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Abstract

The aspiration of this thesis is to provide a tool for engineers in making rational decisions
based on the balance between cost and safety. This objective is accomplished by merging
the optimization and reliability' analyses with sophisticated finite element models that
predict structural response. In particular, two staté-of-the-art reliability-based design
optimization approaches are implemented in OpenSees, a modern and comprehensive
finite element software that has recently been extended with reliability and response
sensitivity analysis capabilities. These new implementations enable reliability-based
design optimization for comprehensive real-world structures that exhibit nonlinear

behaviour.

This thesis considers the problem of minimizing the initial cost plus the expected cost
of failure subject to reliability and structural constraints. This involves reliability terms in
both objective and constraint functions. In the two implemented approaches, the.
reliability analysis and the optimization evaluation are decoupled, aithough they are not
bi-level approaches, thus allowing flexibility in the choice of the optimization algorithm
and the reliability method. Both: solution approaches employ the same reformulation of
the optimization problem into a deterministic optimization problem. The decoupled
sequential approach using the method of outer approximation (DSA-MOQOA) applies a
semi-infinite optimization algorithm to solve this deterministic optimization problem. An
important feature of the DSA-MOOA approach is that a convergence proof exists in the
first-order approximation. The simplified decoupled sequential approach (DSA-S)
utilizes an inequality constrained optimization algorithm to solve the deterministic
optimization problem. The DSA-S approach is demonstrated to result in a consistent
design, Which lacks the convergence proof but requires less computational time than the

DSA-MOOA approach.

The gradients of the finite element response with respect to model parameters are

needed in reliability-based design optimizaﬁon. These gradients are obtained using the
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direct differentiation method, which entails the derivation and implementation of
analytical derivatives of the finite element response. The potential negative effect of
response gradient discontinuities due to sudden yielding events is stressed in the thesis.
The problem is remedied through the use of the smooth material model and a section
discretization scheme. Object-oriented programming is utilized when extending
optimization and sensitivity capabilities to OpenSees. The superior extensibility and

maintainability features of this approach are emphasized.

A numerical example involving a nonlinear finite element analysis of a three-bay, six-
storey building is presented in the thesis to demonstrate new implementations in
OpenSees. Three cases are studied: a linear pushover analysis using elasticBeam
elements, a nonlinear pushover analysis using beamWithHinges elements, and a nonlinear
pushover analysis using dispBeamColumn elements with fibre sections. This thesis also
touches on practical experiences by comparing two implemented approaches, two
gradient computation methods, and linear and nonlinear analyses. The experience of
speeding up the convergence procedure by removing inactive constraints and scaling the

involved functions is also discussed.
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Conventions and Symbols

¢(*) denotes the standard normal probability density function.

d(-) denotes the standard normal cumulative distribution function.
Superscript © denotes the transpose of a matrix.

Vectors and matrices denotes by roman letters are in bold.

x; denotes the j-th component of a vector x.

(x,y) denotes the inner product of vectors x and y.

”x” denotes the norm of vector x and is defined by ”x” = <x,x>”2 .

a+ =max{0, a} for any a.
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Chapter 1  Introduction

The primary objective of structural engineering is a structural design that represents an
optimal balance between cost and safety. Traditionally, this problem has been addressed
through experience, trial and error, and ad-hoc comparisons of different designs. In these
approaches, a comprehensive exploration of design alternatives is not performed, and
uncertainties are not accounted for in a refined and consistent manner. In recent decades,
the dptimization theory has been developed to find the optimal design in the
mathematical framework of minimizing an objective function subject to constraints. The
intention of this thesis is to implement, demonstrate, and improve state-of-the-art
algorithms for finding safe and optimal designs, as well as apply these implementations

to real-world structures exhibiting nonlinear behaviour.

A number of ‘reliability-based design optimization (RBDQO) approaches has been
developed, such as response surface methods as well as gradient-free and gradient-based
algorithms. These may be utilized to minimize the total volume or the total expected cost
of the structure subject to structural reliability constraints, to maximize the structural
safety subject to a given structure cost, or simply to achieve a target structural reliability.
The approaches adopted in this thesis are to employ sophisticated structural models, as

well as advanced reliability methods, to account for uncertainty.

In simulations of structural behaviour, unavoidable uncertainties are present in the
material, geometry, and load parameters, as well as in the model itself and the analysis
procedures. These uncertainties can be significant in determining the performance of a
structure and must be accounted for to ensure safe and reliable structures. Reliability
methods have been devised to estimate the probability of response events for random
structural properties and loads (Ditlevsen & Madsen, 1996). Reliability methods such as
first-order reliability methods and importance sampling are employed in this thesis to

evaluate structural reliability in RBDO analyses.



The finite element method is currently the leading-edge approach for numerical
simulations of structural behaviour. It is of considerable interest to incorporate
sophisticated finite element models into the RBDO analysis. Furthermore, this thesis
addresses the need for implementation of state-of-the-art optimization techniques in a
finite element code that is in widespread use. Flexible software architecture is required to
accommodate the extensive interaction between optimization, reliability, and finite
element modules of the software. OpenSees - open system for earthquake engineering
simulations - (McKenna et al., 2004), is ideal for this purpose. This is an object-oriented,
open-source software that is freely available from http://opensees.berkeley.edu. It serves
as the computational plétform for the prediction of structural and geotechnical responses
for the Pacific Earthquake Engineering Research Center (PEER). Recently, OpenSees
was extended with reliability and response sensitivity analysis capabilities (Haukaas &
Der Kiureghian, 2004). This allows reliability analyses to be conducted in conjunction
with static and dynamic inelastic finite element analyses, with random material,

geometry, and load parameters.

A novelty of this thesis is the use of the object-oriented programming approach to

develop a library of software components (tools) for optimization analysis. This approach

‘provides a software framework that is easily extended and maintained. Indeed, the

decoﬁpling optimization approaches considered in this thesis take advantage of the
object-oriented approach, in which solution algorithms for reliability and optimization

problems are readily substituted by future developed solution algorithms.

1.1 Reliability-Based Optimization Problems

A specific structural design is characterized by particular values of design variables. By
definition, the values of the design variables are assumed to be at the discretion of the
designer. They typically represent geometrical dimensions and material strengths, and are
collected in the vector x. The random variables of the structural problem, such as

material, geometry, and load parameters, are collected in a separate vector v. It is noted


http://opensees.berkeley.edu

that design variables may represent distribution parameters of the random variables. For
instance, the designer may wish to optimize the dimensions of a girder cross-section.
However, the dimensions are uncertain due to imperfect workmanship, etc. Hence, only
the mean of the structural dimensions is at the discretion of the designer. Similarly, in
some cases the designer may have control over the dispersion of the probability
distribution of a random variable through tolerance specifications to the manufacturer of

the component.

RBDO can be classified into three broad problem categories: (1) minimization of the
structural cost or volume subject to constraints on structural properties and/or reliability;
(2) maximization of structural reliability subject to constraints on cost and/or structural
properties; and (3) minimization of the discrepancy between structural reliability and

specified target reliability subject to structural constraints and possible cost constraints.

In the first category of problems, the cost may include the expected cost of failure in

addition to the initial cost. The total cost is written as ¢, =c¢, +¢¢p,, Where ¢ is the
initial cost of the design, c; is the present cost of future failure,) and p ¢ is the
probability of failure. The reliability of the structure is defined as 1- p . The failure

probability is obtained from either a component reliability problem or a system reliability
problem, as described in Chapter 2. It should be noted that the cost and probability of

failure generally depend on design variables: ¢, =c,(X) = ¢ (x) + ¢ (X) p o (x). Several

problems are identified in this category:

X" =argmin{ c,(®x)+¢;(X)p,(x) | Fx)<0 } (1.1)

X" =argmin{ ¢ (0 +¢;(0p, ) | 1050, p,0<p, | (1.2)

! C; is obtained for the case of continuous compounding by Sexsmith (1983): C¢ = Cy e * U /(i +u),

where Cg g, i the future cost, i is the real interest rate (excluding inflation), and % is the rate of

occurrence of the Poisson process that describes the hazard.
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k=1

K
x"=argmin{co(chk(x)pk(x) | f(x)<0, pk(x)sﬁk} - (13)

where x is the optimal design, f is the vector of structural constraints, D¢, denotes the

target probability, K denotes the number of failure modes, and ¢, and p, are the cost of

failure and the probability of failure of the K™ failure mode, respectively. An example of a

structural constraint is f; =d —d,, where d is a structural dimension and dp is the

prescribed upper bound of d.

The view adopted in this thesis is that the problem in Eq. (1.1) is the fundamental
problem in RBDO. Eq. (1.1) seeks to minimize the total expected cost, which implicitly
includes structural reliability, in light of various constraints to ensure an esthetical and
functional design. This strategy finds its analogy in the field of decision analysis
(Benjamin & Cornell, 1970), where rational decisions are made based on the expected
utility of the decision alternatives. Consequently, the optimal balance between cost and
safety is achieved. Theoretically, no constraint on the reliability is needed, provided that
the cost of failure is appropriately defined. However, defining the appropriate cost of
failure is a key problem in modern RBDO. The cost of failure potentially includes the
value of human life ahd other intangible costs. For this reason it is useful to introduce Eq.
(1.2), which includes a reliability constraint to ensure that the design conforms to

minimum safety requirements.

Eq. (1.3) addresses problems where multiple failure modes are possible, each with
individual failure costs. This is different from Egs. (1.1) and (1.2), where multiple failure
modes may be present in the systém reliability 1- p,, but where the failure cost is
associated with the global system failure. A weakness of the formulation in Eq. (1.3) is

the implicit assumption of independence between failure modes, which is rarely satisfied

in practice.

Simplified versions of the problems in Egs. (1.1) to (1.3) are obtained by minimizing

only the initial design cost:



x':argmin{ co(x) | f(x)<0 } (1.4)

x" =argmin{ ¢,(0) | f0<0, p,O<p, | | (1.5)
These problems are frequently addressed in engineering practice because they avoid the
need for assessing the failure cost. In fact, Eq. (1.4) denotes the well-known deterministic
(non-RBDO) design optimization . problem for which uncertainty is not accounted.
Relative to Eq. (1.4), the problem in Eq. (1.5) introduces a safety constraint for which the
reliability analysis is required. This is, conceptually, the simplest RBDO problem.

The second category of RBDO problemé is identified as

x*zargmin{ pr(x) | f(x)<0 } (1.6)
x*=argmin{ pr(x) | f(x)<0, co(x)sé } (1.‘7)
x' =argmin{ p,(x) | 10 <0, )+ (Vp,(X)<E | (1.8)

where ¢ is the prescribed upper bound of the cost. An extended set of problems is

formulated by replacing pr(x) with max p,(x); namely, the maximum failure

probability over all failure modes. The prdblems in Egs. (1.6) to (1.8) then turn into min-

max type problems.

The problem in Eq. (1.6) seeks to maximize the reliability given structural constraints.
While this is sometimes referred to as the inverse reliability problem in the literature, we
reserve this term for a problem introduced below. In Egs. (1.7) and (1.8) the initial cost
and the total expected cost are introduced as constraints. Hence, these two equations are
counterparts to Egs. (1.5) and (1.2), respectively. However, although Eqgs. (1.7) and (1.8)
represent the “flipped” version of Egs. (1.5) and (1.2), they are not equivalent problems.
That is, the optimal design achieved by éddressing Egs. (1.8) and (1.2) is generally
different.

The third category of RBDO problems contains what is referred to as inverse reliability

problems (Der Kiureghian et al., 1994; Li & Foschi, 1998). Here, the discrepancy



between structural reliability and prescribed target reliability is minimized, subject to

constraints:

X’ =argmin{ p,0-5,| | f0<0 | (1.9)

x" =argmin{ [p,(0-p,| | f0)<0, () <é | (1.10)

x" =argmin{ P, 0-p,| | 1®)<0, co®)+er(0)p,(x)<é } (1.11)

In addition, an extended set of problems is formulated by replacing | pr(X)-p f] with

max|p, (x) — p|, where p,(x) is the failure probability of failure mode . Ideally, the

value of the objective function of Egs. (1.9) to (1.11) at the design point is zero. This
would imply that target reliability is achieved and that constraints are satisfied. However,

it may not be possible to achieve the reliability 1-p, for given structural/cost

constraints. In fact, Egs. (1.9) to (1.11) are related to the problems in Egs. (1.6) to (1.8),
which seek maximization of reliability rather than convergence to a target reliability. For
instance, Eq. (1.6) results in design variable values that minimize failure probability,
while Eq. (1.9) potentially results in design variable values that provide a less safe

design, but that complies with the prescribed reliability 1—p ..

In this thesis, the first category of RBDO problems is considered. This choice is
founded on our belief that the principles of rational decision-making should form the
basis for RBDO. Moreover, we address the problem for a single failure event in Eq. (1.2). |
Ideally, the problem in Eq. (1.1) should be addressed. However, the difficulties in
obtaining the “true” cost of failure make this problem less practical. The problem in Eq.

(1.3) is not considered in this thesis, because only one failure cost is assumed.

1.2 Solution Algorithms

In this thesis it is assumed that the problem in Eq. (1.2) is defined in terms of a finite

element model. Specifically, the design variables x and the random variables v are



specified in terms of the input parameters of the finite element model. In this situation, a

number of challenges are present when attempting to solve Eq. (1.2):

Challenge 1. The failure probability p,(x) must be computed using reliability

methods that are coupled with the finite element analysis. This type of analysis is
termed the finite element reliability analysis and may be challenging in itself. A
number of reliability methods exists, all approximate. The choice of method
influences the choice of optimization algorithm and its behaviour. The failure

_ probability is a nonlinear function of x, regardless of whether the limit-state
function is linear. Moreover, the failure probability may not be continuously
differentiable.

Challenge 2. The structural response may be nonlinear, which is the case under
consideration in this thesis. The nonlinearities of the structural response and the
failure probability cause the objective function and constraint functions to be

nonlinear as well.

Challenge 3. The objective function, constraint functions, and the limit-state
function are implicit functions expressed by structural responses from the finite

element analysis.

Challenge 4. The most effective algorithms to solve Eq. (1.2) are gradient-based.
That is, they require the gradient of the objective function and constraint functions
with respect to x to be computed accurately and efﬁciéntly. Unless a
reformulation technique is employed, the gradient of the failure probability and
possibly the finite element response must be computed. The gradient computation
may be both analytically problematic and computationally costly. Additionally,
inaccuracies in the gradients lead to convergence problems in the optimization

analysis.

Challenge 5. In this thesis, we typically consider problems including 10-100 design

variables and 10-500 random variables. It is- imperative that the solution



algorithms provide feasible computation times as the number of variables grows.

This is known as the high-dimensional problem.

We conclude that candidate algorithms to address Eq. (1.2) must be assessed according to
their efficiency, accuracy, and convergence robustness. In recent years, significant
research efforts have been assigned to solve this RBDO problem. Consequently, a
number of algorithms is available. In the following we briefly review \the _main
approaches and comment on their performance relative to the challenges listed above,

before arriving at the approaches adopted in this thesis.

A broad class of algorithms used to address Eq. (1.2) is tefmed gradient-free. Their key
characteristic is that derivatives (gradients) of the objective function and constraint
functions are not required in the analysis. Instead, the algorithms evaluate the objective
and constraint functions at a number of trial points in the space of design variables.
Several classes of gradient-free algorithms are available to solve RBDO problems. One
example is genetic algorithms (Itoh & Liu, 1999; Thampan & Krishnamoorthy, 2001).
Analogous to principles of natural genetics, these algorithms are evolutionary
computation techniques. The key to genetic algorithms is the representation of a design as
a set of binary numbers. A set of designs is termed a population. The first population is
established randomly, through a user-defined number of candidate solutions. The
objective of the procedure is to improve the population (the set of designs) in a manner
similar to genetic operations in real nature. Three genetic operators (reproduction,
crossover, and mutation) are used to create a new population (generation). During this
process, the candidate solutions with the better designs are selected as parents to produce
the next generation with improved design. The more genetic operations are present, the
better solutions are achieved. Usually, the user stops the optimization at a predefined

maximum number of operations.

In the following we address the advantages and disadvantages of generic algorithms

based on their performance relative to the aforementioned challenges:

1. The failure probability is computed using any available finite element reliability

methods.



2. Genetic algorithms are applicable to complex and nonlinear RBDO problems.
3. Genetic algorithms have the ability to couple with the finite element analysis.

4. Genetic algorithms avoid the convergence problems caused by inaccurate or

discontinuous response gradients because of their gradient-free properties.

5. Genetic algorithms are computationally expensive and converge slowly since they
require many more objective function evaluations than some alternative
techniques. Their computational effort increases rapidly as the number of design
variables increases. Therefore, genetic algorithms are not suitable for high-

dimensional problems.

« The optimal solutions are not highly accurate because the representation of design
variables as binary numbers does not allow high accuracy. Genetic algorithms
have been suggested to narrow down the optimal solution region, followed by a

traditional optimization method to identify a more precise optimum.

« Genetic algorithms are able to address problems with continuous and discrete
design variables. An example of a discrete design variable is the cross-section
type within a class of steel cross-sections. The problem with discrete design

variables is not considered in this thesis.

The response surface method is an alternative to the gradient-free algorithms. The use
of response surface methods is generally contemplated in problems where the objective
function, and possibly the constraints, is not explicitly defined. This is indeed the case in
Eq. (1.2). Even when cost functions are explicitly defined, a reliability analysis is
required to obtain the probability of failure. In the response surface method, the value of
the function in question is evaluated using a number of realizations of the design variable
vector X. An explicit algebraic continuously differentiable expression is then used to fit to
these points in the space of design variables. The reformulated optimization problem is
then solved using standard nonlinear gradient-based optimization algorithms. The
gradients are readily found because response surfaces are simple algebraic expressions.

An important advantage of the response surface method is that sensitivities of the
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functions themselves are unnecessary. Hence, the response surface method may be

termed quasi gradient-free.

As an example of a response surface method, Gasser and Schueller (1998) approximate
the failure probability using an exponential function dependent on the design variables.
This approximation makes the failure probability numerically continuous. Torczon and
Trosset (1998) use an algebraic function to approximate the objective function in the
optimization problem. The approximate functions are constructed from numerous
evaluations of the objective function. Eldred et al. (2002) employ approximate functions

for both the objective function and the limit-state function.

Response surface methods have the following advantages and disadvantages relative to

the challenges listed above:

1. The failure probability is computed using any available finite element reliability

method.

2. Response surface methods are numerically robust since the reformulated failure
probabilities, objective functions, or limit-state functions are explicit and
continuous and can be solved using standard nonlinear optimization algorithms.
However, more sampling points are required for approximating the highly

nonlinear functions in RBDO problems.

3. Response surface methods have the ability to couple with the finite element

analysis.

4. Response surface methods can solve complex problems involving discontinuous
functions in optimization since continuous functions are used to replace the

original discontinuous functions.

5. The accuracy of the optimal solution depends on the accuracy of the
approximation to the original problem. The efficiency of the optimization process
relies on the computational time of constructing response surface, which is

dependent on design variables. The numerical effort increases tremendously with
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the increase in the number of design variables. Therefore, response surface

methods are not suitable for high-dimensional problems.

» Response surface methods are likely to find a global minimizer rather than simply

identifying a local minimizer.

Although gradient-free algorithms and response surface methods are viable
alternatives, gradient-based algorithms are the most efficient in solving Eq. (1.2). In fact,
traditional nonlinear optimization techniques are gradient-based. A variety of gradient-
based algorithms is proposed in the literature. These algorithms are categorized into
nested bi-level approaches, mono-level approaches, and decoupled sequential
approaches. Enevoldsen and Sorensen (1994) solve Eq. '(1.2) using the nested bi-level
approach. This is the “brute force” approach, in which the standard nonlinear
optimization algorithm is employed and the failure probability is evaluated each time the
values of the objective function and of the reliability constraint are needed. (Hence the
name nested bi-level.)‘ A noteworthy feature of the work by Enevoldsen and Sorensen
(1994) is that the first-order reliability method (FORM) is utilized to evaluate the failure
probability. This is a reasonable approximation unless the limit-state function is strongly
nonlinear. However, in nonlinear finite element reliability analyses, which are the case
under consideration in this tﬁesis, strong nonlinearities may be present. The nested bi-
level approach requires the objective function and constraints to be continuous and to
have first-order derivatives with respect to optimization variables. An advantage of using
FORM analysis is that the gradient of the failure probability with respect to design

variables is available, as shown in Chapter 2.

The nested bi-level approach has the following advantages and disadvantages relative

to the challenges listed above:
1. Failure probability is practically limited to the FORM analysis.

2. Additional computational costs are required to determine the optimal design for

highly nonlinear functions in RBDO problems.

3. The nested bi-level approach has the ability to couple with finite element analysis.
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The gradient discontinuity problem may cause non-convergence or slow

convergence.

The computation time is large since reliability analyses must be performed in each
step of the optimization analysis. Therefore, the nested bi-level approach is not

suitable for high-dimensional problems.

Madsen and Friis Hansen (1992) and Kuschel and Rackwitz (2000) develop the mono-

level approach to improve the nested bi-level approach. Since the FORM analysis on the

inner reliability level is actually an optimization problem itself (see Chapter 2), it is

substituted by its first-order optimality conditions. In this manner, the reliability problem

becomes an additional constraint in the RBDO problem. The reformulated optimization

problem is then solved using standard nonlinear optimization algorithms in the

augmented space of design variables. The mono-level approach has the following

features:

1.

The failure probability is computed using the FORM analysis. Extensions to

second-order reliability methods are possible but are rather expensive.

Additional computational costs are required to determine the optimal design for

the highly nonlinear functions in RBDO problems.

. The second order derivative of the limit-state function is necessary even when

using first-order optimization algorithms. This makes the RBDO for nonlinear
structures impossible since the second order derivative of structural response with

respect to model parameter is rarely available in the finite element analysis.

The gradient discontinuity problem may cause non-convergence or slow

convergence.

The reformulated optimization has a greater number of design variables than the
original one because of additional constraints from the reliability analysis. The

reformulated problem fnay be too big to be solved for high-dimensional problems.
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Standard optimization algorithms without any links to an external code are used

since the inner reliability level is eliminated.

The explicit transformation between the original space and the standard normal

space of random variables is required in the mono-level approach.

The mono-level approach is only applicable for the component reliability problem
and separable series systems, which do not have correlation between different

failure modes.

A “direct” mono-level approach was developed by Chen et al. (1997) and generalized

by Wang and Kodiyalam (2002) and Agarwal et al. (2003). In this approach design

variables are defined as the mean values of some random variables. Furthermore, FORM

reliability analysis is employed. Under the assumption of uncorrelated random variables,

a direct relationship is established between the design variables and the approximation

point in FORM analysis (this will later be termed the most probable failure point) for

fixed target reliability. The reformulated optimization problem is a deterministic

optimization problem not requiring a reliability analysis. It is solved using a standard

nonlinear optimization solver. This direct mono-level approach is appealing for several

reasons:

1.

The failure probability evaluation is not required in the reformulated deterministic

optimization analysis.

Additional computatiorial costs are required to determine the optimal design for

the highly nonlinear functions in RBDO problems.

Only first-order derivatives of the structural response with respect to design

variables are required. They are available from the finite element analysis.

The gradient' discontinuity problem may cause non-convergence or slow

convergence.

The direct mono-level approach is efficient in the absence of a reliability analysis

in the optimization analysis. The computational cost is approximately the same as
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in the deterministic optimization analysis (without adding additional constraints).

Therefore, this approach is applicable to high-dimensional problems. -

« The transformation between the original space and the standard normal space of

random variables does not have to be explicit.

