PE_RFORMANCE DEGRADATION OF A TRANSMIT DIVERSITY
SCHEME DUE TO CORRELATED FADING
| Ny .
TAO ZHENG

B. Eng., Shanghai Jiaotong University, 1993

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF
THE REQUIREMENTS FOR THE DEGREE OF
MASTER OF APPLIED SCIENCE
in
THE FACULTY OF GRADUATE STUDIES

ELECTRICAL ENGINEERING

THE UNIVERSITY OF BRITISH COLUMBIA

Feburary 2005

© Tao Zheng, 2005



Abstract

The error performance of the Alamouti simple transmit diversity (STD) scheme in the
presence of time-selectivity and channel estimation errors has been previously studied.
In this thesis, results are obtained for two other scenarios: (1) non time-selective, spatially
correlated Rayleigh fading with imperfect channel estimation and (2) time-selective,
spatially correlated Rayleigh fading with perfect channel estimation. Exact expressions
for the conditional bit error rates given the estimated channel gains are derived and
approximations for average bit error rates over correlated Rayleigh fading are obtained

using matrix transformations.

It is found that STD performance generally degrades with increase in channel estimation
errors, decrease in temporal correlation and increase in spatial correlation. The
degradation is greatest with channel estimation errors, then time-selectivity and thirdly

with spatial correlation.
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1 Introduction

The first and second generation (1G and 2G) cellular systems have enabled wireless voice
communications. However, the data services in 1G and 2G systems are limited mostly to
text messaging. Besides voice service, 3G systems are supposed to support higher data
rates and make it possible to offer enhanced services such as web browsing, transmission

of high quality images and videos, etc.

Due to the nature of the voice and text messaging services, the requirements for downlink
and uplink capacities are similar. However, the battery life of mobile stations (MS)
restricts the maximum power at which a MS can transmit and results in a poor uplink than
downlink. As a result, many enhancements have been introduced on the base station (BS)
side, such as increasing the BS receiver sensitivity or exploiting receive diversity at the BS
to improve the uplink. In 3G systems, the services are more data-centric than
voice-centric. Most of the services, such as web browsing, picture downloading and
video downloading, require more downlink capacity than uplink capacity. However, in
3G systems, the uplink data throughput is higher than that of the downlink [ 1 ]. The data
throughput on th¢ uplink in macro cells is typically 1,040 kbps whereas that on the

downlink is only 660 kbps. Therefore, imprdVing the downlink capacity becomes more

important in 3G systems.

Because of the power, size, weight and cost limitations on the MS side, improving receiver

sensitivity or implementing receive diversity to improve the downlink may not be practical.




However, on the BS side, since receive diversity has already been widely deployed, there
are usually two receive antennas installed on the BS side. We can aéhieve tr_ansmit
diversity on the ‘downlink‘by duplexing the downlink transmission to the receive anteﬁnas.
Since a BS can serve hundreds to thousands of MSs, the use of transmit diversity at the BS

is a more cost-effective solution to improving downlink quality.

Much research Work including techniques such as tirne diversity, frequency divérsity,
polarization diversity [ 2], space-time coding [ 3 ], orthogonal transmit diversity [4 ],
time switched transmit diversity [ 5], selective transmit diversity [ 5, 6] and transmit
adaptive array [ 4 ] has been carried out in order to achieve high-speed and reliable data
transmission using transmit diversity. Some of these technologies have Been proposed

for 3G evolutions [ 7 ].

Previous works‘ on transmit diversity can be classified into two categories: oopen loop
diversity and cibs‘ed loop Adi'ver‘s'ity.' Clééed logp transmit diversity relieé on feedback
information from the MS while open loop transmit diversity does.not use feedback
information. Gen;:rally, the perfomaﬁcé of closéd loob tre;nsmit diversity is better, as the
channel state information can be used to calculate optimal transmit weights, which makes
it possible to maximize the desired received signal power at the desired MS and minimize

the interference to other MSs. However, closed loop diversity requires the MS to send

back channel information and this requires extra signalling overhead.

Open loop diversity does not have this requirement. It is a “one size fits all” approach.




The advantages of this kind of diversity are Fwo-fold: signalling overhead is lower and the
MS receiver complexity- is r:elati;/ely 'l'ov:/.' S<;r;1e of the open loop 'tfansrhit diversity
technidues, such as orthogqnal transmit diversity (OTD), space-time spreading (STS) and
space-time transmi¥ di\./.er.sity (‘STTD), have already bee;n adopted in 3G standards.
STTD has been included in the 3GPP standard [ 8 ] while the other two methods, OTD and
STS, are part of the 3GPP2 standard [ 9]. STS is a variation of STTD. In STTD, the
symbols are transmitted over twb time slots using a single Walsh code; whereas in STS,
the symbols are transmitted over a single tirﬁe slot using two Walsh codes [1 0]. In
STTD, the symbols are transmitted using the simple transmit diversity (STD) scheme

proposed by Alamouti [ 1 1].

STD is well-known for its simplicity in decoding. It has been the subject of many studies
with some focused on the BER performance of STD in different channel conditions.
These studies include the performance of STD with imperfect channel estimation, STD in
time-selective Rayleigh-fading channels and STD in spatially correlated Rayleigh fading
[1 2, 13]. They show that the performance of STD generally degrades as channel |
estimation errors, time-selectivity and spatial correlation increase. In [1 3], different
detection strategies, such as maximum-likelihood (ML), decision-feedback (DF) and
zero-forcing (ZF), are used fo assess the BER performance assuming perfect channel

estimation. The results show that the ML detector significantly outperforms the other

two detectors.




In this thesis, we analyze the performance degradation of STD with the receiver structure

in[ 1 1] in different channel conditions.

1.1 STD Scheme
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Fig. 1.1 STD scheme
In the STD scheme, two information bits s, and s, are sent simultaneously by transmit
antennas 1 and 2 in two consecutive bit periods. It is assumed that the bandwidth of the
signal is narrow compared to the channel coherence bandwidth and the channel coherence
time is much larger than 7, so that the channels can be considered as non

frequency-selective and non time-selective [ 1 4 ]. In the first bit period, s, is sent by



transmit antenna 1 and s, is sent by antenna 2; in the second bit period, —s, and s,

are sent by transmit antennas 1 and 2 respectively. The signals r, and r, at the receive

antenna in these two bit periods can be expressed as

4 - g1 82 |[ %o +”o (1.1)
r g —& s L o

where g,, g, are samples of the channel gains from the two transmit antennas to the

receive antenna and n, and n, are samples of thermal noise and interference at the

receive antenna at time O and time 7.

After both signals are received, the receiver combines the received signals using the
estimated channel gains. It is assumed in [ 1 1] that the channel estimation is perfect,
ie, h = g, and h, = g,. Then the combiner can generate two combined signals

5, and §, as

SR TR
5) 8; —& U

Substituting (1.1) into (1.2), we obtain

~ 2 2 .
[So} - |gl| +|gz| 0 [so:'+[81 82 :|[”01| (1.3)
E1 0 . |81‘2+|82‘2 ‘sl gg_g-l Ry ) .

-

The combined signals 5, and 5, are then sent to a maximum likelihood detector to
recover the original bits s, and s,. It is shown in [1 1] that with perfect channel

estimation, STD has the same BER performance as 2-branch MRC for a fixed value of the

radiated power per transmit antenna.




1.2 Generalized STD Expression

In the original STD scheme, several assumptions are made: (1) the fading channels from
the two transmit antennas to the receive antenna are spatially uncorrelated; (2) each
channel is frequency flat and non time-selectiye; (3) the channei estimator provides perfect
channel estimations. To better reflect conditions in a real system, theAfol‘lowing modei

changes are introduced:
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Fig. 1.2 STD in time-selective fading with imperfect channel estimation
< Due to time-selectivity, G, and G, may be different at time 0 and

time T. To reflect this, they are denoted by G,;,, Gy, Gy and G,;

respectively.

< Due to spatial correlation, G10 and G,,, G, and G,, may not be




independent.
<+ The corresponding estimated channel gains are denoted by H,,, H,,
H, and H,,. -

Fqllowing the STD scheme, we can rewrite '(1.1) and (1.2) as

|:ro]= [810 820 :||:50:|+|:n0} (1.4)
rT* 'g;T —gl*T 51 n; '
[30} _ '[”70 ar }[“} | (1.5)
El h;o —hy |1y

By substituting (1.4) into (1.5), we get the general expression for the signals at the output

of the combiner as

I:EO:I _ i:hl*oglo +hyr 8y o8 _hzrgl*r:|[s0:|+|:hi*o hyr }[”O:I a 6).
LS hyo810 —Pir8ar P82 +Mr&ir L5 hy = hir | 7 :

Depending on various conditions, (1.6) can be simplified to different forms which can be

used for signal detection and system performance evaluation.

In the case of no'n_ time-selective and perfect channel estimation, we can rewrite (1.6) as

~ 2 2 . - | "
|:Soj| _ el +ledl 0 {Sp}{gl g i”:”o} 13)
5] 0 & +lg) L] lea—&llmr] |

which is the same expression as in [ 1 1]. The BER for spatially uncorrelated channels

is givenin [ 1 1 ] and the BER for spatially correlated channels is givenin [ 1 2 ].

In the case.of time-selective, spatially uncorrelated fading with imperfect channel



estimation, the expression of the signals from the combiner is the same as (1.6). In this
case,. the actual and estimated channel gains of channel 1 are independent of those of
channel 2. Although the inter-channel interference term (A8, — iy gr)s, and
(hy810 — M7 827)S, are non-zero in contrast to (1.3), each of the four product terms within
the parentheses are products of two independent random variables. So, the BER

performance can be evaluated exactly asin[1 2].

