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Abstract

It is widely appreciated that robust control and adaptive control focus on dealing with system
uncertainty but emphasize different aspects. Adaptive control is efficient in eliminating structured
uncertainty but has difficulty handling unstructured uncertainty. On the other hand, robust control
guarantees the stability for the worst case but ends up with a very conservative design. This thesis
will be mainly concerned with the development of a frequency domain quantitative adaptive robust
control strategy, which can be viewed as a good combination of adaptive control and robust control
to obtain the best closed-loop performance of a stable closed-loop system. The research will consist
of two parts. Part one is to develop a new estimation method called frequency domain robust
estimator which can improve the frequency function estimate and quantify system uncertainties in
the frequency domain. Part Two is to implement the quantitative adaptive robust controller based on

the information obtained from the robust estimator.
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Chapter 1: Introduction

Chapter 1

Introduction

1.1 General Control Review

1.1.1 Classical Control Viewpoint

In control system design, the goal is to achieve certain desired requirements, such as stability
and performance, in the face of uncertainty and disturbance. Although modem control characterized
by MIMO (multiple input and multiple output) systems has become dominant in the recent literature,
classical control characterized by SISO (single input and single output) feedback control is still
perceived as a collection of dependable design tools. In fact even at this time, the great majority
of control designs are accomplished by SISO feedback control theory. However, the weakness of
classical feedback theory is that the design process is a trial and error process involving graphical
methods. Simplicity comes from the fact that performance specifications are only approximately
posed in the frequency domain. Intuitively, the classical control design process may be broken
down into three steps: modeling, analysis, and synthesis; each of which may be carried out via
a combination of time and frequency domain techniques. In engineering practice, however, the
three steps are loosely matched to one another. The design philosophy of classical control first in
the time domain involves ordinary differential equations and their associated characteristic algebraic
equations with performance specifications given in terms of simple quantities as rise time, percentage
overshoot, settling time, steady-state error, etc. Then, specifications on these quantities are translated
to the frequency domain as constraints on the pole-zero locations or on the frequency response of
the open-loop system. This translation is only approximate and is usually performed by assuming a
dominant second-order model to represent the loop transfer function. Stability of the system in the
frequency domain is determined either by the location of the closed-loop poles or by the Nyquist
stability criterion [Ogata, 54]. The Nyquist-Bode diagram approach to closed-loop system stability
and behavior makes the frequency domain method the core of classical control theory [Nyquist,

53; Bode, 10]. It is interesting to note that the application of Nyquist’s stability criterion does not
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depend on the availability of a system model in the form of a differential equation or characteristic
polynomial. Furthermore, the form of the Nyquist locus gives an immediate and vivid indication of
how an unstable or poorly damped system feedback performance could be improved by modifying
its open-loop gain versus frequency in an appropriate way. A very useful contribution due to Bode
[Bode, 11] was his rules for the optimum shaping of the loop-gain frequency function. Also, Bode
introduced the concept of maximum achievable performance and a quantitative description of the
trade-offs by introducing his integral relationships. A design procedure in this spirit is also advanced
by Horowitz and coworkers [Horowitz, 31; Krishnan and Cruichshanks, 41; Gera and Horowitz, 22],

and will be discussed later in this thesis.

1.1.2 Robust Control Viewpoint

The ability of a control system to cope with uncertainty is generally termed as the robustness of the
system. Uncertainty in a control system arises either as disturbance or noise, or as a model uncertainty
resulting from linearization, neglect of high frequency dynamics, plant parameter variation, plant
aging etc. Hence, no nominal model should be considered complete without some assessment of
its uncertainties. Various types of uncertainties arise in physical systems and so-called “unstructured
uncertainties” are singled out as generic errors which are associated with all design models [Doyle
and Stein, 16]. A very intuitive description of unstructured uncertainty is the kind of uncertainty
lacking any phase or directionality information. The structured uncertainty, on the other hand, is
the uncertainty with phase information, e.g., when it comes from parameter variations of the model.
Generally speaking, a control system design based on an unstructured uncertainty gives a more

conservative result.

Robustness is commonly broken down into two categories. The first is robust stability and is
applied when the closed-loop system remains stable for the range of model uncertainty considered.
The second is robust performance and is used when acceptable performance is retained in the presence
of plant variations and other disturbances. Feedback control systems design is nontrivial in the sense
that a trade-off must be made when the design objectives are conflicting. For example, small tracking

errors, insensitivity of the output to plant perturbation and disturbance is achieved by increasing the
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loop gain. On the other hand, increasing the loop gain may cause instability or saturation of the
control signal due to sensor noise, etc. These trade-offs, as well as the robustness characteristics
of the control system, are perhaps best revealed in the frequency domain. One reason for this is
that frequency response descriptions preserve the operations of system addition and multiplication

[Macfarlane, 47].

The evolution of modem control or modem robust control started with an effort to extend
classical control design tools and techniques to multivariable systems. Later some real multivariable
techniques emerged when linear system theory matured. Thus emerged the standard treatment of the
“LQG” (Linear Quadratic Gaussian) optimal control problem which became the key to the state space
treatment of multivariable control [IEEE Special Issue, 1]. Design specifications are posed in terms
of a quadratic performance index, penalizing tracking or regulation error and control input action.
Under the mild conditions of stabilizability and detectability of the plant, minimization of this index
produces a unique feedback controller which asymptotically stabilizes the system. In general, LQG
has unfortunately been shown not to possess any nice robustness properties, except in the restricted
case when the state vector is directly available and thus does not have to be reconstructed from

output measurement [Safonov and Athans, 64].

Because of the robustness concem for multivariable control systems, the classical sensitivity
theory seems the main focus even in MIMO control systems. The use of singular value defines in
a precise way the robustness properties for multivariable systems. It becomes apparent that good
performance and stability properties can be achieved by shaping the singular values of appropriate
transfer function matrices of the system, and this concept can be viewed as an extension of the loop
shaping techniques of the classical control theory. The LQG cost in frequency domain, or as it
is commonly called Wiener-Hopf performance index [Youla, Bongiomo and Jabr, 73; Safonov and
Athans, 64], is interpreted as a weighted average of the singular values of the systems sensitivity
and complementary sensitivity transfer function matrices. Then loop shaping can be accomplished
by judiciously choosing the weighting matrices which will require the knowledge of system and
measurement disturbances. Another procedure following LQG design is the idea of “sensitivity

recovery” or “robustness recovery”, a better name is perhaps “full-state loop transfer recovery”
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{Doyle and Stein, 16]. In this approach, the weighting matrices in the LQG cost are chosen such
that the guaranteed robustness properties of full-state quadratic optimal feedback are asymptotically
recovered when the state has to be reconstructed [Doyle and Stein, 16]. The combination of “Wiener-
Hopf” and “full-state loop transfer recovery” becomes the LQG/LTR (Linear Quadratic Gaussian /
Loop Transfer Recovery) design procedure [Stein and Athans, 65; Athans, 6]. The basic design
problem of LQG/LTR is interpreted as a weighted H, —trade-off between transfer functions in the
frequency domain [Birdwell, 7]. This problem can be solved with a modified version of the standard
LQG methodology. The burden is to design a target feedback loop (TFL) with realistic stability
robustness and performance properties. This involves the selection of the design parameters to shape
the singular values of the TFL in the frequency domain. Since the design assumes that any plant
perturbation is possible within a spherical region of uncertainty and that all loop singular values
are identical at both low and high frequencies, this makes the MIMO system have approximately
the same response speed in all directions. LQG/LTR and, loosely speaking, the use of the singular
values within MIMO closed-loop system, give a conservative design. However, when uncertainty
is structured, i.e., includes phase or directionality information, singular-values conditions are only
sufficient and can be arbitrarily conservative. Much research effort has been devoted to diminish
the conservativeness of singular value conditions. To some extent the problem is alleviated with the
introduction of a canonical block diagonal perturbation model and block diagonal perturbation stability
margins. These margins were designated “structured singular values” or “u —values” [Doyle, 15].
In this approach, it is in general not yet possible to compute y —values exactly and real parameter
variations cannot be accommodated. A direct synthesis procedure for shaping y —values seems to
be rather distant. Another branch of robust control is H,, optimal control introduced in [Zames,
74]. The subject is approached from the view point of classical sensitivity theory, with the difference
that feedback will not only reduce but actually optimize sensitivity in an appropriate sense. In this
approach, the infinity norm or the operator norm of a weighted sum of the system’s transfer function
matrix is minimized. This objective can be interpreted in the time domain as a minimization of
a combination of error and control signals for the worst case out of a bounded class of reference

signals [Helton and Sideris, 30]. But the main function of H, control is as an algorithmic synthesis
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tool used to appropriately shape the singular values of the system transfer function matrices. This
ensures good performance and robustness propertics. The difference from LQG/LTR is that this task

is accomplished in a relatively straightforward manner but with increased computation.

Despite the unquestioned success of the Wiener-Hopf, LQG/LTR and H,, approaches, the
classical methods, which rely on lead-lag *“compensators” to reduce sensitivity, continue to dominate
many areas of design. In fact, all modem robust designs are rooted in the classical sensitivity
theory. Under the assumption of linearity, frequency domain methods reveal in a transparent way the
various trade-offs among conflicting design objectives. Because robustness properties of the system
are transparently revealed, classical control and even further frequency domain methods are in some
sense synonymous with robust control. This is certainly the case with SISO systems and it becomes

clear that the same principles hold for MIMO systems.

1.1.3 Adaptive Control Viewpoint

Adaptive control is a special type of non-linear feedback control in which the states of the process
can be divided into two phases based on their changing rates. The fast changing states belong to
an ordinary feedback loop. The slowly changing states belong to a second loop or updating loop,
i.e., process parameters. In the fast changing state space, existing feedback control theory, such
as state-space and classical control theory, can be applied immediately. In the parametric space,
stochastic control theory and filter theory contribute very much to the establishment of estimation
theory. Both control theories and signal processing theories have contributed to the development and

understanding of adaptive control.

There are two main branches in adaptive control theory, namely MRAC (model reference adaptive
control) and STR (self tuning regulator). In the MRAC approach, the design was originally based on
a continuous time and state space model. The design addresses the problem of adaptively adjusting
the parameter of a controller to follow a predefined reference model; and at the same time, the
stability of the closed-loop system is guaranteed by satisfying the Lyapunov function under very
restrictive assumptions [Parks, 59]. The first MRAC can be traced back to the well known “MIT”
rule [Whitaker, Yamrom and Kezer, 69]. Further developments of MRAC, such as the stability
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concept of the design procedure and the treatment of multivariable system has been also rigorously

investigated [Landau, 43; Landau and Courtiol, 44; Narendra, Yin and Valavani, 52].

The STR approach has been proposed mainly as a means for tuning digital controllers for
industrial processes. There are two basic assumptions to simplify the regulator design. One is
the Certainty Equivalence Principle where the unknown true parameter values are replaced by the
estimated ones; another is the Separation Principle which is the separation of the process parameter
estimation and the control signal computation, i.e., the separation of the two loops. Therefore, the
detailed structure of a self-tuning control law can be decomposed into an on-line parameter estimation
module together with an on-line control law synthesis procedure. A common characteristic of STRs
is that they are based on a discrete time input-output model. The discrete polynomial ARMAX
(auto regressive and moving average exogenous) model representation for the dynamic plus noise
transfer function has been widely used as the main mathematical tool in designing, studying and
analyzing STRs. For the on-line mathematical modelling of dynamic systems, there have been
various identification methods developed such as Least Squares, Maximum Likelihood, Instrumental
Variables, etc [Ljung, 46]. Independent of each method, the exactness and convergence mostly
depends on the richness of the exciting signal. The theory of parameter estimation has another impact
on the adaptive system. Earlier STR using Recursive Least Square was introduced by [Astrém and
Wittenmark, 3] who applied a minimum variance strategy to obtain a self-tuning minimum variance
regulator. A more general approach was presented by [Clarke and Gawthrop, 12] to include the
control of a stable non-minimum phase system by using a generalized output function and employing
a cost function which included a penalty on the control signal. Similar self-tuning algorithms were
developed for pole-zero placement control schemes [Astrém and Wittenmark, 4). Confusion may
arise with the terms of explicit STR and implicit STR, or equivalently direct STR and indirect STR.
In a direct situation, the controller parameters are updated directly, while for a indirect algorithm,
controller parameters are derived indirectly via a design procedure. It is however, sometimes possible
to re-parameterize the process model such that it is possible to use either a direct or an indirect
controller [Astrém and Wittenmark, 5]. The use of a long range predictor in adaptive control known

as EHPC (extended horizon predictive control) [Ydstie, 72] was first considered for SISO systems.
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Developed from the same idea, the GPC (generalized predictive control) strategy was introduced to
minimize a finite time horizon quadratic cost function of the function errors and control increments
[Clarke, 13]. As a further development of the SISO stochastic control system design, significant
progress has been made to extend the SISO design to the MIMO case [Dugard, 17; Goodwin, 25].
H,, theory has been used to guarantee the asymptotic stability [Polak and Salcudean, 61; Grimble,
27]. The strategy based on H,, worst case design increases the robust consideration in adaptive
control [Polak and Salcudean, 60].

To overcome the problem that a precise a priori knowledge of the model structure such as system
order and time delay is required, different approaches have been launched to find a more robust
structure than ARMA representation. Impulse representation of the process [Gunnarson and Ljung,
29] and sinusoidal analysis [LaMaire, Valavani, Athans and Stein, 42] have been used to obtain the
transfer function estimation . Parameter identification of linear systems via orthogonal functions has
been under study for quite a long time [Zervos, 77). Among them, an appropriate, simple, convenient
orthogonal set is the Laguerre set that has been developed into an adaptive regulator and tested in
practice [Zervos and Dumont, 76]. The estimation of model uncertainty is an active area of research
in frequency domain. Many researchers have developed techniques for estimating the probabilistic
bound, i.e., the soft bound for model uncertainty {Zhu, 78; Rivera, Pollard, Sterman and Garcia, 62).

Just as robust control, adaptive control is simply another way to diminish the system sensitivity to
the modelling uncertainty. Unlike robust control which deals with unstructured uncertainty, adaptive
control has focused on the parametric modelling uncertainty or structured uncertainty. Research has
shown that regular adaptive controllers can not adequately handle unstructured uncertainty [Rohrs,
Valavani, Athans and Stein, 64; Rohrs, 63]. This explains why the behavior of adaptive controllers in
the presence of unmodelled dynamics has been a topic of concern in the adaptive control community

in recent years [Fu and Dumont, 21; Ioannou and Tsakalis, 36; Ortega and Yu, 57].

1.2 Motivation and Thesis Outline

One of the important design criteria in feedback control theory is the method of dealing with

system uncertainty. A well known approach for dealing with unmodelled or unstructured uncertainty
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in control system design is the approach of robust control. In this approach, one aims to design a
fixed control law which trades off the performance to achieve robustness and particularly to preserve
stability in the worst case design. To achieve this result, robust control design requires information
on the nature of the uncertainty. In recent years, the requirement of uncertainty description becomes
another starting point for adaptive control theory. Goodwin [Goodwin and Salgado, 24] states that
“There should be a consistency between the kind of information used in robust control design and that
used in adaptive control design.” Kosut [Kosut, 39] observes that “The model estimator should be
designed to be compatible with the same class of uncertainty anticipated by the robust control design
rule.” However, the parameter estimation procedures in common use in current adaptive controllers
yield an estimated nominal model without any measuring of modelling uncertainty. The adaptive

control design is then based on the estimated nominal model alone which is inconsistent with the

robust control philosophy.

Based on the above argument, our ideal approach should be able to combine adaptive control and
robust control and to build a bridge between these two design methodologies. The inspiration from
this idea becomes the main motivation of this research. In this direction, the estimator is required to
provide information on both the estimated nominal function and the associated uncertainty function.
The expected performance of the resulting controller should be at least as good as a fixed robust
design.

There are many ways of specifying the uncertainty about the model or the obtained system
function. Obviously the tighter the uncertainty, the more useful the function. An appealing approach
is to describe the system function and the uncertainty in the frequency domain because working
directly with the frequency domain data overcomes the need to express the input-output data in terms
of a model and could be more natural since many design objectives are most effectively expressed in
terms of the frequency response of the system. For many problems, it is in fact much more interesting
and revealing to know the quality of the Bode-plot estimate than the quality of some parameters.
There is thus motivation to do the estimation in the frequency domain. Another motivation for
modelling in the frequency domain is the possibility of estimating the time delay. Most of the

commonly used procedures for estimation and adaptive control assume knowledge of the process
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delay. However, unknown pure time delays occur frequently in process control. Thus there has been
continuous interest in ways of dealing with unknown and variable time delays.

This thesis is organized to present a complete adaptive robust control strategy for minimum-
phase, linear-time invariant systems, and related theoretical supporting material. Section 2.2 will
introduce several interesting methods in frequency domain estimation which appear in recent literature.
Section 2.3 will study two methods in estimating system frequency function and associated uncertainty
bounding. Section 2.4 will develop a way of estimating the disturbance spectrum at the expense of
collecting more input/output data. Section 2.5 will give a comparison among the methods in this
Chapter and a brief conclusion. Two ideas based on frequency domain robust estimation are relegated
in Appendix since they still need further study. One is the estimation of pure time delay and another
one is the estimation of ARMA model from frequency domain data. Section 3.2 will investigate the
stability of adaptive control system. Section 3.3 will derive the main robust stability theorem for
the QARC (quantitative adaptive robust control) system. Section 3.4 will put together the related
robust performance criterion for the QARC. Section 3.5 will develop and implement the QARC for
both off-line and on-line design to make use of the information provided by the robust estimator.
Section 3.6 will discuss non-minimum-phase systems. Section 3.7 will give the conclusion for this
Chapter. The overall conclusion is given in Chapter 4 and also there are some ideas about the further
development of this research. In particular, we will look at how our strategy can benefit from parallel

computing, an area under extensive study now.

1.3 Contributions of This Thesis

Robust considerations and real-time adaptations as parts of a unified controller design strategy
are considered to be superior to the traditional robust control design or adaptive control design. To
achieve this objective, the robust estimator presented here will provide a goodness measurement—an
uncertainty bounding for the current estimate of the system transfer function. Furthermore, the derived
estimator can supply the information about the system environmental disturbance and system time
delay. These properties contribute a new perspective to the estimation theory and is essential when

the estimate is to be used in an adaptive robust control situation. Frequency domain analysis provides
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the chance to distribute the estimation error by attaching different weight to the different frequency
zones. However, a more common practical situation is that the model has a lower complexity than
that of the real system. From the point of view of nominal model estimation, the closest match
between the estimate and real system can be achieved around the frequency range of interest. It
is important to have an accurate estimation in certain frequencies to help determine the trade-off
between the performance and robustness in controller design. On the other hand, in the time domain

approach, the above objectives are most difficult tasks to accomplish.

