Simulation Studies of Carbon
Nanotube Field-Effect Transistors

by

David Llewellyn John
B.A.Sc., The University of British Columbia, 2002

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF
THE REQUIREMENTS FOR THE DEGREE OF

Doctor of Philosophy
in
The Faculty of Graduate Studies

(Electrical and Computer Engineering)

The University Of British Columbia
July 2006
© David Llewellyn John 2006




Abstract

Simulation studies of carbon nanotube field-effect transistors (CNFETs) are presented using models
of increasing rigour and versatility that have been systematically developed. Firstly, it is demon-
strated how one may compute the standard tight-binding band structure. From this foundation, a
self-consistent solution for computing the equilibrium énergy band diagram of devices with Schottky-
barrier source and drain contacts is developed. While this does provide insight into the.likely be-
haviour of CNFETS, a non-equilibrium model is required in order to predict the current-voltage
relation. To this end, the effective-mass approximation is utilized, where a parabolic fit to the band
structure is used in order to develop a Schrédinger-Poisson solver. This model is employed to predict
both DC behaviour and switching times for CNFETS, and was one of the first models that captured
quantum effects, such as tunneling and resonance, in these devices. In addition, this model has been
used in order to validate compact models that incorporated tunneling via the WKB approximation.
A modified WKB derivation is provided in order to account for the non-zero reflection of carriers
above a potential energy step. In order to allow for greater flexibility in the CNFET geometries,
and to lift the effective-mass approximation, a non-equilibrium Green’s function method is finally
developed, which uses an atomistic tight-binding Hamiltonian to model doped-contact, as opposed
to Schottky-barrier-contact, devices. This approach benefits by being able to account for both inter-
and intra-band tunneling, and by utilizing a quadratic matrix equation in order to improve the
computation time for the required self-energy matrices. Within this technique, an expression for the
local inter-atomic current is derived in order to provide more detailed information than the usual
compact expression for the terminal current. With this final model, an investigation is prese'r_lted

into the effects of geometrical variations, contact thicknesses, and azimuthal variation in the surface

potential of the nanotube.
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Chapter 1

Introduction

The aggressive scaling of the metal-oxide-semiconductor field-effect transistor (MOSFET) to ever-
smaller physical dimensions has required the introduction of a wide variety of technologies in order
to fabricate these devices [1]. With each generatidn, however, the manufacturing challenges are
becoming increasingly difficult, and according to the International Technology Roadmap for Semi-
conductors [1], intensive research is needed in order to continue this process, and indeed, to develop
novel devices and methods that will move the technology improvements in other directions.

A candidate transistor that may allow for both the shrinking process to continue, and for the de-
velopment of novel architectures, is the carbon nanotube field-effect transistor (CNFET). Essentially,
this device is a conventional MOSFET, except that its channel is made up of a carbon nanotube
(CN), and that the source and drain interfaces may be Schottky contacts. In the following éection,

a brief background to CNs is provided, with reference to some of their interesting properties.

1.1 Background

1In 1976, the growth of cylindrical tubes of carbon was reported by Oberlin et al. [2], but they were
not recognized as having the CN structure, and were not studied in detail. Intensive interest in CNs
did not begin until 1991 when Iijima noticed their growth on an arc discharge electrode [3], and used
electron microscopy to probe their atomic structure. Since that time, a great deal of theoretical and
“experimental work has gone into understanding carbon nanotubes. - .

To begin, consider the CN atomic structure. Conceptually, it may bve thought of as a graphene
sheet that has been rolled into a seamless cylinder. Shown in Fig. 1.1 is a schematic of the hexagonal
lattice of carbon atoms that form the atomic monolayer' of graphene. The two primitive translation

L vectors, a; and ag, point to equivalent sites in the lattice, i.e., points that differ by integer multiples

of these two vectors are identical in an infinite graphene sheet. Considering two nearest-neighbour




atoms, primitive translations may be performed in order to fill the entire graphéne sheet with no
overlaps or gaps. As a result, graphene may be defined by simply specifying the primitive translation

" vectors and the two-atom basis.
In order to form a seamless cylinder, a patch is taken out of the infinite sheet, and rolled such
that the circumference is defined by the chiral vector I = nja; + npap, where n; and ny are

integers. This maps an atom in the lattice to coincide with an equivalent point specified by L.

Figure 1.1: Schematic graphene lattice showing the primitive translation vectors.

Carbon nanotubes are uniquely defined, th'en,. by simply specifying the (ni,nz) indices. Note that,

in Cartesian coordinates,

3a. aV3. .
ay = %x - —a‘z/gy, (1.2)

where a is the nearest-neighbour carbon-carbon spacing of about 1.4 A [4], and % and § are unit
vectors in the z- and y-directions, respectively. In terms of some basic terminology, CNs are named
“armchair” if ny = ng, “zigzag” if no = 0, and “chiral” otherwise. The armchair and zigzag names
relate to the carbon-carbon bond pattern that may be observed when looking along the circumference
of the tube.

An interesting property of CNs is that they may be metallic or semiconducting depending on the
choice of (n1,n2). Specifically, the tube is metallic if n; —n, is a multiple of 3, and is semiconducting
otherwise with a bandgap, E¢, given approximately by [4-6]

I7la -
Fg~"— .
G RC 3 (1 3)
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where v is an overlap integral which will be defined in Chapter 2, and R¢ is the CN radius. Since
semiconducting tubes are possible, this raises the prospect of using CNs in order to make semicon-
ductor devices, such as transistors. Indeed, this was performed in 1998 by Tans et al. [7], and this
early device stimulated a great deal of interest in producing, and simulating, reliable CNFETs.

Perhaps one of the most appealing features of CNs, for nanoelectronics, is their near-ballistic
transport due to a limited carrier-phonon interaction [8]. Mean-free-paths for acoustic phonons have
been reported in the range of 300 nm to greater than 2.9 um [9-12], and for optical phonons the
range is typically in the 10-100 nm range [12,13]. In Ref. [14], it is asserted that transport should
be ballistic in CNs up to 60nm in length, while Ref. [10] gives a value of 20nm for a CN in a low
field. Mobilities of 104~10° cm?2/Vs have been reported [9, 13], and a recent theoretical prediction
also falls within this range at low field [15]. When compared to the bulk silicon values of around 102
and 10% cm?/Vs for holes and electrons [16], respectively, the CNFET appears to hold some promise.
For silicon nanowire transistors, the comparison favours CNs even more heavily since the average
mobility is in the range 30-560 cm?/Vs, with a maximum value of 1350 cm?/Vs [17). Couple this
with the large current densities that CNs can withstand [18,19], roughly three orders of magnitude
greater than that reported for silicon nanowires [20], and the carbon nanotube looks even more
promising. _ ‘

In addition, with their cylindrical shape, CNs may lend themselves to the realization of a coaxial
field-effect transistor, which is predicted to be the ultimate geometry in terms of good short-channel
behaviour [21-23]. This structure is being pursued experimentally [24], and has been successfully
made using vertical nanowires [25], but not yet with carbon nanotubes. High permittivity dielectrics
are also a possibility towards reducing short-channel effects due to the increased capacitative coupling
between the channel and the gate, and success has been achieved using ZrO, [26] and SrTiO3 [27],
with relative permittivities of 25 and 175, respectively. High permittivities have also been achieved
using electrolytes [28,29], where the relative permittivity of the solution could be around 80 [30],
although liquid electrolytes are likely to have limited utility in highly integrated circuits.

Furthermore, there may be biological applications of CN devices {31], for example, in ultrafast
DNA sequencing or as a DNA-incorporated switch [32]. Structures are also being investigated for

use as chemical sensors [33,34]. Additionally, with the unique electrical properties of CNs, one could

envision all-carbon electronics with metallic nanotube leads connected to semiconducting nanotube

devices [35, 36].




Given these properties, it is clear why there is interest in studying carbon nanotubes and carbon
nanotube electronics. There are, however, some unresolved problems in CNFET fabrication. Early
devices were fabricated by dispersing CNs from CN ropes, and then positioning them using an
atomic force microscope tip [37]. While this method has been largely replaced by the more reliable
chemical vapour deposition (CVD) technique [38,39], the major obstacle of chirality control remains
an ;)utstanding problem. Chirality control is important as this determines whether the CN is metallic
or semiconducting, and if semiconducting, it also determines the energy bandgap.

Since chirality control is difficult, another option is to devise methods to separate CNs based
on chirality or conductivity. This may be facilitated by the presence of single-stranded DNA [31].
Sorting of CNs by diameter [40], by metals and semiconductors {41}, and by chirality [42,43], have
been reported, and recent work has shown that semiconducting tubes may be preferentially grown
in the plasma enhanced CVD method [44], with a yield of around 90% semiconducting CNs. With
this latter technique, perhaps it would be sufficient to control only the diameter, and hence the

bandgap. This may prove to be a more attainable goal.

1.2 Simulation Studies

In order to examine the expected performance, and performance limits, of CNFETSs, detailed sim-
ulations of these devices are presented. In Chapter 2, the band structure and density of states are
computed. This serves as the foundation for this work. Chapters 3-5 present a range of CNFET
models and results: beginning with a simple case, invoking approximations that reduce the problem
complexity, and then successively stripping away some of those simplifying assumptions such that
each subsequent model captures more of the device physics. » |

In particular, Chapter 3 considers the equilibrium case of devices with Schotkky-barrier contacts
at the source and drain [45-50]. This is the simplest case to consider under the assumption that
potential energy variations are sufficiently gradual to allow for the usual Fermi-Dirac statistics to
apply. As will be seen in Chapter 4, rapid potential variations may lead to resonance effects which
serve to alter the distribution function. These equilibrium simulations resulted in the development
of a compact model for CNFETs that was an early attempt at including the effect of tunneling
through the Schottky barriers [51].

For steep potential energy variations, and for the non-equilibrium case, Chapter 4 presents a self-

4




consistent Schrédinger-Poisson sc;lver, which uses the effective-mass approximation to the CN band
structure. At the time of this work, CNFETs were being modeled using electrostatics appropriate
for an infinite CN, and under the assumption that transport was limited by thermionic emission over
the top of a potential energy barrier [26,52]. Here, a modified WKB' expression is contributed that
is appropriate for use in compact models [53], and that accounts for the reflection of carriers above a
potential energy step, such as in a metal-semiconductor contact where the Fermi wavevector changes
abruptly upon crossing the interface [54]. It transpired that the new modified WKB expression
was very successful in reconciling the compact model results with those of the, more detailed, full
effective-mass model [53]. While a cylindrical structure is required in order for this method to be
strictly valid, it may also be reasonable for less symmetric structures if the azimuthal potential
energy variation is small enough [55]. »

In order to examine such variation, which had apparently been neglected in order to speed
up similar calculations [56], and to lift the effective-mass approximation, Chapter 5 details a non-
equilibrium Green’s function method for computing the local density of states from Schrodinger’s
equation. This is, again, coupled with Poisson’s equation in a self-consistent fashion, but here
an atomistic, nearest-neighbour tight-binding Hamiltonian, as opposed to the previously employed
~ effective-mass variety, is used. This method was developed independently of that due to Fiori et
al., despite the similarities in technique [57,58]. One key difference is in the computation of the
self-energy matrices, where a different algorithm is presented herein. In addition, expressions for the
inter-atomic current are derived, and these may prove useful when studying CNs with defects. The
focus in this chapter is on dobed-contact devices without Schottky-barriers at the end contacts, as
may be appropriate for some devices [59-62]. The p-i-n case [63-65] is discussed as it may exhibit
less than a 60 mV /dec subthreshold slope, which is the limit for devices governed by the thermionic
emission of carriers over a barrier. A lower subthreshold slope would be a tremendous boost for
highly integrated logic circuitry, which is presently curtailed by the static power dissipation from
supposedly “OFF” gates.

Chapter 6 presents a summary of contributions, key conclusions to be drawn from this work, and
outlines future work that may be built from the solid foundation presented herein. In addition, key ,

derivations are included in the appendices in order to facilitate the reproduction, and extension, of

this work by other investigators.




Chapter 2

Band Structure

In order to simulate a CNFET, the band structure of a carbon nanotube must first be determined.
To this end, the nearest-neighbour, tight-binding approximation is applied. From the band structure,
the density of states (DOS) may be calculated, and this is required in order to compute the amount
of charge on the tube. This fundamental calculation is a basic tool, and is an important first step

to take in understanding the behaviour of CNFETSs.

2.1 Graphene

Consider, first, the band structure of graphene. The overall periodicity of the lattice is defined by
a two-point basis which may be shifted by integer multiples of the primitive translation vectors in
order to tile, with no overlaps or gaps, an infinite graphene crystal. The electron wavefunctions are

governed by the time-independent Schrodinger equation,
HY(r) = E¥(r), (2.1)

where H is the Hamiltonian, ¥ is the wavefunction, r is position, and E is energy. Following the

usual tight-binding procedure [66], the Hamiltonian may be decomposed into
H = H, + AU(r),

where H,; is the Hamiltonian for an isolated atom, and AU (r) represents the modification to this
Hamiltonian due to the presence of all of the other atoms. The atomic Hamiltonian has a complete
set of eigenfunctions, W, ;, with their associated eigenenergies, E;, i.e., HatWat = E; ¥, ;. Further,
due to the underlying periodicity of the graphene lattice, Bloch’s theorem [66] may be used to write

the total wavefunction as

U(r) = Zeik-R [BiE(r - R) + B2E(r —d — R)],
R

6



where the summation is over all reciprocal lattice vectors R, k is the wavevector, d is a vector from
one atom in the two-point basis to the other, By and B; are constants, and = is known as a Wannier
function [66].

Since the W, ; are a complete set, = may be written as
E(r) = Y Cillasi(r),
i

where C; are constants. Up until this point, the expressions have been exact. The first approximation
is that the Wannier functions are well-described by a single choice of eigenfunction. Namely, let
C; = 1 for the p, orbitals, defined by ¢ = 1, and C; = 0 otherwise.

Multiplying through by ol (r) and integrating allows Eq. (2.1) to be written as

at,j

[tswramer+ [l mavmun e = [ e, mEvm e (2.2
where the integral is over all space, U,; ; is an arbitrary eigenfunction, and t denotes the Hermitian
conjugate. Note, here, that E is a scalar, so it may simply come outside the integral. In addition,

since the atomic Hamiltonian operator is Hermitian, \Ilat J(r)Hat = (Hat\Ilat,j(r))T. Substituting in

the above definitions yields

(E - Ej) /Ze'k R\I/;t () [B1¥a1(r — R) + BaTuy 1 (r —d — R)] dr
/ Ze‘k Ryl (£)AU(r) [B1Tat1(r — R) + Ba¥ar 1 (r —d — R)] dr.

Considering the case where j = 1, and rearranging, gives
(E El)/wat 1 [B]‘I’at 1(1‘) + BZ‘IIat 1(!' - d)] d3r
~ [ For (VAT (x) [Br P (5) + B 5 — D)

+3 ek R { (E - El)/\I/at (1) [B1¥a1(r — R) + By¥as 1 (r — d — R)] dr
R#0 . ,
—/\I/lm(r)AU(r) [B1Tar1(r —R) 4+ By ¥y 1 (r —d — R)] d%} =0
At this point, a second approximation is invoked. Namely, assume that the wavefunction decays
sufficiently fast that any term involving a product of wavefunctions, centred at positions that differ
by more than the nearest-neighbour spacing, vanishes. Making a change of variables such that

¢ = —d — R, and utilizing the nearest-neighbour approximation, yields

{E- E1+B}BI+{Ze““‘“+d (B - By a(c) - (c)l}BFo,

cenn




where ¢ € nn implies that the summation is over all of the nearest neighbours,

B=- / \Ilztvl(r)AU(r)‘Ilat,l(r) d3r,
a(c) = /\Illt’l(r)\Ilatil(r +¢)dr,

~y(e) = /\Illt,l(r)AU(r)\Ilatll(r +c)dr,
and it is assumed that the ¥, ; are orthonormal.

If the same procedure is repeated, replacing Eq. (2.2) with

/‘Illt,j (r — d)Hy ¥(r)d3r + / vl (r — d)AU(r)¥(r)d®r = /\Illt,j(r - d)E\Il'(r) dr,

at,J

a second equation in terms of By and B emerges. In matrix form, where the arguments from « and
~ have been dropped since their values do not depend on which neighbour we are consideriﬁg, the

equations may be summarized as

E-E +8 Y e DB - Ea-9| [,
cenn 1 0

> ekt [(E - Er)a -1 E-E +8 B, 0

cEnn

In order for this equation to have a non-trivial solution, the determinant of the 2 x 2 matrix must

be set to zero. Solving yields

By

Ez:eﬂoc

cenn

Z eik-c

cEnn

E=F + .
l+a

where the plus and minus signs go together to give the bonding and antibonding w bands, respec-
tively. For graphene, v = —3.033eV and o = 0.129 [4]. B is of lesser importance since it does not
multiply any function of k. In addition, it is convenient to réferénce energies to B, — G, and neglect -
the o correction to the 8 term since both 3 and « are small. In fact, it is very common for « fso
be completely neglected. This is referred to as the Slater-Koster scheme [4], and this approximation
‘will be used throughout the remainder of this work. Note that v and « are not, in general, exact,
and considerable variation may be found in these numbers. For example, a 'y value of —2.5eV has
been reported in Ref. [5]; for carbon nanotubes, Ref. [67] suggests that the appropriate vaiue is
—2.7+0.1eV in order to get good agreement between experimental bandgap measurements and the

theoretical predictions. In the end, «y is essentially a fitting parameter to the models.

8



2.2 Zone-Folding

For a carbon nanotube, the “zone-folding” scheme is utilized to compute the dispersion, or E-k,
relation from that of graphene [6]. In the Slater-Koster scheme, and referencing energies as discussed
above, the tight-binding Hamiltonian may be written as
0 y Z eikc
H= ., Ze_“"c ‘"‘e“(’)‘ T, | (2.3)
cenn

where the eigenvalues of this matrix, as functions of k, are the eigenenergies,A E. Tt is convenient
to work in a coordinate system where one axis is aligned with the CN axis, and the other is in the
circumferential direction. If the standard xy-plane is oriented such that the primitive translation
vectors, mapping to equivalent sites in the graphene lattice, are given by Egs. (1.1) and (1.2), then

the vector L, wrapping around the circumference, is given by

3a

., aV3 .
= ? (n1 +TL2)X+ T (TL1 —ng)y = nia; + ngas.

L

Similarly, the vector T, which points to an equivalent site along the axis of the CN, including the

helical angle, is given by [6]

3a <n2 —-’I‘L1> . 30,\/5 (nl +TL2> R 2n9 + 1y 2n1 + ng
T:—— X y= a] — a

2\ dg 2 dr drn dr 7
where dp is the greatést common divisor of 2ny +ng and 2ng +ny. It is useful to note that rotations

from the xy-plane to the LT-plane may be performed via

\/§ ny —ng
P T B L B L
_ 3 . - ’
Ny 2nn1 \2/—77_(n1 +ng)| v vr

where v; denotes the i-component of some arbitrary vector v, and n = \/m .

Notg that L and T span the real-space primitive unit cell of the carbon nanotube, i.e., an entire
CN may be tiled, with no gaps or overlaps, by translating this cell through integer multiples of these
two vectors. Since this cell is bigger than that of graphene, the tight-binding derivation detailed
above would involve a larger Hamiltonian matrix than in Eq. (2.3}, with one row for each afom in

this enlarged cell. Here, the zone-folding scheme is employed in order to calculate the CN band

9




structure directly from the two-dimensional (2D) result for graphene. This scheme provides the
identical result to that generated from treating each atom in the CN primitive unit cell, élthough
the full tight-binding approach lends itself to performing the simulations discussed in Chapter 5.

‘ Following the description in Ref. [4], the number of primitive graphene unit cells that fit inside

the enlarged CN primitive unit cell is
N = |L x T

T Ay x ag)’
which means that there are 2N carbon atoms in the CN primitive unit cell.
The reciprocal lattice vectors of graphene, b; and by, are computed by utilizing the defining
relation

a; - bj = 271’(5,']',’

where J;; is the Kronecker delta function. The result is that
by = 2% (—1—x + )
1— a\/g \/§ Y

b _2_7T<L§(_A>
2 a\/§ \/5 y /-

Performing the analogous procedure for the reciprocal lattice vectors of the CN, Kr and K, yields

1
KT = = (TLle - ’nlbg) 5

N
. 1 2n1 + Ny 2712 +n1
K; = N ( n b, + n bz) .

As in Ref. [4], note that NK|, is a reciprocal lattice vector of graphene, as may be seen based on
the definition of dg. For the CN, jK are all equivalent, where j is an integer. In addition, for
je€{0,1,...,N — 1}, jK;, are all reciprocal lattice vectors of the CN, but not of graphene. As a
result, these discrete jK, in the graphene E-k relation may simply be used for the CN dispersion
relation. Hence, one-dimensional (1D) projections of the graphene relation are “folded” into the first
Brillouin zone of the CN. For further details, see Ref. [4].