For STD in non time-selective, spatially correlated fading with imperfect channel
estimation and STD in time-selective,. spatially correlated fading with/without channel
estimation errors, the BERs are more difficult to obtain because the terms within the
parentheses are products of two dependent random variables. In this thesis, we study the
performance for two cases: (1) STD in non time-selective and spatially correlated fading

with channel estimation errors; (2) STD in time-selective and spatially correlated fading

with perfect channel estimation.




2 STD in Non Time-selective, Spatially Correlated

Fading with Imperfect Channel Estimation

This chapter evaluates the performance of STD with BPSK modulation in non
time-selective, spatially correlated Rayleigh fading with imperfect channel estimation.

The variance of any complex Gaussian random variable, i.e., X, will be defined as the

 variance of either its real or imaginary component, denoted as ¢ in this thesis.

2.1 System Model

In the original STD scheme, the channel gains from two transmit antennas are assumed
independent. Theoretically, the channels are spatially independent if the antenna spacing
is greater thban A/2. However, in reality, an antenna spacing of 504 and 1004 are
necessary at the BS [1 5]. If the antennas are allocated too close to each other, the
channels can no longer be considered independent. In this section, we discuss the

performance of STD when the channels are spatially correlated.

Similar to the original STD scheme, we use two transmit dntehhgs and ine,.re,ceiye antenna,
but here the two transmit antennas are very close to each other. We denote the gains of
the two diversity paths as G, and G,, which both are zero mean complex Gaussian.

random variables with variance o;. G, and G, are spatially correlated with

correlation coefficient p,. Asto[1l 6], p, isdefined as
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E[G,G, _
p. = O] @D
" JEIG, FIENG, P)
Consequéntly, the covariance matrix of G, and G,, C, can be expressed as
lop: o
CG = G2 . ps 2G (22)
ps O-G O-G

In the original STD sch;ame, the channel gains are known. However, in this model, the
channel gains are unknown. They have to be estimated by channel estimator from the
received signals. We denote the estimations of the channel gain G, and G, as H, -
and H ,,where H, and H, are zero mean complex Gaussian random variables. Each
pair of H, and G, are correlated. .Following [1 7], we define H, as h, = g,+z,,

where Z, is the channel estimation error. Z,

i

is a zero mean independent complex

Gaussian random variable with variance 0'2 and independent of G,,i.e.,

“

E(Z Z')=E[G, Z'1=E[G,2)1=0 (ij=1,2) 23

It can be shown that the variance of H, is o} = 0i+0;. The correlation coefficient

between G; and H, is defined as p,, where

E[G.H/]
Pe = ° 2 T Y
VEI G, F1E H] |*]

E[G.(G,+Z))"]

J@2oee?)

= 05/0y 24

Therefore




oh=021p?
and
o2 = (/p2-Do?
The covariance of H, and H, is expressed as
E[H, H,]=El(G,+Z,)(G,+Z,)"1=2p, 05

Now we can get the covariance matrix of H, and H, as

o

2.
2 27 > PsO0¢
C — GH pSO-G —_ pe
"lpol oi | . O,
G H
: pso-G 2

e

vSimilarly, we can prove
E[G, H,1=E[G,(G,+Z,) 1=2p, 0

E[G, H 1=E[G,(G,+Z,)"1=2p, o’

Consequently, we can write the covariance matrix of H,, H,, G, and G, as

-, -
Og¢ 2 2 2
_2 pxo-G O-G pso-G
P.
o, 2 2
2 G
C = pso-G ——2— pso-G O-G
P.
2 2 2 2
6; pPO; O; pPOg
2 2 2 2
LPOc O POs Og |

If we rewrite (1.16) according to this model, we have

11

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

2.11)
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m _ [hl*g]"'hzg; hfgz—hzgi’}[%]{hf & }[”‘)} (2.12)
5 h;gl_hlg; h;82+h1gl* S h;_hl Ny

2.2 Performance Analysis Based on Estimated Chanriel

Gains

Since H, and H, are zero mean complex joint Gaussian random variables, based on

their covariance matrix (2.8) we can write the joint pdf of H, and H, as[1 8]

1 1 o1 e :
Py (oh) =~ —rexp(=- XuCyXy) (2.13)
27(detCyy )" 2

where Xj = [H, H,] is the transpose of X, a 2x1 column vector of random

variables H, and H,.

Similarly, we can write the joint pdf of H,, H,, G, and G, as

1 1 } ‘
P, 6o (Mshy81,82) = 7 e><p(—5XTC 'X) (2.14)
(27)* (det C)”?

where X" = [H, H, G, G,] is the transpose of X, a 4x1 column vector of
random variables H,, H,, G, and G,.
Now that we know the joint pdf py , - 6 (h.hy.8,,8,) and py , (b, h,), we can

write the joint pdf of G, and G, given H, = h and H, = h, as[1 9]

Pu H,.6,6, (hy,hy, 81,82)
Pu, 4, (hy,hy)

pGl.GZIHl‘H2 (gg’gz |hl’hZ) =
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— 2— - - - 2
_ 1 exp—(gl m,) 2Pd(812m1)(8zz m,)+ (8, —m,) (2.15)
27'[0'; 'l_de 20-0(1_pd )
where
2001 _ A2 2 — pn? '
my= PAAZP P+ P, (= P )] (2.16)
1-p;p.
2 A2 A2 52
- p.lp,(1 pe)hlj(i Ps PR, ] (2.17)
1_p5p€
2N A2 A2
0_12)2 (1 pe)(lz p45pe) (2.18)
l_pspe
p,(d-p)
P g -

This joint pdf is in the form of a bivariate Gaussian pdf given by [1 8]. Hence, given
H = h and H, = h,, G, and G, are correlated complex Gaussian random

variables with means m, and m,, variance o and correlation coefficient p,.
Following the conditioned pdf, we can express g,, g, by h,, h, as

g, =m +d, =ah +bh,+d,

(2.20)
g,=m,+d, =bh +ah, +d,

" p¥(1—=p?p? 2.,’1_‘.12- . - ‘ ,
—’0—61—(—'—’———2’?—5—{34”)‘, b= pep,d=pi). and D,; D, are zero mean correlated
—PsP.

where a =
1-plp!

complex Gaussian random variables with variance ¢, and correlation coefficient p,.

According to STD scheme, the signals received at time O and time 7T can be expressed as:
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=85 t8&,5thn

Ir = 8,5 — &5, +hy

2.21)

where n, and n, are samples of channel noises, which are zero mean independent

complex Gaussian random variables with variance o7} .

After receiving r, and r;, the signal can be decoded based on the value of 5, and 5,

where

S = h,*r0 +h, r; 2.22)

5 =hyry = hyry
When the real part of 5, is greater than 1, s, =1 is selected; otherwise, s, =—1 is

selected. The same decision rule applies to the decoding of s, .
By using (2.19) ~ (2.22), we can write 5, as

5, = (asy+bs)|hy|* +(as, —bs)|h,|" +2bsoh h,

+h'(ds, +d,s,)+h,(d,s, —d, s,)+h ny + hyny (2.23)
Since s, and s, are either +1 or —1 with equal probability, the chances of s, = s,
and s, = —s, areequal. Therefore, we can calculate the BER of STD as
1
P, = —2—(Pe_sl=30 +P,, ) (2.24)

When s, = s,, the decision variable from (2.23) can be expressed as

Re(5,) = [(a+b)h|" +(@—b)h,|" +2bRe(h k)]s, -

+Relh; (d, +d,)ls, +Relh, (d; —d})]s,
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+Re[h ny1+ Re[hyn, ] ‘ (2.25)

When h, and h, are given, it is shown in Appendix A that Re[A (D, +b§)]s0,
| Re[hz.(D;’—Dl* )Is,» Re[h'N,] and Re[h,N;] are zero mean independent Gaussian
random variables with variances 2(1+p,)o2h|", 2(-p,)ollh,| , oi|m| and
02|h,|" respectively.  Thus, Re(3,) is the sum of [(a+b)h|" +(a-b)h,|" +
2b Re(hl*hz)]s0 and a iero mean independent Gaussian random variable with variance
20+ p,)ol +o3 || +120-p,)0l + 021"
When s, =s, =1, there is an error if the decision variable is less than 0. Thus, we can

express the error probability as

(a+ b)|hliz +(a- b)|h; *+2b Ré(hfhz)

Poyeir = Q — — (2.26)
" J20+ p)0% + 02 Th [ +120- p,)0% + 02Ty
When s, =s, =-1, and if the decision variable is greater than 0, there is an error. So;
the error probability can be expressed as
p -0 ~[(a+b)h| +(a-b)h|" +2bRe(h h,)]
es=so=—1 — T
JR20+p)o2 + 02 [ +20- p)o2 +62 [ /
2 2 *
(a+b)h| +(a—b)h,| +2bRe(h h,)
= Q ‘21' - = | 2| 1772 - . (227)
JR20+p,)02 + 02 h| +120-p,)o? + 02 |h)|
This is the same as (2.26).

Similarly, when s,=-s,, we can get the decision variable as
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Re(5,) = [(a-b)h|" +(@+b)h,|" +2bRe(h ks,
+Re[h, (d, —d,)]s, +Re[h,(d, +d)]s,
+Re[h'n, 1+ Re[hn. ] (2.28)

and the corresponding error probability as

(@-b)h|* +(a+b)h,|" +2bRe(h; hy)

Pe,s,=—so = Q 2 2
J20-p)o2 +02 [ +120+ p,)0? +07 A,

(2.29)

Therefore, given estimated channel gains 4, and h,, we can write the error probability

as

(a+b)\h|" +(a-b)h,|" +2bRe(h hy)
\/[2(1+ p)oS +ot | +120-p,)ol + 021k,

1
P =—
. 2Q

(@-b)h|" +(a+b)lh,|" +2bRe(h; hy)

\/[2(1 ~p)oE + ot | +120+ p)ol + ol k|

+0 (2.30)

By the same method, we can derive the conditional error probability for El . Itis exactly
the same expressipn as (2.30). Hence, for given h, and h,, the conditilonal error
probability (;f STD in ':non time-selectivé, spatialiy co&éiated 'fav'ding with chanﬁel
estimation errors can be expressed as (2.30). Whenever we collect a pair of estimated

channel gains from the channel estimator, we can calculate the error probability by (2.30).

