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Abstract

A magnetic field is imposed on the melt during Czochralski crystal growth to control
fluid flow. The influence of an applied magnetic field on heat transfer in a germanium
melt has been investigated in this work. In heat-transfer modelling of the Czochralski
process, values of thermal conductiﬁty of the crucible material, pyrolytic boron nitride,
are required as a function of temperature. The thermal conductivity of a pyrolytic boron
nitride crucible material has also been determined in this work. Both the investiga-
tion of the influence of the applied magnetic field and the determination of the thermal
conductivity have involved experimental temperature measurements and mathematical
modelling of heat transfer.

The finite element equations for the two-dimensional heat-conduction equation have
been derived using the Galerkin method of weighted residuals. They have been validated
by comparing the finite element solutions with the corresponding analytical solutions.
The finite element results are in excellent agreement with the analytical solutions.

A steady-state conduction-dominated mathematical model has been developed to an-
alyze the temperature measurements obtained within the germanium melt in a Czochral-
ski crystal growth configuration with and without an applied magnetic field of 0.099
tesla. The effect of the applied magnetic field on the heat transfer in the melt has been
determined by fitting the model-calculated results to the measurements. The effective
thermal conductivity of the melt has been found to decrease by a factor of seven due to
the magnetic field.

The thermal conductivity across a pyrolytic boron nitride crucible plate (through

crucible thickness) has been determined from measurements of temperature responses

11



in liquid gallium positioned on both sides of the plate, in conjunction with a transient
mathematical model which simulates the thermal responses. By matching the simulated
thermal responses with the measurements, the thermal conductivity of the pyrolytic

boron nitride crucible plate has been obtained as a function of temperature.
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Chapter 1

Introduction

The thermal system in a crystal growth environment in which a semiconductor crystal
is pulled from its melt is complex. Heat transfer in solid, liquid and gas phases has
to be comnsidered, complicated by fluid flow in the melt and gas due to natural and
forced convection. The quality of the crystal produced is related to the thermal system.
For example, thermal stresses resulting from temperature gradients in the crystal can
generate dislocations which are detrimental to the crystal quality. In this investigation,
two aspects of the thermal system are considered, heat transfer in a germanium melt in
which fluid flow is occurring, and heat flow through the wall of a pyrolytic boron nitride
crucible. Characterization of the heat flow in the melt and crucible requires thermal
properties of these materials. Of particular importance is thermal conductivity, which
is defined as “the heat flow across a surface per unit area per unit time, divided by the
negative of the rate of change of temperature with distance in a direction perpendicular
to the surface”. It is also known as coeflicient of conductivity or heat conductivity [74].

As the demand for reliable microelectronic devices continues to increase and the pro-
cess of miniaturization pushes the physical size of the devices ever smaller, the quality
requirements of semiconductor materials have become ever more stringent. The disloca-
tion density in the crystal must be low, the crystal must have uniform solute distribution
and shape, be striation-free, and the impurity in the crystal must be at a controlled level,
to name but a few. As the properties and quality of the crystal are closely related to

the processing conditions, meeting such stringent requirements is a major driving force



in improving the crystal growth processes, particularly Czochralski (CZ) growth which
has been used successfully to grow elemental and compound semiconductors such as Si,
GaAs and InP.

The improvement of the CZ process has been mostly based on the method of trial and
error. The fundamental principles of the process are not well understood quantitatively.
As a consequence, the extrapolation of past empirical techniques for the CZ growth of
silicon to the growth of gallium arsenide by the liquid encapsulated Czochralski (LEC)
process has yielded poor results. Accordingly, intensive theoretical and experimental
studies have been carried out in trying to understand the process better.

One of the most extensive areas of research in crystal growth is heat transfer since it
is a basic cornerstone in understanding the overall growth process. As a consequence of
the experimental problems encountered in the hostile thermal and chemical environments
present in the growth system and as an alternative way to understand the heat transport
phenomena in the system, a large number of mathematical models of heat transfer has
been developed to gain insight into certain areas of the complex CZ system and to link
the final crystal properties to the processing conditions. They have ranged from simple
analytical relationships to system-oriented models which require sophisticated numerical
techniques and large computer memory space. Numerical techniques such as the finite
element method and the Newton-Raphson method have been extensively used to obtain
approximate solutions to the governing partial differential equations, and supercomputers
are often utilized to solve for large systems of matrix equations.

Another major area of investigation is the effect of a magnetic field on the process. As
- a way of obtaining better quality crystals, a magnetic field is increasingly being applied
in the CZ process. Mathematical modelling has also played an important role in this

area of research.

The type of crucible material used is crucial to the quality as well as the properties



of the crystal. The effects of crucible material have also been studied quite extensively.
New materials resulting in better crystal quality are replacing existing crucible materials.
A material which has been increasingly used for the processing of semiconductors is
pyrolytic boron nitride.

The research carried out on the CZ process has resulted in better system design
and improved the quality of the crystals. However, a thorough quantitative description
of the process still requires appreciable fundamental work. Aside from the complex
science and transport phenomena involved in modelling, a major problem is the lack
of heat-transfer properties to characterize the CZ system. The heat-transfer properties
are the thermal properties of the materials involved in the system and the heat-transfer
coefficients necessary to build the mathematical models. Moreover, the reliability of
the values which are available for some of these properties is being questioned [73].
Hence, obtaining these properties, particularly the more important ones such as thermal
conductivity, has a high priority in this field of research, especially when new materials
like pyrolytic boron nitride are introduced into the growth system.

The need to measure the thermal conductivities of the various constituents relevant
to the CZ growth system is clear. It is also equally important to examine the change in
thermal conductivity due to external effects such as that of a magnetic field. Accordingly,
the objectives of this work are to investigate the influence of an applied magnetic field
on the effective thermal conductivity of a germanium melt in a CZ growth configuration,
and to determine the thermal conductivity of a pyrolytic boron nitride crucible.

Unfortunately, no simple standard methods to measure the thermal conductivities
are available. There is no known standard method to examine the effect of a magnetic
field on the effective thermal conductivity of a melt. Standard methods to obtain the
thermal conductivity of the material, especially at high temperatures, require expensive

or sophisticated experimental apparatus which is not readily obtainable or built in a



limited amount of time. Consequently, a method for investigating the effect of a magnetic
field on the effective thermal conductivity must be devised and an alternative route
to obtain the thermal conductivity must be taken. A way to achieve these goals is
to utilize a combination of mathematical modelling and experimental measurements.
In either case, a mathematical model of heat transfer is employed in the analysis of
experimental temperature measurements. By matching the model-calculated results with
the measurements, the influence of an applied magnetic field on the effective thermal
conductivity of the germanium melt will be investigated and the thermal conductivity of

the pyrolytic boron nitride crucible in the thickness direction as a function of temperature

will be determined.



Chapter 2

Literature Survey

This thesis touches several essential topics such as growth of single crystals by the
Czochralski process, heat-transfer mathematical modelling of the process, effects of mag-
netic fields on the process, pyrolytic boron nitride as a container material for the pro-
cessing of semiconductors, and experimental determination of thermal conductivity. A
literature review of each of these topics will be given in separate sections of this chapter.

Reported values for pyrolytic boron nitride materials are included.

2.1 Growth of Single Crystals by the Czochralski Process

There are several methods to grow single crystals. These include the Bridgman, the
floating zone, and the Czochralski method. The most significant commercial method is
the Czochralski (CZ) process. The CZ growth process is generally more complex than
the other growth techniques.

A typical CZ crystal pulling apparatus is shown in Figure 2.1 [86]. The CZ growth
system consists of a crucible supported by a pedestal which can be rotated and moved
vertically during crystal growth. The crucible is surrounded by a graphite resistance
heater or a radio-frequency coil with a graphite susceptor acting as a heat source. A pull
rod, which also travels vertically, is located above the center of the crucible. This pull
rod is used to lower the seed to the surface of the melt at the start of the process and
subsequently to pull the crystal from the melt. Heat shields are sometimes placed above

the crucible to achieve the desired radiative heat-transfer characteristics. The entire
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assembly is housed in a large temperature-controlled enclosure.

The procedure of growing a crystal starts by filling the crucible with high purity
polycrystalline material and often a small quantity of impurity or dopant, which alters
the electronic properties of the grown crystal. The enclosure is filled with an inert
atmosphere such as argon or nitrogen, and the crucible is heated to melt the material. A
precisely oriented single crystal seed attached to the pull rod is lowered to the surface of
the melt. After the seed and melt have reached thermal equilibrium, the seed is slowly
withdrawn from the melt and a single crystal is pulled upward. A meniscus, whose shape
is determined by the action of surface tension against the force of gravity, forms about
the edge of the crystal by surface tension as the melt is pulled upwafd.

The crystal is usually grown through a ”necking” operation during the beginning of
growth where a very small diameter crystal of some length is solidified in an attempt
to eliminate dislocations. After necking the crystal is grown to the desired diameter by
reducing the power output of the heater, and subsequently, system parameters such as
the growth rate and heater output are adjusted to achieve a constant-diameter crystal.
An active control mechanism, often automatic, is employed to keep the crystal diameter
constant. At the end of the run the crystal is withdrawn from the melt and slowly cooled.

A variant of the CZ process is called liquid encapsulated Czochralski (LEC) growth.
In the LEC process, an inert substance, usually boric oxide (B;0O3), is floated on the
surface of the melt to prevent the escape of volatile components from the melt. This
is important in the growth of III-V compounds such as gallium arsenide and indium

phosphide, where the stoichiometric ratio of the elements must be precisely controlled in

order to produce a high-quality crystal.



2.2 Heat-Transfer Mathematical Modelling of the Czochralski Process

Heat flow in the CZ furnace is complex, as illustrated schematically in Figure 2.2 [56]. In
the LEC growth of compound semiconductors, an additional degree of complexity comes
from the encapsulant layer. To do a quantitative heat-transfer analysis of the CZ and
LEC growth, the thermal v:;riables must be tightly controlled. The experimental difficul-
ties encountered in the growth system make the CZ process conducive to mathematical
modelling.

Extensive mathematical models have been developed in an attempt to understand
the heat transfer in the growth system. The models contain necessary assumptions to
render the problem tractable, especially the LEC growth in which the encapsulant layer
plays a crucial role in the heat transfer of the process.

| A relationship between crystal radius and pull rate was first derived by Billig {24] by
solving an one-dimensional approximation for heat transfer in the crystal with no heat
transfer from the melt. He postulated that the radius of a steadily growing crystal should
be inversely proportional to the square of the steady-state growth rate of the crystal. An
approximate analytical representation of the shape of the meniscus in the CZ growth
which takes into account the angle of contact at the three-phase boundary, the crystal
radius and the magnitude of the surface tension was derived by Hurle [22].

Predicting the shape of the melt-crystal interface together with the temperature field
in the CZ process is one of the major challenges in modelling. The shape of the in-
terface influences thermal stress in the crystal during growth. The larger the interface
deviates from planarity, the larger the thermal stress develops in the crystal. Such vari-
ations of thermal stresses with the devia;tion from planarity have been established by
numerical techniques [41]. Wilcox and Duty were the first to couple the calculation of

the heat transfer and melt/solid interface shape for a steadily growing CZ crystal [85].
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Their numerical approach solved for the temperature field and interface shape with the
assumption that the heat transfer between the crystal and melt could be represented
by a heat-transfer coefficient. Ramachandran et al. [59] developed a model based on
an iterative finite element scheme for prediction of the temperature distribution in the
crystal for an assumed melt temperature and position of the melt-crystal interface which
accounts for the detailed radiative heat transfer between the various surfaces present in
the crystal pulling apparatus. Srivastava et al. then extended the model to solve for
the temperature field in the melt as well as in the crystal, assuming the heat transfer
in the melt occurs by conduction only while simultaneously determining the shape of
the melt-gas meniscus as well as the melt-crystal interface for a fixed crystal radius [69].
H. Kopetsch developed a finite difference algorithm for time-dependent incompressible

viscous flow which includes the dynamics of the solid-liquid interface in the CZ crystal

growth process [30].

An additional degree of freedom to control the interface shape and the diameter of the
~ crystal is by using jet cooling. The effects of cooling the crystal side surface by blowing
a jet of an inert gas have been examined by Srivastava et al. [70]. It was found that the
interface shape and the crystal diameter can be controlled by adjusting the gas flow rate
through the jet.

In order to quantitatively predict the temperature field in the Czochralski process,
a precise knowledge of the heat transfer taking place in the entire furnace is necessary.
System-oriented models for optimizing the design of particular growth systems which in-
clude the effects of furnace heat shields and temperature distributions were developed by
Williams and Reusser [29] and Matsumoto et al. [44]). These works assumed fixed inter-
faces and required experimentally measured thermal boundary conditions. Heat-transfer
modelling of the entire furnace was first done by Dupret et al. using external power in-

put and convective losses on the enclosure as the boundary conditions [26]. Their model
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allows the investigation of the sensitivity of the temperature distribution with respect to
the geometry of the furnace, the presence of a heat shield and the material properties of
the constituents. The effects of geometrical parameters upon the LEC growth of GaAs
crysfals have been analyzed by Nicodeme et al. using a global heat-transfer model which
entirely relies upon external control parameters such as the pulling rate and the power
input [62,63]. The model takes full account of the geometrical configuration and the ma-
terial properties of a LEC furnace. They were able to obtain a good agreement between
the experimental and theoretical shapes of the interface during growth.

To determine the interplay between the geometry of the crystal growth system and
heat transfer, several workers have used complex moving-boundary mathematical mod-
els in order to capture the coupled effects of heat transfer and capillarity. The most
extensive modelling in this area has been the work of R. A. Brown and his co-workers at
Massachusetts Institute of Technology. The dynamics of the heat transfer, the stability
and control of the shapes of the interfaces in the CZ and LEC growth systems have been
studied in great details with thermal-capillary models. They have used the finite ele-
ment method in conjunction with the Newton-Raphson method to solve for the resulting
system of non-linear equations [38,36,48,37,61]. Major parts of the growth process have
been captured in integrated mathematical models [21].

Another area which involves extensive mathematical modelling is fluid flow in the
melt. Flow and temperature measurements in the melt during crystal growth are dif-
ficult because of the hostile high temperature and high pressure environment. Thus,
besides using model experiments with liquids having similar properties as those of semi-
conductors to provide better conditions, mathematical models have been very helpful for
investigating the transport phenomena and the effects of externally applied mechanisms

on transport processes during crystal growth.
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Transport processes in the bulk liquid play an essential role in the quality of the re-
‘sulting crystal. To study the transport phenomena in the moving bulk, combined heat
and fluid flow modelling has been carried out by several researchers. One such researcher
who has modelled extensively the Czochralski bulk flow is W. E. Langlois. He along with
his co-workers has done simulations ranging from simple parameter sensitivity study [80]
and melt convection in a magnetic field [81] to effects of Joule heating and finite electri-
cal conductivity of the crystal on hydromagnetic Czochralski flow [83,84]. Crochet et al.
[50] formulated steady-state and time-dependent finite element simulations to verify the
basic mechanisms of Czochralski melt convection and to explore the combined effects of
such mechanisms. Mihelcic et al. [53] attempted a three-dimensional simulation of the
Czochralski bulk flow in the presence of a non-axisymmetrical temperature distribution
at the crucible wall; they showed that crucible rotation is necessary in order to sym-
metrize the temperature field in the vicinity of the solid-liquid interface. The transport
phenomenon near the interface of a CZ grown crystal has also been theoretically analyzed
by Balasubramaniam and Ostrach [67].

. The study of Czochralski bulk flow has also been carried out by several other investi-
gators. A theoretical study has been done by Tsukada et al. on the flow and temperature
fields in CZ single crystal growth [77]. Numerical studies of heat transfer including free
and forced convection in the LEC growth of GaAs have been carried out by Sabhapathy
et al. [64]. Sackinger, Brown and Derby have also extended the thermal-capillary model
to include fluid flow in the melt [60].

However, there are problefns preventing extensive calculations of fluid flow in the
melt [72]. One problem is the sensitivity of the results to the details of the heat-transfer
environment, which may make the calculations meaningless. Another problem is that
the database of the thermophysical properties of the materials is not accurate enough

to support this level of analysis. Detailed simulation of the melt flow is presently at the
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forefront of numerical modelling [73].

Many of the thermal models were utilized to calculate the corresponding resolved
shear stresses in the crystal to estimate the dislocation density. A seminal paper by
Jordan et al. established that the generation of dislocations in a GaAs crystal is related
to the thermal stresses in the crystal by comparing the thermally-induced stress field
obtained analytically with the experimental dislocation field [9]. Following this work,
similar modelling techniques were applied to other semiconductors such as Si and InP
[8,7,6]. Along with these modelling efforts, Jordan compiled and estimated the material
properties and the transport coefficients of the growth system [3,4,5].

In a series of papers by Schvezov et al., the temperature distribution and the stress
field within a GaAs crystal have been calculated using the finite element method [18,19].
They examined the effects of crystal radius fluctuations and different growth conditions
on the shear stress distribution in the crystal [20,16] as well as the thermal and stress
fields in the crystal after separation from the melt [17].

Heat-transfer modelling has played a profound role in understanding the growth pro-
cess. Because of many simplifying assumptions that must be made to permit a closed-
form analysis and the tremendous complexity in the growth system, accurate quantitative
predictions are difficult to obtain. The limitations of today’s modelling also lie in the
fact that the available computing power is not able to completely model the transport
phenomena in the overall process. Even with the most powerful supercomputers and the
most efficient algorithms, numerical modelling at this moment cannot capture all of the
processes important in an industrial scale solidification system [72].

It is crucial to know the values for the thermophysical properties and transport co-
efficients, as well as the dependence of these properties and coefficients on temperature
and pressure [73). However, the information for this database is limited and inconsis-

tent. For example, the value of the coefficient of thermal expansion for molten silicon is
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only available from two isolated measurements, which disagree by a factor of three [73].
The difference in these values is critical in flow simulations [80]. The values for GaAs
and InP have been reported by Jordan [4], but they are now being questioned as recent
measurements of the viscosity of molten GaAs over a range of temperatures show an
order-of-magnitude increase as the melting point is approached [43].

Because of the paucity of the heat-transfer properties, most of the values have been
assumed in the mathematical models. As a consequence, the results of all the modelling
work have been qualitative. Useful quantitative predictions have been limited by the
availability and the accuracy of the various properties essential in modelling. Therefore,
characterization of these properties is a prerequisite for accurate understanding of the

processing conditions for the melt crystal growth system [73].

2.3 Effects of Magnetic Fields on the Czochralski Growth Process

There is no information found in the literature on the effect of a magnetic field on the
effective thermal conductivity of a CZ melt. However, there have been numerous studies
concerning the effects of magnetic fields on the CZ process, especially on melt flow. A
literature review of these studies is given here as these studies are indirectly related to
the influence of a magnetic field on the effective thermal conductivity of a melt within
the CZ configuration.

A well established effect of an applied magnetic field on the CZ process is the sup-
pression of the melt low. The investigation of the magnetic effects on the melt flow has
involved both experimental work and numerical modelling.

The forces driving fluid flow in a CZ melt are buoyant forces due to density differences,
thermocapillary forces along the free surface due to surface tension gradient, centrifugal

forces due to crystal rotation, and rotational forces due to crucible rotation [71]. The
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melt convection affects the radial inhomogeneity of the crystal due to the radial flow field,
the shape of the interface due to the isotherms or iso-concentration lines which are flow
determined, the interface transition due to the flow transition near the interface, and the
irregular striations caused by the temperature-flow fluctuations [71].

The thermal convection and the associated temperature fluctuations in the melt can
be suppressed by the application of a magnetic field because the electrical conductivi-
ties of molten semiconductors are comparable to those of liquid metals [65]. The flow
suppression is due to the electromagnetic Lorentz force which opposes the motion of the
electrically conducting melt across the magnetic field lines. The magnetic field can be
applied either vertically or horizontally. The vertical magnetic field, generated normally
by a coaxial solenoid, maintains the axisymmetry of the system and thus it is more widely
used. ‘

The flow suppression by a vertical magnetic field has been observed during the CZ
growth of silicon [42] and during the LEC growth of GaAs [40,76]. A horizontal magnetic
field of 0.125 T has been found to suppress the temperature fluctuations at 4 mm below
the melt-encapsulant interface from 18 to 0.1 °C for a 2-inch diameter GaAs crystal [45].
A horizontal magnetic field of 0.32 T eliminated the temperatue fluctuations in the melt
for a 3-inch diameter GaAs crystal growth [46].

Analytical and numerical studies on the effects of a vertical magnetic field during
the growth of the crystals have also shown the flow suppression in the melt [49,82,65].
Mihelcic et al. studied the effects of an axial magnetic field on the flow and temperature
oscillations in the melt, and found that the axial magnetic field damped the flow velocity
vectors and eliminated the temperature oscillations [51]. Numerical studies of the flow
and heat transfer in the LEC growth of GaAs with an axial magnetic field have also been
carried out by Sabhapathy and Salcudean [65]). It was found that thermal convection,

especially near the crucible side wall, was significant even in the presence of a strong
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magnetic field of 0.75 T.

The quantitative difference between the inﬂuencé of a stationary transverse field and
a vertical magnetic field on the flow and temperature distribution which were forced to
be asymmetrical by a.pplying an asymmetrical temperature boundary condition at the
crucible wall in a Si melt was calculated [52]. The vertical magnetic field was found to be
more effective in reducing the asymmetry in the system than the stationary transverse
magnetic field, particularly in the vicinity of the growth interface.

The effect of a horizontal magnetic field on residual impurity concentrations in GaAs
crystals has been studied by Terashima et al. [46]. They observed that the carbon and
boron concentrations were decreased as the magnetic field strength was increased.

As a result of the beneficial effects of the magnetic field, better quality crystals have
been successfully obtained. An axial magnetic field stronger than 0.1 T eliminated the
irregular striations in a GaAs crystal having a diameter up to 3 inches [40]. With an
applied magnetic field of about 0.3 T', a completely striation-free In-doped 3-inch diameter
crystal has been grown without the need to optimize the crystal rotational rate [76].

Dislocation-free and striation-free GaAs crystals of 50-mm diameter have been reported

[33].

2.4 Pyrolytic Boron Nitride as a Crucible Material for the Processing of

Semiconductors

2.4.1 Production, Crystal Structure, and Properties of Pyrolytic Boron Ni-
tride

Boron nitride (BN) is manufactured by sintering hexagonal BN powder with added sin-

tering agents such as boric oxide, borate and high silicate glass [79]. Undesirable pores
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and impurities are found in the sintered product. Pyrolytic boron nitride (PBN) is pro-
duced by reacting NHz and BCl3 gases at temperatures in the range of 1800-1900 °C and
pressures below 1 T'orr to form BN and HCl. The BN is deposited on a graphite mandrel
of desired shape [10]. The deposition process is shown schematically in Figure 2.3. When
the vapor deposition is complete, the finished PBN is slipped off the mandrel. Articles
of PBN are displayed in Figure 2.4 [55]. The deposition process enables the formation
of high purity and high density products. As a result of the deposition process, PBN
products consist of laminar sheets.

