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Abstract

In this thesis a novel canceller of a completely unknown tone which is interfering with a
digital quadrature amplitude modulation (QAM) signal operating in an additive white Gaussian
noise (AWGN) environment is proposed, analysed and evaluated. This canceller can be
applied to protect all-digital high definition television (HDTV) signals from tone interference,
which arises from intermodulation products, a common source of distortion in cable television
networks.

Expressions for the optimal weights for the linear minimum mean-square error (MMSE)
filter, consisting of L delay elements, for cancelling the tone interference are derived, under
the condition that the tone’s frequency and power are known to the canceller. It is shown
that the MMSE is directly proportional to the combined power of the QAM signal and the
Gaussian noise, and inversely proportional to L. Furthermore, as the characteristics of the tone
are assumed to be completely unknown, novel fast Fourier transform (FFT) based methods
for estimating the frequency and power of the tone are proposed and analysed. By using these
estimates in place of the true values for the optimal weights, a suboptimal filter is derived.
Performance evaluation results have shown that the performance of the suboptimal canceller
is, for all practical purposes, identical to the optimal one.

To improve the performance further, without increasing the number of the filter’s delay
elements, a decision feedback mechanism is employed to reduce the power of the data signal.
Through a combination of analytical and computer simulated performance evaluation it is
found that for all practical purposes the proposed decision feedback tone canceller removes

the tone interference completely.
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Chapter One

Introduction

With the recent advancements in all-digital high definition television (HDTV) [1-7], the
cable industry must prepare itself for the distribution of digital signals over existing cable
nétworks. In such cable networks, it is well known that several forms of interference exist.
It is therefore important for reliable transmission that the effects of these distortions on the
transmission of all-digital HDTV signals be understood. Perhaps even more importantly,

whenever appropriate, these distortions must be compensated for, or even eliminated.

In this thesis distortion in the form of an additive deterministic but completely unknown
interfering tone is considered, along with additive white Gaussian noise (AWGN). In the
first two sections of this introductory chapter the various distortions encountered in cable TV
systems are discussed, and recent developments of HDTV systems are reviewed. In Section
1.3 a brief description of known techniques for tone interference cancellation is presented.
In Section 1.4 the research contributions of the thesis are stated. Finally, in Section 1.5 the

organization of the thesis is presented.



1.1 Interference Encountered in Community
Antenna Television (CATV) Systems

Since the beginning of regular television broadcasting in the 1930’s, the popularity of
television as a communication medium has grown enormously [8]. In the 1950’s, community
antenna television (often referred to as cable TV) systems were first installed to allow viewers
in remote areas access to television signals broadcast from distant cities [9]. In these early
systems, war surplus coaxial cables were used to carry TV signals to viewer’s homes from
a head end, usually an antenna situated on a nearby hill. Broadband amplifiers, constructed
from vacuum tubes, were used to maintain signal power. Over the years, the popularity of
CATV systems grew to the point where most viewers in North America are connected to a
cable network [10]. This growth stemmed primarily from the wide range of programming
that cable TV offers, and the superior image quality available. As a result of the increased
popularity, the individual networks have expanded from serving only a few customers in a
small town to delivering programming to hundreds of thousands of viewers in large urban
areas. Accompanying this growth, many technological improvements to the cable systems
have been made. Instead of consisting of a single antenna, modern head ends combine signals
from a variety of sources, including local studios, satellites, and terrestrial broadcasts, and

transmit them together over the cable network.

One important advantage cable TV has over terrestrial broadcasting is in signal quality.
When signals are transmitted over the air, serious distortion may be introduced. If the receiver
is a long way from the transmitter, or the transmission path is blocked by a large object such
as a hill or building, the signal strength is weakened, so external interference will appear like
a snow storm on the screen. If the transmitted signal is reflected off surrounding objects, the
signal may be received more than once, at slightly different times. This appears as a “ghosting”

effect, and is known as multipath reception. Depending on atmospheric conditions, co-channel
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interference can occur if a signal from a distant broadcaster, using the same channel as the

desired signal, manages to reach the receiver [9].

Because of the shielding provided by the coaxial cable, CATV networks are less suscep-
tible to these types of distortion. In general, CATV provides a much cleaner transmission
environment than terrestrial broadcasting. Nonetheless, it is still far from perfect. Various
forms of other types of interference may be introduced from external sources through cracks
in the cable or improperly fitted connectors, and transmission line reflections may arise in
improperly terminated cables [9]. The most serious problem with coaxial cable, however, is
its relatively high signal attenuation [10]. To balance the loss of signal power, broadband
amplifiers must be inserted into the cable network, generally at intervals of about 2000 feet,
depending on cable thickness. The required use of amplifiers is the primary limitation on

CATV system performance [11].

Thermal noise generated by components in the amplifiers reduce the signal carrier-to-
noise (C/N) ratio. When the signal is passed through a cascade of amplifiers, the noise is
compounded. Doubling the number of amplifiers leads to a 3 dB degradation of the C/N ratio
[11]. If the C/N ratio falls too low (below about 43 dB [12]), “snow” begins to appear on
the picture tube. This impairment is common at receivers a long way from the head end, as

the signal must pass through a long cascade of amplifiers [11].

In addition to introducing thermal noise, the amplifiers also distort the waveform of the
transmitted signal. Although amplifiers are intended to provide linear gain with respect to
input amplitude, in practice the response is non-linear. To study the non-linear distortion, it
is convenient to model the relationship between the input voltage of the amplifier (Vi,) with

its output (Vout) by the non-linear equation

Vout = A1Vin + Ao V2 + AV3 + AViE 4+ ..., (1.1)



where Aj, Ag, A3, A4,... are constants [9, 11, 13, 14]. The first term in the above equation
represents the linear gain of the amplifier, the second term reflects the second-order distortion,
the third term represents the third-order distortion, and so on. With the use of balanced push-
pull amplifiers, non-linear distortion of even-order has been effectively eliminated in modern
CATYV networks [15]. In addition, most research into the effects of non-linear distortion in
CATV networks ignores the higher-order distortion [9, 11, 13, 14]. High order distortion is
not considered in this thesis, either. As a result, the response of the non-linear amplifiers

can be modelled by
Vour = A1Vin + A3V . (1.2)

In practical CATV systems, many video signals are multiplexed together by modulating
carriers at different frequencies. As the broadband signal is passed through a non-linear device,
the modulated carriers are mixed together in a variety of ways, resulting in the creation of
numerous spurious signals. To illustrate the impact of the undesired signals, it is useful to
consider the simplified model of the broadband signal represented in Fig. 1, where each 6
MHz channel consists of only the carrier and video signal. Suppose a total of N different
video signals, denoted by s,(t) for all n € [1, N]|, modulate the amplitude of N different
carriers at frequencies given by f, for n € [1, N]. The combined broadband signal, v(¢),

can be expressed as

N

v(t) =) sa(t) cos (27 fut) . (1.3)

n=1

The spectrum of the broadband signal is shown in Fig. 1.

The third-order non-linear distortion is related to the cube of the broadband signal, which

is, using this model,

N 3
v3(t) = [Z sp(t) cos (27rfnt)]

n=1
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Figure 1. Simplified Spectrum of Broadband CATV Signal.
N N N
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a=1 b=1 c=1
1 N N N
=3 SN TN salt)ss(t)se(t) cos 27 (fa £ fi + fo)t] - (1.4)
a=1 b=1 c¢=1

Third-order distortion products arise in relationship to the set of frequencies
{fat fo £ fe|YVa,bce[l,N]}. The different ways that the frequencies can be com-
bined produce different forms of interference. This point is best illustrated by rearranging the
summations in Eq. (1.4) to group together the terms where the indices are the same. After

some straightforward but cumbersome algebraic manipulation, Eq. (1.4) can be rewritten as

%Z so(t) cos (27 fat) + = ZE ) cos (2 f,t)
! =1
N
éz 3(t) cos [27(3f,)t] + = ZZ )cos [2m(2f4 £+ f)]
a=1 a=1 =1
1 N N N ’
+5 2, 2 2 sal)eclt)cos Rrlfo & S (1.5)

b=1 c=1
b#a c#a

The presence of the first term in Eq. (1.5) implies that each carrier will carry the modulation
of the cube of desired signal in addition to the desired signal. This effect is known as self-
modulation [14]. From the second term it is clear that each carrier also carries the modulation

of the other signals, resulting in an effect known as cross-modulation. Visually, this results



in other signals appearing in the background of the desired one. The remaining three terms
generate products that are spread throughout the frequency spectrum. They are significant
because there are so many of them. In fact, there are N third-order harmonics, 2N(N — 1)
beats of the form 2f, & f3, and 2N(N — 1)(NV — 2) distinct beats of the form f, =+ f; + fe.
For a typical fully loaded 35 channel cable system, a total of 28,595 third-order (or triple)
beats occur. Since NTSC systems use a large carrier amplitude modulation (LC-AM) system
[16], the carriers are the dominant part of the transmitted signals. As such, each of the
intermodulation products discussed above can be considered to be a single sinusoidal tone

[9, 11].

In summary, only these two types of interference are considered in this thesis. Because
of the random nature and relatively white spectrum associated with thermal noise, it can
accurately be modelled as an additive white Gaussian random process. For the purposes of
this thesis, only a single intermodulation product is assumed. It is modelled as a single tone
that is characterized by its magnitude, K;, its bandpass frequency, f.;, and its phase, ¢;. It is
assumed that none of these parameters vary with time, in that they each maintain a constant
albeit completely unknown value. As such, this distortion is not random, but deterministic,

and mathematically it can be represented as

2e(t) & Keicos(2m feit + ¢i) (1.6)

with 0 < K < o0, fei > 0, and 0 < ¢; < 2#. This model provides a good base from
which analysis of the effect of the distortion can begin. Further investigation can be carried
out on a more elaborate model, such as multiple tones and nonstationary tones for example,

although this will not be reported in this thesis.



1.2 A Brief Review of High Definition Television (HDTYV)

In North America, colour television signals are transmitted using a system recommended
by the National Television Systems Committee (NTSC) of the American Federal Communi-
cations Commission (FCC) in 1953 [16]. Although the NTSC system was very innovative
at that time, it possesses some limitations. It does not provide enough spatial resolution for
adequate display on the large screens that are presently available, and it displays images too
narrow for the wide aspect ratio of many motion pictures. Another drawback of current tele-
vision standards is that there is no single worldwide standard. In fact, according to the CCIR
(Comité Consultatif International Radio), an international body which attempts to coordinate
broadcasting standards, there are eleven different television standards in common use [8]. In

the “global village” of the 1990’s, this barrier to international communication is unacceptable.

In 1987, the FCC decided to consider the development of a new standard for terrestrial
television broadcasting. It established the FCC Advisory Committee on Advanced Television
Service to investigate issues regarding the new standard [1]. Referred to as advanced television
(ATV), or high definition television (HDTV), this standard was expected to incorporate greater
spatial resolution and a wider aspect ratio. Furthermore, it was hoped that it could be accepted
internationally [2]. The Advisory Committee began studying twenty-three proposed systems
in its quest for a practical HDTV standard. Some proposals were deemed infeasible and other
were discounted as they possessed serious disadvantages. In 1990 it was decided that only
five warranted further investigation. It is interesting to note that at the time of this decision,

only one of these five proposals was all-digital.

Beginning in 1991, the Advisory Committee supervised a number of tests of the remain-
ing systems to determine their relative merits [3]. The Advanced Television Test Centre

(ATTC) performed laboratory and field testing of the systems from a terrestrial broadcasting



perspective. At Cable Television Laboratories, Inc. (CableLabs), similar cable television re-
lated testing was performed. The Advanced Television Evaluation Laboratory (ATEL) was
established in Ottawa to provide subjective evaluation of the image quality of the proposals
[3]. In February 1993, the Advisory Committed published its ATV system recommendations
[3]. Although no standard was in sight, significant decisions had been made. Perhaps the
most import decisions were that HDTV signals will be allocated channels no wider that the 6
MHz ones used by NTSC-compatible broadcasters, and digital compression and modulation
schemes will be employed exclusively. Four of the five proposals were modified to incorpo-
rate a digital design, and the fifth dropped out of consideration. The proponents of all-digital
HDTV transmission are currently implementing modifications to their systems to rectify some
of the minor problems identified during the testing procedure. The remaining systems cur-
rently being considered for HDTV transmission are: 1) the DigiCipher system proposed by
the American Television Alliance (ATVA), a collaboration of General Instrument Corp. and
Massachusetts Institute of Technology; 2) the Digital Spectrum-Compatible HDTV (DSC-
HDTYV) system proposed by Zenith Electronics Corp. and AT&T Bell Laboratories; 3) the
Advanced Digital Television (ADTV) system proposed by the Advanced Television Research
Consortium (ATRC), consisting of Thomson Consumer Electronics, Inc., Phillips Consumer
Electronics Co., NBC, and the David Sarnoff Research Centre; and 4) the ATVA-Progressive
System proposed by the American Television Alliance. All these systems are all-digital, and
in general it appears that they have more similarities than differences. Although a detailed
description of each of the systems is beyond the scope of this thesis, their main similarities

will be described in Chapter 2.

To conclude this very brief review of HDTV, it is worth mentioning that research into
all-digital HDTV transmission has resulted in some major technological breakthroughs. For

example, advanced image compression algorithms have successfully been developed, allowing



the enormous quantity of information associated with the high resolution, wide aspect ratio
HDTYV signals to be reduced sufficiently to allow transmission in 6 MHz channels [3]. Due
to this success, other applications of digital television are being considered. Telephone
companies are very much interested in using the new image compression technology to provide
high quality video telephone communication. Also, cable television networks plan to apply
digital compression to NTSC signals to reduce bandwidth, greatly increasing the number of
channels available to cable TV subscribers. Since the cable industry will be transmitting
both HDTV and compressed digital NTSC signals, it will certainly be a major user of digital

television technology.

1.3 Tone Cancellation Techniques

As will be shown in Section 2.6 of this thesis, a single tone of sufficient magnitude can
impede the ability of CATV networks to distribute all-digital HDTV signals, to the point
where video transmission almost completely fails. To maintain acceptable image quality,
some means of removing the tone is required. The issue of removing sinusoidal interference
is a classical communication problem. A wide variety of solutions have been proposed, each
possessing their own advantages and limitations. In general, these solutions fall into three
broad categories: i) fixed notch filters, iii) transform domain processing, and iii) adaptive

noise cancellation.

Early attempts at tone removal employed fixed notch filters. If the frequency of the
tone is known, these filters perform adequately. However, practical implementations of
these filters have nulls with non-zero bandwidth, leading to some distortion of the desired
signal. Furthermore, since the frequency of the tone must be known a priori, these filters are

unacceptable for removing tones arising from CTB.



Transform domain processing techniques employ discrete Fourier transforms (DFTs) to
convert the signal to the transform domain, where the signal is processed. One technique uses
conditional median filtering to reduce the power of the tone without significantly altering the
DFT coefficients of the desired signal [17]. Another applies a set of non-uniform weights to
the coefficients in an attempt to maximize the signal-to-noise ratio [18]. After processing,
the signal is transformed back to the time domain with an inverse DFT. In general, these

techniques work well only for sufficiently strong tones.

The most robust and popular techniques for removing tone interference involve the use
of adaptive noise cancellation, as described by Widrow et al. [19]. Fig. 2 shows a typical
adaptive noise canceller. The adaptive filter processes the delayed input to produce an estimate
of the interfering tone. This estimate is subtracted from the primary input to effectively cancel
the tone. As shown in Fig. 3, the adaptive filter is implemented with a tapped delay line.
The adaptive algorithm heuristically adjusts the weights in an effort to minimize the mean
square error between the actual tone and the filter output. Numerous different techniques
for determining the weights have been proposed (see, for example, [19-21]), all providing
different trade-offs between simplicity and accuracy. In general, adaptive noise cancellation
techniques are the most versatile and efficient methods for removing tones, even when the

tone is relatively weak. Furthermore, no a priori knowledge of the tone is required.

Corrupted Primary + Z Corrected
Signal Input Signal

f

. A Reference | Adaptive
Input Filter
DELAY 7/

Error

Figure 2. Adaptive Noise Canceller.
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Figure 3. Adaptive Filter.

1.4 Research Contributions of Thesis

In this thesis, a novel technique for removing a completely unknown tone which is
interfering with a digital QAM signal is proposed, analysed and evaluated in an AWGN
environment. The optimal weights for the linear minimum mean-square error (MMSE)
filter for cancelling the tone interference are determined, under the condition that the tone’s
frequency and power are known to the canceller. Novel methods for estimating the frequency
and power of the tone are developed, which are based on the finite-length discrete Fourier
transform (FFT). Using these estimates in place of the actual frequency and power yields
a suboptimal filter that performs practically identically to the optimal one under normal
distortion conditions. In addition, a decision feedback mechanism is employed to further
improve the performance of the tone interference canceller by reducing the effect the data
signal has on the cancellation process. Through a combination of analytical and computer
simulated performance evaluation it is found that for all practical purposes the proposed

decision feedback tone canceller removes the tone interference completely.
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1.5 Organization of Thesis

Including this introductory chapter, this thesis consists of five chapters and four appen-

dices, and is organized as follows.

Chapter 2 contains an overview of all-digital HDTV transmission, with analysis of errors
arising from AWGN and tone interference. In Section 2.2 the HDTV compression algorithms
are described in general terms, and the implications of transmission errors on the decoding
process are discussed. Section 2.3 contains a descriptions of the error protection that is
provided in the form of channel coding. Quadrature amplitude modulation (QAM) is discussed
in Section 2.4, with emphasis on the symbol encoder, transmit filter, and carrier modulation.
Mathematical models for the AWGN and tone interference are given in Section 2.5. In Section
2.6 the demodulation process is described and the propagation of distortion from the channel
through the demodulator and receive filter to the symbol detector is analysed. The effect of

the distortion on the probability of transmission error is studied.

In Chapter 3 a novel tone interference canceller is proposed. A method of estimating
tone interference is present in Section 3.2 that is based on the linear minimum mean-square
error (MMSE) family of estimators. In Section 3.3 a method for estimating the frequency
and power of the tone as well as the Gaussian noise power is presented. These quantities are
required by the proposed tone interference canceller. Section 3.4 contains a detailed summary

of the canceller, including block diagrams of potential implementations.

The results of extensive testing of the proposed canceller by means of computer simu-
lation is presented in Chapter 4. Performance is analysed over a wide range of distortion
conditions and compared with theoretical bounds. Different implementations are compared

and contrasted to provide an understanding of the relevance of certain design parameters.
Chapter 5 summarizes the contributions of this thesis and suggests future research topics

12



that could be carried out to extend the effective performance of the proposed tone interference
canceller.

Appendix A provides a proof that the filer weights for linear MMSE tone interference
cancellation are optimal. Appendices B and C contain derivations of the means and variances
of some of the other estimators used in Chapter 3 of this thesis. Finally, Appendix D provides

listings of all the computer source code written for the research of this thesis.
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Chapter Two

System Model Description
and Analysis

2.1 Introduction

This chapter contains an overview of the components employed in all-digital HDTV
transmission. Since the FCC has yet to approve a standard for HDTV transmission, a generic
model is presented here. Although this model differs slightly from the proposals, it embodies
all their primary ideas. To illustrate some specific points, emphasis will be given to the
DigiCipher system, which was the first all-digital HDTV proposal. A simplified model for
an all-digital HDTV transmission system that is satisfactory for the purpose of this thesis is
presented in Fig. 4.

The four data sources supply digital data to be transmitted, and their formats differ slightly
among the proposed systems. For the DigiCipher system, the digital video data is used to

transmit frames consisting of 960 lines with 1408 pixels per line at a frame rate of 29.97 Hz
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Figure 4. All-digital HDTV Transmission System [4].