In case of p, =0, no spatially correlated fading, we can have a= p’,b=0, p, =0

and o} = (1-p2)ol. So(2.30) reduces to
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b - of pr LS M S .

20} +07}

It is the same result as in [1 2] for STD in non time-selective, spatially uncorrelated

fading with imperfect channel estimation.
In case of p, = 1, with perfect channel estimation, we can have a =1, b = O,I | p, =0
and o} =0. Then (2.30) reduces to

[ +

_ (232)
- Oy C

which is the same result as in [ 1 2] for STD in non time-selective, spatially correlated

fading with perfect channel estimation..

We can see from (2.31) and (2.32) that, given estimated channel gains 4, and h,, the
introducing of the channel correlation will not affect the BER performance; however, the

| introducing of the channel estimation error will degrade the performance.

2.3 Approximation of Average BER Performance

Normally, given estimated channel gains H, = h and H, = h,, if we know the error

probability P, and the joint pdf of H, and H,, py , (h,h,)[2 0], we can evaluate

the average error probability over the fading channels as

= JOMJOWP".le,Hz(hl’hz)dhlth (233)
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Since thé error probability expression P, in (2.30) has the terms with | k2|, |A; | and
Re(hf h,) ir;side the Q-function and H, and H, are jointly Gaussian, this makés it
difficult to calculate the overall BER performance.  To simplify the expression, we use
the transformation technique discussed in [ 2 1] to convert the two correlated Rayleigh
fading channels into two independent Rayleigh fading channels, then use the new channels

to evaluate the performance of the model.

Since we consider only BPSK modulation here, we can rewrite (1.1) as

bR e
fr 8, — &S nr| o

and write the estimated channel gains as

hy & T
[hz] = |:82+Zj | , (2.35)

According to [ 2 1 ], if we define the transformation matrix T as

a0 S
T= %é (2.36)

2 2

Jf g [ro] = g 12—2 [g‘ &2 }[S"}. “Jé_z‘ g[""} (237)
I3 "z oz
h ?] m = ?F“g’”‘] (2.38)
2 2 2 2
S LRI B [ RER

After simplifying (2.37) and (2.38) to the same form as (2.34) and (2.35), we can write




|:r3:l _ —83 84 i"iso
r 184 — 83

51

|:h3- _ |:g3 +23
h, 8412,
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(2.39)

(2.40)

where fading channels 3 and 4 are new channels generated from the matrix transformation.

Accordingly; R,, R,, G;, G,, N;, N,, H;, H4,’ Z, and Z, are new received

signals, new channel gains, new noises, new estimated channel gains and new channel

estimation errors. We can express them as
r3=g(r0 +r)
T, =gv(”‘? —;",‘q) _
gﬁ@(gl +8,)
5= - )
n3=iz_2-(n0 +n;)
n4=g(nT —ng)
hy=2(h, +hy)
hy=2(h, - h)
za=§(z1 +2,)

Np)
Z4='2—(Z2 —Zl)

(2.41)
(2.42)
(2.43)
(2.44)
(2.45)
(2.46)
(2.47)
(2.48)
(2.49)

(2.50)

Since G,, G,, N,, N,, H,, H,, Z, and Z, are all zero mean Complex Gaussian
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random variables, it is clear that the sums of these random variables, G,, G,, N;, N,,
‘H,, H,, Z, and Z, are also zero mean complex Gaussian random variables. It is

shown in Appendix B that they are statistically independent with variances of (1+ p,)o?,

(-p,)ol, oF, OF, (Lz+ p,)04, (LZ— p,)o%, o2 and o) respectively. It is

e e

also shown in Appendix B that the correlation coefficient between new channel gains G,

and new estimated channel gains H, are

} I+p
= —Ls 2.51
pe3 pe 1+pspez ( )

l—ps

s 2.52)
1-p,p; .

pe4=pe

Because the new channels are independent, the new channel gains G, can be expressed

exclusively by its channel estimations H,. They can be written as
83=Pihy+d, (2.53)
g4=p34h4+d4 (2.54)

where D, and D, are zero mean independent complex Gaussian random variables with -
variances ‘05, = (1-p})o5, and o, = (1-pl)os. Both are independent of

H, and H,.

Now we have converted two correlated channels G, and G, into two independent

channels G, and G,. We can use the same performance evaluation method to evaluate

the performance of these new channels. By using the method for getting (2.23), we can
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prove ihc new combined signal 5, is
5, = il + Pyl + (0%~ psh,
+hy(dys, +d,s)+h,(d;s,—dys,) + hng +hyn, (2.55)

Then, as shown in Appendix C, the decision variable Re(5,) is the sum of
pEso|m|” + plsolhs|” £ (0% — p3)s, -Re(ish,) and a zero mean Gaussian random
variable with variance (|f|" +|h,|" )02, + G2, + 02) £ 2Re(h,h; (0, —Ohy). We can

© write the conditional BER as

hy|’ + p2

1 P h|” +(p% - p2)-Re(hh,)

2171 | + ') (0% + 02, +02) + 2Re(hsh; )02 - 02)

P =

e

+ P h3|2 + P2 h4|2 ~(p., — Pos) - Re(hsh,)
JUi| #0202, +02) - 2Re(h k)03, — 02,
_ 1 0 Pars + Pl +(po = pS)nr, cos(d; -6,) .
21\ Jo2 + 1202, + 02, +02) +2r,r, cos(8, —0,)(03, —02,)

+0 p:'3r32 +pe24r42 _(pez4 —p33)r3r4 cos(6; - 6,) (2.56)
\/(rf +r2 )0k, +0h, +0%)=2rr, cos(f, —6,) (0L, —T2,)

Here we rewrite the estimated channel Igain as h, =r,exp(jo,)=r,cos(0, )+ jr,sin(6,),
i=3, 4, where r, is Rayleigh distributed and 6, is uniformly distributed in (0, 27).

Because H, and H, are independent, we can write the pdf separately as



22

r.
pR3(r3)= ; €xXp _2 32
H H,
X (2.57)
.
Pr (1) = L_exp 3 -
H H,
0=
Pe s 21” (2.58)
Po (04)=_
¢ 2n

where
Pe (2.59)

Then we can write the average BER as

+oo pdeo 027 027
Py= 7 [T ] T P pafnpr (1 pe 6; )pe,(0,)d0:d0drdr,  (2.60)

As 06, ‘and 0, are independent, we use 6 =0, -6, toreduce the average BER as

400 mdeo P27 1
P, = jo jo jo P, = Pa, (1)Py, (7,)d6 drr, @y

Although _We eliminate one integral in (2.61) and H, and H, are independent
compared to H, and H, in (2.33), we still have to perform a triple intégral in (2.61).
It would be better if we can eliminate all integrals and get a closed-form expression for Py.
Although the method described in [1 6] can diagonalize a Hermitian quadratic form in

complex Gaussian variables and then get the corresponding pdf, it is shown in Appendix H

that a closed-form expression is difficult to obtain.
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We noticed that the STD scheme gives the best performance whenrtwo channéls are
spatially independent. As a result, in a real system, all efforts will be made to @inimize
the spatial correlation between channels to achvieve the best performance. In that case,
the performance of STD over small spatial correlation is more significant than that of big

correlation.

In the case of small spatial correlation, that is, when p <<I1, we have found that p,, and
p., are very close to p,. Although the actual condition for p,, and pP.s to equal
p, is p, =0or p, =1, the difference between p, and p, is very small when p,
<< 1l or p, > 0. Therefore, to simplify the analysis, when the spatial correlation is
very small, i.e., p,<<1 or the channe;l estimation is almost perfect, i.e;., p, >>0, we use

approximations to complete the analysis. Therefore, We rewrite (2.51) and (2.52) as

| 1+ o
pe3=pe _———&sze V » (262)
Vi+p.0:

Pu=P. li—_pi’;? = p, (2.63)

and, (2.53) and (2.54) as
g, = plh,+d, o (2.64)
g, = plh,+d, (2.65)

Consequently, the variances of H,, H,, D, and D, can be simplified to




24

o2, ~ 2o (2.66)

0_2
Oy~ —2 (2.67)
ok, =(1-pHol, | (2.68)
oh,=(1-pl)ol, (2.69)

By substituting (2.62) and (2.63) to (2.55), we can rewrite (2.55) ats
5o = plsoh|" +h| )+ Ry (dysy +dys) + hy(dys, —dys) +lsn, + hyny  (2.70)

Now the decision variable Re(5,) is the sum of p2(h,|* +|h,|*)s, and a zero mean
Gaussian random variable with variance ( |2 + |h4|2 Y20) +00)F
4p,(1- p})ot Re(hhy) = (hy|* +|h,|")(202 +62). Thus, we can write the conditional

error probability given A, and h, as

P =0 P+
VA +r 20 + %)

pe (s ]” +[m

B Q{ 202 +0%

0 \/2K(Ihl +|hf’ >j

= 0ly2u) | @.71)
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p. p.
K= e = s > (2.72)
220, +0y) 22 -p.)og +oy]

1= K(h| +h[ (2.73)

We know that after approximation, H, and H, become zero mean independent
complex Gaussian random variables with variances 20;,/p? and 20Z,/pl. We can

write the covariance matrix of H, and H, as

2
(o}
,DG23 0
Cyy = ¢ o2 , (2.74)
0 624 '
P.