Specifically, if k = k7T + k. L in Eq. (2.3), then

Z eik-c

cEnn

E=+y

3

where ka; = 5K and

™ ™
bre |- |-
IT7 7T
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The DOS, D(E), may then be computed numerically as

-1

N-1 ;
2 OEW)

where spin degeneracy is included, and EY) is the energy associated with krL = jKp. The E-k
relation and DOS for a (16,0) CN are shown in Fig. 2.1. Each band in Fig. 2.1(a) corresponds to

a different value of j, and some of these bands are multiply degenerate, i.e., different values of j

produce the same E-kr relationship. In Fig. 2.1(b), note, too, the singularities at the band edges,
as expected for a 1D DOS.
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Figure 2.1: (a) Dispersion relation and (b) density of states for a (16,0) carbon nanctube.




Chapter 3

Equilibrium

The simplest case to consider for CNFETS is that of equilibrium. The goal is to compute the charge
on the CN as a function of the applied potentials on the source, drain, and gate electrodes. From this
relationship, the energy band diagram may be computed in order to gain some insight into CNFET
operation. A Schottky-barrier device is considered, with metallic source and drain electrodes that
contact an intrinsic, semiconducting nanotube. This work is the foundation for many subsequent
efforts into non-equilibrium models [51,53,55,68-76], and was initially used to study the closed [77]
and open [71] cylindrical structures depicted in Fig. 3.1. The gate is translucent in order to view
the inner structure of the device, and the source and drain cap either end of the inner CN cylinder.
These coaxial structures are considered due to their enhanced Schottky-barrier modulation [22, 78],
and in order to investigate the likely performance limits of these devices, particularly with respect

to their short-channel behaviour [21,23,52,70,79)].

(a) (b)

Figure 3.1: Schematics of the (a) closed and (b) open cylindrical CNFET geometries.
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3.1 Electrostatics
Consider, first, the electrostatics problem. Poisson’s equation is
vV =-L(p—n+Np),

where V is the local electrostatic potential, ¢ is the magnitude of the electronic charge, p is the hole
concentration, n is the electron concentration, Ny is the concentration of fixed charge, and ¢ is the

permittivity of the material. The boundary conditions, referencing applied potentials to the source,

are
(0]
VS = —_ﬁa
q
Vb = Vps —‘—D,
q
. (i}
Vo =Vgs — _qu’

where Vg, Vp and Vi are the boundary conditions on the source, drain, arid gate eiectrodes, respec-
tively, Vps and Vg are the applied drain-source and gate-source potential differences, respectively,
and &g, &p and P are the workfunctions of the source, drain a.nd_ gate metallizations, respectively.
The boundary conditions on thelsource and drain are appropriate in the absence of Fermi-level
pinning [80]. Note that Vpg = 0 in equilibrium.

The fixed charge is an input to the model, and will be set to zero unless otherwise stated. The
electron and hole concentrations are computed according to the model being employed, and this
calculation will be detailed when each model is discussed. At this point, it is sufficient to state that

the CN charge is assumed to be confined to the surface of the CN in the form,
p—-n=268(p— Rc)(pap — nap), (3.1)

where 4(-) is the Dirac delta function, p is the distance from the CN axis, and psp and ﬁgD are the

two-dimensional carrier densities on the surface of the CN.

3.1.1 Closed Geometry

The simplest geometry to consider for the equilibrium electrostatics of a cylindrically-gated CNFET

[77] is one where the source, drain and gate form a closed cylindrical box, as in Fig. 3.1(a). This case
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is mathematically convenient since there are only Dirichlet boundary conditions 6n a finite domain.

In this case, it is natural to work in cylindrical coordinates with

Vie,¢,2) =V(p, ¢+ 2m,2),

and finite V' (0, ¢, z), where ¢ is the azimuthal angle, and z is the distance along the CN axis. If pop
and nop are not functions of ¢, then V will also be independent of ¢.

If the permittivity is constant throughout the device, it is convenient to solve Pqisson’s equa-
tion using superposition. The first problem is that of Laplace subject to the boundary conditions
described above. This solution is analytic, and is derived in Appendix A. The solution to Poisson’s
equation subject to homogeneous boundary conditions may be added to the Laplace result in order
to obtain the full solution. The Poisson problem is solved via the Green’s function, which is de-
rived in Appendix B, and the electrostatics problem is reduced to one of numerically integrating the
Green’s function multiplied by the charge distribution on the surface of the CN.

If the permittivity is not constant throughout the device, numerical methods are required. Typi-
cally, it is assumed that a material of constant permittivity surrounds the CN, and that the interior
of the CN itself has unity permittivity [81]. Due to the permittivity discontinuity, there exists a
matching condition at the CN surface [82]:

~ ~ — TN .
Cox VVlng "= €0 VVlpg -6 = P2 222, (3:2)

where €, and ec are the relative permittivities outside and inside the CN, respectively, ¢ is the
permittivity of free space, Rg and R are infinitesimally outside and inside the CN, respectively,
and 1 is the unit outward normal.

In cylindrical coordinates, and assuming no ¢-dependence in ps;p and ngp,

PV 18V 8V
6_[)2)+;8—p+w__0 . (3.3)

is solved in two regions, p > R¢ and p < Rg¢, subject to Eq. (3.2) across p = Rc.

3.1.2 Open Geometry

For the physical case, where gaps will be present between the end contacts and the gate, as shown in

Fig. 3.1(b), an analytical solution cannot be derived. One option to deal with this case is to simply
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apply homogeneous Neumaﬁn boundary conditions in the gaps sufficiently far away [83] from the

“surfaces of interest, i.e., away from the CN surface. If cylindrical symmetry is present, however,
an alternate solution may be employed [71]. The 2D electrostatics may be solved by applying a
conformal mapping to the far—ﬁv_ald region [84]. This yields two domains which must be 'solved
simultaneously. The near-field region is a central disk of radius Rg, which encloses the contacts and
the CN, and the far-field region is the entire plane outside of this disk.

Since there are no electrodes in the far-field region, the appropriate equation to solve is Eq. (3.3),
where the p = Rp boundary introduces a matching condition between the two domains, where it is
required that V' is continuous and smooth. If Y = z + ip and T = { + io, the conformal mapping

R2
may be used in the far-field region in order to obtain a finite domain of the same size and shape as the
near-field domain. Here, &/ and 7 represent the coordinates in the untransformed and transfqrmed
domains, respectively. Applying this transformation to Eq. (3.3) yields
277 277 ¥ 2 2 7
(% +o?) (%«F%) —242—‘2+ (C U” )%{? =0,

where the overbar indicates evaluation in the transformed coordinate system, and the derivation of

this expression may be found in Appendix C.
Continuity is easily satisfied on both boundaries since the transformation does not modify the

value of V. The smoothness condition is given by [71]
VuV -y = -VV - ir,

where Vi, and Vg are the gradient operators in the untransformed and transformed domains,
respectively, and Ny and fi7 are the unit outward normals to the corresponding domains.

By posing the open boundary electrostatics problem as two coupled closed boundary problems,
Poisson’s equation has been cast in a form that lends itself to the finite element technique for

solution [71].

3.2 Solution Procedure

Whichever type of cylindrically-symmetric geometry is considered, pop and nsp must be defined. In

equilibrium, this is a straightforward matter if it is assumed that V rigidly shifts the zero-bias band
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structure as derived in Chapter 2. Due to the symmetry of the conduction and valence bands in the

Slater-Koster scheme,
1 e :
P2 — Ngp = —/ D(E)[f(E+qV +&c)— f(E - qV — &¢)] dE, (3.4)
27TRC 0

where @ is the workfunction of the CN, and

1
I®) = —r ey
exp (ma) + 1
is the Fermi-Dirac distribution function, where Er is the Fermi level, kg is Boltzmann’s constant,
Tk is temperature, and F = 0 corresponds to the lowest band edge in the density of states.
Initially, assume that there is no permittivity discontinuity, and consider the closed geometry. In

this case, the electrostatics problem may be solved using the results derived in Appendices A and

B. The solution in this case may be summarized as follows:
1. Solve Laplace’s equation using Eq. (A.9) from Appendix A to get V.

2. Cbmpute the charge via Eq. (3.4), where V = V) with the superscript indicating the iteration

number, and V) = V.

3. Compute the potential due to the charge V", via Egs. (3.1) and (3.4), using a numerical

integration scheme, such as Simpson’s rule, to evaluate Eq. (B.2) in Appendix B.

4. Check that V® = v, + Vc(.i) is consistent with the charge to within some specified tolerance.

If not, increment %, and return to Step 2. If it is, convergence has been obtained.

If there is a permittivity discontinuity, or open boundaries, numerical methods are utilized. In
Refs. [68,71,77], the finite element method was employed, through the use of FEMLAB [69, 85], to
solve the nonlinear Poisson equation that results from casting p and n in Eq. (3.1) as functions of

V via Eq. (3.4).

3.3 Results and Discussion

Results are presented, from Ref. [77], for the CNFET depicted schematically in Fig. 3.1(a) with a
(16, 0) CN with a radius of 0.63nm, a length of 100nm, and a gate workfunction of 4.5eV. The
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electron affinity for the carbon nanotube is taken to be 4.2V, based on a workfunction of 4.5¢V [7],
and an intrinsic-tube bandgap of around 0.6eV. These values correspond to so-called “positive
barrier” devices for electrons since the workfunctions of the source and drain are greater than the
electron affinity of the CN. Similarly, “negative barrier” and “zero barrier” devices could be defined.
For these positive barrier results, ec is taken to be the same as thét of the gate dielectric. This
permits the utilization of the analytic electrostatics solution. The vtemperature is taken to be 300 K.

At equilibrium, if &5 and fI>D are equal, the energy bands along the tube will be symmetrical;
thus, only profiles near one contact need to be shown. Fig. 3.2 shows these diagrams near the source
for Rg/Rc = 10, where Rg is the gate radius, and data is presented for e¢ox = 3.9, &5 = &p, -
Vps =0, and Vgg = 0.2 and 0.5V. In Fig. 3.2(a), 5 = 4.5eV, which corresponds to the case of
equal workfunctions for the metal and the nanotube, whereas ®5 = 4.33¢V, as in Fig. 3.2(b), and
Dg = 4.63€V, as in Fig. 3.2(c), refer to low- and high-metal workfunctions, respectively [80]. The
potential in the body of the tube, away from either of the end contacts, depends directly on Vgg,
leading to potential spikes near the source and drain of height determined by both ®s p and Vgs.
In the low-®g5 case at low Vzg, thermionic emission will likely be the most significant contribution
to the source current. In all other cases shown in Fig. 3.2, tunneling of electrons through the energy
spike may also be important.

The band diagrams for the same workfunction cases as used in Fig. 3.2, but for Rg/R¢ = 50,
are shown in Fig. 3.3. The reduced band‘ bending in the tube at the contacts, due to poorer
coupling between the gate and the nanotube, is 'very evident, and will lead to a dramatic decrease
in the tunneling current. Note that the present state of the art as regards gate-dielectric thinness is
2nm [50].

Regarding the permittivity of the dielectric, Ref. [86] has reported the use of zirconia, for which
€ox is around 5 times higher than that used in obtaining the above figures. The effect of such a
change in €, can be seen by comparing Figs. 3.2 and 3.4. At Vg = 0.5V, the increased capacitative
coupling between the gate and the tube driveé the mid-tube potential energy to lower values, yet
does not change significantly the width of the source barrier at its base; thus, obviously, an increased
current for a given bias will result from using a higher €,. At lower Vg, e.g., 0.2V, the increased
"-€ox makes essentially no difference to the band diagram because, at least for Rg/R¢ = 16, there is

virtually no charge induced on the tube. In this case, the electrostatics are governed by the Laplace

solution alone.
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Figure 3.2: Equilibrium energy bands near the source for a 5.6 nm gate-oxide thickness, with &5 =
®p set to: (a) 4.5¢V, (b) 4.33¢eV, and (c) 4.63eV. Shown are Vg5 = 0.2 (dashed) and
0.5V (solid). Energies are with respect to the Fermi level (dotted) {77].
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Figure 3.3: Equilibrium energy bands near the source for a 30.9 nm gate-oxide thickness, with &5 =
®p set to: (a) 4.5eV, (b) 4.33eV, and (c) 4.63eV. Shown are Vgs = 0.2 (dashed) and
0.5V (solid). Energies are with respect to the Fermi level (dotted) [77].
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Figure 3.4: Equilibrium energy bands near the source for a 5.6 nm gaté—oxide thickness with a per-
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and (c) 4.63eV. Shown are Vgg = 0.2 (dashed) and 0.5V (solid). Energies are with
respect to the Fermi level (dotted) [77).

From Figs. 3.2, 3.3 and 3.4, it appears that the wiath of the potential barrier at its base depends
strongly on R¢ for the contact geometry considered here, as has been remarked upon elsewhere [87],
and here it is indicated that it also has a very weak dependence on Vig. This has been used
in.the development of a compact model for the non-equilibrium behaviour, where an approximate
expression describes the band bending near the contacts [51,53]. A

Note that the effect of changing the gate workfunction from the value of 4.5eV used here can be
readily appreciated from the foregoing figures as an increase in ®¢ of 0.1‘eV, for example, has the

same effect as a corresponding decrease in Vgg.




Chapter 4

The Effective-Mass Method

Out of equilibrium, the modeling is complicated by the fact that Fermi distribution functions cannot
be used to describe the energy spectrum of carriers in the CN. One solution is to neglect the
effect of the'CN charge on the'electrostatics, and simply use a Laplace solution to define the non-
equilibrium band structure [50]. Alternatively, one could employ infinite CN electrostatics, and
consider only thermionically emitted carriers [52]. This approach is facilitated by the use of the so-
called “quantum capacitance” [88] which describes the accumulation of CN charge due to changes
in the local electrostatic potential [89]. Typically, this capacitance is treated as a constant [11,23,
28,30,90,91], although this is onlyv strictly true when the charge is accumulating in a linear region
of the E-k relation [89]. While this infinite-CN approach may be reasonable for certain devices, it
does not allow for the treatment of carrier injection via tunneling. Tunneling has been included,
via the WKB approximation, in compact models [51,53], and in a quasi-Fermi level approach for
CNFETs [68,69] which follows a method similar to that used with success in HBT modeling [92].
The latter method, however, appears to predict eérlier breakdown in the device saturation than the
more rigorous effective-mass Schrodinger-Poisson solution presented here [72].- In this chabter, a
modified WKB result is derived in order to account for the non-zero reflection of carriers above a
» potential energy step, ‘and an algorithm for solving the coupled Schrédinger and Poisson equations
is presented. »

While FEMLAB [85] had been used for some modeling of CNFETs [68,69,71,77], the program is
somewhat unwieldy when making geometrical changes to the device structure, or when performing
batch simulations. For these reasons, this chapter begins with a description of a finite difference

solution for the Poisson equation.
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4.1 Finite Difference Electrostatics

The finite difference method for solving Poisson’s equation is well-established in Cartesian coordi-b
nates. For a closed cylindrical geometry, however, some modifications are required. Recall ‘that
Eq. (3.3) is being solved in two regions, subject to the matching condition given by Eq. (3.2) across
the CN surface.- _

The finite difference approximation to Eq. (3.3) is

Vi, = 2Vi i+ Vi + Vit = Vic; | Vgt —2Vi; +Vija
Ap? 20;Ap Az?

=0, BNCRY

where Ap and Az are the uniform mesh spacings in the p- and z-directions, respectively, and the
subscripts i, j give the node numbers in the radial and longitudinal directions, respectively. Note
that, since the mesh spacing is assumed uniform, p; may be written as iAp, and that 0 < p < Rg¢.
This equation can be solved for V; ; for nodes where p # 0 and where p # Rc.
For iAp = R¢, the finite difference approximation to Eq. (3.2) is

o (Vi+1,i; Vz]) e <Vi,j —A‘p/i—l,j> = _gP2Ds e—onzn,j : (4.2)
where pap ; and nap,; are the 2D hole and electron concentrations at the j”‘ node in the z-direction
on the CN surface.

For i =0, i.e., on the CN axis, symmetry implies that

ov

p=0

In this case, ’'Hopital’s rule is applied to the singular term of Eq. (3.3). This yields

i (127 _ 2V
p—0 pap - ap2

p=0
For ¢ = 0, then, the appropriate equation is

4 Vi —Voi + Voi+1 = 2Vo,; + Vo511

e o =0, _ (4.3)

where V_; ; = V1 ; by symmetry.
Egs. (4.1), E4.2), and (4.3), may be solved simultaneously by formulating the system of equations
in matrix form. Note that it may be helpful to normalize these equations such that the coefficients

of the matrix do not vary too greatly in magnitude. This is to aid the numerical matrix inversion.
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4.2 Treating Quantum Phenomena

With the Poisson equation solved, consider, now, the computation of the CN charge. In equilibrium,
this was facilitated by assuming that Fermi-Dirac statistics applied throughout the tube. QOut of
equilibrium, this is not the case. If the charge were either known or negligible, one could solve the
electrostatics problem, and then simply compute the current corresponding to that band diagram.
If ballistic transport is assumed, the current Z is given by the Landauer equation [93,94]

7= % / " T(B) [£(B) - /(F - aVbs)] d, (4.4)

where T'(E) is the transmission probability for the scattering region, i.e., the channel, k is Planck’s
constant, and spin- and CN band-degeneracy have been included. If the band diagram is known,

then, it is sufficient to compute 7'(E) in order to determine the terminal current.

4.2.1 Asymptotic Treatment of Tunneling

For the tunneling problem, the WKB approximation is perhaps the most widely used approach. The
method is derived in Appendix D, with the standard result that

T(E) o exp <—2 2mer [U(z) ~ B] dz> , | (45)
where U(z) is the band edge, 5 is Dirac’s constant, meg is the carrier effective mass, and the turning
points, zg and z1, are such that U(z) = U(z1) = F with U(z) > E for zg < z < z;. If there are
no points where this occurs, and 'E > U(z), then T(E) = 1. If there is only one point where this
occurs, or E < U(z) everywhere, then T'(F) = 0. Note that this expression assumes that U(z) is
slowly varying. If, as a further approximation, Eq. (4.5) is taken to be an equality, a simple T(E) is
obtained that may be used to compute the terminal current [51,68,77].

While this approximation may be useful, it can be shown, at least for Schottky barrier devices
where there may be an abrupt change in U(z) at the contacts, that this may result in a significant
overestimate of the current [53]. This is due to the possibility of reflection from the potential energy

step even for carriers above the barrier. These carriers would be assigned a unity T'(E) in the above

scheme. A better expression for this thermionic current component may be derived while still using

the WKB ansatz [53].




For phase-incoherent transport, the transmission through the regions close to the source and drain
contacts may be computed separately. The total transmission probability may then be computed

from
_ TsTp
- Ts+Tp —TSTD,

where Ts and Tp are the source and drain transmission probabilities, respectively, and the star

T*(E)

superscript indicates that phase-incoherent transport is being considered.
For specificity, the WKB transmission probability is derived for a source electron with energy F

greater than any point in a “barrier” region of width w, where U(z) has a significant discontinuity

at some point. In particular, consider the case of the source barrier, as in Ref. [70], which has a band-

diagram that is similar in form to that shown in Fig. 4.1. Note that this figure is intended to be
generic, and that the exact same calculation will hold for a barrier that has the opposite concavity,
such as in a positive-barrier device, or for a barrier profile that is less smooth, as long as it is smooth

enough for WKB to hold in the barrier region itself.

Em——

z

Figure 4.1: Model energy band diagram.

There are several important features of this energy band diagram: a discontinuity occurs at
z = 0, the potential energy is constant for z < 0 and z > w, the potential energy and its derivative

are continuous across z = w, carriers are only incident from the left, and one effective mass describes

the carriers in all three regions.




The usual WKB form for the solution can be written as [95]

Cy exp (iksz) + Ca exp (—iksz) . , 2<0,
U(z) = _ [Cg exp <1/ k(%) d:2'> + Cyexp <—i/ kg(2) dé)] , 0<z<w,
; kp(z) 0 0 )
Cs exp [ikp (z — w)) , zZ>w,

where kg, kg, and kps are the wavevectors when z < 0, 0 < z < w, and z > w, respectively, and
C: through Cs are constants. Note that kp(w) = kps and kg (w) = 0 from the key assumptions of
this model problem, where the prirﬁe denotes a total derivative. In this case, only the transmission
probabilities are of interest, so Cs may be arbitrarily assigned a value of unify.

The usual matching condition [96] is. that ¥ and its derivative must be continuous. The deriva-

tives of the wavefunction are

ikg [Cy exp (iksz) — Coexp (—iksz)] , 2<0,

U'(z) ={ Cze™ @%—_;LIB) - C4e'i;’ (2ik§—-+§-kj3) , 0<z<w,
2k2, 2k}
ikp Cs exp [ika (2 — w)) , Z>w,

where '
u=/zk3(2)d2,
0

and the explicit z-dependencies of kg, k5, and v have been dropped for notational convenience.
Note that 2 is a dummy integration variable used to avoid confusion with z in the integral limit.

These expressions may be further simpliﬁed. Since the barrier region jbins smoothly onto the
right-most region, it is expécted that there will, in fact, be no reflected wave anywhere in the barrier
region; the initial discontinuity at z = 0 is the only source of reflection. This essentially stems from
the form of the solution assumed for the output wave, and from the fundamental WKB assumption.
Of courée, the same result will be a.rrivéd at even if Cy4 is not set to zero at this point; there will
just be a more difficult set of equations to solve.