« The direct mono-level approach can only deal with mutually independent random

variables. A further study of correlated random variables is required.

Finally, we arrive at decoupled sequential approaches, some of which are considered to
be state-of-the-art solution algorithms. One decoupling approach is developed by Du and
Chen (2002) and Agarwal and Renaud (2004) to improve the nested bi-level approach.
Reliability and optimization analyses are performed separately and sequentially. That is,
a deterministic optimizétion is executed to obtain a new design without re-computing the
reliability. Then, the failure probability is updated by performing a reliability analysis for
the new design. The process is repeated until a consistent design is obtained. The term
decoupled is used because the analyst may freely select different methods for the
reliability and optimization problems. This is different from the mono-level épproach
where FORM reliability analysis is implicit. The decoupled bi-level approach has the

following advantages and disadvantages:

1. The failure probability is computed using any available reliability methods since

the reliability analysis is decoupled from the optimization analysis.

2. Additional computational effort is required to determine the optimal design for

highly nonlinear functions in RBDO problems.

3. The decoupled bi-level approach has the ability to couple with finite element

analysis.

4. The gradient discontinuity problem may cause non-convergence or slow

convergence.
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The decoupled approach is more efficient than the nested bi-level approach

‘because the number of reliability evaluations is significantly reduced. Therefore,

this approach is applicable to high-dimensional problems.

It is easy to code and to combine the reliability analysis with any optimization

software without having to reformulate the problem.

The true local optimal solution cannot be guaranteed because the failure

probability is always computed for a previous design.

Further improvements of the decoupled approach are developéd by Kirjner-Neto et al.

(1998), Der Kiureghian and Polak (1998), and Royset et al. (2001a). Most notable of

these improvements is a decoupled sequential approach utilizing the method of outer

approximations (Polak, 1997) to solve several RBDO problems. Royset et al. (2001b,
2002, & 2004a) further develop the methodology to solve Eq. (1.2). In this approach, Eq.

(1.2) is reformulated as a semi-infinite optimization problem (Polak, 1997). This

reformulated problem has proven to be identical to the original problem, when FORM

analysis is used to compute the failure probability. Moreover, a heuristic scheme is

implemented to improve the reliability estimate. The term semi-infinite comes from the

fixed number of design variables and the infinite number of reliability constraints in the

reformulated problem. This approach has the following advantages and disadvantages:

1.

The failure probability is computed using any available reliability methods since

the reliability analysis is completely decoupled from the optimization analysis.

Additional computational costs are required to determine the optimal design for

the highly nonlinear functions in RBDO problems.

The decoupled sequential approach has the ability to couple with the finite

element analysis.

The gradient discontinuity problem may cause non-convergence or slow

convergence.
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5. This approach is more efficient than the nested bi-level approach. However, this
approach requires an infinite number of reliability constraints to achieve the
“true” optimal solution. This is not attainable in practice. Usually, the user stops
the optimization at a predefined accuracy and obtains an approximate solution.

Therefore, this approach is applicable to high-dimensional problems.

« The method of outer approximations has proofs of convergence (Kirjner-Neto et
al., 1998). This implies that there is a convergence proof for the decoupled
sequential approach when the limit-sate function is linear in the space of random

variables.

In this thesis we implement the decoupled sequential approach in OpenSees and apply
it to structures that exhibit nonlinear behaviour. This approach is termed the decoupled
sequential approach by the method of outer approximations (DSA-MOOA). We also
ifnplement a simplified decoupled sequential approach (DSA-S) by combining the
problem reformulation of DSA-MOOA with the findings of Du and Chen (2002) and
AgarWal and Renaud (2004). In the DSA-S aﬁproach, the reformulated optimization
problem is an inequality constrained optimization problem (Polak, 1997) with a single
reliability constraint, as opposed to the infinitely many constraints of the DSA-MOOA
approach. The DSA-S approach has the same properties as the DSA-MOOA approach
when facing the aforementioned challenges 1-5. However, while the DSA-S approach is
more efficient than the DSA-MOOA approach, it lacks the convergence proof of the
DSA-MOOA approach.

In additional to the above methods, Royset and Polak (2004b) develop the decoupled
sequential approach by sample average approximations to solve the RBDO problem in
Eq. (1.2). Failure probabilities are here computed using Monte Carlo or importance
sampling. The first-order derivative of the failure probability with respect to design
variables is obtained analytically and computed using Monte Carlo or importance
sampling. The original RBDO problem is reformulated as an inequality constraint
optimization problem and solved using standard optimization algorithms. The number of

~samples increases as the design approaches the optimal design point. Royset and Polak
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(2004b) prove that the optimization algorithm converges with the optimal design when

the number of samples approaches infinity. This approach has the following advantages

and disadvantages:

1.

1.3

Failure probabilities are computed using Monte Carlo sampling and importance

sampling.
Additional computational costs are required to determine the optimal design for
the highly nonlinear functions in RBDO problems.

This approach has the ability to couple with the finite element analysis.

The gradient discontinuity problem may cause non-convergence or slow

convergence.

The computational cost is higher than in the DSA-MOOA approach since the
sample average approximations use Monte Carlo sampling or importance
sampling to compute the values and gradients of failure probabilities. The number
of sampling points increases as the design nears the optimal stage. Therefore, this

approach is still applicable to high-dimensional problems.

The sample average approximations have proofs of convergence even if the limit-

sate function is nonlinear in the space of random variables.

Thesis Organization

Following the introduction, the fundamentals of finite element reliability analysis and

optimization theory are introduced in Chapters 2 and 3, respectively. Chapter 2 reviews

the concept of finite element reliability and describes FORM, the second-order reliability

method, Monte Carlo sampling, and importance sampling. Chapter 3 presents the

inequality constraint optimization problem and the semi-infinite optimization problem, as

well as their corresponding first-order necessary optimality conditions. The Polak-He

algorithm and the method of outer approximation algorithm are also described in this

chapter.
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Chapter 4 describes the finite element software, OpenSees, which is extended with
reliability analysis capability. The element, section, and-material objects used in this
thesis are emphasized in this chapter. The reliability analysis module adds the
ReliabilityDomain and ReliabilityAnalysis objects to the original OpenSees. The former
defines the random variables and their correlation. It also maps the values of the random
variables into the finite element model. The latter includes eight analysis types and

several analysis tools.

Chapter 5 introduces the sensitivity analysis capability in OpenSees. Two main
response sensitivity methods, the finite difference method and the direct differentiation
method, are two analysis tools in OpenSees. The direct differentiation method is stressed
in the chapter by briefly des.cribing its equation derivation and several implementation
issues. Chapter 5 ends with a section on the continuity of response gradients. The
potential negative effects of discontinuous structural responses are observed and
remedied using two methods: the smooth material model and the section discrimination

scheme.

Chabter 6 presents the problem reformulation and algorithms of the DSA-MOOA and
DSA-S approaches. The reformulated optimization problem is identical to the original
RBDO problem when the limit-state function is linear in the space of random variables.
The applications of the method of outer approximation and the Polak-He algorithms are
described in detail in this chapter. The optimization capability of OpenSees is extended
through the addition of several objects defining all functions involved in the optimization
problem. Moreover, two analysis types (DSA-MOOA analysis and DSA-S analysis) and

several analysis tools are added.

'Chapter 7 presents a numerical example involving a nonlinear finite element analysis
of a three-bay, six-storey bililding to demonstrate the new implementations in OpenSees.
Three cases are studied: a linear pushover analysis using elasticBeam elements, a
nonlinear pushover analysis using beamWithHinges elements, and a nonlinear pushover
analysis using dispBeamColumn elements with fibre sections. The case studies focus on

convergence performance and computational time. This chapter also presents practical
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experience by comparing two implemented approaches, two gradient computation
methods, and linear and nonlinear analyses. Speeding up the convergence procedure by

removing inactive constraints and scaling the functions involved are also discussed.

Chapter 8 summarizes the major findings of this thesis and points to areas of future
study. Appendix A offers the detailed software implementation used in the thesis, while

Appendix B contains a user guide to the new implementations.
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Chapter 2  Finite Element Reliability Analysis

Since the introductionlof limit-state design in the early 1980s, reliability methods have
been masked by partial safety coefficients in prescriptive d;sign code requirements.
Direct usage of reliability methods has only been observed in special projects, such as
offshore structures and nuclear power plants. This paradigm is changing with the
introduction of performance-based engineering. Over the past several decades, analytical
and numerical models have drastically improved the engineers’ ability to predict
structural performance. However, such predictions can only be made in a probabilistic
sense. Unavoidable uncertainties are present in model parameters and in the numerical
model itself. Reliability analysis and probabilistic methods are therefore .rapidly
becoming required tools in engineering practice. This chapter presents reliability analysis
in conjunction with nonlinear finite element models to make probabilistic predictions of
structural response. Such analysis is required to solve the reliability-based design

optimization (RBDO) problem in Eq. (1.2).

The name finite element reliability stems from the combination of advanced reliability
methods with finite element analysis to estimate the probability of exceeding preséribed
structural response criteria. As mentioned in Chapter 1, the structural model is defined in
terms of vector v of random variables and vector x of deterministic design variables. The
structural response of interest is collected in a vector d, which depends upon random and
design variables: d=d(x,v). A failure criterion is prescribed in terms of the response
quantities d by means of a limit-state function g(d). Conventionally, a negative outcome

of the limit-state function, g <0, is defined as a failure, while a positive outcome, g >0,
is defined as safe. A typical limit-state function employed in this thesis is expressed by a

threshold d and a response quantity d in the form

g(d(x,v)) =d —d(x,v) , 2.1)
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We observe that when the response d exceeds the threshold d , the limit-state function
becomes negative, as required by the syntax rules. It is emphasized that response

quantities d may represent displacements, stresses, strains, etc.

The reliability problem described by a single limit-state function is termed the
component reliability problem. If failure is prescribed by the joint state of several limit-

state functions, the reliability problem is referred to as a system reliability problem.

In the component reliability problem, the probability of failure p (x) is defined by the

integration of the joint probability density function (PDF) f(v) of the random vector v

over the failure domain in the space of random variables:

p= [frow 22)

g(d(x,))<0
The failure probability depends on the design variables x. In addition, we note that the
failure probability does not change if the limit-state function is arbitrarily scaled using a

finite positive number. This is important for later developments.

Analytical solutions to Eq. (2.2) are generally not available, and approximate methods
are employed to evaluate the failure probability. In these reliability methods, it is
common to transform the problem into the standard normal space. That is, the original
random variables v are transformed into a vector u of uncorrelated standard normal

random variables. The Nataf model (Liu & Der Kiureghian, 1986) is an example of such

a transformation. T, is denoted as the transformation for a given design vector x and
replace the random vector v by 7' (u). We then obtain the equivalent limit-state function

g(d(x,v)) = g(d(x,T, " (u))) . The joint PDF of u is the joint standard normal PDF ¢(u).

Hence, the reliability problem is re-defined in the standard normal space as:

pr®= [[o)du (2.3)

g(d(x,u))<0
For system reliability problems with limit-state functions g,, k € {1,2,...,K } , the failure

domain is specified as a series system, a parallel system, or a general system. In a series
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system, failure occurs when any components (limit-state functions) fail. That is, the

failure domain is defined by the union of failure domains of components:

K

Conversely, the failure domain of a parallel structural system is defined by the

U g @x,u) < 0} Q2.4)
k

intersection of failure domains of all components:

K

For a general system, the definition of the failure domain involves both union and

g (dx,w) < 0} | 2.5)

interaction operations.

2.1 First-Order and Second-Order Reliability Methods

The first-order reliability method (FORM) approximates the integration boundary
g(d(x,u))=0 using a hyperplane in the standard normal space. The ideal point to

linearize the limit-state function is denoted as u” and is the point on the hyperplane

closest to the origin:
u’(x) = argmin{|u| | g(d(x,u))=0} (2.6)

u’” is the point in the failure domain with the highest probability density and is therefore
termed the most probable point (MPP). Often, Eq. (2.6) is defined with the inequality
constraint g(d(x,u)) <0 in place of the equality constraint. This is acceptable, as long as
the origin is in the safe domain. This is the case for most~ practical problems, where the

failure probability is much less than 0.5.

Searching for the MPP in Eq. (2.6) is an optimization problem in itself. This
optimization process requires the first-order derivative of the limit-state function to be
continuous in the standard normal space u. One effective algorithm for searching for the

MPP is the iHLRF-algorithm (Hasofer & Lind, 1974) (Rackwiti & Fiessler, 1978)
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(Zhang & Der Kiureghian, 1997), which is gradient-based and employs a line search
scheme. In addition, Eq. (2.6) with an inequality constraint formulation can be solved
using the Polak-He algorithm (Polak, 1997) or using standard nonlinear optimization
algorithms such as NLPQL (Schittkowski, 1985) or NPSOL (Gill et al., 1998). The latter

algorithms, however, are not specialized for the present case of one constraint.

Initialize variables u, x

Y
Transformu— v

!

Evaluate g(d(x,v))

!

Evaluate Finite

Reliability Og _0g ad ov od/ov Element
Analysis “ou  0dovou Analysis
Module l Module -
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 §
=

Take a step
i+ i . . .
u'" =u' +step size x search direction]

Convergence check
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A
Post processing

P (x) = ®(-Ju |)

Figure 2.1 MPP searching algorithm in finite element reliability analysis
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u
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Haukaas and Der Kiureghian (2004) employ the iHLRF algorithm and the Polak-He
algorithm to find the MPP for finite element reliability problems. The outline of the
search algorithm is shown in Figure 2.1. The search algorithm requires a transformation
between the original v-space and the standard normal u-space. The value of limit-state
function g and the gradient 0g/du are evaluated in this algorithm. They are used in
finding a search direction and a step-size. The figure also shows the interaction between

the search algorithm and the finite element code. The finite element analysis module is
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repeatedly updated with new realizations of the random variables v. In return, the finite
element analysis module produces the response d and the response gradients od/ov. The
need for response derivatives is due to the neéd for the gradient of the limit-state function
in the standard normal space. The chain rule of differentiation yields:
98 _0godov
Oou 0od ov du

where dg/0od is easily found because g is a simple algebraic expression in terms of d,

Q2.7)

dd/dv are the response gradients, and dv/du is the Jacobian matrix from the probability

transformation.
The distance from the origin to the MPP in the standard normal space is called the
reliability index f:
Bx) =|u"(x) (2.8)
The FORM approximation of the failure probability reads:

Py (x) = @(=f(x)) 2.9)

where ®(:) is the standard normal cumulative distribution function.

The second-order reliability method approximates the limit-state function using a
quadratic surface that passes through the MPP. Breitung (1984) offers a simple formula
to compute the component failure probability based on such a quadratic surface

approximation:

2, (0 = ®(BEN] [ A+ A0, ()™ (210)

where «,(x),j=1,...,m~1 are the principal curvatures of the limit-state surface

g(d(x,u)) =0 at the MPP.
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2.2  Monte Carlo and Importance Sampling
Monte Carlo sampling is an alternative method used to approximafe the failure
probability p,(x). Monte Carlo sampling generates a family of simulated points u, ...,

uy, which are statistically independent standard normal random variables. The indicator

function I(u,) corresponding to each simulated point is established using the following
rule: I(u,)=1 whenever g(d(x,u)) <0, and I(u,) =0 otherwise. Monte Carlo sampling

gives an approximation of the component failure probability p ,(x) by:

p;(x)z%gl(u,-) | @.11)

The quality of the solution of Monte Carlo sampling is measured using the coefficient

of variation (c.o0.v.) of the probability estimate: c.0.v.= \/( 1-p,(x))/(N-p,(x)) . Monte

Carlo sampling is stopped at the user-defined number of samplings, or when the

coefficient of variation achieves a specified target, for example 2%.

In order to estimate small failure probabilities accurately, crude Monte Carlo sampling
requires a large number of simulations. This is because the sampling distribution of crude
Monte Carlo sampling is centered at the mean point, while failure events are inclined to

occur in the tail region of the probability distributions.

Importance sampling improves the efficiency of Monte Carlo sampling by centering
the sampling distribution near the failure domain. Usually, this centre is selected as the
MPP from FORM analysis. Importance sampling generates a family of simulated points
uj, ..., uy with the probability density A(u). All simulated points are statistically
independent standard normal random variables. /#(u) is a joint PDF and nonzero in the
failure domain. Importance sampling gives an approximation of component failure
probability p,(x) using:

N

p,(x)~ Zl (ZE" ) (2.12)
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where ¢(-) is the standard normal PDF (Ditlevsen & Madsen, 1996). The coefficient of

variation of failure probability in importance sampling is defined by:

1 o(u, o(u,
N(N - 1)[;[( )h( )] N(Z( )h( )”

C.0.V.= @) (2.13)

Importance sampling is efficient and requires fewer simulations than Monte Carlo
sampling since the sampling distribution is centered on the MPP, where failure

realizations are frequently encountered.

2.3  Gradient of the Failure Probability

When gradient-based algorithms are employed in RBDO, it is important to note whether
the derivative of the failure probability can be computed and whether it is continuous.
The answers to these questions are not stfaightforward. In fact, the “brute force”
application of gradient-based algorithms, such as the mono-level approach explored by
Enevoldsen and Sorensen (1994), requires the gradient of failure probability with respect

to design variables to be available. In FORM analysis, an analytical formulation of

Op,/ox ispossible. Eq. (2.9) is differentiated to obtain:

o, 0 0 : op o ﬁ
——=—®C-p)=—|1- =-——0(f) = 2.14
o = 9 YR = 5 1-OB]= oL ®(B) = CelB) (2.14)
The derivative of the reliability index is:
9B__1 % (2.15)
Ox ||Vu g|| Ox

where Vg is the by-product of FORM analysis and 0g/0x = (ag/ ad)(ad/ 6x) is readily

obtained by utilizing response sensitivities from the finite element code (Hohenbichler &
Rackwitz, 1986) (Bjerager & Krenk, 1989). However, the derivative of the failure

probability in Eq. (2.14) cannot be proven to be continuous. This is because in a
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reliability problem, the MPP may jump to a different location on the limit-state surface
g=0 due to an infinitesimal perturbation of the design variables. This jump leads to a kink

on the function p,(x) in the x-space. In effect, the gradient of the failure probability in

the x-space is discontinuous.

Having demonstrated that the derivative of the failure probability in FORM is possible
to obtain but is not continuously differentiable, we move to the case of sampling analysis.
Formulae for the sensitivity of failure probability from sampling became available only

recently. In Royset and Polak (2004b), indicator functions /(u;) in Egs. (2.11) and (2.12)

are replaced by the joint standard normal cumulative distribution function. Then, the
reformulated failure probability is differentiated. The sensitivity of the failure probability
is expressed through the joint standard normal PDF and evaluated using Monte Carlo or

importance sampling.
It is important to note that not all gradient-based algorithms that address the problem in
Eq. (1.2) require the gradient dp,/ox . In fact, as will be shown in subsequent chapters,

the algorithms implemented in this thesis circumvent the problem of actually computing

this gradient by using an augmented design variable to take place of the failure

probability.




Chapter 3 Optimization Theory and Algorithms

This thesis implements two decoupled sequential approaches to solve the reliability-based
design optimization problem expressed in Eq. (1.2). These approaches profit from the
advantages of both mono-level and bi-level approaches that were discussed in Chapter 1.
The optimization problem in Eq. (1.2) is reformulated to enable the use of the method of
outer approximation (MOOA) for semi-infinite inequality optimization problems, or the
use of the Polak-He algorithm for ordinary inequality constraint optimization problems
(Polak, 1997). This chapter defines the fundamental concepts of the optimization theory,
which forms the basis for the subsequent problem reformulation and the correspondiné

solution algorithms.

3.1 Inequality Constrained Optimization Problem

This section introduces the first-order optimality conditions and the Polak-He algorithm
that builds upon them for solving the deterministic inequality constrained optimization

problem of the form

X =argmiﬁ{ F(x) | f(x)SO } (3.1)

where x* is the design point, F(x) is the objective function, and f{x) is the maximum .

value of the n -dimensional vector of constraints f(x) (Polak, 1997):

f(x) =max f(x) 3.2)

3.1.1 First-Order Optimality Conditions

A candidate solution to any optimization problem must satisfy the optimality conditions
of the problem. These are generally necessary conditions, but they are not sufficient to

guarantee that the optimal point has been found. Moreover, optimality conditions can
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only indicate whether a local minimum has been found. This is a fundamental problem
with any optimization algorithm; only through engineering insight and repeated searches
from different starting points, among other strategies, can we confidently state that the
global optimal point has been found. The problem is schematically illustrated in Figure
3.1, where it is shown that an objective function may have a local as well as a global
minimum. It is easy to imégine that the search algorithm may “get stuck” at the local
minimum, without realizing that another point is the actual solution to the optimization

problem. A repeated search with a new start point may reveal the global solution.

Objective function
4
Local minimum Global minimu

4---------"-"-"-----~

R R Rt

. Design variable

Figure 3.1 Local and global optimal points

Optimality conditions are not only convergence criteria for the optimization algorithm.
They are often used to construct search algorithms to solve the optimization problem.
This . further motivates the following exposure of optimality conditions for different

optimization problems.

For pedagogical purposes, first consider a deterministic optimization problem without

constraints:

 x =argmin{ F(x) } (3.3)
An optimality condition for this problem is clearly VF =0, where VF =0F /0x is the
gradient of the objective function. This is equivalent to the requirement that a function

with one variable have a zero derivative at extremum points.
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Next, consider a deterministic inequality constrained optimization problem with one

constraint:

X = argmin{ F(x) | f(x)<0 } 34)
where f(x) is the constraint. Note that a problem with the equality constraint f{x)=0 may
be reformulated into an inequality constrained problem with two constraints, f(x)<0
and - f(x)<0. In other words, we introduce two inequality constraints for every

equality constraint.

Contours of the

.,

.-” objective function

X2

Figure 3.2 Constrained optimization problems

For the constrained optimization problem in Eq. (3.4), the gradient of F(x) need not
vanish at the solution point (refered to as the design point). Instead, two cases are

possible: (1) the constraint is not active at the design point, in which case

VF =0 (3.5)
at the design point; (2) the constraint is active at the design point, in which case the
gradient of the objective function is proportional to the gradient of the constraint at the
design point. Figure 3.2, in which the minimization of an objective function with two

design variables is considered, clarifies this concept. The contours of the objective'
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function are shown as circles, while the constraint limit = 0 is shown as a line. The solid
arrows in the figure depict the gradients of objective functions and constraint functions at

certain points. At the design point x gradient vectors VF and Vf are clearly parallel,
although they point in different directions. This orthogonality at the design point between
the gradient of the objeétive function and the gradient of the constraint is written as

o VF ==, Vf (3.6)

where u, and g, are positive constants.

The two optimality conditions in Egs. (3.5) and (3.6) are combined into one equation

by first defining an auxiliary function termed the “Lagrange function:”

L(x) = py F(x)+ 41, f(x) (3.7)
where 4, and g, are denoted Lagrange multipliers. The method of Lagrange multipliers
is a traditional method of enforcing constraints in an optimization problem. This method
requires the derivatives of the Lagrange function with respect to the design variables to
be zero:

VL=pu, VF +u, Vf =0 (3.8)
With the additional requirement that either g, = 0 or f =0, both of the above cases

(active and inactive. constraint) are included. First, considering the case where the
constraint is active at the design point, Eq. (3.8) can be turned into Eq. (3.6) by letting f =

0 and g, > 0. Second, considering the case where the constraint is inactive, Eq. (3.8) can

be turned into Eq. (3.5) by setting x; = 0. In conclusion, the optimality conditions for the
problem in Eq. (3.4) read

VL=0 and u,f=0 (3.9)
where x4, f =0 implies that either x4, or f must be zero. Additionally, we must have

f<0, p,>0, and p, 20.