[3]. It is derived from sampling an analogue composite red-green-blue (RGB) signal which
has 1050 lines per frame scanned in a 2:1 interleaved format. The two fields per frame
are scanned with a field rate of 59.94 Hz, and have 16:9 width-to-height aspect ratio. The
DigiCipher digital audio signal is produced from four separate audio channels sampled at 48
kHz with 16-bit precision in the A/D conversion. The ancillary/control data is reserved for
purposes such as the transmission of TeleText and subscriber access control {3]. Additional

data may also be included for the purpose of system synchronization. To allow all this data
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to be transmitted over a single channel band-limited to 6 MHz, source coding is used to
implement compression schemes in the source encoder, with corresponding decompression in
the source decoder. Channel coding is used to protect the compressed data from any errors
that may arise during transmission. Also, bandwidth efficient modulation schemes are used
to represent the digital data in a format suitable for transmission over the communication
channel. A HDTV receiver reverses the transmission process by demodulating the received
signal, correcting transmission errors, and decompressing the digital signals. It is expected
that any transmission errors will be controlled successfully, allowing the reception of high

quality video and audio, free from serious impairments.

To study the performance of HDTV transmission, the processes of source coding, channel
coding, and modulation are discussed in this chapter. As this covers an extremely large field,
only a very short description is presented. The organization of this chapter is as follows: in
Section 2.2 an overview of the source coding process employed in compressing HDTV signals
is presented; in Section 2.3 the techniques used for channel coding to protect the transmitted
HDTYV signal from errors are discussed; in Section 2.4 a bandwidth efficient modulation
scheme is presented that allows the HDTYV signal to be transmitted over the coaxial cable TV
network; in Section 2.5 the modelling of the coaxial cable TV channel is discussed in detail,
with a description of the distortion it introduces; in Section 2.6 the demodulation process is
discussed, and the propagation of distortion arising in the communication channel through

the demodulator is studied.

2.2 Source Coding

The purpose of the source encoders is to reduce the number of bits required to represent

the video and audio signals. This compression must be carried out in a manner that allows
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the source decoder to recreate reliable replicas of the original signals. This is accomplished
by two means: noiseless compression, which removes redundant information that can be
reproduced exactly by the decoder, and noisy compression, which removes information that
has little visible impact on the human eye or audible impact on the human ear. Because of

the different natures of video and audio signals, different source coding procedures are used.

A typical video source encoder is shown in Fig. 5. Both temporal and spatial compression
are applied to provide superior compression rates. The individual components of the source

encoder must be considered separately to gain an understanding of the coding process.

Digital
Video
RGB to YUV
e e 3
TEMPORAL ! ' SPATIAL !
COMPRESSION ! ' COMPRESSION Buffer Capacity :
CURRENT l I :
FRAME +/i\ DIFFERENCE [ Transform Adaptive | Entropy Buffer - Encoded
'\H FRAME "1 Coder Quantizer | || Coder er  Coefficients

e -

Motion Motion Inverse Inverse
Estimator Compensated Transform Quantizer
Predictor
_________________________________________ - e
Motion
Vectors

Figure 5. Typical Digital Video Source Encoder [4].

The digital RGB video signal is first converted into its luminance and chrominance
components (the YUV signal space). Since the human eye is less sensitive to fine detail in
chrominance than in luminance [22], the chrominance signals are subsampled horizontally by
a factor of four, and alternate lines are discarded [5]. This is one source of image degradation

introduced in the compression process.
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Temporal compression is achieved through motion compensated predictive coding. By
analysing the relative displacement of small segments of the image between the current frame
and the previous frame, the motion estimator produces a set of motion vectors. The motion
compensated predictor applies the motion vectors to the previous frame to produce a prediction
of the current frame. Since it is expected that the predicted frame will closely resemble the
current frame, the difference of these two images typically contains less information that the
actual frame. The motion estimation is based only on the luminance component, and the

same motion vectors are applied to the chrominance components.

Spatial compression is applied to the difference frame to further reduce the amount of
information to transmit. The difference frame is divided into blocks containing 8x8 pixels
each. A two-dimensional discrete cosine transform (DCT) is applied to each block, providing
spatial frequency representations of the blocks. The adaptive quantizer converts the DCT
coefficients into binary data. Since the human eye is less sensitive to intensity variations
at high spatial frequencies [22], fewer bits are required to represent these coefficients than
the low frequency ones. The quantization process is the second source of image degradation
introduced from compression. To achieve additional compression, redundancy is removed

from the quantized DCT coefficients by run-length and Huffman entropy coding.

Since the compression algorithms produce data at a variable rate depending on the amount
of redundancy in the video signal, a buffer is used to store the data and emit it at a constant
rate. If the buffer fills to near capacity, the adaptive quantizer is signalled to allocate fewer bits
to the DCT coefficients. This increases the compression rate at the expense of image quality.

As the amount of data in the buffer decreases, the quantizer can return to allocating more bits.

Fig. 6 shows a typical digital video source decoder. Essentially, it reverses the operation of
the decoder. The encoded coefficients are decoded to produce the quantized DCT coefficients.

These are identical to the ones produced by the adaptive quantizer in the transmitter. The
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inverse quantizer provides the inverse function of the adaptive quantizer. Quantization
rounding errors cause a slight difference between the output of the inverse quantizer in the
receiver and the input of the adaptive quantizer in the transmitter. The inverse transform
converts the rounded DCT coefficients back into the spatial domain, creating the update
information. This information is the same as the transmitter’s difference frame, expect for the
effects of quantization rounding errors. The received motion vectors are applied to the stored
previous frame, producing the predicted frame. The update information is added, resulting
in the received current frame, which differs from the transmitted frame only in quantization

error. Finally, the frame is converted to the RGB domain for display on the receiver’s screen.

Encoded Entropy Inverse Inverse ] UPDATE +® CURRENT o o | . Digital
Coefficients Decoder Quantizer Transform | INFORMATION FRAME RGB Video
+
PREDICTED
FRAME

Motion Motion Frame
Vectors Compensated Memo
Predictor

Figure 6. Typical Digital Video Source Decoder [4].

To prevent the propagation of quantization error from frame to frame, some extra work
must be done by the transmitter. Since the previous frame used by the receiver differs from
the true previous frame, any quantization errors it contains will be carried into the current
frame as well. To prevent this problem, the encoder does not use the true previous frame
for motion estimation, but produces its own copy of the update information that the receiver
will use by applying inverse quantization and an inverse transform. This is added to the
encoder’s predicted frame and stored for use as the previous frame for the basis of the next
frame transmitted. As a result, the transmitted motion vectors define a mapping from the
receiver’s previous frame to the current frame, and interframe quantization error propagation

no longer occurs.
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Although compression errors do not propagate from frame to frame, the loss of information
associated with the chrominance sub-sampling and adaptive quantization does imply that
the receiver is unable to exactly reproduce the original video signal. Nonetheless, these
impairments should not significantly affect the image quality since they primarily affect
information imperceptible to normal human eyesight [22]. Image distortion is greatest
when there is little intraframe and interframe redundancy in the video signal, since coarser
quantization must be employed to compensate for the additional information. This usually

occurs immediately following a scene change, and during scenes involving rapid motion.

Although compression errors slightly distort the video signal, transmission errors can
be much more serious. However, the source coding process also involves some inherent
protection against these errors. Because of the compression algorithms employed, a single bit
error can affect the video signal in a variety of ways. An error in the encoded coefficients
will affect the amplitude of only one DCT coefficient. This would cause a slight alteration
of the all the amplitudes in one 8x8 pixel block. This effect will be more noticeable if
a low frequency DCT coefficient is in error [7]. Although having distortion in one block
may not be too severe, this distortion also propagates to succeeding frames. A much more
serious problem occurs when the error causes the entropy decoder to lose synchronization,
causing all the coefficients in the remainder of the block to be scrambled. Furthermore, this
loss of synchronization may be carried into subsequent blocks, destroying a large area of the
image. To help maintain synchronization, end-of-block markers are inserted into the encoded
coefficients. Errors in the motion vectors also have a serious effect on the received image.
Not only do objects in the image appear distorted, they also appear in the wrong position.

This distortion also propagates to succeeding frames.

To limit the effects of error propagation, frames without motion compensation are

periodically transmitted. These frames are referred to as intra-frames, or I-frames. Although
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the use of I-frames results in a significant reduction the image compression rate, it prevents
errors from propagating indefinitely. The source coder also employs some error concealment

techniques to reduce the visual impact transmission errors may incur.

The source coding process described in this section is only a simplification of the actual
process. A number of details, such as channel acquisition, have been omitted for the sake
of brevity. Source coding is also applied to the audio signals. Although the proposals use
different compression systems, they are all capable of compressing the audio data to about
0.5 Mbit/s [3]. The audio data is multiplexed with the video data along with ancillary and
synchronization data to produce a single binary data stream.

Although the video compression rates vary slightly between the proposals, they all allow
for an enormous reduction in the amount of data that needs to be transmitted. For example,
the DigiCipher system compresses the 121 million samples per second of its analog RGB
signal into a 12.59 Mbit/s binary data signal [5]. Usually there is a trade-off between image
quality and image compression. Although some care has been taken to minimize the impact
of transmission errors on image quality, the compressed data remains quite sensitive to errors.
A single bit can have a substantial impact on image quality for a noticeably long duration.
To provide additional protection against errors occurring in the channel, channel coding is

applied.

2.3 Channel Coding

To protect the compressed binary data stream from transmission errors, a HDTV sys-
tem must use channel coding. Proposed techniques include error detection, forward error
correction, and data interleaving [6]. A combination of some or all of these techniques are

incorporated in all the HDTV proposals, ensuring reliable data communication. Through the
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use of cyclic redundancy check codes, transmission errors can usually be detected. When an
error is detected, the source decoder is informed of the corrupt data so that error concealment
techniques can be initiated. Although most errors can be detected, the error concealment
techniques can not perfectly hide the resulting image defects, so they are used only as a last
line of defence. Most error protection comes from the use of forward error correction (FEC).
Reed-Solomon codes are used to correct most transmission errors. These block codes are
known for their superior ability to correct multiple bursts of errors [23]. For example, a (127,
117) Reed-Solomon code transmits 117 seven-bit symbols in blocks containing 127 symbols,
and can correct up to five symbol errors per block, or one error burst of up to 35 bits per
889 bit block [7]. Additional protection against error bursts is achieved in some proposals
with data interleaving.

Clearly, channel coding is capable of providing very adequate protection of the com-
pressed digital data. Occasional random errors and even short error bursts are controlled
successfully, causing absolutely no degradation of image quality. Errors that occur more fre-
quently may defeat the error correction, but their impact is minimized by error concealment.
As the error frequency increases, however, all proposals exhibit rapid degradation from the
point where errors are noticeable but tolerable, to the point of unusability, where the image
is far too severely impaired to be viewed [3].

To study the likelihood of transmission errors, the modulation and demodulation of the

data signal must be analysed, including the effect of the channel distortion.

2.4 Modulation

To transmit HDTV signals over a coaxial cable television network, a modulation scheme

must be employed. Modulation allows many different TV signals to be transmitted simul-
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taneously over a single cable. The two modulation schemes being considered for HDTV
are quadrature amplitude modulation (QAM), and vestigial sideband modulation (VSB). Only
QAM is considered in this thesis, and results will be different if a different modulation scheme
is used. A block diagram of a typical QAM transmitter is shown in Fig. 7. A symbol en-
coder combines bits from the data source (the output of the channel encoder) into multi-bit
symbols. By transmitting several bits at once in a symbol, a higher data transmission rate
can be attained. The digital symbol stream is passed through a pulse shaping transmit filter
which limits the bandwidth of the transmitted signal. The filtered signal is then used to mod-
ulate the amplitude of a carrier wave. A more detailed description of the QAM transmission

process follows.

Binary Svmbol | /e Transmit | 4,(p) v.(1)
Data — EZCO der S Filter Re[-] — Channel
Source ho(t)—Hp(f)
————» Real-valued signal /7 o

= (Complex-valued signal

Figure 7. Typical QAM Transmitter [24].

2.4.1 Symbol Encoder

To increase the data transmission rate without increasing the required bandwidth, a symbol
encoder combines groups of binary digits from the channel encoder into multi-amplitude,
complex-valued symbols. During each symbol interval, an M-QAM symbol encoder collects
log, M bits from the data source, and based on the value of the bits, selects one of M possible
symbols from a finite set of allowable symbols known as the signal constellation, which shall
be denoted by S. The points in the signal constellation describe the in-phase and quadrature-
phase amplitudes to be transmitted for each symbol. These amplitudes take on values from

the alphabet {iA, +34,... :t(\/]\_/f - 1>A},,
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For all the examples presented in this thesis, a 16-QAM system is assumed. This system
groups bits into 4-bit symbols for transmission. The FCC standard for HDTV may require
the use of a higher order modulation scheme, such as 32-QAM or 64-QAM. The theoretical
analysis in this thesis can readily be extended to these higher order schemes. The symbol
constellation for a 16-cQAM scheme is depicted in Fig. 8. For example, the group of bits

1001 is mapped to the symbol Sy = (—3A4,4) = —3A + jA.
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Figure 8. 16-QAM Signal Constellation.

The selected symbols are emitted at a rate of 1/7s symbols per second, where T,
is the duration of the symbol interval. The resulting symbol stream will be denoted by
{I,]I, €8, —0 < a < oo}, where I, is the symbol emitted at time ¢ = aTs. To develop
a theoretical analysis of the performance of the transmission system it is convenient to
model the transmitted symbol stream by a discrete random process. Under this model, each
transmitted symbol is randomly selected from S, with each point in S being selected with

equal probability. In addition, it is assumed that each symbol is selected independently of the
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others in the stream. As a result, the mean (denoted by E[:]) of the random process is
E[l,]=0, 2.1)
and the autocorrelation is

2 —
E[I*])] = 026(b— a) = { o; ifa=b 2.2)

0 otherwise ’

where * denotes complex conjugate, §(-) is the Kronecker delta function, and o2 is the average

energy per symbol. For 16-QAM, this is o2 = 1042

2.4.2 Transmit Filter

Filters are used in the transmitter and receiver to limit the bandwidth of the transmitted
signal and minimize the effect of noise introduced in the communication channel. In addition
to serving these two purposes, the filters are customarily designed so that they introduce
no intersymbol interference (ISI) [24]. Let Hr(f) and hp(t) denote the frequency and
impulse response of the transmit filter, and let Hr(f) and hp(t¢) denote the frequency and
impulse response of the receive filter. The combined frequency response of the two filters is
H(f) = Hr(f)HR(f), and the combined impulse response is A(t) = hr(t) ® hgr(t), where
® denotes the convolution operation.

To maintain compatibility with existing television spectral usage, it is necessary to limit
the bandwidth required to transmit HDTV signals to 6 MHz. This is achieved by requiring
that Hp(f) = 0 for all |[f| > 3 MHz. To maximize the received signal-to-noise ratio, the
receive filter must be matched to the transmit filter [24], so that Hx(f) = Hy(f). To prevent
the introduction of IS, it is necessary that the combined impulse response has the property
h(cTs) = 0 for all integers ¢ # 0.

One filter meeting these three requirements is the root-raised cosine filter. Because of

its simplicity of implementation, it is commonly used in communication systems. This filter
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has a frequency response of

VT, lfls 5
Hr(f) = { VTscos [Z2|fl - (1 —a)], 3 <|f| : (2.3)
0, |f| > S

where « is referred to as the rolloff factor and denotes the excess bandwidth used as compared
to the minimum Nyquist bandwidth which is given by « = 0. A plot of the frequency response
for various values of « is shown in Fig. 9. When « = 0.2, the symbol rate must be chosen
so that T > 0.2 x 1079 seconds to limit the bandwidth to 6 MHz. The impulse response of
the root-raised cosine filter can be derived as!

1T, sin (2#%}5—%) | CoS (27!’%%15)

Note that this filter is non-causal, so in practical hardware implementations a truncated version

hy(t) = 2.4)

of the impulse response must be used. A truncated version was also used in the software

simulations that were executed to produce the results in Chapter 4.
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Figure 9. Frequency Response of Root-Raised Cosine Filter.

1 This follows from the straightforward but tedious inverse Fourier transform of Eq. (2.3). This result is not
usually included in textbooks.
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The corresponding receive filter is identical to the transmit filter, and the combined
impulse response is

Tt Tl

SinT; cos T
h(t) = ? ek (2.5)
. T2

Note that for any integer, c,

SInTC €Os Tew
e 1 —4a2c?
1 iffe=0
(¢) 0 otherwise ’

h(cTs) =

(2.6)

so no ISI is caused by the filters.

In this thesis it is assumed that ideal root-raised cosine filters are used in the transmitter
and receiver. Furthermore, it is assumed that the rolloff factor is strictly less that one. For

all examples, a rolloff factor of o = 0.2 is used to limit the bandwidth to 6 MHz.
The output of the transmit filter, v;(¢), can be expressed in the time domain as
vi(t)= > Ihy(t—aly) . 2.7)
a=—00
For theoretical analysis, it is useful to model v;(¢) as a random process. It has a mean of
>
Ei(t)] = Y EllJhr(t—als) =0, (2.8)
a=—00
and an autocorrelation function given by

G, (1;7) 2 Blv? ()vi(t + 7)]

o0

= Y Y E[Lk(t — aTo)hp(t+ 1 — bTy) . 2.9)

a=—00 hb=—00
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Substituting Eq. (2.2) for E[I}];] yields

bo; (85 7) = Z E o28(b— a)h(t — aTs)hp(t + 7 — bTY)

a=-—0c0 b:—-oo

=02 Y hp(t—alo)hp(t+7 — aTy) . (2.10)

a=--0Q

Since this is a function of ¢ as well as 7, and ¢y, (t + Ts;7) = ¢y, (¢;7), vi(¢) is a cyclosta-

tionary random process, with a period of 7.
2.4.3 Modulation

The purpose of modulation is to shift the spectrum of the data signal from the baseband
into a higher frequency range. In a QAM system, the data signal modulates the amplitude
of a carrier wave. More specifically, the real component of the data signal is used to
modulate an in-phase carrier, while the imaginary component modulates a quadrature carrier.

Mathematically, the modulated signal can be expressed as
ve(t) = Re [v,-(t)ﬁeﬁ’ffci , 2.11)

where Re[:] denotes the real part of [-] and f, is the carrier frequency. Note that the average

transmitted signal power is
P,, = —o; . (2.12)

The resulting signal can be multiplexed with other TV signals that modulate carriers at
different frequencies, allowing several different TV signals to be transmitted simultaneously

over a single cable.

2.5 Communication Channel

As the modulated signal passes through the cable television network, distortion is intro-

duced. As mentioned earlier, only two types of distortion are considered in this thesis. It
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is assumed that the transmitted signal passes through the channel unaffected except for the
addition of noise and a single interfering tone. To gain a theoretical understanding of the

impact these distortions have, it is necessary to employ mathematical models describing them.

The white noise, denoted by n.(t), is modelled as a Gaussian random process that has
a mean of zero and a flat double-sided noise spectral density of Np/2. This implies that its

autocorrelation function is
A No
$n(r) 2 Elnc(t)ne(t + 7] = 48(r), 213)

where §(-) is the Dirac delta. Throughout this thesis this type of distortion is referred to
as additive white Gaussian noise (AWGN), or merely as noise. It is useful to describe the
strength of the noise in terms of the signal-to-noise ratio (SNR). For a M-QAM system with

logo M bits per symbol, the SNR per bit is defined as

o2

—_— 2.14
Nology M @14)

SNR £

As discussed in the introduction, a single additive sinusoidal tone interferer is charac-
terized by its magnitude, K,;, its bandpass frequency, f.;, and its phase, ¢;. It is assumed
that none of these parameters vary with time, in that they each maintain a constant albeit

unknown value. This distortion is not random, but deterministic. Mathematically, the value

of the tone at any time is given by
z¢(1) = Kcicos(2m foit + ¢4) (2.15)

where 0 < K, < oo, fei > 0, and 0 < ¢; < 27. The average power of this tone is
P, = %Kfi. A practical measure of the tone’s strength is the signal-to-interference ratio

(SIR) per bit, which is defined as

P, 1 ol 202
SIR & . = 2. = s : (2.16)
Py, logoa M 1KZ%Z logg M  T,KZlog, M
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When the transmitted signal, v(t), passes through the cable television network, the two
types of distortion are added to it. The signal observed at the received, rc(t), is the sum of

the three independent signals, so

re(t) = ve(t) + ne(t) + zc(¢) . (2.17)

From r.(¢), the QAM receiver must reproduce the transmitted symbol sequence.