In the literature, the phrase “adaptive robust control”-ARC and “robust adaptive control”-RAC
have been used more and more in the last decade [Cusumano and Poolla, 14; Ortega and Yu, 58]. The
main idea of ARC and RAC is to investigate the robust property of the adaptive control. This is the
same as in classical control where phase and gain margin are tested for each lead-lag compensator. To
satisfy a given margin of any meaningful robust measure where closed-loop system remains stable, the
design procedure has to be a trial and error process. This becomes much more difficult for adaptive
control because a trial and error procedure does not fit into on-line controller design. An original
idea to improve this problem is to pass the specific modelling accuracy information into the control
design rule. However, so far it has been unsuccessful because the time domain estimator fails to
provide modelling uncertainty information. This thesis, by means of a frequency domain approach,
will combine the advantages of classical sensitivity, robust synthesis and adaptive control theory.
The closed-loop design will place a nontrivial robust property over the adaptive control; precisely
speaking, it is an adaptive property that is added to the quantitative robust control. Therefore, the title
of this thesis is “quantitative adaptive robust control”-QARC instead of ARC or RAC. In addition
to the estimation of frequency function and uncertainties, another part of the research is to adapt an
on-line frequency domain quantitative synthesis design method in order to make use of the modelling
accuracy information supplied by the robust estimator. If the derived bound is a hard bound on
modelling uncertainty, then the derived robust stability theorem and performance criterion provide
guarantees for the stability of the QARC. The absolute certainty about derived hard bound relies
upon absolute certainty in our priors. In order to derive a useful, i.e., small hard bound, we use

some prior assumptions such that the unmodelled uncertainty is bounded by a decaying exponential

10
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[Middleton and Goodwin, 50; Goodwin and Salgado, 23]. According to Ljung [Ljung, Wahlberg
and Hjalmarsson, 46], we can mark the derived hard bound with an unfalsified label since, with a
reasonable number of filters or data sets, the bound holds for the systems under study. The end
product of the research is an adaptive robust controller that slowly leams and produces a successively
better QARC compensator which is able to maintain the best closed-loop performance out of a stable
closed-loop system.

So far, this research is restricted in dealing with stable linear lumped time-invariant systems.
The linearity is required by sinusoidal transfer function analysis where different frequencies pass the
system independently of each other. A minimum phase condition is imposed in the design of QARC

due to the possible pole-zero cancellation.

11
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Chapter 2

Frequency Domain Robust Estimator

2.1 Introduction

In specifying the area under consideration a distinction has been drawn between identification
methods which estimate points on an unparameterized system model and algorithms which estimate
parameters of some structured system model. This split between parametric and non-parametric
identification allows a clear distinction to be made between methods which incorporate the model
validation problem and those that do not. In the case of non-parametric identification one can isolate
frequency and impulse response estimation as the basic techniques. Though some structured models
like orthogonal filters may be used, our scope is reduced to merely the frequency response estimation.
The frequency domain characterization of system dynamics has, like its time domain counterpart, a
long and varied history. As far as control engineering is concemed, however, frequency domain
identification gained deep relevance with the development of stability and design methods based
upon frequency response measurements. Historically, frequency response estimation began with
the technique now known as transfer function analysis. The sinusoidal transfer function analysis
is, without reservation, a most robust and practically useful control system identification method
[Wellstead, 68]. In part this is due to its intimate relationship with the Nyquist stability criterion
as well as the recent development in H, theory and robust control synthesis methods. In the field
of adaptive control, the criticism of frequency estimation is the lack of the real-time implementing
power. As a result, frequency identification has lost popularity in adaptive control because the real-
time control synthesis and design tools rely heavily on parametric system models. Our effort in
this chapter is devoted to the development of several algorithms which can estimate the systems
frequency response in real-time. Later, we will proceed to the estimation of uncertainty bounding

function, noise function and dead-time.

12
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2.2 Methods of Frequency Function Estimation

2.2.1 Empirical Transfer Function Estimation

It is difficult to ascertain exactly who first proposed the use of numerical Fourier transforms as
a tool in the analysis of random data. However, following Ljung’s work [Ljung, 46], we can obtain
an infinite dimensional frequency function describing a given plant through Fourier transforms. In

order to be consistent with the literature, we introduce the following notations:

O Gr(e?) : true frequency function at frequency w;
O Gn(e/“) : estimated function for a given input frequency w,;

O Gn(e/) : estimated function for multi-frequency input w.

where: subscript N means that N pairs of input-output data are used.

Consider a linear, stable, time-invariant system with input signal {u(t)} and output {y(1)}, subject

to an additive disturbance {v(t)}:
y(t) =D gr(k)u(t— k) +o(t) ; t=1,2,.., @.1)
k=1

This system has the transfer function:

(e o]

Gr(e™) =Y gr(k)ei* 2.2)

k=1
An immediate and well-known consequence of the linear structure of Eq.(2.2) is that an input sinusoid
of a given frequency gives, after a vanishing transient, an output sinusoid of the same frequency, but
with an amplitude change and a phase shift that is described to be the transfer function or frequency

function:

u(t) = Acosw,t 2.3) |

y(t) = Bcos(w,t + ) + transient 24
¥ = LG7 () .5
B =|Gr(e*)|4 .6)

13
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It may sometimes be difficult to determine i and B from inspection of {y(t)}, in particular if the
system is subject to disturbances. A commonly applied method is then to correlate the output with

cosw,t and sinw,t respectively:

I(N) = i y(t)cosw,t 5 L(N)= i y(t) sin w,t Q.7

Then we take: - B
LGN (e"?) = arctan {~L,(N)/L(N)} (2.8)
|éN(ejwu) _ \/13(1]\\;24‘;2"3(1\7) 29

A more detailed account is given in [Ljung, 46].

In this part, we work with the following Fourier transform:

N
1 .
Un(jw) = —= Y uft)e 3! (2.10)
77 20
1 & .
Yn(jw)=—= ) y(t)e™?* 2.11)
77

Based on the observations:
u(k)’ y(k); k= 1,2,""N

and

27k
W= W - wk:NT

where T, is the time between each observation. By assuming w, is one of those wj and slightly

rearranging Eq.(2.7), we find that:
L(N) = jI(N) = VNYn(jwo)
with Yy (jw,) defined by Eq.(2.11), then Eq.(2.8, 2.9) can be rearranged as:
Gn () = 2V NYn(jw,)/N A
Since input is given by Eq.(2.3), we know as in Eq.(2.10):
Un(jwo) = VNA/[2

14
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Consequently, frequency analysis by the correlation method actually employs the following
estimate:

G (€*) = Yn(jwo)/Un(jwo) @.12)

In Eq.(2.12), w, is the frequency of the input sinusoid. In a linear system, different frequencics pass

the system independently of each others. It is therefore quite natural to extend the frequency analysis

estimate Eq.(2.12) to the case of multi-frequency inputs, that is, we introduce the estimate:
G (¢) = Yn(jw)/Un(jw) @.13)

with Yn (jw) and Un(jw) defined by Eq.(2.10, 2.11). This estimate results from a direct application
of Fourier analysis and will be called the empirical transfer function estimation-ETFE since no

assumptions have been imposed other than linearity of the system [Ljung, 46].

To demonstrate this technique, the following first-order system is used as a plant to produce

I/0 data:
< 0.1
G(e’ ) ev —(0.9 2.14)
where €/ = z is a commonly used notation. In our simulation, the input-output model is:
y(t) = 0.9y(t — 1) + 0.1u(t — 1) (2.15)

where {u(t)} is filtered signal with normal distribution N{0,1}. Both {u(t)} and {y(t)} pass through
a Hanning window before entering the DFT block. The ETFE Eq.(2.13) of the system is shown in
Fig 2.1 where the transfer function is represented by gain and phase plots.

The problem here is that the variance of the estimate does not decay with N (N=256 in this
example) but remains equal to the noise-to-signal ratio at the corresponding frequency. This property
makes the empirical estimate useless in most practical cases {Ljung, 46]. It is easy to understand the
reason why the variance does not decrease with N. We determine as many independent estimates as
we have pairs of data points. The information per estimated quantity does not increase as more data
is collected. In other words, we have no feature of data and information compression. This in tum is

due to the fact that we have only assumed linearity of the true system. So it leaves two possibilities
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Figure 2.1: Empirical Transfer Function Estimation

to increase the information per estimated quantity. One is to assume that the system’s behavior at
one frequency is related to that at another; this is the starting point of the proposed work on nominal
model fitting in frequency domain. Another is to accumulate the information at each frequency but
at different times; this is the use of iterative methods and uncertainty bounding in the estimation to

complete the data and information compression.

2.2.2 Transfer Function Estimation via Kalman Filtering

The Kalman filter is a well-known recursive filter used for optimal state estimation or parameter
estimation. We will show the same filtering method can be applied to optimal spectral estimation.
The superiority of the Kalman filtering approach in estimating the transfer function is its real time
capability and its noise smoothing effect. Just like the estimation in ETFE, the computational burden
is to perform the harmonic estimation, i.e., to estimate {U(jwk) and Y (jwe) 5 k=1,2,..,N}
from sampled signal {u(t) and y(t) ; t=1,2,... }. Instead of performing the DFT block data transform,

the spectral estimation can be done in a recursive manner. This idea can be traced back to a paper
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v(t)

u(t) G(z) | y(©)

\

Figure 2.2: Input, Plant, Noise and Output
by [Hostetter, 35]. We can show that Kalman filtering is optimal in the sense that noise is rejected.
This in tum improves the transfer function estimate.

We consider input and output signals as shown in Fig 2.2. Again, G(z) is a linear, stable, and
time-invariant system. The input signal is assumed to have at least all harmonic components at
wi. The method starts with the construction of the state-space equations. Followed by the Fourier
expansion of input and output signals:

-1

u(t) = ( + E [a(2k) coswyt + a(2k + 1) sinwit] + v, (1) (2.16)
y(t) = ﬁ( ) + Z [B(2k) coswit + B(2k + 1) sinwit] + u (t) + v(t) .17
k=1

k
W = 21 ;
k T.(E-1)

v,(t) and v,(t) are the truncation error;

v(t) is the system disturbance accumulated at output.
Our problem at first is almost like an ordinary Fourier transform, i.e. how to estimate
a(+), ,3() of a(-), P(-). Taking Eq.(2.16) as example, the signal u(t) may equivalently be
described as the output of the signal model:
z(t+1) = ®z(t)
u(t) = Hz(t) + v ()

(2.18)

where, ® is a (N-1)xX(N-1) matrix and H is a 1x(N-1) matrix:

17
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1 7
coswi  sinw; 0
—sinw; cosw;
COSWwy  sinwy

—sinw, cosws

0 coswy_, sinwx_,
2 2

| —sinwy_; coswy_,
2 2

and x(t) is a state vector as follows:

[ a(l) ]
a(2)coswit + a3)sinw, t
—o(2)sinwit + a(3) coswy t
a(4) coswyt + a(5)sinw,t
2(t) = : (2.19)

a(N - 2)coswr_;t+ a(N — l)sinw%_lt

| —a(N —2) sinw%_lt + a(N —1)coswn _,t.
For y(t), there is a similar description:

2(t+1) = 2(2)

y(t) = Ha(t) + w(2)

(2.20)

18
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where:
A(1)
B(2) coswyt + B(3)sinwy t
—B(2) sinwyt + B(3) cosw;
B(4) coswat + B(5) sinwat
(.21)

z(t) =

B(N - 2) coswy 1+ B(N -1) sinwy ;1
| —B(N - 2) sinwy_;t + B(N - 1)cosw%z__1t_
w(t) = 9,(t) + o()

The fact is that U(jwy) and Y (jwy) are given by
U(jwi) = a(2k) — ja(2k + 1)
(2.22)

Y (jer) = B(2k) - 5B(2k + 1)
N
k= 1,2,---,3 -1
An important observation from the above equations is that the Fourier transform is directly related

to the value of the state vector when t = (§ — 1)p, where p is an integer. Therefore,

U(jwilt) = 2x(t) — jo2k41(t)
2.23)

Y (juwilt) = 2k(t) — j22r41(2)

N
k=125~ 1

In applying the Kalman filtering formula to the Fourier analysis problem denoted by Eq.(2.18)

and (2.20), it is easier to consider the unknown w(t) as zero mean white measurement noise. Taking

Eq.(2.20) as an example, we have the following standard solutions:

3(t+1) = (2 - K.HT)2(t) + Key(t) (2.24)
Ki=P  H(HTP_,H+R)" (2.25)
(2.26)

P, =[Py - Py H(H Py + B) " HTP, 4] @7
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where R, the covariance matrix of w(t), in this case, is only a scalar.

Given initial conditions, the above formulas allow us to implement the optimal state estimator
in terms of minimizing the covariance of the state estimation error. A simple form is derived by
assuming R=0. Kalman filtering becomes an ordinary state observer problem. Then K; in Eq.(2.25)
is a fixed N—1 vector observer gain {K}. The state estimate 2(t) converges to {z(t)} geometrically
according to the eigenvalues of (<I> —KH T). And further, since [®, H] is a completely observable
pair, these eigenvalues may be arbitrarily placed by choosing {K} properly. A deadbeat observer
is obtained by placing all the cigenvalue of (& — KHT) at the origin. Then the (¢) converges
exactly to z(t) in N—1 steps and yields exactly 2N+1 DFT components as a simple function of the
elements of the state vector Eq.(2.24). In the other end of stable range, the characteristic equation

of the system matrix ¢ of Eq.(2.20) is
N
A=1)J] (A% + 2Xk coswy +1) =0 (2.27)
k=2

Following the solution to the quadratic equation A2 + 2A; coswy + 1 = 0, i.e.,

Ap = l(—2 coswy & /4 cos? wy — 4)

2

= —coswy L jsinwy

we can see that all eigenvalues of ®, Ay = %/, are equally spaced around the unit circle. If
we consider the signal models involving additive measurement noise, the fast convergence rate of
the deadbeat estimator implies poor noise smoothing feature. Conversely, slow convergence rate
implies good noise rejection but poor tracking of the time-variations of the harmonic components.
Eventually, any block-processing spectral estimation method will have similar noise problem to the
deadbeat observer because the number of data points is usually quite short when compared to the
coherence length of the signal. Consequently, it is beneficial to consider methods which allow
observers to be designed to trade-off these opposing objectives. The Kalman filtering solution is
an attempt to compromise between these two extremes of marginally stable Eq.(2.27) and deadbeat

observer, and also take into account the minimization of E[z(t) — 2(t)].
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Since the signal model (2.20) is time invariant, and the covariance of {w(t)} is assumed
beforehand, here we only consider utilizing the steady-state time invariant version of the Kalman
filter. We introduce two theorems to guarantee the performance of the filter.

Theorem 2.1 [Hostetter, 35]: If [®, H] is a completely detectable pair, then there exists a unique

maximally nonnegative definite solution P to the steady-state Riccatti equation

P=9[P-PH(HTPH + R) ' HTP|o” (2.28)

Theorem 2.2 [Bitmead, Tsoi and Parker, 9]: Consider the same pair [®, H] in Theorem 2.1. Let

R =r > 0 and let P = ¢ for some scalar ¢€>0. Then defining
K =®PH(HTPH +R)™" (2.29)

the matrix (® — K HT) has all its eigenvalues strictly inside the unit circle.

Now we derive a solution for a state observer by using the concept of Kalman optimal filter.
This method leaves us a user-adjustable parameter ¢. With R>0, it is easy to see: when ¢ — oo,
we have the deadbeat observer; and ¢ — 0, we have marginally stable observer. Convergence rate
and noise rejection are traded off against each other by choosing different design parameter €. The
method finally leaves us a real-time harmonic estimator which contains the result of the Kalman

filter formalism:
U(jwelt) = #ar(t) = jEax41(2)
Y (jwit) = 2ak(t) — j22k41(2) (2.30)
N
E=1,2,0,5 =1

To estimate the transfer function, we simply perform the division as mentioned in ETFE:

oy _ Y(Grlt) 1
G t) = T 2.31)

The index “t” in the left side reflects the iterative or real-time property of the algorithm. To show the

performance of the Kalman filter based estimator and the effect of adjusting parameter ¢, the same
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plant Eq.(2.15) from last section is used. Fig 2.3 is the estimate from above procedure with e=1 and
r=0.1; in this case the Kalman filter is close to a dead-beat observer. As expected, the estimate is
almost the same as the one using DFT which is shown in Fig 2.1. By reducing ¢, we can see the noise
rejection or smooth feature gained from Kalman filtering. With ¢=0.001 and r=0.1, the improvement

of the estimation is shown in Fig 2.4. Furthermore, we add disturbances to the system Eq.(2.15):
y(t) =09y(t — 1)+ 0.1u(t — 1) + 0.01e(?) (2.32)

where e(t) is a PRBS signal between —1 and +1. The usual estimate from DFT deteriorates as shown
in Fig 2.5. A much better estimate is obtained from the Kalman filter as shown in Fig 2.6. In the
graph, the solid lines are the system response; the dashed lines are estimates.

A later section of this chapter will deal with the problem of division by zero in Eq.(2.31) and

show the comparison with other frequency domain methods.

2.3 Estimation of Transfer Function and Uncertainty Bounding Function

2.3.1 A Stochastic Approach in Describing the Modelling Uncertainty for Continuous-Time
Systems

There are many problems with the adaptive control algorithms which have been developed to
date. In particular, most adaptive control algorithms are not robust to unmodelled dynamics and
non-measurable disturbances, particularly in the absence of a persistently exciting input signal. So
undermodeling has drawn attention because it is a crucial problem if we want to make the adaptive
control more robust. In the following description, the undermodeling uncertainty is strongly related
to the input characteristics because the input frequency dependence of the estimated nominal model
is not removed.