Turning to the case of multiple inequality constraints, the optimization problem reads
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x" =argmin{ F(x) | f(x)<0 } . (3.10)
where f(x) is the vector of constraints. In this case, one positive Lagrange multiplier is

introduced for each constraint. Consequently, the Lagrange function reads

L(x) = ptg F(X)+ iy fi(X)+ 4, [(X)+:++ p, fn(x) = Hy F(x)+pf(x) (3.11)
where p is the n-dimensional vector of Lagrange multipliers. The optimality conditions

for this case are referred to as the Karush-Kuhn-Tucker conditions, which take the form

VL=0 and pf=0 (3.12)
again with <0, u,>0, and p=>0. These are the first-order optimality conditions for

the inequality constrained optimization problem in Eq. (3.1). We note that
VL = p,VF(x ) +pVE(x") (3.13)
Additionally, we require that u, + g, + g, +---+ u, =1 for the reason of normalization,

and that all involved functions F and f are continuously differentiable (Polak, 1997).

3.1.2 The Polak-He Algorithm

The use of optimality conditions to obtain corresponding solution algorithms is addressed
by Polak (1997). The Polak-He algorithm is presented for the case of multiple objective
functions, where the objective is to minimize the maximum of the objective functions,
subject to multiple constraints. In this thesis we apply the algorithm to two cases: (1) one
objective function with one constraint; and (2) one objective function with multiple
constraints. We start with the more general latter case. The Polak-He algorithm based on

the first-order optimality conditions is introduced below.

Polak-He Algorithm

Parameters. Select parameters O<a <1, 0< <1, 0<3, O0<y.

Input Data. Input the initial design xo.
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Step 0. Seti=0.

Step 1. Compute the search direction vector h, (see below).

Step 2. Calculate the step size A, along the search direction h, using the Armijo rule
(see below).

Step 3. Update the design x,,, =X, + Ah,, replace i by i + 1, and go to Step 1.

Step 1 computes the search direction vector h; by solving a quadratic sub-optimization

problem, which is the combination of the first-order optimality conditions in Eq. (3.12).

6,(x) = —min{u,y £(x), +n[f(x), -f)]+ 5%|lu0VF(x) + qu(x)lF} (3.14)

where f(x), =max{0,f (x)}. Eq. (3.14) minimizes a quadratic function dependent on
Lagrange multipliers g, and p, subject to the linear constraint
Uy + My + 4y ++--+ u, =1. This problem is solved in a finite number of iterations, and its

solutions are g, and p’. Then, the search direction vector h; is computed using

h, = -——;—{,u;VF(x,.) VE(x)) (3.15)

The Armijo rule used in Step 2 is a line search scheme, which applies a merit function
in the step-size selection. Ideally, the step size is determined at the minimum merit
function since this leads to an optimal rate of convergence. The merit function in this case
is |

M(x,,x, + B°h,) = max{F(x, + B°h,) = F(x,) =y £(x,),,f(x, + Bh) = f(x,),] (3.16)
where s is an integer to be introduced shortly. The step-size selection must meet the
requirement of M(x;,x;,+f°h,)<af’6,. In Eq. (3.16), the parameter s is an integer
starting from the initial value 0. The parameter s increases or decreases by unit steps until

an acceptable and maximum step size is found. Finally, the appropriate step size A, is set

equal to the maximum value of £* and corresponding to the minimum merit function:
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| A, =max| B | M(x,,x,+B’h,)<ap’0, | (3.17)

The inequality constrained optimization problem in Eq. (3.1) is a nonlinear
optimization problem. Theoretically, it requires an infinite number of iterations (step 1 to
3) to converge to an optimal solution. This is not applicable‘to practical problem solving.

Usually, the Polak-He algorithm is terminated when a user-defined precision ¢ (e.g.,

107°) is reached. When two adjacent solutions are very close (||x,,, —x,[| < &), the merit

i+l
function M(x,,x,,,) and/or the value of sub-optimization 6(x;) in Eq. (3.14) is
sufficiently close to zero, the Polak-He algorithm is sfopped, resulting in an approximate
optimal solution.

It can be shown that solutions generated by the Polak-He algorithm are optimal for the

inequality constrained optimization problem. Solution x, from the Polak-He algorithm

approaches the optimal solution x_ as the number of iterations approaches infinity. Since
the Polak-He algorithm is developed from the first-order optimality conditions, the
optimality conditions in Eq. (3.12) are satisfied automatically at the point of optimal

solution. In the meantime, the sub-optimization problem in Eq. (3.14) also reaches the

. . . *
minimum value, i.e., 8(x )=0.

3.2 Semi-Infinite Optimization Problem

This section describes the first-order optimality conditions and the MOOA algorithm for

solving the semi-infinite optimization problem of the form

X =argmin{ v,(x) | w(x)<0 } (3.18)
where w,(x) is the objective function, and y(x) is the maximum value of the »-

dimensional constraints (Polak, 1997). The objective and constraint functions y are

defined by

w(x) = max y ;(x) (3.19)
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and v, j=1{0,1,...,n} is given by

y,(x)= max ¢,(x,y) (3.20)

where ihe function ¢,(x,y) is determined by the design vector x and the extra argument
y, which are all points in the domain Y,, i.e., yeY,. The design vector x is finite-
dimensional, but the number of functions ¢,(.y) is infinity because of the infinite
number of points y in the domain Y, . That is the reason for the term “semi-infinite.” An
example of function ¢,(x,y) is the negative value of limit-state function —g(x,u), in
which x is the design vector, u is the random vector (namely point y ), and domain Y, is

the standard normal space. As mentioned in Chapter 2, a positive outcome of the limit-

state function (g > 0) is defined as safe; hence the constraints — g(x,u) <0 ensure a safe

structure.

3.2.1 First-Order Optimality Conditions

First-order optimality conditions for semi-infinite optimization problems require the

involved functions ¢ . to be continuously differentiable. Additionally, the domain Y; must

be bounded and closed. Similar to Eq. (3.12), the necessary optimality conditions for

semi-infinite optimization problems are

0ed puVy,(x) and D py,(x)=0 (3.21)
J=0 j=0

where X denotes the optimal design, and Lagrange multipliers g,,---, 4, are positive-
defined. Additionally it is required that g, + 4, + 4, +---+p, =1 for the reason of

normalization (Polak, 1997).

The optimality conditions in Eq. (3.21) require that at least one constraint y (x") be

active at the optimal design point. Therefore, the value of this constraint must be zero
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(v j(x')=0), while the corresponding Lagrange multiplier must be larger than zero
(4, >0). This situation is illustrated in Figure 3.2, where the constraint /= 0 is active at

the design point x , and the objective function reaches minimum in the mean time.

3.2.2 Method of Outer Approximation Algorithm

The MOOA algorithm solves the semi-infinite optimization problem by repeatedly
solving a series of inequality-constrained problems. In these inequality-constrained
problems, progressively more vconstraints are used to get a gradually more accurate
solution (Polak, 1997). A discretization method is used to discretize the domain Y; and
produce more constraints, in which case, the domain Y; is discretized into N number of

sub-domains Y, , cY;. For example, a domain [0,1] is descretized as the sub-domain
{0, 1/4, 2/4, 3/4, 1} when N = 4. These approximate sub-domains Y, , are sequentially

constructed as the algorithm progresses. Then, the semi-infinite problem is approximated
as an inequality constrained problem with N constraints. When N equals infinity, the
solution of the inequality-constrained problem is the optimal solution of the semi-infinite

problem.

Using the above discretization method, we approximate Egs. (3.19) and (3. 20) for a

natural number N=1, 2, 3, ... as

yy(x)= @ax v, n(X) (3.22)

W (x) = max g,(x,y) (3.23)

Similar to the Polak-He algorithm, the approximation to the merit function in the

Armijo rule is denoted in the following:

My (¥, x") = max{g  (X") — W,y (X) =10y ()., ¥y (X =y (X), } (329

where y >0 is a parameter, and v, (x), = max{0,y ,(x)}.
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In addition, a quadratic sub-optimization problem 6, (x) is constructed to obtain a

search direction h
Oy (x) = min M ,(x,x+h) (3.25)
where M v(x,x+h) comes from the following definitions:
B (% X+ 1) = max {7y (6 X+ 1) =W, ()= 10 (0.5 T (6 X+ )=y, (%), } (326)
1/7N(x,x+h)=rr}ixt/7j’~(x,x+h) (3.27)
7, v (x,x+h) = yl‘gl\%f’{(bj(x,y) +(V,4,(x,y).h)+ %”h“z } j={01,..,n}  (3.28)

The search direction h is defined as

h=—Z”:,uth//j(x') (3.29)

The solutions to the sub-optimization problem in Eq. (3.25) are Lagrange multipliers

Hys -5 1, , which satisfy the requirement u, + g, + p, ++--+ pu, =1. Then, the search

direction h is computed using Eq. (3.29).

Method of OQuter Approximations Algorithm
Input Data. Input the initial discretization number N, the initial design x, , the

tolerances o, =7, =0.1/N? and ¢, , = p* - p", where 0< p<1.
Step 0. Set N= No.

Step 1. Inner approximation: Find a point y ; , in the domain Y, .

Step 2. Constraints expansion: Collect all appropriate points y,, and update the

constraint set using the corresponding constraint (X ,,y ;).

Step 3. Outer approximation: Find an approximate new design Xy.1.
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Step 4. Replace N with N + 1 and go to Step 1.

Step 1 employs the Polak-He algorithm to solve the following inequality constrained
optimization problem:

¥,y =argmin {y (x,,y) } (3.30)

The solution to Eq. (3.30) is a point y,, in the domain Y,. This step is an inner

optimization problem and is terminated when a user-defined tolerance o, is satisfied.

In Step 2, all points y,,, (j=1,---,n, k=1,---,N) from Step 1 are collected. If the
requirement max{O, P, (x,,y j,k)}> &y, s satisfied, the corresponding constraint

9,(X,,Y ;) is added to the constraint set of the semi-infinite optimization problem.

Step 3 computes an approximate new solution xys of the following inequality

constrained optimization problem using the Polak-He algorithm:

Xyy =arg min{ Wons (X) | Wy (x)<0 } (3.31)

which satisfies
Opn (Xyu) 2 -7y (3.32)
W (X)) STy (3.33)

with 6,,,(-) and v, () defined in Egs. (3.25) and (3.23), respectively.

As a nonlinear optimization problem, the semi-infinite optimization problem requires
an infinite number of iterations (steps 1 to 4) to converge to an optimal solution. In

general, the MOOA algorithm is terminated when a user-defined precision ¢ (e.g., 10°)

is reached. In this thesis, when two adjacent solutions are very close (|x,,, —x,[|< &), the
MOOA algorithm is stopped, resulting in an approximate optimal solution.

After an iteration of MOOA, Step 3 finds a solution x,,, of the approximate inequality

constrained problem. As the discretization number N increases, the MOOA algorithm
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results in a gradually more accurate solution. The optimal solution x" is reached when N

equals infinity. At the design point x°, the first-order optimality conditions in Eq. (3.21)
are satisfied; namely, at least one constraint is active at that point, and.the value of the

objective function reaches its minimum.
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Chapter4 The OpenSees Software

The OpenSees software framework (McKenna et al., 2004) serves as the computational
platform for research within the Pacific Earthquake Engineering Research (PEER) Center
and is rapidly gaining users internationally. Its source code, documentation, and

executable files are freely available on the web site http://opensees.berkeley.edu.

OpenSees was originally designed to compute the response of nonlinear structural and
geotechnical systems using finite element techniques. Haukaas and Der Kiureghian
(2004) extended OpenSees with reliability and response sensitivity capabilities for
nonlinear finite element analysis. This chapter introduces nonlinear finite element
analyses and reliability analyses in OpenSees. The response sensitivity analysis is

discussed separately in Chapter S.

The object-oriented programming approach was employed in the development of
OpenSees. The introduction of object-oriented programming has brought with it a
revolution in software development (Deitel & Deitel, 1998). This revolution is based on
the notion of standardized, interchangeable software components. These components are
called objects or, abstractly, classes. Objects are instantiated at run-time based on
specifications made by the developer in the corresponding classes. Each class, and hence
object, may contain member functions and member data. Detailed specification of the
member functions and data members is found in class interfaces. Class interfaces contain
key information necessary to understand an object-oriented software framework. Class
interfaces also facilitate the transparent nature of object-oriented programming. Their
structure is common to all object-oriented software. Armed with the knowledge of
universal syntax rules of the programming language such as C++, a user is able to
understand.the software architecture of a specific object-oriented framework. Such |
software design has extensibility and maintainability as its integral feature. The
programming language C++ is employed in this thesis for the purpose of object-oriented

programming.
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4.1 Nonlinear Finite Element Analysis

This section introduces the OpenSees software framework for the nonlinear finite
element analysis as detailed in the OpenSees Command Language Manual (Mazzoni et
al., 2005). Element, section, and material objects used in this thesis are emphasized, as is

the fundamental knowledge needed for the case studies in Chapter 7.

OpenSees consists of a set of modules, which create a finite element model, specify an
analysis procedure, analyze the model, and output the results. A complete finite element
analysis involves four main types of objects, as shown in Figure 4.1. The ModelBuilder
object establishes the finite eiement model by defining the nodes, elements, loads, and
constraints. The Analysis object performs simple static linear analyses or transient
nonlinear analyses. The structural response, such as the displacement history at a node or
the entire state of the model at each load step, is recorded and output by the Recorder
object. The Domain object stores the model created by the ModelBuilder object and

provides model information for the Analysis and Recorder objects.

Holds the state ofthe model
attimetand ¢ +dt)

[ModelBuilder}—| Domain J«—{ Analysis |
A

Constructs the objects in ~ Moves the model from
the model and adds state at ime t to state at
themto the domain. time t+dt

| Recorder |

Monitors userdefned
parameters in the model
during the analysis

Figure 4.1 Principal OpenSees objects (Mazzoni et al., 2005)

Figure 4.2 shows the relationship among elements, sections, and materials. In general,
‘a structure is comprised of many elements. Each element is divided into several sections,
while each section consists of several materials, such as steel and concrete materials.
Elements, sections, and materials have their own properties, which are described in the
following paragraphs. Hence, the structures created by them can exhibit different types of

behaviour, such as linear elastic and nonlinear behaviour.
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material

force-deformation
(stress-strain)

Figure 4.2 Element, section and material relationship (Mazzoni et al. 2005)

One type of element objects is the elastic beam-column element, elasticBeamColumn,
which is described by the following main parameters: cross-section area 4, Young’s
Modulus £, and the second moment of area I. Moreover, there are basically two types of
nonlinear beam-column elements: the displacement-based element, dispBeamColumn,
and force-based elements, including beamWithHinges and nonlinearBeamColumn. The
beamWithHinges element follows the flexibility formulation and contains an elastic
“interior and two plastic hinges at the each ends. The parameters to construct this element
are pre-defined sections at two ends, ratios of the hinge length to the total element length,
cross-sectional area A, Young’s Modulus E, and the second moment of area I. The
parameters A, E, and I are used for the elastic interior, which has linear-elastic .properties.
Two plastic hinges represent the inelastic regions, in which forces and deformations are
sampled at the hinge midpoints using mid-point integration. A nonlinearBeamColumn
element spreads the distributed plasticity along the element and follows the force
formulation. A dispBeamColumn element is a displacement-based beam-column element,
which has distributed plasticity with linear curvature distribution. To describe these two

elements, pre-defined sections and a number of integration points along the element are
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required. The integration along the element is based on the Gauss-Lobatto quadrature

rule, with two integration points at the element’s ends.

A section object defines the stress resultant force-deformation response at a cross
section of a beam-column or of a plate element. There are three types of sections: elastic
section, defined by material and geometric constants; resultant section, which is a general
nonlinear description of force-deformation response (e.g. moment-curvature); and fibre
section, which is discretized into smaller regions for which the material stress-strain
response is integrated to produce resultant behaviour (e.g. reinforced concrete) (Mazzoni
et al., 2005). A fibre section has a general geometric configuration formed by sub-regions
of simpler, regular shapes (e.g. quadrilateral, circular, and triangular regions) called
patches. In addition, layers of reinforcement bars can be specified. The subcommands
patch and layer are used to define the discretization of the section into fibres. Individual
fibres, however, can also be defined using the fibre object. During generation, the fibre
objects are associated with material objects, which enforce Bernoulli beam assumptions
(Mazzoni et al.,, 2005). Two examples of fibre sections are shown in Figure 4.3 to
describe a circular section and a rectangular section.
4y
cover patch cover patch r
/

f/ core patch

core patch

*

“steel layer steel layer

radius

Figure 4.3 Fibre-section examples (Mazzoni et al., 2005)
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There are several material objects in OpenSees. This thesis uses the uniaxialMaterial
object, which represents uniaxial stress-strain or force-deformation relationships
(Mazzoni et al., 2005). As a uniaxialMaterial object, the Elastic-Perfectly Plastic (EPP)
material constructs an elastic-perfectly plastic uniaxial material object. Several
parameters used in this object are tangent E, yield stress or force in tension FyP, and
yield stress or force in compression FyN. By setting FyP = 0, the Elastic-Perfectly Plastic
material can be used to simulate concrete material, as shown in Figure 4.4. The steel
material, Steel0l, is used to construct a uniaxial bilinear steel material object with
kinematic hardening and optional isotropic hardening (Mazzoni et al., 2005). This
material neéds the following parameters: yield strength F), initial elastic tangent E, and

hardening ratio « . This material object is also illustrated in Figure 4.4.

stress or4 stress or4
force force
Fyp- akF
E
FyP . .
strain or - strain or
E deform. deform.
-4 FyN ~q-Fy
EPP Steel01

Figure 4.4 Elastic-perfectly plastic material (F,P =0) and Steel0] material

4.2 Reliability Analysis

This section focuses on the implementation of the reliability analysis based on the work
of Haukaas and Der Kiureghian (2004). A ReliabilityDomain object was added to the

Domain object, while a ReliabilityAnalysis object was included in the Analysis object of
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OpenSees. An overview of some of the objects/classes in the reliability analysis module

is shown in Figure 4.5.

A

ReliabilityDomain » ReliabilityAnalysis

2 & A

[C——————— ] —— M - ————fr———=—=——
; - |
randomVariable : probability Transformation || !| runFORMAnalysis :
1 | I || I -
-~ correlation | gFunEvaluator ! ! runSORMAnalysis |}
I | I || ,l —!
randomVariablePositioner : gradGEvaluator : : runSamphrllgAnalys1s :
. | L I ; 7!
parameterPositioner : searchDirection : : runOutCrossingAnalysi :
: I 1 || ; ; !
performanceFunction : stepSizeRule : : runFOSNIIAnalyms :
| ' 1 |
I Y I -
modulatingFunction ! rootFinding : ! runSysterflAnalysw !
1 T | - - |
filter 'l meritFunctionCheck || | runGFunVllenalys1s |
I | L Il ' - i
spectrum || reliabilityConvergencCheck || | runFrag111TyAnalys1s i
| | I (|
| startPoint ! e :
| ] | .‘\
! findDesignPoint : A \
I I | “Analysis Types”
|| randomNumberGenerator |!
| I |
: findCurvatures :
| |
| I

_ “Anal};s\is Tools”
Figure 4.5 Software framework for reliability analysis in OpenSees
(Triangle symbol denotes the relationship between base class and
subclasses, while the diamond symbol denotes analysis tools)

Three categories of classes are Ipresent in Figure 4.5. First, the ReliabilityDomain
contains model data. A randomVariable object creates random variables in several ways,
by given the random variable type, the mean, the standard deviation, etc. A correlation

object specifies the correlation coefficient between random variables. A
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randomVariablePositioner object and a parameterPositioner object map random
variables and parameters into a finite element model. A performanceFunction object
defines the limit-state function, also called the performance function, using an ekpression.
This expression may include random variables, design variables, and the structural
response from the finite element analysis. To create stochastic ground motion input in
OpenSees, the discretized random processes is used as a time series object. A
modelatingFunction object, a filter object, and a spectrum object are used to simulate this

random process.

The next category in Figure 4.5 is the “analysis tools,” used for reliability analysis in
OpenSees. This framework of analysis tools makes use of the concept of object-oriented
programming, which allows the “base classes” to promise feature that is implemented by
the “sub-classes.” In this manner, several implementations are made available for each of
the analysis tools. For instance, a number of sub-classes are available to evaluate the
limit-state function, and OpenSees only executes the sub-class that is specified by the
user. This illustrates the extensibility feature of OpenSees: new algorithms to perform

various analysis tasks are implemented without modifying the software framework.

A probabilityTransformation object transfers random variables between the original
space and the standard normal space. The Nataf model is applied in the current
implementation. A gFunEvaluator object computes the value of limit-state functions for a
given realization of the random variables. A gradGEvaluator object evaluates the
gradients of limit-state functions with respect to the random variables. Currently, two
‘altematives are available: the finite difference method and the direct differentiation
method. Both are described in Chapter 5. A serachDirection object computes the search
direction vector when finding the most probable point (MPP) in the algorithm. Current
implementations include the iHLRF algorithm, the Polak-He algorithfn, the sequential
quadratic programming algorithm, and the gradient projection algorithm. A stepSizeRule
object obtains an appropriate step size along a search direction using the line search
scheme. A simple algorithm uses the fixed step size throughout the search, and the

alternative algorithm employs the Armijo line search algorithm. A rootFinding object is
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- used by the gradient p;ojection search algorithm to visualize the limit-state surface. A
meritFunctionCheck object checks the value of merit fuhction and determines the
suitability of a step size. A reliabilityC‘onvergenceCheck object checks the convergence
when searching for the MPP. One criterion determines the closeness of the MPP to the
limit-state surface; another criterion determines how closely the gradient vector points
towards the origin in the standard normal space. A startPoint object provides the starting
point when searching for the MPP; it can also serve as‘the centre of the sampling density
in an importance sampling analysis. Usually, the analysis starts from the mean of the
random variables, the origin of the standard normal space, or user-defined values. A

| findDesignPoint object searches for the MPP using a step-by-step' search scheme. The
search direction is determined by the serachDirection object, and the trial point is
determined by computing the step size along this search direction using a line search
scheme. A randomNumberGenerator object is used in the sampling analysis. The
standard library function in the programming language C++ is used in this object. A
findCurvature object is required in the second-order reliability analysis. It finds the

curvatures of the limit-state surface at the MPP.

The third category in Figure 4.5 shows eight analysis types in the reliability module of
OpenSees. The users are required to specify some necessary analysis tools before
executing these analysis commands. OpenSees prints corresponding information to a file
or a computer monitor, thereby allowing the users to monitor the reliability analysis
process. Foilowing a successful analysis, OpenSees outputs the results into a user-

specified file. In this thesis, the first-order reliability analysis (runFORMAnalysis) and

the importance sampling analysis (runSamplingAnalysis) are employed in case studies in
Chapter 7.




Chapter 5 Response Sensitivity for Nonlinear Structures

Response sensitivity is essential in reliability-based design optimization (RBDO) when a
gradient-based approach is employed. Reliability analysis requirés the gradient of the
limit-state function with respect to the random variables when searching for the most
probable point. The optimization analysis requires the gradient of the objective function
with respect to the design variables to satisfy the first-order optimality conditions. When
it comes to the optimization of real-world structures, where the finite element method is
employed, the RBDO algorithms require finite element response sensitivities to be

available.