2.6 Demodulation

A block diagram of a typical QAM receiver is shown in Fig. 10. It is composed of
three main units: a demodulator, a filter, and a symbol detector. The demodulator converts
the received bandpass signal into a baseband one, the filter removes out-of-band noise and
further filters the signal, and the symbol detector attempts to determine the transmitted symbol

sequence from samples of the filtered signal.

re(t) ro) | Receive | T,
Channel — Demodulator ———» Filter — Symbol —PD.ata
b (t)—=H, () Detector Sink
R (! f

— Real-valued signal = (Complex-valued signal

Figure 10. Typical QAM Receiver [24].

2.6.1 Demodulation

The demodulation process shifts the frequency spectrum of the received signal from
around the carrier frequency into the baseband. Mathematically, this is accomplished by the

operation
ro(t) 2 re(t) - V2e 9t (2.18)
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where 7.(t) is the received bandpass signal and r,(¢) is the resulting baseband signal. The
carrier frequency is f¢, and, as signal synchronization is beyond the scope of this thesis, it is
assumed that f. is known at the receiver?. This is a requirement for a coherent demodulator.

Since the demodulation operation is linear and the received signal consists of three
independent components (the data signal, the noise, and the tone), the demodulated signal

also has three independent components. By defining

Vo(t) & v (t) - V2e™ 927 It (2.19)

no(t) & ne(t) - V2e 92t (2.20)
and

2o(t) & zo(t) - V2792 FL (2.21)

the demodulated signal can be expressed as
ro(t) S re(t) - V2e 12 et

= [ve(t) + ne(t) + 2e(t)] - V2emi2mId

= vo(t) + no(t) + 20(t) (2.22)
where Eq. (2.17) has been used to substitute for r.(¢). Further analysis of the demodulated
components is useful.

Eq. (2.19), the expression for the demodulated data signal component, can be simplified
by substituting Eq. (2.11) for v(t), yielding
Vo(t) £ v(t) - V2e I
= V2Re |v;(t)V/2eI 27 It | g92m et

= v;(t) + v (t)e 4t (2.23)

2 There are several suitable methods available for achieving synchronization for the AWGN channel. See,
for example, [24, 25].
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The effect of demodulation on the noise component of the received signal is best analysed

in terms of the mean and the autocorrelation function of n,(¢). The mean is given by
E[no(t)] = E[nc(t)] - vV2e 92t = ¢ | (2.24)
since n.(t) is a zero-mean random process, and the autocorrelation function is

bno(T) = E[nk(t)no(t + 7))
=E [nc(t)\@eﬂffct -me(t + T)\/ie—ﬂwfc(u_r)]
= QE[nc(t)nc(t + T)]e—j27rfcr

= 2y, (7)e 92T (2.25)
Substitution Eq. (2.13) for ¢, (7) yields

Fno(7) = 226(r)e 20T

= Noé(r). (2.26)

Since n,(t) is merely a scalar multiple of n.(t), it is also a Gaussian random process [26].

By substitution Eq. (2.15) for z,(t), the demodulated tone component can be expressed as

2o(t) & 2,(t) - V2e7 ISt
= V2K,; cos (27 feit + ¢i)e—j27rfct
= %Kci ej(Zchit+¢i) + e—j(27rfcit+¢,~) e_jzﬂ-fct

]{Ciej27r(f°i_f°)tej¢i + %Kcie—j%(fcﬁfc)te—jlﬁi

V2
2
_@[{Cieﬂfﬂte]’tﬁi + %I(cie—j27"(2fc+fi)te—j¢i ’ (2.27)

where f; 2 f.; — f. is the relative frequency of the tone in relationship to the carrier.
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2.6.2 Receive Filter

After the received signal has been demodulated, it is passed through the receive filter,
which has an impulse response of hg(t). The purpose of this filter is to remove signals falling
outside the bandwidth of the transmitted signal, to remove the high frequency components
of v,(t) and z,(t), and to reduce the power of the noise signal, without introducing ISI. The

output of the filter is defined as

1>

r(t) 2 ro(t) ® hi(t)
= [00(2) + 1o() + 20(t)] @ h(2)

= 0, (t) ® hR(t) + no(t) ® ha(t) + z0(t) ® hg(t)

= o(t) + n(t) + 2() . (2.28)

Clearly, the lowpass received signal consists of three components: v(t) £ v,(t) ® hg(t), the

filtered data signal; n(t) £ n,(t) ® hg(t), the filtered noise signal; and z(t) £ z,(t) ® hr(t),
the filtered tone. Analysis of these three signal components is straightforward.

The filtered data signal can be expressed in terms of the transmitted symbol sequence by

substituting Eq. (2.23) for v,(t), so that
v(t) = vo(t) ® hp(t)
= [0i(®) + o} ()] @ (1)
= vi(t) @ hr(t) + [v}(t)e ] @ hp(t) (2.29)
Converting this to the frequency domain with the use of a Fourier transform yields

V() = Vi(NHR(f) + Vi (=f = 2f)Hr(f) . (2.30)

where Hg(f) is the frequency response of the receive filter, and V;(f) is given by

Vi(f) = /00 vi(t)e 2 gy

—CO
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cQ

o0
:/ E Lhp(t — aTy)e 32 tdy

_ E / hT —J27rf(t+aT)dt
= Z LHp(f)e 72 fels (2.31)

Since one of the requirements of the transmit filter is that it is band limited, Hp(f) = 0
for f > 1/T (given o < 1). Therefore V;(f) = 0 for f > 1/Ts. Furthermore, since the
receive filter is matched to the transmit filter, Hp(f) is also equal to zero for f > 1/7%.
Since 2f. > 1/T, the range of f for which V;*(—f — f;) is non-zero does not coincide with
the range of f for which Hg(f) is non-zero. As a result, the second term in Eq. (2.30) can

be discarded, leaving

V(f) = V(N Hr(f)
= Y LHD()Hg(f)e T (2.32)

G=—0C0O

By substituting H(f) = Hr(f)Hgr(f) as the combined frequency response of the two filters,

this becomes

z I,H(f)e 7% fals (2.33)

a=—00

and the inverse Fourier transform is

v(t) = / ” V(f)e? Tt

= Z 1/ H(f)e2mft=aTs)gr
- Z Lh(t — aT}) (2.34)

where h(t) is the combined impulse response of the two filters.
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Since the demodulated noise signal is Gaussian and the operation of the receiver filter is

linear, the filtered noise signal is also Gaussian. Its mean is

E[n(t)] = Eln,(¢)] ® hr(?)

=0, (2.35)
and its autocorrelation function is

dn(T) 2 E[n*(t)n(t + 7)]
= E[{ng(t) ® hx(1)} - {no(t +7) ® hr(t + 7)}]
_ E[/_Oo n* ()b (t—a)da - /_m no(B)hr(t + 7 B)dB

_ /_ ~ [ : Eln? (a)no )|k (¢ —a)hg(t + 7— B)dBda
_ J/;OO /_oo bu(B — Q)b(t—a)hr(t + 7—B)dBdar (2.36)

Substituting Eq. (2.26) for ¢, (7) yields

¢N(T)=/_oo /_oo Nob(B — a)hy(t—a)hg(t + 7—B)dBda
= N /_oo B (t—a)ha(t + 7 —a)da

g / " W(=B)ha(r—B)ds

-0

=N [ be(8)halr—p)ds

—o0

= Noh(r). (2.37)

In summary, n(¢) is a complex-valued Gaussian random process, with a mean of zero and
an autocorrelation of Noh(7).
The final term to analyse is for the filtered tone interference. By following a procedure

similar to the one used in the analysis of the data signal, a simple expression for z(t) can
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be found. Clearly, from Eq. (2.27),

2(t) £ 2z,(t) ® hp(t)

= [ Kttt 4 YK eIt 11 @ (1) (2.38)
Its Fourier transform is

Z(f) = [%Kci(?(f—fi)em" + %Kcifs(f‘f'ch'f‘fi)e*jm] Hg(f)

= 2K HR(f:)8(f — f)e!® + YEK i Hp(=2fo— f)6(F +2fo+ fi)e 7% . (2.39)
Note that

2fc+fi:2fc+fci_fc:fc+fci- (240)

Because f¢; is defined to be positive, f. + foi > 1/Ts, so Hr(—2f. — fi) = 0 since the
receive filter is band limited. As a result, the second term in Eq. (2.39) is equal to zero. The

inverse Fourier transform yields

(1) = / T K HR()S(f — f)ei ¥

= V2K i Hp(f;)el2mFiteid (2.41)
It is convenient to define K; = 41{0,- HRr(f:) as the magnitude of the filtered tone, so that
2(t) = K;ed?™itedd (2.42)

The signal-to-interference ratio, expressed in terms of K;, is (from Eq. 2.16)

203
SR = R Tog, 11
_ 202
- T2KP/HE(fi)logy M
_ o HE(f)
K2T,log, M °

(2.43)
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Eq. (2.42) is the mathematical model that shall be used to represent the tone interference
throughout the remainder of this thesis. When the tone signal falls within the bandwidth of
the data signal (that is, |f;| < (1 + «)/2T5%), it distorts the transmitted data signal, possibly

introducing errors when an attempt is made to determine the transmitted symbol sequence.
2.6.3 Signal Power Spectral Density

A useful means of describing the received signal is its power spectral density (PSD). This

can be found by considering the components of (¢) separately, and then combining the results.

For the data component, it is useful to model v(¢) by a random process. It has a mean of

v(t)] = f: E[L]h(t — al}) =0, (2.44)

a=—00

and an autocorrelation function given by

ov(t;T) £ E[v*(t)v(t + 7))

o0

= Y Y E[L LAt — alo)h(t + 7 — 0Ty) . (2.45)

a=—00 h=—00

Substituting Eq. (2.2) for E[I}];] yields

co o0

by (t;T) = E Z o26(b— a)h*(t — aTo)h(t + 7 — bT)

a=—00 p=—00

=02 Z R*(t — aTs)h(t + 7 — aTy)

a=—0c0

— 2 Z / H* -—]21ra/(t aT)da/ H ]27r,3(t+r aT )dﬁ

a=—00

0_2 / / H*(O{)H(ﬂ)e_j27rat€j27r’3(t+r) E e——j27r(,3—a)aTs d,@’da

a=—00

* 127(f—a)t 327 7'1 a
= / / H*( B)e’ (B=a)tei 'B—s g o ﬂ—a——s dfda
9 1 N a
_OSTS E: /_ ( ) <Ol T

a=—0Q
S

)eﬂ’f%eﬂf(“%)fda : (2.46)
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Since this function is periodic with respect to ¢, v(t) is a cyclostationary random process, with
a period of Ts. To remove the time dependence, it is convenient to compute the time-average

autocorrelation function by integrating over a single period. Thus

Tc
_ 1
py(r) = —TZ ' Py (t;7)dt
T
= / H*(a H(a—i—i)TL/ 277 gied 2 (e )T g

— 2 * i SIn 74 j27r(a+—95-)‘r
ST Z/ H*( ( + > m— s/ do
)6(a)ej27r(a+TLs)Tdoz

I
q
=
\
m;
/"\
Q
+
e

j/ H*(a)H(a)e? ™ da . (2.47)

The average power spectral density of the data component can be found by taking the Fourier

transform of ¢y (7). Therefore,
oo — .
& [ Byeirar

:oﬁl/ H*(a)H(a)/ 2N drdo
o 1 [

= o} i H*(a)H(a)é(a — f)de
- ag.j%w( NE. (2.48)

The PSD of the noise component, determined directly from the autocorrelation function

given by Eq. (2.37), is
:/ Noh(r)e 921747
= Ny / / H(B)e*™PTdpe=12I7 47
—No/ H(B / 327 (B=1)" 4rap

oy(f) £ / oy (r)e T dr

38



=N [ )6 - 1)ds

= No|Hg(f)}* . (2.49)

Since the interfering tone is deterministic and periodic, its PSD must be found from its

Fourier series representation. Clearly

O5(f) = K}8(f - f) - (2.50)

Since the tone is a deterministic signal it doesn’t have an autocorrelation function. Nonethe-

less, it is useful to define the function
éz7(7) 2 2¥(t)z(t + 1)
= K;e 12mfitg=idi [, od2nfi(t+47) i

= K22 AT (2.51)
Note that the Fourier transform of this functions is

ﬂmm=/¢wwmwr
oo
:/ K fitg=itnfr qr
= K?6(f - £i)

= (f) . 2.52)

Clearly ¢z (7) can be used in a manner similar to the autocorrelation functions of the data

and noise signals.

Since v(t) and n(t) have zero mean and are statistically independent, the autocorrelation

function for the received signal can be expressed as

dr(t;T) = E[r*(¢)r(t + 7)]
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= E[{v"(t) + n* (1) + 2° (1)} - {v(t + 1) + n(t + 1) + 2(t + 7)}]

= E[*(#)o(t + 7)] + E*(D)]E[n(t + 7)] + E[p*(#)]2(t + 7)
+ER* @JE[P(E + 7)] + E[n" (O)n(t + 7)] + ER*(1)]2(2 + 7)
+2°(OEp(E + 1) + 2" (E[R(E + )] + 27 (D)2(t 4 7)

=E[*(t)v(t + 1) + E[n*(t)n(t + 7)] + 2*(¢)2(¢t + 7)

= ¢v(t;7) + ¢n(T) + $z(7) . (2.53)

Since this is periodic, the average autocorrelation must be found.

/% or(t; 7)dt

T,

=
= ¢y(7) + én (1) + ¢2(7) - (2.54)
The average PSD can then be computed as

Se(f) 2 [ Fnlr)e I
= /00 EV(T)e_jZWdeT + fw ¢N(T)e~j2”frd7' + /jo qﬁz(T)e_ﬂ’rdeT

—C0

=3y (f) + On(f) + D2(f)

2HH ()P + NolHr(F)I? + KZ5(f — £i) - (2.55)

q

As expected, the PSD of the received signal is characterized by an impulse occurring at the
frequency of the interfering tone. This property is exploited in the next chapter, where a

method for removing the tone from the received signal is presented.

2.6.4 Symbol Detection

Once the received signal has been filtered, the symbol detector attempts to determine
the transmitted data symbols. This is accomplished with the use of samples of the received

signal. As with the carrier synchronization in Section 2.6.1, it is assumed in this thesis that
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perfect symbol synchronization is achieved, so that samples can be collected at the symbol

rate, 1/7,, and at the precise symbol sampling instants. Let R, denote the value of the

equivalent lowpass received signal at time ¢ = a7 so that
R, & r(aT5)
(2.56)

= v(aTy) + z(aTs) + n(aTy) .

Therefore R, is the value of sample a, and is a result of the addition of three independent

terms.
The first term, v(aTy), is due to the transmitted signal and can be evaluated with Eq.

(2.34) as
v(als) = Y Ih(aTs—cT). (2.57)

C=—00

Since the root-raised cosine transmit and receive filters are designed to cause no intersymbol

(2.58)

ee]

v(aTs) = Z Icb(a—c)=1,,

C=—0C0

interference (see Eq. (2.6)), h(nTs) = 6(n). As a result,

the value of the symbol transmitted at ¢ = a75.
The second term in Eq. (2.56) is caused by the additive noise introduced in the commu-

nication channel. By defining
(2.59)

N, £ n(aTy)
and noting that
E[N,] = E[n(aTs)] = 0, (2.60)
and
E[N; Ny] = E[n*(aT2)n(b1%)] = g (b — aTy)
(2.61)

= Ng&(b - a) 5
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it is possible to describe this term as a complex-valued discrete-time Gaussian random process

with a mean of zero and a variance of Ny. Note that different samples are uncorrelated.

The third term in Eq. (2.56) is results from the presence of the tone interference added

in the channel, and can be expressed as

Z, & z(aTy)

K;el?mfials oidi | (2.62)

This is dependent on three constant but unknown parameters, K, f;, and ¢;, which completely
describe the tone interference.

Each received sample can be expressed as R, = I, + N, + Z, , where I, is the transmitted
symbol, NV, reflects distortion due to additive white Gaussian noise, and Z, is the distortion
due to the interfering tone. The set of samples {R,} is all that is available to the decision
device. From these decision variables the decision device attempts to determine the transmitted
symbol sequence, {/,}. For each sample, the detected symbol, fa, is the point in the QAM
signal constellation, S, that is closest to R,. That is, the decision device selects fa =5

if and only if
IS; — Rq| < |S; — Ral (2.63)

for all S;,5; € &. This selection is the symbol most likely to have been transmitted at
t = aT,, given R,.

If the noise and interference terms are sufficiently small, fa = 1, and no detection error
occurs. On the other hand, if either of these terms is large, an incorrect decision may be made,
resulting in a detection error. The probability of a detection error depends on the separation
between adjacent symbols in the signal constellation, the magnitude of the tone interference,

and the average power of the noise samples. Since the additive noise is random, a high noise
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power implies a high likelihood that the noise term will be large for each sample, resulting
in a correspondingly high probability of detection error. This differs slightly from the effect
the tone has. A strong tone implies that the tone term is large for all samples, so its effect

on the probability of error is much more drastic.

Fig. 11 shows a state-space diagram for the received signal when a 16-QAM system is
used. Each point represents the received in-phase and quadrature values for a single sample.
A total of 8192 samples were used to generate this plot, when noise with a SNR of 35 dB
and a tone with a SIR of 35 dB corrupt the transmitted symbols. By comparing this diagram
with the signal constellation shown in Fig. 8, it is evident that the received samples tend to
fall in clusters around the symbol points in the signal constellation. Because both the noise
and tone are weak, transmission errors are unlikely to occur. When the noise is stronger,
however, the points in the state-space diagram become more dispersed. This is shown in
Fig. 12 when the SNR is 10 dB. Although the samples still occur in clusters, the clusters are
much wider, resulting in a greater likelihood of detection error. The effect of a large tone is
significantly different, as indicated in Fig. 13, when the SIR = 10 dB and the SNR = 35 dB.
Note that the samples fall in rings around the symbol points. When the noise is weak, as in
this example, it is still possible to determine the transmitted symbols with a high likelihood
of success. However, if the noise is also large, detection errors become very probable. Fig.
14 shows the state-space diagram when SNR = 10 dB and SIR = 10 dB. The samples no

longer appear in clusters or rings, but are spread throughout the state-space.

Although a convenient closed form expression for the probability of a symbol detection
error in terms of the noise power and tone parameters is not readily available, the probability
of error can be calculated numerically by using the computer program listed in Appendix D.

Fig. 15 contains a plot of the probability of symbol detection error (P;) vs. SNR for various
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Figure 11. 16-QAM State-space Diagram. SNR = 35 dB, SIR = 35 dB.
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Figure 12. 16-QAM State-space Diagram. SNR = 10 dB, SIR = 35 dB.

SIRs when 16-QAM is used. In general, increasing the SNR decreases P.3. The exception

to this occurs when the SIR is very small. In this case the SNR has no effect, and almost

* Note that these results are only exact for the cases in which the frequency of the tone is an irrational
number. When the frequency is rational, the results will vary slightly, but not signficantly for the purposes of
the graph.
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Figure 14. 16-QAM State-space Diagram. SNR = 10 dB, SIR = 10 dB.
all symbols are detected incorrectly. The serious effect the tone has on the probability of
error is obvious.

Referring back to Fig. 10, after selecting fa as the detected symbol, the M-QAM receiver

converts it into the log, M bit pattern associated with the symbol. These bits are emitted in
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Figure 15. Probability of Symbol Detection Error.

sequence with the bits from the other detected symbols, producing a binary data stream. This
data stream should be identical to the one produced by the channel encoder in the transmitter.
Because errors can occur during transmission, some of the bits may be in error, so the data
stream is passed to the channel decoder. If the error rate is low, the error correcting ability
of the channel decoder will prevent visible distortion. Furthermore, the effect of uncorrected

errors will be concealed by the source coder.

When there is no interfering tone it is known from the results of field testing performed
by the FCC Advisory Committee that the DigiCipher system cannot operate reliably when
the SNR is less than about 6.5 dB [3]. Performance for the other proposals is similar. Since
maintaining signal levels above this point is not difficult in CATV networks, reliable digital
image transmission is possible. However, if a strong interfering tone distorts the signal,
image degradation may occur. For example, if a tone with a SIR of 10 dB is present, the
SNR must be greater than about 9 dB for impairment-free transmission. If the SIR is 5 dB

the SNR must exceed 18 dB to prevent excessive transmission errors. Clearly the increased

46



probability of error associated with a strong tone adversely affects performance to the point

where preventative measures need to be taken.

