrax-S process. The specifics of the application of this model to the Monofrax-S 

casting process together with a detailed description of the boundary conditions employed are 

presented in Chapter 7. 

5.2.2 Verification of Basic Model Formulation and Computer Code 

Once coded and debugged, the basic mathematical formulation and computer code 

again had to be verified. The approach is identical to that employed for the heat-flow model 

and involves comparison of the elastic-stress model predictions to exact solutions. A series of 

simplified problems, for which analytical or exact solutions are available have been selected 

for this task. Owing to the restrictive nature of these problems, more than one problem must 

be utilized to verify the basic components of the stress model. 

As discussed previously, the performance, or accuracy, of the finite-element technique 

is very much problem dependent. Bearing this in mind, where possible, the problems selected 

for verification have been chosen on the basis-of there similarity to aspects of the 

Monofrax-S casting process. Moreover, the mesh densities employed in the verification are 

typical of those used in the full-scale Monofrax-S analysis. In this manner, the problems uti­

lized for comparison will examine aspects of the elastic-stress model which are relevant to its 
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eventual application to the casting process. 

5.2.2.1 Iso-Thermal Beam Deflection Problem 

The first problem examined the ability of the model to predict displacements correctly 

in an isothermal beam subject to an external loading at one end. Unfortunately, this particular 

problem bears little practical resemblance (other than mechanical properties) to the 

Monofrax-S casting problem. Nevertheless, it serves to verify the basic load-deflection calcu­

lation. 

y 
i 

4 MN 

127mm(5in) 

Figure 5.14. Schematic illustration of beam bending problem employed for verification of 

load-deflection calculation. 

An analytical solution from beam theory32 was selected for comparison. The basic 

problem geometry, loading and boundary conditions are presented in Figure 5.14. The finite 

element representation employing four eight-node two-dimensional elements in the analysis 

is presented in Figure 5.15. The plane-stress approximation is utilized as mentioned earlier. 
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Figure 5.15. Schematic illustration of finite-element representation of beam bending 

problem employed for verification of load-deflection calculation. 

Referring to Figure 5.15, the appropriate boundary conditions for the problem are then 

u =0,v = 0 at x = 0 

Fioad =
 4 M N

 a t x = 127mm (5.0in) 

(5.57) 

(5.58) 

where, u and v are the displacements in the x and y directions respectively. A load of 4MN 

was chosen in order to give a moderate deflection of the beam. 

From beam theory32, the equation for deflection of the beam illustrated in Figure 5.14, 

subject to the above boundary conditions, is 

8 = -
FloadX 

3EI 
(5.59) 

where, E is the elastic modulus and 

7 = 12'*" (5.60) 
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The t and h terms in Equation (5.60) are the thickness and height of the beam respectively. 

The mechanical properties are presented in Table 5.4. 

T A B L E 5.4 
Mechanical Properties for Beam Deflection Problem 

E, Elastic Modulus (Monofrax-S) 100,000.MPa 

v, Poisson's Ratio (Monofrax-S) 0.15 

In order to assess the performance of the model a comparison was made between the 

beam deflection predicted with the model and the analytical value from beam deflection 

theory. The vertical deflection at the tip of the beam ( x = 127mm(5.0in)) serves as the basis 

for this comparison. From the numerical analysis, the deflection for the three nodes located at 

the end of the beam, bottom to top are -2.6, -2.54 and -2.46mm, respectively. These may be 

compared with the value of -2.5mm from beam theory. 

As can be seen from this comparison the model is capable of predicting the load-

deflection relationship in this particular problem. The difference in the model-predicted val­

ues for the three nodes located at the tip can be attributed to shear deformation. For the node 

located in the middle of the beam, y = 0, the shear deformation is near zero and hence the 

deflection predicted for this node is identical, to three significant figures, to the value from 

beam deflection theory. In order to check for any directional dependencies in the code, the 

problem was analyzed with the load applied in the x and y directions, separately, for the two-

dimensional analysis and in the x, y and z directions, separately, for the three-dimensional 

analysis. For the two-dimensional case the results are identical for the two load directions 

examined, and for the three-dimensional case, the results were identical for the three load 

directions examined. There was a slight difference, as expected, between the results of the 

two-dimensional, plane-stress approximation and the fully three-dimensional case. 
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5.2.2.2 Non-isothermal Body Problem 

The second problem examined the basic thermal-load/thermal-stress calculation in the 

model. The problem involves the application of a known temperature distribution to a section 

of the Monofrax-S casting subject to specific displacement boundary conditions. These 

boundary conditions are dictated by the limitations of the analytical solution which has been 

developed by applying the method of thermal strain suppression55. 

127mm(5in) 

Figure 5.16. Schematic illustration of non-isothermal problem employed for verification 

of thermal-load/thermal-stress calculation. 

The basic geometry of the problem is illustrated in Figure 5.16. The finite element 

representation of the same problem employing 24, eight-node, two-dimensional elements is 

presented in Figure 5.17. The plane-stress approximation is again adopted. The performance 
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of the model with this particular grid has been assessed because it is typical of those 

employed in the application of the model to the Monofrax-S casting analysis. Moreover, the 

temperature distribution was selected to produce variations in stress typical in a qualitative 

sense of those predicted by the model in the actual application to the'Epic-3 casting process. 

127mm(5in) 

c 
2 -

E 
E co 

CO 
(M 
C\J 

7^ 

Figure 5.17. Schematic illustration of finite element representation of non-isothermal 

problem employed for verification of thermal-load/thermal-stress calcula­

tion. 

Given the following boundary conditions and temperature distribution: 

v = 0, at y - 0,x = 0- 121mm (5in), 

y = 228.6mm (9in),x =0 - 121 mm (5 in) 

u = 0, at x = 63.5(5in), y = 0, y = 228.6mm (9in) 

(5.61) 

(5.62) 
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T = 1000.0 -(x2) (5.63) 

where, x is in units of millimeters and T is °C. The stress distribution in the x-direction, o~x, is 

then 

o x = aE(x2) (5.64) 

Equation (5.64) has been derived based on the assumption that the Monofrax-S is in a zero 

state of stress at 1000°C. The thermomechanical properties for the problem are presented in 

Table 5.5. 

T A B L E 5.5 
Thermomechanical Properties for Non-isothermal Problem 

Parameter Value 

E, Elastic Modulus (Monofrax-S) 100,000. MPa 

v, Poisson's Ratio (Monofrax-S) 0.15 

a, Thermal Linear Expansion Coefficient 8.0 x 10 0 6 f C 1 ) 

The results of a comparison between the Gx distribution predicted by the model and the 

analytical solution are presented in Figure 5.18. The output from nine nodes located over a 

range of x values from x = 0.0 to 127mm(5in) at y = 114.3mm(4.5in) has been selected for 

the comparison. The analytical results appear as discrete points. 

Based on the comparison in Figure 5.18, the model is capable of predicting the result­

ing stress distribution for the non-isothermal problem outlined above. As is evident from this 

comparison, the accuracy of the stress prediction is dependent on mesh density. For the zone 

with the lowest mesh density, the accuracy is reduced in comparison to that observed with 

the higher mesh density. This is a consequence of attempting to reproduce the quadratic vari­

ation in stress, Equation (5.64), with a linear variation in stress over the domain of the ele­

ment. In order to investigate any directional dependencies, the problem was analyzed with 
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the boundary conditions and temperature distribution conducive to generating tensile stresses 

in the x and y directions, separately, for the two-dimensional analysis and x, y and z direc­

tions, separately, for the three-dimensional analysis. The results were identical to those pres­

ented in Figure 5.18. 
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Figure 5.18. Comparison of model predictions of o~x distribution to results of analytical 

solution. Note: the temperature distribution is also shown on this graph. 

5.2.2.3 Summary on Basic Stress Analysis Code Verification 

The results of the two previous analyses have verified the basic mathematical formula­

tion and computer code utilized in the model stress generation. In addition, the second prob­

lem served as a means of assessing the performance of the model for the Epic-3 casting 
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application. 
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CHAPTER 6 

ANALYSIS OF EPIC-3 MONOFRAX-S CASTING PROCESS 

The focus of the discussion can now be shifted to the manner in which the models of 

heat-flow and stress generation have been applied to the analysis of the Epic-3 Monofrax-S 

casting process. As mentioned previously, the Epic-3 casting technique has been selected for 

study owing to its high propensity for crack formation. Moreover, since a statistical crack 

survey has been completed for this casting process (see Chapter 1) a good data base is avail­

able and can be employed, in conjunction with the numerical investigation, to develop mech­

anisms for crack formation. 

Since the mathematical models of heat-flow and stress generation are uncoupled and 

distinct, the analysis was done in two stages. 

6.1 Application of Thermal Model 

In essence, the task of applying the thermal model requires that the Epic-3 casting pro­

cess be described in mathematical terms. The resulting mathematical problem then can be 

analyzed with the general finite-element model developed in Chapter 5 . The procedure for 

description of the problem includes characterization of the boundary conditions, initial condi­

tions and material properties. Once these had been specified, an appropriate finite element 

spatial discretization was selected. Finally, model input parameters relevant to execution of 

the mathematical algorithm were input. 

6.1.1 Epic-3 Boundary Conditions 

In the Epic-3 casting technique, heat flows via conduction within the refractory and the 

mould, and is removed from the exterior surface of the mould by radiation and natural con­

vection. To predict the thermal history in the refractory correctly, the model must therefore 
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consider heat flow in the surrounding mould material as well as in the casting. The principal 

boundary conditions are then: the refractory surface; the mould surface adjacent to the refrac­

tory (combined they make up the refractory/mould interface); and, the mould exterior. 

In order to analyze this problem efficiently, heat transfer symmetry has been assumed 

to reduce the computational effort required. For heat flow in a transverse plane, symmetry 

about the x- and y-centre planes has been assumed. The resulting transverse quarter-section is 

illustrated schematically in Figure 6.1 - see plan view. On the symmetry boundaries a zero 

heat-flow or adiabatic boundary condition, Equation (6.1), has been specified. 

q=-kj£ = 0 (6.1) 

For the fully three-dimensional problem, a third boundary of zero heat flow may be applied 

in the region near mid-height in the casting. Based on the results of the in-mould temperature 

measurements (see Chapter 4, Figure 4.4), there is little or no heat flow in the axial or 

z-direction for a large region which is centered about mid-height in the casting. Depending 

on the region of interest, the computational size of the problem can therefore be reduced to 

the analysis of either the top or bottom quarter section of the casting. 

Initially, it is likely that heat flows across the boundary between the refractory and the 

mould by conduction as there is good physical contact between the liquid Monofrax-S and 

the mould. For some time, any shrinkage occurring in the refractory due to cooling, which 

could lead to formation of a gap at refractory/mould interface, will tend to be offset by ther­

mal expansion of the mould. Eventually, however, depending on the relative rates of thermal 

contraction in the refractory and expansion/contraction of the mould, there could potentially 

be a net displacement of the refractory relative to the mould giving rise to an air gap at the 
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304(12) 

254(10) 

76(3) 

Monofrax-S 254mm(10in) x 457.2mm(18) 

Bonded Sand 

Note 1: Not to Scale 

units are mm(in) 

Flasking Segment 

Figure 6.1. Schematic illustration of mould/flasking lay-up for Epic-3 casting technique 

showing coordinate system and centre-planes of symmetry utilized in ther­

mal model analysis. 

interface. Heat then would be transferred across the gap by a combination of radiation, con­

duction through air and convection. Of these, radiation would be dominant at elevated tem­

peratures. 

Unfortunately, there is virtually no information in the literature relating to heat transfer 

across casting/mould interfaces in ceramics casting processes. In light of this, the character­

ization of heat flow between the ingot and mould in metal castings has been examined22 ,56"68. 
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According to Thomas et al. 2 2 , the high heat-transfer rates at the interface prior to gap 

formation must be accounted for to predict the thermal behaviour within the cooling ingot 

correctly. Moreover, the thermal resistance due to air-gap formation also has a significant 

impact on cooling and solidification56. Based on these findings, a time-dependent heat-

transfer coefficient has been adopted for the Monofrax-S casting process. To approximate the 

behaviour of this interface prior to gap formation, a conductive heat transfer coefficient is 

utilized consistent with high heat transfer rates. Once t g a p has been reached (the time of gap 

formation), the conductive heat transfer coefficient is then reduced linearly, as a function of 

time, until its value is exceeded by an effective heat transfer coefficient due to radiation 

which then is assumed to become the dominant mode of heat transfer. 

The boundary condition which has been employed to describe heat transfer at the 

refractory/mould interface is 

° = - ^ = KPVs-T») (6.2) 

where for elapsed times less than tg a p 

h g a p = h c o n d (6.3) 

and for elapsed times greater than tgap, h^rr is the larger of 

hgap = Kond -frampif ~ tgap) (6-4) 

or 

i (T:-TD 

a——— (6.5) gap I 1-e 
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Note that Equation (6.5) applies for two parallel plates exchanging radiation that are in close 

proximity with one another (edge effects can be neglected) and are behaving as gray radiative 

bodies. 

To serve as a starting point, a value of 4000 W/m2-°C was assumed for the conductive 

heat-transfer coefficient, h^, which is consistent with values reported in the literature56 for 

metal castings. The time for gap formation, tgap was assumed to be 3600 s or 1 hr. The rate of 

decrease of (which is dictated by the magnitude of / r a m p ) was assumed to be l . l x 10"03 

W/m2-°C-s in order to result in a change in of about 4000 W/m2-°C in about 10 hrs. The 

normal emissivities for Monofrax-S and silica sand, ex and e2 respectively, are assumed to be 

equal to that of fuzed rough quartz, 0.9351. The validity of these assumptions and the validity 

of the application of information from metals casting processes will be examined later in Sec­

tion 6.1.5. where the sensitivity analysis and the comparison between industrial data and 

model predictions are discussed. 