Two response sensitivity methods are described in this chapter: the finite difference
method (FDM) and the direct differentiation method (DDM). The derivations below
follow Haukaas and Der Kiureghian (2004, 2005). The negative effects of the response
gradient discontinuity are remedied using two methods, smooth material models and

section discretization, which make possible the RBDO for nonlinear structures.

5.1 Finite Difference Method

The FDM consists of perturbing the values of model parameters, re-evaluating structural
responses, and finally obtaining a finite difference estimate of the gradient vector. A

typical equation of the FDM is

OF(0) F(0+A0)—F(0-Af)
00 200

(5.1)

where @ is the model parameter representing a material, geometry, or load parameter,
F(0) is the response function evaluated by the finite element analysis, and A@ is the
perturbation. This form of the FDM requires two additional executions of the response

function for each parameter.
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- A simplified FDM is the forward finite difference method, which is similar to Eq.
(5.1), but requires only one additional execution of the response function for each
parameter. It has the form:
OF(0) F(0+A0)-F(0)
00 AQ
Egs. (5.1) and (5.2) indicate that the FDM is not efficient because of additional

(5.2)

executions of the response function for each derivative. In addition, the accuracy of the
gradient depends on the selection of the perturbation factor of each parameter, which is a

challenging task.

5.2 Direct Differentiation Method

The DDM consists of analytically differentiating the response equations and
implementing them inside the finite element code. Therefore, the DDM computes
response sensitivities alongside the response estimate without additional response
computations. The DDM differentiates the equilibrium with respect to a genetic model

parameter 6. For inelastic static analyses, the equilibrium equation requires internal

forces P to equal external loads P at a pseudo-time ¢,

P (u,)=P" (5.3)
where P is a function of the displacement vector u,, and the subscript , denotes a
quantity at time ¢,. By differentiating Eq. (5.3) with respect to 8 and rearranging, we

obtain:

ou, P> oPV

n —_—

"00 86 00 o, et

(5.4)

where K, = 0P, /du, is the algorithmically consistent stiffness matrix, and du, /98 is

the desired displacement sensitivity for reliability and optimization analyses. du, /08 is




solved after every convergence of the equilibrium Eq. (5.3). The computation of du, /06

is efficient since Eq. (5.4) is linear with respect to du, /06 .

The derivative of internal force for the fixed current displacement appears in Eq. (5.4)
and is assembled over all elements based on the strain-displacement matrix B, the stress

vector o, and the element stiffness matrix k.

P

u, ﬁ«"ed:UJ‘QPI (Elu" Sfixed o, n n% u, fixed nn _66- €, ﬁxed)dx (55)

where U denotes assembly over all elements, and Q, denotes the domain of each

element. The differentiation of the element integration is also required in the assembly.
When parameter & represents material properties, the derivative of the internal force is
assembled from derivatives of stress at each material point for the fixed current strain.
Then, Eq. (5.5) can be simplified as follows:
op"
06

Two important issues are considered in the implementation of the DDM. Firsf, the

oo

— T n
u, ﬁxed—U.[QdB" 60 €, fixed dX . (56)
response sensitivity ou,/06 must be solved at each load increment for inelastic

materials since sensitivity computations require history variables and their derivatives to
be computed and stored at each increment. In each sensitivity computation, the material

routine is called twice because the derivative of the stress 06/06|, 4., in Eq. (5.6) is

conditioned upon fixed strain at the current increment only. The first call obtains the
derivative of the stress conditioned upon fixed stain, and the second call computes and
stores unconditional derivative of the history variables when displacement and strain

sensitivities are obtained.
Second, d6/00|, ;,, must be assembled over all inelastic material points to compute

opP™ / 00|, e since all components of the displacement sensitivity ou/06 are
generally not zero. The strain sensitivity dg/08 in the finite element domain is not zero,

and thus 06/06|, ., is also not zero at all material points after the first load step
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because O0gc/00 enters the derivatives of the history variables. For further details, see

Haukaas and Der Kiureghian (2004).

5.3 Object-Oriented Implementation in OpenSees

The FDM and the DDM are implemented in OpenSees based on the object-oriented
software architecture. Figure 5.1 shows the framework of response sensitivity in
OpenSees. The finiteDifferenceGradGEvaluator utilizes the GfunEvaluator object to
compute the value of limit-state functions for perturbed parameters and then to calculate
the response gradient using the FDM. The OpenSeesGradGEvaluator makes use of the
DDM implementation in OpenSees. Two new classes are applied to sensitivity
computations: the 'sensitivity algorithm and the sensiﬁvity integrator. The sensitivity
a(gorithm computes response sensitivities with respect to all desired parameters.

Currently, two options are available for the sensitivity algorithm: the computeAtEachStep

gradGEvaluator
| |
OpenSeesGradGEvaluator finiteDifferenceGradGEvaluator
GFunEvaluator
ittt .
Sensitivity Integrator Sensitivity Algorithm

[ ] | |

dynamic | |static| [computeAtEachStep| | computeByCommand

Figure 5.1 The framework of response sensitivity in OpenSees
(Triangle symbol denotes the relationship between base class and
subclasses, while the diamond symbol denotes analysis tools)
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option is used in all dynamic analyses and all inelastic analyses, while the
computeByCommand option is used in elastic static analyses. The sensitivity integrator
assembles the right-hand side of Eq. (5.4) for each parameter for either szatic analysis or

dynamic analysis.

The DDM computes response sensitivities at each equilibrium state of an inelastic
static analysis. After the finite element 'analysis converges at a pseudo-time ¢, the
sensitivity algorithm is used to compute response sensitivities and update the tangent
matrix. The sensitivity algorithm iterates over all parameters for which response
sensitivities are desired, and performs the following operations: First, parameter & in the
finite element domain is “activated” to obtain correct contributions from element, section,
material, node, and load objects. Second, the sensitivity integrator assembles the right-
hand side of Eq. (5.4) and collects contributions from the objects of the finite element
domain. Next, Eq. (5.4) is solved to obtain the displacement sensitivity du/d8, and the
results are stored in the node objects. Finally, all material objects are called by the
sensitivity integrator to store unconditional derivatives of history variables through
element and section objects. Stain sensitivities are computed based on the displacement

sensitivity by using ordinary kinematic equations.

As part of the finite element reliability analysis, the reliability module maps random
variables and design variables to the finite element module and receives structural
responses and response sensitivities from the finite element module. The mapping
procedure updates the value of model parameters in the finite element model each time
new random variables and design variables are available. It also identifies parameters to
ensure that correct contributions to response sensitivity computations are assembled.
Three member functions are used in the classes containing desired model parameters: a
member function identifying the parameters, a member function updating the value of the
parameters, and a member function dctivating the parameters for response sensitivity

computations.

Two objects are involved in the mapping procedure: the randomVariablePositioner

object (as part of the reliability analysis) and an object (e.g., a material object) in the
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finite element domain. The randomVariablePositioner object makes use of the object
from the finite element domain as its data member. The detail mapping procedure is
described as follows. First, the setParameter method in the finite element object creates a
link between relevant random variables and the parameter in the finite element object.
Then, when the reliability analysis updates the random variables in the finite element
model, the update method of the randomVariablePositioner object and the
updateParameter method of the finite element object are called upon update the values of

the model parameters using new random variables from the previously created link.

5.4 Continuity of Response Gradients

In the nonlinear finite element analysis it is common to employ material models with
sudden transitions from elastic to plastic response. As discussed’ in Haukaas and Der
Kiureghian (2004), this may lead to discontinuities in response sensitivities. This also has
an adverse effect on the convergence to the most probable point in reliability analysis. In
this thesis we emphasize the potential negative effect of the optimization analysis. In fact,
the effect of gradient discontinuities due to sudden transitions from elastic to plastic
response is dramatically detrimental to the performance of the optimization algorithm.
This is because (1) the proof of convergence of the optimization algorithms requires
continuously differentiable limit-state functions; (2) the discontinuities in the gradient
may cause the algorithm to stall; and (3) the abrupt changes in the gradient may cause ill-
conditioning (even though it is theoretically acceptable) and hence slow convergence to a
solution. This leads to the conclusion that the issue of gradient discontinuities is even
more important in the RBDO analysis than in the search for the most probable point in
the stand-alone reliability analysis. It is stressed that the noﬁconvergence or slow
convergence problems are expected since the assumption of continuous differentiability
is violated. In fact, all standard nonlinear programming algorithms will experience

difficulties when applied to such inappropriate problems.
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In the following subsections, two remedies are introduced to solve discontinuity

problems in response sensitivities.

5.4.1 Smooth Material Model

To avoid gradient discontinuities at yielding, the original bi-linear material model is
replaced with a smoothed version developed by Haukaas and Der Kiureghian (2004). The
bi-linear material model contains an elastic range and a plastic range. Unloading is
assumed to be elastic. The tangent stiffness is £ in the elastic range and aF in the plastic
range, where 0 < a < 1. The yield strength Fy identifies at the transition between elastic
and plastic states. In the smooth material model, a circular segment is used to smooth the

transition between the elastic and plastic response state. The tangent stiffness of the

stress/force 4
Fy r——7~  aE
— p
~

/ 7y -

E

strain/deform
—_ }/Fy _j/
/ =
1 ] _ Fy
— — — — original bi - linear model ——— smoothed material model

Figure 5.2 Bi-linear steel material model smoothed with circular segment
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circular segment coincides with those of the elastic and plastic ranges at intersection
points. The smoothed stress-stain curve and its tangent stiffness are thus continuous. The

circular segment starts from y-Fy in the stress-strain curve, where the parameter is
0 <y <1. Figure 5.2 illustrates how the bi-linear steel material model is smoothed with a

circular segment. Haukaas and Der Kiureghian (2004) also show that the overall response
does not change significantly as a result of smoothing. They recommend the selection of

parameter ¥ > 0.8 to avoid results that differ significantly from those obtained with the

bi-linear model.

It is ‘demonstrated in Haukaas and Der Kiureghian (2004) that the smooth material
model leads to continuity in response sensitivities. To compute response sensitivities
using the DDM approach, Haukaas and Der Kiureghian (2004) differentiate the DDM
equations for the smooth material model and implement them in OpenSees. They also
present several examples to show that the smooth material model successfully avoids the

response sensitivity discontinuity problem in the reliability analysis.

5.4.2 Section Discretization Scheme

The section discretization scheme discretizes the element cross-section into smaller
regions or fibres. The uniaxial material response for éach fibre is integrated to produce
approximately smooth behaviour. The use of this section discretization scheme makes the
nonlinear structural response “approximately continuously differentiable” to meet the

requirement of the RBDO algorithms.

The section discretization scheme takes advantage of the fibre section object in
OpenSees. The fibre section is ideal for defining a reinforced concrete section: 1-2 top
and bottom fibres of the concrete cover using normal strength concrete, 10-20 side fibres
of the concrete cover using normal strength concrete, 10-20 fibres of the concrete core
using higher strength confined concrete, and several layers of reinforced bars. Examples

of such fibre section are shown in Figure 4.3.
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The sectior; discretization scheme makes the structural response approximately
continuously differentiable. During the finite element analysis, individual fibres pass the
yield point and enter the plastic range one by one. Each fibre-is only a small part of the
whole cross section. The discontinuity of one fibre affects the property of the whole
section, but the effect becomes progressively smaller as the number of fibres in the whole
section increases. Thus, theoretically, the discretized cross section possesses continuous
properties when the section is discretized by an infinite number of fibres. Practical studies
in this work suggest that approximately‘ 20 fibres are sufficient to avoid convergence
problems. It is emphasized, however, that a smooth material model must be employed for
the reinforcing steel, since this is represented by a single fibre layer that is not affected by

an overall increase in the number of fibres in the cross-section.
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Chapter 6 Implementation of Reliability-Based Design

Optimization

Two decoupling approaches for reliability-based design optimization (RBDO) problems
are implemented in this chapter: a decoupled sequential approach using the method of
outer approximations (DSA-MOOQOA) and a simplified decoupled sequential approach
(DSA-S). The two approaches employ the same problem reformulation, which is
presented below. The algorithms that are used in the DSA-MOOA approach and the
DSA-S approach are also detailed. Finally, OpenSees is extended in light of these

optimization capabilities through object-oriented programming.

6.1 Problem Reformulation

The RBDO problem in Eq. (1.2) minimizes the initial design cost plus the expected cost
of failure subject to reliability and structural constraints. Let x be the vector of design

variables. Then, this problem takes the form (see Chapter 1)

x* =argmin{ c,()+c;(0p,(x) | 100, p)Sp, | 6.1)
where c,(x) is the initial cost of the design, c,(x) is the present cost of future failure,
p;(x) denotes the probability of failure for one failure event, f(x) are deterministic

constraints, and p, is the upper bound on the probability of failure.

The solution algorithm for Eq. (6.1) requires the functions involved, c,(x), ¢;(x), and
f(x), to be continuous, and the constraint set f(x) to be closed and bounded. Since the
failure probability p,(x) is involved in both the objective and constraint functions, the

failure probability is also required to be continuous. Royset et al. (2002) have proven that

this is the case in realistic design problems.
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The problem in Eq. (6.1) is computationally difficult since the failure probability,
which depends on the design variables, is defined in terms of a high-dimensional integral
over the domain of random variables. Royset et al. (2002) replace the failure probability
p,(x) with parameter a, which is updated during the optimization analysis to develop a
computationally feasible problem. This parameter is included in an augmented design
vector X =(x,a) and appears as an added constraint of a reformuiated optimization

problem, which reads:

X = argmin{c,(x) + ¢, (a | f(x) <0, p, () =a,0<a < 3 | (6.2)

Royset et al. (2002) have proven that Egs. (6.1) and (6.2) have identical global optimal

solutions when some assumptions are satisfied.

Because the gradient of the true failure probability is unavailable, it is problematic that
the failure probability still appears among the constraints. This is addressed by making
use of concepts from the first-order reliability method (FORM). As outlined in Chapter 2,
the FORM estimate of the failure probability is py= ®(-f), where the reliability index Bis |
the minimum distance from the origin to the limit-state surface g=0. To this end, the

equality constraint p (x)=a in Eq. (6.2) is replaced by constraint y =0, where is
the negative value of the minimum of limit-state function g within a hyper-sphere of

radius — @' (a) . Hence, the problem is now reformulated into the form

% = argmin{ c, (%) + ¢, (X)a| £,(0 <0,y (X)=0,0<a<p | 6.3)
where
w(x)=- min {g(xu)} . (6.4)
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with B(0,7)={u | ||ul<r}, where r=-®7'(a).' It should be stressed that this
reformulation is motivated by the desire to cast the optimization problem in a semi-
infinite form, thereby allowing it to be solved using the method of outer approximations
(DSA-MOOA). Thfs is because the constraint i =0 in fact represents an infinite number
of constraints, one for each point within the hyper-sphere. In this thesis we also
demonstraté that a simplified approach (DSA-S) can be used to solve the problem by only

including one constraint to enforce y =0.

If a FORM appfoximation of the failure probability is acceptable, then the

reformulation of the constraint p(x)=a in terms of the function y is correct should

the parameter » be equal to — ®~'(a). However, when the limit-state function g(x,u) is
prescribed in terms of reéponse quantities from a nonlinear finite element analysis, then
the limit-state function is nonlinear. To account for such nonlinearity, a correction factor ¢
is introduced: r =—®~'(a)¢. The start value of the auxiliary variable ¢ is unity, and it is

updated during the optimization analysis.

Eq. (6.3) is a semi-infinite optimization problem with equality constraints. As
described in Chapter 3, the available algorithms address problems with inequality
constraints. Hence, a more suitable problem formulation is obtained by converting the

equality constraint into an inequality constraint:

% = argmin|c,(x) + ¢, (V| {(X) <0,y (®) <0,0<a< p, | (6.5)

Royset et al. (2002) have proven that replacing the equality constraint in Eq. (6.3) by an
-inequality constraint does not alter the solution. This proof assumes that the failure cost is

positive, and that the origin in the standard normal space is in the safe domain. The

' The solution algorithm requires that the solution domain of Eq. (6.3) remain fixed. This is obviously not
the case because r varies in the optimization process. In the computer implementation, this problem is
solved by applying the u=ri transformation, where W is the solution domain that remains a ball of unit

radius, namely 4 € B(0,1) .
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former assumption is trivially satisfied, and the latter one is generally satisfied due to the

high reliability of structures.

Eq. (6.5) is the final reformulation of the original problem. If the limit-state funct’ion is
linear or if the FORM approximation of the failure probability is acceptable, then ¢ is set
at 1 and the reformulated problem in Eq. (6.5) has the same solution as the original
problem in Eq. (6.1). This is proven by Royset et al. (2002). Moreover, the method of
outer approximation (MOOA) algorithm to solve the semi-infinite problem in Eq. (6.5)
has convergence proofs (Polak, 1997). Hence, we are guaranteed tol find a converged

solution for our final approximate problem in Eq. (6.5).

However, the first-order approximation of the reliability problem may be a poor
assumption when the limit-state function is highly nonlinear. That is, in nonlinear finite

element reliability problems, the parameter a from the first-order approximation does not

equal the probability of failure p (x) from a more precise reliability analysis (for

example, importance sampling). To be able to deal with these cases, we solve the final
approximate problem through updating the value of the parameter ¢. The parameter ¢
starts from unity and is updated during the optimization analysis to account for the
nonlinearity in the limit-state function. In this manner, approximate solutions are

obtained with increasing accuracy as the algorithm proceeds. Specifically, the parameter ¢
is updated by multiplying with the correction factor ®~'(a)/ @' (B ,(x)). The philosophy
behind this update is that if p (x)>a, then the constraint ¥ <0 in the final approximate
problem allows the limit-state surface {u|g(x,u) = 0} to come too close to the'ori'gin in
the u-space, thus requiring the radius of the ball associated with y to be increased. The
increase of the ball radius is obtained by increasing ¢. If p,(x)<a, then the limit-state

surface is required to be too far away from the origin in the u-space by the constraint

w <0, and the size of the ball must be reduced (i.e., ¢ is reduced).
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6.2 DSA-MOOA Approach

In this thesis we employ solution algorithms that are termed “decoupled” and
“sequential.” The justification for the decoupled characterization is that any reliability
method can be used to obtain a more precise estimate of the failure probability than the
FORM analysis. The justification for the sequential characterization is that the
optimization analysis in Eq. (6.5) and the reliability analysis in Eq. (6.4) are solved
repeatedly and in sequence to address the bi-level problem in Eq. (6.1). The reliability
constraint is updated for each optimization analysis in Eq. (6.5). It is stressed that the
decoupled approach allows flexibility in the choice of optimization aigorithm and

reliability computation method.

In this section we present the implementation of the DSA-MOOA approach developed
by Kirjner-Neto et al. (1998) and Royset et al. (2002). It makes use of the prdblem
formulation in Eq. (6.5). Figure 6.1 presents a flow chart of the DSA-MOOA algorithm,
which consists of iterations at several levels. Upon the initialization of design x and

parameters a and ¢, the top level iteration includes three tasks:

Al. Update design vector x and auxiliary variable a.

A2. Compute failure probability p (x) using a method that is more accurate than
FORM.

A3. Update parameter t.

This procedure is repeated until the design vector x, the auxiliary design variable a, and
the parameter ¢ stabilize. Usually, 5 to 15 iterations (Al to A3) are needed to reach a

satisfactory solution.

Task Al consists of obtaining updated values of x and a by solving the semi-infinite
optimization problem in Eq. (6.5). The user can choose any suitable algorithm for this
purpose. The MOOA algorithm is employed in the current OpenSees implementation. In
this algorithm, the ball B(0,1) is discretized into a finite number of points, uy, u, ..., ux,

in the following manner: approximate the constraint <0 by N constraints
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g(x,~®'(a)-t-u )20, j=12,.,N and solve the resulting standard nonlinear

inequality constrained problem. In task Al, the MOOA algorithm consists of three
iteratively performed tasks (B1-B3):

xos IA)fs N’ p9 8|’ 82
i=0, j=0 ¢,=1 aozf’fa X, =(Xy,a,)

A 4

A1 — Update design x and variable a

B1 - Inner approximation
min{g(x,u) || u | {-®"'(a)] <0

\ 4

v, (®=-g(x-0" ()u,)

v uj ’ Wj (i)
. B2 - Constraints expansion

\4

if y,(X)>p’-p"

y V(¥
B3 - Outer approximation

min ko0 + ¢ (0af(0) <0, (x,a)<0,0<a< p, |

Jj=Jj+l

Yes

X

v lier @

i+]

A2 — Compute failure probability 7,

v i@ P(x0)
A3 - Update parameter ¢

Lin = tiq)‘l(am)/q)_l(ﬁf (X;11))

\

No Yes - -
i=i+] ta -t <5 Optimal design

Figure 6.1 Flow chart of DSA-MOOA approach
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B1. Inner approximation: Obtain the minimum value of the limit-state function
within the ball B(0,—®'(a)t) and the corresponding random vector u ; using the Polak-
He algorithm. In this thesis, the negative value of the limit-state function at the vector u ;

is denoted as y . Terminate the Polak-He algorithm when tolerance — o, is satisfied.

Here, o, =0.1/N? is a user-defined series, c,, =0 as N — .

B2. Constraints expansion: Update the constraints by accumulatively storing

solutions u; from task BI for which solution y ; exceeds p’—p", where p is a user-

defined parameter usually set at 0.5. In this manner, the number of constraints
represented by w <0 evolves during these iterations. We have observed that these

constraints are simply a collection of points u; for which the limit-state function is

required to stay positive in task B3.

B3. Outer approximation: Solve the constrained optimization problem in Eq. (6.5)
using the Polak-He algorithm. The number of constraints in this problem is equal to the
number of structural constraints, plus the N constraints added by the previous item and

the single constraint a< p,. The result is a new augmented design vector X =(x,a).

According to proofs presented by Polak (1997) for the MOOA algorithm, an “exact”

solution is found if the discretization number N approaches infinity.

Tasks B1, B2, and B3 are repeated until the optimality conditions are satisfied
according to a user-defined precision tolerance. Typically, 75 to 150 iterations are
required to find the optimal solution. These tasks are described in further detail in
subsections 6.2.1-6.2.3, in which we focus on the connections between the particular

problems discussed in this chapter and the general algorithms discussed in Chapter 3.

One important advantage of DSA-MOOA -approach is reiterated, namely that the
reliability and optimization calculations are decoupled, thus allowing flexibility in the
choice of optimization algorithm in task Al and reliability computation method in task
A2. In addition to the MOOA algorithm, Polak (1997) provides a pre-defined

discretization scheme to solve the semi-infinite problem in task Al. Similarly, the user is
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free to estimate the failure probability in task A2 by selecting a suitable computational
reliability method such as the second-order reliability method, Monte Carlo sampling, or
importance sampling. This selection depends on the desired accuracy in satisfying the
probability constraint p (x) < p,. For example, an importance-sampling scheme with a

required 1-2% coefficient of variation of the sampling result is an appropriate‘choice if

the user wants a high degree of confidence that the reliability constraint is satisfied.
Typically, users require the structural reliability to be very high. In effect, the failure
probability p,(x) is very small. The DSA-MOOA approach may experience numerical
difficulties caused by the potential difference in orders of magnitude between a and the
other design variables x. For this reason, in our - implementation the parameter
b=-®""(a) is used in place of a. With reference to Eq. (2.9), we note that b is a
~ substitute for fhe reliability index f, in the same way that a is a substitute for the failure
probability p(x). In conclusion, the optimization in DSA-MOOA approach is over the

design vector (x, b).