2.7 Conclusion

In this chapter the all-digital transmission of HDTV signals was investigated. The
powerful digital compression algorithms of the proposed systems are capable of reducing
the large amount of information associated with the high resolution, wide aspect ratio, HDTV
signals sufficiently to allow transmission over the 6 MHz channels currently used by traditional
NTSC signals. To protect the fragile compressed data from the ravages of transmission errors,
strong error correcting codes are employed. Provided that the transmitted signal power is
sufficiently high, errors introduced from AWGN and an interfering tone arising from the
communication channel can be effectively eliminated. Transmission of HDTV signals over

existing cable TV networks is definitely feasible.

Unfortunately, the presence of a strong interfering tone has a dramatic effect on trans-
mission errors, and complete collapse of the error correcting ability of the channel coder is
possible. While increasing signal power will ensure the integrity of the transmitted HDTV
signals, it is not an ideal solution. In the next chapter a robust method for cancelling tone
interference is proposed, allowing reliable data transmission even in the presence of strong

tone interference.
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Chapter Three

A Novel Tone Interference
Canceller

3.1 Introduction

As noted in the previous chapter, distortion introduced in the communication channel may
lead to transmission errors. If too many errors occur, the channel decoder will not be able
to correct them, leading to image and sound quality degradation. Under severe interference
conditions, the receiver will be unable to present even a vague facsimile of the desired
television signal. Distortion in the form of a strong tone falling within the band of the desired
signal significantly increases the likelihood of transmission errors. In a traditional QAM
receiver, samples of the received signal are used directly as decision variables to determine
the transmitted symbols. Unfortunately, an interfering tone added in the communication
channel will distort the samples, possibly preventing correct symbol detection. To alleviate
this problem it is desirable to use a decision variable that has the effect of the tone removed

or at least significantly reduced.
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In this chapter a novel method is proposed for removing such a tone from the received
signal. This proposed system is designed to operate in conjunction with QAM digital signals.
In Section 3.2 of this chapter a method of estimating the effect of the tone on each of the
received samples is developed. For successful operation, the frequency of the tone must be
determined. A method for achieving this is proposed in Section 3.3. This chapter concludes

with a summary of the proposed interference canceller in Section 3.4.

3.2 Tone Interference Estimation

Ideally, the frequency, magnitude and phase of the interfering tone would be known,
allowing the receiver to calculate the effect of the tone on each decision variable by using
Eq. (2.62). That is:

Zg = K;ed?¥mFiaTsgidi (3.1)
A new decision variable could be generated by subtracting Z, from each received sample.
The new decision variable, Rg, would equal
R, = R, — Z,
=Ilo+ No+ 2y — 2,

=Is+ Ng, (3.2)

and would allow the decision device to determine the transmitted symbol more accurately.
The interfering tone would no longer have any effect.

Unfortunately, the parameters of the interfering tone are generally not known at the
receiver, so Z, can not be calculated explicitly. Instead, an estimate, Zl, of the effect of the

tone must be used. In this case the new decision variable is



:Ia+Na+Za_2a

=1Is+ Ny +¢q 3 (3.3)

where ¢, 2 Z, — 7, is the residue remaining when an imprecise estimator is used. If the
residue is small, the decision device is more likely to correctly determine the transmitted
symbol than if no attempt is made to remove the interference. Ideally, an estimator that
minimizes the probability of error would be used, ensuring the greatest possible reliability of
the data. Unfortunately, the non-linear nature of the probability of error make this type of
estimator impractical [27]. In practice, estimators that minimize the mean of the square of
the error (MSE) between the estimate and the desired value are used instead. This type of
estimator, known as the minimum mean-square error (MMSE) estimator [27] is nonetheless
capable of effective tone cancellation.

The MMSE estimator is the one that minimizes the average residual power. Clearly, the
residue is an important measure of the accuracy of the estimator. It is convenient to measure
the residue in a manner analogous to the SIR. The signal-to-residue ratio (SRR) is defined as

the ratio of the average signal power (per bit) to the average residual power, so

2
A 0T /TS
SRR £ Tog, M (3.4)
where
v=FE {1sa|2] (3.5)

is the average residual power. To reduce the likelihood of a transmission error it is necessary
to find an estimator for Z, that results in a high SRR

To successfully cancel the interfering tone, accurate estimates of the tone at each sampling
instant is required. These estimates must be generated only from observations of the received
signal. Although there are numerous methods for finding estimates, it is important to use one

that is both simple and accurate.
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3.2.1 Linear MMSE Estimator

The problem with using true MMSE estimators is that they are generally infeasible.
Even if the form of the MMSE estimator could be found mathematically, it would likely be
extremely difficult to implement. In practice, some limitations on the estimator must be made.
To maintain simplicity, a estimator should rely only on discrete samples of the received signal
and not on the entire analogue continuous-time signal. In addition, it is convenient to use
only samples collected at the symbol sampling instants. Therefore, an estimator of Z, should
be based only on the samples {R, |V n € I}. For reasons to be discussed in Subsection
3.2.3, it is further required that n be greater than or equal to one. Another requirement of
simplicity is that the samples be combined in a linear fashion to produce the estimates. A

linear estimator of Z, takes the form

L
Za=7 WaRan (3.6)

n=1

where L is the number of samples used and {w,} are weight coefficients for the samples.
Thus Z,, as generated by Eq. (3.6), is essentially a weighted average of L samples of the
received signal. By carefully selecting the weights it is possible to control the accuracy of
the estimates.

As noted earlier, it 1s desirable to find an estimator that maximizes the SRR. Given that
it is also necessary to stick to the simple linear estimates of the form given by Eq. (3.6), it
is desirable to use the linear minimum mean-square error estimator. Thus, it is necessary to

find the weights {w,} which minimize

y=E [|6a|2] = E[ Zo— Za 2] , (3.7)

to find the linear MMSE estimator. Although actually finding the optimal weights is a tedious
task, it is proved in Appendix A that the mean-square error is minimized when

1 ejw,-n

L+C ’

(3.8)

Wy =
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where C' = (o2 + Np)/K? is the ratio of the data plus noise power to tone power, and

w; = 27 f; T, is the normalized frequency of the tone in radians. Therefore

L
o~ 1 -
— Jwin
Zg = 70 ngzl Ro_ne (3.9)

is the linear MMSE estimator of Z,.
At this point it is useful to consider how this method provides accurate estimates. By

substituting Ry—p = Ig—pn + Ng—n + Zs—pn into Eq. (3.9) it is clear that

Z _ Ia, n€ ]w,n P N jw,n —_———— a—n ]w,n . 1
@ L—I—C’nz_ +L+C ne +L+CEZ ¢ (3.10)

The three components in this equation are due to the transmitted symbols, the AWGN, and
the interfering tone. The first component in Eq. (3.10) is essentially a weighted average of
L transmitted symbols. Since these symbols are assumed to be random with zero mean,
this average tends to zero for large L. This is an application of the central limit theorem of
probability theory [28]. The second component is caused by the AWGN signal, and also tends
to zero for the same reason. The third component is due to the interfering tone, which has a
deterministic nature. Each sample of the tone has the same magnitude but a different phase.
The phase changes by w; radians with each successive sample, that is, Z,; = Z.e3%. To
align the phases of each sample, they are multiplied by a the appropriate power of e/, so

the third term is actually the sum of a constant. Mathematically, this can be shown as
1 < 1 <
- Jwin _ __~ pJwila—n) i jwin
L+CZZa_ne _L+CZK16 e’Vie
n=1 n=1
1 L
- — .pJwia J i
“I+C Z it
L
“TaoX”

= Zyte 11
L+C G-11)

b,



by substituting Eq. (3.1) for Z,_, and Z,. Clearly the third component of Eq. (3.10) tends
to Z, for large L. By combining the results for these three terms for large L, it is clear that
Za — Zg as L — oo. When L is finite, however, the effect of the data symbols and noise
éomes into play. If the noise is strong or the tone weak, the estimates are less reliable. To
compensate, the sum in Eq. (3.9) is divided by L + (03 + No)/ KZ?z instead of by L alone,

as might be expected.

It is worth noting that the MMSE, calculated by substituting Eq. (3.8) for w, in Eq.

(A9), is

L L L L
Ymin = [{12 |Vl — Ewne—]wm _ szejwm + Z z W:Wme—Jwi(m—n)]
n=1 n=1

n=1m=1

L L
i . . 1 . .
— K27 _ Jwin ,—jwin __ —Jwin ,Jjwin
= K; [1 E I e’“ e E T ok e ]

C
2 L 1 —jwin 1 Jwim ,—jwi(m—n)
) s

L+C L+C
n=1m=1
2 M) S gL
g ~L+C L+C
L L L? L
= K}|1— — + + (62 + No) ——
I+ I7¢ ' Grop) T T Ter
K? 2 K? (o4 Np)
=—t _(L+C)*—2L(L+C) + L?| + — ’ L
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Eq. (3.12) represents the optimal performance of any linear estimator that attempts to minimize
the MSE. Since a number of tone cancellers fall into this category it is worthwhile to explore

the MMSE further. This provides a yardstick for comparing different cancellers.

To begin this analysis first consider the effect of the number of samples, L. If L = 0,
the MMSE is Kf, This is intuitive because if no samples are used to estimate the tone, no
estimate is available for cancellation purposes and the residual power is the same as the power
in the tone. When L is small, the random nature of the transmitted symbols and Gaussian
noise make the estimate of the interference unreliable, so the residual power remains large. As
more samples are used, the effect of the transmitted symbols and noise diminish, allowing for
increasingly accurate estimates. Finally, as L — oo the MMSE tends to zero. By selecting L
sufficiently large it is possible to generate estimates with any desirable accuracy. To compare

different cancellers it is necessary to compare them for the same value of L.
As can be seen from Eq. (3.12), the MMSE depends not only on L, but on the power of
the noise and tone. To simplify analysis it is more useful to study the maximum SRR, namely

ag/TS

SRRmax = T T s>
“Ymin 10g2 M

(3.13)

instead of the MMSE. Fig. 16 contains a plot of SRRyax vs. SIR for different SNRs and a
fixed value of L = 32. It is worth noting that the maximum SRR is essentially independent
of the noise power, except when the tone is strong (SIR < 10 dB), and even then the noise
has little effect. In addition, note that the linear MMSE estimator can achieve cancellation to
a SRR of greater than about 8 dB for all tones in SNR > 0 dB when L = 32. Clearly strong
tones are attenuated, allowing for more reliable symbol detection. Of course, attenuation can
be increased by using a larger value of L, if necessary.

Although the SRR is a useful measure of transmission performance, particularly in

relationship to the probability of transmission error, it is not particularly useful for measuring
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Figure 16. SRRyax vs. SIR, L = 32,

the cancellation performance. A more practical measure is the ratio of the average residual
power to the power of the tone, v/K?. If this quantity is less that one, some performance
gain has been achieved (i.e., the residual power after cancellation is less that the tone power
before cancellation). Furthermore, it is useful to work with a logarithmic scale. Define the
performance gain (in dB) as
A _ 0
Glag = —10log Kf

= SRRyqp — SIRgp - (3.14)

A positive value of G indicates a gain, while a negative value indicates system degradation.

In Fig. 17 the theoretical bound on the gain, given by

Grmax = —101log ’7]_?:;‘

(o + No)/K?
L+ (O'g +N0)/K22 ’

= —10log (3.15)
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is plotted as a function of the SIR when L = 32. Curves for several different noise powers are
included. From this graph it is apparent that linear estimates perform better at tone cancellation
when the tone is strong. This is reassuring since the need to cancel strong tones is greater
than the need to cancel weak ones. Note also that cancellation is completely ineffective for
SIR > 20 dB when L = 32. Increasing L will allow weaker tones to be cancelled, but in

Section 3.2.3 a better solution is presented.
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Figure 17. Gnax vs. SIR, L = 32,

3.2.2 Sub-Optimal Linear Estimator

Although the estimator given by Eq. (3.9) is optimal in the linear MMSE sense, it has
a drawback. It requires knowledge of the frequency (f;) and magnitude (K;) of the tone,
along with the noise PSD (Ny). Since, in general, this information is not known at the
receiver, this method is no more feasible that the ideal one presented at the beginning of this

section. Fortunately, estimates for w; = 27 f;Ts and C = (a? + Ng) /K f can be used instead
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of the actual values. By using these estimated parameters, sub-optimal estimates of Z, with
acceptable accuracy can be generated. As will be shown in the next chapter, performance
nearly identical to the theoretical bound given in Fig. 17 can be achieved. In the next section
a procedure for producing the intermediate estimates is presented. Before then, however, it

is useful to analyse the MSE when these estimates are used.
When @; and C are used as estimates for w; and C, the MSE can be found by substituting

1 5
Wy = —=eioim (3.16)
L+C

o~

for w, in Eq. (A.9) yielding

L L L L
2 —jwi jwi —jwi(m—
v = K; [1 — g wpe T — E wy el E E Wy Wme 7 (m ")]
n=1 n=1

n=1m=1

L
+ (af + No) ZW;’;Wn

n=1
Loy R Loy R
— K'z2 1 — Aejwme—jw;n _ Ae—jwmejwm
L& L e 1
+ K? Ae—jwin Aejwime—jwi(m—n)
PPN vy
Lo 1
+ (o5 + N e Iwin eI
(o 80) ; L+C L+C
LN~ e _ LN i)
= Kf ll — — Zef wi—wi)n _ Ze—] wi—w; n}
L+C— L+C i
] 2 L I o)
+ Kf( A) Z E ¢ (wi—wi)(m—n)
L C n=1m=1
2 L
+ (o3 + M) (L A> dor. G.17)

Since the mean-square error does not depend on the actual frequency of the interference but

on the accuracy of the frequency estimate, it is useful to define

2me = Wy — w; (3.18)

57



as the error in the frequency estimate. Using this definition along with the property

L . L L-1
§ :ej(w.-—wi)n — § :ej27ren — ej27re § :ej27ren
n=0

n=1 n=1

sin (reL) eI™L

_ 6j27re .
sin (re) eI7e

sin (rel) Lime(L+1) (3.19)

sin (7€)

allows the MSE to be expressed as

= Kl'z [1 3 1 _ Si? (mel) Ime(L+1) _ 1 _ Sifl (mel) e—jm(L+1)}
L+ C sin(me) L+ C sin(me)

2 . 9 2
N K?( 1 A) 31? 2(7reL) T (o +N0)( 1 A) I
L+ C/ sin®(me) L+C

. 2 .. 9
_g2|1— 2 S0 (el) o re(n 1)) + ( ! A> sin” (rel)
L+ C sin (7re) L+C sin (7re)

2 1 ?
+ KXC L

L+C
. 2 2
_ k2|1 2 ASH.,I(ML) cos [7re(L+1)]+< 1 A) <Sl? 2(7reL) —l—C’L) ‘
L+ C sin(me) L+C/ \ sin®(me)

(3.20)

Although Eq. (3.20) seems complicated, it does provide some insight into how the accuracy
of &; and c affect the mean-square error.

To illustrate the effect of error in &;, Fig. 18 contains a plot of « versus L when SNR =
15 dB, SIR = 10 dB, and C = C, for various values of e. For the sake of comparison, the
curve for the minimum mean-square error, which is achieved if € = 0.0, is also included. For
small L, the MSE when e is non-zero is very close to the MMSE, but for larger L the MSE is
noticeable larger than the MMSE. This discrepancy is more pronounced for larger values of
e. Although the slight discrepancies shown in Fig. 18 are undesirable, error in &; has a much
more serious implication. For larger values of L, the MSE becomes excessive, as shown in

Fig. 19. The MSE does not approach zero for large values of L like the MMSE, but instead
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tends to K7, as shown in Fig. 20. This situation occurs for all non-zero values of e. No
matter how small ¢ is, there is a point beyond which increasing L does not reduce the mean-
square error. This phenomenon can be explained by recalling how Z, is calculated. When
there is a slight error in the frequency estimate the system is unable to correctly compensate
for the varying phase of the tone in each of the samples. When L is small this does not
produce a serious problem. However, for large L the system completely loses track of the
phase information in Z,, causing the third term in Eq. (3.10) to tend to zero, forcing Zz itself
to zero. As a result, there is a limit to the number of samples that can be used to generate

accurate estimates of the interference.
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Figure 18. MSE vs. L. SNR = 15 dB, SIR = 10 dB, C = C, various .

Since there is an upper bound on L, there is a corresponding lower bound on the mean-
square error that can be achieved when an imprecise estimate for w; is used. This implies

that the interference cannot be reduced below a certain threshold. For the example in Fig. 19,
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Figure 19. MSE vs. L. SNR = 15 dB, SIR = 10 dB, C = C, various e.

when ¢ = 0.0001 the MSE has a lower bound of about one-eighth of the interference power.
In practice, the frequency estimator proposed in the next section produces more accurate
estimates, so the MSE is generally lower.

The error in the estimate of C has only a slight affect on the MSE, even when C is
significantly incorrect. This is shown in Fig. 21 when € = 0.0001, SNR = 15 dB, SIR = 10
dB. Curves for C = 0.5C, C = C, and C = 2C are shown. For most typical values of C and
C, the effect of any error is slight, and although undesirable, it does not produce the same
limit on L that error in the frequency estimate does. As a result, most of the emphasis in the
next section will be on accurately estimating the frequency of the interfering tone.

For most applications the proposed scheme will eliminate the interference sufficiently
to allow for reliable data communication. Nonetheless, it is possible to further reduce the

mean-square error through the use of decision feedback.
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3.2.3 A Decision Feedback Tone Canceller

The presence of the data and noise signals in the received samples are the primary reasons
why the tone can not be measured precisely. Increasing the number of samples used by the
estimator will decrease the significance of these signals, allowing better tone estimation, but
unfortunately, imprecise frequency estimates limit the number of samples that can be used.
Even if the frequency is known, the number of samples required may be prohibitively large.
Consider a tone with SIR = 5 dB in noise with SNR = 15 dB. Fig. 22 contains a plot showing
the number of samples required to achieve a given SRR, found by solving Eq. (3.12), in
conjunction with Eq. (3.13), for L. For example, to increase the SRR to above 15 dB at
least L = 115 samples are required. Since the number of samples is fairly small, any slight
inaccuracy in the estimate of the frequency will have little effect. However, recalling Fig.

15, at a 15 dB SRR, the tone still noticeably affects the probability of transmission error.
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For negligible distortion due to the tone the SRR must be increased to above 25 dB. This
is confirmed by recalling Fig. (15), which shows that the probability of error when the SIR
is 25 dB is not substantially different from when no tone is present. Therefore, at least L =
1262 samples are required to effectively cancel the tone. Even if such a long tapped delay
line were economically feasible, the immense susceptibility to inaccuracy in the frequency

estimate would prevent the residue from reaching this goal.

As this example shows, the proposed system is capable of providing some improvement
in system performance, but is generally incapable of achieving the ideal goal of a SRR above
25 dB. However, with a slight modification system performance can be drastically improved.
To illustrate this modification, consider how the interference estimator would perform if the

data signal was absent from the received signal. In this case, by following a procedure similar
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to the one in Appendix A, the MMSE can be shown to be

No

A N 321
Tmin = TNy /K2 32D

providing w; and C are known. By using this equation instead of Eq. (3.12), it is clear that for
the tone in the previous example, the SRR would be 15.4 dB if the tone is estimated from only
one sample. Only 10 samples would be need to increase the SRR to 25 dB. Clearly, if the data
signal could be removed from the received samples before estimating the tone, the residue

could easily be reduced to a negligible value, even if the frequency is not exactly known.