If the pdf of M =K(|H3|2 +|H4|2) is f,, (1), then from [ 1 6], its Laplace transform can A

be written as

) _
Pes) = [[— | (2.75)
where T, =2KA,, A, are the eigenvalues of (2.74) as

A+ p,pHod | '
by =T BeE% ;ffe) : (2.76)

_ 2y 2
2, = LZPiP)%G @77
p

From[2 2] f,,(#) canbe written as

fu) =X.d exp(s;), az20 (2.78)
=3
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where d; are the poles and s, are the residues of (2.75). Then the average error

probability can be calculated as

p,o= [T QIR £ ()da | (2.79)

" Byusing[2 3, 2 4], we can reduce (2.79) to

o

_ 1 RIS ERY
Pr = 2(r3—r4){r3[1 \jl+1“3] r“(l \f1+r4.ﬂ 280

where

r =2KAB - pe2(1+pspe2)o-é (2.81)
i 21— pog + 0y

1 = Pe=p,p2)og
4 4 2 2 2
2(1-p2)oZ +07

(2.82)

This is the approximate BER for STD with spatially correlated fading and channel

estimation error when p <<l or p,>>0.

In the case of p, =1, (2.81) and (2.82) reduce to

2
r,={*P)% (2.83)
ol .
r, =4 p;)% (2.84)
O.N

The result is the same as in [1 2] for STD in non time-selective, spatially correlated

fading with perfect channel estimation.
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In the case of p, =0, (2.81) and (2.82) reduce to

P0G
=T = 2.85
>0t 2a-phol + o) ( .)
We can write f,,(#) as[1 6]
. U u ,
fu) = F—SZCXP(—F—S) (2.86)

Then (2.79) can be reduced to

2
Pf=l 1- i ) 2+ 5 } (2.87)
4 1+1“3/ 1+1“3/

This result is exactly the same as shown in [ 1 2] for STD in non time-selective, spatially

uncorrelated fading with imperfect channel estimation.
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2.4 Numerical Results

1OU‘ T T T — T

" Bit'Erfor Rate

0o 5 _ 10 15 20 - 25 - 30
: Average SNR (dB)

10

Fig. 2.1 Comparison of approximate analytic BER to simulation results

(approximation: solid lines; simulation: dotted lines)
The approximate and simulated BER curves are plotted as a function of the average SNR,
defined as the ratio of the variance of the charmel gain to the variance of the additive
Gaussia_ﬁ ngise, i‘.e.,}q-é,/a,f, , for ijfqrent (p.. p,) values. As expected from the
analysis 1n Séction "’2.3, the approﬁimate ‘ll'SER aéféés :\}ery .vs;eil 'With the values from
simulation when Ps isclose to 0 and p, -is close to 1. Moreover, the approximate and

simulation results are close for all (p,, p,) values plotted. The largest percentage error

is about 6% and occurs for (p, =0.9, p, =1). For SNR values greater than about 25
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dB, the approximate and simulated values agree very closely for any (p,, p,) value.

Fig. 2.2 Comparison of approximate analytic BER to results in [ 1 2]

. (approximation: solid lines; simulation: dotted Iines';'

result from [ 1 2 |: dashed lines)
Compared to the BER expression in [ 1 2], (2.80) gives the same result when p, =0 or
p, =1. For other values of (p,, p,), it is shown in Fig. 2.2 that the method discussed

in Section 2.3 gives more accurate results.
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BitErorRate

7 L . 1 ! ! I

0 5 10 20 25 30

10

15
Average SNR (dB)

Fig. 2.3Simulated BER curves as a function of average SNR for different (p,, p,)

values
In the case of spatially correlated fading with channel estimation error, the BER increases

as p, increases from O- to 1 and as p, decreases from 1 to 0.. The BER degradation
for p, = 1-A with p_ fixed is larger than for p, = A with p, fixed. As shown
in Fig. 2.3, for p, = 1, p, = 0 and a target BER of 107, there is about 0.6 dB
degradation when p_ increases to 0.5 and about 2.1 dB degradation when p_ increases
to 0.8. The degradation is about 3.2 dB when p, decreases from 1.0 to 0.99; if p,

continues to decrease, i.e., to 0.9, the target BER cannot be attained. We can also see

from Fig. 2.3 that for each p, value, there is a performance floor which occurs at p = 0.
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This is the best BER performance STD can achieve for a given p, value. The exact

expression for this BER floor is given by (2.87).

It can be- observed from Fig. 2.3 that the spatial correlation influences the BER

performance more as the channel estimation error increases. For a target BER of 10 and

p. =1, the degradation is about 0.6 dB and 2.1 dB when p, changes from O to 0.5 and
0.8 respectively. When p, = 0.99, the degradations increase to 1.3 dB and 6.9 dB
respectively.

The worst BER performance of STD occurs as p, approaches 0. In such a case, the

channel estimations become random and the BER approaches 0.5.

In the analysis above, for each BER curve, we assume that the channel estimation
correlation coefficient p, is fixed. ﬁowever, the changes of SNR will affect the

accuracy of the channel estimation. The influence of SNR to p, varies with different

channel estimation models. In a simple model described in Appendix I, we can see that

p, =—————_ By using this result together with the analytic results from Section 2.3,

we can plot the BER curves for this model as a function of SNR where p, changes with

SNR.
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16 o ' 4 L \ I el ,| \“ I I‘v.‘ S

1
P
o

N

Bit EmorRate - ¢
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T

v L SN
100 oo B 200 e 28 .30
B Average SNR (dB)i L

Fig. 2.4 Approximate analytic BER curves as a function of average SNR

—_ 1 .

(Pe—ﬁ-

dotted lines; p, =+: solid lines)

1+ ——
SNR

. . 1 .
Fig. 2.4 shows with the increase of SNR form 0 dB, p, =——— increases from

1+ ——
SNR

—= and the performance is continuously improving. The channel estimation becomes

NG

perfect when the SNR increases to infinity.
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3  STD in Time-selective, Spatially Correlated Fading

with Perfect Channel Estimation

In this chapter, we analyze the performance of STD in time-selective, spatially correlated

fading channels with perfect channel estimation.

3.1 System Model

We combine the time-éelectivé fading from [ 2 5] together with the spatially correlated -
fading mentioned before, but without channei estirﬂation error in this model. Fof«each,
~ spatial channel, the channel gain is constant over one symbol dﬁration but can be cha'nged
in the successive symbol period. We denote the channel gains from. two transmit
antennas to the receive antenné as Gy, Gy, Gy and G,;.. They are zero mean
complex Gaussian ra;ldom variables with the samé variance -o'é.' G, and G,;, and
G,, and GZTA are spatiélly correlated with the correlation coefficiént p,- Mé_anwhile, ‘
G, and G,, and G,, and G,, are correlated with the time-selective correlatioﬁ
coefficient ,b,. Appendix D shows that the correlation coefficient .betweeri G,, and

G, , and between G,, and G, are p, p,. Thus, we can express the 2x2

covariance matrix of .G,, G,,, G, and G,, as
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2 2 2 2
O¢ pPsOc PO P;P.Og¢ }
2 2 2 2 "

C _ pso-G O-G p:ptO.G pto-G (3 1)
Gopa 2 2 2 2 =
PO  P:P.Og¢ Og Ps0g _

2 2 2 2
pspto-G plo-G pso-G O-G

We already know the covariance matrix of G,, and G,, is

2 2
Co.. = { % P 50;0] 3.2)
psO-G O-G

By using the linear transformation [ 1 8] of G,,, G,, together with two new complex
Gati_ssiari random variables, we can, express G,, .and G,, by G, and G, .

Appendix E shows that we can write them as
'ng = P8tV o (3.3)
8ar = p;gzo TV, (3.4)

where V, and V, are zero mean correlated complex Gaussian random variables with

variance o, = (1-p?)ol and correlation coefficient p,.
Following the STD scheme, the received signals at timé 0 and time T can be written as
To = 81050+ 8205 + 1y (3.5)
f'r = &S0 — 8irSi1 Ty . (3.6)
Then the combined signals s, and §, can be got from

S0 = 8&uh + &xlr (3.7)

5 =g;0r0—g]Tr; (3.8)
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Based on the values of the combined signals, we can use maximume-likelihood to decode
the information bits s, and s,. If the real part of 5, is greater than 0, s, =1 will be
chosen; otherwise, s, =—1 will be selected. Similarly, the same decoding rule applies

to recover .