Boron nitride has a hexagonal structure as shown in Figure 2.5. During deposition,
BN basal planes are oriented parallel to the deposition surface [55]. As a result, PBN
normal to the deposition surface is predominantly parallel to the hexagonal c-axis while
PBN parallel to the deposition surface is mostly parallel to the a-axis [10,25]. The
crystal structure of the deposits has been found to be affected by the total pressure and
the deposition temperature of the process [79].

Precipitates having five-fold symmetry are present in PBN and have been studied
using transmission electron microscopy [47]. The results show that they are multiply-
twinned ﬁexagonal BN with (112) twin planes, and the five-fold symmetry axis is [201].

PBN is a highly anisotropic material. The properties in the “a” direction are markedly

different from those in the “c” direction, as can be seen from Table 2.1 [10,2].

2.4.2 Applications of Pyrolytic Boron Nitride

Molten semiconductor melts react with crucible materials. This is due to the high tem-
perature and the high dissolving power of the melts. Thus, a suitable crucible material
must be one that reacts sufficiently slowly with the melt and does not contribute detri-
mental elements to the crystal with respect to its electronic properties [13].

The crucible material affects the quality as well as the properties of the crystal. The



Figure 2.3: Schematic diagram of the PBN deposition process [10]
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Figure 2.4: Articles of PBN [55]
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(2)

(b)

a Direction ¢ Direction

Property Units
Thermal expansion
(RT t0 1500°C) % 0.20-0.65 5.0
Thermal
conductivity
at RT W/m-K 63 15
at 800°C W/m-K 63 29
Tensile strength
at RT MPa 41 2.8
psi 6000 410
Tensile strength
at 2200°C MPa 103 No
psi 15‘000 data
Flexural strength
at RT MPa 83 No
psi 12000 data
Young's modulus -
at RT GPa 22 No
10° psi 3 data
Summary of Thermal Properties Summary of Mechanical Properties
Property Unit Value Propecty Unit
Thermal Conductivity calf Apparent Density glcc
cmesec-°C ™ N
“a"Direction @ 25°C 25 g“:‘sipu;‘)'“e"b""y cmvisec
500°C A7
1000°C 15 Compression Strength Psi
“c" Direction @ 25°C 004 “a”Direction @ 25°C
500°C 005 1200°C
1000°C .006 “c" Direction @ 25°C
Thermal Expansion mm/mm ! C
“a" Direction @ 5S00°C .001 Tensile Strength Psi
1000°C” .0025 “a" Direction @ 25°C
“c" Direction @ S00°C .013 Flexural Strength Psi
1000°C 027 @ 25°C
Coefficient of 1200°C
Thermal Expansion mm/mm-°C Torsional Shear Strength Psi
“a" Direclion @ 25°C
above S00°C 3x10* .
vl . Young’s Modulus Psi
¢" Direction 3010 ~a" Direction @ 25°C
Resistance to Poi 's Rati
Thermal Shock: oisson's Ratio .
1200°C into Liquid a"Direction @  25°C
Nitrogen no damage Fiexural Modulus Psi
Specific Heat caligm-°C @ 253:8
@ 25°C 2 1
500°C 4 Hardness—Takenon Knoop
1000°C .47 surface of “a” plane Hardness #

Value
2.185
2x10"

37,000
35,000
48,000
54,000
21,000

28,000
27,000

93,000

3.4x10

3.2x10¢
3.2x10¢

75

Table 2.1: Properties of PBN: (a) from reference [10]; (b) from reference |2]
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effects of crucible material on GaAs crystals have been investigated [78]. The results
showed that the amount of arsenic lost by vaporization during growth was dependent
on the crucible material. The electrical properties of the crystal such as n- or p-type
conductivity, resistivity, carrier concentration, and Hall mobility were different using
different crucible materials. The impurity and carbon concentrations were also affected.

There are several materials that can be used for the processing of semiconductors.
The most commonly used crucible material is fused silicé (quartz). It provides the best
compromise with respect to chemical stability, cost, ease of fabrication and mechanical
strength [13]. Pyrolyric boron nitride (PBN) is increasingly being utilized particularly
to grow semi-insulating (SI) GaAs because SI GaAs can be obtained using this crucible
material without intentional doping of impurities [75]. The use of PBN crucibles instead
of conventional fused silica crucibles minimizes melt contamination by Si through the
dissolution of the quartz crucible, eliminating the need for compensatory doping with
chromium to achieve SI quality. Another advantage is its lower cost per GaAs crystal,
because each PBN crucible can be used many times, whereas a quartz crucible can be used
only once [10]. Other new crucible materials which are also actively being investigated
are aluminium nitride (AIN), silicon nitride (SizgNy) , silicon carbide (SiC) and hexagonal
boron nitride (hBN) [78]. These materials have high melting points and hardly react at
all with other materials at high temperatures in either oxidizing or reducing atmospheres.

PBN is very attractive as a container material for elemental purification, compound-
ing, and growth of compound semiconductor crystals because of its structure, properties
(thermal and mechanical), purity, and chemical inertness [10]. Not only has it been used
as a crucible material for the LEC process, but it has also been used as crucibles for
the vertical gradient freeze (VGF) growth of crystals, evaporation crucibles for deposi-
tion of metals and dopants at high temperatures and ultra-high vacuum by molecular

beam epitaxy (MBE). A PBN-PG resistance heater has been developed which enables
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the growth of compound semiconductor crystal layers by rapid thermal proc&séing in
metal organic chemical vapor deposition (MOCVD) and other epitaxial processes. It has
also been used as high-temperature jigs and insulators [47]. However, PBN material in
thése applications still needs to be improved. In order to optimize PBN performance, an
accurate knowledge of the structure, thermal and mechanical properties of the material

is required [10].

2.5 Experimental Determination of Thermal Conductivity

The general principles of thermal conductivity measurements will be reviewed based on

reference [88]. The various standard methods of measurement will be briefly described.
Heat is conducted through solids by various carriers: electrons, lattice waves or

phonons, magnetic excitations, and electromagnetic radiation. The total thermal con-

ductivity is the sum of contributions from each type of carrier which is given by

k = % Z C,‘ V¢ l,' (21)

where i denotes the type of carrier, C; is the contribution of each carrier to the specific
heat per unit volume, v; is the velocity of the carrier, and [; is an appropriately defined
mean free path.

The method for measuring the thermal conductivity of a material depends markedly
on whether the material is a solid, liquid or gas. It also depends on the temperature
range required and whether the material has a high or low thermal conductivity. No one
method is suitable for all the required conditions of measurement. The appropriateness
of a method is further detected by such considerations as the physical nature of the
material, the geometry of samples available, the required accuracy of results, and the

time and funds entailed as well as the availability of experimental apparatus.
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Two general categories of thermal conductivity measurements are used, namely steady-
state measurements and transient methods. In the steady-state methods, the test spec-
imen is subjected to a temperature profile which is time-invariant, and the thermal
conductivity is determined directly by measuring the rate of heat flow per unit area and
the temperature gradient after equilibrium has been reached. In the transient methods,
the temperature field in the specimen varies with time, and measurements of the rate
of temperature change replace the measurement of the rate of heat flow. The transient
measurement normally determines the thermal diffusivity instead of the thermal con-
ductivity. The thermal conductivity is calculated from the thermal diffusivity using the
density and specific heat capacity of the test material.

Obtaining a controlled heat flow in a prescribed direction such that the actual bound-
ary conditions in the experiment agree with those assumed in the theory is the primary
concern in most methods of measurement. In theory, the simplest method to accomplish
this task is to use a specimen in the form of a hollow sphere with a heater in the cen-
ter. The heat supplied by the heater passes through the specimen in a radial direction
without loss. However, in practice it is very difficult to fabricate a spherical heater which
produces uniform heat flux in all radial directions. Morover, it is difficult to fabricate
spherical specimens and to measure the heat input and the temperature gradient in such
an experimental arrangement.

A method more commonly used to control the heat flow in the prescribed direction
is the use of quard heaters combined with thermal insulation in most cases so adjusted
that the temperature gradient is zero in all directions except in the direction of desired
heat flow. In most methods of measuring thermal conductivity, a cylindrical specimen
geometry ranging from a long rod to short disk is utilized, and the heat flow is controlled

to be in either the longitudinal (axial) or the radial direction.
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Detailed description of each of the standard methods for obtaining the thermal con-
ductivity of a material would take pages to complete, and thus only the main ideas are
mentioned here. The references listed in reference [88) should be consulted for detailed

discussions of the methods.

2.5.1 Steady-State Methods

Steady-state procedures for measuring the thermal conductivity of solids include the
following methods: (a) longitudinal heat flow, (b) Forbes’ bar, (c) radial heat flow, (d)
direct electrical heating, (e) thermoelectrical, and (f) thermal comparator. Depending
on the means of measuring the heat flow, the longitudinal and radial heat flow methods
are divided into absolute and comparative methods. In the absolute method, the rate of
heat flow into a specimen is directly determined, by measuring the electrical power input
to a heater at one end of the specimen, and the rate of heat flow out of a specimen is
measured with a flow or boil-off calorimeter. In the comparative method the rate of heat
flow is calculated from the temperature gradient in a reference sample of known thermal
conductivity which is positioned in series with the specimen. It is assumed that the same
heat flow occurs in both the réference and test samples.

In the longitudinal heat flow method, the experimental arrangement is designed such
that the flow of heat is only in the axial direction of a rod or disk specimen. The radial
heat loss or gain of the specimen is prevented or minimized and evaluated. Assuming no
radial heat loss or gain, under steady-state conditions the thermal conductivity is deter-

mined by the following expression from the one-dimensional Fourier-Biot heat-conduction

equation:
_ —¢Ax

k= AAT

(2.2)

where k is the average thermal conductivity corresponding to the average temperature
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%(Tl + T3), AT is the temperature difference between 77 and T3, ¢ is the rate of heat
flow, A is the cross-sectional area, and Az is the distance between points of temperature
measurements for 77 and T;. The same idea is used in the radial heat flow method in
which the axial heat flow is minimized. Other steady-state methods are variants of the
longitudinal and radial heat flow methods with minor differences in the equations and

experimental arrangements employed to obtain the thermal conductivity.

2.5.2 Nonsteady-State Methods

The category of nonsteady-state methods includes the periodic and the transient heat flow
methods. Each of them is also divided into longitudinal and radial heat flow methods. -
The transient heat flow methods incorporate the flash method, the line heat source and
probe methods, the moving heat source method, and several comparative methods.

In this method, the temperature field in the specimen varies with time. The rate of
temperature change at certain positions along the specimen is measured and no mea-
surement of the rate of.heat flow is required. These methods usually yield the thermal
diffusivity from which the thermal conductivity can be calculated by knowing the density
and specific heat capacity of the test material.

In the periodic heat flow methods, the heat supplied to the specimen is modulated to
have a fixed period, and the resulting temperature wave propagating through the speci-
men with the same period is attenuated as it moves along. The thermal diffusivity can
be determined from measurements of the amplitude decrement and/or phase difference
of the temperature waves between certain positions in the specimen.

The transient heat flow methods involve heating the specimen to a desired temper-
ature and then letting it cool. The temperatures at two positions of the specimen are
measured as a function of time. The thermal diffusivity can then be obtained from these

measurements. Many varieties of the transient heat flow methods have been developed
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employing similar ideas with various different heat sources and experimental arrange-

ments.

2.5.3 Methods for Plate Specimens

Plate methods are suitable for poor thermal conductors and insulators. This specimen
geometry minimizes the ratio of the lateral heat losses to the heat flow through the
specimen [88].

Plate methods can be categorized into absolute and comparative methods [88]. Two
main kinds of experimental arrangements are used for the absolute method: the single-
plate system and the twin-plate system. The single-plate system requires only one speci-
men which is placed between a hot plate and a cold plate. The twin-plate system requires
two similar specimens to be sandwiched between a hot plate in the middle and two cold
plates on the outside. In the comparative method, a reference sample of known thermal
conductivity is placed in series with the unknown specimen in which it is assumed the
same rate of heat flow through both the reference and the specimen. The specimen and
the reference sample are sandwiched between a hot plate and a cold plate.

Comparative methods have the advantages of simpler apparatus, casier specimen fab-
rication, and easier operation. Their disadvantages include the additional measurement
errors due to the required additional measurements of temperatures and thermocouple
separations, the difficulty in matched guarding, and the lower accuracy due to the addi-
tional uncertainty in the thermal conductivity of the reference sample, the conductivity
mismatch between the specimen and reference sample, and the interfacial thermal contact
resistance [88].

Numerous techniques have been developed to obtain either the thermal conductivity
(steady-state) or the thermal diffusivity (transient) of a plate specimen. Steady-state

measurements include the de Senarmont method and the guarded hot plate method.
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Transient measurements cover the calorimetric method, the flash method, and several
other methods.

In the de Senarmont method, the sample is coated with a thin film of wax. Heat
is applied at a central point by means of a hot, thin silver tube tightly fitted in a hole
at the center of the plate. The wax melts around the region where the heat is supplied
and the bounding line of the melted wax is the visible isotherm. This method is used to
determine anisotropy in thermal conductivity. However, it does not yield absolute values
of thermal conductivity, and axial heat loss is not prevented.

The guarded hot plate method has been adopted by the American Society for Testing
and Materials (ASTM) as a standard method for thermal conductivity measurements.
This method is described in the ASTM handbook under the fixed designation C177 [1].
However, it requires a sophisticated experimental apparatus.

In the calorimetric method, a part of a thin sample is shadowed by a mask from
chopped light irradiation and then périodic thermal energy is imparted to the remaining
part of the sample’[35]. The temperature at a position of the sample lying under the
mask is detected by a fine thermocouple attached to the sample. To obtain the thermal
diffusivity parallel to the plane surface of the sample, the temperature T' is measured as
a function of the distance z between the positions of the thermocouple and the edge of

the mask. The thermal diffusivity can be calculated from the following equations:

7] = 52— exp(~ka)
k= (w/2a)®
where () is the amplitude of the applied thermal-energy flux per unit area, w is the
angular frequency of the periodic heating, C is the heat capacity of the sample per unit

volume, d is the thickness of the sample, k is the thermal decay constant, and « is the

thermal diffusivity of the sample.
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In the flash method, thermal energy from a flash tube or laser is imparted instan-
taneously to the front surface of the plate-like sample by a light pulse [35]. The time
interval of the flash is short compared to the time required for the resulting transient
flow of heat to propagate through the specimen. The temperature of the rear surface
is measured as a function of time. Assuming that the heat pulse is instantaneous and
uniform over the entire front surface, the surface heat losses are negligible, and the heat
flow is one-dimensional, the thermal diffusivity can be calculated from the relation

0.139 42
a=——
ti/2

where t;/, is the time corresponding to a rise in the temperature to one-half of its maxi-
mum value.

There are several other methods more or less related to the transient methods out-
lined above. These include the mirage-effect method, the picosecond time-resolved ther-
moreflectance method, and the photoacoustic method. The procedures are described in

reference (35].

2.6 Reported Thermal-Conductivity Values for Pyrolytic Boron Nitride

The thermal-conductivity values reported for PBN in the “a” and “c” directions which
have been obtained from two different references are shown in Table 2.2 [2] and Table 2.3
[10]. Other sets of values for slightly different PBN materials are presented in Figure
2.6 and Figure 2.7 where K, denotes the thermal condli‘é’c:;vity in the basal plane (a
direction) [25]. In Figure 2.6, specimen C has a higher K, because it has a higher density
than specimen B.

Comparing the numbers in the two tables, it is evident that they are not in agreement
with each other. The method used to obtain these values was not given. Thus, the values

are suspicious in terms of their reliability and accuracy. The values shown in the figures
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Figure 2.6: Thermal conductivity of PBN reported in reference [25] for specimen B and
C
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Temperature | “a” direction | “c” direction Unit
25 °C 104.5 1.672 W/m.cC
500 °C 71.6 2.09 W/m.cC

1000 °C 62.7 2.51 W/m.cC

32

Table 2.2: Thermal conductivity of PBN reported in reference [2]

Temperature a direction | ¢ direction Unit
room temperature 63 1.5 W/m., K
800 °C 63 2.9 W/m.e, K

Table 2.3: Thermal conductivity of PBN reported in reference [10]

are also different from the ones shown in the tables, but this is due to the different
materials used.

| The values obtained were rather high, as can be seen from the figures. For instance,
at room temperature, specimen C has a value of 390 W/m.°C which is comparable to
that of copper (about 400 W/m.°C). Such high values are surprising for this type of
material which is regarded as a thermal insulator (ceramic).

Clearly, discrepancies in the reported thermal conductivity values exist for PBN ma-
terials that are supposedly the same. Moreover, these values are not representative of the
thermal conductivity of a PBN crucible. In a PBN crucible, the direction along the wall
is parallel to the deposition surface which consists of predominantly the “a” direction,
and the direction through thickness is perpendicular to the deposition surface comprising

of predominantly the “c” direction.



Chapter 3

Finite Element Solutions for the Two-Dimensional Heat-Conduction

Equation

The differential equation of heat conduction for a stationary, homogeneous, isotropic solid
with heat generation or consumption within the body has the form [54,11,27 31]

V.kVT]+Q =pC, %Tt— (3.3)
where V is the differential operator, k is the thermal conductivity, T denotes tempera-
ture, @ is the rate of heat generation or consumption, p is the density, C, is the specific
heat cap@city, and t denotes time. In two-dimensional cylindrical coordinates, i.e. ax-
isymmetrical system,

_ 0. 0 -

v—a-—;lr+a—zlz

where r and z are the radial and axial coordinates respectively, and z, and i, are the

corresponding unit vectors. For two-dimensional cartesian coordinate system,

with z and y as the coordinate variables, and 7 and j the corresponding unit vectors.

When the thermal conductivity is assumed to be constant, i.e. independent of position
and temperature, and if there is no heat generation and consumption in the solid, the
two-dimensional heat-conduction equation reduces to

10 or\  o*T 10T
;a—r("a—r%a?—a'é? (3:4)
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in the cylindrical coordinates, and to

8T T 10T
D2z + 53/7 = 2o (3.5)
in the cartesian coordinates, where « is the thermal diffusivity defined as
k
a = 3.6
C. (3.6)

In the special case of the Czochralski crystal growth, a quasi-steady-state assumption
is usually used to calculate the temperature distribution in the crystal. The term %
in equation 3.4 is transformed into & + v & [9] to take into account the transient and
convective heat transfer of the crystal respectively due to its upward motion, where v is
the velocity of the moving crystal. However, according to Rosenthal’s theory for moving
heat sources, an observer moving with the coordinate system fails to detect any change
in temperature with time in his surroundings [9]; hence, %% is zero leaving only the

convective term v aaT—; in the transformed equation

1a(ra:l‘) T 1 ar

- mil (3.7)

Equation 3.7 is expected to be valid after a crystal of some length has grown [9]. Equation
3.7 is no longer transient, and neither is it steady-state since the right-hand side still
contains a non-zero term. Accordingly, the transformed equation is said to be quasi-
steady-state.

Solution to the heat conduction equation is often impossible analytically; only with
very simple boundary conditions is the analytical solution obtainable. Consequently, nu-
merical techniques are required for solving the temperature field in most cases. The most
common numerical techniques employed are finite difference method and finite element
method. The finite element method is used to obtain the solution as it can easily handle

an irregular domain geometry and hence more complex boundary conditions. Moreover,
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the finite element method generates numerical approximations that satisfy certain global
conservation laws, independent of the boundary conditions and geometry, which lead to
computationally well-behaved results [23]. It also gives solutions for the entire domain
instead of only at the nodal points. Generally, it yields a better approximation to the

exact solution compared to the finite difference solution.

3.1 Finite Element Equations

Finite element equations can be obtained by meaﬁs of weighted residual methods. The
most popular weighted residual method is the Galerkin method.

In the finite element method, the domain of interest is discretized into a finite number
of elements. The derivation of the equations is performed on each individual element.
The elemental matrices and vectors are then assembled by adding their contributions at
the elemental nodes to the corresponding global node locations in the domain to form
the domain stiffness matrix and load (force) vector.

The finite element formulation of the unsteady-state heat-conduction equation gen-

erally yields a set of simultaneous algebraic equations in the form

[K] {T} +[C] {T} = {f} (3.8)

where [K] is the thermal stiffness matrix, [C] is the capacitance matrix, {f} is the thermal
load (force) vector, {T'} is the nodal temperature vector, and {T} is the vector containing
time derivatives of nodal temperatures. The thermal stiffness matrix can be decomposed
into

(K] = [K.] + [Kr] + K]

where [K.] is the conduction matrix, {K,] is the convection matrix, and [K,] is the

linearized radiation matrix. Similarly, the thermal load (force) vector can be subdivided
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into
{f} ={f} +{f}

where {fn} is the convective vector and {f,} is the linearized radiative vector.
For the quasi-steady-state case (equation 3.7), the matrix equation is slightly different

from equation 3.8, and is given by

(K] + (G {T} = {f} | (3.9)

where [C,] is the convective capacitance matrix. Equation 3.9 does not involve the time
derivative of temperature but instead has the convective term due to crystal motion
added to [K]. |
The finite element equations have been derived for both the cylindrical and the carte-
sian coordinates using the Galerkin method. Full derivations of the equations are given
in Appendix A. Good discussions on the finite element method can be found in references
[57], [34], [68], [58] and [28].
After going through the derivation, the elemental matrices and vectors for the cylin-
drical system are
K@ =, f,rk (%25 + 2u9%) drde
K = fp rhe N; N;dT
Kﬁfj) = [pr rh, N; N; dT’
CY =/, J, rpCyp N; N dr dz
) = [ rhe Ni T, dU
£ = Jp r he Ni Too, &0

(3.10)

and

C) = [, . rvpCpN; N, drdz

UiJ
where N is the shape or trial function, A, is the convective heat-transfer coefficient, h,

is the radiative heat-transfer coefficient, T,, and T,,, are the ambient temperatures, I'
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denotes domain boundary, and N, is the derivative of IV with respect to z. The subscripts
¢ and j denote the number of rows and columns in the matrix, respectively.