Even though the transmitted data signal is not known at the receiver, it is possible to
reduce the effect of the data signal on the samples by employing decision feedback. Since
the estimate of the interference in the current sample is based only on previously received
samples (i.e. n > 1), it is possible to subtract the previously detected symbols, fa_n, from
the samples, R,_,, before estimating the interference. By using this method the effect of
the data signal is greatly reduced. Unfortunately, the minimum mean-square error and the

optimum weights are very difficult to find in this case as they depend on the probability
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of detection error, which in turn depends on the MMSE and the optimal weights. Even a

numerical solution has proved elusive. However, using the estimator

PN 1

Lo = —
L+C .=

produces excellent tone cancellation, as will be confirmed experimentally in the next chapter.

o~

(Ra_n — fa_n) eI (3.22)

As noted, detailed mathematical analysis of the system performance when decision
feedback is used is extremely difficult since the correctness of the detected symbols depend on
many factors. Nonetheless, the usefulness of decision feedback can be shown by considering
a few scenarios. If only a few transmission errors occur, fa_n usually equals /5, so that
Ro—n — Ien usually does not depend on the data signal. As a result, the effect of the data
signal is almost completely removed from Zl. This leads to a lower residue, better tone
cancellation, and fewer transmission errors. Since the tone canceller works without feedback,
it is very tolerant of transmission errors. In fact, the feedback canceller generally performs
no worse than the basic canceller when feedback is not used, even when nearly half the
symbols are detected incorrectly. Clearly, under normal operating conditions, situations this
severe are unlikely to arise. However, when the receiver tunes to a new signal, a large tone
may be present, potentially causing almost all symbols to be in error. In this situation, the
feedback canceller will initially performs worse than the basic canceller, usually achieving a
SRR that is about 3 dB lower. Even at this lower performance level, however, the tone is
reduced sufficiently to allow for a significant reduction in transmission errors. As the number
of errors declines, more accurate interference estimates are produced, further decreasing the
number of transmission errors, eventually leading to a much better SRR. On the other hand,
if many transmission errors arise from noise with extremely strong power, or perhaps an error
burst, the feedback canceller does not work well. However, since the source of the errors is
not the tone, removing the tone will not alleviate the error problem. In the next chapter, a

comparison of the performance of the feedback and basic cancellers will be presented.
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Although the true MMSE of the feedback canceller is unknown, a crude bound can be
found by assuming that no detection errors occur. In this case the data signal is completely
removed from the received signal, and the MMSE is given by Eq. (3.21). An uppper bound
on the performance gain is then

2
G .. =—10log No/K;

— 3.23

which is plotted in Fig. 23 for L = 32. Clearly these theoretical results are vastly superior
to the ones in Fig. 17. Without the presence of the data signal, the noise power becomes
the limiting factor controlling the performance. Cancellation can be applied to substantially

weaker tones, and cancellation is much more effective, regardless of noise and tone power.
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Figure 23. G vs. SIR, L = 32, with decision feedback.

max

For the feedback canceller to work properly, another slight detail must be considered.

Since the data signal power in the samples has been reduced, the power ratio, C should
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estimate the quantity

IL—1,

il

instead of (0% + No)/K?, as in Eq. (3.8). This change reflects the decreased power of

2
| + %

3.24
e (3.24)

the data signal relative to the power of the tone. Fortunately, producing this estimate is

straightforward, as will be shown in the next section.

3.3 Estimation of Frequency and Power Ratio

The linear estimator of Z, described in the previous section requires knowledge of the
frequency of the tone and the ratio of signal and noise power to interference power. This
information can be readily extracted from the power spectral density of the received signal. In
this section a simple method for estimating the PSD will be presented, followed by a detailed
description of how the frequency and power ratio can be estimated.

When attempting to determine the frequency of the interfering tone it is natural to analyse
the received signal in the frequency domain. Fig. 24 contains a plot of the PSD of the received
signal when quadrature amplitude modulation is used with root-raised cosine filters with a
roll-off factor of o = 0.2. The noise and tone have powers given by a SNR of 15 dB and
a SIR of 15 dB. The frequency of the tone is f; = 0.1/7;. The PSD is characterized by

(see Eq. 2.55)

() = o2 |H()2 + NolHr(f)* + K28(f - f;) . (3.25)

All the power in the tone is concentrated around the frequency of the tone, while the power
in the data and noise signals is dispersed smoothly throughout the signal frequency band. The

frequency of the tone can be found by finding the frequency where the impulse in the PSD
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occurs. This simple observation is the motivation for the proposed method for estimating

the tone’s frequency.

3.3.1 PSD Estimation

The PSD of a random process is based on all possible realizations of the process over
all time. Since only one realization is observed at the receiver, only an estimate of the PSD
can be generated. Furthermore, practical considerations limit the observation to a finite time
interval. Methods for estimating the PSD fall in the realm of spectral analysis. Numerous
techniques have been proposed in this mature field [29], offering solutions covering a wide
range of accuracy and complexity. One technique, the periodogram, has been selected for
use in this thesis because of its simplicity and computational efficiency [29]. As will be
shown later, the estimate it produces of the PSD is sufficient to allow the frequency of the
tone to be accurately determined. The periodogram is based on the finite-length discrete
Fourier transform (FFT), a transform that can be performed efficiently and has hardware

implementations readily available [30].
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The periodogram is a set of values that describe the PSD of the signal at a set of discrete
frequencies. It is calculated in a straightforward manner from a block of samples of the
received signal. The signal is sampled at a rate of 1/T samples per second. To prevent
aliasing, the sampling rate must meet the Nyquist sampling criterion, so T must be less than
or equal to 7 /2, since the raised cosine filters limit the bandwidth of the signal to | f| < 1/T;
[24]. To simplify analysis, the relationship between the symbol duration and the sampling
period is required to be 7" = T5/N,, where N, is an integer representing the number of
samples per symbol. Clearly N, > 2 is required to prevent aliasing.

As the received signal is sampled, the samples are collected in blocks containing N
samples each. The sample stored in the n position of the d” block shall be denoted by

rqg(n) and is defined as
rg(n) £ r(nT + dNT) , (3.26)

for n =0,1,...,N — 1, and any integer d. The FFT of the d”* block is given by

N-1
Ry(k) 2 )" rg(n)e % (3.27)
n=>0
for k = —N/2,...,-1,0,1,...,N/2 — 1. This transform has the property that the points

in {Rq(k)} are equal to the Fourier transform of a sampled and truncated version of the
received signal, evaluated at k/NT Hz. Since efficient algorithms exist for computing the
discrete Fourier transform when the block length is a power of two, it is necessary to choose N
to be a power of two. To simplify analysis it is also desirable that N be made a multiple of N,.

Once the FFT of a block has been calculated, its periodogram can be determined in a
straightforward manner. The periodogram of the d” block shall be denoted by X (k) and

is defined as

A1
Xa(k) & —|Rg(k)[” . (3.28)



The set of values {X4(k)} are estimates of the PSD of the received signal at the set of
frequencies {%1 kel —% <k< % —1}.

To show the relationship between the periodogram and the PSD of the received signal,
it would be beneficial to find the probability distribution function (PDF) of the points in
the periodogram. Ideally, a simple expression for the PDF of {X4(k)} could be found.
Unfortunately, this is not the case. The difficulty arises primarily from the cyclostationary
nature of the transmitted signal. Even finding an expression for the mean of Xy(k) is a non-
trivial matter. The discussion that follows is included only to illustrate some of the strengths
and weaknesses of the periodogram approach to spectral estimation. It is not intended to be
a thorough or exact analysis, as it was felt that this task is beyond the scope of this thesis.

To express the mean of each point in the periodogram in terms of the PSD of the received

signal it is useful to use Eq. (3.27) and Eq. (3.28), so that

E(X4(k)] £ B||Ra(k)’

N-1 N-1
=E|g E r}(n)eﬂ”% Z rd(m)e_ﬂ"'kﬁm'
n=0 m=0
N-1N-1 e
=% > > E[ri(n)ra(m)]e™ T w . (3.29)
n=0 m=0
Substituting Eq. (3.26) yields
N-1N-1 .
EX (k)] =% E[*(nT + ANT)r(mT + dNT)]e 25"
n=0 m=0
N—1N-1 ki
=% $r(nT + ANT; mT — nT)e 3252 (3.30)
n=0 m=0

This equation provides an expression for the mean of the periodogram in terms of the received
signal’s autocorrelation function. By substituting Eq. (2.53) for ¢r(nT + dNT;mT — nT)

it is possible to express the mean as

N-1N-1
E[Xq(k) = 5 Z dy(nT +dNT;mT — nT)e_jZ“"ilN_‘"_)
n=0 m=0
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+4 S (mT — nT)e=92m 5
n=0 m=0
N-1~N-1 .
+ % Z bz(mT — nT)e 2"~ w
n=0 m=0
= Ey(d, k) + Ex(d, k) + Ez(d, k) , (3.31)
where
N—-1N-1 ke
Ey(d,k) 2 % ¢y (nT + dNT; mT — nT i , (3.32)
N
n=0 m=0
N-1N-1 ke
Eyn(d, k) £ 4 dy(mT —nT ¢—i2m 5 , (3.33)
N
n=0 m=0
and
N-1N-1  kmen
Ez(d,k) £ & bz(mT — nT)e—ﬂ“—lN . (3.34)
n=0 m=0

Clearly, from the above equations, the mean is the sum of three components, with one
component depending on the data signal, one depending on the noise, and the third depending
on the tone. By analysing the three components separately it is possible to express the mean

in terms of the PSD.

The first component is the most difficult to analyse due to the cyclostationary nature of

the data signal. From Eq. (2.46),

by (nT+dNT mT — nT)

_ 0_ / H* )ejzﬂ.a(nT;stT) e]‘z,r(f-i-—j—%) (m—n)Tdf . (3.35)

a=—00

However, since ¢y (t;7) is periodic with respect to ¢ with a period of T,
¢y (nT +dNT;mT — nT) = ¢y (nT;mT —nT) (3.36)

since dNT = dNTs/N, is a multiple of Ts.* In addition, when |a|] > 1, H(f) and

H(f +a/T;) do not overlap since H(f) is band-limited to |f] < 1/Ts. Therefore

4 Since N is a multiple of N, N/N, is an integer. The block number, d, is also an integer.
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H*(f)H(f +a/Ts) = 0 when |a| > 1. As a result, only three terms in the summation

with respect to a are non-zero. Therefore,

¢y (nT + dNT;mT — Z / H*(f Q)e—j27rfnTej27r(f+7%)def .

(3.37)

N-1N-1 1 oo
* a\ _—j2rfaT J27 - )m —jonim=n)
Ev(d k) = %[_ z UETL, Z (f)H(f+Ts)e j2mfnT 52 (f+’1";) Tdfe J2m Bl
n=0 m=0 a=-17"X
1 N-1 kN, N-1 a _k
ol a —j27 i2r\ f+7-—5p | mT
=F Y (B (NH(+£) Y e (r-afr)or 3 gorlove-dr)nt,
a=—177" n=0 m=0
(3.38)
To clarify this expression define
N-1 '
G(f) A Z e]ernT
n=0 )
1 —exp(j2nfNT)
1 —exp(52nfT)
SlIl?TfNT ]Zﬂ'f(N I)T
= _ 3.39
sinw fT (3:39)
so that
Ey(d, k) = Lol Z H + &2 )G (f — wp)G(f + = — 5 )df . (3.40)
N sTv ﬂ NT 7. NT

a=-—1

The magnitude of G(f) is characterized by spikes occurring at multiples of 1/7" = N, /T, Hz,
and is small elsewhere. As a result, there can not be a spike at both G(f) and G(f + a/T5)
for the same value of f, so G*(f)G(f + a/Ts) is negligible when a = +1 (f N, > 2).
Therefore, the integrals when a = £1 can be ignored. Only when a = 0 does the integral

contribute to Ey(d, k), so

Bv(d k) = otz [ VHDPIGU - )0 @41

—C0
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To express this in terms of the PSD, recall from Eq. (2.48) that

By(f) = ol H ()P (3.42)
so that
1 [T s E V|2
Ey(d,k) = 5 /_ Sy(NG(f —wr)| df - (3.43)

The noise component, given by Eq. (3.33), can be expressed in a similar format by

En(d,k) 2 & Jf Ni pay(mT — nT)e=i2r 5
=0 m=0
= YIVN_IN_I/OO & y (f)e2S (m—)T g = jom 0522
o p—
_ %/oo o) N—le ,z,r(f—ﬁ)nT N_leﬂ’r(f_%)def
T n=0 0
=4 [ ennlotr - ). a0

The tone component, given by Eq. (3.34) can be expressed in terms of the PSD of the

tone by
N—-1N-1 R
Ez(d,k) = 3 ¢z(mT — nT)e —jar izl
n=0 m=0
N—-1N-1 .0 . ko
_ 7%/' / q)Z(f)eyzwf(m—n)Tdfe—]Zwl—lN
n=0 m=0" ~°
00 N-1 -1 k
—g2n| f = |mT
=71v/ Oz(f Ze (NT) Z (N) df
oo =0 m=0
=% [ eanlats - )l (3.45)

Combining the three components yields

E[Xd(k)] = EV(d7 k) + EN(d’ k) + EZ(d7 k)

_ 1 fo By (H)|G(f - &) 2dr + %/_oo on (NG - ) [Far
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e e]

[ eaple(s - o)lar
—1 / [Bv(f) + O () + 22(N]|G(f — &) [ . (3.46)

By using Eq. (2.55) for the PSD of the received signal, this can be expressed as

E[X,(k N/ r(f |GfNT|df
-/ SR () (3.47)
where
W) = FIGUP = J—Vi;——% (3.48)

is referred to as a window function. Examination of Eq. (3.47) reveals that the mean of the
Xa(k) is equal to the result of the convolution of the PSD of the received signal with the
window function evaluated at f = %. Since the mean of periodogram is not equal to the PSD
of the signal, the periodogram is known as a biased estimator [31]. The convolution operation
causes the PSD to appear slightly widened, with more power shifted into the sidelobes. For

large N, the effect of the bias is less noticeable. In fact, as N — oo, Wy (f) — 6(fT), so that

[o;0]

Jim EXa(k)] = lim [ @p(Wx(f - #7)df
= [ arns(lr - T
= [ ar(n)go(r - Fr)a
= %@R(%) : (3.49)

The primary implication of the bias is that for finite N, the impulse that results from the
tone that occurs in the PSD is estimated as a finite-magnitude pulse in the periodogram. The
shape of this pulse is proportionate to Wy (f).

Fig. 25 shows a typical periodogram of a received signal with SNR = 15 dB and SIR

= 15 dB, calculated from N = 16384 samples collected at N, = 2 samples per symbol. The
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predominant spike is due to the tone with frequency f; = 0.1/75, and occurs at
k= fiNT =01NT/Ts =0.1N/N, =819 . (3.50)

By finding the position of the spike in the periodogram, it should be possible to estimate

the frequency of the tone.
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Figure 25. Periodogram of Received Signal. N = 16384, N, =2, SNR =15 dB, SIR =15 dB.

Fig. 25 also illustrates a problem inherent with the use of the periodogram. Since the PSD
is dependent on the autocorrelation function of the received signal, it is essentially an average
all possible realizations of the signal. The periodogram, on the other hand, is calculated from
only a single realization. Compare Fig. 25 with the actual PSD of the signal as shown in Fig.
24. Note that the smooth portions of the spectrum appear very jagged in the periodogram.
This is because the periodogram only estimates the PSD. Any given estimate can differ wildly
from its desired value, even though it equals its desired value on average. This difference
is a measure of the variance of the estimator. The smaller the variance, the more like likely
the estimator will be close to its desired value. The variance of the periodogram is a very

important consideration.
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In the example given above, N was chosen to be excessively large to show how the
periodogram can be useful. A value of N = 2048 is much more reasonable in terms of
implementation complexity, and Fig. 26 shows why the periodogram by itself is generally
impractical. The tone, marked by an arrow in the graph, is indistinguishable. Because of the
larger bias associated with using a smaller value of N, the spike due to the tone is concealed
by the random nature of the periodogram. If the tone had a weaker power, this problem

would be even more pronounced.
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Figure 26. Periodogram of Received Signal. N = 2048, N, =2, SNR = 15 dB, SIR = 15 dB.

The number of samples used to produce the periodogram is an important parameter. When
N samples are used, the periodogram estimates the PSD at N discrete frequencies in the range
{—%, %] By increasing N, more estimates are produced, which are more closely spaced
in the frequency range. This reduces the need to use interpolation to estimate the PSD at
frequencies not provided by the periodogram. In addition, increasing N causes the bias to be

reduced which increases the magnitude of the spike due to the tone, making it easier to find.

Clearly there is much to be gained by selecting a large value of N. Unfortunately, there are
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some limitations. FFT algorithms have an order of N log IV, and therefore the amount of time
required to perform the operation grows non-linearly with increasing N. Similarly, hardware
implementations become increasingly more complex. Another drawback is that more time is

required to collect the block of data if N is increased.

3.3.2 Average Periodogram

Because of the large variance, the periodogram of a single block can not be used by
itself to estimate the PSD. Instead, it is desirable to compute the periodograms from several
different blocks of samples and average the results together. The resulting estimate will be
referred to as the average periodogram (AP). When D periodograms are averaged together,

the resulting AP will be denoted by Xp(k) and defined as

ol

-1
Xa(k), (3.51)
0

Xp(k) &

=
s
Il

where X4(k) is the periodogram calculated from the d* block of samples using Eq. (3.28).
Note that the same number of samples must be used for each periodogram, and no sample

should be used for more than one periodogram. The sample blocks must not overlap.

The mean of the average periodogram can be determined easily by applying Eq. (3.47),

so that
D—-1
E[Xp(k)] =5 ) BXq(k)]
Dt e
=53 [ SeWa (s - )
d=0 ¥~
= /_ Sr(NWn(f — wr)df - (3.52)

Similarly, the variance is

Var[Xp(k)] = E[X3(k)] - E[Xp(k)

76



= ﬁlg- Cov[Xy(k), Xe(k)], (3.53)

where Cov|-, -] denotes the covariance [28]. A detailed analysis of the covariance has not
been included in this thesis for the sake of brevity. However, different periodograms are
essentially uncorrelated, and the variances of all the periodograms are identical, independent

of block number. Using these properties the variance of the AP can be expressed as

D-1D-1
Var[Xp(k)] = 27 Y Y Var[Xy(k)]é(e — d)

d:o 6=0
D-1

= F7 Y Var[Xy(k)]
d=0

= 4 Var[X,(k)] . (3.54)

As can be seen by Eq. (3.54), the variance of the AP is a fraction of the variance of a single
periodogram. By increasing D it is possible to reduce the variance to any arbitrary level. Fig.
27 shows an AP calculated for the signal in the preceding example, calculated with D = §
and N = 2048. Note that the random perturbations have been significantly reduced, allowing
the tone to be detected easily. As more blocks of samples are processed and included in the
AP, the variance decreases further. Unlike N, D is not a fixed parameter and can increase
without bound. Given enough time, even the weakest tone can be detected in the AP.
Aside from N and L, the other important system design parameter is N, the number of
samples per symbol. To prevent aliasing, N, must be greater than or equal to two. However,
the practice of taking N; > 2 is questionable. Although the periodogram is proportionate
to IV, the tone spike is no more or less prominent with different values of NV,. Increasing
N, widens the frequency range over which the PSD is estimated, but all this additional

range falls outside the signal frequency band. Since N remains unchanged, the points in the
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Figure 27. Average Periodogram (AP) of Received Signal.
D =8, N =2048, N, =2, SNR = 15 dB, SIR = 15 dB.

periodogram become more spread out so the frequency resolution is decreased, with fewer
relevant estimates. On the other hand, collecting samples at a faster rate requires less time
to collect a full block of N. However, in that shortened time span, a less valuable estimate

of the PSD is produced. Therefore, it is concluded that two is the best value for N, to

estimate the PSD.

3.3.3 Symbol Rate Sampling

If the primary goal was estimating the PSD of the signal, the optimal value of N, would
be two. However, for the proposed tone canceller, estimating the frequency of the interfering
tone is the main concern, accurate estimates of the true PSD are not really important. By
taking NV, = 1 (i.e., sampling below the Nyquist sampling rate), aliasing is introduced. The
resulting average periodogram does not reflect the PSD of the received signal, but does contain
sufficient information to accurately estimate the frequency of the interference. There are three
reasons for doing this: i) the implementation is considerably easier, ii) the tone frequency

can be estimated with greater accuracy, and iii) decision feedback (which will be discussed
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in Subsection 3.3.6) can be used to further improve the results. Only one sample is collected
per symbol, and it is collected at the symbol sampling instant. Throughout the remained of
this chapter, only the case when N, = 1 will be discussed.