To implement this heat-transfer coefficient boundary condition, duplicate nodes have 

been specified at the refractory/mould interface for those element faces which lie on the 

boundary. Hence, the driving force for heat conduction across the interface is the temperature 

difference between pairs of nodes located at the same location belonging to either a refrac­

tory element or mould element. In Equations (6.2) and (6.5), the terms T s and L then repre­

sent either the refractory surface and mould surface temperatures or mould surface and 

refractory surface depending on whether the element forms part of the refractory surface or 

mould surface, respectively. Within the elemental integration scheme these temperatures are 

evaluated at the appropriate Gauss integration points on the boundary element surfaces. 
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The final boundary condition which has been characterized for the Epic-3 casting pro­

cess is the mould exterior. On this boundary, heat is conducted from the mould to its sur­

roundings by natural convection and radiation. The boundary condition which is applied to 

the mould exterior is 

q=-k — = hext{Ts-TJ (6.6) 

where, hnl is the overall heat transfer coefficient due to radiation and natural convection: 

hal = hconv + hrad (6.7) 

The first term in Equation (6.7) has been evaluated based on an empirical expression for free-

convection for vertical planes and cylinders5 1 , 6 9. 

Nu, 
Konv = k m r - ^ (6.8) 

where, the Nusselt number under conditions of laminar flow is 

NuL = 0.555(GrLPrL?" (6.9) 

and L is defined as the characteristic length of the system. It was verified that the product of 

the Grashof and Prandtl numbers did not exceed 109 indicating the onset of turbulent flow. 

For the Epic-3 casting process L is assumed to be equal to half of the height of one of the 

lower flasking segments, approximately 150mm(6in), owing to the presence of the horizontal 

ridges separating the segments - see Figure 6.1. The expressions for the Prandtl and Grashof 

numbers are, respectively, 
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g ^ - P g p L ( r ^ l TJL3 (6.11) 

Wair 

where, 

P ~ - p 

P = n f r _ T . (6-12) 
r \ surface * ~/ 

In Equations (6.8), (6.10) and (6.11) the thermophysical properties of air are evaluated at the 

mean film temperature. 

In the three-dimensional analysis, where the top and bottom external surfaces of the 

mould must be considered, the above relationships for natural convection for vertical plates 

and cylinders are assumed to hold. The second term in Equation (6.7), h r a d , is evaluated from 

the expression 
, \* surface x «•> tr i l\ 
Kadivion = £0~7^ ( 6 , 1 3 ) 

\-* surface 00) 
where, e is the emissivity of the mild steel mould flasking and is assumed to be equal to 

0.9451. The mild steel flasking is assumed to behave as a gray radiative body. 

The above expressions, Equations (6.1) - (6.13), complete the mathematical description 

of the boundary conditions utilized in the thermal model to describe the Monofrax-S casting 

process. 

6.1.2 Initial Conditions 

In the Epic-3 casting technique, molten or liquid Monofrax-S is poured from the elec­

tric furnace directly into the mould which is at ambient temperature. As mentioned earlier, 

after pouring is completed, the casting is left to cool for a period of time until a re-pour is 
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carried out. In this procedure, the casting is re-positioned under the furnace pour spout and 

liquid Monofrax-S is added to the top of the casting to reduce the size of the shrinkage cav­

ity. The casting is then moved to a location where it is left to cool. 

To avoid the added complexity of modelling the actual pouring event, the numerical 

analysis commences with the pour complete. The Monofrax-S is assumed to be initially at 

the pour temperature and the surrounding moulding material at ambient temperature. In addi­

tion, the re-pour event and any effect that it has on the thermal history of the refractory has 

been ignored. From the industrial measurements made on the instrumented Epic-3 (see 

Chapter 4) the initial conditions are then 

TMonofrax_s = W5°C,t = 0 (6.14) 

TMould = 25°C,t = 0 (6.15) 

T„ = 25°C,t>0 (6.16) 

6.1.3 Material Properties 

Having completed the characterization of the boundary and initial conditions, the focus 

is now shifted to material property characterization. For the thermal analysis, thermophysical 

data is necessary for both the Monofrax-S and the surrounding mould materials. For those 

data which are a function of temperature, the model has been formulated to accept the data in 

the form of a polynomial. 

As outlined in Chapter 3, owing to a paucity of thermophysical and thermomechanical 

data for Monofrax-S in the literature, a parallel programme for material property evaluation 

was initiated by Carborundum at the beginning of the research programme. Unfortunately, 

the extreme temperatures involved presented a significant obstacle to data generation and not 

all of the necessary information could be obtained within the time frame of the project. In 
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those instances where data is not available, or is only partially available (limited temperature 

range), estimates and extrapolations have had to be made, respectively. In general, the 

extrapolations have been made on the basis of the low-temperature behaviour of the material. 

6.1.3.1 Thermophysical Properties of Monofrax-S (AZS-CS3) 

For Monofrax-S (AZS-CS3), the thermal diffusivity, heat capacity and density have 

been evaluated as a function of temperature. The source for thermal diffusivity and heat 

capacity data is Virginia Polytechnic Institute70, and for the density data, Harrop Industries71. 

(The information from these reports was provided in the form of a summary by Lebold 7 6. 

Unfortunately, the summary did not contain reference to the techniques employed for mea­

suring these data nor to an estimate of the accuracy of the measurements.) This data has been 

utilized to calculate a thermal conductivity which is employed in the model. The approach 

taken for this calculation was to assume that the density was constant and independent of 

temperature consistent with the requirement of the fixed mesh utilized in the analysis. In this 

manner, the combination of density, heat capacity and thermal conductivity yield the correct 

value for the thermal diffusivity. 

The measured thermal diffusivity, heat capacity, density and calculated effective ther­

mal conductivity for Monofrax-S (AZS-CS3) are presented in Table 6.1 as a function of tem­

perature. Based on these data, a series of polynomials have been developed which describe 

the variation in the material properties with temperature from 0 to 1900°C. The correlations, 

which serve as input to the thermal model, are presented in Equations (6.17)-(6.21) with tem­

perature in °C. An average value of 3650.0 kg/m 3 was adopted for the density. A comparison 

between the original measured data and the model input data obtained from the correlations 

is shown in Figures 6.2-6.5. 
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T A B L E 6.1 
Thermophysical Properties of Monofrax-S (AZS-CS3) 

Temperature 

C Q 
Thermal 

Diffusivity7 0 

a 

(m2/s) 

Heat 

Capacity70 

cp 

(kJ/kg-°C) 

Density71 

P 
(kg/m3) 

Thermal 

Conductivity 
k70.71 

(W/m-'C) 

25 26.8x10"7 .666 3702 6.52 

100 23.5xl0"7 .762 3695 6.53 

200 18.42xl0~7 .838 3691 5.63 

300 15.7X10"7 .885 3682 5.07 

400 13.67xl0"7 .930 3674 4.64 

500 11.08xl0-7 .947 3664 3.83 

600 8.97xl0 7 .962 3655 3.15 

700 8.15xl0"7 .975 3644 2.90 

800 7.27xl0"7 .986 3631 2.62 

900 7.02xl0"7 .996 3621 2.55 

1000 7.41xl0"7 1.005 3615 2.72 

1100 7.94xl0 - 7 1.013 3630 2.93 

1200 8.22xl0~7 1.020 3626 3.06 

1300 8.41xl0"7 1.026 3615 3.15 

1400 8.49xl0"7 1.032 3604 3.20 

1500 8.19xl0"7 1.038 3594 3.10 
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Heat Capacity (kJ/kg-'C) 
For temperature range 0 < T < 500°C 

Cp = 0.65 +1.16 xlO~ 3 T-1.15 x l O " V (6.17) 

For temperature range 500 < T < 1900°C 

"Mono/rax - S 

,3 

Cp = 0.91 +8.85 x l O ' T (6.18) 

Density (kg/m) 
For temperature range 0 < T < 1900°C 

0 * 0 * * ™ . - * = 3650 (6.19) 

Thermal Conductivity (W/m °C) 
For temperature range 0 < T < 650°C 

s = 6.90-6.08 x l0" 3 r (6.20) 

For temperature range 650 < T < 1900°C 

kMmeJrax.s = 3.0 (6.21) 
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Figure 6.2. Measured heat capacity data as a function of temperature and polynomial fit 

for Monofrax-S(AZS-CS3). 
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Figure 6.3. Measured density data as a function of temperature and polynomial fit for 

Monofrax-S(AZS-CS3). 
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Figure 6.4. Measured thermal conductivity data as a function of temperature and polyno­

mial fit for Monofrax-S(AZS-CS3). 
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Figure 6.5. Measured thermal diffusivity data and as a function of temperature and poly­

nomial fit for Monofrax-S(AZS-CS3). 
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As discussed in Chapter 5, Section 5.1.1.6, the enthalpy technique was employed for 

latent heat evolution. Within the model, the enthaply method for calculation of a modified 

heat capacity is implemented for those elements which have a node above or within the 

liquidus-solidus temperature gap. Once through the phase change temperature range, the 

enthalpy technique is bypassed and the correlation for heat capacity is employed for evalu­

ation of the heat capacity which requires less computational effort. 

For evaluation of the enthalpy function, a heat capacity, solidus and liquidus tempera­

ture and latent heat of solidification are required. To simplify the calculation, a constant 

value of 1.03 (kJ/kg-°C) was adopted for the heat capacity of Monofrax-S over the phase 

change interval based on the data presented in Figure 6.2. Owing to a lack of data, the solidus 

and liquidus temperature and latent heat of solidification were estimated - refer to Section 

5.1.2.2. Monofrax-S is assumed to solidify over a temperature range from 1810 to 1780°C 

and release 760 kJ/kg of heat. The resulting enthalpy function, Equations (6.22) - (6.24) is 

presented graphically in Figure 6.6. 

Enthalpy Function (kJ/kg) 
For temperature range 0 < T < 1780°C 

Monofrax -S -25.75 + 1.03T (6.22) 

For temperature range 1780 < T < 1810°C 

Monofrax-S -43285.8 + 25.37 (6.23) 

For temperature range 1810 < T < 1900°C 

Monofrax - S = -703.35 + 1.037 (6.24) 
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Temperaure x 0.001 (degrees C) 

Figure 6.6. Enthalpy function for Monofrax-S(AZS-CS3) employed in the thermal 

model (Eqs.(6.22) to (6.24)). 
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6.1.3.2 Thermophysical Properties of Bonded and Annealing Sand 

For the moulding materials (bonded and annealing sands) a combination of data 

obtained from the evaluation programme and from the literature70 have been employed in the 

model. Tables 6.2 and 6.3 present the measured thermal conductivity data for bonded and 

annealing sands, respectively, obtained at the Ohio State University Refractories Research 

Center72. Unfortunately, the report72 does not include a description of the experimental tech­

nique employed or an estimate of the accuracy of the measurements. The bulk density for 

both the bonded sand and annealing sand was reported to be 1620 kg/m3. Typical chemical 

analysis of the base sand, which is used for both the bonded and annealing sand, is presented 

in Table 6.4. The assay indicates that the sand is almost pure silica. (For the bonded sand, an 

addition of sodium silicate is made to act as the binding agent.) During the Ohio State Uni­

versity analysis72, it was noted that both the bonded and annealing sands underwent a signifi­

cant volume expansion with increasing temperature, to the extent that the' lid of the container 

in which the sample was being held, was raised. 

Based on the data presented in Tables 6.2 and 6.3, correlations have been developed to 

describe the temperature dependency of the thermal conductivity. A comparison between the 

original data and the correlations for the bonded and annealing sands, Equations 

(6.25)-(6.27), is presented in Figure 6.7 and 6.8, respectively. A constant density of 1620 

kg/m3 was assumed for both types of sand consistent with the requirements of the fixed grid 

analysis and is based on the Ohio State measurements72. Finally, a correlation for the varia­

tion in the heat capacity of silica sand with temperature has been obtained from the literatu­

re73. The correlation, which serves as input to the model, is presented in Equations 

(6.29)-(6.30) and Figure 6.9. 
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Thermal Conductivity of Bonded Sand (W/m-'C) 
For temperature range 0 < T < 3 1 3 ° C 

= 0.251 (6.25) 

For temperature range 313 < T < 1900°C 

KO^SOM = -0-0425 + 8.82 x K T Y (6.26) 

Thermal Conductivity Annealing Sand (W/m°C) 

kaneaU*, son, = 0.0996 + 6.39 X l O " ^ (6.27) 

Density Bonded and Annealing Sand (kg/m3) 

P w = 1620. (6.28) 

Heat Capacity of Bonded and Annealing Sand (kJ/kg°C) 
For temperature range 0 < T < 750°C 

CPmd = 0.821 + 8.51 x l O ^ T - 5.40 x l C T V (6.29) 

For temperature range 750 < T < 1900°C 

= 1.090 + 8.68 x 10"5T (6.30) 
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T A B L E 6.2 
Thermal Conductivity of Bonded Sand' 

Temperature Thermal 
CC) Conductivity 

(W/m-'C) 
88.9 0.251 

313.3 0.256 

673.9 0.510 

1081.7 0.931 

T A B L E 6.3 
Thermal Conductivity of Annealing Sand 

Temperature Thermal 
CC) Conductivity 

(W/m-'C) 
92.9 0.192 

318.3 0.291 

686.1 0.480 
1089.4 0.832 

T A B L E 6.4 
Typical Composition of Base Sand7 2 

Component Weight 
% 

SiO z 99.88 

Fe 2 0 3 0.02 

A1 2 0 3 0.10 

TiO 0.015 

CaO 0.015 

MgO 0.005 

LOI 0.080 
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Figure 6.7. Measured thermal conductivity data as a function of temperature and polyno­

mial fit for bonded sand. 
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Figure 6.8. Measured thermal conductivity data as a function of temperature and polyno­

mial fit for annealing sand. 
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Figure 6.9. Heat capacity as a function of temperature for silica sand, input to the model 

(Eqs. (6.29) and (6.30)). 
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6.1.4 Finite-Element Spatial Discretization. 