6.2.1 B1 - Inner Approximation

Given design x and parameters a and ¢, task B1 solves the following reliability problem:

u,=u = argmin{g(x, u)| ||u“2 -r’<0 } (6.6)

J
where r =—®'(a)-¢. This problem is equivalent to Eq. (6.4). The result is a random
vector u’, or u; (for ™ discretization point). The corresponding constraint

w,; =-g(x,ru;) is the minimum of the limit-state function within a ball of radius r.

The Polak-He algorithm described in Chapter 3 is used to solve Eq. (6.6), an inequality
constraint optimization problem with a single constraint. The fact that there is only a
single constraint simplifies the optimization process. The values and gradients of

functions F and f'in Eq. (3.1) are
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F(x,u)=g(x,u),  VF(x,u)=Vg(x,u) (6.7)
few) == -7, Vfi(xu)=2u (6.8)
The first step searches for the direction vector h; by solving a quadratic optimization
problem &,(x) in Eq. (3.14), subject to linear constraint g, +u =1. By setting
4, =1—u, and substituting Eqgs. (6.7) and (6.8) into Eq. (3.14), this sub-optimization
problem can be simplified as
6,(x) =—min{yf (x,u,) - g [f (x,u,) - f(x,u,), + f,(x,u,)]

2 6.9)
+2—1§-|]Vg(x,u,.)+yl[2u,.—Vg(x,u‘.)]|} (6.9)

AEq. (6.9) can be solved by V8,/Vy, =0, and has the following solution:

[}f(X,ll,-) - f(*’ui)+ + fi(x;ui)] - éVg(x,u,.)[2u,. - Vg(X,lli)]
ut = - ' (6.10)
—5—[2u,. - Vg(x,u,.)]2

v

[
»

0 u=1H

Figure 6.2 y; solutions for inner approximation using the Polak-He algorithm

whenever the right-hand side of Eq. (6.10) has a value in [0,1]. Otherwise, the solution of

Eq. (6.9) is either g, =0 or u =1, whichever yields the lowest value for the objective
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function in Eq. (6.9). Three types of solutions are illustrated in Figure 6.2. Finally, the

search direction is

h, =—[0- 4 Vexu)+ 2uu, ] 6.11)

The second step finds an appropriate step size A, along the search direction h; using
the Armijo rule. Then, the random vector u,,, is replaced by u,,, =u, + A,h; and is used

as the input data for the next iteration.

For task B1, the Polak-He algorithm requires an infinite number of iterations before it

converges to the optimal solution u’. However, we terminate the Polak-He algorithm

when user-defined tolerance —o, =—0.1/N? is satisfied. N starts from 1 and goes to
infinity, so o, starts from the larger tolerance 0.1 and goes to 0 as N increases. Since

high accuracy is only needed when approaching the design point, a high tolerance in the

beginning of task B1 s acceptable and can save computational time.

| 6.2.2 B2 - Constraints Expansion

Task B2 first collects the u; and y;(X) from the inner approximation (task B1) into a

matrix. For N discretization points, we have an N-column matrix, in which each column

contains random variables u; and v ;(X) of the form

ul e uj o uN
_ _ _ (6.12)

i@ e (X)) Yy (X)
Second, task B2 assembles the reliability constraints set (X), which includes the
constraint y,(X) at the origin (u, = 0) in the whole assembling procedure. The reason to
include the constraint at the origin is to make sure y,(X)=-g(x,0)<0, ie,

g(x, 0)> 0, which is the requirement of problem reformulation in subsection 6.1. Task

B2 updates reliability constraints by accumulatively storing solutions u; when y;(X)
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exceeds p’ —p". pe(0,1) is a user-defined parameter set at 0.5 in the current

implementation. p’ — p" is a positive series and approaches zero when j approaches N.

Fiﬁally, the reliability constraint set y/(X) has the following form:

u, =0 u, u
W, () <0 v, (X)>p' -p"

j cen uN

V= v,X)>p’ -p" wy(X)>0

(6.13)

In this manner, the number of constraints represented by w(X) evolves with the

increase in the number of discretization points. These constraints are simply a collection

failure domain
g<0, ¥, 20
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| Figure 6.3 Reliability constraints set v (X)
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of points u; for which the limit-state function is negative in task B2 but is required to

stay positive in task B3. Hence, the result of task B2 is an expanded constraints set y(X),
which enters task B3 for outer approximation. From the above description, we know that
the number of columns of matrix y(X) is less than or equal to N+1. Figure 6.3 illustrates
the procedure used to assemble reliability constraints set y(X) by collecting all of the

points in the failure domain in the standard normal space.

6.2.3 B3 - Outer Approximation

Given the objective function c,(x)+c;(x)a, m deterministic constraints f(x)<0, n
reliability constraints y(X) <0, and an extra constraint a < p,, task B3 solves Eq. (6.5)

and updates design x and parameter a. This task is also solved using the Polak-He
algorithm. As opposed to task B1, the number of constraints in task B3 is greater than
one. In fact, the number of constraints increases during the analysis. According to Polak
(1997), in the Polak-He algorithm a quadratic sub-optimization problem with linear

constraints must be solved to obtain the search direction h,. This is currently addressed

by linking the quadratic programming software LSSOL (Gill et al., 1986) to OpenSees.

For a fixed number (g=m+n+1) of constraints, Eq. (6.5) is an inequality-constrained
problem. If the Polak-He algorithm is applied to task B3, functions F and f'in Eq. (3.1)

have the following form:

Objetive function F(X)=c,(x)+c;(x)a
Deterministic constraints f,(X) = f,(x), -, f,,(X) = f,,(X)

Reliability constraints f,,,(X) =y,(X), f,,.. ) =y, (X), -, f,.,. X)) =, (X)
Extra constraint S X)=a-p, ‘

(6.14)

The first step searches for the direction vector h; by solving a quadratic optimization

problem




. - — _ 1 _ — 2
6, =—min{u,y f(X,), +4,[f(X), —f(x,.)]+5“,u0VF(xi)+ 1 VER)| } (6.15)
where f(X)= ~f|n?x ] [, f(X), = max{O, f (i)}. Note that 6, is a quadratic problem
J€L 24,9

dependent on Lagrange multipliers (4,4, +-,4,) subject to linear constraints

Mo+ 4y +-+-+ g, =1. Eq. (6.15) cannot be solved in the same way as Eq. (6.9) in the

inner approximation, so it is instead solved using the quadratic programming software
LSSOL (Gill et al., 1986) or the Matlab OPTM toolbox (Matlab, 1999). LSSOL is used
in the current implementation of OpenSees since it is a collection of FORTRN 77
subroutines and is faster than the equivalent “Quadprog.m” in thé Matlab code. In this
thesis, the constrained least-squares problem “LS2 Type Objective Function” is used and

stated in the following form:

. ‘ 1 7
minimize F(p)=g'p + 5||b ~ Gp”z,
M
(6.16)
subject to LS{ a }SU
Cpn

where p=[pu,, ;, -+, ,uq]T, general constraints C=[1, 1, -++,1],44» vectors L and U are
the lower and upper bounds for all the variables and general constraints, respectively:
L=][0, 0, ""1]j+. and U =[], 1, ---,l]:+l . The constraints in Eq. (6.16) are equivalent to
the constraints in Eq. (6.15):
O<upy; <1, j=0),-,9 617)
Mo+ i+t py =1

We refer to G as the least-square matrix and to vector b as the vector of observations,

here b = 0. The objective function in Eq. (6.16) is equivalent to the objective function in

Eq. (6.15), given the following vector g’ and matrix G:
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g’ =[f®), — F&).-f&) ~ f&),-f&)

aF(ii) i af,(i,) afq(i‘.)
ET x0T (6.18)
lr®) . ¥E) AE)
Oa, oa, oa,

LSSOL can solve Eq. (6.15) in a finite number of iterations and find the solution to

R =[pg, 4, -+, 1" . Finally, the search direction is
1] . 7 .
h, =~ VFE)+ Y 19f,(%,) - (619)
Jj=1

The second step finds an appropriate step size A, along the search direction h, using
the Armijo rule. Then, a new design is found by x,,, =x, + 4h, and used as input data
for the hext iteration.

Like the inner approximation, the Polak-He algorithm may require an infinite number
of iterations before it converges to the optimal solution X for Eq. (6.5). In our analysis,
we terminate the Polak-He algorithm when

—0y SOy, (Xy,) O (6.20)
O<yy. (xXyu)sSoy (6.21)
with 8,,,(-) and y,,,(-) defined in Eqgs. (3.25) and (3.23), respectively. The definition of
o, =0.1/N? is the same as for the inner approximation, which starts from larger

tolerance and goes to 0 as N increases. This is reasonable here since the accuracy of the
semi-infinite optimization algorithm gradually increases with the increase in the
discretization number and since high accuracy is only required when approaching the

design point.

In task B3 we need to evaluate three functions and their gradients with respect to the
augmented design variable vector X: the objective function, structural constraint

functions, and reliability constraint functions.
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de(X)+¢c()a]  A(x) Oy (X) _oy(X)ad

b

ox ox - 0x od & 6 22)’
ey +e(Xa] A yE _dy(E ad '
oa * da ’  Oa od Oda

where y is the negative value of the limit-state function g, dw/dd is easily found

because g is a simple algebraic expression in terms of d, and o0d/0x are response
gradients. Again, the existing FDM or DDM implementations in OpenSees are used to

obtain the required response gradients.

In conclusion, the MOOA algorithm solves a series of inequality-constrained problems
in tasks Bl and B3. As the discretization number N increases, the MOOA algorithm
results in a gradually more accurate solution x. The optimal solution x~ is reached when
N equals infinity. At the optimal point, the value of the objective function reaches its
minimum, and the first-order optimality conditions in Eq. (3.21) are satisfied. Thereforé,
one of reliability constraints is active and equal to zero at the optimal point. This means

that the reliability analysis finds the most probable failure point (MPP) u_, at the optimal

design point, shown in Figure 6.3.

6.3 DSA-S Approach

This section develops a DSA-S approach by combining the problem reformulation in
Section 6.1 with the findings of Du and Chen (2002) and Agarwal and Renaud (2004).
However, the reformulated optimization problem is defined as an inequality constrained
optimization problem with a single reliability constraint as opposed to infinite constraints
in the DSA-MOOA approach. In this study, a deterministic optimization problem in Eq.
(6.5) is first solved to find a new design x. Second, a reliability analysis is performed to
update the reliability constraint based on the new design x. This sequential iteration is

repeated until a consistent design is obtained.

Convergence cannot be proven mathematically for the DSA-S approach, since the

failure probability used for the deterministic optimization analysis is obtained from the
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last iteration. However, the DSA-S approach is still attractive because a consistent design
is obtained at a considerably lower computational cost. The computational time of
discretization in the DAS-MOOA approach is saved since there is only one reliability
constraint. Another advantage of the DSA-S approach is the decoupling of the reliability
and optimization calculations. It is flexible in selecting optimization algorithms and

reliability computation methods.

Xos DPyps &5 &

i=0, j=0, t,=1 a,=p,, X,=(xXy,4,)

i 4

C1 - Update design x and variable a

D1 — Deterministic optimization analysis
r(nir)1{c0 )+ (Xaf(0) <0,p(x,a)<00<a<p |

v X%a
D2 —Reliability constraint update

min{g(x,u) ||| u " 4{-@' (a)]’ <0}

y(X)=-g(x,-@™ (a)ru)

\ 4

j=Jj+1

Yes

X

v i+1’a

i+]

C2 - Compute failure probability 7 (x)

iy ti’ai+l ’ 5/(xi+l)
C3 - Update parameter ¢
g = tiq)_] (am)/q)_‘ (l~7f (Xi1))

Y

No Yes - ) -
i=i+1 ta—t] <6, Optimal design

Figure 6.4 Flow chart of DSA-S approach
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Figure 6.4 presents a flow chart of the DSA-S approach, which consists of iterations at
several levels. Upon the initialization of design x and parameters a and ¢, the top level

iteration includes three tasks:
C1. Update design vector x and auxiliary variable a.

C2. Compute failure probability p,(X) using a method that is more accurate than

FORM.
C3. Update parameter t.

Tasks C2 and C3 are same as tasks A2 and A3 in the DSA-MOOA approach. The top
level iteration is repeated until design vector x, auxiliary design variable a, and parameter
t stabilize. Usually, 5 to 15 iterations (C1 to C3) are needed to reach a consistent

reliability based design.

Task C1 updates values of x and a in two steps: deterministic optimization analysis and
reliability constraint update. These are described in tasks D1 and D2, respectively. In the

current implementation, the Polak-He algorithm is employed to solve these two tasks.

D1. Deterministic optimization analysis: The inequality constrained optimization
problem in Eq. (6.5) is solved using the Polak-He algorithm. The constraints in this

problem include several structural constraints, one reliability constraint y(X)<0, and
an extra constraint a< p f'. The result is a new augmented design vector X =(X,a).

During the first iteration, the random variables -are set equal to their mean values, and
parameter a is set as p,. The Polak-He algorithm is terminated when user-deﬁned
tolerance ¢ is satisfied. Task D1 is similar to task B3 in the DSA-MOOA approach with
only one reliability constraint and fixed high tolerance. Task D1 also needs to solve a
quadratic sub-optimization problem with linear constraints using the quadratic
programming software LSSOL (Gill et al.,, 1986) or Matlab OPTM toolbox
“Quadprog.m” (Matlab, 1999).

D2. Reliability constraint update: Obtain the minimum value of the limit-state

function within the ball B(0,—®'(a)t) and the corresponding random vector u using
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the Polak-He algorithm. Then, the reliability constraint is updated with the new random
vector u. Terminate the Polak-He algorithm when the user-defined tolerance ¢ is
satisfied. Task D2 is similar to task Bl in the DSA-MOQOA approach with fixed high

tolerance.

Tasks D1 and D2 are repeated until both design variables and random variables are

consistent. In other words, the calculations are terminated when me —X,.“S£,

|u,, —u,|<& and/or i=i,, where & is a predefined positive parameter and i, is the

maximum number of iterations. Typically, 3 to 10 iterations (D1 to D2) are required to

find an optimal solution.

6.4 Object-Oriented Implementation in OpenSees

~ Implementation of RBDO procedures for finite element applications poses a number of
challenges to the software developer. First, the software must be able to incorporate new
developments and features as research progresses. Second, the interaction between the
finite element, reliability, and optimization procedures must be robust and efficient. For
instance, it is required that realizations of random variables and design variables be
repeatedly mapped into the finite element model. Additionally, the response and response
gradients must be accurately and efficiently computed in the finite element model and
returned to the reliability and optimization algorithms. OpenSees has turned out to be an
ideal software platform for this purpose. This is mainly due to the object-orientéd
software architecture that throughout the evolution of OpenSees has kept focus on

maintainability and extensibility.

To implement‘ the RBDO, five new objects were added into the ReliabiltyDomain,
while two new analysis types (runDSA-MOOAAnalysis and runDSA-SAnalysis) were
added to the original ReliabilityAnalysis object. As shown in Figure 6.5, the present
optimization work adds designVariable, designVariablePositioner, objectiveFunction,

costFunction, and constraintFunction objects to the ReliabilityDomain. A designVariable
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object defines design variables by given their start points. A designVariablePositioner
object is used to map the design variables into structural properties in the finite element
model. The objectiveFunction, costFunction, and constraintFunction objects are user-
defined expressions. A costFunciton object is used to create functions that are
subsequently combined into an expression for an objectiveFunction object. A
constraintFunction object may be expressed using various quantities including design

variables and structural response quantities from an OpenSees finite element analysis.

ReliabilityDomain

<

designVariable costFunction objectiveFunction

constraintFunction| |designVariablePositioner

Figure 6.5 New objects for optimization analysis in ReliabilityDomain
(The diamond symbol denotes analysis tools)

In Figure 6.6, two new “analysis types” added to OpenSees are named runDSA-
MOOAAnalysis and runDSA-SAnalysis. They are the orchestrating algorithms introduced
in this thesis. The runDSA-MOOAAnalysis is the top level of the DSA-MOOA approach
and is responsible for obtaining the optimal design by orchestrating tasks Al to A3. The
runDSA-SAnalysis is the top level of the DSA-S approach and is responsible for
obtaining the optimal design by orchestrating tasks C1 to C3.

Three new “analysis tools” are also implemented: NonlinSinglelneqOpt,
NonlinMultilneqOpt, and LinMulﬁInerpt. These are so-called base classes that promise
features but do not contain actual implementations. Any number of sub-classes may be
implemented to perform the promised features. This illustrates the extensibilify feature of
OpenSees: new algorithms to perform various analysis tasks can be implemented without
having to modify fhe software framework. The base class NonlinSingleIneqOpt promises
to solve tasks B1 and D2. The sub-class implemented for this base class is named

PolakHeNonlinSingleIneqOpt. Similarly, the base class NonlinMultilneqOpt promises to
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solve tasks B3 and DI. The . current subclass implementation  is
PolakHeNonlinMultilneqOpt. As mentioned above, in tasks B3 and D1 a quadratic sub-
thimization problem with linear constraints is solved to find the search direction. This is
fulfilled by the base class LinMultilneqOpt. Currently, subclass LSSOLLinMultilneqOpt

is available in the implementation of OpenSees.

Reliability Analysis
runDSA-MOOA Analysis |- runDSA-SAnalysis
NonlinSinglelneqOpt | NonlinMultiIne'qut
PolakHeNonlinSingleInerpt PolakHeNonlinMultilneqOpt

<

evaluateFun| |evaluateGradFun| |evaluateFun||LinMultilneqOpt| |evaluateGradFun

N

LSSOLLinMultilneqOpt

Figure 6.6 Software framework for optimization analysis in OpénSees
(Triangle symbol denotes the relationship between base class and
subclasses, while the diamond symbol denotes analysis tools)

The category of “analysis tools” also contains classes such as evaluateFun and

evaluateGradFun. The evaluateFun object evaluates the values of objective functions,
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cost functions, and constraint functions. The evaluateGradFun object evaluates the

gradients of objective functions, cost functions, and constraint functions.

Optimization module

evaluateFun evaluateGradFun
_ o
[eo(X) +¢;(X)al, £, (x) Aey() +¢(x)a] F,(0)
. oxX ox
\ 4
NonlinSinglelneq| ., .| NonlinMultilneq |, | runDSA-MOOA Analysis /
Opt i Opt g runDSA-SAnalysis
og oy
pf’g’au Py, ox Py
u,x u,Xx
A A
Reliability P Finite element
module h 404 od _module
"Ou’ Ox

Figure 6.7 Interaction between optimization, reliability, and finite element module

Of particular interest in this implementation is the interaction between the above
algorithms and the existing analysis tools in OpenSees. Implementations were already
available to map random variables u and design variables x into the finite element model
and the reliability module, as well as to obtain response and response sensitivities. Figure

6.7 schematically shows the interfaces among the optimization algorithm, the finite
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element module, and the reliability module in OpenSees. Given design vector x and
random vector u, the finite element module can compute response d and response

sensitivities dd/0u and od/0x with respect to random variables and design variables,

respectively. The reliability module can return failure probability p,, limit-state function
value g, and gradients dg/du with respect to random variables and dg/0x with respect
to design variables. Function y in Figure 6.7 is the negative value of limit-state function

g. Inside of the optimization module, evaluateFun and evaluateGradFun objects can
provide the values and gradients of the objective functions, cost functions, and constraint
functions. Response sensitivity methods FDM and DDM in Chapter 4 are used to

compute such gradients.
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Chapter 7 Numerical Examples and Case Studies

In this chapter, the new implementations in OpenSees are demonstrated by performing
reliability-based design optimization (RBDO) of a real-world structure. The structure
under consideration is a six-storey reinforced concrete building that serves as a design
example in the Canadian Concrete Design Handbook (Cement Association of Canada,
1995). Three structural models are considered: (1) a linear elastic model, where the
elements are modelled using the elasticBeam element of OpenSees; (2) a nonlinear
model, where the elements are modelled using the beamWithHinges element of
OpenSees; and (3) a nonlinear model, where the elements are modelled using the
nonlinearBeamColumn element of OpenSees with fibre-discretized cross-sections. The
response of the building is assessed using the static “pushover” analysis. The limit-state
function is specified in terms of the total drift of the structure. The objective is to
minimize the total expected cost of the design, given structural constraints and reliability
constraints. Moreover, this study compares the convergence performance and the
computation time for the algorithms and structural modelsvpresented herein. In particular,
convergence problems may occur in the algorithms that address the inner and outer
approximation problems described in the previous chapter. For example, a scaling of the
involved functions is required when the Polak-He algorithm is used to address these
problems. We also observe that the computational time is increased when redundant
(inactive) constraints are added. Such experience from the hands-on optimization analysis

is valuable for users of the developed software and is reported below.

7.1 Six-Storey Ductile Moment Resisting Frame

Consider a six-storey reinforced concrete frame building located in Vancouver, Canada
(Cement Association of Canada, 1995). The building has seven bays with 6m spacing in

the North-South (NS) direction and three bays (two office bays with 9m spacing and a
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central 6m corridor bay) in the East-West (EW) direction. The interior columns are all
500x 500mm, while the exterior columns are all 450x450mm. The beams of both NS and
EW frames are 400mm widex 600mm deep for the first three storeys and 400x550mm
for the top three storeys. Concrete with mean strength f,= 30MPa is used throughout,
and the reinforcement has mean yield strength Jy = 400MPa. The Canadian Concrete
Design Handbook (1995) specifies that the frame is designed as a ductile moment
resisting frame with R =4.0, where R, is the ductility force modification factor that

reflects the capacity of a structure to dissipate energy through inelastic behaviour.
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Figure 7.1 Ductile moment-resisting frame model
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This thesis aims to optimize the design of the columns and beams of this ductile
moment resisting frame. For this purpose, we consider linear and nonlinear pushover
analyses of the second EW frame. The finite element model and the applied loads are

illustrated in Figure 7.1.

The load case of “1.0xdead load + 0.5xlive load + 1.0xearthquake load” is considered
in the analysis. We consider dead loads and live loads as deterministic. The lateral loads
from ground motion have lognormal distribution. Their means and coefficients of -

variation are shown in Table 7.1.

Table 7.1 Vertical loads and lateral loads (c.o.v. indicates the coefficient of variation)

Loads Mean c.0.v. Type Description

H, 28490 kN 0.15 lognormal | random lateral load on floor 1
H, 48950 kN 0.15 lognormal | random lateral load on floor 2
Hs 70070 kN 0.15 lognormal | random lateral load on floor 3
H, 89100kN | 0.15 lognormal | random lateral load on floor 4
H;s 109780 kN 0.15 lognormal | random lateral load on floor 5
Hs 131890 kN 0.15 lognormal | random lateral load on roof
P, 108000 kN N/A N/A deterministic vertical load

P, 105000 kN N/A N/A deterministic vertical load

P 96000 kN N/A N/A deterministic vertical load |
Py 184000 kN N/A N/A deterministic vertical load

Ps 178000 kN N/A N/A deterministic vertical load

Ps 182000 kN N/A N/A deterministic vertical load

7.1.1 Case 1: Elastic Analysis using elasticBeam Elements

In earthquake engineering it is common to assess the structural capacity using inelastic
pushover analysis. As a reference, a linear elastic analysis is also performed. In this
thesis, the elasticBeam element of OpenSees is used for the linear elastic analysis. This

type of element contains a linear elastic material model, without any yield limit. The
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“equal displacement principle” shown in Figure 7.2 is employed to compute the total

inelastic displacement d,, subject to the lateral seismic force ¥ . The solid line in the

figure denotes the inelastic response. The corresponding linear system, signified by the .

dashed line, applies equivalent lateral seismic force Ve =V xR and results in the same

displacement d, .