3.2 Performance Analysis

When there is no channel estimation error, the estimated channel gain. H; is equal to the

channel gain G;. Therefore, we can simplify (1.6) as

~ 2 2 * * %

s + - S h

{.,0} _ { |g10* |gzr|* glogzg glrgzzr}[ 0i|+|:gio 8or :|[ 8:| (3.9)
5 810820 ~ 817821 |320| +lng| S5y 82~ 8&ir LN

Now. we consider the case for s, first. From Appendix E, we can represent G,, and

G, by Gy and G‘;T‘as

'>ng =aglo+bng.+wl

(3.10)
8 =bgyo +agyr +w, -
where
1_ 2

a=p’ 1_ €s2
l_p;)’f' 3.11)

b=p, | ——

ps l_pszptz/

W, and W, are zero mean correlated complex Gaussian random variables with variance
ol = (1- 2)i)rfza.nd rrelation coefficient p,~ = —
v = ol 1,7 Po correlation coefficient p, = —-p.p,.
s t )
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By substituting (3.10), s, in (3.9) can be expressed as
~ 2 2 * * * *
Sy = (|g,0| +|gzr| )So +(810820 — 81782181 * 81oMo + 821Ny
. 2 2 2 2 * * * *
= (|glo| +|82T| )So +b(|glo| _lgzrl )8 +(810Ws — &arW, ISy + &1oMg + &ar Ny

(3.12)

When s, = s,, the decision variable Re(5,) can be written as

Re(S,) = [A+b)|gi|" +A=b)|gar| 15, + Re(gow, — 85rw; s, + Re(giony + 8577 )

(3.13)

Appendix F shows that Re(g, W, —g.,,W,), Re(g,,N,) and Re(g, N,) are zero

‘ . . . . . 2 2
mean independent Gaussian random variables with variances [|g,| +|g,r| —

2p, Re(g,083:)10% , |81 02 and |g,;| 02 respectively. Thus Re(5,) is the sum of
[(1+b)|go|" + (1 —b)|gyr| 15, and an zero mean Gaussian random variable with variance

2 2 * . .
(81| +|gar| Now +03)—2p, Re(g,0837)0y . Given the channel gains g, and g,

the conditional error probability can be written as

(1"'ng10'2 + (1—b)lg2T|2

e,51=sg 2 2 (314)
\/(|810| +|gzr| )(O';/ +O-1%/)_2pw Re(glogzr)o'v%/
Similarly, when s, = 3, , the conditional error probability can be written as
1=b)g,|” + A +b)|ga|"
e = ( )|g,10| ( )lgzr| (3.15)

\/(Iglolz + |g2T|2)(O-V2V + 0-1%/)_ 2p,, Re(glog;T )O’;’,
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Because the chances of s, = s, and s, = —s, are equal, given g,, and g,;, the

conditional error bit of s, can be expressed as

(U+D)g,] +A=b)go
\/('810|2 +|g2T|2)(O-v2V +O-I%J)—-2pw Re(glogzr)o'v%/

1
P ==
e,sy 2 Q

Lo (1-b)g|* +A+b)gur|’

5 = —— - - - (3.16)
\/(lgw' +|82T| Now +0y)—2p,Re(g,,8,r )0y

Similarly, given g,, and g,,, we can prove that the conditional error probability of s,

is

1 (1+b)|gzo|2 +(1_b)|ng|2
2 \/(|gzo|2 +lng|2)(O-v%/ +05)-2p, Re(8817)07,

e,

L (1-b)|gy|” +A+b) g,

2 \/(|820|2 +|glr'|2)(0';/ +O-l%/)—2pw Re(g‘zogl*r)o-v%/

(3.17)

When p,=0,wehavea=p,,b=0, p,=0and o;=(1-p’)o.. Thus, we canreduce

(3.16) to

IZ

2
P, = Q\/ 81l +lgzr (3.18)

(1-p2)ol +0}

This is the same result shown in [ 1 2] for STD in time-selective, spétially uncorrelated

fading with perfect channel estimation.

and 0'5, = (0. Then we can reduce (3.16)

When p,=1,wehavea=1,b=0, p =-p

s
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to

2 2
P, =0 w (3.19)
_ Oy |

which is the same result shown in [1 2] for STD in non time-selective, spatially

correlated fading with perfect channel estimation.

From (3.18) and (3.19) we can see that given the channel gains g, and g,;, introducing
the spatial correlation will not increase the BER; however, introducing the time-selective

correlation will degrade the BER perfdhﬁance. |

3.3 Average Performance Aﬁproxifnatid"n

In case of STD in time-selective, spatially correlated fading with perfect channel

estimation, with BPSK modulation, (1.4) "can be rewritten as

H[g g MH | G
r 8ar —8ir L% Rr '

As in section 2.3, if we use the transformation technique to simplify the analysis, we can
apply the transformation matrix T in (2.36) to both sides of (3.21) and get the new .

received signals as

|:r3:l _ [830 840 :|[50:|+l:n3:| (3.22)
r4 8ar ~8sr L5 n,

where channel 3 and channel 4 are new channels generated from the matrix transformation
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of channel 1 and channel 2. Correspondingly, R,, R,, Gy, G,, Gy, G, N,
and N , are random variables for new received signals, new channel gains and new
channel noises after the transformation. The samples of the new channel noises are the

same as in (2.45) and (2.46). The samples of new channel gains are

|:g30 g401|=£|:g10+g2T 820 _‘g”':l (3.23)

84r  8ar 2 8xr— 8w &irt8ux

As in Section 2.3, we can prove that all these new random variables are zero mean

complex Gaussian random variables. The new channel noises N, and N, are
statistically independent with the same variance o.. Appendix G shows that the gains
of channel 3 and channel 4 are statistically independent. Therefore, the covariance of

each channel can be expressed as

C 2

Ce, = | 7o, Pl (3.24)
| P0G,  Og, '

ol o2 .
C(;4 = G42 pt4204 (3.25)
| PiaOg,  Og, _

where

oy = (1+p,p,)0; (3.26)

ooy = (1-p,p,)0% (3.27)
+

P, = Piths ‘ (3.28)

1+p,p,
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P = PiPs (3.29)
l_pspt

Hence the channel gains can be written as
8 = P8y tVs ‘ (3.30)
84 = Pu8ar TV, (3.31)

where V, and V, are zero mean independent complex Gaussian random variables with

variances

1-pH-p}h
o2 = (1-plo, = LZP Lol
V3 (1-p3)05, 1+ p.p. G

(3.32)

A-pH1-p})
(=pigos, = =L =Ll

Oys (3.33)
where V, and V, are independent of G,, and G,;.
If we substitute (2.30) and (2.31) into (3.9), we get

~ 2 2 * * * *

5 = (g3 '_"|84T| )80+ (830840 ~ 837 8ar)81 + &3N3 T+ Larly

2 2 * * * * *
= (lg30| +lg4rl S0+ (Prs — P13)83084r5) +(830Vs = 8arV3)S) + 83073 + 84rhty, (3.34)

As in Section 2.3, if we look at the case of small spatial correlation, we can assume that
P and' P are very close to p,.: ‘The condition for this assumption is that p, <<1

and p, >>p,. Byusing p,, = p,, = p,,wecanrewrite (3.30) ~ (3.34) as

8 = P8 tV; | (3.35)
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8o = Pi8ir TtV (3.36)
o)y = op, = (1-pHol = o, (3.37)

~ 2 2 * * * *
S = ('g30| +|g4rl )So + (830Vs — 8arVa)s) + &30Ms + 8urhy (3.38)

Because V,, V,, N, and N, are independent, given g,, and g, ', the BER
‘expressions from (3.38) are the same for all combinations of the BPSK signals s, and

s,. They can be expressed as

P =0 |g30| +|g4T|
\/(O-V+O-N)(|g30' +|g4T| )

_ Q[ “830| +|g4rl
O'V+O'N

o[ 2K (8] +[3r] >)

- oly2) | , (3.39)

where

1 1
K= = 3.40
2(0% +0}) A(1-pHol+o:] (3.40)

4= Kgw| +lgal) (3.41)

We know that G,, and G,; are zero mean independent Gaussian random variables with

variances (1+p,p,)o. and (1-p,p,)ol. Thus, we can write the covariance matrix of




Ggo and G, as

_ |+ p.p)og

0 d-p.p)og

Its eigenvalues are

R
n

1+ p,p,)04

Ao = (1=-p,p)0;
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(3.42)

(3'.43)

(3.44)

By using the same method in section 2.3, given p, <<1 and’ p, >> p,, we can obtain

PN

the approximation of the average BER of STD in time-selective, spatially correlated

fading with perfect channel estimation as

I
P, =ﬁ1} 1- 3
I -1, 1+ T,

where

T, =2KA, =

(1-p,p,)0;

When p, =1, (3.46) and (3.47) reduce to

(1+p,)0}

I, = —_—
O-N

: 1- 2

(1-p})ol +op

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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The result is the same as in [1 2] for STD in non time-selective, spatially correlated

fading with perfect channel estimation.

When p =0, (3.46) and (3.47) reduce to

As in Section 2.3, we can obtain the exact BER expression as

2
szll— i W 24 |-D W
4 1+1“3/ 1+1“3/

(3.50)

(3.51)

which is the same as shown in [1 2] for STD in time-selective, spatially uncorrelated

fading with perfect channel estimation.
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3.4 Numerical Results
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Fig. 3.1 Comparison of approximate analytic BER to simulation results

(Approximation: Solid Lines; Simulation: Dotted Lines)

The approximate and simulated BER curves are plotted in Fig. 3.1 as a function of the

average SNR for different (p,, p,) values. As expected from the analysis in Section 3.3,
the approximate BER agrees very well with the values from simulation when p, is close

toOand p, is much greater than p.. Moreover, the approximate and simulation results

are close for p; < —%L .
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Fig. 3.2 Simulated BER curve as a function of average SNR for different (p, , p,)

values
In the case of time-selective, spatially correlated fading with perfect channel estimatibn,
for a fixed p,, the BER increases as p, decreases from 1 to 0.1 When p, is small,
for a fixed p,, the BER increases with p . The BER degradation for p, =1- A when
p, 1is fixed is larger than the degradation for p, =A when p, is fixed. As shown in
Fig. 3.2, for a target BER of 10~ for p, =1, there is about 1.3 dB degradation when p,

changes from O to 0.7 and about 10 dB degradation when p_ changes to 1. For the

! Although p, changes from | to O, when p =0, the channel changes so fast that the gains are independent in two

consecutive symbol periods.  Thus, when g, is small, the assumption that the channel is constant over one symbol

interval is not valid.



'46_'

same target BER for p, =0, when p, changes from 1 to 0.99, there is about 1.3 dB

degradation; when p, changes to O, the degradation is more than 25 dB.