The equations in the cartesian coordinates are slightly different in that the r terms in
the above equations are removed. Presented in a similar manner, the elemental matrices

and vectors for the cartesian system are

K = J, L b (% 5+ B ) dedy
K = Jp he N; N; dT

K = fp he N; N;dU

C§ =1, J, pCy Ni Njdu dy

£ = Jp he Ni T, dT

£ = Jr he N; T, dT

(3.11)

The next essential step in the finite element formulation is to choose the type of
element and its associated shape functions. The type of element and shape functions
chosen have an important implication on the accuracy of the solution. A very popular
element type is the quadratic isoparametric element which has been used quite extensively
and successfully. The quadratic isoparametric element considered here consists of four
sides and eight nodes. The sides of the element can be curved due to the quadratic nature

of the shape functions. The quadratic isoparametric element is shown in Figure 3.8a. The
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Figure 3.8: Element type: (a) 8-noded quadratic isoparametric element; (b)Quadratic
isoparametric boundary element .
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corresponding shape functions are

N=—(1-Q -1 +¢+n)/4
Ny =—-(1+8A-n)(Q—-E&+n)/4
Ny=—-(1+81+n)(1—-¢—m)/4
Ne=—-(1-@+n)(Q+E{—m)/4
Ny =(1-£)(1-n)/2
Ne=(1-7n")(14+£)/2
Np=(1-¢8)(1+n)/2
Ne=(1—-n*)(1-¢)/2

(3.12)

where -1 < ¢, n < 1.
At domain boundary, one-dimensional quadratic shape functions are used to account
for convective/radiative boundary conditions. The boundary element is shown in Figure

3.8b and the shape functions are given by

Ny=-n(l—n)/2
N, =n(1+ 2
2 =n(1+mn)/ (3.13)
N3 =1- 772
Since the shape functions are a function of £ and 7, the r—2 or z—y space (global coor-

dinates) must be mapped into the {é—n space (local natural coordinates). The coordinate

transformation is shown in Figure 3.9, where

8 8
r=3 1N (£n) z=3 % Ni(§n)
=1 =1

The mapping functions used to accomplish the transformation are the same as the shape
functions as the element is zsoparametric.
To evaluate the integrals of the elemental matrices and vectors, numerical integra-

tion must be used since the integrands are not simple functions that permit closed-form
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Figure 3.9: Mapping of the quadratic isoparametric element into the (£, 1) coordinates:
(a) domain element; (b) boundary element
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integration [34]. A numerical integration technique most often used is the Legendre-
Gauss method (Gaussian quadrature). The method uses a number of sampling points
to evaluate the integrals. A larger number of sampling points results iﬁ better accuracy
but is more computationally intensive. Using nine sampling points in the domain and

three sampling points along the boundary proves to be sufficient. The equations in the

cylindrical coordinates after the numerical integration are

[Kée)] Z Z W, W; T(f. n) k [B(& 'b)] [B(&,nj)] det['](&,nj)]

=1 =1

(K9] = g; Wi () he { Nim) } {N(m)}T A(mi)
K] = }::n: Wity b {Newy } {Nemr} A
(0] = ? f; Wi Wir(e ) £Co { Mg} (Mg} det o) (3.14)
{£9}= ; Wi (o) he { Nim) } Toor Am

{fe} = i Wi vy b { Ny } Toon A

[C(e)] = Z WiWir(em)vpChp {N(& '7:)} {Nz(6 'b)} det [J(f' "J)]

i=1 7=1

and in the cartesian coordinates

[Kﬁ")] = i i W W,k [B(a,nj)]T [B(fimj)] det[J (g n5))

=1 j5=1

[K’('e)] = il Wi he {N(m)} {N(m)}T A(n.')
[59)] = i_n: Wihe {New} {New} Acar (3.15)

[C(e)] i i W W; pC, {Nig n;)} {N(e. m)} det [J(f 'l;)]

=1 5=1
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{79} = i_n; W; he {Niw)} Toor Acw)

{9} = Zm;‘ Wi he { Ny} Tooz A

where

m = number of sampling points in one dimension
W; and W; =  weighting constants
£ and n =  coordinates at sampling points

The elemental matrices and vectors are calculated using computer programs, and

placed in the corresponding locations in the global matrix and vector. The global matrix
equations are solved using a suitable matrix solver to obtain the nodal temperatures.

The equation to be solved in steady-state heat conduction

(K] {T} = {f}

is algebraic in nature, and hence can be evaluated directly using matrix algebra. However,

the transient heat-transfer equation

(K] {T} +[C] {T} = {f}

involves the time derivatives of temperature and is generally difficult to solve analytically.
To overcome this problem, a time-stepping recurrence technique is employed in which

temperature is approximated by

{T} =3 N AT} (3.16)

where {T;} is the temperature vector at time [. The shape functions, Nj, are a function

of time only. In this method, trial functions are used to discretize the time domain and



43

the solution at each time step is obtained using the temperatures from the previous time
step(s). The number of trial functions used influences the accuracy and stability of the
solution; in general the greater is the number of shape (trial) functions used the better
will the accuracy and stability be [12].

The recurrence method which uses two shape functions is known as a two-point (lin-
ear) recurrence scheme, while a three-point (quadratic) scheme uses three shape functions.

The dimensionless time variable { and shape functions for the two-point scheme are

0<¢<1 (=%
Ny =G Niy1 = 2

and for the three-point scheme

-1<¢<1 (=ar
Nei=-3¢(1-0;  Na=(-}+¢) & 5.18)
N=(1-01+¢; N =%
N =3¢C(1+0); Nl+1=(%+f)ﬁ

where the subscripts  — 1,  and [ + 1 denote previous time step, current time step and
next time step, respectively.

Two most widely used techniques are chosen for the two time-stepping schemes. The
Crank-Nicholson method is employed in the two-point recurrence scheme, and the result-

ing equation is given as

) {2 o {2~ ) (3.19)

The Dupont three-level technique is used in the three-point scheme resulting in

) et di) o (T =T gy (3.20)
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Both schemes are utilized in the following fashion. The two-point scheme which only
requires the temperatures from previous time step is used to obtain the solution at the
very first time step. The three-point scheme which requires the temperatures from two

previous time steps is then used for all subsequent calculations.

3.2 Comparisons with Analytical Solutions

In order to validate the finite element equations, computed results must be compared
with analytical solutions. Checking the finite element solutions against the analytical
solutions under different boundary conditions is necessary to ensure the validity of the
mathematical models developed in chapter 4 and chapter 5. In chapter 4, a steady-
state model is utilized to examine the effect of a magnetic field on heat transfer in a
melt. In chapter 5, a transient model is required to determine the thermal conductivity
of a PBN crucible plate. The models involve fixed, insulated and convective boundary
conditions. Thus, in the following sections, thorough comparisons are made in one- as
well as two-dimensional conduction, convection and transient solutions. The derivations

of the analytical solutions are included in Appendix B.

3.2.1 Steady-State Conduction

For pure steady-state conduction, the equation to be solved is
K] {T} =0 (3.21)

The boundary condition can be either fixed temperature or zero heat flux at the boundary.
Before comparing with analytical solutions, the finite element calculations must satisfy
two criteria. The first is that the computed temperatures must be zero at all nodes when

no constraint is applied at the boundary. The second is that when a fixed temperature
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case 1 | case2 | case 3 | case 4
r; (m) | 0.01 | 1000.01 | 0.0001 | 0.0001
T (m) 1.61 {1001.61 | 1.6001 § 3.2001

Table 3.4: Different pairs of values of r; and r, used for comparisons of steady-state
conduction finite element results with 1-dimensional analytical solutions

is applied along the boundary the solution temperatures must be equal to the boundary
temperature.
3.2.1.1 One-Dimensional Solutions

The analytical solution is for a hollow tube with fixed temperatures at the inner and

outer surface. The solution is [27]

1) = T+ (7, — 1) L)

In (%)

where T; and T, are the inner and outer surface temperatures, and r; and r, are the inner

(3.22)

and outer radii respectively. T is a function of r only. Since this is a steady-state con-
duction problem with constant thermal conductivity and fixed boundary temperatures,
the thermal-conductivity value does not affect the temperature profile.

T is set to 0°C and T, is fixed at 1000 °C for the calculations. Four cases are
examined for different combinations of r; and r, values as shown in Table 3.4.

In all cases, 5 different numbers of elements of equal size are used to illustrate the
convergence of the finite element results to the analytical solutions. The number of
elements is doubled from 2 to 4, 8, 16 and 32.

Figure 3.10 shows the results of the comparison for the first case. The finite element
results clearly become closer to the analytical solutions as the element number increases.

In this case, the solutions using 32 elements give essentially the same values as the
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Figure 3.10: Comparison of finite element solutions with 1-dimensional analytical solu-
tions for steady-state conduction using r; = 0.01 m and r, = 1.61 m
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analytical. The error is larger at the region near the z axis where the temperature gradient
changes rapidly. This is due to the inability of the quadratic element shape functions
to fit a high curvature. Changing the shape functions to a higher-order polynomial or
increasing the number of elements locally will improve the fit.

In the second case, the inner radius is very large compared to the one in case 1 while
the thickness of the tube remains unchanged. The temperature profile in such a tube is
virtually linear, and therefore is easily fitted by the finite element solutions. Figure 3.11
illustrates the excellent agreement between the solutions. Even with only 2 elements, the
finite element solutions are indistinguishable from the analytical solutions.

The comparison for case 3 is displayed in Figure 3.12. As expected, the solutions
converge as the element number is increased. However, the finite element solutions are
unablé to fit the region near the z axis well even with 32 elements. This case differs
from case 1 in that the inner radius for this case is much smaller. As r; gets smaller,
the change in temperature gradient becomes more severe in the region close to the inner
surface of the tube since the inner surface is nearer to the z axis. For this reason, the fit
in this case is not as good as the fit in case 1.

Increasing the thickness of the tube results in a larger change in the temperature
gradient near the 2z axis. Figure 3.13 presents the results of comparison for case 4. This
case uses the same r; as case 3 but the thickness of the tube is twice the thickness in
case 3. By comparing Figure 3.12 and Figure 3.13, it can be seen that the temperature
profile in Figure 3.13 has a slightly higher change in the temperature gradient resulting

in a larger error in the finite element solutions.

3.2.1.2 Two-Dimensional Solutions

The finite element solutions are also compared with two-dimensional analytical solutions

to further substantiate the convergence of the finite element solutions. The analytical
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Figure 3.11: Comparison of finite element solutions with 1-dimensional analytical solu-
tions for steady-state conduction using r; = 1000.01 m and r, = 1001.61 m
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Figure 3.12: Comparison of finite element solutions with 1-dimensional analytical solu-
tions for steady-state conduction using r; = 0.0001 m and r, = 1.6001 m
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Figure 3.13: Comparison of finite element solutions with 1-dimensional analytical solu-
tions for steady-state conduction using r; = 0.0001 m and r, = 3.2001 m
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profile 1 Tia =
for0<2< %c
Tiac— Tnia 2
fortc<z<c
profile 2 | T4 sin (1:-)
for0<2<c¢

Table 3.5: Two different temperature profiles along the axial boundary for comparisons
of steady-state conduction finite element results with 2-dimensional analytical solutions

solution is for an axisymmetrical domain having a radial length b and an axial length c.
The finite element domain is divided into n X m elements of equal size; n refers to the
number of elements radially while m axially. The element numbers used are 1 x 2, 2 x 4,
3x6,4x%x8and 5 x10.

b and c are set to 1 m and 2 m, respectively. The top and bottom boundaries are
fixed at 0 °C. Two temperature profiles are imposed on the side of the domain as listed
in Table 3.5. Results are obtained by setting the mid-height temperature T;,;4 to 1000 °C
in both cases. |

Using profile 1, the resulting analytical solution is [54]

_ 2Tmia = lo(nmr) . 1 (nmc) c (nmc)
T(r,z) = A m2=:1 To(7imb) sin(nm, 2) ;g sin 9 — T cos o
0<2< %c
2T mia I(nmr) . { 1 (nmc)
T(r,z) = 4L in (M)
(r,z) . "; To(n b) sin(n, 2) s sin 5
1 . :
gz Sinime) + 57— cos ( )} (3.23)

1
—c< <
26 zZscC
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where

The solution for profile 2 is

T(r,z) = f’ (;3 sin (E) (3.24)

where Iy() is the modified Bessel function of order 0 of the first kind.

Figure 3.14 shows the comparison of the solutions along the z axis for profile 1. The
convergvence is clear with increasing number of elements. Except for 1 x 2 elements, the
other solutions give a good agreement with the analytical. The corresponding comparison
along the midline between the z axis and the boundary is shown in Figure 3.15. The
finite element solutions along this line are closer to the analytical than those along the 2
axis. It is expected that the solutions become more accurate in the region nearer to the
boundary since the temperature along the boundary is fixed.

The results of comparison for the second profile are presented in Figure 3.16 and
Figure 3.17 along the z axis and the midline, respectively. Using this profile, the finite
element solutions are generally better than those using profile 1. This can be seen by
comparing Figure 3.16 with Figure 3.14 and Figure 3.17 with Figure 3.15. This is due
to the discontinuity of the temperature slope in profile 1 which causes sharper changes
in temperature gradient axially.

To see the convergence of the whole temperature distribution, two-dimensional con-
tour plots for profile 2 are compared in Figure 3.18. 3 finite element solution fields using
2 x 4, 4 x 8 and 8 x 16 elements are shown in the figure. With 8 x 16 elements, the

solution field is virtually identical to the analytical temperature distribution.
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Figure 3.14: Comparison of finite element solutions with 2-dimensional analytical solu-
tions for steady-state conduction using temperature profile 1 along the z axis
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Figure 3.15: Comparison of finite element solutions with 2-dimensional analytical solu-

tions for steady-state conduction using temperature profile 1 along the midline between
the z axis and boundary
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Figure 3.17: Comparison of finite element solutions with 2-dimensional analytical solu-

tions for steady-state conduction using temperature profile 2 along the midline between
the z axis and boundary



o7

(b)

(d)

Figure 3.18: Comparison of finite element temperature distributions with 2-dimensional
analytical solutions for steady-state conduction using temperature profile 2: (a) 2 x 4
elements; (b) 4 X 8 elements; (c) 8 x 16 elements; (d) analytical
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3.2.2 Steady-State Convection

For steady-state convective boundary conditions, the equation to be solved is

[ K]+ [Kn] ] {T} = {fn} (3.25)

Equation 3.25 describes the combined conductive and convective steady-state heat trans-
fer.

Before comparing with analyticai solutions, the equatibn must be tested against the
following criterion. Using a constant heat-transfer coefficient 2 and a uniform ambient
temperature T,,, the resulting finite element solutions must be equal to the ambient
temperature.

The finite element calculations are compared with the analytical solutions of a two-
dimensional axisymmetrical domain of radial length b and axial length ¢. Along the top
and bottom boundaries fixed temperatures are imposed, while convection occurs along
the side boundary to an ambient temperature of 0 °C' with a constant h.

With the top boundary T}, set to 0 °C and the bottom boundary T3, to a constant

positive temperature Tj,, the analytical solution is given by [54]

2Ty, f: H  sinh(Bu(c — 2)) Jo(Bmr)
b 2 1B swb(fnd  Jo(Bmd)

T(r,z) = (3.26)

where
h
H=z

and f,,’s are the positive roots of

,Bm Jl(ﬂmb) - HJO(,me)

and Jo() and Ji() are the Bessel functions of order 0 and 1 of the first kind, respectively.
The numbers of elements used to obtain the solutions are 1 x 2, 2 x 4, 4 x 8 and
8 X 16 elements. The size of the domain, the boundary conditions and the heat-transfer

properties used are listed in Table 3.6.
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b 1.0m

c 20m

Tio 0.0 °C
Tro 1238.0 °C
Too 0.0 °C

k 1.0 W/m.2C
k. |100.0 W/m?eC

Table 3.6: Size of domain, boundary conditions and heat-transfer properties used for
comparison of steady-state convection finite element results with 2-dimensional analytical
solutions -

The comparisons are shown in Figure 3.19, Figure 3.20 and Figure 3.21 along the 2
axis, the midline and the boundary, respectively. Obvious convergence is observed. The
finite element results are the least accurate along the boundary. Again, this is due to a
large change in the temperature gradient along the boundary.

The corresponding two-dimensional contour plots are displayed in Figure 3.22. The
finite element solutions are obtained using 2 x 4, 4 x 8 and 8 x 16 elements to show

the convergence of the temperature field. The results of 8 X 16 elements resemble the

analytical solutions very well.

3.2.3 Transient Conduction

In transient heat-conduction problems, the equation to be solved is

(K] {T} +[C} {T} =0 (3.27)

There is no heat exchange between system and ambient surrounding,.
Comparisons are made for 1-dimensional solutions in the cartesian coordinates. Two

problems are considered.

The first problem has insulated ends and a linear initial temperature profile with 0 °C
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Figure 3.19: Comparison of finite element solutions with 2-dimensional analytical solu-
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61

1300 7T T T T T T T T T T T T T T T T 1

1200 7]

1100 | . + 1 x 2 elements -

2 X 4 elements

4 % 8 elements
900 |

X b o

8 x 16 elements

800 I — analytical N

700 I

Temperature
(°C)

300

100

0 02 04 06 08 1 12 14 16 18 2
Axial Distance
(m)

Figure 3.20: Comparison of finite element solutions with 2-dimensional analytical solu-
tions for steady-state convection along the midline between the z axis and the boundary
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Figure 3.21: Comparison of finite element solutions with 2-dimensional analytical solu-

tions for steady-state convection along the boundary



63

(b)

4
- 850.00 N
Z =0 N z 4
AN\ Z
T

(d)

Figure 3.22: Comparison of finite element temperature distributions with 2-dimensional
analytical solutions for steady-state convection: (a) 2 x 4 elements; (b) 4 x 8 elements;
(c) 8 x 16 elements; (d) analytical
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at z = 0 and T4, at £ = L, where L is the length of domain. The analytical solution is

[54]

T(z,t) = T';“ 2Tm“ i e=Pmt cos(Bm )
cos(Bml) 1
{ﬂm {L sm(ﬂm L)+ ——————ﬂm ﬂm]} (3.28)

L is equal to 1 m in the calculations. The temperature at z = L is 1000 °C (i.e.
Tmaz = 1000 °C). The thermal diffusivity, o, used is 107* m?/s.

The calculations for 2 different time-step sizes, 300 s and 150 s, are compared with
the analytical solutions. A total of 5 equal-size elements is used; increasing the number
of elements does not change the results significantly. The transient responses are plotted
for x = 0 and z = L in Figure 3.23. The smaller time-step size clearly gives a better
approximation. The finite element results are not so accurate during the first 2 time
steps. The solutions become more accurate with time. The larger error during the first
time step is probably due to the two-point time-stepping scheme used for obtaining the
solution which is not as accurate as the three-point scheme used for the subsequent
calculations.

The second problem is for a semi-infinite region initially at a constant temperature
To. At t > 0, a fixed temperature of 0 °C is imposed at z = 0. The analytical solution

for this problem is given by [54]

T(z,t) = To erf ( \/ZE) (3.29)

where erf() is the error function.

T is 1000 °C in the calculations. The thermal diffusivity used is 10~ m?/s.

15 equal-size elements are used for a bar of 0.3 m in length in the finite element
calculations. Figure 3.24 presents the transient response at z = 0.01 m. Two time-step

sizes are tested, 1 s and 0.5 s. As expected, more accurate results are obtained with the
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smaller time-step size. Again, large errors are observed during the first few time steps

and the accuracy of the solutions improves with time.

3.2.4 Transient Convection

The equation to be solved is

(K] + (K] {T} +[C] {T} = {fu} (3.30)

The above equation combines the conductive and convective transient heat transfer.
The analytical solution employed for comparison is for an one-dimensional slab of

length L which is insulated at z = 0 and experiencing convective heat transfer with a

medium of 0 °C at £ = L. Initially the slab is at a constant temperature Ty. The solution

is given by [54]

T(z,1) =2To 3. e fht 7 cos(fm2)

P L(B2 + H?) + H cos(BnL) (3.31)

where f,,’s are the positive roots of

Bm tan(BmL) = H

The solutions are obtained for H = 100 m™! and a = 10~% m?/s. The length of the
slab is 1 m and Ty i1s 1000 °C.

The transient response at the convective boundary (i.e. = = 1.0 m) is shown in
Figure 3.25. 3 equal-size elements are used for the finite element calculations. The two
time-step sizes are 2 s and 1 s. The smaller time-step size yields better results. In the
region of rapid change of slope, the finite element solutions fail to accurately represent
the analytical solutions. This is because of the quadratic time-stepping shape functions
used which are unable to fit a large change in slope. A smaller time-step size will improve

the fit in this region.
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A comparison is also done in the cylindrical coordinates. The problem considers a
cylinder with negligible internal resistance, i.e. the resistance to conduction is much less
than the resistance to convection from the surface. The Biot number (Bi = 2&) must be
much less than 1.0 for this to be true. The solution to this problem with T' = T'(¢) and
T = 01is [27]

T(8) = Ty exp (‘p’(ﬁ/) (3.32)

where Tj is the initial temperature, A is the surface area and V is the volume of the
cylinder.

Solutions are obtained for a cylinder having a radius (R) of 0.001 m and an axial
length of 6 m. The thermal diffusivity value used is 10~® m?/s and the Biot number is
0.01 in the finite element calculations. The initial temperature is 1000 °C.

The results are shown in Figure 3.26 for the thermal history along the convective
boundary (r = 0.001 m). Only 3 elements of equal size are used for the finite element
calculations. The two time-step sizes, 1 s and 0.5 s, give essentially the same solutions

as the analytical.

3.2.5 Discussion on the Finite Element Solutions

A comprehensive validation of the finite element equations against the analytical solu-
tions has been carried out. The finite element method gives excellent approximations to
the analytical solutions for the different boundary conditions considered. The excellent
agreements between the numerical and analytical solutions substantiate the capability
of the finite element technique to yield accurate results for a series of problems which
constitute some of the features of the models developed in chapters 4 and 5. When a
sufficient number of elements is used, the approximation is accurate to within 5 % of the

exact solution. In most cases, the error is less than 1 % even with a small number of
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Figure 3.26: Comparison of finite element solutions with 1-dimensional analytical solu-

tions for transient convection at r = 0.001 m
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elements if the change in temperature gradient is not large. For the transient solution,
an appropriate time-step size is required to obtain the optimal finite element approxi-
mation. A small time-step size is necessary to account for a large change in slope of the

temperature-time curve.



Chapter 4

Effect of a Magnetic Field on Heat Transfer in a Germanium Melt

It is well established that heat transfer in a liquid is markedly influenced by fluid flow
due to natural convection and, in some cases, forced convection. The effective thermal
conductivity of the liquid, which accounts for the heat transfer due to fluid flow, can be
several times the ’stagnant’ thermal conductivity of the liquid, the amount depending
on the extent of the flow in the liquid. The effective thermal conductivity in liquid tin
under the influence of natural convection can be as high as ten times the ’stagnant’
thermal conductivity [14]. An applied magnetic field suppresses the fluid flow in liquid
semiconductors. Thus, the magnetic field reduces the effective thermal conductivity of
the melt.

The effect of a vertically applied magnetic field has been investigated by utilizing
temperature measurements within a germanium (Ge) melt in a Czochralski growth con-
figuration and mathematical modelling of heat transfer. Specifically, the effective thermal
conductivity of the melt was so adjusted that the calculated radial temperature gradients

match with the measurements.