VoA Correspoinding linear system

V,=V-R

e

~ et e e

&V

d

e

R d,
Figure 7.2 Equal displacement principle

In the linear case, 12 design variables are collected in the vector
x=(b,h,b,,h,,b,,h,,b,,h,,b,hs,be b ), as defined in Table 7.2. A total of 48 random

variables describing the loading and material properties are collected in the vector
v=(H,H,,H,,H,,H,,H,E\,---,E,;), where H,, H,, Hy, Hs, Hs, and Hs are the

equivalent lateral loads from the first storey to the roof, respectively. E; to Es; represent
the modulus of elasticity of the concrete material for all 42 elements. We assume that all
random variables are lognormally distributed with the means and coefficients of variation
listed in Table 7.3. Random variables H; to Hg are correlated with the correlation
coefficient of 0.7, while random variables E; to Es; are correlated with the correlation

coefficient of 0.7.
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Table 7.2 Definition and initial values of design variables for Cases 1 and 2

Variable | Initial Value Description

bix hy 0.45x0.45m | width and depth of exterior columns of first three stories

byx hy 0.45x0.45m | width and depth of exterior columns of top three stories

bs3x h3 0.50x0.50m | width and depth of interior columns of first three stories

bax hy 0.50x0.50m | width and depth of interior columns of top three stories

bsx hs 0.40x0.60m | width and depth of first three stories’ beams

bex hg 0.40x0.55m | width and depth of top three stories’ beams

Table 7.3 Statistics of random variables in Case 1 (c.o.v. indicates the coefficient of

variation, and c.c. indicates the correlation coefficient)

Variable Mean c.0.v. | C.C. Type Description
H 4x28490 kN | 0.15 lognormal | equivalent lateral load on floor 1
H, 4x48950 kN | 0.15 lognormal | equivalent lateral load on floor 2
H 4x70070 kN | 0.15 0.7 lognormal | equivalent lateral load on floor 3
H, 4x89100 kN | 0.15 lognormal | equivalent lateral load on floor 4
H;s 4x109780 kN | 0.15 lognormal | equivalent lateral load on floor 5
Hs 4x131890 kN | 0.15 lognormal | equivalent lateral load on roof

E\~Egp | 24648 MPa | 0.15 | 0.7 | lognormal | modulus of elasticity of concrete

The reliability problem for the frame is defined in terms of the limit-state function

g(d(x,v))=23.1x0.02-d, : (7.1)
where 23.1m is the height of the frame, 0.02 is the maximum limit of the drift ratio, and

d . is the roof displacement.

In this thesis, our objective is to achieve a frame design that minimizes the total
expected cost, given specific constraints. For this purpose, we model the initial cost of

design and the cost of failure in terms of the total volume of the members. The cost of
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failure is assumed to be five times the volume of the members. This leads to the

following objective function:
6 6
| Dbk Li+p(x)5-) bh-L (7.2)
where L; represent the total lehgth of the members in each of the six categories identified

in the design vector, while b; and 4; are cross-sectional dimensions. The reliability

constraint is prescribed as p (x) <0.00135, which implies a minimum reliability index

of 3.0. The structural constraints are prescribed to be 0 < b;, h; and 0.5 < bi/h; < 2 to

ensure positive dimensions and appropriate aspect ratios, where i =[1, 2, 3, 4, 5, 6].

A stand-alone finite element reliability analysis using elasticBeam elements was
performed. For initial values of the design variables in Table 7.2 and mean realizations of
the random variables in Table 7.3, the lateral displacement at the roof level was 238mm.
The corresponding drift ratio was 238/23100 = 1.03%, which was less than the limit of -
2%. A first-order reliability analysis (FORM) resulted in a reliability index = 3.646 and

corresponding failure probability p (x,)=0.000133, which is acceptable accordh;g to

the prescribed reliability constraint. The total expected cost of the initial design in terms

of volume was 54.062m’.

The first optimization analysis was performed using the DSA-MOOA approach. This
approach starts from the semi-infinite optimization analysis (task A1), which iteratively
updates the constraints represented by y and obtains improved designs for ¢ = 1. These
were identified earlier as taéks B1 to B3. In this case, the limit-state function was linear,
since a linear relationship exists between the random variables and thel response quantity
droor. Convergence was achieved within 1 to 3 iterations for task B1, and within 1 to 10
iterations for task B3. After discretizing the ball usiﬁg the method of outer approximation
(MOOA) algorithm by 75 points—after 75 loops of task B1 to B3—the algorithm
repeatedly produced the same design. This was taken to indicate convergence. At the

optimal design there were five reliability constraints. The tolerance of this solution to the

“true” converged solution was o, =0.1/75> =1.78x10”. The total expected cost was
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reduced from 54.062m’ to 38.701m’, while the failure probability was 0.00135, which
satisfied the reliability constraint. Then, an importance sampling analysis based on the
new design variables was performed in task A2 to get the “real” failure probability with a
2% coefficient of variation of the sampling result. The results were 38.711m” for the total
cost and 0.00140 for the failure probability. This difference was acceptable, and the
RBDO was stopped after one top level of iteration (tasks Al and A2). This was due to the

linear nature of the problem.

The second optimization analysis was performed using the DSA-S approach. The
algorithm started with task Cl, which sequentially completed a deterministic
optimization analysis and then found a new reliability constraint for # = 1. These were
identified earlier as tasks D1 and D2. Similar to the DSA-MOOA approach, the
convergences within tasks D1 and D2 was achieved quickly—within 1 to 30 iterations for
task D1 and within 1 to 6 iterations for task D2—since the limit-state function was linear.
We used the same tolerance as with the DSA-MOOA to judge whether convergence was
achieved (i.e., £=0.1/75"=1.78x10”). The optimal design was achieved after three
loops of tasks D1 and D2. The DSA-S approach and the DSA-MOOA approach gave the

same design: the total expected cost was 38.701m’

and the failure probability was
0.00135. In the next task, C2, we got the same solution as in task A2 in the DSA-MOOA
approach using importance sampling with a 2% coefficient of variation of the sampling

result. We accepted this as the optimal design and terminated the analysis.

Table 7.4a Results from RBDO analysis for Case 1

t b, h b, hs b3 h3 by ha bs hs

1.000 | 0.45 | 045 | 045 | 045 | 0S5 0.5 0.5 05 |. 04 0.6

0.236 { 0.471 | 0.213 [ 0.426 | 0.358 | 0.716 | 0.294 | 0.588 | 0.311 | 0.622

Table 7.4b Results from RBDO analysis for Case 1 (continued)

t bs hs a ﬁ Cotca | ¢+ Cfﬁ

1.000} 0.4 | 0.55 [ 0.000133 } 0.000141 | 54.062 | 54.064

0.261 [ 0.522 { 0.00135 | 0.00140 | 38.701 | 38.711
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Tables 7.4a and 7.4b show the results obtained from the two implemented approaches.
The presented results include the value of the 12 design variables, the auXiliary parameter

a, the failure probability p, from the importance sampling with a 2% coefficient of
variation, and the total expected costs corresponding to @ and p,. The first rows show

the values of the initial design, while the second rows show values of the optimal design.
The two approaches produced the same solution, although the DSA-MOOA approach

guaranteed convergence with a first order approximation, while the DSA-S approach did

not.
1.0 . , . . ; 7
7
0.9 | e e Sy firomme oo ,/ """""
- n e
08 i S A P i
il o
g | e
[ H y i ) |
S 06 s RN A . N
3 ; oo
S5l o S
TR S N S A— —
0.3 - ,/ — (1) Original mean point |--
2 ,/ “i| ===-(2) Original MPP
. /,/ — (3) Optimal mean point
0.1 /4 A e e (4) Optimal MPP
// i ; -; !
0.0 T T i i 1
0.00 0.08 0.16 0.24 0.32 0.40 0.48

Roof Drift (m)
Figure 7.3 Structural responses for Case 1 (load factor versus roof displacement)
| at: (1) the mean point of the initial design; (2) the MPP of the initial design; (3)
the mean point of the optimal design; and (4) the MPP of the optimal design.
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Figure 7.3 shows the structural response of four characteristic realizations of désign
variables and random variables. The response at the mean realization of the random
variables for the initial (original) design is shown as the thin solid line. As expected, this
response is linear. At the most probable failure point (MPP) of the initial design, the
structural response is still linear, but reaches the 2% of drift limit 0.462m, as prescribed
by the limit-state function. The structural response at the mean realization of random
variables for the optimal design is shown as the thick solid line. The response is linear,
but has a larger displacement than in the initial design, which is consistent with the
failure probability of the structure increasing from 0.000133 to 0.00135. Finally, the
structural response at the MPP of the optimal design is linear and reaches 2% of the drift
limit. The optimal design has an acceptable reliability, but a lower total expected cost.

This serves as an indication of the usefulness of the RBDO approach.

Table 7.5 Comparison of computational time for Case 1

DSA-MOOA DSA-S
DDM FDM DDM FDM
g 555 8559 147 1227
g with 9g/ou 80 N/A 8 N/A
g with 9g/ox 347 N/A 58 N/A
Importance Sampling 112486 112607

It is of interest to compare the computational cost of two implemented approaches,
particularly with respect to which method is being used to compute the response
gradients, the direct differentiation method (DDM) or the finite difference method
(FDM). For this purpose, Table 7.5 lists the number of calls to the limit state function,
which is a key indicator when studying computation time. The DDM method is much
more efficient in computing gradients than the FDM method. For example, the DSA-
MOOA approach requires 555 single limit-state function calls, 80 limit-state function
calls together with the computation of dg/0ou, and 347 limit-state function calls together
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with the computations of 8g/dx. Thus, altogether 982 limit-state function calls are
required for the DDM method. On the other hand, the FDM method computes the

gradient using one extra limit-state function evaluation for each random variable and
'design variable. Thus, the total number of limit-state function calls required for the FDM
method is 555, as well as 80 times the number of random variables (48) and 347 times the
number of design variables (12). Finally, 8,559 limit-state function calls are required,
which is much more than needed for the DDM method. The two approaches require a
similar number of simulations to compute the failure probability using importance

sampling, shown in the last row of Table 7.5.

The DSA-S approach, which requires 213 (147+8+58) limit-state function calls,
appears to be more efficient than the DSA-MOOA approach, which requires 982 limit-
state function calls for the DDM method. The key reason for this is that only one
reliability constraint is maintained in the DSA-S approach, while the DSA-MOOA
approach expands reliability constraints step by step when discretizing the ball with more

points.

7.1.2 - Case 2: Nonlinear Analysis using beamWithHinges Elements

In this section we perform a nonlinear pushover analysis by using the beamWithHinges
element of OpenSees. We consider the plasticity to be concentrated at over 10% of the

element length at the element ends. The elastic properties are integrated over the beam

plastic hinge linear elastic plastic hinge
left node o \ l j O right node
0.1L 0.8L 0.1L
I: 1 >t :I

Figure 7.4 beamWithHinges element
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interior, which is considered to be linear elastic. Forces and deformations of the inelastic
region are sampled at the hinge midpoints. A bi-linear or smooth uniaxial material is used
in the plastic hinge region to model the moment-rotation relationship. A typical

beamWithHinges element used in this thesis is illustrated in Figure 7.4.

As in the linear case, 12 design variables shown in Figure 7.2 are collected in the

vector x = (b,,h,,b,,h,,b,,h,,b,,h,,bs,hs,be,hg). 48 random variables are collected in
the vector v=(H,,H,,H,,H,,H;,H,E,,---,E,,) to describe loading and material

properties. We assume that all random variables are lognormally distributed with the
means and coefficients of variation listed in Table 7.6. Random variables H; to Hg are
~ correlated with the correlation coefficient of 0.7, and random variables E; to E4 are
correlated with the correlation coefficient of 0.7. The limit-state function and the
objective function are as defined in Eqgs. (7.1) and (7.2). The reliability constraint and

structural constraints are as prescribed for the linear structure.

Table 7.6 Statistics of random variables for Case 2 (c.o.v. indicates the coefficient of

variation, and c.c. indicates the correlation coefficient)

Variable Mean c.o.v. | c.c. Type Description
H. 28490 kN | 0.15 lognormal | lateral load on floor 1
H, 48950 kN 0.15 lognormal _ lateral load on floor 2
H; 70070 kN | 0.15 0.7 lognormal | lateral load on floor 3
H, 89100kN | 0.15 lognormal | lateral load on floor 4
H;s 109780 kN | 0.15 lognormal | lateral load on floor 5
Hs 131890 kN | 0.15 lognormal | lateral load on roof
Ei~E4 | 11097 MPa | 0.15 0.7 | lognormal | modulus of elasticity of concrete

A stand-alone finite element reliability analysis was performed. The bi-linear material

model was employed to model the plastic hinges. The stiffness of cross-section was

evaluated by EI = Ebh’ /12, where b and h were the width and the depth of the section,
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and the value of E was smaller than in the linear case because of considering concrete

cracking. For all columns, the yield stain €,=0.84, and the strain hardening factor
a=0.5. For all the beams, the yield stain £, =0.52, and the strain hardening factor

a =0.3. At the mean realization of thé random variables in Table 7.6 and with the initial
design in Table 7.2, the lateral displacement at the roof level was 131mm. The
corresponding drift ratié was 131/23100 = 0.57%, which was less than the limit of 2%. A
reliability analysis using the FORM resulted in a reliability index £ = 3.536 and the
corresponding failure probability p ;(X4)=0.000203, which satisfied the prescribed

reliability constraint. The total expected cost of the initial design was 54.080m’.

The first optimization analysis was performed using the DSA-MOOA approach with
the bi-linear material model. As outlined previously, the algorithm starts with the semi-
infinite optimization analysis (task Al). In this case, the convergence within task B3 was
achieved for the first few iterations, namely when the number of constraints represented
by w was low. However, the algorithm in task B3, the PolakHeNonlinMultilneqOpt,
exhibited progressively Slower convergence as the number of constraints increased. In
fact, this problem made the algorithm grind to a halt. The presence of gradient
discontinuities due to sudden yielding events of the bi-linear material models was taken

to be the reason for this problem.

As a remedy to the above problem, a smoothed version of the bi-linear model
introduced in Chapter 5 was substituted. A circular segment in a normalized stress-strain

plane that started at 80% of the yield strength, ¥ =0.8, was employed to smooth the bi-

linear material as illustrated in Figure 5.2. Remarkably, the analysis proceeded without
any of the convergence problems described above. Convergence was achieved within 1 to
6 iterations for task B1, and within 1 to 65 iterations for task B3. This led us to conclude
that the presence of a non-smooth response surface due to sudden yielding events was a
serious impediment to the performance of the algorithm. Similar problems were also
observed in the stand-alone reliability analysis. However, in our exi)erience the problem

was significantly amplified in the optimization analysis context.
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After discretizing the ball in the MOOA algorithm by 75 points, or after 75 loops of
tasks B1 to B3, the algorithm repeatedly produced the same design. At the design point,

there were 12 reliability constraints. The tolerance of this solution to the “true” converged
point was o, =0.1/75% =1.78x10°. The total cost was reduced from 54.080m’ to

37.108m°, and the failure probability was 0.00135, which satisfied the reliability
constraint. In the next task, A2, importance sampling based on the new design variables
was performed to get the “real” failure probability with a 2% coefficient of variation of
the sampling result. The results were 37.127m? as the total cost and 0.00146 as theA failure
probability. The difference between the two failure probabilities (0.00135 from task Al
and 0.00146 from task A2) shows the nonlinearity of the structure. In task A3, parameter
t was updated, and the top level of the iteration (tasks Al to A3) was repeated. After two
more loops of tasks A1 to A3, the differences of failure probabilities between task Al and
A2 were reduced and accepted, and the RBDO was stopped. The final total cost was
37.197m’, and the failure probability was 0.00135.

The second optimization analysis was performed using the DSA-S approach with the
smooth material model. The algorithm started with task C1. Convergence was achieved
within 1 to 109 iterations for task D1, and within 1 to 13 iterations for task D2. We used
the same tolerance to judge the consistent design (i.e., £=0.1/75% =1.78x107). The
consistent design was achieved after four loops of tasks D1 and D2. The DSA-S approach
and the DSA-MOOA approach gave the same design: the total cost was 37. 108m’ and the
failure probability was 0.00135. In the next task, C2, the DSA-S approach produced the
same solution as task A2 in the DSA-MOOA approach using importance sampling with a
2% coefficient of variation. As in the DSA-MOOA approach, the top level of iteration
(tasks C1 to C3) was repeated for two more loops, producing consistent designs. The
optimization procedure was stopped at the total cost of 37.197m’ and the failure
probability of 0.00135.

Tables 7.7a and 7.7b show the results obtained from the two implemented approaches.
The presented results include the value of 12 design variables, the auxiliary parameter a,

the failure probability p from the importance sampling with a 2% coefficient of
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variation, and the total expected cost corresponding to a and p . The first rows show the
values of the initial design, while the following rows show values of the optimal design.
In each of these iterations, the parameter t is updated to account for nonlinearities in the
limit-state function. After the first iteratiqn, the value of ¢ was updated as
1.0x®7"(0.00135)/®'(0.00146) =1.0077. The analysis was carried out for two more
iterations. No appreciable difference in the design was observed. In the last row of the
table, a and p converge to the same acceptable value, 0.00135. In effect, the objective

functions have reached the minimum value: 37.197m’. Hence, the design variables in the

last row of the table can be accepted as the optimal design.

Table 7.7a Results from RBDO analysis for Case 2

t b h b, hy b; h3 b4 h4 bs hs
1.000 | 0.45 | 045 [ 045 [ 045 | 05 0.5 0.5 0.5 0.4 0.6
1.0077 | 0.246 | 0.491 | 0.200 | 0.399 [ 0.316 | 0.631 | 0.289 | 0.577 | 0.323 | 0.645
1.0089 [ 0.246 | 0.492 | 0.200 | 0.400 { 0.316 | 0.632 | 0.289 | 0.578 | 0.323 | 0.646
1.0086 | 0.246 | 0.492 | 0.200 | 0.400 } 0.316 | 0.632 | 0.289 | 0.578 { 0.323 | 0.646

Table 7.7b Results from RBDO analysis for Case 2 (continued)
! bs | he a P Co+Cea | Co+ep
1.000 { 0.4 | 0.55 [ 0.000203 0.000219 | 54.080 | 54.085
1.0077 | 0.246 | 0.492 | 0.00135 0.00146 37.108 | 37.127
1.0089 | 0.246 [ 0.492 [ 0.00135 0.00137 37.186 | 37.189
1.0086 | 0.246 | 0.492 [ 0.00135 0.00135 37.197 | 37.197

It is observed that the two approaches obtain an improved design that is close to the
final solution already after the first top-level iteration. This can also be seen in Figures
7.5, where the total expected costs (objective function) are plotted as the function of the
iteration number. This phenomenon shows that the structure is not highly nonlinear and

that the implemented épproaches are effective in dealing with the nonlinear problem.
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Figure 7.5 Evolution of the total expected cost for objective functions for
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Figure 7.6 shows the structural response for four characteristic realizations of design
variables and random variables. The response at the mean realization of random variables
of the initial (original) design is shown as the thin solid line. As expected, this response is
close to linear, because no significant damage (yielding) is anticipated for this realization.
At the MPP of the initial design, however, substantial yielding occurs. This is reasonable,
since this realization represents failure. Third, the structural response at the mean
realization of random variables for the optimal design is shown as the thick solid line.
This response has larger displacement than the initial design. Finally, the structural
response at the MPP of the optimal design is also shown. Again, significant nonlinearity
in the finite element response is observed. This response is similar to that of the initial

design, but it is not equal to it. This is reasonable, because the limit-state function is
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Figure 7.6 Structural responses for Case 2 (load factor versus roof displacement)
at: (1) the mean point of the initial design; (2) the MPP of the initial design; (3)
the mean point of the optimal design; and (4) the MPP of the optimal design.

altered by changes in the structural design. The apparent lower value of the stiffness at
the MPP of the optimal design is explained as follows: for the optimal design a greater
reduction of the stiffness is required to “achieve” failure (i.e., to obtain the MPP). Again,
we observe that the optimal design has an acceptable reliability and a reduced total

expected cost. This serves as an indication of the usefulness of the RBDO approach.

Table 7.8 compares the computational cost of the two implemented approaches. The
data in the table come from the first iteration, and are almost the same as the data from
the second and third iterations. The DSA-S approach, requiring 6,195 limit-state function
calls, appears to be more efficient than the DSA-MOOA approach, requiring 22,730

limit-state function calls using the FDM method. We have observed that the nonlinear
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case requires significantly more effort than the linear case, which only requires 1,227 and
8,559 limit-state function calls. For the linear case, updates in design do not dramatically
change the corresponding MPP of the reliability analysis. There are only five reliability
constraints after 75 loops of tasks B1 to B3. For the nonlinear cases, however, the MPP
of the reliability analysis clearly changes when a new design is found. In addition, in

nonlinear cases there are 12 reliability constraints after 75 loops of tasks B1 to B3.

Table 7.8 Comparison of computational time for Case 2

DSA-MOOA by FDM DSA-S by FDM
g 22730 6195
Importance Sampling 109436 109342

7.1.3 Case 3: Nonlinear Analysis using dispBeamColumn Elements and fibre

Sections

In this section we perform a nonlinear pushover analysis by using the dispBeamColumn
element and the fibre section of OpenSees. To describe a better curvature distribution
along the element, one original element was divided into four elements, with four
integration points along each element. Each column and beam section was discretized
-into about 20 fibres to give an “approximately continuous” structural response. All of the
fibres were described using the bi-linear concrete material. In this case, an
elasticPerfectlyPlastic material is used as the concrete material by setting FyP as 0, as
shown in Figure 4.4. For the reinforced bars of these sections, the smooth steel material
was used, as shown in Figure 5.2. Typical fibre sections of columns and beams are

illustrated in Figure 7.7.

In this nonlinear case, 18 design variables are collected in the vector

X = (b, by, by, by by by by by b, b b, B, Ay Ay, Ay, A, A, A,). Tn addition to b and &
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defined in Cases 1 and 2, this case has the area of steel bars 4 asbdesign variables. The

definitions and initial values of b, 4, and 4 are described in Table 7.9.

unconfined concrete

| l 20 fibers
——o—0—9— - Fe—e—eo—0]
E E confined concrete
4 | 20 fibers
| el
e y_| reinforced steel layer
— =
—e—e—9o—¢— e—e—eo—0_
I [
unconfined concrete
2 fibers- -
Column Fiber Section Beam Fiber Section

Figure 7.7 Typical fibre sections for columns and beams

78 random variables for the loading and material properties are collected in the vector

v_=(Hl’."’Hﬁ’f;*cl"“’f'cci{’Eccl’“.’Eccsﬂfcl"”’fc14’Ecl’""ECM’fylﬂ'”’fyM’El’”"EM)'
We assume that all random variables are lognormally distributed with the means and

coefficients of \?ariation listed in Table 7.10. The random variables are correlated with the

correlation coefficient of 0.7 in several groups. More specifically, we have eight random

variables for confined concrete strength f. and eight random variables for modulus of
elasticity of confined concrete E, . They are assigned to eight types of columns: first
three-storey columns and top three-storey columns on four axes A, B, C, and D. We also
have 14 random variables for unconfined concrete strength f, and 14 random variables
for modulus of elasticity of unconfined concrete E_. They are assigned to eight types of

columns and six types of beams: first two-storey beams, middle two-storey beams, and
top two-storey beams. In addition, we have 14 random variables for steel bars strength

f, and 14 random variables for modulus of elasticity of steel E assigned to eight types

of columns and six types of beams.