'
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Fig. 3.3 Simulated BER curve as a function of average SNR for different (p,, p,)

values (zoomed)
When p, becomes bigger, for instance, p, is equivalent to p, or even bigger, from
the simulated BER curve, we observe that the BER decreases \&ith p,- HoWever, this
occurs only when the average SNR exceeds certain thresholds. As shown in Fig. 3.3, for
p, =0.9, when the SNR is small, the BER for p, =1 is bigger than p_ =0.9; when the
SNR increases to about 14.5 dB, the BER for psv =1is thesame as p, =0.9. As the

SNR continues increasing, the BER for p, =1 becomes smaller than the BER for p =
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0.9 and eventually, becomes smaller than all other smaller p, cases. If we look at the

extreme case, i.e.,, p, =1, we can write (3.9) as

I:E~01| = |:|g10iz+|glrlj |glo|2_|glr|z:|[80i|+|:g1io &ir }[”8] : (3.52)
5y |g10| _|g1T| |810| +|ng| Sy 810~ &ir LN

In (3.52), when SNR increases to infinity, the only interference is the inter-channel

interference. Compared to (3.9), the signal to noise ratio changes from

(gl +lglD* el +lgul)’
| 810820~ &r8ar I (g1 ~|&ur|*)?

, which is always equal or greater than 1. This
explains why for high SNR values, STD performance improves as g, increases.

From the simulation results, we also observe that the SNR threshold for performance

reversal decreases as p, decreases. For instance, for p, = 1, the SNR threshold for
performance reversal is about 14.5 dB when p, = 0.9; however, when p, = 0.1, the

threshold decreases to about 2.5 dB.
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4 Conclusion

4.1 Main Thesis Contributions

This thesis presents a performance study of STD in non time-selective, spatially correlated
fading with imperfect channel estimation and STD in time-selective, spatially correlated

fading with perfect channel estimation.

€ In the case of STD in non time-selective, spatially correlated fading with imperfect
channel estimation, the error probability conditioned on the estimated channel gain fs
derived. A simple, approximaté expression for the average BER over Rayleigh
fading is given. A comparison with simulation results show that the approximate is
quite accurate over a wide range of (p,, p,) values. The results also show that thé
channel estimation error has a bigger impact on STD performance than spatial'

correlation.

€ In the case of STD in time-selective, spatially correlated fading with perfect channel
estimation, the error probability conditioned on the channel gain is derived. A
simple, approximate expression for the average BER over Rayleigh fading is given

for (p, <<land p, >> p, ). Itis found thaf time-selectivity has a bigger impact

on STD performance than spatial correlation.
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@ From the results of STD in time-selective, spatially uncorrelated fading with chépnel
estimation error in [ 1 2], it was found that the channel estimation error has a bigger
impact on STD performance than time-selectivity.v Combining this with our results,
it can be deduced that STD performance is affected primarily by channel estimation

errors, secondly by time-selectivity and thirdly by spatial correlation.

4.2 Topics for Further Study

It would be useful to extend the derivation of the conditional error probability of
STD to the general time-selective, spatially correlated fading with imperfect channel
estimation scenario. ‘ Although it is possible to build the system model by
introducing channel estimation error in Section 3.1 and using the same method to

derive the conditional BER, the derivation of the joint pdf of G,,, G, , G, and
G, given H,,, H,, H, and H, requires a Gaussian distribution that
involves 8x8 and 4x4 covariance matrices to be solved and is thus awkward to

deal with.

A new combing scheme to cancel the inter-channel interference from the temporal

and spatial correlation.

An average BER expression over correlated Rayleigh fading and generalized fading,

e.g. Ricean, Nakagami, etc..
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Appendix A Derivation of the Means and Variances of

Random Variables in (2.7)
In Chapter 2, the decision variable in (2.7) is expressed as
Re (5,) = [(a+b)|h|" +(@—b)h,|" +2bReh h,)]s,
+Re[h (d, +d,)]s, +Re[h,(d; —d s,
+Re[h, n,]+Relh,n;] ‘ (2.7)

When - h  and  h, are. given, the first © term in (2.7
[(a+b)|h1'2 +(a—b)|h2|2 +2bRe(hl* h,)ls, is determinate. For the rest, it is a sum of
four random variables Re[h (D, +D,)ls, , Re[h,(D;—D;)s, , Re[h'N,] and

Re[A,N;].

It is shown below that the means of & (D,+D,), h,(D,-D|), h/N, and h,N; are

Z€10.

E[h/ (D, + D,)]=h, E[(D, + D,)]=h, (E[D,]1+ E[D,])=0 | (A1)
E[h,(D; - D} )]=h,E[(D; - D;)]=0 n (A.2>
E[h{N,1=h'E[N,]1=0 (A.3)
E[h,N,1=h,E[N;]=0 o (A.4)

Thus, the mean of Re[h (D, + D,)ls,, Re[h,(D, - D;)]ls,, Re[h N,] and Re[h,N,]

are zero too.
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Next we prove that these random variables are independent of each other.

As we know, N, and N, are statistically independent of any random variables, when
h, and h, are fixed, Re[h N,] and Re[h,N,] are independent and they are also
independent of Re[h, (D, +D,)]s, and Re[h,(D,-D;)]s, . The variances of

Re[h N,] and Re[h,N,] are
E{Re’[h N,1} = k! | o} (A.5)
E(Re’[,N;1} =1 | oy | (A.6)

Now we need to prove that Re[h; (D, + D,)ls, and Re[h,(D, —D;)ls, are independent.
Or that Re[h (D, + D,)] and Re[h,(D, —D;)] are independent, as s, is either +1 or

-1.

Because D] and D, are zero mean correlated complex Gaussian random variables, we

can express d, and d,as
d, = x +jy | (A7)
dy = %, +]jy, ‘ (A-S)_

where x,, y,, x, and y, are samples of zero mean correlated real Gaussian random
variables with variances o} and correlation coefficient p,. The variances and

covariances can be expressed as

E[X 1=E[Y’]=0} (A.9)
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E[X.Y;1=0 (i, j=12) , (A.10)
E[X,X,]=E[YY,]1=p,0} (A.11)
Then we have

di+d, = +x,)+ j(y, +y,) (A.12)
dy—d, =(x,—x))+ j(y,—y,) (A.13)_.

Similarly, if we denote A, by its real and imaginary parts as h, = u, + jw,, we can have
Re[h (d, +d,)]=u,(x, + x,) +w (¥, + ¥,) (A.14)

Re[h*(d, —d)) T=u,(x, —x) +w, (¥, — ¥)) (A.15)

The covariance of Re[A (D, + D,)] and Re[h,(D, —D;)] can be expressed as
E[Re(h (D, + D,))Re(h,(D, — D,)")]
= E{[, (X, + X))+ w (Y A Y (X, X )+ w, (4, Y1) =0 (A.16)

The result shows that Re[k, (D, + D,)] and Re[h,(D, —D,)] are independent. The

variances of Re[A, (D, + D,)] and Re[h,(D, —D,)] can be expressed as
E{Re’[h; (D, + D,)]}
= Elu! (X} + X7 +2X, X)) +w (Y]} +Y] +2VY,) + 2uw (X, + X,)(¥, +1))]

= 21+ p )P +wHod = 20+ p) | K o2 (A17)

E{Re’[h,(D, - D))"}
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E[ul(X2+ X} -2X,X)+w. (Y] +Y2 =2V,Y)+ 2u,w (X, — X,)(¥, - ¥,)]

21— p)u; +wio, = 20-p) |k | o) (A.18)

Thus, we have proved that the decision variable Re(5,) is a Gaussian random variable

with mean [(a+b)|h|" +(a~b)h,|* +2bRe(h; h))]s, and variance [2(1+ p,) |k |oh+

20-p) | hy lop] sy+( | +1hy Doy
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Appendix B Derivation‘ of the Variances and Correlation
Coefficients of Matrix Transformed Spatially

Correlated Fading

Originally, G, and G, are zero mean correlated complex Gaussian random variables
with variance o and spatial correlation coefficient p,. After matrix transformation,

two new zero mean complex Gaussian random variables G, and G, are generated.

From (2.41) and (2.42) we know that

g3=-\£2——(g1 +83) o (2.41)
A _
84=§(82 -8 (2.42)

We can calculate the covariance of G, and G, as

B N I I
E[G,G;] = E[T(G1+G2)—2—(GZ—G1)
1 ﬂ 2 2 . . ]
= EE G,|" -|G,| +G,G; -G/G,] =0 - (B.1)

The result shows that G, and G, are uncorrelated and statically independent. We can

calculate their variances as

7 7z

1 #* ' 1 2 * * . :
of, = SE6,6;] = —Q-E[T(GI+GZ>7<G, +G)| = A+pyol B
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o2 =; Elg,c;] = 2 SE % £(G G)‘/—(G ~G)| = A-p)o: (B3

4

The original channel noises N, and N, are zero mean independent complex Gaussian

random variables with variance O',f, . Based on (2.43) (2.44)

m:%(no +n,) O (43)

n4=g(nr —no) (2.44)

we can calculate the covariance of N, and N, as

£ 32 V2

E[N.,N;] = ———(N +N;)— (N ~Ny) (B.4)

They are also uncorrelated and statically independent. Their variances are

‘ Gz_zv; =%E[N3N§] = %E J—(N +N )“/_(N +N;) | = o} (B.5)
g1 2 2 ] |
ol = —E[N,N]] = SE %(NT—NO)g(NT -N)| = o} (B.6)

Same way, we can prove that Z, and Z, are zero mean independent complex Gaussian

random variables with variance o .

It can be shown that G, and Z, are independent.