4.1 Temperature Measurements and Radial Temperature Gradients

Temperature measurements in a Ge melt and related information have been reported
in reference [87]. The temperature measurements were carried out in a melt contained

in a graphite crucible inside a Czochralski crystal puller (Hamco crystal puller) using

72
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chromel-alumel (type K) thermocouples. The mass of the melt was 5.499 kg, and the in-
ner diameter of the crucible was 0.1512 m. The steady-state temperature distribution at
a given melt depth was first measured without a magnetic field; then, the same measure-
ments were repeated with a magnetic field. The magnet current was 500 amperes which
produced an equivalent magnetic field strength (B) of 0.099 T (990 Gauss). The crucible
rotational rate was 14.4 rpm. In this investigation, the depths to be considered from the
experimental measurements are 5, 10, 30 and 40 mm. Measurements at the melt surface
are also available, but they are unreliable because a small change in the thermocouple
height would result in large temperature changes since the surface temperature gradients
are much higher than those below the surface.

The thermocouple readings showed that there were temperature fluctuations in the
melt over time. It was observed that these fluctuations occurred whether the crucible
was rotating or not. The extent of the fluctuations in the rotating crucible seemed to
be different from that of the stationary crucible, but the amplitude of the temperature
fluctuations was clearly affected by the presence of the magnetic field. Without the
magnetic field, the amplitude of the temperature fluctuations was roughly 3 °C, but
under the influence of the magnetic field it was approximately 2 °C. Thus, the magnetic
field dampened the fluctuations of temperature in the melt.

The temperature measurements were plotted against radial distance from the center of
the crucible at each melt depth using the mean temperature obtained from the fluctuating
temperature data. The points were linearly fitted. The deviation from the fitted line is
within 10 °C' without the magnetic field, and 30 °C with the magnetic field. The data
points and the fitted lines are shown in Figure 4.27a to 4.27d for the case without the
magnetic field, and Figure 4.28a to 4.28d for the case with the magnetic field.

Radial temperature gradients at the four melt depths were taken from the slopes

of the lines, as presented in Figure 4.29 for both cases. From Figure 4.29, the applied
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rotating at 14.4 rpm under no applied magnetic field [87]
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Figure 4.27d: Measured temperatures at 40 mm below the Ge melt surface in a crucible
rotating at 14.4 rpm under no applied magnetic field [87]
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Figure 4.28a: Measured temperatures at 5 mm below the Ge melt surface in a crucible
rotating at 14.4 rpm under an applied magnetic field of 0.099 T' [87]
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Figure 4.28b: Measured temperatures at 10 mm below the Ge melt surface in a crucible
rotating at 14.4 rpm under an applied magnetic field of 0.099 T' [87]
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Figure 4.28¢: Measured temperatures at 30 mm below the Ge melt surface in a crucible
rotating at 14.4 rpm under an applied magnetic field of 0.099 T [87]
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magnetic field clearly increased the radial temperature gradient by at least a factor of 2;

in this case, the effect was the largest near the melt surface and became smaller towards

the bottom of the melt.

4.2 Mathematical Model

A steady-state conduction-dominated heat-transfer mathematical model was used to es-
timate the influence of the applied magnetic field on the effective thermal conductivity
of the melt. The model treats the melt as a stationary solid since the actual fluid motion

in the melt is not taken into account.

4.2.1 Assumptions

The model assumes an axisymmetrical temperature field within the melt. Such an as-
sumption is often made in modelling two-dimensional heat flow in the Czochralski crystal
growth system.

The heat-transfer properties are taken to be temperature-independent. This is done
because the heat-transfer properties of the system are not readily available. Assuming
constant properties also simplifies the numerical procedure required in obtaining the
solutions; if the properties were temperature-dependent, then the resulting system of
equations would be non-linear and thus an additional numerical technique such as the
Newton-Raphson method, which iterates the solution until convergence criterion is met,
would be required in solving the equations; consequently, more time and computational
cost would be necessary. On the other hand, such simplification limits the predictive

capability of the model.
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4.2.2 Domain and Boundary Conditions

The domain of the model is shown in Figure 4.30. The dimensions are 0.0756 m in radius
and 0.0575 m in height. The dimensions correspond to a melt of 5.499 kg contained in
a crucible having an inner diameter of 0.1512 m used in the measurements. Within the

domain, the temperature field is governed by

10 orT &#T

At the axis of symmetry, the radial temperature gradient is set to zero to ensure an
axisymmetrical temperature distribution. The side surface of the melt is fixed at either
a constant temperature or a linear temperature profile. The bottom surface of the melt
has two boundary conditions: insulating and non-insulating. The top surface exchanges
heat with the ambient surrounding by convection and radiation to an assumed constant
ambient temperature.

With the boundary conditions, the following equations hold. At the axis of symmetry

(centre line),

oT
5 = 0 : (4.34)
Along the side surface,
T = Tyau (4.35)

where Tyyay is the fixed temperature on the side surface. At the top surface of the melt,

oT
~ b 5= hio (T = T) (4.36)

where k,, is the effective thermal conductivity of the melt, and A, is the overall heat-
transfer coefficient between the top surface and the ambient surrounding. Both the
convectice and radiative heat-transfer coefficients are assumed to be accounted for in h,.

Along the bottom surface,

or
55 =0 | (4.37)
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Figure 4.30: Idealized Domain of the mathematical model for investigating the influence
of the applied magnetic field on the effective thermal conductivity of the Ge melt
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for insulated bottom, and .
ar
— ky —
0z

for non-insulated bottom, where hg, is the overall heat-transfer coefficient between the

= hoo (T — Tp) (4.38)

bottom surface and the ambient surrounding.

In the model, the extent of heat transfer is determined by the effective thermal con-
ductivity of the melt, the overall heat-transfer coefficients, and the differences between the
melt surface temperatures and the ambient temperatures. The number of heat-transfer

parameters is kept to a minimum because they are not known well in the real system.

4.2.3 Finite Element Mesh of the Domain

Four different finite element meshes were tested to check the accuracy of the resulting
temperature distribution, as shown in Figure 4.31. The finite element meshes are su-
perimposed on the corresponding temperature fields. The numbers of elements used are
2 x3,4x%x6,8 x 12 and 12 x 18. The results clearly illustrate the convergence of the
temperature field with decreasing mesh size. As expected, a smaller mesh size yields
smoother contour lines, indicative of more accurate solutions. Decreasing the mesh size
further does not give any visible change in the contour lines.

For most accurate results, the finest mesh (12 x 18 elements) should be utilized.
However, the results obtained using 8 x 12 elements are not much different from those
obtained using 12 x 18 elements. For higher efficiency in terms of computational time

and cost, 8 x 12 elements will be used for all subsequent calculations. The mesh is shown

in Figure 4.32.
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Parameter | Reference Value
Twant 1000 °C
T, 600 °C
Bi,, 0.0575
Biy, 0.0

Table 4.7: Reference parameter values used in the sensitivity analysis

4.2.4 Sensitivity Analysis of the Parameters

There are four essential parameters in the model which affect the temperature field: the
temperature at the side surface of the melt 7,4, the ambient temperature T, the Biot
number at the top surface Bi,,, and the Biot number at the bottom surface Biy,. The

Biot numbers are defined as

hto Lm

Biip = == (4.39)
and
Biy, = h”;L”‘ (4.40)

where L,, is the vertical length of the melt.

The set of reference values is listed in Table 4.7. The effects of the parameters are
examined by varying the value of the parameter being analyzed and holding others at the
reference values. The temperature field resulting from varying each of the values of the

parameters is compared with the reference case in two-dimensional contour plots. The

contour interval is 2 °C.

4.2.4.1 Side Surface Temperature, T, q;

Figures 4.33a and 4.33b show the effects of constant T,4;. The value is changed from
the reference value (1000 °C') to 1050 °C. It has a dramatic influence on the temperature

field even though the overall appearance of the temperature field is similar. By varying
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Twan, the temperature distribution in the melt shifts toward the value of Tyyun. The
absolute temperature increase in the melt is close“to the absolute temperature increase
in Tyau. The difference between the maximum and minimum temperature within the
melt remains essentially unchanged. The radial temperature gradient is altered slightly,
becoming steeper with higher T,,,y; this is because the higher surface temperature loses
more heat to the ambient surrounding which has a lower temperature.

Instead of uéing a constant T,qy, a linear temperature profile is imposed on the side
surface of the melt. The imposed temperature decreases linearly from 1025 to 975 °C as it
goes up along the side surface. F igures 4.34a and 4.34b compare the resulting temperature
fields for a constant and a linear Tw;", respectively. The temperature fields are distincly
different. The radial temperature gradient is higher than that of the reference case near
the bottom, decreases towards the middle height, and becomes negative near the top
surface of the melt. Such a temperature distribution would not be realistic in a melt
heated from the side wall because the radial temperature gradient in such a system

should always be positive.

4.2.4.2 Ambient Temperature, T,

The results for two different ambient temperatures, 600 °C (reference) and 800 °C, are
shown in Figures 4.35a and 4.35b. The temperature distribution is not much affected
by the change in T,, as can be seen from the figures; increasing T, by 200 °C only
increases the melt temperature by a maximum of 8 °C, and the change in temperature
gets smaller towards the bottom surface. Thus, the effect of ambient temperature is
relatively insignificant compared to that of T,.;. However, the change in the radial

temperature gradient is more pronounced in this case compared to the case of varying

Twall .
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4.2.4.3 Top Surface Biot Number, Bi,,

The sensitivity of the temperature distribution to this parameter is illustrated in Figures
4.36a and 4.36b. Using a value twice the reference value changes the temperature field
dramatically, reducing the top surface temperature by about 14 °C'. The radial tem-
perature gradient is markedly increased as Biy, becomes larger, especially near the top
surface. Compared to the case of varying T, doubling Bz,, is more effective in changing

the radial temperature gradient of the melt.

4.2.4.4 Bottom Surface Biot Number, Bi,

The effects of Bip, are displayed in Figures 4.37a and 4.37b. The value is changed from
the reference value (insulated bottom) to 0.0575. The bottom ambient temperature used
in the calculations is 600 °C. As can be seen from the figures, increasing the value of
Bz, increases the overall radial temperature gradient in the melt, particularly near the

bottom surface. This is because heat is also lost through the bottom surface in addition

to the heat loss at the top.

4.2.4.5 Relative Sensitivities of the Parameters

To examine the relative effects of the parameters, the radial temperature profiles at the
middle height (0.02875 m) of the melt from the sensitivity analysis results are plotted in
Figure 4.38. As shown in the figure, increasing T\,an essentially shifts the temperature
profile upwards without significantly affecting the radial temperature gradient. On the
other hand, T, and the Biot numbers influence the radial temperature gradient more

significantly; the Biot numbers have a greater overall effect than T},.
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4.3 Determination of the Magnetic Effect on the Effective Thermal Conduc-
tivity of the Ge Melt

In estimating the effect of the magnetic field on the effective thermal conductivity of the
melt, the bottom of the melt is assumed to be insulated first. The case of non-insulated
bottom is then employed to carry out the same analysis, and the results from this case

are compared with those obtained assuming bottom insulation.

4.3.1 Estimation of the Biot Numbers

In order to use realistic values of the Biot numbers in the fitting process, the values
should be estimated from the information available in the measurements [87]. Heating
the melt by turning fhe power to 100 % yielded %L constant rate of temperature increase
in the melt of 0.68 °C/s. Cooling it by turning the power off gave a constant rate of
temperature decrease of 0.29 °C/s. The heating rate can be converted to the net rate of

heat input to the melt as follows:

. aT
Gin = MQGe Cpae E

= 5.499 x 376 x 0.68 =~ 1406 W

The net rate of heat input to the melt is far lower than the total power input to the
puller (roughly 40000 W), indicating that most of the power was lost to the surroundings.
Similarly, the cooling rate can be used to obtain a rough estimate of the rate of heat loss

from the melt:

dT

dout = Mge Cpy, - = 5.499 x 376 x 0.29 ~ 600 W

This can be taken as the total rate of heat loss through all the surfaces of the melt.
To estimate the rate of heat loss from the top surface of the melt only, the following
conditions are assumed. The heat is lost by radiation and convection, where the convec-

tive rate of heat loss, ¢., is assumed to be 10 % of the radiative rate of heat loss, ¢,. The
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melt surface temperature, T, is fixed at 1000 °C, and the radiative ambient temperature,
T,,, is given a value of 100 °C. Assuming an emissivity, €, of 0.1 which is reasonable for

a shiny melt surface, the rate of heat loss from the top surface having an area A, is
§=d+4=Aoll {eo (L4 -T., )}~ 202 W

This rate of heat loss corresponds to a h, value of 54.2 W/m?2.°C for an assumed ambient
temperature of 700 °C in the fitting process. The ’stagnant’ thermal conductivity of
Ge is approximately 17 W/m.°C at 1000 °C. Therefore the top surface Biot number,
Biyo, is roughly 0.1833. This value is probably an overestimate because the effective
thermal conductivity of the melt may be significantly higher than the ’stagnant’ thermal
conductivity used due to convection in the liquid. Thus, the Biot number used in the
fitting process should be smaller.

Since the total estimated rate of heat loss through all the surfaces of the melt (600 W)
is about twice the estimated rate of heat loss through the top surface (292 W), the rate
of heat loss through the bottom surface, which was mostly by conduction through the
crucible, is presumably of the same order of magnitude as that through the top surface,
if the rate of heat loss through the side surface is assumed to be much lower than that
through the bottom surface of the melt. The side surface is nearer to the heater which
tends to have a higher ambient temperature, resulting in a lower rate of heat dissipation
through this surface. Hence, the value of the bottom surface Biot number, Bi,, should
be comparable to the value of Bi,,. |

Such a large heat loss through the bottom surface from the calculations is supported
by the experimental evidence. The radial temperature gradient increased rapidly towards
the bottom of the melt, indicating a large amount of heat being lost through this surface.
Thus, more realistic modelling should take the heat loss at the bottom surface into

account by applying a non-insulating boundary condition.
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4.3.2 Insulated Bbttom Surface

In this case, hy, is zero. For the purpose of simplifying the analysis, T, is fixed at
1025 °C aﬁd T, is set to 700 °C'. The only parameter being adjusted to fit the radial
temperature gradients is Bi;,. The side surface temperature and the ambient temperature
are not available in the experimental data. In addition, the sensitivity analysis shows
that the radial temperature gradient is more affected by the value of Bi,. Since the
objective is to investigate the effect of the applied magnetic field on the effective thermal
conductivity of the melt, it is necessary that Bi,, be adjusted to determine the relative
change in the value of the effective thermal conductivity.

In calculating the measured temperature distribution under no magnetic field, a value
of 0.0345 for By, turns out to produce a reasonable fit to the temperature distribution
in the melt and the corresponding radial temperature gradients under normal condition
(no magnetic field), given the fixed values of Tyou and T,. It is noteworthy that this
value is smaller than the estimated Biot number from the heat loss calculations, which
is anticipated. Although the values of the parameters could be adjusted to obtain a
slightly better fit, the improvement would not be significant; moreover, the uncertainties
involved in the experimental measurements and the artificial boundary conditions used do
not seem to justify the effort to gain such minor improvements. Besides, the assumptions
made in the model set a limit to the extent of the overall improvement of the fit; improving
one part of the fit is accompanied by degradation of the fit in another part.

Figure 4.39 shows the calculated and measured (fitted) temperature profiles at 5, 10,
30 and 40 mm below the melt surface. There are several observations worth noting.
First, since the side surface of the melt in the model is fixed at a constant temperature
whereas it was not the case in the experimental system, the calculated lines are shifted

to coincide with the fitted (experimental) lines at the side surface. The amounts the



101

1045

1040

1035

1030

1025

Temperature
(°C)
S
(=]

1015 T
1010 | .
_ measured
1005 | |---~-- calculated —--7183
1000 T e -
995 ' .1 | ] 1 1 1 1
0 0.02 0.04 0.06 0.08
Radial Distance from Center
(m)

Figure 4.39: Comparison of the measured and calculated temperature profiles at 5, 10, 30
and 40 mm below the melt surface under no magnetic field assuming bottom insulation
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calculated lines are shifted are indicated by the values (in °C) shown in the figure near
the ends of the lines. A positive number indicates an upward shift of the calculated
line, and a negative number a downward shift. Second, since the model does not take
into account the fluid motion in the melt, a quantitative fit to the measurements is
beyond the capability of the model. Even complex fluid flow models which encompass
both natural convection (due to gravity) and forced convection (due to crucible rotation)
in the melt do not guarantee ’good’ quantitative predictions. Third, the experimental
measurements were linearly fitted, and have a large scatter band, with a deviation up
to 10 °C under the normal condition and up to 30 °C under the applied magnetic field.
Thus, the seemingly large discrepancies between the calculated and measured lines are
in fact not unreasonable since the absolute temperature difference between them is less
than 30 °C, which is not too far off the scatter band. Lastly, the absolute temperature
distribution in the experimental system is known to be dependent upon several factors
such as ambient gas and ambient gas pressure {32], making quantitative predictions more
difficult.

However, for the present set of model boundary conditions, a comparison of the
calculated and experimental values is not significant. Moreover, the absolute fit to the
temperature distribution is not the main concern here. A more important condition in
meeting the objective is to obtain a good fit to the temperature gradients perpendicular
to the applied magnetic field as their changes are a direct consequence of the effect of
the magnetic field on the temperature distribution of the melt. Since the magnetic field
was applied vertically, the radial temperature gradients are a most important indication
of the effect of the magnetic field on the effective thermal conductivity of the melt.

The measured and calculated radial temperature gradients are shown in Figure 4.40.
The radial temperature gradients are calculated by taking the difference between the

maximum and minimum temperatures at each melt depth divided by the radius.
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The calculated radial temperature gradient can be changed by varying B,,. In fitting
the measured radial temperature gradients under the applied magnetic field, Bi,, is
increased to 0.2415 which produces a good fit for the radial temperature gradients. Figure
4.41 gives the comparison of the temperature profiles at the four melt depths, and the
corresponding radial temperature gradients are compared in Figure 4.42.

Figure 4.43 combines the fits of the radial temperature gradients for both cases. The
overall agreement is quite satisfactory except near the bottom of the melt. The calcu-
lated lines continue to decrease while the measured gradients do not. This discrepancy
is a consequence of the assumption of an insulated bottom which can only predict a con-
tinuously decreasing radial temperature gradient towards the bottom surface since there
is no heat loss through this boundary. Hence, to account for this drawback, heat must
be allowed to dissipate at the bottom surface in the mathematical model. Such a model

is more representative of the experimental system because the actual boundary is not

insulated.

4.3.3 Non-Insulated Bottom Surface

The results obtained assuming an insulated bottom surface cannot give an increase in the
radial temperature gradient near the bottom surface. This limitation must be overcome
by slightly modifying the model to incorporate heat loss at the bottom surface of the
melt. In terms of model parameter, Bip, has a positive value.

In obtaining the best fit to the radial temperature gradients, both Bi;, and Bi, are
adjusted holding T, and T, at the same values as before. Using the Biot numbers
listed in Table 4.8 yields the temperature profiles at the four melt depths shown in
Figure 4.44 for the normal case. For the magnetic case, the temperature profiles are
displayed in Figure 4.45, and the values of the model parameters are shown in Table 4.9.

The comparisons of the radial temperature gradients are presented in Figure 4.46, which



105

1040

1030

1020

1010

1000

Temperature
(°C)

990
measured
980 - R
_______ - -—==---  calculated
970 1 1 1 1 1 1 {
0 0.02 0.04 0.06 0.08

Radial Distance from Center
(m)

Figure 4.41: Comparison of the measured and calculated temperature profiles at 5, 10, 30
and 40 mm below the melt surface under an applied magnetic field of 0.099 T assuming
bottom insulation



700

650

550
. 500
g

450

Radial Temperature Gradient
(°C/

350

300

250

106

measured

calculated

0.02

Melt Depth
(m)

0.04

0.06

Figure 4.42: Comparison of the measured and calculated radial temperature gradients
as a function of melt depth under an applied magnetic field of 0.099 T' assuming bottom

insulation



107

700 T T T T T
*\ no magnetic field m  measured
60 F % (B=0T) — calculated -
. magnetic field o  measured

- <
S s |- . (B=0099T) --- calculated | -
5 N
N ~
= o
) S
o ~~~ 4m ~ \'_k]__n_ ° N
2 ¢ (N
<~ S
g O
o, ° Seo
E ~ B(X) - s - s
o R
= e e——ao
=
g o b . -
~

lm \ . -

R
u
0 1 i 1 1 1
0 0.02 0.04 0.06
Melt Depth
(m)

Figure 4.43: Comparison of the measured and calculated radial temperature gradients as
a function of melt depth with and without an applied magnetic field of 0.099 T" assuming
bottom insulation



108

Temperature
°C
3
(=}
I
{

- 1015 [ 10 mm____--=="7" 0
1010 measured ]
1005 ------ calculated | T T-183 7]
1000 frommmmme——="""" " 5 mm -
995 1 | 1 ! 1 1 |
0 0.02 0.04 0.06 0.08

Radial Distance from Center

(m)

Figure 4.44: Comparison of the measured and calculated temperature profiles at 5, 10,
30 and 40 mm below the melt surface under no magnetic field without bottom insulation



109

1040

1030

1020

1010

1000

Temperature
(°C)

990

measured
980

-
-
——
gl

------ calculated

970 { { 1 i | | 1
0 0.02 0.04 0.06 0.08
Radial Distance from Center
(m)

Figure 4.45: Comparison of the measured and calculated temperature profiles at 5, 10,
30 and 40 mm below the melt surface under an applied magnetic field of 0.099 T' without
bottom insulation ‘



110

Parameter | Value
Twail 1025 °C
T, 700 °C
By, 0.0246
Bz, 0.0164

Table 4.8: Parameter values used in the calculations for the normal case

Parameter | Value
Twall 1025 °C

T, 700 °C
By, 0.1725
Biy, 0.1150

Table 4.9: Parameter values used in the calculations for the magnetic case

also includes the calculated radial temperature gradients from the model assuming an
insulated bottom surface.

From Figure 4.46, it can be seen that the radial temperature gradient increases near
the bottom surface when heat is allowed to dissipate at this boundary. Since the increase
of the radial temperature gradient was observed experimentally, this model is a more
realistic representation of the actual experimental system.