Table 7.9 Definition and initial values of design variables for Case 3

Variable | Initial Value Description
bix hy 0.45x0.45m | width and depth of exterior columns of first three stories
9 half of the area of reinforced bars of exterior columns of
A 0.003m ,
first three stories
bax hy 0.45x0.45m | width and depth of exterior columns of top three stories
2 half of the area of reinforced bars of exterior columns of top
A; 0.003m .
three stories
bsx h3 0.50x0.50m | width and depth of interior columns of first three stories
, 5 half of the area of reinforced bars of interior columns of first
As 0.003m )
three stories
bax hy 0.50x0.50m | width and depth of interior columns of top three stories
5 half of the area of reinforced bars of interior columns of top
Ay 0.003m )
three stories
bsx hs 0.40x0.60m | width and depth of exterior columns of first three stories
As 0.0024m’ area of reinforced bars of first three stories’ beams
bax hy 0.40x0.55m | width and depth of exterior columns of top three stories
As 0.0024m" | area of reinforced bars of top three stories’ beams

The limit-state function was as defined in the same way as in Eq. (7.1). The objective

function was described in terms of the total volume of the members. Because of the price

difference between two materials in the current market (the price of steel bars per cubic

meter was 100 times the pricé of the concrete per cubic meter), the volume of steel bars

was accounted for by using its equivalent concrete volume, which was equal to 100 times

the actual volume of the steel bars. Again, the cost of failure was assumed to be five

times the initial volume. This led to the following objective function:

( Z:Zl(-b,.h, +100-2-4)-L, + Zf:s(bihi +100 - 4,) - L; )

+p,(x)-5 ( > (b 41002 A) L+ >0 (bh, +100 '- A)-L )

(7.3)

where L; represents the total length of the members in each of the six categories identified

in the design vector. The reliability constraint was still prescribed as p,(x) <0.00135.
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The structural constraints were prescribed as 0 < b;, h; and 0.5 < bi/h;, < 2 to ensure
positive dimensions and appropriate aspect ratios, where i = [1, 2, 3, 4, 5, 6]. The

structural constraints for the area of steel bars were 0.01-bh, < 4, <0.02-b,h;, for
columns, where i =1, 2, 3, 4], and 0.008-5,h, < 4, <0.02-b,h, for beams, where i = [5,

6], to ensure appropriate reinforced bar ratios.

Table 7.10 Statistics of random variables for Case 3 (c.o.v. indicates the coefficient of

variation, and c.c. indicates the correlation coefficient)

Variable Mean c.o.v. | c.c. Type Description
H, 28490 kN 0.15 lognormal | lateral load on floor 1
H, 48950 kN 0.15 . lognormal | lateral load on floor 2
H; 70070 kN 0.15 0.7 lognormal | lateral load on floor 3
H, 89100 kN 0.15 lognormal | lateral load on floor 4
Hs 109780 kN [ 0.15 lognormal | lateral load on floor 5
Hs 131890 kN | 0.15 lognormal | lateral load on roof

St f:cg 39 MPa 0.15 | 0.7 | lognormal | confined concrete strength

dulus of elasticity of
wiEns | 9750MPa | 0.10 | 0.7 | lognormal | T 1S O Chasticity
confined concrete

foro fora 30 MPa 0.15 | 0.7 | lognormal | unconfined concrete strength

dulus of elasticity of
By | 15000MPa | 0.10 | 0.7 | lognormal | oo > O SO
unconfined concrete

f yl"'f 14 400 MPa 0.15 | 0.7 | lognormal | steel bars strength

E ---E, |200000MPa | 0.05 [ 0.7 | lognormal | modulus of elasticity of steel

A stand-alone finite element reliability analysis was performed. At the mean realization
of the random variables in Table 7.10, with the initial design in Table 7.9, the lateral
displacement at the roof level was 168mm. The corresponding drift ratio was 168/23100
= 0.73%, which is less than the limit of 2%. A reliability analysis by the FORM resulted
in a reliability index g = 3.120 and the corresponding failure probability
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P,(%,)=0.000903, which satisfied the prescribed reliability constraint. The total

expected cost of the initial design was 130.753m’, which was larger than Case 1 and 2,

since in this case we considered the area of reinforced bars.

With the experience of solving convergence problem in Case 2, we were confident in
solving the nonlinear problem using dispBeamColumn elements and discretized fibre
sections. First, we performed an optimization analysis using the DSA-MOOA approach.
The semi-infinite optimization analysis (task A7) converges quickly: within 1 to §
iterations for task B1, and within 1 to 21 iterations for task B3. The results show that
discretized concrete fibre sections, together with the smooth steel material, can achieve a
“continuous” structural response. After discretizing the ball by 75 points, or after 75
loops of task Bl to B3, the algorithm repeatedly produced the same design. At the
optimal design there were 17 reliability constraints. The tolerance of this solution to the

“true” converged point was o, =0.1/75" =1.78x10”. The total cost was reduced from

130.753m’ to 85.221m’, and the failure probability was 0.00135, which satisfied the
reliability constraint. Next, an importance sampling based on the new design variables
was performed to get the “real” failure probability with a 2% coefficient of variation (task
A2). The results were 85.327m’ for the total cost and 0.00160 for the failure probability.
This difference between the two failure probabilities (0.00135 from task A1 and 0.00160
from task A2) shows the nonlinearity of the structure. The parameter ¢ was updated in
task A3, and the top level of iteration (task Al to A3) was repeated. After two more loops
of tasks Al to A3, the RBDO was stopped when the differences in failure probabilities
between tasks Al and A2 were reduced to an accepted level. The final total cost was

85.663m’, and the failure probability was 0.00135.

The second optimization analysis was performed using the DSA-S approach. The
approach began from task C1. Convergence was achieved within 1 to 88 iterations for
task D1, and within 1 to 17 iterations for task D2. We used the same tolerance as in the
DSA-MOOA approach to judge the consistent design (i.e., £ =0.1/75* =1.78x107). An
optimal design was achieved after five loops of tasks D1 and D2. The DSA-S approach
and the DSA-MOOA approach produced the same design. The total cost was 85.221m’,
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- and the failure probability was 0.00135. In the next task, C2, the DSA-S approach
produced the same solution as task A2 of the DSA-MOOA approach using importance
sampling with a 2% coefficient of variation. As the DSA-MOOA approach, the top level
of iteration (tasks C1 to C3) was repeated for two more loops and the designs were
consistent. The entire optimization procedure was stopped at the total cost of 85.663m’
and failure probability of 0.00135.

Table 7.11a Results from RBDO analysis for Case 3

t b h by h b3 h3 by © ol bs h5
1.000 | 045 | 045 | 045 [ 045} 0.5 0.5 0.5 0.5 0.4 0.6
1.0177 [ 0.224 | 0.449 | 0.181 | 0.362 | 0.306 | 0.611 [ 0.286 | 0.572 | 0.334 | 0.668
1.0182 [ 0.225 1 0.450 | 0.182 | 0.363 | 0.306 | 0.612 | 0.287 | 0.573 | 0.335 | 0.670
1.0182 1 0.225 | 0.450 | 0.182 | 0.363 | 0.306 | 0.612 | 0.287 | 0.573 | 0.335 | 0.670

Table 7.11b Results from RBDO analysis for Case 3 (contiﬁued)
t bs hs A A, A3 Ay As As
1.000 { 0.4 | 0.55 | 0.003 | 0.003 [ 0.003 | 0.003 [0.0024 | 0.0024
1.0177 { 0.334 | 0.524 | 0.0010 { 0.0007 | 0.0019 | 0.0016 | 0.0029 | 0.0014
1.0182 | 0.335 | 0.526 | 0.0010 | 0.0007 | 0.0019 | 0.0016 | 0.0029 | 0.0014
1.0182 [ 0.335 | 0.526 | 0.0010 | 0.0007 | 0.0019 | 0.0016 | 0.0029 | 0.0014

Table 7.11c Results from RBDO analysis for Case 3 (continued)

t a D cotcea | co+eep
1.000 | 0.000903 | 0.000941 | 130.753 | 130.778
1.0177 | 0.00135 | 0.00160 | 85.221- | 85.327
1.0182 | 0.00135 | 0.00136 | 85.652 85.655
1.0182 [ 0.00135 | 0.00135 | 85.663 85.663
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Tables 7.11a, 7.11b, and 7.11c show the results obtained from the two implemented
approaches. The presented results include the value of 18 design variables, the auxiliary

parameter a, the failure probability p , from the importance sampling with a 2%
coefficient of variation, and the total éxpected costs corresponding to a and p . The first

rows show the values of the initial design, while the following rows show the values of
the optimal design. In each of these iterations, parameter ¢ was updated to account for

nonlinearities in the limit-state function. After the first iteration, the value of ¢ was
updated as 1.0x @' (0.00135)/®'(0.00160) = 1.0177 . The analysis was carried out for
two more iterations. No appreciable difference in the design were observed. In the last

row, a and p, converge to the same acceptable value 0.00135. In effect, the objective

functions have reached the minimum value, 85.663m’. Hence, the design variables in the

last row were accepted as the optimal design.
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Figure 7.8 Structural responses for Case 3 (load factor versus roof displacement)

at: (1) the mean point of the initial design; (2) the MPP of the initial design; (3)
the mean point of the optimal design; and (4) the MPP of the optimal design.
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Figure 7.8 shows the structural response of four characteristic realizations of the design
variables and random variables. The responses at the mean realization of the random
variables and at the MPP of the random variables for the initial (original) design are
shown as the thin solid line and the thin dashed line, respectively. The structural
responses at the mean realization of the random variables and at the MPP of the random
variables for the optimal design are shown as the thick solid line and the thick dashed
line, respectively. The figure shows similar properties to the nonlinear case, using

beamWithHinges elements in Case 2.

Table 7.12 Comparison of computational time for Case 3

DSA-MOOA DSA-S |
DDM FDM DDM FDM
g 5471 40415 1300 7618
g with g /ou 91 N/A 33 N/A
g with g /ox 1547 N/A 208 N/A
Importance Sampling 109436 101848

Table 7.12 compares the efficiency of the FDM and DDM.methods, as well as the
computation cost of the two implemented approaches, by measuring the number of calls
to the limit state function. We came to the same conclusion as in the linear case: using the
DDM method to compute the gradients is much more efficient than using the FDM

method, regardless of which optimization approach is adopted.

As shown in Table 7.12, the DSA-S approach, requiring 1,541 (1,300+33+208) limit-
state function calls, appears to be more efficient than the DSA-MOOA approach,
requiring 7,109 (5,471+91+1547) limit-state function calls using the DDM method. This
nonlinear case requires much more computational effort than the linear case, 213 and 982
limit-state function calls, respectively. However, the number of limit-state function calls

. is almost the same as that required in the nonlinear Case 2.
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7.2 Practical Experience from Case Studies

This section describes in further detail the observations and practical experiences that
have been gained from the case studies presented above. Comparisons are made between
two implemented optimization approaches (DSA-MOOA and DSA-S), between the FDM
and the DDM methods, and between linear and nonlinear pushover analyses. We also
make the observation that the convergence of the optimization procedure is significantly

improved by removing inactive constraints or by properly scaling the functions involved.

7.2.1 Comparison of Two Optimization Approaches

Both the DSA-MOOA and the DSA-S approaches are gradient-based algorithms and
decoupled sequential optimization approaches. The reliability analysis and the
optimization analysis are decoupled in them, so the users have the flexibility to choose
any available reliability methods. and optimization algorithms according to their
requirements. However, the two approaches have different behaviours with regards to

convergence performance and computational time.

The two approaches use the same problem reformulation. The original problem and the
reformulated problem are proved to be identical in the first-order. approximation. The
DSA-MOOA approach considers the reformulated problem as a semi-infinite
optimization problem and solves it using the MOOA algorithm, which has a converged
solution when using an infinite number of reliability constraints. On the other hand, the
DSA-S approach considers the reformulated problem as an inequality constraint
optimization problem and solves it using the Polak-He algorithm, which can only find a
consistent design without the prodf of convergence. According to case study results, the
two approaches can achieve the same solution if the analysis is stopped at the same

tolerance.

When the two approaches’ convergence speed is compared, it can be seen that the

DSA-S approach is much faster than the DSA-MOOA approach: the former only needs
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~20% of limit-state function calls of the latter. The DSA-S approach solves the final
optimizatioﬁ problem using a single reliability constraint, while the DSA-MOOA
approach expands the reliability constraints step by step by discretizing the ball with
progressively more points to achieve a gradually precise solution. Hence, 80% of the
computational time in the DSA-MOOA approach is used to deal with the discretization of

points and a progressively larger reformulated problem.

In conclusion, the DSA-S approach is effective and accurate enough. However, if this
approach fails in the converge procedure, the user has to rely on the DSA-MOOA

approach, which is reliable but slow.

7.2.2 Comparison of Two Gradient Computation Methods

Two methods of computing response sensitivities in OpenSees are used in case studies:
the FDM and the DDM. This section compares the two methods in light of three

requirements: consistency, accuracy, and efficiency.

Consistency refers to the computed sensitivities being consistent ‘with the
approximations made in computing the response itself. In the DDM, consistency is
ensured through differentiating time- and space-discretized finite element response
equations (Haukaas & Der Kiureghian, 2005). The computation of the structural response
and the response gradient are both conducted in the finite element analysis. On the other
hand, the FDM simply computes the ratio of the structural response difference and

perturbation.

Accuracy is important to response sensitivity, since the convergence of reliability and
optimization algorithms depend on it. The sensitivities computed by ordinary finite
difference may not be sufficiently accurate to guarantee convergence of the solution
algorithms (Haukaas & Der Kiureghian, 2005). The DDM ensures better accuracy than
the FDM, since the DDM evaluates the exact derivatives of the approximate finite

element response.
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Efficiency is an important requirement in computation, since sensitivities are
repeatedly computed in the solution algorithms. In the DDM, the response sensitivities
for each parameter are obtained from a linear equation upon convergence of the finite
element response (Haukaas & Der Kiureghian, 2005). The additional time used by the
gradient calculation in the DDM is less than the time required by another nonlinear finite
element analysis. Instead, the FDM method requires one more nonlinear finite element
analysis with perturbed parameter values for each random variable and design variable.
Hence, the computational time by the FDM equals the number of rancfom/design

variables multiplied by the computational time for a single finite element analysis.

The DDM method requires a one-time consolidated effort to derive differentiation
equations and implement them in the finite element program. However, once we have it,

the DDM method is more accurate and efficient than the FDM method.

7.2.3 Comparison of Linear and Nonlinear Analyses

Usually the users choose between linear or nonlinear pushover analyses according to their
requirements and their analysis ability. The compariSon in this section shows the possible
results and computational cost for each selected case. This comparison can serve to guide

the users when making the decision about which analysis method to choose.

Table 7.13 presents the comparison between initial and optimal reliability indexes for
the three cases. All three initial reliability indexes are greater than 3.0 regardless of the
analysis model. This implies that the initial design is safe but may not be optimal.
Following the RBDO analysis, the reliability indexes go down to 3.0, which is the lower

bound of the reliability constraint.

The optimal total costs of nonlinear cases are lower than those for the linear case. This
is reasonable, since the linear analysis is based on the “equal displacement principle” and
results in equivalent results, while nonlinear analyses offer more “exact” results.
However, from the structural design point of view, the results of the linear analysis are

also acceptable.
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Table 7.13 Comparison of linear and nonlinear cases

Case 1: | Case 2: Nonlinear Case 3: Nonlinear
Linear | (beamWithHinges) | (dispBeamColumn + fibre)
Initial reliability index 3.646 - 3.536 3.121
Optimal reliability index 3.0 3.0 3.0
Initial total cost 1.0 1.0 1.0
Optimal total cost 0.715 0.688 0.651
Number of top level of ) 3 3
iteration
Number of limit-state
function calls in first ‘ 982 7047 7109
iteration

We have also compared computational costs for linear and nonlinear cases. In the
linear case, the DSA-MOOA and the DSA-S analyses require only one iteration to
achieve an acceptable design, while in the nonlinear cases three iterations are required. In
the first iteration the linear case calls 982 limit-state function calculations, which is about
15% of the number of limit-state function calls required by the nonlinear analysis (about
7,000 calls). Hence, the linear analysis is much more effective than the nonlinear
analysis. For the linear case, with the updating of the design the corresponding MPP of
thé reliability analysis does not change dramatically. In addition, there are only five
reliability constraints after 75 loops of tasks B1 to B3. On the other hand, the MPP of the
reliability analysis for the nonlinear cases changes apparently when a new design is
found. In addition, there are 12 to 17 reliability constraints after 75 loops of tasks B1 to
B3.

In conclusion, nonlinear analyses produce “exact” and trustworthy optimal designs,
while the linear case is effective and its results are also acceptable. It is advisable to
conduct a linear analysis for an optimal design first. If the user really needs a more

~ “exact” design, the nonlinear analysis can start from the results of the linear analysis.
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7.2.4 Active and Inactive Constraints

There are three categories of constraints in the reformulated optimization problem: the

deterministic constraints f(x) <0, reliability constraints y <0, and constraints p, < p,.

At the optimal design point, the limit-state function is g(d(x,u)) =0, which satisfies the
reliability constraints y = —g <0, making these reliability constraints active. In Tables
7.4, 7.7, and 7.11, all failure probabilities at the optimal design reach the upper bound

p,=0.00135, so this constraint is also active.

However, by observing the optimal results, we find that some of the deterministic
constraints are not active. For example, in the nonlinear case using dispBeamColumn
elements and fibre sections only two types of constraints are active in six types of

constraints. In this case, we define the following six constraints:

b>0 h>0
b/h<2 b/h=0.5 (7.4)
Asz p,. bh As< p,..bh

where p... and p, . are the lower and upper bounds of longitudinal reinforcement

ratios. Only two categories, b/h>0.5 and As> p_. bh, are active. When all of the

inactive deterministic constraints are removed, the final results are the same as those of
the full constraints, but the computational time is reduced to about 60-80% of the original
fime. The reduction in time stems from the reduced size of vector g and matrix G in the
LSSOL analysis. In the two implemented approaches, the time is saved in tasks B3 and
Dl1.

In summary, removing inactive constraints can speed up the optimization procedure.
Once the user finds that some inactive constraints are violated in the analysis, the user

can stop the analysis and add the constraints back into the optimization to make sure that

the solutions are correct.




7.2.5 Acceleration of Convergence Procedure by Proper Scaling

Both tasks B1/D2 and B3/D1 apply the Polak-He algorithm to solve an optimization
- problem. The Polak-He algorithm requires the compﬁtation of the values and gradients of
the objective function, deterministic constraints, and reliability constraints. It has been
observed that the different ways to define these functions can affect the convergence

speed.

Without scaling, the objective function is about 50m® to 130m’, the deterministic
constraints are between 0.5 and 2, and the reliability constraints are about 0.2 to 1.0.
These values are not in the same order of magnitude. For the nonlinear analysis, task
B1/D2 requires about 1 to 10 iterations to converge, while task B3/D1 requires several
hundred or even thousand iterations to converge. This convergence speed is not
acceptable. If a scaling is applied (scaling all involved functions—objective function,
deterministic constrains, and reliability constraints) to approximately the same order 10°
= 1.0, the new convergence performance in task B1/D2 remains same, but the
computational cost of task B3/D1 is reduced to less than one hundred iterations (and
often less than 10 iterations). Originally, the functions involved in task B1/D2 had the
same order, so scaling didv not affect these tasks. The benefit of task B3/D1 is apparent

because only 10% of the original computational time is required.

The gradients of objective and constraint functions cannot be scaled directly. It may not
be possible to conduct proper scaling for both the functions and their gradients. Scaling
the values of functions to 1.0 can approximately scale the gradient in the order of 10°.
This is better than the value of function in the order 107 and the gradient in the order 10°.
The bigger the difference between the vector and the matrix cells in LSSOL, the more
“ill-cbnditioned” the problem becomes. This is a general problem that cannot be fixed
easily. It is recommended to do scaling in the beginning of the process, when defining all

of the functions.

As mentioned in Chapter 6, another scaling skill can be used to speed up the

convergence procedure. Parameter b=—-®"'(a) is used in place of parameter a. With
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reference to Eq. (2.9), parameter b is a substitute for the reliability index £, in the same

way as parameter a is a substitute for failure probability p,(x). This parameter

replacement avoids numerical difficulties caused by the difference in orders of magnitude
between a and other design variables x. Hence, the optimization in the DSA-MOOA

approach is over the design vector (x; b).

In summary, the convergence procedure in the RBDO can be accelerated by properly
scaling the functions involved and by using the reliability index to take the place of the
failure probability in the optimization. The benefit of this scaling is apparent, because it

only takes 10% of the original time.
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Chapter 8 Conclusions

8.1 Summary of Major Findings

In this thesis we implement two reliability-based design optimization (RBDO)
approaches in the object-oriented software framework OpenSees. The total expected cost
is minimized in the optimization process subject to constraints on structural properties
and component structural reliability. The implementations comprise a merger between
reliability, optimization, and finite element techniques. This enables the RBDO of
comprehensive real-world structures that exhibit nonlinear behaviour. Our work provides
a tool for engineers in making rational decisions based on the balance between cost and

safety in engineering practice.

The fact that the failure probability in terms of a high-dimensional integral is involved
in the objective and constraint functions violates two basic requirements of the standard
nonlinear optimization solver: all involved functions must be evaluated in a finite time
and mﬁst be continuously differentiable. In this thesis, the first requirement is satisfied by
evaluating the probability of failure using efficient approximation methods such as the
first-order reliability method and importance sampling. The second requirement is

satisfied by making use of smooth material model and discretized cross-sections.

This thesis proposes two decoupled optimization approaches: the DSA-MOOA and the
DSA-S. These are efficient, robust, and versatile tools for solving RBDO problems. In
both of them, the required reliability and optimizaﬁon calculations are decoupled, thus
allowing flexibility in choosing optimization algorithms and reliability computation
methods. The original optimization problem is reformulated as a deterministic
optimization problem, which is identical to the original problem in the first order case.
The DSA-MOOA considers the reformulated problem as a semi-infinite optimization
problem and solves it using the method of outer approximation. The DSA-S considers the
reformulated problem as an inequality constrained optimization problem and solves it

using the Polak-He algorithm. This simplified algorithm is demonstrated to provide the

same optimal design as the DSA-MOOQA approach for the cases considered.
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The solutions of the two approaches are based on the first-order approximation to the
failure probability. If the users accept this failure probability, the analysis is stopped,
resulting in an optimal design. However, for the problem with nonlinear limit-state
function, the new design and failure probabilities are updated using a higher-order
reliability method (such as importance sampling) to take into account the nonlinear
structural behaviour. The parameter ¢ is employed to fulfill the nonlinearity
approximation process. Starting from unity, the parameter ¢ is updated during the

optimization analysis to account for the nonlinearity in the limit-state function.

An effective, accurate, and consistent response sensitivity analysis is essential in
gradient-based optimization algorithms. For the finite element analysis, we need the
gradients of the structural response with respect to model parameters. Two gradient
evaluation methods, the finite difference method (FDM) and the direct differentiation
method (DDM), are employed in this thesis. The DDM method requires the derivation
and implementation of analytical derivatives of the finite element response. Once we
have the DDM implementation in the finite element software, the DDM method is more
accurate and efficient than the FDM method, which requires an additional nonlinear finite

element analysis for each random variable and design variable.

The key difficulty resolved in the implementation is the negative effect of response
gradient discontinuities due to sudden yielding events. The possible response gradient
discontinuities for nonlinear structures cause non-convergence or slow convergence in
the optimization analysis as well as in the first order reliability analysis. Two remedies
are applied in this thesis: the smooth material model builds a “continuously
differentiable” response, and the section discretization scheme results in an
“approximately continuously differentiable” respohse. Hence, the requirement of
standard nonlinear optimization algorithms is satisfied and the nonconvergence problem

is avoided.