The simplified system of matching equations is

C.
Cr+Cy= —2—,
kz(0)
Cseiu(w)

bt L
VEm >

25




iks (C1 — Ca) = Cy (W) |
2k (0)

with the solution, upon setting Cs = 1,

/T —iv(w)
¢y = -—_—Mea— [2kskg(0) + 2k%(0) +ik5(0)] ,

4ksk2(0)

—iv(w)
Gz = YU (okski(0) — 2k3(0) — ik5(0)]
dksk3(0)

Cs=+/ kMe_iV(l_").

The source transmission probability is given by

k
Ts = k—Mlcll_z-
S
In this case,
k 2]
2 _ M ! 2 2
1 = tgprre gy LB OF + 4[k5(0) + kska(0)]*}
therefore '
16ksk3(0)

Ts = 5 - (4.6)
[k (0)]" + 4[k%(0) + kskp(0)]

which reduces to unity if k§3(0) is sufficiently small, and kg(0) = kg, i.e., when U(z) has no
discontinuity, and is slowly varying. An analogous expreésion holds for Tp. ,

Incorporation of reflections from the abrupt potential energy step, while still‘usi'ng WKB, results
in much better agreement with a full Schrédinger solution [53], and is much less computationally

expensive than the full solution.

4.2.2 Solving Schrédinger’s Equation

In order to perform a full solution to Schrédinger’s equation [72], the scattering matrix method [97]
is employed, where input wavefunctions are assumed at either end of the scattering region. The
transmission matrix method [98] has also been attempted, where an input wavefunction is assumed at
one end, and an output wavefunction at the other. This latter approach, however, while conceptually
and implementationally simpler than the former, becomes numerically unstable for low transmission
probability wavefunctions. As a result, the scattering matrix method, which has been sufficiently

described in Ref. [97], is preferable.
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In this system, the charge density is given by

_ (pp —mip)d(p — Ro)

' p - 2mp
where nip(2) and p;p(z) are computed via
5?0 2Me . '
37 = "z (E-U)7, (4.7)

where the nanotube effective mass is obtained by fitting a parabola to the tight-binding approxi-
mation of the band structure, and is the same for both electrons and holes due to symmetry [4].
The fit for the lowest conduction band of a (16,0) CN is depicted by the dashed line in Fig. 4.2.

This approximation is reasonable for energies near the band minimum. For higher energies, the
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Figure 4.2: A parabolic fit (dashed) to the (16,0) CN band structure (solid).

non-parabolicity of the bands is clear from the figure. Only the first, doubly-degenerate band is
included in the calculations presented herein. The potential energy, or band edge U, for each carrier

type is specified by
Ue(z) = Evac(z) = XC;

Un(2) = ~Ue(2) + Eg,
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where Eg and x¢ are, respectively, the nanotube bandgap and electron affinity, Fyac is the vacuum
level which is given by —gV, and the e and A subscripts refer to electrons and holes, respectively.
Note that the sign on Up, is chosen such that a subsequent integration will be over positive energies
in order to get the hole concentration in the valence band.

The scattering matrix method provides a numerical solution for Eq. (4.7) by cascading 2x2
matrices [97]. In the required discretization of the potential energy, it is found that the use of
a piecewise constant approximation, with plané-wave solutions, is preferable to a piecewise linear
approximation, with Airy function solutions, due to the considerable reduction of simulation time
without an appreciable increase in the error. Matching of the wavefunction and its derivative on
the boundary between intervals 7 and i + 1, assuming a constant effective mass, is performed via the
usual continuity and smoothness conditions.

In order to completely specify the wavefunction, two boundary conditions are required. In the

" contacts, the wavefunction at a given energy is of the form

Ciel*sz 4 Che~thsz 5 <0,

C3eisz + C4e~isz , 2>L¢c,

U =

where kg and kp are the wavevectors in the source and drain contacts, respectively, L¢ is the CN
length, as depicted in Fig. 3.1(a), and C through C, are constants. As an example, noting that an
analogous calculation may be performed for the drain by exchange of variables, the case of source
injection is now illustrated. For this case, Cy = 0 for all energies. This is one boundary condition.
In addition, it is expected that the Landauer equation [93] will hold for the flux, and must be equal
to the probability current. For the transmitted wave, this yields [72]

qh

kp|Csl?,
Meft

2q _
EfsT =

where the pre-factor of 2 accounts for the aforementioned band degeneracy, fs is the Fermi-Dirac

carrier distribution in the source, and T is specified by

_ kpl|Cs?

T = .
ks|Ch|?

Simple manipulation yields the normalization condition

2mes f '
2 _ eff JS
il = (4.8)
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At each energy, multiplication of the unnormalized wavefunction by a constant satisfies Eq. (4.8).
Including source and drain injection components, the normalized wavefunctions yield the total
carrier densities in the system,

e 2 2 )
nlD(z) =/ (PIIE,SI + |\IJe,DI ) dFE,

e

piot) = [ (1% +1%0f) B,

En

where the subscripts é and h refer to conduction and valence bands, respectively, S and D refer
to source and drain injection, respectively, and &, 5 is taken to be the bottom of the band in the
appropriate metallic contact. In this way, penetration of the carrier wavefunctions from the metal
into the bandgap of the CN can be included [99]. In practice, the integrals are performed using
adaptive Romberg integration, where repeated Richardson extrapolations are per_formed until a
predefined tolerance is reached {100]. An adaptive integration method is a necessity in order to
properly capture ¥, which is typically highly peaked in energy for propagating modes. Without
adequate sampling of the wavefunction, convergence is unlikely. Alternatively, one could employ a
very fine discretization in energy; however, the Romberg method allows for the mesh size to change
based on the requirements of the integrand, and results in a much improved simulation time.

As a final note to this section, a check is performed to confirm that the normalization.results in the
expected form for the electron and hole concentrations when there is no band bending anywhere.
In this case, fs = fp = f(F), where fp is the Fermi-Dirac distribution function in the drain;
ks = kp = k(E), and T = 1. Considering electrons,

_ °o4me f(E)
mD(z)—/& thde.

Substituting in the definition for k(E), i.e.,

yields
mo() = [ 2D(E)(B)aE,

e

where D(F) is the standard 1D, single band, effective-mass DOS, and the factor of two accounts for

the double degeneracy of the lowest conduction band. This is indeed the expected expression.
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4.2.3 Quantum Capacitance

Since a self-consistent charge-voltage relationship is being computed, it is instructive to consider
the “capacitance” of a carbon nanotube [89], i.e., the sensitivity of the charge accumulation to
the local electrostatic potential. The term “quantum capacitance” has been used in the CNFET
literature [30,90] in order to encapsulate this behaviour, and was most notably used by Luryi [88]
in order to develop an equivalent circuit model for devices that incorporate a highly conducting
two-dimensional electron gas. In the CNFET case, the results are somewhat different [89]. Here,
this potentially important concept is discussed in the context of CNFETS, including a derivation of
the 2D case, which has been previously presented in Ref. [88], in order to help illustrate some key
differences.

In order to derive analytical expressions, it is assumed that the CNFET is in quasi-equilibrium,
and that the carrier distribution functions, as usual, are rigidly shifted by the local electrostatic
potential. The quasi-equilibrium assumption permits the use of Fermi-Dirac statistics for the carrier
distributions in energy, and is reasonable for the case when tunneling is not significant. Since the
DOS is symmetric with respect to Er, the net carrier density, due to electrons and holes in the

semiconductor, may be written as
*® Eg Eg
pa-na= [ DE)|f B+ +aVes) — f(B+E —aves)| B, (49)
. Jo

where the subscript d represents the dimensionality of a quantity, Vog is the local electrostatic
potential, E¢ is the bandgap, and EFr is taken to be mid-gap when Vs = 0. The quantum

capacitance, Cg, is defined as
O(pa — na)
4 Td) 4.1

and has units of F/m? and F/m in the 2D and 1D cases, respectively.

Co=q

In the 2D case, if the effective-mass approximation with parabolic bands is employed, the DOS

is given by
Meff
wh2

where M(E) is the number of contributing bands at a given energy, and the m.g for the conduction

D(E) =

M(E),

and valence bands are assumed to be equal as in 1D CNFETs. If this is combined with Egs. (4.9)




and (4.10), and the order of differentiation and integration is exchanged, the result is that

Cq = 4W?;ZETK / M(E) |sech? (—#) + sech® (%ﬁ) dE.
If M is a constant, the integration yields
co : M2mef;q2 . i sinh (%ﬁ) i
mh cosh (—%) cosh (—_jk%‘f—f—s>
which reduces to o \
Co = M;nchq (4.11)

when Eg = 0, in agreement with Ref. [88], where metallic properties were assumed. Note that this
function is piecewise constant in the metallic case, i.e., it is quantized. In the semicopducting case,
the function has continuous variation in it for a given M. For Eg greater than about 15kpTY,
however, the function makes a rapid transition from a small value to that given by Eq. (4.11) when
Ves crosses Eg/2, and is thus effectively quantized.

In the 1D, effective-mass case,

M(E) [2meg

D(B)=—% E

The explicit energy dependence of this DOS complicates the evaluation of the integral for Cq. The
approach suggested in Ref. [30], using the fact that the derivative of f (E) is peaked. about Ep in
order to approximate this integral using a Sommerfeld expansion [66], cannot be followed in general,
due to the presence of singularities in the 1D DOS. This approximation may be useful if attention
is restricted to situations where the DOS singularities are sufficiently far away from Ep.

The capacitance is given by

Coe @ [mer [* M(E)
@ 2%sTkhV 2 Jo VE

2kpTx

B
+sech? (M)} dE. (4.12)

ech? (——————E + % _ chs>

2kpTx

For sufficiently large |Vos|, one of the sech2(~) terms may be completely neglected. As a simple

example, if Vog = 0.1V for a material with Eg =~ 1eV, the contribution to the integral from
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the first term is roughly four orders of magnitude greatér than the second. This approximation is
equivalent to neglecting hole charge for positive Vs, and electron charge for negative Vos. The solid
line in Fig. 4.3 shows the equilibrium Cg as a function of Vg for an arbitrary 1D semiconductor
with two valence and conduction bands: at 0.2 and 0.6eV away from the Fermi level. An effective
mass of 0.06mg is assumed, where myg is the free-electron mass. The van Hove singularities, at each

band edge, result in corresponding peaks in Cg.

0.4
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0.3
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Figure 4.3: 1D quantum capacitance as a function of the local electrostatic potential at equilibrium
(solid), and for the mid-length region of an end-contacted semiconductor with a bias
voltage of 0.2V (dashed) between the end contacts. The effective mé_ss is taken to be

0.06myg, and energy bands are situated at 0.2 and 0.6eV on either side of the Fermi
level [89].

For a linear energy-wavevector relation, such as that near the Fermi level in graphene or a metallic
CN, the DOS is constant. This is the case considered in Ref. {90} and is valid when Vg is such that
f(E) is approximately zero before the first van Hove singularity is encountered in the integral. Since

the higher energy bands are not relevant to the integration under such a condition, M is constant,




and the DOS is given by

2M

where vp is the Fermi velocity. The result is
IMq>
CQ - h’I)F ’

which agrees with the expression quoted in Ref. [90].

Note that in Eq. (4.12), Cg does not manifest itself as a multiple of some discrete amount, so
“quantum capacitance” is not an appropriate description, unlike in the metallic 2D and 1D metallic-
CN cases, where the capacitance is truly quantized.

The discussion can now be extended to include the non-equilibrium behaviour for a general, 1D,
intrinsic semiconductor. All of the numerical results are based on the methods described in Refs. [70]
and [72], which consider the cases when transport in the 1D semiconductor is either incoherent or
coherent, respectively. While these methods were developed in order to describe CNFETS, their
use of the effective-mass approximation allows them to be used for any device, and bias, where the
semiconductor is described well by this approximation.

For phase-incoherent transport, a lux-balancing approach [51,70] is used to describe the charge in
a CNFET. Considering only the electrons that are far away from the contacts, i.e., in the mid-length

region, Eq. (4.9) becomes [51]

1 [ E 2
pamna=—j [ D@ |1 (B4 52 - aves) (£ 1)

+f (E + % +q(Vps - Vcs)) <% - 1)] dE, (4.13)

where Vg is evaluated in the mid-length region. A similar expression holds for holes.

The first term in Eq. (4.13) resembles the equilibrium case, so a similar form for that contribution
to Cq is expected. The peak for each contributing band will occur at the same Vgg, but the overall
rhagnitude will be smaller due to the multiplication by the transmission function. The second term
is also similar except that these peaks will now be shifted by Vpgs. This is depicted by the dashed
curve in Fig. 4.3, where the case illustrated by the solid curve has been driven from equilibrium by
Vbps = 0.2V. Note the splitting of each large peak into two smaller peaks: one at the same point, and
the other shifted by Vpg. Of course, the numerical value of the non-equilibrium capacitancé depends
on the exact geometry considered, as it will influence both Vg and the transmission probabilities

in Eq. (4.13), but the trends shown here are general and geometry independent.
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For the coherent, non-equilibrium case, it is instructive to consider a metal-contacted device, in
which the band discontinuities at the metal-semiconductor interfaces are sufficient to allow significant
quantum-mechanical reflection of carriers even above the barrier. Further, this discussion is restricted
to short devices since the importance of coherence effects is diminished as the device length is
increased. Due to the phase éoherence, then, the structure is very much like a quantum well, even
for devices where tunneling through the contact barriers is not important. For this device, quasi-
bound states are expected to emerge at the approximate energies

i2m2h?
YT 2meg L%’
For meg ~ 0.06my, such as in a (16,0) ON, E; ~ 6.3(i/L};)* eV, where L}, is in nanometres. This
may be.compared with the result for metallic CNs, where the linear energy-wavevector relationship
yields a 1/L¢ dependence [90,101]. Fig. 4.4(a) displays Cg as a function of posit.ion and Vgg for
this choice of meg. The maxima, indicated as brighter patches, show a dependence on Vgg that
reveals the population of quasi-bound states. Moreover, the maxima in position clearly show the
characteristic modes expected from the simple square-well analogy. Note that the peak splitting
occurs for coherent transport as well, as shown in Fig. 4.4(b), where the peaks have been split by
Vps =0.1V.

The main difference, between the coherent and incoherent cases, is the presence of the quasi-
bound states. These serve to increase the number of Cg peaks, since each quasi-bound state behaves -
like an energy band, and they also give rise to a strong spatial dependence. While Fig. 4.4 shows

only a single-band, coherent result, inclusion of multiple bands would cause Cg to exhibit peaks

corresponding to each band, and to each quasi-bound state.

4.3 Planar Devices

Up to this point, attention has been paid only to cylindrically-gated devices. Experimentally, of
course, planar devices, such as the one depicted in Fig. 4.5, are much more feasible. Without
cylindrical symmetry, a three-dimensional Poisson equation must be solved for the local electrostatic

\

potential.
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Figure 4.4: 1D quantum capacitance, in arbitrary units, for a short-channel, phase-coherent semi-
conductor as a function of position and the local electrostatic potential for applied bias

voltages of (a) 0 and (b) 0.1V between the end contacts. The bright areas indicate

higher capacitance.

4.3.1 Finite Element Electrostatics

In order to simulate non-coaxial device structures, a numerical method for solving Poisson’s equation,
that can handle a variety of domain shapes, is desired. For a rectangular domain, the finite difference
method described previously is extremely simple to implement. However, if the domain has a slightly
more complicated structure, it quickly becomes unwieldy. In this case, the finite element method is
chosen.

Since the charge is confined to the surface of the CN, by assumption, it is sufficient to solve
Laplace’s equation in two regions subject to a matching condition, as described previously. If all

lengths are normalized to N, the problem to solve is

N%V. (e0xVV) = 0 outside the CN,

./\%V - (¢VV) =0 inside the CN,
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e

Figure 4.5: Planar geometry CNFET with cylindrical source and drain electrodes, and planar gate
electrode. The volume outside of the CN and electrodes is filled with a homogeneous

dielectric.

subject to the matching condition given by Eq. (3.2), except that V is divided by N to account
for the length normalization. This can be written in the “weak form” by multiplying through by a
test function v, and integrating over the volume of each region. The restriction on v is that it must

vanish on any boundaries where a Dirichlet boundary condition applies. The equations to solve

7\[1—5 /// vV - (exVV) d3r = 0,
o+t
xfl'i/// vV - (e¢VV) d3r =0,

where QF and 2~ are the volumes outside and inside the CN, respectively. Using a standard vector

become

identity and the divergence theorem yields

1 3 - 2.\ _
-m(///SHGOXVV-Vvd7"+//mceovaV-n|der)—0,
1
- eVV-Vvdar—// ecvVV-i -da):O,
N2 (//~/f;_ . N - |Rc

where Q¢ is the CN surface, d?r is a differential area element, and the other surface integrals have

vanished due to the restriction on the function v. Adding these together, and rearranging, gives

/// €xVV - Vvd3r+/// ecVV - Vodr = —// v (eox VV|gt —€c VVlR—) -hd?r.
Q+ = ¢ © ¢

Applying Eq. (3.2) yields

/// eoxVV-Vvd3r+/// ecVV-Vvd3r=qN// v (w) d?r.  (4.14)
o+ = ¢ €0
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This is known as the “weak form” of the electrostatics problem.
In the finite element method, the weak formulation is solved, and in the Galerkin technique, v

and V are expanded in terms of basis functions, i.e.,

V=3 Vi,
’U:= ZBiwi,

where B; and V; are constant coefficients to the basis function w;. These expansions can be sub-
stituted into Eq. (4.14), and since the expansion must be true for any choice of v that vanishes on

the Dirichlet boundaries, the sum over the B; coefﬁciehts may be treated term-by-term. This allows

those coeflicients to cancel out of the final expression, which is

>V (/// €ox Vwj + Vw; d®r + /// ecVw; - Vw; d3T> N // w; (p2p — n2p) d%r.
; Q+ - €9 e

This may be written compactly as

ZKUVJ' =Cj,

2

or, in matrix form,

where K is known as the stiffness matrix.

It is convenient that K only needs to be computed once per geometry. The forcing term, C, needs
to be computed at each iteration. In order to perform these calculations, the choice of basis function
must be specified. In this work, piecewise linear basis functions are selected, where w; is unity at
the i*" node, decreases linearly to vanish at the neighbouring nodes, and remains zero throughout
the remainder of the domain. This is most easily seen in 1D, as shown in Fig. 4.6. Note ﬁhat Vi
will equal the potential at the i*" node. The basis function for a 3D domain is a straightforward

.generalization. In this work, the freeware program TetGen [102] is used to mesh the 3D domains.

4.4 Solution Procedure

The solution procedure is similar to that described in Chapter 3 except that the charge is now

computed via a Schrodinger solution. Whether the finite difference or the finite element method is
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Figure 4.6: 1D piecewise linear basis function for use in the finite element method.

used to achieve the Poisson solution, the simulation procedure begins by precalculating the matrix
corresponding to the discrete equivalent of the differential operation, e.g., the stiffness matrix in the

finite element case. The solution procedure proceeds as follows:
1. Solve Laplace’s equation to get V.

2. Solve Schrédinger’s equation over a sufficiently large energy range, and integrate to obtain the
charge density. Here, Fyac = —qV ), where V(O = V;. In practice, this method treats one
conduction band considering electrons, and one valence band consider’ing holes. For electrons, |
the energy range is from the bottom of the band in the metal lead to around 15k5Tx above the
Fermi level of the injecting contact. Source and drain injection are treated independently. As

mentioned previously, the integration over energy is done using adaptive Romberg integration
(100].

‘ 3. If using the finite element method, the charge density will need to be multiplied by the basis
functions and integrated in order to obtain the C vector. In the finite difference case, this
integration is not required, although the charge vector still requires generation when solving

the system using matrices.

4. Compute the residual 7, which, in the finite element notation, is given by r( = KV — ¢,
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5. Update the potential according to V(i+1) = V() — 9K —17®) where 9 is a damping factor that A

is required in order to get convergence. A value of 0.4 was typically used for this parameter.
In practice, K~! is not explicitly calculated, but rather, the backslash operator in Matlab is

used in order to compute K17 using Gaussian elimination.

6. Check that ||K~1r(9||, is below some tolerance, where || - ||oo is the infinity norm, i.e., the
maximum value of |[K~!r(®|. If not, increment %, and return to Step 2. If it is, convergence
has been obtained, and the current may be computed via Eq. (4.4), where T(E) is stored from

the computation in Step 2.

Note that this iteration scheme is similar to that used in Chapter 3 when ¥ = 1. When 9 # 1, this

is referred to as Picard iteration.

4.5 Results and Discussion

This method has been ﬁsed to predict the performance of cylindrically-symmetric devices, and also
to suggest the possible performance of other, asymmetric, devices. Here, results are presented for the
DC behaviour of CNFETS, and a metric for the switching time, 74, is examined. 7, is an important
figure-of-merit for digital applications, and may be evaluated using DC quantities. Small-signal
results have also been generated from these DC simulations [73-76,103], and the analyses of these

can be found in the appropriate references.