Once the region to be analyzed has been defined through specification of the boundary 

conditions and material properties, an appropriate spatial discretization, or mesh, can be 

selected. This final step completes the mathematical description of the problem. 

Based on the frequency distribution of Type-A cracks (refer to Figure 1.4, Chapter 1), 

the lower quarter-section of the casting was selected for analysis. As can be seen from Figure 

6.10, this region encompasses those zones where the Type-Al, A2, B and E cracks are rou­

tinely observed. 

In geometrically large problems, such as the analysis of the lower quarter-section of the 

Epic-3 casting, selection of an appropriate spatial discretization often requires that a trade off 

is made between the desire for accuracy (high-density mesh) and need for computational effi­

ciency (low-density mesh). Moreover, the upper limit in problem size is usually dictated by 

computational hardware constraints. In this application, in order to maintain reasonable job 

execution times, the problem size was limited to the amount of R A M memory available to 

the computational engine. For the lower quarter section, this limit (approximately 55 Mega-

Bytes with the current facility) was reached when 24 layers of three-dimensional elements (in 

the pattern of the base grid illustrated in Figure 6.11) were stacked on top of one another. The 

resulting three-dimensional mesh contained a total of 3048 elements comprised of 14,771 

nodes. Of these, 432 elements (2397 nodes) make up the refractory. 

Given the practical constraint on mesh size, an attempt has been made to improve the 

accuracy through the utilization of a varying mesh density. As can be seen in Figure 6.11, 

higher mesh densities have been employed in those regions where temperature gradients are 

expected to be the largest, such as in the vicinity of the refractory/mould interface, where as, 

low densities have been utilized near the mould exterior where thermal gradients will be less 
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304(12) 

Figure 6.10. Schematic illustration of section of Epic-3 casting analyzed with heat-flow 

model. 

severe. For the base of the mould, higher densities have been achieved at the refracto­

ry/mould interface by reducing the vertical distance between nodes while maintaining the 

same overall two-dimensional pattern of elements. 
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-kdT/dn = Cr* 

\ -kdT/dn = 0 

Figure 6.11. Schematic illustration of the transverse (x/y) section of the three-dimensional 

mesh employed in the thermal analysis. 

6.1.5 Sensitivity Analysis, Comparison to Industrial Data and Alignment of 

the Heat-Flow Model to the Industrial Process. 

The first few runs with heat-flow model were utilized to conduct a sensitivity analysis 

on model input parameters. On the basis of the results of this analysis, the model input 

parameters were then "fine tuned" in order to bring the model predictions more in line with 

the industrial measurements. 
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Owing to the fact that multiple executions of the program were made, the sensitivity 

analysis, comparison to the industrial data and model adjustment procedure have been 

restricted to two-dimensions in order to give a reasonable program execution time. A trans­

verse section of the mesh utilized in the three-dimensional analysis, Figure 6.11, was 

employed in the two-dimensional analyses. The two-dimensional grid contained a total of 

443 nodes and 127 elements. 

6.1.5.1 Sensitivity Analysis 

The focus of the investigation was on those parameters which are not well defined and 

on the identification of potential sources of error in the model predictions. The sensitivity 

analysis was conducted on the parameters which characterize the material properties and the 

boundary conditions, >and, are relevant to execution of the numerical algorithm. 

The sensitivity of the model has been assessed on the basis of comparisons to the stan­

dard case predictions for selected nodes - see Figure 6.12. The standard case serves as a point 

of reference and is defined to be a 24 hr simulation with the model employing the input 

parameters as defined thus far. The nodes have been selected to coincide with the locations of 

thermocouples. For execution of the standard simulation, the maximum temperature change 

per time-step, T m a x , has been set to 5°C - refer to Section 5.1.1.5 of model formulation for 

discussion of this parameter. 
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> locations for nodes 
•' < used in sensitivity analysis 

mm Bonded Sand 

Annealing Sand 

d Monofrax-S 

<t—• X 

203mm(8in) 

Figure 6.12. Location of nodes utilized in sensitivity analysis 

[i] Heat of Solidification of Monofrax-S. 

As discussed earlier, the latent heat of solidification of Monofrax-S was estimated with 

a crude rule of mixtures approach - see section 6.1.2.2. The solidified structure of 

Monofrax-S, however, suggests a complex solidification sequence. Thus the rule-of-mixtures 
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approach will yield only a rough estimate of the amount of heat released during solidifica­

tion. To investigate the sensitivity of the model to this parameter, the input value has been 

varied arbitrarily by a factor two relative to the standard input value of 760 kJ/kg. The results 

for the three cases are shown in Figure 6.13. 

0 H \ i i i —~ i ~ i i i i i i 
0 4 8 12 16 20 24 

• Elapsed Time (hrs) 

Figure 6.13. Model sensitivity to latent heat of fusion of Monofrax-S. 

The behaviour exhibited in Figure 6.13 indicates a relatively high degree of sensitivity 

to this parameter. Doubling the latent heat of fusion results in roughly a 20% increase in the 

mould temperature at the refractory/mould interface at 24 hrs elapsed time. Alternatively, 

halving the heat of fusion decreased the mould temperature at the interface by less than 10%. 

As expected, the temperature responses predicted by the model are elevated with increasing 
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latent heat. Moreover, for the node located at the mould/refractory interface, there is a gen­

eral broadening of the temperature peak as the latent heat is increased. Clearly, any error in 

the magnitude of this parameter will have a significant impact on the model predictions and 

therefore on the accuracy of the model. 

[ii] Solidus-Liquidus Temperature Gap. 

In addition to estimating the amount of latent heat, it has also been necessary to esti­

mate the temperature range over which this heat is released. For Monofrax-S, the liquidus 

and solidus temperatures have been estimated from the ALCvZrCVSiOz ternary phase 

diagram24 to be 1810 and 1780°C, respectively. The sensitivity of the model to T g a p (the dif­

ference between the solidus and liquidus temperatures) has been investigated by holding the 

liquidus temperature constant and varying the solidus temperature such that T g a p is altered 

arbitrarily by a factor of two. The results of this comparison are presented in Figure 6.14. 

As can be seen, the model predictions show a moderate sensitivity to the magnitude of 

T g a p . Doubling the solidification temperature range results in roughly a 10% increase in 

mould temperature at the refractory/mould interface at 24 hrs elapsed time. Alternatively, 

halving this temperature range reduces the mould temperature at the interface by less than 

10%. The effect of decreasing T g a p is similar to that observed for a decrease in the latent heat 

of fusion - see Figure 6.13. Releasing the latent heat over a smaller temperature range should 

slightly increase temperature gradients within the refractory block and have only a small 

impact on the interfacial temperature. One plausible explanation for the observed behaviour, 

is error in the numerical technique which accounts for the release of latent heat. It is well 

documented41 that latent heat evolution becomes difficult to handle numerically when the 

phase change interval, T , becomes small. The relationship between the size of T g a and the 
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Figure 6.14. Model sensitivity to liquidus-solidus temperature gap , T( gap-

magnitude of the numerical error will be dependent on such factors as mesh density (see sec­

tion 5.1.2.2) and the amount of latent heat released. It is likely that the enthalpy technique for 

latent heat evolution, utilized in the heat-flow model, is underestimating the latent heat 

released for values of T g a p less than 60°C. This hypotheses is supported by the fact that an 

increase in T g a p beyond 60°C does not result in an appreciable change in the model predic­

tions (not shown). 

[iii] Refractory/Mould Interface Boundary Condition. 

In order to provide a starting point for the Monofrax-S casting analysis, several 

assumptions have been made about the manner in which heat flows across the refracto­

ry/mould interface. Referring to section 6.1.1, Equation (6.4), the key parameters are: h c o n d , 
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magnitude of heat transfer coefficient due to conduction; tgap, time for gap formation, and; 

f r a m p, rate of decrease of h c o n d . To determine the sensitivity of the model to these parameters, 

the magnitude of each, in turn, has been varied arbitrarily by a factor of two relative to the 

standard case. The results of the analysis are presented in Figures 6.15, 6.16 and 6.17. 

Based on the comparison presented in Figure 6.15, model sensitivity to the magnitude 

of h^nd is relatively high. Most notably, a large change in model predictions are observed for 

the case where h c o n d has been increased from 4000 to 8000 W/m2-°C. Doubling h c o n d results in 

a significant increase in the rate of supply of heat to the mould. This results in a 20% increase 

in the mould temperature at the refractory/mould interface at 24hrs elapsed time. It is also 

interesting to note that, until approximately 5 hrs. elapsed time, the model is not sensitive to 

variations in this parameter. The peak temperatures achieved in the mould at the refracto­

ry/mould interface are almost identical. 

The effect of varying the time for gap formation, tgap, is presented in Figure 6.16 where 

it is evident that, for the range of tgap investigated, the model predictions are not sensitive to 

this parameter. An increase in tg a p to 2 hrs. results in roughly a 1% increase in the tempera­

tures predicted by the model in the mould. 
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Figure 6.15. Model sensitivity to magnitude of refractory/mould interfacial heat-transfer 

coefficient, h c o n d . 

Model sensitivity to the rate of decrease of h ^ , which is determined by the magnitude 

of/ r a m p , is presented in Figure 6.17. Reducing/ r a m p by a factor of two from 1.1x105 to 

0.55xl0"5 W/m2-°C-s results in a 20% increase in the temperatures predicted by the model in 

the mould at the refractory/mould interface at 24 hrs elapsed time. 
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Figure 6.16. Model sensitivity to time of gap formation at refractory/mould interface. 

Overall, the results presented in Figures 6.15-6.17 indicate a high degree of model sen­

sitivity to the parameters utilized in the characterization of the refractory/mould interfacial 

boundary condition. As formulated, heat transfer across this interface is a function of the 

temperature differential across the boundary (driving force) and the magnitude of the speci­

fied heat transfer coefficient. Initially heat is transferred rapidly owing to the large tempera­

ture difference between the refractory and mould. While the temperature difference remains 

large the model exhibits little sensitivity to changes in h ^ owing to the high rates of heat 

flow. During this period the sand is likely the dominant resistance to heat flow from the cast­

ing. At times beyond tgap, h c o n d is gradually decreased until radiation becomes the dominant 

mechanism of heat-transfer across the gap - refer to Section 6.1.1. At some point during this 

transition, the resistance to heat transfer becomes large enough to impact on the temperature 
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profiles within the mould. The time at which this occurs is dictated by the magnitude of h ^ 

and f r a m p and hence the model exhibits a high degree of sensitivity to these parameters. More­

over, the model will obviously be sensitive to tg a p if it is increased to long enough times. 

o -f i 1 1 1 1 1 1 1 1 1 1 

0 4 8 12 16 20 24 
Elapsed Time (hrs) 

Figure 6.17. Model sensitivity to magnitude of rate of decrease of refractory/mould inter-

facial heat-transfer coefficient,/ r a m p. 

[iv] Thermal Conductivity of Sand. 

For the investigation of the thermal conductivity of bonded and annealing sand, the 

thermal conductivity of both materials was arbitrarily varied by a factor of two relative to the 

measured data. The results of the comparison are presented in Figure 6.18 where it is evident 

that the model is highly sensitive to this parameter. Doubling the thermal conductivity 
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reduces the peak temperature achieved at the refractory/mould interface by 10% and evi­

dently has a major impact on the temperature profiles throughout the mould. Moreover, at 

20.32 cm (8") from the interface, the time at which the heat-pulse is predicted to arrive, is 

decreased from 4 to 2 hrs elapsed. Combined, the bonded and annealing sands obviously rep­

resent a major resistance to heat flow in the Epic-3 casting process. A crude comparison of 

the resistances to heat flow within the casting confirms that the sand represents the dominant 

resistance. (At mid-height in the casting, the resistances to heat flow are approximately: R A Z S 

= 0.04 -C/W, R r e f r a c t o r y / m o u I d g a p = 0.0003-0.01 °C/W, R s a n d = 1.5 °C/W and R m o u ] d e x l e r i o r = 0.01 

°C/W.) Any errors in the quantification of the thermal conductivity of these sands will lead to 

significant errors in model predictions. 

0 I i "" i 1 1 1 1 1 1 1 1 1 
0 4 8 12 16 20 24 

Elapsed Time (hrs) 

Figure 6.18 Model sensitivity to the thermal conductivity of the moulding sand. 
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[v] Maximum Temperature Change per Time-Step. 

One of the potential sources of numerical error in non-linear transient heat transfer 

analyses is improper selection of the integration time-step. Model sensitivity to this parame­

ter has been investigated to establish whether or not a reasonable value is being employed in 

the calculation. 

Within the heat-flow model, the integration time-step is controlled dynamically so as to 

keep the change in temperature, for an increment in time, within a user-specified maximum, 

T m a x . With this technique, the time-step is adjusted in accordance with the rate at which the 

temperature is changing in the casting process. The time-step is therefore not explicitly set by 

the user, but instead, is dynamically controlled as a function of T m a x and the conditions pre­

vailing in the model. Model sensitivity to integration time-step has been investigated indi­

rectly through a sensitivity analysis of the parameter T m a x , which has been varied by a factor 

of two from the standard value of 5°C. The results are presented in Figure 6.19 and indicate 

that the model is relatively insensitive to the magnitude of T m a x . A factor of two decrease in 

T m a x results in roughly a 5% decrease in the temperature profiles predicted for the selected 

nodes at 24 hrs elapsed time. The effect becomes obvious beyond 5 hrs. elapsed time. Pres­

umably, this behaviour is due to the frequency with which the material properties and tem­

perature dependent boundary conditions are up-dated within the model. It follows, therefore, 

that the smaller T m a x will yield the more accurate results. However, not without an added 

computational cost as a larger number of iterations are carried out. For this analysis, it is felt 

that T m a x = 5°C serves as a reasonable compromise. 
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Figure 6.19. Model sensitivity to maximum temperature change per time step. 