It is worth noting that the values of the Biot numbers used in fitting the measurements
under the applied magnetic field are only slightly smaller than the values estimated from
the heat loss calculations, done using the ’stagnant’ thermal conductivity of the melt.
This seems to indicate that the applied magnetic field reduced the effective thermal

conductivity of the melt to the value approaching the thermal conductivity of a ’stagnant’

melt.
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Figure 4.46: Comparison of the measured and calculated radial temperature gradients as
a function of melt depth with and without an applied magnetic field of 0.099 T for both
the insulating and non-insulating bottom boundary conditions
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No Magnetic Field | Magnetic Field of 0.099 T
By, 0.0345 0.2415
Biy, 0 0

Table 4.10: Biot numbers used in fitting the measurements assuming bottom insulation

No Magnetic Field | Magnetic Field of 0.099 T
Biy, 0.0246 0.1725
Biy, 0.0164 0.1150

Table 4.11: Biot numbers used in fitting the measurements accounting for bottom heat
loss

4.3.4 Reduction Factor in the Effective Thermal Conductivity of the Ge
Melt

The values of the Biot numbers for both the normal and magnetic cases are compared in
Table 4.10 for the insulated bottom surface and Table 4.11 for the non-insulated bottom

surface. The Biot numbers have been defined previously as

: hto Lim
tho — km

. hbo Lm
B’Lba = km

Assuming that the overall heat-transfer coefficients are the same for both the normal
condition and the magnetic condition, the ratio of the Biot number for the magnetic
case to that for the normal case is inversely proportional to the corresponding effective

thermal conductivity ratio. The mathematical equation is

Bimagnet . kmnormal (4 41)

anormal km magnet

Using equation 4.41, the effective thermal conductivity ratio for the case of bottom
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insulation is
K normat _ 0-2415
Krmmagnet  0.0345

For the case of non-insulated bottom, it is

Kumnormat _ 0.1725 (to éurface) 01150
kmmagnet 00246 T = 0.0164

7.0

(bottom surface) ~ 7.0

The resulting ratio is 7.0 regardless of the different boundary conditions used at the
bottom surface of the melt. Hence, the effective thermal conductivity of the melt under
no magnetic field, km pormat> 1 7X that under the applied magnetic field, km nagnee- This
corresponds to a reduction factor of 7 in the effective thermal conductivity of the Ge

melt due to the effect of an applied magnetic field of 0.099 T.

4.4 Discussion on the Reduction Factor

The results for both the insulated and non-insulated bottom cases turned out to be the
same. The estimated reduction factor due to the applied magnetic field was 7. The
number was derived by fitting the model results to the measurements. Consequently,
depending on the accuracy of the measurements and the decision of what the ’best fit’
was, the resulting number could be smaller or larger.

It should also be noted that the resulting factor may be model-dependent. The factor
7 is a number obtained with a steady-state heat-transfer mathematical model using sim-
plified boundary conditions and constant heat-transfer properties. More complex bound-
ary conditions and temperature-dependent heat-transfer properties would give different
temperature distributions and radial temperature gradients. Thus, a different reduction
factor in the effective thermal conductivity would probably be obtained employing more
complex models.

It also depends on the set of values used for T,y and T,,. A different set of valueé might

yield different results. Moreover, the reduction factor may not be the same everywhere
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in the melt; it may be temperature-dependent; the non-uniformity of the magnetic force
within the melt may also lead to positional dependence of the reduction factor.

Nevertheless, since the magnetic field reduced the fluid flow in the melt, mixin_g of
the melt was decreased and accordingly the amount of heat transferred by the fluid flow
was reduced. Assuming that the overall heat-transfer coeflicients characterizing the rate
of heat loss from the melt to the surrounding under no magnetic field are the same as
those under the applied magnetic field, the suppression of the melt flow by the magnetic
field is thermally equivalent to reducing the effective thermal conductivity of the melt.

Fluid flow in a CZ melt is very complicated and loosely defined; even a small density
difference in the melt causes complex flow patterns which change appreciably with time.
Extensive fluid flow modelling is often not justified because the model predictions are
hardly representative of the flow in a real growth system. Hence, simpler steady-state
conduction-dominated modelling can sometimes be a more efficient alternative to achieve
the same results. It is in this purely conductive heat-flow modelling of electrically conduc-
tive melts that the reduction factor of the effective melt thermal conductivity can prove
to be useful as a first approximation to account for the effect of an applied magnetic field
on heat transfer in the melt.

A similar approach has been used in mathematical modelling of solidification of met-
als. The liquid pool was assumed to be completely mixed everywhere and to act as a
conducting solid. To account for the enhancement in heat transfer due to convection in
the liquid, an effective thermal conductivity was used. The value of the effective thermal
cogductivity was taken to be seven to ten times the ’stagnant’ thermal conductivity of
the liquid [14].

As the effective thermal conductivity of liquid tin due to natural convection only can
be as high as ten times the ’stagnant’ thermal conductivity [14], the reduction factor of

seven by the applied magnetic field of 0.099 T" has not eliminated the melt flow especially
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the flow due to the crucible rotation. A stronger magnetic field is necessary to further
reduce the melt flow. In the limit, the melt flow would be completely eliminated, but
such a case is practically impossible. Nevertheless, with a large magnetic field, the results
obtained using a purely conductive heat-transfer analysis compare fairly well with the
experimental results for silicon growth [66]; such a good agreement seems to indicate that

the melt convection is not significant when a large magnetic field is present.

4.5 Relative Thermal Resistance Analysis of the Mathematical Model

A relative extent of the different mechanisms of heat transfer can be analyzed using
thermal resistances. The thermal resistance circuit of the model domain is shown in
Figure 4.47. There are two, convective/radiative resistances: at the top surface, Ry,,, and

at the bottom surface, Ry, for the case of non-insulated bottom. There is a conductive
resistance through the Ge melt, Ry .-

The resistances are defined as

1

Ry,, AL (4.42)
1

.‘tho hbaA'rn (4‘43)
L,

Rece = 70 (4.44)

where A,, is the horizontal cross-sectional area of the melt. Using the heat-transfer

properties at 1000 °C from the heat loss calculations,

1
Bno = 15 %0018 = 1028 "C/W
1
Bu, = 3 x o018 = 1AT4CIW
0.0575
Rig, = ————— = 0.1879 °C/W

T 17 x 0.018
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Figure 4.47: Thermal resistance circuit in the model domain used for investigating the
influence of the magnetic field on the effective thermal conductivity of the Ge melt
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Figure 4.48: Thermal circuit with relative resistances of the mathematical model used
for investigating the influence of the magnetic field on the effective thermal conductivity

of the Ge melt
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The thermal circuit as well as the resistance values is displayed in Figure 4.48. The

total resistances are

Ry, Ry
heat loss to surrounding: Rj = ——2>—22—
g tho + Rhto

heat conducting through liquid germanium: Ry, = 0.1879 °C/W

= 0.6046 °C/W

Thus, the conductive resistance is several times smaller than the convective/radiative
resistance.

Since the Biot numbers for the magnetic case are close to those obtained from the
heat loss calculations, the above resistances are representative of the magnetic case.
For the case of no magnetic field, the conductive_ resistance is 7Xx lower than that for
the magnetic case because the effective thermal conductivity under no magnetic field is

larger by a factor of 7 from the analysis of the magnetic effect on the effective thermal

conductivity of the melt.



Chapter 5

Determination of the Thermal Conductivity of a Pyrolytic Boron Nitride
Crucible

The method employed in the present investigation to obtain the thermal conductivity of
a pyrolytic boron nitride crucible is not a standard procedure for determining the thermal
conductivity of a material since suitable apparatus was not available. The apparatus used
in this investigation was developed for this project, and is relatively simple. However,
a mathematical model of the heat flow in the experimental system is necessary in order
to analyze the experimental results, which is time-consuming. The procedure used has
not been reported and therefore represents a novel technique which requires testing and
characterizing for reliability and accuracy of the derived thermal conductivity.

The thermal conductivity of a pyrolytic boron nitride (PBN) crucible in the thickness
direction is determined utilizing temperature measurements and mathematical modelling.
Reference specimens of known thermal conductivities are used to calibrate the model
parameters. The calibrated model is employed to obtain the thermal conductivity of the
PBN crucible. The determination is accomplished by matching the calculated (predicted)

temperature-time curves with the experimental measurements.

5.1 Description of the Material

The PBN material examined is from a used PBN crucible supplied by Johnson-Matthey
Electronics. The crucible has been used to grow GaAs single crystals. Consequently, it

has undergone heating and cooling cycles that caused expansion and contraction of the

119
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crucible. Such dimensional changes normally give rise to differential stresses in a crucible
which in turn shorten the crucible life. An occasional failure of PBN crucibles is uncon-
trolled delamination of layers. The delamination occurs as a result of the highly-oriented
crystallographic texture and the highly-anisotropic properties of PBN [55]. Figure 5.49
shows a broken edge of the crucible. The different delaminated layers which make up the
thickness of the crucible are clearly observed.

Since the material examined is from a used crucible, the material properties may not
be the same as those of a fresh crucible especially when dimensional changes have occurred
over a long period of time. In practice, the material in use is changing continually. Hence,
the thermal conductivity of this material is probably different to some extent from that

of an unused PBN crucible.

5.2 Methods of Measurement

An experimental apparatus was designed to measure the rate of heat flow across the
specimen to determine the thermal conductivity. Temperature measurements were taken
at different positions in order to characterize the heat flow in the system. Initially, a
steady-state procedure was attempted. Unfortunately, this method failed to produce
adequate results. A transient ‘method was then used by modifying the apparatus and

procedure.

5.2.1 Steady-State Method

In this method, the idea is to measure the steady-state rate of heat flow across the
specimen. To a first approximation, knowing the heat-flow rate, the thermal conductivity

of the specimen can be calculated using the Fourier’s law of heat conduction.
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Figure 5.49: A broken edge of the PBN crucible revealing the layers that make up its
thickness (magnification = 16 x)
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5.2.1.1 Experimental Apparatus

The experimental apparatus consisted of a boat made of boron nitride, as shown in Figure
5.50. Two specimens were inserted into the two grooves in the boat separating it into
3 compartments, the middle being smaller than the two equal-size outer compartments.
A resistance heater made of platinum wire was placed inside the middle compartment
to provide the power input to the system as shown in Figure 5.51. A liquid conducting
medium was used to give a better heat transfer from the heater to the specimens. Liquid
gallium (Ga) was chosen for the purpose as it has a low melting point and thus is easier
to handle.

Three 0.02-inch chromel-alumel thermocouples (type K) sleeved in alumina tubes were
placed in the liquid gallium at positions shown in Figure 5.51. As liquid gallium reacts
readily with metals at high temperatures, the tips of the thermocouples were coated
with a ceramic paste (ceramabond 571) for protection. Fibrefrax was used to insulate
the boat. The whole arrangement was contained in a horizontal tube furnace. Argon
gas at a rate of roughly 1.33 x 1073 m3/s was used to replace the air inside the tube

primarily to prevent oxidation of the liquid gallium.

5.2.1.2 Temperature Measurement Procedure

The system was thermally equilibrated at a given furnace temperature. Power was then
supplied to the heater to raise the temperature of the liquid gallium in the middle com-
partment. Heat flow occurred from this compartment to the two adjacent compartments
within the insulation layer. The temperatures in the three thermocouple locations shown
in Figure 5.51 were recorded using a potentiometer at discrete time intervals. The tem-

peratures were measured relative to an ice/water bath reference cold junction.
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Figure 5.50: Boron nitride boat used in the experimental apparatus
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Figure 5.51: Schematic diagram of the experimental apparatus for the steady-state mea-

surements
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5.2.1.3 Preliminary Experimental Results and Discussion

Only a limited number of measurements was obtained using this method because of
the difficulties encountered in the measurements. The problems associated with the
experimental system are addressed in the next section.

The material plates used in this preliminary experiment were the same as the boat
material (BN). This experiment was intended to calibrate the whole system and to find
out how reliable the experiment was. Since the thermal conductivity of BN is known,
the calibration and reliability can be estimated by comparing the resulting experimental
thermal conductivity with the known value.

Figure 5.52 gives the temperatures of the three thermocouple locations as a function
of time. The temperatures rise initially and then reach steady-state values. The increase
in temperature by the heater is roughly 35 °C.

Figure 5.53 shows the corresponding rates of temperature increase versus time. TC1
has the highest rate as expected, followed by TC2 and then TC3. After approximately
25 minutes of heating, the rate of temperature increase at TC1 drops below those of
TC2 and TC3, and finally goes to zero. This occurs because most of the additional heat
introduced into the liquid gallium in the middle compartment is lost to the surroundings.

The rate of temperature rise in the middle compartment can be estimated assuming
that all the heat generated by the heater stays inside the liquid gallium in the middle
compartment. The estimated value for dT'/dt is 12.75 °C/minute (Appendix C). Com-
paring this value of dT'/dt to the values in Figure 5.53, it is clear that almost all the heat
generated by the heater is lost to the surroundings. If the heat generated by the heater
flowed only through the material plates, the temperature rise in the middle compartment
would be much higher than the maximum value shown in Figure 5.53.

For the rate of temperature increase in the middle compartment shown in Figure
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Figure 5.52: Temperatures as a function of time for TC1, TC2 and TC3 positioned in
the three cells as shown in Figure 5.51
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Figure 5.53: Rates of temperature increase as a function of time for TC1, TC2 and TC3
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5.53 (roughly 1.5 °C/minute), the cdrresponding rate of temperature increase in the side
compartment can be calculated assuming uni-directional heat flow through the plates.
The calculation is given in Appendix D. The rate of temperature increase (dT'/dt) for
the side compartment is calculated to be approximately 0.461 °C/minute. Compared to
the measured value shown in Figure 5.53 which is roughly 1.5 °C'/minute, the calculated
value is low. It is unclear why the observed rate of temperature increase is higher than

the estimated value.

5.2.1.4 Problems Associated with the Steady-State Method

There were uncertainties and problems encountered in the steady-state measurements. A
major problem was due to insulation. In order to obtain an accurate thermal conductivity
value, heat flow, other than across the material plates being tested, must be kept to a
minimum. The amount of heat that flows through the plates must be known accurately,
which means that the heat generated by the resistance heater in the middle compartment
must flow only through the test plates so that the thermal conductivity of the test
material can be estimated accurately. re)

For the above experimental system, it was difficult to obtain good insulation. The
diameter of the quartz tube was only slightly larger than the diameter of the boat. This
limited the amount of insulating material that could be used to wrap around the boat.
Moreover, it was difficult to know how thick the insulating layer must be to reduce the
heat gain from the surrounding to a negligible value.

When an electrical current was passed through the Pt wire, not only was the part of
the Pt wire which was immersed in the liquid gallium producing heat, but the extended
Pt wires which were connected to the power supply via tungsten connecting wires were
generating heat also. Thus, the additional heat coming from the extended Pt wires

complicates the heat balance of the experimental system.
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The BN boat used in the experiment has a thermal conductivity which is comparable
to the thermal conductivity of the test plate. As a consequence, much of the heat
generated by the heater inside the middle compartment was conducted through the BN
boat walls. Moreover, since the absolute amount of heat being generated was relatively
small, the heat balance of the system was very sensitive to any fraction of heat being
lost through the BN boat walls. The heat conducted through the BN boat walls would
contribute to the temperature rise in the other compartments which would result in
inaccurate thermal conductivity values.

The properties of the conducting liquid, such as density and heat capacity, must be
known precisely since these properties affect the thermal conductivity values calculated
from the temperature measurements. Thus, the liquid gallium must be kept as clean and
pure as possible. At high temperatures, the liquid gallium is easily oxidized and therefore
the properties are easily altered. Even with the continuous flow of argon, it was difficult
to prevent oxidation of the liquid gallium. The extent of oxidation is hard to estimate,
and the oxidation effect on the accuracy of measurement is difficult to characterize.

An additional problem associated with liquid gallium is that it reacts readily with
metals at high temperatures, dissolving any metal that comes in contact with it. Since
the heater and the thermocouples must be dipped in the liquid gallium, they must be
protected with a ceramic coating to prevent any direct contact with the liquid gallium.
While the ceramic coating protected the heater and the thermocouples from dissolving
in the liquid gallium, the influence of the coating on the accuracy of the experiment was
not known.

The effect of the continuous flush of argon on the heat transfer of the system was also
difficult to characterize. It presumably enhanced heat loss, and hence reducing insulation.

Another major problem arose from the resistive heating system. The resistance heater

was made of platinum wire. The heat was generated by passing a current through the
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platinum wire. For a poorly insulated system, there would be competition between the
heat entering the middle compartment and heat being lost to the surroundings. Thus,
the amount of current needed to raise the middle compartment to a certain temperature
was dependent on the insulation. With better insulation, less current would be needed to
raise the temperature. Since the insulation of the system was poor, it require(i much more
current than the amount needed theoretically. Experimentally a current of 5 amperes
was required to produce a temperature rise of 1 °C/minute. Unfortunately, the platinum
wire tended to burn out and break with this input current. Better insulation of the
system would have increased the life of the heating wire since a lower current could have
been used, but this was not easy to achieve with a BN boat and the existing apparatus.

With all the uncertainties and problems involved in the experimental system, it was
difficult to have confidence in the thermal conductivity values calculated from the mea-
surements. But more unfortunately, the frequent failure of the Pt resistance heater
prevented any meaningful measurements to be made.. It was decided to modify the

measuring system and use the transient method to obtain the thermal conductivity.

5.2.2 Transient Method

In this method, the transient rate of heat flow across the test sémple is measured. This
can be done by measuring the temperature changes in the system as a function of time.
Knowing the thermal responses, the thermal diffusivity of the specimen can be deter-
mined. The thermal conductivity can be calculated using the density and specific heat

capacity of the test sample.

5.2.2.1 Experimental Apparatus

The experimental apparatus used for the transient measurements is shown in Figure

5.54. In this case, one end of the boat was cooled using argon gas which flows through



131

quartz tube
. alumina tube
stainless-steel
tube
test I argon gas !
specimen chromel-alumel
thermocouples
sleeved in
alumina tubes
BN boat
liquid gallium L cold reference junction ]1
m alumina cover
fibrefrax insulation
- ceramic coating < 520
data acquisition system
scale
| |
| 1
005 m

Figure 5.54: Schematic diagram of the modified experimental apparatus for the transient
measurements
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the stainless-steel tube as shown in the figure. One test sample was used which divides
the boat into two compartments. When the liquid gallium in the end compartment is
cooled, there is a corresponding temperature change in the liquid gallium in the other
compartment. The temperature response depends on the heat transfer in the system,
primarily determined by the thermal conductivity of the test sample.

Four chromel-alumel thermocouples (type K) were used to measure the temperature
responses at 4 locations in the liquid gallium, as shown in Figure 5.54. The estimated
distances between the specimen surfaces and the locations of TC1, TC2, TC3 and TC4
were 27.5 mm, 2 mm, 2 mm and 31.5 mm, respectively. The whole arrangement was
insulated using fibrefrax. The assembly was inserted into a horizontal tube furnace.
Argon gas was flushed through the tube furnace at a rate of roughly 1.33 x10~° m3/s
to provide an inert atmosphere. To reduce the effect of the high thermal conductivity
of the BN boat walls, the inside surface of the boat was coated with a ceramic paste to
minimize the heat flow through the walls. The tips of the thermocouples and the end of
the stainless-steel tube in contact with the liquid gallium were protected with a ceramic

coating.

5.2.2.2 Temperature Measurement Procedure

The system was initially equilibrated at a given furnace temperature. Once the system
was at steady-state thermally, the flow of argon was initiated at a rate of approximately
1.333 x10~* m3/s, cooling the liquid gallium in the end cell. After cooling for about 300
seconds, the argon flow was stopped following which the temperature of the system rose
as a result of the higher furnace temperature. Each cycle took 30 minutes. During each
cycle, the temperatures at the four thermocouple locations were recorded continuously
every 4 seconds using a data acquisition system and the readings were stored in disks

for subsequent analyses. For each test sample, several experiments at different furnace
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Test Sample Thickness ( m ) | Length ( m ) | Width ( m )
Pyrex 0.00099 0.0158 0.0156
BN 0.00066 0.0138 0.0156
The PBN Crucible 0.00071 0.0158 0.0156

Table 5.12: Dimensions of the test samples

temperatures were carried out.

A cold reference junction was provided by an ice/water bath. The temperature mea-
surements were accurate to within 0.5 °C'. Temperature fluctuations were observed due
to the electrical noise and fluid motion. The amplitude of the fluctuations was less than

0.5 °C in most cases.

5.2.2.3 Test Materials and Specifications

Three test materials were used: (a) borosilicate glass (Pyrex), (b) boron nitride (BN), and
(c) the pyrolytic boron nitride (PBN) crucible. Pyrex and BN were tested to calibrate
the heat transfer of the system since their thermal conductivities are known. The PBN
. crucible test material was the material of interest.
The test samples were in the form of rectangular plates. The PBN crucible plate was
cut from the bottom of the crucible. The BN and PBN crucible specimens were polished
to 600 grit to flatten the surfaces. The dimensions of the specimens measured using

digital calipers are shown in Table 5.12.

5.2.2.4 Experimental Results and Discussion

Temperature-time curves were obtained for a series of experiments for the temperature
ranges listed in Table 5.13, Table 5.14 and Table 5.15. The furnace (ambient) tempera-

tures shown in the tables have been adjusted using a procedure which will be described
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Experiment no. | Adjusted Furnace (Ambient) Temperature ( °C )
1 65.9

102.8

142.0

184.1

251.8

303.1

356.8

404.5

458.3

W o0 -3 W

Table 5.13: Adjusted furnace (ambient) temperatures for the Pyrex test sample

Experiment no. | Adjusted Furnace (Ambient) Temperature ( °C )
1 431.4
2 532.9
3 630.2
4 728.7
5 820.1

Table 5.14: Adjusted furnace (ambient) temperatures for the BN test sample
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Experiment no. | Adjusted Furnace (Ambient) Temperature ( °C )
1 133.9
2 175.3
3 206.8
4 252.1
5 300.3
6 346.5
7 390.8
8 440.5
9 489.8
10 540.7
11 585.6
12 630.7
13 676.7
14 725.9
15 A 773.7
16 822.0

Table 5.15: Adjusted furnace (ambient) temperatures for the test sample of the PBN
crucible in the thickness direction
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later.

Since the temperature responses behave in a similar manner for all the measurements,
only typical results are presented and discussed. Results for the three different materi-
als are compared to distinguish different features with reference to the relative thermal

properties of the materials.

5.2.2.4.1 Measured Results

Typical results, taken from experiment no. 9 of Pyrex, are given in Figure 5.55. Four
curves are shown corresponding to the temperatures at the locations of thermocouple 1
to 4 for TC1 to TC4, respectively. The curves were reproducible to within 5 °C.

The differences in the initial temperatures of the four thermocouple readings were
due to the furnace temperature gradient. Normally, the temperature at the position of
TC1 was the highest, followed by that at the position of TC2, TC3 and then TC4.

As expected, the temperature at position 4 dropped faster than those at the other
3 positions during cooling, with the least change at position 1. After cooling stopped,
the temperature in the system returned to the initial steady-state distribution after a
short period of time. The temperature at position 4 rose at a much faster rate than the
rest. This is because the temperature difference was the largest between the ambient
surrounding and position 4.