E[GZ]] = E %(GziGl)%(zgizf) =0 i=34 (B.7)




From (2.38) we know that H, isthesumof G, and Z,, i=34

|:h3} _ |:83 +Z3]
,hz 8:+2,
Therefore, the variance of H,; is the sum of the variances of G; and Z,

2 2 2
o, = O; +0;

3

pl pe

2 _ 2 2
O-H s O-GA + O-ZA p p 2
e / e

The covariance of G; and H; can be expressed as
E[G,H,] = E[G,(G; +Z;)] = 20¢,
E[G,H,] = 20¢,

Now we can obtain the correlation coefficients of G, and H, as

E[G,H,] 1+p,
P = > = = P. 140 0%
 JEIG 1EIH,) ] PP

1-p,
1-p,p!

pe4 = pe

_ 2
(1-/35)0'é+(_12"1)9§ - Lopp,

. That is

1 2
<1+ps)oé+[%—1)oé = bl g

2
G
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(2.38)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)
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Appendix C Derivation of the Means and Variances of

‘Random Variables in (2.55)
In Chapter 2, the combined signal 5, in (2.55) is expressed as
So = phsols|’ +pLsolh|” + (02 = pi)shih,
+hy(dys, +d,s,)+h,(d;s,—dys,) + hyn, + h;nj; (2.55)

The correspondent decision variable is Re(5,). When h, and h, are given, the first
three terms of Re(5,) are determinate, as pf3s0]}13|2 + p34s0|h4'2 +(p% = pH)s, -Re(h; h, )
The rest part ibs variable; it is the real part of the sum of four random variables, expressed

as Re[h, (D,s, + D,s,)+h,(D,s, —D;s,)+h;N, + h,N.].
When s, = s, the variable part can be expressed as
Re[h, (D, + D,)s, +h,(D; — D;)s, + h; N, + h,N,]
= Re[(h; - h; )D,1s, + Re[(h; +h,)D,1s, + Re(h; N,) + Re(h,N,) (C.1)

‘Because D,, D,, N, and N, are zero mean independent complex Gaussian random

variables, it is obvious that the mean of the variable part in (C.1) is zero and
Re[(h;, —h,)D,1s, , Rel(h; +h;)D,]s,, Re(h;N,) and Re(h,N,) are statistically

independent.

As in Appendix A, we write the samples of D and D, as

dy = X3 +]y, . | (C.2)
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dy = x, +jy, ) (C.3)
where x;, y,, x,, y, are samples of zero mean independent real Gaussian random -

variables with variances o3, and o}, respectively.

If we substitute A, by its real and imaginary parts as h, = u, + jw,, we have

Rel(h; ~ )y = Relll =11, - 56, —w s + )}
oy =i+ oy IR (P
Re[(hy +h)dy ] =Reflus +u, )= jlws + 2 Wors + v )b
o SR S R ECON
The variances of Re[(h] —h;)D,]s, and Ré[(h;-+h: )D,1s, are
E{Re[(h;‘ —h)D,l1s, Y = El(uy —1u,)> X2 +(wy, —w,) Y2 +2(uy —u)(w, —w,)X,Y,]
= ‘(u32 + w2 +ul +w —2uu, —2w,w, )05,
- [ +|h|* — 2Re(h,h))1o, o | (C.6)
E(Rel(k] +K)D,1s,}> = El(u, +u,) X} + {w3 W PYE + 20y + )0y )XY,
= (ul +wi+u] +'wf + 2u u, +2w,w,)0},
= [n* +|h4j2-,+2Re(‘h3h: )]or,%;ﬁ | (c'.7)

The variances of Re[i;N,] and Re[h,N,] have already been shown in Appendix A, as

|h2|o: and |kl |0} respectively.
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So when s, = s,, the decision variable Re(s,) is a Gaussian random variable with

hy|* + (P2 - p3)Re(hi k)]s, and variance

mean (2 h3lz + Doy

(hs|” + |1 )02, + 02 +02) +2Re(hyh;) (G5, —02;).

By using the same method, we can prove that when s, = -s,, the decision variable
Re(5,) is a Gaussian random variable with mean [pAlh| + pi|h,|" -
2 2 * : 2 2 2 2 2
(p% - pX)Re(h k)]s, and variance (hs|” +|he| YoOps + 05, +02) -

2Re(hh, ) (0L, —0},).



60

Appendix D Derivation of the Correlation Coefficient
Between Time-sélective, Spatially Correlated

Channel Gains

In this model, the channel gain G,, is correlated with both G,, and G,;. When
setting up the model, we first generate G,,, then use G,, to generate G,, and G,;.

Therefore the expression of g,, and g, given g,, can be written as
80 = Ps8uw Tl (D.1)

&ir = P&tV (D.2)

where U, and V| are zero mean independent complex Gaussian random'variables with
variances 0. = (1-p?)ol and o) = (1-p})oi. U, and V, are independent of

G-
Then the covariance of G,, and G, is given by
E[GyGpnl = E(p,Gy+U,)(p,Gy+V)
= 2p,p,05 (D.3)

Thus the correlation coefficients of G,, and G,; can be expressed as

. E[G,,G, ) 2
R T ‘ [ ;O IT] - = 'pszp[O-Gz = ,psp.t ) (D4)
- JEG 1B, 1 208202 . Y

Similarly, if we start with G,,, we can also get the correlation coefficient of G,, and



Gyr as p.p,.
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Appendix E - Linear Transformation of Jointly Gaussian

- Random Variables

From [1 8] we know that a linear transformation of a set of jointly Gaussian random
variables results in another set of jointly Gaussian random variables. If we have a set of
jointly Gaussian random variables, denoted as X, which is a nx1 column vector with

nx1 mean vector myand nxn covariance matrix Cx, by using
Y = AX (E.1)

where A is a nxn non-singular matrix," we can transform X into a new set of jointly
Gaussian random variables Y, which is a nx1 column vector with nx1 mean vector
my and nXn covariance matrix Cy. Correspondingly, the transformation of the mean

vectoy and the covariance matrix can be done by
m, = Am, (E2)
Cy=ACxA" | (E.3)
Where AT denotes the transpose of A.

Frist transformation case:

In case of representing G,, and G,, by G, and G,,, a set of jointly Gaussian

random variables is defined as

X'= (&0 820 & &) (E.4)
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where E, and E, are zero mean independent Gaussian random variables with variance
o:. E, and E, are independent of G,, and G, . By using the linear
transformation, we can transform X into a new set of jointly Gaussian random variables
T _
Y =[gy 820 &ir &ar] (E:S5)

with the desired means and variances.

Because the means of the random variables in our model are all zero, we only need to look
after the transformation of covariance matrix in (E.3).
From the previous definition, we can write the covariance matrixes of X, Y as

o po: 0 0
pos o 0 0

C., = E.6
X 0 0 o2 0 (£0)
0 0 0 o2
o 05 - PO . PO PiPOS
Yy © 2 2 2 2 :
PO  P.PC; O JoRep

p.P.O;  PO; PO O
Using Maple®[ 2 6], we can find a A that complies with (E.3)~(E.5).

1 0 0 0
0 1 0 0

A= o 0 gt 0 (E.8)

0 p ps«/l—pf \/(l—pfxl—pf)

If we use (E.8) to rewrite (E.1), we can get

Eir = p;glo+\/1_pr281 (E.9)



64

gor = P8+ PAI-ple +y(-p])1-pDe, (E.10)

If we replace the two zero mean independent complex Gaussian random variables E, and
E, by two correlated complex Gaussian random variables V, and V,, we can rewrite

the expression as

&ir = P81tV (3.3)

8xr = P8 TV, (3.4)

where V, and V, are zero mean complex Gaussian random variables with variance o,

= (1-p?)ol and correlation coefficient p,. They are independent of G,, and G,,.

Second transformation case:
When representing G,, and G,, by G, and G,,,we write X, Y, Cx and Cy as
X"=[g, 8&» & &I (E.11)

YT=[g10 8or 8ir 8] (E.12)

E.13
0 0 o2 0 E13)
0 0 0 o2
6c  PPOG  PO;  POg

2 2 2 2
pIO-G _pso-G N O-G psptGG
: 2 ) 2 27
POg- PO; PPO; . Og

and can get a A as
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1 0 0 0

Similarly, if we replace E, and E, by a new pair of correlated Gaussian random

variables W, and W,, we can rewrite (E.16) and (E.17) as

[ .
|
|
| :
| .
| - -
‘ 0 1 0 0-
1-p! 1-p; (1-pHa-ph) ’
| A= pt[l— 2 .2 p:[l— 2 .2 _ 1= p?p? 0
| Ps P; Ps P, Ps P;
1-p} 1-p? J(1-p2)<1—p2> 3
pl —55 | ol —55 | -p.p. e Ja-pha-pl)
I [1—p3pf (l—pfpf 1-pip; |
‘ 10 0 0]
01 00
= ’ (E.15)
a b c O
b a d €]
Thus, we can express G, and G,, as
8ir = a8 +bgyr +cE ' (E.16)
} |
| 8, = bg,,tag, +dE +eg, (E.17)
|

8ir ag,, +bg,r +w (3.10)

820 bgiy +ag,r +w, (3.11)

where W, and W, are zero mean correlated complex Gaussian random variables with

variance o, = c’cl and correlation coefficient p, = —p,p,.
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Appendix F  Derivation of the Mean and Variances of

Random Variables in (3.13)

In (3.13) we need to evaluate the sum of four random variables, Re(g,,W,), Re(g,;W,),
Re(g;,N,) and Re(g, N,;). We know that W,, W,, N, and N, are zero mean

Gaussian random variables. Therefore, their sum in (3.13) is also zero mean.

From Appendix A, we know that Re(g,,N,) and Re(g, N;) are zero mean
independent Gaussian random variables with variances |g,| 02 and |g,;|'02

respectively. . They-are independent of any other random variables.