6.1.5.2 Comparison of Model Predictions to Industrial Data 

A comparison then was made between the model predictions and the industrial thermo­

couple measurements. Through this comparison, the performance of the model has been 

assessed and the validity of the more questionable input parameters ascertained. The 

thermocouples used in the comparison are located at roughly mid-height in the casting con­

sistent with the restrictions imposed by the two-dimensional analysis. Figure 6.12 illustrates 

their locations relative to the refractory/mould interface. Note that these positions are 

identical to those utilized in the sensitivity analysis. The results of the comparison are pres­

ented in Figure 6.20. 
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Figure 6.20. Comparison between model predictions and industrial thermocouple data. 

It is evident from Figure 6.20 that the model predictions do not agree well with the 

industrial data. For example, there is a significant discrepancy in the time it takes for the heat 

pulse to arrive 203.2mm(8in) into the mould. The thermocouple data indicates that the tem­

perature at this location first begins to rise approximately one hour after pouring. In contrast, 

the model predicts this time to be closer to four hours. Moreover, model predictions for the 

interracial temperature also exhibit poor agreement with the industrial measurements. In this 

case, the model is over-estimating the temperature at the refractory/mould interface by as 

much as 150°C. 
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6.1.5.3 Alignment of Model to the Epic-3 Casting Process. 

Given the uncertainty surrounding the evaluation of some of the input data and the 

characterization of certain boundary conditions, the poor agreement exhibited in Figure 6.20 

is not unexpected. Bringing to bear the results of the sensitivity analysis, it was possible to 

employ the thermocouple data to help better define some of the more questionable input 

parameters. In this manner, the model was "tuned" or "aligned" to the Epic-3 casting process. 

The sensitivity analysis identified two material-related parameters which warrant close 

inspection: the thermal conductivity of sand and the latent heat of solidification of the refrac­

tory. A comparison between the thermocouple data, Figure 6.20, and the results of the sensi­

tivity analysis to the thermal conductivity of sand, Figure 6.18, revealed that an increase in 

the thermal conductivity of the sand will result in a better overall alignment of the model 

predictions to the industrial data. The effect is two fold: firstly, the time it takes for the heat 

to reach 203.2mm(8in) into the mould decreases with increasing thermal conductivity; and 

secondly, the prediction for the interfacial temperature is reduced as the conductivity of the 

mould material is increased. It was felt, therefore, that the thermal conductivity for the mould 

material (bonded and annealing sands) is too low and required adjustment. This inconsis­

tency may be in part due to differences in the packing density. It is well documented74 that 

bulk density can have a significant impact of the conductivity of granular materials. The sand 

within all but the top regions of the Epic-3 mould is probably much more densely packed by 

the burden than the samples used by Ohio State for evaluation72. Unfortunately, the bulk den­

sity within the mould was not measured for comparison. Moreover, the impact of compaction 

on the thermal conductivity of sand was not investigated. 

Following the assumption that the sand within the mould is more densely packed, the 

thermal conductivity of the sand was increased. The strategy was to increase the conductivity 
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at room temperature while keeping the conductivity at high temperature consistent with the 

Ohio State measurements72. The rational for this approach follows from observations made 

during the Ohio State measurements - refer to Section 6.1.3.2. During evaluation of the con­

ductivity, it was reported that the sand samples exhibited a significant thermal expansion. 

Presumably, the impact of semi-constrained expansion would be to fill the void spaces in the 

sand resulting in an increase in the thermal conductivity. This would account for the factor of 

four increase in thermal conductivity observed during the Ohio State measurements - refer to 

Table 6.2. In the Epic-3 mould, the sand initially has a lower void-space due to the burden. 

Hence, the thermal conductivity at room temperature would be higher. The amount by which 

the conductivity is increased was established through a process of trial and error to align the 

model predictions to the industrial data. The primary criterion for assessing the degree of 

alignment or fit was the length of time for the heat pulse to reach 203.2mm(8in) into the 

mould. As can be seen from the results presented in Figure 6.21, the model predictions fall 

much more in-line with the industrial data when the sand conductivity was adjusted. The 

variation in sand thermal conductivity utilized to achieve this are as follows: 

For temperature range 0 < T < 1000°C 

Kaolin •°C) = 4.78xl0"1 + 1.00xl0"" 3r-5.4xl0 _ 77 2 (6.31) 

For temperature range 1000 < T < 1900°C 

KandW/l™ • °C) = 8.89xl0 _ 1 + 6.52xl0"57; (6.32) 
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Figure 6.21. Model fit to industrial thermocouple data using an adjusted thermal conduc­

tivity of moulding sand. 

Despite a marked improvement, there was still a tendency for the model to over­

estimate the temperature observed in the mould. A comparison between the results presented 

in Figure 6.21 and the model sensitivity to the heat of solidification, Figure 6.13, reveals that 

the over-prediction in temperature could be attributed to error in this parameter. The latent 

heat of solidification appears to be the only parameter capable of having an impact on the 

peak temperature achieved at the interface other than the thermal conductivity of sand. Based 

on this observation, it was reasoned that the initial estimate for the latent heat of fusion of 

Monofrax-S employed in the model was too high. Through a process of trial and error the 

latent heat of fusion of Monofrax-S was determined to be closer to 400 kJ/kg. This represents 

close to a 50% reduction in the amount of latent heat evolved in comparison to the value of 
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760 kJ/kg estimated by the rule of mixtures. This reduction may be plausible if a significant 

portion of the mullite (3Al 2 0 3 2Si0 2 ) forms as a metastable glass and does not release any 

latent heat. (According to the A1 2 0 3 Z r 0 2 SiO z phase diagram most of the alumina should 

form mullite.) Since 70% of the calculated latent heat is attributed to crystallization of A1 2 0 3 

in the rule of mixtures estimation, the reduction could be significant. The model predictions 

for the case where the latent heat has been reduced are presented together with the industrial 

data in Figure 6.22. As can be seen, the agreement is now quite reasonable. 

o |~ — i 1 1 1 1 i 1 1 1 1 — — i 1 

0 4 8 12 16 20 24 
Elapsed Time (hrs) 

Figure 6.22. Model fit to industrial thermocouple data using an adjusted latent heat of 

fusion of Monofrax-S. 

Together with the thermal conductivity of sand and the heat of solidification of 

Monofrax-S, the sensitivity analysis has identified other parameters associated with the char-
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acterization of heat transfer across the refractory/mould interface as being potential sources 

of significant error. A comparison between the model predictions presented in Figure 6.22 

and the results of the sensitivity analysis for these parameters, Figures 6.15-6.17, revealed 

that the estimated values for h ^ , tg a p a n d / r a m p are probably quite reasonable. Fine tuning of 

this boundary condition through the introduction of a time dependent/ r a m p, resulted in only a 

small improvement in the performance of the model as indicated in Figure 6.23. In Figure 

6.23, for elapsed times in the range of 1 to 4 hrs , / r a m p was set equal to 2.0x10'3 W/m 2-°Gs 

and for elapsed times greater than 4 hrs it was reduced to 5.0xlO"4W/m2-°C-s. A review of the 

literature56 indicates that there is some justification for this type of behaviour. In metal cast­

ing processes utilizing sand-moulds, measured heat transfer coefficients are shown56 to 

exhibit a rapid initial decrease in h ^ at the onset of gap formation which is then followed by 

a slower rate of decline. In light of some of the other modelling assumptions, this adjustment 

is probably slightly presumptuous. Nevertheless, it helps to fit to the industrial data. 
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Figure 6.23. Model fit to industrial thermocouple data using adjusted value for/ r a m p . 

To this point, the comparisons to industrial measurements have been limited to nodes 

located 0 and 203.2mm(8in) from the broad-face. To present a more complete assessment of 

the predictive capabilities of the model, comparisons have been made between thermocouple 

measurements 51mm(2in) from the broad and narrow faces at mid-height and nodes located 

57mm(2.25in) from the broad and narrow faces (the mesh does not contain nodes at the exact 

thermocouple positions). The results of the comparison are presented in Figure 6.24. Bearing 

in mind the difference in location, the results show reasonable agreement between the model 

predictions and the in-mould temperature responses adjacent to both the minor and major 

faces of the casting. 
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Figure 6.24. Model fit to industrial thermocouple data using adjusted values for input 

parameters. 

6.2 Appl icat ion of Stress Model . 

As with the thermal model, the Epic-3 casting process must first be described in mathe­

matical terms before the finite-element model of stress generation can be applied. This 

description involved the characterization of the boundary conditions, initial conditions and 

material properties. Once completed, an appropriate finite element spatial discretization was 

selected. 
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6.2.1 Boundary Conditions. 

In contrast to the thermal analysis, which includes the mould, the stress analysis has 

been limited to the refractory only. Moreover, any interaction with the surrounding mould is 

neglected and the surfaces of the refractory are assumed to be traction free. From the stand­

point of the stress analysis the Monofrax-S refractory is therefore assumed to solidify in an 

unconstrained fashion free of the mould. 

In a similar fashion to the thermal model, axes/planes of symmetry have been adopted 

to reduce the computational effort. The symmetry boundaries utilized in the stress analysis 

follow directly from the assumption of symmetry in the flow of heat from the casting (see 

Section 6.1.1., Figure 6.1, for locations of axes/planes of symmetry in the thermal analysis). 

On the symmetry boundaries, displacement in the direction normal to the plane of symmetry 

has been suppressed. Since the thermal load/forces normal to the interior boundaries are 

assumed to be equal and opposite, the net displacement in the direction of these forces will 

be zero. Figure 6.25 illustrates schematically the boundary conditions applied to the two-

dimensional transverse quarter-section of the refractory. 

Referring to Figure 6.1, Section 6.1.1, the internal symmetry boundary conditions are 

then: 

u = 0 at x = 0; y = 0, 228.6mm (9m); z = 0, 952.5mm (37.5m) (6.33) 

v =0, at x = 0, 127mm (5m); y = 0; z =0, 952.5mm (37.5m) (6.34) 

w = 0 at x = 0, 127mm (5m); y = 0, 228.6mm (9m); z = 0 (6.35) 

where, u, v and w are the displacements in the x, y and z directions respectively. 



y . v 

12.7 cm (5") 

147 

E o 
CD 
CO 

o i 
CvJ 

X , u 

Figure 6.25. Schematic illustration of boundary conditions applied to the two-

dimensional transverse quarter-section of Epic-3 refractory. 
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6.2.2 Initial Conditions 

For the stress analysis the refractory was assumed to be in a state of zero stress at the 

beginning of the casting process. Hence all initial nodal displacements were set to zero. Since 

the Monofrax-S is initially in a liquid state this is a reasonable assumption. The initial condi­

tions for the lower quarter section are thus 

u = v =vv =0 

at x -0, 127mm (5m); y = 0, 228.6mm (9m); z =0, 952.5mm (37.5m); 

t = 0 (6.36) 

6.2.3 Thermomechanical Properties of Monofrax-S (AZS-CS3) 

As was the case with the thermal model, the principal source of thermomechanical data 

was the evaluation programme initiated at Carborundum71 ,75 (see outline of programme in the 

Methodology). Unfortunately, not all of the necessary data could be obtained within the time­

frame of the project. In those instances where the thermomechanical data was incomplete 

(eg. limited temperature range), extrapolations have been made from the low temperature 

measurements. Furthermore, due to the lack of information describing the experimental tech­

niques, no assessment of the error in the measurements has been made. 

For the elastic thermal-stress formulation, the relevant material properties for 

Monofrax-S are the elastic modulus, Poisson ratio and thermal-linear expansion coefficient. 

The latter must be calculated from information on the thermal expansion/contraction beha­

viour of the material. 

The elastic modulus, Poisson ratio and percentage change in length data (%AL) for 

Monofrax-S (AZS-CS3) are presented as a function of temperature in Table 6.5 7 1 ' 7 5 (the per­

centage change in length data has been established from a Thermal Dilatometric Analysis or 
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TDA). From this data correlations have been developed which describe the variation in 

elastic modulus and the Poisson ratio over a temperature range of 0 - 190CTC. The elastic 

modulus is assumed to decrease linearly from 1200°C to 1780°C at which point it is assumed 

to remain constant at 0.1 MPa through to 1900°C. A relatively small value of O.lMPa was 

utilized to simulate the effect of the liquid/mushy material on the generation of stress which 

will be negligible (the stress model requires a finite elastic modulus). The Poisson ratio was 

assumed to remain constant at 0.15 above 900°C. These correlations are presented in Equa­

tions (6.37) - (6.41) and are shown in Figures 6.26 and 6.27. 

The thermal-linear expansion coefficient was obtained by dividing the TDA data pres­

ented in Table 6.5 by 100 to convert it to units of A1A (linear strain). From Figure 6.28 it is 

apparent that more than one thermal linear expansion coefficient will be necessary to 

describe the behaviour of Monofrax-S under cooling conditions (lower curve). Most notably, 

there is a departure from contraction to expansion during cooling as the ZrO z component of 

Monofrax-S undergoes the tetragonal-to-monoclinic phase transformation between 940 and 

840°C. Three lines have been fitted to the cooling curve as illustrated in Figure 6.28. The 

slopes of these lines, Equations (6.42)-(6.44), are the thermal-linear expansion coefficients 

input to the model. For temperatures above 1780°C the thermal-linear contraction coefficient 

for Monofrax-S was assumed to be equal to zero. 