There are many ways to describe the uncertainty. The most convenient way is to describe it in the
frequency domain. This allows us to specify the degree of smoothness, or extrapolability of the true

system transfer function. In this section, we use the following notation for continuous-time systems:
O Gr(jw): true system frequency response at frequency w;
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O G,(jw): nominal model frequency response at frequency w;

O G( jw): estimated model frequency response at frequency w;

where:

Go(jw) = B(ao’jw)/A(oo,jw)

T
00 = [bm, bm—lv i "bO, —Qp-_1,—0p-2,""", _aO]

A method to describe the uncertainty has been recently proposed [Goodwin and Salgado, 23]. It
defines the difference between Gr(jw) and G,(jw):

AG(jw) = Gr(jw) — Go(jw) (2.33)

as a particular realization of a stochastic process, AG(jw), in the frequency domain. The class
of possible functions, AG(jw), is described in terms of the second-order statistics of the associated

stochastic process. The mean is taken to be zero and the covariance function to be R(w; ,ws), that is:

E{AG(jw)} =0 (2:34)

E{AG(jun)AG™(jw2)} = R(wi,w2) (2.35)

where the asterisk denotes the complex conjugate.
We can associate a time domain process h(t) defined in [0,00) with AG(jw) via the Inverse

Fourier Transform under the condition:

oo 00

/ / | R(wy,ws)|dwy dwy < 00 (2.36)

—-00 — 00

The process h(t) has a zero-mean and satisfies:
E{h(t1)h*(t2)} = r(t1,t2) .37

where r(t;,1;) and R(w;,w;) are related by a 2-D Fourier Transform, that is:

1
(2r)*

/ / R(wl ,(4)2)6“7“""“1 ej“”t’dwl d(d2 (238)

—00 —O0

r(tl ’ t2) =
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to ensure that h(t) is a real valued process, or equivalently, that AG(jw) = AG(—jw), we require
that:

R(wy,wy) = R*(—wy, —w2) (2.39)
A case of interest is when the frequency domain process is a wide sense stationary process. In this
case, the covariance function R(w;,w;) depends only on the difference in frequencies w; and ws,

and we define:
R(w) = R(w; — w;) = R(w;,ws) (2.40)

A particular choice of R(w) which satisfies the requirement in Eq.(2.39) is:
2
aO
: H >0 241
T+ B B (2.41)

The corresponding time domain impulse response is:

R(w) =

7(t) = o2 P 2.42)
This is consistent with the common assumption made in recent literature on adaptive control
[Middleton, Goodwin, Mayne and Hill, 50; Goodwin and Salgado, 23] that the unmodelled dynamics
are described by an impulse response which is bounded by a decaying exponential. We express the

system in regression form:
y(®) = #(t)" 6, + n(?) (2.43)
where:
$(1)" = [omu(t), -+, u(t), I y(1), -+, y(2)]
p denotes the differential operator and 7(t) denotes the modelling error which is related to the input

by the frequency domain transfer function:

n(t) = A(6,, jw)AG(Gw)u(t) 244)
The non-recursive ordinary least-squares estimate is:
T
6= PT / () y(t)dt (2.45)
0
) T
i=0-6,= Py / S()m(t)dt 2.46)
0
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where:

T -1
P= [% / ¢(t>¢T(t>dt}

Our central interest here is in the difference between G( jw) and Gr(jw). A preliminary expression

for the square magnitude of this difference is given in the following result:

|G~ 61| = 1861 +]G - G| - 2Re[(6 - 6.) A6 @.47)
where: ‘ .
G-G,= %l,,:jw%%ﬂl:;éﬁ / ¢(t)n(t)dt
5
where:
A= A(é, )
A, = A(0o, p)

The proof can be found in [Goodwin and Salgado, 23].

The result given in the above for IG' - GT|2 depends upon the particular realization of AG.
When applying the formula we remove this dependence by finding the ‘average’ of the squared error
over the class of admissible functions AG:

E|G - Gr| = Rw) + E|G - G| ~2ReE[(G - 6)a6"] 2.48)

The effects of limited model complexity on estimation are quantified based on the assumption about
the covariance function for AG. It is true that the derived difference is not a hard bound. However,
it indicates how a posteriori errors are distributed in frequency as a result of the estimation procedure.
Along the same direction, some other functions for AG have been studied and still result in a soft
bound [Middleton and Goodwin, 49].

In the frequency domain, the nominal model G, is difficult to define. So, one way to give
the bounding function for AG is to use a stochastic description. If we choose another expression,
for example, Laguerre functions for G,, we can get a deterministic description by estimating the
bounding for |Gt — G| directly in the frequency domain. This is done in the next two sections.

First, we will try to use another structure to define the nominal model G, and to estimate AG.
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2.3.2 Frequency Function and Unstructured Uncertainty Estimation with Laguerre Functions

The use of orthonormmal functions for time-domain approximations goes back as early as the use
of Fourier series. But the use of orthonormal functions for frequency domain approximation has
not really been exploited. As we know, the traditional impulse function is an orthonormal function
representation in frequency domain. For a causal system, the impulse response may exist over the
whole positive time axis. The traditional approach of expanding transfer function in the delay operator
to obtain linear in the parameters predictor models leads to approximations of very high order in case
of rapid sampling and large dispersion in time constants. Therefore, it is very useful to look at other
orthonormal functions for obtaining frequency domain approximations. There are several reasons for
selecting the Laguerre functions here instead of other orthonormal functions. In particular, they have
a convenient network realization, a flexible structure, are similar to transient signals and to Padé
approximants in identifying time-delay {Zervos, 76]. With Laguerre networks, each filter has longer
memory than the delay operator of one sampling step. The expansions then need much lower order to

obtain reasonable approximations, and improve the numerical properties of the estimation algorithm.

In the time domain, the Laguerre function are described by

fi(t)=+2p <47 (#1e 1) (2.49)
: PG ar1 '
p>0, i=1,2,---,N

where p is the time-scale.

These functions form a complete orthonormal set in the time domain [0,00) and the corresponding

Laplace transform for this set is

Y SS |
Fy(s)= \/559(8_:’1)”7 (2.50)
i=1,2,---,N

The orthonormal property from the time domain is preserved in the s-domain:

N
F(s)=)_riFi(s) (2.51)

=1

28



Chapter 2: Frequency Domain Robust Estimator

is the Laplace transform of
N

@)= rifi(t) 2.52)
=1

f(t) is a real and continuous function in L, [0, c0) which is defined as a closed subspace in the square
integrable Lebesgue space [Zervos, 76].

We still need a theorem to show in what space the s-domain Laguerre functions exist, or where
they form a complete set. First of all, let us restate a theorem from [Francis, 18].

Theorem 2.3 [Francis, 18): The Fourier transform is a Hilbert space isomorphism from
Lz[—00,00) onto Lg. It maps L3[0,00) onto Hy and Ly(—00,0) onto Hy-.

Where Hilbert space isomorphism means that the mapping is continuous, preserves noms, is
injective, and has a continuous inverse. H is the Hilbert space of all functions G(s) which are
analytic in Re{s}>0, take values in C™ and satisfy the uniform square-integrability condition. Hy

is the orthogonal complement of H,. The following relations are useful:

L2(-00,0) = L[0,00) (2.53)
L2(—00,00) = La(—00,0) @ L2[0, 00) (2.54)
L, = H,¢H;3 (2.55)

By substitute s=jw, this important theorem says in particular that Hy is just the set of Laplace
transforms of signals in L;[0, 00), i.e., of signals on ¢ > 0 of finite energy.
Theorem 2.4 (the existence or completeness theorem): Let the function G(s) € Hy and

Fo(s) = Y28 (s=p k-1 th 0
k(8) = ¥ vl , then for any p>0, we can express

N
G(s) = lim ; e Fi(s) (2.56)
Proof:
Because the Laguerre functions form a complete orthonormal set in the L2[0, 00) space [Zervos,

761, given a real and continuous function ¢(t) € L2[0, ), there exists an integer N (see Eq.(2.52))

and a real number ¢ > 0, such that:

/ lg(t) = F()]dt < ¢ .57
0
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This completeness is preserved in s-domain by Theorem 2.3 or Parseval theorem [Oppenheim and

Schafer, 55], i.e., we have

Joo
2% / |G(s) — F(s)]*ds < e; s=jw (2.58)
—j00

N
where F(s) = > r,F;(s) and G(s) is the Laplace transform of g(t). According to Theorem 2.3,
=1

G(s) € Hy, and F;(s) forms a complete orthonormal set in Hy space. So the proof is complete.
HHH

The discrete expression is obtained by following bilinear transformation which maps the left half

plane onto the unit disc.

_pz(l—a)-f—(l—a)

T 7z(1+a)-(1+a)

L _s(l+a)+p(l-a) 2.59)
~s(1+a)-p(1-a)

S

where |a| < 1. This is actually the same idea as [Wahlberg, 66], except that in that paper the

transform is completed in two steps.

After the transform, we have

k-1
Pu(z) = (1\/}:()2(2_;; ) (lz__a:) (2.60)

which is the prototype of our discrete Laguerre base function. The bilinear transform preserves the

H,, norm {Wu and Gu, 71] and is a conformal mapping of the whole left plane to unit disc since
la] < 1. So the orthogonality is preserved. The problem is that the transform does not preserve the
H, nom. So the actual space, where Eq.(2.60 ) forms a complete orthogonal set, is smaller than

N
Hy. Here is the explanation: Notating P(z) = }° r;Fi(z) to correspond Eq.(2.51), so that,

=1

18 = [ (ro ot )| = 1#e.

suppose:

2(l1-a)+(1-a)
F(pz(1+a)—(1+a))€H°°
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then FH, C H, [Francis, 18), i.e.,
{P(z) :P(z)eHQ} C H;

An interesting fact is that the H, norm is preserved when we drop the zero (z-1) from P(2), i.e.,
16z = 5= IF ),

where

G(z) = Zr,G(z) Zr, \/(Tll’(ji)a)(lz:(f)‘— R Cl

=1
Proof: By definition:

1@ = 5 [ 1FGw)Pde

16, = 55 |

with bilinear transform Eq.(2.59), i.e.,

. el-a)+(1-a) . 0
=P it —(lta 7 (‘E)

p(e) [

Py

where ¢ = p(1 —a)/(1 + a), we have:

20dw
de P
Referring to Eq.(2.59), we have:
T . 2
1 P{e??)
16 = 5 / i a0
) 2
i / P(jwi_a) 20dw
27 .;:_f;i —1| 02 +w?
i]’o p jw+a\|Pe?+w? 20dw
27 jw—o 402 02 + w2
1 T adw
=5 / [EG@l 5
1
= IFG),
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HHH#H
The orthogonality is also preserved for base functions G;(z).
Proof: For any given G,.(z) and G.(2), the inner product is defined as:
_17 0 ~36
(Gm(2),Ga(2)) = 5= / G ()G () dt
1 (1+ap /" (1-ae®)™" (1-aei®)™
T2 2p (e —a)™ (e —a)"
_ 1 @+a) fl-ad)" (-0
T 2mj 2p (e —a)™ (1 -—ae®)”
_1(+af fA-a)mt
T 2 J z—ah
Assuming m>n, we have:
1 (1+a)® [(1—az)y" ™!
_ (1 + a)2 . an—n m—-n-—1
~ 2p(m — n)! 31_"1 dzm—n (1= az)
=0
When m=n, we have:
1 (14a)? 1
(Gm(2), Gm(2)) = 2rj  2p f(z —a)(1- az)dz
_(1+a)? . 1
T 2p 21_1511 (1-a2)
1+ a)?
~ 2p(1-a?)
#Ht

To make the base function orthonormal and H, norm equal, we choose:
_2p-1 1

1y T %73

So then, the discrete orthonormal Laguerre base function is derived as:

m(l - az)"'l

(z—a)\ z—a

Gi(z) = .61)
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1, L(v) L(t) INQ)
u(t) | —K 1-az 1-az N Y Taz | _
Z-a z-a z-a 2-a Z-a
l.l l'2 r3 rN
4 Y
yO =

Figure 2.7: Laguerre Filter Network

It is interesting to note that Eq.(2.61) has exactly the same form as that in the literature [King
and Paraskevopoulos, 38 and 37] where it is derived from the time-domain discrete Laguerre-
type polynomials [Gottlieb, 26] through DTFT (Discrete Time Fourier Transform). The work here
establishes an inner-relationship between continuous and discrete Laguerre functions. Because of
that, the physical meaning of the time scale a becomes clearer and, more importantly, we define the
space where the discrete Laguerre function belongs. Finally, the discrete version of Theorem 2.4 is
derived as follows. To be consistent with literature, we denote K = \/m.

Corollary 2.5: Let the function G(z) be strictly proper, analytic in |z| > 1, continuous in |z| > 1,
and G(z) = —’i—(-l—‘-ﬂ)k_l, then for any |a| < 1

z—a z—-a

N
G(z) = Jim > rGi(2) (2.62)
k=1

The network realization of discrete Laguerre expansion is shown in Fig 2.7. We call r; Laguerre

filter gain. Let the true system to be estimated be

y(t) = G(2)u(t) + v(t) (2.63)
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It follows from Eq.(2.62) that

N o)
G(z) =) mGi(2)+ D mG(2)
k=1 k=N+1
= G,(2) + Gu(2) (2.64)

Following the same notation as in the previous section, we call G,(z) the nominal model. With the
orthonormal property of the Laguerre filters, there should be no projection from G,(2) o G,(z),

We use the predictor model:

N
§(t) = > #Gr(2)u(t) + v(t)

k=1

N
=" #li(2) + v(t) (2.65)
k=1

Using standard parameter identification algorithm which minimizes the output difference in a least

squares sense, the estimate 4 should converge to r, i.e., Go(2) = Go(2), when data collection
k(@) =U((xrT) ; n>Nat least (2.66)
are driven by white u(t). The corresponding frequency function estimation is

N
G.(e%) = > #Gr(e™) 2.67)

k=1
The same example as in previous section Eq.(2.15) is used here as a simulation plant. We use a

discrete Laguerre network with a=0.7. Fig 2.8 is the simulation result with filter number N=3 and
Fig 2.9 is with N=6.

Following the notation of the previous section, the unmodelled uncertainty is as follows:

AG(2) = G(2) = Go(2)
= [6(2) = Go(2)] + [Gol2) = Go(2)
= AG(2) + A,G(2) (2.68)

With slight difference from literature, we call A,G the unstructured uncertainty, and A,G the

structured uncertainty. Both can be eliminated from the view point of estimation. Structured
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Figure 2.8: Frequency Response Estimate by Laguerre
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Figure 2.9:

10!
1nd order system; N=6

Frequency Response Estimate by Laguerre Filters, N=6
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uncertainty can be decreased by correctly identifying the Laguerre gains. Unstructured uncertainty can
be reduced by increasing the filter number N and take log a close to the dominating time constant of
the system to be approximated. For structured uncertainty, with the proper algorithm and growing data
collection with white excitation, 7 will converge to r; asymptotically. For unstructured uncertainty,
we avoid the discussion of how to choose the "N’ and ’a’ (this has been discussed thoroughly in
the paper [Fu and Dumont, 20]) and concentrate on the question of how to estimate the unstructured
uncertainty in terms of frequency domain description because it is vital information for robust control.

In this approach, we follow the direction that the unstructured uncertainty can be described by an
impulse response which is bounded by a decaying exponential. In the last section, this assumption is
used to bound the covariance function in a stochastic description. Now, we use it in a deterministic
description as in recent literature [Middleton and Goodwin, 50; Kreisselmeier, 40]. The unstructured

uncertainty defined in our problem is:

N K [1-az\*!
AGEIZ| ] e ( — ) (2.69)
k=N+1
For a stable transfer function G(z):
N
G(z)= Nlirxgo]; :Gr(2)
Applying the orthonormality, we have
- / G()Gi (=)o
k-1
l1-ax
_-—/G’( ( —1—a) do
K z—a\*!
57 § OO ( =)
2 —a \*!
=K ZRes Gar)7— a ( T azk) (2.70)
where 21,22, -, 2, are poles of G(z), for |a| < 1,
L —a
1= az A4 IZkI <1
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According to Eq.(2.70), we have:

Ire| < Ko 85! @.71)

where K, is a constant and

Zp —a

m; H k=1,2,'“,7I} <1

ﬂ=m§u<{

By observing the right side of Eq.(2.69), we may derive:
K (1 - az)k_1
Tk
z—a\ z—a

K [1- az) k-1
z—a\ z—a

(> o)

AG() < Y
k=N+1
< ) K
=N+1
_ KaﬂN
=15

i.e., the unstructured uncertainty can be bounded by the magnitude of a first-order model, which is

K

Z—a

consistent with our assumption.
From Eq.(2.71), another conclusion is klim |rk] = 0. Therefore it is possible to use a finite-term
— 00

summation to approximate an infinite—term sum of the upper bound for Eq.(2.69):

M4N+1
|AuG(z)|§lz_a Jim D il @.12)
k=N+1

A practical way to evaluate Eq.(2.72) is to ignore the infinitesimal terms |ri| YVE > M + N +1
and take the truncated expression of Eq.(2.72) as our estimation of Eq.(2.72). Replacing rx by ¢,

we then have the bounding estimation:

- Vi—@|d |
AuG(z)| = —— 1S Ikl @.73)
k=1

Therefore, with more filters added to the network, we can estimate the frequency domain bounding
which measures the goodness of the frequency function estimate G(z). If there is no special reminder,
for all the simulations, we take M=5, and the results shown are after 100 samples with white excitation.

Fig 2.10 is the estimation of frequency response and bounding for the first order system Eq.(2.15)
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Gain and Bounding
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Figure 2.11: Estimation of Frequency Response and Bounding with Laguerre Filters, N=6; M=5
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Gain and Bounding
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Figure 2.12: Estimation of Frequency Response and Bounding
for a 2nd Order System with Laguerre Filters, N=6; M=5

with N=3 and M=5, i.e., three Laguerre filters for the frequency response estimation and five Laguerre
filters for the uncertainty bounding estimation. Fig 2.11 is with N=6 and M=5. Even though number
"M’ stays the same, the bounding decreases as N increases. Phase plots are not shown since we
concentrate on the bounding on magnitude plots. Referring to Fig 2.8 and 2.9, the bias degree of

phase plots is no larger than that of gain plots.

Also this time we take a second order system:
y(t) = L.7y(t — 1) — 0.72y(t — 2) + 0.02u(t — 2) 2.74)

as an example. Fig 2.12 is the results with N=6 and M=5; Fig 2.13 is the results with N=10 and

M=5. It is clear that the lines for real system, estimate and bounding are hardly separable for N=10.
Finally we take Rohrs’ model as an example for stiff systems. The continuous expression of

the model is as following:

2 229
69 = 337 (s2 +30s + 229) 2.73)
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Gain and Bounding
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Figure 2.13: Estimation of Frequency Response and Bounding
for a 2nd Order System with Laguerre Filters, N=10; M=5

With sampling interval 7T, = 0.2sec and Zero-Order-Hold method, the discrete model derived is as

follows:

_0.1584(1 + 0.9952271) (1 + 0.0449271) 27!
"~ (1-0.81872~1)(1 + 0.09172~1 — 0.00252-2)
_0.158427! 4 0.1647272 + 0007123

"~ 1-10.91042-1 + 0.07762~2 — 0.002z~3

G(z"’)

Here, we take the Laguerre time scale a=0.7 which is the same value for all examples in this section.
The Laguerre filter number N is 5 and M is 5. Fig 2.14 is the estimation result when running time is
at t=4 sec. Fig 2.15 is the estimation result when running time is at t=20 sec; Bounding estimation is
improved comparing with Fig 2.14. Throughout the section, the inputs to the system are white noise
signals. Different input signals will have different effects on the estimation, ¢.g., a square wave input
will force the estimation to have a better fit in lower frequencies because of the lower frequency
components within the square waves.

In a very direct sense, the estimated bounds can be used as a measure of the difference between

the estimated frequency function and the true but unknown function. Besides its usefulness for robust
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Gain and Bounding
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Figure 2.14: Estimation of Frequency Response and Bounding for Rohrs’ model at t=4 sec
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Figure 2.15: Estimation of Frequency Response and Bounding for Rohrs’ model at =20 sec
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Figure 2.16: Estimation of Frequency Response of Rohrs” Model for L=10 (N=10; M=0)

control, for the estimator, it can be used to judge if the estimation is good enough. Although there
is no guarantee that the derived bound is hard bound unless the number "M’ in Eq.(2.73) is large
enough, simulation shows that, for all the examples in this section, with only M=5, we always capture
the modelling error. If we need stronger confidence, we simply use a larger number ‘M’.
For further application to robust control, It is very interesting to look into the interplay between

the choice of filter number ‘N’ and ‘M’. Suppose

A L K —az\*F?!