Each curve consists of a cooling section, and a reheating section. Considering the
cooling section, heat was extracted into the cooling block causing heat to flow along
the axial length of the liquid gallium. The furnace temperature, which was higher than
the temperature of the liquid gallium, was maintained during cooling, and heat flowed
into the liquid gallium from the surrounding primarily in the radial direction. Within
the liquid gallium, the radial heat flow was much lower than the axial flow, resulting in

effectively uniaxial heat flow along the liquid associated with the heat extraction. Such a



137

(°C)

Temperature

0 200 400 600 800 1000 1200 1400

Time
(seconds)

Figure 5.55: Typical output of the four thermocouple readings (taken from experiment
no. 9 of Pyrex)
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uni-directional heat extraction is extremely important as it gives a good representation of
the rate of heat flow through the specimen in the experimental system. For the reheating
sections of the curves in Figure 5.55, the radial heat input from the surrounding became
much more significant than the heat flow across the specimen, as observed from the
rapid temperature rise of the liquid gallium towards the furnace temperature, which
makes analysis of these sections uncertain. Therefore, analysis is confined to the cooling
sections.

For the experiments at higher furnace temperatures, the temperature drops during
cooling at the four positions were larger. This was attributed to a larger difference be-
tween the temperature of the argon gas used to cool the liquid gallium and the initial
temperature of the liquid. A higher argon gas flow rate also resulted in a larger temper-

ature decrease.

5.2.2.4.2 Comparison of the Results for the Three Different Materials

The temperature-time curves for the three materials examined are very similar. How-
ever, if examined carefully, there are differences with respect to the rate of heat flow
through the specimens.

Figures 5.56, 5.57 and 5.58 show the temperature-time curves for Pyrex, BN and
the PBN crucible in the thickness direction around 450 °C, for tests no. 9 of Pyrex, 2
of BN and 10 of the PBN crucible as listed in Tables 5.13, 5.14 and 5.15, respectively.
The curves have been corrected for the thermocouple errors and furnace gradient, the
procedure of which will be described in section 5.4.1. Since most of the heat flow across
the test sample occurred during cooling, and not during heating, only the cooling portions
of the curves are used.

In comparing the three figures, it is assumed that the heat exchange with the ambient

surrounding is the same for all cases. It is possible that the insulation was slightly different
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Figure 5.56: Temperature responses for Pyrex (taken from experiment no. 9 of Pyrex)
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Figure 5.57: Temperature responses for BN (taken from experiment no. 2 of BN)
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Figure 5.58: Temperature responses for the PBN crucible in the thickness direction (taken
from experiment no. 10 of the PBN crucible)
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from one case to another, but the differences were likely too small to alter the curves
significantly.

From the thermal responses shown in the figures, the temperature difference between
the positions of TC1 and TC2 is small. This difference is mainly controlled by the
effective thermal conductivity of the liquid gallium. The significant information related
to the thermal property of the test sample is the temperature difference between the
positions of TC2 and TC3.

The temperature difference between the positions of TC2 and TC3 is determined by
two major variables: the thermal diffusivity and the thickness of the test sample. It is
apparent that BN has the smallest temperature difference while the PBN crucible has the
largest. For the same thickness, it appears that BN has the largest thermal diffusivity
among the three materials. But the BN specimen used in the experiments has the
smallest thickness which tends to make the temperature difference smaller. One definite
observation is that the PBN crucible has a lower thermal diffusivity compared to Pyrex
because the PBN crucible has a larger temperature difference and a smaller specimen
thickness. Since the thicknesses of the materials are different, no thorough conclusion
can be made about the relative thermal diffusivities of the three materials from the
temperature difference. A proper analysis of these curves requires a mathematical model
which incorporates all the essential variables in order to determine the thermal properties

of the unknown material (the PBN crucible in the thickness direction).

5.3 Mathematical Model

A two-dimensional transient model was formulated to simulate the experimental process
for the transient method. The thermal conductivity was obtained by matching the calcu-

lated temperature-time curves with the measured ones. The model simplifies the actual
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experimental system in the sense that it is two-dimensional, but it takes into account the

heat exchange between the system and the surrounding due to imperfect insulation.

5.3.1 Assumptions

The model assumes that the system is two-dimensional. The ambient temperature is
taken to be constant which is reasonable since the furnace temperature was not affected
by the temperature change in the liquid gallium. In addition, the model assumes a
domain which consists of the specimen and liquid gallium only.

An one-dimensional model would probably be sufficient for the purpose; in fact, for
simpler boundary conditions and constant heat-transfer properties, analytical solutions
could be employed. The reasons in using a two-dimensional numerical model instead of
an one-dimensional model or analytical solutions are that it allows more complex and re-
alistic applied boundary conditions and temperature-dependent heat-transfer properties
to be incorporated.

The temperature-dependent heat-transfer parameters are calculated using the tem-
perature field from the previous time step. This is a justified approach since the time-
step size is relatively small and the temperature distribution does not change appreciably
within the time interval.

The usage of the time-varying input temperature profile warrants an explanation.
Since this temperature profile belongs to only one location in the experimental system,
applying it along the whole length of the specimen surface as the boundary condition
assumes that there exists no temperature gradient along this boundary. This is a plausible

assumption because the radial temperature gradient in the high-conducting liquid gallium

is small.
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5.3.2 Domain and Boundary Conditions

The domain of the model is shown in Figure 5.59. It represents a horizontal cross-
sectional area of the core of the experimental system. Only half of the area is modelled
since the actual area is assumed to be symmetrical about the centre line. It comprises of
two distinct regions representing the specimen and liquid gallium.

The dimensions used in the calculations are 0.005 m X ¢ for the specimen and 0.005 m
x 0.028 m for the liquid gallium, which correspond to the actual size of the experimental
system. t is the thickness of the specimen which mz;y vary from one specimen to another.

Within the domain, the temperature distribution is governed by
PT  PT _ 10T |
022 ' Oyr o Ot

The boundary conditions are as follows:

(5.45)

1. at the axis of symmetry (centre line), thermal insulation is used as required by the

model domain, i.e.

or

-5:1—:-:

0 (5.46)

2. along the surface of the specimen, a time-varying input temperature profile is im-
posed, i.e.
T = f(time) (5.47)

3. along the other boundaries, the system exchanges heat with the ambient surround-
ing by
—k(n.VT)=h(T - T,) (5.48)

where A 1s an overall heat-transfer coefficient.

The last boundary condition can be changed to an insulating boundary condition by
setting the overall heat-transfer coefficient to zero. Such a boundary condition would

only be applicable if the experimental system were perfectly insulated.
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Figure 5.59: Idealized Domain of the Mathematical Model for the determination of the
thermal conductivity of the PBN crucible
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Parameter Reference Value Unit
number of finite elements 1 x16 elements
time-step size 4.0 s
thermal diffusivity of specimen, a, 1077 m?/s
effective thermal diffusivity of liquid gallium, ag, 10-3 m?/s
overall heat-transfer coefficient, h 0.0 W/m?2eC
specimen thickness, ¢ 0.001 m

Table 5.16: Reference values used in the sensitivity analysis of the model parameters

5.3.3 Finite Element Mesh of the Domain

The finite element mesh employed for all the calculations is shown in Figure 5.60. The
whole domain is discretized into 16 elements: 2 in the specimen and 14 in the liquid
gallium. Since the temperature gradient across the specimen thickness is higher than that

across the liquid gallium, smaller-sized elements are utilized in the specimen domain.

5.3.4 Results of Sensitivity Analysis and Discussion

Sensitivity analysis is helpful in understanding the relative effects of the model parameters
on the calculated temperature-time curves. A set of reference values is used for the
sensitivity analysis of the model parameters. The values are listed in Table 5.16. The
time-varying input temperature used for the model is given in Figure 5.61.

The number of finite elements and the time-step size shown in the table are optimal.
Increasing the number of elements 2 times does not alter the calculated results to any
significant extent, and neither does a smaller time-step size improve the results.

The temperature-time curves shown below are at 2 mm from specimen/liquid gallium
interface (corresponding to the location of TC2) and 2 mm from the other end of the
liquid (corresponding to the location of TC1) at the axis of the domain. The calculated

results show a temperature difference of less than 0.5 °C between the chosen location
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Figure 5.60: Finite element mesh of the model domain for the determination of the
thermal conductivity of the PBN crucible
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and any location within a radius of 2 mm. Thus, the location chosen is not as critical as
1t might be anticipated.

In Figure 5.62, the thermal diffusivity of specimen is reduced and increased by 10
times the reference value to 1078 and 107 m? /s, respectively. As can be seen from the
figure, this parameter significantly impacts the thermal responses at the two locations.
Reducing «, inhibits the rate of heat flow through the specimen. This in turn results in a
smaller temperature decrease in the liquid and consequently the temperature distribution
is more uniform as indicated by the smaller difference between the two locations. On the
other hand, the rate of heat flow across the specimen increases when o, is increased. This
means that the temperature in the liquid is more readily affected by the temperature
change on the other side of the specimen. While the temperature in the liquid stays
relatively unchanged irrespective of the changing input temperature in the other case
where a, is decreased, the temperature in this case follows the input temperature very
closely indicating a faster rate of heat flow across the specimen.

The effects of the effective thermal diffusivity of liquid gallium are displayed in Fig-
ure 5.63. ag, influences the uniformity of the temperature distribution in the liquid. As
shown in the figure, a lower ag, value increases the temperature gradient in the liquid,
while a higher value decreases it. When the value is decreased by 10 times, the temper-
ature gradient is increased by several times; reducing it by 10 times virtually eleminates
the temperature gradient in the liquid. A larger ag, value means a faster transfer of heat
in the liquid which tends to homogenize the temperature distribution while a smaller ag,
gives the opposite effect.

The overall heat-transfer coefficient has a significant effect on the temperature field of
the liquid. Figure 5.64 shows the temperaturé change as h is changed to a positive value.
The reference case assumes an insulated boundary, i.e. h = 0. When 4 is increased to

some positive value, there is an exchange of heat between the liquid and the ambient
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surrounding. Since the ambient temperature is higher than the liquid temperature, the
liquid receives heat from the ambient surrounding resulting in a temperature increase as
indicated by the upward shift of the curve. A larger h value also increases the temperature
difference between the two locations in the liquid; this increase is expected since the rate
of heat accumulation at the location near the end of the liquid pool becomes higher than
that at the location near the specimen/liquid gallium interface as h is increased (i.e. the
rate of heat loss is lower for the location farther away from the boundary where heat is
being extracted).

The specimen thickness has a similar effect on the resulting temperature distribution
as the specimen thermal diffusivity. As indicated by Figure 5.65, an increase in the spec-
imen thickness reduces the amount of heat extraction from the liquid. The temperature
change at the other side of a thicker specimen has less influence on the liquid tempera-
ture. Decreasing the thickness results in the opposite effect. The behaviour exhibited in
Figure 5.65 is similar to that in Figure 5.62.

5.4 Model Analysis of the Experimental Results

The analysis was done by using the finite element model. As mentioned before, the model
takes experimental input temperatures at one boundary to predict the corresponding
temperature changes at other locations in the liquid gallium. The calculated temperature
responses were adjusted to fit the measurements by altering the values of the parameters
in the model.

As was done in the sensitivity analysis, the locations chosen for predicting the experi-
mental temperature-time curves are at 2 mm from the specimen/liquid gallium interface

and 2 mm from the other end of the liquid at the vertical axis of the domain for the
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locations of TC2 and TC1, respectively. Since the calculated temperature does not crit-
ically depend on the location in the domain within a radius of 2 mm (a change of 2 mm
results in a temperature change of less than 0.5 °C), the positions of TC2 and TC1 in
the experiments need not be known to a great precision; this fact alleviates the fitting

process.

5.4.1 Corrections and Utilization of the Temperature Measurements

Minor corrections were made to the experimental results, and a method was deviced
to utilize them so that they could be analyzed by the mathematical model. First, the
measurements were corrected for the thermécouple errors and furnace temperature gradi-
ent. The time-varying input temperature profile required by one of the model boundary

conditions was then obtained from the corrected measurements.

5.4.1.1 Corrections for the Thermocouple Errors and Furnace Temperature

Gradient

The thermocouples were calibrated against the melting point of tin. The readings were
within 1.5 °C of the melting temperature of tin. The calibration corrections were applied
to the measured temperatures.

The model assumes a homogeneous temperature distribution in the liquid gallium.
Experimentally, temperature gradients in the liquid were observed. In accounting for the
furnace temperature gradient, the average temperature at the positions of TC1 and TC2
was used as the starting temperature before cooling started. The temperature readings
at time equal to 0 second were adjusted to the value of the average temperature; all
subsequent réa,dings were shifted by an amount equal to the differences between the
average temperature and the initial measured temperatures. Hence, Figure 5.55 now

looks like Figure 5.66 without the initial temperature differences. In so doing, the steady-
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state temperature gradient in the furnace was eliminated and the initial temperature

distribution was homogenized.

5.4.1.2 Utilization of the Thermocouple Readings

The four thermocouple readings were utilized in the following way. The TC4 and TC3
readings were used to obtain the temperature-time curve at the surface of the specimen.
This was done by extrapolating these two temperature-time profiles to the specimen
surface assuming a constant temperature gradient along the length of the liquid gallium.
This surface time-varying temperature profile is necessary to provide one of the boundary
conditions for the model. The model then calculates the corresponding temperature-time
curves at the other two thermocouple positions, i.e. TC2 and TC1 locations.
Depending on the thermal diffusivity of the specimen used in the model, the calcu-
lated TC2 and TC1 curves vary. Hence, by matching the calculated curves with the
experimental curves using a set of calibrated parameters, the model should give unique
specimen thermal diffusivity from which the thermal conductivity can be calculated. A

flowchart describing the procedure for the calculation is shown in Figure 5.67.

5.4.2 Calibrations of the Overall Heat-Transfer Coeflicient

In the model, there are 3 unknown parameters which must be determined in order to
reproduce the experimental curves. They are the thermal diffusivity of the specimen a,,
the effective thermal diffusivity of the liquid gallium ag, which incorporates heat transfer
by convection in the liquid, and the overall heat-transfer coefficient A.

The data points [88] of a, as a function of temperature for Pyrex and BN are shown

in Figure 5.68 and Figure 5.69, respectively. Included in the figures are the best fit lines
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to the data points, which show a large scatter. The fitted equations are
Qpyrez = 6.9 X 1077 4+ 4.3 x 107° T — 2.4766 x 10711 T? 4+ 8.9048 x 107 T3  (5.49)
and |
apy =2 x107° =501 x 10787 + 6.7458 x 10711 T? — 3.189 x 107 T3 (5.50)

where a is in m? /s and T is in °C. apyrez Was obtained by directly curve-fitting the
available thermal diffusivity data, while agy was calculated from the fitted equations of

kpn and C, g, given below
kgn = 32.82 — 6.547 x 1073 T — 3.757 x 10~ T*? (5.51)

Cppy = 688.13 +2.688 T — 1.833 x 1073 T? + 3.984 x 10~7 T° (5.52)

and a density value of 2250 kg/m?® [88]. kpn and C,p, are in W/m.°C and J/kg.°C,
respectively. The whole equation for a was incorporated into the model when fitting.
To simplify the calibration process, the extent of liquid convection was assumed to be
temperature-independent. This is a reasonable assumption since the temperature gradi-
ent in the liquid was small for all the experiments. To account for the liquid convection,
an arbitrarily chosen factor of 5 was used for ag,. Figure 5.70 shows the ’stagnant’ and
the magnified (effective) ag, as a function of temperature {88]. The data points were

fitted to obtain

age = 1.03221 x 107° + 4.25 x 1078 T 4 4.457125 x 1072 T*? (5.53)

With ag, which accounts for the liquid convection held at 5 times the ’stagnant’ value,
the only unknown parameter in the model is h. h is determined by fitting the model-

calculated curves to the experimental curves of Pyrex and BN for which «, is known.
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5.4.2.1 Assumed Function of the Overall Heat-Transfer Coeflicient

The overall heat-transfer coefficient between the system and the surrounding, h, can
be a complex function of many variables such as the temperature difference between
the surface temperature and ambient temperature, the ambient temperature itself, the
cooling or heating rate, the ambient gas, the gas pressure, etc. Here, h is simplified to be
dependent upon the ambient temperature and the temperature difference between the
domain boundary and surrounding only.

h is assumed to follow an expression given by

h = Cl exp {Cg (T - Ta)} (554)

where T, is the ambient temperature in °C. The unit of h is W/m2.°C. C; and C, are
constants which are assumed to vary with the ambient temperature. The values of these

two constants are determined by fitting the experimental results.

5.4.2.2 Discussion on the Discrepancy between the Experimental and Cal-

culated Curves

A typical fit for the locations of TC1l and TC2, taken from the fit for experiment no.
9 of Pyrex in Table 5.13, looks like Figure 5.71. The calculated curves agree with the
experimental curves quite well during cooling. However, the calculated curves tend to be
higher during heating. Such a discrepancy can be understood by examining the actual
experimental system and the model.

In the actual experimental system, the temperature at the location of TC3 reached
that of TC2 in a short period of time after cooling. This indicates that the rate of heat
input into location 3 is higher than that into location 2. The reason for this is that the
rate of heat input from the ambient surrounding is theoretically higher for location 3

since it has a larger temperature difference with respect to the surrounding.
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In the model, the location at the surface of the specimen is at a fixed temperature
as required by the boundary condition. Since the specimen surface temperature is fixed,
tﬁe temperatures at the locations of TC2 and TC1 have to reach that of the surface
instead of the reverse which was observed experimentally. However, this condition is not
possible for the model to satisfy unless the heat-transfer coefficient h is extremely small.
For h values that fit the cooling sections of the curves, the calculated temperatures at
the locations of TC2 and TC1 during heating are higher than those of the experimental.

It is possible to force the calculated curves to more accurately match with the heating
sections of the experimental curves by adjusting the values of o, and h as can be seen
from the sensitivity analysis. In light of the many assumptions made in the model
and the uncertainties of the thermal-physical properties used, an excellent match of the
calculated and experimental curves can not be expected. The calculated curves shown in
the figure can be considered as the Best representation of the experimental curves under
the simplifications and uncertainties involved. Consequently, this method is both relative
and approximate.

As the objective is to know the rate of heat flow across the specimen, it is much
more important to match the cooling sections of the curves since the cooling process
represents a uni-directional heat flow through the specimen better. This can be seen
from the experimental curves which have a large temperature difference between the
locations of TC3 and TC2 during cooling but only a small difference during heating.

Thus, the effort is directed in fitting the cooling sections of the curves.

5.4.2.3 Model Predictions Assuming Zero Overall Heat-Transfer Coefficient

Calculations are performed to predict the experimental curves assuming that h is zero.
This corresponds to the case of an insulated boundary. Using the time-varying input

temperature profile taken from experiment 9 of Pyrex in Table 5.13, as shown in Figure
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5.72, the predicted curves are obtained and compared with the experimental in the same
figure. It can be seen that the predicted curves are lower than the experimental. Realis-
tically, this is anticipated since there is no heat gain from the surrounding in the model
calculations while there is heat gain in the actual experimental system.

Similar predictions are observed for all the other curves. This observation indicates
that the model is able to simulate the basic features of the experimental process within
the limitations involved. It also shows that the experimental system was not perfectly
insulated. Thus, h has a positive value which depends primarily on the extent of insula-

tion.

5.4.2.4 Fitting the Temperature-Time Curves of Pyrex

The temperature for this set of experimental measurements ranges from 60 to 460 °C
approximately. The time-varying input temperature profiles are shown in Figures 5.73a
and 5.73b. The comparisons of the calculated curves with the experimental curves at
location 1 (T'C1) and 2 (T'C2) are shown in Figures 5.74a and 5.74b.  The corresponding
C; and C; values obtained in the fitting process are shown in Table 5.17 for the different

ambient temperatures.

5.4.2.5 Consistency of C; and C; Constants

Before fitting the experimental results of BN to find the values for C; and C,, the values
obtained from the experimental results of Pyrex were used to predict the experimental
curves of BN at about 430 °C. The comparison is shown in Figure 5.75. It can be seen
that the fit is reasonably well but the agreement is not as good as that for Pyrex. In
order to get a better fit, the thermal conductivity of BN was reduced by half as shown
in Figure 5.76. The curves calculated using the reduced kpy is included in Figure 5.75.

Such a reduction of kgy necessary to fit the experimental results of BN suggests that
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Figure 5.76: Normal and reduced (0.5 x normal) thermal conductivity of BN [88] (equa-

tion 5.51)
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Ambient Temperature, T, (°C) | C; x 10° | C; x 10*
65.9 65 140
102.8 70 145
142.0 80 150
184.1 90 155
251.8 100 160
303.1 200 170
356.8 300 180
404.5 400 190
458.3 500 200

Table 5.17: C; and C; values for Pyrex at different ambient temperatures

Ambient Temperature, T, (°C) | C1 x 10* | C; x 10°
431.4 6 16
532.9 9 17
630.2 11 18
728.7 13 19
820.1 15 20

Table 5.18: C; and C; values for BN at different ambient temperatures

there might be a 50 % error in the values of the derived thermal conductivity using this
fitting method. But the large scatter in the reported thermal-conductivity values for BN

(see Figure 5.76) might well be a major reason for this discrepancy.

5.4.2.6 Fitting the Temperature-Time Curves of BN

The approximate temperature range is from 390 to 820 °C. Using the same fitting pro-
cedure as was done for Pyrex, a set of values for C; and C, was obtained for the BN
results employing the experimental input profiles shown in Figures 5.77a and 5.77b.

The values of C; and C, are listed in Table 5.18. The calculated results are compared
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Figure 5.77a: Time-varying input temperature profiles of BN used for model calculations
(experiment no. 1 to experiment no. 3)
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with the experimental curves in Figures 5.78a and 5.78b.

5.4.2.7 Fitted ‘Equations for C; and C;

The values of C; and C; for the two temperature ranges listed in Tables 5.17 (Pyrex) and
5.18 (BN) are combined and fitted to obtain two equations to be used in the expression
for h. The points and the polynomial fitted lines are displayed in Figure 5.79 and Figure
5.80 as a function of ambient temperature for C; and C;, respectively. The corresponding

equations are
C; =2.3656 x 107* —2.76 x 107 T, + 1.09 x 1073 T,2 — 6.9 x 10712 7,3 (5.55)

and

C; =1.43212 x 10™% + 7.113 x 107° T, (5.56)

The C; and C; values obtained for BN differ from those obtained for Pyrex. The
discrepancy, particularly in the C; values, can be attributed to the difference of insulation
in the Pyrex and BN experiments. It was difficult to maintain the same insulation from
one set of experiments to another. In fitting the temperature-time curves of the PBN
crucible, the fitted equations of C} and C, are assumed to be applicable since this set of

experiments presumably has an average insulation.