Elastic Modulus (MPa) 
For temperature range 0 < T < 1000°C 

E 'Monofrax — S = 100,000.0 (6.37) 

For temperature range 1000 < T < 1200°C 

E, 'Monofrax —S = 473850-374.87 (6.38) 

For temperature range 1200 < T < 1780°C 

E, 'Monofrax -S = 87825-157.67 (6.39) 

For temperature range 1780 < T < 1900°C 



^Monofrax-S — 0.1 

Poisson Ratio 
For temperature range 0 < T < 1900"C 

V Monofrax-S = 0.15 

Thermal Linear Expansion/Contraction Coefficients (AI/I)°C 
For temperature range 0 < T < 840° C 

^Monofrax-S ~ ~6.55xl0 
i 

For temperature range 840 < T < 940°C 

a M o n o / r a x _ 5 = 2.41xl0^ 5 

For temperature range 940 < T < 1780°C 

^•Monofrax-S ~ -1.15x10 

For temperature range 1780 < T < 1900°C 

^Monofrax-S = ^ 
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Thermomechanical Properties of Monofrax-S (AZS-CS3) 

Temperature 
TC) 

Elastic Modu-

E 
(MPa) 

Poisson 
Ratio^ 

V 
Thermal 

Dilatometric 
Analysis , 
Heating 
(%AL) 

Thermal 
Dilatometric 

Analysis , 
Cooling 
(%AL) 

20 112,600. 0.149 0.0000 -0.0938 
100 111,700. 0.150 0.0375 -0.0375 
150 111,000. 0.152 
200 110,100. 0.152 0.0938 0.0375 
250 108,600. 0.151 
300 106,200. 0.150 0.1688 0.1125 
350 103,800. 0.146 
400 101,300. 0.146 0.2438 0.1875 
450 99,400. 0.141 
500 98,200. 0.141 0.3375 0.2625 
550 97,600. 0.144 
600 97,100. 0.143 0.4125 0.3188 
650 96,500. 0.145 
700 95,900. 0.146 0.5063 0.3750 
750 95,000. 0.148 
800 94,100. 0.147 0.6375 0.4200 
840 0.6750 0.4313 
850 96,400. 0.154 
900 101,200. 0.166 0.7313 0.3000 
940 0.7688 0.1875 
950 107,800. 
980 0.7875 0.2063 
1000 106,100. 0.7688 0.2250 
1050 83,600. 0.3375 
1100 59,500. 0.6563 0.3938 
1140 0.6375 0.4688 
1150 37,100. 
1200 29,600. 0.6750 0.4679 
1300 0.7875 0.5625 
1400 0.8625 0.6750 
1500 0.9563 0.8063 
1600 0.9375 0.9375 
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Figure 6.26. Measured elastic modulus data as a function of temperature and polynomial 

fit for Monofrax-S (AZS-CS3). 
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Figure 6.27. Measured Poisson ratio data as a function of temperature and polynomial fit 

for Monofrax-S (AZS-CS3). 
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Figure 6.28. Measured thermal-linear strain as a function of temperature and polynomial 

fit for Monofrax-S (AZS-CS3). 
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6.2.4 Finite Element Spatial Discretization. 

In order to permit the results of the thermal analysis to be input directly into the stress 

model, the mesh utilized for the refractory in the thermal analysis has been adopted for the 

stress analysis. The reader is referred to section 6.1.4 for a description of the spatial discreti­

zation utilized in the stress model for both the two-dimensional and three-dimensional analy­

sis. 

6.2.5 Sensitivity Analysis. 

The focus of the sensitivity analysis was identification of potential sources of error in 

the model predictions. The two-dimensional plane-stress approximation was utilized in order 

to give reasonable job execution times. The results of a two-dimensional heat-flow analysis 

were input to the stress model. The sensitivity of the model has been assessed by varying 

individual parameters such as the elastic modulus and the Poisson ratio and comparing the 

results to the standard case predictions for selected nodes - see Figure 6.29. The standard 

case serves as a point of reference and is defined to be a 34 hr simulation with the models of 

heat-flow and stress generation utilizing the input parameters as defined thus far. It was nec­

essary to extend the standard simulation to 34 hrs from 24 hrs (used in the thermal model 

sensitivity analysis) in order to encompass the effect of the tetragonal-to-monoclinic phase 

transformation. Stresses acting parallel to the respective faces on which the selected nodes lie 

were chosen for output from the model in the sensitivity analysis. These are o y and a x for the 

nodes located on the broad and narrow faces, respectively. Tensile stresses at these locations 

would be necessary to initiate longitudinal cracks. On the broad-face, the result would be a 

Type-B crack. 
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Figure 6.29. Location of nodes utilized in the sensitivity analysis, 

[ii] Elastic Modulus 

Model sensitivity to the elastic modulus has been examined to better understand the 

influence of varying this parameter as a function of temperature. Figures 6.30 and 6.31 show 

a comparison between the stress predicted by the model for the standard case, Equations 

(6.37)-(6.39), and for the case where the range of Equation (6.37) has been extended above 

1000 up to 1900°C. In this manner the influence of reducing the elastic modulus at tempera­

tures above 1000°C can be deduced. The results indicated that the model is highly sensitive 
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to variations in this parameter. For the o~y stress response, the effect of decreasing the elastic 

modulus is to reduce the predicted peak tensile stress from 350MPa to 50MPa, approximately 

85% - see Figure 6.30. A similar effect is observed in Figure 6.31, which shows the predicted 

o~x response. For both the o~y and o~x responses, the predictions for the modified case become 

equal to the standard case at roughly 17 hrs elapsed time after both nodes have dropped 

below 1000°C - refer to temperature response for mid-face nodes presented in Figure 6.32. 

The behaviour implies an interaction between the development of stress on the two faces. At 

the centre-line of both faces, the material is placed in compression between 940°C and 840°C 

(tetragonal-to-monoclinic phase transformation) as it tries to expand but is constrained by the 

surrounding material. Based on these results, any errors in the quantification of the elastic 

modulus will obviously have a significant bearing on the predictions of the model. 
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Figure 6.30. Model sensitivity to elastic modulus (o\ at centre of broad face). 
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Figure 6.31. Model sensitivity to elastic modulus (o~x at centre of narrow face). 
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Figure 6.32. Predicted temperature response at centre of broad and narrow face. 
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[ii] Poisson Ratio 

Model sensitivity to the Poisson ratio has been explored to establish the impact of 

employing a temperature independent average value for this parameter. The sensitivity of the 

model has been examined by varying this parameter by a factor of two relative to the stan­

dard value. The magnitude of this variation exceeds the measured variations in this parameter 

with temperature - refer to Table 6.5 and Figure 6.27. The results are presented in Figures 

6.33 and 6.34 and indicate a low sensitivity. 

50 
40 -
30 -
20 -
10 -

0 
-10 -
-20 -

es
s 

Y
 

-30 -

es
s 

Y
 

-40 -
i 

CO -50 -
-60 -
-70 -
-80 -
-90 -
100 -
110 -
120 -
130 -
140 -
150 

poisson ratio (standard) I 
x2.0 \ 
x0.5 \ / 

10 20 

Elapsed Time (hrs) 
30 

Figure 6.33. Model sensitivity to Poisson ratio (a y at centre of broad face). 
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CHAPTER 7 

MODEL PREDICTIONS AND DISCUSSION 

This chapter contains the results of the three-dimensional analysis of the lower quarter-

section of the Epic-3 casting. From the model predictions, mechanisms for the formation of 

the various crack types have been developed and a strategy for their prevention has been 

recommended. 

7.1 Model Predictions 

The volume of predictions from a 34-hr three-dimensional simulation of the Epic-3 

casting process with the models of heat flow and stress generation is formidable. From the 

thermal analysis, this includes the temperature at each node within the refractory and sand at 

discrete time steps over the course of the simulation, and from the stress analysis, the three 

components of normal stress, o x, o~y and o z, and the three components of shear stress x x y , xy7, 

and T z x at each node within the refractory. In total, this represents a significant volume of 

information which must be processed and interpreted. The chore of presenting this informa­

tion in a manner which facilitates its interpretation is a challenging one. Fortunately, recent 

advances in the technology of data visualization are well suited to the task. 

Employing a high-speed SiliconGraphics workstation it has been possible to display the 

temperature, o x, o y and a z distributions side-by-side and to examine the evolution of each of 

these variables with time in three dimensions. With this presentation technique, developed in 

conjunction with the University Computing Services staff, it has been possible to link regions 

of tensile thermal stress visually with the location of cracks in the refractory. Thermal phe­

nomena then may be connected with stress phenomena in the casting in order to develop an 

understanding of thermal stress generation. Overall, this visualization technique has proved 
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to be critical in interpreting the predictions from the three-dimensional analysis. 

Visualization of the results, as illustrated in Figure 7.1, has revealed a complex 

dynamic picture of the manner in which stresses develop and evolve with time in the Epic-3 

casting process. Early in the solidification process, heat is extracted from the surfaces of the 

refractory at a high rate as the liquid Monofrax-S first contacts the mould at ambient temper­

ature. The large temperature gradients which arise near the surface of the block generate 

large tensile thermal stresses due to differential contraction (the material on the cooler 

exterior attempts to contract relative to material in the hotter interior). These stresses can be 

seen acting parallel to the surfaces and edges of the refractory. The most severe stresses are 

generated at the refractory edges where the temperature drops rapidly. As heat continues to 

be lost, the temperature within the mould adjacent to the block increases leading to a reduc­

tion in the flow of heat from the refractory. This results in a gradual moderation in tempera­

ture gradients within the refractory and a reduction in the tensile stresses associated with 

differential contraction. 

For some time this reduction in the differential strains due to contraction progresses. As 

the casting continues to cool, however, regions of refractory eventually begin to move 

through the 940 to 840°C temperature range where the zirconia component of Monofrax-S 

expands as it transforms from a monoclinic to tetragonal structure - refer to Figure 6.28. For 

the section of the refractory analyzed, the phase transformation begins first at the corners 

between the base and sides of the refractory; then moves along the corner between the nar­

row face and base; broad face and based; up the vertical edge between the faces; across to 

encompass the narrow face; then the broad face and finally through the centre section of the 

refractory. As material passes through this phase transformation it attempts to expand and in 

so-doing is placed in compression by the material above 940°C which acts to suppress the 
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Figure 7.1. Predicted distributions of temperature and axial stress (oz) on the surface of 

the lower quarter-section of the Epic-3 cast refractory at 23 hrs elapsed time. 

Note: The three-dimensional image on right (grid 1) shows a 940-840°C iso-surface 
(tetragonal-to-monoclinic phase transformation temperature range). The scale for 
grid 1 is in degrees C. The three-dimensional image on the left (grid 2) is the axial 
stress (oz) distribution. The scale for grid 2 is in MPa. 
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expansion and is then placed in tension. Animation of the results with the visualization tools 

illustrates clearly the zones of tension which are generated ahead of the tetragonal-to-

monoclinic phase transformation as it moves through various regions of the cooling refrac­

tory. Despite moderation of temperature gradients it is apparent that the tensile stresses 

associated with the phase transformation are quite high. In the interior of the refractory near 

mid-height, severe tensile stresses form in the axial, or z direction, as the vertical edge and 

narrow face pass through the phase transformation. The tensile stresses are seen to act normal 

to the temperature gradients through which the phase transformation is moving. The severity 

of these stresses can be attributed to the relative magnitude of the thermal-linear expansion 

coefficients before and during the phase transformation which are: -6.55xl0"06 and 2.41xl0"05 

A1A-°C, respectively. Overall, these findings are in agreement with the conclusions of Tho­

mas et a l . 2 2 - 2 3 which have linked major regions of tensile and compressive stress in steel cast­

ing to the y-oc phase transformation in steel. 

In contrast to the behaviour of axial stress, there is a marked absence of transverse ten­

sile stresses generated ahead of the phase transformation at the surface of the refractory. This 

behaviour may be attributed to the direction of the temperature gradients through which the 

transformation is moving. As the transformation moves from the corner toward the centre of 

the face, the gradients run parallel to the block surfaces and hence are incapable of generating 

stresses in an orientation parallel to that face. Once the transformation begins to move toward 

the interior however, the orientation of the gradient is perpendicular to the face and can give 

rise to transverse tensile stress ahead of the transformation. 

7.1.1 Mechanisms for Crack Format ion. 

To help develop mechanisms for the formation of the various cracks types, the focus is 

shifted from a general description of the evolution of stress to one specific to those regions of 
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the casting prone to cracking. For each of the crack types, an attempt has been made to iden­

tify tensile stresses capable of causing initiation and propagation of the crack. To assess the 

severity of the tensile stresses predicted by the model, comparisons have been made with the 

measured modulus of rupture (MOR) of Monofrax-S throughout this chapter. Once formed, 

the presence of cracks will obviously have a significant impact on the stress distribution 

within the refractory. This effect has been ignored in the current analysis. 

The measurements of the MOR of Monofrax-S were obtained as part of the parallel 

programme for thermophysical and thermomechanical data evaluation undertaken at Carbo­

rundum and are presented as a function of temperature in Table 7.1. Unfortunately, the sum­

mary of this data presented by Lebold 7 6 did not contain information on the experimental 

technique or an estimate of the error. The data is assumed to represent a reasonable 

assessment of the ultimate tensile strength of Monofrax-S. 

Crack Type-Al - Examination of the results of the three-dimensional analysis reveals large 

axial tensile thermal-stresses generated in the region of the casting prone to Type-Al 

(transverse) cracks. Figure 7.1 shows the axial stress distribution on the surface of the lower 

quarter-section of the Epic-3 refractory at 23 hrs elapsed time. Tensile stresses, indicated by 

yellow, on the x-y centre-plane (top surface) are consistent with the propagation of the 

Type-Al cracks through the thickness of the block. Examination of the axial stress distribu­

tion in the interior along the y-z centre-plane, presented in Figure 7.2, reveals that this region 

of tensile stress extends down in a column through roughly two-thirds of the refractory. This 

region is surrounded first by a band of red (zero stress) and then by blue indicating 

compression. The zone of compression extends out to encompass the narrow face and corner 

of the refractory. The temperature distribution, also shown in Figure 7.1, indicates that this 

blue compressive zone is associated with the tetragonal-to-monoclinic phase transformation 
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T A B L E 7.1 
Modulus of Rupture of Monofrax-S (AZS-CS3) in Tension 

as a Function of Temperature76 

Temperature 
°C 

Modulus 
of 

Rupture 
(MPa) 

20 88.5 

400 89.6 

600 88.5 

700 86.4 

800 81.0 

900 72.5 

950 36.8 

1000 21.3 

1100 14.9 

1200 10.7 

1300 7.5 

1400 4.3 

in Z r 0 2 and that the tensile stresses are generated ahead of this phase transformation. 