6 =2 (%)
is a very good estimation of a stable system G(z), we still take the example of Rohrs’ model Eq.(2.75).

In Fig 2.16, the Bode plot is shown with L=10 (N=10; M=0) and a=0.7. Comparing the true system
with the estimated one, it is reasonable to take G‘(z) as the real system G(z). Then we set off to
estimate the uncertainty bounding by sacrificing some accuracy of system transfer function estimation.
As before, we use "N’ to represent the number of Laguerre filters used for system estimation and "M’

the number used for uncertainty bounding estimation. But in this case we take the relation:

N+M=L; L=10
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Figure 2.17: Magnitude Plot of Frequency Response and Uncertainty Bounding for Rohrs’ Model

Fig 2.17 is the simulation result with different "N’ and 'M’. If we define the set €2 as follows:

&= {G(Z) :'G(z)—é(z)ISIA.G'(z)I}
It is easy to see from Fig 2.17:
Qp CRe C QB C Yy

For any given robust control law which deals with the uncertainty, the closed-loop system designed
for 24 will have the best robustness but the worst performance; and vice versa, i.e., one designed
for 2p has the best performance but the worst robustness. Therefore, instead of using all 'L’ filters
for system estimation, the choice of "M’ or 'N’ can be used as a tuning parameter between system
robustness and system performance. This will supply the system designer with one more important

control knob.
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2.3.3 Estimation of Frequency Function and Uncertainty Bounding Function

via Recursive Digital Fourier Transform

In this section, we attack the problem from a different direction. We still confine ourselves to the

discrete-time single-input and single-output case. Assume that the true system is subject to Eq.(2.1)

same as shown in Fig 2.2, using Eq.(2.10)(2.11), then:

Yn(jw) = Gr(e™)Un(jw) + Wn(jw) + Va (jw)

The term Wi (jw) is due to the effects of finite-length data. Vy(jw) is defined as:

1 & -
Ww(jw) = ﬁ Z v(n)e 7"
n=1

We can describe the ETFE as:

Wrn(jw) , Vn(jw)
Un(jw) = Un(jw)

G’N(ej‘") = GT(ejw) +

(2.76)

2.77)

(2.78)

Since we will not always be working with N-point sequences that begin at n=1, we define the

following version of Fourier transform for a sequence of N points ending with time index t:

i

Un(iol) = 7= 3 u(men

t—N+1
1 : :
Yw(elt)=—= Y y(n)een
vN
n=t—-N+1

A useful recursive equation for computing Un(jw|t) and Yy (jw|t) is obtained as:

Un(jwlt) = Un(jwlt — 1) + -\/LJV- [u(t) — u(t — N)e iNw]e—itw
Yn(jlt) = Ya(ielt = 1) + = [4(2) = o(t = M)em3Ne] i

2.79)

(2.80)

(2.81)

(2.82)

Eq.(2.81)(2.82) can be derived directly from Eq.(2.79)(2.80). Now we define the N points discrete

Fourier transform (DFT) of y(t) and u(t) at the N frequency points. Let:

k
wkzﬁws 3 k=1,2,---,N

(2.83)
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where: w, = 27 /T is the sampling frequency. We shall assume unit sampling interval for simplicity.

Then:
1 t
Un(jorlt) = —= > w(n)E™ (2.84)
ﬁn:t—N+l
1 t
Yn(jwelt) = —= y(n)E™ (2.85)
\/Jvnzt-—-N-}-l
1 t
Ww(welt) = —= > v(n)E™ (2.86)
\/Nn=t—N+1
where:
E = i%F (2.87)
At frequency point wg, we have:
N (o ; Wi (Jwilt) | Vv (Jwrlt)
Gn (7 |t) = Gr (%) + ’ A 2.88
W) = Gr(E) + G Gand) + TnGionlt) 2589
where:
A . Yn(jw|t
G (e|t) = ﬁ% (2.89)

As the first step we will develop results that can be used to bound the effects of using finite-length
data to compute the frequency function. Again, assume that the system is subject to Eq.(2.2). Let

{y(®)} and {u(t)} be related by the stable system Gr(e“).
y(t) = G (e™)u(t) (2.90)

The input {u(t)} for ¢ < 0 is unknown, but obeys

lw(t)| <Cu Vi (2.91)
Theorem 2.6 [Ljung, 45]: Let
1 ¥ .
Un(jw) = Wi > u(t)e et (2.92)
1 1;,1 |
Yn(jw) = Wi > y(t)e (2.93)
t=1
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Then:

Yn(jw) =

where:

with:

Proof: We have by definition:
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Gt (™) Un(jw) + Wi (jw)

) 2
[Wr(jw)| < "\/——N'Cucg

Co = klgr(k)|
k=1

N
. 1 iw
Yy(jw) = -Tv"zy(t)e ot
=1
© N .
= 23 erteus - by
k=1 t=1
[ N-k N
T R 3 upe
t=1-k
Now:
N—k
UN(jw)——\/= E u(t)e v
t=1-k
1 X 1 Nk
== ) u(t)e? — — Z u(t)e 7wt
N; Nt:l—k
y 1 z":
= |—= Z u(t)e vt — — u(t)e~ It
N t=N-k+1 \/N t=1-k
1 & 1 ZO:
< |—== u(t)e | 4 |—= u(t)e"J“’tl
fﬁt:]vz—;c-l-l Nt:l—-k
2
< —=kC,
~ VN
hence:

[Wr(jw)l = |Ya(jw) — Gr(e™) Un(jw))

(k)e~ik [—-1— Nz_:k u(t)e™ Mt — Un(jw
vN

t=1~k

ffi_'f o

\/_c
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So the Eq.(2.95) is true.
HH#

The remaining problem is that this bounding for |Wy(jw)] is too loose to be truly useful. So at
first we assume that we know a coarse bounding function on the magnitude of the impulse response
of the true plant (this assumption can be removed later using IDFT), and make the bounding function

a linle tighter. For example, assume:
lgr()] < goA* 5 0<A<1,g,>0 (2.99)

that is all the poles of gr(t) are in the open unit disk.

Inspect Eq.(2.98) and use our notation with index t, we have:
WN(jwkIt) = YN(jwklt) - Gr (ej“"‘)UN(jwklt)

= igT(n)Enk[UN(jwklt - n) — UN(jwklt)] . (2.100)

n=1

Under assumption of Eq.(2.99), we find that give some finite integer M, the magnitude of Wy (jwy|t)
is bounded for each wy as following:

Theorem 2.7: Given the system Eq.(2.94), the bounding can be expressed as

M-1
(W (Gwrlt)] < > lgr(m)Un (jwrlt — n) — Un(jwlt)]
n=1
9 N-1 9 0o
—=Cu —=C, Y N 2.101
v =ZM nlgr(n)l + —= ZjN lgz(n)| (2.101)
for M<N, and
M-1
Wi (jerlt)] < Y lor(m)|Un(Gwrlt — n) - Un(jwrlt)|
n=1
2 [e o]
—=Cu N 2.102
+ ﬁC EJM lgr ()| (2.102)
for M>N,
Proof: Using the triangle inequality on Eq.(2.100):
M-1
[WnGerl] < Y lor(n)l|Un(jerlt — n) — Un(Gwrlt)]
n=1
+ Y lgr(m|Un(jwrlt — n) — Un(jwrlt)| (2.103)
n=M
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> lor(m)lUn(Gwxlt — n) — Un(jwrlt)]

n=M
N-1

Y lor(m|Un (Gwlt — n) = Un(jult)]

n=M

+ > ler(m)lUn (jwrlt — ) — Un(Gwrlt)] (2.104)
n=N
we can rearrange the components as following,
|UN (jwilt — n) — Un(jwelt)]
1 t—n 1 t
=l— Z u(m)EF™ — —— Z uw(m)E*™
\/-ﬁ m=t—N-n+1 \/N m=t—-N+1
= |—= uw(m)EF — — u(m)E*™
\/J_V_ m=t—N-n+1 \/N m=t—n+1
< \/—2]70“7& ; n< N (2.105)
and
IUN(J'wkIt - n) — Un(jwi|t)]
1 t
Z u(m)EF - — Z u(m)E*™
=t—N-n+1 mm:t—N+1
< —C N; n>N (2.106)
i
So the Theorem is proved by substituting Eq.(2.105) and (2.106) back to (2.104).
THHE
Using assumption Eq.(2.99):
Do ter@) < 3 tgo (2.107)
t=M t=M
we have, when M<N,
MA —(N =1V AM+1 _ AN
Z ng A" = (= DXT) | 5ol ) (2.108)
n=M 1-4A (1 - A)
Y NgA" = N g"’\/\ (2.109)
n=N
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when M2N, the Eq.(2.108) disappears. Eq.(2.109) becomes:

N go/\M

D NgoAm = == (2.110)
Es 1=\

So we obtain:

M-1
|[WnGelt)| = 3 lor(mIunGenlt - ) - Un (ol

n=1
M _ _1WZM+1 _ \N+1
+2(:,,g¢,(M,\ (M 1),2\ AN+ 2110
VN1 - )
for M<N, and
. M-1
[WnGurlt)| = 3 lar()IUnGwelt = n) - UnGelt)
n=1
2C,g.NA\M
Lufo ¥ A 2.112
* VN(1- ) @112)
for M2N. From Theorem 2.7, we know
(Wi Gwslt)] < IWN(jwklt)l . k=1,2---,N (2.113)

The bounding function of Eq.(2.111) and (2.112) can be computed on line by using the current N-point
DFT of u(t) along with M-1 old N-point DFT of u(t). We note that the second line of the Eq.(2.111)
and (2.112) can be made arbitrarily small by choosing M to be sufficiently large. (In the future, it is
possible to use IDFT to get §r(n) estimate and use it as gr(n) in Eq.(2.111) and (2.112). )
Continuing the above deduction, now we use a direct search method to update the error bounding
function and frequency function estimate by judging if useful information is present. Here we assume

the additional noise variance is known, i.e.:
Vn(welt) <o Vi (2.114)

We define the corresponding frequency domain error AGy (e [t) from Eq.(2.88):

_ Wn(jwlt) | Vi(jexlt) (2.115)

AGN (1) = G Canlt) T TnGorlt)
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the estimated error:
|AGw (@16)] = (WGl + IVivGerlt)]) /10N Genl2)] @.116)
here IWN(jwklt)| is given by Eq.(2.111) and (2.112). So
|AGN (e [£)] < [AGN (+11)| @.117)

By definition, when |V (jwy|t)] = 0, this error corresponds to the unstructured uncertainty. Oth-
erwise, this error is the uncertainty bound for both unstructured uncertainty and the variance of the
noise. In the following we will discuss a technique or algorithm to combine the frequency function
estimates and the corresponding uncertainty bounding function from different time intervals, i.e. how
to combine all of the past frequency domain information into a recursive way to estimate the fre-
quency function and the uncertainty bounding function. The basic idea is that at a given frequency
point w; we use the value of G (e7“|t) which has the smallest corresponding uncertainty bounding

function IAG'N (e?x |t) I We define the smallest bounding function at wy:
|aG ()| = min {|aén (e 1n)[} @.118)
and the corresponding frequency function estimate at wy:
G(ejwk't) = {GN(eJWkIm) : IAG(ej”k|m)|=|Aé(ej"k lt)l} 2.119)
We define, for time index t:
AG (e |t) = G(e?“*|t) — G (e?*) (2.120)
Then, Eq.(2.117) ensures that at time index t:
|AG(e+[2)] < [aG (e 11)| @.121)

For use in an on-line implementation, the following simple recursive algorithm will be used to

compute G (e7“*|t) and AG(e7**|t) at a given frequency wy; if:

|AGN (& 18)] < [aG ([t - 1)| 2.122)
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Figure 2.18: Estimation of Frequency Response and Bounding via RDFT

then:
AG (e |t) = AGn (¢ |1) (2.123)
G (e |t) = Gn (“+]t) (2.124)
else set:
AG (e |t) = AG(e?*|t - 1) (2.125)
G(e™* |t) = G(e*|t - 1) (2.126)

Thus, this algorithm can guarantee that the frequency function estimate and the corresponding error
bounding function are updated only when useful information is leamed at a given frequency. The
estimation is shown in Fig 2.18. Comparing with Fig 2.1, we can see the improvement for gain and
phase plot estimation. But the bounding estimation is very rough because there is still no connection

between each frequency. For Fig 2.18, the simulation model is Eq.(2.15).

51



Chapter 2: Frequency Domain Robust Estimator

Since we are working with real valued time domain signals, the properties of the DFTs of real

valued signals can be used to show that:

G (el |t) = G(e?“ -+ |t)" 2.127)
|aG (1) | = [aG (&) (2.128)

for {k = 1,2,---,N/2}. where ‘*’ denotes complex conjugate and where we have assumed that N
is even. This means that the information for the frequency points {k = 1,2,---, N} is contained
in the information for the frequency points {k = 1,2,---,N/2}. The remaining problem is that
the additive disturbance v(t) is not known in usual cases. Some method must be developed. The
difficulty is that there is no efficient way to estimate V(jw) in the frequency domain. A practical
hypothesis for improving the ETFE with unknown V(jw) is suggested by Ljung [Ljung, 45), i.e., the
disturbance spectrum does not change very much between frequency intervals or in the “width” of the
weighting function. Then a weighted average may cancel the effect of V(jw). So far, it remains the
only way to improve the frequency function estimation and is used by all the researchers who deal
with frequency domain estimation problems. In the next section, we will develop an algorithm to
eventually estimate V(jw) in the frequency domain. In doing so, we are able to significantly improve

the frequency function estimation.

2.4 External Disturbance Spectrum Estimation via Frequency Domain Recursive

Least-Squares Algorithm

2.4.1 Frequency Domain Recursive Least-Squares Algorithm

The initial problem is how to deal with the potential problem caused by Eq.(2.31) and Eq.(2.89),
ie.,

A TWh _ YN(kaIt)
Gr (e ) = G (2.129)

if the estimated denominator U(jwy|t) happens to be zero at a particular time for a particular

frequency. This leads us to develop a very straightforward frequency domain recursive algorithm
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which uses the same procedure as its time domain equivalent. First, let us recall the recursive

algorithm for real-time parameter estimation. A general formula is as follows:
6ty = 6(t — 1) + p(2)b(t)e(t) (2.130)

where

0 is the parameter vector;
1 is the regression vector;
¢ is the prediction error;

u is the adaptation gain.

As we know, if the adaptation rate is much faster than the parameter changing rate, the estimation
based on Eq.(2.130) is convergent and consistent under the condition that the noise is white [Astrdm
and Wittenmark, 5]. Even for the same formula Eq.(2.130), different approach of getting u(t) has
the different convergent and consistent characteristics. For instance, the adaptation gain u(t) can be
simply chosen as a constant matrix based on a gradient method approach. The choice of the gain is
made to balance tracking of time variations enhanced by large u, versus smoothing of noise, achieved
by small u. In the later case, the initial condition becomes a very cm;:ial factor to the convergence
speed. To avoid guessing the initial condition and choosing p, a more appropriate approach is the RLS
(recursive least-squares) algorithm where u(t) is a gain matrix P(t) which is automatically updated
and is closely related to the prediction error covariance matrix and so is the optimal choice in terms
of minimum variance and convergence rate. Therefore, we choose to adopt the RLS algorithm in our
context and use the version of Eq.(2.130) based on a RLS updating rule later on.

Now it is time to come back to our original zero denominator problem about Eq.(2.129) where
Y (jwi(t) and U(jwy|t) is obtained through either Kalman filtering or RDFT algorithms as derived in
previous sections. To prevent Eq.(2.129) from dividing by zero, we update Eq.(2.129) in a recursive

manner and rewrite it as
Y (jwi|t) = G(e?* |t)U (jwrlt) (2.131)
From now on, the subscript “N” will be ignored since it only indicates that our DFT is N-point DFT.
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A regression model in time domain is

y(t) = 67 ()% () (2.132)

Comparing Eq.(2.131) with Eq.(2.132) and referring to the time domain RLS algorithm
Eq.(2.130), it is not difficult to derive the following frequency domain version of RLS:

G (e |t) = G(“* |t — 1) + p(Gwr[t)U (Gwrlt)e(Gwk|t) (2.133)
where
e(jwrlt) = Y (Gwilt) — G (7% |t — 1) U (juwe|t)

o p2(Gurlt — 1)U2(juwglt)
pgwelt) = pgerlt = 1) - = U(jwklf)l‘(jwklt - 1)121'(1"*":“)

with forgetting factor A, the adaptation gain updating equation becomes:

S S 12 (welt — DU (jwrlt)
I"(]wklt) =3 [l‘(]"-’klt - 1) = T U(jwkl:)ﬂ(jwklt — l)kU(jwk]t)]

At this point, it becomes clear that we not only solve the problem of zero denominator, but also

derive a much better way to estimate frequency function because we are able to make use of the

prediction error (jwg/t).

2.4.2 External Disturbance Spectrum Estimation

It becomes possible that we could actually estimate the disturbance spectrum when the recursive
updating equation Eq.(2.133) was derived. After that point, we simply expand the idea a little further
by considering the overall system Fig 2.2 which is described in frequency domain by equation
Eq.(2.88), that is:

Y (jwrlt) = Gr (%) U (jwrlt) + W(jw|t) + V (jwxt) (2.134)

As defined earlier, the term W (jwg|t) is due to the effect of using finite-length data. A FIR filter
of order N can be completely described by giving the value of its frequency function at N points
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equally spaced around the unit circle [Bitmead and Anderson, 8]. In other words, we can completely
describe a system function by its values at N frequency points if the system impulse response length
is less than N. Furthermore, we have already derived the algorithm to eliminate and bound the term
W (jwi|t) which is only related to the input spectrum Eq.(2.100). Therefore, it is reasonable to
put the first two terms in Eq.(2.134) together and leave only one term V (jwy|t) — the additional
noise or external disturbance by definition. As a result, our discussion in this section is based on

the following equation:
Y (jwilt) = Gn (6% )U(Jwk [t) + V (jwit) (2.135)
where

Gn (ejw") = GT(ej“”‘) +AG
Jim Gr(e) = Gr(e)

So far, in the literature, there still is no effective way to estimate an external noise function
V(jw) directly from a harmonic analysis method. The most practical way conceming disturbance
spectrum estimation is under the condition that the frequency function estimation exists already
[Ljung, 45]. From our simulation results which will be shown later, we will see that it is impossible
to have the correct frequency function estimation without the knowledge of noise function at the
same time because V(jw) will not only affect the variance of the frequency function estimation
but, more importantly, will cause large bias. In terms of frequency function estimation by means
of Fourier analysis, a well-known statement concerning noise is that the variance of the frequency
function estimate at a certain frequency is asymptotically given by the noise-to-signal spectrum ratio
at that frequency [Ljung, 45]. This statement is based on the assumption that V(jw) is a zero mean
variable since v(t) is assumed to have zero mean value. Following the same line in the literature, the
weighting function, which is often called the frequency window in spectral analysis, is used to trade
off the bias and variance of the frequency function estimate in order to obtain a smoothed estimation.
Actually, this windowing technique only redistributes the bias and variance at one frequency to other

frequencies if the estimation itself is a biased estimation. It will be apparently disabled if the noise
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signal has wide-band frequency components like white noise because the estimation is biased at all
the frequencies as shown in Fig 2.22. Clearly, for a frequency domain method, the term V(jw) can
not be simply ignored from Eq.(2.135) as it is in time domain methods.