4.5.1 DC

For the DC characteristics, as in Chapter 3, the closed, cylindrically-symmetric device shown in
Fig. 3.1(a) continues to serve as the model geometry, but no§v ec is.allowed to differ from e,x. In
particular, ec = 1 [81] for all devices, and e is chosen as appropriate for the choice of dielectric.
Due to the permittivity discontinuity, the finite difference Poisson solution is utilized.

The model device includes a 20 nm-long, (16,0) CN, and a 2.5 nm-thick oxide. Additionally, all
'of the workfunctions are 4.5eV, ey = 25, and &, 5, is taken to be 5.5eV away from the contact Fermi
level unless otherwise specified. This is equivalent to choosing a Fermi wavevector in the metallic

contacts of around 0.3 A~! when the effective mass is equal to that of the (16,0) CN. This choice is

similar to the smallest value used in Ref. [54].




Beginning with band diagrams, Fig. 4.7 shows the results for Vpg = 0and 0.4V with Vgg =0.5V.

In equilibrium, the carrier concentrations, particularly away from the source and drain contacts, are
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Figure 4.7: Conduction band edges for Vgg = 0.5V, and Vpg = 0 (dashed) and 0.4V (solid) [72].

in reasonable agreement with the results from using Fermi-Dirac statistics. It is interesting to note
that the agreement is not exact, and this is attributed to the rapid potential energy variation at
the end contacts, which leads to resonance in tHe carrier wavefunctions. Strictly speaking, then, a
Schrédinger-Poisson solution is required even in equilibrium. Application of a drain voltage ser\}es
to decrease the number of electrons in the channel, and hence, the conduction band in the mid-tube
region drops to a lower value.

In both cases, due to the short CN length and large band discontinuities at the contacts, in-
terference effects and contact reflections modify the carrier distribution functions in the CN. Note
that this is significant even for carriers above the contact barriers. To see this, consider Fig. 4.8,
where the conduction band edges and transmission probabilities for electrons with Vgs = 0.5V
and Vpg = 0.4V are shown. In (a) is a “negative barrier” device, where all of the carriers in the
mid-tube region are thermionically emitted. Clearly, approximating the transmission probability as
unity for these carriers would be grossly inaccurate. Use of Eq. (4.6) results in a much more accurate
value despite the fact that it neglects interference effects, and only includes contact reflections [53].

The same result, but for a “positive barrier” device, is shown in (b). Fig. 4.9 shows the effect of
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Figufe 4.8: Conduction band edges and transmission probabilities for Vgg = 0.5V, Vpg = 0.4V,
with (a) &5 = ®p =3.9¢eV, and (b) 5 = ®p =4.5eV [72].

the resonant peaks in transmission on the carrier distribution in energy for the same device as in
Fig. 4.8(a). Note that this function bears little similarity to a Fermi-Dirac distribution function
multiplied by the density of states. As a result, quasi-Fermi level techniques [68,69], as used in HBT
modeling [92], are difficult to rigorously justify. ‘
Consider, now, the terminal characteristics. Fig. 4.10 shows the Tp-Vzg characteristic for Vpg =
0.4V with &5 = ®p set to 3.9, 4.3, and 4.5eV. Note that ®¢ is left fixed at 4.5V since changes
in this parameter, as noted previously, are equivalent to changes in Vizs. An important thing to
note is that these CNFETs are ambipolar [104-107], i.e., the current is either electron- or hole-
dominated depending on Vizs. This is depicted schematically in Fig. 4.11, where low Vg yields a
hole-dominated current, and high Vs yields an electron-dominated current. For the case shown in
Fig. 4.11, where all workfunctions are equal, it is expected that the current minimum will occur at
Ves = Vps/2. This is confirmed by Fig. 4.10. When the contact workfunctions are adjusted, this

minimum moves, and may also change somewhat in magnitude.
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Figure 4.9: Carrier concentration as a function of energy, normalized to its maximum value, for

Vgs = 0.5V, Vps = 0.4V, with &g = &p = 3.9eV [72].
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Figure 4.10: Zp-Vgs for a closed cylindrical device with Vpg = 0.4V, and &s = ®p set to 3.9
(solid), 4.3 (dashed), and 4.5eV (dotted).
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Figure 4.11: Schematic showing the ambipolar conduction mechanism. Shown are the hole (dotted)
and electron (dashed) dominated cases along with the crossover (solid) between these

two cases [70].

4.5.2 Switching Speed

In order to examine the suitability of CNFETs for diéital applications, consider 74 as analyzed in
Ref. [55]. A method for computing this quantity from DC data, for devices with non-optimized
threshold voltage [108], has been proposed in Ref. [30]. Here, this metric is examined, and results
generated from the effective-mass Schrédinger-Poisson solver are presented.

In order to compute 74, consider the circuit shown in Fig. 4.12, where a load (transistor B). is

discharged by a driver (transistor A) at a rate given by the current Z, defined as

dQE(VE, V5
I(Véqsavf)qs) = G( (Cl:: DS):

where Vc‘:“s = Vgs = —Vpp, where Vpp is the positive supply voltage given by the difference between

the OFF and ON gate voltages on the load, namely:
Voo = V& orr — Vés,on-

The discharge current 7 = -7 g will vary as the load discharges. As an approximation, the practice

is to evaluate Z at its highest value, namely:

I = -I5(~-Vop, V&son) = ~Thn-

43




’|‘ ) VGS,OFF

VGS LON

Figure 4.12: Circuit for computing the delay time [55].

Expressing the change in nanotube charge in terms of a capacitance,

0Q8
ovE;

= —C§(V&s,~Vop),

where Q¢ is the charge on the CN channel, which is equal and opposite to that on the gate if inter-
electrode capacitances are neglected, i.e., for the case of the “intrinsic” switching time. As Fig. 4.13
shows, Cg is not constant during the discharge period. Again, an approximation can be made by

evaluating it at its highest value, shown by the slope of the dashed line, namely:
C& = C&(V&s,on —Vop) = CE on-

Now, overestimates have been made on both C¢ and Z. Unfortunately, it is not yet clear how these

approximations might compensate each other in the resulting expression for the switching speed:

. _ GonVop
7N

The goal, of course, is to have a short switching time, and a high ratio of ON-current to OFF-

current. In order to simultaneously view these parameters, the convention has been to plot 74 against
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Figure 4.13: Computation of the gate capacitance in the ON-state via the slope of the dashed line
[55).

Ton/Torr, where the latter quantity is evaluated by sliding a window of width Vpp along a plot of
Ip vs. Vgs, as described previously in Ref. [109].

For these results, the planar geometry depicted in Fig. 4.5 is chosen, and the finite element
method is used to solve Poisson’s equation. Since the overall solution method uses a 1D Schrodinger
equation, the axial potential of thg CN is used when computing Eyac. Three devices are considered:
a (22,0) CN with an 8 nm oxide, a (10,0) CN with an 8 nm oxidé, and a (10,0) CN with a 2nm

oxide. Parameters that are common between all three devices are: ¢,x = 16, as appropriate for

hafnia, the end contacts are Pd, the underlap of the gate and end contacts, as depicted in Fig. 4.14,

is Lsg = Lpg = 4 nm, the gate length, thickness and breadth is 20, 5, and 10 nm, respectively, and
the end contacts have a radius Rcony = 6 nm and length Leony = 1nm. The (22,0), 8 nm device was
chosen due to its similarity to a high-DC-performance experimental device from Ref. [110], and the
other two devices are to show the effect of varying the tube diameter, and hence the bandgap, and the
oxide thickness. In all cases, the workfunction of the nanotube is 4.7¢V [111], and the Workfunction
of the gate is adjusted to give reasonable Zoy in the simulation range of —1 < Vc?s < —0.5V. The

barrier height for the Pd/nanotube end contacts is taken from Ref. {112], and has values of —0.04 and
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Figure 4.14: Cross-section of the planar geometry CNFET [55].

0.3 eV for holes in the (22,0) and (10, 0) cases, respectively. Unless otherwise stated, simulations are
performed at Vpg = —0.5V, and Zon/Zorr is evaluated at Vpp = 0.5V. The choice of this value is
arbitrary [108], and is used here as it may be realistic for far-future, low-voltage logic applications.

Fig. 4.15 shows the Zp-Vs characteristics for the three model devices. While the (22,0) device
has the best ON-current, due to its smaller bandgap, it also has the worst OFF-current. This is due
to ambipolar conduction [105] setting in before a low OFF-current can be attained {108]. In order
to suppress this effect, a larger bandgap CN is required [109] such as in the (10,0), 8 nm device,
where there is roughly twice the bandgap of the (22,0) CN. Due to the higher barrier height for
this device [112], a significant reduction-in the ON-current occurs. This may be compensated for by
thinning the oxide down to 2 nm, where reasonable ON and OFF currents are observed.

Fig. 4.16 displays the intrinsic switching time against the ON/OFF ratio. Due to the high ON-
current in the (22,0) device, there is an extremely short switching time. Unfortunately, this device
has the worst ON/OFF ratio of the three devices. By choosing the smaller CN, the ON-current is
sacrificed, but a gain in ON/ OFTF ratio is obtained. Note that these values are in rough agreement
with the sub-picosecond switching times predicted for CNFETSs out to Zon/Zorr &~ 10* in Ref. [109]
and = 102 in Ref. [108]. In all three cases, although it is not apparent in the (10,0), thick-insulator
case until longer values of 74 than are shown in Fig. 4.16, Zon/Zorr starts to decrease after reaching
its maximum value. This corresponds to Vgs,orr passing through, in a positive direction for the
p-type devices considered here, the point at which |Zp| is a minimum {108]. Additionally, the (10, 0),

thin-insulator case shows an increase in 74 at the low end of its Zon/Zorr range, which corresponds
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Figure 4.15: Ip-Vgs for three planar devices [55].

to operation at high, negative values of Vizg. To examine this phenomenon, consider Fig. 4.17, which
shows the Vizs dependence of the charge in the nanotube, from which the intrinsic capacitance is
computed. It is clear that there is a pronounced increase in Cg as the negative gate bias reaches
high values, and this is responsible for the increase in 74. The rise in charge comes about because
the thinning of the potential barrier at the drain, due to the use of a thinner insulator, allows
holes to tunnel into the nanotube at high, negative gate bias. The valence-band profiles for the
two (10,0) cases, displayed in Fig. 4.18, show that this does not happen with a thicker insulator.
This restriction of the operating range for the aggressively scaled device was not apparent in earlier
work [109], where it was assumed that a zero-height Schottky barrier could be obtained with a
small-diameter nanotube.

While the intrinsic switching time may be a useful metric in the early stages of device design [108],
it is well understood that parasitic capacitances become more important as devices are aggressively
scaled. In CNFETS, the contacts are inevitably close together, and so it may also be useful to coﬁsider
an extrinsic switching time which accounts for the inter-electrode capacitances when computing Cc.
This is done by computing the charge on the gate itself, rather than using the charge on the CN. This
is straightforwardly done from the finite element Poisson solution {55}, and the resultant switching

times and ON/OFF ratios are shown in Fig. 4.19. Even though modest dimensions have been
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Figure 4.16: Intrinsic switching time, and ON/OFF ratio for three model CNFETs [55).

employed for the source and drain metallization, which would probably result in excessive series
resistance, the contributions of the gate-source and gate-drain capacitances to Cg are huge, and
lead to much larger switching times than predicted for the intrinsic cases. Numerically, average
values of 0.2 and 6 aF are obtained for the intrinsic and extrinsic gate capacitances, respectively.
These results are placed in the context of modern devices by comparing them with calculations of
the extrinsic switching time of present-day silicon MOSFETs. SPICE simulations! were perfoimed
for a minimum-size NMOSFET using parameters for a commercially available? 90 nm technology. An
NMOS silicon device was chosen as its higher current drive makes it superior to PMOS devices [108].
In this way, a fair comparison can be made with the CNFETs studied in the present work, which
employ Pd end contacts, which are known to give low barrier heights and, consequently, higher
ON currents than are presently possible with n-type CNFETs. Simulations were performed at.
Vps = 1V, for which this technology is optimized, over a Vg range of —1 to +2V, from which the
Ton/Zorr ratio was obtained for Vpp = 1V. The total gate capacitance, as returned by SPICE as
the capacitance Cg e at the chosen operating point, was used to estimate the extrinsic switching time. -

The result is shown by the dotted line in Fig. 4.19. It is clear that this device out-performs the small-

ISPICE simulations were performed by D. Ho of the University of British Columbia.
28TMicroelectronics, http://www.st.com/stonline/.
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Figure 4.17: CN charge as a function of the gate voltage for three model CNFETs [55].

diameter, thin-oxide CNFET that appears to be the most practically relevant of the nanotube devices
considered here. Typically, the total gate capacitance of the Si FET is around 200 aF, but superior
switching performance is achieved by virtue of the higher drive current and the absence of ambipolar
conduction. This suggests that a more extensive study of the switching characteristics of CNFETSs,
involving different geometries and doped-contact, rather than Schottky-contact, devices needs to be
performed before any claims can be made as to the superiority of CNFETSs over silicon MOSFETs.
This result is in contrast to that of Guo et al., where the sub-picosecond intrinsic switching times of
CNFETs were compared to a silicon device [109] using an effective oxide thickness measurement to
calculate the gate capacitance [113]. Their conclusion was that CNFETs would actually out-perform

the silicon device [109].
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Figure 4.18: Valence bands for two oxide thicknesses showing the thinner tunneling barrier for holes

in the thin-oxide case [55].
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Figure 4.19: Extrinsic switching time, and ON/OFF ratio for three model CNFETSs, and a present-
day silicon MOSFET [55].




Chapfer 5

The Tight-Binding Method

A limitation of the effective-mass approxima.tion is its reliance on sufficiently low bias, such that the
parabolic approximation to the dispersion relation holds. In order to improve on this model, consider
a tight-binding Hamiltonian, and the non-equilibrium Green’s function (NEGF) formalism [94,114].
This method allows for non-parabolicity in the bands, as shown in Fig. 4.2, and continues to make the
independent-electron approximation. In addition, all of the energy bands may now be considered
simultaneously. This will allow for the inclusion of inter-band tunneling without resorting to an
energy-dependent effective mass [63, 76], such as in the Flietner dispersion relation [115] with a
complex band structure. For quantum wells, introducing an energy dependence into meg may lead
to erroneous results [116], so that method should be used with caution.

While the NEGF approach has previously been employed to model CNFETs [56-58, 65], here
the azimuthal potential variations are explicitly included, in contrast to Ref. [56], and a quadratic
matrix equation is solved, in order to obtain the 'required self-energy matrices [117], instead of the
usual recursive algorithm [118] which has been used in Refs. [56-58]. In addition, an extension is
made to previous works by deriving an expression‘for the inter-atomic current, which may have use,
for example, when considering structures with defects.

The key to this method is the computation of the Green’s function for a tight-binding Hamilto-
nian, so first, a discussion regarding the relevance of this function in terms of computing the charge

on the CN surface is presented.

5.1 Relevance of the Green’s Function

In this section, the derivation presented in Ref. [119] is followed in order to derive the local density

of states (LDOS), i.e., the DOS as a function of position, for some atomic system via the Green’s

function.




Suppose that a solution to the time-independent Schrédinger equation,
(2 - H(r)]¥(r) =0, ' (5.1)

is required, where Z is a complex number. For some particular choice of Hamiltonian and boundary
conditions, this can, in principle, be solved for the wavefunction.
One technique for solving differential equations is through the use of a Green’s function, G [120].

The appl_‘opriate equation to solve is
[Z — H(r)]G(r,r'; 2) = 6(r - I'). (5.2)

The Green’s function, then, gives the response at some point r due to an excitation at the point r/,
and this fact can be used to solve for ¥(r) in the entire domain, subject to the boundary conditions
and any internal forcing functions. G(r,r’; Z), however, also contains information that, when used
with the NEGF formalism, obviates the need for an explicit calculation of ¥(r).

Let ¥, ;(r) be the i*" eigenfunction of H(r). Using completeness, G may be written as
G=) 'Cil(r),

! . . . . . .
where C; are constants. Here, Y ' implies a sum over the eigenfunctions in the discrete spectrum

plus an integral over the eigenfunctions in the continuous spectrum [119]. Eq. (5.2) becomes
> 'CilZ - H(r)]eu(r) = 6(r — 1), (5.3)

Now, multiply both sides of Eq. (5.3) by ¢! . and integrate over position. If E; is the eigenvalue

.

corresponding to ¥, ;, the result is, after using the orthonormality of the eigenfunctions,
ol,(r) = Ci(Z ~ Ey).

Therefore, the Green’s function may be written as

U)W (r)
G(I’, I',; Z) = ZI———E-——__E—'

%

(5.4)

T

Now, define

G*(r,v;E) = Ehg(l] G(r,v'; E + if), - (5.5)
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which is useful since there are poles in Eq. (5.4) at Z = E;, where E; is real, and it is convenient to

shift them off of the real axis [119,121]. Further, let
Go(r,v'; E) = Gt (r,r'; E) - G (r,r'; E). (5.6)

According to Ref. {121], on page 426,

. 1.
€h_r.r(l) vEE pv.—F ird(v), (5.7)

where p.v. denotes the principal value. Strictly speaking, this “identity” is an abbreviation for an
integral identity resulting from complex analysis, and involves an explicit test function. Here, the

full derivation is neglected, and Eq. (5.7) is treated as a true identity.

Using Egs. (5.4)-(5.7) yields
Go(r,r'; E) = —211 Y '6(E — E;)T.;(r)U! (r'),

where the delta function is either of the Kronecker or the Dirac variety, depending on whether the

discrete or continuous spectrum is being considered, respectively. Defining
1
D(r;E) = —%Go(r,r; E), (5.8)

it may be observed that this will represent the density of states at r, and if an integration of
D(r; E) over all r is performed, the total number of states at a given energy emerges. Note that,
if spin degeneracy is included, D should be multiplied by two. The density of states allows for the
computation of the carrier distributions in the NEGF formalism, and hence, the wavefunctions do

not require explicit calculation.

Note that, from Eqgs. (5.4) and (5.5),
| Gl(r,r'; 2) = G(r',r; 21),
G (r,;E) = [G+(r',r;E)]T.
As aresult, Eq. (5.8) can also be written as
D(r;E) = :F%Im {G*(r,r;E)} .
A generalized LDOS is defined as

i [G+ - (Gf)*]
R A

.A
IR = ikl 9)
D(r,r ,»E). o (5.9)
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where A is known as the spectral function. If this function is discretized into matrix form, the
equilibrium electron concentration, including spin degeneracy, may be written as .
1 o0
nop = ~diag [/ Af(E — Ep)dE| (5.10)
™ —00
where the diag(-) operator extracts the diagonal elements, i.e., the elements corresponding tor =r’,
of its matrix argument.

Out of equilibrium, states that are coupled to a particular lead are filled according to the Fermi
function in that lead [114]. Here, a “lead” is defined as a region with constant potential energy
in the transport direction, as opposed to the “scattering region” where arbitrary band bending is
permitted. As shown in Refs. [94] and [114], a scattering region connected to two semi-infinite leads

has a Green’s function given by

1 ) -
Gf = 1 lm [(B+i§) ] - Hs — Tp, — Sa] ",

wheré I is the identity matrix, the S subscript denotes that the Green'’s function provides information
about the scattering region only, Hg is the Hamiltonian for the scattering region, Xz and Xp are
called the self-energy matrices for the left and right leads, respectively, and A is the atomic density
given by

3a2/3

A=4.

This A factor comes about by assuming that the discrete wavefunction centred on an atom is constant

over the area A, and is used in order to give Ggf the correct units. Unless otherwise specified, a set
of units is employed such that A = 1.

As a result,
+

(6] - [(68)™]

where £ has gone to zero when we took the inverse. Note that Hgs = H;, and the fact that the

=3l -2, + =L - g, (5.11)

Hermitian conjugate of an inverse is equal to the inverse of a Hermitian conjugate, have been used.
Eq. (5.11) is often written

(657 - [(GE)—I]T =i(T +Tr),
where I'; = i(Z; — E;f) is known as a broadening function.{l 14]. Performing a simple matrix multi-

plication allows Eq. (5.9) to be written as

A

1 t i1 _ 1
= = — [G4TL (G})' +GETR (GF)"] = o [4s + 4rl,
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where A; = G;CI‘i (G}'))r is the spectral function resulting from the coupling to the lead i. Out of
equilibrium, Eq. (5.10) becomes ' ’

1 o oo .
nop = ;diag [/ ALf(E — Ep)dE +/ Arf(E — Epgp)dE]|, (5.12)
—00 , —00 .

where Epr and Erg are the Fermi levels in the left and right leads, respectively. It now remains to

calculate the Green’s function and the self-energy matrices.

5.2 The Hamiltonian

Of course, if the Green’s function is to be calculated, a suitable Hamiltonian must be defined.
For infinite, periodic structures, it is convenient to employ Bloch’s theorem and the tight-binding
approximation [66], as discussed in Chapter 2. For a finite or semi-infinite crystal, where periodicity
breaks near the ends, the similar Hiickel approach [122] may be used. This could also apply to
periodic crystals with aperiodic potentials applied to them.