To develop an understanding of the manner in which a Type-Al crack might initiate 

and then propagate through the refractory, the predicted time-dependent variation in axial 

stress for three nodes located along the centre-line normal to the broad face at roughly mid-

height in the refractory has been examined together with the axial stress variation for a node 

located at the centre of the narrow face. The location of the nodes along the centre-line 

normal to the broad face, see in Figure 7.3, has been chosen to coincide with a zone of the 

refractory through which Type-Al cracks are routinely observed to propagate. The predic­

tions, presented in Figure 7.4, indicate that the material along the proposed propagation path 

is subjected to a complex cyclic loading of tension and compression. The most predominant 

features in the figure are the large tensile peaks which occur at between 15 and 30 hrs 



169 

Figure 7.2. Predicted distribution of axial stress (az) on the y-z centre-plane of the lower 

quarter-section of the Epic-3 cast refractory at 23 hrs elapsed time. 

Note: The three-dimensional image (grid 2) is the axial stress (az) distribution on the y/z 
centre-plane. The scale for grid 2 is in MPa. 
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elapsed time. At greater depths below the surface the peak increases from 60 to 1 lOMPa, 

approximately 90%. In contrast, for the first smaller peak (0-5 hrs), the trend is opposite and 

decreases in magnitude with depth. A l l of the peaks shift in position to longer times with 

increasing depth. 

305(12) 

Figure 7.3. Schematic illustration of mould/flasking lay-up showing the region of cast­

ing analyzed with heat-flow model and location of nodes utilized in the 

investigation of Type-Al cracks. Distances are in units of mm(in). 
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The behaviour exhibited in Figure 7.4 is obviously complex but can be resolved. As 

described earlier, the first tensile peaks at the surface of the broad and narrow faces arise 

from rapid cooling and contraction of the exterior relative to the interior and hence really 

only develops at the surface of the refractory. As the temperature gradient normal to the sur­

face moderates there is a tendency for the tension to ease. On the broad face, the decline in 

tensile stress is accelerated by the behaviour of the vertical edge and narrow face of the 

refractory which are cooling more rapidly and hence have contracted to a greater extent and 

are in tension. The response at the centre of the narrow face is shown in Figure 7.4. By 

roughly 5 hrs elapsed time, predictions indicate that the material along the proposed fracture 

propagation path, Omm, 51mm(2in) and 127mm(5in) from the surface of the broad face of 

the refractory, is in compression. If a crack were to have formed on the surface of the broad 

face during the period of tensile stress early in the solidification process, it could conceivably 

re-join or "heal" providing the glassy phase is viscous. The increase in tension on the narrow 

face and compression on the broad face predicted between roughly 14 and 20 hrs elapsed 

time is associated with the elastic modulus which increases significantly between 1200 and 

1000°C. (A high degree of model sensitivity to this parameter was demonstrated in Chapter 

6.) Beginning at around 20 hrs elapsed time material Omm, 51mm(2in) and 127mm(5in) from 

the surface of the broad face is sequentially placed in tension as the edge and narrow face 

(shown in Figure 7.4) pass through the tetragonal-to-monoclinic phase change temperature 

range and begin to expand. The large compressive stresses generated on the narrow face as a 

result of the phase transformation are clearly shown in Figure 7.4. 

As discussed in Chapter 5, there are limitations to the ability of an elastic stress analy­

sis to predict stresses quantitatively in this application at elevated temperatures. It has been 

documented2 that the siliceous matrix in Monofrax-S softens at temperature as low as 650°C 

helping to dampen thermally induced stresses visco-elastically. Time-dependent deformation 
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Figure 7.4. Axial stress (az) predicted by the model for three nodes located along a line 

perpendicular to the centre of broad face and one node located at the centre 

of the narrow face at roughly mid-height in the refractory. Distances are 

measured from the vertical centre-line of the refractory. 
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at elevated temperatures would have to be considered and accounted for to provide a more 

quantitative analysis. In light of these arguments, an upper temperature limit has been placed 

on the ability of the model to predict stress in this application quantitatively. This threshold is 

assumed to be between 900 and 1000°C. Both the measured elastic modulus and modulus of 

rupture decrease rapidly in this temperature range which is taken to reflect significant soften­

ing of the glassy matrix in Monofrax-S. Above this limit the elastic analysis will likely over-

predict stress. Moreover, the relative error will be exacerbated with increasing temperature. 

Bearing in mind these limitations, an attempt has been made to assess the severity of 

the tensile stresses predicted by the model. To facilitate this, the predicted axial stress at posi­

tions 0mm, 51mm(2in) and 127mm(5in) from the block face has been plotted as a function of 

temperature together with the measured variation in the modulus of rupture (MOR) of 

Monofrax-S in Figure 7.5. This comparison indicates that the tensile stresses are capable of 

causing failure. Moreover, they suggest that the Type-A 1 cracks initiate first at the surface 

early in the solidification process and then propagate toward the centre of the refractory 

driven by the tetragonal-to-monoclinic phase transformation in ZrO z . However, in view of 

the fact that the first peak at the surface occurs at a temperature above the upper limit for 

quantitative predictions and is likely over-predicted it is not certain that it is responsible for 

crack initiation. The second peak associated with the zirconia transformation could also be 

responsible. The issue of initiation is further clouded by comparing the predicted variation in 

axial stress at the centre of the broad and narrow faces. These predictions, presented in Fig­

ure 7.6, would suggest at least an equal propensity for Type-A 1 crack initiation on the nar­

row face. Yet industrial experience indicates that the Type-Al cracks occur only on the broad 

face. The development of stress suggested in Figures 7.4 and 7.5 is obviously incomplete or 

misleading. 
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Figure 7.5. Comparison between axial stress (az) predicted by the model and the modu­

lus of rupture of Monofrax-S plotted as a function of temperature. Distances 

are measured from the vertical centre-line of the refractory. 
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Re-examination of the results of the autopsy on the instrumented Epic-3 block, Figure 

4.8, Chapter 4, helps to develop one possible explanation for preferential crack initiation on 

the broad face. These results, which show three Type-Al cracks in a region between the 

header ledge and the mould seam strongly suggest that mechanical interaction between the 

refractory and the mould (neglected in the model) plays a role in the formation of Type-Al 

cracks. Zones between lines where the refractory is pinned to the mould will be placed in 

tension as the refractory contracts during cooling. The tensile stresses will be generated early 

in the solidification process and will act with the tensile thermal stresses. Once initiated the 

cracks are then driven deep into the block by the tetragonal-to-monoclinic phase transforma­

tion occurring on the narrow face and edge. Obvious points where pinning between the cast­

ing and the mould can occur are the header ledge and the mould seam (intrusion of molten 

Monofrax-S into the seam can produce a second smaller ledge). As indicated in Figure 4.8, 

the mould seam appears only on the broad face and hence could be responsible for occur­

rence of the crack on the major face consistent with industrial experience. The significance of 

this mechanism in the generation of Type-Al cracks will be discussed later in Section 7.2.3. 

In addition to factors relating to mould construction, sticking can also arise from 

fusion between the refractory and the mould. Excessive liquid super-heat could result in re-

melting of the initial chill layer leading to bonding of the refractory to the mould and the gen­

eration of axial tensile stresses. A comparison of the predicted temperature at the centre-line 

of the broad and narrow faces, Figure 7.7, reveals that the broad face cools more slowly 

increasing the propensity for this type of pinning. This prediction is consistent with the ther­

mocouple measurements which have revealed a lower in-mould temperature adjacent to the 

narrow face despite a greater thickness of annealing sand - refer to Figure 7.3. In view of the 

fact that the heat-transfer coefficients used to characterize the interfacial boundary condition 
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Figure 7.6. Comparison between axial stress (az) predicted by the model at the centre of 

the broad and narrow faces and the modulus of rupture of Monofrax-S as a 

function of temperature. 
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are identical on the broad and narrow faces, this behaviour must be related to the aspect ratio 

of the block. The shorter corner-to-midface distance causes the narrow face to cool more rap­

idly than the broad face. 

An alternative possibility, is that the Type-A cracks are linked to the use of graphite 

chills. As mentioned earlier, graphite chills (large boards of graphite) are routinely embedded 

in the Epic-3 mould at various locations to add structural strength and prevent bulging. 

According to Carborundum personnel34, the graphite chills are typically placed adjacent to 

the broad face both within the bonded sand mould and against the outside of the bonded sand 

mould. The presence of a material adjacent to the broad face with a high thermal conductivity 

(50 W/m-°C for graphite vs. 0.5 W/m-°C for sand), will obviously increase the flow of heat 

from the broad face and enhance tensile thermal stresses associated with rapid heat removal 

from the face early in the solidification process. Confirmation of this effect with the mathe­

matical models is presented later in this chapter in Section 7.2.1. Unfortunately, this mecha­

nism does not account for the Type-Al cracking which occurred in the instrumented Epic-3 

mould which did not contain any graphite chills. 

A final possibility which must be considered is that the evidence presented in Figure 

7.4 is misleading both in terms of the sequence of events and the quantitative accuracy of the 

predictions. Re-interpretation of the results presented in this figure leads to the conclusion 

that the Type-Al cracks could be propagating from the inside out. It is conceivable that the 

fracture first occurs at the centre of the block at the time of peak axial stress at roughly 24 hrs 

elapsed time. Once formed, the crack then propagates out toward the surface of the broad 

face which is in tension. The crack is inhibited from reaching the narrow face owing to the 

fact it is in a high state of compression due to the tetragonal-to-monoclinic phase transforma­

tion. In addition, it is likely that the tensile stress predicted on the narrow face is too high. As 
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shown in Figure 7.4, the tensile stress on the narrow face gradually build up over a period of 

time as the refractory cools. These stresses are a result of differential strains which accumu­

late beginning at high temperatures early in the solidification process. At high temperatures 

significant time dependent viscous relaxation is likely to occur. In contrast, the differential 

strains which give rise to the tensile stresses at the centre of the block build up quickly at a 

lower temperature just prior to the phase transformation. Overall these differential strains are 

less likely to be vicously reduced and over predicted by the model. This accounts for the 

preferential occurrence of the Type-Al cracks on the broad face. The proposed mechanism is 

also consistent with the results of the autopsy on the instrumented Epic-3 casting, Figure 4.8, 

which revealed an internal Type-Al crack. Moreover, the predicted vertical distribution of 

axial tensile stress associated with the phase transformation, Figure 7.2, is in agreement with 

the statistical crack survey which found that the Type-Al cracks usually occur in the middle 

two-thirds of the refractory. Unfortunately, the results of the study of crack surface morphol­

ogy do not help to conclusively prove or refute this crack formation mechanism. The results 

of this study presented in Chapter 1, Figures 1.5 - 1.9, show evidence of viscous flow 

(indicating high temperature failure) on the surface of Type-Al cracks both near the face and 

interior of the refractory. The proposed mechanism suggests that failure occurs due to the 

tensile stresses generated ahead of the phase transformation and therefore above 940°C. The 

evidence from the literature2 and from the thermomechanical property evaluation7 5 , 7 6, sug­

gests that Monofrax-S is capable of deforming in a visco-elastic manner at these tempera­

tures which could account for the fracture morphology. 
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Figure 7.7. Comparison between temperature predicted by the model at the centre of the 

broad and narrow faces. 

Crack Type-A2 - Large axial tensile thermal stresses are also predicted by the model in the 

zone near the base of the casting which is prone to Type-A2 cracks. In Figure 7.8, the zone of 

tensile stress appears as a yellow band on the broad-face near the base at 20 hrs elapsed time. 

The presence of a blue band (indicating compression) above this zone of tension indicates 

that the tensile stress is generated in the wake of the tetragonal-to-monoclinic transformation 

of Zr0 2 . The phase transformation occurs within the 940 - 840°C isotherms which, at the 

base of the refractory, curve down towards the centre of the each face due to axial heat flow. 

An examination of the axial stress distribution 25.4mm(lin) below the surface of the broad-

face at 20 hrs elapsed time, as shown in Figure 7.9, reveals that the band of tensile stress is 
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Figure 7.8. Predicted distributions of temperature and axial stress (oz) on the surface of 

the lower quarter-section of the Epic-3 cast refractory at 20 hrs elapsed time 

Note: The three-dimensional image on right (grid 1) shows the temperature. The scale for 
grid 1 is in degrees C. The three-dimensional image on the left (grid 2) is the axial 
stress ( o J distribution. The scale for grid 2 is in MPa. 



181 

shallow in depth and is limited to the surface of the refractory. This observation appears 

consistent with the results of the autopsy, Figure 4.8, Chapter 4, which show the Type-A2 to 

be shallow in depth of penetration. 

To follow the development of stress, the output from three nodes located on the broad-

face at varying distances from the base of the refractory (see Figure 7.10 for locations) has 

been plotted as a function of time. The predictions for all three nodes, presented in Figure 

7.11, exhibit a pattern of cyclic thermal loading beginning first with tension. The largest ten­

sile stresses are predicted to occur between 15 and 20 hrs elapsed time and are induced in the 

wake of the phase transformation in Z r 0 2 via the mechanism outlined earlier. As the distance 

from the base is increased the impact of the phase transformation is delayed to longer times. 

A comparison between the relative magnitude of the peaks indicates that the largest tensile 

stresses are generated in a region centred about 14mm (5.5in) from the base of the refractory 

between 22 and 23 hrs elapsed time. 