Using frequency domain RLS algorithm, it is possible to estimate the noise function together
with frequency function. Here we treat the frequency domain noise function V(jw) as a deterministic
signal. An unrealistic assumption here about the noise function V(jw) is that it does not change as
time changes (this condition is man-madely true for the simulations later) or that the adaptation rate

is much faster than the power spectrum rate of change. Therefore, Eq.(2.135) can be denoted as:
Y (Juwelt) = 67 Gurlt) Y (Gwrlt) (2.136)
where

07 (jwrlt) = [Gn (e8%), V(jwy)]

YT (Gult) = [UGarlt), e
And Eq.(2.133) becomes:
O(jwrt) = 0(jwrlt — 1) + p(Gwrlt)p(iwe t)e(Gurlt) 2.137)
where
e(wrt) = Y (jwrlt) — 6T (wrlt — 1)p(jwk|t)

o (et — Vel G uGwlt - 1)
ulgerlt) = kGwrlt = 1) = = G R Ganlt = DeGweld

with forgetting factor ], the adaptation gain updating equation becomes:

L[ et = DG GGt - 1)
”(J‘”’"”‘A["(J Ht = 1)~ e T GarluGenlt — Do Gerl) ]

In the simulation, we take the same model in previous section Eq.(2.15) as a example. In order
to demonstrate that the algorithm can be used in a very general framework, we take two extreme

cases into consideration. In the first case, the noise function is a single frequency sinusoidal function.
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Figure 2.19: Estimation by Eq.(2.133) with Single w Noise
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Figure 2.21: Noise Spectrum Estimation for Single w Noise

In the second case, the noise is white which means that noise function is a mixture of sinusoidal
functions from all the frequencies. We apply the same algorithm to both cases. For the first case,
without noise function estimation, the frequency function estimation with single frequency disturbance
is shown in Fig 2.19. It should be mentioned here that the noise to signal ratio is ten which means
that the input signal is almost buried by the noise. We can see that the estimation at that frequency
has a large bias. After we put the noise function into the prediction function Eq.(2.136), a great
improvement is achieved, the frequency function estimation is shown in Fig 2.20 and the disturbance
spectrum estimation is shown in Fig 2.21. For the second case, without noise function estimation,
the frequency function estimation Fig 2.22 becomes totally erroneous because the bias happens at
every frequency point; the whole curve is pushed up by the noise energy. After considering the noise
term, the frequency function estimation Fig 2.23 is improved as for the case of a single frequency
disturbance. The explanation is quite simple because the algorithm takes into account all N frequency

points. The noise spectrum estimation for white noise case is shown in Fig 2.24.
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Figure 2.24: Noise Spectrum Estimation for White Noise

Clearly, the noise function estimation helps to improve the frequency function estimation, which
is similar to the case in time domain that noise model estimated by Generalized RLS algorithm helps
to improve the estimation of system model. For the time domain method based on ARMAX model,
a whitening filter— noise model has to be specified before hand if the noise is not white. It is a
much more difficult problem for a time domain method, for instance, to specify the structure of noise
model if the disturbance energy is only concentrated in a single frequency which is the first case
in our simulation mentioned above, i.e., a very narrow band-pass filter has to be constructed within
ARMAX model. With our frequency domain method, we can deal with a more general situation, that
is, we do not have to know whether the noise energy exists at one frequency or all the frequencies

as shown in Fig 2.20 and Fig 2.23.

2.5 Conclusions

In this chapter, we have summarized and developed some methods for frequency domain

estimation. Besides the frequency function estimation and disturbance spectrum estimation, the

60



Chapter 2: Frequency Domain Robust Estimator

focus has been on the uncertainty bounding function estimation, which is the key issue in an adaptive
robust framework.

This chapter started with the ETFE. Then, the DFT block data transform was changed to a
“recursive” transform by means of Kalman filtering. The advantage of using Kalman filter is its real
time capability and noise smoothing feature. The Kalman filter also provides a way to deal with the
finite-length data problem in block DFT since it is able to memorize the past information. Later, as
the main results, two methods are developed to estimate uncertainty bounding function. The Laguerre
orthonormal function approach gives a much tighter uncertainty bounding, e.g., Fig 2.10, but with
the assumption that the uncertainty is bounded by Eq.(2.72). The RDFT approach gives a sufficient
bounding, Fig 2.18, but it is still too loose to have any practical use. In the end of this chapter,
we developed a method to estimate disturbance spectrum which is closely related to least squares
algorithm. In doing so, the frequency function estimation is significantly improved. It is remarked
here that so far, for a stable, linear, lumped, and time-invariant system, we are able to estimate the

frequency function, uncertainty bounding function and disturbance spectrum function.
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Chapter 3

Quantitative Adaptive Robust Control in Frequency Domain

3.1 Introduction

In this chapter, we proceed further to adopt a robust design strategy which could make use of
the information provided by the frequency domain estimator derived in the previous chapter. To
distinguish from other adaptive robust control systems, we call our method Quantitative Adaptive
Robust Control (QARC) since we take the estimated uncertainty bounding into consideration through
the design method originally from QFT (quantitative feedback theory) [Horowitz, 32], and also the
whole scheme adopts ideas from both adaptive and robust viewpoints. A very close interpretation is
to think of SOAC (self-oscillating adaptive control) systems [Astrdm and Wittenmark, 5] with the
improvement that multiple frequency points are considered and stability margins are quantified via
uncertainty bounding estimation.

From an overall perspective point, both currently studied adaptive systems, robust systems and
so-called adaptive robust systems have their advantages and disadvantages. It is well known that
adaptive control can effectively eliminate the structured uncertainty caused by parameter variations
in the nominal model, but has difficulties handling unstructured uncertainties which are beyond
nominal models. Although the objective of adaptive control is to deal with unknown process and
environment, a substantial amount of a priori knowledge is needed to guarantee stability. System
order, delay time and noise model have to be known, and restrictions such as SPR (strictly positive
real) condition, slow adaptation rate and richness of driving signal have to be imposed. On the other
hand, robust control, with tolerance margins covering unstructured uncertainties, can guaranteec the
stability of the closed loop system. But because it assumes hard bounds on the uncertainty, it ends
up with a very conservative design. The direct combination of adaptive control and robust control,
so-called adaptive robust control or robust adaptive control [Cusumano and Poolla, 14; Kosut, 39],
adds robustness to adaptive control. But it does not solve the problem completely since there is still
no on-line access to unstructured uncertainties. Therefore, we may still end up with either a very

conservative design or an unstable closed-loop system.
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Figure 3.25: Block Diagram of a Self-Tuning Regulator
At this point, with very little a priori knowledge about the system and the environment, the
information provided by our frequency domain estimator makes it possible to implement the kind of
adaptive robust controller where the performance-robustness trade-off is made in a quantitative way.

Therefore, it is possible to obtain the best closed-loop performance out of a stable closed-loop system.

3.2 Stability of Adaptive Control

Most adaptive controllers are model-based control strategies. The discussion below is based on
the STR (self-tuning regulator) scheme since MRAC is similar to the direct STR. The block diagram
of the whole system is shown in Fig 3.25. In the diagram, the process is described by the ARMAX
model:

y(t) = A(z"Y)y(t) + B(z7)u(t — d) + €(2) (3.138)

and the predictor model for the estimation part is:
§(t) = A(z"")y(0) + B(z")u(t - @)
= 6()¥(0)

The adaptive control system can be thought of as consisting of two loops: an inner loop, which is

(3.139)

an ordinary feedback loop composed of the process and the regulator, and an outer feedback loop
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Figure 3.26: Error Model Drawn as a Feedback Loop
that makes the adaptive system non-linear. The parameters of the regulator are adjusted by the outer
loop in such a way that the error between the process output y and the predictor model output §
becomes small. So the outer loop is also a regulator loop. The key problem is to determine the
adjustment mechanism so that a stable system, which brings the error to zero, is obtained. Stability
is a basic requirement in a control system. For adaptive control, analysis is very complicated because
of the existence of the outer loop. Much effort has been focused on the issue of outer loop stability,
i.e. the parameter updating loop. An effective way to pursue this is to look at the evolution of the
adaptive error system [Anderson, Bitmead, Johnson, Kokotovic, Kosut, Mareels, Praly and Rielde,

2] or commonly the so called error model of the following general form:
0(t) = —ep(t)H (s){¥T(1)0(2)} (3.140)
In discrete time, error model is described by an ordinary difference equation:
0(t+1) = 0(t) — ep(t)H (271) {¥T(£)6(2) } (3.141)

This equation is depicted as a feedback loop in Fig 3.26. The non-linearity appears as the product
¥(t)8(t) in Eq.(3.140) and Eq.(3.141) since, in a closed loop configuration, the values of regression
vector (t) are affected by the parameter vector 6(t). As we know, adaptive control is based on a
simplified system model and noise model. With the existence of the unstructured uncertainties, i.e.,

model mismatch as usually noted, the behavior of the closed loop system may depend drastically
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on the command signal and the disturbances. The solution obtained for one command signal may
be stable; another command signal may give an unstable solution. A famous example is the Rohrs’
model [Rohrs, 63]. In another word, different process models are obtained for different driving
signals. Also, although a solution is stable, a perturbed motion may diverge since the parameter
estimation is not convergent with unknown disturbance. Therefore, non-linear theories have to be
introduced into adaptive control. One of them is averaging theory which can apply directly to the
error model Eq.(3.140) and (3.141).

Averaging theory permits the analysis of equilibria and local properties around equilibria. The
basic idea is that the parameters change much more slowly than the other variables of the system.
Under the assumption that the parameters 6(t) are constant and by averaging Eq.(3.140) or (3.141)
over a period of time, (t) become a time invariant vector 1. Then Eq.(3.140) or (3.141) as well

as Fig 3.26 becomes a linear time invariant error system
0t +1) = 0(2) — epH (27 1) {97 6(1)} (3.142)

which can be stabilized by imposing conditions on operator function H (z~!). Finally, the stability
of Eq.(3.142) implies the stability of Eq.(3.141) for all 0 < € < ¢, [Guckenheimer and Holmes,
28). Clearly, in order to apply averaging theory, it is necessary to use small adaptation gain e.
Only by choosing ¢ sufficiently small, the rate of change of the parameter § can be made arbitrarily
small. Along the same line, the small gain theorem [Anderson, Bitmead, Johnson, Kokotovic, Kosut,
Mareels, Praly and Riedle, 2] gives the key result that the closed-loop system is stable if H (z'l)

is SPR and the unstructured uncertainty is passive.

Hopefully, averaging theory may lead to a unification of analysis of adaptive systems. There are
unfortunately no good methods to determine analytically how small the gain ¢, should be. Another
difficulty is that the SPR condition is not directly interpretable in process model or control model
since H (27!) only arises in the error system Fig 3.26. The formation of H (z~!) depends on the
controller design strategies and parameter adaptation algorithms [Ortega, Praly and Landau, 56).

A transfer function H (z71). in error system Eq.(3.141) based on a standard pole-zero placement
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adaptive controller is introduced in [Fu, 19]. Furthermore, the lack of a parameter equilibrium will
disable the averaging method.

With all the troubles associated with parameter model estimation, one advantage of frequency
domain estimation is that we do not have a model validation problem. Also it is not necessary to
treat the frequency domain estimation loop as a closed-loop system since the estimation loop does
not produce an output estimate §. Even with the RLS algorithm in Section 2.4.2, the vectors ¥(jw,t)
and 0(jw,1) are different from their time domain counterpart — regression and parameter vectors.
Moreover, the RLS algorithm is only used as a refining process in the estimation. To simplify the
problem, we will limit the discussion of QARC to the territory of linear theory. Therefore, the robust

stability in the next section is considered as the overall stability of the complete QARC system.

3.3 Stability of Quantitative Adaptive Robust Control

Limited by the scope of this thesis, the discussion of the QARC stability is in the domain
of linear theory. In the adaptive control, the outer loop stability or the stability of adaptive error
system is discussed assuming that the inner loop is stabilized. QARC here is merely focused on the
stability of the inner loop and takes into account the bounding function of the outer estimation loop.
Besides the reasons mentioned in the previous section, it is our intention to avoid the discussion
of the non-linear error model in frequency domain since it is still not clear how to derive one and
how strong a non-linearity exists in QARC. So far, with the persistent excitation and plant linearity
conditions, the frequency domain estimation is proved to be unbiased. Instead of analyzing the “error
model”, we assume it is good enough to take the “error bounding” into consideration for closed-loop
stability. Therefore the stability of the QARC becomes the robust stability of the inner loop, that is
the regulator feedback loop as in Fig 3.27.

Analysis of feedback amplifiers by Nyquist [Nyquist, 53] and Bode [Bode, 10] is one of the
comerstones of feedback theory. Further refinement of the theory leads to design methods that
explicitly take process uncertainty into account. For this purpose, we simply employ the Nyquist
stability criterion as the starting point. The Nyquist plot of the discrete system of Fig 3.27 is drawn

in Fig 3.28. Stability analysis based on Nyquist plot is a very mature method. It also gives a direct
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Figure 3.27: Inner Loop Block Diagram
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Figure 3.28: Nyquist Plot

description of the loop sensitivity. The stability margin ¢ is a distance between the curve crossover

point and the -1 point. The stability is defined as:
o < |1+ K ()G (e)] (3.143)

where o is used to take care of uncertainty. For SISO systems like that of Fig 3.27, the appropriate
notion of smallness for the sensitivity function requires the complex scalar [1 + K (e7)G(e/)] ™

to have small magnitude, or conversely that 1 + K (e’“)G(e’“) have large magnitude, for all real
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frequencies w where the commands, disturbance and plant uncertainty AG(ef“’) are significant. In
fact, the sensitivity objectives of SISO feedback systems are commonly stated in the same inequalities

of the form as Eq.(3.143):
o(w) < |1 + K(ej“’)G(ej“’)! Vw<w, (3.144)

where o(w) is a positive function and w, specifies the active frequency range. Actually Eq.(3.144)
is fundamental for the optimal sensitivity theory such as QFT and IMC (Intemal Model Control)
[Morari, 51]. The basic idea can be readily extended to MIMO problems through the use of matrix

noms. Selecting the spectral norms as a measure of matrix size || + K(e*) G (e/“)|, for example:

#(©) = \/ Amin{ll + KGI'[1 + K6]} (3.145)

w(w) is called minimum singular values

The corresponding feedback requirements become:
o(w) < p(w) (3.146)

Going further along this line will lead to the H, synthesis method [Doyle and Stein, 16].

Since our approach is limited to SISO systems, we take Eq.(3.144) as our initial objective. From
our estimation of the unstructured uncertainty, open loop transfer functions will appear as a Nyquist
band of Fig 3.29 instead of a Nyquist curve. In terms of frequency domain estimation, we actually

have the frequency function estimate at each frequency:

Gy (e') + Gi(e™)

G(ev) = 5 (3.147)
and the unstructured uncertainty bounding estimate at each frequency:
. w) Jw

AG(w) = |AG ()] = [Gu (&) — G ()] (3.148)

2

which is usually called additive uncertainty description since it appears as
G(e™) € G(e*) £ AG (&)
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Figure 3.29: Nyquist Band

If we define:
Gy (e"") = max {G(C’]w)l IG(ei“)—é(C’”)ISAG(“)}

= [|6(e)] + 1aG(e)]) G () (3.149)

where Gy is the tightest hard upper bound (discussion of hard and soft bounds can be found in

[Ljung, Wahlberg and Hjalmarsson, 45; Wahlberg and Ljung, 67]), we have the following theorem:

Theorem 3.1 (robust stability theorem for QARC): Assuming that all plants G () € H, in
the family, set or band:

Q= {G(er)| |G(ei“)—G(ei“)|5AG(w)} (3.150)

Then the closed-loop system is robustly stable with the controller K (ej“’) € H, ifand only if the inverse
sensitivity function for the plant Gy (e7*) defined by Eq.(3.149) satisfies the following conditions:
K (e7“)Gy (') not encircling the (-1,0) point and

|1+ K (™) Gy ()| > 0 (3.151)
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Proof: The idea is very straightforward. For the plant family defined by Eq.(3.150), we will
have the biggest contour K (¢7)Gy (/) (see Fig 3.29) where controller K (€7) design is assumed
available. Then implied by Nyquist Criterion, the stability of K (ej“’)G’U (ej“’) will guarantee the
stability of the whole family {G(ejw)”c:(e:’w)—c'(eiu)I < AG(W)}. Therefore, we have proven the

theorem.

HiHt

Let us clarify what it means that Theorem 3.1 is not only sufficient for robust stability but also
necessary. If condition Eq.(3.151) is violated, then for the set { defined by Eq.(3.150), there must
exist a plant G(e’*) € Q (think of Gy (e’*)) for which the closed loop system with the controller
K () is unstable. However, if the set § is a hard bound obtained by approximating the original
uncertainty regions, and therefore contains plants not present in the original uncertainty set, then
condition Eq.(3.151) is generally only sufficient for the original uncertainty set. Nevertheless, the
necessity implies that at least for the set {2 defined by Eq.(3.150), with an equal sign in Eq.(3.151),

this is the tightest robust stability condition that can be derived.

Theorem 3.1 can be stated in a more general way by defining
. iwY _ A piw
Q. = { o) « |GGl

G(eiv)

Where A, G(w) is referred to as a multiplicative uncertainty description and is related to additive

< AmG(w)} (3.152)

uncertainty description as follows:

AG(w)

T~ 1 (3.153)
|G(ere)

AnG(w) =
Then the radius, that is the half of width of the band at each frequency in Fig 3.29 can be described
as | K (¢7) G () |AmG(w). The inoquality of Eq.(3.144) in this case becomes:
|K () G(e)|AnGlw) < [1+ K ()G (e)|
or

K (e%)G (&)
1+ K(e%)G(eiw)

AnGw)<1l  Vw (3.154)
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With the notation of the complementary sensitivity function for the estimated frequency function

G(ej“’) as:

~

14 K(eiv)G(eiw)

we have a general version of Theorem 3.1:
Corollary 3.2: Assuming that all plants G (€7*) in the family, set or band Q.,

G(ej“’A) — G(e)
G(ew)

< AmG(w)} (3.156)

Qn = {G(cj‘”) :

have the same number of clockwise encirclements of the point (-1,0) by their Nyquist contour (think
of the same number of RHP poles in a model), and that a particular controller K (ej“’) stabilizes the
estimated plant G(e'“). Then the closed-loop system is robust stable with the controller K (%) if
and only if the complementary sensitivity function T(w) for the estimated plant G (e7*) satisfies the

Sollowing bound:

"’i‘(w)AmG(w)noo <1 (3.157)

where:

”'i‘(«.a)Ava'G,‘.v)“oo 4 sup {T(w)AmG(w)}

According to Corollary 3.2, robust stability imposes a bound on the co-nom of the complemen-

tary sensitivity function T(w) weighted by the multiplicative uncertainty bounding ApG(w).