The new implementations results in a modern and comprehensive software, OpenSees,
with RBDO capacities. Object-oriented programming was utilized when extending

OpenSees’ reliability, optimization, and sensitivity capabilities. The superior extensibility
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and maintainability features of this programming type are emphasized. Originally,
OpenSees has employed four principal objects—ModelBuilder, Domain, Analysis, and
Recorder—to perform the finite element analysis. OpenSees is then extended with the
ReliabilityDomain and the ReliabilityAnalysis object to perform reliability analysis. This
thesis further extends OpenSees with optimization capacities by adding several objects to
ReliabilityDomain and establishing two new analysis types, DSA-MOQOAAnalysis and
DSA-SAnalysis objects. The reliability domain contains all functions involved in the
optimization problem and maps the design variables into the finite element model. The
analysis part includes two RBDO approaches and several analysis tools. The extended
OpenSees has the capacity to perform finite element analysis, reliability and sensitivity
analyses, and the optimization analysis for comprehensive real-world structures

exhibiting nonlinear behaviour.

A numerical example involving a nonlinear finite element analysis of a three-bay, six-
storey building is used to demonstrate the implementations. In particular, the need for a
continuously differentiable response with respect to the finite element model parameters
is emphasized. The linear pushover analysis using elasticBeam elements does not
encounter any convergence problems in optimization. The nonlinear pushover analysis -
using beamWithHinges elements cannot converge using the traditional bi-linear steel
material model. This issue is cured by using the smooth steel material model, in which a
circular segment starting at 80% of the yield strength is employed to smooth the bi-linear
material. The nonlinear pushover analysis using dispBeamColumn elements with fibre
sections avoids the non-convergence issue by utilizing smooth steel materials and

discretized concrete fibre sections.

The observations and practical experiences are summarized following numerical case
studies. It was found that the DSA-MOOA and the DSA-S can achieve the same solution.
Yet, while the DSA-MOOA can theoretically prove its convergence, the DSA-S cannot.
When convergence speeds were compared, it was found that the DSA-S only needed

about 20% of limit-state function calls required by the DSA-MOOA. Thus, the DSA-S
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can find an optimal design more effectively. However, if this algorithm fails in the

convergence procedure, the user must use the more reliable DSA-MOOA.

It was observed that the linear case required only 15% of limit-state function calls used
by nonlinear analyses. Nonlinear analyses produced more “exact” optimal designs, but
the linear case was more effective while also producing acceptable results. It is thus
suggested that the linear analysis be conducted first to find an optimal design. If a more
“exact” design is then required, the nonlinear analysis can begin from the results of the

linear analysis.

Some of the deterministic constraints were observed to be inactive in the optimization
process. Removing them can speed up the optimization procedure and save about 20-40%
of the original computational time. If the user finds that some inactive constraints are
violated in the analysis, the user can stop the analysis and add these constraints back into

the optimization again to make sure the solutions are correct.

Finally due to the use of the Polak-He algorithm, which only has linear convergence
properties, it is necessary to scale all involved functions properly (including the objective
function, deterministic constrains, and reliability constraints) to approximately the same
order 10°= 1.0. The benefit of this scaling is apparent in the optimization loop, since only
10% of the original computational time is used. Another scaling is also suggested,
namely using the reliability index instead of the failure probability as the auxiliafy
variable in the analysis. This is because the failure probability is too small and does not
appeaf in the same order of magnitude as the design variables. In summary, the
convergence in the RBDO can be accelerated by properly scaling the involved functions

and by using the reliability index instead of the failure probability.

8.2  Further Studies

A real-world structure is actually a general system reliability problem. Der Kiureghian
and Polak (1998) first attempted to deal with the series structural system, and the RBDO
for series reliability system were finally solved in Royset et al. (2001a, 2001b, 2002, &
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2004a). Based on the experience obtained in this thesis, the implementation of series

“system problems in the reliability constraints can be achieved in the future work.

The analysis in this work is limited to static pushover finite element analysis. When
considering dynamic finite element analysis, time-variant reliability analysis must be
used to evaluate the failure probability. An available time-variant reliability analysis
method is the mean out-crossing reliability analysis. Furthermore, cyclic loading may
cause the degradation of the structural response. The application of RBDO to such

problems represents an important challenge for further work.

The definitions of initial costs and future costs are here made in terms of structural
volume or weight. More detailed cost computations are desirable. For instance, it is of
interest to include the present cost of future events. Such realistic considerations could be

an interesting future study.

In this thesis, we noticed the importance of proper scaling, which speeds up the
convergence procedure and avoids the nonconvergence ‘problem. However, we only
scaled the values of the involved functions at the beginning of the analysis. In addition,
we did not know how to scale the gradient properly. It is thus suggested to develop an
automatic scaling scheme to scale both the value and the gradient, and scaling them at

each optimization step in future work.
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Appendix A: Detailed Software Implementation

This appendix contains detailed software implementations of the reliability-based design
optimization (RBDO). These implementations include ways to call Fortran routines from
C++, methods of building LSSOL.LIB, and prerequisites to extending OpenSees with the
RBDO capabilities. |

Al: Calling Fortran Routines from C++

In the Polak-He algorithm, a Fortran 77 program (LSSOL) is used to solve a sub-
optimization problem and to find the search direction. Therefore, a technique to call
Fortran routines from OpenSees (in C++) is required. This section introduces several
methods to implement this mix-program technique, focusing especially on how to pass

and return variables and arrays between C++ and Fortran.

1. The extern "C" directive is used to declare the external Fortran subroutine LSSOL in

C++.

#ifdef WIN32

extern "C" void LSSOL(int *m, double *c, double *A, double *obj, double *x);

#else

extern "C" void Issol_( int *m, double *c, double *A, double *obj, double *x);

#endif
where m is an input variable, ¢ is an input one-dimensional array, and A is an input
two-dimensional array. They are passed from C++ to Fortran. obj is a returned
variable and x is a returned one-dimensional array. Both of them are returned from
Fortran to C++. Note that variables and arrays listed above are only examples and are

not complete.

2. When C++ calls Fortran, the reference to Fortran symbols is specified in lowercase

letters, since C++ is a case sensitive language, but Fortran is not.
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3. C++ passes the variables by value, while Fortran passes them by reference. It is
necessary to specify in the C++ that the Fortran subroutines expect call-by-reference
arguments using the address-of operator & (Gobbo, 1999). An example of passing the
variable m = 10 from C++ to Fortran and returning the variable obj = 20.0 from

Fortran to C++ is below:

// Define the variable m and obj
m=10;
obj = 0.0;
// Call LSSOL
#ifdef WIN32
LSSOL(&m, &obj);
#else
Issol_(&m, &obj);
#endif

As a returned variable, obj = 20.0 is then used directly in C++.

4. C++ passes arrays using pointers, while Fortran passes them using references. In
addition, C++ stores arrays in a row-major order, whereas Fortran stores arrays in a
column-major order. Finally, the lower bound for C++ is 0, but for Fortran it is 1
(Gobbo, 1999). For instance, given an array “fun,” the Fortran array element fun(1,1)
is the same as the C++ array element fun[0][0]; the Fortran array element fun(6,8)
corresponds to the C++ array element fun[7][5]. An example of passing one-

2.1 23
dimensional array ¢ = [1.1 1.2] and two-dimensional array A = L ) 4} from

C++ to Fortran and returning one-dimensional array x = [3.1 3.2] from Fortran to

C++ is below:

// Preparing input data for LSSOL

c[0]=1.1; c[l]=1.2;

A[0]=2.1; A[l]=2.2; A[2]=23; A[3]=24,
x[0]=0.0; x[1]1=0.0;

// Call LSSOL

#ifdef WIN32
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LSSOL(c, A, x);
#else

Issol (c, A, x);
#endif

As a returned array, x[0] = 3.1 and x[1] = 3.2 is then used directly in C++.

'A2: Building LSSOL.LIB

LSSOL is complied using Intel(R) visual Fortran compiler for Windows, standard
edition, which is freely available from the Intel website
" http://'www.intel.com/software/products/compilers/downloads/forwin. htm. Compiling

LSSOL requires the following procedure:

1. Download and install “Microsoft Visual Studio.NET” and “Intel(R) Software

Development Tools.”

2. Run “Microsoft Visual Studio.NET.” Set the project type, template, and name of

project workspace in the following way:

File — New — Project ...
Project Types: Intel (R) Fortran Projects
Templates:  Static library
Name: LSSOL
3. Set the library wizard when you see “Welcome to the Fortran static library wizard.”
Make sure that the option “Prevent the insertion of linker directives for defaults

libraries” is not selected.

Library Settings: Additional features
O Prevent the insertion of linker directives for defaults libraries
4. Copy LOSSL files to folder “.\LSSOL,” and add LSSOL files into the workspace.

Solution Explorer — LSSOL
LSSOL — Source Files —» Add — Add Existing Item ... — Add all files

5. Set Fortran libraries.



http://wwwdntel.com/software/products/compilers/dow
http://Studio.NET
http://Studio.NET

LSSOL — Properties — Fortran — Libraries:
Use Common Windows Libraries: Yes
Use Portlib Library: Yes
Disable Default Library Search Rules: No

. Compile LSSOL through “Build — Build LSSOL.” The result is a library
LSSOL.LIB (Size: 1,337 KB), which is saved in the folder “.\LSSOL\debug.”

. Backup four LIB files below from “Intel(R) Software Development Tools.” The

- following libraries are required when compiling OpenSees.

IFCONSOL.LIB (Size:  7KB)
IFWIN.LIB (Size:  30KB)
LIBIFCORE.LIB (Size: 955KB)
LIBIFPORT.LIB (Size: 412 KB)

A3: Extending OpenSees with RBDO Capacity

Install Tcl/Tk (which is needed to run OpenSees)

1. Uninstall any previous versions of Tcl |

2. Download the installation file for Tcl/Tk

3. Run the instéllation by running the “exe” file downloaded in step 2
4. Install Tcl in the folder C:\Program Files\Tél

5. Restart the computer

Install CVS software (required to download OpenSees from the CVS repository)
1. Download files cvs-1-11-5.zip and cvslogin.bat
2. Unzip cvs-1-11-5.zip and run the installation file cvs-1.11.5.exe

3. Restart the computer
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file://C:/Program

Download OpenSees code from the “official” CVS repository in Berkeley

1.

2.

Open a DOS window (e.g.; Start > Programs > Accessories > Command Prompt)
“cd” into the folder where you have put the “cvslogin.bat” file
Execute “cvslogin” command

Note that steps 2 and 3 above can be replaced by issuing the following commands:

set CVS_RSH=ssh

set CVSROOT=:pserver:anonymous@opensees.berkeley.edu:/usr/local/cvs
cvs login

When prompted, provide the password “anonymous”
Go to the directory where you want to put the OpenSees code

Give the command “cvs checkout OpenSees”

Later, when updating the code with the most recent changes in the CVS repository, you

can follow steps 1 to 6 and then give the command “cvs -q update -d” (-q is used to

suppress output, -d is used to check out any new directories). It may be a good idea to do

this “directory by directory” in the SRC directory. The command “cvs diff” is used to list

differences between local files and the CVS repository files. When doing updates, the

following abbreviations are used to identify the actions taken for each file:

M -- local copy has been modified

P -- merged changes on server with the local copy

C -- conflict with what's on server and the local copy
U -- check a new file that is not part of local copy

Compile the “official” OpenSees version

1.

Make sure the “include path” for tcl.h is correct in the projects damage, database,
domain, element, material, recorder, reliability, and openSees by doing the

following:

a) Right-click on the project and choose “Settings > C/C++ > Preprocessor”
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b) Select “Settings for: All Configurations”

¢) In “Additional include directories” the.last statement should be “c:\Program

Files\tcl\include”
2. Include tcl84.1ib in the openSees project by doing the following:
a) Right-click on the project and choose “Settings > Link > Input”
b) Select “Settings for: All Configurations”

c) In “Additional library paths,” include “c:\Program Files\tcl\lib” (make sure to
have a comma between the different paths)

Press F7 to compile. If many error messages appear, try to press F7 again to “clean

bR

up.

Add new and/or improved files from the UBC team

Put all files listed in Tables A.la, A.1b, and A.lc into their respective directories. For
new classes, remember to include the files in the appropriate project according to the
“location of file” provided in the Tables A.1a, A.1b, A.lc,.

How to identify the difference between local files and the “official” version at

Berkeley

There are two ways of identifying the difference between the files that have been

modified by the “UBC team” and the official Berkeley files:

1. Download the files, include them in local OpenSees version, and use the “diff”
feature of CVS to see the differences. (Give the command “cvs diff” in the relevant

directory.)

2. Search for the text string “UBC Team.” All UBC team modifications are marked with

this stamp.
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Include the Fortran library “LSSOL.LIB”

1. Copy the following files into the directory: Win32/lib: IFCONSOL.LIB, IFWIN.LIB,
LIBIFCORE.LIB, and LIBIFPORT.LIB.

2. Copy the file LSSOL.LIB into the Win32/lib/debug and Win32/lib/release directories.
3. Add the LSSOL library to the project settings by doing the following:

a) Right-click on the “opensees” project and choose “Settings > Link > General”

b) Select “Settings for: All Conﬁgurétions”

¢) In “Object/library modules” add the filename LSSOL.LIB

Table A.la New and modified classes for extending RBDO (Classes that do not exist in

the “official” version are marked with *)

Project Location of file Files
classTags.h
{OpenSees (Source commands.cpp
Header commands.h
Reliability [analysis/types DSA_MOOAOptimizationAnalysis.cpp*

DSA MOOAOptimizationAnalysis.h*
DSA_SOptimizationAnalysis.cpp*
DSA_SOptimizationAnalysis.h*
domain/components |ReliabilityDomain.cpp

ReliabilityDomain.h
ConstraintFunction.cpp*
ConstraintFunction.h*
CostFunction.cpp*
CostFunction.h*
DesignVariable.cpp*
DesignVariable.h*
DesignVariablePositioner.cpp*
DesignVariablePositioner.h*

- |ObjectiveFunction.cpp*

ObjectiveFunction.h*
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Table A.1b New and modified classes for extending RBDO (continued) (Classes that do
not exist in the “official” version are marked with *)

Project Location of file Files

Reliability [analysis/designPoint [NonlinSingleIneqOpt.cpp*
NonlinSingleIneqOpt.h*
PolakHeNonlinSingleIneqOpt.cpp*
PolakHeNonlinSingleIneqOpt.h*
NonlinMultilneqOpt.cpp*
NonlinMultilneqOpt.h*
PolakHeNonlinMultilneqOpt.cpp*
PolakHeNonlinMultilneqOpt.h*
LinMultilneqOpt.cpp*
LinMultilneqOpt.h*
LSSOLLinMultilneqOpt.cpp*
LSSOLLinMultilneqOpt.h*
analysis/gFunction |(GFunEvaluator.cpp
GFunEvaluator.h
OpenSeesGFunEvaluator.cpp

OpenSeesGFunEvaluator.h

analysis/sensitivity |GradGEvaluator.h :
FiniteDifferenceGradGEvaluator.cpp
FiniteDifferenceGradGEvaluator.h
OpenSeesGradGEvaluator.cpp
OpenSeesGradGEvaluator.h

FEsensitivity Sensitivity Algorithm.cpp
tcl TclReliabilityBuilder.cpp
Element Information.cpp

TclElementCommands.cpp

dispBeamColumn  [DispBeamColumn2d.cpp
beamWithHinges  [BeamWithHinges2d_bh.cpp*
BeamWithHinges2d_bh.h*
TclBeamWithHingesBuilder.cpp

elasticBeamColumn [ElasticBeam2d bh.cpp*
ElasticBeam2d_bh.h*
TclElasticBeamCommand.cpp
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Table A.1c New and modified classes for extending RBDO (continued) (Classes that do

not exist in the “official” version are marked with *)

Project Location of file _ Files

Material |uniaxial SteelO1 _epsy.cpp*

Steel01 _epsy.h*

SmoothSteel01 _epsy.cpp*

SmoothSteel01 _epsy.h*

ElasticPPMaterial Fy.cpp*
ElasticPPMaterial Fy.h*
SmoothElasticPPMaterial_Fy.cpp*
SmoothElasticPPMaterial Fy.h*
TclModelBuilderUniaxialMaterial Command.cpp

section FiberSection2d.cpp
RCFiberSection2d.cpp*
RCFiberSection2d.h* 4
TclModelBuilderSectionCommand.cpp
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Appendix B: User’s Guide to Optimization Analysis

This appendix contains the user guide to new implementations of the reliability-based
design optimization (RBDO). It is a complement to the user guide to reliability and
sensitivity analyses in Haukaas and Der Kiureghian (2004). The optimization commands
used in this section have the same format as in Haukaas and Der Kiureghian (2004). An

éxample of a command is:
commandName argl? arg2? arg3? <arg4? ...>

A question mark after an argument indicates that an integer or a floating-point number
should be provided; otherwise, a character string is given. Optional arguments are
enclosed in angular brackets (Haukaas & Der Kiureghian, 2004). Note that all mentioned
tasks (A1-A3, B1-B3, C1-C3, and D1-D2) in this appendix are described in detail in
Chapter 6.

B1: RBDO Modeling

This section describes how to define design variables and functions involved in the
RBDO analysis. The object mapping design variables into the finite element domain is

also introduced.

A design variable object defines design variables by giving their start points through

the following command:
designVariable tag? startPt?

The tag argument indicates the identification number of the design variable. These
objects must be ordered in a consecutive and uninterrupted manner. The startPt
argument allows the user to specify a value for the design variable to be used as the start

point in the search for the design point (Haukaas & Der Kiuréghian, 2004).
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A design variable positioner object is used to map the design variables into structural

properties in the finite element model through the following command:
designVariablePositioner tag? -dvNum dvNum? (...parameter identification...) '

The tag argument indicates the identification number of the design variable positioner.
The dvNum argument indicates the identification number of the pre-defined design
variable. The parameter identification alternatives in the command are exactly the same

as in the random variable positioner command in Haukaas and Der Kiureghian (2004).

A constraint function object defines constraint functions using user-defined

expressions through the following command:
constraintFunction tag? "expression"

The tag argument indicates the identification number of the constraint function. The
expression must be enclosed in double quotes and can be any analytical expression that
can be evaluated by the Tcl interpreter (Welch, 2000). This function may be éxpressed by
various quantities including random variables, design variables, structural response
quantities from an OpenSees finite element analysis, and parameters defined in the Tcl
interpreter (Haukaas & Der Kiureghian, 2004). The syntax used in this command is the
same as that in the performance function command in Haukaas and Der Kiureghian
(2004). An example of syntax for design variables is {d_1}, which means the first design

variable.

N

A cost function object defines cost functions using user-defined expressions through

the following command:
costFunction tag? "expression"

The tag argument indicates the identification number of the cost function. The
expression has the same properties as that in the constraint function command. However,

only design variables and parameters defined in the Tcl interpreter are employed as

quantities in this expression.




An objective function object defines objective functions through combing the
previously defined cost functions. Currently, the standard type of objective function is

available for this object in OpenSees. The corresponding command reads:
objectiveFunction tag? -type standard -costFunctions costNuml? costNum?2?

The tag argument indicates the identification number of the objective function. A
standard objective function is created in the following way: objective function = 1* cost
function + failure probability x 2™ cost function, where the failure probability is passed

from the ReliabiltyDomain each time the objective function object is called.

B2: Analysis Tools

Before a RBDO analysis is executed the user must create an aggregation of necessary
analysis components or tools. Which analysis components are needed depends on the
analysis type. The order in which the tools are provided is of importance, since some
tools make use of other tools. The user will be notiﬁ_ed.by an error message if

dependencies are violated (Haukaas & Der Kiureghian, 2004).

A nonlinSingleIneqOpt object is created to be responsible for solving nonlinear single
inequality constrained optimization problems. This object promises to solve the tasks Bl

and D2. The corresponding command reads:

nonlinSingleIneqOpt PolakHe -alpha argl? -beta arg2? -gamma arg3? -delta
arg4?

This type of optimization problem is solved by the Polak-He algorithm. In the Polak-
He algorithm, argl denotes the parameter alpha (default = 0.5), arg2 denotes the .
parameter beta (default = 0.8), arg3 denotes the parameter gamma (default = 2.0), and

argd denotes the parameter delta (default = 1.0).

A linMultilneqOpt object is responsible for solving linear multi-inequality

constrained optimization problems. The corresponding command reads:

131




linMultilneqOpt LSSOL

In order to find the search direction for tasks B3 and D1, a quadratic sub-optimization
problem with linear constraints must be solved. This sub-optimization problem is fulfilled
by the linMultilneqOpt object. Currently, a Fortran 77 program LSSOL is called to solve

this problem and is the available implementation of this object in OpenSees.

A nonlinMultilneqOpt object is created to be responsible for solving nonlinear multi-
inequality constrained optimization problems. This object promises to solve tasks B3 and

D1. The corresponding command reads:

nonlinMultilneqOpt PolakHe -alpha argl? -beta arg2? -gamma arg3? -delta
arg4?

This type of optimization problem is solved using the Polak-He algorithm. A quadratic
sub-optimization problem with linear constraints must be solved in this object to find the
search direction. Therefore, a lihMultiInerpt object must be created before the
nonlinMultilneqOpt object can be instantiated. argl to arg4 are user-defined parameters
used in the Polak-He algorithm and have the same definition as the parameters in the

nonlinSingleIneqOpt object.

B3: Analysis Execution and Results

Two analysis types are available in the optimization module of OpenSees. This section
describes the corresponding commands to execute them. Required analysis tools must be
specified prior to using any of these commands. During the course of a RBDO analysis,
status information may be printed to a file or to a computer monitor. The complete results
from a successful analysis are printed to an output file whose name is specified by the

user, as show below (Haukaas & Der Kiureghian, 2004).

A DSA-MOOA analysis object is the top-level of the DSA-MOOA approach and is
responsible for obtaining the optimal design by orchestrating tasks Al to A3. This object

is executed using the following command:
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rilnDSA_MOOAOptimizationAnalysis outputfilename -betal argl? -targetCost
arg2? -maxlterOuter arg3? -maxlterInner arg4? -numSimulation arg5? -

targetCOV arg6?

The order of arguments is arbitrary. argl denotes the lower bound of failure
probability (default = 3.0), arg2 denotes the target total expect failure cost, arg3 denotes
the maximum number of iterations on top level (A1-A3), and arg4 denotes the maximum
number of iteration in task B3. arg5 and arg6é are input parameters necessary for
importance sampling in task A2. arg5 denotes .the maximum number of simulations
(default = 10%), while arg6 denotes the target coefficient of variation (default = 2%). The
nonlinSingleIlneqOpt, linMultiInerpt, and nonlinMultilneqOpt objects must be created
before the DSA_MOOA Analysis object is created. The results in the output file are self-
explanatory, including the optimal design as well as reliability index and total expected

failure cost.

A DSA-S analysis object is the top level of the DSA-S approach and is responsible for
obtaining the optimal design by orchestrating tasks C1 to C3. This object is executed -

using the following command:

runDSA_SOptimizationAnalysis outputfilename -betal argl? -targetCost arg2? -
maxIterOuter arg3? -maxiterInner arg4? -numSimulation arg5? -targetCOV

arg6?

The input data and the results of this analysis type are exactly same as those in the
DSA-MOOA analysis, expect for arg3 and arg4. arg3 denotes the maximum number of
iterations of top level (C1-C3), while arg4 denotes the maximum number of iterations in
task D1.
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