For W, and -W,, we know that they are correlated. Therefore, we analyze them as one

term Re(gj,W, — 2,,W,).” We express the samples of ‘W and W, as
W= x +]y (K1)
W, = X, +jY, - ‘ (F2)

where x,, y,, x, and y, are samples of zero mean real Gaussian random variables

with variance O'fV and correlation coefficient p_, i.e.,

E[X}]=E[Y]=0y (F.3)
E[XY1=0 i,j=12 (F4)
E[X,X,]=E[Y,Y,]1=p,0, (F.5)

If we substitute g, by its real and imaginary parts as g; = u; + jv,, we have
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Re(g;owz = 8orW)) = (X, = yr X))+ (Vig ¥y = Var Y1) (F.6)

Then the variance of Re(g W, — g,,W,") is
E[Rez (gl*owz - ger1* )]

El(u,0 X, —yr X))+ (ol =Vyr V)7 + 200 X, —tty X )V Y, = var )]

2 2 2 2 2 2
(ujg + gy = 2u5Uyr P, )0y + (Vig +Vor = 2V0Vyr 0, )0y

= [|810|2 +1gzrlz -2p, Re(gloggr)]o'vzv

E7
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Appendix G Derivation of the Variances and Correlation
Coefficients of Matrix Transformed

Time-selective, Spatially Correlated Fading

Before transformation, G,,, G,,, G,, and G,, are zero mean complex Gaussian

- random variables with variance 0'(2; . Their covariance matrix is expressed in (3.1) as

2 2 2 2
Og PsO¢ PO  P;P.Og¢
2 2 2 2
C _ p:GG O-G psplo-G pto-G (3 1)
Gos 2 2 2 2 ' )
P.Os  PP.Og Og PsOg
2 b 2 2
p.pOE  POE  poE O

After matrix transformation, four new zero mean complex Gaussian random variables

Gy, Gy» G,y and G,, are created by (3.23)

I:gm g40:|=_\/_—g_|:g10+g2T 820“817] (3.23)
8ar 81 2180580 &rt+8xn
The variance of G,, can be written as
. = LE,6;]
Og, = EE G3,Gy
1 (V2 2o
= EE|:7(G10 +G2T)T(G10 + G,y ):|
= (+p,p)0; = 0, G

Similarly, the variances of G, , Gy and G,; can be proved as o, O'é3 and o,

respectively, where o2, = (1-p,p,)02. |
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The covariances of G,, and G,,, G;, and G,; can be written as

V2 V2

E[G30G:0] = E|: (G + GZT)T(G;O —GI*T )}

2
= E[GIOG;O _GI*TGZT _GIOGI*T + G.;oGzr] =0 (G2)
* \/5 \/5 * *
E[G;,Gyr] = E[T (G + GZT)T(GIT +Gy)

1 * * * *
—2_‘ E[GIOGZO + GITG2T + GIOGIT + G2OG2T

_ _1_[ 2 2] _ 2

=3 4p,0; +4p,05] = 2(p, +p,)0; (G3)
The correlation coefficient between G,, and G,; is

_ E[GaoGs*r] _ P TP
| = -
JEG, [ 1EIG, 1 ¥ PP,

(G4)

Similarly, we can prove the covariance and the correlation coefficient between G,, and

G, as

E[GoGirl = 2p, - p,)0% G5)
p = L =P | .G
i 1,_pspt ’ )

Because the rest of the covariances between new channels are 0, the new covariance

matrix can be written as
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(1+p,0,)0; 0 (P, +p,)0; 0
_ 2 _ 2
CG:‘4 = ‘ O ) (1 psp!)o-G 0 , (pt ps)o-G (G7)
(P, +p,)0g 0 (1+p,0,)06 0 |
0 (p,—p,)o; 0 (1-,0,)0 |

Since channel 3 and channel 4 are uncorrelated, we can write (G.7) separately as

_|a+pp)ol (p+p)oi| | 06 PaC, -
CG; - 2 2| = 2 2 (G,8)v
L (p,+p)os  (I+p,p,)0; | | P30;,  Og,
CA-pp)os (p-po| | 06 PuCe |
Ce, = 2 2| = 2 2 : (G9)
_(pt —ps)o-G (]'—pspt)o-G_ _p'4O.GA 0-64




71

Appendix H liistfiﬁutibn of Hé;'i;itién Quédraﬁc Férin |
Using (2.23), we can wrife the bd'e'cisior.l \}ariable for 5, as o
f= Re() = (as, +bs)|h|" +(as, —bs)|hy|" +bsy(h'h, + k)
+(hd, +hd])s, + (b d, + hd,)s, + (hd, + h,d,)s,
—(h,d; +h,d))s, +(h +h)n, +(h, +h,)ny
=2Z"FZ (H.1)

where Z=[H, H, D, D, N, N,]", a 6x1 column matrix of six jointly distributed

complex Gaussian variables, with covariance matrix R

Lzaé PO 0 0 0 0
P.
o Xop ——12—0'(2; 0 0 0 O
R=|"o 0 o2 pol 0 0 (H2)
0 0 po0, of 0 0
0 0 0 0 o} 0
0 0 0. 0 0 o,
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It is clear that both F and R are Hermitian. Thus a unitary 6Xx6 matrix, U,

22 0 g,
2 2
22 o g,
2 2
U= (H.4)
o o Y2 Y2 .
2 2
o o o o Y2 N
2 2
L 2 2
can be formed with the 6 eigenvectors of R as its columns, such that
UTU=1 (H.5)
UTRU=A (H.6)
UAU™ =R (H.7)

where I is the identity matrix and A is a diagonal matrix with the six eigenvalues of R.

50.p: 5 0 0 0 0 0
pe 2
0 L=P.Pe 52 0 0 0 0
A= 0 mo d+p,)o? 0 0 0 (H3)
0 0 0  (d-p)o 0 0
0 0 0 0 o 0
0 0 0 0 0 o2

There is an infinity of matrices that allow a factorization of A in the form

A=Y vT, (H.9)
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One such factorization is the “square-root” matrix.

—,/1+ 2 ]
VPP 0 0 0 0 0
pe
1_ 2
0 VPP 5 0 0 0 0
¥ = Pe | | . (H.10)
: 0 0 1+p,0, 0 0 O
0 0 0 Jl-p,0, 0 O
0 0 0 0 o, O
] 0 0 0 0 0 oy

Thus, Z can be transformed into W, a new set of Gaussian random variables, in which the

random variables are statistically independent with covariance matrix 1.

P, H +H,]

w/1+.05 lo V2

2_H1
V2
+ D,
‘/5 _ (H.11)

D,

P.O0¢
Vl ppeo-G
W=¥'U"Z= x/1+Pd0'D
1 D, -D,
Jl-p,0, 2
1 N,+N,

oy 2
1 N,-N,

o, 2

The inverse of (H.11) is
Z=U¥YW. (H.12)

The quadratic form of (H.1) becomes -

fF=WIE(PT"U'FU ¥Y)W=W"TW (H.13)
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a By 6 €0
g ¢ n 6 0 1
. . 0000
T=y"UTFU w=|' " (H.14)
§ 6 0000
e 00000
[0 2 0 0 0 0
o= 1+pspe “FPPe 52 (44 pys, (H.15)
’1_ 2 .4
B= -————pp; Pe oibs, | (H.16)
1+ p p3)(1+
_ pfe)( P o s, (H.17)
p.
1 )1 - -
5= V0 PPOX P 5 505, (HL.18)
2p,
yi+p,p!
= 6,0, (H.19)
2 |
{=—5ke _p:pe GG(a b)s,  (H20)
__Y=p.poX P 5 s, (H21)
20,
1-p. pH-
g VA=P.PI) P o s, (H.22)
2p, :
J1-p . p? |
zz%%a,\, (H.23)
Since T is also Hermitian, it can be diagonalized in a form
T=S®S™ (H.24)

where S is a unitary matrix of orthonormalized eigenvectors of T, and @ is the diagonal
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matrix of its eige.nv.al'ues‘, | ¢;. Thus, 6né'can'intr:6duce the trénsformatioh o
X=s"wW - - H29)

in terms of which the quacAlratic. form is diagonal,

)2

f=X"0X= ZW (H.26)

and the covariance matrix of X is still L.

Since-the Hermitian quadratic form f here is in a zero mean complex Gaussian process, the

characteristic function of f, defined as a Fourier transform on its pdf, is

1
G,(&)= H.27
/€ det(I-2jER"F) (12
with its pdf given as the inverse
1 e
Pr(f)=5— [ exp(=j& £) G, (&)aé (H.28)
gl B

We can derive G,(£) here, but due to its complexity, it is difficult to obtain the pdf by

inverse Fourier transform.,
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Appendix I  Derivation of Channel Estimation Correlation

Coefficient as a Function of SNR

In a simple model, with a transmitted signal s, i.e., a BPSK signal, the received signal r

can be represented by

r=gs+n {1.1)
where G is the channel gain, which is a zero mean complex Gaussian random variable
with variance O'é and N is the additive Gaussian noise, which is also a zero mean

complex Gaussian random variable with variance o} .
If we use pilot symbols, we can obtain an estimate of g as

Cg=l=g+= (1.2)
S S

Thus G is a zero mean complex Gaussian random variable with variance
2 2 2 '
O,=0;+0y. (1.3)
The correlation coefficient p, between G and G can then be obtained as

oo HGGY _ EG+N)G) _ EIGF]
© JEIGPIEIGE) VEIGP)-ENGF) VEIGF1-ENGP]

_ 20; _ 1 B 1
J202+02)-202  Jl+oiic:  J1+1/SNR

(L4)

where SNR=0./0}.
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