In such aperiodic structures, each atomic site should be considered without appealing to Bloch’s
theorem. Of course, ih the semi-infinite case, this results in a matrix of infinite size. However, as
observed earlier, if the Green’s function can be computed for this system, then the LDOS has also
been obtained. Since a finite matrix may be inverted directly, this case will not be considered.

Ina discretized form, the equation for the Green’s function, without appealing to self—energiés,
is given by [94]

Gt = 611_132){(Eii§)1 - H".

The Hiickel Hamiltonian looks very much like the tight-binding Hamiltonian derived earlier [122].

Using a suitable energy reference, considering a (2,0) CN for specificity, the Hamiltonian may be
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written as

v Us
¥ U;
Us v
H= vy Us N , (5.13)
v Uy v
¥ Us v v
vy v U
| Yo Ui

such that the end of the tube is represented by elements in the bottom-right corner of thé matrix.
Note that the diagonal elements, U;, are given by the local potential energy. Of course, the pattern
that has been shown here is replicated along the diagonal out to infinity. The exact form of the
matrix depends on the ordering of points, but this is the result for one particular ordering.

Since the Hiickel derivation is similar to the tight-binding case, it is simply noted that by explicitly
accounting for éach atom, a matrix of a similar form as in tight-binding, but with no wavevector
dependence, is obtained. The price is that there is now an infinite matrix to consider. Details may

be found starting on page 627 in Ref. [122].

5.3 Computing the Green’s Function

In this section, a technique for computing the Green’s function [117] is presented. For an infinitely-

long CN, a general version of the nearest-neighbour, tight-binding Hamiltonian of Eq. (5.13) may

be written in the block form

A
H = TT TS T )
» o Yr T

where it may be recalled that a nanotube has periodicity in its atomic positions. Indeed, the following

method could, in principle, be used for any crystalline material. The periodicity is defined by the
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CN primitive unit cell, as discussed in Chapter 2, containing 2N atoms. Here, 7 represents the
coupling between these primitive unit cells, T represents both the local potential energy and the
coupling between atoms within a primitive unit cell, and the subscripts L, S, and R represent the
left lead, the scattering region, and the right lead, respectively. Note that all of these quantities are
matrices, and that the left and right leads extend off to infinity. The magnitude of the atom-atom
coupling is given by v/, and in this case, a nominal value of 2.8V is chosen as appropriate for the
p. orbitals [67]. In addition, note that rows corresponding to each unit cell of the leads repeat along
the diagonal of H out to infinity due to the form of the potential energy there. Only potential energy
variation normal to the transport direction is permitted in the leads, and any arbitrary potential
variation is permitted in the scattering region.

The Green’s function, which contains information about the LDOS [94,114], is given by
G=(EI-H)™,

where the notational change G = G* has been used, and the appropriate limit has been implicitly
taken. Since the scattering region is the only relevant part of the calculation, the infinite matrix
may be truncated using the method described in Ref. [94]. This allows the Green’s function for the

scattering region to be computed via
Gs=(EI-Ys5-X%p — ER)_I,

where

YL = TTGLT, - (5.14)
Lr=7Grr! (5.15)

are the self-energies, and G and Gg are the Green’s functions for the left and right leads, respec-
tively. The self-energy matrices are finite, and as a result, the inverse may be computed directly,
or by using a recursive algorithm [118]. For the self-energy calculations, two coupled, linear matrix
equations may be solved simultaneously, as in Ref. [56]; however, a more efficient method is to solve
.a single, non-linear matrix equation.

Due to the tight-binding form of the Hamiltonian, the self-energies may be written in block form
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as
B 7
sz 00

2L=0007
0 0 O

0 0 O
k=10 0 O )
0 0 ¢gr

where the diagonal elements, from upper-left to lower-right, have sizes 2N x 2N, (ng —4N) x (ng —
4N), and 2N x 2N, respectively, where ng is the total number of atoms in the scattering region, and
it has been assumed, without loss of generality, that ng is an integer multiple of 2N. The LDOS is

given by the diagonal elements [94,114] of
Gs (e -3} +Za - oh) G},

and if Gg is written in block form as

Gnn Giz Gis
Gs=| Ga1 G Gas |
Ga1 Ga2 Gss

it may be observed that the second block column of Gg is irrelevant. As a result, it is sufficient to

solve _
Gn Gz Gz I .o o0}
(EI e Y A ZR) Go1 Gaz Gos = 60 0 0},
Gs1 Giz2 Gas 0 0 I

for G;;. The LDOS may, then, be computed as
D(r; E) = diag [Gi;(€L +sh)Gl + Gis(sr + ck)GI3] ,

where i = 1, 2, and 3 for atoms in the unit cell adjacent to the left lead, away from either lead, and

adjacent to the right lead, respectively. It now remains to describe how one may compute G, and

Gr in order to obtain the self-energies from Egs. (5.14) and (5.15).




5.3.1 Green’s Function for a Semi-Infinite Lead

Previously, Appelbaum et al. have presented a method for calculating the required elements of G,
and Gp for the case where 7 is a scalar [123], and Venugopal et al. have presented that for the
case where 7 = 71 [124]. In the former work, the recursive algorithm [118] is implicitly employed to
arrive at the solution, and this recursion may also be used for the general case considered here, as in
Ref. [56]; however, as mentioned previously, by framing the problem as a quadratic matrix equation,
the computation may be performed more efficiently.

G, is the inverse of

Tt EI-7T; T
7t EI-7T, T
’T'T EI-—TL

ElI-Hp =

Due to the infinite size of this matrix, this equation can also be written compactly as

EI-H T

ElI -Hp =
rt EI-7g
G is defined as ) .
EI-H
G = gt Gis _ L T , (5.16)
: gst  9s 7! EI-Tp
where g, are the surface elements of Gy.
Eq. (5.16) may also be written as
EI - Hp, T 9 Qs | I 0
Tt EI-Tg gst  Gs 0 I

This matrix equation can be solved to get
9s = [BI = Tp —71(ET — Hy) '] .

Of course, this still requires the inversion of an infinite matrix. However, the nearest-neighbour,
tight-binding structure of 7 may be exploited in order to get that 71(EI — Hy) 7 = 7ig,7. Asa

result, the problem now is to solve the nonlinear equation

gs=|EI-Yp - TTgsT]_l, (5.17)
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which may be most simply done using a fixed-point iterative scheme, as in Ref. [123], such as
¢t =[BT = Tp - 71gD7)71,

where the superscript indicates the iteration number. This is a form of the recursive algorithm for
self-energy calculations [118].

While this method does appear to converge for all cases attempted thus far, the convergence of
the fixed-point, or recursive, method can be quite poor. As a result, the use of Newton’s method on

Eq. (5.17) is considered. The residual, r, is defined as
7(gs) = TTgsTgs —(EI-Tr)gs +1,

which is equal to zero when g, is the exact solution. This is a quadratic matrix equation, and the

error matrix, €, that may be applied to some approximate solution, g, is sought, i.e.,
r(gs +€) =713 +&)7(gs +€) = (BI = T1)(Gs + &) +1
is solved for &, where 7(gs + ) = 0. This leads to

m(gs + €) = r(gs) + Fp,(e) + rtere,

where

Fy,(¢) = mlergs + [r1gsm — (EI = Y1)le (5.18)

is related to the Fréchet derivative of r(j,) in the direction e. The Newton method is defined
by solving 7(gs) + Fj,(¢) = 0 for e. As noted in Ref. [125], this is a special case of the generalized
Sylvester equation, and may be solved using the method described in Ref. [126]. Due to the sensitivity
of Newton’s method to the initial guess, iterations are damped using exact line searches [125],
where, instead of performing the usual Newton update of ggiﬂ) = ggi) + g, the modified form of
g§i+1) = ggi) + e is used, where 9 is a parameter chosen such that‘ the square of the Frobenius
norm of 'r(ggi) + 7€) is minimized at each step. Details of this procedure are provided in Ref. [125],
and in Appendix E. In general, exact line searches are required in order to obtain convergence with
Newton’s method. ‘
Due to the increased computational effort per iteration for this method, the iterative solution

begins, in practice, with fixed-point iterations for a while, and then switches to Newton with exact

line searches. Typically, only a few Newton iterations are required in this hybrid approach.
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A completely analogous procedure holds for the calculation of the surface elements of G, except

that 7 is exchanged with 7, and vice versa, in all of the above derivation.

5.3.2 Test Cases

The simplest case with which to check this method is for the case whefe the local potential is some -
fixed constant. This case is a periodic structure extending out to infinity in both directions, and
therefore, the Bloch condition rnay be applied in order to compute the DOS using a single, primitive
CN unit cell. Equivalently, one may employ the zone-folding scheme in order to obtain the DOS
from the dispersion relation for graphene (see Refs. [4,6], for example). Both of these methods are
described in detail in Chapter 2. In this case, T; = Tg = Tg, and the NEGF method is used to
compute the LDOS from Gg [94,114]. In order to numerically handle the van Hove singularities ih
“the CN DOS, energies were perturbed by a small, positive imaginary number, i€. For the results
shown here, the perturbation was £ = 2 x 107¢, and convergence was declared when the infinity

norm of r(§,) became less than 107¢. As shown in Fig. 5.1, this method produces the correct form.
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Figure 5.1: Comparison of the standard tight-binding density of states (sdlid line) with that com-
puted using the self-energy method (o) for a (16,0) carbon nanotube [117].
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The second case to consider is that of a finite barrier. In this case, quantum mechanical reflection
for carriers above the barrier, and the possibility of tunneling through the barrier, are expected.
These phenomena should modify the form of the LDOS at each position. Fig. 5.2(a) shows the
LDOS for this case, and the solid lines show the conduction and valence band edges shifted by the
local potential energy. Regions of high electron concentration are shown as bright patches, and since
the Green’s function represents outgoing waves at infinity, a vanishing density is obtained in the
scattering region for energies lined up with the bandgap in the leads. Also note that the phenomena
of inter-band tunneling, which may have importaﬁt technological applications [63,127], is clearly
shown in the figure. The jumps in density with energy are due to the contributions of higher bands,
and intra-band tunneling is also evinced by the penetration of carriers into the bandgap region. It -
is noted, here, that in Ref. [114] a subsequent summation was required for each transverse mode,
or band, and that these modes were assumed to be independent. In this case, a single calculation
provides a complete multi-band result with allowed inter-band transitions.

Finally, the LDOS for a potential that varies both azimuthally, and along the length of the CN, is
computed. The longitudinal potential variation is multiplied by 1+0.2 sin(¢). Fig. 5.2(b)—(d) shows
the resultant LDOS at ¢ = 0, 7/2, and 37/2radians, respectively. While the variation with anglé
is readily identifiable, particularly in the valence band, it is interesting to note that the local band
structure appears to be more influenced by the average potential around the circumference than
by the local potential. This may be seen by the superimposed conduction and valence bénd edges,
which have simply been shifted by the local potential energy. The LDOS itself does not undergo
such a shift directly; rather, its magnitude is modified, with the gap apparently taking the position
appropriate for the average energy shift, i.e., the shift at ¢ = 0 in this case. This may bode well for
methods that utilize an average potential on asymmetric structures [55,56]. Careful examination
reveals that the mid-length conduction band LDOS is highest for ¢ = 37/2, which corresponds
to the angle with the lowesty potential energy, followed by ¢ = 0, and then ¢ = /2. This is the
expected result; the unexpected result is that the LDOS is not rigidly shifted by the local potential
energy.

While this method yields excellent results, further analysis is required due to the possibility of
a multiplicity of solutions that may satisfy the quadratic matrix equation. It is well-known that
equations of this type may have any number of solutions, including no solution at all. At present,

it can only be stated that there is at least one solution to the equation, and}tha't it is a physically
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Figure 5.2: Local density of states for longitudinal and azimuthal potential variation. Shown are:
(a) a barrier potential with a maximum shift of 0.8 eV longitudinally, and no azimuthal
variation; the same barrier potential as in (a) multiplied by 1+ 0.2sin(¢) and evaluated
at angular positions of (b) 0, (c) 7/2, and (d) 37/2radians. Solid lines show the result

of shifting the conduction and valence bands by the local potential energy.
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reasonable one.

5.4 Current Operators

Ultimately, the current-voltage relationship is of interest. Consider, then, how the real-space current
operator may be derived when considering quantum transport. Both effective-mass and tight-binding
Hamiltonians are considered in order to better justify the tight-binding case by comparing it to a
well-known result. One- and two-dimensional operators will be derived on a Cartesian grid, and
the conclusion will involve the derivation of an expression for the current in a particular CN with
a tight-binding Hamiltonian. The CN case is treated separately since the Hamiltonian allows for
coupling between atomic sites that are not arranged on an orthogonal mesh. As a result, the CN
matrix will differ from that of atoms on a rectangular or square crystal lattice.

The derivation begins with the time-dependent Schrodinger equation,

., 0¥
where ¢ is time. In addition, there is the conjugate equation,
out
S ol - T
il T (HI). | (5.20)
Following the approach of Ref. [128], note that
0 ov ot
2oty = of 2= 4 22 .
gV =gt 5t
Using Egs. (5.19) and (5.20),
0 1
2oty = = [t - t
at(\l: ) = [VTHY - (HY)'P]. (5.21)

An expression similar to this occurs in hydrodynamics if the associations
P =ty

= 1
VJ=-o= [¥THY - (HD)'7], (5.22)

1
are made, where P is like a fluid density, and J is a probability current density. The tilde is a
reminder that these quantities are functions of energy. In order to obtain the total probability
current density J, J must be integrated over E. To convert J to an electronic current density,

simply multiply by the charge of a carrier ¢q. It now remains to discover the appropriate expression

for J. The goal is to write the right-hand side of Eq. (5.22) as a divergence expression.
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5.4.1 Effective-Mass

In the effective-mass approximation, the explicit form for the Hamiltonian is

h2
Meff

H=- V2 4+ U(r).

Since the potential energy is real, Eq. (5.22) can be written as

n

2imeff

v.J=

[vTV2e — (V2eT) 7).

If it is recalled that V2¥ = V - (V¥), this becomes

V.i=— [PtV (V) - V- (VIHT].
A standard vector identity is
V- (UVe) =0tV . (V) + VT . VT,
and similarly, |
V. (uVI) =0V (VI 4+ VO . VUL

Subtracting these identities implies that

I3

=
v 2imes

V. [UVE - ovet].

Therefore, the current density can be defined as

h

J=
2imeff

[TTVE — TVTT] =Re [
Meff

w*vqf] .

(5.23)

Note that this expression is not unique. One could, for example, add any function to J that has

a vanishing divergence, and still obtain Eq. (5.22). Here, an appeal is made to the correspondence

principle, which states, from page 29 of Ref. [128], “Quantum Theory must approach Classical Theory

asymptotically in the limit of large quantum numbers.” In order to satisfy this condition, “one

establishes in principle that there exists a formal analogy between Quantum Theory and Classical

Theory.” In this case, it is noted that the formal analogy of the classical momentum is the operator

(R/1)V. As aresult, for a plane-wave wavefunction, the form of Eq. (5.23) is analogous to the velocity

multiplied by the density, as in the classical current. An additive term with a vanishing divergence

is, therefore, not necessary.




5.4.2 Tight-Binding

In the tight-binding approach, the r‘ight;hand side of Eq. (5.22) will, again, be written as a divergence
expression. As in the effective-mass case, it will be assumed that the current density is given by this
expression without adding any function with a vanishing divergence to the result. Previously, an
appeal was made to the correspondence principle. Here, the appeal is made to the discrete version of
Eq. (5.23), and no attempt is made at trying to present a formal proof. It is assumed, throughout,
that the atomic spacing, a, is uniform.

The first step is to discretize Eq. (5.21). If

o
U,
|¥) = | ¥ |,
-WN-
i =lo o o - wh],

where ¥; is the wavefunction at the " atom, and IV is the total number of atoms in the system,
then Eq. (5.19), and its dual equation, may be written as

d

Cih—

ot

G,
59y = t
iz (] = — (| H'.

¥) = H|¥),

Proceeding as before, _

o (1) (¥]) = o (|2 9] - %) (] HY), (5.24)
where it is noted that the diagonal elements of this matrix equation are the discrete equivalent of
evaluating Eq. (5.21) at the lattice sites.

In order to make the right-hand side of Eq. (5.24) look like a divergence expression, it is helpful

to recall the formal definition of the divergence [129],

N B '
Y-J—Allinoz/s.]-nd T, (5.25)

where m is one less than the number of spatial dimensions of J, A is the volume enclosed by the

surface s which surrounds the point at which you are calculating the divergence, and f is a unit
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vector that points in the outward-normal direction to the infinitesimal area element d™r. If working
in dimensions different than three, the appropriate generalizations of the terms volume, area, and

surface should be employed.

Cartesian Lattice

First, consider the case where the lattice of atoms forms a Cartesian grid, as in Fig. 5.3. The

tight-binding Hamiltonian is assumed to include only the effects of the nearest neighbours.

Figure 5.3: Sample one- and two-dimensional lattices on the left and right, respectively.-

In one dimension, the Hamiltonian can be written as a tri-diagonal matrix of the form

0 0 0 00
0 « 000

H= ,
0 v 0 v
0 0 0 -~ 0 v O]

where all the real, diagonal elements; such as the local potential energy, have been eliminated since
they will cancel out in the diagonal elements of Eq. (5.24).

Substituting the 1D, tight-binding Hamiltonian into Eq. (5.24) yields diagonad}elements, away
from the ends, of the form .

—(% (\I/z\III) _ % (\Ili—l‘I/.l.L + ‘Ili+1\I/:-f - \Ili\.Il:.f_l - \I/i\I/L_l) )

A 1D approximation to Eq. (5.25) is




A

= —% (lIli\IlI_l - \I/i—l‘I’I) )

[V

are defined, where J;- +1 is the magnitude of the current density between atoms i and i + 1.
It now remains to compare these expressions with the effective-mass result. Using the finite-
difference approximation, one can view the tight-binding Hamiltonian as an approximation to the

effective-mass Hamiltonian with
h2

_ 2
2a2meg (5.26)

’Y:

Using finite differences on the effective-mass current expression leads to

oo~ D R AV AN A AV
3T 2imeg 2 a 2 a

h
Siamen (‘I’i+1‘1’zT - ‘I’i‘I’;rH) ,

[N

where it has been assumed that the wavefunction between sites ¢ and 7+ 1 is equal to the average of
the wavefunctions at the nearest atomic sites. Using Eq. (5.26), it becomes apparent that the tight-
binding result is equivalent to the effective-mass result. Of course, this equivalence is expected since
the tight-binding Harﬁiltonian may be viewed as an approximation to the effective-mass Harhiltonian_
when working with atoms on a uniform, Cartesian grid.

Using a 2D, tight-binding Hamiltonian, the result is that

U, 0l

2,3 T i+l,5

9 v
ot (‘Ili:j‘ll;r,j) i (‘I’i—l,jq’;r,j + ‘I’i+1,j\1’;r,j - \I’i,j‘I/I_.llj -

18 ZVEVIES TR AR JFL A ‘I’i,j‘l’;r,jﬂ) ;

where a double subscript to the wavefunction, ¥, ;, is now required in order to denote the it" site
in the z-direction, and the j*® in the y-direction.
The 2D approximation to Eq. (5.25) is
1

VI (fy -

Nl

RS Ji,j—%,j) )

where the surface, s, is defined as a square with area a? centred on the site at (i, 7). Note that it is
assumed that the normal component of the current density is constant along each of the four sides
of s, so the integral is just the normal component of the current density multiplied by a. This leads
to similar definitions for J,

a

7 i
N (\I’i+1,j\y;’[,j - ‘I’i,j‘l’;rﬂ,j) '
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I

~ ’ya
i—3.7 T T 3 (‘I’i,jq’;[—l,j - ‘I’i—l,j‘l’z,j) :
- Ya
Lty = T (%,mlf!,j - ‘I’i,j‘I’zT,jﬂ) ;

Ya
T (\I’iyquz,j—l - ‘I’i,y‘—l‘I’I,j> :

where ji +1.9 is the magnitude of the current density component in the y-direction crossing the plane
between rows i and i + 1, and in the 5" column, of atoms. ji,j +1 is defined similarly. By direct
analogy to the 1D case, it is concluded that this expression is also equivalent to the effective-mass

case.

Hexagonal Lattice

In a hexagonal lattice, such as in a CN, there is a two-point basis. As a result, two different equations
emerge, depending on which atom in the basis is being considered. The primitive unit cell of the
hexagonal lattice is a parallelogram [66]. If this unit cell is divided into ‘two equilateral triangles, a
convenient s over which to approximate Eq. (5.25) is found. The hexagonal lattice, primitive unit

cell, and s are shown in Fig. 5.4.

Figure 5.4: Hexagonal lattice (solid) with a primitive unit cell (dashed parallelogram) divided into

two equilateral triangles s.

The appropriate approximation to Eq. (5.25), using the same assumptions as before, and con-
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sidering the higher of the two atoms, denoted by a superscript h, in the primitive unit cell, is

U4

_Jh
v-J 32

Fh . Fh o, Fh
(8 + Fh +T8),
where the subscript indicates the direction of the surface through which the current passes. Similarly,

for the lower atom, denoted by a superscript I,

Ve (L + ).