3.4 Robust Performance of Quantitative Adaptive Robust Control

3.4.1 Quantitative Feedback Theory

An important reason for using feedback in the design of control systems is to reduce the sensitivity
of the system response to the uncertainties about the systém. The fundamental principles of such a
design have been studied in several papers [Horowitz, 31 and 32]. A frequency domain method, the
so-called QFT, has been developed for designing a linear, time invariant, SISO feedback system, in

the simplified configuration of Fig 3.30, to achieve a prescribed degree of insensitivity of output to
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Figure 3.30: Block Diagram of 2-Degree-of Freedom Control
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Figure 3.31: Bounds on Response in Time Domain
the uncertainties AG (e’*) about the process. With a pre-filter F(e’*) in the configuration, Fig 3.30

is sometimes called Two-Degree-of Freedom Control since r and v have different effects on e:

F 1
¢T17KG T1+KG’ (3.158)

Here K (e?“) can be selected for stability and good disturbance rejection, and then the pre-filter
F(e™) can be chosen independently for good set-point tracking. The most direct form of the

specifications on the output y(t) would be in the time domain, such as bounds on the step response
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shown in Fig 3.31. For the QFT design, however, it is assumed that such time domain sensitivity
requirements have been somehow, by trial and error, transferred into ‘corresponding’ frequency
domain specifications {Horowitz, 31} in the form of the bounds on |T(ej°")|:

KG

"1+ KG (3159

T

This translation from time domain to frequency domain requirements is one of the weaknesses of
QFT. These frequency domain bounds are then used as the starting point of their design. QFT is a

controller design method that meets the closed-loop tolerance:
Tz ()] < |T ()] < [T (&) (3.160)
with the process constraints:
G(e*) € Q, (3.161)

where Q,, is represented as a rectangular shaped template in Nichols Chart. Notice that, Eq.(3.161)
gives both gain and phase uncertainty, since QFT originally is used to deal with the parameter
¢ variations in the process G(e/“,6), i.e. structured uncertainty by definition. Such numerical
specifications of uncertainty templates Eq.(3.161) and the closed-loop tolerance Eq.(3.160) are
called “quantitative synthesis”. The actual design is performed by means of a Nichols chart. It
has been shown [Horowitz and Sidi, 33] that, with any G,(e’“) € €, chosen as the nominal
plant, the above quantitative synthesis leads to bounds b(w) on a nominal loop transfer function
L(eiv) = K(e?*)G,(e™) for each w € (0,00). For example, ), the entire uncertainty range
of G, (e?w=), is shown as template ABCD in Fig 3.32; and the closed-loop tolerance specification

at w = w, is derived as

L(ew)

- <
T¥ L(eiy| < 948

Aln|T(e)| = Aln

Since In L = In K + 1In G, the pattern outlined by ABCD may be translated (but not rotated) on the
Nichols Chart, the amount of translation being given by the value of K (e?“=). For example, a trial

design of L(e’“~) corresponding to the template of G, (e7“) is at A” B"C" D", where the extreme
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3500 300°  250°  200°  -150°

degrees
Figure 3.32: Bounds on Loop Transfer Functions

values of InT(e?“-) are C"(-1dB) and A"(-6dB). If L(e?r) for condition A" is chosen to be
(-3dB, arg —70°), then it is guaranteed that Aln |T(e?“~)| < 5dB over the entire uncertainty range

of the plant. Also, it happens that, if arg L4 (ej%) = —70°, then -3dB is the smallest magnitude

of Ls(e’“) which satisfies the 5dB specification for Aln|T'(e’“<)|. Any larger magnitude is
satisfactory, but represents, of course, overdesign at that frequency. The manipulation of the w = w,
template may be repeated along a new vertical line, and a corresponding new minimum of L 4 (/)
found. Sufficient points are obtained in this manner to permit drawing a continuous curve of the
lower bound on L 4 (ej“’o) as b(w,) shown in Fig 3.32. The entire process may be repeated at other
frequencies. In the high frequency range, L4 (e)|,>s has to be outside b(w>h). In fact, b(w>h)

guarantees a certain minimum amount of damping in the response to a disturbance v(t) since the

usual constraint on the damping factor can therefore be transferred into a constraint on the peak value
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of 1n |T(e’*)| [Horowitz and Sidi, 33]. Suppose this happens to be 6dB in the present example as
shown in Fig 3.32.

Therefore from QFT design, we actually derive an infinite number of loop transfer functions
which meet both specifications of Eq.(3.161) and Eq.(3.160). A unique L, (e’“) is obtained by
imposing extra conditions. For instance, let L, (e?*) be assigned a fixed excess number “n” of
poles over zeros, so that lim L4 (e7) = kof (€' — 1)", then a realistic optimization criterion is the
minimization of k.. Such an optimum L 4 (¢’*) is unique and the rather lengthy design procedure is
presented in [Horowitz, 31; Gera and Horowitz, 22]. So far the QFT design problem can be only
solved graphically; no analytical method is available; and the final result is in numerical form which
is adequate for research purpose, but is a shortcoming for practical design, in as much as rational

function approximation remains to be done.

3.4.2 Robust Performance Criteria for Quantitative Adaptive Robust Control

In terms of loop transfer function shaping, QARC follows the same procedure as QFT. The
improvement here is that we try to simplify the procedure and to find the bounds b(j) analytically
instead of moving templates around graphically in the Nichols Chart. This allows the quantitative
feedback synthesis to be realized in real-time. First, we begin with using a simple and rational method
of converting the time domain sensitivity specifications of Fig 3.31 into frequency domain criteria.
These general criteria together with disturbance rejection consideration are further reduced to simple

conditions on the sensitivity function and complementary sensitivity function.

Let us suppose that the response y(t) to an input (t) is required to remain within the bounds:
a(t) < y(t) < (1) t>0 (3.162)

as shown in Fig 3.31, for all processes G(e“) in a given closed and bounded set Q as Eq.(3.150).

Defining:
m(t) 2 ﬂg_“@ (3.163)
and
Am(t) & M (3.164)
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The condition Eq.(3.162) then can be stated as
[y(t) — m()F < Am?(2) VG(e) e (3.165)

When one considers the fact that the value of a function x(t) at a single instant t is determined, in
principle, by the values of X (e/*) for all w, the difficulty of finding an exact equivalent to Eq.(3.165)
in the frequency domain can be understood. As an altermnative to Eq.(3.165), consider the slightly

weaker condition:
1 7 1 7
1 / [y(t) — m(O)Pdt < 2 / Am?(t)dt (3.166)
P 0 P 0

This condition can also be described in discrete time:

S ) - m@F <13 An) (3.167)

t=1 t=1

=3[ -

It is to be noted that above conditions apply for every p > 0, that is, Eq.(3.166) or (3.167) ensures
that Eq.(3.165) is satisfied on the average over every finite interval (0, p). In view of this property, it
is argued that Eq.(3.166) or (3.167) is a reasonable altemative to Eq.(3.165) as a robust performance
design specification. Referring to Theorem 2.3 or Parseval’s theorem, we can derive the following

theorem for continuous-time systems.

Theorem 3.3: Let B(s) = L£{B(t)}, A(s) = L{6(t)} and
H(s) = B(s)/A(s) (3.168)

H(s) represent a causal system, continuous in s. A necessary and sufficient condition for

p 14
/ Be(t)dt < / 6%(t)dt VO0<p< o (3.169)
(1) )
is that for all w
Hjw)H*(jw) < 1 (3.170)

where the equality sign may hold for some but not for all w.
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Proof: Consider first the case p = oo. Applying Parseval’s theorem to Eq.(3.169) and using
Eq.(3.168), gives

[ A} - B ()87 Go)dw 2 0 3.171)

Clearly, Eq.(3.170) is sufficient for Eq.(3.171). It is also necessary because if inequality Eq.(3.170)

is reversed at some w,, then by continuity it is reversed in some neighborhood of w, and a é(t)
exists which will reverse the inequality of Eq.(3.171) and Eq.(3.169). To proof the case p < oo,
let 6,(t) denote the function

6,(t) = 6() Vi<p

6(t)=0 Vi>p
Let ,(t) be related to 6,(¢) by
By(s) = H(s)Ap(s) (3.172)
where Bp(s) = £{8,(t)} and A,(s) = £{6,(t)}. By the causality of H(s),
Bp(1)=pB(1)  Vi<p (3.173)

Now,
4 oo
/ &2 (t)dt = / 8(t)dt
0 0

Using Eq.(3.172) and we already proved for p = oo, we have

x

/ 8(t)dt > / B2(t)dt (3.174)
0

0

and by Eq.(3.173),

!@mw=!wma+/ﬁmw

b4
p
> / B(1)dt (3.175)
0
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which is Eq.(3.169). Again, Eq.(3.170) is not only sufficient for Eq.(3.169) but is also necessary.
If the inequality Eq.(3.170) is reversed, a 6p(t) exists that will reverse Eq.(3.174) sufficiently to

override Eq.(3.175) and thus reverse Eq.(3.169).
H#Hit#

Since 6(t) is arbitrary, it can be identified with Am(t). According to Theorem 3.3, an equivalent

condition to Eq.(3.166) in frequency domain is as follows:
Y (jw) - M(jw)| < [AM(jw)] Vo

where Y (s) = £{y(t)}, M(s) = £{m(t)} and AM(s) = £{Am(t)}. Same procedure applies to
Eq.(3.167) and gives

[Y (%) — M ()| < |[AM ()] Vw (3.176)

It is not difficult to show that a sufficient condition in the frequency domain corresponding to

Eq.(3.176) and Eq.(3.167) is given by:

Y (ei) AM (&)
A | I i S )
cleiea | M(ew) l Sy | V¢ (3.177)
Substituting
. _ F(e)K(e™)G(e) R(e*)
and expressing the magnitude in dB, we obtain:
R(e*)F(e™*) K(e¥)G(e™) AM (ei)
Geen | M(e) 1+ K(e*)G(e®) || M) | Ve (.179)

Which is the general robust performance design criterion in the frequency domain for the time domain
specification Eq.(3.166). The simplification is seen by comparing with Eq.(3.160).

If the pre-filter F(e/“) is chosen to be:

- M(ej“’)
F(e) = R(ei?) (3.180)
then Eq.(3.179) simplifies to:
' AM(e™)| a
« < —_— = .
G(I;[}‘va))én IS(CJ )l = M(eiw) Aw) (3.181)
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where

5(¢*) =13 K(ejt’)G(eJ'w)
is the sensitivity function.

In a well-posed problem, one can expect F(e?), as defined in Eq.(3.180), to be a realizable
transfer function; its response to the input r(t) is m(t), which is defined in Eq.(3.163), as the mean of
admissible responses and is itself an admissible response. Therefore, if the specifications Eq.(3.165)
can be met by a realizable system, then Eq.(3.180) defines a realizable transfer function and can be
designed beforehand.

In addition to the specification Eq.(3.165) on the response to the reference input r(t), it is usual
to require a certain minimum amount of damping in the response to the disturbance v(t), governed

by the sensitivity function . (e’*). The specification can be expressed by a condition of the form:

max max |S(e“)| < B (3.182)
or more specifically
... |S(e“)| < B(w) (3.183)

Combining Eq.(3.181) and Eq.(3.183), we obtain the overall robust performance design criterion:

G(ICI}E’X)GQ |5 (e™)] < min {A(w), B(w)} Vw (3.184)

Following Theorem 3.1, we have the following criterion:
Criterion 3.4 (robust performance criterion for QARC): Assuming that all plants G(e'*) € H,
in the family, set or band:

€= {G(ejw)l IG(ef“)—é(ef~)|5AG(w)} (3.185)

and that a particular controller K (¢i“) € H, stabilizes the estimated plant G(e’) defined by
Eq.(3.147). With pre-filter chosen as Eq.(3.180), the closed-loop system will meet the performance

specification Eq.(3.167) if the sensitivity function satisfies the following condition:

22 |S(€)| < min {A@), B()} Vw (3.186)
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In order to understand the relation between the robust stability and robust performance criteria,
referring to geometric arguments in Fig 3.29, and the frequency function estimate Eq.(3.147), we

find that:
|1+ K ()G ()] > |1+ K () G(e)| - | K ()| AG(w) (3.187)

Using multiplicative uncertainty description of Eq.(3.153), Eq.(3.187) then becomes:

1+ KG|> |1+KG, - |I(G|AmG VG EQm (3.188)
With
: 1
&v) = . 3.189
(=) 14 K(ev)G(eiw) ¢ )
and referring to Eq.(3.155), Eq.(3.188) can be rewritten as:
‘ I.§'(ej”)| .
|5 ()] < —— YV G(e*) € Qn, (3.190)
1- |T(eJ°’)'AmG(w)
or .
N
max_ |S(e)| = . , Vw (3.191)
G(e) €t 1- [T(e)|AnG(w)
Using Eq.(3.186) and defining:
1
AB(w) = — NERIE): Yw (3.192)
then, substitute Eq.(3.191). we have:
l’i‘(ej“’)lAmG(w) + lS’(ej“’)lAB(w) <1 Vo (3.193)

Now we have derived the inherent relationship between robust performance and robust stability as

well as nominal performance, which is stated in the following corollary.
Corollary 3.5: Assuming that all plants G(e’) in the family, set or band Q,,:

G(ej“) — G(e)
G(eiv)

< AmG(w)} (3.194)

U = {G(ej“’) :
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have the same number of clockwise encirclements of the point (-1,0) by their Nyquist contour (think
of the same number of RHP poles in a model), and that a particular controller K (e3*) stabilizes the

estimated plant G (ej“’). Then the closed-loop system will meet the performance criterion

X, |5 ()| < min {A(w), B(w)} Yw (3.195)

if and only if the sensitivity function §(ei*) and the complementary sensitivity function T (%) for

the estimated plant G (/) satisfy

|T(eiw)|AmG(w) + |5‘(ej“’)|AB(w) <1 Vw (3.196)

In Eq.(3.196), A,,G(w) is related to uncertainty bounding estimation and AB(w) is related to
closed-loop tolerance and disturbance rejection. From Eq.(3.196), we can see that robust performance
criterion implies robust stability and nominal performance. The interdependence of $(ef“) and
T (ei):

S(e®) + T(e¥) =1 (3.197)
makes it a challenge to meet Eq.(3.196). For instance, with a given robust performance specifica-
tion, improving the performance by increasing open loop gain II{ (e’"")GY (ej“’)l, which decreases
|S‘ (&) lAB(w), will worsen the robustness, i.e., increases "i' (ej“’)lAmG(w), and pushes the sys-
tem closer to the point of instability for some G (ej“’) € Q,,. Therefore, the trade-off presented by
Eq.(3.196) is readily appreciated. Robust performance is achieved simply by satisfying both nominal
performance |5' (ej“’)‘AB(w) < 1 and robust stability I'i‘(ej“’)|AmG(w) < 1 with some margin;
that is, if IS’(ef“’)IAB(w) < f(w) and l'i‘(ej”)lAmG(w) < 1 - B(w) with B(w) < 1, then robust

performance is automatically guaranteed.

3.5 Implementation of Quantitative Adaptive Robust Control

3.5.1 Off-Line Design: Open Loop Shaping
In this section, we still use X (e’*) to notate the discretized system X (e/*) for simplicity

although there is no information available beyond w>r (T, = 1 is assumed in this thesis). The
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objective is to shape the loop transfer function L(e’*) to meet the robust performance Criterion 3.4
which implies stability from Corollary 3.5. The design procedure is best presented by the following
example. We begin with the specifications for Eq.(3.163) and (3.164):

m(t) = 1— e 07 (3.198)

Am(t) = 0.75¢%7% (3.199)

SO
) —-0.75 jw _ 9,—0.75
M(eJ“’) e e“ +1—2e (3.200)

- (ejw _ 1)(ejw _ 6—0.75)

. 1- 6—0.75
and e/ = z as usual. With the pre-filter chosen as:
B M(Z) B 6—0‘752 +1- 26-0‘75
F(z) = R P - (3.202)
the A(w) in Criterion 3.4 (section 3.4.2) becomes:
_|AM2)| | 1-€e ") (z-1)
Alw) = M(z) |~ |[e 975z + 1 2e-05 (3.203)

which is shown in Fig 3.33 in dB. Then the B(w) in Eq.(3.183), the constraint on the response to

the disturbance, is simply assigned as a constant:
B(w)=6dB (3.204)

On a second-order model, this would correspond to a damping factor £=0.3 in the response to a

disturbance at the output. The performance criterion Eq.(3.186) in dB becomes:

0.5276 (e~ — 1)
0.4724¢/ + 0.0553

,6 dB} Vw (3.205)
dB

5061 < min

max
G(e'*)em
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20*logA(w)
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Figure 3.33: Bound A(w) versus w
In order to use the Nichols Chart to deal with system uncertainty, we define:
1
where L(z) = K(2)G(z), the loop transfer function; then, Eq.(3.205) becomes:
I'(e/v) 0.5276 (e’ — 1)
——— | <mi - d 3.207
cemenn [T+ I(e™)| = mm{ 0.4724¢ + 0.0553 43’6 Br Ve (3207

Thcréfore we can follow the design procedure in QFT to design I'. Fig 3.34 shows the Nichols
Chart loci b(*) derived for I' in Eq.(3.207). The difference from the regular QFT design is that we
obtain an upper bound b(e) instead of a lower bound in Fig 3.32. Note the upper bound is derived
as soon as Eq.(3.207) is available, which is a much easier procedure than that in QFT design. For

example, the locus b(0.15) at w=0.15 is obtained as follows: from Eq.(3.207), for w=0.15,
T ( ejO.lS)

——— < -16. :
T (| S ~16.6.dB (3.208)

dB
therefore, I'(e’%1%) must lie on or below locus b(0.15) which is exactly the contour of constant

max
G(eiv)eQn,

In|T'/(1+T)| = —16.6 on the Nichols Chart. Thus, if arg I'(e%1%) = —94°, then |T'(¢*1%)|
can be no larger than -17 dB, i.e. point “O” on Fig 3.34.
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Figure 3.34: Bounds b(-) and I'(e/*) = 1/L(e’*) on the Nichols Chart

Since |L(e™)|,; = —|T(e/)],p it is not difficult to see that bounds b(w) for L(e?) can be
derived by tumning the whole picture 180° around 0 dB axis, which is shown in Fig 3.35. Examining
the contours of constant magnitude of the closed-loop function on the Nichols Chart, we note that if
arg L(e/%1%) = —94°, then |L(/%%)|,; can be no smaller than 17 dB, i.c. point “O” on Fig 3.35.
So locus b(0.15) is obtained as the lower boundary of the admissible region for L (¢79-1%). Comparing

to the traditional QFT method of using templates, we get a lower boundary with much less effort.