In Appendix B, expressions for the mean and variance of the resulting AP are derived,

when only one sample per symbol is collected. They are
E[Xp (k)] = 02 + No + K2Zo(k) (3.55)

and

Var[Xp(k)] = [(ag +No): +2(c% + NO)K,?ZO(k)] : (3.56)

where

Zo(k) =Wy (fz‘ - Tv%‘)
sin? [W(f,' — N%:)NTS]
~ Nsin? [w (fi — W%—)T]
_ sin®wfiNT,
"~ Nsin? Z[fiNT;s — k]

(3.57)

is the mathematical formula that characterizes the effect of the tone on the points in the average
periodogram. This spike is largest for the value of k closest to f;NTs, and is small for all

other values of k. Also, note from Eq. (3.56) that the variance is inversely proportional to D.
3.3.4 Frequency Estimation

By using the average periodogram it is possible to estimate the frequency of the interfering
tone. The presence of a tone in the received signal is indicated by a large spike in the AP,
with the position of the spike depending on the frequency of the tone. By finding the position
of the largest spike in the AP, the frequency of the tone can be determined. To illustrate this
procedure, assume that enough blocks have processed so that the random nature of Xp(k)

is minimal, so Xp(k) = E[Xp(k)].
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As noted in Appendix B, the mean of the average periodogram is

2
NT
E[Xp (k)] = o + Ny + K30 TV

: 3.58
" Nsin? Z[fiNTs — k] 529

which attains its largest value when k£ = k;, where k; is the integer closest to f; NTs. To use

this property, let E be the position of the largest value in the average periodogram, so that

Xp (E) > Xp(k) for all k£ € [—%, % — 1]. Then, one possible estimate for f; is

~

~ k;
ﬁ_Nﬂ

) (3.59)

Under normal operating conditions, the largest value of the AP always occurs at k;, so this
estimate can be quite reliable. The only problem arises when the tone is relatively weak
and only a few blocks have been processed. In this case the tone is hidden in the random
nature of the AP. However, as more blocks are processed, the variance decreases and the tone
spike becomes prominent. As this problem only occurs for an extremely short time while
the receiver tunes to a new channel, it can be disregarded. In general, it is safe to assume
that /15,- = k;, and that assumption will be made for the remainder of this section. Although
the estimate of Eq. (3.59) is very reliable, it is limited by the frequency resolution of the
AP to an accuracy of

1
<

fi—fil £ SNT.

(3.60)

There is no error only if f;NT, happens to be an integer.
By considering the shape of the tone pulse, it is possible to fine-tune the estimate of the
frequency to achieve significantly better performance. The shape of the spike is governed by

_ sin? (7 f; NTs)
~ Nsin? (EF[fiNT, — k)’

Zo(k) (3.61)

which is plotted in Fig. 28 for N = 2048 and f;T; = 0.05, so f;NT; = 102.4. As expected, it

appears as a large spike, which falls at k; = 102. Fig. 29 shows the same function for points
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around k; only. The points marked with a circle are for integral k, and indicate the points
for which the average periodogram has been calculated. The dashed line shows the values of
Zo(k) when k is not an integer. In this case, Zo(k) reaches its peak at some point not included
in the AP. That is, Zo(k) is at a maximum at f; NT, = 102.4, while the largest value in the

mean of the AP is at k; = 102. It is useful to define the difference between the two points as
0; = fiNT, — k; . (3.62)

Note that |§;] < 1/2. By finding &; as an estimate for &;, the frequency of the tone can be

estimated as

~ ki 6@
fi= NT. + NT. (3.63)
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Figure 28. Plot of Zy(k) vs. k, for N = 2048 and f;Ts = 0.05.

To estimate 6;, a simple interpolation procedure is used. The second largest point in
E[Xp(k)] occurs at k; + 1 if 6; > 0 or at k; — 1 if §; < 0. Consider the ratio of the largest

point in E[Xp(k)] to the second largest point. Let

_ EXp(k)] - (o2 + No)
~ E[Xp(ki £1)] — (02 + Np)
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Figure 29. Plot of Zo(k) vs. k, for N = 2048 and f;Ts = 0.05. For points around f; NTs only.
_ Zo(k;)
Zo(k; £ 1)
sin? (rfiNT.)
Nsin? (E[fiNT.—ki])
sin? (7 f; NT:)
Nsin? (E[f:NT,—(k:i£D)])
in? (Z[fiNT, — (k; £ 1
_ sin (JZV[fN (ki £ )]) . (3.64)
sin (f{;—[fiNTs — kz])

Substituting, 6; = f;NTs — k; into the above equation yields

sin? (£[6 F1])  sin? (E[+1 — &)
_ N = il
B - sin2 (]_7\‘.7.51) - Siﬂ2 (1—76"51,) . (3.65)

Since |6;] < %, both é; and f[+1 — é;] are small, so the approximation sin z = z can be
used. Therefore

1

[F) ' -6) [g B 1]2
NG |

3.66
3 (3.66)
Taking the positive square root of both sides yields
. *1
VB Z % _1, (3.67)
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which implies

+1
1+vVB

IR

d; (3.68)

To take advantage of this relationship, note that Xp(k) = E[Xp(k)] for large D, so using

5 oK)= (o5 + No)

= Xk £ 1) = (T F Vo) (3.69)

in Eq. 3.68 produces a satisfactory estimate of §;. Since Ny is unknown, this method cannot be
used directly. However, since typically o > Ny, the effect of the noise can be disregarded,
and o2 used in place of o2 4+ Ny. Alternatively, a method for estimating 02 + Ny, such as the

one discussed along with estimating the power ratio in Section 3.3.5, can be used instead.

In summary, the frequency of the interfering tone can be estimated as follows. First, find
the largest value in the average periodogram, and let k; denote its position. If the largest
neighbour of Xp(k;) is Xp(k; + 1), find the ratio

__Xp(ki) — o3
Xp(k; +1) — o2’

(3.70)

and estimate the frequency of the tone by

1
~ kl
fi=ym t IJJ\;\J/’E ' G-7D

On the other hand, if the largest neighbour is Xp(k; — 1), find the ratio

Xp(ki) — o
B = ,
Xp(ki—1) — JZ

(3.72)

and estimate the frequency of the tone by

ks .
=0 _1+vB (3.73)

NT, NT,
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3.3.5 Power Ratio Estimation

For proper cancellation of the interfering tone, the ratio C = (o2 + Ny)/K2 must be
estimated as well as the frequency of the tone. This estimate can also be extracted from the
average periodogram.

To produce this estimate, a couple of intermediate quantities must be generated. The first

one is the average of all points in the AP. Let

w[Z

-1
S =% Xp(k) . (3.74)

N
k=—5

]

The second quantity is the sum of only a few points in the AP, centered around the position
of the tone spike, k;. Let M denote the number of points to sum, where M is odd, and let
¢ = (M —1)/2. This quantity is then given by

ki+c
Sp= Y Xp(k). (3.75)

k=ki—c

Once 57 and Sy have been calculated, estimators for o2 + Ny and K, 12 can be generated with

. NG (6)S1 — S

6, = .
YNNGy (G - M (3.76)
and
Sy — M Sy
= 3.77
respectively, where the function
ki+c
Gu() & F Y Z(k) (3.78)
k=k;—c

represents the fraction of the power of the tone that is contained in the M points centered
around k;. This is a function of ¢;, which was defined in Eq. (3.62) and measures how
close the frequency of the tone is to the spike in the AP. Fig. 30 contains plots of G/ (6;) for

various values of M when N = 2048. In practice, G'j7(6;) can be approximated by using linear
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Figure 30. Plot of G'3s(6;) vs. 6;, for N = 2048 and for various values of M.
interpolation, and since ¢; is unknown at the receiver, the quantity :5\, = ﬁN T, — E 1s used
in its place. As confirmed by the experimental results in the next chapter, this approximation

has little impact the performance of the interference canceller.

In Appendix C, it is shown that ¢; and 6, are unbiased estimators for 03 + Ng and Kl?,

respectively. It is also shown that their variances are approximately

En

Varl] = r=brp [(0-3 +No) + (o—z _ 2(03)2) ~ (3.79)

and

Var(fa] = o (o2 + No)” iy +2(0 + No) K7 . (3.80)
Note that Var[f;] and Var[f;] are roughly proportional to 1/ND. This implies that these
estimates are very accurate for large N, and, in addition, the accuracy increases as more blocks

are added to the AP. Because of these properties, the quantity

g (3.81)
0,

can be used as an estimate for the power ratio C = (o + Np)/K?. Note, however, that C

is not an unbiased estimator for C since division is not a linear operation. Nonetheless, it
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is generally sufficient for the purposes of the tone canceller, usually providing very reliable
estimates of the power ratio. There is, unfortunately, a situation where this is not the case.
When the tone is very weak, C can be a very large number. In fact, C — oo as K? — 0.
The same can not be said for 6’, however. By inspecting Eq. (3.80), it is apparent that the
variance of 65 does not tend to zero as K f — . Because of this non-zero variance, ¢ can
be much larger than K? when the tone is weak. As a result, C does not tend to infinity as
K? — 0, but instead levels off at some maximum value. In implications of this problem are

explored more thoroughly in the next chapter.

In summary, the estimate for the power ratio can be found by first calculating S; and
Se with Eqgs. (3.74) and (3.75), and then using the results to calculate 6; and 6, with Egs.

(3.76) and (3.77). Then calculate

o2 (3.82)
02

as an estimate for C = (o2 + Ny)/KZ. The estimate 6; could also be used by the frequency

estimator instead of o2 + Ny in Eq. (3.69).
3.3.6 Decision Feedback for Frequency and Power Ratio Estimation

As in the case of the interference estimator (see Subsection 3.2.3), the strong presence
of the data signal in the received samples is the primary factor limiting the accuracy of the
parameter estimators. Here, too, the use of decision feedback significantly improves results
and is very easy to implement. As each sample, r4(n), is received by the parameter estimator,
the corresponding detected symbol, IA,H_d N, 1S subtracted from it. The periodogram for the

d™ block is then calculated as

N—1 2

5 ()~ )

n=0

Xq(k) = % (3.83)

The average periodogram resulting when decision feedback is used has essentially the same

properties as the one described earlier in this section. Theoretical analysis is difficult, but
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Ia_fa

2
by replacing o2 with o2 £ E[ ] the mean and variance are approximately (see

Egs. (3.55) and (3.56))
E[Xp(k)] Z o2 + N, + K} Zy(k) (3.84)
and
Var[Xp(k)] = 5 [(cr? +No) +2(o? + No)Kfzo(k)} : (3.85)
By using the same procedure described earlier, an accurate estimate of f; can be pro-
duced. Also, the quantity C estimates (o2 + Ny)/K? when feedback is used, instead of
(af + No) /K?. However, if feedback is also used by the interference estimator, C estimates

the desired value.

3.4 Summary and Conclusion

Fig. 31 contains a block diagram of the proposed tone interference canceller. The received
signal, r(t), after demodulation and filtering, is sampled at the symbol sampling instants,
t = aTs. From each sample, R,, an estimate of the interference present in the sample, Za, is
subtracted. The resulting decision variable, R, is used by the symbol detector to produce the
detected symbol, ./T; which is expected to be the same as the transmitted symbol. Since the

tone interference has been removed from the decision variable, this is likely to be the case.
To estimate the interference present in each sample, a simple tapped delay line is used,
as is shown in Fig. 32. The tone is estimated as
L
Zo=" W (Racn — L) , (3.86)
n=1
where { R,—, } are previously received samples, and {/,_,} are previously detected symbols.

The weights, {w,}, are calculated by

1 ~
Wy = —exp ()27 finT, ) , 3.87)
50 P (] f ) (
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where f; is an estimate of the frequency of the interfering tone, and C' is an estimate of

12
I,— 1, ], an unknown value that depends on

(02 + No)/K?. The quantity o? equals E{
the power of the transmitted symbols and the probability of detection error. Both f, and C
are generated by the parameter estimator. The number of samples used, L, is a fixed design
parameter. It should be selected to be as large as possible, but inaccuracies in ]?, place a

theoretical limit on how large it can be.
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In practice, the cost of a long tapped delay line will be the primary limitation on L.
However, an alternate realization can be used that is considerably cheaper. To motivate this

realization, let

Qa - Ra - ]a 5 (388)
so that
L
Zo = ZWnQa—n
n=1
L ~
L+C 3
1 L-1 N
— _ Qa— 6]27rfi(n+1)T3
L+C 7;) (k)
1 L " ~ —~
— Z Qo (n+l)€j27rfi(n+l)Ts + Quoy ¥ hTe Qu—(141) I 2r F(LA)T,

t~
+
()

S
—

e~

1 o FnT. | o
= Qac1-n€”™ T BT 4w Qg — W(L4+1)@a(L41)
L+C .

= Za-1€”™ T 4 w1 Qa1 = W(141)Qa—(z41) - (3.89)

This equation provides a means for generating the interference estimate at t = a7s by updating
the estimate from the previous sampling instant. Using this property, the interference can be
estimated with the device shown in Fig. 33. Since this implementation requires fewer adders
and multipliers, a much larger value of L can be used without significantly increasing cost.
The frequency and power ratio are estimated from the AP computed from the received
signal. The detected symbol is subtracted from the received sample, and the result is stored
in a buffer of length N. Let r4(n) denote the n™ value stored in the buffer while processing

the d” block. Then

~

ra(n) = Ryyan — Inyan - (3.90)
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Figure 33. Reduced Complexity Realization of Interference Estimator

When the buffer is full, a FFT is performed on the data. The transformed block, { Rg(k)}

also contains N values. The d”* periodogram is computed from the transformed block as
Xa(k) = g Ra(k)[" . (3.91)

This periodogram is included in a running average of all the previously computed peri-

odograms. This average periodogram is

D

-1
Xp(k) =3 > Xa(k), (3.92)
d=0

where D is the total number of blocks currently processed. The block length, N, is another
fixed design parameter. It too should be selected to be as large as possible, however economic

considerations limit its size.

From the data in the average periodogram, ﬁ and C are calculated. To estimate the
frequency, the largest value in the AP is found, and its position is denoted by &;. If Xp(k; + 1)
is found to be greater than Xp(k; — 1), the quantity

_ Xp(k) — s
Xp(ki +1) — 61

(3.93)
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is computed, where 6; is an estimate for o2 + Ny. If no estimate is available, a value of
zero can be used instead. With B, the quantity 5 is computed by si=1 / (1 + \/F) and
the frequency is estimated as ﬁ = (k, + 3\1) J(NTs). If, however, Xp(k; + 1) is found to
be less than Xp(k; — 1), the quantity

XD(k,) — 6

B= -6

(3.94)

is computed instead, and, with & = —1 / <1 + \/E), the frequency is estimated as ﬁ =
(ki + &) /(NT).

To estimate the power ratio, the quantities

L1
Si=% > Xp(k), (3.95)
k=—2
and
ki+c
Sy= Y Xp(k) (3.96)
k=k;,—c

are calculated from the average periodogram, where ¢ = (M — 1)/2, with M being the number

of points to sum around the spike caused by the tone. With S7 and S9, the quantities

_-NGM(@)%—n%

6 = NG (&) Y (3.97)
and
5 —=MS5
= NG (a) Y (3.98)

are computed, where G'pr (3\1) is the fraction of the tone spike that is contained within the
M points centered around k;. Note that 8; is an unbiased estimator of o2 + Ny, and 05 is an
unbiased estimator of K?. The estimate C is finally generated by C = 61/6-.

Using the procedure outlined above, extremely effective interference cancellation will be
achieved. Theoretically, near-optimal performance in terms of the MSE is possible. In the

next chapter, experimental results are presented to support this claim.
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Chapter Four

Computer Simulation Results

4.1 Introduction

The theoretical analysis of the proposed interference canceller included in the previous
chapter indicated that it should have near-optimal performance in the MMSE sense. Fur-
thermore, using decision feedback and increasing L are both expected to yield better tone
cancellation since these actions directly affect the theoretical bound on performance. On the
other hand, the block length, N, and the number of blocks processed, D, do not affect the

bound, but they do affect how close to the bound the canceller performs.

To support these theoretical claims, computer simulations were employed. This chapter
contains a summary of the simulation results, confirming that effective cancellation of tone
interference is possible. After a description of the simulation system in Section 4.2, the
simulation results when decision feedback is not employed are discussed in Section 4.3. In

Section 4.4 the results when decision feedback is employed are studied.
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4.2 Computer Simulation System

All the experimental results presented in this chapter were produced by computer sim-
ulation of the communication system and interference canceller. Appendix D contains a
complete listing of the source code, written entirely in C. All results in this chapter pertain
to a 16-QAM system with root raised-cosine filters with a roll-off factor of o = 0.2, and the
average transmitted signal power is P; = 10/T,. The frequency of the interfering tone and
its initial phase were arbitrarily selected as f; = 0.05/7s, and ¢; = 0.0. Of course, these
values were not available for use by the tone canceller. The tests were performed over a

wide range of tone and noise powers.

The interference canceller was implemented using the reduced-complexity model of Fig.
33, and the frequency and power ratio estimates were generated from APs using symbol-rate
sampling. Unless otherwise stated, a filter length of L = 32 was used, and a total of D = 32
blocks length of NV = 2048 were used to compute the AP. In addition, a value of M = 21 was
used in Eq. (3.75) and Eqgs. (3.76)-(3.77) to generate the intermediate estimates ¢, and 05.

To accurately measure the average residual power, a very large number of trials must
be executed to ensure statistical convergence of the results. Since a total of ND = 65536
samples were processed for each trial, convergence was hastened by using the average over
the last ND/4 = 16384 samples as the estimate of the residue for that trial. Since the samples
in a single trial are not strictly independent, each trial was repeated 2000 times with different

random data, and the results were averaged together.

4.3 Cancellation Without Decision Feedback

In Section 3.2, the theoretical performance of the linear MMSE estimator was studied,

and the maximum performance gain was plotted in Fig. 17. For the sake of convenience
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in comparison, this figure is repeated in Fig. 34. As noted, this data represents a bound
that limits the performance gain of all tone interference cancellers that use linear estimates
without employing decision feedback to reduce the effect of the data signal. In Fig. 35 the
simulated results for the proposed canceller are presented. By inspecting this graph it is clear
that if the SIR is less than about 20 dB, some cancellation of the tone is possible. This
performance is almost identical to the theoretical bound in Fig. 17. If the SIR is in the 20-40
dB range, very little cancellation occurs. Again, this performance is in agreement with the
bound. However, if the SIR is greater than about 40 dB a minor problem is apparent. In
this region the canceller exhibits a negative gain, indicating that additional distortion is being
introduced. While this situation is undesirable, it should be pointed out that this additional
distortion is very insignificant, since it is proportionate to the strength of the tone, which

itself is very weak in this region.