[

Utilizing the tight-binding Hamiltonian,
% [Wh (M) = [ ()4 U () + 0 ()
h(EE)T - TR )T - wh ()],

% (2] = = (WLt + L)+ v (29!~
)T — BT — W )]

Therefore,

. 3va
Jh = =22 [ (uh)F - ot )],

is defined, and similarly for the other current densities.

5.4.3 Current Operator Summary

After all of this work, a summary of the current operators, 7, is presented, where it is noted that
it has been implicitly assumed that ¥ has been normalized to give the electron density at a given
atomic site, i.e., if 9!y gives the electron concentration per atom, then ¥1¥ = Ty /A. In this

section, the A normalization is explicitly included.

1. The effective-mass current density is given by

= ih

2. The 1D, tight-binding current density operator is given by

Yya 1, j=i+}

Tig =
oo, i

(5.27)
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where 7;; is the element in the i*" row and j** column of 7. The current density may be

written as

3 = diag (7 |T) (] + |¥) (2] T1), ' (5.28)

where

S t
[N

it
I
!

R

. In two dimensions, assume that the elements of |¥) are ordered by increasing z first, i.e.,

Uy

3

Uo

|‘I’>= Uy, .1 -
Uy2
Uy 9

1

where N, is the number of points in the z-direction. With this orderihg, the current operator
for the z-direction is also given by Egs. (5.27) and (5.28), where J is ordered similariy to |¥).
The only difference is that, for a finite number of atoms in x, the matrix will have only zeros
in the rows corresponding to the last atom in that direction. A similar expression holds for

the y-component of J.

. The current operator for a tight-binding Hamiltonian on a CN hexagonal lattice depends on the
assumed chirality due to the periodicity in the circumferential direction, and it also depends
on which atom is being considered in the two-point basis. Rather than trying to present all of
the various permutations that are possible for a general CN, a demonstration of how one may
compute the current through the cross-section of the CN, depicted in Fig. 5.5, is presented.
From the current density expression, it may be seen that the current across the dashed line

will be related to the wavefunctions at only four atomic sites. If a subscript denotes which
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Figure 5.5: Atomic structure of a (2, 0) carbon nanotube for which a calculation of the current across

the dashed line is desired. Note that the atoms on the top of the figure are identical to

those on the bottom due to the periodicity of the tube.

atomic site is being considered, the current, 7, may be written as

_3¢7a*V3

I=- [\112\1/1 — U0+ U0 — \113\1:2] .

where spin degeneracy has been accounted for in the normalization of the wavefunction, and
the tilde, again, implies that this quantity should be integrated over energy to give the total
current. In order to get this result, it has been assumed that the current is constant over each
face of the triangle depicted in Fig. 5.4, and an integration has been performed over the dashed

line in Fig. 5.5.

5.5 Alternate Current Expression

In the previous section, current operators were derived that provide the current density spectrum
as a function of position and energy. While this will be interesting in terms of being able to inspect
the path of carrier flow in the device, the terminal characteristics are of primary importance. In this

case, a compact expression may be derived for the terminal current following the approach detailed

72




in Ref. [130]. This compact expression is commonly used in mesoscopic physics.

The Schrédinger equation, in matrix form, is

(E+i§)I - Hy -T 2 0
—rt (E +i€)I - Hg -7 Us| = |of,
—rt (E+i€)I - Hr| |Tr| |0

where Y7 s r = Yr.s,r/ VA is the wavefunction in each of the three regions under consideration,
i.e., the left lead, the scattering region, and the right lead, respectively; and it is recalled that the
Green’s function involves the limit as £ approaches 07. Using 1; from this point on, it is convenient

to let ¥ = ¢r + xr and Yr = Ygr + xR, Where @; satisfies
[(E+i§) I - H;]p; =0,

and represents the wavefunction in the lead before coupling to the scattering region. After coupling,

the unperturbed wavefunction is modified by x;. Performing some algebra yields

$s=[(E+i€)I - Hs = X1 — Sg) " [rloL + 70r] = Gs [toL + Tr] , (5.29)
xr = Grrs, (5.30)
xr = Grr's. ~ (5.31)

From Eq. (5.24),

gztrace (wsth) = %trace (twrwl - vsvlr + rorul —wsplrt) = - /5 v-Jd*,
since Hg = H;, and the trace, i.e.,-the sum of the diagonal elements, is not dependent on the order.
of the matrix multiplications in its argument. Note that taking the trace over the scattering region ‘
elements is the discrete equivalent of integrating over the scattering region S up to a normalization
factor of A. This factor cancels out when working with 4); instead of v,. h _
Utilizing the divergence theorem, and noting that current may only travel out throlligh the leads,
yields
~I1 + Zp = —trace (r'yryh — vsylr +rvrvl - vsuhr'),

where Z;, and I, are the currents out of the scattering region at the left and right interfaces. Clearly,

1., = Ig in steady-state, since the time derivative of ¥T1 vanishes. Of course, this implicitly assumes
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that all of the charge in the scattering region is due to the leads, and hence there is no recombination
or generation allowed in the scattering region. '

Considering only the left lead,
I = %trace (chpm/% +7ixpyl — solr - wsx‘zr) :

In order to write this in a more convenient form, substitute Egs. (5.29)-(5.31) into this expression.

If it is noted that [130]

A
elo; = ;7;51']',

where f; is the distribution function in the i*? lead, the result is, after some algebra,

I = %trace (fuTLAr — fRTRAL).

This may be simplified even further if it is noted that [130]
trace (I_‘LA'R) »='tréce (I‘LGSFRG'TS) = trace (GSFLGJ'SFR) = trace (CrAL) .
The final expression for the current is {114, 130]
T, = duacelCudn(fo - fo), 6.32)

which should be multiplied by two if spin degeneracy is included. The same expression results from
considering the right contact. In this form, Eq. (5.32) bears a striking resemblance to Vthe'Landauer
cﬁrrent formula [93]. - If the transmission probability for the scattering region is associated with
trace (I'r Ag) [114,130], then the formulae are identical. Use of this compact expression is convenient
since only diagonal elements of matrices that are already known from the charge calculation are
required. In order to calculate the inter-atomic current density, further computation of off—diagonal

elements would be needed.

5.6 Solution Procedure

. In order to arrive at converged solutions, two algorithms have been implemented. The first is related
to the standard Gumimnel technique as described, for example, in Ref. {131]. This method, when it

converges, is useful due to its good convergence rate [56,58]; however, it is found that a good solution
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is actually less likely to be found with this method than with an alternate Newton iterative scheme

with an approximate Jacobian [132]. Doped-contact CNFETs are considered, with a potential energy

in the scattering region that joins smoothly to that in the leads. The scattering region, thus, includes

some length of the doped contacts.

The Gummel iterative scheme proceeds as follows:

1.

Ensure that an integral number of primitive unit cells are in the scattering region. This is
really just a bookkeeping issue, and ensures that the leads have symmetric structures. This
is useful when computing coupling matrices. Since the leads have no potential variation in
the transport direction, the amount of doped contact included in the scattering region may be

increased without changing the solution.

Tetrahedralize the domain for the finite element Poisson solver. In practice, this is done using

the freeware program TetGen [102].

Compute the Hamiltonian, and atomic positions, for atoms in the scattering region. The.
Hamiltonian is a sparse matrix with non-zero entries only for nearest-neighbour atoms. The
atomic positions are needed in order to interpolate between the atomic grid, used for the

Green’s function calculation, and the Poisson grid.

. Compute the Hamiltonian for one CN unit cell of the leads. This is one block of the matrix

computed in the previous step.

Compute the stiffness matrix for the finite element Poisson solution. Details of this calculation

are provided in the Finite Element Electrostatics section of Chapter 4.

Guess initial quasi-Fermi levels for holes and electrons, Er, and Epy,, respectively, for use in

the nonlinear Poisson equation detailed in Step 7.

Solve a simplified nonlinear Poisson equation. This is done to improve the convergence prop-

erties of the overall iterative scheme [56,58,131]. The idea is to solve
V2V = ~L6(p - Re) (pa(V) = nan(V) + Np),
where

p / D(E)
2D =
0 exp (E+qV+EF,,) 1

dE, (5.33)
kT
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_ [z D(E)
i - (M) )
p ko T +

dE, (5.34)

and D(E) is the 2D density of states, based on symmetric electron and hole bands. In practice,
the analytic D(E) of Ref. [133] divided by the CN circumference is used. This Poisson equation
may be straightforwardly solved using Newton’s method. Note that, on subsequent iterations,
EFp, and EFp, are calculated such that pop(V) and nop(V) are equal to the carrier concentra-
tions computed via the Green’s function. If the charge and potential are self-consistent, the

solution to this nonlinear equation will converge in the first step.

. Solve for the Green’s function in the scattering region in order to obtain the charge there
' via Eq. (5.12). Note that the net charge density is given by ¢(1 — nyp) where the first term
represents the ionic charge left over if no p, electrons are present. In order to facilitate
calculation of the integrals in Eq. (5.12), the first term can be written as
Lo [ s [ s~y 500
diag ALdE ALf(ErL — E)dE + ALf(E - EpL)dE|,
m —o0 —o0 En
and simi'larly for the second term, where Ep is the “charge neutrality level” defined such that
, the integral of the total density of states up to this energy yields the atomic density A, where
it is noted that the total LDOS is related to Ay, + Ag, and that A = 1. Using this yields
i sgn (E - En(2)) AL

1=nap = - diag ./—oo exp [sgn (B~ En(2) (ET;%%)] ! N

N /oo sgn (E—EN(Z))AR _dE (535)

~oo exp [sgn (B - En(2) (B=Zes )] +1 [
where En(2) is shifted by the local potential energy, and sgn(:) is the sign function. Using
the charge neutrality level, and the sign function to obtain more compact and computationally
tractable carrier integrals has been previously seen in Refs. [23, 56, 134], for example. It is
sometimes convenient to associate E — En(z) < 0 with pop and E — Eyn(2) > 0 with n2D,
particularly in the Gummel method where quasi-Fermi levels for both holes and electrons may

require computation.

. Compute the quasi-Fermi levels corresponding to the electron and hole concentrations from
Step 8. This is done using Newton’s method to compute Er, and Ep, from Egs. (5.33) and

(5.34) given known pop and nap.
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10. Repeat Steps 7-9 until the charge from Step 8 is consistent with the potential, i.e., the sim-

plified nonlinear Poisson equation converges in a single Newton step.

The Newton algorithm is identical in Steps 1-5. Following these precalculation steps, the algo-

rithm proceeds as follows:

6. Guess an initial potential distribution. In practice, the initial guess is generated by performing

Steps 6 and 7 from the Gummel algorithrﬁ above, with quasi-Fermi levels chosen such that

0 , in the left lead and the left % of the scattering region
Ep, = Epy, = —qVps , in the right lead and the right i of the scattering region
_qV% , Otherwise

7. Solve for the Green’s function in the scattering region in order to obtain the charge there. This
is done via a charge neutrality level as in Step 8 from the previous algorithm. The approximate
Jacobian of the Poisson equation,

KV =c[v),

is also computed at this time, where it is noted, by the square brackets, that C is a functional
of V, i.e., it depends onV everywhere on the CN surface, and not just on the value of V at a

single point. The elements of the full Jacobian matrix are given by

ac;
Ki; - 6_1/;’
where the first term is the finite element stiffness matrix, which contains mostly zero elements.
As a result, sparse matrix methods may be used to store, and perform operations with, this
term. The second term is also largely zero with nonzero elerhents only for 7 and j corresponding
to points on the CN surface. Unfortunately, this term is still much too computationally
intensive to evaluate fully, and is still too large to store if each CN atom is being treated.

As a result, it is approximated by taking the derivative with respect to the contact Fermi

levels [132]. This results in a matrix with nonzero elements only along the main diagonal.
8. Update the potential as usual in Newton’s method with the approximate Jacobian.

9. Repeat Steps 7-8 until the potential converges, i.e., until the charge density and potential are

self-consistent.
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Due to the time-intensive nature of these computations, it has been helpful to use parallel pro-
cessing in order to compute the charge density. This was implemented on the energy integrals using
the message passage interface [135]. The domain of integration was split into several subdomains,
and these smaller integrals could be computed simultaneously. Upon completion, each small integral
was sent to the master process for summation in order to complete the computation of the total

integral.

5.7 Results and Discussion

This section begins by considering two device structures, depicted in Fig. 5.6: an asymmetric double-

gate (DG) device, and a semi-cylindrical-gate (SC) device. In both cases, the source and drain are

/

-

(a) (b)

Figure 5.6: Schematics of the (a) double-gate and (b) semi-cylindrical-gate CNFET geometries.

doped nanotubes of the same chirality as the intrinsic channel, and are shown by the different shad-
ing in the figure. The DG case is close to structures presently being investigated experimentally, and
the SC device may be a realizable tri-gate-like structure. It is assumed that the entire simulation
space outside of the CN is filled with a homogeneous dielectric, taken to be SiO2 unless otherwise
specified. A Dirichlet boundary condition is applied on the gate, and homogeneous Neumann bound-
ary conditions are used on the remaining boundaries of the simulation space, including on the outer

ends of the source and drain, as in Ref. [57].
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The reason for the Neumann conditions on the source and drain stems from the fact that the
devices involve doped, semiconducting, ballistic contacts, and as a result, it is no longer appropriate
to use Dirichlet boundary conditions, as was done in the.metal-contacted, Schottky-barrier case
[136]. Rather, recall that some length of the source and drain are included in the simulation space.
Neumann conditions are applied at their ends [114, 136], such that the source and drain potentials
effectively float at the edges of the domain, and the drain-source voltage is included only when
evaluating Eq. (5.35), where Epy = 0 is the Fermi level deep in the source, and Epp = —qVps is
the Fermi level deep in the drain. In order for the solution to be valid, it is required that the local
potential becomes constant in the longitudinal direction well before the end of the simulation space.

To illustrate this, consider the potential in Fig. 5.7. Shown are the results for gate thicknesses of 10,

Potential (V)
Potential (V)

-10 0 10 20 —%O -10 0 10 20
Distance (nm) Distance (nm)

(a) (b)

Figure 5.7: Local CN potential for (a) the double-gate and (b) the semi-cylindrical-gate devices

. with Vgs = Vps = 0. The doped regions are 20nm long at either end, and are doped
n-type to a density of 0.38nm™=2. The intrinsic region is 7nm long. Shown are curves
corresponding to gate thicknesses of 10nm (solid), 2nm (dashed), and 0.1nm (dash-
dotted). Data is taken along the top of the nanotube.

2, and 0.1nm by the solid, dashed, and dash-dotted lines, respectively. In each case, the potential is
forced to become flat by the imposition of the boundary conditions. In both the DG and SC cases,

the potential becomes flat well before the boundary for the 2 and 0.1nm thicknesses, and these
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solutions may be considered to be valid. In the 10 nm case, particularly for the SC device, this is not
the case, and the solution is nbt valid. For a valid solution, charge neutrality must be achieved within
the simulation space. In order to correct this, longer doped regions must be simulated; however, due
to the atomistic approach, this incurs a huge computational cost.

At equilibrium, insight may also be gained into the azimuthal potential variation that results
from these non-cylindrical structures. This is depicted in Fig. 5.8 for the CN surface potential in
the middle of the intrinsic region as a function of azimuthal angle, where ¢ = 0 corresponds to the

. top of the CN, i.e., the closest point to the top gate in the DG case. The DG structure exhibits -
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Figure 5.8: Local CN potential in the middle of the intrinsic region as a function of azimuthal angle

for the double-gate (dashed) and semi-cylindrical-gate (solid) devices.

greater azimufhal variation as it is further from the completely symrhetric, cylindrical geometry.
In order to investigate the impact of the azimuthal variation, and the geometrical differences,
results are presented for five structures: a DG device with zero gate thickness, similar to that
presented in Ref. [57]; a DG device with 5nm gate thickness; a DG device with 5nm gate thickness
where the axial potential is used in the NEGF solution rather than the proper surface potential; an
SC device with zero gate thickness; an SC device with 2 nm gate thickness. In all cases, a p-i-n device
is considered, which is interesting due to its potential for an exceptional subthreshold slope [63,127].

The doping density is set to 0.1nm~2 in the p- and n-regions.
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These devices have also been studied using the Flietner dispersion relation [63,127], and by
Koswatta et al., using a two-band NEGF simulation [65]. These results are an extension in that
they use NEGF to consider all of the bands simultaneously, in addition to the consideration of
geometrical variations. The simulation space includes 15nm each of the source and drain doped
regions, in addition to the 7nm intrinsic channel, and a 2 nm oxide thickness is chosen on top of the
CN, and 20 nm below in the DG case.

In order to better understand the operation of a p-i-n device, consider the local density of states,
and the energy spectrum of the electron density for the SC device. These are shown in Fig. 5.9.

The bright patches show regions of high density, the solid lines show the field-free conduction- and

Energy (eV)
Energy (eV)

0 10 20 30 0 10 : 20 30
Distance (nm) Distance (nm)

(a) (b)

Figure 5.9: (a) Local density of states and (b) energy spectrum of the electron density for the
semi-cylindrical-gate device. Solid lines correspond to the field-free conduction- and
valence-band edges shifted by the local potential energy, and the dashed lines show the
source and drain Fermi levels deep in the contacts. The dashed lines terminate at the

ends of the doped regions. Data is taken for Vgg = —0.057V and Vpg = 0.4V.

valence-band edges shifted by the local potential energy, and the dashed lines indicate the positions
of the source and drain Fermi levels deep in their respective contacts. The dashed lines extend
throughout the doped regions. In Fig. 5.9(a), the electronic states that are available to be populated

by source and drain injection are shown. As seen in Chapter 4, the jumps in density correspond

81



to the multiple bands present in the CN. Fig. 5.9(b) shows how these states are actually populated
by source and drain injection. It appears that electrons may tunnel from the valence band to the
conduction band near the doped region in the drain.

In order to confirm this, the energy spectrum of the current is plotted in Fig. 5.10, which clearly
shows electrons tunneling from occupied states in the valence band to empty states in the conduction

band. Note, too, that many of the electrons originate in the second valence band, and flow into

Energy (eV)

Distance (nm)

Figure 5.10: Energy spectrum of the current for the same device and conditions as in Fig. 5.9.

the first conduction band. This result highlights the importance of being able to perform a full
multi-band simulation, and would be missed in Ref. [65], for example, where it appears that only
the highest valence- and lowest conduction-bands were considered.

Turning to the terminal characteristics of the model devices, the Zp-Vgg data is summarized
in Fig. 5.11. For these devices, the subthreshold slope is significantly worse than the thermionic
limit of 60mV /dec, with a value around 300 and 700 mV/dec in the semi-cylindrical- and double-
gate cases, respectively. In order to investigate this poor performance, the energy spectrum of the
current may be utilized. Close inspection reveals that a significant tunneling current exists for all
energies between the contact Fermi levels with a maximum for energies where the tunneling distance
is shortest, as shown in Fig. 5.10 for example. For these model devices, the current is appreciable

even in the OFF state, with a value on the order of 0.3 pA. This OFF-current is the root cause of
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Figure 5.11: Ip-Vgg for double-gate and semi-cylindrical-gate devices. The DG devices are zero
gate thickness (O), 5nm gate thickness (o}, and 5nm gate thickness where the axial
potential is used (A). The SC devices are zero gate thickness (x), and 2nm gate

thickness (+).

the poor subthreshold slope, and may be reduced by increasing the length of the intrinsic region
from the value of 7nm used here. In previous works, both experimental [64] and theoretical [65],
the intrinsic regions were at least 20nm in length. This work indicates that there is a lower limit to
the channel length in order to realize the benefit of an exceptional subthreshold slope, i.e., using a
p-i-n device does not necessarily imply that this figure-of-merit will be better than the thermionic
limit. o

From the figure, it is also clear that neglecting the azimuthal potential variation leads to a fairly
small error in the DG terminal characteristic. In addition, note that the gate thickness has a similarly
small effect for the thicknesses considered here. For the SC case, however, the gate thickness plays
a larger role, with roughly 1.6 times as much current if a zero gate thickness is assumed. This
discrepancy exists even for the aggressive value of 2nm for the gate thickness simulated here, which
would lead to excessive series resistance in a practical device. In order to understand this increase,
consider the energy band diagrams for the semi-cylindrical geometries in Fig. 5.12. The solid line

is for a gate thickness of 2nm, and it may be seen that the inter-band tunneling distance is greater
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Figure 5.12: Energy band diagrams for the semi-cylindrical-gate geometry with a gate thickness of
2nm (solid) and O0nm (dashed). '

in this case than for the zero-gate-thickness device, shown by the dashed line. This is due to the
fringing field from the gate, which extends to greater distances in the thick-gate device. The steeper
band-bending in the thin-gate case results in increased tunneling, and hence, more current. .
Turning now to the atomic current, two of the DG devices are considered. For the case where the
axial potential is used, the current shows no azimuthal variation, and is distributed evenly around -
the circumference of the CN. For the device with zero gate thickness, where the proper surface
potential at each atomic site was utilized, considerable structure emerges, as shown in Fig. 5.13.
While the ultimate utility of this calculation is not yet known, perhaps this approach could be usedv
to investigate the effect of defects on CNFET behaviour, i.e., the impact of defects on the electron
flow pattern through the CN, or the flow patterns across junctions between CNs of differing chirality.
Finally, the NEGF model is used to compare to results generated® from using the Flietner
dispersion relation throughout the full energy range [76] on a p-i-n device. A cylindrical structure is
used for this comparison, such that the 1D Schrédinger solution used in Ref. [76] applies. The device

consists of a 7nm intrinsic channel connected to doped CN leads, and a 2nm SiO; layer between

3Doped-contact results using the Flietner dispersion relation were provided by L. Castro of the University of British

Columbia.
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Figure 5.13: Inter-atomic current for a double-gate device with zero gate thickness.

the channel and the gate. The doping density is 0.1nm~2 as for the previous NEGF results. As.
Fig. 5.14 shows, the Flietner relation provides very good agreement with the NEGF results in the
low-current regime. At higher current, the discrepancy between the predictions grows to a maximum
value of about 32% at Vgg ~ —0.06 V, where it is noted that the Flietner band structure results
in an overestimate of the current. It remains to be seen how this comparison will turn out when

considering non-cylindrical geometries.
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Figure 5.14: Comparison of NEGF results (o) to those using the Flietner dispersion relation (0) for

a cylindrical p-i-n device.
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Chapter 6

Conclusions

In this thesis, we have presented a variety of CNFET models valid in different operating regimes,
and subject to successively less restrictive approximations. We have focused on including quantum
phenomena that had been neglected at the time this work commenced. For example, the “top-of-
the-barrier” [23,52] model, while it may be useful for negative barfier devices, it does not deal with
tunneling or quantum resonance. Also, the quasi-Fermi.level model [68, 69, 71|, while it was one
of the earliest models to predict bipolar conduction at high Vpg, predicted a much earlier onset of
this behaviour than the more rigorous effective-mass model due to an unphysical thinning of the

Schottky barriers at high bias.