The disturbance condition Eq.(3.204) gives rise to the closed contour marked locus b(>1.5) on Fig
3.35. For w>1.5, the loci b(w) are contained outside contour b(>1.5). Hence, in view of Eq.(3.205),

the design of L(jw) is based on the loci b{w) for w<1.5 and on the closed contour b(>1.5) for w>1.5.
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Figure 3.35: Design Loci b(*) and L(e’*) on the Nichols Chart

As we mentioned at Section 3.4.1, we are still facing the problem of how to determine a unique
loop transfer function L(e’). To deal with this problem, first, we simply revise some optimum

properties of L(e?*) from [Horowitz and Sidi, 33; Horowitz, 32]:

«  Boundaries on (/) have the property that d|L(e’“)|/dw < 0;
»  Boundaries on L(e’*) have portions of both positive slope and of negative slope. An optimum
L(ev) first crosses boundaries where the slopes are positive, followed by the crossing of

boundary where the slopes are negative.

The above properties, plus practice and intuition, lead to the L(jw) in Fig 3.35. For instance, it
should be recognized that the phase at zero frequency is fixed at -90° to meet the zero steady-state

error requirement.
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3.5.2 On-Line Design: Controller Design

In this section, we will develop an on-line method to use the plant frequency function estimation
G(€/“) and its uncertainty bounding estimation AG(w) or A,, G(w) to carry out the controller design,
ie., K (e*). As a bridge to the goal, we first seck the way to derive L(e/*) which is the open-loop
transfer function corresponding to the estimate é(ej“):

L&) = K ()G ()
Studying Fig 3.35 carefully, we can see that the bounds b(w) for w<1.13 are lower bounds for the
uncertainty range at each frequency (picture the template “B” outside the locus b(0.76) in Fig 3.35),
ie.:
L(e™) = Ly (e™) Vw<1.13 (3.209)

where the subscript ‘L’ means that Ly (e’*) should have the smallest magnitude for the entire
uncertainty range at frequency w. Furthermore, we can see that the bounds b(w) for w>1.13 become

upper bounds (picture the template “A” outside the locus b(1.13) in Fig 3.35) since the entire

uncertainty range at w should be outside the contour b(w) for w21.13, i.e.:
L(e™) = Ly (™) Vw> 113 (3.210)

where subscript ‘U’ means that Ly (¢/“’) should have the largest magnitude for the entire uncertainty
range at frequency w.

To be sure the bounds Eq.(3.209) and (3.210) hold for all the functions in ,, defined by
Eq.(3.152), the following relation has to be true:

| | > |L(e)] Vw< 113
|L(e) + AL(e)| < [L(e)] Vw>1.13

where AL(e’) = K(e“)AG(w). Using multiplicative uncertainty description Eq.(3.153), the
above equation becomes:

(1- AmG(w))]i;(eJ'W)[ > [L(e)| Vw> 113
| (3211)

1+ AmG(w))IL(eJ'“) < |L{e)] V<113
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Therefore, an optimal loop transfer function is derived for L(e/):

: L(ev)
+ wY) —
LY (&%) = T=A.G) Vw<1.13
| L(ew) (3.212)
Lopt (6‘1 ) = m Vw Z 1.13

where L(e#) is the designed loop transfer function from off-line design. A, G(w) is from robust
estimation. So eventually, Lo, (e) can be manipulated on-line.

There will be a straight line in Nichols Chart Fig 3.35 for L,y (e?“) around w, = 1.13.
The length of this line depends on the size of the uncertainty bounding A,,G(ws). Since this
discontinuity is physically unrealizable, the straight line will be smoothed by a rational function

fitting approximation:

1—e @z — e wa\M
l—ew2z—e«r

Lz = (

with w; and w, chosen to cover the discontinuous point, we change NN, to match the size of A, G(w;).

The relation is as follows:

(3.213)

log [ILs(ej"")IN,zl]

which can be also calculated on-line. Finally, the real LTF (loop transfer function) is derived as

N, = Integer (log [(1 _ 2AGm(ws))|Lo+pt ejwl)/l’ipt (ejw;) I])

(here we still use L(e’**) to denote it):

L{¢*) = L(¢*) /(1 - AnG(wn)) Vuwp <w
L(e“) = L}, (%) L, (ef*) Vw <wi <wp (3.214)
L(e™) = L(e™*) /(1 + AnG(wi)) Vw > ws
where
L} (€ ) Lo (€)= L(¢*) /(1 — AmG(wn))
L () Lo () ~ L() /(1 + AmGlan))

Fig 3.36 and Fig 3.37 are only for demonstration, where we assume that the dotted line is the designed
LTF L(e’*) and the solid line is the corresponding optimal LTF L, (7). We can see that the real
LTF L(e™*) is following Loy (e/*) closely.
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Figure 3.37: Magnitude Bode plots
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The frequency function of controller K (e?“*) at each frequency wy is calculated from:

L (ej“’* )

() 3215
G(eiwr) ( )

K(e') =

By observing Eq.(3.215), minimum phase assumption has to be imposed on the process. So far, we
come to the same end result as QFT, that is, a controller with a numerical form which is difficult to
use in a practical adaptive context. To deal with this problem, we introduce an auxiliary hypothesis
about the real controller, that is to assign the controller an order *n”. The problem is then to fit a
parametric frequency response model to the numerical frequency response points. The price for this
rational function approximation is then the risk of introducing a bias. A least-squares type fitting
can be used by assembling a set of “N” numerical frequency response points and solving for the
unknown coefficients of a “n”th order transfer function model. Clearly, to expect a solution, “N”
has to be greater than “n”. Also, “n” is the number of pairs of lead-lag compensators, so keeping a
minimum “n” has a very practical sense. The rational function approximation procedure is illustrated

as follows: considering our controller model as

Cbot bz bzl by () 4 b

—Jjwx
F(6,e7) l—agz7l —a272 — - —@p_y27(n=1) — g 27" (3218)
where:
0= [alya’Z" ‘ '1an—1aan9b0sbl3b2s' : 'abn—labn]T
271 = eI
Using this structure, we can write:
K(6,27') = ¢T(271)6 (3:217)
where:
P(z71) = [1K(8,27Y), -, 2 " K (6,271),1,27%, -, 27T
since K (6,271) and z~! are complex numbers and @ are real numbers, we have:
Re(K (6,e77%)) = Re(yT (e77“*))6
(3.218)

Im(K(G, e’j“"‘)) = Im(¢T(e—j“"‘))0
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Thus, if we know the value of K (6,e=7*) for some known wy, we can find two sets of lincar
equations in the parameters §. However, in practice, we only have numerical frequency function
K (e%“*) at frequency points wj, for
k=12,3,---,N
(3.219)
and N>n+1
So we define the 2N X (2n+1) matrix with K (e/*) as the variables:

[ Re{emi1K(ef“1)} --- Re{e ™1 K(ei1)} 1 Re{e 7} --- Re{ei™1} 1

Re{e 3N K (e?v)} -.. Re{e~ "~ K (e?~)} 1 Re{e i~} --. Re{e~imon }

#w)= Im{e~ 71 K (ei*)} -+« Im{e-™1 K (1)} 0 Im{e~ i} ... Im{e~™ }

_Im{e“j“’"K (ej“’N)} <o Re{e'jW"K(ej”N)} 0 Im{e‘j“’N} <. Im{e‘j'“"”

(3.220)
and the 2N x1 matrix:
[ Re{K (e")} 1
Re{ K (ef¥~
(w) = W . )} (3.221)
Im{K (e/*)}
| Im{K (ei)} ]
Then, we have a well known result:
6=[vTe] "7 (3:222)

Therefore, this rational controller transfer function approximates the controller from the frequency
domain curve fitting in a minimum variance sense.

We have presented a complete design routine for QARC and the final result is a controller model.
The proposed frequency domain robust estimator provides the information about system uncertainties
that QARC uses in its controller design in a real time manner. The price we pay for this novel

capability is the extensive frequency domain calculation.
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3.5.3 QARC Design Procedures

In short, the whole design procedure can be described by the following steps.
A. Off-line design:
a. Time domain specification for closed-loop:

e Specify step response m(t) for unit step reference r(t);

»  Specify allowed tolerance bound Am(t);

b. Associated frequency domain specification: (here r(t)—R(e’“), m(®—M (e/) and

Am()—AM (e/¢))

+ Choose pre-filter as F(z) = %7(25%;
+  Specify the H,, bound for sensitivity function:
max S| <B Ve
G(eiv)eq
« Derive the up-bound (H,) of sensitivity function:
; . AM(ev .
5, 5 < i (50} v
«  Derive the bounding LTF L(e’*) from Nichols Chart. (To guarantee the existence of
L(e?™), it is better to make it a realizable rational function at this stage);
«  Find the frequency point w, where L(e/*) changes from lower bound to upper bound.
(for the example, this frequency is 1.13);
»  Try out frequency points w; and w, with w; < wy, construct:
- N,
l—e“rz—e™“2\""
L@ = ) v

l-ew“rz—er

and make sure the fast decline rate at w,;

B. On-line design (simplified version®):
a. Design of smooth function L,(e/“*) and real LTF L (e*):

«  Calculate A,,G(w;);

*  *By simplified version, we mean we will use A, G(w;) instead of A, G(wy) in Eq.(3.212) and
Eq.(3.214), which makes L (e’“*) easy to realize.
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¢ Take the optimal LTF as:

Lt Y wr < ws;

opt

ony L(ejwk)
(eJ ) T1- A G(ws)

« Calculate N,:

log [(1 - mam(ws))IL:,,t(jwl)/L:,,t(jwz)H)

N, = Integer i
( log “Ls(] 2)|N.=1]
« Calculate the real LTF:

L(e*) = L}, (7% )Ly (e7*) YV wis
b. Design of controller K (e*):

+  Calculate the numerical form (N points) K (e7“*):
K(ej“’k) = L(er),

G(efwr)’
«  Finally, derive the nth-order rational function form K (6, e~#“* ) through LS curve fitting.

3.5.4 Simulations and Discussions

For the examples, we take the algorithm in Section 2.3.2 as the estimation part. The closed-loop

system configuration is the same as shown in Fig 3.30.

Example 3.1 The input-output model is same as Eq.(2.15) except for g is variable:
y(t) =0.9y(t — 1)+ gu(t - 1) (3.223)

As first example, we only show the quantitative robust property, i.e., we fix g = 0.1; we then use
the estimated frequency function and uncertainty bounding function as the process constraints; afier
that, we show that the QARC closed-loop performance is within the specifications, Eq.(3.167). The
process constraints is shown in Fig 3.38 which is the same picture as Fig 2.10 where we use three
Laguerre filters (N=3) for frequency function estimation and five filters (M=5) for the uncertainty
bounding estimaton. The assumed controller model is:

_ bo + b]Z_l

= 224
l—ay271 (3.224)

K(6,27")
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Gain and Bounding
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Figure 3.38: Estimation of Frequency Response and Bounding with Laguerre Filter N=3; M=5

Here, we take n=1 (controller order) and N,=26 (frequency points,

‘N,’ is used here for number of

frequency points we take, and N is the number of Laguerre filters for frequency function estimation).

Going through the whole design procedure from Section 3.5.1 to Section 3.5.2. First, we impose the

closed-loop specification as Eq.(3.198) and (3.199). Then, the pre-filter is obtained from Eq.(3.202).

The boundary L (e/) is derived in Fig 3.35 and K (e7“*) is calculated from Eq.(3.215). Finally, we

estimate controller parameter from Eq.(3.222):

a; = 1.0, bo = 8.583, b, = —-8.215

With pre-filter F(z) and controller K (6,z7!) as:

04724z + 0.0552
F =
(2) = = 04720
_ -1
K(0,-1) = 835382152

1-2z71
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Figure 3.39: Quantitative Robust Property of QARC

the process output is shown in Fig 3.39. In Fig 3.39, referring Eq.(3.198) and Eq.(3.199), we notice

that the closed-loop response happens to lie between the two lines (not necessarily):

b(t) = m(t) + Am(t)

a(t) = m(t) — Am(t)

Obviously, the closed-loop specification is fulfilled in this case.

Example 3.2 We take the same design procedure as Example 3.1, but use it in an on-line situation
where we change the plant parameter g in Eq.(3.223) from 0.1 to 0.2 at t=60sec. We use eight
Laguerre filters (L=8), so that there are eight Laguerre filter gains to be estimated. The first three
(N=3) are used for frequency function estimation and the other five (M=5) for uncertainty bounding
estimation. In the Laguerre gain RLS estimation algorithm, the diagonal element in matrix P(0) is
108 and the forgetting factor A is 0.95 as the initial setting. During the first ten steps, the loop is
open; the process input is white excitation. The QARC is turned on at t=10sec and the loop is closed.

The process output is shown in Fig 3.40. In order to study the performance of the robust estimator
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Figure 3.40: Adaptive Property of QARC

in the closed-loop situation, the estimated frequency function is shown in Fig 3.41 and the estimated
bounding is shown in Fig 3.42. It is understandable that the bounding estimation needs some time to
adjust itself after the sudden process dynamical change just same as the case in frequency function
estimation. This effect is also seen at the output during 60sec to 120sec. Another observation is that

the set-point change helps the estimation.
Example 3.3 In this example, we apply the QARC strategy to Rohrs’ model Eq.(2.75). The discrete
version with T, = 0.2sec of the model is as follows:

-1 -1} ,-1
G ) = 0.1584(1 + 0.9952271) (1 + 0.0449271) 2

= 22
(1-0.8187z~1)(1 + 0.0917z~1 — 0.00252~2) (3.227)

The robust estimator is implemented by Laguerre filter method. In this case, we use ten Laguerre
filters (L=10), among them, five are used for frequency function estimation (N=5) and five used for
uncertainty bounding estimation (M=5). The initial setting is as for the previous example and the
closed-loop specification is the same as in Example 3.1. In this example, we try to show the effect

of the controller order on the closed-loop performance. With a second-order controller, the process
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Figure 3.42: Uncertainty Bounding Estimation in a 3-D representation
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Figure 3.44: Performance with a fifth order controller

97



Chapter 3: Quaniitative Adaptive Robust Control in Frequency Domain

output is shown in Fig 3.43. With a fifth-order controller, the process output is shown in Fig 3.44.

We can see that the closed-loop response is closer to the specification with a higher order controller.

The explanation is that the frequency domain curve fitting Eq.(3.222) has a smaller variance when

the controller order gets higher. So far, we only deal with stable, linear and minimum phase system.

However, the QARC has been shown to be a feasible design strategy. It is important to have a

reasonable close loop specification in the first place, i.e., for a higher-order process, the specification

Eq.(3.198) and (3.199) have to be a little more complicated in order to have an acceptable control

action. Accordingly, the assumed controller order ’n’ also must increases.
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Figure 3.45: Magnitude Plot of Frequency Response and Uncertainty Bounding for Rohrs’ Model

Example 3.4 In this example, we use the same plant as the last example, but with different choice of

N and M. The estimation part for each case is shown in Fig 3.45 (same as Fig 2.17). The closed-loop

response for each case is shown in Fig 3.46. For a measure of both performance and stability, the
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Figure 3.47: Closed-Loop Step Response from Regular ARC
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Figure 3.48: Switch From Rohrs’ model to 1st order system

difference is not very significant because of the overall robust stability and performance consideration
of the QARC design. In another words, the QARC design not only cuts the LTF gain for the high
frequencies to guarantee the stability, but also increases the LTF gain in low frequencies according
to the size of uncertainty. This improves the performance of the system, which is superior to regular
robust control methods. Also, it is very easy to reduce QARC to regular robust control. We simply
take the last equation in Eq.(3.212) (3.214) and use it for the whole design. This feature can be
clearly shown, as in the Nyquist plots Fig 3.36, by pushing the jump point w, to the very beginning.
The associated closed-loop performance is shown in Fig 3.47. Comparing with QARC in Fig 3.46,
the performance becomes worse as uncertainty gets bigger. As seen from both Fig 3.46 and 3.47,
the system performance gets better as N increases and M decreases. This eventually matches the

discussion about the interrelationship between N and M in Section 2.3.2.

Example 3.5 In this example, we will simulate the situation when the controlled plant is switched
from one model to another. The purpose is to test the adaptive robust property of the QARC design.
Fig 3.48 and Fig 3.49 contain the results when the plant is switched from Rohrs’ model to a 1st
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Figure 3.51: Switch From 1st order system to Rohrs’ model with N=2 and M=8

order model. Fig 3.50 and Fig 3.51 contain the results when the plant is switched from a 1st-order
model to Rohrs’ model. For both examples, for fixed L=M+N, the simulation with N=2 and M=8§ is
more tolerant than that with N=8 and M=2, i.c., the system robustness gets better as M increases and
N decreases. This matches the discussion about the interrelationship between N and M in Section

2.3.2,, i.e., the choice of "M’ or "N’ can be used as a tuning parameter between system robustness

and system performance.

3.6 Discussion about Non-Minimum-Phase Systems

Since QARC follows almost the same design procedure based on QFT, instability arises when the
controlled system is non-minimum-phase (refer to Eq.(3.215)). A method was proposed in [Horowitz
and Sidi, 34] to deal with the problem in QFT, i.c. to separate the NMP (non-minimum-phase) part,
the unstable zeros from the system. In order to keep the remaining MP (minimum-phase) part with
the same magnitude characteristics as the original NMP system, an all-pass filter is used. Then the

controller design is merely based on the MP part. The controller itself is stable and closed-loop
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stability is guaranteed as far as the phase margin is larger than the phase-lag represented by the
all-pass filter. The problem is that the bandwidth of the closed-loop system is very limited. In the
context of QARC, an additional problem is that we are not supposed to know the locations of system
poles and zeroes.

Inspired by the above idea, we now discuss a way to deal with NMP problems in QARC. The
idea is straightforward if we combine the all-pass filter in [Horowitz and Sidi, 34] and Smith’s
Principle [Marshall, 48]. If the system G(z) has one or more unstable zeros at a;, a2 ,-- -, g, let
them be shown explicitly by writing

G(z) = Gl(z)(al +z)(a2 + z) “(ag + 2)
(ai + 2)
= Gl(z)H(1+a.z)H(1+a )

i=1
= Gm(2)A(2) (3.228)
where:

Gn(2) = G1(2) H (14 a;z) is a MP system;

A(z) = in %‘:—% is an all-pass filter.

The phase of A(z) decrease monotonically as frequency wy, increases and the magnitude |A(z)| =
1 for all wi. In other words, the only difference between the original NMP plant G(2) and the MP
G (7) is the phase-lag produced by the all-pass filter A(z). This leads to the same situation as time-

delay systems where we can use Smith’s Principle [Marshall, 48). More specifically, we denote:
A(2) = e77¢(w) (3.229)

where: ¢(wy) is the phase-lag of A(z) at w;. Based on Smith’s method, the controller is derived
for G(z):

Ko (%)
1+ K (€79 )Gy (39 ) (1 — e=78(wn))
where: K, (e*) is the controller designed for G,,(2)

K (&) = (3:230)

Example 3.6 We still use the Rohrs’ model Eq.(2.75) as an example. This time, the sample interval

T, = 0.1sec and the discrete model is:
0.037(1 + 1.8219271) (1 + 0.1164271) 2!