N
<o

Ln
=

o
o

20

Performance Gain (dB)
(0%
=

Signal-to-Interference Ratio (dB)

Figure 34. Theoretical Performance Gain vs. SIR, L
= 32, N = 2048, D = 32, without decision feedback
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Figure 35. Simulated Performance Gain vs. SIR, L
= 32, N = 2048, D = 32, without decision feedback

Another way to express the effectiveness of the interference cancellation is consider to the
SRR, which is plotted in Fig. 36 for the simulated results. Clearly all tones with a SIR greater
than 0 dB are reduced to residues with SRRs of greater that 8 dB. As such, the probability
of transmission error will be lower that if no attempt was made to cancel a strong interfering
tone. As noted, when the SIR is greater that about 40 dB, the SRR is less that the SIR, but
the SRR is nonetheless greater than 40 dB when the tone is this weak. Clearly this will have
no practical effect on the probability of transmission error. As the SIR increases without
bound, the SRR, instead of also increasing, actually levels off to a residue floor. Results
of simulation when no tone is present have indicated that this floor is at about 60 dB. The
proposed canceller can not reduce the residue below the floor, and interference that is weaker
than the floor will be increased to that level. This phenomenon is a result of inaccuracies in

the estimate of the power ratio, and in particular, the problem with 8, not tending to zero
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as K f — 0 that was discussed in Subsection 3.3.5. Fortunately, since the variance of 6, is
inversely proportional to D, the residue floor decreases as D is increased. As the amount
of time that the receiver has been tuned to a single TV station increases, more blocks are
included in the AP, thereby reducing the variance of 02, leading to a lower residue floor. This

is confirmed through simulation in the next section.
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Figure 36. Simulated SRR vs. SIR, L = 32, N = 2048, D = 32, without decision feedback

With the exception of the introduction of distortion when the tone is weak, the proposed
canceller performs as well as can be expected. For practical purposes, the bound has been
achieved. However, without the use of decision feedback, the gain is limited to less than 8
dB. Significantly better results can be achieved when the detected symbols are used to reduce

the power of the transmitted data in the received signal by means of a feedback mechanism.
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4.4 Cancellation with Decision Feedback

As noted in Section 3.2, using the detected symbols to reduce the power of the data signal
before attempting to estimate the tone is expected to provide substantially better interference
cancellation. The theoretical bound in this case, presented originally in Fig. 23, is repeated
in Fig. 37. Comparison with the simulated results, which are shown in Fig. 38, confirms that
the performance gain is better than when feedback is not employed, and that the results are
very close to the bound over a wide range of distortion conditions. Of course, when the tone
is weak (i.e., SIR > 50 dB) additional distortion is still introduced due to the residue floor,
but it is at a noticeably lower level. Also, when the noise is strong (i.e., SNR < 10 dB), the
performance gain is somewhat lower than predicted by the bound. This occurs because of
the high number of transmission errors that occur at these noise levels. Since the data is not
completely removed less accurate estimates of the tone are produced. Unfortunately, without
knowing the true MMSE it is impossible to determine whether this is a problem with the
proposed estimator using sub-optimal weights or actually a prbperty of the optimal estimator.
Nonetheless, performance is better at these noise levels than when decision feedback is not
used. In addition, since reliable communication is not possible when the noise is this strong,
the performance of the canceller is not particularly relevant.

Aside from using decision feedback, the theoretical bound can only be improved by
increasing the number of samples on which the estimate of the tone is based. In the previous
performance results a value of L = 32 samples was used. In Fig. 39 the theoretical bound
on performance when L = 1000 is shown. Note that by using the reduced complexity model
of Fig. 33, it is possible to implement the proposed canceller economically with such a large
value of L, since the number of multipliers and adders does not increase with L, as in the
case of the transervsal filter. This is a distinct advantage over traditional linear estimators.

Simulated performance evaluation results are presented in Fig. 40. Other than the residue
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Figure 37. Theoretical Performance Gain vs. SIR, L
= 32, N = 2048, D = 32, with decision feedback.

floor, which is substantially higher, the performance is slightly sub-optimal in the regions
where the performance gain is small (i.e. G' < 10 dB). Inaccuracy in the frequency estimates
are the likely cause. Nonetheless, performance is considerably better that when L = 32, with

about 15 dB better cancellation.

As more blocks are included in the AP, it is expected that more reliable estimates of f;
and C will be produced. In particular, the reduced variance of 8, should lead to a reduction
of the residue floor. This is confirmed by the simulated performance results depiction in Fig.
41, which shows that performance gain after D = 128 blocks have been processed, as opposed
to the results presented in Fig. 38 when D = 32. Note that the residue floor does not affect

the performance for any of the interference conditions depicted in this graph.

Although performance improves over time as D increases, the parameter N is much more

important. The results of repeating the simulation with N = 32 and D = 2048 are presented
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Figure 38. Simulated Performance Gain vs. SIR, L
=32, N = 2048, D = 32, with decision feedback.

in Fig. 42. Note that even though the same total number of samples have been processed
as in the simulation of Fig. 38, the residue floor is much higher. Otherwise, the results are

still very acceptable.
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Figure 39. Theoretical Performance Gain vs. SIR, L = 1000, N = 2048, D = 32.
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Figure 40. Simulated Performance Gain vs. SIR, L = 1000, N = 2048, D = 32.
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Figure 41. Simulated Performance Gain vs. SIR, L = 32, N = 2048, D
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Figure 42. Simulated Performance Gain vs. SIR, L = 32, N = 32, D = 2048.
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Chapter Five

Conclusions and Future
Research Topics

The various all-digital HDTV systems currently being considered by the FCC are capable
of delivering high resolution, wide aspect ratio video signals to home viewers over existing
cable TV networks. The impreséivc compression rates of the source encoders allow for
transmission without the use of additional bandwidth. Furthermore, the powerful error
protection ensures high quality image reception under normal operating conditions. The
presence of a strong interfering tone, however, may defeat the ability of the error correcting
codes, leading to severe image degradation. In this case the use of some form of tone

cancellation may be required at the receiver.

In this thesis an effective tone canceller has been proposed. This device is based on
a linear estimator, and is a suboptimal direct implementation of the minimum mean-square

error estimator, with performance that is very close to the theoretical optimum under most
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circumstances. Simulated performance analysis confirmed that cancellation can be applied to

reduce the tone to negligible levels, thereby allowing impairment-free image reception.

Finally, the following is a list of topics which can be considered for further research.

«  MULTIPLE TONES
If multiple tones, closely spaced in frequency as in the case of CTB, interfere with the
HDTYV signal, some cancellation is expected from using the proposed device directly, but
performance may be far from optimal. Further theoretical and experimental analysis
is required. One the other hand, for cancelling tones that are well separated some
modifications will definitely have to be made. However, these modifications should
be relatively minor as this problem was a secondary design consideration of the proposed

system. Nonetheless, extensive analysis and testing is required to support this claim.

«  NON-STATIONARY TONES
The performance of the proposed canceller should be investigation if the interfering tone
is non-stationary. Methods for tracking slow variations in the tone’s frequency and

power should be developed.

+  THRESHOLD CANCELLATION
To prevent distortion from being introduced because of the residue floor, methods for
determining if the tone is below a certain threshold, and hence too weak to cancel should

be developed. Under this condition the canceller would be disabled.

+ ALTERNATIVE FREQUENCY ESTIMATION METHODS
Although the use of the periodogram provides an extremely reliable estimate of the tone’s
frequency, it may be unduly complex. Since the accuracy provided is excessive, a less
complicated method may be capable of providing adequate results. In addition, the

periodogram is ill-suited for tracking frequency variations and distinguishing between
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closely spaced tones. In hindsight, the periodogram may not be the most versatile tool

for frequency estimation. Alternate methods should be investigated.
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Appendix A
MMSE Tone Estimator

In this appendix the assertion that Za» given by
L
Za=7)  WaRan, (A1)
n=1
is the linear minimum mean-squared estimator of 7, when

1 .
= m—é’]w’n 3 (AZ)

Wn
where C = (02 + No)/K? and w; = 27 fiT, is proved. This is accomplished by showing
that the partial derivatives of the MSE with respect to the real and imaginary parts of each

w, are equal to zero. To begin, note that the MSE is

—~ 12
v = E[ Jig — 2 ]
77— 7E [2] - ZaE[Z*;] n E[Aa Aa]
L L
= Z:Za - Z:; EWnE[Ra—n] — Za ZW:E[RZ—n]
L "
+ 3 wiwmE[R)_, Raem] . (A.3)

n=1m=1

To use this expression, recall from Section 2.6 that since I, and N, are zero mean random

variables,
E[R.) = E[l, + N, + Z,]
= Zn, (A4
and
E[R} Ry = E[I}],] + E[NYNp| + Zr Z

= 026(m —n) + No§(m —n) + Zt Zm . (A.5)
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Substituting these expressions into Eq. (A.3) yields
L L
Y=2300—25Y WnZaen —Za Y Wila_,
n=1 n=1

L L
+ E Z W Win, [(03 + No)5(m —n)+ Z;‘_nZa_m] . (A.6)

n=1m=1
From the definition of Z, given by Eq. (2.62) it is clear that
Za_n == Z(aTS - nTs)
— I(iejZWfi(a—n)Ts 6j¢,‘

— I{ieﬁﬂf.‘aTs el ¥i g =127 finTs

=7 e—jZWfinTs
= Zge Wi (A7)
so Eq. (A.6) becomes
L . L .
V=230, — D300y W€ — ZoZ3 Y whelm
n=1 n=1
L L . L
+ 22233 wiwne T (62 L N ) S whwa . (A8)
n=1m=1 n=1

By noting that Z}Z, = K2, the above equation can be expressed as

L L L L
v=K2|1— ane_”’"" — zwfle’wm + Z Z W;wme_w‘(m_n)
n=1

n=1 n=1m=1

L
+ (o2 4+ No) > wiwn . (A.9)

n=1
To find the partial derivatives it is convenient to express each w, in terms of its real
and imaginary components. Let z, = Re[w,] and y, = Im[w,] so that w, = z, + jyn.

Then Eq. (A.9) becomes

L L
Y= Kzz 1- Z (xn +jyn)e_]wm - Z (xn - jyn)ejwm

n=1 n=1
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L L
+EEY Y (n = Gyn)(@n + Gyn)e I

n=1m=1

L
+ (o3 +No) D (v +v2)

n=1

L L .

= KZ[1=) ap(e7m 4+ &™) =5 ) yp(e77m - efw"")}
n=1 n=1
L L
+ K} ZZ — jyn)(@n + jyn)e 74 (M)

n=1m

MJ

+ (03 + No) > (2 +y2)

n=1

L L L
= (ag + N()) z (x%l + yZ) + Kzz 1-2 Z Ty cos (win) — 2 Z Y SIN (wzn)}

n=1 n=1 n=1
L L .
+ ‘Kzz Z Z [TnZm 4 JTnYm — JYnTm + ynym]e_’“"(m_") . (A.10)
n=1m=1
The derivative of v with respect to z, forc = 1,...,L is

O
Oz,

= (02 + No)2zc + KZ[—2 cos (wic)]

L L
+ K2 ) [zn8(m—0 + 8 —gum]e™ 7 ™)

n=1m=1

L L
+IKEY Y (600 —Qym — ynbm—gle I m)

n=1m=1

=2(02 + No)z. — 2K? cos (wic)

L
+ Kiz Z {xne_j“’"(c_") + xne_jwi("_c)]
n=1

FIKEY [me 3 (0=0) g emsilem)]

n=1
= 2(03 + No)ze — 2K7 cos (wic)
L
+ 2](,2 E [y, cos [wi(n — ¢)] + yy sin [wi(n — ¢)]] . (A.1D)

n=1

To show that this is equal to zero when the coefficients are given by Eq. (3.8), it is necessary

109



to substitute

zn, = Rel[w,] = T30 (win) , (A.12)
and
yp = Im[w,] = 7 j_ 5 sin (w;n) (A.13) -

cos (wjc) — 21{1-2 cos (wjc)

dz, : L+C
NI
+ 2K} nZ::l [L ke (win) cos [wi(n — ¢)] + I1C sin (win)sin [w;(n — ¢)]
1 L+C
=2(o? + Np) Aok (wic) — 2K? (L n C’) cos (wjc)

L
1
+ ZK;?——————ECOS [wi(n —n + ¢)]
L+ C

1
= 2cos (wic) 725 [(62 + No) — KZ(L + C) + K?L]
1 2 2 % + No 2
= 2 cos (wic)L C [(as + No) — K; (L + i ) + KL
1
= 2 cos (wic)L n C[O]
~0 (A.14)

forall ¢ = 1,...,L.

Following a similar procedure for the derivatives with respect to y, yields

Ll =2(o? + No)yc — 2K? sin (wic)
9Yc

L
+2K7 D [—2nsin [wi(n — ¢)] + yn cos [wi(n — o)]] (A.15)

n=1

and substituting for z,, and y, yields

Oy
0y,

sin (wie) — QKZ?‘ sin (w;c)

= 2(0’3 -+ No)

L+C
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[ cos (w;n) sin [wi(n — )] + . sin (win) cos [wi(n — ¢)]

L+C

N
+|L
Q

sin (w;c) — 2K 2 <§ i g) sin (w;c)

= Q

L+
1

+ QKEL—I——C sin [wi(n — n + ¢)]
n=1

[(02 + No) — KHL + ) + K21

= 2sin (wic)L j_ 0
. 1 24N,
= 2sin (W,C)H—C[(Uz -I—N()) — I{Zz <L+ Jus 0> + I(?le

1

, 1
= 2sin (wic)L n C[O]

=0 (A.16)

for all ¢ = 1,..., L. The results in Eq. (A.14) and (A.16) show that the partial derivatives

of v are all equal to zero when

1

_ 1 e Al
L+C° (A7)

Wn

To complete the proof it should be shown that the point given by {w,} relates to the
global minimum of +, and not a local minimum, or a maximum or saddle. However, it was
felt that such completeness is beyond the scope of this thesis. Nonetheless, it can safely be

assumed that the coefficients given by Eq. (3.8) do minimize v and therefore

-~

L
1 s
Zg = Z_——I-—C- ngzl Rq_ne?®™ (A.18)

is the linear MMSE estimator of Z,.
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Appendix B
Derivation of Mean and Variance of Average
Periodogram with One Sample per Symbol

In this appendix, expressions for the mean and variance of the points in the average
periodogram are developed. This analysis is only valid if one sample per symbol is collected,
at the symbol sampling instant. It is tailored specifically for QAM signals. The proof begins
by finding various moments of the components in the received samples (Section B.1). These
are used to find similar moments of the finite Fourier transformed blocks (Section B.2). These
results are in turn used to find the mean and covariance of the periodograms (Section B.3).

Finally, the mean and variance of the average periodogram is determined (Section B.4).

B.1 Signal Samples

Using Eq. (2.28), the samples of the received signal, r4(n), can be expressed in terms

of samples of the three component signals as
rg(n) = r(nTs + dNT;)
= v(nTs + dNTs) + n(nTs + dNT;) + z(nTs + dNT;)
= va(n) 4 na(n) + za(n) . (B.1)

The three components will be treated separately.

The first component is due to the transmitted data signal, and each sample can be expressed

by using Eq. (2.34) as

vg(n) £ v(nTs + dNTs)

x
> Lh(nTs + dNT, — aTy)

a=-0Q
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- Z I(n—i—dN—c)h(CTs)

cC=—00

= Intany 5 (B.2)
since h(cTs) = 6(c) because of there is no intersymbol interference due to the Nyquist
y yq

filtering assumed (see Eq. (2.6)).

For all typical QAM signal constellations with each symbol equally likely, the following

properties hold: E[l;] = 0, E[I,/,] = 0, and E[I}1,1,] = 0. Let 0> = E[[}1,] and

o2 = E[I}1,1}1,]. Asitis assumed that no correlation exists between the symbols transmitted

at different times, the following properties hold:
E[I} )] = 026(b—a), (B.3)
and
B[ LI 1] = 026(b— a)6(d — ¢)é(c — a)
+(02)"8(b— a)5(d — ¢)[1 — b(c — a)
+ (62)%6(d — a)8(c — b)[1 — 6(c — a)]
= [ag - 2(0?)2} §(b— a)8(d — ¢)6(c — a)
+ (62)%8(b — a)8(d — c)

+ (02)*8(d — a)6(c — b) . (B.4)

From these properties the following moments can be found:

Efva(n)] = E[/(nyan)] =0, (B.5)
Elo}(n)ve(m)] = B| Iy an) limere)
= 026(m —n + (e — d)N)

26(m —n)é(e —d), (B.6)

S
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Efvg(n)ve(m)] = B{IyanyIimien)]

=0, (B.7)

Elvj(n1)va(m1)ve(nz)] = E [](*nﬁ-dN)](m1+dN)I(n2+eN)]

=0, (B.8)
and

Efv(n1)va(rm)vd (n2)va(ma)] = E {1 s amy s 1) g oy Lma e
= |of = 2(0%)"]6(m1 — 72)8(ms — n2)(nz — 71 + (e — d)N)
+ (02) 8(ma — n1)8(ma — n2)
+ (62)*8(mg — ny + (e — A)N)8(ng — mq + (e — d)N)
= |02 = 2(62)")8(m1 — n1)8(mz — n2)6(ns — m1)6(e — d)
+ (02)*6(ma = n1)é(mz — o)

+ (02)%6(mg — n1)8(ng — m1)é(e — d) . (B.9)

The second component of Eq. (B.1), ng(n), is due to the AWGN signal. The samples
ng(n) are statistically independent complex Gaussian random variables with zero mean and
a variance of Nyp. Any zero mean complex Gaussian random variable, Y, with variance 012,,
can be treated as two real Gaussian random variables, F' and G, such that Y = F' + jG. F

and G are statistically independent with identical distributions, zero mean, and variances of

c% /2. Therefore they have the properties

E[F]=E[G] =0, (B.10)
0.2

E[F?] = E[G?] = TY : (B.11)

E[F*] =E[G*] =0, (B.12)
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and

E[FG) = E[FIE[G] =0 .

Using these properties, the following moments of ¥ can be found:

and

E[Y] = E[F + jG] = E[F] + jE[G] =0 ,

2 0.2
EYY]=E[F2+¢ =X+ X =52

2 T2
2 2
B[YY]=B[F* +j2FG - G*] = X — j2(0) - X =

EY*YY]=E[F®+jF2G + FG® + jG]
2 2
= 0+32(0) + (0)=£ + j(0)

=0,

EY*YY*Y] = E[F* 4+ 2F?G? + G*]

2o () (%) + 3

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

For statistically independent samples of a Gaussian random process, the following prop-

erties exist:

and

E[Y,Y}] = o36(b—a)

B[V VYY) = 2(0%) 6(b— a)8(d — ¢)8(c — a)
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+ (0%;)26(1) —a)é(d —c)[1 — é6(c — a)]

+ (a%)zcs(d —¢)é(c—b)[1 — 8(c— a)]

= (62)*6(b — a)5(d — &) + (0%)°6(d — a)§(c — b) .

Extending these properties to samples of the noise signal yields
E[ng(n)] =0,
Efnj(n)ne(m)] = Nod(m — n)é(e — d)
Elng(n)ne(m)] =0,
E[ng(ni)na(mi)ne(n2)] =0,
and

E[nj(n1)na(mi)ng(na)ne(ma)] = N§s(mi — n1)6(mg — ng)

+ N§5(m2 —n1)é(ny — mqy)é(e —d) .

(B.21)

(B.22)

(B.23)
(B.24)

(B.25)

(B.26)

Finally, the third component of Eq. (B.1), z4(n), is deterministic and is a result of the

interfering tone. From Eq. (2.42), it can be expressed as

za(n) e z(nTs + dNT5)

— Kl.eﬂ?rfst 27 fidNTs i

B.2 Finite Fourier Transform

The FFT of the d” block of samples, as defined in Eq. (3.27), is

N-—-1
Ry(k) £ Z rd(n)e_ﬂ“%n .

n=0
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This can be expressed in terms of the three component signals by defining

N-1
Vi(k) & Z v,]l(n)e_ﬂ’riN2 , (B.29)
n=0
N-1 .
Ny(k) £ Y ny(n)e 7#% | (B.30)
n=0
and
N-1 L
Za(k) 2 Y za(n)e 7V (B.31)
n=0
so that
Ra(k) = Vi(k) + Na(k) + Za(k) - (B.32)

Once again, each of the components will be treated separately.

Moments of the first component can be found by applying the moments given in Eqgs.