6.1 Current Progress

Our first contribution was to provide equilibrium results, using an analytical expression for the
Poisson solution, from which Castro et al.,, derived a compact model [51] that incorporated the
WKB approximatibn to tunneling. In Ref. [77], we used this model to present some preliminary
current-voltage data, and also showed the dependence of the equilibrium band structure on oxide
permittivity and contact workfunction. A modified WKB result was derived to also account for
above-barrier reflection, something that a classical treatment would also ignore, and this led to
significant improvements in Castro’s compact model [53].

Following this, we proceeded to develop a coupled solution to the Poisson and effective-mass
Schrédinger equations [72]. This work served as the early benchmark against which compact models
could be validated, and also served as the met.hod for performing small-signal analyses [73-75,103]
and switching-time calculations [55]. In addition, we derived, in detail, expressions for the so-called
quantum capacitance [89], which had been previously used in qualitative discussions of CNFETs

{23,30,90]. In so doing, we observed that this capacitance is not fruly quantized due to the form
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of the one-dimensional DOS. Our expression may be used to assist in the quantitative modeling of
CNFETs.

In order to deal with the non-parabolicity of the CN bands, researchers started to investigate
simulations using the NEGF formalism. In Ref. [56], a method was presented for simulating devices
where the potential on the surface of the CN was not a function of azimuthal angle. In our work,
we extended that technique by considering a real-space basis where the potential at each atom was
computed via a three-dimensional finite element solution. While completing this method, we became
aware of Refs. [57, 58] where essentially the same technique has been used. One difference in our
implementations was in the computétion of the self-energy matrices, where we derived a quadratic
matrix equation -[117] which may be solved with a generalization of Newton’s method. In Refs.
[66-58], a recursive algorithm was employed [118], which we have found to be less computationally
efficient than our method. In addition, these works have used a Gummel technique in order to
obtain convergence, whereas we have chosen an approximate Jacobian {132] in Newton’s method,
which seems to be more stable, albeit more time-consuming, in the cases that we have investigated
thus far.

Despite the similarities in algorithm, we have further expanded on the work of Fiori et al.,
where devices were simulated assuming that the contact thickness played no role in the device
characteristics. This was implicitly assumed by the imposition of Neumann boundary conditions
along surfaces that extended from the nearest face of the gate-contact to the CN channel [57,58]. In
this work, we investigated the effect of contact thickness, and also used our finite element Poisson
solver in order to consider curved gate contacts. In addition, Fiori et al., present results only for the
(11,0) CN, with a diameter of 0.86 nm. It is known that CNs with diameters below 1nm undergo
curvature-induced hybridization of the o and = states [137] which significantly alter the CN band
structure from the result of considering only the 7 states. In most of the literature, and in this thesis,
we consider only the 7 states. As a result, we present results primarily for the (16,0) CN, with a
diameter of 1.25nm, for which our calculations should be reasonable. Finally, while the ultimate
utility of this aspect of the thesis is not yet clear, we have also derived the current operator for a
carbon nanotube such that we may show the current between individual atoms of the CN.

From these contributions to the understanding of CNFET behaviour, we may conclude the

following:




10.

11.

12.

. equilibrium calculations may be performed to gain insight into CNFET operation, and to aid

in the development of compact models;

. the tight-binding approach may be used to various levels of approximation in order to simulate

CNFETs to varying degrees of physical rigour and computational effort;

. effective-mass Schrédinger-Poisson solutions may be used for DC, small-signal AC, and switch-

ing time calculations;

. an integral expression may be derived for the quantum capacitance;

. significant optimization of CNFET geometries will be required in order to obtain switching

times that rival existing Si CMOS, such as, for example, using parallel CNs in order to increase
the drive current, or decreasing the source and drain contact thicknesses in order to reduce

the extrinsic capacitances;

. for large-signal behaviour, it is desirable to have a large bandgap, in order to obtain a good

Zon/ZTorr, and a thin oxide, in order to decrease the switching time by increasing Zon;

the non-equilibrium Green’s function formalism may be used with an atomistic, real-space,

Hamiltonian in order to treat multi-band effects, and azimuthal asymmetries in CNFETsS;

a quadratic matrix equation may be solved in order to improve the computation time of the

self-energy matrices representing the semi-infinite leads connected to the CN channel;

contact thickness may play an important role in a device’s behaviour for geometries where the

gate-channel coupling is strong;

the current operator for a CN may be used to investigate electron flow patterns at the inter-

atomic level;

while the azimuthal potential variation does not significantly affect the terminal characteristics,
for the devices considered here, the inter-atomic current shows considerable structure, which

would be missed if azimuthal effects are ignored,

in order to realize the exceptional subthreshold slope made possible by the use of a p-i-n
structure, the channel length needs to be long enough to suppress the signiﬁcant inter-band

tunneling of carriers in the OFF-state;
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13. use of the Flietner dispersion relation for a cylindrical device results in reasonable agreement
with the NEGF results, particularly in the low-current regime, with greater error when the

device is ON.

6.2 Future Work

Using these advances as the foundation for further study, we finally consider some possibilities for
future work. Of course, there is initial work on geometry optimization ihat may be performed directly
from this work in order to confirm, and extend upon, the results of Refs. [109,138]. Along with this,
a detailed evaluation of existing models may be performed in order to validate less computationally
intensive methods than the thorough NEGF algorithm. This work was begun in Chapter 5, where
we compared to results generated using the Flietner dispersion relation, and may be continued to
include a larger bias range, and non-cylindrical devices.

Most importantly, these models need to be rigorously validated against experimental results.
This has been impeded by the many technological challenges involved with CNFET fabrication;
however, our atomistic approach will better lend itself to the simulation of experimental structures
than the earlier methods which relied on cylindrical symmetry. Models having the same general form
as employed here have been compared, and fit, to individual device characteristics [56,109,112,139],
and this is an encouraging sign of the validity and usefulness of our modeling approach. It also gives
confidence in the quantitatively predictive quality of our model, but the ultimate validation of this
will require a systematic experimental investigation which has not yet been achieved.

In terms of continuing the progression of these models towards more physically rigorous sit-
uations, the inclusion of electron-phonon interactions has started to be considered by some au-
thors [12,65], and this may also be incorporated into our model through additional self-energy
matrices [12,94]. In the DC case, this is not expected to impact on performance, but will have an
effect on the AC behaviour [12].” _

Another extension, already alluded to in this work, would be to consider the role of defects in
CNs, and to treat junctions between dissimilar tubes. Such defects have been shown to produce
single-electron transistor characteristics [140] due to local band structure modifications [141}, and
have also been predicted to induce metal-semiconductor transitions in some tubes [141,142]. This

may assist with the integration of devices if a single tube could be used to realize a metal-contacted .
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semiconductor channel [142]. Knowledge of the carrier flow patterns may be helpful in this investi-
gation. Deformations of pristine nanotubes due to their physical interaction with a substrate could
also be treated by modifying the overlap integral sﬁch that it varies with azimuthal angle. A
density functional theory calculation could be used in order to obtain appropriate values.

Further, while DC simulations, such as those described herein, can be used to perform small-
signal and switching-time analyses, it would be helpful to perform time-dependent simulations in
order to validate previous results [73-76,103]. For a switching calculation, for example, our DC
solution could be used as an initial condition, with thé evolution of the wavefunction given by the
time-dependent Schrédinger equation.

Finally, it may be important to consider electron-electron interactions, as may lead to Liittinger
liquid behaviour {143]; excitonic interactions, as may be importanﬁ in eléctro—optical devices; or even
just to include the effects of exchange and correlation, as in a density functional théory approach.
Some investigations into the Liittinger liquid phenomena have been performed, e.g., Refs. [144,145),
but not much in the context of CNFETSs except perhaps for a qualitative treatment in Ref. [146].
The importance of this phenomena for CNFETsS is not yet clear as it does not appear to be present
at some energy scales [147], and electron-electron interactions are expected to have little effect on
conductance when the contacts are highly transparent [148], such as would be desirable in a CNFET.
However, many-body effects have also been shown to significantly modify the CN bandgap [149],
and if this occurs in CNFETS, it would be critical to incorporate this effect.

The solid framework provided by this thesis will be an excellent starting point for these, and
possibly other, fﬁrther investigations. By continuing to successively strip away some of the more re-
strictive assumptions of our model, significant progress may continue towards a better understanding

of these fascinating devices.
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Appendix A

Solution to Laplace’s Equation

For a closed cylindrical geometry, one may calculate the analytical solution to Laplace’s equation
with constant potentials applied to the various surfaces of a cylindrical box. The results presented
here are standard, see Ref. [82] for example, but we present the derivation here for completeness.

We solve
ViV =0 (A1)

in cylindrical coordinates subject to
V (0, ¢, 2) is finite,

V(RG7¢, Z) = VG,
V(p,¢,0) =0,
V(pa ¢) LC) = VD)

V(p,¢,2) = V(p, ¢+ 27, 2),

where p = R¢ corresponds to the gate electrode, z = 0 is the source, z = L¢ is the drain, and we
have chosen our potential reference here such that Vg = 0. Note that this solution computes the
potential inside the cylindrical box before the nanotube is inserted, i.e., there is no charge inside
the box. Using superposition, we can combine this solution with that for the case of homogeneous
boundary conditions with charge inside, as derived in Appendix B.

The Laplace problem will be solved as a linear superposition of two solutions. The first solution
will consider the case where Vp = 0, and the second will be for Vo = 0. Since each solution
independently satisfies Eq. (A.1), the total solution will, too. It may be seen, as well, that the

superposition will satisfy the desired boundary conditions listed above.
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A.1 Potential Applied to the Curved Surface

The problem to solve, in cylindrical coordinates, is

BV 10V 18V &V _

502 +;~5;+-p§-5¢—2+—6‘; ) “(A.2)

subject to the boundary conditions mentioned previously. Using separation of variables,we assume

" a solution of the form

Ve, ¢, 2) = R(p)O(¢)Z(2), (A.3)

where
R(0) is finite,

R(Rg) = Vg,
2(0) = Z(Lc) =0, (A4)
0(4) = O(¢ + 27). (A.5)

Substitution of Eq. (A.3) into Eq. (A.2) yields

Rl/ RI ell _ZI/

f+_p§+p_2-é=7’ (A.6)

and since the left-hand side is independent of z, and the right-hand side is independent of ¢ and p,

each side must be equal to a constant, k2. This gives an equation for Z(z) as
Z"+k*Z =0,
subject to the boundary conditions given by Eq. (A.4). The general solution is
vZ(z) = C sin(kz) + Cs cos(kz).

Z(0) = 0 implies that C3 = 0, and Z(L¢)-= 0 implies that « = mn /Lo, m € [1,2,...,00).
The left hand side of Eq. (A.6) can be separated further to give -

R R —e"
‘P27+PE—'€2P2 =9 =42, (A7)

where u is another constant of separation like k was in the previous separation step. The equation

for ©(¢) is similar to the one for Z(z). The general solution is

O(¢) = Cssin(u¢) + Cq cos(us), (A-8)
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where Eq. (A.5) implies that p=1,1€[0,1,...,00).
The equation to be solved for R(p) is

PR+ pR - (K%p* + 1) )R=0
Making the substitution g = kp gives |
PR + pR — (P + )R =0,
which is Bessel’s modified differential equation of order [ [150]. The general solution is
R(p) = Cslt(ﬂé) + CsKi(kp),

where I; and K; are the modified Bessel functions of the first and second kind, respectively, of order
[. Since we require R(0) to be finite, Cg =0

Combining the results obtained thus far, and combining the constants, gives

V(o ,2) = ZZL( 2 Y sin (T ) 1B cos() + Cimsini8)]

=0 m=1

where By, and Cj,, can be determined, using orthogonality, to be

e Le v sin (anz) cos(l¢) dz d¢
fOLC I, (me ) sin? ("z’;z) cos2(lg)dz d¢>’

Blm =

0 o A (m”) sin(l¢) dz d¢
fOLC I ("”’R ) sin? ("z’”) sin?(l¢) dz dd)

Note that, in our case, since Vi is not a function of ¢, only the [ = 0 term will contribute. Using

Clm =

this condition, and performing the integrations, noting that C},,, drops out, gives’
. [ mnz
V(p,¢,2) ZBIO( ) (LC),

2Ve(1 - (-1)™)

mﬂ'I() (%)

where

B, =
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A.2 Potential Applied to One End

Again, we wish to solve Eq. (A.2), but subject to our second set of boundary conditions where the
potential is zero everywhere on the boundary except on one end. As before, we separate variables,
but for simplicity, we'slightly change the separation constant, so that we get the first separation
step to look like é” o o g

E+;§+;{@—=—Z—=—ﬂ2'
In this case, the equation to solve for Z(z) is

Z" - k?Z =0.

The general solution is

Z(z) = Cysinh(kz) + Ca cosh(kz),

where C2 = 0 so that Z(0) = 0.

The second separation step looks like Eq. (A.7) except with a different sign on the x2p? term.

R" R 22 —e" )

The solution for ©(¢) is identical to Eq. (A.8).

The equation to be solved for R(p) is now
p°R" +pR + (k*p* + )R =0.
Making the same substitution as before, g = kp, gives
p*R" + pR + (p* + )R =0,
which is Bessel’s differential equation of order ! [150]. The general solution is

R(p) = CsJdi(rkp) + CeYi(sp),

where J; and Y; are the Bessel functions of the first and second kind, respectively, of order . Since
we require R(0) to be finite, Cs = 0. We also require that R(Rg) = 0 for this case. This implies .
that ,

_ Tim

= Ry’

Kim
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- where xj,, is the mth solution to Jy(z,) = 0.

Combining these results gives

V(6.9 =3 5 0 (222 ) o (212 (Bzmsin(w)wmcos(l@),

=0 m=1
where orthogonality can once again be used to determine our new By, and Cj,, according to

0 RG Vpdi (z"" )81n(l¢)pdpd¢

lm = 27 rRg

o Jo smh( >J2 (x‘"’ )sm (l¢)pdpd¢

2 (RS vp, (“m )cos(l¢)pdpd¢
l =
" 027r ORG sinh ( ) J? (m'"‘ ) cos?(lg)pdp d¢
If Vp has no ¢ dependence, only the [ = 0 term contributes, thus By, drops out, and
o Vbl (I""‘ ) pdp
Re Zom
5o smh( )Jz( Zomp )pdp

where the integrals may be performed analytically for the case where Vp is a constant.

Crm =

If we let
5= TompP
Re'’
then the numerator becomes
RGVD ~ ~ ~
pJ o(p) dp.
mOm 0

This is a standard integral [150] with solution
RZVp

Om

Jl (IIJom).
If we now let
p= A
Rg’
then the denominator becomes

2 . ZomLc ! ~ 12 A 1A
R, sinh (—R— / plo(zomp) dp.
0

G

This is also a standard integral which simplifies, since Jo(zom) =0, to

R%; . TomLc ’ 2
Tsmh( T )(JO(CEOm)) ,
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or

RZ, | Tom Lo
-2—G sinh (—QR—G——> J%(.’Eom)

The final solution is

00
TompP \ . Tom<
= m h s
V(p,¢,2) an::lC JO( RG’ )sm ( RG )
where
2Vp

O = Zom sinh (ﬂﬁfa) Jl(xOm)'

A.3 Total Solution

The total solution to Laplace’s equation, subject to our initial boundary conditions, is

Vi, ¢,2) =Y [BmIo (TZ—Z”) sin (%) +CnJo (“}"%’ZP ) sinh ("’I"%’;’Z)] : (A.9)

m=1

where
_ 2Ve(1-(=1)™)

N )
mﬂ'Io (%)

B,

2Vp

Zom sinh (ﬂﬁéi-) Ji(zom)

Cm =
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Appendix B

Green’s Function for a Cylindrical

Box

A useful technique in solving Poisson’s equation is to use a Green’s function. Here, we derive this
function for the case of a closed, cylindrical box with homogeneous boundary conditions. This
solution may be added to that presented in Appendix A in order to solve Poisson’s equation for the
closed geometry cylindrical CNFET.

The basic idea is to solve
€

In cylindrical coordinates, this is

v 1oV 10V 0V qlplp,é2) — nlp ¢, 2)]
0p2 ' pdp  p? ot 022 € )

(B.1)

Using the Green’s function formalism, we can solve a different equation and use it to solve Eq. (B.1).

We are seeking a function such that
q
V(pa ¢’ Z) = _'g / [P(PI’ ¢,a Z,) - n(pla ¢,1 zl)] GP(pa ¢y 2 P’; ¢,; zl)pl dp, dd)l dZ,, (B2)
where the integral is over the whole space, and Gp is the Green’s function. The appropriate equation

for Gp [82] is

8’Gp  10Gp  10°Gp  8°Gp 1 , . '
52 Yoo TR T = 8= 8¢ = ¢)3(z = ). (B.3)

022
Gp, then, represents the impulse response of the system to a point charge.

The Green’s function for the potential inside a grounded cylindrical box, 0 < p < Rg and
0 < z € L¢, may be found by solving Eq. (B.3) under the following boundary conditions

Gp(0, ¢, 2) is finite,
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Gp(Rg,¢,2) =0,
Gp(p, ¢,0) =0,
Gr(p ¢, Lc) =0,
Gp(p,9,2) = Gp(p, ¢ + 2m, 2).

This section will demonstrate the technique of eigenfunction expansions [120] for this problem.
We look for the eigenfunctions and eigenvalues of the differential operator, and then express the
Green’s function as a linear superposition of these functions. If we let £ represent our operator,

then Eq. (B.3) may be written as
: 1 /
LGp = ;5(/0 = p)o(p — ¢)o(z - ). ' (B.4) .

Let the eigenfunctions of £ be M,, with their associated eigenvalues, A,,. Since the M,, functions

are a complete set,

GP = ZNmMm(p, ¢a Z)) (BS)

where N, are constants determined by the boundary conditions. Eq. (B.4) then becomes
1
> NnlMpm = =8(p — p)8(¢ — ¢')5(z — 2). (B.6)
ooy p
Since M,, are eigenfunctions of L,
LMy = A M.

Since they are also orthogonal, we can multiply both sides of Eq. (B.6) by the complex conjugate of

one of the eigenfunctions, M}, and integrate. If the functions are chosen to be orthonormal, we get
M:‘n(pl’ ¢/’ Z/) = NmAm,
which can be rewritten and substituted into Eq. (B.5) to give

Crlp 6,20, ¢,2) = Y Mnllots 20 Mnlp4,2) (B7)

m=1

where we assume that none of the eigenvalues vanish.

The eigenfunctions of the differential operator considered here are found by solving

PM 1M 1 M M
B toop TAeR T am M0 ®9
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subject to the same boundary conditions as for Gp above. Using separation of variables, we assume

a solution of the form
M(p,¢,2) = R(p)O($)Z(2). .

Substitution of this form into Eq. (B.8) leads to the following set of equations in the usual way:

2" +k2Z =0, , ' (B.9)
0" 4+ u*e =0, "(B.10)
p2RN+,0RI+[pz(—fi2_)‘)_#2]R=O’ (B.ll)

where x and p are separation constants.