To assess the severity of the tensile stresses, a comparison has been made between the 

axial stress at the centre of the broad-face, 14mm (5.5in) from the base, and the measured 

modulus of rupture data (MOR) - see Figure 7.12. The results suggest that the fracture initi­

ates early in the solidification process and is caused by the first tensile peak associated with 

rapid cooling of the surface. The crack surface morphology, presented in Chapter 1, confirms 

this indicating viscous glassy material in the zone where the crack intersects the block face at 

the time of crack formation. The crack presumably then is driven below the surface, likely by 

the tensile stresses which are generated in the wake of the tetragonal-to-monoclinic phase 

transformation. 

A comparison between the stress predicted by the model at the centre of the broad and 

narrow faces near the base and near mid-height in the refractory, shown in Figure 7.13, 
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Figure 7.9. Predicted distributions of temperature and axial (o~z) stress on the surface of 

the lower quarter-section of the Epic-3 cast refractory at 20 hrs elapsed time. 

The quarter-section has been truncated by removing 25.4mm (lin) in a direc­

tion normal to the broad-face. 

Note: The three-dimensional image on right (grid 1) shows the temperature. The scale for 
grid 1 is in degrees C. The three-dimensional image on the left (grid 2) is the axial 
stress (CTz) distribution. The scale for grid 2 is in MPa. 
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reveals that the initial tensile peak in stress at the near the base is significantly larger and 

longer in duration. A peak is reached at approximately 2 hrs elapsed time when the material 

in the proximity of the base is fully solidified. Axial heat flow leads to a focusing of tensile 

stresses 140mm (5.5in) above the base at the centre of the broad face. This is consistent with 

the Epic-3 autopsy, Figure 4.11, which shows the Type-A2 crack occurring about 

150mm(6in) from the base. The point of focus follows the isotherms across the face and 

leads to a curved or "smile-shaped" crack profile. 

The tensile stresses generated in this region of the casting via the proposed mechanism 

may be sufficient to initiate a Type-A2 crack without the added effect of interaction with the 

mould. The diminished role of mechanical bonding of the refractory to the broad face is 

anticipated since temperatures will not remain elevated for as long due to additional heat 

flow from the base as shown in Figure 7.14. The model predictions also suggest that the 

Type-A2 crack may occur before the Type-Al. As with the Type-Al crack, the presence of a 

graphite chill adjacent to the broad-face will likely increase the magnitude of the first tensile 

peak. Once formed, the cracks then propagate inward toward the centre of the refractory in 

the wake of the tetragonal-to-monoclinic phase transformation. The model predictions sug­

gest that the depth of penetration will be shallow. 
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305(12) 

Figure 7.10. Schematic illustration of mould/flasking lay-up showing region of casting 

analyzed with heat-flow model and location of nodes utilized in the investi­

gation of Type-A2 cracks. Distances are in units of mm(in) 
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Figure 7.11. Axial stress (oz) predicted by the model at the centre of the broad face at 

varying distances from the base. 
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Figure 7.12. Comparison between axial stress (o~z) predicted by the model and measured 

modulus of rupture data for Monofrax-S for node located at the centre of the 

broad face 14mm (5.5in) from the base. 
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Figure 7.13. Comparison between axial stress (0Z) predicted by the model at the centre of 

the broad and narrow faces near the base and near mid-height. 
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Figure 7.14. Comparison between temperatures predicted by the model at centre of the 

broad face near the base and near mid-height. 
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Crack Type-B - A review of the results reveals significant tensile stresses predicted by the 

model in the y-direction parallel to the broad-face and in the x-direction parallel to the 

narrow-face. An example of the surface 0"x and o~y distributions at 20 hrs elapsed time is pres­

ented in Figure 7.15. The tensile stresses appear as a yellow band distributed about the centre 

of each face. The region of tension extends over roughly the top three-quarters of the lower 

quarter-section of the refractory and can be seen to increase in depth of penetration toward 

the centre of the face. The orientation and location of these tensile stresses is consistent with 

the formation of longitudinal mid-face cracks. 

To examine the development of stress, a comparison has been made between the trans­

verse stresses acting parallel to the broad and narrow faces at mid-height in the refractory. 

The predictions, presented in Figure 7.16, indicate that the centre of both faces is subject to 

peaks in tension early in the solidification process (between 0 - 5 hrs elapsed time) and again 

later, between 17 and 22 hrs elapsed time. The largest peaks are predicted at the centre of the 

broad face, consistent with the preferential occurrence of Type-B cracks on the wider face. It 

is interesting to note that the largest stresses are generated parallel to the face with the lower 

through-thickness temperature gradient contrary to what would be anticipated. A more in-

depth examination reveals that differential displacements occurring on one face are trans­

mitted through to the other face in order to preserve internal equilibrium within the structure. 

Figure 7.17 illustrates schematically this loading as it might apply to the shell of a partially 

solidified Epic-3 casting cooled alternately from the broad and narrow faces. The resulting 

thermal loading that arises is analogous in many respects to a beam bending problem. The 

thermal loads are equal and act parallel to each face. These loads induce a bending moment 

on the opposite face which in turn gives rise to tensile stresses concentrated at the centre of 

the face. Owing to the fact that the moment arm is larger for the broad-face it is subject to the 

largest tensile stresses. 
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Figure 7.15. Predicted distribution of temperature, a x and o~y on the surface of the lower 

quarter-section of the Epic-3 cast refractory at 20 hrs elapsed time. 

Note: The three-dimensional image on right (grid 1) shows the temperature. The scale for 
grid 1 is in degrees C. The three-dimensional image in the centre (grid 2) is the o~x 

distribution. The scale for grid 2 is in MPa. The three-dimensional image on the left 
(grid 3) is the c y distribution. The scale for grid 3 is in MPa. 
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The increase in tensile stress observed in Figure 7.16 at 10 hrs elapsed time, despite 

moderation of temperature gradients, can be attributed to the behaviour of the elastic modu­

lus which exhibits a rapid increase between 1200 and 1000°C. Cooling further, the material 

then moves through the tetragonal-to-monoclinic phase transformation and is quickly placed 

into compression as it attempts to expand. To illustrate the impact of the phase transforma­

tion on the generation of transverse stresses, the variation in o y with depth below the surface 

of the broad face has been examined. The results presented in Figure 7.18 show a tensile 

peak in stress generated 51mm (2") below the surface as the exterior moves through the 

phase transformation (indicated by compressive peak). This may help to drive the crack 

below the surface. Once through the transformation temperature range, the tensile hoop-

stress returns. Beyond 34 hrs elapsed time there is a gradual reduction in tensile stress as 

temperature gradients continue to moderate. 

A comparison between the predicted stress at the centre of the broad-face and the MOR 

data is presented in Figure 7.19. The comparison suggests that there is an opportunity for 

Type-B cracks to initiate throughout the early stages of the casting process while the broad 

face is in the temperature range of 1400 to 1000°C. Bearing in mind the quantitative limita­

tions of the model, the predictions suggest the formation of a high temperature fracture sur­

face. An examination of crack surface morphology conducted earlier in Chapter 1, reveals 

evidence of both low- and high-temperature fracture and is inconclusive. However in general, 

the evidence suggests a lower temperature failure in the vicinity of the block face changing to 

one more indicative of hot tearing deeper into the refractory. The model predictions also sug­

gest that the Type-B cracks are not likely to occur after the Type-Al but may occur after the 

Type-A2. Industrial experience indicates that the Type-B crack is the last to form (at points 

where Type-A and B cracks intersect the Type-B crack is discontinuous). However, it is not 

clear from Walrod's study8 whether this applies to the Type-Al or -A2 transverse crack. The 
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fact that no Type-B fracture was observed in the instrumented Epic-3 casting, Figure 4.11, 

indicates that the conditions examined in the model may not be conducive to the formation of 

Type-B cracks. It is possible that the Type-B cracks are linked to the addition of graphite 

chills to the mould adjacent to the broad face - see earlier description for chill placement. The 

graphite chill would likely increase the tensile hoop stresses associated with differential ther­

mal contraction since heat would be extracted from the broad face more rapidly. Confirma­

tion of this effect with the mathematical models is presented later in this chapter in Section 

7.2.1. 
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Figure 7.16. Predicted transverse stresses acting parallel to the broad and narrow faces. 

The nodes are located at the centre of each face at mid-height in the refrac­

tory. 



194 

Figure 7.17. Schematic illustration of beam bending analogy as applied to a quarter 

transverse-section of Monofrax-S refractory. The refractory is depicted as 

being only partially solidified. 
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Figure 7.18. Predicted o y variation at centre of the broad-face at (0)mm, 13mm(0.5in) and 

51mm(2in) below the surface at mid-height in the refractory. 
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Figure 7.19. Comparison between o y predicted by the model at centre of the broad face at 

mid-height and the measured modulus of rupture data for Monofrax-S as a 

function of temperature. 
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Crack Type-E - Examinarion of model predictions for the vertical edge of the refractory 

reveals a significant tensile thermal stress in the axial or z-direction consistent with the 

occurrence of Type-E edge tears in Epic-3 castings. In Figure 7.20, these stresses appear as 

the bright yellow region located on the vertical edge of the z orientated stress distribution. 

Excessive rates of heat removal from this zone and the resulting large temperature gradients 

are responsible for the generation of these stresses. 

The development of axial stress at the exterior edge at mid-height in the casting can be 

seen in Figure 7.21. The predictions indicate that large axial thermal stresses are generated at 

the vertical edges early in the solidification process due to differential contraction. The 

stresses are predicted to peak at approximately 1/2 hr elapsed time and then begin a slow 

decline as thermal gradients within the refractory moderate. Between 15 and 20 hrs elapsed 

time the corner is predicted to move through the tetragonal-to-monoclinic phase transforma­

tion and into a state of compression. Beyond 30 hrs the corner is back in tension which con­

tinues to moderate with time. 

A comparison to the measured M O R data, presented in Figure 7.22, reveals that the 

axial stresses predicted at the edge are more than adequate to initiate the formation of a 

Type-E crack. At 1000°C, the tensile stresses are predicted to exceed the modulus of rupture 

by roughly a factor of three. This represents the most severe tensile stresses encountered in 

the analysis and is consistent with the fact that the Type-E edge tears are the most prevalent 

crack type. 
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Figure 7.20. Predicted distributions of temperature and axial stress (Gz) on the surface of 

the lower quarter-section of the Epic-3 cast refractory at 5 hrs elapsed time. 

Note: The three-dimensional image on right (grid 1) shows the temperature. The scale for 
grid 1 is in degrees C. The three-dimensional image on the left (grid 2) is the axial 
stress (Gz) distribution. The scale for grid 2 is in MPa. 



199 

Figure 7.21. Predicted Gz at intersection between broad and narrow faces at mid-height of 

the refractory. 
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Figure 7.22. Comparison between o z predicted by the model at the intersection of the 

broad and narrow faces at mid-height and the measured modulus of rupture 

data for Monofrax-S as a function of temperature. 
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7.2 Recommendations for the Control of Cracking. 

The recommendations for control of cracking follow directly from a mechanistic under­

standing of the generation of tensile stresses in the Epic-3 casting process. It has been shown 

that tensile stresses arise due to excessive temperature gradients within the refractory and/or 

mechanical interaction with the mould. The control of cracking, therefore, requires modifica­

tions to the moulding and casting practice in order to minimize the propensity for these 

stresses to occur. 

7.2.1 Critical Aspects of Mould Design. 

First and most obvious, the autopsy on the instrumented Epic-3, Figure 4.8, has identi­

fied the header ledge and mould seam as two features of the mould which may act to inhibit 

the contraction of the refractory during cooling. Mechanical pinning of the refractory at these 

sites could lead to the generation of large axial tensile stresses and eventually to the initiation 

of Type-Al cracks. Both of these features should be removed on a trial basis to ascertain 

their impact on cracking. Insulation around the upper part of the casting or header could be 

employed as an alternative to a larger cross-section. This would permit the removal of the 

ledge entirely while helping to maintain a supply of liquid to minimize shrinkage cavities 

within the solidifying casting. Mould construction should also be modified to employ contin­

uous bonded sand moulds on the faces of the casting. As indicated previously, intrusion of 

molten Monofrax-S into the seams can produce a second smaller ledge. Combined, these 

modifications should act to remove one of the proposed mechanisms by which tensile 

stresses can be generated in the Epic-3 casting. 

The strategy for control of tensile stresses which arise due to excessive thermal gradi­

ents is more complex and requires that a balance be achieved between the desire to reduce 
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temperature gradients within the refractory and the need to minimize the likelihood of fusion 

between the refractory and the mould. The thermal analysis has identified regions of acceler­

ated heat flow within the refractory which lead to the formation of large thermal gradients. In 

order of severity they are: the comers between the base and sides, the comers between the 

sides, the base of the refractory and the narrow face. The obvious strategy would be to 

encompass these areas in insulation in order to retard the flow of heat and reduce thermal 

gradients (a zone about the centre-line of the broad face is to be kept free of insulation). 

However, excessive amounts of insulation adjacent to the refractory interface will promote 

the re-melting of the initial chill layer leading to fusion and bonding of the refractory to the 

mould. In a manner analogous to the header ledge and mould-seam these sites may then act 

to inhibit the refractory from contracting mechanically. Therefore, the insulation should be 

placed on the outside of the bonded sand mould. At this distance from the refractory face the 

insulation will not interfere with the formation of the initial chill layer. The flow of heat is 

retarded by the insulation later in the solidification process after a stable chill layer has been 

permitted to form. The target is to reduce temperature gradients specifically within the refrac­

tory as the zirconia component of Monofrax-S passes through the tetragonal-to-monoclinic 

phase transformation. Analysis with the stress model has identified large axial tensile stresses 

associated with this phase transformation which are likely responsible for the formation of 

Type-A cracks. Moreover, the strategy will also reduce the temperature gradients which can 

act to propagate Type-B cracks - see Section 7.1.1 . 