5.4.3 Thermal Diffusivity Fitting of the Temperature-Time Curves of the
PBN Crucible

The temperature range covers approximately from 110 to 820 °C. For this set of ex-
perimental results, all the pa.rametei‘s involved in the model were known except for the
thermal diffusivity of the PBN crucible in the thickness direction, apgyn. As before, aga

was assumed to be 5 times the ’stagnant’ value. Equation 5.54 along with equations 5.55
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Figure 5.78a: Comparisons of the experimental and calculated curves at the locations of
TC1 and TC2 for BN (experiment no. 1 to experiment no. 3)
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and 5.56 was employed to provide the overall heat-transfer coefficients in determining
appn for this set of experimental curves. The fitting procedure carried out here is anal-
ogous to the procedure used in fitting the Pyrex and BN curves. The difference is that
o, was adjusted to match the calculated and experimental curves in this case instead of
h in the other two cases (Pyrex and BN). Using the time-varying input profiles shown in
Figures 5.81a, 5.81b, 5.81c and 5.81d, an equation for . apgy was derived by trial and
error until a reasonable fit between all the calculated curves and experimental curves was

attained. The agreement of the fit can be seen in Figures 5.82a, 5.82b, 5.82¢ and 5.82d.

The resulting appn i1s presented in Figure 5.83 as a function of temperature. Two
equations are used to describe the line shown in Figure 5.83 for two temperature ranges

as given by
appy =252 X 1077 4+ 6 x 1071°T 4+ 2.8 x 10712 7% 4 1.18 x 10714 T3 (5.57)

110 < T < 677 °C

and
appy = —2.539 x 107° +2.22 x 10787 — 1.80 x 107" T2 4+ 4.6 x 10715 7% (5.58)

677 < T <820°C

T is in °C, and appy is in m?/s. The temperature range in the figure has been extended
to cover from 0 °C to 1000 °C.

The decrease in the slope of the thermal diffusivity curve above 675 °C may be an
artifact of the fitting process. However, among many other shapes of the curve, the curve

presented in Figure 5.83 gives the best overall agreement to the measurements of Figure

5.82a to 5.82d.
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Figure 5.83: Thermal diffusivity of the PBN crucible in the thickness direction obtained
from the fitting process (equations 5.57 and 5.58)
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5.44 Sensitivity of OPBNy OGay h and ¢

After obtaining appyn, a sensitivity analysis was done to see the effects of the parameters
used in the fitting process. Unlike the sensitivity analysis done before in which the fitting
procedure used constant values for all the parameters, the parameters in this case are in
the form of equations as a function of temperature which were determined during fitting
except for t. Accordingly, the fitted equations were used as the reference of comparison.

The input profile is the same as the one shown in Figure 5.61. Each parameter is
multiplied by 2 and 0.5. The calculated curves are compared with the reference curves.

The comparisons are presented in Figures 5.84, 5.85, 5.86 and 5.87. Similar effects
are observed as the sensitivity results using constant values.

Since the parameters characterize the heat transfer of the experimental system, such
a sensitivity analysis may be utilized to assess the error involved in the fitting process.
A significant shift of the curves can be seen in the figures as a result of multiplying or
dividing the parameters by 2. The factors of 2 and 0.5 seem to provide an upper bound

and a lower bound of the fitting error, respectively.

5.4.5 Sources of Errors in the Derived Thermal Diffusivity

There are three major sources of errors in deriving the thermal diffusivity using this
method. The first one is from the experimental measurements. The second contribution
of errors comes from the mathematical model. The last source of errors lies in the analysis
of the experimental results by the mathematical model.

The main experimental measurements are temperatures. The temperature measure-
ments contain errors due to the inaccuracy of the thermocouples and the data acquisition
system. Even though the thermocouples were calibrated against the melting point of tin,

the errors in the measurements would still exist, and they were expected to be larger
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at higher temperatures. The data acquisition system used to record the temperature
readings was only accurate to within 0.5 °C owing to the electrical noises.

The mathematical model is anticipated to contribute considerable errors. The simpli-
fications and assumptions made in the formulation limit the predictive capability of the
model. As a consequence, errors arise from the difference in the resulting temperatures
between the complex experimental system and the simplified model. Moreover, the nu-
merical technique (finite element méthod) itself is an approximation, and hence there is
an additional numerical error.

The analysis of the experimental results by the model probably constitutes the most
errors. The temperature measurements were corrected so that they could be utilized
by the mathematical model. This procedure introduced errors in the derived thermal
property. The calibrations of the overall heat-transfer coefficient employed an assumed
function of the parameter whose constants were obtained by fitting the results from the
reference specimens (Pyrex and BN) with known thermal conductivities. The calibrated
expression was assumed to apply to the results from the unknown specimen (the PBN
crucible) which might have a different extent of thermal insulation. Errors in this process
could come from the assumptions involved in the overall heat-transfer coefficient and the
inaccuracy of the thermal conductivities of the reference specimens. The most apparent
errors, however, lie in the process of matching the model-calculated results with the
measurements in the sense that it was subjective in choosing the ’best fit’ criterion.

A quantitative assessment of the percent error in the derived thermal diffusivity is

difficult to do given the above sources of errors. A proper analysis of the errors is beyond

the scope of this work.
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5.5 Thermal Conductivity of the PBN Crucible

To ;:onvert appn to the thermal conductivity, kppn, a knowledge of the density and
specific heat capacity of the PBN crucible must be available. The density was taken to
be constant having a value of 2185 kg/m? for PBN [2] since this information was not
available as a function of temperature. The specific heat capacity was obtained by fitting
the data points available for PBN [2] as given in Figure 5.88. The corresponding fitted

equation for the specific heat capacity is given by
Coppny = 16777 +299T —3 x 1073 T? +1.22 x 107 T (5.59)

where Cp,,, is in J/kg.°C. Utilizing the derived appn, kppn was calculated using

kpen = appn Cppgn PPBN (5.60)

The calculated kppy is presented in Figure 5.89 as a function of temperature. As a
result of describing appy in two equations, kpgn is given by two equations in the two

temperature ranges. The corresponding equations for the line shown in the figure are
kppn = 4.1.132 x107' 31 x 10T 4+ 181 x 1076 T2 +6 x 107373 (5.61)
110 < T < 677 °C
and
kppy = —19.35 + 1.116 x 107 T — 9.28 x 107> T2 + 2.76 x 1078 T (5.62)

677 <T <820°C
where T and kpppy are in °C and W/m.°C, respectively. The line has been extended to
cover from 0 °C to 1000 °C.
The thermal-conductivity curve shown in Figure 5.89 appears to have a maximum

above 1000 °C. At high temperatures, phonon scattering is known to limit the thermal
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Figure 5.89: Thermal conductivity of the PBN crucible in the thickness direction calcu-
lated using appn, ppen and Cp,,, (equations 5.61 and 5.62)
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conductivity of electrically insulating solids. This might give rise to the characteristic

maximum of the material as a function of temperature [25].

5.6 Comparison of the Thermal Conductivities

The comparison between the thermal-conductivity values of the PBN crucible in the
thickness direction (predominantly “c” direction) obtained in this work and the published
values for PBN in the “a” direction and “c” direction is shown in Table 5.19.

The values listed in the table show that the thermal conductivity of the crucible
material is appreciably lower than the published values for PBN in both the “a” and “c”
directions at low temperatures. At high temperatures, the crucible values are between
the published values for the “a” and “c” directions.

The thermal conductivities of Pyrex, BN, PBN in the “a” and “c” directions, and the
PBN crucible in the thickness direction are shown in Figure 5.90 for comparison. The
thermal conductivities of Pyrex, PBN in the “a” and “c” directions are calculated from

the following equations:

kpyrez = 9.36 x 107! +1.005 x 107> T + 6.2 x 1078 T2 (5.63)
kppN.,, = 101.1 —4.264 x 1072 T (5.64)
kppN., = 1.654 +8.57 x 107* T (5.65)

The equations were obtained by curve-fitting the data available in the literature [88,2).
The thermal conductivities of Pyrex and PBN in the “c” direction are the lowest, followed
by the PBN crucible in the thickness direction, BN, and PBN in the “a” direction.
Since the PBN crucible through -thickness is predominantly parallel to the “c” direc-
tion, it i1s expected to have a thermal conductivity similar to and slightly higher than that

of PBN in the “c” direction and lower than that in the “a” direction. However, the shape
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PBN THERMAL CONDUCTIVITY
(W/m.eC)
Temperature
(°C) the Crucible in
“a” Direction | “c” Direction the Thickness Direction
( Predominantly “c” Direction )
Reference [2] Present Results
25 104.5 1.672 : 0.49
500 71.6 2.09 9.92
1000 62.7 2.51 27.05
Reference [25] Present Results
20 63 1.5 0.48
800 63 2.9 ' 24.67

Table 5.19: Comparison of the thermal conductivity values of PBN in the “a” and “c”
directions with the values obtained in this investigation for the PBN crucible in the
thickness direction
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direction (this work) (equations 5.63, 5.51, 5.64, 5.65, and 5.61 and 5.62, respectively)



204

of the line is different from those of the “c” and “a” directions. At low temperatures,
the PBN crucible curve coincides with the “c” direction curve but increases much more
rapidly than the “c” direction curve with increasing temperature. As anticipated, the
line never reaches that of the “a” direction.

The rapid increase in the thermal conductivity of the crucible material could be
attributed to several factors. First, since the material consists of layers and has a positive
thermal expansion coeflicient, the gaps between the layers might close up due to thermal
expansion as the temperature is increased which gives a better contact between the layers.
This should result in an increase in the thermal conductivity of the material. The second
factor could be associated with the crucible being used a number of times, the thermal
conductivity changing with use. A third factor could be related to the method used to
derive the thermal conductivity, in which a ’best fit’ criterion was arbitrarily selected to
fit the data. The values of the thermal conductivity obtained are also dependent on the
assumptions and simplifications of the model, and the uncertainties of the values of the
physical parameters used. Nevertheless, as mentioned earlier, The method used in the
measurements is not standard. Even with standard methods, different values are often
obtained for the same material by different investigators especially at high temperatures,
indicating that the standard methods are also in need of further improvement to increase

the reliability and accuracy of results.

5.7 Relative Thermal Resistance Analysis of the Mathematical Model

An analysis of the thermal resistances in the mathematical model was carried out to
see the relative extent of heat transfer. Figure 5.91 shows the thermal resistance circuit
considered in the model domain. There are two convective/radiative resistances, one

along the side surface (Rp,) and the other along the end surface of the liquid gallium
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(Rn,). There is a conductive resistance across the liquid gallium to the location of TC1
(Rkg,, ), from the location of TC1 to that of TC2 (R, ), and from the location of TC2
to the liquid gallium/specimen interface (Rys, ). The last is the conductive resistance
from the interface to the surface of the specimen (Rj,).

The resistances are given as

1
Rhl = m (566)
Ry, = — (5.67)
"2 h A, '
L
Rig,, = kcal i (5.68)
L,
= 69
RkGa2 kGaA (5 )
L
Ry, = 7 (5.70)

A; and A; are the areas along the side and end boundary, respectively. A is the area
across the width of the domain. I, is the distance between the end boundary of the
liquid gallium and location 1, which is the same as the distance between location 2 and

“the interface. L, is the distance between location 1 and location 2. L is the thickness of

the specimen.

The overall heat-transfer coefficient, h, and the thermal conductivities of the liquid

gallium and specimen, kg, and k,, are taken to be at 500 °C. The values are
=72 x107* W/m?°C
kga = 350 W/m.°C
kpyrez = 1.5 W/m.oC
kpn = 29.5 W/m.oC

kpBN = 9.9 W/m.°C
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Using these values, the resistances are calculated below:

1
~0.00072 x 0.005

1
~0.00072 x 0.029

0.002
= ———————— =0.001143 °C/W
350 x 0.005 . °C/

_ oo
~ 350 x 0.005

0.001
= ———— =0.1 ° P
* 1.5 x 0.005 0.133333 °C/W for Pyrex
0.001
Bi, = 5555 0.005

= 55 g 5oz = 0.020202 °C/W for the PBN crucible

The thermal circuit as well as the resistance values is shown in Figure 5.92. The total

Ry, = 277778 °C /W

Rn,

= 47893 °C/W

— 0.013714 °C/W
Ry
= (.006780 °C/W for BN

Ry

resistances are
Ry, Rn,

Ry, + Ry,
heat conducting through liquid gallium: Ry, = Rkg, + Rig,, + Rke, = 0.016 °C/W

heat gain from surrounding: R, =

= 40850 °C/W

heat conducting through specimen: Ry, = 0.133333 °C/W for Pyrex
or R, =0.006780 °C/W for BN

or Ry, =0.020202 °C/W for the PBN crucible

It turns out that the convective/radiative heat gain from the surrounding has the
highest resistance which may imply that the experimental system was well insulated.
The resistances across the liquid gallium and specimen are several orders of magnitude
lower than that of the convective/radiative mode. Among the materials used, Pyrex
is the most resistant to conduction while BN is the least. Depending on the specimen
material, the liquid gallium may have a smaller or a larger thermal resistance compared

to the specimen.
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Figure 5.92: Thermal circuit with relative resistances of the mathematical model used
for the determination of the thermal conductivity of the PBN crucible



Chapter 6

Summary and Conclusions

The objective of this research was to characterize the materials relevant to the Czochral-
ski crystal growth system, in particular the thermal conductivities of the melt and the
crucible. Experimental measurements and mathematical modelling were used to examine
the effect of an applied magnetic field of 0.099 T on the heat transfer in a germanium melt
and to determine the thermal cohductivity of a pyrolytic boron nitride (PBN) crucible

in the thickness direction. The sufnmary and conclusions of this work are listed below:

1. Applying a vertical magnetic field to a germanium melt in the CZ growth config-

uration increases radial temperature gradients in the melt, due to suppression of

radial fluid flow.

2. The measured radial temperature gradients in the melt were fitted to a steady-state
conduction-dominated mathematical model of heat transfer, by adjusting the effec-
tive thermal conductivity of the melt. Both thermal insulating and non-insulating

boundary conditions were considered at the bottom surface of the melt.

3. It was found that the effective thermal conductivity of the melt, in the presence
of a vertical magnetic field of 0.099 T, was lower than the effective melt thermal
conductivity without a field by a factor of seven. This was the case for both the
insulating and non-insulating boundary conditions at the bottom melt surface. This
result shows that fluid flow in the melt increases the radial heat transfer in the melt,

by at least a factor of seven.

209
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4. The thermal diffusivity through the wall of a pyrolytic boron nitride crucible, used
in growing GaAs crystals, was obtained in the temperature range of 0 to 1000 °C
by matching the results calculated by a transient heat-transfer mathematical model
with the measured thermal responses. The thermal conductivity through the wall
of the crucible, calculated from the thermal diffusivity, was found to be strongly
temperature-dependent. The thermal conductivity was 0.48 W/m.°C at 20 °C,
increasing at an accelerating rate to approximately 23 W/m.°C at 700 °C, then
slowly rising nearly linearly to 27.05 W/m.°C at 1000 °C. The values at high tem-
peratures (above 300 °C) differ markedly from the PBN values in the “a” direction
and to a less extent in the “c” direction. However, these values are between those

of PBN in the “a” direction and “c” direction, consistent with the PBN crucible in

the thickness direction being predominantly parallel to the “c” direction.

5. The published values of the thermal conductivity of PBN in the “c” direction are
higher than the present measured values at 20 °C. With increasing temperatures
the published values drop below the measured values, becoming appreciably lower
above 500 °C. The measured low values at the low temperatures are probably
attributed to delamination of the PBN crucible material with use. It thus appears
likely that the thermal conductivity across a given crucible wall decreases with the

number of crystals grown using that crucible.



Chapter 7

Recommendations for Future Work

The temperature measurements in the CZ germanium melt contained a large scatter
band, and they were obtained for only a few melt depths. Hence, more measurements
should be made at more locations in the melt to better characterize the temperature
distributions and gradients. Once the temperature fields in the melt are clearly estab-
lished, a conduction-dominated heat-transfer mathematical model which includes more
complex boundary conditions and temperature-dependent heat-transport properties can
be developed to analyze the influence of magnetic field on the effective thermal conduc-
tivity of the melt. Different magnetic field strengths should be applied to determine the
dependence of the reduction factor on the magnetic field strength. Similar investigation
can also be carried out using different semiconductor melts.

The method used in the determination of the thermal conductivity of the pyrolytic
boron nitride crucible should be considered as a first attempt in generating the ther-
mal conductivity of the material. Improvement of the experimental procedure and the
mathematical model to obtain more reliable results can be achieved by conducting more

experiments on standard specimens.
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-Appendix A

Derivations of the Finite Element Equations

A.1 Cylindrical Coordinates (r, z)

The content of this section is a modification of the derivations done in reference [15].
Similar derivations can also be found in many standard books on the finite element

method.

The Galerkin method is used to derive the elemental matrices and vectors for equation
ka ( or &’T or
v o ( :a?) thom T PO (A-T1)

In order to solve equation A.71 using the Galerkin method, it is necessary that the

dependent variable T within an element be piecewise approximated using trial or shape

functions N; by
T ~ 3" T; Nj (r,2) (A.72)

=1
where Tj is the temperature at node j, and n is the number of elemental nodes. Substi-

tuting equation A.72 into equation A.71 will only give an approximation to the equality

of equation A.71, resulting in an error, known as residual R, given by

R= Z{ (ka(rag")mgz-(agf)) pCy N; =L };éo (A.73)

The weighted averages of the residual R is then set to zero using the shape functions

as the weighting functions. Mathematically, R is made orthogonal to the weighting

functions:

//N,-errdzz() for 1=1,2,...,n (A.74)
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Substituting equation A.73 into equation A.74 with a slight rearrangement of the r term

and the deletion of the summation sign gives

e { ( (ag) Lrg_z(aafl’j)) roC, NJ%T}drdz_O (A.T5)

where:z = 1,2,...,n indicating the row number, and j = 1,2, ... ,n indicating the column

number in the matrix.
Equation A.75'is integrated by parts to reduce the second-order derivatives to first-

order derivatives. In general the integration by parts in two dimensions is given by

/fLfg—zdnd§=—/5/ngg—:;dnd§+/rfgnndp

where T' is the boundary surrounding the domain of interest in (¢, 7) coordinates, and
n, is the n component of the unit normal vector to the boundary n. Equation A.75 after

integration by parts becomes

ON; N, AN; oN; a7,
// { et ar“T’a = CNNat}dzdr

—/rNkT Iy dl — /rN 17, i dr =0 (A.76)
The boundary terms in equation A.76

ON; on; aN

give the Fourier law of heat conduction and represent the natural boundary condition
which can be either specified heat flow at the boundary, or convective heat exchange

with ambient surrounding. Only convective heat transfer is considered here. Applying

the convective boundary condition

ON;
—k T; o

i (TN, —Tw)
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with a constant heat-transfer coefficient A and ambient temperature T, results in

(ON; BN, _ ON; ON; Ty
/z/,"{kT’(ar o ' 5 az)“L”C”N‘N’at dr dz

+/FrhN,- (T; N; — To,) dT = 0 (AT7)
Radiative boundary condition can be included by linearizing the fourth power of tem-

perature and introducing a constant radiative heat-transfer coefficient h, given by
he = Foe (T?+T2) (T + To)

where F' is the radiation view factor, o is the Stefan-Boltzman constant, and € is the
emissivity of the boundary surface. h, can be directly added to A so that h becomes

the sum of the convective heat-transfer coefficient h. and the radiative heat-transfer

coefficient h,.

Equation A.77 is transformed into the form of matrix as

[K©] (T} + [c9] {T} = {79} (A.78)

where [K (")] is the thermal stiffness matrix, [C(e)] is the capacitance matrix, { f(e)} is
the thermal (force) load vector, {T'} is the nodal temperature vector, and {T} is the

vector containing time derivatives of nodal temperatures, of the element.

[K (e)] and { f(e)} can be written as
(K] = [K©] + [K7] + [K©)]

and

{r9}={a2} + {7}
where [Kc(e)] i1s the conduction matrix, [K,(f)] is the convection matrix, [Kﬁe)] is the

linearized radiation matrix, { f,(f)} is the convective load (force) vector, { fr(e)} is the

linearized radiative load (force) vector, of the element.
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Equation A.78 provides n simultaneous equations for the elemental nodal tempera-

tures. The elemental matrices and vectors are

K& =/, J,rk (k% + W) drde
K = fp rhe N; N;dT

K$) = fprh, N; N;dT

C =, J. rpCyp Ni N; dr dz

© = fo b N T, T

£ = fp 7 he Ni T, T

(A.79)

The next step is to choose the type of element and shape functions. Numerical
integration must be employed to evaluate the integrals. For transient heat transfer,

time-stepping scheme is applied to approximate the transient response.

A.1.1 Type of Element and Shape Functions

In order to ascertain finite element convergence as the element size is decreased, the type
of shape functié;n used must satisfy two criteria: continuity and completeness. To solve a
differential equation that has the highest order of derivative equal to m, a shape function
continuous up to the (m — 1) derivative is required; in the finite element jargon, the
shape function must satisfy C™~! continuity. Completeness requires that the polynomial
used as the shape function be a complete polynomial to the order m. Equation A.77 has
a first-order derivative as the highest order of derivative, i.e. m = 1. Thus the shape
function used must have at minimum C° continuity and be a complete polynomial up to
the order 1. Therefore a linear shape function could be used in solving the differential
equation.

The type of element used here i1s an 8-noded isoparametric quadratic element, as

shown in Figure A.93a. Correspondingly, 8 isoparametric quadratic shape functions are
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-
N

- 7 >

(2) (b)

Figure A.93: Element type: (a) 8-noded quadratic isoparametric element; (b)Quadratic
1soparametric boundary element
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used to approximate the temperature at any point in the element by
8
TO & Y TN (61) (A.80)
=1

The shape functions are a function of £ and 7 coordinates given by

M=-1-QQ-n1+&+n)/4
Np=—(14+8A-n)(1-E+n)/4
Na=—(1+8A+n(1-€—n)/4
Ny=—-(1-Q+n(1+&—n)/4
Ns=(1-8)(1-n)/2
Ne=(1-n")(1+¢)/2
Ne=(1-8)(1+n)/2
Ng=(1-n)(1-¢§/2

(A.81)

where -1 < ¢, 7 < 1.
Boundaries of the domain are accounted for using a 3-noded one-dimensional quadratic

element with its associated shape functions given by

N=-—n(l-9)/2
Ny=n(l+n)/2 (A82)
N3'—"1-—7]2

The one-dimensional element is shown in Figure A.93b.

A.1.2 Mapping Functions and Numerical Integration

The domain is in terms of r and z coordinates and the element shape functions are in
terms of £ and 7 coordinates. This requires that the element in the (r, 2z) coordinates

be mapped into the (£, ) coordinates for numerical integration. The mapping function
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must be quadratic since the curved boundaries of the element in the r—z plane need three
points for their unique locations. The mapping function also must equal unity at its node
and zero at all other nodes. Since the shape function satisfies all these characteristics, it is
used as the mapping function, and such an element is termed isoparametric. Figure A.94

illustrates the coordinate and geometrical transformation of the element where

8 8
'I‘ZZT,'JV,' (ﬁan) Z=EziNi(f,77)
=1 =1
The numerical integration method used is the Gaussian quadrature which involves
evaluating an integrand at a number of sampling points. Each evaluation is multiplied

by a weighting value and the summation over all the sampling points is equal to the

integral. The Gaussian-quadrature formula in one dimension is

[ F(© dE=Wif @)+ Waf (&) + .ot W f (6n) = 3 Wi F (6)

or in two-dimensional form,
+1 41 m mz
Lo [, fem dedn=3 3 WiW;f (6ny)
where f is a polynomial, and m; and m, are the number of sampling points in the £ and
n direction respectively.