The solution to Eq. (B.9) is
Z(z) = C1 sin(k2) + Cy cos(k2),

subject to Z{0) = Z(L¢) = 0. This implies'that C, = 0 and k = jx/L¢, j € [1,2,...,0). Eq.
(B.10) has a similar solution in form, but is solved under the constraint that ©(¢) = O(¢ + 2).
- This is satisfied for | '

| 0(¢) = Cse™?,

where the separation constant, p, must be an integer, .
For Eq. (B.11), it is useful to make the substitution g = pv/—x2 — X in order to change the form

of the equation to
'52Rl/ +ﬁRI + (ﬁ2 _ﬂz)R =0,

which we recognize from Appendix A as Bessel’s differential equation of order p. The general

solution, noting that p = [ from the © solution, is
R(p)= Cs3i(p) + CsY.1(p)-
Since R(0) must be finite, Cg = 0. The other boundary condition is R(Rg) = 0 which implies that

Rg\/ —K2 - A= Tim,

where zy,,, has been defined in Appendix A.
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With some algébra, we get the eigenvalues for M as

xy 2 jm 2
Aimn =~ (%) - (%)

Combining the above solutions, we get the eigenfunctions as
itgy, [ TimP jrz
Mm(p) ¢a Z) Z Z C jle Jl < ) (LC )
j=ll=-00
where Cj; are constants that may be chosen using the orthogonality of eigenfunctions. In this case,

we wanted to have orthonormal eigenfunctions, so these constants are chosen such that

2m Lc,‘ R¢ . .
272 (”“—"”’) sin? (7—”3) dpdzde = 1.

The z and ¢ integrals are trivial, and the p integral can be rearranged to become one of those listed
in Ref. [150]. The p integral is
R2 2
{[Jz(wlm)] + (1 - m—> 3 (xlm))

Im

where the second term vanishes by the definition of z;,,,. Using Ref. [150] again, this integral becomes

R2
_Jl+1($lm)

Substituting all of this work into Eq. (B7) produces

) o oo gill¢-4)], (1;{"1 )Jl (z'"‘ ,)sin (7[#) sin (ZLZ,)
Gp=-— 71'LCR2 ;l;oomz— 12 (Zim) [(M)2+<ﬂc)2] c
41 m Rg L¢

in agreement with problem 3.23 in Ref. [82]. Note that only the { = 0 term will survive if there is

?

no azimuthal variation.
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Appendix C

Conformal Mapping of the
Cylindrical Laplace Equation

We show how Laplace’s equation changes under a conformal'mapping using the methods of com-
plex analysis [121]. This dérivation will then be employed to transform the azimuthally-invariant
cylindrical Laplace equation into an inverse space [71,84] as is useful when modeling open boundary
CNFETs. First, we will start with some definitions. If we define a function g(if) = w(z,y) +iv(z, y)
where U = z + iy, then we discover that, for ¢ to be differentiable at some point, Uy = g + iyg, we

require that the Cauchy-Riemann equatlons hold at that point. These are

ou Ov .
or oy’ (C1)
du v

8y Oz (C.2)

To see this, we can take the definition of the derivative

g(Uo + &) — g(Uo)
6 b

and let £, a complex number, approach from any direction in the complex plane. If, for example, we

gl(uo)_ = él_ff(l)

approach along the horizontal direction, it is easy to show that
Ou Ov
! - _ } e
g (uo) - oz (an yO) + lam (KEO, yO)
If we approach along the vertical direction, we get
.Ou v
Up) = , — (20, o)
9 (U) = ay(mo Yo) + ay(wo Yo)

These two expressions must be equal for the derivative to exist, therefore Egs. (C.1) and (C.2)

are necessary conditions for the function to be differentiable. It turns out that if the first partial
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derivatives of u and v are continuous and satisfy the Cauchy-Riemann equations at all points in the
domain, then g is analytic in the domain, i.e., it is differentiable everywhere inside the domain. See

page 59 of Ref. [121] for a proof of this.

C.1 Transformation of the Cartesian Laplace Equation

Suppose now that we have Laplace’s équation

oV BV
5+ 55 =0,

0z2 = Oy?

where V' is a real-valued function. The source of V may be represented as the real and imaginary
parts of an analytic function. Since the real and imaginary parts of an analytic function have

continuous partial derivatives to any order,

00u 0 0u

implies that _
v 0%
a2 o2 (C4)

where the Cauchy-Riemann equations have been used to get Eq. (C.4) from the elementary calculus
result of Eq. (C.3). A similar result can be derived for u. Since the real and imaginafy parts of
an analytic function satisfy Laplace’s equation, we can define a complex potential, and solve in the
complex plane. This allows us to use conformal mapping to solve our problem.

We now show how Laplace’s equation transforms under a conformal mapping. The first important
point is that the mapping must be one-to-one. This means that each point in the original ¢/-plane
must map to a unique point in the mapped space, the T-plane. If T = 7 (U) represents the mapping
from one space to the other, this condition is 7(U;) = T (Us) if and only if Uy = Up. It will be shown
that, if 7(U) is an analytic function itself, then Laplace’s equation transforms in a very useful way.
Namely, we recover Laplace’s equation exactly in either domain.

We will consider the specific case of the

TW) = al-

transformation as this is of current interest, but the results and steps may be easily used with any

other analytic mapping. First, we will confirm that this is an analytic function by checking that it
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satisfies the Cauchy-Riemann equations, and that it is continuous everywhere. Note that we will
consider a domain in the U-plane where the origin is not included, so this technicality will not
be considered. Essentially, we consider the transformation of the space outside some disk into the

interior of a different disk.

implies that

ou x4+ y? -2 z? — 32
B @y @)
v — (2 +92) +2? . 22 — o2
O @+y?) (@)
Ju 2zy v

o T @egp o
and hence the first partial derivatives are continuous and satisfy the Cauchy-Riemann equations, so
T (U) is analytic.

Following the steps outlined in problem 2 of Section 7.1 in Ref. [121], we let
V(u,v) = V(2(u,v),y(u,v)) (C.5)
where u and v are the coordinates in the 7-plane. The gradient of V is given by

VLY = <av av> _ov oV

%9y )~ ox ey

where the subscript indicates that the gradient is performed in the U-plane. Similarly,

— ov ov ov oV
V’]‘V—(%,%)—% 1%.

Using the chain rule on Eq. (C.5) yields
oV _ Vs ovoy
du ~ Oz du ' Oy ou’
oV _ovos ovey
v Bz v Oy odv
This gives a relationship between V7V and V; V. Using the Cauchy-Riemann equations,

y_OVOy OVor | (Vos oVay
ViV = Oz Ov By Ov +1(8:z: 6v+ Ay 6v>'
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Rearranging and factoring yields

8y .0z
ViV = VuV ((9 3’0)

where we can, again, use the Cauchy-Riemann equations to get

or 0Oy au\*
VTV = V”V(au 6u) V“V(dT)

where the star denotes a complex conjugate. This motivates us to define the gradient operator in

Vr = ﬂ ) i‘_{_ii
T=\ar dr By’

The Laplacian of a function, g, is defined by V2g = V - Vg, therefore we can write V2 as
T

2ror 92
(a“*%)

where we recall that a dot product of a vector with itself in the complex plane involves taking the

the 7-plane as

V% =

a7

complex conjugate of one of the arguments and multiplying. Finally, we have

2

ﬁ + ﬂ = 82_V + 62_V ﬂ (C 6)
Gu? ' v \ 922 9y ) |dT )
If
0%V 62V
6 a a2 Nf (IE, y)a
then )
0V 02V | dT
(W + W) 7| = Ne(z(u,v),y(u,v))
may be solved in the transformed space. If Ny(z,y) = 0, then we can solve
oV eV _,
ou? ' v

In other words, Laplace’s equation is invariant under the transformation.

C.2 Transformation of the Cylindrical Laplace Equation

This section transforms a three-diménsional Laplace equation, with azimuthal symmetry, into the

space defined by

1
T=—.
u
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The equation we wish to transform is
‘ ?V. 19V OV
oz " yoy oy
where we recall the second derivatives may be transformed using Eq. (C.6). It now remains to

transform the second term in this equation. First, we recall that

pe Y

u? 0?2’
C v
V=

for a T = 1/U transformation. For convenience, we reproduce our starting four-equations:

v _OVox OVoy

—3_11._%%-}-6_’!/%’ (07)
oV 9V oz IOV dy
v Gz v By ov’ (©8)
Ju  Ov
or ~ oy’
Ou  0Ov
dy 0z

We can multiply Egs. (C.7) and (C.8) in order to help us eliminate the 8V/dz terms:
000V _ OV Oads OV Oy oo
Ovou Oxdudv Oy oudv’
000V _ 0V 0z0s OV dyds
udv Oz Budv ' dy dvou’
Subtracting these gives ~ _
00OV 020V OV (405 _3y0w)
Ovou Oudv Oy \dudv Ovdu)’
which can be rewritten using the Cauchy-Riemann equations as

dx oV 9zdvV  av (am)z (ayﬂ
— puiag + | = R
ou ou

vdu dudv By

2 2] 7! 5 5
ov _[(=\, (] (awa? , awav
oy |\ ou ou Oudu Oudv )’

where Cauchy-Riemann has, again, been used. Putting this all together, and dividing out common -

This implies that

factors, gives the transformed equation as

277 27/ Y, 2 _,2 "
(u2+v2)<6_V+3_V)_2u_6_1_/_+<u v>6v-0.

Ou? = Ov? Ou v

v




Appendix D

The WKB Approximation

Here, we provide details on using the WKB approximation for solving the one-dimensional, effective-
mass SchrSdinger equation following the derivation in Ref. [95].
We wish to solve -
= UE) - DY, (D.1)
for the case where we have an incident electron, of energy F and wavefunction 1, on a potential
energy barrier U(z). Note that meg is the effective mass which is assumed constant throughout the
solution space. It will be assumed that E < U(z) for 2o < 2z < 21, E > U(2) when z < z or z > z,

‘and E'=U(z) when z = 29 or z = 21.

If we define

_ oz
z=—,

w

h2

(=,
MegW
where w = 2z — 2p, then we can rewrite Eq. (D.1) as
82 _ :
-0 -py. (D.2)

The key to the WKB method is assuming a solution of the form

$(2) = K(2) exp (ieéf)) .

where K(Z) and 6(2) are complex functions, £ < 1, and ¢ is a constant. We further assume that

K(Z) can be expressed in a series in powers of &, i.e.,
K(2) = Ko(2) + £K1(2) + £2K2(2) + ...
Substituting these into Eq. (D.2) and rearranging yields

EKsz — E172K (0)% + 28€1 K505 + 161K 05 + (B — U)K =0,
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where a subscripted coordinate denotes a partial derivative with respect to that variable. Note that
the exponential term cancels out of this expression. We now have an equation that can be solved

for asymptotically.

D.1 Approximate Solution

At this point, we note that by setting ¢ = 1/2, and substituting our power series for K, we get a

sequence of equations in powers of £. Comparing terms that do not depend on £ gives
Ko (65)° + (E - U)K =0,

which is known as the eikonal equation if we cancel the Ky out of this expression. Solving yields
6(z) = :l:/z\/ET(é)dé,

where the lower limit of integration may be chosen to suit the problem.

Comparing terms that involve £* yields
—K1 (82)* + 2iKoz05 + iKobzz + (E — U) Ky = 0.

This is referred to as the transport equation. Since 6 is a solution to the eikonal equation, this

expression simplifies to
Koz _ bz

Ko 265

with the solution

K C —1 ‘
0T (|E—U|) ’

where C is a constant.

D.2 EFError

In order to get a measure of the error, we can look at the next term in the expansion. Comparing

terms involving powers of £2¢ gives

Kozz — K2 (65)° + 2iK1565 + iK1055 + (E— U) K2 = 0,
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which again simplifies, due to the eikonal equation, giving
’C()zz + 2i’C1202 + iKngz = 0

If we let K (Z) = iKo(2)W (%), and substitute for K in terms of 6, we get

which implies that )
1 6 1 [ (B:(2)° 43

4(0:)* 8J (6:(9)°
We have a good expansion if [€K] < |Kg|, i.e., , if |EW| <« 1. If we write this condition in terms of

E — U, we observe that the expansion breaks down near the turning points. We need to perform a

more careful analysis about these points.

D.3 Turning Points and Matching

In regions where the WKB expansion is valid, we can write down the general form of the wavefunction

subject to the conditions specified above. This is

1
i sz [EZUGE) 45 _ipz [E-U® 45
( 1 )4 C]elfio - dz + Che 1f£o 3 dz) 2<%

E-U
1
_ 1 z [UB=E 45 _ 2 [UB-E 45
Y(2) = (ﬁ) : C3ef‘_0 e + Cye Sz ¢ dz) , 20 < Z2< 2.
. A
1 s rZ E-U(2 a
(-Ei—ﬁ) FOse S VI 2> 7
where Cy through Cs are constants that need to be determined, Z3 = zp/w, and z; = 21 /w. As we

have already mentioned, these results are not valid close to Zp and z;.

If we examine the region close to Zy, and expand E — U(Z) about this point, we get
E-U(z) ~ -U'(2)(z - %),

where the primed notation denotes a total derivative, and we have assumed that U’ exists. In order
to examine this region closely, we define zZ — Zg = £€%¢ where f is a constant and ¢ is an expanded

coordinate representation. Substitution gives

g 2Popee — U'(20)€70 ¢y = 0,
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where we note that U’(Zp) > 0 from our problem definition, and we choose Gy = 1/3 to simplify the

equation. If we further define
1
ag = [U'(20))° ¢,
we get

"/’aoao = ap,

which is Airy’s equation. The general solution is
Y(ao) = CsAi(ao) + C7Bi(ao),

where Cg and C7 are constants, and Ai(-) and Bi(-) are the Airy functions of the first and second
kinds, respectively.

As ag — 00, we can look at the asymptotic behaviour of these functions. Using the forms

).

presented in Ref. [96], we get that

Ol

C 2 2 C 2
Y(ag) ~ 6 T exp (——a@) + U T €Xp <—a
2 3 Vrad 3

mad
Similarly, as ag — —o0, we have
exp (i§(—ao)%) exp (—i§(—ao)%)
T2y(-ao)t 2v/(~a0)’

In order to have a good solution, the asymptotic solution must join smoothly to the solution that

(C’ee_%r —+ C7ei7"> + (C’ee%r + C7e_i7") .

is valid away from the turning point. If we recall that U(z) — E ~ U’(%)(Z — Z), then

Similarly,

Near zp, for z > Zy, we can write our WKB solution as

rerag (oo (524) v (500
————71 (Csexp | zaf | + Caexp [ —z04 ) |-
[U"(z0)}¥ € ’ ’

~ Matching coefficients yields
Cs Cr

WG eh VA
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and

* |E-U(%) . U (z) (7 —— L2 3
/zo sz_ TO/ZO\/ZO—zdz—--—g(——ao),

which provides the approximate form for the wavefunction in this region as

T ;(_ao)% [Cl exp (—ig(—ao)%> + Cpexp (i%(—ao)%)} .

If we equate coefficients once again, we get

Cy _ 1
[U'(z))¢ €3 2V

(C’ee%{ + C'7e—i7") )

C, - 1
U'(z) et 2V

This concludes the matching that is performed near the first turning point.

(oo % +Cre?).

If we examine the region close to z;, we get
E-U@) = [U/(2)I(z - 2).

Again, we perform a stretching transformation via z —z; = £€°1¢ where we choose 3; = 1/3 as before.
If we let
1
ar =|U"(z1)]° ¢,

the equation to solve is

Yaren = -1,

with the general solution
CsAi(—a1) + CyBi(—ay),

where Cg and Cy are constants.

Now, as —a; — 00, we have

Cs 2
Y(a) ~ am o)t exp (-g(-al)

[N

)+ e )
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Proceeding as before, we note that
1 1
U-E " u(z)]F ¢4(-an)

Nétethat
= U -E s UGB -E ., * U3 -E
/io _————E dz—/i0 —5 dz+/21 ———-—€ dz
so we can define ' ‘
[ Jue) -E
1/——/20 -——. € dz

which is independent of Z. Furthermore,

/ /U(z /IU'(ZI /\/;:;dz——- (~an)f,

so our wavefunction in this region is

: (—ay)i [Cg exp (V'— g(—a1)§> * Caexp <_V'+ %(—‘al)%ﬂ :

U (z)]® g7 3
Perforrning the matching yields '
Cs »_ Cs
UEiter 2T
Cy o Cy
UElieh VT

Finally, we must match as —a; — —oo where the asymptotic form gives us
exp ( 12a1 )

2\/_0[1 (Cge 1+ Cge_iT") .

exp |iza
—p( 1) (C’e B +C'9e%)
2\/_a1 A
As before,
. 1 1
E- U |U" (2 | Esal

== W“‘/ Rl

The function to match to becomes

L V)

Cs exp (iga
U'(z1)|% e 0 3
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which implies that
Cs

1
U(z)| et 2T

_im i
(Cge 4 Cge 1 ) y
im —im
0864 = —Cge 4.,

The matching is now complete, and we can solve for all but one of the unknown constants. The

result, in terms of Cj, is
iCy (4e2" - 1)

Co=- 4e2v +1
Cn = 2C1V2
ST ey (1-1)
C L 4iC’1'\/§e2"
T T T -y
_ 4016”
Cs = 4e2v + 1’
‘ 81C1 27T€2V
Ce=— 13 )
[U'(Z0)]® €72 (402 +1) (1 — i)
_ 2012
[U'(Z0)]® €% (462 + 1) (1 — 1)
_ 401 2me?
U (21)[5 €55 (4e2 +1) (1~ 1)
4101 2mwe”

U"(z)[¥ €12 (de2v +1) (1 = 1)
Finally, we can compute the transmission probability T'. If U(Z) is constant outside of the turning

points, and if we define

T = E-Up |Cs[

IC”Z’

U
E-Up 4e 2
E—Ug \4e?*F1 ’

|
t’:

- where the last line is valid if €2 > 1.
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Appendix E

Solving for the Newton Update

In Chapter 5, we formulated a quadratic matrix equation for the self-energy matrix representing
a semi-infinite lead. Here, we show how one may compute the Newton update at each step of the
iterative procedure, and how one may employ exact line searches in order to improve the convergence

rate.

E.1 Computing the Raw Newton Update
We consider the equation, from Chapter 5,
7(Gs) + TTeTgs + [r1gem — (EI = Y1) e =0, (E.1)

where we seek €. We define [125]
P=i'Z,

S =Qu g - (BI - Y1)} Zy,
T =Q22,,
R = Qugir1 2,

where P, S, 7, and R are, in this case, upper triangular, and Q; and Z; are unitary. These matrices
may all be found via QZ factorizations, i.e., P, S, @1, and Z; are found from a QZ factorization of
1 and 71§t — (EI — Y1), and T, R, Q2, and Z, are found from a QZ factorization of the identity
matrix and gi7t.

Premultiplying by @; and postmultiplying by Qz allows Eq. (E.1) to be written in the equivalent
form {125]

Ot 2, 28e2,Z}73,Q} + Qu [T1dm — (BI - Y1)] Z121e2,25Q8 = —Qur(3:)@).
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Making the definitions Y = ZIEZz,va.nd F = —Q17(3,)Q} yields
PYR! + SYT! = F,

where we now seek V. If subscripts to a matrix represent the row and column entry, we may write
this in the equivalent form
‘ N N
Fij= Z Z PimYmi Ry + SimVmi L)
m=1 [=1 '
where the star denotes complex conjugation. Since P, S, R, and 7 result from a QZ factorization,

many of the terms in each sum vanish. Eliminating these terms yields

N N
Fij= Z E (PimVm Ry + SimYmaTi) -

m=i l=j
If we use the notation of Ref. [126], where a single subscript to a matrix denotes a column of the

matrix, we can also write this as

N N
Fn=PY ViRn;+8 ) V%
j=m j=m
Note that this differs slightly from the expression in Ref. [126], where the QZ factorization resulted
in upper quasi-triangular, as opposed to upper triangular, matrices. Rearranging yields
N — —
(RonmP + T mS) Y = Frn = D (R ;P + T ;S) Vi,
j=m+1

which lends itself to a recursive computation [126).

E.2 Using Exact Line Searches

The idea behind exact line searches is that, instead of performing the usual Newton update of
§£i+l) = gé"’ + €, where the superscript denotes the iteration number, we update according to
gﬁ"“) = _§§i) + ¢, where 0 < ¥4 < 2 is a damping factor. The interval for 9 is a well-known
restriction, required in order to obtain convergence with a damped Newton method, and may be
derived by considering an appropriate norm of the residual at a particular iteration. The choice of

9 is determined by using additional information from the original quadratic matrix equation.
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We have that
r(Gs + V) = r(ds) + 97erds + ¢ [11g,m — (BT — Y1) e + *rTere.

We define p(9) = ||r(gs + 9¢)||%, where ||A]|r = \/trace(ATA) is the Frobenius norm, and choose
9 such that p(9), a fourth-order polynomial, is minimized at each step with 0 < ¥ < 2. It may be

shown [125] that p(19) either has an inflection point at ¢ = 2 or a minima in (0, 2], so such a ¥ may

always be found.