In contrast to the use of insulation, graphite chills may be needed within the bonded 

sand mould adjacent to the broad face. The rationale is to accelerate the flow of heat from the 

centre of the broad face early in the solidification process in order to reduce the propensity 

for fusion. Fusion and bonding between the refractory and the mould have been identified as 

a possible mechanism for preferential initiation of Type-Al cracks on the broad-face. 
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To verify the basic philosophy behind these recommendations, the Epic-3 casting pro-

cess was re-analyzed with a modified mould in place. The results of this analysis were then 

compared to the results of the analysis with the standard mould to determine if the desired 

effect on the generation of thermal stresses was achieved. The proposed mould design serves 

as a preliminary attempt at an improved mould and does not represent an optimum. A sche­

matic illustration of the modified mould is presented in Figure 7.23. To impact on the 

Type-Al transverse cracks, insulation has been placed on the outside around the narrow faces 

and edges of the of the bonded sand mould adjacent to the narrow face and edges of the 

refractory. The objective is to reduce the flow of heat preferentially from the narrow face 

thereby reducing temperature gradients which exist in the casting as the vertical edges and 

narrow face pass through the tetragonal-to-monoclinic phase transformation. This should 

reduce the axial thermal stresses which are believed to be responsible for the Type-Al 

cracks. Moreover, this should also help to decrease the hoop stresses which give rise to the 

Type-B cracks. For the lower Type-A2 transverse cracks, insulation is placed adjacent to the 

base of the bonded sand mould to reduce axial heat flow. The strategy here also is to moder­

ate the temperature gradients specifically when the zirconia component phases through the 

phase transformation. Finally, to promote the formation of a stable chill layer on the broad 

face, a small graphite board is inserted into the bonded sand mould adjacent to the major face 

of the casting. The width, thickness, length and location of the insulation and graphite have 

had to coincide with the boundaries of elements employed in the three-dimensional mesh. 

The thermophysical properties of the graphite chill and insulating board employed in the 

modified mould are presented in Table 7.2. These materials have been selected in conjunc­

tion with Carborundum operations personnel. The insulating material is currently produced 
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by Carborundum and the thermophysical properties have been obtained from a product 

brochure78. As mentioned earlier, graphite chills are routinely employed in the current casting 

practice to add structural strength to the mould. 

Crack Type-Al. A series of comparisons between the model predictions for the standard 

mould and for the modified mould are presented in Figures 7.24 - 7.26. The predictions indi­

cate that the desired effect has been achieved. At the surface of the broad face and at the 

centre of the refractory, the peaks in axial tensile stress associated with the 

tetragonal-to-monoclinic phase transformation in zirconia have been reduced - see Figures 

7.24 and 7.25. Also at the surface of the broad face, the formation of a stable chill layer early 

in the solidification process has been promoted by causing the temperature to initially 

decrease more rapidly - see Figure 7.26. The mechanism for initiation of the Type-Al cracks 

has been affected in a manner conducive to a reduction in cracking. On the negative side, the 

tensile stress associated with initial rapid cooling of the broad face have been exacerbated. 

These stresses are believed to act in conjunction with the stresses which arise due to mechan­

ical bonding to help initiate the crack. Based on this result, the addition of a graphite chill 

adjacent to the broad face is perhaps at best only a stopgap measure for control of cracking in 

lieu of accurate control of pour super-heat (the potential effect of excess super heat has been 

described earlier). 

Crack Type-A2. In the region of the casting prone to Type-A2 cracks, the modifications to 

the mould are predicted to have a significant impact on the axial tensile peak which forms in 

the wake of the zirconia phase transformation. This effect can be seen from the comparison 

of axial tensile stress profiles presented in Figure 7.27. It is also worth noting that, in the 

vicinity of the base of the refractory, the impact of the graphite chill on the first tensile peak 

is predicted to be minimal. 
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Crack Type-B. A comparison between the transverse stresses acting parallel to the broad-

face for the two moulds, Figure 7.28, reveals both an increase and a decrease in the tensile 

stress relative to the standard mould. Early in the solidification process, the tensile stresses 

are predicted to increase due to the graphite chill, and then later, to be reduced as the insula­

tion on the exterior of the bonded sand mould begins to take effect. On the basis of this 

result, the propensity for Type-B cracks to initiate has been increased with the addition of the 

graphite chill. As applied, the insulation will likely impact only on the propagation of these 

cracks. 

Crack Type-E. Examination of the axial tensile stresses predicted by the model at the corner 

of the refractory, presented in Figure 7.29, reveals that the modifications have had a signifi­

cant impact in reducing the stress levels beyond 5 hrs elapsed time. Prior to this time, the 

insulation is ineffective at reducing temperature gradients within the refractory. To impact on 

the peak tensile stress which arise early in the solidification process the insulation would 

have to be moved closer to the refractory/mould interface adjacent to the edges. 

Table 7.2 
Thermophysical Properties of Additional 

Moulding Materials Employed in the 
Re-designed Mould 

Material Thermal Heat Capacity Density 
Conductivity 

(kg/m3) (kJ/kg-°C) (kg/m3) 
(W/m-'C) 

Graphite73 50. 1.4 1920 

Insulation78 8.7(10"2) 1.13 268 
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Figure 7.23. Proposed mould design for control of cracking in the Epic-3 casting process. 
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Figure 7.24. Comparison between axial stresses predicted by the model at the centre of 

the broad face at mid-height in the refractory for the standard mould and for 

the modified mould (refer to Figure 7.3). 
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Figure 7.25. Comparison between axial stresses predicted by the model at the centre of 

the refractory at mid-height for the standard mould and for the modified 

mould (refer to Figure 7.3). 
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Figure 7.26. Comparison between temperature responses predicted by the model at the 

centre of the broad face at mid-height in the refractory for the standard 

mould and for the modified mould (refer to Figure 7.3). 
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Figure 7.27. Comparison between axial stresses predicted by the model at the centre of 

the broad face 140mm(5.5in) from the base of the refractory for the standard 

mould and for the modified mould (refer to Figure 7.9). 
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Figure 7.28. Comparison between transverse (oy) stresses predicted by the model at the 

centre of the broad face at mid-height in the refractory for the standard 

mould and for the modified mould (refer to Figure 7.3). 
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Figure 7.29. Comparison between axial stresses predicted by the model at the edge 

between the faces at mid-height in the refractory for the standard mould and 

for the modified mould. 
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7.2.2 Critical Casting Variables. 

Control of pour temperature has been identified from the analysis as a key casting vari­

able. Excess super-heat levels may act to re-melt the initial chill layer leading to bonding, 

fusion of the refractory to the mould and eventually the initiation of Type-Al cracks. It is 

critical therefore that pour temperature be accurately controlled in order to minimize excess 

super-heat. In light of the detrimental aspects of the addition of a graphite chill adjacent to 

the broad face, this is the preferred manner for control of fusion and bonding. Unfortunately, 

it is difficult to quantitatively estimate the optimum amount of super-heat particularly in view 

of the uncertainty in the latent heat of solidification and solidification temperature range. Too 

small an amount obviously will impact negatively on castability. This parameter will have to 

be determined through trial and error in practice. 

7.2.3 Industrial Trials with Modified Mould. 

Based on the recommendations for control of cracking, a series of preliminary indus­

trial trials have been completed with modified moulds by Carborundum. Since the industrial 

trials were conducted exclusively by Carborundum personnel and are beyond the scope of the 

original research programme only a summary of the results has been presented below. 

Mould Seam Removed: One casting has been completed with the mould seam removed 

from the broad face. Visual inspection of the block after cooling and removal from the mould 

has revealed Type-A and Type-E cracks, and no Type-B cracks. 

Header Ledge Removed: One casting has been completed with the header ledge removed. 

Visual inspection of the block after cooling and removal from the mould has revealed 

Type-A and Type-E cracks, and no Type-B cracks. 
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M o u l d I n s u l a t i o n a n d G r a p h i t e C h i l l : Three castings has been completed with the modi­

fied mould, Figure 7.23. Visual inspection of the block after cooling and removal from the 

mould has revealed only Type-E cracks (edge tears). 

On the basis of one casting it appears that removal of the mould seam alone will not 

alleviate the Type-A or -E cracking problem. Similarly, removal of the header ledge alone 

does not appear to bring about a reduction in axial tensile stresses sufficient to stop trans­

verse cracks from forming. Combined, these results suggest that the proposed mechanisms 

for generation of mechanical tensile stress are not a major factor in transverse cracking. It 

appears instead that the key tensile stresses are thermally induced. The strategy of applying 

insulation to the narrow face and base in order to manipulate the flow of heat and reduce the 

tensile stresses has proven to be a successful means of controlling transverse cracking. The 

interaction between the flow of heat from the narrow face and the generation of tensile 

stresses in the centre and broad face of the refractory is a novel and surprising result. It is in 

direct agreement with the predictions of the mathematical models and the proposed mecha­

nism for formation of transverse cracks in Epic-3 Monofrax-S casting. Owing to the limited 

number of trials completed, these results are arguably statistically insignificant. Nevertheless, 

they are encouraging. 
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C H A P T E R 8 

S U M M A R Y AND CONCLUSIONS 

The scope of the present work has involved an in depth study of the Epic-3 Monofrax-S 

fused-cast casting process. Mathematical models of heat-flow and elastic stress generation 

based on the finite element method have been developed and utilized to analyze the casting 

process. Industrial thermocouple measurements of in-mould temperatures have also been 

made to help to validate the mathematical model of heat flow. 

The three-dimensional mathematical analysis has revealed a complex and dynamic pic­

ture of the evolution of thermal stresses in cooling Epic-3 castings. Major regions of tensile 

stress have been identified and have been linked to: firstly, rapid cooling of the refractory 

surface early in the solidification process and secondly, to the tetragonal-to-monoclinic phase 

transformation in zirconia which occurs later as regions of the cooling refractory move 

through the 940 to 840°C temperature range. The patterns of tensile stress that are induced by 

the changing thermal field suggest a strong interaction between remote regions of the casting. 

For example, axial thermal loads induced by the tetragonal-to-monoclinic phase transforma­

tion on the vertical edge and narrow face of the refractory result in axial tensile stresses in the 

centre region and broad face. Moreover, transverse thermal loads parallel to the narrow face 

act to induce transverse thermal strains parallel to the broad face and vice-versa. 

To resolve the cracking problem, the evolution of stress in various regions of the 

refractory prone to cracking has been examined closely. From this examination and from 

information from the statistical crack survey8, mechanisms for the formation of the various 

cracks types have been developed. Based on an overall understanding of the generation of 

tensile stresses, recommendations have been made for modifications to the moulding and 

casting procedures in order to reduce the propensity for cracking to occur. The modifications 



216 

have included changes to the mould geometry and construction to reduce the generation of 

axial mechanical stress, and changes to the moulding materials, to impact on the flow of heat 

at key times during solidification and cooling. To control cracking in the transverse direction 

on the broad face at mid-height (Type-Al), a novel approach has been adopted whereby insu­

lation is applied to the outside of the bonded sand mould adjacent to the narrow face and ver­

tical edge along the length of the refractory. At this location, the insulation acts to reduce 

thermal gradients in the narrow face and edge as they move through the 

tetragonal-to-monoclinic phase transformation. This approach serves also to reduce the trans­

verse tensile stresses believed to be responsible for Type-B longitudinal cracks occurring in 

the middle of the major face. To control the Type-A2 crack (transverse broad face near base) 

insulation is placed on the outside of the bonded sand mould adjacent to the base to reduce 

axial heat flow. 

With the recommendations for modifications to the mould in place, the casting process 

has been re-examined with the mathematical models. The predictions indicate that modifica­

tions have acted on the generation of tensile stresses in a manner conducive to a reduction in 

the frequency of crack occurrence. Based on these results, a series of preliminary industrial 

trials have been completed with modified moulds by Carborundum personnel. The results of 

the industrial trials suggest that the strategy for control of tensile thermal stresses is effective 

in stopping the formation of Type-A cracks. Moreover, the results also suggest that mechani­

cal interaction between the mould and refractory does not play a major role in the generation 

of axial tensile stresses. 

8.1 Recommendations for Future Work . 

One of the more troublesome aspects of the research programme has been the need to 

rely on incomplete and in some cases questionable thermophysical and thermomechanical 
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data. As a starting point, it is recommended that the thermal conductivity of sand be reevalu­

ated under conditions more in-line with those occurring within the mould. As well, it would 

be a great benefit to know more accurately the latent heat of solidification and liquidus and 

solidus temperatures of Monofrax-S. Furthermore, to permit a more complete and thorough 

interpretation of the results of the stress analysis, future work should include also character­

ization of the stress/strain behaviour of Monofrax-S as a function of temperature and at vary­

ing strain rates. 

In addition to benefiting from better thermophysical and thermomechanical data, the 

thermal analysis would benefit greatly from further industrial trials aimed at better character­

izing the behaviour of the mould/refractory interface boundary condition. Evaluation of a 

time dependent heat-transfer coefficient for this boundary condition would greatly improve 

the predictive capabilities of the thermal model. 

The most notable limitation of the mathematical model of stress generation is the 

inability to account for time dependent deformation at elevated temperatures. This shortcom­

ing has influenced the ability of the model to quantitatively predict stress at temperatures 

above 900 - 1000°C. Improved capabilities at these temperatures will help to better resolve 

questions surrounding the tensile thermal stresses which are generated in association with 

rapid cooling of the refractory surface early in the solidification process. This improvement 

would require both modifications to the formulation of the stress model and a better under­

standing of the high temperature mechanical behaviour of Monofrax-S. 

Finally, for future work, it is also recommended that the Epic-3 casting be reanalyzed 

utilizing only two-fold symmetry in the transverse plane. It is clear that the assumption of 

axial symmetry about the centre plane, particularly in the stress analysis, is a poor one. 
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