231
(1 —0.90482"1)(1 — 0.43742~! + 0.04982z72) (3.231)

G(z) =
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which appears to have an unstable zero at a=1.8219.

The design procedure is as follows. From the estimation, we have full knowledge about the
transfer function G(e’“*) at wy. The corresponding MP plant, which has the same magnitude as
G(2), is:

0.037(27* + 1.8219) (1 + 0.1164271) 271
(1-0.90482-1)(1 — 0.43742-1 + 0.049822)

If we know the phase difference ¢(wy ) between NMP G (e7“+) and MP G, (¢/“*), we can calculate
the MP transfer function G, (¢’“*) from G(e/**) by Eq.(3.229):

Gm(z) = (3.232)

G., (ejwk )=G (ejwk ) eI B(w) (3.233)

In our frequency domain estimation, some approximation methods have been developed to estimate
the phase shift between a NMP plant and corresponding MP plant based on Bode relations or Bode

integrals (see Appendix A). In this example, we assume that we know:

1+ 1.8219¢70-1wx
e/0lws 11,8219

and use it to calculate Gy, (¢/*). Then, Eq.(3.214) and Eq.(3.215) is used to calculate K, (e/“*).

) = (3.234)

After that, the controller function for the original NMP plant is derived by substituting G, ()
and K, (ej“"‘) to Eq.(3.230). Finally, the rational function approximation is completed by following
the same procedure shown in Section 3.5.2. Fig 3.52 is the closed-loop response with the controller
order set to be n=2. Fig 3.53 is the response with the order n=5.

The advantage of the method is that we can treat the unstable zeros and time-delay in a same
way. That is because, in the frequency domain, an unstable zero modelled by an all-pass filter has
the same effect on the system characteristics as time-delay; both can be represented by ¢(jwi). So
eventually, we do not have to deal with unstable zeros and time-delay separately.

When applying the Smith’s Principle to time-delay systems, the stability of NMP system is equal
to that of the corresponding MP system if we can accurately model the system G (e?“* ), phase-lag
¢(jws) and controller K (6, e=“*). In the presence of system mismatch, the problem ’reduces’ to

the nature of the characteristic equation:

14 K,.Go, + Ko, (GmA e A) =0 (3.235)
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In this thesis, we still restrict QARC within the limit of MP systems since first we have to improve the
estimation accuracy of the phase shift caused by NMP dynamics. Also in a nonparametric context,
we cannot derive a rational characteristic equation like Eq.(3.235). Moreover sensitivity to mismatch

is a very difficult subject if we consider all the mismatches in a NMP closed-loop system.

3.7 Conclusions

In this chapter, we have derived the robust stability theorem and robust performance criterion for
QARC. To apply the theorem and criterion, a method is developed from QFT. In order to implement
the QARC in real time, the time domain sensitivity specification is changed to a frequency domain
sensitivity specification, i.e., from Eq.(3.167) to Eq.(3.176). By means of the Nichols Chart, we are
able to realize a complete adaptive robust control strategy which can make use of the uncertainty

bounding information provided by the robust estimator in the previous chapter.

The quantitative robust property and adaptive property have been demonstrated by five examples.
We should mention here that the quantitative robust property is met only when the estimator converges.
This is because, in the leaming period after the sudden dynamical change, the estimator needs certain

time to follow the change as shown in Fig 3.41 and Fig 3.42.

Compared to regular robust control, one advantage of the QARC design is that it does not
sacrifice too much performance for a large stability margin. The trade-off can be clearly seen from
Nyquist plot Fig 3.36, i.e., we increase the lower frequency magnitude to compensate the higher
frequency magnitude lose. So, with large uncertainty, the system response is not necessarily very
slow as shown in Fig 3.46 comparing with Fig 3.47. Also the robustness is preserved as shown in

Fig 3.48, 3.49, 3.50 and Fig 3.51.

For a complicated system, the problem is the fitting error between a series of frequency points and
a structured frequency function. One way to deal with it is to increase the controller order as shown

in Fig 3.43 and Fig 3.44. However, this error is not included in the uncertainty bounding function.

A drawback of QARC is the lengthy procedure of the off-line design on the Nichols Chart and

the on-line block LS fitting of rational controller function. On one side, the higher-order controller
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means better approximation of frequency function; on the other side, it means we have to have more

complicated specifications and more time in real-time calculation.
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Chapter 4

Conclusions

4.1 Summary of Thesis

In this thesis, we have developed a frequency domain adaptive robust controller which we call
quantitative adaptive robust controller. The results of the thesis can be summarized into two parts:
the frequency domain robust estimation in chapter two and QARC design and related theoretical
supporting material in chapter three.

In frequency domain robust estimation, we have described and demonstrated several frequency
domain methods which provide not only the system frequency function estimation but an unstructured
uncertainty bounding function and extemal disturbance function estimation. Different orthonormal
functions, such as sinusoidal function and Laguerre functions, are used to obtain the results. Compared
with the time domain methods based on a parametrized model, we need less a priori knowledge about
the process. As a main result, the estimated uncertainty bounding can capture the modelling error.
Besides its usefulness for robust control, it can also be used to measure the goodness of the estimation.

In the QARC design, we have developed a real-time frequency domain synthesis design method
which makes use of the modelling accuracy information supplied by the frequency domain robust
estimation. The final product of this research is an adaptive robust controller which satisfies the pre-
specified closed-loop performance out of a stable closed-loop system. One advantage of the QARC
design is that it tries to sacrifice less performance to meet the stability condition.

At this point, our research has been conducted only on SISO systems and the process is assumed
to be stable, linear, minimum phase and time-invariant system.

Looking into recent developments in adaptive robust control, e.g., the 1991 European Control
Conference, the focus is still on the estimation of uncertainty bounds and the implementation of
adaptive robust control. However, most of the time, the knowledge about the shape of the true
frequency response is still required to estimate transfer function error bounds [Wahlberg and Ljung,

67]; and the full use of the bound is not in the frequency domain implementation of adaptive

108



Chapter 4: Conclusions

robust control [Wittenmark and Kaillén, 70]. Adaptive robust control schemes making use of the
system uncertainty bounding with no or little knowledge about the system are not very common
yet. Hopefully, the QARC developed in this thesis could enrich the dialog between the previously

separate fields of identification and robust control.

4.2 Suggestions for Further Research

In frequency domain robust estimation, as discussed in appendix, one direction for future research
is the possibility to estimate the time delay, ARMA model and associated structured uncertainty
bounding function. The reason we leave it in the appendix is that it is still a very intuitive approach
and much theoretical analysis and improvement are still needed. Only then, will we be able to have
a complete frequency domain estimation package.

Our research in the QARC design is still at an early stage, so that we only choose a prefixed
noise attenuation factor for all the frequencies. As one direction of future research in this part, we will
explore the possibility to take into consideration external disturbance estimation to add frequency-
dependent weighting to the sensitivity function. The difficulty we can foresee is how to implement
it in real-time.

It is very important to look ahead at the possibility of extending the method to MIMO situation.
In the estimation part, we already have multidimensional DFT and Kalman filtering, MIMO Laguerre
filters and LS algorithm. What is needed is a MIMO uncertainty bounding estimation. In the QARC
design, for the robust stability theorem and robust performance criterion in chapter three, we need to
change from transfer function, uncertainty function, sensitivity function and complementary function
to transfer matrix, uncertainty matrix, sensitivity matrix and complementary matrix correspondingly.
Theoretically speaking, all the theorems and criteria still hold. The H, framework changes to H,
framework. The loop transfer function shaping changes to the shaping of the singular values. Then,
the problem remains to be that a real-time MIMO synthesis method is not available. There is lot
of work to be done in this direction.

Another problem standing in the way of extension to MIMO systems is the complexity of the

frequency calculation. It is even a potential problem in the SISO case if the system has fast changing
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dynamics and environment. So another direction for future work is to increase the speed of the
algorithm. This research should thus benefit from the newly developed parallel process techniques.
The highly parallel structure becomes evident from the beginning of chapter two. The DFT Eq.(2.10),
Kalman filter Eq.(2.24) and RDFT Eq.(2.81) can be described as single input and *N’ output matrices,
i.e., they represent banks of "N’ single input-single output filters which run in parallel. This parallelism
is further exploited in uncertainty bounding estimation Eq.(2.74) and Eq.(2.101), and in frequency
function and external disturbance spectrum estimation Eq.(2.137) because the function is estimated
independently at each frequency . Thus the frequency domain estimation is actually decomposed
into "N’ decoupled estimators operating in separate frequency bands. The parallel structure is also
depicted in the QARC design in Eq.(3.214). The only non-parallel operation is the final LS rational
function approximation which can be also implemented by a LS hardware processor. Therefore in
order to deal with the speed problem in the future implementation, it is worth looking into the use

of parallel processor.
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Appendix A Estimation of Pure Time Delay

There are methods in signal processing to estimate time delay by correlation techniques in the
frequency domain. But they are not tailored for use in control systems because of additional plant
dynamics. For our purpose, we have to devise a method to estimate the time delay. From classical
control theory, Starting from continuous time domain, we know that for a minimum phase system
the magnitude and phase-angle characteristics are directly related. This means that if the magnitude
curve of a system is specified over the entire frequency range from zero to infinity, then the phase-
angle curve is uniquely determined and vice versa [Marshall, 48]. The so-called Bode Relationship

[Bode, 11] are

du (A.236)
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In the digital signal processing area, the similar relation for minimum phase system is called Hilbert

Transform [Oppenheim and Schafer, 55] that has the form

LG(e*r) = _217; / log |G ()] cot (“’ ;wl)dw (A.237)
where cot (w — wl) o _sin(w—w)
2 " 1—cos({w—w)

So, if we know the amplitude plot in a Bode plot, the phase plot can be determined exclusively. This
observation gives us a good suggestion that the time delay can be distinguished from the other part
of the plant by assumption that the other part of the plant has the minimum phase feature since the

pure time delay only affects the phase value of the system:

e« | =1 (A.238)

Le ¥ = —w1y (A.239)

117



where 7, is the delay time. Here we assume the Bode relationship is used. The difficulty is how
to describe the relation between amplitude and phase values in the frequency domain with a simpler
relationship. Because our objective is to estimate the time delay rather than the exact function
between amplitude and phase, some approximation methods for a particular model is shown in this
section. Eq.(A.236) relates phase shift at frequency w; to the derivative of the gain characteristic on
a logarithmic frequency scale. For example in high frequency, it is possible to derive an approximate

relation for calculating phase characteristics:

7 dlog|G(jw)l

2  dlogw (A-240)

LG(jw) =

From intuition, it is true in high frequency range for minimum phase system. Unfortunately, it gives
a lot of bias in other part of the spectrum. Also with the limit of Nyquist frequency in our robust
estimator, we can not get full information for the higher frequency range. Therefore, we have to
look for the approximate relations in lower frequency. We are going to try two method. Since
neither has a very sound theoretical background, we did not include this part in the thesis, instead
here in this Appendix.

Method One is a direct interpretation deducted from Eq.(A.236). Using series expansion, we
can write:

'w+w1
log |——
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Substituting Eq.(A.241) back to Eq.(A.236), we can still say that the phase characteristic is an odd

function of the frequency because the integration is along w rather than w;. On the other hand, many
process can be simply represented by simple model, low order with real poles and dead time. In
industry process, most plants can be particularly described by a first order model plus dead time. The

first order model without time delay can be described by

1
jw) = A.242
GU) = 13570 (A.242)
where 7 is the time constant
The phase characteristic is
1
LG(jw) = —arctanTw = —Tw + %(m))3 - -5-('ra.:)5 + e (A.243)
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The result is consistent with the interpretation from Bode relationships that the phase characteristic
is an odd function of the frequency. Considering the fact that the process may have the integrator

and dead time, we can write a phase characteristic as a function of the frequency
LG(jw) = Co + Crw + Caw® + Csw® + - - - (A.244)

Referring to Eq.(A.243), if 7w < 1, it is reasonable to use first three terms as an acceptable

approximation in the lower frequency range
LG(jw) = Co + Crw + C3u® (A.245)

Where () is the phase shift caused by the integrator; it is zero if the process is first order plus dead
time. () is the part caused by dead time and process dynamics. Cj3 is only affected by process

dynamics. Actually, referring to Eq.(A.239) and (A.243), C; can be written as
Ci=1+1y (A.246)

From the phase characteristics of the frequency response, Cy, C; and Cs; can be estimated
immediately from Eq.(A.245). Then, 7 can be carried out from C3 and, finally, 7, is obtained
from Eq.(A.246).

Method Two is used to estimate phase characteristics from gain characteristics for the case that
the delay-free part is minimum phase. Then the phase shift caused by time delay is the difference

between measured phase shift and estimated phase shift. Still from delay-free system Eq.(A.242),

we have:
dlog |G(jw)| wr?
= - 24
dw 1+ w?r? (A-247)
dLG(jw) T
= — .24
dw 14 w2r? (A.248)
If wr < 1, we obtain the relation:
dLG(jw) ~ 1 dlog |G(jw)| (A.249)
dw —2log |G(jw)| dw
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w<0.5 plant I plant II plant III

Method One 74 = 1.0496 74 = 1.8006 T4 = 6.4894
Method Two 75 =090738 | 7;=1.40739 T4 = 7.07542

Figure A.54: Time Delay Estimation
Therefore, refer to Eq.(A.239):

dLG(jw) - L__dlo lc‘: w
06~ s G ) s
d = d(d .
To eliminate the effect of noise, we average 74 in the lower frequency range:
dLG(jwi) — L dlo |G’ jw, I
S 3 M (J k) —210g|G(jWk)| g (J k) (A 251)
! M k=1 d(t)k -

where
dwy = Wiy — Wi
dLG(jwi) = LG(jwiyr) — LG(Gwr)
dlog| G(jes)| = 1og [G(juwes)| - log |Gljwr)|
For demonstration, we take the following two plants as examples, and we calculate the frequency

response directly from them without going through the frequency domain estimation algorithm.

plant I = Y 1€
1
lant I] = e?
i (s + 17
1
lant I1] = e *
i (s+1F

The estimation is shown in Fig A.54. Now, the dead time 7, of the process is derived by manipulating
the phase characteristics. The accuracy of dead time estimation depends on the complexity of the
process. However, it will be good enough for the control purpose because we usually need the

complement (trade off) between system dynamics and dead time, e.g. for the process

Gls) = —

A.252
(1+4s)® (4.252)
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it is reasonable to assume part of process phase shift caused by dead time. Also the estimated
T and 74 can be very useful for the controllers based on a first order plus dead time frame. For the
use in the discrete time, a phase shift e~737+ has to be added.

We have already got the delay free controller parameters in Chapter 3, it is not difficult to adopt

it to the delayed case by using the Smith Predictor

K

T 1+ KG(1-29) (4253

K,

where K, represents the controller for the time-delay system and d = %i The problem left is to

model the plant G from our frequency domain estimation.
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Appendix B Estimation of ARMA Model from Frequency Domain Estimation

In order to compare with time domain estimation method or to get further from our frequency
domain robust estimator, we may fit a parametric frequency response model to the much large
frequency domain data. By doing this we can reduce the variance of frequency domain estimation
since the variance does not decay with increasing frequency point N as in ETFE case for example.
The price for the variance reduction is then the risk of introducing the bias, that is the unstructured
uncertainty by our definition. The method is similar to the one in Sec.3.5.3; a least square fitting can
be used by assembling a set of N measured frequency response points and solving for the unknown

coefficients of a transfer function model. The procedure can be best illustrated by following example.

We consider our nominal model:

-1
- bz -d
1-az?

Go(0,,27") (B.254)

where:

0, = [a b)T; the parameter vector;
d can be estimated from Appendix A;

z = v,

This first order plus dead time model is commonly used in the industry process. Using this structure,

we can write:
G, (6,,271) = 970, (B.255)

where: ¢ = [z71G, z~(4+1)]

Since G, (00,z‘1) is a complex number, we have:

Re(G,(8,,271)) = Re(¥7)0, (B.256)

Im(G,(8,,271)) = Im(y7)6, (B.257)
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Thus, if we know the complex value of G, (Ho,e‘j“’) for some known w, we can find two linear
equations in the parameters 6,. This is why a first order nominal model can be matched perfectly by
a single sinusoid input if the true system is a first order system too. Usually the true system has a
more complicated structure than assumed model, we can only model it in a certain frequency range
with small variance. The variance in other frequencies will be relatively large. A formal description
has been given in section 2.3.1.

Now from the information supplied by recursive frequency function estimation of section 2.3,
we can actually get the recursive nominal model estimate with the variance in a LS sense. Assume
that we know the frequency response of plant at frequencies wy for k = 1,2,3,...,N/2, we define the

N X2 matrix:
[ Re{e™71G,(6,,e77)} Re{e—j(d+l)wl} 7

Re{e=in2G,(6,,e=7nn)}  Re{e-it@+1honsa}

. . . (B.258)
Im{e"”l G, (00,6_-7“’1)} Im{e"J(d‘*'l)Wx}

¥{G,(0,, e i)} =

| Im{e=#r12G,(8,,e~N2)}  Im{e=ild+Nwnsa} |
and the Nx1 matrix:
[ Re{Go (00, e_jUJ1)} -

@{G (g e-jm)}__ RC{G0(0o,e‘j“’”/’)} (B.259)
e - Im{G,(6,,e"31)} '

L Im{Go(0,e™“N2)} ]
However, in practice we only have our frequency function estimate, e.g., Eq.(2.67) with which to

estimate the parameters. If we use G, (e/) instead of G, (6,,e ) in Eq.(B.258) and (B.261), we

have:

¥ = 9{G, (")} (B.260)

& @{Go (d‘%)} (B.261)
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and:

¥é=9 (B.262)
where:
R T
6= [a b]
Then a well known result is:
N - ~1-1 . T4
6=[4T8] 9T (B.263)

Thus, we can compute the value of the estimated nominal model G, (é, e‘j“’) fork=1,23,...,N/2.

If we define our unstructured uncertainty as:

AG, = |G, (é,e‘j“"‘) - c‘:l (B264)

the bounding for structured and unstructured uncertainty can be written as:

AG = AG, + AG, (B.265)
So, using the triangle inequality, we can show for frequency wy, and at time index n:
Go(8,e73) - Gr(eir)|
Go(8,e7) = G|+ |G - Gr ()|

<

< AGy + AG,
= AG (B.266)

Here, we simply apply Eq.(B.263) to frequency estimate of Section 2.2.2, we have a ~
0.90197 and b =~ 0.09748.

The information provided in this section, such as nominal model, and pure time delay, will be
useful in the time-delay system control by our quantitative adaptive robust controller. As a remark for
this section, we note that from the extension of our frequency domain robust estimator, our method
can provide full information that no other methodology can. However, the price is the extensive

frequency domain calculations.
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