(B.5)-(B.9). Therefore,

n
=0, (B.33)

0
= oIN§(1—k)é(e —d), (B.34)

n
=0, (B.35)
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. Ing . k(mq—nq)
E[Vi(k)Va(k)Ve(D)] = E[vj(n1)va(m1)ve(ns)]e > 747w
11=0 my1=0 no=0
~0, (B.36)
and
E[V{(k)Va(k) Ve (D)Ve(D)]
N—-1 N-1 N-1 N-1
* * _'zﬁk(ml_nl) _jzﬂ,l(mz—"z)
= E[vg(n1)va(m1)v7(nz)ve(ma)]e ™" "5 e N
n1=0 mi1=0 no=0 m,=0
—[0'2—((7?)2] 6(177,1—Tll)6(7712—'”2)6(71,2—”])6(6—(1) T
N—1 N—1 N—1 N—1 N e R
n1=0 1M1 =0 13=0 ma=0 + (0'3)25(1711—174)5(m2—n2)e—j27rk(mlN_nl) e_j27rl(m21\7n2)
2 _jopklmi—m) _ o Umo—ng)
+ (67)" 8 (mamnn )8 (no—ms )8 (e—d)e I g mi2m AL |
2 = lN ! o K(n1—71) 5, W(ng—ny)
= [02 } 6 nz n1 —‘72” N 6—‘727r N
n1=0ny=0
N-—-1 N-1
2 z 6_J27rk(n1 nl)e_jzﬂ.l("z];%)
1:0 n2=0
—1 N-1
2 Z 6 —'].27\'—":("'21;”’1)6_]'27‘.1("]];712)
n1=0n2=0
- [ag — 2(c? }N&( —d)+ (2)° N2 + (02)° N25(1 — k)é(e — d) . (B.37)

Using Egs. (B.22)-(B.26), the moments of the second component of Eq. (B.32), Ny(k)

can be found. They are:
N-1

E[Ny(k)] = Y Elng(n)]e~i2"%
n=0
=0, (B.38)

N-1N-1 .
E[Ng(k)Ne(D)] = Y Enj(n)ne(m)le” 2w p2m iy

oy

= Nob(m —n)é(e — d)e —j2mingin
n=0 m=0
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N-1
=No Y e T8 — d)

n=0
= NyN6(l — k)é(e — d) , (B.39)
—-1N-1 .
E[Nd( Z E[nd ]6 ]27r ]27r7"
= (B.40)
N-1 N-1 N-1 ok
E[N;(k)Nd(k)Ne(l)] = Z E[“Z(nl)nd(mﬂne(nz)]e ]27r ]27{'T
n1=0 7TL1=0 n2=0
=0, (B.41)

y (m1—n . (mo—ns)
=Y ST ST S Bl gl () (s e g g

_]’zﬂ-k(LlN:’_‘l_) —jon l(’n21;n2 )
e

I
™
Z,

6(m1 —ny)é(ma —ng)e

. k(mq—nq) . I(mg—ns)
+ N(?&(mz — 711)5(77,2 — m1)5(6 _ d)e—]2W+e—]27r—-?-ﬁ—2—
n1=0m1=0n,=0 my=0
N—-1 N-1 " ) « )
2 —192 n]—ny i Ny —n
= NO Jem yx galic i A
n1=0n,=0
== E( ) i )
ng N . ny—ng
+ N2 ST ST §(e— dyem i T i
n1=0n,=0
= NN? 4+ NEN2§(1 — E)§(e — d) . B.42)

For the third component of Eq. (B.32), the FFT can be computed directly. Using Eq.

(B.27), Z4(k) can be expressed as

N-1

Zq(k) 2 Z Zd(n)e_jz”'%l71

n=0
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N-1
_ Z ]{ie]’%rfstej27rf,-dNTsej¢ge—j27r%-

n=0
N-1
= K2 hNT gidi N gr2r(fimafi o
n=0
. _k__ i — e N
_ I{'ejzﬂ'fidNTs ej¢i s [T (fz NTS)NTSJ ejﬂ-(f NTS)
= 1y

sin [r (f,- - N_’aﬂ.) Ts] I (Fim v )T
_ K2 FANT. i, sin [7(fiNTs — k)] e/*(FiNT=F)

— . B.43
sin [&(filNTs — k)] eI w(iNT—k) (B.43)
Note that
s 2 . .
sin® [%(fiNTs — k)]
. 2 i
_ g S AN (B.44)
sin [%(f,‘NTS — k)]
It is useful to define the function
in® 7 fiNT,
Zo(k) = —S22 ) , (B.45)
Nsin® (fiNT; — k)
so that
|Z4(k)|* = KINZy(k) . (B.46)
B.3 The Periodogram
From the definition of the periodogram in Eq. (3.28),
Xq(k) & F|Ra(k)", (B.47)
it has a mean of
E[X4(k)] = FE[|Ra()"] , (B48)



and a covariance of
Cov[Xa(k), Xe(1)] = F=Cov ||Ra(k)*, | R(D)]?] - (B.49)
To evaluate these expressions, substitute Eq. (B.32) for R4(k) so that

|Ra(R)® = |Va(k) + Vi (k)Na(k) + Vi (k) Za(k)
+ N} (k) Va(k) + |Na(k)|* + Nj (k) Za(k)

+ Z3(k)Va(k) + Z3(k)Na(k) + | Za(k)]* . (B.50)
Taking the expectation yields

B|[Ra(k)*| = B[|Va(k) + EIV; (R)BINa(R)] + B[V ()] Za(k)
+ EN; (R)]Va(k) + E[|Na(k) "] +BIN; (k)] Za(k)
+ Zi (R)VaB[Va(R)] + 25 (R)EWNa(K)] + | Za(R))*

= B|Va(b)| + B |INa(B)?] + 1Za(k)P (B51)

The expression for E [|Rd(k) ? |Re(l)|2] , needed for the covariance, has eighty-one terms, but
most are equal to zero. All terms with exactly one or three data or noise components have
zero mean, and therefore are omitted. Also, terms with E[V;(k)V.(1)] and E[N (k)N ()] are

also equal to zero, and are omitted too. The remaining terms are

B || Ra(k)*|Be(1)’]
= E|[Va(®)PIVL(OF ] + B [Va®) I (O] + B [1Va(h) |12 (0
+ B[ INa(B)PIVe(DP ] + B [INa(R)PINOP] + B[ INa(B)2] 170
+ 1Za(6)PE VoD | + 120 PE[|N(D]] + 1Za(k) P12 (1)
o+ B{V; (0)Ve(DEINa(k)NE (1] + ELVa(k) Ve (DIRINF (k)N (1)
+ B[V} (R)Ve(D)Za(K) 2 (1) + ElVa(k)V (D) 23 (F) Z.(1)
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+ E[NG(B)NS (D) Za(k) Z2(1) + E[Ng(k)N; (D] 25 (k) Z.(1) . (B.52)
From Egs. (B.51) and (B.52), it is clear that

Cov |[Ra(k)*, [Re(D))'
= E[|Va(B) IV (O] - B[IVa(e) | E[IVo(0)]
+E|INR)PINDP] = B[ |Na(k) P B[ INe() ]
+ B[V () V. (DIE(Na(k)N; ()] + E{Va(k)V; (DIE[N; (R)N; ()]
+ B[V (k) Ve (D] Za(k) 22 (1) + E[Va(k)V (D)2 () Ze (1)

+ E[NF (k)N ()] Z4(R)Z; (1) + E[Ng(k)N; (D] Z3(k) Z (1) . (B.53)
Substituting Eqs. (B.34), (B.37), (B.39), and (B.42) into Egs. (B.51) and (B.53) yields
E [le(lc)IZ] = 62N + NoN + K2 NZo(k) (B.54)
and

Cov ||Ra(k), |Re(0)"]

= |03 = 2(o2)°| N6(e — d) + (62)°N?
+ (02)*N*5(1 — k)é(e — d) — (02)" N2
+ NZN? + NEN%§(1— k)6(e — d) — NEN?
+ oI NgN2§(1 — k)6(e — d) + o2 NoN26(1 — k)8(e — d)
+ 02N6(1 = k)(e — d)Za(k) ZX(1) + 02 N6(1 — k)b(e — d) Z (k) Ze (1)
+ NoN§(1 — k)8(e — d)Z4(k) 22 (1) + NoN&(1 — k)6(e — d) Z5(k) Zo(1)

= |03 —2(o2)’| Né(e — ) + [(62) + 20200 + NE| N26(1 — k)6(e — d)
+2[02 + No| N|Zg(k)[*6(1 — k)8(e — d)

= (0% + No)°N25(1 - k)6(e — d) + 2(02 + No) KEN2Zo(k)5(I — k)6(e — d)
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+ |02 - 2(o?)*| N —a) . (B.55)
As a result,
E[Xq(k)] = o2 + No + K2 Zo(k) (B.56)
and

Cov[Xy(k), Xe(D)] = (02 + No) (1 = k)8(e — d) + 2(02 + No) K? Zo(k)8(1 — k)6(e — d)

4 [of = 2(62)"|s(e — a) . (B.57)

B.4 The Average Periodogram

From Eq. (3.51), the average periodogram is computed as

Xpk)=5 > Xik). (B.58)

=02+ No+ K? Zy(k) . (B.59)

Cov[Xp(k), Xp(D)] = p= dX_IO ;0 Cov[Xy(k), Xe(1)]
D-1D-1
S [(03 +No) 4+ 2(02 + NO)KEZO(k)} §(1— k)8(e — d)
D10t 2
+3r ¥ |03 - 2(o%)"|8(c - )
d=0 e=0
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=4 [(c%+ No) +2(o2 + No) K Zo(k)| 8(1 — k) + g [o2-2(2)"]

(B.60)

Note that for two different points in the periodogram, there is a slight correlation, as indicated
by the second term in Eq. (B.60). Note that the second term is much smaller that the first,

since it is divided by N. Therefore for the variance the second term is negligible, so
2 7
Var[Xp(k)] = & {(a? +No) " +2(c? + NO)AEZO(k)] : (B.61)

In summary, Eqgs. (B.59) and (B.61) provide expressions for the mean and variance of
the points in the average periodogram, when D blocks of N samples collected at the symbol
sampling instants are used to calculate the average peﬁodogram. These expressions are in
terms of the transmitted energy per symbol, o2, the one-sided noise spectral density, Ny, the

power of the interfering tone, K iz, and the function

(B.62)

_ sin? (rfiNTy)
Zo(k) = Nsin® (F[fiNTs — k])

These results are used extensively throughout Section 3.3.
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Appendix C
Power Ratio Estimator

In Section 3.3.5, two estimators, denoted by 67 and €2 were presented in conjunction with

a method for estimating the power ratio, C = (o2 + Ny)/K?. In this appendix it is proved

that 6, and 0, are unbiased estimators of o + Ny and K72, respectively, and expressions for

their variances are derived.

Recall that the two estimators are calculated from the two intermediate quantities, S and

So, that are define by Eq. (3.74) and Eq. (3.75), respectively. To analyse #; and 05 it is first

necessary to find the means, variances, and covariance of 57 and Ss.

In Eq. (3.74) the first quantity, 51, is defined as

Si2x D, Xo(k).

Its mean can be found by using Eq. (B.59) as an expression for E[Xp(k)], so that

z

ElSi) =4 Y. ElXp(k)]

L7

2

2

=+ [0 + No + K} Zo(F)]
k

L

e

£
2
=02+ No+ §K? Y Z(k).

N
k=—s

To simplify this equation it is important to note that

1
1 N- _.727r<f¢ )
N [
n=
N-— N 1 k
_ 1 Z e_JZW(fz NTS)(m n)Ts
N 9
n=0 m=0
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which follows from the definition of Zy(k) given in Appendix B, in particular Eq. (B.43).

Using this identity it is easy to see that

71 $-1  N-1N-1 —ﬂ’r(f'—NT )(m_n)T
> Zo(k) = 1 e
k="§ k=__21\l n=0 m=0
N-1N-1 31
_ Z 6—j27rfi(m—n)T571V Z ej:MW
n=0 m=0 k:—-];i
N-1N-1

e—j27rf¢(m—n)T35(m —n)

N-1
— e~j27rf,‘(n—n)T5
n=0
=N. (C4)
Substituting this into Eq. (C.2) yields
E[Si] = 024+ Ny + K2, (C.5)

which is, of course, the total power in the received symbols.

To find the variance of Sy, Eq. (B.60) is used for the covariance of Xp(k) and Xp(I).

This leads to
Var[S1] = 7= Cov[Xp(k), Xp(1)]

31 ¥ () [(03 +No): +2(c2 4+ NO)KEZO(IC)} 5(1— k)

-5 2
k=g 1= + w5 |of = 2(o3)’]
L
=3 3 (024 M) 202 + No) K2 Za(k)] + by N2 [o2 — 2(o2)’]
k=%
= %p [(03 + N0)2 + 2(‘73 + NO)K,;2 + (UZ - 2(0?)2)} i (C.6)

Recall that the second quantity, So, defined in Eq. (3.75), is the sum of only a few points

in the AP, centered around the position of the tone spike, k;. Let M denote the number of
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points to sum, where M is odd, and let ¢ = (M — 1)/2. This quantity is therefore defined as

kite
> Xp(k). (C.7)
k=k;—c
Its mean can be found by using Eq. (B.59) for E[Xp(k)], and is

ki+c
E[S;]= Y E[Xp(k)]
k=ki—c
ki4c
= > [of+ No+ K} Zy(k)]
k=ki—c
ki+c
= (o2 + No)M + K} > Zo(k) . (C.8)
k=k;—c

The summation of Zy(k) over k € [k; — ¢, k; + ¢| requires some attention. From Eq. (B.62),

it is useful to note that

kit+c

ki+c . 2
sin” (7w fiNTs)
Zo(k) =
2 Al kzk: Nsin? (Z[fiNTs — &])

k=ki—c
_ sin (szNT )
E Nsm (Z[fiNTs — (k + ki)])

_ °L sin? (n[6; + k,])
B Z Z\fsin2 (—‘”—[5‘ — k])

k_
_ Z sin? ) (C.9)
_ Nsin® N[6 k)’
which depends on é; and on the number of points used in the sum. The function
kitc
Gu(6) &% D Zo(k) (C.10)
k=k;—c

represents the fraction of the total power of the tone that is contained within the M points
centered around k;. Since most of the power is contained in the spike, Gjr(6;) is usually
very close to unity. For the remainder of this Appendix, G s (6;) will be abbreviated to G to

simplify notation. Substituting Eq. (C.10) into Eq. (C.8) yields
E[S2] = (62 4+ No)M + KZNG . (C.11)
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As in the case of 57, the variance of S2 can be found by using Eq. (B.60) as an expression

for the covariance of Xp(k) and Xp({). This leads to

ki+c  kitc

Var[Sy] = Z Z Cov[Xp(k), Xp(])

k=ki—cl=k;—c
kite kite [ [(af + No)* +2(c? + NO)KEZO(k)] §(1—k)

2. 2.

k=ki—cl=ki—c + Nl? [ 2( )2]
ki+c . )
= > [(F 4 No) +2(o + No) K Zo(K)] + i M2 |} — 2(o2)]
k=k;—c
=5 [(03 + No) M+ 2(o? + NO)K,?NG} + [ag _ 2(03)2] , €.12)

To find expressions for the variances of #; and 65, the covariance of S; and Sy must be
known. This is easily shown to be

“_1 ki+c

Cov[S1, 5] = & Z > Cov[Xp(k), Xp(I)]

k___{;_’ I=ki—c

21 ke (B[(02 4 No) 4200 + No) K2 2o(R)] 60 — k)
& Z >

e O e

2

Il

+
3 Y K [ o2+ No)’ +2(02 + NO)Kfzo(k)] + i N M [UZ —2(03)2]

I=k;—c

| (02 + No) M +2(o2 + No)KING + (of —2(s1)") M| . (€13)

Armed with the joint moments of S; and S92, analysis can proceed to 6; and 6,. Recall

from Eq. (3.76) that the estimator §; is generated by

NGS1 — 59

0, =
V" TNG— M

(C.14)

Using Egs. (C.5) and (C.11) for E[S1] and E[S;] respectively, it is clear that

NGE[S1] - E[S3]

E[6:] = N
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NG[o?+ No+ K?] — [(02 + No)M + K}NG]

NG - M
_ (o8 + M)[NG — M]
a NG -M
=0, +No. (C.15)

Therefore 67 is an unbiased estimator of a? + Np. Its variance can readily be found to be

Var[t] = (N_GILW)VM'[NG& — 59]

—-—7(NG’ ) [N2G2Var[51] — QNGCOV[Sl, Sz] + VaI'[SzH . (C.16)

By using Egs. (C.6), (C.12), and (C.13), this variance can be expressed as
NGl ip (o2 + Mo) + 2(o% + No)K? + (oF - 2(o3)’)]
(02 + No)* M +2(02 + No) K2NG |
Var[@l] = mg — QNG]VI—D
+ (UZ — 2(02)2)M
+ 5| (o3 + No) "M +2(0F + No) KENG) + 5 [o2 — 2(o2)’]
2
(o) [5g-ompe g )

= | 200+ o) KENGING — oG + 5]

\ +(vF- zm){fﬁégz—w% %]

L (o2 + No)*[NG2 — 2MG + M]

:(TVGl“—M)E + 52(0? + No) KZNG[G — 2G + 1]

-+ 217(02 — 2(03)2) [NG2 —2MG + A—X;—]
(o2 + M0)* |G + 537

1-G
NG—-M
N NG -M

This expression, although exact, is a little too cumbersome for practical use. A reasonable

= (NG—IM')_D +2(02 + No)KZNG (C.17)

approximation can be made by assuming that G is exactly equal to one. This assumption
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greatly simplifies Eq. (C.17), yielding

Var[&l] = W (0_?_,[_ N0)2+ (UZ _2(0_2)2>N——-M]

as an approximate expression for the variance.

(C.18)

The second estimator, ¢, can also be analysed in a straightforward manner. Recall from
Eq. (3.77) that

! Sz - MS1
0y = ~NO (C.19)
By using Egs. (C.5) and (C.11) its mean can be found to be

E[@g] — E[SZ] - ME[SI]

NG-M
_ [(e3+ No)M + KING] — M[o? + No + K7
- NG-M
_ KZNG — M]
- NG-M
= K7 (C.20)
Therefore 6, is an unbiased estimator of K?. Its variance can readily be found to be
Var[§,] = (—N-EIWVar[SZ — MS,]
= (NGI_M)7 [Var[Sz] —2M Gov[51, S9] + MZVaI‘[Sl]] . (C2D

By using Egs. (C.6), (C.12), and (C.13), this variance can be expressed as
2 2
F[(02+ No)’ M +2(cF + No) KING] + 5[0 — 2(o2)’]
2
(62 + No) "M +2(02 + No)KZNG
2
+ (oF —2(e3)" )M

\ MO (02 4+ No)” 4 2(0F + No)KE 4 (oF — 2(o2))]

Var[@z] = (]VC;—I—M)_Z — QMNI_J?

(‘7§+No) [ 27V77+7V17}
:W@%ﬁ)‘f +2(03+N0)Ki2{% gMNG | M ]

\ (- 20)) [ - 24 +
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2 —
1 7 (0% + No) MAH

= (NG—My
+ H2(o? + No) KF[G(N — M) — (NG — M)]
2 2M (N-M
. (o2 + No)" § twe=ar
= (NI D . (C.22)

2 2[~ N-M M
+2(0f + No) K7 |Gz — ]
As in the case of the variance of 61, this expression, is a little too cumbersome for practical

use. By assuming G equals one Eq. (C.22) simplifies to
~ 2
Var(ts] = g (02 + No) iy +2(02 + Vo) Kc?] (C.23)

as an approximate expression for the variance.

To summarize, the preceding proof showed that #, and 0, are unbiased estimates of 03+N0

and Kiz, respectively. Furthermore, these estimators have variances that are approximately
given by
~ 2 NN -M
Var[fy] = =i | (02 + No)* + (o—z —2(c?) )T] (C.24)
and
~ 2
Var(ts] = g | (02 + No) ' 5iyr +2(02 + No) KZ] (C25)
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Appendix D
Source Code Listings

This appendix provides complete listings of the source code for all the programs used
in generating results for this thesis. Section D.1 contains listings for the programs used to
determine the positions of the CTB, Section D.2 contains listings for the program used to
determine the probability of transmission error, and Section D.3 contains a complete listing

the tone canceller simulator.

D.1 Positions of CTB

To determine the positions of the triple beats, three separate filters are used. The first, list,
generates a list of all the distinct beats. The second, merge, determines the distinct positions
of the beats and the number of beats at each position. The final filter, channel, sums the

number of beats falling within each channel. They are executed in order with the command:

% list | sort | merge | channel
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D.2 Probability of Symbol Error

To determine the probability of a symbol detection error in the presence of AWGN an
interfering tone, the program error was used. Numerical integration is implemented with

five-point Gaussian quadrature interpolation.
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D.3 Tone Canceller Simulator

In the following pages the source code for the simulator is listed. The program is separated
into two files: tx.c contains the main routines for the transmitter, channel, and receiver; and

cancel.c contains the routines required by the interference canceller.
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