The locations of the sampling points and the corresponding weighting coefficients are
given in Table A.20. Higher accuracy is obtained by employing more sampling points. If
a polynomial expression is being numerically integrated in one dimension, it can be shown
that for n sampling points 2n unknowns (f; and &) can be solved, and thus a polynomial
of degree (2n—1) could be constructed and exactly integrated. The corresponding error is
of the order O (6*") where é is the point spacing [57]. Thus for a quadratic shape function
the degree of the polynomial is 2. However during the formulation of the problem the

shape function is multiplied by itself (N; N;), and therefore the function to be integrated
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Az 7
A A
(L, 1)
T 37
0.0) 6@ »f
5 2
e ®
(1,-1)
> 7
()
z 7
2 (1) ¢2

3 ) ) ¢3

(-1) o1

(b)

Figure A.94: Mapping of the quadratic isoparametric element from the (r, z) coordinates
into the (£, 1) coordinates: (a) domain element; (b) boundary element
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Sampling Location | Number of Sampling Points | Weighting Coeflicients
- 0.5773502691 m=2 1.0000000000
+ 0.5773502691 1.0000000000
- 0.7745966692 m =3 0.5555555555
0.0000000000 0.8888888888
+ 0.7745966692 0.5555555555

Table A.20: Sampling locations and V;’eighting coefficients of the Gaussian-quadrature
formula '

is an incomplete 4**-order polynomial. The optimum number of sampling points is 3 (i.e.
2n —1=4, .n =41 =25 < 3). For two dimensions the number of integration points
is 3 in the £ direction and 3 in the 7 direction, and thus a total of 9 sampling points is
used (32 =9).

The larger the number of sampling points is, the longer the solving times will be. A
reduced number of sampling points can be used and still achieve the accuracy of the larger
sampling point integration. Using fewer than the optimum number of sampling points
is known as reduced integration [58]. Reduced integration using 4 sampling points gives
comparable results to nine-point integration if stability criterion is satisfied. Stability
criterion for reduced integration requires that more than one element be present in the
domain [57]. Nine sampling points are preferred when there are temperature-dependent
thermo-physical properties and heat-transfer coeflicients. More sampling points allow the
variation in thermal conductivity, density, specific heat capacity, etc. with temperature
to be better modelled over the domain. For a domain with constant thermo-physical

properties, the reduced integration is often used to achieve shorter solving times.
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A.1.2.1 Conduction Matrix

The elemental conduction matrix

ON; ON; ON; ON;
© — . i ON; i ON;
Kcu /z/rrk { o o + % }dr dz (A.83)

must be numerically integrated. Equation A.83 can be written in matrix form as

(K] = / / rk BT [B] dr d= (A.84)
where
oNL AN &Ny
[Bl=1| & or or (A.85)
oL BN Ny
Iz Oz X

and [B]” is the transpose of [B].

Since the shape functions are a function of ¢ and 7, it is necessary to express %V'L, ‘%’i
and drdz in terms of £ and 7. The limits of the integration is changed to -1. and +1 in
the -1 space accordingly. Using the chain rule of differentiation, the derivatives of the

shape functions with respect to £ and 7 are given as

ON; _ ON: or | ON; 0z
9 ~ or o€ Bz &

ON: _ ON: or , o 0z
on  Or Op ' 0z Oy

aN; o 8 aN; aN;
aN; o 2 aN; aN; '
) On Sn Oz Bz

where [J] is the Jacobian matrix defined as

or in madtrix form

n n 9N,
z a Z Zi 9t

—_ =1 6 =1 6
Z"0 Lo
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The Jacobian matrix must be inverted in order to find the first derivatives of the shape

functions with respect to r and 2. After inverting the Jacobian matrix, the %Vi and %L

can be expressed in terms of £ and 7 as

%’L -1 %\E”L I, I, %AEIL
o [ 1] o aN; (A-88)
" B I I, B

where I;; is the content of the inverse of the Jacobian matrix. I;;’s are given by

ha = det [J] & Z 5 g

.112 = —m ; Zi E (A.Bg)
1 - ON;
b= 2
" ON

1 i
b= T = o
where det[J] is the determinant of the Jacobian matrix defined as

= (55 25) (555 25) - (55 25) (£ 25 caoo

=

The expressions for the 2M and ML are then substituted into the [B] matrix giving it in
or giving

terms of ¢ and #:

[B]-— Ill 35 +Il 3N Il ot +I ?1\',72- coe Ill%]%ﬂ_+]12%n'

Correspondingly, dr dz must be converted to the é-7 coordinates using
dr dz = det[J] d¢ dn (A.91)

Transforming the elemental conduction matrix from the (r, z) to (¢, n) coordinates

changes equation A.84 to

(K] = / / rk [B)Y [B] det[J] d¢ dy (A.92)
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Equation A.92 is numerically integrated using the Gaussian quadrature resulting in

m m T
[Ké )] = Z Z Wi W;rgn K [B(&mj)] [B(&,nj)] det['](f.',nj)] (A.93)
=1 j=1
where
m = number of sampling points in one coordinate direction
W; and W; = weighting constants
£and n = coordinates at sampling points

3 sampling points are used in the ¢ direétion, and 3 in the 7 direction (m = 3). Thus,

a total of 9 sampling points is employed in the element for this case.

A.1.2.2 Convective/Radiative Matrices and Vectors

Numerical integration of the following integrals

K =/ r hy N; N; dT
] r

£ :/Frth.-TooldI‘

K '=/ r hy N; N; dT
(¥ r

£ = /F r hy N; Too, dT

is necessary in order to evaluate the convective/radiative matrices and vectors of the

element. Writing them in matrix form gives

[59] = /F rhe {N} {N}7T dT
{f,(f)}=/rrhc {N} T, dT
(K] = /F rhy {N} {N}T dT
{5 =/Frh, (N} T, dT

where {N}T is the transpose of {N}.
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In this case, numerical integration requires that dI' be put in terms of 5. Before doing

so, dI' is defined in terms of » and 2 using the Pythagoras’ theorem as
dl’ = Vdr? 4+ dz?
Differentiating dI' with respect to n yields

L&) (%)

Mapping into the n space gives

=1 =1

The term on the right-hand side of equation A.94 can be taken as the boundary Jacobian,

G )

=1

A, rewritten as

Therefore
dl' = Ady

The integrals to be carried out become
L /F rhe {N} {N}T Ady
{#0} = [ v he {N} Teo, Ay
SIE /F rhe {N} {N}T Adn
{#0} = [ rhe {N} Tou, Ay

or in terms of the Gaussian quadrature for numerical integration,

[K'(ze)] :i Wir(n) he {N(n.-)} {N(rn)}T Ao (A.95)
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{#7}= i: Wi () he { Niwy } Toor A (A.96)
(5] = il Wity be { Nowy } {N(m)}T Al (A.97)
{fr(e)} = il Wi T(m) h, {N('h)} T°o2 A(m) | (AQS)

A.1.2.3 Capacitance Matrix

The elemental capacitance matrix integral to be numerically integrated is
cY = / / r pC, N; N; dr dz

In matrix form,
C(e) //rpC {N} {N}T drd=
The shape functions used for the elemental capacitance matrix are the same as those
used for the elemental conduction matrix. The Jacobian matrix, [J], and its determinant

are given by equation A.87 and A.90, respectively.

Mapping into the {-n space gives

[c©] = / / rpCy (N} {N}T det[J] dé dn

In the Gaussian quadrature form for numerical integration,

[C(e)] = i i Wi Wi r(em) PCop {N(ﬁiyflj)} {N(fimj)}T det [J(e.-,n,-)] (A.99)

=1 j=1
A.1.3 Time-Stepping Techniques

For steady-state heat transfer, the equation to be solved

(K] {T} = {f} (A.100)
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is algebraic in nature, and hence can be evaluated directly using matrix algebra. However,

for transient heat-transfer problems, the following equation must be solved:
(K] {T} +[C] {T} = {f} (A.101)

Equation A.101 involves the time derivatives of temperature and is generally difficult
to solve analytically. To overcome this problem, a recurrence technique is employed in
which trial functions are used to discretize the time domain and the solution at each time
step is obtained using the temperatures from the previous time step(s). The number of
trial functions used affects the accuracy and stability of the solution. In general the
greater is the number of shape (trial) functions used the better will the accuracy and
stability be [12]. The recurrence method which uses two shape functions is known as a
two-point (linear) recurrence scheme, while a three-point (quadratic) scheme uses three
shape functions. The two schemes are often used in the following way. The two-point
scheme which only requires the temperatures from the previous time step is used to
obtain the solution at the very first time step. The three-point scheme which requires the
temperatures from the two previous time steps is then used for all subsequent calculations.

In the time-stepping method, temperature is approximated by

T}~ Y N {T) (A102)
{

where {T;} is the temperature vector at time [. The shape functions, NV}, are a function

of time only.

A.1.3.1 Two-Point Recurrence Scheme

The shape functions are linear as shown in Figure A.95. The dimensionless time variable
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¢ =t/At
At

Figure A.95: Linear shape functions (two-point recurrence formulae) for the time domain

[57]
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¢ and the shape functions are

0<¢<1 (=x
N =1-¢; N=-% (A.103)
Ny =G Ny = £
Thus,
{T} = {Ti} M+ {Ti+1} Nina (A.104)

where the subscripts [ and [ + 1 denote current and next time step, respectively.
Substituting equation A.104 into equation A.101 and applying the weighted residual
method yields

1 . .
LW {IK] (B} N+ (T} Nowa) + (€] ({T} N+ {Tia} N ) = {£}} dC = 0
(A.105)
for the time domain where W is the weighting function. Collecting the T;, and T, 4,

terms in equation A.105 gives
1 1 )
[[K] [ whac+io [ wh d(] (T} +
0 0

(1] [ W New d¢ +1C) [ W R d] (Tin} = [ W {7} dc =0 (A.106)

Substituting the shape functions and their time derivatives from equation A.103 into

equation A.106 results in
1 [ wa-0da+io [ w(-5) d] @+

K ' W(d C ' w ! da¢| {T; ' w d( =0 A
1 [[weacio) [ w(5) &) @nd- [ wispa=0 (a7
All the terms in equation A.107 are then divided by f; W d(, and by introducing a new

variable # where

_Rwd
KW
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equation A.107 becomes _
(510 -0 +101 (-5;)] (m+

(K10 +101 (55)] 1T} - TT =0 (A.108)

where

o BW ) de
V="

The same interpolation used for temperature can be applied to the vector {f} to give

{f} ={fi:} 6+ {fi} (1-9)

Since the convective/radiative boundary conditions do not change significantly during
time stepping, {fi} and {fi+1} are approximately equal and thus {f} ~ {f}.

A value of § = %, known as the Crank-Nicholson method, generally gives the best
solution [39]. Inserting this value of § in equation A.108, the final form of the matrix

equation to be solved is

(K] {”’*;—*LT’} +[C) {%ﬂ} ~ () (A.109)

A.1.3.2 Three-Point Recurrence Scheme

In the three-point scheme, three interpolation functions are used and hence the shape
functions are quadratic as shown in Figure A.96. The dimensionless time variable and

the shape functions are

~1<¢<1 (=%

At
Nei=-1C(1=0;  Na=(-1+0) %
N=(1-¢@1+¢); N = - (A.110)

Niyr = 3¢C(14¢); NI+1=(%+C)A%
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Nitq | | 1

o ji,
\\/J
I -1 [ [+1

(= t/At

A —]

Figure A.96: Quadratic shape functions (three-point recurrence formulae) for the time
domain [57]
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Temperature is thus approximated by

{T} = {Tis} Niey + {Ti} Ny + {Tis1} Niga (A-111)

where the subscripts { — 1, [ and [ 4+ 1 denote previous, current and next time step,

respectively.

Substituting Equation A.111 into Equation A.101 and applying the weighted residual

method gives

[ W {IK] (Tea} Ny + (T2} N+ (T} M) +

€] ({Tl—l} Nz-l + {71} Nl + {Ti41} Nl+1) - {f}} d¢ =0 (A.112)

Going through the same derivation as done in the two-point recurrence scheme, Equa-

tion A.112 can be written as
1
(151 88 (5+8-1) +101 At (1= )] {(Tia} +

(171 a2 (526 +7) +1(0) ¢ (1~ 29)] (T} +
(K] At2 B +[C] Ate] {Tin} - TFT A2 =0 (A.113)

where

7=f_11W(<+%)dC

ff wd¢
5 AW (RC+0)
- LW
T S W A{f} ¢
==

The same interpolation used for temperature is applied to the vector {f} to give

TF = Ui} (5+6-7) + U (5-28+7) + Ui} 8
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Since the convective/radiative boundary conditions do not change significantly during

time stepping, {fi_1}, {fi} and {fi;1} are approximately equal and thus {f} ~ {f}.
The values of 7 and B used are for the Dupont form with ¥ = 1 and 8 = 3. The
method is known as the Dupont three-level technique and has been successfully used in

the past [12]. The final form of equation A.113 using the Dupont values is

) {2t ) oy (B2 ) (A114)

A.2 Cartesian Coordinates (r, 2)

The same procedure carried out in the cylindrical system is applied to equation

T o*T oT
ke thaa =rOr 5

(A.115)
The derived equations in the cartesian coordinates are only slightly different from those
in the cylindrical coordinates. The r terms in the elemental matrices and vectors derived
in the cylindrical system are removed from the integrals and the (r, z) coordinates are

replaced by the (z, y) coordinates. The resulting elemental matrices and vectors in the

cartesian system are

N

or Or 8y Oy
K = [ he N; N; dT
K = fr b, N; N; dT

e) . _LaN’ _La
K =f, [ k(9% + e 2l dedy

- (A.116)
Gy = fy J. pCp N; N dz dy
i) = Jp he NiToo T
F = f he Ny T, dT
or in numerical integration form
m m T
(K] =35 wiw;k [Bens)| [Blems)] detlIieum) (A.117)

=1 ;=1



(K9] = - Wihe {New} {New} A
=1

(K9] = 3 Wik {Newy} {New} Ay
=1

[C(e)] = Z Z Wi VVJ /’CP {N(&'.nj)} {N(fi.nj)}T det [J(&.n,-)]

=1 j=1

{f,(,e)} = i W, he {N('h')} Too, Ami)
=1

(1) = 5 Wi B} T
=1
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(A.118)

(A.119)

© (A.120)

(A.121)

(A.122)



Appendix B

Analytical Solutions

The analytical solutions derived below are used to check the finite element calculations.

They are listed according to the order presented in chapter 3.

B.1 Steady-State Conduction

B.1.1 One-Dimensional Solution

The solution is for a hollow tube with fixed temperatures at its inner and outer surface.

The equation to be solved is

7] or
Integrating equation B.123 gives
T ZT_r = const (B.124)

where const; is a constant. Integrating equation B.124 results in

T = consty In(r) + const, - (B.125)

where consty 1s another constant.

const; and const, are determined by applying boundary conditions. The boundary

conditions are

Tr) =T

234
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T(ro) =T,
where r; and r, are the inner and outer radius, and T; and T, are the inner and outer

temperature, respectively.

After substituting the boundary conditions into equation B.125, the solution is [27]

T(r) =T: + (T, — T tn () (B.126)

In ()
B.1.2 Two-Dimensional Solutions
The solution is for a cylinder 0 < r < b and 0 < z < ¢, when the boundary at r = b is at

temperature f(z) and the boundaries at z = 0 and z = ¢ are at zero temperature. The

mathematical formulation is given as

%%2+%%%+%2{=0 in 0<r<bdl0<z<e
T = z at r=5b
f(z) . (B.127)
T=0 at z=0andz2=c¢

Using the separation of variables and applying the boundary conditions, the resulting

solution is [54]

o { m . ¢ . )
T(r,2z) = % ,,;1 Izgzng sin(nm z) /0 sin(n,2’) f(2') d2’ (B.128)
where
_m7w
NMm = c

and Ip() is the modified Bessel function of order 0 of the first kind.
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B.1.2.1 Boundary Temperature Profile 1

Given that
z) = T 0<z<le
) dz o (B.129)
f(z) = Thiac— Tria z %c<z§c

equation B.128 becomes

2Tmia & Io(nmr) . 1 . (Dme c NmC
= "; To(7mb) it (7m2) 7 Sm( 2 )“ 27m COS( 2 )

T(r,z) =

c

_ 2Tmia X To(qmr) . | (nmc>_
T(r,z) = ; sz:l To(rond) sin(nm, 2) 7 sin

m m

1 . c nmc)
72 s1n(7?mc) + 5 cos (T } (B.130)
%c <z<c¢

B.1.2.2 Boundary Temperature Profile 2

Given that
f(2) = Thmiq sin (%)

equation B.128 becomes

T(r,z) = ;0 (%) sin (W—cz-) | (B.131)

B.2 Steady-State Convection — Two-Dimensional Solution

The solution is for a cylinder 0 < r < b and 0 < 2 < ¢, when the boundary at z = 0 is

at temperature f(r), boundary at z = c is kept at zero temperature, and that at r = b
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dissipates heat by convection into a medium at zero temperature. The mathematical

formulation is given as

__T_*_%%J,.%;T:O in 0<r<b0<z<c
ar
_+HT:O at T-:b
or (B.132)
T = f(r) at z=0
T=20 at z=¢
where
h
H=—
k

Given that f(r) = Tj, = constant, using the separation of variables and applying the

boundary conditions, the resulting solution is [54]

2T, & H  sinh(Bn(c — 2)) Jo(Bmr)
T(r,2) = = m; HZ + 32 sinh(Bmc)  Jo(Bmb)

(B.133)

where §,,’s are the positive roots of

ﬂm Jl(ﬁmb) = HJO(ﬂmb)

and Jo() and J;() are the Bessel functions of order 0 and 1 of the first kind, respectively.

B.3 Transient Conduction — One-Dimensional Solutions

B.3.1 Casel

The equation to be solved and the boundary conditions are

FT(x,t) _ 1 (x,t)
Bx2 T a Ot

in 0<zx<L,t>0
%:0 at r=0andz=L,t>0 (B.134)
T = F(z) for t=0,in 0<z<L
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The corresponding solution using the separation of variables after applying the boundary

conditions is [54]

T(z,9) = 1 / F(z')de’ ++§ > e cos(Bna) / (a') cos(fma’) dz’ (B.135)
=1
where
Bm="F  m=123,
Given that F(z) is linear, i.e.
Fz) =Tz
the solution becomes
2 o0
T(z,t) = Ll + 210 Z —aft .cos(Bmz) { [L sin(B, L) + C—OM — —1—}}
2 L m=1 m ﬂm ,Bm
(B.136)
B.3.2 Case 2
The equation to be solved and the boundary conditions are
yT(xt)——l-aT(“) in 0<z<oo,t>0
T =0 at £=0,1>0 (B.137)
T = F(x) for t=0,in 0 <z <

Given that F(z) = Ty = constant, the corresponding solution using the separation of

variables after applying the boundary conditions is [54]

T(z,t) = Ty erf ( \/“:E) (B.138)

where erf() is the error function.
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B.4 Transient Convection — One-Dimensional Solutions

B.4.1 Case 1: Cartesian System

The equation to be solved and the boundary conditions are

BL(x,t) _ 1 9T(x,t)

o iy m 0<z<L,t>0
L =0 at £=0,t>0
(B.139)
LL+HT=0 at t=L,t>0
T = F(z) for t=0,in 0<z<L

Using the separation of variables and applying the boundary conditions, the solution is

[54]

[e5) 2 2
T,t)=2 3 ettt H

L
R ) [T coslBoe) s’ (B140)

where 3,,’s are the positive roots of
B tan(Bnl) = H
For the case where F(z) = T = constant, the solution becomes

3 00 —aflt H COS(,Bmx)
T(z,t) =2Tp 2:‘1 e P L(B2 + H?) + H cos(BmL)

(B.141)

B.4.2 Case 2: Cylindrical System

For a body with negligible internal resistance where it is assumed that no thermal gradient

exists within the body, the transient response is governed by [27]

v,0, T

where A and V are the surface area and volume of the body respectively, and T is a

function of time only. When T, = 0, the equation can be directly integrated and the
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resulting solution is

hAt
T(t) = Tp exp <_pCpV) (B.142)

where Tj is the initial temperature of the body.



Appendix C

Calculation of the Rate of Temperature Increase in the Liquid Gallium

inside the Middle Compartment Assuming No Heat Loss

Total rate of heat input into middle compartment, dqtoml /dt = I*.R, where
I = electrical current &~ 5 amperes, and
R = resistance of Pt wire ~ 0.009064 ohm.

Thus, dgsotar/dt &~ 5? x 0.009064 =~ 0.2266 watt.

Assuming heat stays in liquid gallinum inside middle compartment,

Rate of heat input into middle compartment, dgotar/dt = m.Cp.dT/dt, where
m = mass of liquid gallium in middle compartment =~ 0.00287 kg,

C, = specific heat capacity of liquid gallium =~ 372 J/kg.°C, and

dT'/dt = rate of temperature rise in middle compartment.

Therefore, dT'/dt ~ 0.2266 / (0.00287 x 372) ~ 12.75 °C /minute.
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Appendix D

Calculation of the Rate of Temperature Increase in the Liquid Gallium
inside the Side Compartment Assuming Uni-Directional Heat Flow across

the Specimen

Rate of heat input into middle compartment, dg; /dt = m,.C,.dT;/dt, where
m; = mass of liquid gallium in middle compartment ~ 0.00287 kg,

Cp = specific heat capacity of liquid gallium ~ 372 J/kg.°C, and

dTy /dt = rate of temperature rise in middle compartment =~ 1.5 °C/minute.

Thus, dg; /dt ~ 0.00287 x 372 x 1.5/60 ~ 0.0267 watt.

Total rate of heat input into middle compartment, dqtotal /dt = I*.R, where
I = electrical current =~ 5 amperes, and

R = resistance of Pt wire =~ 0.009064 ohm.

Thus, dgiorar/dt = 52 x 0.009064 =~ 0.2266 watt.

Assuming heat only flows through specimen plates,

Rate of heat input into side compartment, dg;/dt = 1/2 X (dqiotar/dt - dg1 /dY).
Thus, dg, /dt ~ 1/2 x (0.2266 - 0.0267) ~ 0.1 watt.

But dg. /dt = m,.C,.dT,/dt, where

my = mass of liquid gallium in side compartment = 0.035 kg, and

dT; /dt = rate of temperature rise in side compartment.

Therefore, dT; /dt ~ 0.1/(0.035 x 372) =~ 0.461 °C/minute.
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